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Abstract

We propose the notion of minimal farsighted instability to determine the states that
are more likely to emerge in the long run when agents are farsighted. A state is mini-
mally farsighted unstable if there is no other state which is more farsightedly stable.
To formulate what it means to be more farsightedly stable, we compare states by
comparing (in the set inclusion or cardinal sense) their sets of farsighted defeating
states. We next compare states in terms of their absorbtiveness by comparing both
their sets of farsighted defeating states (i.e. in terms of their stability) and their sets
of farsighted defeated states (i.e. in terms of their reachability). A state is maximally
farsighted absorbing if there is no other state which is more farsightedly absorbing.
We provide general results for characterizing minimally farsighted unstable states
and maximally farsighted absorbing states, and we study their relationships with
alternative notions of farsightedness. Finally, we use experimental data to show the
relevance of the new solution concepts.

Keywords Social environments - States - Stability comparisons - Farsighted players

JEL classification: A14 - C70 - D20

1 Introduction

The organization of individual agents into networks and groups has an important
role in the determination of the outcome of many social and economic interactions.
For instance, networks of relationships help to determine the careers that people
choose, the jobs they obtain, the products they buy, and how they vote. Partition-
ing of societies into groups is also important in many contexts, such as the pro-
vision of public goods and formation of alliances, cartels and federations. Social
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environments constitute a framework in which it is possible to study how groups of
agents interact in a society (see Chwe 1994). The framework is general enough to
analyze both non-cooperative and cooperative games as well as models of coalition
and network formation, and matching markets. In the theoretical literature on coali-
tion and network formation several approaches and related solution concepts have
been developed, depending on whether it is assumed that agents are myopic or far-
sighted. Myopic agents do not forecast how others might react to their actions. How-
ever, farsighted agents might not add a link (might add a link) that appears valuable
to them (that is not valuable to them) given the current network, as that might in turn
lead to the formation of other links and ultimately lower (ultimately increase) the
payoffs of the original deviating agents.

Stability is considered to be a crucial property in social environments. When
agents are myopic, a state is stable if it is not dominated by any other state, with one
state y dominating state x if some coalition has the power or ability to change the
state from x to y and all members of the coalition prefer y to x. When agents are far-
sighted, a state is farsightedly stable if it is not farsightedly dominated by any other
state. A state farsightedly defeats (or dominates) another state if there is a farsighted
improving path from the latter to the former state. A farsighted improving path is
a sequence of states that can emerge when agents deviate based on the improve-
ment the end state offers relative to the current state.! But, there are many social
environments where a farsightedly stable state fails to exist. In fact, requiring a state
to be immune to any profitable farsighted deviations is very demanding. Indeed,
farsighted deviations are not limited to a specific horizon and so they even include
myopic deviations. Hence, we propose the notion of minimal farsighted instability
to predict the states that are most likely to emerge in the long run when agents are
farsighted.

A state is said to be minimally farsighted unstable if there is no other state which
is more farsightedly stable. To formulate what it means to be more farsightedly sta-
ble, we consider comparing states by comparing their sets of farsighted defeating
states.” A state is more farsightedly stable than another state if the set of farsighted
defeating states in the former is a proper subset of the set of farsighted defeating
states in the latter state. We also consider a corresponding cardinal version such that
a state is cardinally more farsightedly stable than another state if the number of far-
sighted defeating states in the former is less than the number of farsighted defeat-
ing states in the latter state. A state is said to be cardinally minimally farsighted
unstable if there is no other state which is cardinally more farsightedly stable.” Since

! Jackson (2008) defines the notion of farsightedly pairwise stable network: a network is a farsightedly
pairwise stable network if and only if it is not farsightedly defeated.

2 The set of farsighted defeating states of a given state is the set of all states that farsightedly defeat this
state.

3 The existence of a farsighted improving path means that some agents could leave the current state
anticipating further deviations from other agents leading to a final state, where all the agents deviating
along the path are better off than at the current state when they deviate. Thus, it is a potential source of
instability. And the higher the number of farsighted improving paths emanating from a state, the higher
the potential instability of such state.
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both binary relations are transitive, (cardinally) minimally farsighted unstable states
always exist.

Clearly, if a state is more farsightedly stable than another state, then it is also
cardinally more farsightedly stable. Hence, the set of cardinally minimally farsighted
unstable states refines the set of minimally farsighted unstable states. We also pro-
vide results that are helpful for characterizing the minimally farsighted unstable
states. If there is a farsighted improving path from one state to another one, then
the former cannot be more farsightedly stable than the latter state. Hence, if there
is a farsighted improving path from all other states to some state, then this state is
minimally farsighted unstable. Moreover, if the set of states that defeat a state is a
proper subset of the set of states that defeat any other state, then the former state is
the unique minimally farsighted unstable state.

Our method to compare states by their farsighted stability is inspired by meth-
ods used in recent matching studies. Dogan and Ehlers (2021) compare assignments
in school choice in terms of (myopic) stability by comparing (in the set inclusion
or cardinal sense) their sets of blocking pairs or comparing (in the set inclusion or
cardinal sense) their sets of blocking students involved in at least one blocking pair.
Recently, Dogan and Ehlers (2022) use similar methods to compare assignments in
the context of priority-based allocation of objects.* Here, we adapt their methods
for matching problems with myopic agents to social environments with farsighted
agents.

In addition of comparing states in terms of their stability, one may also require
to compare them in terms of their reachability. Indeed, selecting a state that is more
farsightedly stable than another one might be a more robust prediction if at the same
time the former is more likely to be reached than the latter one. A state is said to
be maximally farsighted absorbing if there is no other state which is more farsight-
edly absorbing. To formulate what it means to be more farsightedly absorbing, we
consider comparing states by comparing both their sets of farsighted defeating states
(i.e. in terms of their stability) and their sets of farsighted defeated states (i.e. in
terms of their reachability).’ A state is more farsightedly absorbing than another
state if (i) the set of farsighted defeating states in the former is a proper subset of
the set of farsighted defeating states in the latter state and (ii) the set of farsighted
defeated states in the latter is a proper subset of the set of farsighted defeated states
in the former state. We also consider a corresponding cardinal version such that a
state is cardinally more farsightedly absorbing than another state if (i) the number of
farsighted defeating states in the former is less than the number of farsighted defeat-
ing states in the latter state and (ii) the number of farsighted defeated states in the
latter is less than the number of farsighted defeated states in the former state. A
state is said to be cardinally maximally farsighted absorbing if there is no other state

4 Minimally unstable assignments (in the set inclusion sense) are considered by Abdulkadiroglu et al.
(2020) and Tang and Zhang (2021) for school choice problems and by Combe et al. (2022) for teacher
assignment problems.

5 The set of farsighted defeated states of a given state is the set of all states that this state farsightedly
defeats.
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which is cardinally more farsightedly absorbing. Again, since both binary relations
are transitive, (cardinally) maximally farsighted absorbing states always exist.

Obviously, if a state is more farsightedly absorbing than another state, then it is
also cardinally more farsightedly absorbing. Hence, the set of cardinally maximally
farsighted absorbing states refines the set of maximally farsighted absorbing states.
Moreover, we show that, if there is a farsighted improving path from all other states
to some state, then this state is minimally farsighted unstable, maximally farsighted
absorbing and Pareto efficient. Finally, every closed cycle contains a maximally far-
sighted absorbing state.

Another common approach for analysing states that emerge in the long run when
agents are farsighted are set-valued concepts like the vNM farsighted stable set (Her-
ings et al. 2009; Mauleon et al. 2011; Ray and Vohra 2015), the largest consistent set
(Chwe 1994; Page et al. 2005), the DEM farsighted stable set (Herings et al. 2009)
or the horizon-K farsighted set (Herings et al. 2019).° While vNM farsighted stable
sets do not always exist, DEM farsighted stable sets and horizon-K farsighted sets
always exist. However, it is often complex to compute all DEM farsighted stable sets
or horizon-K farsighted sets. Moreover, as set-valued concepts, one cannot discrimi-
nate among the different states contained in one of these sets. Hence, minimal far-
sighted instability or maximal farsighted absorbtiveness could be useful for select-
ing or comparing states belonging to set-valued concepts like vINM farsighted stable
sets. For instance, by simply comparing the set of states that farsightedly dominate
or are farsightedly dominated by two given states, we are able to provide two differ-
ent, though not complete, orderings of the states based on their farsighted stability
and their farsighted absorbtiveness. Thus, our newly defined concepts are not only
an alternative to set-valued concepts but can also complement them for providing
more precise or accurate predictions.

