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Abstract

Recent deep neural network architectures that are tailored to tabular data
operate at the feature level and process multiple latent representations simul-
taneously, typically one per feature. We investigate the impact of varying the
dimension and number of such latent representations on model performance
and generalization. Our results identify distinct model behaviors during both
training and testing phases. To ease analysis of these behaviors, we propose
a novel tool for characterizing data complexity and use it to highlight in-
tricate relationships between data complexity, model complexity and model
performance. We hypothesize a phenomenon of implicit self-regularization
which intensifies with model capacity and sample-to-dimension ratio. While
this self-regularization can mitigate over-fitting, it may also lead to reduced
performance on training data. Our findings expand the understanding of
neural networks applied to tabular data and provide insights that can help
practitioners and /or automated methods in designing neural networks archi-
tectures that better match the complexity of specific tabular data sets.
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Introduction

Despite the widespread success of deep learning in handling homogeneous
data types like text or images, the challenge of processing heterogeneous tab-
ular data persists. As of now, ensemble models based on gradient boosted
decision trees such as XGBoost [1], CatBoost [2], and Light GBM [3], continue
to demonstrate superior performance in many scenarios involving tabular
data [4], often with significantly lower computational requirements. Never-
theless, deep neural networks remain an attractive option, primarily due to
their great flexibility and remarkable capabilities in representation learning.
These attributes make them particularly well-suited for multi-modal tasks
requiring the integration of data, including tables, from a wide variety of
sources [5].

One of the main difficulties of learning on tabular data lies in the hetero-
geneous nature of its features and the absence of clear underlying structure
that can be exploited as inductive bias. The community has therefore natu-
rally favored neural network architectures that are geared towards modelling
intricate relationships between features. In recent years in particular, with
the rise and establishment of graph neural networks (GNNs) and transform-
ers, efforts have multiplied to adapt these specialized architectures to models
suitable for tabular data. Notable examples of GNN-based tabular models
include Fi-GNN [6] and Table2Graph [7]. Among the first tabular models
to use attention-based mechanisms was Autolnt [8], closely followed by Tab-
Net [9] and TabTransformer [10]. Subsequently, models like FT-transformer
[11], SAINT [12], and more recently T2G-Former [13] have emerged, the lat-
ter combining typical transformer-like multi-head attention with elements of
graph learning.

These models all use one separate latent representation per feature: a
token in case of transformers, a node vector in case of GNNs. Consequently,
we classify them as feature-level models. In contrast, Multi-layer Perceptrons
(MLPs) or ResNets use one combined latent representation per sample, and
we classify them as sample-level models. Extensive benchmarking shows that
well-tuned sample-level models tend to be strong baselines [14] and that no
recently proposed feature-level model consistently outperforms all the others
[15]. Allin all, we still lack significant insights into what design choices render
feature-level architectures effective or ineffective on a given tabular dataset.
For example, while using one representation per feature seems an obvious
choice and eases the interpretation of latent representations as contextual



embedding of the original features, this is not strictly enforced by the models:
just as we can adjust the dimensions of these latent representations, there is
no restriction on their number.

In a preliminary work [16], we have shown that, depending on the dataset,
reducing or augmenting the number of latent representations can help im-
prove performance. In this work, we extend our analysis to the effect of
dimension. We implement a generic feature-level architecture and strive to
understand how both dimension and number of latent representations impact
model behavior and generalization capabilities. Additionally, as we expect
these impacts to be highly dataset dependent, we also propose a tool for
analyzing data complexity and aid in our investigation.

While perhaps less than model complexity, data complexity has long been
discussed in the machine learning community, mainly for classification prob-
lems. Proposed data complexity measures are based on volume of overlapping
regions, class separability, or data distribution [17]. These measures have also
been extended to regression problems; e.g., in [18]. Our proposed tool follows
the methodology introduced in [19] where the authors evaluate how a grow-
ing subset of the data is able to approximate the data distribution. However,
instead of using a measure of the distance between two distributions, we
measure the non-linearity of a model fitted on growing subsets of nearest
neighbors. This is less universal, but better reflects how ReLU activated
neural networks may approximate mapping from attributes to labels.

Our results suggest the existence of an implicit self-regularization effect
which grows with model capacity, with particular sensitivity to the number
of latent representations. While this implicit regularization effect can help
mitigate over-fitting, it can also lead to severe under-fitting, especially when
the data has a high complexity and/or a high ratio between the number of
samples and the number of features. These findings broaden our compre-
hension of neural networks in the context of tabular data. They provide
insights that can help identify failure cases, improve model robustness, and
guide practitioners in designing optimal architectures for specific supervised
learning tasks and tabular data sets. This research could also have practi-
cal implications in automated Machine Learning and related subfields like
Meta-Learning, and Neural Architecture Search (NAS), where the goal is to
automate/learn the learning process itself. In NAS, for example, efficient
exploration of the search space is critical for finding the best architectures
[20] and has been a key factor driving the field forward [21]. In this context,
a better understanding of the intricate relationships between model complex-



ity and data complexity could help inform heuristics for narrowing down the
search space and enhancing resource efficiency.

