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Introduction

Arrangements of hyperplanes

An arrangement of hyperplanes is a finite set of hyperplanes (affine

subspace of codimension one) in some finite dimensional vector space
V' (in practice, it will often be R™ or C™). The study of this area of
mathematics started with the cheese cutting problem :

What is the largest number of pieces that we can o0b-
tain by cutting a cheese with n cuts? (see figure 1)

Mathematically, this question can be reformulated in the follow-
ing way : among the finite sets of n planes in R?, what is the largest
number of connected components? This simple problem is one of

the earliest example of a question in the subject of arrangements of
hyperplanes.

Figure 1: Cheese cut with three planes

The cheese cutting problem is a typical example : with some
combinatorial data (number of hyperplanes, dimension of V'), we
want to know a topological property of the complement space : its
number of connected components. A complete solution was given by

vii



viii Introduction

L. SCHLAFLI in 1901 (see [29]). Also, this problem is discussed in
chapter 4.

Since then, and for various reasons, many arrangements of hy-
perplanes appeared in different areas of science and were studied by
mathematicians. As illustrated by the cheese cutting problem, the
earlier apparitions of arrangements involved partition problems in
Euclidean and projective spaces. But it was discovered that the no-
tion of arrangement of hyperplanes connects many aspects of math-
ematics which seemed to be quite unrelated, in particular, topology,
geometry and combinatorics.

In 1971, B. GRUNBAUM published a survey of the new field
(see [20]), and was one of the first to use the term arrangement
of hyperplanes. Since then, arrangements have been studied with
various techniques. An important milestone was reached when OR-
LIK & TERAO published their book Arrangements of hyperplanes in
1992 (see [26]). This book contains most foundational results of the
theory.

Subspace arrangements

Clearly, the definition of arrangements of hyperplanes can be gener-
alized : since we only consider subspaces of codimension one, it is
natural to consider the more general notion of subspace arrangements
which are finite sets of affine subspaces of arbitrary dimension.

Obviously, subspace arrangements are much more general than
arrangements of hyperplanes, and therefore much more complicated.
It took a long time before some significant results were proved. One
of the most important early result is the computation of the cohomol-
ogy groups (not algebras) of the complement space, by GORESKY &
MACPHERSON, in 1988. But even if it is not easy, the study of sub-
space arrangements gives us a new perspective on many properties
of arrangements of hyperplanes.

Note that subspace arrangements are not just an abstract con-
cept born in the imagination of a mathematician. They actually
play a role in recent engineering works related to processing, repre-
senting, storing, retrieving and interpreting multidimensional data!.
Typically, data extracted from images and videos is represented as

!See the slides of the talk given by R. Fossum, titled Subspace Arrangements
in Theory and Practice, available at http://www.ima.umn.edu/2006-2007/
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points in spaces of large dimension. While the data is not often
linear, linear models are easier to use. And being able to compute
some topological /geometrical data out of these models can be useful.
Some examples of such applications are : finger print identification,
clustering of DNA sequences, segmenting images in regions of homo-
geneous textures, face recognition, ...

In recent works about arrangements, various rational models of
complement of subspace arrangements have been obtained in various
papers (see [8], [31], [32], [7]). These models are algebras which
contain interesting information about various topological properties
of the space that they represent : the rational homotopy type.

Rational homotopy theory and models

Homotopy theory is the study of the invariants and properties of
topological spaces X and continuous maps f that depend only on
the homotopy type of the space and the homotopy class of the map.
Classical examples include the homology groups H,.(X;Z), the co-
homology algebra H*(X;Z), the homotopy groups m.(X).

But in practice, those invariants are sometimes difficult to com-
pute, even for simple spaces. A solution is to discard some informa-
tion until we keep something that we can manipulate. The problem
is that if we discard too much information, we don’t have anything
interesting left. A good compromise has been discovered with the
rational homotopy theory : we keep the rational information by lo-
calizing with respect to Q. The result is a theory that is both inter-
esting and usable in practice. Invariant of rational homotopy theory
include the rational homology groups H.(X;Q), the rational coho-
mology algebra H*(X;Q), the rational homotopy groups m.(X) ® Q
(see the book [16] for a very complete reference on that topic).

An important aspect of that theory is the concept of rational
model : each space is replaced with algebraic models that mimic
its properties. In this work, we will study a few models of comple-
ment of subspace arrangements. Understanding how to extract the
information out of those models will be the key to most results.

In this work, we will use a lot a rational model obtained by
Yuzvinsky and Feichtner. This model is only valid in the case of
subspace arrangements with only vector subspaces of C™. So, from
chapter 3 until the end, we will only consider such arrangements.
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Main results

The first results presented in this thesis concern recurrence formu-
las. The idea is that various topological invariants (in particular,
the cohomology groups) can be computed recursively by adding one
subspace at a time. For example, we show that the Euler character-
istic of the complement space of a complex arrangement is always
zero (if the arrangement is not empty).

But the two main results of this thesis are contained in the last
two chapters. The first theorem is the following :

Theorem. Let A = {z1,...,z,} be a central complex coordinate
subspace arrangement or a complex subspace arrangement with a ge-
ometric lattice. Then the following conditions are equivalent :

1. The complement space A\ Uyea ® is a nilpotent rationally el-
liptic space,

. n .
2. codim N z; = > ;" codim x;,

3. The complement space has the homotopy type of a finite product
of odd dimensional spheres,

This result is interesting for several reasons. First, it connects a
rational homotopy property (condition 1), a geometrical property
(condition 2. It means that the subspaces are in the most dis-
joint situation) and a topological property (condition 3). Then, it is
proved for two types of subspace arrangements (coordinate subspace
arrangements and subspace arrangements with a geometric lattice)
with totally different proofs. With this theorem in mind, an interest-
ing question is to determine if these three conditions are equivalent
in general, for every subspace arrangement (it is the question 6.1).

The theorem mentioned above shows that most subspace arrange-
ments are not rationally elliptic. Therefore, it is interesting to con-
sider rationally hyperbolic subspace arrangements. This brings us
to the next theorem. ..

Theorem. Let A = {z1,...,x,} be a complex coordinate subspace
arrangement or a complex subspace arrangement with a geometric
lattice. If every x € A has codim(z) > 2, then the complement space
M(A) is rationally hyperbolic if and only if there is an injective map
L(u,v) — m(QM(A)) ® Q.



Introduction Xi

Here again, this theorem is obtained for two types of subspace ar-
rangements, with totally different proofs. Note that it is a particular
case of a conjecture by AvRAMOV & FELIX.

Conjecture (Avramov-Félix). If X is a nilpotent finite dimensional,
rationally hyperbolic space, then the homotopy Lie algebra Lx =
T(QX)) ® Q contains a free Lie subalgebra on two generators.

Overview of this thesis

Chapter 1 contains most of the preliminaries from rational homotopy
theory that we will need. It is not self-contained (but it gives a few
references to fill the gaps!), its purpose is to give a proper definition
of the various concepts that we need and to recall a few important
results.

In chapter 2, we present the various definitions and results in the
field of subspace arrangements. In particular, we will explain what
a coordinate subspace arrangement and a geometric lattice are.

Chapter 3 is a presentation of the two main models that we will
use in this work : a rational model for central complex subspace
arrangements D(A), and a rational model BP(A), only valid for
complex coordinate subspace arrangements.

The next chapter, chapter 4, is a generalization to arbitrary sub-
space arrangements of various results about arrangements of hyper-
planes obtained by studying the deleted and restricted arrangements.
For a given arrangement A with x € A, the idea is to consider the
deleted arrangement A" = A\ {z} and the restricted arrangement
A" ={zxny:ye A'}. The triple (A, A’, A”) is the basis for some
recurrence formulas.

Chapter 5 is a short chapter which shows the power of the model
D(A). By considering the situation where all the products are zero
in (rational) cohomology, we can prove that if A is an arrangement
with a geometric lattice, then the complement space is a rational
wedge of spheres if and only if for all z,y € A, x +y # V.

Finally, the last two chapters (6 and 7) study the subspace ar-
rangements with the rational dichotomy in mind. They contain the
proofs of the two theorems mentioned in the previous section.
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Notations

Finally, let us end this introduction with some explanations about
the notations.

Subspace arrangements (and arrangements of hyperplanes) are
denoted by calligraphic letters : A, A, A2, B,... Subspaces (ele-
ments of arrangements) are denoted by lowercase letters : x,y, z, . ..

The letter m will be reserved for the dimension of the ambient
space, so, for example, we will often consider arrangements in C™.
The letter n will mostly be used for the numbers of subspaces of a
given arrangement. For example, A = {z1,...,z,}.

When we will consider the lattice L(A) of a given arrangement
A, we will use uppercase letters for elements of L(A) : M,N, P, ...

The notation [n] represents the set {1,...,n}. And the last no-
tation might seem unusual, but will be useful : {iy,...,i,}< repre-
sents the set {i1,...,i,}, but with the additional assumption that
11 < g < o0 <.



CHAPTER 1

Homotopy and rational homotopy theory

This chapter contains definitions and results from (rational) homo-
topy theory. Since this is such a rich and broad topic, this work can
only scratch the surface.

As we will see later in this chapter, rational homotopy theory is
the study of the rational homotopy type of a topological space and
of properties invariant under rational homotopy equivalences. While
the rational homotopy type of a space X contains less information
than its homotopy type (it does not know about torsion), it can be
computed much more easily.

The key is the fact that there is a correspondence between ra-
tional homotopy types of simply connected spaces and some com-
mutative differential graded algebras. These algebras (that we will
call minimal models) encode all the rational homotopy information
of the corresponding space.

The interested reader will find more information about rational
homotopy theory in the classical reference [16].

1.1 Rational homotopy type

In this section, we present the main results and definitions needed to
be able to properly establish the foundations of rational homotopy
theory. This section is inspired by [23].

Definition 1.1. A simply connected space X is rational if m, X is a
Q-vector space. A map f: X — Y is a rationalization of X if Y is
simply connected, rational and if

TfRQ: mMX®Q—->mY Q=En.Y

1



2 Chapter 1. Homotopy and rational homotopy theory

is an isomorphism.

Clearly, a rational space can not have torsion in its homotopy.
Being a rational space is a big constraint, it is not obvious that ratio-
nal spaces/rationalization exists. Luckily, the next theorem proves
their existence and unicity.

Theorem 1.2. Let X be a simply connected space. There erists
a rational space Xq and a rationalization j: X — Xgq. Also, if
Yo is a simply connected rational space, then any continuous map
f: X — Yg can be extended over Xq, i.e., there is a continuous map
g: Xq — Yo which is unique up to homotopy, such that

—> Yo
commutes.

This theorem shows that if we have a continuous map f: X — Y,
then there exists a unique (up to homotopy) map fo: Xgo — Yp.
Now, we can state the two main definitions of this section.

Definition 1.3. The rational homotopy type of a simply connected
space X is the weak homotopy type of its rationalization Xg.

Definition 1.4. A continuous map f: X — Y between simply con-
nected spaces is a rational homotopy equivalence if the following
equivalent conditions are satisfied :

1. m.(f) ® Q is an isomorphism,

2. H.(f;Q) is an isomorphism,

3. H*(f;Q) is an isomorphism,

4. fo: Xg — Yp is a weak homotopy equivalence.

These two concepts are what rational homotopy theory is about,
namely the study of rational homotopy types of spaces and of the
properties that are invariant under rational homotopy equivalences.
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1.2 Sullivan models

1.2.1 Definitions

Since rational homotopy theory deals with the interactions between
topology and algebraic objects, it makes sense to define a few basic
concepts from algebra.

Definition 1.5. A commutative differential graded algebra (cdga)
(A,d) is a graded algebra A = @,cnA"™ over Q with a map d: A™ —
A" such that

a-b=(=1)p.q and d(a-b)=d(a) b+ (-1)%a-d(b)
for all a,b € A (Ja| denotes the degree of a : a € A™ iff |a|] = n).

The morphisms of cdga’s are the obvious ones : maps of graded
algebras that preserve the differential. When a map ¢: (A,d) —
(B,d’) induces an isomorphism in cohomology, it is said to be a
quasi-isomorphism.

An important case occurs when d = 0. For example, the coho-
mology algebra (H*(X;Q),0) is a cdga.

Definition 1.6. Let V be a graded vector space. The free com-
mutative algebra on V', AV is the tensor product of the symmetric
algebra on V¥ by the exterior algebra on V°44,

Definition 1.7. A Sullivan algebra is a cdga of the form (AV,d)
such that there is a basis of V, (24)4e4, indexed by a well-ordered
set with the property that d(z,) € A(xp)p<q. A Sullivan algebra is
minimal if d(V) C A=2V.

Minimal Sullivan algebras are very nice : they do not contain
redundant information and the order property on a basis of V' is the
key to many proofs by induction. As we will see, they possess some
nice properties.

Definition 1.8. Let (A,d) be a cdga. A Sullivan model of (A,d)
is given by a Sullivan algebra (AV,d) and a quasi-isomorphism of
cdga ¢: (AV,d) — (A,d). If (AV,d) is minimal, then it is a minimal
model.
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The link between these algebraic definitions and topology is given
by the functor of piecewise linear forms Apy,: Top — CDGA (again,
see [16] for details). A nice property of this functor is that for all
topological spaces X, we have H*(Apr (X)) = H*(X; Q).

Definition 1.9. A Sullivan model for a topological space X is a
Sullivan algebra (AV,d) with a quasi-isomorphism ¢: (AV,d) —
Apr(X). A Sullivan model is minimal if (AV,d) is a minimal al-
gebra.

Now, for some spaces, a minimal model exists and possesses some
nice properties.

Proposition 1.10. Let X be a simply connected space with finite
Betti numbers. Then the space X has a minimal model ¢: (AV,d) —
Apr(X) (unique up to isomorphism). Also, dim V" = dim 7, (X) ®
Q.

Finally, we’ll end this subsection with a technical definition.

Definition 1.11. The linear part of a map f: (AV,d) — (AW, d)
between Sullivan algebras is the linear map Qf: V — W defined by
fv) —Qf(v) € AZ2W forallv e V.

1.2.2 Bigrading of minimal Sullivan models

Let (A,0) be a l-connected cdga (so A° = Q and A! = 0) where
A = @g>0A9. It is well known that there exists a minimal Sullivan
model (AV,d) = (A,0). The algebra AV is graded by V = @,enV™.

However, by taking a closer look to the proof of the existence
of the minimal model (AV,d) = (A,0), one can see that V has an
additional grading V' = @®¢>0V; such that d(V;) C (AV)4—1, given
by the induction step.

So, let’s describe how V is constructed. First, let Vo = AT /(AT -
A™) and define the differential on Vg by d(Vy) = 0. There is a natural
map ¢o: AVp — A such that H(pg) = o is surjective. Suppose that
0 has been extended to . : (A(DF_(Vi),d) — (A,0). Let (24)acs be
cocycles in A(®F_,V;) such that (z4)aes is a basis of ker H(py,). Then
denote by Vi1 a graded vector space with basis (vq)aer and deg v, =
deg zo, — 1. Extend d to A(@?iol‘/;) by setting dv, = z,. We define
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a morphism of graded differential algebras ¢y11: (A(@4V;),d) —
(A,0) by sending @p4+1(va) = 0.

This construction can be repeated as many times as necessary.
It essentially gives the proof of the following proposition.

Proposition 1.12. Let (A,0) be a I-connected cdga. There exists a
minimal model p: (AV,d) = (A,0) with the following properties :

1.V = ®p>0,g>1V,} is a bigraded vector space,
2. d(V9) C (A=2V)11],
3. Hy(AV,d) = A if g =0 and Hy(AV,d) = 0 otherwise.

The bigrading on V is sometimes useful. For example, given 1 <
s < k, let’s consider the two following differential cochain algebras :

(A,0) = (Qlz1,x2,. .., zx]/(x1 - x5),0),
(B,d) = (A(z1,...,z5,u),d).

with dz; = 0,du = z1 - - - x5, |x;| = 2, and |u| = 2s — 1.

Let’s define a second grading on A and B : we say that x; has a
lower degree 0 and u has a lower degree 1. This new grading gives a
quick proof of the following proposition.

Proposition 1.13. The map ¢: (B,d) — (A,0) defined by p(z;) =
x; and p(u) =0 is a quasi-isomorphism.

Proof. In lower degree 0, we have : Hy(B,d) = A. Since there is no
element of lower degree greater than 2, we have H,(B,d) = 0ifp > 2.
Now, suppose that w is a cycle of lower degree 1. Then w = au with
a € ANzy,...,2,) = Q[z1,...,2%) and 0 = dw = ax; ...z, Hence
a=0and H,(B,d) = Hy(B,d) = A. O

1.3 Formal spaces

Some spaces have a nice property : their rational homotopy type is
completely determined by their cohomology.

Definition 1.14. Let (A4,d) be a cdga and (AV,d) = (A,d) be
its minimal model. We say that (A,d) is formal if there exists a
quasi-isomorphism (AV,d) = (H*(A,d),0). A topological space X
is formal if Apr(X) is formal.
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Clearly, an equivalent definition of formality is given by the next
proposition.

Proposition 1.15. A rational cdga (A, d) is formal if and only
if there exists a chain of quasi-isomorphisms connecting (A, d) and
(H*(A,d),0).

If X and Y are two formal spaces, then the wedge X VY and the
product X x Y are both formal.

1.4 Dichotomy

The dichotomy theorem in rational homotopy theory is a beauti-
ful result. It states that finite simply connected CW-complexes can
behave in two radically different ways : either the sum of the di-
mensions of the rational homotopy groups is finite (elliptic case), or
the sequence of dimensions of the rational homotopy groups grow
exponentially (hyperbolic case).

But this result is still true if we consider a slightly wider class of
spaces : the nilpotent spaces.

Definition 1.16. A space X is nilpotent if 71(X) is nilpotent (as a
group) and acts in a nilpotent way on each m.(X), r > 2.

Obviously, simply connected spaces are nilpotent.

Definition 1.17. A nilpotent space X is rationally elliptic if
dim H*(X;Q) < oo and dim m,(X) ® Q < oc.

For example, spheres are elliptic spaces, products and retracts of
elliptic spaces are elliptic.

Now, the precise definition of hyperbolic spaces in [16] is slightly
more technical than what we will need in this thesis, so, we will use
a simpler definition, which is a little more restrictive.

Definition 1.18. A nilpotent space X with the homotopy type of a
finite CW-complexe is rationally hyperbolic if dim7.(X) ® Q = oo.

If X and Y are finite dimensional and are not rationally con-
tractible, then X VY is an hyperbolic space.
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Note that this defines a dichotomy for spaces with the homo-
topy type of a nilpotent finite CW-complexes X : they are either
rationally elliptic (with dim 7, (X) ® Q < c0) or they are rationally
hyperbolic (with dim 7.(X) ® Q = o0).

The dichotomy elliptic/hyperbolic is an useful result. In fact,
it has been studied with the help of Sullivan models and it gave
many results about the dimensions of V, V°dd yeven Tpn particu-
lar, elliptic spaces have very precise constraints on the form of their
minimal models, and these constraints are the key to results about
the category, the Euler characteristic, the Poincaré polynomial and
in general, about pretty much any dimensional/combinatorial infor-
mation contained in a space.

The terminology hyperbolic comes from the following theorem.

Theorem 1.19. If X is a rationally hyperbolic space, then there
exist C > 1 and N € N such that Y1y dimm;(X) ® Q > C" for all
n > N.

Proof. See theorem 33.2 in [16]. O

When a space X is elliptic and formal, Félix and Halperin proved
that the explicit construction of the minimal model ¢: (AV,d) —
(H*(X),0) given in section 1.2 stops at the second step. More pre-
cisely, they obtain the following theorem.

Theorem 1.20 (Félix-Halperin). If a space X is formal and if
dim 7. (X) ® Q < o0, then its minimal model has the form (AV,d) =
(A(Vo @ V1),d) with Vi = V¥4 aVy = 0 and dVy C AVy. More-
over, the injection (AVP%,0) — (AV,d) induces an injective map in
cohomology.

Proof. See [15], theorem II. O

1.5 Homotopy Lie algebras

The homotopy Lie algebra Lx of a simply connected space X is
obtained by giving to m.(Q2X) ® Q a Lie algebra structure whose
bracket is defined by the Whitehead bracket.

If (AV,d) is the minimal model of X, denote by d; the quadratic
part of d. Then, as shown in [16], Lx can be deduced from (AV,dy).
More precisely, (AV,d;) is the cochain algebra on Lx.
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In general, the homotopy Lie algebra can be defined for any cdga :

Definition 1.21. Let A be a commutative differential graded al-
gebra. The algebra Ext4(Q, Q) is the universal enveloping algebra
U(La) of a Lie algebra L 4. This Lie algebra is called the homotopy
Lie algebra of A.

