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Abstract

The severity of multivariate extreme events is driven by the
dependence between the largest marginal-observations. The
Hiisler-Reiss distribution is a versatile model for this extremal
dependence, and it is usually parameterized by a variogram
matrix. In order to represent conditional independence relations
and obtain sparse parameterizations, we introduce the novel
Hisler-Reiss precision matrix: Similarly to the Gaussian case,
this matrix appears naturally in density representations of the
Hiisler-Reiss Pareto-distribution and encodes the extremal
graphical structure through its zero pattern. For a given, arbitrary
graph we prove the existence and uniqueness of the completion
of a partially 'specified Hiisler-Reiss variogram matrix so that its
precision.matrix has zeros on non-edges in the graph. Using
suitable estimators for the parameters on the edges, our theory
provides:the first consistent estimator of graph structured
Husler—Reiss distributions. If the graph is unknown, our method
can be combined with recent structure learning algorithms to
jointly infer the graph and the corresponding parameter matrix.
Based on our methodology, we propose new tools for statistical
inference of sparse Husler—Reiss models and illustrate them on
large flight delay data in the U.S., as well as Danube river flow
data.
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1 Introduction

In statistical modelling, conditional independence and graphical models are well-
established concepts for analyzing structural relationships in data

(Lauritzen, 1996; Wainwright and Jordan, 2008). Particularly important are Gaussian
graphical models, also known as Gaussian Markov random fields (Ruesand Held, 2005).
The graphical structure of a multivariate normal distribution with positive definite

. . . .. . -1
covariance matrix Z can be read off from the zeros of its precision matrix ‘= .

For risk assessment in fields such as climate science, hydrology.or finance, the primary
interest is in extreme observations, with attention to bothitheimarginal tails and the
dependence between multiple risk factors. In view ofithe,growing complexity and
dimensionality of modern data sets, sparsity and,graphical models are becoming crucial

notions for the analysis of extremes (e.g., Engelke and lvanovs, 2021).

There are two different ways of defining graphical models for extreme value
distributions. The first is based on'max-linear models (Gissibl and Klippelberg, 2018)
and the second one studies multivariate Pareto distributions (Engelke and Hitz, 2020).
We follow the second approachisince their new notions of conditional independence
and extremal graphical models‘link naturally to the well-known Hammersley—Clifford
theorem for density factorizations. Moreover, in the case of tree graphs, Segers (2020)
shows that the extremes of regularly varying Markov trees converge to these extremal
tree models.Lee’and Joe (2018) propose parsimonious models for extreme value

copulas; the link with extremal graphical models is made in Asenova et al. (2021).

The class of extremal graphical models with Hiisler-Reiss Pareto distributions is of
particular interest. In d dimensions, the parameter of this family is a variogram matrix
I' eR™  Because of their flexibility and stochastic properties, Hiisler-Reiss

distributions can be seen as the counterpart of the Gaussian family for multivariate



extremes. In combination with extremal graphical models, the Hisler-Reiss family
constitutes a powerful tool for sparse extreme value modelling, with many open

questions still to explore.

For a connected, undirected graph G=(V.E) with nodes ¥ =1L--4d} and edges £,
Engelke and Hitz (2020) show that such a distribution’s graphical structure can be read
off from a set of (¢ ~D>(d=1) precision matrices ©“, for kK €V . While zeros in ©"
correspond to extremal conditional independence of nodes LJj#* k, the information. on
edges involving the Ath node is encoded only indirectly through the row sums of this
matrix. A natural question, appearing also in the discussion of Engelke and Hitz (2020),

is if there exists a symmetric approach involving a single d x d precision matrix.

Statistical inference for Hiisler-Reiss graphical models is limited so far to the simple
structures of trees and block graphs (Engelke and Volgusheyv, 2020; Asenova and
Segers, 2023). The parameter matrix I is then.additive on the graph and the maximum
likelihood estimator is an explicit combination of.the bivariate estimators on the edges.
Since block graphs lack flexibility for generaliapplications, several discussion
contributions of Engelke and Hitz (2020) have emphasized the need for estimators

suitable for more general graphs.

In this paper, we obtain new'theoretical results on Hisler-Reiss distributions that
answer the two open questions'above and enable statistical inference on extremal
graphical models on"decomposable and non-decomposable graphs. Our main
contributions are threefold. Firstly, in Section 3, we introduce the Hisler—Reiss precision
matrix © SR% 3570, = ©;’ for some ¥ *%J | a definition which—surprisingly—is
independent of the particular choice of ¥ €V . This positive semi-definite matrix indeed
reflects the sparsity of the extremal graph by zero off-diagonal entries. We give several
characterizations of this matrix, one of them as the Moore—Penrose inverse of a

projection of the parameter matrix I'.



Secondly, we study how a Husler-Reiss distribution on a given, general graph
G=(V.E) and fixed marginal distributions on the edges of the graph can be
constructed. Thanks to the new Husler-Reiss precision matrix, this task can be framed
as a matrix completion problem, which aims to find a conditionally negative definite
variogram matrix I" that has specified values I';in the entries corresponding to the

edges . eE of graph G and whose precision matrix © has zeros in the remaining

entries, i.e., ©,=0 for @) £E A concrete example in dimension d = 4 for the graph in
Figure 1(b) is

(0 3 2 1) (2 2 0 92
3.0 10 2 2 9 9 9
r= , O= . (1)
210 0 °? 0220
1 2 20 2920 ?

where the completion problem corresponds to finding.the entries with . In Section 4,
we show that such a completion exists and is unique. Our results can be seen as a
semi-definite extension of matrix completion preblems for the covariance matrix of
Gaussian distributions studied in Speediand Kiiveri (1986) and Bakonyi and
Woerdeman (2011).

Thirdly, we leverage our theoretical results to provide effective statistical tools for
extremal graphical models. The Husler-Reiss precision matrix allows us to represent
the maximum (surrogates)likelihood estimate of I' on the graph G as the maximizer of

the constrained optimization problem

J cn
log|®|+ +§tr(l”®), s.t0®;=01if (i, )) ¢E,

where T is the empirical variogram (Engelke and Volgushev, 2020) and ||+ denotes the
pseudo-determinant. In Section 5, we prove that the solution to this optimization
problem is given by the solution of the above matrix completion problem. We further
combine recent structure learning methods (Engelke et al., 2022¢) with our completion

to yield the first estimator that is jointly sparsistent for the extremal graph and consistent



for the model parameters. Our methodology enables new model assessment plots that
allow for model interpretation and comparison of models with different degrees of
sparsity. This is illustrated in a case study of large delays in the domestic U.S. air travel
network in Section 6. The supplementary material contains another case study, together

with mathematical details and proofs.