With respect to the relationships between set-valued concepts and our newly
defined concepts, we show that if a singleton set is a vNM farsighted stable set (a
DEM farsighted stable set) then this single state in the set is both minimally far-
sighted unstable and maximally farsighted absorbing. Also, any VNM farsighted
stable set (any DEM farsighted stable set) contains a minimally farsighted unstable
state. Moreover, if there is a unique DEM farsighted stable set, then this set coin-
cides with the set of (cardinally) minimally farsighted unstable states.

We use experimental data from Kirchsteiger et al. (2016) on network formation
to test the relevance of the new solution concepts. We find that the set of minimally
farsighted unstable networks is not significantly different than the set of maximally
farsighted absorbing networks. Moreover, the set of minimally farsighted unstable
networks predicts most networks that occur with positive probability while the set of
cardinally minimally farsighted unstable networks is good at selecting the network
with the highest frequency. Finally, both the set of minimally farsighted unstable

6 Alternative notions of farsightedness are suggested by Bloch and van den Nouweland (2020); Dia-
mantoudi and Xue (2003); Dutta et al. (2005); Dutta and Vohra (2017); Ray and Vohra (2019); Herings
et al. (2004); Kimya (2020); Mauleon and Vannetelbosch (2004); Page and Wooders (2009); Xue (1998)
among others.
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networks and the set of cardinally minimally farsighted unstable networks outper-
form on average the vNM farsighted stable set.

The paper is organized as follows. In Sect. 2 we introduce some notation. In
Sect. 3 we define the notion of (cardinally) minimally unstable state. In Sect. 4 we
define the notion of (cardinally) maximally absorbing state. In Sect. 5 we study the
relationships with set-valued concepts. In Sect. 6 we test the relevance of the new
solution concepts using experimental data on network formation. Finally, in Sect. 7
we conclude.

2 Social environments

We consider a general setting described by a social environment, I' = (N, X, E, u;(.)),
where N = {1,2,...,n} is the set of players and X is the set of states. Let A/ denote
the set of all subsets of N. The effectivity correspondence, E : X X X —> N, speci-
fies the coalitions that have the ability to enforce a state over another state: for
x,y € X, E(x, y) is the (possibly empty) set of coalitions that can enforce y over x.
Finally, u; : X — R specifies the utility function of playeri € N.

The set of states as well as the effectivity correspondence depend on the structure
of the model being studied. For instance, in a model of network (coalition) forma-
tion, a state refers to a network structure (coalition structure) and the effectivity cor-
respondence indicates the coalitions that can enforce a network g’ (partition p’) over
a network g (partition p). In a non-cooperative normal form game, a state refers to
a strategy profile and the effectivity correspondence only allows a single player to
change her strategy.

For a given social environment I' = (N, X, E, u;(.)), we say that a state y € X dom-
inates another state x € X if there is a coalition such that (i) it can enforce y over
x and (ii) at least one of its members is better off at y while all other members are
at least as well off. Formally, a state y € X dominates a state x € X if there exists
a coalition S € E(x,y) such that for all i € S, u;(y) > u;(x) and there is at least one
j € S such that uj(y) > uj(x). Let some state x € X be given. The subset of X consist-
ing of all states that dominate x is denoted by p(x). We say that a state x € X is stable
if it is not dominated by any other state. Formally, a state x € X is stable if p(x) = @.
The set of stable states Z C X is defined as follows: Z = {x eEX|plkx) = @}. This
stability notion assumes that players are myopic since they do not anticipate that
other players may react to their changes. In general, there is no guarantee that the set
Z is non-empty.”

In evaluating societal welfare, we may take various perspectives. A state
x€X is strongly efficient relative to u if it maximizes ), u;(x); ie. if
Dien Ui(x) = Xy u(x) for all X' € X. A state x € X Pareto dominates a state
x' € X relative to u if u;(x) > u;(x’) for all i € N, with strict inequality for at least

7 Throughout the paper we use the notation C for weak inclusion and & for strict inclusion. Finally, # will
refer to the notion of cardinality.
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onei € N. A state x € X is Pareto efficient relative to u if it is not Pareto dominated,
and a state x € X is Pareto dominant if it Pareto dominates any other state.

We next illustrate how social environments are useful to study specific models
that have been studied extensively in the literature: network formation, normal-form
games and coalition formation.

2.1 Network formation

A network g is a list of which pairs of players are linked to each other and ij € g
indicates that i and j are linked under g. The set of all possible networks on N is
denoted by G. The network obtained by adding link #j to an existing network g is
denoted g + ij and the network that results from deleting link §j from an existing
network g is denoted g — ij. A network g’ is adjacent to a network g if g’ = g+ ij or
g = g — ij for some ij. A network utility function (or payoff function) is a mapping
u : G — R that assigns to each network g a utility u,(g) for each player i € N. We
identify X with the set of all possible networks G. We follow Jackson and Wolin-
sky (1996) and consider only pairwise deviations involving a single link at a time.
Moreover, link addition is bilateral (two players that would be involved in the link
must agree to add the link), link deletion is unilateral (at least one player involved in
the link must agree to delete the link), and network changes take place one link at a
time. Thus, the effectivity correspondence is defined as follows: E(g, g + ij) = {i,j},
E(g,g—i)n{i,j} # @ and E(g,g’) = @ for all g, ¢’ that are not adjacent networks.
This completes the description of our social environment for the network formation
model. It is straightforward to adjust the effectivity correspondence to incorporate
models of network formation where coalitions of any size can change more than
one link at a time. See (Page and Wooders 2009) for a more extensive discussion of
alternative rules of network formation.®

To determine which networks can be formed in the long run, Jackson and Wolin-
sky (1996) propose a myopic notion of stability: a network g is pairwise stable with
respect to u if and only if (i) for all ij € g, u,(g) > u,(g — ij) and u;(g) > u;(g — i),
and (ii) for all §j € g, if u;(g) < u;(g + i) then u;(g) > u;(g + ij). The set of stable
states Z is then equal to the set of pairwise stable networks P.

2.2 Normal-form games

A normal-form game G = (N, {Z;},cn, {#;},cn) consists of a finite set of players N
and for each player i € N a nonempty and finite set of pure strategies X, and a utility
function u; : ¥ — R over the set of strategy profiles £ = I,y X;. A typical element
of X is denoted by s. We write (s;, s_;) for the strategy profile where s; is the strategy

of player i and s_; = (s;);en () 18 the list of strategies of all other players.

8 Mauleon and Vannetelbosch (2016) provide a comprehensive overview of the solution concepts for
solving network formation games.
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We identify X with the set of strategy profiles £. We only allow for individual
deviations and then the effectivity correspondence is as follows: E(s,s’) = {i} if
s; #s;ands_; = 5", and E(s, s") = @ otherwise.

A strategy profile s € X is said to be a pure strategy Nash equilibrium of the game
G if for every i € N and for every s; € Z; it holds that u;(s) > u,(s’,s_,;). The set of
pure strategy Nash equilibria A\ are then the set of stable states Z of the correspond-

ing social environment.

2.3 Coalition formation

A coalition structure p = {S,,S,,....,S,,} is a partition of the player set
N={1,2,..,n} such that S;#@ for i=1,..m, S;(1S;=9 for i#j, and
U;’;l S; = N. The set of all possible coalition structures on N is denoted by C. Gains
from cooperation are described by a valuation u : C — R that assigns to each coa-
lition structure p a utility u;(p) for each playeri € N.

We identify X with the set of all possible coalition structures C. Starting at p, a
coalition T C N can enforce a coalition structure p’ if (i) the non-deviating play-
ers do not move when players in T leave their respective coalition(s) in p, and
(ii) the deviating players in T form one or several coalitions in p’ among them-
selves. Formally, the effectivity correspondence is as follows: E(p,p’) = {T} if (i)
{(Sep' | S CN\T}={S\T|S€p,S\T#0} and (i) 3{S],S),....S } Cp' such
that(J7, S/ = T, and E(p,p’) = @ otherwise.