If p: (A,d) — (B,d) is a quasi-isomorphism of cdga’s, then their
associated homotopy Lie algebras are the same : L4 = Lp. So, for
any cdga (A,d), L(4q) is the homotopy Lie algebra of its Sullivan
model.

The homotopy Lie algebra of a space X and the homotopy Lie
algebra of its minimal model are isomorphic, which is a good sign
that the minimal model of a space reflects its properties :

Proposition 1.22. Let (AV,d) be the minimal model of a nilpotent
space X, then the homotopy Lie algebra Lx and L(zy,q) are isomor-
phic.

1.6 Holonomy of a fibration

Let F — E 2 B be a fibration. In this section, we’ll show that
we can define a map h: QB x F — F such that the map h is the
holonomy of the fibration and can be easily understood : we fix a
point in the fiber and a loop in B, then we follow the loop B and look
at the corresponding path in F. The end of this path is necessarily
in F', so we choose this point as the image of h.

Let’s consider the commutative diagram

OBx Fx{0JU{xtx FxI—sp

| Jp

QBXFXI%B

defined by j(w,z,0) =z, j(*,x,t) = x and [(w, z,t) = w(t). By the
homotopy lifting property, there exists a lifting map H : QBxF xI —
FE such that po H =1 and Hoi=j.

Definition 1.23. The holonomy of the fibration p : E — B is the
map h: QB x F — F which maps (w,z) to H(w,z,1).
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It is well known that there is a long exact sequence in homotopy

= a1 (B) 2 o (F) — ma(E) ™8 y(B) — -
where the map 0,: mp+1(B) — m,(F) is the connecting map of the
fibration. Let us show that we can derive the map 9, from the

holonomy of the fibration : the map h can be restricted to §: QB —
F;w — h(w,*). Then

Tn(0) = Op 0 Xyt 1, (QB) — 7, (F)
where ¥, m,(QB) — m,+1(B) is given by the adjunction

[S™, QB] ~ [S"T, B].

1.7 Fibrations and wedges of spheres

The holonomy map defined above allows us to study the image of
the connecting map of a fibration.

Proposition 1.24. The image of the map m,(2(5)) @ Q is contained
in the center of the homotopy Lie algebra m«(QLF) @ Q.

Proof. Let z € m,(2?B) and y € 7, (QF). The holonomy map
h: QB x F — F induces a Lie algebra morphism

T(QR): (m(Q?B) @ Q) @ (m,(F) @ Q) — m(QF) @ Q
such that m.(2h)(0,y) = y and 7, (Qh)(x,0) = 7.(20)(x). We have :

[ (020) (), y] = [ (2h) (2, 0), 7 (20)(0, y)]
= m(QR)([(x,0), (0,y)]) = 0.

O

Lemma 1.25. If W is a finite dimensional graded vector space such
that dim W > 2, then the center of the free graded Lie algebra L(W)
18 zero.
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Proof. Let n > 2 and x1,...,z, be a basis of W. If a is in the center
of the free graded Lie algebra L(W) = L(x1,...,xy), then a is in the
center of the universal enveloping algebra UL(z1,...,x,), which is
the tensor algebra T'(z1,...,x,).

Let’s use the lexicographical order on T'(zy,...,z,) and write
a as a sum of monomials a = Zle a; with a1 > as > -+ > ay.

Since IL(W) is a graded Lie algebra, we can assume that deg(aj) =
deg(az) = --- = deg(ax).

Suppose that a1 = zjuv with v € {x9,...,z;} and that v €
T(z1,...,oy). Notice that zia = Zle ri1a; with z1a1 > r1a0 >
. > x1a, and ar] = Zle a;x1 with a1x1 > asx1 > ... > apr.
From z1a = axq, we deduce that xia; = a;x1 for i = 1,..., k. But

this is a contradiction, since ]

a1 = az] where « is a scalar.

If ag # 0, then the very same reasoning shows that as = fxf for
some scalar § and s € N. But a1 > ag, so r # s and deg(a;) =
deg(ag), which is a contradiction, unless ag = 0 and a = a; = axf.
But the monomial x] does not commute with z9, unless r = 0, which
means that a = a. Since a € L(x1,...,zk), it can only be zero. [

uv cannot be equal to xjuvz;. So,

Proposition 1.26. Let k£ > 2 and F = \/i»“:lSdi be a wedge of
spheres. If F is the fiber of a fibration F — E 2 B, then for
every n € N, the connecting map

O ®Q: mp41(B) ®Q — Wn(\/?:lsdi) ®Q
in the long exact sequence in (rational) homotopy is zero.

Proof. Forn = 0, the map 71 (B)®Q — m(V;5%)®Q is zero because
V;S% is a connected space.

Suppose that n > 1. Since m,(d) = 9, o ¥y, and ¥, is an isomor-
phism, it is sufficient to show that 7, (d) is the zero map. We have a
commutative diagram

Tn—1(Q0
a1 (2B) @ Q — P (@i St e Q

| |

™(Q2B) ®Q meeg  m(Vis)©Q
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where the two vertical maps are the isomorphisms obtained by the
adjunctions [S™,QB] ~ [S"*! B]. The proposition 1.24 and the
lemma 1.25 imply that the map 7,—1(Q0)®Q is the zero map. There-
fore, the map 7, (d) ® Q is also the zero map. O

Corollary 1.27. If F = vk 8% is a wedge of spheres (k > 2) and
F—EXBisa fibration, then there exists a short exact sequence
of homotopy Lie algebras

0= 7m(RF)@Q — m(QE) @ Q — m(Q2B) @ Q — 0.

Proof. Let’s consider the fibration QF — QF — QB. The proof
of proposition 1.26 shows that the connecting maps m,+1(Q2B) ®
Q — m(QF) ® Q are trivial. Therefore, the long exact sequence in
homotopy split in short exact sequences

0—-m(QF)®Q — m(NE) @ Q — m,(2B) @ Q — 0.

This completes the proof. O



12

Chapter 1. Homotopy and rational homotopy theory




CHAPTER 2

Topology of subspace arrangements

Let us start this chapter with the two most important definitions :

Definition 2.1. A subspace arrangement A is a finite set of affine
subspaces in a finite dimensional vector space V.

In this work, the vector space V will always be C™ unless explic-
itly stated otherwise. But most definitions in this chapter will also
work for V' =R™.

Definition 2.2. The complement space of a subspace arrangement
A is the topological space M(A) =V \ U, 2.

The topology of complements of subspace arrangement is a well
studied area of mathematics. A typical example is the cheese cutting
problem mentioned in the introduction. This is a typical example
of a problem in the field of subspace arrangements : we start with
some combinatorial data (dimension of the space V and number
of hyperplanes) and we ask a question about the topology of the
complement space (number of connected components).

It illustrates a common situation in this field : the interplay
between combinatorics and topology. As we’ll see, algebra also plays
often an important role.

2.1 Definitions

This complement space is in general complicated. Because of that,
its topology is not easy to study. We will need some definitions to
distinguish different kind of subspace arrangements

13
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Definition 2.3. Let A = {z1,...,z,} be a subspace arrangement in
V. If every subspace z; is an hyperplane, then A is an arrangement
of hyperplanes. If V is the vector space R™ for some m > 1, then A
is a real arrangement. If V is the vector space C™ for some m > 1,
then A is a complex arrangement. If all the affine subspaces x; are
vector subspaces, then A is central.

From now on, unless explicitly stated otherwise, we will only
work with central subspace arrangements in C™.

In this work, we will often consider a particular class of central
complex arrangements : the coordinate subspace arrangements.

Definition 2.4. A coordinate subspace x, in C™ is a subspace de-
fined by z;, = 2, = -+ = z;, = 0 for some o = {i1,...,i,} C[m]. A
coordinate subspace arrangement A is a subspace arrangement such
that every subspace of A is a coordinate subspace.

Since our goal is to study the topology of M (A), we will suppose
that A does not contain two distinct subspaces x and y such that
x C y. In the case of coordinate arrangements, it can be rephrased
as: if o1 C oy C [m], 25, € A and z,, € A, then o1 = 09.

The study of subspace arrangements started with the particular
case of arrangement of hyperplanes. In that context, an interesting
method was introduced by T. Zaslavsky in [33] : the method of
deletion and restriction. If A is an arrangement of hyperplanes and
x € A, then we can consider the deleted arrangement A" = A\ {z}
and the restricted arrangement A" = {x Ny :y € A’}. The triple
(A, A, A”) may be used to obtain recursion formulas (see [26] for
some examples).

Generalizing the notion of deleted arrangements in the case of
arbitrary subspace arrangements is straightforward.

Definition 2.5. Let A be a subspace arrangement and x € A. The
deleted arrangement with respect to x is A’ = A\ {z}.

However, there is a slight difficulty when we want to extend the
idea of restricted arrangements. The obvious way is to define the
restricted arrangement by {x Ny : y € A'}. But there is a problem :
this set might contain two distinct subspaces y; and ys such that
xNy1 € xNyy. Since we want to avoid that situation, it makes sense
to adjust slightly our definition.
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Definition 2.6. Let A be a subspace arrangement and x € A. The
restricted arrangement with respect to z is the arrangement A" =
{zxNy:ye A}\ S, where S is the set

S={zxny:yec A and Iy € A withy#¢y andzny Cxzny'}.

Finally, this last proposition shows that complement spaces are
well-behaved topological spaces.

Proposition 2.7. Let A be a subspace arrangement. Then M (A)
has the homotopy type of a finite CW -complez.

Proof. See [4] for an explicit construction. O

2.2 The lattice L(A)

In this section, we will introduce an important combinatorial tool :
the lattice associated to a subspace arrangement. It is a very good
(and simple) invariant.

Definition 2.8. Let L(A) be the set of all nonempty intersections
of elements of A. We agree that L(A) includes V as the intersection
of the empty collection of subspaces.

The reverse inclusion defines a partial order on L(A) : =z < y if
and only if x O y. This is the reverse inclusion, so the vector space
V is the minimal element of the poset L(A).

When the arrangement A is central, the poset L(.A) possess an
additional algebraic property : it is a lattice, for an appropriate
choice of operations.

Definition 2.9. Let A be a central arrangement. For every z,y €
L(A), we define two operations L(A) x L(A) — L(A) : the join is
xVy = xzNy and the meet is defined by x Ay = N{z € L(A) : xUy C
z} € L(A).

For o = {i1,...,i,} C [n], we will often denote x;, Vi, V-V,
by V{zi,,...,x;.} = Vo.

With these two operations, L(A) is a lattice (if A is central).
Notice that the join operation is not defined if A is not central. As we
said earlier, the lattice is a good invariant. Richard RANDELL proved
in 1989 the following proposition (see [27] for proper definitions).
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Proposition 2.10. If A and B are two subspace arrangements in
R™ or in C™, connected by a one-parameter lattice isotopy, then
their complement spaces M (A) and M (B) are diffeomorphic.

When we have a lattice, it is useful to consider the rank function.

Definition 2.11. The rank function rk: L(A) — N is defined by
sending x € L(A) to the length r of a maximal chain C"™ < z; <
-+ <z, = x of maximal length. The rank of C™ is rk(C™) = 0.

Definition 2.12. The rank of a subspace arrangement A is defined
by the formula rk A = max{rkz : x € L(A)}.

When A is an arrangement of hyperplanes, the rank of any ele-
ment z € L(A) is simply the codimension codim(z).

Definition 2.13. The lattice L(A) is geometric if, for every z,y €
L(A), we have :

rk(z) +rk(y) > rk(z A y) +rk(z V y).

The notion of geometric lattice has been studied in the general
case of lattice theory (see [18] for more details). In that context, a
geometric lattice is a lattice that verifies some additional technical
conditions. The definition given above is equivalent when we deal
with lattices induced by subspace arrangements.

For example, let’s consider the arrangements A = {z1, 22,23}
and B = {y1,2,y3} in C? given by

I {ZQ = Z3 = O} Y1 {Zl = 0}
xI9 {Zl = Z3 = 0} Y2 {ZQ = 0}
r3 | {z1 = 22 = 0} ys | {z3 =0,21 = 22}

As a set, L(A) = {C3, 11,22, 73,0}, where 0 is the zero-dimensional
vector space in C?, and L(B) = {C?,y1, 92,93, 51 Ny2,0}. Figure 2.1
shows the Hasse diagram of these two lattices. In L(B), rk(0) =
3,tk(y;) = 1,rk(y1 Ny2) = 2. The lattice L(A) is geometric, and
L(B) is not geometric.

From now on, if  and y are in a given lattice, we will use the
notation z > y to say that z > y and that there is no z such that
T >z >
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/N

Y1 Ny Y3

T3

Figure 2.1: Hasse diagram of L(.A) and L(B)

Proposition 2.14. Let A be a subspace arrangement. The following
conditions are equivalent :

1. L(A) is geometric,

2. for all x,y,z € L(A), x < y implies that x V z < yV z or
rVz=yVz,

3. for all z,y,z € L(A), if ¢ <y and C is a maximal chain in
[z,y], then {xV z: x € C} is a mazimal chain in [z V 2,y V z].

Proof. See [18], p. 173. O

An interesting property of geometric lattice is that each maximal
chain has the same length.

Proposition 2.15. If L is a geometric lattice and x,y € L with
x < y, then every mazimal chain x = xg < 1 < --- < x, = y has
the same length.

Proof. See [18] O

However, the converse statement is false, see the example of fig-
ure 4.1 for a counterexample.

The next proposition shows that quite a lot of subspace arrange-
ments with a geometric lattice exist.

Proposition 2.16. If A is an arrangement of hyperplanes, then
L(A) is a geometric lattice.
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Proof. Let z,y € L(A). Since A is an arrangement of hyperplanes,
the rank of = and y is respectively codim(z) and codim(y). Notice
that x +y C x Ay. So, dim(z 4+ y) < dim(x A y) and rk(z Ay) <
codim(z + y). We have :

rk(z Ay) +rk(z V y) < codim(z + y) + codim(z Ny)
= codim(z) + codim(y)
= rk(z) + rk(y),

and the proof is complete. ]

2.3 Independant subsets

For a given subspace arrangement A, some subsets o C A are inde-
pendant in the sense of the following definition.

Definition 2.17. A subset o C A is independant if for all x € o, we
have V(o \ {z}) < Vo.

Note that subsets of independant subsets are also independant.
Those independant subsets will play a special role, especially when
the lattice is geometric.

Proposition 2.18. Let A be a subspace arrangement in C™ with a
geometric lattice L(A) and o C A. Then we have

1. vk(Vo) < |o| (|o] design the number of elements of o),
2. tk(Vo) = |o] if and only if o is independant.

Proof. Let’s start by proving the second assertion. Suppose ¢ =
{z1,...,x,} is independant. Then each subsequence of ¢ is indepen-
dant and we have a sequence of inequalities

T <z1Vaxe<xiVeaVrg<---<Vo.

Therefore, rk Vo > k. If rk Vo > k, then this sequence is not max-
imal and there is another element z € A such that for some p, we
have

(1 V- Vap) <(x1V---Vap)Vz<(x1 V- Vap) VIp.
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In that case, we have rk(z1 V-V zp Vxpi1) > rk(z V- Vap) +
rk(xpy1), which is a contradiction with the definition of a geometric
lattice.

Suppose now that o = {z1,..., 2} is such that rk Vo = |o| and
consider the sequence

':L'Tléle \/:ETQS..'g\/O-’

obtained from o by some permutation 7 of the set {1,2,...,k}. If all
inequalities are strict for any 7, then ¢ is independant. Otherwise,
some inequality is in fact an equality and, since the rank of Vo is k,
another part of the sequence extends to the form

(xry V- Va,)<(zp V- -Vap)Vz<(xyV--Va,)Va,,,.

As above, the existence of such a sequence is impossible for a geo-
metric lattice.

Now, let’s prove the first assertion by induction on |o|. If |o| = 1,
then rk(Vo) =1 < |o|. Now suppose that it is true until £ — 1 and
let 0 = {x1,...,2} C A. If o is independant, the first part of
the proof shows that rk(Vo) = |o|. If o is not independant, there
is a x; € o such that V(o \ {z;}) = Vo. So, by induction, we
have : tk(Vo) = rk(V(o \ {z;})) < |o \ {z;}| < |o| and the proof is
complete. ]

2.4 Fundamental group of the complement
space

Some results of rational homotopy theory only apply to simply con-
nected spaces. Therefore, it is convenient to have some insights about
the fundamental group of the complement space of a subspace ar-
rangement in general, and about the 1-connectedness in particular.
A good starting point in the study of the fundamental group of
an arrangement of hyperplanes is the paper [22] by Hamm, H. and
Lé Dung T. Basically, they proved that the fundamental group of
a complex arrangement of hyperplanes can be computed by looking
at the intersection of M (A) with a generic plane. So, the problem
of computation of 71 (M(.A)) is reduced to the computation of the
fundamental group of an affine arrangement of lines in C2.
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A general method to obtain a presentation of the fundamental
group in that case was found by Arvola. See the book [26] for a
detailed explanation. We will use this presentation to prove a few
results about the fundamental group. Note that it does not work if
we consider real arrangements.

Theorem 2.19. Let A = {z1,...,2,} be an arrangement of hy-
perplanes in C™, with m > 3. Let x be an hyperplane such that
for every x;,x; € A with i # j, codim(z; Nx; Nx) = 3. Then
m(M(AU{z}) =7 (M(A)) ® Za where « is a loop around x.

Proof. Using the results of [22], we can choose a generic plane o and
consider its intersection with M (AU {z}) and M (A). This reduces
the problem to the following : A is an arrangement of lines in C2,
T is a line such that N &; = T Nx; # 0 for all 7;,7; €A, T # Zj.
We want to prove that m (M(AUZ)) = m1(M(A)) @ Za where a is
a loop around Zz.

Let P be the set of non-empty intersections of the lines of A
(so, P is the set of multiple points). Let S be the set of non-empty
intersections of # with lines of A. Clearly, S is a set of exactly n
elements. Arvola’s presentation of the fundamental group w1 (M (A))
is given by

(91,9255 9n | Upep Rp),

for some sets of relations R),. Arvola’s presentation of the fundamen-
tal group m (M (AU {Z}) is given by

<gagl) -vs9n ’ UPEP RanSESRs>

for some other sets of relations va, and R; But the relations E are
very simple : since only two lines intersect at a point s € S, namely
Z and some z;, the corresponding relation R is just gg; = g;g. In
other words, g commutes with every g;. Also, since no point of P
belong to the line z, the relations R, are the same as the relations
R,. Therefore,

<g>gl7 -y 0n ‘ Upep vausESRs> = <917927 -y 09n ’ Upep Rp> @ Zg.
O

Now, using the previous theorem, we have an interesting result :
the fundamental group is not influenced by subspaces of codimension
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M(AU{y1, y2}) — M(AU{y1})

J |

M(AU{y2}) — M(AU{y1 Ny2})

Figure 2.2: Inclusion maps when k = 2

greater than 2. It is not really surprising, since the real codimension
is then at least 4. It might have been faster to prove that result using
transversality arguments : when M is a manifold and K C M is a
polyhedron, then the injection M \ K — M induces an isomorphism
of fundamental groups if the codimension of K is large enough.

Theorem 2.20. Let A be an arrangement of hyperplanes in C™ and
B a subspace arrangement in C™ such that for oll x € B, codimz >
2. Then

T (M(AUB)) = mi(M(A)).

Proof. The proof is done by induction on the size of B. Suppose
that B = {x;}. We can assume that z; doesn’t belong to L(.A)
(otherwise, clearly M(A U B) = M(A) and the theorem is true).
Let £ := codimz; > 2 and let’s choose k hyperplanes y1,...,yx
such that y; N --- Ny = x1 and the y; are generic in the sense of
theorem 2.19. More precisely, we want the following condition : for
all u,v € AU{y1,...,yx} and for all y;, if u # v,u # y; and v # y;,
then codim(y; NuNwv) =3 (or y; NuNv =0 if A is an arrangement
in C?).

Such a choice is always possible : to construct y;, choose k lin-
early independant vectors ai,...,ar in M(A) and let y; = 21 &
span{ay,...,ax}. The hyperplane ys is constructed in the same way
by choosing k linearly independant vectors in M (AU {y;}), then ys,
and so on...

Clearly, we have M (AU {z1}) = UF_ M(AU {y;}) and the in-
tersections M (AU {y;}) N M(AU{y;}) and M(AU{y;}) " M(AU
{y;}) N M(A U {yx}) are all path-connected, so we can apply Van
Kampen’s theorem. By Van Kampen’s theorem (and theorem 2.19),
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we have
T (M(AU{21})) =+l m (M (AU {y:}))/N
= w2y (71 (M (A)) @ Zi) /N

where N identifies each copy 7 (M (A)) with each 7 (M(A)) and
identifies z; € Z; with the identity. Therefore, m (M (AU {z1}) =
m1(M(A)). This complete the proof when B has exactly one sub-
space.