The Husler—Reiss precision matrix and the properties we derive in this paper have
already been used for multiple purposes, including the parameterization of sparse
statistical models (Rottger and Schmitz, 2023; Rottger et al., 2023a), structure
estimation (Engelke et al., 2022¢; Wan and Zhou, 2023), efficient statistical'inference
(Rottger et al., 2023b; Lederer and Oesting, 2023), and a characterization in terms of

pairwise interaction models (Lalancette, 2023).

2 Extremal graphical models
2.1 Multivariate generalized Pareto distributions

Multivariate extreme value theory studies theitail'behavior of a random vector

X = (Xl""’Xd). A first summary of the extiremal dependence structure of the bivariate

i,jeV=1l,..

margins for »d} is thé extrémal correlation

Xij = ng(};{”(]?) = %}E%P(F;(Xl) >1_p | F;(X]) >1_P) 6[0’1]3 (21)

defined whenever the limit'exists and where F;is the distribution function of X. When

X;>0 we say that X;and X;are asymptotically dependent, and when ;=0 we speak

of asymptatic.independence. In the former case, there are two different, but closely
related approaches for modelling extremal dependence: through component-wise
maxima of independent copies of X'leading to max-stable distributions (de Haan and
Resnick, 1977); and through threshold exceedances of Xresulting in multivariate
generalized Pareto distributions (Rootzén and Tajvidi, 2006). Here, we concentrate on
the threshold exceedance approach since it is well-suited for graphical modelling

(Engelke and Hitz, 2020; Segers, 2020). For statistical models for asymptotic



independence, we refer to Heffernan and Tawn (2004), for instance, and to
Papastathopoulos et al. (2017) in the context of extremes of Markov chains as well as

Casey and Papasthatopoulos (2023) for extremes in decomposable graphical models.

To make abstraction of the univariate marginal distributions and concentrate on the
extremal dependence, it is usually assumed that all variables X;follow a given
continuous distribution. Throughout, we use standard exponential margins, that is,

P(X; <x)=1-exp(—X) 50 x>0 gnd i €V Let -1 and © denote vectors of adequate

size with all elements equal to 0, 1, and % respectively. A random vector Yo (- X,)

is said to follow a multivariate generalized Pareto distribution (Rootzén and

ze[,:{x eRd:x.{O}

Tajvidi, 2006) if for any , we have

A (zA0)—A°(2)
A(0)

P(Y<z):= liig]P(X—uISz|X£ul)= , (2.2)

for some random vector X, which is then said to be insthe domain of attraction of Y the
simple normalization by subtracting #1 comes'from the assumption of exponential
margins of X. Multivariate generalized Pareto distributions are threshold-stable in the
sense that for a vector @20 the conditional random vector Y- a given Y#a is again
multivariate generalized Pareto. This.also implies useful stochastic representations; see
Rootzén et al. (2018) for details. The so-called exponent measure A is a measure on

[—0,%) \{=%} that is finite on.sets bounded away from —©, and we write

c — d
A" (2)= A[=2,0) \[-°.2])  Multivariate generalized Pareto distributions are the only

ones that can arise as limits of threshold exceedances as in (2.2).

We assume'/\ to be absolutely continuous with respect to the d-dimensional Lebesgue
measure and let A denote its Radon—Nikodym derivative. The set of valid exponent

measure densities A is characterized by the following two properties:

Ay +11) = exp(—t)A(y), Vvt eRY, y eR?,
[ Aydy=1,  VieV.



Since the distribution of Yis proportional to the restriction of A to £, its density fthen

also exists and is proportional to the exponent measure density A as F)=A(y)/ A(0)

yel A(0)=A(L)

for all , since

When considering marginal distributions of multivariate generalized Pareto distributions,

it is often more useful to work with the limit distributions that arise in (2.2) by replacing X

with the sub-vector X}, also in the conditioning event, for some non-empty I} {ld} .

The resulting “generalized Pareto marginal distribution”, here denoted Y

L, :{x eR/ :x£0}

D4lis supported

on , and its corresponding exponent measure and density are the

actual marginals /A\;and A. Note that Yoy is equal in distribution to» ¥aconditioned on the

event Y, £ 0. See Rootzén and Tajvidi (2006, Section 4), or Rootzén et al. (2018,
Section 6), for a detailed discussion of these marginals#Due'to the choice of standard

exponential univariate margins for X, the univariates“‘generalized Pareto marginals”

d
Y., =% 1Y, >0 . . .
i (¥ 1%>0) are standard exponential as well. For a discussion how to transform

exponent measure densities between different choices of marginals, see Remark
S.5.12.

2.2 Husler—Reiss distributions

A popular class of multivariate generalized Pareto distributions is the class of Hisler—
Reiss distributions, which are parametrized by symmetric conditionally negative definite
matrices, here denoted by I' (HUsler and Reiss, 1989; Kabluchko et al., 2009). The set

of these so-called variogram matrices is defined as
D, ={T eR% :I=T", diag(l) =0, v Tv<0VO0=v L1f. (2.3)

Variogram matrices are closely related to covariance matrices and can be constructed

from a centered random vector W with covariance matrix Z as

L, =EW,-W) =%,+%,-25,, Vi jeV={l...dj. (2.4)



Notably, this so-called covariance transform (Farris et al., 1970) is not injective. One
collection of covariance matrices corresponding to a given I', used for example in
Engelke and Hitz (2020), can be obtained for k¥ €V as

~ ~ 1 X,
IAE ()= E(Fik A0 =)o eR™. (2.5)

The Ath row and column of these matrices are identically zero. Let 1 eRETED

denote the matrices with these entries removed, conveniently indexed by V\{k} yand

2.0 the corresponding mapping.

I' eD,

(k) _
Definition 2.1. Lef be a variogram matrix, and for any k €V et 2= (F), and

1
w _ 1 d-1
u = 2rik)i¢k €R Y,....Y))

. A multivariate generalized Pareto random vector Y=(
/s Hiisler-Reiss Pareto distributed with parameter matrix I If its exponent measure

density A satisfies

v exp(=y,) _l . W, B2 d
e (2;z)d1|z<k>|exp( 2 (s 2™ v e,

(k) _ (k)y-1 2 _ 0
with © =C)" and using the nétation I =v"Mv . Notably, this expression does
not depend on the choice of k (e.g., Engelke et al., 2015, Theorem 2), which is why it is

omitted from the left-hand side.