A coalition structure p is stable if for any T C N, p’ that can be enforced from p
by T and i € T such that u;(p") > u,(p), there exists j € T such that u;(p") < u,(p).
The set of stable states Z is then equal to the set of stable coalition structures V.

3 Minimally farsighted unstable states

The notion of stable states presumes that players are myopic and assume that devia-
tions cannot be countered by subsequent deviations. However, farsighted players
consider the possibility that, once they act, another coalition might react, a third coa-
lition might in turn react, and so on without limit. Following the definition of a sta-
ble state, we say that a state x € X is farsightedly stable if it is not farsightedly domi-
nated by any other state. We use the notion of farsighted improving path in order
to describe the notion of farsighted dominance. The notion of farsighted improving
path captures the fact that farsighted players consider the end outcome that their
move(s) may lead to.

Definition 1 A farsighted improving path from a state x to a state y #x is a
finite sequence of states y,,...,yx with y; =x and yx =y such that for any
ke {l,..,K—1} y.,, is enforced from y, via some coalition S, € E(y;,y;,), and
u,(y) > u;(y,) for all i € S, and u;(y) > u,(y,) for some i € §,.
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That is, a farsighted improving path is a sequence of states that can emerge when
farsighted players act based on the improvement the end state offers relative to the
current state.’ In a network formation problem where the effectivity correspondence
only allows for pairwise deviations, each network in the sequence differs from the
previous one in that either a new link is formed between two players or an existing
link is deleted. If a link ij is deleted, then it must be that either player i or player j
prefers the end network to the current network. If a link is added between player i
and player j, then both player i and player j must prefer the end network to the cur-
rent network.

If there exists a farsighted improving path from a state x to a state x’, then we
write x — x’. For a given state x € X, let ¢»(x) be the set of all states that can be
reached from x by a farsighted improving path. That is,

p)={x eX|x->x}.

Definition 2 A state x’ € X farsightedly defeats x € X (x # x') if X’ € ¢(x).
Hence, ¢(x) gives us the set of states that farsightedly defeat the state x € X.
Definition 3 A state x € X is farsightedly stable if ¢(x) = @.

Let Z,={x€ X | px) =0} be the farsighted core of T'= (N,X,E,u(.)),"
i.e. the set of farsightedly stable states. For network formation problems, Jackson
(2008) defines the set of farsightedly pairwise stable networks P, as those that are
immune to farsighted pairwise deviations. Thus, Z = P_,. Let P, = P be the set of
pairwise stable networks. There is no guarantee that the set P, is non-empty. Since
P, 2 P, emptiness or instability is more likely to become a problem when players
are farsighted.'!

Example 1 (Network formation) In Bloch and Jackson (2007) or Jackson (2008) dis-
tance-based network model, if player i is connected to player j by a path of ¢ links,
then player i receives a benefit of b(¢) from her indirect connection with player j. It is
assumed that b(t) > b(t + 1) > 0 for any ¢. Each direct link ij € g results in a benefit
b(1) and a cost ¢ to both i and j. This cost can be interpreted as the time a player

° The notion of farsighted improving path is introduced by Jackson (2008) and Herings et al. (2009) in
network formation, Herings et al. (2010) in coalition formation, and Mauleon et al. (2022) in normal-
form games. Jackson and Watts (2002) define the notion of improving path in network formation when
all players are myopic. Herings et al. (2020); Luo et al. (2021) and Mauleon et al. (2022) extend this
notion to a mixed population composed of both myopic and farsighted players in matching markets, net-
work formation problems and coordination games, respectively.

10 Diamantoudi and Xue (2003) study the farsighted core in hedonic games.

' Mauleon et al. (2022) show that there always exists a farsightedly stable strategy profile in coordina-
tion games but, in general, there is no guarantee that there exist farsightedly stable strategy profiles.
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must spend with another player in order to maintain a direct link. Player i’s distance-
based payoff from a network g is given by

ui(g) = Y b ~#jEN|ij € g} -c. N
J#

where #(ij) is the number of links in the shortest path between i and j (setting
t(ij) = oo if there is no path between i and j), ¢ > 0 is a cost per link, and b is a
non-increasing function. The symmetric connections model (b(¢) = §") and the trun-
cated connections model of Jackson and Wolinsky (1996) are special cases of
distance-based payoffs. In Fig. 1 we have depicted the 3-player case for b(1) = 3,
b(2) = 1.5, and ¢ = 2. We have ¢(gy) = {g1, 828384 85- 86} P(&1) = {84-85-86 )
d(82) = {84-85:86}  P(83) = {84:85:86)  P(84) = {85.86),  P(85) = {84861}
P(gs) = (84,85} and @(g7) = {g4, &5, 8¢}. Hence, there is no farsightedly pairwise
stable network, P, = . But, are some networks less farsightedly unstable than
others?

A farsighted stability comparison is a function ¢ associating with each social
environment a binary relation 2° over states, where x 2° x' means that x is o-more
farsightedly stable than x’. We write x 2° x’ instead of [x 2% x" and not x’ 2 x|.
We consider two primitive stability comparisons based on farsighted defeating
states.

e The farsighted defeating states inclusion comparison (denoted ¢(C)) is defined
as follows. For each x,x’ € X,

x 279N & ¢x) C pW).

e The farsighted defeating states cardinality comparison (denoted o(#)) is
defined as follows. For each x,x’ € X,

x2°® ¥ o #p(x) < #P().

Any two states can be compared with respect to farsighted defeating states cardi-
nality but not necessarily with respect to farsighted defeating states inclusion. If
x 2°© ¥', we say that x is more farsightedly stable than x’, while if x 2°® &', we
say that x is #-more farsightedly stable than x’ (or x is cardinally more farsight-
edly stable than x’). Notice that >°® is complete and transitive while >°© is tran-
sitive but not complete.

We now provide the definition of a minimally farsighted unstable state as well
as the definition of a cardinally minimally farsighted unstable state.

Definition 4 A state x € X is said to be

® Minimally farsighted unstable if there is no x’ # x such that x’ 2°© x.
o #-Minimally farsighted unstable if there is no x’ # x such that x’ >°® x.
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Let F be the set of minimally farsighted unstable states and let Fy be the set of
#-minimally farsighted unstable states (or cardinally minimally farsighted unstable
states). Since %< and >°® are both transitive, it holds that F and F, are non-empty
sets in any social environment with a finite set of states. Notice that if x is more far-
sightedly stable than x’ then x is also #-more farsightedly stable than x’. Hence, we
do have that Fy is a refinement of F, i.e. Fy C F. Also, for any farsightedly stable
state x € Z, there is no other state x’ # x which is more farsightedly stable (#-more
farsightedly stable) than x.

Proposition1 (i) F, C F;
(ii) IfZ, #0@thenF,=F=2Z_.

For the distance-based network formation model of Fig. 1 we have that the set
of minimally farsighted unstable networks is given by F = {g,, g5, 8} Indeed,
84, &5 and g, are more farsightedly stable than any g’ € {g,,&;,&,,83,87} and
no additional comparison among g,, g5 and g, can be made with respect to far-
sighted defeating networks inclusion comparison. With respect to the farsighted
defeating networks cardinality comparison, we obtain the following ranking:
#P(g4) = #(gs) = #b(ge) = 2. #P(g)) = #d(gy) = #eb(gy) = #(g;) =3,  and
#¢(gy) = 6. Hence, the set of #-minimally farsighted unstable networks leads to the
same prediction, Fy = {g4, &5, 8¢ }-

We now provide an example where the inclusion comparison and the cardinality
comparison lead to two different sets.

Example 2 (Network formation) Consider the situation where three play-
ers can form links and where the payoffs are given in Fig. 2. We have
d(80) = {81-82:83-84:85: 86}, D(81) = {82, 84-85-86}:  P(82) = {83. 84,85 86 )
$(83) = {81:84-85: 86 1> d(84) = {82: 8586} (8s) = {81: 8486}

P(gs) = {83-84-85) and P(g;) = {gs,8¢}. Hence, we obtain that F = {gs, gs, 87}
while F, = {g;}.

We now provide some immediate results that are helpful for characterizing the
minimally farsighted unstable states.

Lemma 1 Ifx’ € ¢(x) then x cannot be more farsightedly stable than x'.