Suppose now that the result is true when B = {z1,z9, ..., 2z} and
consider an additional subspace xs41 such that codim x4 =k > 2.
The only thing that we need to prove is that m (M (AUBU{zs1+1)) =
m1(M(A)). Like before, we can choose k hyperplanes y1, ..., yx such
that NF_,y; = 2511 and for all u,v € AUBU {y1,...,y} and for all
Yi, if u # v,u # y; and v # y;, then codim(y; NuNwv) = 3. We have :
M(AUBU{zs1}) = U M(AUBU{y;}), and the intersections are
all path-connected. By Van Kampen’s theorem and the induction
hypothesis,

T (M(AUBU {541})) = *i_ym(M(AUBU {y;}))/N
= iy (M (M (AU {y;})) ® Zq) /N
1(M(A)) @ Z) /N,

where the relations given by N are exactly the same as above. There-
fore, m(M(A U B U {zs41})) = m1(M(A)) and the proof is com-
plete. O

= *; 1(77

The previous two theorems imply the next corollary, which is a
simple yet interesting result.

Corollary 2.21. Let A = {z1,...,x,} be a subspace arrangement
in C™.

e If A is an arrangement of hyperplanes in general position, then
m(M(A)) =7".

e [fcodimz; > 2 for alli=1,...,n, then T (M(A)) = 0.

Proof. The first statement is a consequence of theorem 2.19. It is
proven inductively by starting with an empty arrangement, then
adding hyperplanes in general position. The second statement is a
consequence of theorem 2.20, when the arrangement A is empty. O



CHAPTER 3

Rational models

The complement space M (A) of subspace arrangements has been
studied extensively over the past twenty years. Many topological
invariants have been computed, using various techniques. In this
chapter, we’ll be mainly interested by the cohomology of M (A).

An early result was obtained by ARNOL’D in 1969. He investi-
gated the cohomology of the complex braid arrangement AS | (it is
the subspace arrangement in C” composed of all hyperplanes of the
form z; —z; =0 for 1 <i < j <n). In [1], he gave a presentation of
the cohomology algebra of M(AS_,) as a quotient of a free algebra
by an ideal :

Theorem 3.1 (Arnol’d). Let AS | be the complex braid arrange-
ment. Then its cohomology algebra is

H*(M(A;_1);Z) = AV/J,

where V' = @1<p<i<nler, is a vector space of dimension n(n —1)/2
with each ey in degree 1, and J is the ideal of relations generated
by the elements ey e m — € i€im + exierm for 1 <k <l <m < n.

Later, in 1980, hyperplane arrangements became more important
with the work of ORLIK & SOLOMON. They used the intersection
lattice of complex hyperplane arrangements to derive a presentation
of the cohomology algebra, again as a quotient of a free algebra by
an ideal (see [25]) :

Theorem 3.2 (Orlik, Solomon). Let A = {x1,...,2,} be a com-
plex arrangement of hyperplanes. Then its cohomology algebra is
H*(M(A);Z) = AV/J where V. = @1<i<nZe; is a vector space of

23
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dimension n with each e; in degree 1 and J is the ideal generated by

3 , -
Zj:l(_l)Jeil & e,

for each {i1,...,ix}< C [n] that verify a technical condition, which
depends on the lattice L(A).

Recall that {i1,...,ix}< is a notation already explained : it is
the same as {i,...,ix}, but with the additional hypothesis that
1<y <9< <1 <n.

The results on cohomology algebras of complex subspace arrange-
ments in general are far less complete. One of the first major results
in that area was discovered by Goresky and MacPherson : they ob-
tained a full description of the linear cohomology structure of M (A),
using stratified Morse theory. It turns out that the cohomology
groups of M(A) are completely determined by the combinatorial
data of the arrangement.

Theorem 3.3 (Goresky-MacPherson). Let A be a subspace arrange-
ment in C™. Then

FI’L(M(A)) = @ ﬁ2codim(a§)727i(A(07x>)7
zeL(A)\{C™}

where A(0,z) denotes the order complex' of the interval [C™, x] in

L(A).

But this description doesn’t give any information about the mul-
tiplication structure in H*(M(.A)). In 1995, DE CoNCINI and PRO-
CESI gave a rational model for the cohomology algebra. However, the
result is far from explicit. The De Concini-Procesi rational model
has been considerably simplified by Yuzvinsky and Feichtner. This
model, which we will note D(A), is explained in the first section
of this chapter. Note that it is only valid for central subspace ar-
rangements. There is also a natural integral version of this model :
Dy (A), which will also be discussed in the first section. As we will see
later, this model is particularly interesting in the case of subspace ar-
rangements with a geometric lattice, because then, the space M (A)
is formal.

!see [5] for definitions of order complexes and their homology
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The next and last section of this chapter is devoted to another
rational model, BP(A), specific to the coordinate subspace arrange-
ments. This model, by Buchstaber and Panov, is a little more com-
plicated to manipulate. It was obtained by studying the subject of
toric topology. It was discovered that if A is a complex coordinate
arrangement in C™, then M (.A) has the same homotopy type as the
moment-angle complex Zg of a simplicial complex K (see section 3.2
or [7] and [13] for more details). But there exists a space D.J(K) such
that Zx is the homotopy fiber of a fibration

Zx — DJ(K) — (CP>)™.

From this fibration, Buchstaber and Panov derived a rational model
BP(A). The interesting part is that D.J(K) is always a formal space.
This will be the key to obtain results for coordinate subspace arrange-
ments which don’t have a geometric lattice.

3.1 A simple model for central arrangements

Let A be a central arrangement of subspaces in C™. S. Yuzvinsky
and E. Feichtner described a simple rational model for the topological
space M (A). This model is a graded differential algebra denoted by
D(A). See their paper [32] for additional details.

3.1.1 Description of D(A)

Let A= {x1,...,z,} be a subspace arrangement in C™. A rational
model for the space M (.A) is given as follows : choose a linear order
on A (in this work, we will use z; < z3 < -+ < xy).

e Graded vector space D(A) : it is the vector space over Q which
has a basis given by all subsets o C A, i.e. D(A) = ®,c4Qlo].
A grading is given by deg(o) = 2 codim¢ Vo — |o]|

e Multiplication structure : the multiplication is defined, for
o,7 C A, by

(=1 gy 7 if Vo+vr==C™",
o-T=
0 otherwise,
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where €(o,7) is the permutation that, applied to o U 7 with
the induced linear order, places elements of 7 after elements of
o, both in the induced linear order. This multiplication turns
D(A) into an algebra. Note that the condition Vo + V7 = C™
is equivalent to codim Vo + codim V7 = codim V(o U 7).

e Differential d: D(A)* — D(A)**'. For 0 = {z;,..., 2 }<,
let Jo ={j €[r] : 2, €0 and V (0 \ {z;}) = Vo}. Then the
differential is defined by the formula

do = (=1)(c\ {=;,})

Jj€Js

where the indexing of the elements in o follows the linear order
imposed on A. This differential turns D(A) into a cochain
complex.

Theorem 3.4. If A is a central subspace arrangement in C™, then
the cdga D(A) is a rational model of M(A) and H*(M(A);Q) =
H*(D(A)).

Proof. A chain of quasi-isomorphisms between the model D(A) and
Apr(M(A) is described in [31] and [32]. O

Remark 3.5. There is a natural integral version of D(A). Let
D7z(A) be the Z-module Dz(A) = @&,c4Z[o]. By using the exact
same definitions, we can give to Dz(A) a ring structure and a dif-
ferential. In general, there is no proof that H*(Dz(A)) is equal to
H*(M(A);Z), however, it has been proven in the case of arrange-
ments with a geometric lattice.

Remark 3.6. For each X € L(A), let Dx(A) be the vector subspace
generated by all the 0 C A such that Vo = X. Note that for
every 0 € Dx(A), do € Dx(A) or do = 0. Therefore, the cochain
complex (not algebra‘) D(A) decomposes as a direct sum D(A) =
©xera)Dx(A). In (reduced) cohomology, it implies that

HY(M(A;Q) = H'(D(A) = @  H"(Dx(A).
XeL(A\{em)

This is an equality of groups, not of algebras. Remark that it is ex-
actly a rational version of Goresky-MacPherson’s theorem (see the-
orem 3.3).
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Remark 3.7. If A is an arrangement with n hyperplanes, then a
basis of D(A) has #PA = 2" elements, which is the same as the
dimension of AV if V is a n-dimensional vector space. Orlik and
Solomon described the cohomology of M(A) as a quotient AV/J,
where the information is contained in the ideal J. In the model
D(A), the information is contained both in the multiplication and
in the differential.

Example 3.8. Let’s consider the arrangement A = {x1, z2, 3, 24}
in C* where 21, 29, x3, x4 are defined, respectively, by the equations
z21=29=0,29=23=0,23 =24=0and z4 = 21 = 0.

0 Degree Basis
// \\ 0 0
3 {z1}, {w2}, {2}, {24}
A Az M 4| {on e}, {wo, ws}, {os, 4},
M {za, 21} {z1, 22, 73, 24}
5 {$1,$2,$3},{$2,$3,l’4}7
= 2 s 1:4 {1'1,1'3,114},{1171,1'2,1'4}
\\ // 6 {371,1'3},{1'2,1'4}
(C4

Figure 3.1: Lattice L(.A) and basis of D(A)

The arrangement A = {x1,z2, 23,4} in C* is a coordinate sub-
space arrangement with a non-geometric lattice. See figure 3.1 for a
representation of the lattice L(A) and a basis of D(A).

To simplify notations, let’s denote {z;} by X, {z;,z;} by Xij,
{xi,xj, 21} by Xyjp and {x1, 22, 23,24} by Xj234. A simple calcula-
tion shows that the differential is always zero except for the following
elements :

dX1934 = —Xo34 + X134 — X124 + X123
dX123 = —d X34 = X13
dX934 = —d X124 = Xoy4.

From this, it is easy to see that H*(D(A)) is concentrated in
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degree 0, 3,4,5 with

dim H°(D(A))
dim H*(D(A))

1, dimH3(D(A)) = 4,
4, dim H>(D(A)) = 1.

In D(A), the only non trivial products are X; - X3 = X33 and X5 -
X4 = Xo4, however these products vanish in cohomology.

Finally, the next result is a simple consequence of the definition,
and will be useful later in this text.

Proposition 3.9. Let A be a subspace arrangement in C™ and
o1 C A Ifont # 0, then their product vanishes in D(A) :
o-7=0.

Proof. The condition codim Vo + codim V7 = codim V(o UT) can be
rewritten as dim(Vo + V1) = m, or in other words, Vo + V7 = C™.
But if € o N7, then Vo + V7 C & # C™. Therefore the product
o - T is zero. O

3.1.2 Arrangements with a geometric lattice

The rational model D(.A) is very nice, because it contains all the
rational homotopy type of M (.A), and at the same time, is simple to
manipulate.

But it’s even nicer when the space M (A) is formal, because in
that case, the model D(A) can be deduced from the rational co-
homology of M(A). Luckily, we are aware of a large class of ar-
rangements such that their complement space is formal : the ones
with a geometric lattice. This is not a trivial result and the rational
model D(A) was actually introduced by E. Feichtner and S. Yuzvin-
sky in [32] in order to prove it.

Proposition 3.10. If A is a central subspace arrangement such that
the lattice L(A) is geometric, then the space M(A) is formal.

Proof. See [32]. O

In other words, the algebra H*(D(A)) contains all the rational
homotopy informations about M (A). Also noteworthy is the fact is
that a geometric lattice give us some control on how the lattice be-
have, which in practice means that many proofs use this control. This
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is the reason why many results have been shown only for arrange-
ments with a geometric lattice. For example, let’s state a simple, yet
useful result about the cohomology H*(M(A); Q).

Proposition 3.11. Let A be a central arrangement in C™ with a
geometric lattice. Then H*(D(A)) and H*(Dz(.A)) are generated by
the classes [o], with o C A independant.

Proof. See [32]. O

Also, this is not true for arrangements with a non-geometric lat-
tice. The arrangement of example 3.8 is a counter-example. The
cohomology of D(A) is not generated by independant elements :
there are no independant elements in degree 5, but we have one
cohomology class : [X123 + X134] = [X234 + X124].

As mentioned in remark 3.5, another interesting property of ar-
rangements with a geometric lattice is that their cohomology is de-
scribed by Dyz(A).

Proposition 3.12. Let A be a central subspace arrangement in C™
with a geometric lattice. Then H*(M(A);Z) = H*(Dz(A)).

Proof. See [14]. O

3.1.3 Restricted arrangements

For a given subspace arrangement A, we introduced in the defini-
tions 2.5 and 2.6 the notions of deleted and restricted arrangements
(A" and A” respectively). The definition of restricted arrangement
was not straightforward because we wanted to avoid having two sub-
spaces y1,y2 in A” such that y; C ys.

More precisely, let z € Aand A” = {zNy : y € A’}. In chapter 2,
we defined the restricted arrangement A” = A"\ S for some set S,
such that M(A”) = M(A"). In this section, we will show that even
if there is y1,y2 in A” with y; C y2, then the cdga D(A”) is quasi-
isomorphic to D(A").

Lemma 3.13. Suppose B is a subspace arrangement with two sub-
spaces u and v such that w C v. Let B' = B\{u}. Then the inclusion
D(B') — D(B) is a quasi-isomorphism.
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Proof. The injective map D(B') — D(B) gives us the following short
exact sequence of cochain complexes :
D(B)

.
D(B)

0— D(B)— D(B) —

Since there is a long exact sequence in cohomology, it is sufficient to
prove the following statement : H*(D(B)/D(B')) = 0. The cochain
complex D(B)/D(B') is a vector space generated by all the elements
of the form

o 0 ={u,v,...,v;} with z;, € {u,v}. The differential do is a
sum of some £{u, iy, ..., Ti;y- -, Ti, }-

o 0 ={u,v,T,..., 7} with 7;; ¢ {u,v}. The differential do is
a sum of some {u, i, ..., } and £{u,v,...,Ts,..., 2 }.

Let us introduce a new grading on D(B)/D(B’). We say that
deg{u,z;,,...,z; } =r and deg{u,v,z;,...,x; } =r+1.

The differential decreases this degree by one, and we have a chain
complex.

Let us introduce a filtration on D(B)/D(B’) : Fy is the subcom-
plex generated by {u} and {u,v}, and in general, F, is generated
by all the {u,zi,,..., 2, } and {u,v,2;,...,z;,} with s < r. So,
we have an increasing filtration Fy C Fy} C --- C F,. C --- Let’s
define the filtration degree dy of o by the number of z;; in o, and
the complementary degree is 0 if v € o and 1 if v € 0. This gives us
a spectral sequence. The page EV is :

o Eg,o is a vector subspace generated by all the {u, z;,,...,%;,}.
. Egl is generated by all the {u,v,z;,..., 4, }.

0 . .
o E,, is zeroif ¢ > 2.

The differential dy: Eg,q — E27q_1 is zero for every ¢ # 1. For q¢ = 1,
dy: EI?’l — E;g,o maps {u,v, T, ..., %, } to {u,zs,..., x5} So, it
is obvious that every spaces E;’q of the next page is simply zero.
Therefore, there is no homology in D(B)/D(B’), which completes
the proof. O
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From this lemma, it is clear that D(.A”) and D(A”) are connected
by a quasi-isomorphism.

Corollary 3.14. Let A be a subspace arrangement. Then the inclu-
sion D(A") < D(A") is a quasi-isomorphism.

Proof. Tt is a consequence of definition 2.6 and lemma 3.13. O

3.2 Rational model of coordinate subspace
arrangements

In this section, we will describe another rational model BP(A),
which only works in the case of coordinate subspace arrangements.
The results stated in this section come mainly from the book [7] by
Buchstaber and Panov.

Let S, be the set of simplicial complexes on {1,...,m} and Cy,
be the set of complements of complex coordinate subspace arrange-
ment in C™. Let us prove that there is a bijection between these two
sets. A map S,, — C,, is defined by sending a simplicial complex
K to M(K) = C™ \ Usggx, (recall that x, denotes the coordinate
subspace associated to o, see definition 2.4).

Proposition 3.15. The map S, — Cp; K — M(K) is an order-
preserving bijection (for the order defined by the inclusion).

Proof. Obviously, if K C K', then M(K) C M(K’). A simple com-
putation shows that the inverse map C,, — Sy, is defined by sending
M(A) € Cy, to the simplicial complex K (A), where K(.A) is defined
by

K(A) ={o C[m]: z, & |A[}.

where |A| = Ugeax is the support of A, and [m] ={1,...,m}. O

Notice that if a coordinate subspace arrangement A contains
an hyperplane, then the complement space M (A) decomposes as
M(A") x C*. Also, A contain the hyperplane z; = 0 if and only if {i}
is not a vertex of K(A). So, for the rest of this section, we will con-
sider only coordinate subspace arrangements without hyperplanes
and simplicial complexes on the vertex set {1,...,m}.

For each simplicial complex K on [m], Davis and Januszkiewicz
introduced a T™-space Zx, where T™ is the group (S')™. This
construction is in the center of attention of toric topologists.
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Definition 3.16. For each o C [m], let D7 = {(21,...,2m) €
(D?)™ @ |zj| = 1for j & o} where D? is the unit disk in C. The
moment-angle complexr Zy associated to an simplicial complex K is

Zr = UgexD°.

This space is particularly interesting for us because, for a given
coordinate arrangement 4, the moment-angle complex Zx of K =
K(A) has the same homotopy type as M (A).

Proposition 3.17. There exists a deformation retraction M(A) —
ZK.

Proof. This is the theorem 8.9 in [7]. O

The group T™ acts on each D° and on (D?)™. So, we can con-
sider the associated Borel fibration

Zx — Zk X(g1ym (BSH)™ — (BSH)™ = (CP™)™.

Now, let us define an important space : the Davis-Januszkiewicz
space associated to a simplicial complex K. To each simplex ¢ =
{i1,...,ir} in K, we associate the product B, = (CP>)" viewed
as a subspace of (CP*>)™ by the injection defined by (z1,...,2) —
(U1, .. up) With u;, = z; and us = x if s € 0.

Definition 3.18. The Davis-Januszkiewicz space associated to a
simplicial complex K is DJ(K) = Ugex By C (CP>)™.

Buchstaber and Panov proved that space DJ(K) possesses the
following useful properties.

Proposition 3.19. Let A be a coordinate subspace arrangement
without hyperplanes and K = K (A) be its associated simplicial com-
plex. Then the Davis-Januszkiewicz space of K is such that

1. DJ(K) ~ ZK X(Sl)m (ESl)m,
2. DJ(K) is a formal space,

3. H(DJ(K);Q) = Q[x1,...,zm]/Ix where |z;| = 2 and Ik is
the ideal generated by all the square-free monomials x;, - - - x;,
where o = {i1,...,is} is such that x, € A. (this is the Stanley-
Reisner ring associated to K ).
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Proof. See [7] and [24]. O

So, M (A) has the same homotopy type as Zx, we have an ho-
motopy fibration Zx — DJ(K) — (CP*)™ and we know rational
models for DJ(K) and (CP>)™. From all these results, we obtain
a rational model of M (A).

Theorem 3.20. If A is a coordinate subspace arrangement without
hyperplanes, then a rational model of M(A) is given by

BP(A) = (Qz1,...,zm]/Ix @ Au, ..., upm),d)
with dz; = 0,du; = x;, |z;| =2 and |u;| = 1.
Proof. See [7]. O

Remark 3.21. Actually, Buchstaber and Panov proved a slightly
different result : H*(M(A); Z) = H*(BP(A),d).

Remark 3.22. In this model, it is easy to see that the differential
map preserves the indexes : d <Hi€ 1%illjes uj) is a sum of monomi-
als [T;ep @i [1je uj with TUJ = I'UJ". Therefore, BP(A) naturally
splits as a direct sum

BP(A) = € BP,(A)

oC[m]

where B P, (.A) is the subcomplex generated by the equivalence classes
of the monomials (Hiel zi[ljes uj) such that JUJ = o. This decom-

position is very similar to the Goresky-MacPherson theorem (theo-
rem 3.3).

Example 3.23. From the definitions, the model BP(.A) might not
look easy to manipulate, but it’s not difficult either. For example,
let’s consider the arrangement B = {1, 22, 73,74, 75} in C® where
x;={z € CS:z = zi+1 = 0}. The simplicial complex K associated
to A is

K={cC[6]:{i,i+1}Zofori=1,...,5}.

So, K has 6 vertexes, 10 edges and 4 triangles, as depicted in fig-
ure 3.2.
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3

2 5

Figure 3.2: Geometric realization of K

The ideal Ix is generated by the monomials z1xo, xox3, T34,
x4x5 and xsxe. So, a rational model of M (B) is (Q[x1, ..., z¢])/Ixk ®
A(uq,...,ug),d) with dz; = 0 and du; = x;. This arrangement is
the simplest arrangement such that the space M (.A) is not formal
(see [13] for more details).

