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Université Catholique de Louvain
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Abstract

Electricity markets around the world have gone through, or are currently in, a

restructuring phase. The opening of electricity markets to competition dramatically

changes the electric utilities environment by introducing the notion of risk. As a

consequence, new activities have now revealed strong competitive stakes. It is indeed

crucial for utilities to accurately value complex exotic contracts and physical power

plants, and to manage the risk of their positions through hedging. We propose here

an integrated Affine Jump Diffusion framework that coherently deals with all of

these issues.
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Chapter 1

Introduction

Electricity markets around the world have gone through, or are currently in, a

restructuring phase. The opening of electricity markets to competition dramatically

changes the electric utilities environment by introducing the notion of risk. As a

consequence, new activities have appeared or have now revealed strong competitive

stakes.

A necessary foundation for all of these activities is a representation of the un-

certainty in the level of future power and fuel prices. In Chapter 2, a general

multi-variate Affine Jump Diffusion (AJD) setting is defined to model the uncer-

tainty on the electricity prices and the different fuel prices. This model characterizes

the so called ”physical” statistical description of uncertainty. Discussions of the ap-

plicability of AJD to energy prices can be found in Johnson and Barz (1999) [25],

Deng(1999) [13], Duffie (1999) [16], Pindyck (1998) [36] . . .

When pricing contingent claims, however, one must also take into account a

risk-premium that ”coherently” prices the risks that are associated to them. ”Co-

herently” is to be understood here as ”in a way that does not allow for arbitrage

opportunities”. Though arbitrage opportunities might exist during some short peri-

1



CHAPTER 1. INTRODUCTION 2

ods of time, it is a well accepted fact that they should not be allowed for in models.

Allowing for arbitrage opportunities would indeed have undesired implications in

many applications such as portfolio selection because it would imply the possibility

of an infinite gain with no risk ! Instead, it is preferred to have ”no arbitrage oppor-

tunities” models and to interpret as an indication of a possible arbitrage opportunity

any discrepancy between the prices given by the model and the observed ones. The

last section of Chapter 2 is thus dedicated to ”coherently” introduce a price of risk

to value any contingent claim.

Next, it is shown in chapter 3 how powerful the Affine Jump Diffusion framework

is to price complex exotic options. This power essentially comes from the fact that

the conditional characteristic function of an AJD vector is given by the solution of a

system of complex-valued ODE’s as shown in Duffie, Pan and Singleton (1999) [15].

The importance of stochastic processes whose characteristic function is known in

closed form is pointed out in Bakshi and Madan (1999) [1] who show that ”by trans-

lating or differentiating the characteristic function, one can synthesize the values of

exponential and polynomial of the uncertainty”.

Pricing formulas are developed for a wide variety of exotic options considered

as relevant in the energy (see Kaminski et al. (1999) [27]) in Chapter 4. In this

chapter, the machinery is also applied to the ”real options” valuation of a multi-fuel

power plant. Furthermore, the valuation of interruptible contracts with an early

notification option is considered. Kamat and Oren (2000) have indeed shown that

these contracts provide a perfect hedge for customers that can curtail loads in re-

sponse to high spot prices and can mitigate curtailment losses when the curtailment

decision is made with sufficient lead time. This valuation problem involves the pric-

ing of compound options. In this chapter, it is shown that compound options can be

valued by using the framework that has been developed, even in the multi-variate

case.
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The ”real option” valuation of multi-fuel power plants has been chosen as an

example of implementation because it nicely illustrates the need to use evaluation

techniques that fully capture the value of flexibility offered by power plants, and how

this can be done in a deregulated environment. This issue is currently particularly

crucial as many mergers and acquisitions have been taken place in the European

energy industry. On the other hand, the interruptible contracts with early notifi-

cation option example shows how, in a deregulated market, demand management

problems can be solved by introducing new structures of contracts that provide

adequate incentives to consumers, and how consumers can benefit from them.

Some exotic options, such as Take-or-Pay options, however, do not have a closed-

form solution. Their valuation requires a dynamic programming algorithm based on

a grid. In Chapter 5, we develop such a grid algorithm that uses all the power of

AJD’s numerical tractability by using Fast Fourier transforms.

Finally, risk-management is dealt with in Chapter 6. Once a contract has been

valued and eventually a position taken, it is indeed very important to be able to

manage its risk by constructing a hedge against it. Hedging against one risk factor

consists of taking an opposite position in proportion to the impact of this risk factor.

Hedging is often conducted through ”Greeks” which measure this impact. It is shown

how Greeks can be efficiently computed in the AJD framework.

A statistical estimation procedure of the parameters of the Affine Jump Diffusion

(AJD) describing the power and fuel dynamics in the ”physical” probability mea-

sure together with the ”coherent” risk-premiums is developed in Chapter 7. This

estimation procedure builds upon the Kalman Filter algorithm.

Chapter 8 concludes the thesis and indicates some areas of further research.



Chapter 2

Uncertainty and Risk-Premiums

2.1 Introduction

When pricing a derivatives contract, one usually uses the arbitrage pricing approach.

That is, if it is possible to construct a dynamically adapted portfolio that will per-

fectly replicate the payoff of the derivative contract, then the argument of absence

of arbitrage forces the price of this derivative to be equal to the price of the repli-

cating portfolio. If it is always possible to build a dynamically adapted portfolio

that will perfectly replicate any payoff, then the market is said to be complete, there

will only be a single no-arbitrage price for any contingent claim, and there exists

a probability measure called the risk-neutral probability measure equivalent to the

physical probability measure under which the no-arbitrage price of any contingent

claim is equal to the expectation of its payoff discounted at the risk-free rate.

Electricity, however, is a quite challenging commodity for analysts who want to

price derivatives on it. First of all, storage possibilities are very limited and quite

expensive. Only large hydro systems do have this possibility. Even then, because

reservoirs and turbine capacities are not infinite, this possibility is only partial. Lack

4
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of storage capacities prevents us from using no arbitrage arguments for derivatives

pricing because one cannot create a replicating trading strategy involving the spot

price. Furthermore, the dynamics of electricity spot price are very complex and quite

far from what one usually assumes for financial assets. Mean-reversion, stochastic

volatility and jump behaviors are the joined consequences of the existence of a long

term equilibrium price towards which the price is assumed to revert, together with

the lack of storage capacities, a rather inelastic demand curve, a marginal cost curve

rising sharply, and frequent failures in the production or transmission capacities.

Next to the physical spot market, most electricity markets have a well developed

financial market with futures contracts traded. Though the spot price is not an asset

that can be used in a replicating portfolio (because of its lack of storability), futures

contracts, on the other hand, are regular financial contracts that can be traded and

used in a replicating strategy.

This information contained in the futures prices should not be disregarded when

pricing derivatives on the spot price. Similarly, one should not disregard the spot

price dynamics information when constructing a futures model or pricing derivatives

on futures contracts. Clearly, there is a need for a coherent unifying framework which

allows to price derivatives on both the spot and the futures contracts.

Modelling spot and futures prices dynamics, estimating the parameters of their

stochastic processes, and pricing contingent claims on both of them are closely re-

lated issues. Though each of these activities have been historically approached sepa-

rately, it is now recognized that strong links are tying them together. Completeness

of the market is in fact the key issue relating these activities.

In other words, one wonders if the dynamics of spot and futures contracts of

different maturities have any reason to be linked with one another if there are only

a few players that have the possibility to buy energy today, to store it (at a quite

high cost and with some physical limits on the volumes), and to sell it back later on ?
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Furthermore, one wonders if, for any claim contingent on the spot or futures prices,

there is only one or an infinity of prices that will prevent any arbitrage opportunity.

The issue of the completeness of a market is always closely related to the choice

of a stochastic process to model its securities. If we consider a market composed of

a single security and a deterministic risk-free bond, this market will be complete if

the security’s dynamics are modelled with a single factor diffusive stochastic process,

but it will be incomplete if its dynamics are modelled with a multi-factor diffusive

stochastic process. It will also be incomplete if we introduce a jump risk.

As a result, the answer to the questions above will depend on wether one only

considers as starting point a stochastic process for the spot price dynamics and

considers futures contracts as contingent claims on the spot price with no assumption

on their stochastic process, i.e. the spot price is the only primary traded security.

If this is the case, then only spot price historical data are used for the parameter

estimation of the stochastic process, and the next question one should ask itself is

how far do energy commodities lie from a tradable asset? Four different approaches

are considered in the literature (see Seppi (2001) [42]):

• Energy commodities are non-dividend paying assets:

∗ The market is then complete if the model is univariate and diffusive.

∗ Under the risk-neutral probability measure, the energy spot price must

have a drift equal to the risk-free rate of return, so that we cannot reproduce

any mean reversion.

• Energy commodities are dividend paying assets:

∗ The market is then complete if the model is univariate and diffusive.

∗ Under the risk-neutral probability measure, the energy spot price must

have a drift equal to the difference between the risk-free rate of return and the

convenience yield.
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∗ Mean-reversion in the spot price dynamics under the risk-neutral prob-

ability measure can be achieved if the convenience yield is modelled such that

this difference is negative (positive) when the spot price exceeds (lies under)

a given threshold.

• Energy commodities are not assets, but, rather are in some cases such as

electricity, consumption goods with no storability:

∗ The market is then incomplete.

∗ One must assume a price of risk to price contingent claims.

∗ The drift in the risk-neutral probability measure is the drift in the phys-

ical probability measure minus the market price of risk. It is thus possible

to reproduce some mean-reverting behavior under the risk-neutral probability

measure.

∗ Contingent claims prices are, however, internally consistent, in the sense

that they will not provide any arbitrage opportunities and that they will be

valued based on the same price of risk.

If, however, one considers, as a starting point, different stochastic processes that

are assumed to describe both the spot and futures contracts with different maturities

(possibly with some constraints to ensure the absence of arbitrage opportunity),i.e.

both spot and futures contracts are considered as primary traded securities, then

these stochastic processes should be estimated on both the spot and futures prices

historical time series. In this case, since futures contracts are regular financial

contracts that can be traded, as long as the model remains diffusive and that values

of the risk-factors can be uniquely determined by the observation of the different

futures prices, the market will be complete.

With these categories in mind, we can now review the different stochastic models

one can find in the literature to describe the dynamics of energy commodity prices,



CHAPTER 2. UNCERTAINTY AND RISK-PREMIUMS 8

how they are estimated and the assumptions that are made to price contingent

claims with them.

The first attempt to model energy prices was a simple application of the Black

and Scholes (1973) [3] model. The spot price is assumed to be a Geometric Brow-

nian Motion (GBM) and the model is estimated on only spot price data. Under

this model, energy commodities are considered as non-dividend paying assets. The

market is thus complete.

The next step was introduced by Bernnan (1991) [2], who sees energy commodi-

ties as dividend-paying assets. The spot price dynamics are assumed to follow a

GBM with a convenience yield function of the spot price level. Again, the model is

estimated only on spot price data. This framework also implies a complete market.

Then Pilipovic (1998) [35] sees energy commodities as consumption goods. The

spot price dynamics are assumed to follow a two factor diffusive mean-reverting

process. The model is estimated only on spot price data. In this framework, the

market is incomplete, so one needs to assume some risk premiums to price contingent

claims. These prices of risk are calibrated to match the forward curve level.

The first to consider both spot and forward contracts as primary traded secu-

rities are Gibson and Schwartz (1990) [18]. As Bernnan (1991) [2], they consider

energy commodities as dividend-paying assets with a convenience yield modelled as

a stochastic risk factor. The introduction of an additional source of risk makes the

spot market (considered separately) incomplete. However, as mentioned earlier, if

one considers as primary traded securities both spot and forward markets, then the

market will be complete and the dynamics of the forward price will be determined by

the choice of a risk factor. This implies that the model must be estimated on both

spot and forward data, simultaneously. Gibson and Schwartz 1990) [18] perform

this estimation via a Kalman Filter recursive algorithm.

Later on, Schwartz and Smith (2000) [41] proposed to consider energy commodi-
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ties as consumption goods. The dynamics of the spot price is assumed to follow a

two factor diffusive mean-reverting process. Again, they consider as primary traded

commodities both spot and forward contracts. As a result, the market will be com-

plete and the dynamics of the forward prices are completely determined by the

choice of some risk-premiums. In their paper, they further show that this model is

a rotation of the stochastic convenience yield model of Gibson and Schwartz (1990)

[18] so that it can be considered as equivalent in terms of spot and futures dynamics,

but more intuitive in terms of representation.

Manoliu and Tompaidis (1999) [29] also consider energy commodities as con-

sumption goods. They take as primary traded securities both spot and forward

contracts and propose a spot price model that is the sum of several mean-reverting

risk factors. Assuming a price of risk specification, the dynamics of the forward

contracts are then completely determined. The model is estimated on both spot

and forward historical data via a Kalman Filter recursive algorithm. If the number

of risk-factors considered is less than or equal to the number of forward contracts

traded, then the market is complete.

Clewlow and Strickland (1999) [5] focus on the forward contracts. The model

considers a non-parametric variance term structure of the forward curve and is esti-

mated via a principal components decomposition of the variance-covariance matrix

of the forward term structure. If there aren’t more risk-factors than forward con-

tracts, then the market is complete. However, the spot price dynamics implied by

such a model is, in general, not Markovian and thus very difficult to use.

Deng (1999) [13] starts from the spot price dynamics that is assumed to follow a

multi-factor Affine Jump Diffusion Process and is the only primary traded commod-

ity. The model is estimated on the spot price historical data. In this framework,

however, the market is not complete and assumptions of prices of risk must be made

to price derivatives. Deng considers a price of risk for only the diffusive sources of
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risk. Jump risks are assumed not to be priced. These prices of risk are calibrated

to match some contingent claims prices.

Finally, this survey would not be complete without mentioning a quite different

approach developed by Routledge, Seppi and Spatt (1998) [38] based on an equilib-

rium model and storage theory. We will keep this approach aside as it is quite far

from what is developed in this work. There is, however, an incremental contribution

of our AJD framework over this equilibrium model because it is numerically much

more tractable in terms of parameter estimation, and in terms of derivatives pricing.

In this chapter, we consider energy commodities as consumption goods. We

model the dynamics of the spot price by an Affine Jump Diffusion Process but con-

sider as starting point stochastic processes for both the spot and forward contracts

prices. It has been argued above that in this case, if one specifies a stochastic pro-

cess for the spot price and a risk-premium associated to each factor of risk then the

stochastic process for the forward prices were completely determined and the market

is complete (at least if the values of the risk-factors can be uniquely determined by

the observation of the different futures prices and if there is no jump). We now

develop this point a bit further.

It is a well known fact that if the futures market admits no arbitrage opportunity,

then at least one so called ”equivalent martingale” probability measure must exist.

Under this new probability measure, futures prices are martingales, that is their

price at time t is their expected price at any time t′, with t′ > t (see Harrison

and Kreps (1979) [20], Cox, Ingersoll and Ross (1981) [6], Musiela and Rutowski

(1998) [31], and Delbaen and Schachermayer (2001) [12]). Furthermore, it is quite

obvious that the no-arbitrage condition also implies that any contingent claim must

converge towards the value of its payoff at maturity. In particular, futures prices

must converge to the spot price at maturity.

From these two properties, it is quite trivial to show (from the property of
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repeated expectations) that futures prices must, at any time, be the expected value of

the spot price at their maturity under an equivalent martingale probability measure.

This close link between the spot and the futures prices’ dynamics, implied only from

no-arbitrage, considerably restricts the candidate stochastic models for describing

the futures prices’ dynamics.

A first problem immediately arises from this restriction. What if, once we have

chosen a given stochastic process to describe the dynamics of the spot price under

the physical probability measure, there isn’t any equivalent probability measure

under which all the futures prices observed are the expectation of the spot price at

their maturity ? We are then unable to write a stochastic process describing the

dynamics of all the futures prices under the physical probability measure that will

not allow for some arbitrage opportunities.

As explained above, we do not want to build models that allow for some arbitrage

opportunities. Instead, we will rather build an arbitrage-free model that might not

be able to explain all of the futures prices movements but that will be chosen such

as to ”best fit” the observed spot and futures prices dynamics.

First, we define a given class of equivalent probability measures that prices all

sources of uncertainty. We then choose, within this class, the particular martingale

probability measure, Q∗, that ”best fits” the observed historical prices of available

financial contracts through a statistical estimation procedure.

To statistically estimate this particular equivalent martingale probability mea-

sure, we start by characterizing the Radon-Nikodym derivative of all the candidate

equivalent martingale probability measures. This defines the particular class of

equivalent probability measures considered. As mentioned above, this characteri-

zation should allow one to price every source of uncertainty, including stochastic

volatility and jumps. In a first step, we leave the characterization of the probability

distribution of the jumps of the Radon-Nikodym derivative free, allowing for total
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freedom in pricing of the risks implied by the stochastic arrivals of jumps and by the

distribution of their size. We give the relationship between the mean arrival rates

and the probability distribution of the jump processes under the actual probability

measure P , and their counterparts under the equivalent martingale measure Q, ac-

cording to the probability distribution chosen for the jumps of the Radon-Nikodym

derivative. Then, in a next step, we consider particular cases such as the Gaussian

case developed by Pan (2001) [34] that only prices the risk associated with the dis-

tribution of the sizes of the jumps. Another particular case studied links the pricing

of both risks (arrival rate and size) associated to jumps through a single vector. This

latter case will be further adopted for the characterization of the Radon-Nikodym

derivative process.

The simultaneous statistical estimation procedure of the parameters of the AJD

describing the spot price process in the physical probability measure and the pa-

rameters of the characterized Radon-Nikodym derivative, based on both spot and

forward historical prices, are developed in Chapter 7.

If the resulting model describing the dynamics of the futures prices under the

physical probability measure implies a complete futures market, then the equivalent

martingale probability measure considered above, Q∗, is in fact unique and any other

additional contingent claim must be priced as the expectation under Q∗ of its payoff

discounted at the risk-free rate. This is indeed the only price that will satisfy the

no arbitrage opportunity condition.

If the implied futures market is incomplete, the number of equivalent probability

measures under which futures prices are martingales is infinite. Pricing all the other

contingent claims as the expectation under Q∗ of their payoff discounted at the risk-

free rate will result in prices that do not allow for arbitrage opportunities. These

prices, however are not the only ones that will satisfy the no arbitrage opportunity

condition. All the prices obtained as the expectation, under any one of the infinity
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of equivalent martingale probability measures, of their payoffs discounted at the

risk-free rate will satisfy the no arbitrage opportunity condition.

As shown further, choosing Q∗ within this infinity of equivalent martingale prob-

ability measures, will however keep the Affine Jump Diffusion property of the spot

and futures prices under the equivalent martingale probability measure. This will

then enable us to make use of the great computation power of the Affine Jump

Diffusion framework to compute the expectation of the payoffs of many different

kinds of contingent claims on the spot and on futures contracts. Furthermore, this

assumption can be interpreted as keeping the same utility function when pricing

futures contracts or any other financial contract.

Our approach is thus along the lines of Schwartz and Smith (2000) [41] and

Manoliu and Tompaidis (1999) [29], though we expand their models to the entire

family of multi-factor Affine Jump Diffusion processes, allowing us to go beyond the

Gaussian framework developed by these authors. In comparison to Deng (1999) [13],

our approach differs from the fact that we consider simultaneously spot and forward

historical information in the estimation of our parameters and that we introduce a

pricing of jump risks.

This chapter will be divided as follows. A first section will set the AJD framework

describing the ”physical” probability measure. Section 2 will present the character-

ization of the Radon-Nikodym derivative. With this characterization, it is further

shown that the stochastic process describing the dynamics of the risk factors remains

an AJD under the implied equivalent probability measure.
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2.2 Description of the ”physical” probability mea-

sure by an AJD

Affine Jump Diffusions are well equipped to model most of the features one finds in

Energy price dynamics:

• Mean reversion denotes the fact that Energy prices tend to revert towards a

”long-term” equilibrium price given by a marginal cost of production;

• Due to a lack of storability and the sensitivity of the offer and demand functions

on weather conditions, Energy prices dynamics show some seasonality;

• Jumps and spikes are the result of common breakdowns of transmission lines

or power plants;

• Negative prices are sometimes possible because of switching on and off costs

and ramp-up rates or, in large hydro-systems during high-water periods (Note,

however, that negative prices are only possible in the ”level” model developed

hereunder);

• Finally, the very steep slope of the marginal cost curve at high prices results

in some heteroscedasticity in the Energy price dynamics;

All of these features can indeed be modelled by AJD’s.

Two types of models are considered here. The first model works in terms of

returns and describes the logarithm of the spot price as a multi variate AJD. The

second model works in terms of spot price levels and describes the level of the spot

price as a multi variate AJD.
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2.2.1 The ”return” model

Consider a multi factor model of the type

St = eγ0,1+γ1.Xt (2.1)

where

- St is the electricity spot price;

- Xt is the vector of risk-factors. These risk-factors may be identifiable with

observable variables such as a fuel price, a meteorological variable, or a measure

of the economic activity, but this is not mandatory. They may as well be

considered as instrumental variables used to best model the dynamics of the

spot price. This is the approach that will be adopted in what follows. These

instrumental variables, however, can be given, a posteriori, some substantive

interpretation such as a long term equilibrium cost of production level or trend.

Finally, some elements of this vector of risk factors can be interpreted as the

instantaneous variance of other risk factors as will be further noted in the

section relative to stochastic volatility models.

We fix a probability space (Ω,F , P ), where P will further be referred to as the

”physical” probability measure, and an information filtration (Ft), and suppose that

X is a Markov process in some state space D ⊂ Rn, solving the stochastic differential

equation

dXt = µ(Xt, t) dt + σ(Xt, t) dWt + dZt (2.2)

where :

• W is a Brownian motion in Rn;

• µ : {D, [0,∞)} → Rn;



CHAPTER 2. UNCERTAINTY AND RISK-PREMIUMS 16

• σ : {D, [0,∞)} → Rn×n;

• Z is a pure jump process whose jumps have a fixed probability distribution ν

on Rn and arrive with intensity {λ(Xt, t) : t ≥ 0}, for some λ : {D, [0,∞)} →
[0,∞).

For c ∈ Cn, the set of n-tuples of complex numbers, we let θ(c) =
∫
Rn exp(c.z)dν(z)

whenever the integral is well defined.

We impose an affine structure on µ, σσT , and λ in that all of these are assumed to

be affine in X, and we further fix an affine discount-rate function R : {D, [0,∞)} →
R:

• µ(Xt, t) = K0(t) + K1(t).Xt, for K(t) = (K0(t), K1(t)) ∈ Rn × Rn×n;

• (σ(Xt, t)σ(Xt, t)
T )i,j = (H0(t))i,j + (H1(t))i,j.Xt, for H(t) = (H0(t), H1(t)) ∈

Rn×n × Rn×n×n;

• λ(Xt, t) = l0(t) + l1(t).Xt, for l(t) = (l0(t), l1(t)) ∈ R× Rn;

• R(Xt, t) = ρ0(t) + ρ1(t).Xt, for ρ(t) = (ρ0(t), ρ1(t)) ∈ R× Rn.

2.2.2 The ”level” model

In the ”level” model, the spot price is given by a multi-factor model of the type

St = γ0,2 + γ2.Xt , (2.3)

where, again,

- St is the electricity spot price;

- Xt is the vector of risk-factors.
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The vector X of risk-factors is assumed to follow the same AJD dynamics as in

the previous ”return” model.
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2.3 Specific Examples

In this section, we propose different models for energy commodities with an increas-

ing level of sophistication.

2.3.1 The One Factor Model

In the one factor model, spot prices are first made stationary by extracting a weekly

pattern, a linear trend and a seasonal cycle. The residual is then assumed to follow

a simple mean reverting process.

log(Spott) = Weekly Pattern(t) + θ(t) + Xt (2.4)

θ(t) = a0 + b t + c1 cos(2πt/365) + c2 sin(2πt/365) (2.5)

dXt = −κXtdt + σdWt (2.6)

We chose a ”return” model, that is, the risk factor models the de-trended loga-

rithm of the spot price. Advantages of this kind of models are that

• the spot price level will be more volatile during periods of high prices than

during periods of low prices. This is indeed supported by the shape of the

marginal cost curve which is much steeper at high prices than at low prices.

• the spot price always remains positive no matter how big its variance is.

On the other hand, the last advantage can in fact be seen as a disadvantage as

we know that in some very rare cases energy prices can become negative for some

short periods of time. However, ”level” models that would allow for negative prices

typically over estimate the probability of negative price occurrences in long term

simulations, where the variance of the distribution becomes high.
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2.3.2 The Two Factor Model

In the two factor model, the level of the trend towards which the spot price is

reverting is itself a stochastic state variable:

log(Spott) = Weekly Pattern(t) + θ(t) + X1(t) (2.7)

θ(t) = a0 + b t + c1 cos(2πt/365) + c2 sin(2πt/365) (2.8)

dX1(t) = κ1(X2(t)−X1(t))dt + σ1dW1(t) (2.9)

dX2(t) = −κ2X2(t)dt + σ2dW2(t) (2.10)

E[dW1(t)dW2(t)] = ρdt (2.11)

Adding a stochastic mean of reversion is crucial as it allows to

• model a high level of volatility of the spot price with a quite strong speed of

reversion without setting to zero the volatility of longer term futures prices;

• introduce a correlation between the spot or short term futures and the long

term futures that is lower than 1.

2.3.3 The Three Factor Model

Finally, in the three factor model, not only the level but also the slope of the trend

is made stochastic:

Spott = Weekly Pattern(t) + θ(t) + X1(t) (2.12)

θ(t) = a0 + c1 cos(2πt/365) + c2 sin(2πt/365) (2.13)

dX1(t) = κ1(X2(t) + bt −X1(t)) dt + σ1 dW1(t) (2.14)

dX2(t) = −κ2X2(t) dt + σ2 dW2(t) (2.15)

dbt = X3(t) dt (2.16)
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dX3(t)t = κ3(µ−X3(t)) dt + σ3 dW3(t) (2.17)

E[dW1(t) dW2(t)] = ρ12 dt (2.18)

E[dW1(t) dW3(t)] = ρ13 dt (2.19)

E[dW2(t) dW3(t)] = ρ23 dt (2.20)

Introducing a mean-reverting process to model the slope of the trend is indeed a

quite intuitive way to add a volatility component to the volatility term structure of

spot and futures prices that does not vanish to zero as the maturity of the futures

goes to infinity.