Proof Take x' such that x’ € ¢(x). Since x & ¢(x'), we cannot have that
$(x) C p(x). O

Lemma 1 tells us that, if there is a farsighted improving path from one state to
another one, then the former cannot be more farsightedly stable than the latter state.

Thus, if there is a farsighted improving path from all other states to some state, then
this state is minimally farsighted unstable:

(i) Ifxe @) forevery x’ € X\ {x}, thenx € F.
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Fig. 1 The distance-based model with three players
From Definition 4, it immediately follows that:

(i) If for every x' € X \ {x}, either ¢p(x) N Pp(x') # P(X') or Pp(x) = P(x’) holds,
then x is a minimally farsighted unstable state.

(iii) Ifp(x) ¢ (') forall X' € X, x’ # x, then x is the unique minimally farsighted
unstable state.

4 Maximally farsighted absorbing states

In addition of comparing states in terms of their stability, one may also require to
compare them in terms of their reachability. For a given state x € X, let ¢~!(x) be
the set of all states from which there is a farsighted improving path going to x. That
is,

') = {x’ ex|x —>x}.

Definition 5 A state X’ € X is farsightedly defeatedby x € X (x # x') if X' € ¢~ (x).

Hence, ¢~!(x) gives us the set of states that are farsightedly defeated by the state
x € X.

A farsighted absorbtiveness comparison is a function a associating with each
social environment a binary relation 2* over states, where x 2% x' means that x is
a-more farsightedly absorbing than x’. We consider two primitive absorbtiveness
comparisons based on both farsighted defeating states and farsighted defeated states.

e The farsighted defeating/defeated states inclusion comparison (denoted a(C)) is
defined as follows. For each x,x’ € X,
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Fig.2 An example with three players where F, ¢ F

X279 X & () C p(x') and ¢~ () C p7 ().

That is, x is more farsightedly absorbing than x/, or x 2% x/, if and only if
P(x) C p(x') and ¢~ (x') C ¢! (x), with one inclusion holding strictly.
e The farsighted defeating/defeated states cardinality comparison (denoted a(#))
is defined as follows. For each x,x’ € X,

x 2 ¥ o #p(x) < #p() and #¢7' () < #o7 (v).

That is, x is #-more farsightedly absorbing than x’, or x 2%® ¥/, if and only if

#P(x) < #p(x') and #¢~ (') < #¢~!(x), with one inequality holding strictly.
Any two states cannot be compared with respect to farsighted defeating/defeated
states inclusion (or cardinality). Notice that >*< and >*® are transitive but not
complete. A state is said to be maximally farsighted absorbing if there is no other
state which is more farsightedly absorbing. Similarly, a state is said to be cardi-
nally maximally farsighted absorbing if there is no other state which is cardinally
more farsightedly absorbing.

Definition 6 A state x € X is said to be

o Maximally farsighted absorbing if there is no x’ # x such that x’ 2%© x;
o #-Maximally farsighted absorbingif there is no x’ # x such that x’ 2*® x.

Let A be the set of maximally farsighted absorbing states and let A, be the set
of #-maximally farsighted absorbing states (or cardinally maximally absorbing
states). Since 2*© and 2*® are transitive, it holds that A and A, are non-empty
sets in any social environment with a finite set of states. Obviously, we have that
A, is arefinement of A (i.e. A4 C A).
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Proposition2 A, C A.

Example 1 (Continued) Remember that we have ¢(gy) = {g;, 825838485861
d(81) = {84-85-86} P(82) = {84-85-86), P(83) = {84-85:86} P(84) = {85861}
P(gs) = {84,866}, P(ge) = {84-85} and  @(g;) = {g4,85.8¢)- In addition,
we have ¢7'(g) =0, ¢7'(g)=1{g) ¢'@) =1} &'@€) =1{g)
7" (g4) = {80, 8182 83- 85+ 862 &7 }- ¢~ (g5) = {80, 8182 83> 84+ 862 &7 }-
»7'(86) = {80+ 8182 83-84-85-87} and ¢~ '(g;) =@. Hence, we obtain that
A=A, =1{84.85.8¢}, and so the minimally farsighted unstable networks are also
the maximally farsighted absorbing ones.

Example 2 (Continued) Remember that we have ¢(g,) = {g;, 825838485861
(1) = {82 84-85- 86 1+ d(82) = {83,845 85-86 > d(83) = {815 84,8586}
d(84) = {82, 8586} d(8s) = {81,84-86 > P(gs) = {83,84-85) and
d(g7) = {85,861} We have ¢~ (gp) =0, ¢7'(g) = {80-83-85}
¢ (g2) = {80-81-84),  d7'(83) = (80-82:86)> 7' (84) = {80-815 8208385 86 )»
¢7'(g5) = {80, 81> 82- 83 84- 862 &7 }» 7' (g6) = (80,81 82- 83+ 842 855 &7} and
¢~'(g;) = 0. Hence, we get that A = {gy, 85,887} and Ay = {gs, 887}, while
F ={g5.8-87}and Fy = {g7}.

Example 3 (Normal form game) Consider the normal form game where player 1 has
two strategies (s; and s7) and player 2 has two strategies (s, and s7).

55 A

55 s)
5 5.3 3,5
st 2,2 5,1

It follows that  ((s;,5) = {(s1,5)},  d((s,55)) = {(51,57), (5}, 55},
¢((S,]’s2)) = {(SI’SZ)’ (sl’s,z)}’ and ¢((S,|’s/2)) = {(Sl’sz)s (SI,S;),(S,],SZ)}. HCHCC,
¢ (51.59)) = {(51. 85, (57,85 (5. 5L @781, 85) = {(51.8). (5. 80). (5. 50) )
while ¢TI}, 5)) = {(s,5))),  and @5, 5)) = {(s,5,)).  Thus,
F=A=({(s1,5),(s,55)}and Fy = Ay = {(5),5,)}.

The next proposition shows that, if there is a farsighted improving path from all
other states to some state, then this state is minimally farsighted unstable, maximally
farsighted absorbing and Pareto efficient.

Proposition 3 If x € ¢(X) for all X' € X, X' # x, then x is minimally farsighted
unstable, maximally farsighted absorbing and Pareto efficient.

Proof 1If x € ¢p(x') for all X' € X, x' # x, we know from Lemma 1 that x is minimally

farsighted unstable, and so there is no x’ # x that is more farsightedly stable than x
(i.e. no x’ such that ¢p(x’) € ¢(x)). In addition, ¢~!(x) = X\ {x} and so there is no x’
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such that ¢~!(x) ¢ ¢~!(x'). Thus, x is maximally farsighted absorbing. Given the
definition of a farsighted improving path, if x € ¢(x’) then there is some player i
such that u,(x) > u;(x"). Hence, x’ does not Pareto dominates x. Since x € ¢(x") for
all X' € X, x’ # x, x is Pareto efficient. O

Consider again the distance-based network formation model (Example 1) where
the utility function is given by (1). A star network is a network such that there exists
some player i (the center) who is linked to every other player j # i (the peripher-
als) and that contains no other links: g is such that {{e N | il € g} = N\{i} and
{leN|ljeg}={i}forall j € N\{i}.

Proposition 4 Consider the distance-based utility model in the case
b(1) —=b2)<c<b(l)—b(3). We have F 2 {ge G| gisastar network} and
A2 {g € y|gisastar network }.

Proof Suppose that b(1) — b(2) < ¢ < b(1) — b(3). From Grandjean et al. (2011)
and Luo et al. (2021) we have that, for each star network g, g € ¢(g’) for all
g € G\ {g}. Hence, by Proposition 3, it follows that each star network is both
minimally farsighted unstable and maximally farsighted absorbing. That is,
F 2 ({g € G| gisastar network}and A D ({g € G| g is a star network }. O

Other networks could be minimally farsighted unstable or maximally
farsighted absorbing. A d-regular network is a network where all play-
ers have d links (i.e. #{j € N | ij € g} for all i € N). In the case of four play-
ers, Luo et al. (2021) show that, for each 2-regular network g (i.e. each cir-
cle network), ge€ ¢(g’) for all g € G\{ge€ G| gisa?2-regular network}
and g & ¢p(g’) for all g’ € {g € G| gisa?2-regular network}, g’ # g. Hence,
F D {g € G| gisa2-regular network} and A D {g € G | g is a 2-regular network}.'?