Notice that if A is a coordinate subspace arrangement in C™
without hyperplanes, then the space M (.A) is simply connected (see
corollary 2.21). So it makes sense to ask if M (.A) is elliptic or hy-
perbolic. The long exact sequence of the homotopy fibration

Zx — DJ(K) — (CP*™)™.
defined above gives a short proof of the following lemma.

Lemma 3.24. The space Zi is rationally hyperbolic if and only if
dim 7, (DJ(K)) ® Q = o0, and it is rationally elliptic if and only if
dimm.(DJ(K)) ® Q < 0.



CHAPTER 4

Deleted and restricted arrangements

4.1 Introduction

As mentioned in chapter 2, the notions of deleted and restricted
arrangements (definitions 2.5 and 2.6) have been proven useful in
the study of arrangements of hyperplanes. Let’s illustrate this with
a simple problem, that we already mentioned in the introduction :
the cheese cutting problem.

To solve this problem, let f: N x Ny — N be the function that
maps (n, m) to the largest number of connected components of a real
arrangement of n hyperplanes in R”. Clearly, f(0,m) =1, f(1,m) =
2. It is not hard to prove that the function f satisfies the following
recurrence formula :

fin+1,m)= f(n,m)+ f(n,m—1).

This formula can be used to give a complete solution to the problem!.
What is interesting is what each term represents. Suppose that A is
an arrangement with n+ 1 hyperplanes in R, then f(n+1,m) is the
answer to the problem for A. The numbers f(n,m) and f(n,m —
1) are respectively the solution for the same problem, but for the
arrangements A" and A”.

This is a good example of problem where thinking in terms of
deleted and restricted arrangement gives a nice way to obtain a so-
lution.

In this chapter, we will study the relationships between the com-
plement spaces M (A), M(A’) and M(A") from the point of view of

!The general solution to the problem is : fn,m) =1+n+ (g) + (’;) 4. -—1—( )

n
m

35
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their rational models. Since many maps in this chapter are only mor-
phisms of vector spaces (or of Z-modules if we work with Dz(A)),
and not of algebras, most of the results are about the additive struc-
ture of H*(M(A); Q).

The additive structure in rational cohomology is described by
the ranks of the cohomology groups, or, in a condensed way, by the
generating function of the Betti numbers.

Definition 4.1. Let X be a topological space. The Poincaré poly-
nomial of X is the series

Poin(X,t) = > b;(X)t".
=0

In this chapter, we will present three different results. The next
section (section 4.2) is essentially a proof that there is a long exact
sequence in cohomology :

— HYM(A'); Q) — HY(M(A); Q) — HI8E@)(M(A");Q) — - -

An easy consequence of this sequence is the following : if A is
non-empty, then the Euler characteristic of M (A) is zero (see corol-
lary 4.8). Sometimes, this long exact sequence splits into short exact
sequences and we obtain the following formula, which connects the
Poincaré polynomials of M (A), M(A") and M(A") :

Poin(M (A),t) = Poin(M (A", t) + t480) Poin(M (A"),t).

This formula is studied in section 4.3, where two conditions for the
splitting to occur are proved. One of them is the following : if L(.A) is
geometric, then the recurrence formula above holds. Notice that this
is always true for arrangements of hyperplanes, but this particular
case was already well known (see theorem 2.56 of [26]).

Finally, in section 4.4, we examine what happens when both
conditions mentioned above happen simultaneously. In that case,
a stronger result can be proved : there exists an isomorphism

H*(M(A); Q) — H*(M(A"); Q)

of Zs-graded vector spaces. This gives us some information about
the way Betti numbers are distributed.
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4.2 A long exact sequence in cohomology

4.2.1 Proof of existence

Let’s explain briefly the proof of the existence of the long exact
sequence in cohomology. Consider the inclusion map j: D(A") —
D(A). This map is a morphism of cochain complexes and induces a
short exact sequence of cochain complexes

D(A)
D(A)

This short exact sequence of cochain complexes gives us a long
exact sequence in cohomology connecting H*(D(A’)), H*(D(A))
and H*(D(A)/D(A’)). The trick is to prove that D(A)/D(A’) and
D(A") are connected by a sequence of quasi-isomorphisms. We al-
ready know (by corollary 3.14) that the inclusion D(A”) < D(A")
is a quasi-isomorphism. In this section, we prove the proposition 4.6,
which asserts that there exists a quasi-isomorphism

0— D(A) L D(A) — —0.

D(A) ~ ~
= D(A").
Together, these results give us the desired long exact sequence.
Let A = {zg, z1,...,z,} be a subspace arrangement in C™. Con-

sider the deleted arrangement A" = A\ {x¢} and the arrangement
A" = {zgNy:ye A}. We will show in this subsection that there
exists a quasi-isomorphism D(A)/D(A") — D(A").

Let us define an equivalence relation in A’ : z; ~ z; if and only
if o Nw; = xo N ;. This equivalence relation partitions the set A’
into subsets A" = A U AU ---UA,. Let Ag = {zo}. As mentioned
in section 3.1, we can choose any linear order on A. In order to get
the signs right, we choose in this section a linear order such that if
i<j,y€ A and z € Aj, then y < z. Also, the following set will be
useful :

E={(y,2) e A/ x A :y~zandy#z}.

Before constructing a map D(A)/D(A") — D(A"), we need to
construct a map ¢: D(A) — D(A") with good properties. Let o C
A.

o If xg & o or if g € o and there exists (y,z) € E such that
{y, 2} € o, then we let p(c) = 0.
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e Otherwise, 0 = {xOinly--'axiT} C A is sent to (—1)"{zg N
Tiyy - 20Nz} C A” (in particular, p({zo}) = 0).

This map is not multiplicative but it commutes with the differential.

Lemma 4.2. The map ¢: D(A) — D(A") defined above is such
that wd = dp.

Proof. Let 0 C A. If 2y € o, then we have dp(o) = 0 = p(do). If
xg € o and there exists (y,z) € E with {y,z} € o, then dp(c) =0
and

do = d{xo,y,2,Ti;,..., 2z} = a(c\{zo}) +{zo, 2, Tiy, ..., 25}

_{xg,y,xil,...,l‘iT}—{—ZOéj (J\{xij}>,
J

where o and the o can be 0 or £1. So, by definition of ¢, we have
: ¢(do) = 0.

Finally, the last case we need to check is if gy € o and no (y, z) €
E is such that {y, z} C 0. In that case, let 0 = {xg, x;;,..., ;. } and
denote by J, the set J = {j: V(o \ {z;,}) = Vo}. We have

p(do) = (a (@ \ {zo}) + D (=1) "o\ {xi]-})

Jj€Js
= (71)T_1 Z (*1)j+1{330 Nxiyy--oyxo Ny, }\ {zoN .Tij},
J€Js
dp(o) = (=1)"d{zo N @iy, ..., x0 N i, }
= (_1)7" Z (—1)j{x0 NZiy,..., 20N .%'ir} \ {.1‘0 N .%'z]}
J€Jo

So, the map ¢ commutes with the differential d. O

The map ¢ is clearly surjective and is such that ¢j = 0, where j
is the injection D(A") — D(A). So it induces a surjective map

_. DA

7 DAy D)

We will show that this map induces an isomorphism in cohomol-
ogy. If the set E is empty, then ¥ is injective and is an isomor-
phism. Otherwise, for every (u,v) € E, let I,, be the vector
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subspace of D(A)/D(A’) generated by each elements of the form

{zo,u,yj,, ...y, }—{x0,v, 95, ..,y } and {xo, u,v,y;,,...yj } such
that y; € A\ {zo,u,v}. Let V =37, ,)ep Lup. The following three
lemmas prove that V' is acyclic.

Lemma 4.3. In D(A)/D(A’), we have V = ker .

Proof. 1t is clear that V' C kerp. Let u = ), as0s € kerp, with
as #0Vs € I and o4 # oy if s # t. To prove that u € V, we show
that we can substract elements of V' from u until we obtain zero.

o If there exists a s € I such that oy = {zo,u,v,y;,,...,9;.}
with 2o Nu = g Nv and u # v, then agzos € V and we can
substract it from u. Let’s repeat this operation until we obtain
a sum )y a0 without any such oy.

e Let t € I'. Then the element oy is necessarily of the form
{@0, Tiy, - - T4, }< With mo N2y, # 20 N2, for j # k. We have

0=9p (Z asas) =(—1D)"a{xoNwiy,...,co N x4, }

sel’
+ Z asp(os).
sel’\{¢}

So, there exists a s € I' \ {t} such that B(os) = P(0¢). This is
possible only if o5 = {70, 91, ...,y } With xoNz;; = oNy;. In
that case, the difference o; — 0 can be rewritten as

r

Z ({x()vyla cee 7yj—17yj>$ij+1> cee 7$ir}
j=1

- {x()aylv o 7yj—17$ij,$ij+1a e ,.’Eir}),
which is clearly in V. We can substract ay(oy — 05) from the

sum and we get another sum Y v as0, such that [I”] < |I'|.
This process can be repeated until we obtain an empty sum.

Therefore, u € V and V = ker . O

Lemma 4.4. For every (u,v) € E, d(Iyy) C Iy, s0 Iy is a sub-
complex of D(A)/D(A’). Also, the complex I, is acyclic.
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Proof. Let’s consider a cocycle
o = Zaz ({anu7yi17 .. -7yiq«} - {x07v7yi17' . '7yir})
i

+ Zﬂj{wo,u,v, Zitse s Zin 1}y
J

with the y;, , 25, & {x0,u,v}. We want to show that « is a cobound-
ary. Let

Ki = {k : v{x()vuvyip s )yir} = \/({x()au?yila .. 'ayir} \ {ylk})}v
L ={k:V{zo,u,v,2j,,...,2j, .} =

v ({zo, u, v, 21 er—1} \ {ij})}

Since « is a cocycle, its differential is zero and we have

da—zal Z - ({m07u yz17--~7yir}\{yik}
7 keK;
- {33071)7.%‘17- . '7yir} \ {y’bk})
+Zﬁj {xo,u Zjl""’zjr—l}_{xo’v’zjl""’zjr—l})
+Zﬁj Z k+1{x07u v Z]l""”zjr—l}\{zjk} =0.

j keL;

Looking at the terms without a v and using the relation da = 0, we
have

Zaz Z {l‘o,u Yiys - aylr}\{ylk}

% keK;

+Zﬁj{x07u’zj1""vzjr71} =0
J

But we can add a v into each terms of the previous relation, without
making it false. This gives

—ZO&Z Z {xoauvyzla"'ayir}\{yik}

7 keK;
= Zﬁj{xo, u,v, Zjl, ceey eril}.
J
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Finally, let w = — Y, ai{wo, u,v,yi,, ..., y;, }. Its differential is

dw = Zai({x()’u?yil"' . ayir} - {1‘07”)3/2'17' . 'ayiT})

- Zo‘i Z (=) @0, u, v, Yiys -, Y\ {yi, } = a.

7 keK;
Hence, « is a coboundary and I, ,, is acyclic. O

We shouldn’t deduce too quickly from the previous lemma that V'
is acyclic. It is false that a cocycle a decomposes as a sum of cocycles
oy € Iy p. The problem comes from the fact that I, , N I, 4, is not
empty. But with a little more work, it is possible to prove that V is
acyclic.

Lemma 4.5. The vector space V' is such that d(V) CV and V is
acyclic.

Proof. Clearly, d(V) C V. Showing that V is acyclic is techni-
cal. We'll do it in three steps. First, we choose a finite number
of couple (u;,v;) € E that have some nice properties. Then, us-
ing these elements, we construct a sequence of vector subspaces
Ip €L C--- C1I =YV. Finally, we prove by induction that all
these subspaces are acyclic.

The linear order was chosen in such a way that it respects the
equivalence relation ~ on A’ in the following sense : the equiv-
alence classes are A’ = 44 U A U---UA; and if i < j, y €
A; and z € Aj, then y < z. Let Ay = {zj,,...,zj,—1}, A2 =
{:EjQ, ey l‘j3,1}, v ,.Ar = {ﬁjq, s 7qu+1*1}' Let .AZ be the first
class with more than one element and (ug,vo) = (zj,,zj,+1) € E,
(u1,v1) = (uo,Tj;42),--., (ue,ve) = (uo,2j,,,-1). Let A be the
next equivalence class with more than 1 element and (w11, vp41) =
(@ Tjrt1), (Ueg2,Ve42) = (Tjy, Tjet2)s - - - We can do this until we
have a sequence (u;,v;)o<i<r € E with the following properties :
V =310 luw and v, & {uo,po,ul,vl, ey U1, Vg1 }-

Let Iy = Iy, and I; = >°_( I, ,. The properties of the (u;, v;)
implies that we have an increasing sequence

Iuo,’uO:IOgIlg"'gIr:V-

Lemma 4.4 shows that I is acyclic. Suppose I;_1 acyclic and let’s
show that I, = I,y + I, ., is acyclic as well.
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Let’s start by proving that every element of I, can be written as
a sum o + ag + dw where ay € Iy_1, a2 € Iy, 4,, w € Iy—1 and there
is no vy in any of the terms of a;. It is sufficient to see that it is true
for every element of a generating sequence of I, 1 :

o Let 0 = {x0,u;,vi,...} € Iy_1. If vy € 0 and uy € o, then
oc=0+0+d0). If vy € 0 and uy & o, then d(o U {us}) =
tot(ocU{ue})\{ve}+S where S is a sum with {uy, vy} in each
term, which means that S isin I, ,,. It shows that we have the
required decomposition o = £(cU{ug})\{ve} £Std(cU{us}),
for an appropriate choice of signs.

o Let a = {xo,us,yj1, -, Y5, }—{%0, Vi, Yji, - -, Y5, } € Li—1. If we
have vy € {y;,,...,y;,} and u; & {y;,,...,y;.}, then consider
W= {x07uiayj1a s 7yjs} U {uf} - {xo’viayjlv s 7yjs} U {Ug} €
Iy_1. As in the first case, we obtain a proper decomposition
from dw.

Now, we can show that every cocycle in I, is a coboundary. Let
a € I, such that dao = 0. Since Iy = Iy + Ly, ,,
o= o1+ a4+ dw with aq € Ip_q, 9 € Iyy,,, w € I; and no v, in
any term of a;. The vector asg is a sum

we can write

Qg = Z% ({x()auby’h? .. '7yis} - {$07Uf7yi17 cee 7y’i5})
)
+ Zﬁj{xQ,Ug,Ug, Zjiyeees st_l}.
J

For appropriate sets K; and L; (as in lemma 4.4), its differential is
dCtQ _ZFYZ Z ({x();ufvylu"'7yis}\{yik}
7 keK;
- {x07vayi17 o 7yis} \ {yzk})
+ Zﬁj {x07u€72j17 s 7st—1} - {:Eo,vz72j1, s 7st—1})

+Zﬁj Z k+ {x(]’ué’Ue?ZJl""72]'571}\{2;]'7@}'

j  keL;

But there is no term in <y containing v, and day + das = 0. So,
looking at the terms with u, and v, in dag, we deduce that

Zﬂ] Z k“{xo, U, Ve, 2y - -5 %o 1+ \ {25, } = 0.

J keL;



4.2. Along exact sequence in cohomology 43

Hence the terms in das with only v, are such that

>y > (=DM ao,ve yins i\ vt

% keEK;
+ Zﬁj{$o, Vey Zjy9 - - - 7st—1} =0.
J

And this relation stays true if we replace vy by uy. So, we just
proved that das = 0, which implies that da; = 0 as well. By the
induction hypothesis, there exists a w; € Iy_1 such that dw; = oy
and by lemma 4.4, there exists a wy € I, ,, such that dws = as. So,
a = d(w1 + w2 +w). The vector subspace I, is acyclic and the proof
by induction is complete. O

Together, these lemmas give us the following proposition.
Proposition 4.6. The map : D(A)/D(A") — D(A") is a quasi-
isomorphism.

Proof. By lemma 4.3, we can factorize @ as shown in the following
diagram.

DA) @ -
D((A’)) — D(A")
pJ /
@
D(A)
DABV

where ¢ is the quotient map. Since V = ker i and @ is surjective, ¢
is an isomorphism. By lemma 4.5, the map p is a quasi-isomorphism,
which implies that © is a quasi-isomorphism as well. O

Remember that the cdga D(A”) and D(A") are quasi-isomorphic
(see corollary 3.14). So, the quasi-isomorphism @: D(A)/D(A") —
D(A") described in the previous section completes the link between
D(A)/D(A") and D(A"). Now, we state and prove the main result
of this section.

Theorem 4.7. Let A be a subspace arrangement, o € A with A’
and A" the corresponding deleted and restricted arrangements. Then,
there exists a long exact sequence in cohomology :
- HY(M(A),Q) — HY(M(A),Q) — HI 0 (M (A"),Q)
— HIH(M(A'), Q) — HITH(M(A),Q) — -
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Proof. Notice that the quasi-isomorphism of corollary 3.14 preserves
the degree and that © decreases the degree by 2codimxg — 1 =
deg(zg). So, the long exact sequence is a direct consequence from
the short exact sequence

0 — D(A") = D(A) — D(A)/D(A) — 0,

corollary 3.14 and proposition 4.6. ]

4.2.2 FEuler characteristic

The long exact sequence in cohomology of theorem 4.7 is quite pow-
erful. In this subsection, we will prove a first application : the fact
that the Euler characteristic of M (A) is always zero for any non-
empty arrangements.

Corollary 4.8. Let A be a subspace arrangement in C"™. Then,
the Euler characteristic of M(A) satisfies : x(M(A)) = 0 if A is
non-empty, and x(M(A)) =1 if A is empty.

Proof. If A is empty, then M(A) = C™ and x(M(A)) = 1. If
|A] = 1, then M(A) = C™ \ {x0} for some vector subspace x.
So, M(.A) has the homotopy type of an odd-dimensional sphere and
X(M(A)) =0,

By the universal coefficient theorems (in homology and cohomol-
ogy), we have : b;(M(A)) = dim H'(M(A),Q), where b;(M(A)) is
the ith Betti number of M (.A). The long exact sequence in cohomol-
ogy from theorem 4.7 gives us the following formula : y(M(A)) =
X(M(A)) + (=1)%e0)x (M (A")) = x(M(A')) = x(M(A")). Now,
let’s prove by induction on |A| that x(M(A)) = 0. Suppose that
this is true for arrangements with n or less subspaces. Let A be an
arrangement with n + 1 subspaces and zy € A. The deleted and re-
stricted arrangements are such that |A'| = [A|—-1and 1 < |A”] < |A].
So, by induction, x (M (A)) = x(M(A"))—x(M(A")) =0-0=0. O

Note that this is only true for complex subspace arrangements.
Clearly, if B is the real arrangement with one point in R?, then
M(B) = S? and its Euler characteristic is 2. The reason is that we
used the model D(A), which is not valid in the case of real arrange-
ments.
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4.3 Deletion-restriction theorem

The long exact sequence of theorem 4.7 is particularly interesting
when it splits in short exact sequences

0— HIY(M(A),Q) — HI(M(A),Q) — H ") (M (A"), Q) —0.
In that case, the following formula is true :
Poin(M(A),t) = Poin(M(A"), t) + t3°8@0) Poin(M(A"), t).

While there is no reason for such a splitting to occur in general
(there exists many counterexamples), it is possible to find such ar-
rangements. In this section, we will focus on two different kinds of
arrangements : the ones with a separator (see definition 4.9) and the
ones with a geometric lattice.

4.3.1 Arrangements with a separator

The following definition is a generalization of the concept of separator
found in [26]. This notion seems to appear naturally when working
with the long exact sequence.

Definition 4.9. Let A = {zy,...,x,} be a subspace arrangement.
We say that z; is a separator if V{zo,...,xn} > V({zo,...,zn} \
{z;}), in the lattice L(A).

Remember that independant subsets are subsets o such that
Vo > V(o \ {z}) for all x € . So, if 0 = A is independant, then
each x € A is a separator.

As shown by the next proposition, deleted and restricted arrange-
ments with respect to a separator have the desired property.

Proposition 4.10. Let A = {xg,...,x,} be a subspace arrange-
ment in C™ and A’', A" the deleted and restricted arrangements with
respect to xg. If o is a separator, then the long exact sequence of
theorem 4.7 splits and we have

Poin(M(A),t) = Poin(M(A"), t) + t3°8@0) Poin(M(A"), t).
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Proof. Tt is sufficient to show that the injective map j: D(A") —
D(A) induces an injective map j*: H*(D(A’)) — H*(D(A)). Let’s
define a map k: D(A) — D(A’) of cochain complexes by k(o) =0
if g € 0 and k(o) = o if 29 € 0. This map commutes with the
differential :

o If o & o, then dk(o) = kd(0),

e if 2y € 0, then dk(0) = 0 and kd(o) = a(o \ {zo}), with a =0
if and only if V(o \ {zo}) # Vo, which is the case because x
is a separator.