In Section 1, we provide background information on tabular data and
present a formalization of sample-level models and feature-level models. In
Section 2, we design a simple, generic feature-level architecture. In Section 3,
we test this architecture on various datasets and examine how performance
is affected by varying the dimension and number of latent representations. In
Section 4, we propose a data complexity analysis tool and use it to interpret
the results from Section 3. Finally, Section 5 attempts to give a broader
picture and suggests avenues for future research, before drawing some con-
clusions in Section 6.

1. Sample-level and feature-level models for tabular data

This study focuses primarily on supervised learning tasks with tabular
data, one of the most ubiquitous data modalities. Tabular data is organized
into rows and columns where each row corresponds to a sample and each

column to an attribute, or feature. A data set is denoted X = {(x® y®)}r

where x() = (xgi), :L‘éi), s x%)) € X represents the features of the ith sample
and y € Y denotes the sample label. We consider two types of tasks: binary
classification when Y = {0, 1} and regression when Y = R.

A particularity of tabular data is that features are not necessarily of the
same nature. Formally, we say that tabular data can exhibit heterogeneity
in its feature space: for two given features z; € X; and z; € Xy, it is
common that X; # X;,. This heterogeneity may include a mix of numerical
and categorical features and poses a number of challenges for algorithmic
processing.

Additionally, tabular data does not entail an obvious underlying struc-
ture that relates different features to one another. Rows and columns can
be permuted without any impact. This is not the case for other data modal-
ities such as images or text. In images, for example, pixels are arranged
on a grid and obey some spatial structure. They cannot be interchanged
without breaking this structure. In the context of deep learning, structure
is exploited as an inductive bias to design specialized neural network ar-
chitectures; in the case of images, convolutional neural networks. Because
tabular data lacks such strong inductive bias, there are currently no special-
ized neural network architecture that dominates the field and a multitude of
different approaches have been proposed. We classify these approaches into
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two categories: sample-level models and feature-level models. They differ in
how they represent data in their latent spaces. The former use one latent
vector for one sample and correspond to more traditional architectures such
as MLPs or ResNets. The latter use multiple latent vectors for one sample:
one for each latent feature, and correspond to more recent architectures such
as graph neural networks or transformers. In the next sections, we give a
more formal definition for sample-level models and feature-level models.

1.1. Sample-level models

The task of label prediction is formulated as an encoding-decoding prob-
lem. We propose the following general formulation for sample-level models!:

y = pu(9o(f(x))) ,

where f(-) represents the pre-encoder, where ¢y(-) is a neural network param-
eterized by 6 and represents the encoder, and where py(-) is a neural network
parameterized by 1) and represents the decoder.

Pre-encoder. Standard neural networks accept only vectors of real numbers
as input. Due to the heterogeneous nature of tabular data, we require a pre-
processing step to encode each feature x; with a specific function f; : X; —
R%. In sample-level models, all encodings f;(x;) are typically concatenated
into a single sample representation of dimension d = ) ; dj.

Encoder. The objective of the encoder is to capture intricate patterns within
the data and learn an appropriate representation which enables the decoder
to easily (and accurately) predict labels. It is a neural network with [ + 1
hidden layers ¢ : R%-1 — R% such that ¢ = ¢; 0 ¢y_1 0 ... 0 ¢ 0 ¢pg. The
input layer ¢y : R? — R% is often referred to as the embedding layer. The
output z = ¢(x) of the last layer of the encoder is passed on to the decoder.

Decoder. The decoder is another neural network p : R4 — Y with p(z) = 7,
where 3 denotes the predicted label for a given sample x.

'The terminology and notations that are used here originate from the literature on
deep sets and graph neural networks.



1.2. Feature-level models

Similarly to sample-level models, we propose the following general formu-
lation for feature-level models:

y = pu(pool(ds(f(x))))

where f(-) represents the pre-encoder, where ¢g(-) is a neural network pa-
rameterized by 6 and represents the encoder, and where py(-) is a neural
network parameterized by ¢ and represents the decoder. Compared to the
sample-level formulation, there is the addition of a pooling operator before
the decoder.

Pre-encoder. in feature-level models, we project all features x; into a common
space R? and maintain a separate vector representation for each feature. We

define f: X — R>™ as f(x) = (fi(z1), fo(22), .oy frn(Tm))-

Encoder. The encoder is a neural network with [ 4+ 1 hidden layers ¢y :
Rk—1xme—1 _y REXMk gyuch that ¢ = ¢; 0 ¢y_1 0 ... 0 ¢, 0 ¢g. The input layer
¢p : R¥xm 5 Rdoxmo jg often referred to as the embedding layer. The final m
latent representations of dimension d; learned by the encoder are combined
together via a pooling operator into z € R%.

Decoder. As for sample-level models, the decoder is another neural network
p: R4 — Y with p(z) = 4, where § denotes the predicted label for a given
sample x.