Alternatively to maximally farsighted absorbing states, one may look for states
belonging to closed cycles. Let ¢*(x) = p(¢p(x)) = {x € X | Ig’ € ¢(x) such that
X" € ¢p(x')} be the set of states that can be reached by a composition of two far-
sighted improving paths from x. Note now ¢ (x) the set of states that can be reached
through a combination of r farsighted improving paths. The transitive closure of ¢
is denoted by ¢ and defined as ¢p®(x) = J,o ¢"(x). The notion of closed cycles
from Jackson and Watts (2002) has been extended in the literature to populations of
farsighted agents.'® A set of states Q forms a cycle if for any x € Q and x’ € Q there
exists a sequence of farsighted improving paths connecting x to X', i.e., X' € ¢ (x).
A cycle Q is a closed cycle if no state in Q lies on a farsighted improving path lead-
ing to a state that is not in Q, i.e., Uer ¢*(x) = Q. Next proposition relates closed
cycles to maximally farsighted absorbing states.

12 Take b(1)=3, bQ2)=15 bB3)=05 «c¢=2 and n=4. Computing the num-
ber of defeating networks (#¢(g)) and number of defeated networks (#¢~!(g)))
for each network, we obtain that  F, = {g € G| gis a2-regular network} while
Ay ={g € G| gisastarnetwork} U {g € G | g is a 2-regular network}.

'3 See Luo et al. (2021).

@ Springer



Minimal farsighted instability

Proposition 5 If Q is a closed cycle then AN Q # @.

Proof Suppose x € Q. By definition of closed cycle, there exists some state x' € Q
such that x € ¢(x'). Moreover, Vx” & Q we have x” & ¢(x) for any x € Q. Thus no
state X"/ & Q can be more farsighted absorbing than any state x € Q. It then holds
that only some state x’ € Q can be more farsighted absorbing than another state
x € Q. Because Q has a finite cardinality, there must be at least one state in Q which
is maximally farsighted absorbing. O

Notice that Proposition 5 does not hold for minimally farsighted unstable states
since F' N Q may be empty.

5 Relationship with set concepts

A set of states Y is said to be a vINM farsighted stable set (FSS) if the following two
conditions hold. Internal stability (IS): For any two states x and x’ in the set Y there
is no farsighted improving path from x to x’ (and vice versa). External stability (ES):
From any state outside the set Y there is a farsighted improving path to some state
within the set ¥.'*

Definition 7 A set of states ¥ C X is a vNM farsighted stable set if: (IS) for
every x,x' € Y, it holds that x' ¢ ¢(x); and (ES) for every x € X\Y, it holds that

px)NY # 0.

Proposition 6 If {x} is a vNM farsighted stable set then x is minimally farsighted
unstable (x € F) and maximally farsighted absorbing (x € A).

Proof 1f {x} is a vNM farsighted stable set then {x} satisfies ES and so, for every
X eX, x #x, ¢(X)n {x} # @. Hence, from Proposition 3 we have that x € F and
x €A. O

Remark that if {x} is a VNM farsighted stable set and there is no x" # x such that
{x'}is a VNM farsighted stable set, then x is also a #-maximally farsighted absorbing
state (x € Ay).

Next proposition shows that any non-singleton vNM farsighted stable set Y, con-
tains a minimally unstable state.

14 Herings et al. (2020) and Luo et al. (2021) define the notion of myopic-farsighted stable set that
extends the notion of VNM farsighted stable set to a mixed population of myopic and farsighted players.
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Proposition 7 IfY C X is a vNM farsighted stable set thenY N F # @.

Proof By ES of Y, from any state outside the set Y there is a farsighted improving
path to some state within the set Y. By Lemma 1, no state outside the set Y can be
more farsightedly stable than all the states in the set Y. Thus, there exist some state
x € Y that is minimally farsightedly unstable, x € F. O

Notice that vNM farsighted stable sets do not always exist.

Example 4 (Network formation) Consider the situation where three play-
ers can form links and where the payoffs are given in Fig. 3. With respect to
defeating networks, we have ¢(gy) = {81.82,83.84-85-86} P(&1) = {82,835}
P(82) = (83,8485}, #(g3) = (84,85}, #(gy) = {81:85.86),  P(85) = {81. 86}
P(8e) = {81.82,83) and  P(g7) = (81,82, 83,84-85.8¢}-  With  respect to
defeated networks, we have @ '(g)) =0, &' (g) = {80,8485-86-87 )
$71(8) = {80:81:86:87}: ¢7'(83) = {80:81-82:86-87}: 7' (84) = {80-82:83. 87}
¢_1(85) ={80-82-83-84-87} ¢_1(86) ={80-84-85.87} and ¢_1(g7) ={. Her-
ings et al. (2009) show that there is no vNM farsighted stable set. However,
F=F,=1{8.838}and A=A, = {g,,83. 85}

Replacing the internal stability condition in the definition of the vNM farsighted
stable set by deterrence of external deviations and minimality, leads to a stability
concept, the DEM farsighted stable set (DEM-FSS), that is always non-empty.'> A
set of states Y is said to be a DEM farsighted stable if the following three conditions
hold. Deterrence of external deviations (DED): All deviations from any state x € Y
to a state outside Y are deterred by a credible threat of ending worse off or equally
well off. External stability (ES): There exists a farsighted improving path from any
state outside the set leading to some state in the set. Minimality (MIN): There is no
proper subset of Y satisfying (DED) and (ES).

Definition 8 A set of states Y C X is a DEM farsighted stable set if:

(DED) VxeY, Vx €7, such that x’ can be enforced from x by some coalition
S € E(x,x'),3y € ¢(x') n Y such that we do not have u,(x) < u,(y) Vi € S
and u;(x) < u;(y) for some i € S;

(ES) V' € X\Y,p(XYNY # @;

(MIN) 2Y’ ¢ Y such that Y’ satisfies (DED) and (ES).

Condition (DED) captures that any deviation to a state outside Y, is deterred by
the threat of ending in some state y. Here y is such that there is a farsighted improv-
ing path from x’ to y. Moreover, y belongs to Y, which makes y a credible threat.

15 Herings et al. (2009, 2010) introduce the DEM farsighted stable set for network formation and coali-
tion formation problems.
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Fig. 3 Non-existence of a vVNM farsightedly stable set

Since the finite set X (trivially) satisfies (DED) and (ES), a minimality condition
(MIN) is required.

Since a vNM farsighted stable set is a DEM farsighted stable set (Corollary 3 in
Herings et al. (2009)), Proposition 6 and Proposition 7 extend to DEM farsighted
stable sets. That is, if {x} is a DEM farsighted stable set then x is minimally far-
sighted unstable (x € F) and maximally farsighted absorbing (x € A). Moreover, if
there is no x’ # x such that {x’'} is a DEM farsighted stable set, then x is also a #
-maximally farsighted absorbing state (x € A,). Also, if Y C X is a DEM farsighted
stable set then Y N F # @.

Theorem 5 in Herings et al. (2009) shows that a set Y C X is the unique DEM
farsighted stable set if and only if ¥ = {x € X | ¢(x) = @} and for any x’ € X\Y,

d(XHYNY £4.
Proposition 8 [fY C X is the unique DEM farsighted stable set then F = F, =Y.

Proof Take YsuchthatY = {x € X | ¢(x) = @} and for any X’ € X\Y,p(x')NY # @.
It follows that ¢p(x) & ¢(x")) for all x, x’ such that x € Y, x' ¢ Y. Hence, F = F, =Y.
O

Replacing the internal and external stability conditions of the VNM farsighted
stable set by the conditions that internal and external deviations should be deterred,
Chwe (1994) introduce the notion of largest consistent set (LCS) for social environ-
ments. The largest consistent set contains vNM farsighted stable sets.'®

16 Mauleon and Vannetelbosch (2004) define the largest (cautious) consistent set for coalition formation
problems while Herings et al. (2009) define the largest pairwise consistent set for network formation
problems (see also Page et al. 2005).
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Definition 9 A set of states Y C X is a consistent set if Vx € Y: Vx' € X, x' #x,
such that x’ can be enforced from x by some coalition S € E(x,x'), there exists
X" € Y, where x”” = x" or X" € ¢(x’) such that we do not have u,(x) < u,(y) Vi € S
and u;(x) < u;(y) for some i € S. The largest consistent set is the consistent set that
contains any consistent set.