2.3.4 Modelling stochastic volatility

In the models developed above, the AJD risk factors had deterministic volatilities

and correlations. By introducing a non-zero H1 tensor, it is however possible to

model stochastic volatilities and correlations.

Dai and Singleton (1999) [11] showed that, for a model to remain Affine, it must

be possible to express its volatility, σ(t), under the form

σ(t) = Σ(t)
√

S(t) (2.21)

where Σ(t) is a deterministic matrix and S(t) is a diagonal matrix with

[S(t)]i,i = ai + bi ·Xt (2.22)

We can thus introduce some stochastic volatilities and correlations to the two

factor AJD process developed above and rewritten here:

dX(t) =

( −κ1 κ1

0 −κ2

)
X(t) dt +

(
σ1 0

ρσ2

√
1− ρ2 σ2

)
dWt (2.23)
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by introducing the vector Y (t) = (XT (t), h1(t), h2(t))
T and defining the process

dY (t) =







0
0

κ3h̄3

κ4h̄4


 +




−κ1 κ1 0 0
0 −κ2 0 0
0 0 −κ3 0
0 0 0 −κ4


 X(t)


 dt

+




α1 α2 0 0
β1 β2 0 0
0 0 1 0
0 0 0 1







√
h1(t) 0 0 0

0
√

h2(t) 0 0
0 0 ξ1 0
0 0 0 ξ2


 dWt

This is indeed an AJD process. The instantaneous variance of the process is

given by

σ(t)(σ(t))T =




α2
1h1(t) + α2

2h2(t) α1 β1 h1(t) + α2 β2h2(t) 0 0
α1 β1 h1(t) + α2 β2h2(t) β2

1h1(t) + β2
2h2(t) 0 0

0 0 ξ2
1 0

0 0 0 ξ2
2




We see that the variances of the initial risk factors, X(t), are now linear com-

binations of mean-reverting processes and are thus stochastic. The problem is that

the AJD specifications do not allow that their correlation remain constant. Their

correlation, ρ(t), is indeed now given by the expression

ρ(t) =
α1 β1 h1(t) + α2 β2h2(t)√

α2
1h1(t) + α2

2h2(t)
√

β2
1h1(t) + β2

2h2(t)
(2.24)

If we set α2 = 0 and β1 = 0, such that h1(t) and h2(t) can be identified as

the instantaneous variance of X1(t) and X2(t), respectively; then their correlation

drops to zero. There is no other way to introduce a correlation between risk-factors

(X(t)) with stochastic volatility than letting their instantaneous variance be linear

combinations of the same state-variables (h(t)), implying a correlation that also

becomes stochastic.
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Note, however, that if we set α2 = 0 and β2 = 0, such that the instantaneous

variance of X1(t) and X2(t) are both proportional to h1(t), then their correlation

becomes one, which is constant.

2.3.5 Modelling Jumps and Spikes

In the three models studied above, we focused on the diffusion part of the spot

price dynamics. As was already mentioned above, energy (and commodity) prices,

however, show some jumps and spikes in their dynamics.

Jumps are defined here as sudden, non-continuous, price changes in the spot

price. Spikes are the combinations of two jumps of same magnitude, but opposite

directions. That is, when a positive jump occurs, often because of a plant or trans-

mission line break-down, a negative jump of the same amplitude occurs as soon as

the break-down is repaired and the system comes back to a normal regime.

Intuitively, it is easy to see that Affine Jump Diffusions are well equipped to

model jumps by adding a jump process to the risk-factors’ stochastic differential

equation. The spiking behavior, however, is not as direct to model. The problem

is that if we use the above type of models, the speed of reversion of the risk-factors

is typically too little to pull back the level of the spot price to a normal level, once

a jump has occurred, in a time period that is short enough. On the other hand,

if the speed of the reversion of the risk-factors is enhanced to adequately represent

the spiking behavior, then this level of reversion rate will be too large to adequately

model the diffusion dynamics of the risk-factors. The usual way to model spikes

is thus to add an additional risk factor with only a jump component (no diffusion)

and a very strong mean-reverting rate. That is, we add to the spot price equation

(common to all three models studied above) an additional jump factor:

Spott = Weekly Pattern(t) + θ(t) + X1(t) + XJ
t (2.25)
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dXJ
t = −κJXJ

t + dJt (2.26)

In this model, the jumps induced by XJ
t are brought back to zero through an

exponentially decaying continuous function, with a decay factor set by the (usually

very high) speed of reversion factor κJ . The problem with this type of models is

that the exponential decay function does not really reflect what is observed on the

markets. Instead, the markets show jumps in the spot price levels that stay for a

moment (the time required to fix the break-down) and then jump back to a more

”normal” level.

We will thus propose a spiking model that can reproduce this kind of dynamics.

As previously, we add to the spot price equation spiking variables. This time,

however, the spiking levels are divided into n discrete levels, and a spiking variable

is associated to each discrete level :

Spott = Weekly Pattern(t) + θ(t) + Wt +
n∑

i=1

XJ
i (t) (2.27)

The dynamics of each spiking variable are then modelled as the combination of

two jump processes:

dXJ
i (t) = dJup

i (t) + dJdown
i (t) (2.28)

(2.29)

where

• Jup
i (t) and Jdown

i (t) are pure jump processes with a constant jump size, Spikei

and −Spikei, respectively;

• Jup
i (t) and Jdown

i (t) have arrival rate equal to

λup
i (t) = lup

i (t)
(
1−XJ(t).(Spike)−1

)
(2.30)

λdown
i (t) = ldown

i (t)XJ(t).(Spike)−1 (2.31)
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where XJ is the vector of jump risk factors, and Spike is the vector of discrete

levels of the spikes.

It is easy to see that this model remains an AJD model, and the empirical spiking

behavior is well reproduced. More precisely, the outcome of such a model is that

there will only be at most one jump at a time. The arrival rates of the jumps (fixed

by the coefficients lup
i (t)), and the time during which the spikes remain (fixed by the

coefficients ldown
i (t)) can be different according to the spiking level.
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2.4 The risk-neutral probability measure

2.4.1 Introduction

As mentioned in the introduction of this chapter, the most common practice, up to

now, was to consider as starting point the spot price stochastic process only. When

pricing derivatives, the price(s) of risk was (were) then either deduced from a no

arbitrage argument if the market was complete or calibrated to match a forward

curve level if the market was not complete.

Another approach that is sometimes found is to calibrate the parameters of the

stochastic process in the risk-neutral probability measure directly by matching a

forward curve and some option prices.

The theory behind the link between the actual probability distributions of actual

asset prices and their equivalent probability measures is now well established in a

diffusive framework. A good reference on the topic is Duffie (1996) [14]. In her

paper, Pan (2001) addresses the issue for a Jump-diffusion framework but remains

in a Gaussian setting.

In this section, we expand her model to a more general framework and show the

restrictions that guarantee that our process remains an Affine Jump Diffusion under

the equivalent probability measure implied by some risk-premiums.

The simultaneous estimation of the AJD parameters under the physical proba-

bility measure and the risk-premiums will be discussed in Chapter 7.

2.4.2 The model

In what follows, prices of futures at time t with maturity T will be noted f(t, T ).
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Definition 2.1 Equivalent probability measures. Two probability measures Q

and P are equivalent probability measures on (Ω,F) if, for any event A, P (A) = 0

if and only if Q(A) = 0.

Definition 2.2 Martingales. A process Mt is a martingale under the probability

measure Q if for any t, Mt = EQ[MT |Ft], for any T > t.

Without going into the details of the arbitrage theory, we will just assume here

the absence of arbitrage opportunities, and the existence of an equivalent probabil-

ity measure Q, under which futures prices are martingales. The interested reader is

referred to Musiela and Rutowski(1998)[31], for example, for a detailed discussion

of the conditions under which the absence of arbitrage opportunity implies the ex-

istence of such a martingale measure. However, the existence of such a martingale

measure suffices to imply the absence of arbitrage opportunities.

Furthermore, quite trivially, the absence of arbitrage opportunity implies that

futures prices must, at their maturity, converge towards the spot price, that is,

f(T, T ) = ST .

As a result, we have that futures prices must be the expectation of the spot price

at their maturity under an equivalent probability measure Q. This indeed derives

directly from the property of repeated expectations.

Proposition 2.1 (From Bayes’ Rule): if P and Q are equivalent probability

measures, then there exists a strictly positive martingale ξ such that, for any Ft-

measurable random variable, Wt:

EQ [WT |Ft] =
EP [WT ξT |Ft]

ξt

(2.32)

This strictly positive martingale ξ is often referred to as the density process of Q

with respect to P .¤
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Proof: See, for example, Duffie (1996) [14].

Making some arbitrary assumptions on the dynamics of the state price density

process, and without going into any discussion of an underlying equilibrium model,

we will now propose a given process for ξ with some restrictions on its parameters. In

Proposition 2.2 we show that this process is indeed a strictly positive martingale

and that it is thus a suitable candidate to define an equivalent probability measure

from Proposition 2.1. Next, in Proposition 2.3, we will show that an AJD

in a physical probability measure P remains an AJD in the equivalent probability

measure Q implied by ξ.

Having an AJD process in the equivalent probability measure Q is crucial to be

able to use the pricing engines developed in Chapter 3. Furthermore, conserving

the AJD property in both probability measures Q and P will be very important

in Chapter 7, when developing a procedure for the simultaneous estimation of the

parameters of the AJD process under the physical probability measure P and pa-

rameters of the process ξ defining the equivalent probability measure Q.

Proposition 2.2 The process ξt solving the stochastic differential equation

dln(ξt) = (k0 + k1.Xt)dt + η1.dWt + dZ∗
t (2.33)

where

(a) Z∗
t is a jump process whose jumps arrivals are completely determined by those

of Zt in equation (2.2). When there is a jump of size z on Zt, then there is a

jump of size zξ on Z∗
t .

(b) ση1 = h0 + h1Xt, with h0 ∈ Rn, and h1 ∈ Rn×n;

(c) ηT
1 η1 = g0 + g1.Xt, with g0 ∈ R, and g1 ∈ Rn;
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where in these two last constraints, and in what follows, the eventual depen-

dence of η1(Xt) and σ(Xt) on Xt is not written explicitely for some notational

facilities. These two last constraints imply that if σ is a function of Xt, then

η1 is also a function of Xt such that (b) and (c) are satisfied. Furthermore,

if σ is not function of Xt (such that σσT = H0) , then satisfying (b) and (c)

imply that η1 cannot be function of Xt neither. These constraints are needed

in Proposition 2.3 to ensure that Xt remains an AJD under the equivalent

probability measure Q implied by the process ξt.

(d) k0 = −1
2
g0 − l0(θ

∗([0, . . . , 0, 1])− 1);

(e) k1 = −1
2
g1 − l1(θ

∗([0, . . . , 0, 1])− 1);

(f) θ∗(c) =
∫
Rn+1 ec.[z′,zξ]′dν∗∗({z, zξ}), with c ∈ Cn+1

(g) ν∗∗({z, zξ}) is the joint probability distribution function of the jumps of Zt and

Z∗
t

is a strictly positive martingale under P and is thus an admissible candidate to define

an equivalent probability measure Q through equation (2.32).

Proof : Consider the augmented vector Yt =

(
Xt

ln(ξt)

)
. We have that :

dYt = d

(
Xt

ln(ξt)

)
=

((
K0

k0

)
+

(
K1 0
kT

1 0

)
Yt

)
dt +

(
σ
ηT

1

)
dWt

+

(
dZt

dZ∗
t

)
(2.34)

From Duffie, Pan and Singleton (1999) [16], we know that for any a ∈ Cn+1,

EP [ea.YT |Ft] = eα(t)+β(t).Yt (2.35)
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where :





β̇t = −
(

K1 0
kT

1 0

)T

βt − 1
2
βT

t H∗
1βt − [lT1 , 0]T (θ∗(βt)− 1)

α̇t = −
(

K0

k0

)T

βt − 1
2
βT

t H∗
0βt − l0(θ

∗(βt)− 1)

(2.36)

where, cT H1c denotes the vector in Cn+1 with k-th element
∑

i,j ci(H1)i,j,kcj; and

with boundary conditions

α(T ) = 0 (2.37)

β(T ) = a (2.38)

and where

H∗
0 =

(
H0 h0

hT
0 g0

)
(2.39)

(H∗
1 )i,j,k = (H1)i,j,k for i, j, k = 1 . . . n

(H∗
1 )i,j,k = 0 for i, j = 1 . . . n + 1; k = n + 1

(H∗
1 )i,j,k = (h1)i,k for i, k = 1 . . . n; j = n + 1

(H∗
1 )i,j,k = (h1)j,k for j, k = 1 . . . n; i = n + 1

(H∗
1 )i,j,k = (g1)k for i, j = n + 1; k = 1 . . . n

(2.40)

So that we have :

EP [ξT |Ft] = EP [e[0,...,0,1]YT |Ft] = eα(t)+β(t).Yt (2.41)

From the definition of a martingale, ξt will be a martingale if we have

EP [ξT |Ft] = EP [e[0,...,0,1]YT |Ft] = eα(t)+β(t).Yt = ξt (2.42)

This will be the case if α(t) = 0 and β(t) = [0, . . . , 0, 1]T which, in turn, from

the boundary conditions (2.37) and (2.38) on α and β, will be the case if α̇t = 0 and

β̇t = 0.
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From the system of equations (2.36), α̇t = 0 and β̇t = 0 if

k0 = −1

2
g0 − l0(θ

∗([0, . . . , 0, 1])− 1) (2.43)

k1 = −1

2
g1 − l1(θ

∗([0, . . . , 0, 1])− 1) (2.44)

which is indeed the case. The strictly positive character of ξ is guaranteed by the

fact that the stochastic process is written in terms of the logarithm of ξ.¤

Furthermore, the process ξt defined by (2.33) prices all sources of uncertainty.

The diffusion risk is priced by the vector η1, and the jump risk is priced by the

probability distribution of zξ.

As mentioned earlier, the form of the vector η1 is however constrained by the

form of the volatility matrix σ through the equations

• ση1 = h0 + h1Xt, with h0 ∈ Rn, and h1 ∈ Rn×n;

• ηT
1 η1 = g0 + g1.Xt, with g0 ∈ R, and g1 ∈ Rn;

This will be illustrated in the following example.

Consider an asset St with stochastic volatility

d

(
ln(St)
σ2

t

)
=

((
µ
κθ̄

)
+

(
0 −1

2

0 −κ

)(
ln(St)
σ2

t

))
dt

+

(
σt 0
0 ωσt

)
dWt (2.45)

The vector of prices of risk η1 is here constrained to the form

η1 =

(
η1,1σt

η1,2σt

)
(2.46)

so that the two constraints are indeed satisfied :

(
σt 0
0 ωσt

)(
η1,1σt

η1,2σt

)
=

(
0 η1,1

0 ωη1,2

)(
ln(St)
σ2

t

)
(2.47)
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and

(
η1,1σt η1,2σt

) (
η1,1σt

η1,2σt

)
=

(
0 η2

1,1 + η2
1,2

) (
ln(St)
σ2

t

)
(2.48)

That is, the price of risk is forced to be a linear function of the volatility.

Proposition 2.3 Let Xt be an AJD vector and ξ an AJD scalar whose dynam-

ics in the probability measure P are respectively given by the stochastic differential

equations (2.2) and (2.33). Let Q be the equivalent probability measure implied by ξ

through the equation (2.32). Then Xt remains an AJD in Q.

Proof : A random variable or vector is completely determined by its characteristic

function. Thus, all we need to prove is that there exists an AJD process which

implies the desired characteristic function of Xt in Q.

In the probability measure Q, the characteristic function of XT conditional on

the information available at time t is given by :

χ(u, t, T ) = EQ
[
eiu.XT |Ft

]
(2.49)

=
EP

[
eiu.XT +ln(ξT )|Ft

]

ξt

(2.50)

=
eα(t)+β(t).Yt

ξt

(2.51)

where α and β are the solutions of the complex valued system of ODE’s (2.36)

subject to the boundary conditions

α(T ) = 0 (2.52)

β(T ) = [iuT , 1]T (2.53)

We observe that the (n+1)th element of β̇t is zero for any t, so that βn+1(t) = 1.

Equation (2.51) then reduces to

χ(u, t, T ) = eα(t)+[β1(t),...,βn(t)]Xt (2.54)
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and the complex valued system of ODE’s (2.36) reduces to








β̇1(t)
. . .

β̇n(t)
0


 = −

(
KT

1 k1

0T 0

)



β1(t)
. . .

βn(t)
1




−1
2




β1(t)
. . .

βn(t)
1




T

H∗
1




β1(t)
. . .

βn(t)
1




−
(

l1
0

)
(θ∗([β1(t), . . . , βn(t), 1])− 1)

α̇t = − (
KT

0 , k0

)



β1(t)
. . .

βn(t)
1




−1
2




β1(t)
. . .

βn(t)
1




T

(
H0 h0

hT
0 g0

)



β1(t)
. . .

βn(t)
1




−l0(θ
∗([β1(t), . . . , βn(t), 1])− 1)

(2.55)
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which can be rewritten as







β̇1(t)
. . .

β̇n(t)


 = −KT

1




β1(t)
. . .

βn(t)


 + l1 (θ∗([0, . . . , 0, 1])− 1)

−1
2




β1(t)
. . .

βn(t)




T

H1




β1(t)
. . .

βn(t)


− hT

1




β1(t)
. . .

βn(t)




−l1(θ
∗([β1(t), . . . , βn(t), 1])− 1)

α̇t = −KT
0




β1(t)
. . .

βn(t)


 + l0 (θ∗([0, . . . , 0, 1])− 1)

−1
2




β1(t)
. . .

βn(t)




T

H0




β1(t)
. . .

βn(t)


− hT

0




β1(t)
. . .

βn(t)




−l0(θ
∗([β1(t), . . . , βn(t), 1])− 1)

(2.56)

with the boundary conditions

α(T ) = 0 (2.57)


β1(T )
. . .

βn(T )


 = iu (2.58)

Consider, on the other hand, the following AJD stochastic process candidate to

describe the dynamics of Xt in Q,

dXt =
(
K̃0(t) + K̃1(t)Xt

)
dt + σ̃(Xt, t) dW̃t + dZ̃t (2.59)

where :

• W̃ is a Brownian motion in Rn;
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• σ̃(Xt, t)
T σ̃(Xt, t) = H̃0 + H̃1Xt

• Z̃ is a pure jump process whose jumps have a fixed probability distribution ν̃

on Rn and arrive with intensity λ̃(Xt, t) = l̃0 + l̃1.Xt.

and define the function θ̃(c) with c ∈ Cn

θ̃(c) =

∫

Rn

ec.zdν̃(z) (2.60)

This stochastic process (2.59) will indeed be a successful candidate if we can

choose the values of its parameters such that the conditional characteristic function

that it implies, χ̃(u, t, T ), matches the conditional characteristic function χ(u, t, T ).

Again, we can write,

χ̃(u, t, T ) = EQ
[
eiu.XT |Ft

]
(2.61)

= eα̃(t)+β̃(t).Xt (2.62)

where α̃ and β̃ are the solutions of a system of complex valued ODE’s





˙̃βt = −K̃T
1 β̃t − 1

2
β̃T

t H̃1β̃t − l̃1(θ̃(β̃t)− 1)

˙̃αt = −K̃T
0 β̃t − 1

2
β̃T

t H̃0β̃t − l̃0(θ̃(β̃t)− 1)

(2.63)

subjected to the boundary conditions

α̃(T ) = 0 (2.64)

β̃(T ) = iu (2.65)

We observe that the two conditional characteristic functions do indeed match,

that is χ̃(u, t, T ) = χ(u, t, T ), if and only if

• K̃0 = K0 + h0

• K̃1 = K1 + h1
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• H̃0 = H0

• H̃1 = H1

• l̃0(θ̃(c)− 1) = l0(θ
∗([cT , 1]T )− θ∗([0, . . . , 0, 1]T ))

• l̃1(θ̃(c)− 1) = l1(θ
∗([cT , 1]T )− θ∗([0, . . . , 0, 1]T ))

These two last constraints imply some relationships between the arrival rates

and the probability density distribution of the jumps in both probability measures.

Indeed, defining the constant ω,

ω =

∫

R
ezξdνξ(zξ) (2.66)

where νξ(zξ) is the probability distribution function of the jumps of Z∗
t , the two last

conditions then imply that

l̃0
l0

=
(l̃1)j

(l1)j

= ω ∀j = 1, . . . , n (2.67)

and that
∫

Rn

ec.zdν̃(z) =
1

ω

∫

Rn+1

ec.z+zξdν∗∗({z′, zξ}′) (2.68)

Finally, this last equation is equivalent to writing that

f̃(z) =
1

ω

∫

R
ezξfmξ(zξ|z)f(z)dzξ (2.69)

where f̃(z) is the probability density function of the jumps Z̃ in Q, f(z) is the

probability density function of the jumps Z in P , and fmξ(zξ|z) is the marginal

probability density function of Z∗ in P conditional on a jump of size z of Z.

This completes the proof.¤

We observe that the coefficient of the affine function defining the instantaneous

variance of the AJD processes under the probability measures P and Q are the same,

i.e., H0 = H̃0 and H1 = H̃1.
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This, however, does not necessarily imply that the variance of an underlying S

at a given time T conditional on the information available at time t , with t < T ,

will be the same under the two probability measures. If the instantaneous variance

of the underlying, σ2
t is itself an element of the vector of state variables Xt, that is,

if we have a stochastic volatility model like in the example presented earlier, then

the risk premium on the volatility , η1,2σt, will make the mean of reversion of the

instantaneous variance either higher or lower (according to the sign of η1,2) in the

probability measure Q compared to its mean in the probability measure P . The

conditional variances of the underlying can thus be different (either higher or lower)

in both probability measures.

From equation (2.67), we observe that the mean arrival rate of the jumps are

the same in both probability measures P and Q if and only if ω = 1.

Furthermore, from equation (2.69) if the jumps of Z∗
t are independent of the

jumps of Zt, then the probability distributions of the jumps of Zt (in P ) and of Z̃t

(in Q) will be the same.

Several particular cases can be considered for the distribution of the jumps of

Z∗
t . Pan (2001) [34] has, for example, recently stated that when the jumps of Zt

and Z∗
t are normally distributed, one can keep the arrival rates of the jumps in both

probability measures equal by restricting the mean, µξ, and the standard deviation

σξ of the jumps of Z∗
t such that

µξ = −σ2
ξ

2
(2.70)

It is indeed easy to show that in this case, ω = 1. Furthermore, she considers the

jumps of Zt to be normally distributed with mean µJ and covariance matrix CovJ ,

and she considers the covariance matrix of the joint distribution of the jumps of Zt

and Z∗
t to be equal to Σ∗. She then states, and one can see from equation (2.68),

that the jumps of Z̃t are normally distributed with mean µ̃J = µJ + ρσJσξ, where

ρσJσξ is the vector of the n first elements of the last column of Σ∗.
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Another particular case is to let the size of the jumps of Z∗
t be completely de-

termined by the size of the jumps of Zt and by a vector η2 ∈ Rn such that when a

jump of size z, z ∈ Rn, occurs on Zt, then a jump of size z.η2 occurs on Z∗
t .

In this case, the factor ω is given by

ω =

∫

Rn

eη2.zdν(z) (2.71)

and the arrival rates of the jumps in both probability measures are thus modified.

The probability density functions are also modified such that

f̃(z) =
1

ω
eη2.zf(z) (2.72)

as can be derived from equation (2.68). This is a convenient way to price both

the risk associated to the arrival of the jumps and the risk associated with the

distribution of the jumps when they occur through a single vector η2. Furthermore,

this framework can be applied for any jump distribution of Zt.

We will thus further adopt this framework to price the jump risk. As a result,

for any vectors of prices of risk η1 and η2 (with the constraints on the form of η1

presented earlier), if the futures prices are set equal to the conditional expectation

of the spot price under the equivalent probability measure Q defined by (2.32), then

our model will be arbitrage-free. Furthermore, if the vector of risk-factors Xt is an

AJD in the physical probability measure P , then it remains an AJD in the equivalent

probability measure Q.

In Chapter 7, we show how to estimate η1 and η2 so that the futures prices com-

puted as explained above best match the historical futures prices times series. We

will further refer to the equivalent probability measure Q implied by these estimated

η1 and η2 as the ”risk-neutral” probability measure.



Chapter 3

Option Pricing: A Novel General

Framework

3.1 Introduction

A conjunction of several factors have created the conditions for explosive growth

in energy-related derivatives. First financial institutions, facing some difficulties

in creating and expanding new lines of business, have shown a growing interest in

trading energy commodities and financial and physical options related to energy.

Next, and more importantly, producers and end-users of energy are searching for

risk-management tools to mitigate the risks they are now facing since the deregula-

tion of the energy markets.

Finally, the size of the energy markets suggest that they can support the infras-

tructure necessary for derivative transactions of considerable volume, the size of the

markets also creates enough room for a large number of market makers.

In their paper, Kaminski et al. (1999) [27] have defined as ”exotic”, options with

38
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assumptions that differ from the traditional options originally studied by Black and

Scholes (1973) [3], Merton (1973) [30] and Cox, Ross and Rubinstein (1979) [8].

These early models apply to call and put options with payoffs that are defined as

the difference between the price of the underlying instrument at time of maturity and

the strike price or zero if it makes no sense to exercise. Furthermore, the dynamics

of the price of the underlying are assumed to follow a Geometric Brownian Motion

(GBM).