Gorishniy et al. investigate different approaches for the pre-encoder as
well as various combinations with dedicated embedding layers in the encoder
[22]. The authors show that model performance can be significantly im-
proved by selecting appropriate encoding functions f; and embedding layers,
thereby encouraging further exploration of the subject. However, in practice,
the pre-encoder is usually straightforward and similar across models: f; is
either the identity or a normalizing function when xz; is a numerical feature,
and f; is a one-hot encoder when z; is a categorical feature. Likewise, the de-
coder is most often composed of one or two fully connected linear layers with
appropriate nonlinear activations depending on the task. What really sets
apart recent feature level deep learning models for tabular data is the design
of the encoder. Fi-GNN [6] uses a form of graph attention network with a



fully connected feature graph; Table2Graph [7] relies on reinforcement learn-
ing and edge regularization to learn a sparse feature graph. Autolnt [8] uses
standard attention heads with residual connections; TabNet [9] relies on a
sequential multi-step attention process and aggregates results from each step
to produce final output, TabTransformer exploits multi-head attention[10].
FT-transformer [11] uses features biases in the embedding layers and re-
lies on a backbone which is much more similar to vanilla transformers [23]
than previous models, SAINT [12] incorporates inter-sample attention, and
T2G-Former [13] also uses typical transformer blocks but computes attention
coefficients based on a feature graph. A shared aspect in all these encoder
designs, however, is that the number m; of latent representation in each
hidden layer is always equal to m, the number of features in the original
data (or m + 1 in case a CLS output token is added, as in FT-transformer).
While this setup enables a clear interpretation of latent representations as
contextual feature embeddings, it raises the question of whether m; must
inevitably remain fixed at m and whether, together with dimension d, it
could be modified to improve model performance.

2. A simple feature-level architecture

To conduct our investigation, we design a simple and versatile feature-level
architecture for tabular data. Figure 1 shows a schematic representation of
this architecture.

Pre-encoder. We define the pre-encoder feature-wise; for a given feature j,
we have:

. gaussianize(- if 7 is numerical
1) = pad (g;(-)) , with g;(-) = { one—hot—enc(ozie(-) if 7 is categorical
Here, gaussianize(-) applies a quantile transformation to ensure the jth fea-
ture conforms to a normal distribution, one-hot-encode(-) converts its input
into a binary vector, and pad(-) supplements zeroes to the resulting encod-
ing such that Y. f;(x;) = concatenate;(g;(x;))" for a given sample x. This
ensures that the m initial feature encodings f; are living in the same space
R? but stay independent of one another. Putting everything together, we
obtain sample pre-encoding e = f(x), with e € R™™,



Encoder. The encoder ¢ is composed of two hidden layers: ¢y and ¢;. The
first layer ¢ takes as input e € R*™ and outputs hy = ¢g(e) € R**™. The
second layer ¢, takes as input hy € R¥*™ and outputs h; = ¢, (hg) € R *™",
The dimension d’ and number m’ of latent representations are not necessarily
equal to the dimension d and number m of pre-encoded original features. The
equations for the two layers are:

hg = ¢o(e) = ReLU(Wyé + bol”) with & =eA, , (1)
hy = ¢1(hy) = ReLU(Wihy + by17) with hy = ho4, | (2)

where W, b, and A, are trainable parameters and 1 is a vector of d’ ones.
The pooling operator is simply a sum: z = Z;n:1 hij .

Decoder. The decoder takes z as input and produces a label prediction .
It comprises a single linear layer: §y = Wz + b. In the case of regression
tasks, we minimize the mean square error. Meanwhile, for classification tasks,
we incorporate a sigmoid activation function and minimize the binary cross
entropy.

num{@ )

x e X ec IRL{X/H hO c IRM'X/H’ h] c IRJ'XW’ z e IRJ’ y cY

b1(+) z p(-)

Figure 1: Generic feature-level architecture for tabular data. Equations for computing
e, hgy, hy, z, as well as the final prediction g are detailed in the main text of Section 2

This model is generic in the sense that one can easily recover other neural
network architectures. If A, are square matrices of size m X m in which
columns are constrained to sum up to one, we obtain attention matrices and
a simplified version of a transformer (without residual connections and where
the attention coefficients are learned directly). Simple graph convolutional



networks would correspond to the case where A; is the adjacency matrix of
the computational graph. If Ay is a diagonal matrix, ¢y can be interpreted
as a static embedding layer (e.g., similar to the first layer of FT-transformer
and other variants). If Ay is a vector of ones and A; a simple scalar one, we
recover standard MLPs.

3. Evaluation of model performance

In this section, we evaluate the performance of our generic architecture
on 12 different datasets and discuss how it is affected by the choice of m/
and d’, the number and dimension of latent representations. The datasets
come from the benchmark introduced in [4]. We consider both regression and
classification tasks, as well as datasets with both categorical and numerical
features. Table 1 summarizes the main attributes of selected datasets.

Name Task n samples Meat Mpum ™M d
Bank-marketing Classification 10578 0 7 T 7
Bike_Sharing Demand Regression 17379 5 6 11 20
California Regression 20640 0 8 8§ 8
Compass Classification 16644 9 8 17 59
Electricity Classification 38474 1 7 § 14
Eye_movements Classification 7608 3 20 23 26
House_sales Regression 21613 2 15 17 19
KDDCup09_upselling  Classification 5032 11 34 45 85
Rl Classification 4970 7 5 12 37
Sulfur Regression 10081 0 6 6 6
Superconduct Regression 21263 0 79 79 79
Wine_quality Regression 6497 0 11 11 11

Table 1: Datasets characteristics, with m being the number of original features, mq:
the number of categorical features, M., the number of numerical features, and d the
dimension of the feature representation after the pre-encoding stage.