It follows from Chwe (1994) that the largest consistent set exists, is non-empty,
and satisfies (ES).

In Table 1 we give the minimally farsighted unstable states and the maximally
farsighted absorbing states as well as the vNM farsightedly stable sets (FSS), the
DEM farsightedly stable sets (DEM-FSS) and the largest consistent set (LCS) found
in Examples 1-4. We observe that FSS, DEM-FSS and LCS often support more net-
works or strategy profiles than F, Fj, A or A,.

6 Experimental data

Consider a network formation problem where a group of players forms the network
g. The existence of a farsighted improving path emanating from g to ¢’ means that at
least one player can alter the network g to increase her utility in the end, anticipat-
ing further changes made by other players leading to g’. A farsighted improving path
emanating from g is thus a source of instability for g. On the opposite, being the end
network of a farsighted improving path is a source of attractiveness for g’.

Of course, the existence of a farsighted improving path from g to g’ does not
imply that players will actually follow this path. There may be several farsighted
improving paths emanating from the current network g and each farsighted improv-
ing path requires some coordination on behalf of the players involved in the path.
Hence, a player could restrain herself from starting a path by fear of unwanted devia-
tions along the path leading to another network than g’ or even by fear of potential
subsequent deviations after having reached g’.

Nevertheless, the existence of a farsighted improving path from g means that
players could be willing to leave the current network g. It is thus a potential source
of instability. And the smaller the number of farsighted improving paths emanating
from g, the greater its stability. Similarly, the greater the number of networks far-
sightedly dominated by g, the greater its attractiveness. This is the reason why we
adopt the notions of (cardinally) minimally farsighted unstable networks and (car-
dinally) maximally farsighted absorbing networks. Those concepts are descriptive:
their aim is to predict the networks that will emerge and persist in the long run.
However, despite the concepts are descriptive, their empirical performance may be
linked to their correlation with normative criteria: everything else being equal, a net-
work g is more likely to be immune to farsighted deviations and is more likely to
farsightedly dominate others networks if g is efficient and/or fair. We now test the
empirical performance of those notions using data from an experiment on network
formation.

Kirchsteiger et al. (2016) test whether players are either myopic or farsighted
when forming links between them. In the experiment, participants are grouped by
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Table 1 Solutions for the four examples

Concept Example 1 Example 2 Example 3 Example 4
F 84> 85586 85:86>87 (51552)»(51’5/2) 81-83>85
Fy 84> 85586 87 (s1,52) 81-8385
A 84> 85586 84-85-86>87 (SI’SZ)’(SI’S,Z) 81-83>85
Ay 84> 85586 85-86>87 (s1,52) 81-8385

FSS {84}: {85} {86} {85} {86} {84, 87} {Gs1,50)}, {(s1.85)) None

DEM-FSS {84} {85} {86} {85} {86}, {Gr, 50}, {(s1.8)) (81,8283}

{84-871, (83,8485}

{81.82-83.87) {81.85.86}

LCS {84,855 86} (218283 84> {(s1,52), (51,57} {81-82 83
gS’gé,’g7} 848586}

four to play a sequential network formation game. Players are initially unconnected
(i.e. they start from the empty network). At each stage, a potential link between two
players is randomly selected. If the link exists in the current network, then both play-
ers choose simultaneously whether to keep the link or to delete the link. If one of the
players decides to delete the link, then the link is cut. If the link is not yet formed in
the current network, then both players choose simultaneously whether or not to add
this link. Only if both players decide to add the link, then the link is formed. The four
players are informed about the linking choices of the players involved in the selected
link. All players know perfectly the resulting network and its payoffs. Before moving
to the next stage where another potential link is randomly selected, players declare
if they want to do further changes to the network (satisfaction choice). The game
ends either when all players do not want to modify the current network or when it
is randomly stopped after stage 26.!7 The game is repeated three times and groups
are kept the same through repetitions. A vector of payoffs that allocates a number of
points to each player is associated to every network. Players receive points depend-
ing only on the final network of each repetition. Participants are informed about the
payoffs associated to every possible network.

Kirchsteiger et al. (2016) run three treatments (T1, T2, T3) where the payoffs are
modified in some networks to get vNM farsighted stable sets with different proper-
ties. Figures 4, 5 and 6 display, respectively, the payoffs that were used in the three
treatments for each class of networks C, (k =1, ..., 11). Each class C, regroups net-
works that share the same architecture but differ in the position occupied by each
player. To identify F, F,, A and A, we need to compute ¢(g) and ¢~ !(g) for every g.

We now provide the predictions of the stability notions in the experiment of
Kirchsteiger et al. (2016):

17 The design of the termination rule allows each individual to decide unilaterally to continue playing (at
least for the first 26 stages).
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TI: F=F,=A=A,={g"}.

T2: F,={¢’ . F=A=A,={g" ulglgeCsluiglgeCyh

T3: F,={g"). F=A,=1{g"u{glgeCl,
A={g’lulglgeClulglge Cy)

In T1, since ¢p(¢") = and gV € ¢p(g) forall g # gV (so ¢~ ' (") = {g | g # &'}
it follows directly that all concepts single out the complete network g". Hence, data
from T1 cannot be used to discriminate between these concepts. In T2 and T3, the
empty network is the unique #-minimally farsighted unstable network. The set of
minimally farsighted unstable networks and the set of #-maximally farsighted
absorbing networks coincide in both T2 and T3 (i.e. F = A, in T2, T3). Hence, data
from the experiment cannot be used to discriminate between F and A. In both T2
and T3 we get F, & F. Finally, we have A, = Ain T2 but A, & A in T3. Predictions
are summarized in Table 2 included the vNM farsighted stable sets.'® In T2 and T3
of the experminent, we have F, ¢ FF = A, C A.

We know from Proposition 1 and Proposition 2 that some concepts always
include others: F, C F' and A, C A. Notice that the relations are weak inclusion
since in some social environments the notions may coincide. In the first step of the
empirical analysis, we narrow the group of notions under scrutiny by testing if a nar-
rower "sub-notion" is significantly different from its directly larger "upper-notion".
In practice we test if the proportion of final networks that were accurately predicted
by the sub-notion is significantly lower than the proportion of networks accurately
predicted by its upper-notion (at a simple proportion test). We then exclude the
upper-notions that fail to have a significantly larger proportion than their sub-notions
as their enlargement do not come along with a (significant) higher proportion of
accurately predicted networks and are thus judged useless for this analysis from a
descriptive point of view. Hence, we will test the following two hypotheses:

HI: gp, < gpand H2: g, < g,.

where gy, gr,, g4 and g, are, respectively, the proportion of networks accurately pre-
dicted by the stability notions F, Fy, A and A,.

The experiment took place at the University of Milan-Bicocca in 2010 for T1
and 2012 for T2 and T3. Kirchsteiger et al. (2016) run 16 sessions for a total of 288
participants and 72 groups (36 for T1, 18 for T2, 18 for T3). Each group played
three consecutive rounds. Table 3 gives us the number of groups ending on average
in each network of each class of networks in the experiment. The column #C gives
us the number of different networks within each class.!” Table 3 can be interpreted

13 Since the empty network is pairwise stable in all treatments, myopia predicts the empty network in
T1, T2 and T3.

!9 From the experimental data, we only have the number of groups ending in each class in the experi-
ment. The average number of groups ending in any given network is then equal to the number of groups
ending in each class divided by the number of different networks in the class.
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Fig.6 Payoffs in treatment T3

Table 2 Solutions in the three
treatments of the experiment

Network Class 2

260 \ 2

26

Network Class 6

Network Class 3
10

10 10

Network Class 7

Network Class 4
60

36e 9

Network Class 8

0 26 18
36 36 26 48 18 18
36 46 18
Network Class 10 Network Class 11
50 40
16 16 40 40
50 40
Concept Tl T2 T3
F g" ¢.g€Cs, G deeq
F# gN g@ gﬂ
A g ¢.g€Cs, G g€ Cy
Ay g "€ Cs.Cy deec
FSS (g} {g€eGlgeCs} (.8 €Clgg €Cy

#N,(g) = #N,(g")Vi}

as follows. In T1, 19.4% of the groups end up in the empty network while 60.2% end
up in the complete network. In T2, 22.2% of the groups end up in the empty network
while 13.4% end up in a network where player i is isolated and players j, &, / form
a complete network between them.2’ In T3, half of the groups end up in the empty

network.