Exotic options can differ in terms of the assumptions regarding the dynamics of

the price of the underlying (as discussed in Chapter 2) and in terms of the payoffs

considered.

Kaminski et al. (1999) [27] have identified several classes of exotic options of

interest in the energy industry:

• Path-dependent options, the most popular of which are the Asian options

with payoffs that are function of averages of the underlying price during a

certain period. This is due to the fact that energy contracts are often indexed

or refer to averages of prices during a given period so that market players

cannot take advantage of the relative lack of liquidity of some energy markets

to exert some market power and distort the price for a short period of time at

maturity of the option.

• Multi-commodity options refer to options with payoffs that are function of

the prices of more than one underlying. These options have been extensively

used because of the exposure of the different actors in the energy industry

to several sources of uncertainty on top of energy prices such as other com-

modity prices (i.e., aluminium, copper,. . .), some fuel prices (i.e., natural gas,

fuel oil, coal,. . .), interest rates,. . . These options also include Spread op-

tions where the option is written on the difference between the prices of two

commodities. More generally, spread options can be written on the difference
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between the prices of the same commodity at two different locations (location

spreads), the prices of the same commodity at two different points in time

(calendar spreads), the prices of inputs to and outputs from, a production

process (production spreads or spark-spreads), prices of different grades of the

same commodity (quality spreads). When the strike price of a spread option is

set to zero, we get a so-called Option to exchange one asset for another.

Basket options refer to options on the weighted average of the prices of a bas-

ket of different commodities. Finally, Options on the minimum or the

maximum of two commodities are also a special case of multi-commodity

options.

• Compound options are options written on options. A particular case of

compound options is to be found in interruptible contracts with early notifi-

cation further studied in details.

• Hybrid options are options that combine aspects of the exotics mentioned

above. One of the most common practices in the energy markets is to settle

against an average of prices over some time period. Asian options are also

often combined with spread options to give rise to Asian spread options.

• Take-or-pay options are options where the buyer agrees to purchase between

a minimum v and a maximum V units of a commodity (natural gas or elec-

tricity) every day or every hour for the length of the contract. The purchase

(strike) price for the commodity is fixed at $K/unit. The total volume for the

contract period has a minimum Vmin and a maximum Vmax. On the NordPool

such take-or-pay options are called Brukstid contracts.

Pricing methodologies for these exotic options include Monte-Carlo methods,

Grid methods (i.e., binomial or trinomial trees), and finite difference methods ac-

cording to the type of exotic option to be priced.
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All of these methodologies, however suffer some drawbacks

• Monte-Carlo methods are very easy to implement but are very computationally

intensive. Furthermore, the accurate computation of the greeks of option prices

is quite tedious. Finally, they are not well suited for options with endogenous

exercise policies such as take or pay options.

• Grid methods are difficult to implement with stochastic processes departing

from the pure Brownian motion. They also suffer computation burdens when

the size of the vector of underlying state variables exceed two or three.

• Finite difference methods face the same problem of computation burden when

the size of the underlying state variables vector increases.

As a result, in order to overcome these problems, researchers have traditionally

devoted their time in finding closed form solutions to the pricing of some of these

exotic options under the assumption that the underlying’s dynamics was driven by

a given stochastic process. However, each time the stochastic process was changed,

the quest for a closed form solution to the pricing problem had to be restarted again.

A great step towards generality was achieved when attention has been given to

characteristic functions of the underlying. Generalizing the work of Stein and Stein

(1991)[47], and Heston (1993)[22], and adapting some results of Shephard (1991)

[43], Bakshi and Madan (2000) [1] are the first to have used the power of character-

istic functions for the pricing of contingent claims. They indeed reduced the option

pricing problem to the estimation of Arrow Debreu securities prices under modified

equivalent probability measures. These securities are easily priced for exponen-

tial or polynomial functions of the underlying variables because their characteristic

functions are obtainable through simple translation or differentiation of the original

underlying variables’ characteristic function, respectively.
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A similar approach has also been developed by Duffie, Pan and Singleton (1999)

[15] in the special case of Affine Jump Diffusion (AJD) processes. They indeed

showed that the characteristic function of a vector of AJDs could be computed by

solving a system of complex valued ordinary differential equations and obtained the

same pricing formulae as Bakshi and Madan (1999) [1] through an approach based

on an Inverse Fourier Stieltjes Transform with respect to the (log) strike price.

Kammat and Oren (2000) [26] extended the work of Duffie, Pan and Singleton

(1999) [15] to show that the joined characteristic function of the underlying variables

at different times in the future could also be obtained by solving a system of complex

valued ordinary differential equations. They then extended the work of Bakshi and

Madan (2000) [1] to value options with payoffs that are functions of affine functions

of the underlying at two different dates.

Finally, Carr and Madan (1999) [4] adapted the approach developed by Duffie,

Pan and Singleton (1999) [15] to take advantage of the power of fast Fourier trans-

forms algorithms to compute at low cost options’ prices with different strike prices.

The novel methodology to price Contingent Claims developed in this chapter and

its applications exposed in the Chapters 4 and 5 are from Culot, Menten de Horne

and Smeers (2001) [10]. This methodology is designed to price any arbitrary payoff

satisfying only weak constraints. In the particular cases where the payoff function

can be expressed as the product of (a) a polynomial of the underlying variables,

(b) an exponential affine function of the underlying variables and (c) any function

of the underlying variables with an analytical Fourier transform, than closed form

solutions are provided in Chapter 4. This covers all of the exotic options mentioned

above but the take or pay kind of options. The results of Bakshi and Madan (1999)

[1], Duffie, Pan and Singleton (1999) [15], and Kammat and Oren (2000) can, for

example be shown to fall into this category. Similarly, the fast Fourier transforms

introduced by Carr and Madan (1999) [4] to price options with different strike prices
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at low cost can also be retrieved from our framework.

When the payoff cannot be decomposed into such a product of functions, we

propose, in Chapter 5, a numerical implementation of our methodology based on fast

discrete cosine transforms. This provides an alternative to the approach developed

by Van Steenkiste and Foresi (1999) [48]. Our approach is also of particular interest

in dynamic programming algorithms, which are needed to price take or pay kind of

options, and where the payoff is only known at some discrete points on a grid.

3.2 The theoretical framework

3.2.1 The concept

A review of notations, concepts and results about Fourier theory and distribution

theory introduces the Parseval identity at the heart of the new methodology. Further

details on distribution theory can be found in Willem (1995) [49] or Safarov (1996)

[39].

3.2.1.1 The Schwartz space S(Rn)

Definition 3.1 A multi-index γ ∈ Nn can be used as a short-hand in two cases:

1. if x ∈ Rn, then xγ is a short-hand for xγ1

1 . . . xγn
n

2. if f : Rn → C, then ∂γ
xf(x) is a short-hand for ∂γ1 ...∂γn

∂x
γ1
1 ...∂xγn

n
f(x)

Definition 3.2 A function u : Rn → C belongs to the Schwartz space S(Rn), u ∈
S(Rn), if u ∈ C∞ and

‖u‖α,β , sup
x∈Rn

|xβ∂α
x u(x)| < ∞ (3.1)

for all multi-indices α, β.
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An example of a function belonging to the Schwartz space is e−|x|
2
. On the other

hand, heavy-tailed probability density functions with tails going to zero as power

functions do not belong to this space.

Definition 3.3 Here is a list of continuous linear applications from S(Rn) in itself:

1. The translations : τau(x) , u(x− a), where a ∈ Rn;

2. The dilatations/rotations : ∂Au(x) , u(A−1x), where A ∈ Rn×n is invertible;

in particular, we note ∂−Iu , ǔ;

3. The derivations: ∂α
x u(x), where α ∈ Nn;

4. The Fourier Transform : û(ω) , F(u)(ω) ,
∫
Rn u(x)e−i2πxωdx.

Properties 3.1 The following properties of Fourier transforms of u ∈ S(Rn)are

standard results

1. ˆ̂u = ǔ ;

2. The translations : F(τau) = e−2iπy.aû, and τaû = F (e2iπy.au);

3. The dilatations/rotations : F(∂Au) = | det(A)|∂A−T û, and ∂Aû = | det(A)|F (∂A−T u);

4. The derivations: F(∂αu) = (2iπy)αû, and ∂αû = F ((−2iπy)αu) .

3.2.1.2 The tempered distributions space S ′(Rn)

The dual space of the Schwartz space is the tempered distributions space.

Definition 3.4 The space of tempered distributions is defined as

S ′(Rn) , {f : S(Rn) → C : f is linear and continuous} (3.2)
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The application of the tempered distribution f on the function u ∈ S(Rn) is noted

〈f, u〉.

The next proposition defines an important subspace of S ′(Rn).

Proposition 3.1 Let f ∈ P(Rn) with

P(Rn) = {f : Rn → C | (∃m ∈ N)(∃p ∈ [1,∞[) : (1 + |x|2)−mf ∈ Lp(Rn)} (3.3)

then the linear form

S(Rn) → C : u 7→
∫

Rn

f(x)u(x)dx (3.4)

defines a tempered distribution. We will associate to each function satisfying (3.3)

its tempered distribution and we will note

〈f, u〉 ,
∫

Rn

f(x)u(x)dx ∀f ∈ P(Rn) (3.5)

Proof: See Willem (1995) [49], p. 145.

However, there exist tempered distributions that cannot be expressed in an in-

tegral form as in (3.5). A well known example being the dirac distribution

∀u ∈ S(Rn) 〈δ, u〉 , u(0) (3.6)

The active variable will be subscripted when explicit forms of functions are used.

For example, we will note 〈f, ea.xu〉x.

Definition 3.5 The space of tempered functions is defined as

OM(Rn) , {g ∈ C∞(Rn) : (∀γ ∈ Nn)(∃c ≥ 0)(∃m ∈ Nn) (3.7)

(∀x ∈ Rn) : |∂γg(x)| ≤ c(1 + |x|2)m}

Definition 3.6 The following list of continuous linear applications on S ′(Rn) are

defined by transposition of continuous linear applications on S(Rn):
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1. The translations : 〈τaf, u〉 , 〈f, τ−au〉, where a ∈ Rn;

2. The dilatations/rotations: 〈∂Af, u〉 , | det(A)|〈f, ∂A−1u〉, where A ∈ Rn×n is

invertible; in particular, we note ∂−If , f̌ ;

3. The derivations: 〈∂αf, u〉 , (−1)|α|〈f, ∂αu〉, where α ∈ Nn;

4. The Fourier Transform (a.k.a. Parseval identity): 〈f̂ , u〉 , 〈f, û〉.

5. Multiplication by v ∈ OM(Rn): 〈vf, u〉 , 〈f, vu〉 ∀u ∈ S(Rn),∀v ∈ OM(Rn)

Example 3.1 Some examples of Fourier transforms for a tempered distribution f ∈
S ′(Rn):

1.
ˆ̂
f = f̌

2.
ˇ̂
f = ˆ̌f

3. The translations : F(τaf) = e−2iπy.af̂ , and τaf̂ = F (e2iπy.af)

4. The dilatations/rotations : F(∂Af) = | det(A)|∂A−T f̂ , and ∂Af̂ = | det(A)|F (∂A−T f)

5. The derivations: F(∂αf) = (2iπy)αf̂ , and ∂αf̂ = F ((−2iπy)αf),

6. The Dirac distribution: 1̂ = δ, δ̂ = 1.

3.2.1.3 The Parseval identity

The Parseval identity is the key result that opens a new perspective on the classical

problem of European option pricing.

Indeed, this problem is essentially equivalent to the computation of the expecta-

tion of a nonlinear payoff f of a random variable with probability density function

(p.d.f.) p or:

E[f(X)] =

∫

Rn

f(x)p(x)dx (3.8)
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However, the p.d.f. has not often an analytical form and even a numerical form

is tricky to obtain. On the contrary, the characteristic function χ(ω) , E[e−i2πω.X ]

of the random variable is available in a much wider number of cases.

The problem is that the payoff f is in the space domain whereas the characteristic

function χ is defined in the frequency domain. A simple reasoning about the relation

(3.8) will however bring an elegant solution to reconcile the two.

Theorem 3.1 If f ∈ P(Rn) and p ∈ S(Rn), then

E[f(X)] = 〈f̂ , χ̌〉 (3.9)

where χ = p̂.

Proof: The integral form of the expectation leads to an expression with a dis-

tribution :

E[f(X)] = 〈f, p〉 (3.10)

and using properties of the Fourier transforms, it follows that:

E[f(X)] = 〈f, p〉 (3.11)

= 〈f,
ˇ̂
p̂〉 by the Fourier transform Property 3.1-1 (3.12)

= 〈f̂ , ˇ̂p〉 by the Parseval identity (Definition 3.6-4) (3.13)

which is the desired result. ¤

Example 3.2 Moments from the characteristic function.

The moment of order m of a random variable is defined as E[Xm]. The Theorem

3.1 and some algebra give the well-known result:

E[Xm] = 〈xm, p〉
= 〈1, xmp〉



CHAPTER 3. OPTION PRICING: A NOVEL GENERAL FRAMEWORK 48

= 〈1̂, ∂−IF(xmp)〉
= 〈δ, ∂−I

(
(−2iπ)−m∂mp̂

)〉
= 〈δ, (2iπ)−m∂mp̌〉
=

1

(2iπ)m
∂mχ(0) (3.14)

Example 3.3 The cumulative probability distribution (c.p.d.) of an uni-dimensional

random variable.

The c.p.d. of X is defined as P (a) =
∫ a

−∞ p(x)dx, or equivalently as E[1(x≤a)]. Using

the Theorem 3.1 and the knowledge of the Fourier transform of the unitstep function

F
(
1(x≥0)

)
= 1

2

(−i
πω

+ δ
)
, it follows that:

E[1(x≤a)] = 〈1(x≤a), p〉
= 〈τa∂−11(x≥0), p〉
= 〈1(x≥0), ∂−1τ−ap〉
=

〈
1(x≥0), ∂−1

(
̂̂

∂−1τ−ap

)〉

=
〈
1(x≥0), ̂̂τ−ap

〉

= 〈1̂(x≥0), τ̂−ap〉
=

〈
1

2

(−i

πω
+ δ

)
, e2iπωap̂

〉

ω

=
1

2

(
χ(0) + 〈−i

πω
, e2iπωaχ〉ω

)

=
χ(0)

2
−

∫ ∞

0

Im[e2iπωaχ(ω)]

πω
dω (3.15)
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3.2.2 The option pricing framework

The Parseval identity and its applications to compute expectations will now be

applied more specifically to the pricing of options with a fixed exercise date.

We fix a probability space (Ω,F , Q) and an information filtration (Ft) = {Ft :

t ≥ 0}, and suppose that X, a vector of underlying variables is a process in some

sate space D ⊂ Rn defined on the filtration (Ft) .

Let f ∈ P(Rn), we will consider here payoff functions that can be expressed as

V (XT ) = f(XT )
∑

i

(ciX
αi
T )ea.XT (3.16)

with ci ∈ R, a ∈ Rn, and where the αi denote multi-indexes.

Let r(Xt, t) : {Rn,R+} → R denote the instantaneous risk-free rate of return

and B(t) be a risk-free bond with dBt = Btr(Xt, t)dt.

Let g({XT , BT}; t, T ) : {Rn+1;R+,R+} → R denote the joined probability den-

sity function, under the probability measure Q, of the random (n + 1)-dimensional

vector {X, B} at time T conditional on the information available at time t, with

t ≤ T . The set of probability density functions will be restricted here to probability

density functions satisfying the constraint that the product g({XT , BT}; t, T )ea.XT

is in S(Rn). The ”discounted” probability density function will be noted

g∗t,T (XT ) =

∫

R

Bt

y
g({XT , y}; t, T )dy (3.17)

where y is an integration variable denoting possible outcomes of the stochastic vari-

able BT .

Theorem 3.2 Assuming that Q is the risk-neutral probability measure, the price at

time t, of a contingent claim with the payoff at time T as defined above is formally

given by

c(t) ≡ EQ

[
e−

R T
t r(Xs,s)dsf(XT )

∑
i

(ciX
αi
T )ea.XT |Ft

]
(3.18)
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=
∑

i

ciE
Q

[
e−

R T
t r(Xs,s)dsf(XT )Xαi

T ea.XT |Ft

]
(3.19)

=
∑

i

ci〈f̂ ,
1

(i2π)αi
∂αiF

(
e−a.XT ǧ∗t,T (XT )

)〉 (3.20)

Proof: Each expectation can be written as an integral

EQ
[
e−

R T
t r(Xs,s)dsf(XT )Xαi

T ea.XT |Ft

]

=

∫

Rn

f(x)xαiea.XT

∫

R

Bt

y
g({x, y}; t, T )dydx

=

∫

Rn

f(x)xαiea.xg∗t,T (x)dx

= 〈f, Xαi
T ea.XT g∗t,T 〉XT

(3.21)

where x and y are integration variables denoting possible outcomes of the stochastic

variables XT and BT , respectively.

From the Parseval identity (Definition 3.6-4), this is equal to

〈f,Xαi
T ea.XT g∗t,T 〉XT

= 〈f̂ , ∂−IF
(
Xαi

T ea.XT g∗t,T
)〉XT

(3.22)

which, from the Properties 3.1 of translation and differentiation of the Fourier

transforms and from the restriction set on the probability density function g({Xt, Bt}; t, T ),

it is trivial to show that

〈f̂ , ∂−IF
(
Xαi

T ea.XT g∗t,T
)〉XT

= 〈f̂ ,
1

(i2π)αi
∂αiF

(
e−a.XT ǧ∗t,T (XT )

)〉 (3.23)

This concludes the proof ¤.

Note that the expectation can only be computed if ea.XT g∗t,T (XT ) ∈ S(Rn). Fur-

thermore, in the case g∗t,T is analytic, the result of the theorem can further be

simplified into

c(t) ≡ 〈f̂ , ∂−IF
(
Xαi

T ea.XT g∗t,T
)〉XT

= 〈f̂ ,
1

(i2π)αi
∂αi

(
ˇ̂g
∗
t,T (XT )

)
(ω +

ia

2π
)〉 (3.24)
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3.2.3 Using Fast Fourier Transforms to compute options

with different strike prices

As mentioned in the introduction, Carr and Madan (1999)[4] have developed an ap-

proach that will reduce the number of computations when evaluating European call

or put option prices at different strike price levels by using Fast Fourier Transforms

algorithms. We show in this section that these results can also be retrieved in our

framework.

The setting introduced by Carr and Madan (1999)[4] assumes the following: let

CT (k) be the desired value of a T maturity call option with log strike k. Let the

risk-neutral density of the terminal log price sT be gT (s). The characteristic function

of this density is defined by:

χT (u) ≡
∫ ∞

−∞
e−i2πusgT (s)ds (3.25)

The value of the call is then given by:

CT (k) ≡ e−rT

∫ ∞

−∞

(
es − ek

)
1s≥k gT (s)ds (3.26)

where r denotes the risk-free rate (assumed constant).

Because Carr and Madan (1999)[4] restrict themselves to Fourier transforms of

square integrable functions, they have to introduce a dampening factor. They thus

compute the value of a ”dampened” call price, cT (k) ∈ L2 defined by:

cT (k) ≡ eαkCT (k) , α > 0 (3.27)

We show here that the same formula can be obtained in our framework for the

dampened call price.

More interestingly, our framework only requires the payoff to be a distribution

and not necessarily a square integrable function. Hence the development can be

done without the dampening factor artefact.
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3.2.3.1 Development with a dampening factor

Combining equations (3.26) and (3.26), the value of the dampened call price can

indeed be expressed as

cT (k) = e−rT

∫ ∞

−∞
eαk

(
es − ek

)
1s≥k gT (s)ds (3.28)

= e−rT
〈
eαk

(
es − ek

)
1s≥k, gT (s)

〉
s

(3.29)

= e−rT
〈
eαk−(α+1)s

(
es − ek

)
1s≥k, e

(α+1)sgT (s)
〉

s
(3.30)

= e−rT
〈(

e−α(s−k) − e−(α+1)(s−k)
)
1s≥k, e

(α+1)sgT (s)
〉

w
(3.31)

which, from the Parseval Identity, becomes

cT (k) = e−rT
〈
∂−1F

((
e−α(s−k) − e−(α+1)(s−k)

)
1s≥k

)
,F

(
e(α+1)sgT (s)

)〉
(3.32)

Let us now develop the two sides of the application:

F
(
e(α+1)sgT (s)

)
(w) = χT (w − i(α + 1)) (3.33)

and

∂−1F
((

e−α(s−k) − e−(α+1)(s−k)
)
1s≥k

)
(w)

=

∫ ∞

k

(
e−α(s−k) − e−(α+1)(s−k)

)
ei2πwsds

= ei2πwk

(
− 1

i2πw − α
+

1

i2πw − (α + 1)

)

=
ei2πwk

α + α2 − i2πw(2α + 1)− (2πw)2
(3.34)

Finally, we get

cT (k) = e−rT

〈
ei2πwk

α + α2 − i2πw(2α + 1)− (2πw)2
, χT (w − i(α + 1))

〉

w

= e−rT

〈
ei2πwk,

χT (w − i(α + 1))

α + α2 − i2πw(2α + 1)− (2πw)2

〉

w

= e−rT

∫ ∞

−∞
ei2πwk χT (w − i(α + 1))

α + α2 − i2πw(2α + 1)− (2πw)2
dw

= e−rT 2

∫ ∞

0

Re

[
ei2πwk χT (w − i(α + 1))

α + α2 − i2πw(2α + 1)− (2πw)2

]
dw (3.35)
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which is just a direct Fourier transform and lends itself quite easily to an application

of the FFT to compute its value for different k’s.

Quite trivially, the values of the European calls, CT (k), are then retrieved by a

simple application of equation (3.27). Furthermore, it is easy to show that the prices

of European put options with different strike prices can also be computed along the

same lines.

3.2.3.2 Development without a dampening factor

This time, we directly develop the expression of the call price:

CT (k) ≡ e−rT

∫ ∞

−∞

(
es − ek

)
1s≥k gT (s)ds

=
〈(

e
s − ek

)
1s≥k, gT (s)

〉
s

=
〈(

1− ek−s
)
1s≥k, e

s

gT (s)
〉

s

=
〈
τk

((
1− e−s

)
1s≥0

)
, e

s

gT (s)
〉

s

=
〈
F

(
τk

((
1− e−s

)
1s≥0

))
, ∂−IF

(
e

s

gT (s)
)〉

w

=

〈
e−2iπkw

(
δ

2
− i

2πw
− i

i− 2πw

)
, τ i

2π

ˇ̂gT

〉

w

=
ĝT

(
i

2π

)

2
+

∫ ∞

−∞
e−2iπkw

(
− i

2πw
− i

i− 2πw

)
ĝT (−w +

i

2π
)dw

=
ĝT

(
i

2π

)

2
+

∫ ∞

−∞
e−2iπkw ĝT (−w + i

2π
)

i2πw − (2πw)2
dw

=
ĝT

(
i

2π

)

2
+ 2

∫ ∞

0

Re

[
e−2iπkw ĝT (−w + i

2π
)

i2πw − (2πw)2

]
dw (3.36)

where the second term is a regular Fourier transform with respect to the log strike

price k, which can be approximated by its discrete equivalent and computed via an

FFT algorithm for different levels of the log strike price k.
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3.2.3.3 The FFT algorithm

Both equations (3.35) and (3.36) have an expression of the type:

fq(k) =

∫ ∞

0

Re
[
e(−1)q2iπkwFq(w)

]
dw (3.37)

where q is equal to 0 in (3.35) and 1 in (3.36).

This expression will be approximated by

fq(k) ≈
∫ a

0

Re
[
e(−1)q2iπkwFq(w)

]
dw

≈ a

N

N−1∑
j=0

Re
[
e(−1)q2iπk(j+ 1

2
) a

N Fq((j + 1/2)a/N)
]

=
a

N
Re

[
e(−1)q2iπ k

2
a
N

N−1∑
j=0

e(−1)q2iπkj a
N Fq((j + 1/2)a/N)

]
(3.38)

where a centered rectangular rule has been used to approximate the integral by a

sum.

The FFT is an efficient algorithm for computing the sum

W (s) =
N−1∑
j=0

ei2πbjs/NX(j) for s = 0, . . . , N − 1, (3.39)

where W and X are vectors of size N and b is a parameter of the FFT, with b = 1

or b = −1. The algorithm reduces the number of multiplications from an order of

N2 to that of N log2(N). We will note: W = FFT (X, b).

Let [kmin, kmax− (kmax− kmin)/N ] be the range of log strike prices for which we

want to compute the option price, with the constraint that (kmax − kmin)a = N .

Noting ks = kmin + s(kmax− kmin)/N for s = 0, . . . , N − 1, the sum in (3.38) can be

written

S(s) =
N−1∑
j=0

(
exp

[
(−1)q2iπs

(kmax − kmin)

N
j

a

N

]

exp
[
(−1)q2iπkminj

a

N

]
Fq ((j + 1/2)a/N)

)
(3.40)
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can be computed, for each s, through the FFT algorithm

S = FFT (F ∗
q , (−1)q) (3.41)

where F ∗
q is the N dimensional vector with

(F ∗
q )j = e(−1)q2iπkminj a

N Fq((j +
1

2
)

a

N
), for j = 0, . . . , N − 1 (3.42)

The choice of a must be such that the characteristic function of the underlying

variable, ĝT (w) is negligible for |w| > a. As a rule of thumb, one can notice that,

in a Gaussian setting, if gT (x) can be considered as negligible for |x − µT | > n σT ,

then the characteristic function ĝT (w) will also be negligible for |w| > n/σT .



Chapter 4

Option Pricing: Closed Form

Solutions

4.1 Introduction

This chapter is organized around some key transforms that are special cases of the

framework developed in Chapter 3 applied to the Affine Jump Diffusion framework.