3.1. Ezperiment settings

In the pre-encoder, we use ScikitLearn’s OneHotEncoder for categorical
features and its QuantileTransformer for numerical features. We test the
following values for m’ : {1, 2,4, 8,16, 32,64, 128}U{m} and d’ : {16, 32,64, 128,256}.



#params logs (#params)

256 75000 256 5
128 128
64 50000 = ¢4
32 25000 32
16 16 10
12 4 8163264128 12 4 8163264128
m’ m’

Figure 2: Trainable parameter count for our generic feature-level model. We consider a
case where m = d = 20.

Figure 2 shows heat maps that indicate the magnitude of the number of train-
able parameters for all possible combinations of m’ and d’.

Data gets split into training and test sets (70% and 30%, respectively, and
30% of the training data serves as a validation set for monitoring). The batch
size is 256 and each model learns for 200 epochs with an Adam optimizer
and a learning rate of 0.001. These operations get repeated for each dataset
starting from 10 different random seeds.

The averaged test results are reported in Fig. 3. For classification tasks,
we measure the test accuracy; for regression tasks, we measure the test R?
score.

3.2. Results

We focus our analysis on four prototypical datasets that are representative
of the four different kinds of behavior that can be observed:

Case a. superconduct - In this scenario, increasing the number of param-
eters consistently improves training performance. Although some degree of
over-fitting is present, no decrease in test performance occurs as the param-
eter count grows.

Case b. bank marketing - Having more parameters improves performance
on training data but not on test data: obvious over-fitting is observed. De-
pending on the value of dimension d’, a lower or higher number m’ of latent
representations happens to be better.

Case c. sulfur - Surprisingly, the model with the highest number of param-
eters is not the one that performs best on the training data. We observe no
over-fitting, the best combination is a high d’ but a low m/.
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Case d. california - Similarly, a high d’ together with a low m' lead to the
best performance on the training data. In this case, though, the model also
over-fits such that the best performance on the test set actually occurs with
moderate values of both d’" and m/'.

4. Analysis of model behavior and generalization

In order to shed light on our results, we involve notions of model com-
plexity and data complexity, which will be defined and developed further
below. At this point, however, let us already sketch two important distinc-
tions: model expressive complexity versus model effective complexity, and
data observed complexity versus data intrinsic complexity. Model expressive
complexity, also referred to as expressive power, measures the capacity of a
model to learn complex functions ’in theory’, while effective complexity re-
flects the complexity of the function that is learned in practice by the model
[24]. The observed data complexity denotes the complexity of the data as it
is observed and measured, with accompanying noise, whereas intrinsic data
complexity refers to the complexity of the underlying noiseless data genera-
tive function. The results that are reported in the previous section raise two
related questions that we can formulate in terms of model complexity and
data complexity:

Question 1. How does the choice of the dimension d’ and number m/’ of latent
representations influence the performance on the training data (cases a and b
versus cases ¢ and d)? Since we observe different model behaviors on different
datasets with same values for d' and m/, we assume that the answer to this
question is dependent on the observed complexity of data. Moreover, the
value of d" and m’ will control the model expressive complexity, while the
performance on the training data is closely related to the model effective
complexity. Investigating this question is thus trying to understand how
effective model complexity is related to model expressive complexity and
data observed complexity.

Question 2. How does the choice of d' and m’ influence the performance on
the test data (cases a and ¢ versus cases b and d)? This is essentially asking
about the generalization of the model and whether it will over-fit or not.
We can describe over-fitting as a situation where model effective complexity
is close to the data observed complexity, but where a significant gap sep-
arates data observed complexity and data intrinsic complexity, causing an

11



Train score (R?) Test score (R?)

256 256 0.90
128 128
64 64
32 90 32
16 16 0.85
1 2 4 816326479128 1 2 4 8 16326479128
(a) Scores for superconduct (regress.)
Train score (Acc) Test score (Acc)
256 256
128 128 0.775
64 64
32 32
6 16 0.750
T T T T T T T
1 2 47 81632 64128 1 2 4 7 8 163264128
(b) Scores for bank-marketing (classif.)
Train score (R?) Test score (R?)
256 256 0.8
128 128
64 64
32 32 0.6
16 16
1 2 4 6 8 163264128 1 2 4 6 8 163264128
(c) Scores for sulfur (regress.)
Train score (R?) Test score (R2)
256 256 0.8
128 128
64 64 0.7
32 32
16 0.7 16
1 2 4 8 8 163264128 1 2 4 8 8 163264128

(d) Scores for california (regress.)

Figure 3: Results for 4 different dataset. Performance on the training set is reported in the
left column. Performance on the test set is reported in the right column. Performances
are averaged over 10 random folds. In each heat map, the vertical axis represents the
possible values for the dimension d’ of the latent representations, while the horizontal axis
indicates the possible values for the number m’ of latent representations. The value that
is highlighted in red corresponds to the standard case where m’ = m.
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important generalization error. Since this question relies on effective model
complexity, it logically follows from the first one.

