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Abstract—The spherical nature of the wavefronts exhibited in
the near-field of antenna arrays enables advanced beamforming
capabilities, such as beampointing and beamnulling. In this
paper, we exploit these properties to design a near-field beam
pattern under a low exposure region constraint. We address the
continuous region constraint through spatial discretization, which
results in a large number of constraints that lead to prohibitive
computational complexity. We propose a novel low-complexity
algorithm that enables a computationally tractable beam pattern
design. It uses a low-dimensional subspace representation of the
low exposure region based on a singular value decomposition.
Our approach achieves low complexity while providing a power
received at a target user close to the optimal achievable power,
yet with uniform power mitigation over the low exposure region.

Index Terms—Near-field, antenna array, beampointing, low
exposure region, low complexity

I. INTRODUCTION

Future communication networks are expected to feature
larger antenna arrays evolving to extra-large MIMO (XL-
MIMO) configurations, and higher carrier frequencies extend-
ing into the terahertz (THz) range. Both factors increase the
so-called Fraunhofer distance, thereby expanding the near-field
(NF) region of antenna arrays. In this region, the plane-wave
approximation is no longer accurate and the true spherical
nature of the electromagnetic waves must be taken into account
[1]. Due to the spherical wavefront, beam patterns can be
specified in both angle and range. This enables, for example,
beampointing, beamnulling and user separation along both
spatial dimensions [2, 3].

This capability can be exploited for a new design that
creates low exposure regions (LERs) where the received power
is mitigated within a two- or three-dimensional continuous
region (CR). Designing beampointers achieving such LERs
is essential for protecting sensitive areas, such as hospital
rooms, and for preventing communication in specific regions.
In addition, at higher frequencies, the beampointing vector
must be updated more frequently since the user mobility
becomes more critical as the frequencies increase. This thus
requires a low-complexity algorithm compatible with real-time
computation.

The beampointing ability in NF has been studied through
maximum ratio transmission (MRT), minimum mean square
error (MMSE), zero-forcing (ZF) and relaxed zero-forcing
(RZF) for interference mitigation in multi-user scenarios [2].
Since interference amounts to unwanted received power at
non-intended locations, it can be formulated as a power
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suppression problem through constraints on the received power
at specified positions. As a result, interference mitigation
techniques are directly applicable to LER constraints. More
complex beam pattern designs have been explored using tech-
niques such as linear constraint minimum variance (LCMV),
particle swarm, and deep neural network techniques [3]. How-
ever, these approaches focus on a limited number of discrete
and distributed user locations and do not explicitly address
interference or power suppression over CRs. Moreover, they
present a complexity incompatible with real-time computation.

Low-complexity beampointer designs have been stud-
ied such as in [4] where the authors adapt convolutional
beamspace techniques to a NF scenario. However, their ap-
proach relies on convex solvers that are efficient for a small
number of discrete user locations, but become computationally
intractable for a higher number of constraints, which could
result from the discretization of a CR. Authors in [5] propose
a low-complexity RZF algorithm designed for scenarios with
a large number of interference constraints, which could be
applied to a sampled LER. However, their algorithm assumes
linearly independent interference channels and does not exploit
the NF structure of the channels, making it unsuitable for a
large number of constraints representing a sampled compact
region. Despite these differences, we include [5] as a baseline
for comparison with our method.

Interference suppression over a CR has been studied in the
case of location uncertainties, such as in [6] where the power
constraint is averaged over the uncertainty region, but only
for an angular CR in FF, which is thus not applicable to
an LER constraint in NF beampointing. The challenge of a
CR constrained beam pattern design also arises in physical
layer security to address the uncertainty on an eavesdropper
position, such as in [7] but only in FF. NF scenarios are also
studied in [8], but the secrecy metrics are optimized for eaves-
droppers located anywhere outside the receiver uncertainty re-
gion, instead of suppressing power within a specified compact
CR. Consequently, these approaches cannot be directly applied
to an LER constrained beam pattern design.

To the best of the authors’ knowledge, existing NF beam
pattern designs do not provide power suppression over a CR
with low complexity suitable for tractable operation. This
work addresses this gap by proposing a low-complexity NF
beam pattern design that creates a two-dimensional LER while
maximizing the user received power.