In what follows, the ”risk-factors” dynamics are thus assumed to be described by

the AJD stochastic differential equation (2.2) under the ”risk-neutral” probability

measure Q.

Each time a key transform is introduced, we show how this key transform can

be used as a building block to price different exotic options.

56
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4.2 Futures and forwards

Futures and forwards are the most commonly traded financial products in energy

markets. They are agreements on the price at which the commodity will be ex-

changed at some date in the future (maturity). Futures or forward contracts are

just agreements on some future settlement rules and do not require any cash payment

at the time the positions are taken.

On commodity markets, it is usual to refer to forward contracts when they are

private contracts between two parties that are not standardized and settled at the

end of the contract. Futures contracts, on the other hand denote standardized

contracts that are traded on an exchange and settled daily.

The daily settlement of futures contracts is done through a clearing house that

will adjust a trader’s margin account to reflect the price changes occurred during

the trading day. The holder of a long (short) position in a futures contract will thus

receive (pay) at the end of every day the difference between the Futures closing price

and its closing price at the end of the previous trading day. The cash settlement

will thus happen continuously in the case of a futures contract and instantaneously

at its maturity in the case of a forward contract. As will be shown later, this

difference in cash settlements will be responsible for the price difference between

the two contracts, but this difference will vanish in the case interest rates remain

deterministic.

4.2.1 Elementary Transform

The elementary transform that is used to price futures and forward contracts is the

key transform over which every other elementary transform that will be developed

further builds upon. This is because it is in fact a generalization of the characteristic

function of the underlying state variables that we denoted in the previous chapter
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as 1
(i2π)αi

∂αi

(
ˇ̂g
∗
t,T (XT )

)
(ω + ia

2π
) with only first order derivatives, that is ||αi|| = 1.

It has originally been developed by Duffie, Pan and Singleton (1999) [15].

Proposition 4.1 (from Duffie, Pan and Singleton (1999) [15]): The trans-

form φ(d0, d1, a, b, Xt, t, T ), {R,Rn,R,Rn,Rn, [0,∞), [0,∞)} → {R}, defined as

φ(d0, d1, a, b, Xt, t, T ) = EQ
[
exp

(
−

∫ T

t

R(Xs, s)ds
)

(
d0 + d1.X(T )

)
e(a+ib)X(T )

∣∣∣Ft

]
(4.1)

is given by

φ(d0, d1, a, b, Xt, t, T ) ≡ (A(t) + B(t).Xt) eα(t)+β(t)Xt (4.2)

where A(t), B(t), α(t) and β(t) are solutions to the system of complex valued ODE’s





β̇t = ρ1 −KT
1 βt − 1

2
βT

t H1βt − l1(θ(βt)− 1)
α̇t = ρ0 −KT

0 βt − 1
2
βT

t H0βt − l0(θ(βt)− 1)

−Ḃt = KT
1 Bt + βT

t H1Bt + l1∇θ(βt)Bt

−Ȧt = KT
0 Bt + βT

t H0Bt + l0∇θ(βt)Bt

(4.3)

with the boundary conditions B(T ) = d1, A(T ) = d0, α(T ) = 0 and β(T ) = a + ib,

and where ∇θ(c) is gradient of θ(c) with respect to c ∈ Cn. ¤

Note that for some notational conveniences, the dependence of A(t), B(t), α(t)

and β(t) on T and the boundary conditions has not been written explicitly.

4.2.2 Products Priced

4.2.2.1 Forwards

As mentioned earlier, this elementary transform will enable us to price forward

contracts. We indeed have that
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Proposition 4.2 If the spot price is modelled by either the return model (2.1) or

the level model (2.3), with Xt being an AJD under the risk-neutral probability model

Q, then the forward price, F (t, T ) is a special case of the transform (7.2), where the

expectation is taken under Q.

Proof : By definition, a forward contract is an agreement between two parties to

buy or sell an asset at a certain time in the future for a certain price. This price

is referred to as the forward price and noted F (t, T ) where t is the time where the

agreement takes place and T is the time of the transaction that has been agreed

upon.

For such an agreement to be possible, the value of holding such a contract should

be zero, so that

EQ[e
R T

t −R(Xs,s)ds(Spott − F (t, T ))|Ft] = 0 (4.4)

where R(Xt, t) is the risk-free rate; and thus

F (t, T ) =
EQ[e

R T
t −R(Xs,s)dsSpotT |Ft]

EQ[e
R T

t −R(Xs,s)ds|Ft]
(4.5)

For the level model, from equation (4.5), we have that

F (t, T ) =
EQ[e

R T
t −R(Xs,s)ds (γ0,2 + γ2.XT ) |Ft]

EQ[e
R T

t −R(Xs,s)ds|Ft]
(4.6)

=
φ(γ0,2, γ2, 0, 0, t, T )

φ(1, 0, 0, 0, t, T )

=
(AF (t) + BF (t).Xt) eα(t)+β(t)Xt

eα(t)+β(t)Xt
(4.7)

= AF (t) + BF (t).Xt

For the return model, from equation (4.5), we have that

F (t, T ) =
EQ[e

R T
t −R(Xs,s)dseγ0,1+γ1XT |Ft]

EQ[e
R T

t −R(Xs,s)ds|Ft]
(4.8)
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=
φ(eγ0,1 , 0, γ1, 0, t, T )

φ(1, 0, 0, 0, t, T )

= eγ0,1eαF (t)+βF (t).Xt

¤

Proposition 4.3 Suppose the spot price is modelled by the return model (2.1) with

Xt being an AJD under the risk-neutral probability model Q, then ln(F (t, T )) follows

an AJD in Q; furthermore, if Xt also follows an AJD in the ”physical” probability

measure P , then ln(F (t, T )) follows an AJD in P as well. Suppose the spot price

is modelled by the level model (2.3), with Xt being an AJD under the risk-neutral

probability model Q, then F (t, T ) follows an AJD in Q; furthermore, if Xt also

follows an AJD in the ”physical” probability measure P , then F (t, T ) follows an

AJD in P as well.

Proof : For the return model, we have from (4.8) that

ln(F (t, T )) = γ0,1 + αF (t) + βF (t).Xt (4.9)

so that by differentiation, we get

dln(F (t, T )) = α̇F (t)dt + β̇F (t).Xtdt + βF (t)dXt (4.10)

Replacing dXt by either equation (2.2) or (2.59) according to whether we want

the stochastic process of ln(F (t, T )) under the ”physical” or the risk-neutral prob-

ability measure, respectively, we observe that in any case, ln(F (t, T )) is indeed an

AJD.

For the level model, we have from (4.6) that

F (t, T ) = AF (t) + BF (t).Xt (4.11)

so that by differentiation, we get

dF (t, T ) = ȦF (t)dt + ḂF (t).Xtdt + BF (t)dXt (4.12)
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Replacing dXt by either equation (2.2) or (2.59) according to whether we want

the stochastic process of F (t, T ) under the ”physical” or the risk-neutral probability

measure, respectively, we observe that in any case, F (t, T ) is indeed an AJD. ¤

4.2.2.2 Futures

Proposition 4.4 If the spot price is modelled by either the return model (2.1) or

the level model (2.3), with Xt being an AJD under the risk-neutral probability model

Q, then the futures price, f(t, T ) is a special case of the transform (7.2), where the

risk-free rate is set to zero, and the expectation is taken under Q.

Proof : It is a quite standard result in finance that if the market is arbitrage-free,

then futures contracts are martingales under the risk-neutral probability measure Q

(see, for example, Musiela and Rutowski (1997) [31]). That is,

EQ[f(t + τ, T )|Ft] = f(t, T ), ∀τ, 0 ≤ τ ≤ T − t (4.13)

Furthermore, it is quite trivial that if the market is arbitrage-free then

f(T, T ) = SpotT (4.14)

It follows from equations (4.13) and (4.14), and from the property of iterated

expectations that

f(t, T ) = EQ[ST |Ft] (4.15)

For the level model, from equation (4.5), we have that

f(t, T ) = EQ[γ0,2 + γ2.XT |Ft] (4.16)

= φ(γ0,2, γ2, 0, 0, t, T )

= Af (t) + Bf (t).Xt
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For the return model, from equation (4.5), we have that

f(t, T ) = EQ[eγ0,1+γ1XT |Ft] (4.17)

= φ(eγ0,1 , 0, γ1, 0, t, T )

= eγ0,1eαf (t)+βf (t).Xt

where we have set ρ0 = 0 and ρ1 = 0 in the computation of (7.2). ¤

Proposition 4.5 Suppose the spot price is modelled by the return model (2.1) with

Xt being an AJD under the risk-neutral probability model Q, then ln(f(t, T )) follows

an AJD in Q; furthermore, if Xt also follows an AJD in the ”physical” probability

measure P , then ln(f(t, T )) follows an AJD in P as well. Suppose the spot price

is modelled by the level model (2.3), with Xt being an AJD under the risk-neutral

probability model Q, then f(t, T ) follows an AJD in Q; furthermore, if Xt also

follows an AJD in the ”physical” probability measure P , then f(t, T ) follows an

AJD in P as well.

Proof : For the return model, we have from (4.17) that

ln(f(t, T )) = γ0,1 + αf (t) + βf (t).Xt (4.18)

so that by differentiation, we get

dln(f(t, T )) = α̇f (t)dt + β̇f (t).Xtdt + βf (t)dXt (4.19)

Replacing dXt by either equation (2.2) or (2.59) according to whether we want

the stochastic process of ln(f(t, T )) under the ”physical” or the risk-neutral prob-

ability measure, respectively, we observe that in any case, ln(f(t, T )) is indeed an

AJD.

For the level model, we have from (4.6) that

f(t, T ) = Af (t) + Bf (t).Xt (4.20)



CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 63

so that by differentiation, we get

df(t, T ) = Ȧf (t)dt + Ḃf (t).Xtdt + Bf (t)dXt (4.21)

Replacing dXt by either equation (2.2) or (2.59) according to whether we want

the stochastic process of f(t, T ) under the ”physical” or the risk-neutral probability

measure, respectively, we observe that in any case, f(t, T ) is indeed an AJD. ¤

It is quite trivial to observe that in the case the risk-free interest rate is deter-

ministic (ρ1 = 0), then futures and forward prices are the same. In any case, both

products’ prices are given by an affine or exponential affine function of the state vari-

ables so that if one is able to price an option on one product, it is always possible

to price options on the other product as well. In the remainder of the text, we will

focus on options on futures and will omit the underscores f denoting the pricing of

futures. The computation of options on forwards will be assumed to derive trivially

from these formulas.
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4.3 European Options

Considering a spot price given by the return model, our objective is to show here

how to price an European option with a payoff at maturity, T given by

Payoff(T ) = max{eγ0,1+γ1.XT − eγ0,2+γ2.XT ; 0} (4.22)

where X is an AJD in the risk-neutral probability measure Q.

For the level model, we will show how to price an European option with a payoff

at maturity, T , given by

Payoff(T ) = max{γ0,1 + γ1.XT − (γ0,2 + γ2.XT ); 0} (4.23)

where X is an AJD in the risk-neutral probability measure Q.

4.3.1 A preliminary general result

We start by introducing the expectation c(t) in a general (not necessarily AJD)

statistical framework

c(t) ≡ EQ
[
e−

R T
t R(Xs,s)ds1b.XT≤yX

α
T ea.XT |Ft

]
(4.24)

=
〈
1b.XT≤y, X

α
T ea.XT g∗t,T

〉
XT

where g∗t,T (XT ) is the ”discounted” joined probability density function, under the

probability measure Q, of the vector of state variables XT conditional on the infor-

mation available at time t.

Proposition 4.6 The value of the expectation described above is given by

c(t) =

〈
1

2
e−i2πω1y

( −i

πω1

+ δe1

)
,

(
1

(i2π)αi
∂αiF

(
e−a.XT ǧ∗t,T (XT )

))
(bω1)

〉

ω1

(4.25)
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Proof: Introducing a change of variable, Y = BX with B a matrix of rank n

and with its first line equal to bT , this can be rewritten

c(t) =
〈
1Y1(T )≤y, ∂B

(
Y α

T ea.YT g∗t,T
) | det(B−1)|〉

YT
(4.26)

From (3.18), this is equivalent to

c(t) =
〈
F(1Y1(T )≤y), ∂−IF

(
∂B

(
Y α

T ea.YT g∗t,T
) | det(B−1)|)〉

=

〈
1

2
e−i2πω1y

( −i

πω1

+ δe1

) n∏
j=2

δej
, ∂B−T ∂−IF

(
Y α

T ea.YT g∗t,T (YT )
)
〉

ω

=

〈
1

2
e−i2πω1y

( −i

πω1

+ δe1

) n∏
j=2

δej
, ∂B−T

(
1

(i2π)αi
∂αiF

(
e−a.XT ǧ∗t,T (XT )

))
〉

ω

=

〈
1

2
e−i2πω1y

( −i

πω1

+ δe1

)
,

(
1

(i2π)αi
∂αiF

(
e−a.XT ǧ∗t,T (XT )

))
(bω1)

〉

ω1

(4.27)

¤

This expectation further simplifies itself to all the pricing formulas developed in

Bakshi and Madan (1999) [1] as will be shown in the case of Affine Jump Diffusion

state variables.

4.3.2 Application to AJDs: the elementary transform

The following elementary transform allows to price European options with payoffs

given by either (4.6) or by (4.23) according to whether we are in a return or a level

model

Proposition 4.7 The transorm G̃(y, d0, d1, a, b, Xt, t, T ),

{R,R,Rn,Rn,Rn,Rn, [0,∞), [0,∞)} → {R}, defined as

G̃(y; d0, d1, a, b, Xt, t, T ) = EQ
[
exp

(
−

∫ T

t

R(Xs, s)ds

)

(d0 + d1.X(T ))ea.X(T )1b.X(T )≤y|Ft

]
(4.28)
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is given by

G̃(y; d0, d1, a, b, Xt, t, T ) =
φ(d0, d1, a, 0, Xt, t, T )

2

− 1

π

∫ ∞

0

Im [φ(d0, d1, a, vb, Xt, t, T )e−ivy]

v
dv (4.29)

Proof : The transform can be written

G̃(y; d0, d1, a, b,Xt, t, T ) = (4.30)〈
1b.X(T )≤y, e

− R T
t R(Xs,s)ds(d0 + d1.X(T ))ea.X(T )g∗t,T (XT )

〉
XT

where g∗t,T (XT ) is the ”discounted” joined probability density function of the vector

of state variables XT conditional on the information available at time t.

Introducing a change of variable, Y = BX with B a matrix of rank n and with

its first line equal to bT , this can be rewritten

G̃(y; d0, d1, a, b,Xt, t, T ) = (4.31)
〈
1Y1(T )≤y, ∂B

(
(d0 + d1.YT )ea.YT g∗t,T (YT )| det(B−1)|)〉

YT

From equation (4.27), we get

G̃(y; d0, d1, a, b,Xt, t, T ) (4.32)

=
〈
F(1Y1(T )≤y), ∂−IF

(
∂B

(
(d0 + d1.YT )ea.YT g∗t,T (YT )| det(B−1)|))〉

=
〈
F(1Y1(T )≤y), ∂−I∂B−T F

(
(d0 + d1.YT )ea.YT g∗t,T (YT )

)〉

=

〈
1

2
e−i2πω1y

( −i

πω1

+ δe1

) n∏
j=2

δej
, ∂B−T

(
d0 + d1.

1

i2π
∂{1,...,1}

)
ˇ̂g
∗
t,T

(
ω +

a

i2π

)〉

ω

=

〈
1

2
e−i2πω1y

( −i

πω1

+ δe1

)
,

((
d0 + d1.

1

i2π
∂{1,...,1}

)
ˇ̂g
∗
t,T

)
(bω1 +

a

i2π
)

〉

ω1

which, from the definition of the transform φ(d0, d1, a, b, X, t, T ) (7.1), can be written

G̃(y; d0, d1, a, b,Xt, t, T ) (4.33)
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=
φ(d0, d1, a, 0, Xt, t, T )

2

− 1

2π

∫ ∞

−∞

iφ(d0, d1, a, 2πωb, Xt, t, T )ei2πωy

ω
dω

=
φ(d0, d1, a, 0, Xt, t, T )

2

− 1

π

∫ ∞

0

Im [φ(d0, d1, a, vb,Xt, t, T )e−ivy]

v
dv

¤

This is exactly the result Duffie, Pan and Singleton(1999) [15] arrived at through

a Fourier-Stieltjes transform of G̃ with respect to the strike price. Furthermore, it

is also the multi-variate generalization of the univariate result of Bakshi and Madan

(1999) [1].

4.3.3 Products Priced

We first show how to price European options with payoffs given by either (4.6) or

(4.23), then we will show how different products can be seen as special cases of such

options.

Proposition 4.8 (from Duffie, Pan and Singleton (1999) [15]): Let a Eu-

ropean option with a payoff at maturity T given by equation (4.6) (return model),

with Xt an AJD in the risk- neutral probability measure Q. The price at time t of

such an European option is given by a sum of linear functions of special cases of the

transform G̃, (7.3).

Proof : By definition of the risk-neutral probability measure, the value at time t

of such a contingent claim, c(t), is given by

c(t) = EQ
[
e−

R T
t R(Xs)ds max{eγ01+γ1.XT − eγ0,2+γ2.XT ; 0}|Ft

]
(4.34)
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= EQ
[
e−

R T
t R(Xs)dseγ01+γ1.XT 1(γ2−γ1).XT≤γ0,1−γ0,2|Ft

]

−EQ
[
e−

R T
t R(Xs)dseγ02+γ2.XT 1(γ2−γ1).XT≤γ0,1−γ0,2|Ft

]

= G̃(γ0,1 − γ0,2, e
γ0,1 , 0, γ1, γ2 − γ1, Xt, t, T )

−G̃(γ0,1 − γ0,2, e
γ0,2 , 0, γ2, γ2 − γ1, Xt, t, T )

¤

Proposition 4.9 (from Duffie, Pan and Singleton (1999) [15]): Let a Eu-

ropean option with a payoff at maturity T given by equation (4.23) (level model),

with Xt an AJD in the risk- neutral probability measure Q. The price at time t of

such an European option is given by a sum of linear functions of special cases of the

transform G̃, (7.3).

Proof : By definition of the risk-neutral probability measure, the value at time t

of such a contingent claim, c(t), is given by

c(t) = EQ
[
e−

R T
t R(Xs)ds max{γ0,1 + γ1.XT − (γ0,2 + γ2.XT ); 0}|Ft

]
(4.35)

= EQ
[
e−

R T
t R(Xs)ds ((γ0,1 − γ0,2) + (γ1 − γ2).XT )1(γ2−γ1).XT≤γ0,1−γ0,2|Ft

]

= G̃(γ0,1 − γ0,2, γ0,1 − γ0,2, γ1 − γ2, 0, γ2 − γ1, Xt, t, T ) ¤

4.3.3.1 European calls and puts on the spot

By letting γ2 = 0, the payoffs (4.6) for the return model and (4.23) for the level

model become the payoffs of a classical European call with strike price eγ0,2 or γ0,2,

respectively.

Furthermore, by letting γ1 = 0, the payoffs (4.6) for the return model and (4.23)

for the level model become the payoffs of a classical European put with strike price

eγ0,1 or γ0,1, respectively.



CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 69

4.3.3.2 European calls and puts on futures (and forwards)

From Proposition 4.4, the price of a futures contract is given by an (exponential)

affine function of the underlying factors Xt when the spot price is modelled by a

(return) level model.

As a result, letting γ2 = 0, and replacing γ0,1 in equations (4.6) and (4.23) by

γ0,1+α(Toption, Tfutures) from equation (4.18) in the return model, and A(Toption, Tfutures)

from equation (4.20) in the level model, and replacing also γ1 in equations (4.6)

and (4.23) by β(Toption, Tfutures) from equation (4.18) in the return model, and

B(Toption, Tfutures) from equation (4.20) in the level model, we get the payoff of

a standard call option with maturity Toption on futures with maturity Tfutures, and

with a strike price eγ0,2 or γ0,2, respectively. Notice that we made explicit here the

dependence of α and A on both time of evaluation and time of maturity of the

futures contract.

Similarly, letting γ1 = 0, and replacing γ0,2 in equations (4.6) and (4.23) by γ0,1+

α(Toption, Tfutures) from equation (4.18) in the return model, and A(Toption, Tfutures)

from equation (4.20) in the level model, and also replacing γ2 in equations (4.6)

and (4.23) by β(Toption, Tfutures) from equation (4.18) in the return model, and

B(Toption, Tfutures) from equation (4.20) in the level model, we get the payoffs of

a standard put option with maturity Toption on futures with maturity Tfutures, and

with strike price eγ0,1 or γ0,1, respectively.

4.3.3.3 Spread Options

Equations (4.6) and (4.23), as such, are the payoffs of Spread options with a strike

price set to zero in the return and in the level model framework, respectively. Ac-

cording to the interpretation given to the risk-factors Xt, the spread can either be

a spark spread, or a locational spread.
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One can trivially account for a non-zero strike price in the level model (4.23) by

incorporating to either γ0,1 or γ0,2 the strike price. Unfortunately, this does not hold

in the payoff equation for the return model (4.6).
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4.4 Multi-Criteria European Options

Multi-Criteria European Options are options with a payoff at maturity that can be

decomposed in a sum of affine or exponential affine functions of the state variables,

each element of the sum being conditional on several criteria expressed as a product

of step functions. The payoff at maturity T can thus be expressed as

Payoff(T ) =
n∑

i=1

(
di,0 + di,1.X(T )

)
eai.X(T )

m∏
j=1

1bi,j .X(T )≤yi,j
(4.36)

Examples of such contracts include options on the minimum or the maximum

of n assets, or the replication of Multi-Fuel Power Plants where the ramp-up rates

have been neglected.

4.4.1 Preliminary general result

We start by introducing the expectation c(t) in a general (not necessarily AJD)

statistical framework:

c(t) = EQ

[
e−

R T
t R(Xs,s)dsXα

T ea.XT

m∏

k=1

1bk.XT≤yk

∣∣∣Ft

]
(4.37)

Proposition 4.10 Let m denote the number of criteria (unit-step functions) in the

decomposition of the payoff function, and n, the size of the vector of underlying

variables X, then

c(t) =

〈
m∏

k=1

1

2
e−i2πωkyk

( −i

πωk

+ δek

)
,

(
1

(i2π)α
∂αF

(
e−a.XT ǧ∗t,T (XT )

))
(AT ω)

〉

ω

(4.38)

where A is a m× n matrix with its kth line, Ak = bk, and ω ∈ Rm.
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Proof: Let us first consider the case where m ≤ n and introduce the change of

variable Y = BεX where Y ∈ Rn, and Bε = B + ε, with B, ε ∈ Rn×n, and with

B =

(
A
0

)
, where the kth row of A[m × n], Ak = bk. The matrix ε is further

constrained such that Bε is invertible.

c(t) = lim
||ε||→0

〈
m∏

k=1

1(Bε)kXT≤yk
, Xα

T ea.XT g∗t,T

〉

XT

(4.39)

= lim
||ε||→0

〈
m∏

k=1

1Yk(T )≤yk
, ∂Bε

(
Y α

T ea.YT g∗t,T
) | det(B−1

ε )|
〉

YT

=

〈
m∏

k=1

F
(
1Yk(T )≤yk

) n∏
j=m+1

δej
,

(
1

(i2π)α
∂αF

(
e−a.YT ǧ∗t,T (YT )

))
(BT ω)

〉

ω

=

〈
m∏

k=1

1

2
e−i2πωkyk

( −i

πωk

+ δek

)
,

(
1

(i2π)α
∂αF

(
e−a.YT ǧ∗t,T (YT )

))
(AT ω)

〉

ω

If m > n, the vector of state variables X is extended to X ′ =
(

X

X̃

)
, where X̃

is of size m−n. The change of variable Y = BεX
′ is also introduced, where Y ∈ Rm,

and Bε = B + ε, with B, ε ∈ Rm×m, and with B = (A 0), where the kth row of

A[m× n], Ak = bk. The matrix ε is further constrained such that Bε is invertible.

Let g̃Σ : Rm−n → C, denote the function g̃Σ(x) = |2πΣ|−1
2 e−(xT Σ−1x). It is easy

to show that g̃Σ ∈ P(Rm−n), and that

̂̃gΣ(0) = 1 (4.40)

We then have that

c(t) = lim
||ε||→0

〈
m∏

k=1

1(BT
ε )kX′

T≤yk
, Xα

T ea.XT g∗t,T (XT )g̃Σ(X̃T )

〉

X′
T

≡ lim
||ε||→0

〈
m∏

k=1

1(BT
ε )kX′

T≤yk
, h(X ′

T )

〉

X′
T
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= lim
||ε||→0

〈
m∏

k=1

1Yk(T )≤yk
, ∂Bεh(YT )| det(B−T

ε )|
〉

YT

= lim
||ε||→0

〈
m∏

k=1

F
(
1Yk(T )≤yk

)
, ∂B−T

ε

ˇ̂
h

〉

YT

(4.41)

Noticing that

ĥ ({ω′, ω′′}) = F
(
Y α

T ea.YT g∗t,T (YT )
)
(ω′) ̂̃gΣ(ω′′) (4.42)

with ω′ ∈ Rn, and ω′′ ∈ Rm−n, we then have that

ĥ(BT ω) = F
(
Xα

T ea.XT g∗t,T (XT )
) (

AT ω
) ̂̃gΣ(0T ω)

= F
(
Xα

T ea.XT g∗t,T (XT )
) (

AT ω
)

(4.43)

such that equation (4.41) can be written

c(t) =

〈
m∏

k=1

F
(
1Yk(T )≤yk

)
,

(
1

(i2π)α
∂αF

(
e−a.YT ǧ∗t,T (YT )

)) (
AT ω

)
〉

=

〈
m∏

k=1

1

2
e−i2πωkyk

( −i

πωk

+ δek

)
,

(
1

(i2π)α
∂ατ −a

i2π

ˇ̂g
∗
t,T

)
(AT ω)

〉

ω

(4.44)

This concludes the proof. ¤

4.4.2 Application to AJDs: the elementary transform

A straight application of the previous result to the AJD setting gives:

Proposition 4.11 The transform G(y1, y2, d0, d1, a, b1, b2, Xt, t, T ),

{R,R,R,Rn,R,Rn,Rn,Rn, [0,∞), [0,∞)} → {R}, defined as

G(y1, y1, d0, d1, a, b1, b2, Xt, t, T ) =

EQ
[
exp

(
−

∫ T

t

R(Xs, s)ds

)

(
d0 + d1.X(T )

)
ea.X(T )

2∏
j=1

1bj .X(T )≤yj

∣∣∣Ft

]
(4.45)
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is given by

G(y1, y2, d0, d1, a, b1, b2, Xt, t, T ) =
φ(d0, d1, a, 0, Xt, t, T )

4
(4.46)

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjφ(d0, d1, a, wbj, Xt, t, T )]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0

{
Re

[
e−i(w1y1−w2y2)φ(d0, d1, a, w1b1 − w2b2, Xt, t, T )

]

w1w2

−Re
[
e−i(w1y1+w2y2)φ(d0, d1, a, w1b1 + w2b2, Xt, t, T )

]

w1w2

}
dw1dw2

¤

This is a two-dimensional extension of the results in Duffie, Pan and Singleton

(1999) [15] that had already been derived in Kamat and Oren (2000) [26]. It is quite

obvious that it can be generalized to any higher dimension.