So, the map k is a map of chain complexes and induces a map
k*: H*(D(A)) — H*(D(A’)). Obviously, we have k*j* = id, which
implies that j* is injective. Since the sequence of theorem 4.7 is
exact, it splits as required. ]

4.3.2 Arrangements with a geometric lattice

In this section, inspired by [26], we will study the Poincaré poly-
nomial for arrangements with a geometric lattice. When we deal
with such subspaces, an explicit formula for Poin(M(A),t) can be
derived from the literature. Goresky-MacPherson proved with the
theorem 3.3 that we only need to compute the homology of the order
complexes A(0, x), for every x € L(A).

The homology of order complexes is well known in the geometric
case. A theorem of Folkman (theorem 4.1 in [17]) states that if L is
a geometric lattice with 0 and 1 as the smallest and largest element
of L, then the homology of its order complex A(L) is

0 if ik L — 2,

H;(A(L)) = {Z'“(O’l)l if i =1k L — 2,

where u: L X L — Z is the Meebius function, defined recursively by

the relations :

p(z,x) =1 ifeel,
> sclz] wx,z) =0 ifz,y,z€ Land z <y,
w(x,y) =0 otherwise.

As a consequence, we have the following proposition :
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Proposition 4.11. If A is a subspace arrangement in C™ with a
geometric lattice L(A), then

Poin(M(A),t) = Z M(O,w)(—t)QCOdimx*rk@)_
z€L(A)

Proof. 1t is almost a direct consequence of theorem 3.3 and the re-
sults of Folkman. The only thing we need to check is the sign
of u(0,z). But a simple property of the Moebius function is that
(—1)™%@) (0, 2) > 0 (see for example theorem 2.47 in [26]). O

The previous proposition is the key to prove a deletion-restriction
formula for arrangements with a geometric lattice. But we need first
an interpretation of the Mcebius function in the case of subspace
arrangements.

Lemma 4.12. Let A be a subspace arrangement. For u,v € L(A)
with u < v, let A, = {x € A:u C 2z} and S(u,v) = {B C A :
Ay C B and T(B) = v} (where T(B) denotes the maximal element
of L(B)). Then

plu)= 3 (~1)B\Al

BeS(u,v)

Proof. This lemma is the same as lemma 2.35 in [26] except that A
is not necessarily an arrangement of hyperplanes. The proof of [26]
is still valid in this case. O

Now, we can adapt the proofs in [26] to obtain a more general
result.

Proposition 4.13. Let A = {xo,...,x,} be a subspace arrange-
ment in C™ and A’', A" the deleted and restricted arrangements with
respect to xo. If L(A) is geometric, then we have

Poin(M (A),t) = Poin(M (A'), t) + t480) Poin(M(A"), 1)

and the long exact sequence of theorem 4.7 splits (or equivalently, the
inclusion map D(A") — D(A) induces an injection in cohomology).
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Proof. First, let’s notice that for any arrangement A, we have

POIH(M(A), t) = erL(_A) H(Ov x)(_t)QCOdimx—rk(m)

_ _ 1\IBl/__4\2codim z—rk(z)
_ZzeL (ZBES(O,x)( DE(=) >

— Z \B| )2 codim T'(B)—rk T'(B)
BC.A ’

The last equality come from the fact that every subarrangement
B C A occurs in a unique S(0, z). Now, separate the sum over B C A
into two sums R’ and R” with R’ the sum over those B which do not
contain zg and R” the sum over those B which contain zy. Clearly,
by using the previous equality, we have R’ = Poin(M (A’),t). So we
proved that Poin(M(A),t) is equal to the sum Poin(M(A"),t) + R".
Now, let us compute R".

R’ = ZIOEBQA(_1)|B|(_75)2 codim T'(B)—rk(B)
B 2 codim v—rk(v
= Z’UEL(A”) Z (_1)| l(_t) @)

BeS(zo,v )
— B\ Az 2 codim v—rk(v
— _ZUGL(AH) Z 1)1B\eol (—p) (v)
BeS(zo,v)
— ZUEL(AN (-750, )( )2(codim v—codim z¢)—(rk(v)—1)+2 codim(zo)—1

= ¢2eodimeo 1 poin (M (A"), ) = t9%(%0) Poin(M(A”), 1),

The third line comes from lemma 4.12 and the last line comes from
the fact that (codimv — codim zg) is equal to the codimension of v,
seen in the ambient space of A”, and that rk(v) — 1 is the rank of v
in L(A”). This complete the proof of the fact that Poin(M(A),t) =
Poin(M(A’),t) + tde&(z0) Poin(M (A”),t), and shows that the long
exact sequence of theorem 4.7 splits as requested. O

Note that in theory, this theorem could be proved directly by
showing that D(A’) — D(A) induces an injection in cohomology.

4.4 A Zo-isomorphism in cohomology

When we suppose that the arrangement A has a geometric lattice
and that there is a subspace xy which is a separator, we have some
stronger results. This is due to the following lemma.
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Lemma 4.14. Let A = {xg,...,x,} be a subspace arrangement with
a geometric lattice such that xq is a separator and {iy,...,i,41} C
[n]. Then the following conditions are equivalent :

1. \/{:L‘il, - ,J:‘Z'T} = \/{:Uil, - 7xiT?:Uir+1}7
2. \/{:L'o,.%'il, - ,l"z'r} = \/{:L'(),.%'Z'l, - ,m“,xirﬂ}.

Proof. Clearly, the condition (1) implies the condition (2). Suppose
that we have

\/{x(]al'ip ceey xir} = \/{x07$i17 cees xiT7$i1'+1}'

Since xg is a separator, V{zo,...,zn} # V({zo,...,zn} \ {z0}). An

easy consequence is that V{xo, zi,,...,z;, } # V{zi,...,x;. }. Since
the lattice is geometric, proposition 2.14 can be used and we ob-
tain the maximal chain V{x;,...,z; } < V{zo,®i,..., 2 } from

the maximal chain C™ < zg. Therefore, we have the two following
chains of inequalities :

VA{xi, @i b < VH{To, Ty, b = V{0, Ty - Ty )
\/{.CCil,...,l’iT} < \/{Jril,...,l’ir+1} < \/{a:o,xil,. . '7xi7‘+1}'

Since the lattice is geometric, by proposition 2.15, all maximal chains
between two elements have the same length. The first line is a max-
imal chain of length 2, so the second line has the same length and
we have the equality V{x;,...,z;.} = V{2y, ..., T, } O

Lemma 4.15. Let A be a subspace arrangement with a geometric
lattice and A’', A" the deleted and restricted arrangements with re-
spect to xg € A. If xo is a separator, then there exists an isomor-
phism H*(M(A'); Q) — H*(M(A"); Q) of Za-graded vector spaces.

Proof. Let’s define a map 6: D(A’) — D(A”) by sending the element
{ziy, ...,z } to {xzoNxiy,...,xo Nz, }. It is obviously a surjection.
If xo N@; = 29 Nxj, then xo Nx; = 29 Nx; N, and by lemma 4.14,
x; = x; N xj, which is impossible (we always suppose that A does
not have two subspaces x and y such that = C y). So, the map 0 is
a bijection.
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To show that # commutes with the differential, consider o =
{zi;,...,x;. } and let
Ji={j:1<j<rand Vo=V(o\{zy})},
Jo={j:1<j<rand V(ocU{xo}) = V(e U{xo} \ {zi;})}
We have :
O(do) = Z (—1){zo N Tiys oo @i, O wg b\ {zo Ny, b,
jed1
A(0(@)) = 3 (~1 {0 Nz, N\ o N2, ).
jE€J2
Lemma 4.14 shows that J; = Js, so 8 commutes with the differ-
ential. Therefore, the map in cohomology H*#: H*(M(A'); Q) —
H*(M(A");Q) is an isomorphism of vector spaces.
Finally, let o = {x;,...,z;,} € D(A’) of degree deg(c). It is
mapped to {zo Nziy,...,x0 Nz} € D(A”). We have :
dego —degf(o) = (2m — 2dim Vo — )
— (2dimz¢ — 2dim(zo N Vo) — 1)
= 2m — 2dim(zo + Vo) = 2 codim(zg + Vo)

So, 6 decreases the degree by an even number. O

Notice that when the subspace x¢ is also an hyperplane, the map
0 does not change the degree. So, we have a stronger result.

Proposition 4.16. Let A be a subspace arrangement with a ge-
ometric lattice and A’ A" the deleted and restricted arrangements
with respect to xg € A. If xg is an hyperplane and a separator, then
there exists a map 6: D(A') — D(A") which induces an isomorphism
H*(0): H*(M(A);Q) — H*(M(A"); Q) of Za-graded vector spaces,
and

Poin(M (A"),t) = Poin(M (A"), ),

Poin(M(A),t) = (1 + t) Poin(M (A"),t).
Proof. Let o € A’. Since xg N Vo # Vo, we have Vo ¢ xg. But xg
is an hyperplane, so codim(zg + Vo) = 0. Therefore, the map H*6
of lemma 4.15 preserves the degree and is an isomorphism of graded

vector spaces. This fact and proposition 4.10 implies directly the
two equalities. O
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Finally, since the map H*(f) is a Zs-isomorphism, we obtain
some information about the Betti numbers.

Proposition 4.17. Let A be a subspace arrangement with a ge-
ometric lattice and A’ A" the deleted and restricted arrangements
with respect to zg € A. Let b; = bj(M(A)),b; = bj(M(A")) and
b = b;(M(A")). If zo is a separator and A’ is not empty, then we
have the following relations :

o0 (o] oo o0

Z /2/1 = Zblm = Zbéi—l—l = Z /2,i+17
1:00 ;O=O =0 . =0 .
b= b, VYneNY b<> b
i=0 i=0 i=0 i=0

Proof. The equality Y72 bai(M(A")) = Y720 bair1(M(A)) is a di-
rect consequence of corollary 4.8, everything else is a consequence of
lemma 4.15 O

4.5 Examples

In this last section, we give a few examples of arrangements, in or-
der to get a better picture of what really happens. A few natural
questions are stated and (partially) answered.

We proved (in propositions 4.10 and 4.13) that if A is an ar-
rangement with a geometric lattice or with a separator, then the
long exact sequence of section 4.2 splits. So, a question naturally
comes to the mind : what happens if z is not a separator or if L(.A)
is not geometric? Does the result still holds in the general case?
That question is answered negatively by the following example.

Example 4.18. In C°, let A = {hg, h1,ha} where hg,h; and hs
are defined by the equations z; = 25 = 0, 21 = 20 = 23 = 0 and
z3 = z4 = z5 = 0, respectively.

A basis of the cochain complex D(A) is described in table 4.1.
From that, it is easy to see that Poin(M(A),t) = 1 + 3 + 2t° + 2t6
(notice that x(M(A)) = 0). Let’s consider A" = A\ {ho} and the
corresponding restricted arrangement A”. Some quick computations
yield Poin(M(A'),t) = 14 2t° + 3, Poin(M(A"),t) = 1 + 2> + t*
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and

Poin(M (A'), t) + t> Poin(M (A"), 1) = 1 4 3 4+ 267 + 2% 4- 7 - 5.

deg(x) x dx 0
0 {0} 0
3 {ho} 0 ho N h1 h() N hg
5 {1} 0 / \
5 {h2} 0
6 {ho, h1} 0
6 {ho, ho} 0
7| {ho,hi,hod | —{hi, ho}
8 {1, ha) 0 <c5

Figure 4.1: Description of D(A) and L(A).

So, the subspace arrangement A shows that the long exact se-
quence in cohomology does not always split. Obviously, hg is not a
separator and L(A) is not geometric (because C° < h is a maximal
chain while C® V hy < hy V hy is not, see proposition 2.15). How-
ever, if we consider the triple (A, A’, A”) associated to hy, then the
Poincaré polynomials are :

Poin(M(A),t) =1+ > + 1 + 5,
5 Poin(M (A'), 1) = t3(1 + 1),
Poin(M(A),t) = 1+ t3 + 2t° 4 215,

which satisfies the formula of proposition 4.10. But it is easy to see
that hy is a separator. So, the arrangement 4 from example 4.18
is a subspace arrangement such that L(A) is not geometric, with
a subspace (hg) which is not a separator and with a subspace (h)
which is a separator.

In the previous example, we were able to select a separator. But
are there subspace arrangements such that no subspace is a separa-
tor? Or is it always possible to choose a separator? That question
is very easily answered with the following example.
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0
RN
A2 A3
N
C3

Figure 4.2: Lattice L(B) of example 4.19

A1

Example 4.19. Consider the arrangement B = {)\g, A1, A2} in C3
defined by z0 = 23 =0, 21 = 23 =0 and 21 = 29 = 0.

Clearly, it is a subspace arrangement such that no subspace is
a separator. Let B = B\ {\o} and B” be the corresponding re-
stricted arrangement. Let us compute the Poincaré polynomials cor-
responding to M (B), M (B') and M(B"). A basis for D(B) is 1 in
degree 0, {\;} in degree 3, {\;, A\;} in degree 4 and {Ao, A1, A2} in
degree 3, with all differentials equal to zero except d{\g, A1, A2} =
—{A1, A2} + {0, A2} — {No, A1 }. From that, it is easy to compute

Poin(M(B),t) =1+ 33 + 2t =14+ 283 + t1 + 3(1 + 1)
= Poin(M (B'),t) 4 1380 Poin(M (B"), t).

But clearly the lattice L(B) of example 4.19 is geometric. It
would be interesting to find an example of subspace arrangement A
such that the lattice L(A) is not geometric, and with a subspace xg
which is not a separator, but such that the long exact sequence in
cohomology splits.
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CHAPTER 5

Rational wedges of spheres

As we said previously, the rational model D(.A) contains all the ra-
tional homotopy information on M (A). Two particularly simple sit-
uations are when all the products are zero, or when no products are
zero. In this chapter, we study what happens in the former situation.

A well-known space with trivial products in cohomology is a
wedge of spheres, so an interesting question is if/when M (A) is a
wedge of spheres. In general, the question of when the complement
of a subspace arrangement is a wedge of spheres seems quite diffi-
cult. In along paper (see [19]), J. GRBIC and S. THERIAULT tackled
this problem in the case of coordinate subspace arrangements. They
proved that if K is a shifted complex (see [19] for the definition),
then M (A) is homotopy equivalent to a wedge of spheres.

Since we work with rational models, D(.A) and BP(.A), we should
not expect to obtain such strong results with them. But we can ask
a weaker question : when is M (A) a rational wedge of spheres? In
the geometric case, we can answer this question : M (A) is a rational
wedge of spheres if and only if for all z,y € A, x +y # C™. This
is corollary 5.4, which is proved in section 5.1. This is probably the
best we can get from D(A).

In the case of coordinate subspace arrangements, we do not have
the formality nor the nice properties of geometric lattices. As we
will see in section 5.2, the theorems of section 5.1 are false in this
case, but we still manage to obtain some weaker results by adding
some additional restrictions : we prove that if M(A) is a rational
wedge of spheres (and a technical condition), then for all x,y € A,
x+y#Cm
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5.1 Arrangements with a geometric lattice

The next lemma is the main ingredient of our proof. It shows that
in the geometric case, the differential of an element {x;,x;, )} < is
very simple.

Lemma 5.1. Let A be a subspace arrangement in C™ with a ge-
ometric lattice and 0 = {z;,xj,2}< € D(A). Then, do = 0 or
do = —{xj,xp} + {zi, o} — {5, 25}

Proof. We only need to show that the cases where do is a sum of one
or two terms can not happen if L(.A) is geometric. Suppose that this
is the case and that do = —{zj,x} or do = —{zj, z} + {xi, o1}
(the exact same proof will apply to any other combination of one or
two terms).

By definition of the differential, we have z; V xp = z; V x; V 2.
Since {xj,xr} is obviously independant, proposition 2.18 tells us
that rk(x; V o; V a) = rk(z; V ) = 2. Again, by definition of the
differential, we have x; V z; V xp > x; V ;. So, rk(z; V a; V ) >
rk(z; V ;) = 2, which is a contradiction. O

To every subspace arrangement A, we can associate a simple
chain complex : for i € N, let C;(A) be the free Q-module generated
by {o C A:|o| =i} and D: Ci41(A) — Ci(A) be the map defined
for o = {2j,,..., 2., }< by Do = S (=1)*(o \ {z;,}). This is
almost the same as D(A) except that the grading and the differential
are slightly different. As the following lemma shows, (Ci(A), D)
doesn’t contain any information.

Lemma 5.2. Let A = {x1,...,2,} be a subspace arrangement in
C™. Then the chain complex (Cy(A), D) is acyclic.

Proof. Obviously, D? = 0, so (Cy(A), D) is a chain complex. Con-
sider the standard (n — 1)-simplex A""! = (e1,...,e,) C R™. Let
S;(A" 1 Q) be the free Q-module generated by the i-dimensional
faces of A"~!. There is an obvious bijection ¢;: C; — S;(A""1, Q),
which gives us the following commutative diagram, where the map
0 is the boundary homomorphism as defined in simplicial homology
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theory.

---—D>CZ‘+1(.A)D—>C¢(A)—D>Ci_1(A)D—>-“

l@ﬂq J%‘ J{‘Pi—l

=T S (AT Q) = Si(ATT Q) T S (AT Q) s

So, the homology H,.(C.(A),D) actually corresponds to the sim-
plicial homology H.(A" 1 Q). But A"~! is contractible, therefore

H.(C.(A),D) =0. O
Now, we have all the tools required to prove the following theo-

rem.

Theorem 5.3. Let A= {x1,...,x,} be a subspace arrangement in

C™ with a geometric lattice. The following conditions are equivalent.

1. The multiplication map
HY(M(A); Q) © H"(M(A); Q) — H"(M(A); Q)
s zero,

2. for all i,j, the products {x;} - {x;} = 0 in D(A) (or in other
words : x; +x; #C™),

3. for all o,7 C A, we have o -7 =0,
4. M(A) has the rational homotopy type of a wedge of spheres.

Proof. We will prove the implications (1) = (2) = (3) = (4) = (1).

(1) = (2). Suppose that every products in H*(M(A);Q) are
zero. Then for all i < j, [{z;} - {z;}] = [{zi}] - [{z;}] = 0. So,
it means that either {z;} - {z;} = 0 or {z;} - {z;} = {x;,z;} is
a coboundary. Suppose that {z;,z;} is a coboundary. Then, by
lemma 5.1,

{CCZ‘,IL']‘} = Z auvw(_ {xvvxw}+{xU7xw} - {xquxv}>
1<u<v<w<n

for some o € Q. But that would mean that {z;,z;} is in the
image of D: C3(A) — C2(.A) (as defined before lemma 5.2). But by
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lemma 5.2, we know that H,(C.(A), D) = 0, so we have im(C3(.A) 5

C2(A)) = ker(Ca(A) Z Ci(A)). But this is impossible because
D{xi,x;} = —{x;} +{x;} # 0. So {z;,2;} can not be a coboundary
and the product {z;} - {z;} is necessarily equal to zero.

(2) = (3). Suppose now that every product {z;}-{z;} is zero (or
in other words, the vector space sum x;+xz; # C™). Let 0,7 C A and
choose z; € o,z; € 7. We have : Vo+V71 C z;+ V71 C 2;+2; # C™.
Therefore, o - 7 = 0.

(3) = (4). First, if A contains only one subspace, then M (A)
has the homotopy type of a sphere. Now, suppose that |A| > 2.
For all z;,z; € A, we have z; + x; # C™, which proves that z; and
xj can not be hyperplanes. So A is an arrangement of subspace of
codimension greater or equal to 2. Therefore, by corollary 2.21, the
space M(A) is 1-connected. Also, every product in H*(M(A); Q) =
H*(D(A)) is zero, so H*(M(A);Q) is a direct sum of copies of Q
in various degrees, with only trivial products. Since M (.A) is formal
(by proposition 3.10), M (.A) has the same minimal model as a wedge
of spheres. And since M (A) is 1-connected, it has the same rational
homotopy type.

The last step (proving that (4) = (1)) is a well-known property
of wedges of spheres. O

This theorem gives us immediately a simple criterion to detect
rational wedges of spheres. Also, since this is about arrangements
with a geometric lattice, we can use Dz(.A) to get some information
about the cohomology with integer coefficients (see proposition 3.12).

Corollary 5.4. Let A be a subspace arrangement in C™ with a ge-
ometric lattice. Then the three following statements are equivalent :

1. M(A) is a rational wedge of spheres,
2. forallz,ye A, z+y #C™,
3. all the products in H*(M(A);Z) are trivial.

Proof. (1) <= (2) is an immediate consequence of theorem 5.3 and
the definition of product in D(A).