To summarize, the contributions of this paper are as follows:
• We propose a low-dimensional representation of the LER,
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capturing all the structure of the CR.
• We propose a new algorithm that, unlike existing meth-

ods, achieves low computational complexity and is thus
computationally tractable.

• We compare our algorithm with that from [5] in terms of
computational time and achieved user received power.

• We numerically show that, thanks to the low-dimensional
representation of the LER, our solution presents a better
mitigation of the received power over the continuous LER
compared to existing methods.

II. SIGNAL MODEL

We consider a two-dimensional scenario in the x−y plane,
where an access point (AP) composed of an antenna array
serves one user. The AP is centered at the origin, as shown
in Fig. 1. It is composed of N antennas separated by half a
wavelength. Let rus be the location of the user. In this scenario,
the user is assumed to lie in the NF region of the AP.

The steering vector corresponding to a position r is denoted
as a(r), and the nth entry of the steering vector is given by

[a(r)]n =
1√
N

e−j 2π
λ ∥r−xn∥2 , (1)

where λ is the wavelength, xn is the position of the nth an-
tenna, and the normalization factor 1/

√
N ensures a received

power independent of the number of antennas N . The steering
vector of the user of interest is denoted as aus ≜ a(rus). The
attenuation of the channel is omitted, and we only consider
line-of-sight. Therefore, if a narrowband signal s(t) with unit
power is sent in downlink with a precoding vector w∗, the
signal received at position r is given by

y(t) = wHa(r)s(t) + n(t), (2)

where n(t) is an additive white Gaussian noise. The useful
power received at position r is given by

P (r) =
∣∣wHa(r)

∣∣2 . (3)

The power received by the user is denoted as Pus ≜ P (rus). To
represent the characteristics of the LER, the latter is uniformly
and densely sampled with a finite number Q of positions,
which typically verifies Q > N . The qth position is denoted
as rq , and aq ≜ a(rq) is its steering vector. We define the
matrix A = [a1 a2 · · · aQ ] ∈ CN×Q.

III. PRECODER DESIGN

The precoder design aims to maximize Pus while ensuring
that the power received at any position within the LER
remains below a given threshold t. To address the challenging
continuous constraint, this paper adopts an approach based
on the discretization of the region through a sampling grid.
The choice of the sampling step is discussed in Section IV.
The LER is therefore represented by the steering vectors
associated with the Q sampled positions, and the resulting
optimization problem, denoted as P1, is a relaxed formulation
of the continuous problem. This relaxed problem is given by

ŵ = argmax
w∈CN

∣∣wHaus
∣∣2

s.t.
∣∣wHaq

∣∣2 ≤ t, ∀q = 1, 2, ..., Q,

∥w∥22 ≤ 1,

(P1)

where ŵ is an optimal precoding vector. The last constraint
limits the power of the precoding vector.

A. Optimal precoder

Problem P1 is not convex, as it involves the maximization
instead of minimization of a convex objective function under
convex constraints. Nevertheless, the optimal solution of P1
is invariant to phase-shifts, and this phase invariance can
be exploited to reformulate the problem into an equivalent
convex problem, denoted as P2 [9]. The solutions of P1 can
be computed by solving P2, which is given by

ŵ = argmax
w∈CN

Re{wHaus}

s.t.
∣∣wHaq

∣∣ ≤ √
t, ∀q = 1, 2, ..., Q,

Re{wHaus} ≥ 0

Im{wHaus} = 0

∥w∥22 ≤ 1.

(P2)

Problem P2 is expressed as a second-order cone program
(SOCP), and can be solved using interior-point (IP) meth-
ods for example. However, the number of constraints in
this scenario can typically reach several thousands since the
sampled positions must be dense enough and must cover the
entire LER. In such a scenario, the complexity of classical
solvers makes the computation of the optimal precoding vector
intractable.

Therefore, this paper proposes a heuristic based on linear
algebra that approximates the optimal solution of P1 while
reducing the complexity, enabling tractable computation. The
optimal solution of the convex reformulation P2, computed
with an IP solver, is used as a benchmark to assess the
performance of the proposed heuristic.