The marginals Yo (insthe generalized Pareto sense of Section 2.1) of a Hisler-Reiss

Pareto distributed=vector with variogram matrix I" are also Husler-Reiss Pareto

distributed with variogram matrix T (Engelke and Hitz, 2020, Example 7).

The popularity of Hisler-Reiss distributions has theoretical and practical origins. From
known properties about this model class, it becomes obvious that the Hlsler-Reiss
family takes the same role among multivariate generalized Pareto distributions as the
Gaussian distribution in the non-extreme setting. The results of our paper will further

shed light on this analogy. Moreover, Lalancette (2023) recently showed that Hisler-



Reiss distributions constitute the only pairwise interaction models among multivariate
generalized Pareto distributions. From a practical point of view, Hiisler-Reiss
distributions have become a standard model in multivariate extreme value modeling
because of their flexibility and tractability. Importantly, they are the finite dimensional
distributions of the widely used spatial Brown-Resnick (Kabluchko et al., 2009)
processes. We refer to Davison et al. (2012) and Engelke and lvanovs (2021) for

overviews of applications of these models.
2.3 Extremal conditional independence

In classical statistics, graphical models are defined through conditional independence
relations between components of a random vector (e.g., Lauritzen, 1996). Since the
support L of a multivariate generalized Pareto distribution is not‘a@’product space, this

definition is impractical in this case. Instead, Engelke and'Hitz{(2020) introduce a novel

. e . . Y(k) — (Y(k) Y(k))
notion of extremal conditional independence in terms of the vectors L o2er7d

for kev= {1"“’d} , defined as the multivariate 'generalized Pareto vector Y conditioned

on the event {Yk > 0} , and supported on the product spaces

0 _ . _ d.
£h= {x eLix> 0} {x e x> O} ..The extremal version of conditional independence

between sub-vectors Y4 and ¥ggivén!Yc, for non-empty, disjoint sets AVBUC =V s

then defined as
VkeV: Y 1LLy® |yl (2.6)

and it is denoted by Yol Yy |YC.

We consider the index set VVas a set of nodes and let £<€(V) pe the set of undirected
edges of a connected graph G= (V=E), where €(V) denotes the set of all possible
edges. Figure 1 shows four different graph structures in increasing generality; see
Section S.1.3 for definitions of the related terms. We say that Yfollows an extremal
i,jev

graphical model on Gif for with 1 #J we have

GLpeE = Y LYY,



Engelke and Hitz (2020) show that the existence of a positive and continuous exponent
measure density A of Yimplies connectedness of the corresponding graph G and the

equivalence of (2.6) to the factorization

A ) A= aic Vaoc) Ao (Vsoe)s ¥ €L

If Yis an extremal graphical model on a decomposable graph G, this result, applied
recursively, yields a Hammersley—Clifford theorem that states that the exponent
measure density of Yfactorizes on the graph into lower-dimensional marginal densities;
for an extension to unconnected graphs see Engelke et al. (2022b).

YA J‘e YB |YC

The extremal conditional independence has an intuitive interpretation in

terms of classical conditional independence. Suppose that weiobserve an extreme

event in variables corresponding to C, that is, max ;. Y50

, then, conditionally on Y,
the sub-vectors Y4 and Yz are independent in the usual sense. For an extremal
graphical structure G, this translates into an extremalslocal prediction property of the
form

¢ d
x| Ya‘(i) = y()'(i))z(Yi |Y\{,-} = y\{,-}): ReR% I]rgll%() y; > 0,
where 90) denotes the neighborhood of vertex /in G (see Section S.1.3). Thus,
knowing that an extreme eventhas occurred in the neighborhood of VY; is suffices to

know the neighbors'of Yifor predicting its value.

3 Husler—Reiss precision matrix

An important property of Gaussian graphical models with covariance matrix  is that the
conditional independence structure can be read off from the zeros in the (Gaussian)

precision matrix 27, Hiisler-Reiss graphical models satisfy a similar property. Indeed,

I'eD, that is an extremal

let Y'be a Hisler-Reiss Pareto vector with parameter matrix
graphical model on the undirected graph G=(V.E) Engelke and Hitz (2020) show that

the graph Gis necessarily connected and that the graphical structure can be read off



(k) _ (k)1
O =C")" for any k €V in the following we index these

from the precision matrices
(d=Dx(d =1 matrices by V\AK for the sake of simpler notation. Two distinct nodes
i,]#K are extremal conditionally independent in the sense that LLy ‘YV\{’?J'} if and

(k)
only if the corresponding entry 0y is zero. If one of the nodes, say J, is equal to 4,

Yoy
il
extremal conditional independence is equivalent to the row sum = being zero.

Each " thus contains all information on conditional independence of Y. Arnatural
question, already raised in the discussion of Engelke and Hitz (2020), is Whether there
is a single d x d precision matrix that contains this information but dees not require a

choice of 4. In fact, such a matrix can be defined as follows.

I' eD,

Definition 3.1. Let be a variogram matrix. For 4 2 3gefine © R py

®,=0% forsomek eV \ {i, j},

[j b

with ' as above. In the case d = 2, set Or=9,,=-0,=-0,=1/T,

@(k) — @(k)[k/]
Lemma 1 in Engelke and Hitz (2020) implies that 7 i for distinct
k.k" eV N\ 1, j}. Hence, the matrix© is well-defined and represents extremal conditional

independence of distinct nodes LYEY i the corresponding Husler-Reiss model by

0,=0 < YLyl © @)

i

While Definition 3.1Jis a natural way to jointly represent the information contained in the

e" matrices; it remains to be shown that the matrix © allows for useful mathematical
representations. In order to give a first such representation, let ) denote the Moore—-

Penrose inverse (see Section S.1.1 for details), let T4 be the d'x didentity matrix, write

_ -1 _ _ T
e, =d 1, and let [I=1,-1e, be the d x d centering matrix, i.e., the projection matrix
onto the orthogonal complement of 1. Recall (2.4), which can be written as a mapping

for arbitrary matrices S €R” as



7(): S T =1diag(S) ' +diag(5)1' -2, (3.2)
see Definition S.5.9 and Lemma S.5.10 for details.
Proposition 3.2. Let 1 €Pi ang S €R™ satisty 7()=T  Then

T1STT = n(—%r)n. (3.3)

Furthermore, the matrix © from Definition 3. 1 satisfies
®={ISID)* (3.4)

=lim(11'+S)".  (3.5)

Since the mapping y preserves (a)symmetry and I is symmetric, the condition y($)=r
requires Sto be a symmetric matrix as well. It turns out.that, restricted to symmetric

matrices, (3.3) is in fact equivalent to (8) = I'-'see Lemma S.5.1.