4.4.3 Products Priced

4.4.3.1 Option on the min or the max of n assets

We consider here the case of a call on the maximum of three assets. The general-

ization to other situations (min of n assets or a put. . . ) is straightforward.

Let the payoff of such a call be given by:

(
max

(
S1(T ), S2(T ), S3(T )

)
−K

)+

(4.47)

We start by assuming a return model for the state variables such that, defining

the vector :

Xt ≡



log(S1(t))
log(S2(t))
log(S3(t))


 ≡




X1(t)
X2(t)
X3(t)


 (4.48)
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we assume that the dynamics of this vector under the risk neutral probability mea-

sure is well described by an AJD.

The price of the call, C is given by:

C = Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)(
max

(
S1(T ), S2(T ), S3(T )

)
−K

)+∣∣∣Ft

]
(4.49)

This can further be expressed as:

C = Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)
eX1(T ) (4.50)

1X2(T )−X1(T )≤0 1X3(T )−X1(T )≤0 1−X1(T )≤− log(K)

∣∣Ft

]

+ Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)
eX2(T )

1X1(T )−X2(T )≤0 1X3(T )−X2(T )≤0 1−X2(T )≤− log(K)

∣∣Ft

]

+ Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)
eX3(T )

1X1(T )−X3(T )≤0 1X2(T )−X3(T )≤0 1−X3(T )≤− log(K)

∣∣Ft

]

− KEχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)

1X2(T )−X1(T )≤0 1X3(T )−X1(T )≤0 1−X1(T )≤− log(K)

∣∣Ft

]

− KEχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)

1X1(T )−X2(T )≤0 1X3(T )−X2(T )≤0 1−X2(T )≤− log(K)

∣∣Ft

]

− KEχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)

1X1(T )−X3(T )≤0 1X2(T )−X3(T )≤0 1−X3(T )≤− log(K)

∣∣Ft

]

Obviously, all terms of (4.50) are special cases of (4.45).
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Similarly, considering a level model for the state variables, we define the vector

Xt ≡



S1(t)
S2(t)
S3(t)


 ≡




X1(t)
X2(t)
X3(t)


 (4.51)

and assume that the dynamics of this vector under the risk neutral probability

measure is well described by an AJD.

The price of the call, C can then further be expressed as:

C = Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)
(X1(T )−K) (4.52)

1X2(T )−X1(T )≤0 1X3(T )−X1(T )≤0 1−X1(T )≤−K

∣∣Ft

]

+ Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)
(X2(T )−K)

1X1(T )−X2(T )≤0 1X3(T )−X2(T )≤0 1−X2(T )≤−K

∣∣Ft

]

+ Eχ

[
exp

(
−

∫ T

t

R(Xs, s)ds

)
(X3(T )−K)

1X1(T )−X3(T )≤0 1X2(T )−X3(T )≤0 1−X3(T )≤−K

∣∣Ft

]

Obviously, all terms of (4.52) are again special cases of the transform G (4.45).

4.4.3.2 Real Options Valuation of a Multi-Fuel Power Plant

A multi-fuel power plant has the flexibility to choose among different fuels to produce

electricity. At each time period during its economic life-time, the power plant will

choose the most profitable fuel according to the market conditions that will occur

at that time.

We consider here a power plant that can run either on natural gas or fuel oil.

At each time period, t, if we neglect the costs of switching fuels and the ramp-up or
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down rates, we can express its payoff as:

Payoff(t) = Capacity.

(
Se(T )−min

(
HgSg(T ), HoSo(T )

))+

(4.53)

where :

• Capacity stands for the turbine capacity of the power plant [Mwh];

• Se(t) stands for the electricity spot price at time t [$/Mwh];

• Sg(t) stands for the nat. gas spot price at time t [$/Mjoules];

• Sc(t) stands for the oil spot price at time t [$/Mjoules];

• Hg stands for the power plant’s nat. gas Heat Rate [Mwh/Mjoules];

• Hc stands for the power plant’s oil Heat Rate [Mwh/Mjoules].

Such a power plant can thus be seen as a collection of ”options to exchange one

asset for another” with a generic payoff at time T given by:

Payoff(T ) = max{S1(T )−min{H2S2(T ); H3S3(T )}; 0} (4.54)

where S1, S2 and S3 stand for the prices of three different assets.

Again, we will consider a return model and a level model for the assets. The

return model writes

Si(t) = eγ0,i+γi.Xt (4.55)

The level model writes

Si(t) = γ0,i + γi.Xt (4.56)

In both cases, the vector Xt is assumed to follow an AJD under the risk-neutral

probability measure Q.
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Proposition 4.12 Let, Si(t) be a set of assets described either by a return model

of the type (4.55), or a level model of the type (4.56), with XT following an AJD

process under the risk-neutral probability measure Q. Contingent claims with payoffs

of the type (4.54) have a value at time t, c(t), that can be expressed as the sum of

affine functions of the transform G, (4.45).

Proof : For the return model, by definition of the risk-neutral probability measure,

we have that

c(t) = EQ
[
e−

R T
t R(Xs)ds max

{
eγ01+γ1.XT − (4.57)

min{H2e
γ0,2+γ2.XT ; H3e

γ0,3+γ3.XT }; 0
}
|Ft

]

= EQ
[
e−

R T
t R(Xs)dseγ01+γ1.XT 1(γ2−γ1).XT≤γ0,1−(ln(H2)+γ0,2)

1(γ3−γ1).XT≤γ0,1−(ln(H3)+γ0,3)|Ft

]

−EQ
[
e−

R T
t R(Xs)dsH2e

γ02+γ2.XT 1(γ2−γ1).XT≤γ0,1−(ln(H2)+γ0,2)

1(γ2−γ3).XT≤ln(H3)+γ0,3−(ln(H2)+γ0,2)|Ft

]

−EQ
[
e−

R T
t R(Xs)dsH3e

γ03+γ3.XT 1(γ3−γ1).XT≤γ0,1−(ln(H3)+γ0,3)

1(γ3−γ2).XT≤ln(H2)+γ0,2−(ln(H3)+γ0,3)|Ft

]

= G
(
γ0,1 − (ln(H2) + γ0,2), ln(H3) + γ0,3 − (ln(H2) + γ0,2), e

γ01 , 0,

γ1, γ2 − γ1, γ3 − γ1, Xt, t, T
)

−G
(
γ0,1 − (ln(H2) + γ0,2), ln(H3) + γ0,3 − (ln(H2) + γ0,2), H2e

γ0,2 , 0,

γ2, γ2 − γ1, γ2 − γ3, Xt, t, T
)

−G
(
γ0,1 − (ln(H3) + γ0,3), ln(H2) + γ0,2 − (ln(H3) + γ0,3), H3e

γ0,3 , 0,

γ3, γ3 − γ1, γ3 − γ2, Xt, t, T
)

For the level model, by definition of the risk-neutral probability measure, we
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have that

c(t) = EQ
[
e−

R T
t R(Xs)ds max

{
γ01 + γ1.XT −

min{H2(γ0,2 + γ2.XT ); H3(γ0,3 + γ3.XT )}; 0
}
|Ft

]
(4.58)

= EQ
[
e−

R T
t R(Xs)dsγ01 + γ1.XT1(H2γ2−γ1).XT≤γ0,1−H2γ0,2

1(H3γ3−γ1).XT≤γ0,1−H3γ0,3|Ft

]

−EQ
[
e−

R T
t R(Xs)dsH2(γ02 + γ2.XT )1(H2γ2−γ1).XT≤γ0,1−H2γ0,2

1(H2γ2−H3γ3).XT≤H3γ0,3−H2γ0,2|Ft

]

−EQ
[
e−

R T
t R(Xs)dsH3(γ03 + γ3.XT )1(H3γ3−γ1).XT≤γ0,1−H3γ0,3

1(H3γ3−H2γ2).XT≤H2γ0,2−H3γ0,3|Ft

]

= G
(
γ0,1 −H2γ0,2, γ0,1 −H3)γ0,3, γ01 , γ1,

0, H2γ2 − γ1, H3γ3 − γ1, Xt, t, T
)

−G
(
γ0,1 −H2γ0,2, γ0,1 −H3γ0,3, H2γ02 , H2γ2,

0, H2γ2 − γ1, H3γ3 −H2γ2, Xt, t, T
)

−G
(
γ0,1 −H3γ0,3, H2γ0,2 −H3γ0,3, H3γ0,3, H3γ3,

0, H3γ3 − γ1, H3γ3 −H2γ2, Xt, t, T
)

¤.

Obviously, it is quite trivial to extend equation (4.54) to the case where there

are more than three different assets.

4.4.3.2.1 Example of implementation :

With the deregulation of energy markets, the whole European energy industry is

being re-structured. Mergers, and acquisitions have occurred and will most probably

continue. In such a context, it is essential to accurately value power plants and to
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apply valuation techniques that capture the whole potential offered by flexible power

plants in a deregulated environment. Common flexibilities offered by power plants

include the possibility to start and shut down, or switch from one fuel to another

according to the circumstances encountered.

Traditional valuation techniques such as the Net Pesent Value (NPV), because

they only consider a single ”most likely” central scenario for electricity and fuel

prices, typically fail to capture the full value of this flexibility. On the other hand,

considering power plants as options to buy the less expensive fuel and sell electricity,

does capture the full extent of the flexibility value of such multi-fuel power plants.

In fact, this will be an upper-bound for the value of the power plant because the

ramp-up and -down rates and switching fuel costs are being ignored.

In this section, we implement the transforms developed above to value single-

and multi-fuel power plants using this real options approach and show the added

value of such an approach compared to a static NPV approach that does not capture

any flexibility value.

We chose as a reference for the electricity price, the prices quoted on the German

EEX market. Natural gas prices and crude prices will be given by the NBP and

Brent prices both quoted on the IPE market in London. It is assumed here that

the price of the fuel oil that is used in power plants is directly related to the crude’s

price by a factor of 0.8 (Fuel Oil = 0.8 Crude).

In Chapter 7, we provide AJD models for these commodities and estimates of

their parameters. Those AJD models have two factors for NBP and Brent, and three

factors for the EEX, one extra factor being used to model the spiking behavior of

the electricity prices.

The value of the power plant, however, is not only dependent upon the marginal

distribution of each commodity, but rather upon their joint distribution. As a result,

we need to introduce a correlation among the risk-factors of each commodity.
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This has been done by keeping the parameter estimators that had been esti-

mated on each market, individually, and by computing the correlations between the

estimated time series of the different risk-factors that could be retrieved from the

Kalman Filters. Estimating the correlations between the risk-factors in a second

stage dramatically decreases the computation burdens but does not provide efficient

estimators compared to a single step estimation of all the parameters based on the

historical time series of spot and futures prices of all the different markets. However,

it will provide consistent estimators.

It appeared that only the long-term factors of the different commodities were

statistically significantly correlated, showing that the commodities face independent

shocks around long term means of reversion that are correlated.

We will thus add to the models detailed in Chapter 7 a correlation matrix between

the diffusion shocks of the long-term factors.

Corr(EEX, Brent,NBP ) =




1 0.292 0.327
0.292 1 0.786
0.327 0.786 1


 (4.59)

Based on the information available on May 15th 2002, Figure 4.4.1 plots the

expected value of the electricity price during the period 2003-2005 (highest seasonal

curve with a weekly pattern), together with the expected cost of production with

a classical natural gas power plant (lowest seasonal curve) or a fuel oil power plant

(highest curve with no seasonality), assuming for both power plants an efficiency of

40%. The graph has been zoomed on the first two weeks in Figure 4.4.2 to show the

weekly structure of the data.
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Figure 4.4.1: Expected electricity price (highest seasonal curve with a weekly pat-

tern) and generation costs with a natural gas plant (lowest seasonal curve) and fuel

oil plant (highest curve with no seasonality)
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Figure 4.4.2: Zoom on the first two weeks of Figure 4.4.1

Based on these curves, a static Net Present Value approach would compute, at

each time step, the expected payoff from operating a power plant just by subtracting

to the expectation of the electricity price the expected cost of production.
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This approach would provide the expected payoffs plotted in Figure 4.4.3 for the

natural gas power plant, Figure 4.4.4 for the fuel oil power plant, and in Figure 4.4.5

for the multi-fuel power plant (it is the same as for the natural gas power plant since

expected production costs are always lower with natural gas than with fuel oil).
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Figure 4.4.3: Expected payoff arising from operating a natural gas power plant using

the static NPV approach

The Real Options approach, on the other hand, recognizes that one is not obliged

to take the decision now for each time step in the future about whether to operate

or shut down the power plant. Instead, it is possible to dynamically manage the

power plant and decide to operate or shut down a power plant according to the

economic conditions that will be revealed. Equivalently, for a multi-fuel power plant,

the choice of the fuel can also be done dynamically. Applying this approach, the

expected payoffs can be estimated by computing the transforms G̃ of Proposition

4.7 with the appropriate parameters, for the single fuel power plants, and, for the

multi-fuel power plant, by computing the transforms G of Proposition 4.11, as

was shown in Proposition 4.12. The expected payoffs have now increased to levels
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Figure 4.4.4: Expected payoff arising from operating a fuel oil power plant using the

static NPV approach
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Figure 4.4.5: Expected payoff arising from operating a multi-fuel power plant using

the static NPV approach
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as plotted in Figure 4.4.6 for the natural gas power plant, Figure 4.4.7 for the fuel

oil power plant, and in Figure 4.4.8 for the multi-fuel power plant. Note that the

step pattern of the graphs are only due to the fact that, in order to gain some

computation time, the expectations have only been estimated once for every day of

the week of every block of 4 weeks and have been assumed to be constant during

that block.
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Figure 4.4.6: Expected payoff arising from operating a natural gas power plant using

the real options approach
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Figure 4.4.7: Expected payoff arising from operating a fuel oil power plant using the

real options approach
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Figure 4.4.8: Expected payoff arising from operating a multi-fuel power plant using

the real options approach
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The gain in expected payoffs of a multi-fuel power plant compared to a single

fuel natural gas power plant are plotted in Figure 4.4.9, and compared to a single

fuel fuel oil plant in Figure 4.4.10.
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Figure 4.4.9: The gain in expected payoffs of a multi-fuel power plant compared to

a single fuel natural gas power plant using the real options approach
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Figure 4.4.10: The gain in expected payoffs of a multi-fuel power plant compared to

a single fuel fuel oil power plant using the real options approach
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4.5 Asian Contracts

Averages of prices during a fixed period are very common in energy pricing clauses.

This can be dealt with by noticing the following.

Proposition 4.13 Let I(t) =
∫ t

0
γ.Xsds. If Xt is an AJD under a probability mea-

sure Q, then

(
X
I

)
is also an AJD under the probability measure Q.

Proof : By differentiation, we get

d(It) = γ.Xtdt (4.60)

so that if Xt is an AJD under a probability measure Q, then

(
X
I

)
is also an AJD

under the probability measure Q.¤

Obviously, the same holds under the probability measure P .

4.5.1 Elementary Transform

The following multi-temporal transform will make it possible to deal with Asian

contracts.

Proposition 4.14 (extended from Kamat and Oren (2000) [26]) : Let Xt

be an AJD vector of size n under the probability measure P , as defined by (2.2), ρ0 be

the constant continuously compounded risk-free rate. The transform Φ(d0, d1, d2, a1, a2, t, T1, T2),

{R,Rn,Rn,Cn,Cn, [0∞), [0∞), [0∞)} → {C}, with t ≤ T1 ≤ T2 defined as

Φ(d0, d1, d2, a1, a2, t, T1, T2) =

EP
[
e
R T2

t ρ0ds
(
d0 + d1.XT1 + d2.XT2

)
ea1.XT1

+a2.XT2 |Ft

]
(4.61)
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is given by

Φ(d0, d1, d2, a1, a2, t, T1, T2) = (A1(t) + B1(t).Xt)e
α1(t)+β1(t).Xt (4.62)

+(A2(t) + B2(t).Xt)e
α2(t)+β2(t).Xt

where A1, B1, α1, β1 and A2, B2, α2, β2 are solutions of systems of complex valued

ODE’s.

Proof : From the definition of the transform Φ (4.61), e−ρ0tΦt will be a martingale

under the probability measure P . Applying Ito’s lemma and replacing Φ by its

conjectured form (4.62), we have that A1, B1, α1, β1 and A2, B2, α2, β2 satisfy the

system of complex valued ODE’s (7.4).

For the boundary conditions, consider ΦT1

Φ(d0, d1, d2, a1, a2, T1, T1, T2) = e−
R T1

t ρ0ds (4.63)(
(d0 + d1.XT1)e

a1.XT1EP
[
ea2.XT2 |FT1

]

+ea1.XT1EP
[
d2.XT2e

a2.XT2 |FT1

] )

From equations (7.1) and (7.2), this can be expressed as

Φ(d0, d1, d2, a1, a2, T1, T1, T2) = e−
R T1

t ρ0ds (4.64)(
(d0 + d1.XT1)e

a1.XT1eα∗(T1)+β∗(T1).XT1

+ea1.XT1 (A∗∗(T1) + B∗∗(T1).XT1)e
α∗∗(T1)+β∗∗(T1).XT1

)

This implies the boundary conditions

A1(T1) = e−
R T1

t ρ0dsd0 (4.65)

B1(T1) = e−
R T1

t ρ0dsd1 (4.66)

α1(T1) = α∗(T1) (4.67)

β1(T1) = β∗(T1) + a1 (4.68)
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and

A2(T1) = e−
R T1

t ρ0dsA∗∗(T1) (4.69)

B2(T1) = e−
R T1

t ρ0dsB∗∗(T1) (4.70)

α2(T1) = α∗∗(T1) (4.71)

β2(T1) = β∗∗(T1) + a1 (4.72)

¤

As mentioned, this proposition is an extension of the work of Kamat and Oren

(2000) [26] who gave the solution for the particular case where d0 = 1, d1 = 0 and

d2 = 0. In this case, they show that the solution can be expressed in a simpler form

Φ(d0 = 1, d1 = 0, d2 = 0, a1, a2, t, T1, T2) = eα(t)+β(t).Xt (4.73)

4.5.2 Products Priced

4.5.2.1 Asian futures and forwards

In this section, we will restrict our framework to a constant instantaneous risk-free

rates of return, ρ0. As a result futures and forward contracts have the same price

so that we will only refer to futures to denote both kinds of contract.

Proposition 4.15 Consider a spot price given by the level model (2.3), with Xt

an AJD under the risk-neutral probability measure Q, then the price at time t of a

futures contract with a delivery period going from time T1 to time T2, f(t, T1, T2), is

given by a special case of the transform Φ.

Proof : Consider the augmented vector Yt =

(
Xt

It

)
where I(t) =

∫ t

0
e−ρ0sγ2.Xsds.

From Proposition 4.13, Yt is also an AJD under Q.
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From the no-arbitrage argument, the futures price will then be given by the

solution of the equation

EQ
[ ∫ T2

T1

e−ρ0(s−t)
(
Spot(s)− f(t, T1, T2)

)
ds

∣∣∣Ft

]
= 0 (4.74)

where ρ0 denotes the risk-free rate of return.

This can be written as

f(t, T1, T2) =
EQ

[ ∫ T2

T1
e−ρ0(s−t)Spot(s)ds

∣∣∣Ft

]

EQ
[ ∫ T2

T1
e−ρ0(s−t)ds

∣∣∣Ft

] (4.75)

= γ0,2 +
ρ0

e−ρ0T1 − e−ρ0T2
EQ

[(
I(T2)− I(T1)

)∣∣∣Ft

]

= γ0,2 +
ρ0

e−ρ0T1 − e−ρ0T2
EQ [[0, . . . , 0, 1]Y (T2)− [0, . . . , 0, 1]Y (T1)|Ft]

= γ0,2 +
ρ0

e−ρ0T1 − e−ρ0T2
Φ(0,−[0, . . . , 0, 1]T , [0, . . . , 0, 1]T , 0, 0, t, T1, T2)

= γ0,2 +
ρ0

e−ρ0T1 − e−ρ0T2

(
A1(t) + A2(t) +

(
B1(t) + B2(t)

)
Xt

)

≡ A(t) + B(t).X(t)

where ρ0 in (4.61) is set to 0.¤

Proposition 4.16 Consider a spot price given by the return model (2.1), with Xt

an AJD under the risk-neutral probability measure Q, then the price at time t of a

futures contract with a delivery period going from time T1 to time T2, f(t, T1, T2), can

be approximated by a special case of the transform Φ. The approximation consists

in replacing an arithmetic average by its geometric average.

Proof : Consider the augmented vector Yt =

(
Xt

It

)
where I(t) =

∫ t

0
γ1.Xsds.

From Proposition 4.13, Yt is also an AJD under Q.

As previously, the no-arbitrage argument guarantees that

f(t, T1, T2) =
EQ

[ ∫ T2

T1
e−ρ0(s−t)Spot(s)ds

∣∣∣Ft

]

EQ
[ ∫ T2

T1
e−ρ0(s−t)ds

∣∣∣Ft

] (4.76)
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=
EQ

[∫ T2

T1
e−ρ0seγ0,1+γ1X(s)ds|Ft

]

EQ
[ ∫ T2

T1
e−ρ0sds

∣∣∣Ft

]

≈ ρ0e
γ0,1

e−ρ0T1 − e−ρ0T2
EQ

[
e
R T2

T1
(−ρ0s+γ1X(s))ds|Ft

]

=
ρ0e

γ0,1−ρ0(T 2
2−T 2

1 )/2

e−ρ0T1 − e−ρ0T2
EQ

[
eI(T2)−I(T1)|Ft

]

=
ρ0e

γ0,1−ρ0(T 2
2−T 2

1 )/2

e−ρ0T1 − e−ρ0T2
EQ [([0, . . . , 0, 1]Y (T2)− [0, . . . , 0, 1]Y (T1))|Ft]

=
ρ0e

γ0,1−ρ0(T 2
2−T 2

1 )/2

e−ρ0T1 − e−ρ0T2
Φ(1, 0, 0,−[0, . . . , 0, 1]T , [0, . . . , 0, 1]T , t, T1, T2)

= eα1(t)+β1(t).Xt

where ρ0 in (4.61) is set to 0.¤

4.5.2.2 European Options on Asian futures and forwards

Consider an call option with strike price K, and maturity T on an Asian futures

contract on the average of the spot price from T1 to T2 with T < T1 < T2.

The payoff of such an option is thus given by

Payoff(T ) = max {f(T, T1, T2)−K; 0} (4.77)

where f(T, T1, T2) denotes the price at time T of an asian futures contract on the

average of the spot price from T1 to T2.

Let us first consider the case of a spot price modelled by the level model (2.3),

with Xt an AJD under the risk-neutral probability measure Q. The average of the

spot price from T1 to T2 will thus refer to the arithmetic average.

From Proposition 4.15, the price at time t of such an Asian futures contract

is given by

f(t, T1, T2) = A(t) + B(t).X(t) (4.78)
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The value of the call option, c(t), is thus given by:

c(t) = EQ
[
e−

R T
t R(s)ds

(
B(T ).X(T ) + A(T )−K

)
1−B(T ).X(T )≤A(T )−K

∣∣∣Ft

]

= G̃(A(T )−K, A(T )−K,B(T ), 0,−B(T ), Xt, t, T ) (4.79)

If we now consider the case of a spot price modelled by the return model (2.1),

with Xt an AJD under the risk-neutral probability measure Q. The average of the

spot price from T1 to T2 will then refer to the geometric average.

From Proposition 4.16, the price at time t of such an Asian futures contract

is given by

f(t, T1, T2) = eα(t)+β(t).X(t) (4.80)

The value of the call option, c(t), is thus given by:

c(t) = EQ
[
e−

R T
t R(s)dseα(T )+β(T ).X(T )1−β(T ).X(T )≤α(T )−ln(K)

∣∣∣Ft

]
(4.81)

−KEQ
[
e−

R T
t R(s)ds1−β(T ).X(T )≤α(T )−ln(K)

∣∣∣Ft

]

= G̃(α(T )− ln(K), eα(T ), 0, eβ(T ),−β(T ), Xt, t, T )

−KG̃(α(T )− ln(K), 1, 0, 0,−β(T ), Xt, t, T )
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4.6 Options with Multi-Temporal Payoffs

Options with Multi-Temporal Payoffs include options with payoffs that are functions

of the state variables’ values at different times in the future.