(3) = (1). If all the products in H*(M (A);Z) are trivial, then
the products in rational cohomology are trivial, which is equivalent
to (1) by theorem 5.3.
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(2) = (3). The condition (2) means that all the products are
trivial in D(A). But then the products are clearly trivial in Dz(A).
So, the products in H*(M(A);Z) are trivial. O

5.2 Coordinate subspace arrangements

The results of the previous section do not hold in the general case.
The coordinate subspace arrangement studied in example 3.8 is a
simple counterexample : A = {z1,z2,23,24} is a coordinate sub-
space arrangement in C* where 1,29, 23, 24 are defined, respec-
tively, by the equations z1 = 29 = 0,29 = 23 = 0,23 = 24 = 0
and z4 = z1 = 0.

On page 27, we proved that H*(D(A)) is concentrated in degree
0,3,4,5 with

dim H°(D(A)) =1, dim H3(D(A)) = 4,
dim HY(D(A)) = 4, dim H*(D(A)) = 1.

So, for degree reasons, the products in cohomology are clearly trivial,
but z; + x3 = CL

In this section, we will show that we can still obtain some re-
sults in the case of coordinate subspace arrangements by adding an
additional technical condition. However, since those subspace ar-
rangements lack formality, we still won’t have results as strong as in
the previous section.

Recall that if A is a coordinate subspace arrangement without
hyperplanes, then we have the following rational model of M (.A) :

BP(A) = (Qx1,...,zm]/Ix @ Aui, ..., up),d)
with dz; = 0,du; = z;, |z;| = 2, |u;| = 1 (this is theorem 3.20).

Lemma 5.5. Let A be a coordinate subspace arrangement in C™
and consider 01,09 C [n] with o1 = {i1,...,ik}<,00 = {1, -, Je}<
such that x4, , s, € A. Then

1. the cohomology class [wi, iy - - T, ] = [Ti, Wiy Tig - - - X3, ] IS MOL
trivial (in the model BP(A)),

2. if o1 Noy = 0 and if there is no o3 C o1 U oy (with o3 # o1
and o3 # 02) such that x,, € A, then the cohomology class
[Wiy Tiy - - - Ty Wjy Ty - - - 5, 15 MOt trivial
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Proof. 1t is easy to see that
duilﬂ% C LGy, = dl’iluin’iS C Ty, = duilzniz tee xikujlmh e {L‘jé =0.

The equality [u;, @i, - - - T4, ] = [Ti, Uiy Tiy - - - 24, ] comes from the fact
that

d(uiluh:rig e xzk) = Ty Ujg Lz * ** Ly, — Ugy Tijg * * * Ly, -

Let’s start by proving the first assertion. Recall from remark 3.22
that BP(.A) can be decomposed as a direct sum of cochain complexes

BP(A) = @ BP,(A).

ce{l,...,n}

So, we just need to prove that [u;, ;, - - - 2, ] is not trivial in BP,(.A),
where 0 = {i1,...,i;}. Without loss of generality, we can assume
that o = {1,...,k}. To simplify the proof, we will use the following
notations :

e if 1 <4 <k, then U; is the monomial xq - - - ;12441 - - - T Uy,
o if1 <i<j<k, then

Uij =21 T 1Tig1 - Tj—1Tj41 -+ TRUU;.

Note that dU;; = —U; + U;. With these notations, the problem can
be rephrased in the following way : we want to prove that U; can not
be written as a coboundary d(3>° «;;Ui;) = > i (U; — U;). Consider
the map 6 that maps a sum Y o;U; to 0(>° «;U;) = > aj. We have :
6(Ur) =1 and 0(3° y;(U; — U;)) = 0, therefore Uy = xg - - - zpuy is
not a coboundary and the first assertion is proved.

Now, let us prove that [u;, z;, - - - T3, uj, xj, - - - ;,] is not trivial.
First observation : if every L, € A is such that 7 & o1 U 09, then
Tjy + Xy Tjy - - T4, is not in Ix. So, we only need to prove that
Uiy Tig =+ - Ti Ujy Ty - - T4, is nOt a coboundary. We can assume that
o1={1,...,k}and oo = {k+1,...,k+¢}. As above, we introduce
some new notations to make the proof clearer :

Vab := @1 Ta—1Ta41 " Tp—1Tp11 " * * ThyUgUp,

Vabe := 1+ Tq—1Tat1 " Too1Tbp1 " " Lom1Log1 - * * Tl Ug Uple-
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Notice that dVgpe = —Vie + Vae — Vi if @ < b < ¢. What we need to
prove is that Vi 1) can not be written as a sum >° agpe(dVape) =
> ape(—Vie + Ve — V). This can be proved by using exactly the
same argument as in the proof of theorem 5.3.

O

Now, we can state and prove a theorem similar to theorem 5.3,
but in the case of coordinate subspace arrangements.

Theorem 5.6. Let A be a coordinate subspace arrangement in C™.
If for all x5), 5y, oy € A With T4y # T4, and Te, # T4y, we have
o3 € o1 Uos , then the following conditions are equivalent.

1. The multiplication map
H*(M(A);Q) @ H(M(A); Q) — H*(M(A);Q)
s zero,
2. for all z,y € A, the product {z} - {y} =0 in D(A),
3. for all 0,7 C A, we have o -7 =0,

Proof. (1) = (2). Suppose that every products are trivial in coho-
mology and choose two subspaces ; and 9 in A with equations

Y1 Zilz...zziklzo,

Y2 Zjy =...=zj, =0.

In this case, proving that {y1} - {y2} = 0 in D(A) is equivalent to
proving that {i1,... ik, } N {j1,.. -, Jky } # 0.

Suppose that {i1,...,ik } N {j1,.-.,Jk,} = 0 and consider the
cohomology classes a = [u;, @i, -+~ 2y, | and 8 = [uj, ), -~ x5, ]. By
lemma 5.5, o, 8 and « - § are not trivial which contradicts statement
(1).

(2) = (3). Same proof as in theorem 5.3.

(3) = (1) is obvious. O

The additional technical condition in the previous theorem was
needed, the example 3.8 shows that it is not true in general.
We have now the following corollary, similar to corollary 5.4.
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Corollary 5.7. Let A be a coordinate subspace arrangement in C™
such that for all x4, %6y, 2e, € A, we have 03 € 01 U oa. Then
M(A) is a rational wedge of spheres if and only if for all x,y € A,
x+y#Cm

Proof. This is an immediate consequence of theorem 5.6. O



CHAPTER 6

Ellipticity of M (A)

6.1 Introduction

Let A = {x1,...,2,} be a complex subspace arrangement. In this
chapter, we explore the consequences of ellipticity of M (A) (see def-
inition 1.17). More precisely, we show in theorems 6.7 and 6.10 that
if L(A) is a geometric lattice or if A is a coordinate subspace ar-
rangement, then the following statements are equivalent :

1. M(A) is a nilpotent rationally elliptic space,
2. codim N} z; = Y i~ codim z;,

3. M(A) has the homotopy type of a product of odd dimensional
spheres,

These results are curious : they connect a rational homotopy
property (ellipticity) with non-rational topological properties. This
is explained by examining closely the rational model D(.A), and more
precisely, the multiplication (see section 3.1). The definition of the
multiplication uses a geometric condition, which is the link between
rational homotopy and geometry.

From these statements, is is easy to see that most arrangements
are not elliptic (for example, arrangements in C"” with more than m
subspaces can not verify the second statement).

The proof of the main theorem, in the case of arrangements with
a geometric lattice, is done in the next two sections. In section 6.2,
we study what happens when the cohomology of M (A) is a Poincaré
duality algebra. The proofs of this section are specific to the geo-
metric case. In section 6.3, we use the previous results and prove the
equivalence of the various statements mentioned above.

63



64 Chapter 6. Ellipticity of M (.A)

The proof of the main theorem, in the case of coordinate subspace
arrangements, is done in section 6.4. Basically, we use the model
BP(A), specific to coordinate subspace arrangements, to prove a
similar step than the one proved in section 6.2 with Poincaré duality.

It is interesting to see that the theorem mentioned above is
proved in two very different situations (arrangements with a geo-
metric lattice and coordinate subspace arrangement), with different
techniques. A question comes immediately to the mind : is it always
true, or can we find subspace arrangements which verify some, but
not all of the equivalent conditions stated above? I have been un-
able to find such a counterexample, and my investigations make me
believe that it is always true.

Question 6.1. If A is a subspace arrangement in C”, then M (.A)
has the homotopy type of a product of odd dimensional spheres if
and only if M (A) is a nilpotent rationally elliptic space.

Note that a weaker version of some results presented in this chap-
ter has been published in [10].

6.2 Poincaré duality

Let A = {z1,...,2,} be a complex subspace arrangement with a geo-
metric lattice. In this section, we prove that if M (.A) verifies Poincaré
duality, then the model D(.A) is very simple : it is (A(y1,...,Yyn),0)
with y; in odd degrees. By Poincaré duality, we mean that the co-
homology is a Poincaré duality algebra :

Definition 6.2. Let H be a connected, finite dimensional, graded
algebra over the rationals. H is a Poincaré duality algebra if there ex-
ists n € N with the property that H? = 0 for p > n, dim H” = 1 and
for every 0 < p < n, multiplication induces a bilinear nondegenerate
map HP x H* P — H™,

Let A= {z1,...,z,} be a subspace arrangement with a geomet-
ric lattice L(A) in C™, let M, be the greatest element in L(A) and
C™ < My < -+ < M,_1 < M, be a maximal chain in L(A). Notice
that tk(M;) =i for 1 <i <r. Let X; = {z € A: z < M;}. For
every 1 < i < r, we construct a chain complex C? : C’; is the mod-
ule generated by all the linear combinations of the o C A such that
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Vo = M; and |o| = p. With the differential defined in the rational
model of M(A) (see section 3.1) and deg(c) = |o|, C! is clearly a
chain complex.

Lemma 6.3. Let A = {x1,...,2,} be a complex subspace arrange-
ment with geometric lattice. If H*(M(A); Q) is a Poincaré duality
algebra and 1 < k < r, then dim Hy,(C¥) = 1.

Proof. To make sure that the signs are correct, we will suppose that

the subspaces x; are numbered in such a way that if z; € X, and

xj € Xpq1 \ Xy, then ¢ < j. Such a numbering is always possible.
Fori=1,...,r, let E;, be the submodule of C;; generated by

e all the 0 C A such that |o| = p, Vo = M; and o contains at
least 2 elements of X; \ X;_1,

e each element {z;, Ty, ..., i, 1, Y1} — {%iy, ..., Ti,_y, Y2} With
T, € X;_1 and Y1,Y2 € X; \Xz'—l-

It is easy to check that E! is a subcomplex of C:. We have the
following short exact sequences :

0—E:—C!— C/E! —0.

Since L(A) is a geometric lattice, proposition 3.11 states that the
cohomology is generated by the independant classes ¢ C A. So, the
(reduced) homology of C! is 0 in every degree except possibly the
ith degree. In other words, we have : H,(C?) = H;(C%).

Notice that the previous paragraph implies that H;(Cit!) = 0.
Using this observation, let’s prove that H;(Eit1) = 0. If 0 C A is
such that |o| =4, Vo = M;41 and o contains at least two elements
of X;+1 \ Xj, then there exists o € C’Zi% such that da = 0. But
this can only be true if a € E;‘i‘ll, which implies that [0] = 0 in
Hi(EXY) . If o1 — 09 = {&, Ty - s Ty Y1 — {0 :L‘n.,yg} with
Tp; € X; and y1,y2 € Xit1 \ Xi, then there also exists a € Cfill such
that da = 01 — 02. But then {z,,..., 2z, 91,92} € EZI% and its
differential is oy — 9. This proves that [o7 — 09] = 0 in H;(Ei™!).
Therefore, H;(EiT!) = 0.

Now, consider the long exact sequence in homology associated
with the short exact sequence above. We proved that H;(E*!) = 0,
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so the map H,;1(CiTY) — H; 1 (CHY/EHY) is surjective and we
have the inequality

dim H/L'Jrl (Ci+1/Ei+1) < dim Hi+1 (Ci—’_l)

The next step is to prove that H;(C%) = H,; 1 (CiT1/E1). Since
Xi+1 \ X; is non empty (because VX;11 = M;+1 and VX; = M;),
we can choose some y € X;y1 \ X;. Let’s define a map ¢;: C? —
Cit1 /B! by sending o to [0 U {y}].

If o € C! is such that ¢;(a) = 0, then a U {y} € Ei*l. But
the only element of X;i; \ X; that appears in o U {y} is y. So,
aU{y} € EX can only happen if a = 0, which proves that ¢; is
injective. To show that ¢; is surjective, let [a] € CiT1/EiFL We
can replace « by some & such that the only element of X; 1 \ X;
contained in & is y, and [a] = [@]. Obviously, there exists a 3 € C?
such that ¢;(8) = [@] = [a]. So, the map ¢; is surjective and is an
isomorphism of graded vector spaces.

To prove that ¢; commutes with the differential, we need the
geometricity of the lattice L(.A). From the definition of ¢; and the
differential, we see that we need to prove that for every increasing
sequence 1 < i1 < i3 < --- < i, < n such that z;, € M; and for
every 1 < j <p,

\/{Iil,...,f?j,...,$¢p}:Mi
<~ \/{:I:il,...,xij,...,xip,y} = M;11.

Let M = V{wy,...,Ti;,..., 7} . We need to prove that M =
M; < MVy = M;y;. Suppose that M = M;. By construc-
tion, we have M = M; < M;;+1. So, proposition 2.14 proves that
either M = M; Vy < MW Vy,or M = M;Vy= M1 Vy. The
former is impossible (because M; < M; Vy < M;11 Vy = M;y1), so
the latter is true and M = M;;;. Now, suppose that M Vy = M;1.
Obviously, tk M < rk M; = i. Now, the definition of a geometric
lattice implies that rk M +rky > rk(M Vy) +rk(M Ay), or in other
words, that rk M > i. This prove that rk M =1, so M = M;.

This proves that ¢; is an isomorphism of chain complexes, so we
have the equality dim H;(C?) = dim H;41(Ct/EY). This result,
together with the inequality proved above, gives us

dim H;(C?) < dim Hy, 1 (CIH).
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By hypothesis, H*(M(A); Q) is a Poincaré duality algebra, so there
is a unique cohomology class in the highest degree in H*(D(A)).
That cohomology class is represented by an independant ¢ C A
such that |o| = r. If dim H,(C}) > 2, then there is another class [7]
and by Poincaré duality, there is an element [p] in H*(D(A)) such
that [0] = [p][r], but this is impossible by the multiplication law
because codim Vo = codim V7. Therefore, dim H,(C}) = 1. From
the following sequence of inequalities

1 = dim H,(C}) < dim Hy(C?) < -+ < dim H,.(CT) = 1.
we deduce that dim H(CF) =1 forall 1 <k <r. O

Lemma 6.4. Let A = {x1,...,2,} be a complex subspace arrange-
ment such that L(A) is geometric and H*(M(A); Q) is a Poincaré
duality algebra. If M € L(A) with tk(M) =k < r, then #{x € A :
< M}=kF.

Proof. Let Xpr = {z € A: x < M}. We prove the result by
induction on rk M. It is clear for £k = 1. Now, let’s suppose that it
is true for all N € L(A) with Tk N <k —1 and let M € L(A) with
rk M = k. Denote by M; < My < -+ < My = M < M, a maximal
sequence in L(A), and write

{reAd:x < M1} ={z1,...,25-1},
Xy={re Ao <M} ={x1,..., 051, Th—141,- - The14+0}-

We need to prove that £ = 1. Let’s consider the chain complex C¥
defined above. Remark first that if o = {Zn,..., 20, }< C Xur,
then for each s, V(o \ {zn,}) = M, because otherwise V(o \ {zy,}) is
an element N in L(A) with tk N < k. So, #{r € A:z < N} >k >
rk NV, in contradiction with our induction hypothesis. Therefore, if

0= {xn17"-7xnk+l} E O§+1, then
k+1 .
do =" (=10 \ {wn, }.
7j=1

So, if 1 & {j1,...,Jk}, then we have

k
{.%'jl,.. . ,[Ejk} = d{xl,a;jl,...,:cjk} — Z(—l)l{xl,. . .,.@ji,... ,a:jk}.
=2
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This proves that every cycle of degree k in the complex C¥ is equiva-
lent to a sum Y oj{x1, xj,, ...,z }. The next step of this proof is to
show that no cycle of the form 3_; a; {z1,2,,...,2;,} is a boundary.
Suppose that this is the case. Then }°; aj{z1, 2, ..., 7} is equal
to

d [Zm /Bm{xlvme R li’mk} + Zn ’Yn{xnl) cee 7xnk+1}}

with 1 & {nq,...,nky1}. By developing the differential and looking
at the terms that do not contain z1, we get

_Zmﬁm{xmla 7‘I.mk}

k+1

—1—2 Yn (Z {ajnl,...,ini,...,xnkﬂ}).

=1

We deduce that

d <Zn ’Yn{x].u:’cnla ce 7xnk+1}> = - Z’Yn{ﬁnla e 7xnk+1}
n

k+1

_Zﬁ)/n (Z {xlax’nlw"7'ﬁn¢7"'7$nk+1}>

=1

= _anyn{xnp L 7$nk+1} - Zmﬁm{xhxmp LI ,Q?mk}.

Since d? = 0, the sum > {1, 4y, ., 35} s equal to zero. So,

every o C Xy with |o| = k is a generator of Hy(CF).
The above result implies that ¢ = 1 and Xy = {x1,..., 2%},
because otherwise dim Hy(C¥) > 2, in contradiction with lemma 6.3.
0

Proposition 6.5. Let A = {z1,...,z,} be a complex subspace ar-
rangement. If L(A) is geometric and H*(M(A); Q) is a Poincaré
duality algebra, then the model D(A) of M(A) is simply the algebra
(Aly1,---,Yn),0) with degy;, = 2 codimx; — 1.

Proof. Let 0 = {x;,,...,z;,} € A. By lemma 6.4, rkVo = #{z €
Az < Vo} > r. But proposition 2.18 tells us that rkVveo <
r. So, tkVo = r and o is independant. Since any subset of A is
independant, the differential of D(.A) is zero and we have D(A) =
(H*(M(A);Q),0).
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Let 0,7 C A such that o N7 = (). Let’s prove that o -7 # 0. By
Poincaré duality, there exists a cohomology class o C A such that
o-a={xr,...,o,}. But a can only be equal to A\ o, so 7 C «.
Remember that o-a # 0 if and only if Vo+Va = C™. But Va C Vv,
so we have Vo + V7 = C™, which implies that o - 7 # 0.

Therefore, all the products {x;, }-----{z;,} # 0. But by definition,

we have {x; } -+ - {x;} = {xi,...,2;}. So, the model D(A) is
simply the differential graded algebra (A([{z1}],...,[{zn}]),0), with
deg[{z;}] = 2codimz; — 1. O

6.3 Arrangements with a geometric lattice

Before proving the main theorem, the following lemma gives a geo-
metric interpretation of the statement

n
codim N}, x; = Z codim ;.
=1

If 2 is a vector subspace, then the notation (z)* denotes its orthog-
onal subspace.

Lemma 6.6. Let A = {z1,...,2,} be a subspace arrangement.
Then codim N} x; = > i codimx; if and only if the sum i +
-+ 3y is a direct sum.

Proof. First, let’s prove by induction on k, 2 < k < n, that :

L k
k _ 1L
(mj:lxj) =D
For k = 2, it gives (z1 Nag)* = zi + x5, which is a well-known fact.
Now, let’s suppose that the formula is true until £ — 1. We have :

i
k k—1 1 k=1 NL L
(ﬁjzlxj) = (N2 Nag)™ = (NjZ125)" + T

Using the induction hypothesis ends the proof. Now, we can prove
the lemma :

a4+ + x# is a direct sum <= Zdimaaf = dim (Z xf)
<:>Zcodim x; =dim (ﬁ?zlxi)H:)Zcodim x; =codim N x;.

O]
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Now, everything is in place to state and prove the main theo-
rem. Thanks to the previous lemma, this theorem is even better
than advertised in the introduction, because we have added a fifth
condition.

Theorem 6.7. Let A= {x1,...,2,} be a complex subspace arrange-
ment with a geometric lattice. Then the following conditions are
equivalent :

1. M(A) is a nilpotent rationally elliptic space,
2. M(A) is a Poincaré duality space,
3. codim N}’ z; = Y i codim x;,

4. M(A) has the homotopy type of a product of odd dimensional
spheres,

5. the sum xf + -+ + x; is a direct sum.

Proof. We will prove the following implications : (1) = (2) = (3) =
(4) = (1) and (3) <= (5).

e The implication (1) = (2) is proved in [21].

e (2) = (3). We will prove that codimN}_,x; = Yi*; codim z;
by induction on n. Since H*(M(A); Q) is a Poincaré dual-
ity algebra, proposition 6.5 implies that the model D(A) is
(A({z1},...,{zn}),0). So, we have : {z1} - {z2} # 0. This
means that codim z; + codim z9 = codim(x1 N x2).

Now, suppose codimNf_;z; = 3% | codima; for k < n. The
product {z1,...,zr} - {zx4+1} # 0, so

codim(N¥_2;) + codim x5, 1 = codim(NFH ;).