In practice, the matrix Sis usually a (definite or semi-definite) covariance matrix, so it is
natural to only consider symmetric.matrices here. For the sake of completeness we
show in the proof of Proposition’ 3.2 that (3.3) is a sufficient and necessary condition for
(3.4), also allowing asymmetricmatrices S. Lemma S.5.8 shows that (3.3) is further

equivalent to Sbeing a/generalized inverse of © in the sense OSO©=0

1
S=—=T
In light of (3.3),'an obvious choice of Sfor a given I is setting 2 while other

x

k) _ ~
interesting choices for S are the matrices = P (1“), defined in (2.5). Furthermore,

d
N-1nm=a Y59 —(onr (D)=La1T
these matrices satisfy k=1 where 2 is the

d
d'Y 5O -1
largest scalar ¢such that k=1 is positive semi-definite. Further connections
between I, 2% and © are investigated in Wan and Zhou (2023, Propositions 3.1
and 3.2).



t 7Ddl c RdXd

To better understand representation (3.4), le denote the set of symmetric

positive semi-definite matrices with kernel equal to span({1}) | ot gand Obe the
mappings from a variogram matrix I" to the corresponding matrices 2 and ©,

respectively:

o: FHZ::H(—lF)H,
2 1 (3.6)
0: IT'>0=X" =0 =(H(—EF)H)+.

1
Proposition 3.3. The mappings o and 8 are homeomorphisms between Dy and F .

Using 7 C) defined in (3.2), their inverses are
oc'@)=rE), I'(©)=rO).

From this proposition it follows that the matrix © from:Definition 3.1 is always positive

semi-definite with kernel equal to span({1}) Furthermore, the class of Hiisler-Reiss

distributions, parametrized by the set Dy
1

just as well be parametrized by "¢, interpreted either in the role of © or Z. As discussed

of conditionally negative definite matrices, can

after Proposition 3.4, the matrix ¥ is,the degenerate covariance matrix of a particular
transformation of the Hisler=Reiss .Pareto vector Y. Similarly to the Gaussian case, the
precision matrix © can be obtained from this covariance matrix as 0= Y, using the

Moore—Penrose inversedug to its singularity.

For a given I', the characterizations in Proposition 3.2 give a straightforward way to

© = O(T) = (TI(—~ DIy’
2 and thus retrieve the conditional

compute O in Definition 3.1 as
independence structure of the corresponding extremal graphical model. In a Gaussian
model, another property of the precision matrix is that it can be used to express its

probability density function in a concise way. The following result shows that a similar

expression is also possible for Hiisler—Reiss distributions.



Proposition 3.4. Lef I'eD, and ®=9T)  then the exponent measure density AGT)

from Definition 2.1 can be expressed as
1 ] ]
Ay;T) = Cl'Cz'eXP(_E yOy+y'r,—y'e,), yeR?, (3.7)

1 1 5
= ——@le _ —(d- - =exp(——e,(T'OI' +2IN)e
with Yo 2 d ) ¢ =(2n) «“ 1)/2(d 1|®|+)1/2, and . xp( 8 l Jes) i

This expression is remarkably similar to a degenerate Gaussian density on the

1 T
hyperplane {1 , differing only by the value of the constant and the tefm P(=' €)

{x eR:17x> 0}

fact, when restricting the support to the half-space »this density is

=W, +R1

proportional to the probability density function of a random variable , with

1
T =TI(—=D)II
R~Exp(l) gng e a degenerate normal vector with.covariance matrix 2 ,

independent of R.

A careful look at other characterizations of A'such as in Wadsworth and Tawn (2014), or
the slightly more general definitions of'the,Hisler—Reiss exponent measure density in
Ho and Dombry (2019) and Kiriliouk et al’(2018), shows that the precision matrix ©

appears naturally in these parameterizations as well.

Remark 3.1. Besides the extremal conditional independence structure and exponent
measure density, the precision matrix © is also useful to describe other stochastic
properties of Hisler—Reiss distributions. Based on the results of the present paper,

Réttger et'al®(2023b) and Réttger and Schmitz (2023) show that multivariate total

<
positivity of arder two, a notion of positive dependence, can be encoded as ©;<0 for

all 1%/, Engelke et al. (2022c) suggest that the precision matrix can be used to

estimate extremal graphical structures by penalizing its L'-norm e Hl, and a similar
approach is taken in Wan and Zhou (2023) and Lederer and Oesting (2023). Compared
to the Gaussian case, a difficulty of dealing with © in mathematical derivations and

statistical implementations is that it is not invertible.



4 Matrix completion problems

A well-studied problem related to Gaussian graphical models is the task of constructing
a model with a given graphical structure and specified marginal distributions on the fully
connected subsets of vertices, or equivalently, to complete a partially defined
covariance matrix such that its precision matrix has zeros where there are no edges in
the specified graph (Speed and Kiiveri, 1986; Bakonyi and Woerdeman, 2011). For
extremal Husler—Reiss models, the same problem can be posed, expressed.as a matrix
completion problem on the variogram and precision matrix.
To formalize the notion of a partially specified matrix, we define the set R =R’ U{”?"}
, consisting of the real numbers and the placeholder 7" for unspecified values (see
e.g., Bakonyi and Woerdeman, 2011, for this use of “?”)=For.an undirected graph
G= (V’E), a matrix is said to be “specified on G’ if it.is'specified on the diagonal and
the entries corresponding to the edges of G. A matrix is'said to be “partially conditionally
negative definite” if it is symmetric, its diagonal is fully specified, and all fully specified
principal submatrices are conditionally'negative definite (a principal submatrix is any
submatrix obtained by removing the same index set from both the columns and rows of
the matrix). In computations involving partially specified matrices, an entry in the result
is 7" as soon as any of the-entries used to compute it is itself ~?". For definitions of
graph theoretical concepts used in this section, we refer to Section S.1.3.

o odxd
Definition 4.1. LetG=V-E) pe an undirected graph and et R pe a partially

conditionally.negative definite matrix, specified on G. The corresponding matrix

I eD

completion problem is to find a conditionally negative definite matrix 4 and

0=01) sych that

Fij:rlj V(l,_])EE,

B (4.1)
®ij=0 V(l,.])QE,

where E denotes the edge set E augmented by the diagonal entries {(i’ i):i EV} .