4.6.1 Elementary Transform

Proposition 4.17 The transform G, (4.45), can be extended into the transform

Γ(y1, . . . , ym, d0, d1,1, d1,2, a1, a2, b1,1, b2,1, . . . , b1,m, b2,m, Xt, t, T1, T2), {R, . . . ,R,R,

Rn,Rn,Rn,Rn,Rn,Rn, . . . ,Rn,Rn,Rn, [0,∞), [0,∞), [0,∞)} → {R}, defined as

Γ(y1, . . . , ym, d0, d1,1, d1,2, a1, a2, b1,1, b2,1, . . . , b1,m, b2,m, Xt, t, T1, T2) = (4.82)

EP
[
exp

(
−

∫ T

t

ρ0ds

)
(d0 + d1,1.X(T1) + d1,2.X(T2))

ea1.X(T1)+a2.X(T2)

m∏
j=1

1b1,j .X(T1)+b2,j .X(T2)≤yj
|Ft

]

which can also be solved in closed form, up to a m-dimensional integration.

Proof : Consider the case where m = 2, extrapolation to any higher number of

constraints is indeed again straightforward. Following the same steps as for the

proof of Proposition 4.11, we get

Γ(y1, y2, d0, d1,1, d1,2, a1, a2, b1,1, b2,1, b1,2, b2,2, Xt, t, T1, T2) = (4.83)

Φ(d0, d1,1, d1,2, a1, a2, Xt, t, T1, T2)

4

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjΦ(d0, d1,1, d1,2, a1 + iwb1,j, a2 + iwb2,j, Xt, t, T1, T2)]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0





Re

[
e−i(w1y1−w2y2)Φ(d0, d1,1, d1,2, a1 + iw1b1,1 − iw2b1,2,

a2 + iw1b2,1 − iw2b2,2, Xt, t, T1, T2)

]

w1w2
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−
Re

[
e−i(w1y1+w2y2)Φ(d0, d1,1, d1,2, a1 + iw1b1,1 + iw2b1,2,

a2 + iw1b2,1 + iw2b2,2, Xt, t, T1, T2)

]

w1w2





dw1dw2

¤.

Finally, it is quite trivial to extend the transforms Γ and Φ to the case where

there are more than two maturities T1 and T2.

4.6.2 Products Priced

4.6.2.1 Asian Options

Proposition 4.18 Consider the spot price modeled by the level model (2.3), with

Xt an AJD under the risk-neutral probability measure Q, then the price at time t of

an (arithmetic) Asian call option, c(t), with a payoff at maturity T2 given by

Payoff(T2) = max

{
1

T2 − T1

∫ T2

T1

Spotsds−K; 0

}
(4.84)

can be expressed as a sum of special cases of the transform Γ if the risk-free rate is

assumed to be constant and equal to ρ0.

Proof Consider the augmented vector Yt =

(
Xt

It

)
where I(t) =

∫ t

0
γ2.Xsds. From

Proposition 4.13, Yt is also an AJD under Q.

The price of the arithmetic Asian call can now be expressed as

c(t) = EQ

[
e−ρ0(T2−t)max

{
1

T2 − T1

∫ T2

T1

(γ0,2 + γ2.Xs)ds−K; 0

}
|Ft

]
(4.85)

= EQ
[e−ρ0(T2−t)

T2 − T1

(
γ0,2(T2 − T1) + Yn+1(T2)− Yn+1(T1)−K(T2 − T1)

)

1Yn+1(T1)−Yn+1(T2)≤γ0,2(T2−T1)−K |Ft

]

which is a special case of Γ. ¤
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Proposition 4.19 Consider the spot price modeled by the return model (2.1), with

Xt an AJD under the risk-neutral probability measure Q, then the price at time t of

a (geometric) Asian call option, c(t), with a payoff at maturity T2 given by

Payoff(T2) = max
{

e
1

T2−T1

R T2
T1

ln(Spots)ds −K; 0
}

(4.86)

can be expressed as a sum of special cases of the transform Γ if the risk-free rate is

assumed to be constant and equal to ρ0.

Proof Consider the augmented vector Yt =

(
Xt

It

)
where I(t) =

∫ t

0
γ1.Xsds. From

Proposition 4.13, Yt is also an AJD under Q.

The price of the arithmetic Asian call can now be expressed as

c(t) = EQ
[
e−ρ0(T2−t)max

{
e

1
T2−T1

R T2
T1

(γ0,1+γ1.Xs)ds −K; 0
}
|Ft

]
(4.87)

= EQ
[
e−ρ0(T2−t)e

1
T2−T1

(γ0,2(T2−T1)+Yn+1(T2)−Yn+1(T1))

1Yn+1(T1)−Yn+1(T2)≤γ0,2(T2−T1)−ln(K)|Ft

]

−EQ
[
e−ρ0(T2−t)K1Yn+1(T1)−Yn+1(T2)≤γ0,2(T2−T1)−ln(K)|Ft

]

where all the elements in (4.87) are special cases of the transform Γ. ¤

Similarly, it is trivial to show that Asian put options are also decomposable into

a sum of special cases of the transform Γ.

4.6.2.2 Discretely Monitored Barrier Options

Barrier options are options where the payoff depends on whether the underlying

asset’s price reaches a certain level during a certain period of time.

A number of different types of barrier options regularly trade in the over-the-

counter market. They are attractive to some market participants because they are

less expensive than the corresponding regular options. These barrier options can be
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classified as either knock-out options or knock-in options. A knock-out option is an

option that ceases to exist when the underlying asset price reaches a certain barrier.

A knock-in option is an option that comes into existence only when the underlying

asset price reaches a barrier.

Discretely monitored Barrier options are barrier options where the underlying

price is only monitored (to check whether the barrier has been reached) at some

pre-specified discrete times in the future.

We will consider here the case of a discretely monitored down-and-out call option.

The extension to any other kind of discretely monitored barrier option is trivial. A

discretely monitored down-and-out call option is an option with payoff at maturity

T equal to Spot(T )−K, where K is the strike price, unless the spot price has gone

under a barrier level Hi at any of the monitoring times τi < T , in which case the

option has a value of zero.

The price of this option, c(t), can be expressed as

c(t) = EQ
[
e−ρ0T

(
Spot(T )−K

)
1Spot(T )>K

∏
i

1Spot(τi)>Hi

∣∣∣Ft

]
(4.88)

Considering a spot price given by the level model (2.3), this can be rewritten as

c(t) = EQ
[
e−ρ0T

(
γ2.X(T ) + γ0,2 −K

)
1−γ2.X(T )<γ0,2−K

∏
i

1−γ2.X(τi)<γ0,2−Hi

∣∣∣Ft

]
(4.89)

which is indeed a special case of the transform Γ.

Considering now a spot price given by the return model(2.1), equation (4.88)

can then be rewritten as

c(t) = EQ
[
e−ρ0T eγ0,1+γ1.X(T )1−γ1.X(T )<γ0,1−ln(K)

∏
i

1−γ1.X(τi)<γ0,1−ln(Hi)

∣∣∣Ft

]
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−e−ρ0T KEQ
[
1−γ1.X(T )<γ0,1−ln(K)

∏
i

1−γ1.X(τi)<γ0,1−ln(Hi)

∣∣∣Ft

]
(4.90)
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4.7 Interruptible Contracts with Early Notifica-

tion Option

Interruptible contracts with early notification options are in fact special cases of

Options with Multi-Temporal Payoffs. They do not necessitate the development of

a new transform to price them, however, because of their relative complex structure,

we develop them separately in this section.

Oren (1996) [33] has shown that a forward contract bundled with an appropriate

double call option provides a ”perfect hedge” for customers that can curtail loads

in response to high spot prices and can mitigate their curtailment losses when the

curtailment decision is made with sufficient lead time. Kamat and Oren (2000)

[26] give pricing formulas for this double call contract under the assumption of a

mean reverting price process with jumps. In this paper we extend the possible price

processes to the entire Affine Jump Diffusion family (including multi factors and

stochastic volatility).

A double call option contract is defined by two exercise times T1 and T2 together

with two exercise prices k1 and k2. Its payoff at time T2 is the maximum of the spot

at time T2 minus the time two exercise price k2 and zero, unless it has already been

exercised at time T1, in which case its payoff is the futures price at time T1 with

maturity at time T2 minus the time one exercise price k1.

Combining a long position in a futures contract with maturity at time T2, f(t, T2),

with a short position in a double call contract is thus equivalent to being supplied by

an interruptible contract with an additional early notification option. If we choose

the exercise prices k1 and k2 equal to the forward price, f(t, T2), minus the premium

of the double call, and plus the shortage costs with and without notification, x1 and

x2, respectively (k1 = f(t, T2)− premium + x1 and k2 = f(t, T2)− premium + x2),

this combination allows customers to save the premium of the double call contract
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on their electricity supply costs by letting them benefit of their ability to curtail

loads in response to high spot prices and to mitigate their curtailment losses when

the curtailment decision is made with sufficient lead time.

By taking a long position in a forward contract, f(t, T2), a consumer is indeed

sure to be delivered at time T2 at the forward price. Let us now consider the case

of a consumer that would agree to be curtailed if prices became too high and who

would face a shortage cost of x1 or x2, according to whether the curtailment is done

with early notification or not, respectively.

This consumer could reduce the delivery price of the forward during normal

conditions (no curtailment) by selling a double call option and thus receiving the

value of the double call premium.

Furthermore, if the double call has strike prices equal to the shortage costs

plus the forward price, and minus the premium of the double call (k1 = f(t, T2) −
premium + x1 and k2 = f(t, T2) − premium + x2), the consumer would then be

reimbursed exactly its shortage costs, x1 and x2. Indeed, if the curtailment is done

with early notification (at time T1), the consumer must pay the difference between

the forward price at that time and the first strike price: Payoff(T1) = f(T1, T2)−
k1. If he then enters into a short position in the future f(T1, T2), his payoff at

time T2 will then be Payoff(T2) = Spot(T2) − f(t, T2) − (Spot(T2) − f(T1, T2)).

Summing up his payoffs at times t, T1 and T2, we get: premium + Payoff(T1) +

Payoff(T2) = premium+k1−f(t, T2) = x1, which is indeed his shortage cost with

early notification.

If, on the other hand, the double call is exercised at time T2 (with no early

notification), than the consumer’s payoff at time T2 is given by: Payoff(T2) =

Spot(T2)− f(t, T2)− (Spot(T2)− k2) = k2− f(t, T2). Adding to this the double call

premium received at time t, we gat a total payoff equal to premium+k2−f(t, T2) =

x2, which is his shortage cost without early notification.
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In the next sections we will show how double calls can be priced using the

methodology we developed for Options with Multi-Temporal Payoffs.

4.7.1 Double call on futures

Consider the spot price follows an AJD model under the risk-neutral probability

measure as defined in Chapter 2.

Let us define the function k̄(XT1), solution of the equation:

k̄(XT1)− k1 = CT2

(
k2|XT1

)
(4.91)

where CT2

(
k2|XT1

)
is the value at time T1 of a call on the spot price with maturity

T2 and a strike price k2.

Clearly, this function divides the state-space in two regions : if the futures price

at time T1 with maturity at time T2 lies over this value, it is optimal to exercise the

option at time T1, otherwise, it is optimal to keep the second option alive.

The value of the double call at time T1 is thus:

f(T1, T2)− k1 if f(T1, T2) > k̄(XT1) (4.92)

CT2(k2|XT1) if f(T1, T2) ≤ k̄(XT1) (4.93)

Again, by definition of the risk neutral probability measure, the price of the

double call, CT1,T2(k1, k2|Xt), is then given by :

CT1,T2(k1, k2|Xt) = e−r(T1−t)EQ[(f(T1, T2)− k1)1f(T1,T2)>k̄(XT1
) (4.94)

+e−r(T2−T1)EQ
[
(f(T2, T2)− k2)1f(T2,T2)>k2|FT1

]
1f(T1,T2)≤k̄(XT1

)

∣∣∣Ft]

If the spot price model is a ”return” model, we consider the following linearization

of the threshold function

ln(k̄(XT1)) ' δ0,1 + δ1XT1 (4.95)
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where the parameters δ0,1 and δ1 can be computed as shown in Chapter 5.

We can now rewrite equation (4.94) as

CT1,T2(k1, k2|Y (t)) = e−r(T1−t)EQ
[ (

eα(T1)+β(T1)XT1 − k1

)
(4.96)

1α(T1)+β(T1)XT1
>δ0,1+δ1XT1

∣∣∣Ft

]

+e−r(T2−t)EQ
[ (

eγ0,1+γ1.XT2 − k2

)
1γ0,1+γ1.XT2

>k2

1α(T1)+β(T1)XT1
≤δ0,1+δ1XT1

∣∣∣Ft]
≡ e−r(T1−t)R1 + e−r(T2−t)R2

where R1 and R2 are special cases of the building blocks G̃ and Γ, respectively.

If the spot price model is a ”level” model, we consider the following liberalization

of the threshold function

k̄(XT1) ' δ0,2 + δ2XT1 (4.97)

where, again, the parameters δ0,2 and δ2 can be computed as shown in Chapter 5.

We can now rewrite equation (4.94) as

CT1,T2(k1, k2|Y (t)) = e−r(T1−t)EQ
[
(A(T1) + B(T1)XT1 − k1)

1A(T1)+B(T1)XT1
>δ0,2+δ2XT1

∣∣∣Ft

]

+ e−r(T2−t)EQ
[
(γ0,2 + γ2.XT2 − k2)1γ0,2+γ2.XT2

>k2

1A(T1)+B(T1)XT1
≤δ0,2+δ2XT1

∣∣∣Ft]
≡ e−r(T1−t)R3 + e−r(T2−t)R4 (4.98)

where R3 and R4 are special cases of the building blocks G̃ and Γ, respectively.
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4.7.2 Note on the linearization of the threshold function

The error arising from approximating the threshold function k̄(XT1) by an affine

function results in a sub-optimal exercise policy at time T1. The estimated value of

the double call is thus a lower bound for the true value.

Furthermore, this error can be assumed to be quite small since the region in

the state-space where the exercise choice is not optimal remains quite close to the

”frontier” where the two alternatives (exercise or not) result in the same value. (See

Singleton and Umantsev (2002) [46] for a discussion on the adequacy of a linear

threshold function approximation to price options on coupon bonds and swaptions

in affine term structure models).

If, however, this approximation is not satisfactory, it is possible to replace it by

a piece-wise affine function where the different regions, Ωj, would be determined by

inequalities of the type:

Ωj : {X(T1) | ai,j ≤ Xi(T1) ≤ bi,j, i = 1 . . . n}

Equation (4.94) for the return model will then be replaced by

CT1,T2(k1, k2|X(t)) = e−r(T1−t)EQ
[ (

eα(T1)+β(T1)X(T1) − k1

)
(4.99)

∏
j

1α(T1)+β(T1)X(T1)>δ0,j+δjX(T1)

∏
i

1−Xi(T1)≤−ai,j
1Xi(T1)≤bi,j

∣∣∣Ft

]

+ e−r(T2−t)EQ
[ (

eγ0,1+γ1.XT2 − k2

)
1γ0,1+γ1.XT2

>k2∏
j

1α(T1)+β(T1)X(T1)>δ0,j+δjX(T1)

∏
i

1−Xi(T1)≤−ai,j
1Xi(T1)≤bi,j

∣∣∣Ft

]

which is a ”multi-criteria option” and can thus be solved by following the same steps

as previously.
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Similarly, equation (4.98) for the level model will be replaced by

CT1,T2(k1, k2|X(t)) = e−r(T1−t)EQ
[
(A(T1) + B(T1)XT1 − k1) (4.100)

∏
j

1A(T1)+B(T1)X(T1)>δ0,j+δjX(T1)

∏
i

1−Xi(T1)≤−ai,j
1Xi(T1)≤bi,j

∣∣∣Ft

]

+ e−r(T2−t)EQ
[
(γ0,2 + γ2.XT2 − k2)1γ0,2+γ2.XT2

>k2∏
j

1α(T1)+β(T1)X(T1)>δ0,j+δjX(T1)

∏
i

1−Xi(T1)≤−ai,j
1Xi(T1)≤bi,j

∣∣∣Ft

]

which is also a ”multi-criteria option”.

4.7.3 Example of implementation

In this section we provide numerical illustrations of values of double call options. We

will value these options on the German EEX market which is one of the principal

reference for energy prices in North Western Europe. The model and the parameter

estimations are detailed in Chapter 7. The computations are done based on the infor-

mation available on May 15th 2002. At that date, the price of a baseload forward with

delivery on Friday November 15th 2002 (3 months later) is 33.72 Eur/MWh. This

is the sure price at which, on May 15 2002, a consumer can reserve one Megawatt

hour of baseload energy for 3 months later (November 15th 2002).

Assuming this consumer is ready to be curtailed in the event of very high spot

prices on November 15th 2002, he can then sell a call option that matures on Novem-

ber 15th 2002, and with a strike price of, for example, 40 Eur/MWh. He would then

receive the premium of this option, which is here equal to 1.95 Eur/MWh. Having

sold this call option, the consumer has now reduced its fixed price of delivery by
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1.95 Eur/MWh in the case where he has not been curtailed (if the spot price on

November 15 2002 is lower than 40 Eur/MWh). If, on the other hand, he is cur-

tailed (if the spot price on November 15th 2002 is greater than 40 Eur/MWh), he

will then receive from his forward contract the spot price minus the forward price of

33.72 Eur/MWh, and will have to pay, because of the call option he sold, the spot

price minus the strike price of 40 Eur/MWh. In total, he will thus have gotten the

call option premium (1.95 Eur/MWh) plus the difference between the strike price

and the forward’s price (40 Eur/MWh - 33.72 Eur/MWh), which is equal to 1.95

Eur/MWh + 7.28 Eur/MWh = 9.23 Eur/MWh. In any case, this will be of the

advantage of the consumer assuming he has shortage costs equal to or lower than

9.23 Eur/MWh.

Let us now assume that, if he is notified 2 weeks (14 days) ahead, the consumer

can considerably lower its shutdown costs to, for example, 3.57 Eur/MWh. He can

now sell, instead of a simple call option, a double call option with the two maturities

being November 1st 2002 and November 15th 2002, and with the two strike prices, 35

Eur/MWh and 40 Eur/MWh. The premium of this double call is 2.29 Eur/MWh,

so that the consumer has increased his discount when there is no curtailment from

1.95 Eur/MWh to 2.29 Eur/MWh, and in the case he is curtailed, he will get

3.57 Eur/MWh (= 35 Eur/MWh - 33.72 Eur/MWh + 2.29 Eur/MWh), or 9.57

Eur/MWh (= 40 Eur/MWh - 33.72 Eur/MWh + 2.29 Eur/MWh), according to

whether it is done with or without early notification, respectively. We observe that

those remunerations indeed cover the consumer’s shutdown costs with and without

notification, respectively.

Applying the formulae of equation (4.98), Figure 4.7.1 shows how the value

of the premium of double calls with the same strike prices (35 Eur/MWh and 40

Eur/MWh) is influenced by the early notification period. We see that if the con-

sumer can lower his shutdown costs to the same level with a shorter notification



CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 107

period, then he will earn a greater premium.
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Figure 4.7.1: Double call premium (in Eur/MWh) as a function of the early notifi-

cation period.

On the other hand, the consumer can also increase the value of its discount if

he can further decrease its shutdown costs for the same early notification period.

This is illustrated by the Figure 4.7.2 that plots the value of the double call with

the same initial 2 weeks notification period and the same second strike price equal

to 40 Eur/MWh, but with different first strike prices.
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Figure 4.7.2: Double call premium (in Eur/MWh) as a function of the first strike

price.

Let us now study the quality of the linear approximation made at time T1 to

determine whether the double call should be exercised or kept alive. We know that

it is optimal to exercise the option if the forward price at time T1 is greater than a

threshold k(XT1), which is given by equation (4.91). Since the risk-factor describing

the spiking behavior of energy prices can only have two values, zero or the spike

level, we computed the price of the double call conditional on the fact that there

was no spike at time T1, then conditional ont the fact that there was a spike at time

T1, and weighted the results by their probability of occurrence. Figure 4.7.3 plots

the logarithm of this optimal threshold in the case where there is no spike at time

T1. The plot is drawn over the area defined by the 90% confidence intervals for the

two risk factors X1(T1) and X2(T1).
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Figure 4.7.3: Logarithm of the optimal threshold level if there is no spike at time

T1.

This threshold will be approximated by the tangent plane drawn in Figure 4.7.4.

The tangent is computed at a point where equation (4.91) is an equality and, for

example, where X1(T1) = X2(T1). The area where equation (4.91) is an equality is

indeed the area where it is the most crucial to approximate correctly the threshold

function.
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Figure 4.7.4: Logarithm of the Optimal threshold level and its linear approximation

if there is no spike at time T1.

Since the exercise region is defined by the area where the forward price is greater

than the threshold, Figure 4.7.5 plots the logarithm of the forward price as a function

of the risk factors X1(T1) and X2(T1), together with the logarithm of the optimal

threshold and its linear approximation.
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Figure 4.7.5: Logarithm of the forward price together with the logarithm of the

Optimal threshold level and its linear approximation, if there is no spike at time T1.

We see that the exercise region (where the forward is greater than the threshold)

defined by the optimal or approximated threshold are almost exactly the same. The

area where the approximated threshold implies a non-optimal exercise decision at

time T1 is in fact reduced to a very thin line around the intersection between the

plane of the logarithm of the forward price and the surface of the logarithm of the

optimal threshold, as shown (with the plotting accuracy that could be reached) in

Figure 4.7.6.
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Figure 4.7.6: Region where the approximated threshold implies a non-optimal exer-

cise strategy.



Chapter 5

Option Pricing: Grid Algorithms

5.1 Introduction

Analytic Fourier transforms of payoff functions are not always available. Further-

more, grid algorithms used in a Dynamic Programming (DP) context need to esti-

mate expectations of payoffs that are only known at discrete points of the underlying

variables state space. In order to deal with these issues, section 3.2 of this chapter

develops a numerical method based on the theoretical results of Chapter 3 and the

discrete Fourier transforms theory. The DP algorithm is reminded in section 3.3.

The numerical approach can be briefly summarized as follows:

1. specify an interval of interest in the domain of the payoff f . This interval is

noted [a, b], a, b ∈ <n and represents the interval
∏

i[ai, bi] ∈ <n

2. map this interval to a standard interval and define g equivalently over this

interval. This standard interval is [0, 1
2
]n ∈ <n

3. symmetrize g and make it periodic (as the fast Fourier transform (FFT) makes

the hypothesis that the function is periodic, this avoids discontinuities at the

113
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bound of the interval leading to a faster decay of the Fourier coefficients)

around the origin to give gsp

4. apply a fast Fourier transform (FFT) to gsp

5. compute 〈f, u〉 = 〈f̂ , ˇ̂u〉 in this new framework

Van Steenkiste and Foresi (1999) [48], on the other hand, first compute Arrow-

Debreu prices by taking the FFT of the characteristic function of the underlying,

and then compute the expected payoff. The main difference with our approach is

thus that they compute the FFT on the characteristic function rather than on the

payoff function as in our approach. There are several advantages of computing the

FFT on the payoff function, rather than on the characteristic function:

• Assuming that the most costly operations in both algorithms are the evalua-

tions of the characteristic function, computing the FFT on the characteristic

function will require N evaluations, where N stands for the number of nodes in

the grid. If the FFT is computed on the payoff function, however, the number

of evaluations of the characteristic function can be dramatically reduced if the

grid of the FFT coefficients has a sparse structure, which is often the case.

• Dynamic Programming algorithms will require an FFT computation for each

node at each time-step if the FFT is done on the characteristic function,

whereas it will only require an FFT computation for each time-step if the

FFT is done on the payoff function.
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5.2 Discrete Fourier transforms (FFT & FCT)

5.2.1 The interval of interest

The specification of the interval depends heavily on the shape of the integrand in

〈f, u〉 =

∫

<n

f(x)u(x)dx; (5.1)

Informally, the interval [a, b] should essentially be such that∫

[a,b]

f(x)u(x)dx =

∫

<n

f(x)u(x)dx + ε (5.2)

with ε the degree of accuracy needed. Practically, the interval is chosen wide enough

empirically.

5.2.2 Mapping the interval

Mapping the interval [a, b] over [0, 1
2
]n is not mandatory but enhance notations in

the following steps of the reasoning.

Let g : Rn → Rn be defined as

f = τa∂2(b−a)g (5.3)

which has [0, 1
2
]n as interval of interest.

Using the result of Theorem 3.1, the initial relation becomes (without any

approximation):

〈f, u〉 = 〈τa∂2(b−a)g, u〉 (5.4)

= 〈g, ∂ 1
2(b−a)

τ−au〉
∏

i
|2(bi − ai)| (5.5)

= 〈ĝ, ∂−IF
(
∂ 1

2(b−a)
τ−au

)
〉
∏

i
|2(bi − ai)| (5.6)

= 〈ĝ, e−2iπy·a 1
2(b−a) ∂2(b−a)

ˇ̂u〉y
∏

i

∣∣∣∣
1

2(bi − ai)

∣∣∣∣
∏

j
|2(bi − ai)| (5.7)

= 〈ĝ, e−2iπy·a 1
2(b−a) ∂2(b−a)

ˇ̂u〉y (5.8)
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the challenge being to evaluate ĝ from g.

5.2.3 Symmetrization

The numerical method will employ a discrete Fourier transform (DFT) to approxi-

mate the Fourier transform of g.

Definition 5.1 The discrete Fourier transform

A periodic function h has a Fourier transform (a.k.a. Fourier series in this case)

which is a train of δ distributions

ĥ =
∑

k∈Z

Hkτkδ (5.9)

Hk are called the Fourier coefficients of h.

Moreover, if h is bandwidth limited (Hk = 0 when |k| > M) then a DFT on a

sample of 2M + 1 equi-distributed points of h in the interval [−1
2
, 1

2
] will give Hk for

all |k| 6 M .

If h is not bandwidth limited, this same DFT will give Hk for all Hk |k| 6 M

with some aliasing.