To motivate our approach, we first analyze the problem
when t = 0. In that case, the constraints of the LER simplify
to AHw = 0, which corresponds to a ZF beamformer [2],
given by the projection of aus onto the nullspace of A:

a⊥ = (I−ΠA)aus, (4)

with ΠA = A
(
AHA

)−1
AH being the projection matrix
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Fig. 2: Singular values of A in a decreasing order, for a rank r = N = 1000.

into the column space of A, denoted as CA. To meet the unit
norm constraint, the ZF precoding vector is given by

ŵZF =
a⊥

∥a⊥∥
. (5)

In this scenario, as the number of constraints is higher than the
number of antennas, matrix A is full-rank with a probability
asymptotically equal to 1, leading to the rank r equal to
r = N . In that case, the space CA is the entire space CN

and the solution orthogonal to CA falls to the null vector. In
such conditions, a non-null solution of P1 exists if and only
if the threshold t is non-zero, which corresponds to a RZF
[5]. With a threshold different than zero, our heuristic exploits
the structure of A to approximate the solution of P1 with low
complexity. The proposed approach is based on a reduced-
dimensional representation of the constraints and is detailed
in the following section.

B. Dominant subspace projection approach

As the Q positions are densely sampled from a compact
CR in the NF region of the AP, the associated steering vectors
are strongly correlated. This strong correlation induces a
concentration of most of the energy of CA into a small number
of singular components. These dominant components can be
computed with a singular value decomposition (SVD), given
by A = BΣVH . The most significant components of CA are
identified by ordering the basis vectors bj ,∀j = 1, 2, ..., N
according to decreasing singular values. For a rectangular
LER of 500λ × 500λ, located 2000λ away from the AP
and sampled every 5λ for each dimension, the corresponding
singular values are illustrated in Fig. 2. It can be observed
that due to the correlation of the steering vectors inside the
compact region, more than 80% of the singular values are
negligible.

Based on this observation, we construct a low-dimensional
subspace CS that approximates CA by retaining only a subset
S of dominant singular components of CA, identified via the
SVD. This choice is motivated by the fact that the SVD
provides the optimal low-rank approximation of A, meaning
that the projection of CA onto CS minimizes the least-squares
approximation error. We name our heuristic presented in this
section the Dominant Subspace Projection (DoSP).

Without the heuristic, thus using all the basis vectors of
CA, the conventional ZF solution can be rewritten as the
normalization of the perpendicular vector

a⊥ = aus −
r∑

j=1

(
bH
j aus

)
bj . (6)

In (6), the term
∑r

j=1

(
bH
j aus

)
bj represents the projection

of aus onto CA, which is computed as the sum of the
projections onto each basis vector of CA. In our heuristic, CA
is approximated by CS , and the projection of aus is computed
by summing only the projections onto the basis vectors that
belong to S. The precoding vector is therefore given by

ŵS =
aproj

∥aproj∥
, (7)

aproj = aus −
∑
j∈S

(
bH
j aus

)
bj . (8)

Unlike CA, the dimension of CS is lower than N since it is
composed of a subset S of the basis vectors, which enables
a non-zero solution denoted as ŵS . By construction, ŵS is
orthogonal to CS , but it is not strictly orthogonal to CA.
As a consequence, the power received in the LER is non-
zero, which is acceptable as long as the maximum power
received among the Q positions in the LER remains below
the threshold t. We define k as the number of dominant basis
vectors included in S. The key challenge is to determine the
optimal number kopt which maximizes Pus while meeting the
LER constraint. With the precoding vector given in (7), the
power Pus and the power received at position q in the LER
can be expressed, respectively, by∣∣ŵH

S aus
∣∣2 = 1−

∑
j∈S

∣∣bH
j aus

∣∣2 , (9)

∣∣ŵH
S aq

∣∣2 =

∣∣∣∑j∈{1,2,...r}\S
(
bH
j aus

)
σj [vj ]q

∣∣∣2
1−∑

j∈S
∣∣bH

j aus
∣∣2 , (10)

where σj is the singular value of the jth basis vector, and
[vj ]q is the qth entry of the jth row of V. We observe from
(9) and (10) that as the number k of vectors in S decreases,
the power Pus can only increase, and the power in the LER
has a dominant tendency to increase.