An example for such a matrix completion problem on the graph in Figure 1(b) is given
in (1.1). In the Gaussian case, a similar problem can be posed with the covariance
matrix ¥ instead of I and with ©=Z""_ To this positive definite completion problem, an
explicit solution for decomposable graphs and a convergent algorithm for general
graphs is given in Speed and Kiiveri (1986). In this section we discuss semi-definite
matrix completion problems for Hiisler—-Reiss models as in Definition 4.1, starting from
simple graph structures such as trees and finishing with general graphs. We assume
throughout that the graph Gis connected since only those can be associatedte non-

degenerate Hiisler-Reiss models; see Section 2.3.

Example 4.2. Block graphs are simple graph structures where the separator sets
contain only single nodes. Trees are a special case of this class'where all cliques
consist of exactly two nodes. The particular structure of block graphs makes them
appealing for the construction of parametric models and for statistical inference
(Engelke and Hitz, 2020; Asenova et al., 2021). In‘fact; this structure also yields a
simple explicit solution to the matrix completion problem in Definition 4.1. If F is a
partially conditionally negative definite matrix on the connected block graph G= (V’E),
then a unique completion exists (Engelke and Hitz, 2020, Proposition 4) and can be

expressed as

r,= Y T. (42

(s.t)epath(i, /)

path(i,

where 7 isthe unique shortest path between 7and jin G, see also Engelke and

Volgushev (2020).and Asenova and Segers (2023). Using this result, the missing

entries in (1.1) can be computed to be 15 =1 =13 gnd Tu=lu =12



4.1 Decomposable graphs

In this section, a solution to the matrix completion problem will be given for connected,

decomposable graphs. First, consider the simplest (non-trivial) example from this class
(k) s (k)
of graphs, a graph consisting of exactly two cliques. Recall 2727 and P from (2.5),

—1 (k)Y _ S (k)
yfrom (3.2), and observe that % & ) =7E")

Lemma 4.3. Let S=V-E) pe a connected decomposable graph consisting of two

cliques Cr and C», separated by D,=CNG =D Let U be a partially canditionally
o (k)

keD, ot 9N ang tet =© pe

negative definite matrix, specified on G. For some

its unique positive definite completion with graphical structure € lV\{" ). Then
=g (Z9)=yEY),

is the unique solution of the matrix completion problem 4.1 for I and graph G.

The existence and uniqueness of such'a positive definite completion for general graph
structures is shown in Speed and Kiiveri (1986), and a short proof of the case with two

cliques is given in Lemma S.5:13! Using this result, a completion for a general

decomposable graph G can be constructed as follows. Let {Cl"“’CN}

be the cliques of
G, ordered according to'the running intersection property (cf. Section S.1.3), and,

without losing generality,"assume that the vertices in Vare ordered accordingly, in the

FI:F|C] VnZClu UC

sense =4 forall {€C and / €€ with k< / Let " and
o V<V,
K, =V, XV". Further, for "= 2"“’N, iteratively define I'neR with entries
T,y @) ek,
(F"),j = Ly (l, .]) eE v, \Kn—la

e otherwise,



— (1 Vale
and I, =&l eR , Where €0 denotes the completion from Lemma 4.3.

Proposition 4.4. Lef G=(V.E) pe g connected, decomposable graph and U a partially

condjtionally negative definite matrix, specified on G. Then there exists a unique

solution to the matrix completion problem 4.1 with I and G. This solution can be

computed explicitly as ' in the construction above.

The class of decomposable graphs is a significant extension of the class of block
graphs. For instance, a non-decomposable graph can be approximated in‘a non-trivial
fashion by computing a so-called decomposable completion. In contrast, the only block
graph completion of any biconnected graph (i.e., a graph that remains connected after
removal of any one vertex) is already the complete graph,«since the only biconnected
block graph is the complete graph, and adding edges t0 a'graph preserves connectivity.
See for instance Lauritzen (1996, Section 5.3) for furtherdetails about decomposable

graphical models.

Example 4.2. Figure 2 shows an example of the matrix completion algorithm from

Proposition 4.4. Starting with the clique {1’2’3}

, the missing values are computed clique
by clique. Edges whose corresponding matrix entries were already computed, are
considered as part of the graphiin‘subsequent steps, such that each computation is a
direct application of Lemma 4.3. Thanks to the running intersection property, the

required conditional’'independence structure is preserved.



4.2 General graphs

The class of general connected graphs is much larger than the class of decomposable
ones; see Figure 1(d) for an example. In applications, when the graph is estimated from
data without restrictions, non-decomposable structures often arise. The following results
provide a more general but slightly weaker solution to the matrix completion problem in

Definition 4.1, where, as before, E is equal to EU{G,i):ieV)

° o dxd
Proposition 4.6. Lef G=WV.E) pe g connected graph and let U eR  pe specified on

G, such that there exists a fully specified conditionally negative definite.matrix that
agrees with I on the entries .))€E  Then there exists a unigue conditionally negative

definite matrix I” that solves the matrix completion problem (4.1) for I' and G.

This result provides the same theoretical existence_ of a'unique solution as Proposition
dxd

F|Geﬂa%

4.4 and allows the definition of the following mapping-We use the notation to

denote the restriction of a fully specified matrix [to a graph G=(, E), in the sense

(1—‘|V) — Flj (la]) €€5
o o (@ B,

DoGz{(r' |G):F'eDd}

Definition 4.7. For a connected graph G=(V.E) jgt be the

restriction of conditionally"negative definite matrices to G. The function
C.0:D, >Dy,, FT,

maps a partial matrix I'eD; to its unique completion I satisfying the matrix completion

problem in Definition 4. 1 with respect fo G.

The uniqueness of this completion can be understood intuitively by counting the number

of parameters and constraints involved in (4.1). Notably, the existence of any



conditionally negative definite completion of F is sufficient for the existence of a
graphical completion. In the decomposable case, this can be guaranteed by verifying
the definiteness of all fully specified principal submatrices, but in the general case this
criterion does not work, as the following counter-example shows.

o o dxd
Example 4.8. For d=24 |etT'eR  bea partial matrix on the ¢tdimensional ring graph

Ty=1li—j|=1Tw=Ta=(Q2d)’ “on

with entries , zeros on the diagonal, and )

elsewhere. Then all fully specified principal submatrices of this I' are conditionally
negative definite, but there exists no conditionally negative definite.completion of the

entire matrix (see Section S.5.5.3 for details).