This relation combined with the induction hypothesis proves
that (3) holds for any n.

e (3) = (4). If Nf_,x; # 0, let’s consider the quotient map
p: C™ — C™/(Nz;). It induces a homotopy equivalence

(C™\ Uzi) — (C™/ Nay) \ U(wi/ N ;).
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Hence we can assume that Nz; = 0. With that assumption,
the condition (3) is simply " codimz; = m. Each subspace
x; € A is the kernel of some linear map : z; = ker(q;: C"™ —
ceodimzi) for j = 1,...,n. Define

e Cm — H(CCOdimZi;p = (al(p)7 < ,Oén(p))

The map « is a linear map between vector spaces. Suppose
that p € kera, then p € kerq; for all ¢ = 1,...,n. It implies
that p is in every subspace z;, so p € N;_;z;. But Ni_ x; =0,
so p = 0 and the map is injective.

But we have dim []C¢4m%: = " codim x; = m, so the map «
is surjective. We proved that « is an isomorphism. Therefore,

M(A) = a(M(A) = ﬁ <Ccodimxi \ {0}> ~ ﬁ G2 codim(z;)~1
=1

i=1

e (4) = (1). If M(A) has the homotopy type of a product of
odd dimensional spheres, it has the rational homotopy type
of a product of odd dimensional spheres, which is an elliptic
space. So, M(A) is elliptic.

e (3) < (5). Proved in lemma 6.6. O

As a very quick consequence, we get an easy test of hyperbolicity.

Corollary 6.8. Let A = {x1,...,z,} be a complex subspace arrange-
ment in C™ with a geometric lattice and such that codim x; > 2 for
alli. If n > m, then M(A) is rationally hyperbolic.

Proof. Because of corollary 2.21, the codimension condition implies
that M(A) is simply connected. If n > m, then Y i, codim(z;) >
codim(N?_;z;). So, the condition (3) of theorem 6.7 does not hold
and M (A) is not rationally elliptic. O

6.4 Coordinate subspace arrangements

The proof of theorem 6.7 uses the geometric property of the lattice in
a few important places. Generalizing these proofs to the general case
seems to be a hard problem (it is the conjecture 6.1). However, it is
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doable in a particular case : the coordinate subspace arrangements,
and this is what this section is about.

The differences between arrangements with a geometric lattice
and coordinate subspace arrangements explain the need for different
methods of proof. The proof in the geometric case is based on the
model D(A), and on some nice properties of the lattice. What we will
use in the case of coordinate subspace arrangements is the rational
model BP(A) from section 3.2.

The main result of this section is theorem 6.10, which is very
close to theorem 6.7 but slightly weaker (we don’t prove that M (A)
having Poincaré duality is equivalent to the other conditions).

A close look to the proof of theorem 6.7 reveals that most of it
doesn’t depend on the geometricity of the lattice. Actually, the only
step specific to geometric lattices is the fact that

n
Poincaré duality = codim N}, z; = Z codim x;.
i=1

It took the entire section 6.2 to prove it in the case of subspace
arrangements with a geometric lattice. No proof of this implication
is known in the general case, nor in the specific case of coordinate
subspaces arrangements. However, using the rational model BP(A),
we can prove that

n
M (A) is rationally elliptic = codim N} z; = Z codim z;.
i=1

This will lead us to a weaker version of theorem 6.7. But let’s start
by looking at the codimension condition.

Remember that there is a bijection between the subsets of [m] =
{1,...,m} and the coordinate subspaces in C™ :

c: Plm| — Coordy; {i1,...,ir} +— {2, = ... = z;, = 0}.

Let I,J C [m]. Clearly, we have codim¢(l) = |I] and ¢(I) Ne(J) =
c(I'UJ). So, the statement codim Nyeax = >, 4 codimz is equiv-
alent to 3" jco-1(4) [I| = | Uree-1(a) I| where c71(A) is the set

Y A) = {1 Cm]: e(I) € A}

In other words, it is equivalent to the statement that the elements
of c71(A) are pairwise disjoint.
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Lemma 6.9. Let A = {x1,...,2,} be a coordinate subspace ar-
rangement without hyperplane. If M(A) is rationally elliptic, then
codim N z; = Y i*; codim z;.

Proof. Let I; = ¢ (z;). So the set ¢ Y(A) is {I1,...,I,}. If I =
{i1,...,4r}, let’s denote the monomial x;, - - - z;, by x;. So, by defini-
tion, the ideal I is generated by the monomials {z; : I € ¢71(A)}.

As explained above, we just need to prove that the ellipticity
of M(A) implies that the elements of the set ¢~ (A) are pairwise
disjoint.

Suppose that M(A) is elliptic and that there exists two non-
disjoint elements in ¢7!(A). We can assume without loss of gen-
erality that I1 N Iy # (0. Let I; = {il, RN O SO DU ,’is} and
In = {i1, ... ip iss1,...,0¢} in ¢ (A).

Since M (A) is elliptic, Zk is also elliptic and lemma 3.24 tells
us that dim 7. (DJ(K)) ® Q < oco. By proposition 3.19, the space
DJ(K) is formal. Since we know its cohomology (again by proposi-
tion 3.19), we can compute a minimal model from it, and the process
described in section 1.2 will stop at the second step by theorem 1.20.
So, we obtain the following minimal model of DJ(K) :

(A(‘/O ©® ‘/l)vd) = (A(fl?l, s Imy Y1,y - - 7yn)7d)

with dz; = 0 and dy; = ;. As usual, this model is bigraded. We
will only consider the lower grading, induced by the decomposition
V =Vy® Vi. Since d(Vp) = 0 and d(V1) C AVj, this lower grading
is compatible with the differential (which decreases the degree by
one). Consider o = y1@; ., -~ i, — Yoy, - - i, € A(V). A quick
computation shows that it is a cycle :

dla) =z wi,, - Ty — T%i,, - T, = 0.

s

But a € (AV); and the cohomology of (AV,d) is concentrated in
(lower) degree 0. Therefore, there exists a § € (AV)2 such that
df = a. We can write § as a sum }_; ; a;;y;y; with some coefficients
aij € Qlz1,...,xm,]. We have :

Q= Y1 Tigyy " Tip — Y2Tipyy = Tig = df

=Y aij(dyi -y — yi - dy;) = D _(agzr)y; — (aizr)yi-
i i
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So, i, -z is a multiple of some zr;. It implies that I; C
{is41,...,it} € I. But applying the bijection ¢ implies that ¢(I;) C
¢(I2), which is a contradiction, since we supposed that no subspace of
A contain another subspace of A. Therefore the elements of ¢=1(A)
are pairwise disjoints and codim Nze sz = ), 4 codim . O

This lemma is the only missing step to prove the following theo-
rem, which is slightly weaker than theorem 6.7.

Theorem 6.10. Let A= {z1,...,x,} be a complex coordinate sub-
space arrangement. Then the following conditions are equivalent :

1. M(A) is a nilpotent rationally elliptic space,
2. codim N}’ z; = Y i codim x;,

3. M(A) has the homotopy type of a product of odd dimensional
spheres,

4. the sum x1 + -+ x> is a direct sum.

Proof. In the proof of theorem 6.7, we showed that for any subspace
arrangements, (2) = (3) = (1) and (2) < (4), so we only need to
show that (1) = (2) in the particular case of coordinate arrange-
ments.

If the arrangement A contains k hyperplanes, then M (A) decom-
poses as M (A’) x (C*)* for some arrangement A’ in C™~*. Obviously,
C* = S' and A is rationally elliptic if and only if A’ is rationally
elliptic. So, we can suppose that A does not contain any hyperplane.
In that case, the lemma 6.9 shows that the conditions (1) = (2). O

As we will see later, it is also true for coordinate subspace ar-
rangements that these conditions are equivalent to the fact that
M (A) is a Poincaré duality space. It is a consequence of lemma 7.10
and proposition 7.11.

Here again, we obtain a simple test of hyperbolicity :

Corollary 6.11. Let A= {z1,...,x,} be a coordinate subspace ar-
rangement in C™ such that codimz; > 2 for all i. If n > m, then
M(A) is rationally hyperbolic.
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Proof. Because of corollary 2.21, the codimension condition implies
that M(A) is simply connected. If n > m, then Y ;" ; codim(x;) >
codim(N?_yz;). So, the condition (2) of theorem 6.10 does not hold
and M (A) is not rationally elliptic. O
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CHAPTER (

Hyperbolicity of M (A)

7.1 Introduction

In the previous chapter, we discussed the situation where M (A) is
rationally elliptic. Some of the equivalent conditions of theorems 6.7
and 6.10 are very strong. Clearly, few arrangements are such that
C™ decomposes as a direct sum 1 @ --- @ z;-. So, it means that
most arrangements are not rationally elliptic.

In the elliptic case (and if the lattice is geometric or if we deal
with a coordinate subspace arrangement), we proved that the com-
plement space M (A) is a product of odd-dimensional spheres, so its
homotopy Lie algebra is finitely generated and abelian. The hyper-
bolic case is much more complicated, as suggested by the following
conjecture about rationally hyperbolic spaces, by Avramov - Félix.

Conjecture 7.1. If X is a nilpotent finite dimensional, rationally
hyperbolic space, then the homotopy Lie algebra Lx = m(Q2X)) @ Q
contain a free Lie subalgebra on two generators.

Some computations have been made. In [28], J. RoOS gives
some examples of arrangements of hyperplane such that Lp4) is
not finitely generated. In some cases, Lp4) can be described more
precisely. For example, in [12], DENHAM and Suciu proved that
if A is an arrangement of hyperplanes which verify some technical
conditions, then Lp4) splits as a semi-direct product of a Lie algebra
and a free Lie algebra.

Remark that in the previous paragraph, we mentioned some re-
sults about Lp4) instead of Ly;(4). The reason is that M(A) is not
necessarily nilpotent if A is an arrangement of hyperplanes, so we
cannot interpret Lp(4) as m (M (A)) @ Q = Lys(a)-

7
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The main results of this chapter are theorems 7.14 and 7.18.
In the case of arrangements with a geometric lattice or coordinate
subspace arrangement, the following conditions are equivalent :

1. H*(M(A);Q) is not an exterior algebra,
2. there exists an injective map L(u,v) — Lp(a)-

So, if we also take into account the results of the previous chapter,
this result means that M (A) is rationally hyperbolic if and only if
Lysa) contains a free Lie subalgebra on two generators. This is a
particular case of the conjecture 7.1

The proof of theorem 7.14 is quite technical. We will need the
next three sections just to properly develop the various concepts
needed. Section 7.2 is the most technical : it study various cdgas
and their homotopy Lie algebras. Section 7.3 introduces and study
the map ¢: A(e1,...,en) = H*(M(A);Q);e; — [{z;}] : this map is
injective if and only if M (.A) is rationally elliptic. Then, section 7.4
contains the proof of theorem 7.14. As usual, we have a different
proof in the case of the coordinate subspace arrangements, and this
proof is presented in the last section.

Note that the various results presented in this chapter in the geo-
metric case have been published in Algebraic & Geometric Topology,
see [11].

Finally, let’s introduce an useful notation :

Notation 7.2. For every {i1,is,...,ir+1}< C [n], we denote by
[[€is-- €y, ]] the following element of A(ey,. .., ep) :
r+1 )
Heilv s 76ir+1“ = Z(_]‘)]eil e él\] Gy
j=1

7.2 Technical lemmas

This section contains the proofs of a few useful lemmas. These lem-
mas are technical and proving them require some preliminary work
on various differential graded algebras. More precisely, we will need



7.2. Technical lemmas 79

the following algebras :

(A1,0) = (W’(]) (A2,0) = (Mﬁ)

€i1€iy " " €, 1
Aeiyy .. ,e,t Aleiyy.. e,
(Ag,d) — ( (6117 7617-7 72a)’d> (A4’d) — ( (6117 7617-7 2),d)
teil,...,teir,t teil,...,teir,t

(A5,0) = <A(ei2> €)@ (@s>1Qus), 0)

In As, the degree of us is |us| = > |ei, | + (s — 1)|e;, | — s and the
products use;; = 0 and usuy = 0 for all s,s" and j. In (A3, d), the
differential is defined by deij = 0,dt =e;,---€;, and da = ¢;;. In
(Ay,d), the differential is de;; = 0,dt = e;, ---¢;,. Finally, in Ay, [
is the ideal of A(ej,,...,ej,) generated by the elements e;, ---¢;, .,
and [[e;,...,e;,,]]- Notice that the differentials on (A3, d) and on
(A4, d) increases the degree by one, so the degrees of a and t are well
defined.

We will prove six lemmas.

Lemma 7.3. There exists a quasi-isomorphism (As,0) = (As,d).
Also, the projection (Ay,d) = (A1,0) is a quasi-isomorphism.

Proof. Tt is clear that the projection (A4,d) — (A;1,0) is a quasi-
isomorphism, because the kernel is generated (as a vector space) by
the elements t and dt = e;, - - - €;,. Let’s define a quasi-isomorphism
0: (As,0) — (As,d). Consider the subalgebra

(B,d) = (A(ey, ..., €,,a),d)

of (As,d). Since d(As) C B, the differential in A3/B is zero. There-
fore, we have a short exact sequence of complexes :

0 — (B,d) — (As,d) — (A3/B,0) — 0,

and a long exact sequence in cohomology with As3/B = @&,>0Qta’.
By the connecting map, an element ta® of H*(A3/B,0) is sent on
the cohomology class of d(ta®) =e;, ---€;,a° in B. But

1 €.Q

s+1 s
e
s+1 " 4 )

= €4 " €,.a .

T
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Therefore, the connecting map is zero. It means that we have a short
exact sequence in cohomology.

0 — H*(B,d) — H*(As,d) — H*(A3/B,0) — 0.

The cohomology of (B, d) is clearly A(e;,,...,e;.) and the cohomol-
ogy of (A3/B,0) is As/B. Consider the map 0: (45,0) — (4s,d)
defined by 6(e;;) = e;;, j = 2,...,n and 0(us) = “—;eiz ey —atT .
It is a morphism of differential graded algebras. This gives us the
following commutative diagram.

0— A(eh, ... ,eir) — A(eiQ, ceey eir) (&) @leQus — @Sleus —0

k JH*H Jf

0—— HB,d) —— H*(A3,d) — H*(A3/B,0) >0

By the 5-lemma, the map H*0 is an isomorphism, or in other words,
0 is a quasi-isomorphism. O

Lemma 7.4. Let m: (AV,d) — (A4,d) and m’: (AW,d) — (As,d)
be two Sullivan minimal models. Let f: (AV,d) — (AW,d) be a
minimal model of the injection (Ag,d) — (As,d). ThenQf: V — W

18 surjective.

Proof. The map Qf is the linear part of f (see definition 1.11). Let
(v1,v2,...) be abasis of V. Since de;; = 0, rational homotopy theory
shows that we can construct the map m with the property that
m(vy) = e;,. We form then the relative Sullivan model : (AV ®Aa, d)
with da = v1. The map m®id: (AV®Aa,d) — (A4 ® Aa, d) extends
the map m and makes commutative the following diagram.

(AV,d)—"— (AV ® Aa, d)

|

(Ay, d)—1— (A4 ® Aa,d) = (A3, d)

Since m is a quasi-isomorphism, m ® id is also a quasi- isomorphism
(see lemma 14.2 of [16]). So m ® id is a Sullivan model of the map
jom.

The relative Sullivan algebra (AV ® Aa,d) is a Sullivan alge-
bra, and almost minimal : to make it minimal, we only need to
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divide by the ideal generated by a and v;. The projection map
p: (AV ® Aa,d) — (A(vg,vs,...),d) is such a quasi-isomorphism.
So, (A(vg,vs,...),d) is a minimal model of (As, d). We conclude by
letting f = poi. The map f is such that the linear map @ f is simply
the projection V' — V/vy, which is clearly surjective. O

Lemma 7.5. Let (AV,d) be a minimal algebra and f: (AV,d) —
(E,d) be a quasi-isomorphism. If there exists x,y € V such that x
and y are linearly independent, dx = dy = 0 and f(zy) = f(2?) =
f(y?) = 0, then there exists two morphisms of Lie algebras LL(u, v) 4
Lava 2, L(u,v) such that poi =id. In particular, i is injective.

Proof. Consider the differential graded algebra (B,0) = (Q & Qz' &
Qy/',0) where all products are equal to zero and |z'| = |z, |y/| = |y
We can define a morphism of cdga 6: (B,0) — (F,d) with 6(z') =
f(z) and 0(y') = f(y).

Notice that (B,0) is a model of a wedge of two spheres. Its
minimal Sullivan model p: (AW, d) — (B,0) is such that Lyw,q) =
L(u,v) with |u| = |2'|—1 and |v| = |¢/|—1. Without loss of generality,
we can assume that |2/| < |y/|.

The construction of the Sullivan minimal model is realised by an
inductive process. Looking closely at this construction, we can easily
(in low degree) construct a basis for W.

o If |2/| is odd or if |2/| = |¢/|, then AW = A(2/,y/,t,...) with
dt = 2'y’. In degree < |y/|, W has only two generators : z’,y’.

o If |2/| is even and if |2/| < |¢/|, then AW = A(2/, ¢/, t1,t2,...)
with dt; = /% and dty = z'y/'.

Let’s construct a map v¢: (AW,d) — (AV,d). By the lifting lemma,
such a map can be obtained by lifting #o p along f. Since the lift ¢ is
constructed inductively along a basis of W, we can choose ¢(z') = x

and ¥ (y') = y.

e

(AW, d) 5 (E.d)

Now, let’s look at the induced map L(zv,q) — Law,q) = L(u,v).
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e If |2/| is odd or if |2/| = |¢/|, then the linear map Qy: W —
V is injective in degree < |y/| (it is completely described by
QY(2') = z and Q¥ (y') = y). So, the dual map is surjective.
It implies that Li: Lzy,q) — L(u,v) is surjective in degree
< |v|, which means that v and v are in the image of L.

e If |2/| is even and if |2/| < |y/], then we can do exactly the same
construction if |t1| > |y/|. If |t1] < |¢/|, then there is a slight
difference. In that case, ¥? = (2?) = ¥(dt1) = di(t1). So,
z? is a boundary. There is a z € V such that 22 = dz. The
map Qv in degree < || is completely described by Qv (z') =
x,QU(y') =y and Qi(t1) = 2. It is injective in degree < |/|.
So, the dual map is surjective in degree < |v|, which also means
that  and v are in the image of L.

In both cases, the map Li: Liay,q) — L(u,v) has u and v in its
image. Therefore, we can choose a,b € L(zy,q) such that Li(a) = u
and Ly(b) = v. Let p = Lt and consider the map i: L(u,v) —
L(zv,q) defined by i(u) = a and i(v) = b. These two maps verify
poi=id. O

Now, the preliminary work is done. The main lemmas of this
section can be proved.

Lemma 7.6. There exists an injective map L(u,v) — Lia,0)-

Proof. Let Ly = L(a;0) and Loy = L4, g)- The proof will be done
by showing the existence of two injective maps

]L(u,v) ﬂ L1 2 LQ.

Step 1 : constructing the map go. By lemma 7.3, (45,0) = (As,d)
and (Al,O) E) (A4,d), SO Ll = L(A3’0) and L2 = L(A4,d)- The
lemma 7.4 gives us a map f: (AV,d) — (AW,d) between the Sulli-
van minimal models of (A4, d) and (As, d). Applying the homotopy
Lie algebra functor to the map gives a map Lf: Ly — Lo. The
surjectivity of Qf implies that Lf is injective (see [16], chapter 21).
Now, go = Lf is the required map.

Step 2 : constructing the map g1. By lemma 7.5, we only need
to show that if m: (AV,d) — (As,0) is a Sullivan minimal model,
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then there exists z,y € V such that xz,y are linearly independent,
dz = dy = 0 and m(zy) = m(z?) = m(y?) = 0.