The optimal number kopt of dominant basis vectors to
include in S is determined through a decreasing search proce-
dure. Starting from an initial value kinit, we iteratively decrease
k and evaluate if constraint (10) is met for all LER positions.
As seen in Fig. 3, the maximum power among the LER
positions is monotonically decreasing with k for a sufficiently
high k. Since k is initialized in that regime, we reduce k until
the LER constraint is violated. The last valid value yields kopt,
which maximizes Pus while satisfying the LER constraint.
To reduce computational complexity, k is not initialized at
kinit = N . Instead, we exploit the observation from Fig. 2 that
a significant portion of the singular values are negligible. We
discard the negligible singular values that are lower than a
threshold σth = 10−10σ1, with σ1 being the largest singular



Fig. 3: The power max
q

|ŵH
k aq |2 is the maximum power (compared to MRT)

received across all sampled positions of the LER, with a precoding vector ŵ
computed with k basis vectors. In this example, t = −80 dB compared to
MRT, and the start value is kinit = 156.

value. This yields an initial rank kinit ≪ N , significantly
reducing the number of iterations required to find kopt. The
threshold σth is chosen to be sufficiently small to ensure that
the first iteration with kinit meets the LER constraint, while
remaining above the numerical precision. This condition is
easily verified for the values of t considered in this work.

As observed in Fig. 3, if k is lower than kopt, then the space
CS is too small and insufficiently captures the LER constraints.
As a result, the maximum power received in the LER is higher
than t and at least one constraint is violated. If k is higher than
its optimal value, then the LER constraint is still met, but Pus
is not maximized.

IV. NUMERICAL RESULTS

Simulations are conducted for a scenario with an AP
composed of a vertical uniform linear array of N = 1000
antennas, corresponding to a dimension D = 500λ centered
around the origin. The LER is a square with dimensions
500λ × 500λ, located 2000λ away from the AP. The user
is located at Cartesian coordinates (2200λ,−200λ), and the
threshold t is set to −80 dB compared to the MRT gain
equal to 0dB. The MRT gain corresponds to the maximum
power achievable at the user without the LER constraint. The
dimensions are expressed in terms of wavelength and are
therefore frequency-independent. Nevertheless, for a carrier
frequency of 30 GHz, it corresponds to an LER of 25m2

comparable to the dimensions of a room, a distance of 20m
(resp. 22m) between the AP and the LER (resp. the user), and
a 5m-long AP. Such an antenna array can be realized with
radio stripes placed on a room’s wall, such as in [10].

The sampling step in the LER is ∆ = 5λ in both di-
mensions, yielding Q = 10201 constraints, approximately
ten times more than the number of antennas. The value
of ∆ is determined empirically to ensure that the power
received on positions outside the sampling grid within the
LER remains below a tolerance α = 10t when the precoding
vector is the optimal solution of the relaxed discrete problem
P1. We observe that the acceptable value of ∆ depends on
the resolution of the ambiguity function evaluated around the

TABLE I: Comparison between DoSP, optimal solver and [5].

Optimal DoSP [5]
Pus compared to MRT 99.2% 98.5% 97.5%

Precompute time 0s 25s 0s
Real-time compute time 1h 0.7s 27s
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Fig. 4: Beam pattern compared to MRT (in dB). The user location and the LER
delimitation are indicated as the black dot and black rectangle, respectively.

LER location, which depends on the AP size and the distance
between the LER and the AP.

The performance metrics are: (i) the achievable Pus, (ii)
the maximum power received in the continuous LER (i.e.,
for any position regardless of the sampling grid), and (iii)
the computational complexity, assessed through the numerical
computation time. The performance of the proposed DoSP
method is compared to that achieved with an optimal IP solver,
and to the performance of the algorithm proposed in [5].

The authors in [5] present an algorithm to compute RZF
beamforming with a reduced complexity by solving the same
optimization problem P1. Their algorithm relies on the as-
sumption of linear independence, which does not hold in
our scenario with highly correlated constraint steering vec-
tors. Nevertheless, since [5] proposes a different suboptimal
algorithm to solve the same problem P1, its performance is
evaluated in our scenario and compared with that of DoSP to
highlight the benefits of exploiting the high correlation among
the LER steering vectors.