In general, computing the completion is less straightforward,than in the decomposable
case, but the following algorithm follows from the proof of Proposition 4.6. This
procedure is similar to the one described in Speed and Kiiveri (1986, Section 4), using
the above results instead of positive definite.matrixicompletions.

r,eD

Corollary 4.9. Let G and I' be as in Proposition 4.2, and let 4 be such that

(Tle=T . For some fixed m €N gt G = V- E).i=L...m  po qecomposable graphs
E=E -
such that and define @), recursively by

Fn = Q:G,n ((anl) |G,” )’

- ¢
with ' e{l" ’ "m} ry=n modm ,and % 0 computed as in Proposition 4.4. Then [

converges to the unique completion & () asn—>x,

Remark 4.10. An easy way to construct a suitable set of graphs {G“'”’Gm} is to put

{el’ ""e'"} =EV)\E and use E = S(V)\{e"} , Where ew) denotes the set of all

possible edges, see Section S.1.3. However, this choice leads to slow convergence



since each iteration only updates one entry in I' while requiring inversion of a matrix of
dimension (@ =3)x(d=3) Better performance can be achieved by choosing the G;to
be decomposable completions of G, with separator sets being as small as possible; see

Baz et al. (2022) for details and further optimizations.

In order to apply Corollary 4.9, an initial (non-graphical) completion of I', to be used as

FO, is required. The problem of finding such a matrix is also known as the Eutlidean

distance matrix completion problem, with solution algorithms for example in"Bakonyi
and Johnson (1995) and Fang and O’Leary (2012).

Example 4.11. To illustrate the algorithm from Corollary 4.9, consider the matrix T
below, which does not have any non-trivial graphical structure, and‘its “completion” I,

whose conditional independence structure is described by the graph in Figure 3.

(0 023 0.08 0.09 0.21) (0. 023,017 0.09 0.21)
023 0 0.14 023 0.19 0.23 %, 0" 0.14 0.20 0.35
=008 014 0 011 020(>T=[01%.0.14 0 0.11 0.26
0.09 023 011 0 0.16 0.09 0.20 0.11 0 0.16
021 0.19 020 0.16 0 021 035 026 0.16 0

These two matrices differ only‘in,the“highlighted entries, corresponding to non-edges in

G. During the computation of I,/ the entries of T that correspond to edges in G do not
change, and the convergence of the remaining entries in © to zero is plotted in Figure 3.
It can be seen that the entries corresponding to edges (2, 5) and (3, 5) stay at zero (up
to numerigal precision of magnitude 10_15) after the first few iterations, whereas the

maximum ofentries (2, 4) and (1, 3) converges to zero at a slower rate. This

{1,2,3,4

observation is in line with the fact that vertices induce the chordless cycle that

makes the graph non-decomposable.



5 Statistical inference

Estimation of a Hisler—Reiss parameter matrix " that is an extremal graphical model on
a given graph G=(V.E) jg currently restricted to the simple structures of trees (Engelke
and Volgushev, 2020; Hu et al., 2022), latent trees (Asenova et al., 2021) and block
graphs (Engelke and Hitz, 2020; Asenova and Segers, 2023). In the discussion of
Engelke and Hitz (2020), this has been pointed out as too restrictive in practice, since

many data sets require more general graph structures.

In this section we solve this issue by applying our results on matrix completions for
variograms. In particular, we show how any consistent estimator ['{can, be transformed
into a consistent estimator I'? with desired graph structure. Whenthe graph is

unknown, it can be recovered by existing structure learning.methods G . Our completion

then produces the first estimator e that jointly estimates the graph and the variogram

matrix for general graphs Gin a consistent way.
5.1 Matrix completion as likelihood.optimization

For a more statistical perspective on the matrix completions in Section 4, we first
characterize them as constrained/maximum likelihood estimators; see Uhler (2017) for
reD

the Gaussian case. For a variogram matrix < and a connected graph G= (V’E),

we will show that the maximizer of the positive semi-definite Gaussian log-likelihood

log|®|+ +%tr(l:®), (5.1)

under suitable graph constraints, is equal to our completion operator &0 from

Definition 4.7 applied to r ‘G. The connection to likelihood estimation for Hiisler-Reiss
distributions arises by choosing for T the empirical variogram I (Engelke and
Volgushev, 2020). In this case, (5.1) is the (surrogate) log-likelihood of the Hisler—Reiss

model parameterized in terms of the precision matrix © (Réttger et al., 2023b, Section



| E=EU{Gi):ieVy o ECEV)

5.1); see Section S.2.1 for a simple derivation. Recal for

as well as the map fand its inverse in Proposition 3.3.
r eD,

Proposition 5.1. Let be a variogram matrix and G=(V.E) z connected graph.

g _
Then & (T |G )=0"(9) where O /s the unique maximizer of (5.1) over all Hiisler—

®cP

Reiss precision matrices under the constraint that ©;=0 forai (-)) £E

We note that the result holds for any variogram matrix 1:, but only for the empirical
variogram I there is an interpretation in terms of maximum (surrogate) likelihood
estimation. In practice, solving this optimization provides an alternative to,Corollary 4.1
to compute the graphical completion of a matrix. We leave this@approach for future

research.
5.2 Consistency

In order to show consistency results, a useful property of the completion ¢:0 is that it is

a continuous mapping from the space Do of partially specified variogram matrices to

the space of variogram matrices D.
Lemma 5.2. The mapping €50 from Definition 4.7 is continuous.

By continuity of ¢:0 , a consistent estimator on the edges of a Hisler-Reiss graphical

model can be extended'to a consistent estimator of the whole parameter matrix.