Both questions also heavily relate to the concept of data complexity,
warranting the initial characterization of such complexity. First, we propose
a tool for this purpose. Next, leveraging this tool, we delve into the successive
investigation of question 1 and question 2.

4.1. A tool for measuring data complexity

For a dataset X = {(x®,y@)} where x® = (21 2" . 2{) e X
and y® € Y, we define observed data complexity as the non-linearity of
the discrete mapping X — Y. As an example, if the points {(x®,5@)}7_,
lie on a hyperplane (regression) or are linearly separable (classification), the
observed data complexity would be zero. If instead the points are distributed
randomly, the complexity would be maximal. A first solution for computing
this complexity would be to fit a linear model to the data and take the error
as a measure of the observed complexity. However, this would only tell us if
the data is linear or non-linear on a global scale. For a more refined analysis,
a multi-scale view of the data is preferred. To achieve this, we fit a local linear
model within a neighborhood of size k around each point x and make a
prediction §® for that same point with the fitted model (we use a standard
regressor for regression problems, and a logistic regressor for classification
problems). We obtain a ‘smoothed’ approximation y of the data. We then
compute and aggregate the errors between the approximation y and the
actual labels y using an appropriate scoring metric S(¥,y) (we use R? for
regression and Accuracy for classification, so a value of 1 would mean perfect
linearity for scale k). By varying the size k of the neighborhood, we can
obtain either coarser or finer approximations and sketch a complete ‘linearity
profile’ of the data. A more detailed procedure is provided in Algorithm 1,
while Fig. 4 illustrates the procedure executed on a toy regression dataset.
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Algorithm 1: Linearity profiler

input : Dataset {(x®, y®)}r_,
Neighborhood sizes {k®)}1_
output: Linearity profile {(r®, s(p))}g:1

1 % Initialization

S(-) + Scoring function % 1“ if regression, Accuracy if classification
linearity_profile < list() % empty list of size ¢

for k(®) in Neighborhood sizes do

w N

4
5 ¥ < list() % empty list of size n for storing local predictions
6 for (x¥,y(®) in Dataset do
7 L(+) + Linear model
8 ind < indices of the k() nearest neighbor of x
9 fit L on {(X(j)vy(j))}jé (ind U )
10 yli] + L(x(i)) % make local prediction for point 4
11 end
12 T n/k(p) % resolution
13 s+ S(y,¥) % deviation from linearity at resolution r
14 linearity profile[p] «+ (r, s)
15 end

In the end, we get a curve of either R* or Accuracy with respect to
resolution, which is defined as n/k. Resolution can be loosely interpreted
as the number of independent linear models that are fitted to the data,
although, in fact, we always fit one model per point, but if k is large, these
n models will strongly depend on each other. As an example, when k = n
(resolution=1), we fit a linear model at each point using every other points:
the n models are thus exactly the same. Moreover, if we obtain a score of
1 at resolution 1, it means that the data can be perfectly modelled with a
single linear model. If we only approach a score of 1 when the resolution gets
close to n, it means that we need about n independent models to fit the data
perfectly, hence about one model per point. This indicates the presence of
non-linearities on small scales, i.e., noise typically. The maximal resolution
for which we compute the deviation from linearity is n/(d + 2) where d is
the dimension of the data after pre-encoding?. Obviously, a linear model in
d dimensions can always fit perfectly in a neighborhood of size k < d+ 2 and

2To compute this linearity profile, we do not use zero padding nor separate represen-
tations for each feature. Instead, we simply concatenate all f;’s into one vector of size

d.
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we would thus always obtain a score of 1 at greater resolutions 3. This is an
important limitation of the proposed complexity measure: it is not applicable
to datasets that have more dimensions than samples.

Toy data n=>500 d=1 o Toy data n=>500 d=1
—— k=387 ) l)i(,"‘J =3.8
—_— k=231 /
— k=139 / 0.8 4
k=83 [ 4
k=50
k=18 / 0.6
> / DUN
»‘,M;l nady =
fh Prwi mfn‘ 0.4 n
=7
’V‘y;;‘/ 0.2 1
0.0 T T T
X 20 22 21 26

loga Resolution (n/k)

Figure 4: Linearity profile for a toy dataset. The plot on the left shows the various
approximations of the original data obtained by fitting local linear models around each
point in neighborhoods of decreasing size k. The plot on the right shows the curve obtained
by computing R? between the various approximations and the original data. This amounts
to computing the local deviation from linearity.

Finally, to summarize the deviation from linearity on different scales or
resolutions, we propose to measure the observed data complexity D(C?) as the
area above the curve. If we compare again to perfectly linear data, the curve
would culminate at 1 for every resolution and we would obtain Dg)) = 0.
If we consider instead pure noise, the curve would drop close to 0 at every
resolution and we would obtain Dg) ' xn /(d + 2). This seems coherent with
what we would expect from a data complexity measure: linear data would
remain trivial to model no matter the sample size n whereas fitting pure noise
would be increasingly difficult as n grows. We show the effect of adding noise
to the toy data in Fig. 5; we can indeed observe that the curve falls down
towards lower scores and that the complexity consistently increases.