Using a one-sided proportion test, it turns out that H1 is consistent with the data:
F, is significantly lower than F' (P-value < 0.001). But H2 is rejected (P-value of
0.42). It is not surprising since in T2 both A, and A lead to the same predictions. In
T3, A predicts more networks but networks in which nearly no groups were ending
up. Hence, A, is even not significantly lower from A in T3 (P-value of 0.34).

20 There are four different networks in class Cs. In total 53.6% of the groups end up in class Cs.
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Table 3 Number of groups ending on average in each network of each class of networks in the experi-
ment

Network #C T1 T2 T3 Tl T2 T3

gEeC, 1(1) 21 12 26 194 222 48.1
geC, 6 (6) 11/6 2/6 716 1.7 0.6 2.2
g€y 3(D) 0 0 0 0.0 0.0 0.0
geC, 12 (12) 4/12 0 6/12 0.3 0.0 0.9
gE€Cs 44) 1/4 29/4 1/4 0.2 13.4 0.5
g€y 4 (4) 0 0 0 0.0 0.0 0.0
geC, 12 (6) 1/12 2/12 10/12 0.1 0.3 1.5
geCy 3(D) 0 0 0 0.0 0.0 0.0
g€y 12 (12) 0 8/12 0 0.0 1.2 0.0
geC) 6 (6) 5/6 0 2/6 0.7 0.0 0.6
geCy, 1(1) 65 1 2 60.2 1.9 3.7

Average number Average per-
centage

Column #C': in parenthesis the number of payoff relevant networks in each class

Table 4 Percentage of networks

Concept  T1 T2 T3 T1 T2 T3 T3*
predicted by each concept P

among the networks in which F 602 907 667 756 100 92.8 947

at least x% of the groups were

ending up Y 602 222 481 756 293 928 689
A 602 907 704 756 100 928 947
A, 602 907 667 756 100 928 947
FSS 602 537 185 756 707 0 25.8
x 0 25 25

In the column T3* the percentage is computed considering only the
number of payoff relevant networks in each class

Result 1 In the experiment:

(i)  The proportion of final networks accurately predicted by F, g, is significantly
larger than the proportion accurately predicted by Fy, g,

(if) The proportion of final networks accurately predicted by A, g,, is not signifi-
cantly larger than the proportion accurately predicted by Ay, g,

Since the proportion accurately predicted by A, i.e. g, is not significantly larger
than the proportion accurately predicted by A, (and F), i.e. g, (and gp), we only
focus on F and F, and we compare those concepts with respect to the following two
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Table 5 Percentage of networks

C t Tl T2 T3 T3*
predicted by each concept oneep
among the networks in which F 0 595 373 0
less than 2.5% of the groups ' '
were ending Fy 0 0 0 0
A 0 59.5 44.8 11.9
Ay 0 59.5 373 0
FSS 0 0 37.3 0

criteria. A first criteria is the percentage of networks predicted by each concept. A
higher percentage is better. Table 4 gives us the percentage of networks predicted
by each concept among the networks in which at least x% of the groups were end-
ing up.?! A second criteria is the percentage of networks predicted by each concept
among the networks in which less than 2.5% of the groups were ending up. A lower
percentage is better. Table 5 gives us the percentage of networks predicted by each
concept among the networks in which less than 2.5% of the groups were ending up.
We observe that, with respect to the first criteria, Fy, is (weakly) dominated by F, but
with respect to the second criteria, Fy, is not dominated by one of the other concepts.
Conversely, with respect to the first criteria, F' is not dominated by one of the other
concepts, while with respect to the second criteria, F is (weakly) dominated by F
22 Based on these two criteria, we cannot discriminate between F (and A,) and F,.
However, both perform better than FSS for fitting the data. F' (and A,) predicts most
networks that occur with positive probability while Fy is good at selecting the net-
work with the highest percentage among those predicted by F. This observation is
confirmed by Table 6 that gives us the mean percentage of a network predicted by a
given concept. Thus, F (and A,) predicts the most relevant networks>* while F pro-
vides narrower but more robust predictions.

The analysis suggests that the frequency of a network g depends negatively on
#¢(g) and positively on #¢~'(g). Table 7 shows the naive regression of the percent-
age per representative network on #¢(g), #¢~'(g) and #¢~'(g) — #¢(g), and it con-
firms this intuition. Moreover, #¢(g) impacts more the frequency of a network than
#¢p~'(g). Thus, both the stability requirement and the reachability requirement seem
to matter for predicting the most frequent networks with a higher importance of the
former.

Notice that in the three treatments of the experiment, the set of (cardinally) mini-
mally farsighted unstable states, F' (or Fy), refines and performs better than the set

2! In the column T3* the percentage is computed considering the number of payoff relevant networks in
each class. For instance, the number of groups ending on average in a representative network of class C;
becomes 3% (instead of 1.5% in Table 3) since there are only 6 different payoff relevant networks in this
class.

22 With respect to the first criteria, FSS is (weakly) dominated by F, and with respect to the second crite-
ria, FSS is (weakly) dominated by F.

23 When we separate the classes of networks between those with a frequency higher than 1% and the oth-
ers, F' (and Ay) has the highest correlation with this binary criteria.
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etwork prodicied by a gen | Tewment F Py AL MBS

concept T2 5.31 22.20 5.31 5.31 13.40
T3 5.09 48.10 3.67 5.09 1.50
T2 + T3 5.20 35.15 4.49 5.20 745

of (cardinally) maximally farsighted absorbing states, A (A,). Both F and F, outper-
form the vNM farsighted stable set that selects or predicts too many networks. Since
every VINM farsighted stable set is a DEM farsighted stable set and is included in
the largest consistent set, these alternative set-valued concepts would even perform
worse than the vNM farsighted stable set.

However, one cannot conclude that the set of (cardinally) minimally farsighted
unstable states will always outperform the set of (cardinally) maximally farsighted
absorbing states and set-valued concepts. In the three treatments of the experiment,
the set of (cardinally) minimally farsighted unstable states has a non-empty intersec-
tion with the set of networks belonging to closed cycles. But, in general, minimally
farsighted unstable states may have an empty intersection with closed cycles, while
maximally farsighted absorbing states always intersect closed cycles (see Proposi-
tion 5). We conjecture that minimal farsighted instability will perform better when
it refines maximal farsighted absorbtiveness and has a non-empty intersection with
closed cycles.

7 Conclusion

We have proposed the notion of minimal farsighted instability to predict the states
that are more likely to be observed in the long run when agents are farsighted.?*
A state is said to be minimally farsighted unstable if there is no other state which
is more farsightedly stable, where the comparison between two networks is made
by comparing (in the set inclusion or cardinal sense) their sets of farsighted defeat-
ing states. But, selecting a state that is more farsightedly stable than another one
might be a more robust prediction if at the same time the former is more likely to
be reached than the latter one. Hence, we have also proposed to compare states in
terms of their reachability. A state is said to be maximally farsighted absorbing if
there is no other state which is more farsightedly absorbing, where the comparison
between two states is now made by comparing both their sets of farsighted defeating
states (i.e. in terms of their stability) and their sets of farsighted defeated states (i.e.
in terms of their reachability).