Theorem 5.3Consider a Hiisler-Reiss graphical model with graphical structure

G=WV.E) gpg variogram matrix I'. Let U =T'x pe an estimator sequence of Ule which

satisfies diag(") = 0, is symmetric, and is consistent in the sense that for all €> 0 , we
have
P(max |['; -T';|<&) >1, n—oo. (5.2)

(i,j)eE




Then with probability tending to one there exists a completion of I, that is,

o o A G B © A
P eD) =1 gsn—soo 16t T =% W) genote this completion and ©° the
corresponding precision matrix (and set both matrices fo the zero matrix if the
completion does not yet exist). Then T° js a consistent estimator for I with the correct
(:)G

graph structure, thatis, ~V O g GNEE ang foran >0,

P( max
(i,j)evxV

G
PY-T|<a—>1 noo

Theorem 5.3 provides the first consistent estimator of a Hisler—Reiss,variogram matrix
that respects the structure of a general graph G=(V.E) Indeedpthe only ingredient
that is needed is a consistent estimator of ' on the edge set ‘E. There are many different
possibilities for such estimators in the literature. A natural,and computationally efficient
estimator is the empirical variogram (Engelke et al.,.2015; Engelke and

Volgushev, 2020), which for the Hiisler-Reiss'distributions is the empirical version of
the parameter matrix I". Other proposals include M-estimators (Einmahl

et al., 2012, 2016; Lalancette et al., 2021), proper scoring rules (de Fondeville and
Davison, 2018) and likelihood methods. The latter have the advantage that they can
incorporate censoring of components of the data that are not extreme (Ledford and
Tawn, 1996; Wadsworth and*“Tawn; 2014). Pairwise likelihood methods (Padoan

et al., 2010) reduce the_high'computational cost of censoring.

In order to guarantee that even for a fixed sample size nthere exists a completion, it

can be advantageous to start with a consistent estimator ' D of the entire parameter

FleeDs by definition, Proposition 4.6 ensures that

matrix I". Since

e =e, () (5.3)

exists and is a consistent estimator with graph structure G. In larger dimensions d=V]| ,

estimating all entries of I by likelihood optimization or censoring is often infeasible, and



the only option is then the empirical variogram or estimators based on simple summary

statistics such as extremal coefficients (Einmahl et al., 2018).

If the graph Gis sparse, then there is an efficient alternative to estimating every entry of
I", which requires only estimation on all cliques separately; see Section S.2.2.
Furthermore, in Section S.2.3, we perform a simulation study that illustrates the
performance gains achieved by this method, while yielding a similar quality of estimation
of I'.

The graph Gis in practice often unknown and has to be estimated from the,data.
Consistent structure estimation methods for extremal graphs exist for trees (Engelke
and Volgushev, 2020; Hu et al., 2022), and for general graphs based on lasso-type L
penalization (Engelke et al., 2022¢; Wan and Zhou, 2023), Thelatter paper proposes
the Ec1earn method and shows, under certain conditions, its sparsistency even in the

high-dimensional case where the dimension may grow. with the sample size. More

precisely, if Gis the graph implied by the zero entries in the true ©, and G=(V.E) js the

estimated graph from eGlearn then
P(G=G)—>1, n—>w. (5.4)

While they consistently recover aigeneral graph structure, they do not obtain an

estimate of the I matrix.on the estimated graph structure.

Our theory complements the structure estimation in Engelke et al. (2022¢). In
combination, we are now able to estimate jointly any graph structure and the

corresponding Hiisler-Reiss parameter matrix consistently.

Corollary 5.4. Consider a Hiisler-Reiss graphical model with graphical structure

G=(V.E) gng variogram matrix I. Let [ be a consistent estimator for I and © =V E)

°=¢, (|

a sparsistent estimator of G as in (5.4). If T /s the completion on G and 0°

its precision matrix, then I /s a consistent and sparsistent estimator for I, that is, for
all €>0 ,



[9-T,l<e ©5=0V(,j)2E)—>1, n—>w

P( max
(i,))eVxV
In Corollary 5.4, not only is re a consistent estimator of I, it is also, with probability

going to one, a graphical model with respect to the true graph G.

6 Application

Evaluation of the risk of climate extremes such as heatwaves (e.g., Reich et al.;, 2014)
or floods (e.g., Asadi et al., 2015; Cooley and Thibaud, 2019) is the bread«and butter of
extreme value analysis, and our methods are perfectly suitable for such data.In order to
illustrate our methods on a widely used data set and to underline their applicability to a
broad range of domains, we study the river flow data of Asadi et al®(2015) in the
Supplementary Material (Section S.4). In this section, we extend the range of possible
applications and use our methodology to study large flight'delays in the U.S. flight
network. Excessive delays have a variety of negative effects, ranging from
inconveniences for passengers and congestion of critical airport infrastructure to

financial losses for involved parties.
6.1 Data and exploratory analysis

The United States Bureau of Transportation Statistics ! provides records of domestic
flights in the U.S. that are operated by major carriers (at least 1% market share) at
airports accounting forlatdeast'1% of domestic enplanements. We use this data from
2005 to 2020, selectingfonly airports from the contiguous U.S. with a minimum of 1000
flights per year! Forfeach airport, we compute the accumulated (positive) flight delays

(in minutes) on"argiven day. As there are a few days for which no data are available,

d
this results in'a data set with 77="5601 opservations *>->% €K

of daily accumulated
flight delays for the 16 years at 4 =169 airports. This pre-processed data set is

available in the R-package graphicalextremes (Engelke et al., 2022a).

The models in this paper are suitable for variables where the largest observations are

asymptotically dependent. For our data, such dependence between the largest daily



accumulated flight delays at different airports may result from several factors. For
instance, large delays at a hub in the network may induce delays at other airports that
have frequent connections to that hub. On the other hand, independently of flight
connections, meteorological events such as severe storms or heavy snowfall can cause

simultaneous delays at airports in the same geographical area.

In order to find groups of airports at risk of simultaneous large delays, we first run a A
medoids clustering (Kaufman and Rousseeuw, 2009), where similarities are defined in
terms of the strength of extremal dependence. Clustering is frequently used,in the
extreme value literature to identify regions that are homogeneous in terms of
dependence properties (e.g., Bernard et al., 2013; Saunders et al., 2020; Vignotto

et al., 2021). We follow these approaches but use a different.dissimilarity measure,
namely the empirical version Zy(p) of the extremal correlation(2.1) at probability level p
= 0.95. The clusters and subsequent results are stable with respect to the exact
probability level in a range of about ” 6[0‘8’0'95], yielding both a sufficiently high

threshold and enough exceedances.

The resulting clusters are shown in Figure 4, for an ad-hoc choice of four clusters. Even
though no information on the airport locations is used, the resulting groups exhibit
strong geographical proximity,’supporting our intuition on the importance of flight
connectivity and meteorological factors. Figure S.3 shows that the extremal
dependence of large delays'is much stronger within clusters than between different
clusters. In the following we focus on the southern cluster around Texas, consisting of
29 airports, which is particularly stable even when modifying the number & of clusters
and threshold'value p; similar analyses can be conducted for the other clusters. The
IATA codes of this cluster are given in Table S.4. The existence of a (regular) flight

G,

connection between two airports defines a natural graph, denoted by %t and shown

in the left panel of Figure 5.