Notice that our method for defining data complexity is rooted in the
context of neural networks. Specifically, we focus on neural networks with

3More precisely, we would get a score of 1 for resolutions greater or equal than n/(d+1),
leaving a region between n/(d+ 2) and n/(d + 1) which we cannot probe since our model
considers only integer values for k by design.
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Figure 5: Linearity profile for the toy dataset with added noise. The plot on the left
shows the various approximations of the original data obtained by fitting local linear
models around each point in neighborhoods of decreasing size k. The plot on the right
shows the curve obtained by computing R? between the various approximations and the
original data. This amounts to computing the local deviation from linearity.

ReLU activations. Since ReLU is a piece-wise linear activation function,
these networks model a mapping X — Y as a piece-wise linear function. This
also implies that if a mapping is easily approximated with a piece-wise linear
function, it will be easier to model for these neural networks. Whether or not
a mapping can be well approximated by a piece-wise linear function is exactly
what we try to measure, and since this is scale dependent, we measure it for
a range of scales and take an average as our final data complexity measure.

4.2. Influence of d' and m’ on effective model complexity

We can think of the expressive complexity of neural networks that have
piecewise linear activation functions, like ReLU, in terms of the number of
linear regions that they can produce to approximate a function [25]. The
number of linear regions then reflects the capacity of the network. Building on
our definition of data complexity as the non-linearity of the mapping between
features and labels, we can also think about the effective complexity of a
neural network as the non-linearity of the produced approximation function
once it is fitted to a given dataset. In other words, the degree to which
the linear regions are aligned or not with the neighboring ones. If all linear
regions are perfectly aligned, the model approximates a linear function and
has very low effective complexity. If all linear regions are oriented in different
directions, the model has a very high effective complexity. According to
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this view, the effective model complexity of our feature-level models will
depend on two main factors: (1) the capacity through d' and m’, and (2)
a regularization element which will constrain the capacity, that is, force the
alignment of linear regions.

To study this more formally, we assume that the non-linearity of the
function learnt by training a neural network that has performance s* on
the training data is similar to the non-linearity corresponding to the point
(r*,s*) on the linearity profile computed on the same training data (where
r* is the resolution corresponding to the score s*). This assumption relies on
the result that neural networks are naturally biased towards over-smoothed
solutions [4]. Therefore, we can reasonably expect that the function learnt
by training a neural network will resemble some smoothed approximation of
the data obtained for a given resolution while computing the linearity profile.
This allows us to project the training performance of our feature level models
onto the linearity profile curve, retrieve the corresponding resolution values
by simple interpolation, and use those resolutions as a proxy for the model
effective complexity. We illustrate this for the four prototypical datasets in
Fig. 6.

Upon first inspection, we observe that for a given dataset, models with
higher capacity (higher d" and m') correspond to higher resolutions and thus,
presumably, higher effective complexity. This is consistent with intuition.
Moreover, for every dataset, we can plot resolutions corresponding to each
model with respect to the data observed complexity, as shown in Fig. 7. We
observe a direct relationship between resolution and data observed complex-
ity. This is also expected: for a fixed and sufficient capacity, a model fitted to
simpler data should have a lower effective complexity than if fitted to more
complex data. Data complexity can thus be seen as the primary cause that
regulates or tones down the potential capacity to the effective model com-
plexity after training. This regularization driven by data obviously differs
from explicit model regularization with additional objectives that constrain
model parameters.

Closer inspection of Fig. 6 shows that the gain in resolution gets smaller
as the capacity increases. Additionally, for some of the highest capacity mod-
els on the sulfur and california datasets, we observe a drop in training
score and resolution. This is evident in Fig. 8, where we plot resolution with
respect to d’ and m’. This suggests a regularization effect that depends on
the capacity itself. A plausible interpretation is that the linear regions pro-
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Figure 6: Model training scores projected on linearity profiles. Each point overlapping
the linearity profile curve corresponds to a model with a different value for d’ and m' (45
models per dataset). Points are colored according to parameter count (on a logarithmic
scale): blue indicates lower parameter count; yellow indicates higher parameter count.
The ordinate of a point reflects its corresponding model performance on the training data.
Interpolation provides the abscissa of each point.

duced by a neural network with ReLLUs are not independent from one another
[25] and increasing the capacity of the network actually also increases this
interdependence, thereby causing an implicit self-regularization phenomenon
which strengthens with capacity. Under certain conditions of model archi-
tectures and data complexity, this self-regularization effect can get so strong
that it leads to a significant decrease in training performance and model ef-
fective complexity. From our experiments, we observe that this phenomenon
happens only for regression dataset and is favored by a high observed data
complexity, a high ratio n/d (number of samples/dimension of the data) and
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Figure 7: Model resolution versus data complexity. Each column of points corresponds to
a dataset and each point within a column corresponds to a model with a different value
for d’ and m’ (45 points per dataset). Points are colored according to parameter count
(log scale). The red markers indicate for each dataset the maximal resolution n/(d 4 2)
for which our linearity profile is non-trivial.

a high value for m/, the number of latent representations.