Hence, we replace the initial problem with a problem with a payoff made periodic

and, to avoid introducing a discontinuity at the limit of the interval, we symmetrize

the payoff around the origin before making it periodic.

The resulting payoff gsp : <n → <n is defined

gsp(x) =

{
g(y) if y ≡ x− 2kπ ∈ [0, 1

2
]

g(−y) if y ≡ x− 2kπ ∈ [−1
2
, 0]

(5.10)

and we approximate the initial integral with

〈g, ∂ 1
2(b−a)

τ−au〉 w 〈gsp, ∂ 1
2(b−a)

τ−au〉 (5.11)

The interval of interest will influence the quality of this approximation.
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5.2.4 Fast Fourier transform

This section is expressed as if it was a one-dimensional problem. Extension to the

n-dimensional problem is trivial.

The objective is to take the DFT of gsp sampled at 2M + 1 points.

This is done equivalently via:

• a fast Fourier transform on the 2M + 1 samples of gsp in [−1
2
, 1

2
],

• a fast cosine transform on M + 1 samples of g in [0, 1
2
].

and gives the 2M + 1 lowest symmetric coefficients of the Fourier transform of gsp .

We approximate here

ĝsp =
∑

k∈Z

Gspk
τkδ '

∑

|k|6M

G̃spk
τkδ (5.12)

where G̃spk
' Gspk

due to the aliasing. The influence of M is twofold: the number of

Fourier coefficients in the sum (truncation effect) and their quality (aliasing effect).

Remark 5.1 The symmetrisation is not mandatory but accelerates the decay of the

Fourier coefficients giving lower truncation error and a lower aliasing effect and so

better performance for a fixed M .

Remark 5.2 Even if 2M + 1 is not a power of 2, it is still possible to apply FFT

algorithms if 2M + 1 can be factorised with small prime factors.

Otherwise, a small modification of the methodology enables to work with samples

of 2N points.

Remark 5.3 The DFT is defined as
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DFT (g)s =

∑n
r=1 gre

2πi
(r−1)(s−1)

n√
n

(5.13)

and the DCT as

DCT (g)s =

√
2

n

(
g1

2
+

(−1)−1+s gn+1

2
+

n∑
j=2

gj cos

(
π

(j − 1) (s− 1)

n

))
(5.14)

5.2.5 The final step

Finally, we obtain

〈f, u〉 = 〈τa∂ b−a
π

g, u〉
= 〈ĝ, e−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u〉y

w 〈ĝsp, e
−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u〉y

= 〈
∑

k∈Zn
Gspk

τkδ, e
−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u〉y

=
∑

k∈Zn
Gspk

〈τkδ, e
−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u〉y

=
∑

k∈Zn
Gspk

(
e−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u
)

y=k

w
∑

|ki|6M
Gspk

(
e−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u
)

y=k

w
∑

|ki|6M
G̃spk

(
e−2iπy·a 1

2(b−a) ∂2(b−a)
ˇ̂u
)

y=k
, (5.15)

where the G̃spk
are given (except for a factor) by the FFT or the FCT of gsp .

Remark 5.4 The sum is done over a square of indices ki and implies (2M − 1)n

terms. This grows exponentially in the number of dimensions (problem a.k.a. the

curse of dimensionality).

However, the structure of the coefficients Gspk
is often sparse and

(
e−2iπy·a∂2(b−a)

ˇ̂u
)

y=k

can also be band-limited (negligible for some k’s).

FFT’s that compute only some lower frequency coefficient can be used to lower

the complexity of the method in high dimensions by truncating the sum.
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5.3 The Dynamic Programming (DP) algorithm

Pricing contracts such as Take or pay or American options requires to compute an

optimal exercise strategy. This exercise strategy will provide the rules to optimally

manage the contract based on the history of observable state variables. Longstaff

and Schwartz (2001)[28] have proposed a Monte-Carlo algorithm to estimate this

strategy. We will briefly discuss here an alternative approach often referred to as

Dynamic Programming (DP).

Let St denote the state of the contract at time t, the exercise strategy will then

provide the optimal St+1 based on St and the history of the vector of underlying

state variables Xj, j ≤ t. Note, however, that in a Markov setting (which is the case

for AJDs), all the information contained in the history of the vector of underlying

state variables Xj, j ≤ t, is summarized in Xt.

Dynamic Programming is a backward recursive algorithm that will provide this

optimal exercise strategy by choosing, within all the k = 1, . . . , K possible states of

the contract at time t + 1, Sk
t+1, conditional on the fact that the contract is in state

St, the optimal Sk
t+1 that maximizes

max
k=1,...,K

{
P

(
St → Sk

t+1

)
+ E

[
RV (Sk

t+1, Xt+1)|Xt

]} ≡ RV (St, Xt) (5.16)

where

• P
(
St → Sk

t+1

)
denotes the payoff at time t resulting from the exercise strategy

consisting in making the contract go from the state St to the Sk
t+1;

• RV (St, Xt) denotes the residual value of the contract in state St at time t with

the vector of state variables equal to Xt.

When the contract ceases to exist (say at time T +1) its residual value is trivially

zero. As a result the DP algorithm can be recursively applied starting at time T
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and going backwards in time up to time t0. The value of the contract at this time

is then given by its residual value RV (St0 , Xt0).

At every time t, the state-space of the underlying variables Xt is discretized in an

equi-distant grid, such that the expectation E
[
RV (Sk

t+1, Xt+1)|Xt

]
can be computed

via the equation (5.15).



Chapter 6

Risk Management

The risk-management of a portfolio essentially implies two activities. The compu-

tation of different risk measures and hedging.

Hedging against one risk factor consists of taking an opposite position in propor-

tion to the impact of this risk factor. Hedging is often conducted through ”Greeks”

which measure this impact.

This section shows how the AJD framework can be used to compute Greeks of

different contracts.

6.1 Hedging with ”Greeks”

As said previously, ”Greeks” measure the impact of a change in the risk-factors’

value on the contract’s value. This impact is measured by computing the first order

partial derivatives of the contract’s value with respect to the risk-factors’ value. We

will consider here the first and second order partial derivatives, often referred to

as the ”delta” and the ”gamma” of the contract. Extension to any higher order

121
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derivative is straightforward but is rarely used.

We will also consider the effect of time on the contract’s value by computing

the first order partial derivative of the contract’s value with respect to time. This

measure is often referred to as the ”theta” of the contract.

Since all the contracts considered in the Exotic Options Library are obtained

via an affine combination of the ”building blocks” developed in section 3.1, all that

is needed to be done is to compute the partial derivatives of these building blocks.

The partial derivatives of the contracts will then indeed become trivial.

6.1.1 Delta

We will use the subscript notation fX to refer to the vector with the ith element

given by the partial derivative of the function f with respect to the ith element of

the vector X.

From the equations in section 3.1, we have that

φX(d0, d1, a, b,Xt, t, T ) = eα(t)+β(t).Xt

(
β(t)A(t) + β(t) (B(t).Xt) + B(t)

)
(6.1)

G̃X(y; d0, d1, a, b,Xt, t, T ) =
φX(d0, d1, a, 0, Xt, t, T )

2
(6.2)

− 1

π

∫ ∞

0

Im [φX(d0, d1, a, v,Xt, t, T )e−ivy]

v
dv

GX(y1, y2; d0, d1, a, b1, b2, Xt, t, T ) =
φX(d0, d1, a, 0, Xt, t, T )

4
(6.3)

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjφX(d0, d1, a, wbj, Xt, t, T )]

w
dw
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+
1

2π2

∫ ∞

0

∫ ∞

0

{
Re

[
e−i(w1y1−w2y2)φX(d0, d1, a, w1b1 − w2b2, Xt, t, T )

]

w1w2

−Re
[
e−i(w1y1+w2y2)φX(d0, d1, a, w1b1 + w2b2, Xt, t, T )

]

w1w2

}
dw1dw2

where extensions to the case where we have more than two constraints are trivial.

ΦX(d0, d1, d2, a1, a2, T1, T1, T2) = (6.4)

eα1(t)+β1(t).Xt

(
β1(t)A1(t) + β1(t) (B1(t).Xt) + B1(t)

)

+eα2(t)+β2(t).Xt

(
β2(t)A2(t) + β2(t) (B2(t).Xt) + B2(t)

)

ΓX(y1, , y2, d0, d1,1, d1, 2, a1, a2, b1,1, b2,1, b1,2, b2,2, Xt, t, T1, T2) = (6.5)

ΦX(d0, d1,1, d1,2, a1, a2, Xt, t, T1, T2)

4

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjΦX(d0, d1,1, d1,2, a1 + wb1,j, a2 + wb2,j, Xt, t, T1, T2)]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0





Re

[
e−i(w1y1−w2y2)ΦX(d0, d1,1, d1,2, a1 + w1b1,1 − w2b1,2,

a2 + w1b2,1 − w2b2,2, Xt, t, T1, T2)

]

w1w2

−
Re

[
e−i(w1y1+w2y2)ΦX(d0, d1,1, d1,2, a1 + w1b1,1 + w2b1,2,

a2 + w1b2,1 + w2b2,2, Xt, t, T1, T2)

]

w1w2





dw1dw2

where again, extensions to the case where we have more than two constraints are

trivial.
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6.1.2 Theta

The first-order partial derivative of the different building blocks with respect to time

is given by

φt(d0, d1, a, b, Xt, t, T ) = −eα(t)+β(t).Xt (6.6)(
KT

0 B(t) + βT (t)H0B(t) + l0∇θ(β(t))B(t)

+Xt.(K
T
1 B(t) + βT (t)H1B(t) + l1∇θ(β(t))B(t))

)

+
(
A(t) + B(t).Xt

)

(
ρ0 −KT

0 β(t)− 1

2
βT (t)H0β(t)− l0(θ(β(t))− 1)

+Xt.(ρ1 −KT
1 β(t)− 1

2
βT (t)H1β(t)− l1(θ(β(t))− 1))

)

G̃t(y; d0, d1, a, b,Xt, t, T ) =
φt(d0, d1, a, 0, Xt, t, T )

2
(6.7)

− 1

π

∫ ∞

0

Im [φt(d0, d1, a, v,Xt, t, T )e−ivy]

v
dv

Gt(y1, y2; d0, d1, a, b1, b2, Xt, t, T ) =
φt(d0, d1, a, 0, Xt, t, T )

4
(6.8)

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjφt(d0, d1, a, wbj, Xt, t, T )]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0

{
Re

[
e−i(w1y1−w2y2)φt(d0, d1, a, w1b1 − w2b2, Xt, t, T )

]

w1w2

−Re
[
e−i(w1y1+w2y2)φt(d0, d1, a, w1b1 + w2b2, Xt, t, T )

]

w1w2

}
dw1dw2

where extensions to the case where we have more than two constraints are trivial.
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Φt(d0, d1, d2, a1, a2, T1, T1, T2) = −eα1(t)+β1(t).Xt (6.9)(
KT

0 B1(t) + βT
1 (t)H0B1(t) + l0∇θ(β1(t))B1(t)

+Xt.(K
T
1 B1(t) + βT

1 (t)H1B1(t) + l1∇θ(β1(t))B1(t))
)

+
(
A1(t) + B1(t).Xt

)

(
ρ0 −KT

0 β1(t)− 1

2
βT

1 (t)H0β1(t)− l0(θ(β1(t))− 1)

+Xt.(ρ1 −KT
1 β1(t)− 1

2
βT

1 (t)H1β1(t)− l1(θ(β1(t))− 1))
)

−eα2(t)+β2(t).Xt

(
KT

0 B2(t) + βT
2 (t)H0B2(t) + l0∇θ(β2(t))B2(t)

+Xt.(K
T
1 B2(t) + βT

2 (t)H1B2(t) + l1∇θ(β2(t))B2(t))
)

+
(
A2(t) + B2(t).Xt

)

(
ρ0 −KT

0 β2(t)− 1

2
βT

2 (t)H0β2(t)− l0(θ(β2(t))− 1)

+Xt.(ρ1 −KT
1 β2(t)− 1

2
βT

2 (t)H1β2(t)− l1(θ(β2(t))− 1))
)

Γt(y1, , y2, d0, d1,1, d1,2, a1, a2, b1,1, b2,1, b1,2, b2,2, Xt, t, T1, T2) = (6.10)

Φt(d0, d1,1, d1,2, a1, a2, Xt, t, T1, T2)

4

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjΦt(d0, d1,1, d1,2, a1 + wb1,j, a2 + wb2,j, Xt, t, T1, T2)]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0





Re

[
e−i(w1y1−w2y2)Φt(d0, d1,1, d1,2, a1 + w1b1,1 − w2b1,2,

a2 + w1b2,1 − w2b2,2, Xt, t, T1, T2)

]

w1w2
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−
Re

[
e−i(w1y1+w2y2)Φt(d0, d1,1, d1,2, a1 + w1b1,1 + w2b1,2,

a2 + w1b2,1 + w2b2,2, Xt, t, T1, T2)

]

w1w2





dw1dw2

where again, extensions to the case where we have more than two constraints are

trivial.

6.1.3 Gamma

We will use the subscript notation fXX to refer to the matrix with the (i, j)th element

given by ∂f
∂Xi∂Xj

.

Differentiating the delta equations, we get

φXX(d0, d1, a, b, Xt, t, T ) = φ(d0, d1, a, b,Xt, t, T )β(t)βT (t) (6.11)

+eα(t)+β(t).Xt

(
β(t)BT (t) + B(t)βT (t)

)

G̃XX(y; d0, d1, a, b,Xt, t, T ) =
φXX(d0, d1, a, 0, Xt, t, T )

2
(6.12)

− 1

π

∫ ∞

0

Im [φXX(d0, d1, a, v, Xt, t, T )e−ivy]

v
dv

GXX(y1, y2; d0, d1, a, b1, b2, Xt, t, T ) =
φXX(d0, d1, a, 0, Xt, t, T )

4
(6.13)

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjφXX(d0, d1, a, wbj, Xt, t, T )]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0

{
Re

[
e−i(w1y1−w2y2)φXX(d0, d1, a, w1b1 − w2b2, Xt, t, T )

]

w1w2

−Re
[
e−i(w1y1+w2y2)φXX(d0, d1, a, w1b1 + w2b2, Xt, t, T )

]

w1w2

}
dw1dw2
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where extensions to the case where we have more than two constraints are trivial.

ΦXX(d0, d1, d2, a1, a2, T1, T1, T2) = (A1(t) + B1(t).Xt)e
α1(t)+β1(t).Xtβ1(t)β

T
1 (t)

+eα1(t)+β1(t).Xt

(
β1(t)B

T (t) + B1(t)β1(t)
)

(A2(t) + B2(t).Xt)e
α2(t)+β2(t).Xtβ2(t)β

T
2 (t)

+eα2(t)+β2(t).Xt

(
β2(t)B

T
2 (t) + B2(t)β2(t)

)

(6.14)

ΓXX(y1, , y2, d0, d1,1, d1,2, a1, a2, b1,1, b2,1, b1,2, b2,2, Xt, t, T1, T2) = (6.15)

ΦXX(d0, d1,1, d1,2, a1, a2, Xt, t, T1, T2)

4

− 1

2π

2∑
j=1

∫ ∞

0

Im [e−iwyjΦXX(d0, d1,1, d1,2, a1 + wb1,j, a2 + wb2,j, Xt, t, T1, T2)]

w
dw

+
1

2π2

∫ ∞

0

∫ ∞

0





Re

[
e−i(w1y1−w2y2)ΦXX(d0, d1,1, d1,2, a1 + w1b1,1 − w2b1,2,

a2 + w1b2,1 − w2b2,2, Xt, t, T1, T2)

]

w1w2

−
Re

[
e−i(w1y1+w2y2)ΦXX(d0, d1,1, d1,2, a1 + w1b1,1 + w2b1,2,

a2 + w1b2,1 + w2b2,2, Xt, t, T1, T2)

]

w1w2





dw1dw2

where again, extensions to the case where we have more than two constraints are

trivial.



Chapter 7

Estimation Issues

7.1 Introduction

As mentioned earlier, if one considers the spot price as the only primary traded

commodity, then the estimation procedure is usually done in two steps. First one

estimates the parameters of the spot price dynamics under the physical probability

measure, then (if the market is incomplete) one calibrates the market prices of risk

to match a forward curve level.

Another approach that is sometimes used is to only consider the risk-neutral

probability measure and to calibrate the parameters of the model in order to match a

series of contingent claims. The problem is that we then do not have any information

on the prices dynamics under the physical probability measure.

In this chapter we will consider both spot and forward contracts as primary

traded commodities. We thus propose an estimation procedure that jointly esti-

mates, based on the historical series of spot and forward contracts, the parameters

of the AJD under the ”physical” probability measure P , together with the prices of

risk η1 and η2 determining the risk-neutral probability measure Q. We note this set

128
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of parameters to be estimated ψ0.

The Kalman Filter recursive algorithm is used to compute estimators of the

unobserved state variables at every time step, and to compute the likelihood of

observing a particular sequence of spot and forward prices. This is done by allowing

for some measurement noise in the observation of the spot and forward prices, which

can be interpreted as representing errors in the reporting of prices (perhaps due to

asynchronous price quotes) or, alternatively, as errors in the model’s fit to observed

prices. This approach has been used by Pyndick (1997) [36], Schwartz (1997) [40]

and Manoliu and Tompaidis (1999) [29]. In this chapter, however, we fully use the

AJD framework machinery to write the state-space representation of the model,

instead of applying the Euler approximation as in the cited literature. This also

enables us to study the whole family of Affine Jump Diffusion processes, which is a

broader scope than what was studied by these authors.

Instead of estimating the parameters of steady state structural state-space mod-

els by Maximum Likelihood via the error decomposition provided by the Kalman

Filter, one could use their reduced form ARIMA (Auto Regressive Integrated Moving

Average) models for which approximations to the Maximum Likelihood estimators,

such as the Conditional Sum of Squares estimators, exist. In order to apply the

method, a general procedure for computing the reduced form AR and MA parame-

ters from the structural parameters is needed. Nerlove et al. (1979, pp. 125-31) [32]

give such a procedure but show that it can be quite complex and time consuming.

If the exact Maximum Likelihood is required, however, then there is no practical

advantage to estimation via the reduced form, since it is as time consuming to

compute the exact ML estimators for an ARIMA model as it is for the corresponding

structural model, as was reported by Harvey (1994, p. 187) [21]. In fact, translating

ARMA (Auto Regressive Moving Average) or ARMAX (Auto Regressive Moving

Average with eXogenous variables) models into state-space models for a Maximum



CHAPTER 7. ESTIMATION ISSUES 130

Likelihood estimation of their parameters is proposed by Shumway and Stoffer (2000,

pp. 312-338) [44].

Furthermore, though the Kalman Filter is, as such, designed for a Gaussian

framework, we propose in this chapter different ways to extend the use of the Kalman

Filters to a non-Gaussian framework. These extensions are done using the state-

space representation of the structural models and are not transposable to their

reduced form. As a result, we will keep the state-space representation throughout

this chapter.

In the case of stochastic volatility models, for example, the Gaussian assumption

made in the Kalman Filter recursive algorithm will lead to poor estimators when

there is no correlation between the state variables and their volatility. We propose

here an efficient algorithm to relax the assumption of normality for models with

stochastic volatility that leads to better estimates of the volatility level at each time

step.

When the assumption of Gaussian error vectors is relaxed, the computation of

the Likelihood function is numerically quite intensive. We then apply the numerical

techniques developed in Singleton (2001) [45], based on the expected conditional

characteristic function, to speed up the computations without losing too much on

the efficiency of the parameter estimators.

In his paper, Singleton (2001) [45] approaches the problem of the estimation of

the unobserved state variables by choosing at each time step the vector of unobserved

state variables that either perfectly price a subset of observed contingent claim

prices or the vector of unobserved state variables that minimizes the mean square

pricing error of these observed contingent claims. Using the Kalman Filter is thus

an improvement compared to the existing literature in the sense that it applies the

numerical techniques based on the expected conditional characteristic function with

unobserved state variables estimated via a Kalman Filter.
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Though the model is continuous, we decided to use the discrete Kalman Filter

instead of its continuous version because the data (spot and futures prices) are

observed discretely.

The first section of this chapter focusses on AJD’s resulting in Gaussian distri-

butions. The next section indicates some possible research paths to depart from

the Gaussian framework and to make the Maximum Likelihood optimization faster.

Among these paths, only the Bernoulli approximation has been implemented on the

European Energy indeX (EEX) for electricity, on the Brent for crude oil, and on

the NBP for natural gas. The other paths developed in this section have not been

implemented.

7.2 Estimation procedure : The Kalman Filter

7.2.1 The State Space Representation

In an Affine Jump Diffusion framework, the price of a futures contract, f(t, T1, T2)

-where t is the pricing time, T1 is the starting date of the delivery period, and T2 is

the ending date of the delivery period-, or its logarithm is an affine function of the

vector of the state variables Xt. In the level model, we indeed have

f(t, T1, T2) = EQ

[
1

T2 − T1

∫ T2

T1

Spot(s)ds
∣∣∣Ft

]
(7.1)

= EQ

[
1

T2 − T1

∫ T2

T1

∑
i

γiXi(s)ds
∣∣∣Ft

]
(7.2)

=
1

T2 − T1

∫ T2

T1

A(t, s)ds +
1

T2 − T1

∫ T2

T1

B(t, s)ds.Xt (7.3)
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where A(t, T ) and B(t, T ) are respectively a scalar and a vector, solution of a system

of ordinary differential equations obtained by simplifying the transform φ (7.2)

{
−Ḃt = K̃T

1 Bt + l̃1∇θ̃(0)Bt

−Ȧt = K̃T
0 Bt + l̃0∇θ̃(0)Bt

(7.4)

with the boundary conditions B(T ) = γ and A(T ) = 0, and where ∇θ̃(c) is gradient

of θ̃(c) with respect to c ∈ Cn.

In the return model, we have

log(f(t, T1, T2)) = log

(
EQ

[
1

T2 − T1

∫ T2

T1

Spot(s)ds
∣∣∣Ft

])
(7.5)

= log

(
EQ

[
1

T2 − T1

∫ T2

T1

exp

(∑
i

γiXi(s)

)
ds

∣∣∣Ft

])
(7.6)

= log

(
1

T2 − T1

∫ T2

T1

eα(t,s)+β(t,s).Xtds

)
(7.7)

where α(t, T ) and β(t, T ) are respectively a scalar and a vector of same size as X,

solution of a system of ordinary differential equations also obtained by simplifying

the transform φ (7.2)

{
β̇t = −K̃T

1 βt − 1
2
βT

t H̃1βt − l̃1(θ̃(βt)− 1)

α̇t = −K̃T
0 βt − 1

2
βT

t H̃0βt − l̃0(θ̃(βt)− 1)
(7.8)

with the boundary conditions α(T, T ) = 0 and β(T, T ) = γ.

If we further make the assumption that we can replace the arithmetic average

with its geometric average, we get

log(f(t, T1, T2)) ≈ 1

T2 − T1

∫ T2

T1

α(t, s)ds +
1

T2 − T1

∫ T2

T1

β(t, s)ds.Xt (7.9)

Note here that we replace the arithmetic average of expectations by its geo-

metric average, which is much more accurate than replacing the expectation of an
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arithmetic average by the expectation of its geometric average. This is because ex-

pectations with different horizons typically do not vary so much, whereas realized

prices can vary quite dramatically.

As a result, at each time step we can write the system of so called ”measuring

equations” :

Yt = dt + ZtXt + εt (7.10)

where

• Yt is a vector with the spot price or its logarithm and other futures contracts

prices or their logarithm, according to whether the level or return model is

used;

• dt is a vector;

• Zt is a matrix;

• εt is a vector of measurement errors normally distributed with mean zero and

covariance matrix Vt.

The measurement errors εt are added to the equations (7.3) and (7.9) to cope

with observations that are not exactly contemporaneous or with model shortcomings

that make it impossible to reproduce all of the observed prices.

Next to these measurement equations, the Affine Jump Diffusion process can be

discretized to give the so called transition equations:

Xt+1 = ct + TtXt + ζt (7.11)

where ζt is a vector of errors with mean zero and variance covariance matrix R(Xt, t).

We will further approximate this vector to be normally distributed.
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Noting Aj(t) and Bj(t) the jth line of ct and Tt, respectively, Aj(t) and Bj(t) can

be computed as the solution to the same system of ordinary differential equations

(7.4), but with the parameters of the AJD process Xt under the physical probability

measure P : { −Ḃj,t = KT
1 Bj,t + l1∇θ(0)Bj,t

−Ȧj,t = KT
0 Bj,t + l0∇θ(0)Bj,t

(7.12)

with the boundary conditions Aj(t+1) = 0 and Bj(t+1) = 1j, where 1j is a vector

of zeros with only the jth element equal to 1.

The covariance matrix R(Xt, t) is equal to

R(Xt, t) = R0(t) + R1(t)Xt (7.13)

where R0
t is a matrix and R1

t is a three-dimensional tensor.

By definition, the covariance matrix is indeed given by

R(Xt, t) = E[Xt+1X
T
t+1]− E[Xt+1]E[XT

t+1] (7.14)

= ∇∇T E[eu.Xt+1 ]|u=0 −∇E[eu.Xt+1 ]|u=0∇T E[eu.Xt+1 ]|u=0 (7.15)

= ∇∇T
(
eα(u,t,t+1)+β(u,t,t+1).Xt+1

) |u=0

−∇ (
eα(u,t,t+1)+β(u,t,t+1).Xt+1

) |u=0

∇T
(
eα(u,t,t+1)+β(u,t,t+1).Xt+1

) |u=0 (7.16)

= ∇∇T α(u, t, t + 1)|u=0 + (∇∇T β(u, t, t + 1)|u=0)
T Xt (7.17)

≡ R0(t) + R1(t)Xt (7.18)

Considering that α(u, t, T ) and β(u, t, T ) are solutions of the system of ODE’s

developed in the transform φ (7.2), we finally get

Ṙ1
i,j(τ) = −KT

1 R1
i,j(τ)−BT

j (τ)H1Bi(τ)− l1∇θ(0)R1
i,j

−l1B
T
i (τ)∇∇T θ(0)Bj(τ) (7.19)

Ṙ0
i,j(τ) = −KT

0 R1
i,j(τ)−BT

j (τ)H0Bi(τ)− l0∇θ(0)R1
i,j

−l0B
T
i (τ)∇∇T θ(0)Bj(τ) (7.20)
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with boundary conditions R1
i,j(t + 1) = 0 and R0

i,j(t + 1) = 0.