6.2 Graphical modeling

The flight graph Gign is based on domain knowledge and is certainly a good first
candidate for statistical modeling. It is however not necessarily the best graph in terms
of conditional independence properties. We therefore also consider extremal graph
structures estimated from data. To evaluate the fitted models out-of-sample, all rows
with missing values were removed, and the data was split into a training set with 1764
observations (2005-01-01 to 2010-12-31) for estimation, and a validation set.with, 1839
observations (2011-01-01 to 2020-12-31) for selection of tuning parameters,and model
comparisons. As a base estimator, we use the empirical extremal variogram r

computed at probability threshold p = 0.95 on the training data.

The first, sparse graph is obtained as the minimum spanning tree with weight matrix r
as proposed in Engelke and Volgushev (2020); this tree is'denoted by T and is shown
in the center of Figure 5. Alternatively, the empirical extremal correlation X as weight
matrix can also recover an underlying tree.(Engelke and Volgushev, 2020; Hu

et al., 2022).

A

As a second family of estimated extremal‘graph structures G, we apply the eG1earn
algorithm (Engelke et al., 2022c¢) to:the flights data set with different regularization
parameters P20 The latter governs the amount of sparsity in the estimated graph,
where larger p values correspond to sparser graphs. EGlearn produces a whole
sequence of estimated graphical models, but without estimates of the corresponding

parameter matrices

We apply our methodology to fit a Hisler—Reiss multivariate generalized Pareto

distribution with different extremal graphical structures. As before, the empirical

variogram I acts as base estimator. Applying the completion operator €0 to the
A - Gﬂigh( T

restriction of I to a graph Gas in (5.3), we obtain graph structured estimators s, r

and I'” for the flight graph, the extremal tree and the o-regularized general graph,

respectively. We note that, previously, only parameter estimation on the tree was



possible through the tree metric property (4.2), but not on the more general graphs. Our
method thus allows to estimate the Hisler—Reiss parameters of an extremal graphical
model based on a graph learned from the data, the only restriction being that the graph

needs to be connected.

A first benefit of our approach is that it complements structure learning methods such as

EGlearn by allowing for a data-driven sparsity tuning. One approach would be to

compare the Huisler—Reiss log-likelihood values of the different parameter matrices fé”,
for instance by AIC or BIC applied to the training data. Instead, we directly compare the
log-likelihood values on the validation set and plot them against the tuning parameter p
in Figure 6. The likelihood is computed based on the Hiisler-Reiss'Pareto density, and
since we are mainly interested in the dependencies betweendifferent airports, the
univariate marginals were normalized to the standard exponential scale using the
empirical distribution functions; Figure S.4 shows the univariate shape parameters
before normalization. The structural estimators in this section are all part of the family of
Husler—Reiss distributions, allowing the comparison of the log-likelihood values, in the
same was as normal distributions withdifferent, degrees of sparsity are compared in

classical graphical modelling (e.g. Friedman et al., 2007). The best fitting model on the

independent validation data set.comes from Eciearn at p = 0'15, and the
corresponding graph with 101wedges is shown on the right-hand side of Figure 5. The
flight graph performs significantly worse, and the tree seems to be too sparse. The
Husler—-Reiss precision ' matrix defined in Section 3 can be used to track how sparsity is
induced in the Eereaxnalgorithm. Figure 6 shows the entries of the precision matrices
6% as a funetion'of the tuning parameter p. Similar to a usual lasso, we observe that

they tend to zero in a possibly non-monotone way.

The completed variogram matrices also serve to assess the fitted model and evaluate
its goodness of fit. Figure 7 compares the values of the empirical extremal variogram r
to the variogram estimates implied by the fitted graphical model % for graph Gbeing

the flight graph, the extremal minimum spanning tree and the optimal ec1earn graph,



respectively. The extremal correlations are £ = 2_2(1)(\/1:/2) for a Hisler-Reiss
distribution with variogram matrix I', where @ is the standard normal distribution
function and all functions are applied componentwise. The results confirm the likelihood
considerations and, in particular, convincingly show that a tree model is not flexible
enough to capture all extremal dependencies in this data set. It is worthwhile to note
that this finding is in contrast to the results of the application to river flow data in Section
S.4, where the performance of the tree model is very similar to the Ec1earn method,
outperforming both the complete graph and the physical flow graph of the riverinetwork.
This stresses the usefulness and applicability of our methodology in various situations

with different amounts of sparsity.
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service-quality-performance-234-time
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Fig. 1 Different undirected, connected graphs on four nodes: (a) is a tree; (b).is'a

block graph, (c) is decomposable, (d) is non-decomposable.
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Fig. 2 lllustration of Example 4.2..0n the left-hand side is the initial partial matrix I’
and the corresponding decomposable graph. In each of the following steps, dashed

edges (top) correspond to newly computed matrix entries (underlined, bottom).
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Fig. 3 lllustration of Proposition 4.2 in Example 4.11. A non-decompa@sable graph
G=(V.E) (right), and the convergence of ©;to zero for (0. ) 2E4g the graphical

completion of I is computed (left). In each iteration, the graph defined by edge set

E = EV{(1,3)] or 2= EV{(2.4)] is completed using Proposition 4.4.
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Fig. 4 Clusters of airports in the contiguous U.S., using Amedoids clustering with
empirical extremal correlation as dissimilarity. Edges represent airports connected by

(regular) flights. Airport sizes are proportional to the average number of daily flights.
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Fig. 5 The flight graph Grign (left), the estimated tree graph T (center), and the graph

G. -
estimated using ec1earn, 7 , for # =0-15 (right).
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Fig. 6 Leit: Log-likelihood based on the validation data set for different regularization
parameters p. Horizontal lines indicate the log-likelihoods of the complete graph (406

edges, dashed line) and the flight graph (129 edges, dotted line). The log-likelihood of
the tree graph (28 edges) is —6435 and not shown. Right: Evolution of 6 entries. Only

entries that vanish at #=0-5 are shown. Both plots show the number of edges in the

corresponding graph on top.
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Fig. 7 Extremal correlations based on the empirical and fitted extremal variogram for

A

the flight graph Gign (left), the estimated tree graph T (center), and the graph
G. -
estimated using eG1earn, 7, for # =015 (right).
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