Although we do not prove its existence in any way, this self-regularization
phenomenon is consistent with observations made in [15], reporting that
neural networks for tabular data perform particularly worse than gradient
boosted decision trees on very large datasets and/or dataset with a high
ratio between number of samples and number of features. It also relates to
the double descent phenomenon [26], where we would have models of higher
capacity that are more regularized, thus effectively less complex, and leading
potentially to better generalization performance.

4.3. Influence of d' and m’ on generalization

As the issue of generalization revolves around both the model effective
complexity and the data intrinsic complexity, studying generalization in this
context is difficult because (i) we only have a proxy for effective model com-
plexity and (ii) we do not have access to the intrinsic data complexity. In
fact, the capability of the linearity profile to indicate the presence of small
scale non-linearities is likeky to decrease when the data dimensionality of
the data grows; in that case, the gap between intrinsic non-linearities and
noise vanishes. It is hence particularly difficult to identify when we start
fitting noise, and model effective complexity becomes higher than intrinsic
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Figure 8: Model resolution versus m’ and d’. The heat map indicates the magnitude of
the number of trainable parameters.

data complexity.

However, we can still try to approximate the generalization error by com-
puting a slightly modified version of the linearity profile: for a given point
1 and neighborhood of size k, instead of fitting the local linear model using
both the k nearest neighbors and the point i itself, we fit the linear model
using only the k£ nearest neighbors. The point ¢ then serves as a size one
local test set. When k is big, we do not expect to observe big differences
between predictions made with or without point ¢ at the local fitting stage.
However, when k£ is small, differences can become important, especially if
the data exhibits non-linearities and/or noise on small scales. A point (7, §)
on the resulting curve can be interpreted as the expected test performance s
when we fit the data with a resolution equivalent to 7. Figure 9 shows these
approximated test performances as well as the observed test performance.

The approximated test performances reveals the over-fitting behavior,
although it tends to overestimate the generalization error. Oddly, they are
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Figure 9: Linearity profiles and approximate test performance. The blue solid curve is
the linearity profile. The gold solid curve is the modified linearity profile. Points that
coincide exactly with the linearity profile curve correspond to the training performances
of models, while points located beneath this curve represent the corresponding observed
test performances. Both series of points are colored according to parameter count (log-
scale): blue indicates lower parameter count; yellow indicates higher parameter count. The
ordinate of a point is given by its corresponding model’s performance on the training/test
data. The abscissa of each point is found by interpolation of the linearity profile.

much more precise for classification datasets (only shown for bank marketing
here). We further analyze the relationship between over-fitting behavior and
model effective complexity by representing resolution of the model with re-
spect to data complexity and generalization error in Fig. 10. We observe
that models often over-fit more when the resolution is close to to the max-
imal resolution n/(d + 2) and that this happens more frequently with less
complex data. This concurs with intuition: models with an effective com-
plexity close or equal to the data observed complexity are more susceptible
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to over-fitting, since the intrinsic data complexity is likely to be much lower
than the observed complexity, especially in tabular data that are often irreg-
ular and noisy. Moreover, it is consistent with the reported observation that
neural networks for tabular data are particularly sensitive to uninformative
features [4]. Uninformative features would indeed artificially decrease data
complexity and favor over-fitting. The fact that, in our experiments, over-
fitting occurs less often for complex data sets can finally be put in relation to
our previous observations about model effective complexity and our hypothe-
sis of self-regularization. Indeed, self-regularization appears to be favored by
high data complexity and would thus help mitigate over-fitting in this case.
Notice that this has implications for data pre-processing. It suggests that
artificially increasing the complexity of the data would act as an implicit
regularization and can be beneficial to avoid over-fitting. This is exactly
the purpose of noise injection [27]. Complexity/noise should be added in a
controlled way as not to widen the gap between intrinsic data complexity
and observed data complexity, and potentially exacerbate over-fitting. Con-
versely, there is also an argument for exploring feature engineering techniques
that lower data complexity. This leads to models with lower effective com-
plexity and if the gap between observed complexity and intrinsic complexity
is effectively narrowed, these feature engineering techniques also have the po-
tential to mitigate over-fitting. However, as we do not have access to intrinsic
data complexity, these considerations are not straightforward to apply and
deserve further investigation that extends out of the scope of this study.

5. Avenues for future Investigation

While our approach to understanding data complexity and its relation to
model effective complexity offers some valuable insights about model behav-
ior and generalization, it also faces a few limitations. The most notable two
limitations, in our view, are outlined below:

Limitation 1. By projecting the performances of our feature-level models
onto the linearity profiles and subsequently using the corresponding resolu-
tions as a measure of effective model complexity, we implicitly assume that
two models performing equally on the training data would have the same
effective complexity and also perform equally well (or badly) on the test set.
However, this is neither obvious nor entirely supported by our experimen-
tal results. Indeed, when looking at the sulfur case, we observe models
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Figure 10: Model resolution versus data complexity and generalization error. Each column
of points corresponds to a dataset and each point within a column corresponds to a model
with a different value for d’ and m’ (45 points per dataset). Points are colored according
to generalization error. The red markers indicate for each dataset the maximal resolution
n/(d + 2) for which our linearity profile is non-trivial.

with equivalent training performances but significantly different test perfor-
mances. It is also not necessary: in fact, a sensible measure of effective
complexity would require that if two models perform the same on the train-
ing set, the one with the lower effective complexity would generalize better
and perform best on the test set.