A. Performance for the discrete problem P1

First, DoSP is compared in Table I with the IP solver which
provides the exact optimizer of P2 and with [5], based on
the achieved Pus and computation time. It can be seen in
Table I that Pus achieved with DoSP is suboptimal but very
close compared to optimality. Moreover, the computational
complexity is negligible compared to numerical solvers, and
is also more than one order of magnitude smaller than the
solution proposed in [5]. Furthermore, the power achieved
by [5] is slightly lower than with DoSP, as their method is
designed for linearly independent interference channels rather
than the highly correlated steering vectors associated with the
compact LER. The corresponding beam patterns achieved with
the optimal solver and with DoSP are shown in Fig. 4. We
observe that the received power is maximized at the user
and remains lower than or equal to t inside the LER, but
also in a region outside the LER. The characterization of the
exact geometry of that region is left as future work, but a
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Fig. 5: Achievable Pus compared to MRT (in dB), with respect to the user
position. The LER is indicated in black and is located in [2000λ; 2200λ]×
[0; 500λ] (left) and [900λ; 1100λ]× [−100λ; 100λ] (right).

mathematical explanation can be provided: the points in that
region are associated to steering vectors that are approximately
contained in CS (i.e., the vectors are approximately equal to
their projection onto CS ). If the user position is such that
aus ∈ CS , therefore the maximum possible Pus is bounded
by the threshold t. Fig. 5a illustrates the maximum achievable
Pus with respect to the user position using DoSP, for the same
LER as in Fig. 4. As expected, the achievable power is equal
to t if the user is located within the LER, but also if he/she
is located in the positions outside the LER such that their
steering vector still lies in CS . The region of these positions
presents the same geometry as in Fig. 4. That observation is
inherent to the problem parameters and is independent of the
precoding method. Fig. 5b shows that, for a smaller LER, the
NF properties allow a reasonable power coverage even for a
user located between the AP and the LER, or behind the LER
with respect to the AP.

B. Received power in the continuous LER

The optimal numerical solver, as well as the precoding
vector from [5] and the DoSP beamformer, all compute an
optimal solution of the relaxed problem P1 whose constraints
are only met at the finite number of points in the LER. For the
continuous LER, the received power at positions that do not
lie on the sampling grid might exceed the threshold t. Fig. 6
shows for different values of t the maximum power observed
in the LER on a thinner grid with a smaller sampling step
∆c = λ/4. By design of the sampling step, the maximum
value of received power in the CR exceeds the threshold t
while remaining below the tolerance α = 10t for the optimal
solver, as expected. Interestingly, the same observation applies
to the precoding vector from [5]. By contrast, the power
achieved with DoSP remains mostly below the threshold.

This behavior can be explained by the choice of basis
vectors in the DoSP method, which represent best the structure
of the LER since the SVD provides the optimal low-rank ap-
proximation of CA. Conversely, the optimal solution returned
by the IP solver and by [5] account only for the sampled
points and do not guarantee any power constraint at positions
lying outside the sampling grid. As a consequence, the power
received in the LER is more heterogeneous than with DoSP,
as it can be seen in Fig. 4b. Increasing the sampling density
may yield a smoother power distribution within the LER, but
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Fig. 6: Maximum received power observed in the LER on a grid with spacing
∆c = λ/4. The red curve represents the reference threshold that the received
power should not exceed.

at the expense of an increased computational complexity. By
contrast, DoSP requires fewer constraints, which decreases the
computational complexity, while maintaining an homogeneous
power in the continuous LER.

V. CONCLUSIONS

In this paper, by leveraging the spherical wavefront exhib-
ited in the NF region, we design a beam pattern that maximizes
the power received at a user while creating a two-dimensional
LER. Our algorithm approximates the optimal value of the
given optimization problem with a low complexity that enables
tractable computation. Moreover, our approach using an SVD
leads to a more controlled power in the continuous LER even
with a finite number of sampled positions.
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