We have provided some general results that are helpful for characterizing mini-
mally farsighted unstable states and maximally farsighted absorbing states, and we

24 An alternative approach for solving the lack of farsighted stability is to require the consent of partners
or neighbours for adding or deleting links. See (Caulier et al. 2013) and (Caulier et al. 2013).
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Table 7 Regression of the percentage per representative network on #¢(g), #¢~'(g) and #¢~1(g) — #¢(g)

Tl T2 T3 All All All All
#o(g) -1.602 —0383 —1.119 —0.640+ —1.059%*
(0211)  (0.294)  (0.166)  (0.063) (0.001)
#¢~1(g) 0.143 0.124 0.191 0.219+ 0.347%+
(0.655)  (0.355)  (0.315)  (0.050) (0.000)
#o™'(2) — #o(g) 0.304%
(0.000)
Constant 24.45 8.309 24.63 12.02 23.42%% —-1358  4.650%
(0.290)  (0.329)  (0.182)  (0.113) (0.000) (0.609)  (0.021)
Num. obs 11 11 11 33 33 33 33
Adj. R-sq 0.433 0.449 0.227 0.369 0.305 0314 0.368

P-values in parentheses, *P < 0.10, *P < 0.05, **P < 0.001

have investigated their relationships with set-valued notions of farsightedness.”” In
terms of computational complexity, minimal farsighted instability turns to be much
less demanding than set-valued concepts of farsightedness. Indeed, in addition to the
computation of the set of farsighted defeating states for each state, most set-valued
concepts require to consider all possible combinations of states into a set. We have
used experimental data on network formation to show the relevance of the new solu-
tion concepts. It turns out that the set of minimally farsighted unstable networks (F)
is not significantly different than the set of maximally farsighted absorbing networks
(A). Finally, the set of minimally farsighted unstable networks (F) predicts most
networks that occur with positive probability while the set of cardinally minimally
farsighted unstable networks (F}) is good at selecting the network with the highest
percentage among those predicted by F. Both F and F, outperform on average FSS.

Recently, the literature (Dutta and Vohra 2017; Ray and Vohra 2019) has intro-
duced set-valued concepts that incorporate maximality regarding the continuation
path. However, our definitions of minimally farsighted unstable states and maxi-
mally farsighted absorbing states do not restrict a priori the correspondence ¢(x).
Incorporating maximality arguments into the correspondence would lead to minimal
farsighted instability or maximal farsighted absorbtiveness satisfying the maximality
constraints.

2> Notice that the VNM farsighted stable set is also based on the notion of farsighted improving path,
given by the correspondence ¢(x), that ignores the possibility that one might avoid enforcing a new state
that is valuable to her anticipating further changes making her worse off. This drawback was already
pointed out by Chwe (1994) and partially solved by the largest consistent set and the DEM farsighted
stable set.
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Appendix
Experimental data

Let g' be a generic network in class C; and ¢; C C; a generic proper subset of the cor-
responding class. We will write g’ — g with ¢ € C;, and g — g with g € ¢;, when the
generic network g’ in class C; reaches with a farsighted improving path all the networks
in class C; or only a proper subset ¢; of C;, respectively.

Minimally unstable and maximally absorbing networks in T1

In treatment 1 (T1) the set of networks that can be reached from g’ by some farsighted
improving path are:

P(g") ={glge CuCy}

B8 ={g | g € C, UCIOUCH}
de)={glgE€CUcUcsUCUC,}
pgH={glgE€CUc,UcsUC,KUC,}

&) ={glg€CUcUCHUC, }

) ={g|g€C1 UC2UC4UC5UC10UC11}
P& ={glg€Ciuc,Uc;UcUCsUC,HUC, }
P(&*)={glg€Ciuc,Uc,UCsUCc;UCHLUC),}
P& ={glg€Ciuc,Uc,UcsUcsUC;UC,HUC, }
D) ={glg€c,Uc UcsUcgUC, )

$(g") =.

Remember that a network g € G is minimally farsighted unstable if there is no
g # g such that g’ 2°© g; i.e., ¢(g') & P(g). It follows that gV is the unique mini-
mally farsighted unstable network. Notice that g? is more farsightedly stable than all
networks g # g'°, gV.

A network g € G is maximally farsighted absorbing if there is no g’ # g such that
g 2%9 g ie., Pp(g") C Pp(g)and ¢p~'(g) C ¢~!(g') with one inclusion holding strictly.
Since ¢(g") = P and gV € p(g’) for all g’ # g", it also holds that g/ is the unique max-
imally farsighted absorbing network.

A network g € G is #-minimally farsighted unstable if there is no g’ # g such
that g’ 2°® g; ie., #p(g') < #¢(g). Thus, gV is the #minimally farsighted unstable
network.

A network g € G is #-maximally farsighted absorbing if there is no g’ # g such that
g 2™ g ie., #p(g') < #d(g) and #¢p~!(g) < #¢p~'(g’) with one inequality holding
strictly. Then, gV is the #-maximally farsighted absorbing network.
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Minimally unstable and maximally absorbing networks in T2

Let us denote B, the networks that are adjacent to g,
B,={g | ¢ =g+ijVvg—ij for some ij},

and let Eg be its complement. In treatment 2 (T2) the set of networks that can be
reached from g’ by some farsighted improving path are:

¢(e") ={gl g€ Cs}
¢(s”) ={g1g€CLUCsUcy}
¢(g’) ={g18€CLUcUCsUCy}
P(gH) ={glgeCuc,Uc,UCs U}
#(e) ={g1g€CnEy |
P(g®) ={glg € Ciuc,Uc,UCsUCy}
P ={glg€Ciuc,Uc;Uc,UCsUCy}
(g ={glge€Cuc,Uc,UCsUc;UCy}
P&’ ={glg€c,U(CsNBL)U(Cy\g")}
d(g"") ={g lg€CiUc,Uc, UCs UC7UC8UC9}
$(g") ={g g€ C;UCyUCyp}.
Note that g is more farsightedly stable than all networks g # g°, g°. Moreover, nei-
ther g° nor g° are more farsightedly stable than g”. Thus, ¢” is minimally farsighted
unstable. Note also that it is not always true that (Cy\g®) 2 (Cy N B,s) since g° could
belong to (Cy N Egs). Then, also g°, g° are minimally farsighted unstable.
The maximally farsighted absorbing networks are g#, g> and g°. Indeed:
¢ ={glge C,UC;UC,UC,UC,UCUCy,};
¢_1(g5)={g|g€C1 UC2UC3UC4UC6UC7UC8UC9UC10UC11}
and
From Table 8, we have that g” is the #-minimally farsighted unstable network.

Notice that the network g? is #-more farsightedly absorbing than the network g2, but
not more than g and g°.

Minimally unstable and maximally absorbing networks in T3

In treatment 3 the set of networks that can be reached from g’ by some farsighted
improving path are:
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Table 8 Number of defeating
networks (#¢(g)) and number
of defeated networks (#¢~'(g))
for each network in each class of
networks of the experiment

Network Tl T2 T3
#P(e) #P7l(g) #P(g) #PT'(g) #B(®) #PT(9)

gecC, 7 56 4 46 12 50
gE€C, 29 11 19 14 21
geC, 14 4 19 4 21 0
gecC, 11 7 13 7 19 5
geCs 11 30 9 51 19 12
geC, 17 6 23 0 28 6
gecC, 18 3 23 3 16 62
gEC, 24 0 29 2 23 2
geC, 18 0 14 52 27 0
geCy, 11 57 28 1 29 49
geC, 0 63 2 0 18 0

og") ={glgeC,}
) ={glg€eCLUC;UCcy}

(&) ={glg€CUc, UC,UC)}
Pg") ={glg€CiUc;UcsUC;Uc)p}

() ={glg€CUuc,UC;Uc}
P(g®) ={glge Ciuc,Uc,UcsUC,UC}
Pp(g") ={glge (C;\gst d(g) =dig") forallie N) UCy}

P(g*) ={glge Cluc,UC,UC,}

Pg”) ={glgE€ClUc,Uc,UcsUcgUC,UC,}

Pe'")={glg€ClUcUc,UcsUcaUC;UcgUCyy\g'"}

g ={g g€ C;uC}.

Note that g% is more farsightedly stable than all networks g # g’. Moreover, g is
not more farsightedly stable than g?. Thus, g? and each g’ are minimally farsighted
unstable networks. The maximally farsighted absorbing networks are also g”, g7 and

g'°. Indeed:

7' @) ={glg€ C,UC;UC,UCSUCUCEUCyUCyg};
d'(¢)={g18€C,UC,UC;UC,UC5UCqUCc;UCyUcqUC1pUCy;}

and

d'(€"")={g1g€c,UC;Uc,Ucs UC,UC;UCgUC,UCy\ g uCy}.
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From Table 8, we have that g? is the #-minimally farsighted unstable network.

Remark that the network g’ is #-more farsightedly absorbing than all other networks
)

except g°.
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