Limitation 2. It is also not obvious that we can project model performance
on the linearity profile curves in the first place. While neural networks can
indeed be reasonably assumed to behave at least similarly to a regularized
collection of n local linear models, stating that they behave exactly like
so might sound less reasonable. And it seems they do not indeed, as we
observe differences between estimated over-fitting and empirically observed
over-fitting, for instance.

These limitations prompt us to propose a more robust conceptual frame-
work for exploring interplay between model complexity and data complexity.
This framework is illustrated in Fig. 11. The idea would be to fit an arbitrar-
ily large collection of independent local linear models to a data set and to
apply an arbitrarily strong regularization that forces neighboring local linear
models to be similar to one another. This is essentially the same idea as
the linearity profile but whereas the latter has a fixed capacity of n models
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that are increasingly regularized as the neighborhood size k£ becomes large;
in this setting, capacity and regularization are independent. Each point in
the capacity-regularization plane would correspond to a particular regular-
ized collection of linear models and the curves that we have for the linearity
profiles would become surfaces. Finally, instead of taking resolution as a
proxy for effective complexity, we could take a function of regularization and
capacity.

In light of this, the linearity profile is just a slice of fixed capacity of
this more general view (curve in blue), whereas neural networks of increasing
capacity would follow a curved path (in red) in the capacity-regularization
plane. The higher the capacity and the higher m’, the more curved the path;
even so curved as to go up and down on the training surface, leading to
models with high capacity but low effective complexity, as observed in our
experiments. Moreover, within this framework, two points with the same
training score could have different effective complexities and different test
scores, thereby resolving the first limitation. The difference between the red
curve and the blue curve resolves the second limitation and explains the
difference that is observed empirically: a model on the blue path with a
high training score would tend to have no regularization hence a potentially
high over-fitting, while a neural network with high training score typically
has high capacity and tends to be more regularized, hence less exposed to
over-fitting.

6. Conclusion

This work has investigated the impact of dimension and number of la-
tent representations in feature-level deep neural networks for tabular data.
We demonstrate that varying these hyper-parameters yields distinct model
behaviors during both training and testing phases, with these behaviors be-
ing intricately tied to data complexity. We have implemented a method
to characterize data complexity and then used it to gain insights into the
observed behaviors. We associate this with the concept of model effective
complexity, and hypothesize a form of implicit self-regularization that inten-
sifies with model capacity and the ratio of samples to dimensions. While this
self-regularization phenomenon can alleviate over-fitting, it may also lead to
diminished performance on training data. We believe that comprehending
the intricate relationships between model and data complexity is pivotal for
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designing appropriate neural networks for tabular data, ultimately helping
to understand the success or failure cases of deep learning.
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Appendix A. Detailed network architecture

This detailed description of our network architecture is a complement to
section 2 and 3. In our experiments, we use a three layer neural network.
The first two layers form the encoder while the third layer is the decoder.
The model is implemented in pytorch 2.1.2 with cu188 support.

The first layer takes as input a batch of pre-encoded samples, i.e., a tensor
e of size (B, d, m) where B is the batch size, d the dimension of each encoded

25



feature, and m is the number of features. It outputs a tensor hg of size
(B,d',m’) according to the equation :

hy = ReLU(Wyé +bl?) with & = eA, (A1)

where ReLU(-) is the standard Rectified Linear Unit activation function,
Wi is a trainable weight matrix of size d’ X d, bg is a trainable bias vector of
size d’ x 1, 1T is a vector of ones of size 1 x m’ and Ay is a trainable weight
matrix of size m x m/.

The second layer takes as input hg and outputs h;, a tensor of size
(B,d',m’) according to the equation :

hy; = ReLU(Wihg +by17) with hy = ho4, (A.2)

where W is a trainable weight matrix of size d’ x d’, by is a trainable
bias vector of size d’ x 1, 1T is a vector of ones of size 1 x m’ and A; is
a trainable weight matrix of size m’ x m/. The output of the second layer
is then pooled using a standard sum operator to obtain a tensor z of size
(B,d"). The tensor z is then passed to the last layer which outputs label
predictions y according to the equation:

y=0(Wz+0) (A.3)

where o(+) is the identity in case of a regression task and a sigmoid in
case of a classification task, W is a trainable weight matrix of size 1 x d and
b is a trainable scalar bias.

We then compute Mean Square Error in case of a regression task, and
Binary Cross Entropy in case of a classification task. The loss is averaged
over the batch.

We use the pytorch Adam optimizer with a learning rate of 0.001. Other
parameters of the optimizer are left to default values. The batch size B is
fixed to 256 and the number of epochs is 200 for each experience.

The value of d and m are dependent on the data set. The value of d' is
taken from the set {16, 32,64, 128,256} while the value for m’ is taken from
the set {1,2,4,8, 16,32, 64,128} U {m}.
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