Since m is a quasi-isomorphism, the map H*m: H*(AV,d) —
(As,0) is an isomorphism. So, there exists [z] and [y] in H*(AV,d)
such that H*m([x]) = e;, and H*m([y]) = u1. It gives us z and y in
(AV,d) such that de = dy = 0, m(x) = e;, and m(y) = u;. But x
and y can not be in A2V because, otherwise, e;, = m(z) would be in
A=2(e,, ... e;.) and ug = m(y) would be in A=2(uy)/u?. Therefore,
x and y are in V. Finally, the lemma 7.5 gives us the map g¢;. 0

Lemma 7.7. There exists an injective map L(u,v) — L(4,,0)-

Proof. Recall that Ay is the quotient of A(ej,, ..., ej,) by the ideal I,
which is generated by the elements e;, ---e; ., and [[e;,...,€; ]|
So, As is quite simple, except in degree r. The first part of the proof
is to find a basis to the vector subspace of A(ej,,...,e;,) generated
by every [[eip Tt 6ir+1]]'

Let’s start with some notations. Let Ji = {(i2,...,4,) : 1 <i2 <
13 < o < iy < n} and dy = #J1. Also, let Jo = {(il,...,ir) 1<
i1 <ig < - <ip<npanddy=#Jo. U1 <i3 < - <ipy1 <,
then

r+1 )
Z(_l)‘]+1[[61, €iyy .- 76127 ) eir_;,_l]] -
j=1
r+1 )
Z(_1)1+1(_ €y €€+
j=1
j—1
Z(_l)k+1616i1 GG e,
k=1
r+1
+ Z (1)]{:6167;1”'67;”'6/’;';"'eir_t,_l)
k=j+1
r+1 '
- Z(_l)]eil T 6/2; €y = Heilv s >eir+1H'
j=1
So, the vector space generated by every [[e;,, ..., e, ,,]] and the vec-
tor space generated by [[e1, €i,, . .., €, ]] with (i2,...,4,41) € Jp are
exactly the same. Also, it implies that dimspan([[e;,,...,e;,,]]) <

da.
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Let e;, - --e;, € A5, with ¢y < --- <4,. If iy = 1, then it is trivially
a linear combination of elements ejej, ---¢e;.. If ¢ > 1, then from

[le1, €, .. €i.]] =0 in As, we immediately deduce that e;, - - - e;, is
a linear combination of some ejej, - - - €, with (jo,...,Jjr) € Ji. So,

Notice that d; is the dimension of the vector space generated
by the elements eje;, ---€;,, with 1 < 49 < --- < 4, and dy is the
dimension of the vector space generated by the elements e;, e;, - - - €;,.
with 1 <y <--- <i,. So we have : dimA”"(ej,,...,e;5,) = di + da.
Let’s consider the following short exact sequence

0 — span([[e;, ..., e, ,]]) = A (ejy, ... e5) = Ay — 0.
We have

di +dy =dim A" (ejy,...,¢€j,)
= dim Aj + dim span([[e;,, . .., e;,.,]])-

But we proved that dim A5 < dy and dim([[e;,,..., e, ]]) < do.
So, dim Ay = dy and dimspan([[e;,,...,e;,,,]]) = d2. Therefore the
elements [[eq, e;,, ..., €, ] with (i2,...,i41) € Jo form a basis of
span([le;,, - - -, eir+1]]>-

Let (B,d) the differential graded algebra defined by

B— /igejl,...,eje)
A (ejl,...,eje)

@ (Dics,Qay) ,

d(a;) = [[e1, €iys - - -, €i,,,]] and the product in B is defined by a;-a; =
a; - e; = 0. The ideal generated by the a; and the da; is acyclic, and
the quotient map is a quasi-isomorphism (B, d) = (As,0).
Therefore, the differential graded algebras (Az, 0) and (B, d) have
the same minimal model. Let §: (AW,d) — (B,d) be the minimal
model of (B,d). Looking at the construction of (AW,d), we see
that W has a basis that start with ey, ..., e, and the (a;);cz,, with
0(e;) = e; and 0(a;) = a;. Because 6(e?) = 0(e;a;) = G(a?) =0, the
lemma 7.5 shows that Lazw,q) = L(a,,0) contains a Lie subalgebra
L(u,v). O

Lemma 7.8. Let A and B be two commutative graded algebras such
that A° = BY = Q. If there exists two maps f: A — B and g: B —
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A such that go f = ida, then there exists two morphisms of homotopy
Lie algebras f: L B,0) = Lao) and g: Lap) — L(p,0) such that fog
is an zsomorphzsm In particular, § is an injective map.

Proof. Let (AV,d) ™ (A,0) and (AV’,d’) ™ (B,0) be the minimal
Sullivan models of (4,0) and (B, 0) respectively. Since these maps
are quasi-isomorphisms, they are surjective. The lifting lemma shows
that there exists maps f and g such that m/o f = fom and mog =
gom'.

AV, d) — (AV, @) —2— (A, d)

T

(4,0) —— (B,0) —;— (4,0)

The maps f and g verify mo (go f) = (go f) om = m. Since
go f = idgy and m a quasi-isomorphism, g o f is also a quasi-
isomorphism. But quasi-isomorphisms of minimal Sullivan algebras
are isomorphisms (see theorem 14.11 of [16] for a proof).

Applying the homotopy Lie algebra functor L to

AV,d) L AV, d) & (AV,d)
gives us the maps f = Lf and § = Lg.
Liaoy & Loy & Liap
Since L is a functor, foj = (Lf)o(Lg) = L(go f) is an isomorphism.
]
7.3 Non-ellipticity of the complement space

Let A = {x1,...,2,} be a subspace arrangement in C™. Let us
consider the following morphism of graded algebras :

p:Alers. .. en) = HY(M(A); Q); ei = [{zi}].

As the following lemmas will show, the injectivity of this map
can give some information on the model D(A) and on the lattice
L(A). We will also use it to prove a criterion for ellipticity.
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Lemma 7.9. Let A = {z1,...,z,} be a subspace arrangement in
C™. If ola<r(er,....en) 18 injective, then every o C A with |o| < r is
such that do =0 (or, in other words, o is independant).

Proof. Suppose that o = {z;,,...,z;,}< with s < r. By defi-
nition of the map ¢, we have p(e; ---€;,) = @(e) - p(e,) =
{zi, } - [{zi,}]. But ¢ is injective on A<"(ey,...,e,), so we know
that [{zi, }] - - [{zi, }] # 0. Therefore, {z;,,...,x;, }< is a product of
cocycles. Also, d{zi,,...,zi .}« =0.

Now, we only need to show the result when |o| = r. Suppose that
o={xi,...,xi }<. Then do is a (possibly zero) linear combination

Y pilzi, ..., xj._, }<. We have

0=[do] = |3 pifwji, oy, 1 )<] -

But each {zj,,..., 2, _, }< is a cocycle and

olejy e, y) = H{ajy, -z, 1
So,

0=l[do] =¢ (Z i€ ejr-l) :
Since ¢ is injective on A<"(e1,...,epn), > pj€ej, - -€j._, = 0, which
implies that each p; = 0 and that do = 0. O
Lemma 7.10. Let A = {z1,...,x,} be a subspace arrangement in
C™. Then

1. ¢ is injective if and only if v is an isomorphism,
2. if ¢ is injective, then L(A) is a geometric lattice.

Proof. Suppose that ¢ is injective. Then by lemma 7.9, every o C
A is such that do = 0, so the differential of D(A) is zero and
H*(M(A);Q) = D(A). Also, for each 0 = {x;y,...,zi,}< C A,
the injectivity of ¢ guarantees that {x; }---{x;,} # 0. So we have
o=A{xy}-{xi.} = p(ei, ---e;,). This proves that the map ¢ is
surjective, so ¢ is an isomorphism and the statement (1) is proved.

Now, let us prove the second statement. Suppose that ¢ is
an isomorphism, so the differential of D(A) is zero and D(A) =
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H*(M(A);Q) ~ A(eq,...,e,). We have an obvious surjective mor-
phism of lattice

u: (P(A), ©) = L(A);o = Vo.

Let’s show that p is injective. Suppose that Vo = V7 and choose y €
o. Ify & 7, then {y} -7 # 0 (because D(A) = A(ey,...,e,)). By def-
inition of the multiplication in D(.A), we have codim y + codim V7 =
codim(V(T7U{y})). But y < Vo = V7, so V(tU{y}) = vr. Together,
these facts implies that codim y + codim Vo = codim Vo, or, in other
words, codimy = 0 and y = C™, which is impossible. Therefore we
cannot choose such a y, which means that ¢ C 7. The exact same
reasoning shows that 7 C 0, so ¢ = 7 and the map u is injective.
So the lattices L(A) is isomorphic to (P(A),C). But (P(A), Q)
is clearly lattice-isomorphic to (P{1,...,n}, C), which is geometric
(the operations V and A are respectively U and N). O

In the case where L(.A) is a geometric lattice or if A is a coordi-
nate subspace arrangement, we can use these lemmas and the main
results of chapter 6 to obtain the following criterion for ellipticity.

Proposition 7.11. Let A = {x1,...,2,} be a subspace arrange-
ment in C™. If the lattice L(A) is geometric or if A is a coordinate
subspace arrangement, then the following conditions are equivalent :

1. M(A) is a nilpotent rationally elliptic space,
2. the map ¢: Aley,...,en) — H*(M(A); Q) is injective.

Proof. Suppose that M (.A) is a nilpotent rationally elliptic space. By
theorems 6.7 and 6.10, M (A) has the homotopy type of a product of
odd dimensional spheres. From that, we can easily see that D(A) =
A(eq,...,e,) and that ¢ is an isomorphism.

Now, suppose that the map ¢ is injective. By lemma 7.10, ¢
is an isomorphism and L(A) is a geometric lattice. So M(A) is
a Poincaré duality space and by theorem 6.7, M(A) is a nilpotent
rationally elliptic space. O

7.4 Arrangements with a geometric lattice

In this section, we consider the geometric case : A = {x1,...,2,} is
a subspace arrangement in C” with a geometric lattice L(A). Also,
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we will suppose that ker ¢ # 0 (if ker p = 0, proposition 7.11 shows
that we are in the elliptic case, which has already been studied in
chapter 6).

Since ker ¢ # 0, we can define the following number : 7 = max{s :
ker o C AZ%¢;}. In some sense, this number measure how close (if r
is large) or far (if r is small) the space M (A) is from being elliptic.

The map ¢ can behave in two different ways : either ker ¢ con-
tains a monomial e;, - - -e;,. or ker ¢ does not contain such a mono-
mial. The first two lemmas of this section shows that there exists
an injective map L(u,v) — Lp(4) in both cases. Then, using these
results, we prove the main theorem 7.14. Remember that

(A1,0) = <A(ele)0> and (Ao, 0) = <A(e”e“)0>

€i1€iy " " €i,. I
where I is the ideal of A(ej,,...,e;,) generated by the elements
e, €,y and [[e;, ... e ]

Lemma 7.12. Ifker ¢ contains a monomial e;, - --¢€; with1 <i; <
- <y <, then there exists an injective map L(u,v) — Lpa)-

Proof. We construct a map ¢: D(A) — (A;1,0) : if {k1,..., k}< C
{i1,...,ir}, then Y({k1,...,ke}) = [er, - - -ex,]. Otherwise, we say
that ¥ ({k1,...,k}) = 0. Since ker o N A<"(eq,...,e,) = 0, a simple
check shows that 1 is multiplicative. Lemma 7.9 shows that ¢ (do) =
¥(0) = 0 = diy(o). Hence, ¢ is a morphism of differential graded
algebras.

Since e;, - - - €;, € ker ¢, we can define another map p: (41,0) —
H*(D(A)) by letting p([e;,]) = [{xi,}] and extending it multiplica-
tively. This is clearly a morphism of graded algebras. Now, we have
the following maps :

Ay 5 H*(D(A) 2 4.
Those maps verify the following property : (H*) o p = id, which
means that H*1 is a retraction of p. By proposition 3.10, the space
M(A) is formal. So, (H*(D(A)),0) = (H*(M(A);Q),0) is con-
nected to D(A) by a sequence of quasi-isomorphisms, which shows
that H*(D(A)) and M(A) have the same homotopy Lie algebra.
Lemma 7.8 implies that there exists an injective map La, o) —
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Lp(ay- By lemma 7.6, there is also an injective map L(u,v) —
L(4,,0)- The composition of these two maps gives us the needed
map. ]

Lemma 7.13. If ker ¢ does not contain any monomial e;, ---€;,_,
then there exists an injective map L(u,v) — Lpa)-

Proof. Since ker pNA"(eq,...,e,) # 0, there exists a non zero linear
combination > Aj,..i.€i, - - - €;,. such that ©(3° \ij..i.ei, ---€;,.) = 0.
So, in cohomology, [>° Aij.i,{Zi,s..., @i, }] = 0 in H*(D(A)) and
there exists a 0 € D(A) such that do =3 A\ij..i,. {®iy, ..., 2, }. From
this, we deduce that there exists a (r+1)-uple 1 <i; < ... <ipp1 <
n such that d{z;,,..., ;. } #0.

Let X = @3, Va, V- -V, € L(A). Since d{x;,,...,x;_,} #0,
X is equal to V({xi,..., 2., } \ x;) for some j. By lemma 7.9,
{@i, ... %5, } \ xj is independant, so tk X = r. Let B = {z €
Az <X} ={zj,...,z;,}. Lemma 7.9 shows that for any subset
o C B with r elements, tkVo =r =1k X, so Vo = X. If x, € B,
we have codim Vo = codim V(o U {z}}). Since codimzy # 0, the
product o - {x} is necessarily zero. It implies that any r + 1 product
[I7}{xx,} = 0 for 2, in B. Consequently, the following map can
be defined :

A(ejlv"‘veje) *
CAZT ey, e5,) — H*(D(A));ej — [{z;}]-
The next step is to prove that kerp C A"(ej,...,ej,) is a vec-
tor subspace generated by the [[e;,,...,e; ] with {i1,... 4,41} C

{g1- - g

e We showed above that if ¢ C B is such that |o| = r, then
Vo = X. This fact implies that

d{xiw s xir+1} = Z(_l)j{wiw s xir+1} \ {‘rl;}
J
On the other hand, ker ¢ does not contain any product of r

elements. So p is injective on the monomials of A"(e;y, ..., €;,).
Therefore, we have

p[[eil’ T ’eif'+1“ = Z(_l)j{xiw e 7xir+1} \ {:L"LJ}
J
= [d{zi,..., x5, }] =0



90 Chapter 7. Hyperbolicity of M (.A)

(the injectivity of p on the monomials of A"(ej,...,e;) is
needed to guarantee that no term of [[e;,...,e; ]| is sent
to zero by p).

e Since p is injective on the monomials of A"(e;j,,...,e;), if u €
ker p is a sum of s terms, then p(u) =0 € H*(D(A)) is also a
sum of s terms. So p(u) can be equal to 0 only if there exists a
linear combination Y «;0; such that p(u) = [d(} a;o;)]. But if
{ir,..., 0} C{j1,...,Je} and y € A\ B, then d{z;,,...,z;,y}
is a sum with no term equal to {z;,,...,z; }. Therefore, o is
a linear combination of o; C {xj,...,x;}. Since, p(u) =
> a;do;, p is injective on monomials and

do; = P[[eila ... 7€ir+1H7

we deduce that u is a linear combination of [[e;,,. .., €;,,]], as
required.

The map p induces an injective quotient map p: Ay — H*(D(A)),
and we define a map 1 in the opposite direction

Ay & HY(D(A)) L 4,

by sending {z;} to [e;] if i € {j1,..., ¢} and zero if i & {j1,..., ¢}
These two maps are morphisms of graded algebras and verify the
following property : 1 o p = id. Finally, the lemmas 7.7 and 7.8 give
us two injective maps L(u,v) — L(4,0) — Lp(a)- O

With the two previous lemmas, the next theorem is almost com-
pletely proved. We just need to put everything in place.

Theorem 7.14. Let A be a complex subspace arrangement with a
geometric lattice. Then the following conditions are equivalent :

1. H*(M(A); Q) is not an exterior algebra,
2. there exists an injective map LL(u,v) — Lp(a)-

Proof. Suppose that H*(M(A); Q) is not an exterior algebra. By
proposition 6.5 and theorem 6.7, M(.A) is not a nilpotent rationally
elliptic space. By proposition 7.11, the map ¢: A(e1,...,en) —
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H*(M(A);Q) is not injective. Therefore kerp # 0 and the lem-
mas 7.12 and 7.13 show that there exists an injective map L(u,v) —
LD(.A) .

Now, suppose that H*(M(A); Q) is an exterior algebra. By
proposition 6.5, we have : D(A) = (A(eq,...,ep),0). So, obviously,
D(A) is its own minimal Sullivan algebra and is finitely generated
(the degree of each e; is odd). Therefore, no map L(u,v) — Lpa)
can be injective. O

When M(A) is simply connected, Lpy = m(QM(A)) ® Q,

which gives the following corollary.

Corollary 7.15. Let A be a complex subspace arrangement with a
geometric lattice such that every x € A has codim(x) > 2. Then
M(A) is rationally hyperbolic if and only if there exists an injective
map L(u,v) — 1 (QM(A)) @ Q.

Proof. 1t is an immediate consequence of theorem 7.14. O

7.5 Coordinate subspace arrangements

In this section, we will prove a theorem similar to theorem 7.14, but
valid in the case of coordinate subspace arrangements.

Let A be an algebra and let’s denote by (A) a topological space
such that (A,0) and Apr((A)) have the same minimal model. The
examples we have in mind are (CP>*)™ = (Q|z1, ..., zy]) and DJ(K)
(Q[z1,...,xm]/Ik) (where DJ(K) is defined in section 3.2).

Remember that there is a fibration Zx — DJ(K) — (CP>)™.
With the above notation, this fibration is :

Qx1,y .. yxm]/Ik) — (Qx1, ..., xm]),

where the fiber is ((Q[z1,...,zm]/Ix ® A(ui,...,un),d)). In [2],
Backelin studied fibrations (R/I) — (R) where R is a polynomial
ring and [ is an ideal generated by monomial relations. His idea was
to consider the increasing sequence of ideals I; C --- C I,;, defined
by I; = INQ[x1,...,z;]. The quotient map R — R/I can then be
decomposed :

RE R/ 2 R/, 2 ... 2% R/L, = R/I.

Backelin studied the maps p; and proved the following theorem.



92 Chapter 7. Hyperbolicity of M (.A)

Theorem 7.16 (Backelin). Applying the functor (—) to the maps
pj: R/Ii_1 — R/I; gives us maps (pj): (R/I;) — (R/I;—1) whose
homotopy fiber F; has the rational homotopy type of a wedge of
spheres \/dej (possibly zero spheres).

Let’s apply Backelin results to the fibration we are interested in :
Zx — DJ(K) — (CP>)".

Lemma 7.17. We have : dimm,(DJ(K))®Q = oo if and only if its
homotopy Lie algebra m,(QDJ(K))®Q contains a free Lie subalgebra
on two generators.

Proof. If m,(2DJ(K)) ® Q contains a free Lie subalgebra on two
generators, then obviously DJ(K) is rationally hyperbolic.

To prove the converse, let’s suppose that dim m,(DJ(K)) ® Q =
oo. Looking at the models, the map DJ(K) — (CP>)™ is the
composition of the fibrations (R/I,) — (R/I,—1) for p=1,...,m.

F F F,
L l
(R/L)  (R/I3) -+ (R/In) = DJ(K)
L |
Cp=)"=(R) (R/L) - (R/In-1)

By Backelin’s result, each fiber F; is rationally a wedge of spheres.

Let’s prove that there exists a F; such that F; is a wedge of two
spheres or more. If this is not the case, then each F; is either a
point or a sphere. In that case, the long exact sequence in rational
homotopy of the first fibration shows that dim 7. ((R/I;)) ® Q < oco.
Using this, the second fibration shows that dim 7. ((R/I5)) @ Q < occ.
Repeating the process until the mth fibration gives the proof that
dimm.((R/Ik)) ® Q = dim 7. ((R/I,)) ® Q < 00, or in other words,
that dim 7, (DJ(K)) ® Q < oo, which is a contradiction.

So, we can define k as the largest ¢ such that F; is a wedge of two
spheres or more. We have a fibration Fy — (R/I) — (R/I;—1). By
corollary 1.27, the homotopy Lie algebra . (Q2(R/Ix)) ® Q contain
the homotopy Lie algebra m,(2F)) ® Q, which is a free Lie algebra
on two or more generators L(ay,...,a,).

If kK = m, the proposition is proved. If k < m, let’s show that
7« (Q(R/I;;11)) ®Q contains also a free Lie algebra on two generators.
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The space (R/I;4+1) fits in a fibration
Frp1 — (R/Igt1) — (R/ k).

where Fj1 is a sphere or a point. The long exact sequence in ho-
motopy of that fibration shows that there exists n € N such that
Ton(QUR/I41)) ©Q = T (UR/ 1)) ©Q. Then (s (QAR/ Iy 11)) @
Q)NL(ai,...,ar) = (msn(QUR/Ir)) ®Q)NL(a1,...,a,) is a free Lie
algebra and contains a free Lie algebra on two generators L(a’, V).
So, T (QUR/I;11)) ® Q contains L(a’,b’). We can repeat the same
proof for k4 2,...,m. O

Finally, most of the work is done and we can now state and prove
the main theorem of this section.

Theorem 7.18. Let A be a complex coordinate subspace arrange-
ment. The following conditions are equivalent :

1. the complement space M (A) is rationally hyperbolic,

2. there exists an injective map L(u,v) — m (QM(A))@Q, where
L(u,v) denotes a free Lie algebra on two generators.

Proof. As in the proof of theorem 6.10, we can suppose that A does
not contain any hyperplane. Lemmas 3.24 and 7.17 prove that (1)
implies (2). The converse statement is obvious. O
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