Note that if H1 = 0 and l1 = 0, then R1(t) = 0 and R(t) is no more a function of

Xt. Strictly speaking, the Kalman Filter Recursion Algorithm does not allow for a

state space representation with a covariance matrix R(Xt, t) function of Xt and thus

could not allow AJD’s with non zero R1 and l1. In what follows, we will however

keep the formalism where R(Xt, t) is an affine function of Xt in order to introduce

an approximation to the Kalman Filter when R1 and l1 are non-zero.

The measurement equations (7.10) and the transition equations (7.11) form the

state space representation of the model.

7.2.2 The Kalman Filter Recursion Algorithm

Once a model has been put in a state space form, the Kalman Filter can be used.

The Kalman Filter is a recursive procedure for computing the optimal estimator of

the state vector X at time t, based on the information available at time t. This

information consists of the observations up to and including Yt.

When the error vectors εt and ζt are assumed to be normally distributed, the

estimator of the state vector is optimal in the sense that it minimizes the mean

square error. Furthermore, in this Gaussian setting, the estimator yielded by the

Kalman filter can be interpreted as the conditional expectation of Xt based on the

information available at time t.

We briefly expose the filter’s algorithm here. Further information on Kalman

Filters can be found in Harvey (1994) [21].

Let X̂t−1 denote the optimal estimator of Xt−1 based on the observations up to

and including Yt−1. Let Pt−1 denote the covariance matrix of the estimation error,
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i.e.

Pt−1 = E
[
(X̂t−1 −Xt−1)(X̂t−1 −Xt−1)

′
]

(7.21)

Given X̂t−1 and Pt−1, the optimal estimator of Xt is given by

X̂t|t−1 = Tt−1X̂t−1 + ct−1 (7.22)

while the covariance matrix of the estimation error is

Pt|t−1 = Tt−1Pt−1T
′
t−1 + R(X̂t−1, t− 1) (7.23)

These two equations are known as the prediction equations.

As noted earlier, this is only an approximation to the estimation of the covariance

matrix of the estimation error when R(Xt, t) is a function of Xt, that is when R1

and l1 are non-zero. In what follows, we will bear that approximation for achieving

a higher level of generality in the class of AJD processes that can be treated.

Once the new observation, Yt, becomes available, the estimator of Xt, X̂t|t−1, can

be updated. The updating equations are

X̂t = X̂t|t−1 + Pt|t−1Z
′
tF

−1
t

(
yt − ZtX̂t|t−1 − dt

)
(7.24)

and

Pt = Pt|t−1 − Pt|t−1Z
′
tF

−1
t ZtPt|t−1 (7.25)

where

Ft = ZtPt|t−1Z
′
t + Vt (7.26)

The starting values of the Kalman Filter may be specified in terms of X̂0 and

P0 or X̂1|0 and P1|0. Given these initial conditions, the Kalman filter delivers the

optimal estimator of the state vector as each new observation becomes available.

In the next sections, it will be useful to be able to differentiate the estimator X̂ψ
t

with respect to ψ, such that the optimization algorithm in the Maximum Likelihood
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procedure will be able to use first and second order methods based on numerically

computed gradients instead of gradients computed by finite differences.

Proposition 7.1 The gradient of X̂ψ
t (where the dependence on ψ has been made

explicit) with respect to ψ can be computed recursively. The computations only in-

volve partial derivatives of the matrices and vectors ds, Zs, cs, and Ts with respect to

ψ, where s = 1, . . . , t.

Proof : From equation (7.24), we have that

∂X̂t

∂ψ
=

∂X̂t|t−1

∂ψ
+

∂Pt|t−1Z
′
tF

−1
t

(
yt − ZtX̂t|t−1 − dt

)

∂ψ
(7.27)

From equation (7.22), the first term of the right hand side of this equation can

further be developed into

∂X̂t|t−1

∂ψ
=

∂Tt−1

∂ψ
X̂t−1 + Tt−1

∂X̂t−1

∂ψ
+

∂ct−1

∂ψ
(7.28)

where ∂X̂t−1/∂ψ is obtained by taking the result of the computation of (7.27) at

time t − 1, with an initial value of ∂X̂0/∂ψ = 0. The other derivatives are again

easily computed by eventually solving additional systems of ordinary equations.

The second term of the right hand side of equation (7.27) can be rewritten as

∂Pt|t−1Z
′
tF

−1
t

(
Yt − ZtX̂t|t−1 − dt

)

∂ψ
= (7.29)

∂Pt|t−1

∂ψ
Z ′

tF
−1
t

(
Yt − ZtX̂t|t−1 − dt

)

+Pt|t−1
∂Z ′

t

∂ψ
F−1

t

(
Yt − ZtX̂t|t−1 − dt

)

−Pt|t−1Z
′
tF

−1
t

∂Ft

∂ψ
F−1

t

(
Yt − ZtX̂t|t−1 − dt

)

+Pt|t−1Z
′
tF

−1
t

(
− ∂Zt

∂ψ
X̂t|t−1 − Zt

∂X̂t|t−1

∂ψ
− ∂dt

∂ψ

)
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where, from equation (7.26), we have that

∂Ft

∂ψ
=

∂Vt

∂ψ
+

∂Zt

∂ψ
Pt|t−1Z

′
t + Zt

∂Pt|t−1

∂ψ
Z ′

t + ZtPt|t−1
∂Z ′

t

∂ψ
(7.30)

and where, from equation (7.23), we have that

∂Pt|t−1

∂ψ
=

∂Rt−1

∂ψ
+

∂Tt−1

∂ψ
Pt−1T

′
t−1 + Tt−1

∂Pt−1

∂ψ
T ′

t−1 + Tt−1Pt−1

∂T ′
t−1

∂ψ
(7.31)

with ∂P0

∂ψ
= 0, and

∂Pt

∂ψ
=

∂Pt|t−1

∂ψ
− ∂Pt|t−1

∂ψ
Z ′

tF
−1
t ZtPt|t−1 (7.32)

− Pt|t−1
∂Z ′

t

∂ψ
F−1

t ZtPt|t−1

+ Pt|t−1Z
′
tF

−1
t

∂Ft

∂ψ
F−1

t ZtPt|t−1

− Pt|t−1Z
′
tF

−1
t

∂Zt

∂ψ
Pt|t−1

− Pt|t−1Z
′
tF

−1
t Zt

∂Pt|t−1

∂ψ

and all other partial derivatives being again easily computed.¤

7.2.3 The Maximum Likelihood estimation

The joint density function of all the observations, Y1,. . . , YT , is given by the function

L(Y; ψ) =
T∏

t=1

p(Yt|Yt−1) (7.33)

where p(Yt|Yt−1) denotes the distribution of Yt conditional on the information set at

time t− 1, that is all of the observations Yi , i = 1 . . . t− 1.

If the measurement equation is written as

Yt = ZtX̂t|t−1 + Zt(Xt − X̂t|t−1) + dt + εt (7.34)
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it can be seen immediately that the conditional distribution of Yt is normal with

mean

E[Yt|Yt−1] = Ỹt|t−1 = ZtX̂t|t−1 + dt (7.35)

and a covariance matrix, Ft. For a Gaussian model, therefore, the likelihood function

can be written immediately as

log L(Y; ψ) = −NT

2
log 2π − 1

2

T∑
t=1

log |Ft| − 1

2

T∑
t=1

νT
t F−1

t νt (7.36)

where

νt = Yt − Ỹt|t−1 (7.37)

and N is the size of each vector of observations Yt.

Finally, we choose the vector of parameters ψ that will maximize equation (7.36),

i.e., the logarithm of the joint density function of all observations.

The gradient of the likelihood function can be written

(log L(Y; ψ))′ = −1

2

T∑
t=1

(|Ft|)′
|Ft| − 1

2

T∑
t=1

(νT
t F−1

t νt)
′ (7.38)

This expression can be computed by noticing that

|Ft|′ = |Ft|Tr(F−1
t F ′

t) (7.39)

with F ′
t given by (7.30) and that

(νT
t F−1

t νt)
′ = (νT

t )′F−1
t νt + νT

t (F−1
t )′νt + νT

t F−1
t (νt)

′ (7.40)

with

(F−1
t )′ = −F−1

t F ′
tF

−1
t (7.41)

and with

(νt)
′ = −(Ỹt|t−1)

′ (7.42)

= −
(
Z ′

tX̂t|t−1 + ZtX̂
′
t|t−1 + d′t

)
(7.43)

and where X̂ ′
t|t−1 is given by (7.28).
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7.3 Accounting for non-Gaussian errors

The assumption of normality is made twice in the estimation process. First it is

made in the Kalman Filter Recursive Algorithm for computing the estimators X̂t,

then it is used to compute the loglikelihood function to be maximized. For many

different stochastic processes of the AJD family, however, the assumption of a vector

ζ normally distributed in equation (7.11) is quite dramatically invalidated. The next

sections show how to relax this approximation in both cases.

7.3.1 The Kalman Filter Recursion Algorithm

Even if the vector ζ is not normally distributed, it is however shown in Harvey (1994)

that the Kalman Filter recursive algorithm can still be applied. The estimators X̂t

yielded will no more be conditional expectations of Xt based on the information

available at time t, but, in the case of a deterministic conditional covariance, they

will still remain optimal in the sense that, if attention is restricted to estimators

which are linear combinations of the observations, then it is the one that minimizes

the Mean Square Error. Thus, in this case, X̂t is the minimum mean square linear

estimator of Xt based on observations up to and including time t.

For some models, however, the conditional covariance matrix is not deterministic,

and the estimators yielded will not provide good results.

This will particularly be the case with stochastic volatility models where the

observations have a very small vega, i.e., are not sensible to the volatility levels (for

example, futures prices are not sensible to the level of volatility), and where there

is no or very little correlation between the state variables and the volatility. In this

case, the Kalman Filter will indeed not provide any correction to the expected level

of the variance at time t once the observations of time t are made available.
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We present here an algorithm to overcome this problem and give better estimates

of the variance levels at each time step t, V̂t. Our objective is thus to compute

V̂t = E[Vt|Ft] =

∫

R
vtf(Vt = vt|Ft)dvt (7.44)

where f(Vt = vt|Ft) is the probability density function of Vt conditional on all the

observations up to and including time t. This can be expressed as

E[Vt|Ft] =

∫

R
vt

( ∫

RM

f(Vt = vt|Xt = xt,Ft)f(Xt = xt|Ft)dxt

)
dvt (7.45)

where it is assumed that the vector X is of size M and includes all the other state

variables but V .

Again, we will approximate this expression with

E[Vt|Ft] ≈
∫

R
vtf(Vt = vt|Xt = X̂t,Ft)dvt (7.46)

which can further be expressed as

E[Vt|Ft] ≈
∫

R
vtf(Vt = vt|Xt = X̂t,Ft−1)dvt (7.47)

=
∫

R
vt

f(Vt = vt, Xt = X̂t|Ft−1)

f(Xt = X̂t|Ft−1)
dvt (7.48)

=
∫

R
vt

∫
RM+1

(
f(Vt = vt, Xt = X̂t|Xt−1 = xt−1, Vt−1 = vt−1)
f(Xt−1 = xt−1, Vt−1 = vt−1|Ft−1)

)
d{xt−1, vt−1}

∫
RM+1

(
f(Xt = X̂t|Xt−1 = xt−1, Vt−1 = vt−1)
f(Xt−1 = xt−1, Vt−1 = vt−1|Ft−1)

)
d{xt−1, vt−1}

dvt

(7.49)

≈
∫

R
vt

f(Vt = vt, Xt = X̂t|Xt−1 = X̂t−1, Vt−1 = V̂t−1)

f(Xt = X̂t|Xt−1, Vt−1 = V̂t−1)
dvt (7.50)

where, again, an approximation has been done to arrive at the last equation.

The denominator of the last equation can be taken out of the integral. Its

computation will only require an integration on RM of the characteristic function of

X.
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Assuming M = 1, or that we only consider the realization of one element of Xt

(one whose variance is a function of V ) for updating the variance level at time t, we

now show an efficient way to compute the integral we are left with.

Let us start with

∂E[Vt1Xt<y|Xt−1 = xt−1, Vt−1 = vt−1]
∂y

=
∫

R1+1

vt
∂1Xt<y

∂y
f(Vt = vt, Xt = xt|Xt−1 = xt − 1, Vt−1 = vt−1)d{xt, vt} (7.51)

=
∫

R1+1

vtδxt=yf(Vt = vt, Xt = xt|Xt−1 = xt − 1, Vt−1 = vt−1)d{xt, vt} (7.52)

=
∫

R
vtf(Vt = vt, Xt = y|Xt−1 = xt − 1, Vt−1 = vt−1)d{xt, vt} (7.53)

which is indeed equivalent to the numerator of (7.50) if y = X̂t.

From the building block of the Proposition 4.7, it is easy to show that equation

(7.51) is also equal to

∂E[Vt1Xt<y|Xt−1 = xt − 1, Vt−1 = vt−1]

∂y

=
φ({0, 1}, {0, 0}, {xt−1, vt−1}, t− 1, t)

2

+
1

π

∫ ∞

0

Re[φ({0, 1}, {iu, 0}, {xt−1, vt−1}, t− 1, t)e−iuy]du (7.54)

In the case where M = 1, we have thus shown that equation (7.47) could be

computed by using only integrals on R.

If M > 1, the same approach can be used by solving

∂ME[Vt

∏M
j=1 1Xj,t<yj

|Xt−1 = xt − 1, Vt−1 = vt−1]∏M
j=1 ∂yj

(7.55)

and differentiating the building block of Proposition 4.11. This will however

require integrals on RM .
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7.3.2 Computing the Log-Likelihood function

The Bernoulli approximation for Jump processes

Obviously, when ζ is not normally distributed, the computation of the log-

likelihood function log L(Y; ψ) does not hold anymore. Considering jumps that

are normally distributed, the computation can, however, be improved by replacing

the transition equations (7.11) by

Xt = c∗t−1 + T ∗
t−1Xt−1 + ζ∗(t− 1) + Jt (7.56)

where

• the Bernoulli approximation has been done, i.e. at each time step there can

only be one or no jump;

• the probability of having a jump is given by (1− e−(λ0+λ1Xt−1));

• when a jump occurs, Jt is normally distributed with mean µJ and covariance

matrix ΣJ , otherwise it is equal to zero;

• the vector c∗t−1, the matrix T ∗
t−1, and the covariance matrix of the vector ζ∗1 (t),

i.e. R∗
t , are computed as if there was no jump component to the stochastic

process of Xt, as indicated earlier.

At each time step, we then compute an extra vector and an extra covariance

matrix corresponding to the case where there has been no jump:

X̂0
t|t−1 = T ∗

t−1X̂t−1 + c∗t (7.57)

P 0
t|t−1 = T ∗

t−1Pt−1T
∗′
t−1 + R∗

t (7.58)

and an extra vector and an extra covariance matrix corresponding to the case where

there has been a jump:

X̂1
t|t−1 = T ∗

t−1X̂t−1 + c∗t + µj (7.59)
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P 1
t|t−1 = T ∗

t−1Pt−1T
∗′
t−1 + R∗

t + ΣJ (7.60)

The log-likelihood equation can now be written as

log L(Y; ψ) =
T∑

t=1

log
(
e−(λ0+λ1Xt−1)p0(Yt|Yt−1) + (1− e−(λ0+λ1Xt−1))p1(Yt|Yt−1)

)

(7.61)

where

p0(Yt|Yt−1) = (2π)−N/2(|F 0
t |)−1/2e−

1
2
ν0′

t (F 0
t )−1ν0

t (7.62)

p1(Yt|Yt−1) = (2π)−N/2(|F 1
t |)−1/2e−

1
2
ν1′

t (F 1
t )−1ν1

t (7.63)

and where

ν0
t = Yt − ZtX̂

0
t|t−1 − dt (7.64)

ν1
t = Yt − ZtX̂

1
t|t−1 − dt (7.65)

F 0
t = ZtP

0
t|t−1Z

′
t + Ht (7.66)

F 1
t = ZtP

1
t|t−1Z

′
t + Ht (7.67)

Again, we choose the vector of parameters ψ that will maximize equation (7.61),

i.e., the logarithm of the joint density function of all observations.

A general approach based on the conditional characteristic function

The characteristic function of Yt conditional on the information available at time

t− 1, φYt(c) is by definition

φYt(c) = EP [ei(c.Yt+1)|Ft] (7.68)

Looking at the measurement equation (7.10)

Yt = dt + ZtXt + εt
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where the vector of measurement errors εt is independent of Xt, one can write

φYt(c) =

∫

RM

φdt+Ztxt(c)f(xt|Ft)dxt φεt(c) (7.69)

where M denotes the size of X and f(xt|Ft) denotes the probability density function

of Xt conditional on all the observations up to and including t; and where, by

definition

φdt+ZtXt(c) = EP [ei(c.dt+1+c.Zt+1Xt+1))|Xt = xt] (7.70)

= ei(c.dt+1)EP [ei(c.Zt+1Xt+1))|Xt = xt] (7.71)

= ei(c.dt+1)EP [ei(c.Zt+1Xt+1))|Xt = xt] (7.72)

= ei(c.dt+1)φXt(Z
′
t+1c) (7.73)

In order to simplify the computations, equation (7.69) could be approximated

by

φYt(c) ≈ φdt+Zt
bXt

(c)φεt(c) (7.74)

with

φdt+Zt
bXt

(c) = EP [ei(c.dt+1+c.Zt+1Xt+1))|Xt = X̂t] (7.75)

= ei(c.dt+1)EP [ei(c.Zt+1Xt+1))|Xt = X̂t] (7.76)

= ei(c.dt+1)EP [ei(c.Zt+1Xt+1))|Xt = X̂t] (7.77)

= ei(c.dt+1)φ bXt
(Z ′

t+1c) (7.78)

As a result, we have that the probability density function of Yt+1 conditional on

Yt, f(Yt+1|Yt) is given by

f(Yt+1|Yt) =
1

(2π)N

∫

RN

φ bXt
(Z ′

t+1c)φεt(c)e
i(c.dt+1−Yt+1)dc (7.79)

where N denotes the size of Yt.
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For large values of N, this approach will thus unfortunately become computa-

tionally very intensive.

The vector ψ is then estimated by maximizing the objective function

LogLikelihood =
T−1∑
t=1

log f(Yt+1|Yt) (7.80)

7.3.3 Revisiting the Kalman Filter Algorithm with the

Bernoulli approximation for jumps

One can use the same Bernoulli approximation for the jumps that has been made

to improve the Kalman Filter Algorithm. Consider the two probability densities

p0(Yt|Yt−1) and p1(Yt|Yt−1) computed previously. If p0(Yt|Yt−1) < p1(Yt|Yt−1) then

one can assume that there has not been any jump between the times t− 1 and t. In

this case, one can replace equations (7.22) and (7.23) by the equations (7.57) and

(7.58 ).

Similarly, if p0(Yt|Yt−1) > p1(Yt|Yt−1) then one can assume that there has been

a jump between the times t− 1 and t. In this case, one can replace equations (7.22)

and (7.23) by the equations (7.59) and (7.60).

The rest of the algorithm stays unchanged.

7.3.4 An Expected Conditional Characteristic Function es-

timator

Along the lines of Singleton (2001) [45], we begin by constructing an estimator

that is asymptotically equivalent to the Maximum Likelihood estimator, using the

Expected Conditional Characteristic Function (ECCF). Let ψ0 denote the vector of

size p of data generating parameters to be estimated. Let Z∞
T denote the class of
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”continuous grid” estimators defined as follows : each z ∈ Z∞
T indexes an estimator

ψz
∞T associated with the instrument function zt(u) : RN → Cp, where C denotes

the complex numbers, with zt(u) ∈ It, zt(u) = zt(−u), t = 1, . . . , T , where It is the

σ-algebra generated by Yt; and the estimator ψz
∞T of ψ0 satisfies

1

T

∑
t

∫

RN

zt(u)[eiu′Yt+1 − φYt(u, ψz
∞T )]du = 0 (7.81)

Proposition 7.2 (from Singleton (2001)[45]): Under regularity conditions,

ψ∞T z ∈ Z∞
T is consistent. Furthermore, the optimal index in Z∞

T , in the sense

of giving the smallest asymptotic covariance matrix among continuous-grid ECCF

estimators, is

z∗∞T =
1

(2π)N

∫

RN

∂ log f(Yt+1|Yt, ψ0)
′

∂ψ
e−iu′Yt+1dYt+1 (7.82)

Finally, the continuous-grid estimator based on the index z∗∞t is asymptotically

equivalent to the ML estimator based on the true conditional density function of Yt.

Proof: See Singleton (2001)[45] ¤.

From a practical perspective, the ECCF estimator z∗∞t has no computational

advantages over the ML estimator because the index z∗∞ cannot be computed without

a priori knowledge of the conditional density function. Accordingly, we proceed to

develop a computationally tractable estimator that is consistent and ”nearly” as

efficient as the ML estimator. For notational simplicity, we set N = 1 (Yt is one

dimensional) in the remainder of this section. The basic idea is to approximate the

integral

∫

R
zt(u)[eiuYt+1 − φYt(u, ψ)]du (7.83)

with the sum over a finite grid in R.



CHAPTER 7. ESTIMATION ISSUES 148

More precisely, we fix the interval [−Kτ, Kτ ] ⊂ R and divide it into (2K + 1)

equally spaced intervals of width τ . Let ZK
T denote the class of FG-ECCF estimators

ψz
KT that solve

1

T

∑
t

τ

K∑

k=−K

zt(kτ)[eikτYt+1 − φYt(kτ, ψz
KT )]du = 0 (7.84)

for zt(u) ∈ Cp with the same characteristics as in the case of continuous-grid esti-

mation. Solving (7.84) is equivalent to solving

1

T

∑
t

τ

K∑

k=−K

Re
[
zt(kτ)[eikτYt+1 − φYt(kτ, ψz

KT )]
]
du = 0 (7.85)

This expression, in turn, can be simplified further by letting

ε̃K,t+1(ψ)′ ≡
(
cos(τYt+1)−ReφYt(τ, ψ), . . . , cos(KτYt+1)−ReφYt(Kτ, ψ),

sin(τYt+1)− ImφYt(τ, ψ), . . . , sin(KτYt+1)− ImφYt(Kτ, ψ)
)
,

(7.86)

and z̃Kt denote the p×2K real matrix with the Re[zt(kτ)] and Im[zt(kτ)] being the

first K and second K columns, respectively. Then (7.85) becomes

1

T

∑
t

z̃Ktε̃K,t+1(ψ
z
KT ) = 0 (7.87)

Proposition 7.3 (from Singleton (2001)[45]): The optimal index z̃∗Kt ∈ ZK
T , in

the sense of giving the smallest covariance matrix of the finite-grid ECCF estimator,

is

z̃∗Kt = ΦK′
t × {ΣK

t }−1 (7.88)

where the 2K × p matrix ΦK
t is ∂ε̃K,t+1(ψ0)/∂ψ and ΣK

t ≡ E[ε̃K,t+1ε̃
′
K,t+1|Yt]
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Proof: See Singleton (2001)[45] ¤.

The elements of the matrix ΣK
t are known in closed-form as functions of the

real and imaginary parts of φYt(kτ). The elements of the matrix of derivatives

of εK,t+1 with respect to ψ involve only the derivatives of Re[φYt(kτ, ψ, X̂ψ
t )] and

Im[φYt(kτ, ψ, X̂ψ
t )] with respect to ψ, where we made explicit the dependence of X̂ψ

t

on ψ.

Indeed, making the same approximation as in equation (7.74), the characteristic

function φYt(kτ, ψ, X̂ψ
t ) can be written

φYt(kτ, ψ, X̂ψ
t ) ≈ φdt+Zt

bXt
(kτ, ψ, X̂ψ

t )φεt(kτ, ψ) (7.89)

= ei(kτdt+1)φ bXt
(Z ′

t+1kτ, ψ, X̂ψ
t )φεt(kτ, ψ) (7.90)

= ei(kτdt+1)eα(t)+β(t). bXψ
t φεt(kτ, ψ) (7.91)

All of the elements in this last equation but X̂ψ
t can easily be derived with

respect to ψ by eventually solving additional systems of ordinary equations. The

partial derivative of X̂ψ
t with respect to ψ is computed in Proposition 7.1.
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7.4 Example of implementation

For illustration purposes, we have applied the numerical routines developed above

to three main references in the energy industry in Europe: electricity quoted at the

Frankfurt based European Energy Exchange (EEX), natural gas quoted at the In-

ternational Petroleum Exchange (IPE) of London for natural gas in the UK natural

gas grid at the National Balancing Point (NBP), and the Brent crude also quoted on

the International Petroleum Exchange (IPE) of London. There has been, however,

no attempt here to try to estimate market risk premiums so that the processes are

the same under both the true and risk-neutral probability measure. The estimation

results, since they are based on futures prices observations, were indeed quite robust

to estimate the level of expected prices in the risk-neutral world, but the reparti-

tion of this expected level in the risk-neutral world between a risk premium and

an expected level in the true probability measure turned out not to be as robust.

One possible reason is that the length of the spot price time series considered was

probably not long enough for a stable estimation.

7.4.1 The European Energy Exchange (EEX)

The Frankfurt-based European Energy Exchange (EEX) is one of the largest energy

market in Continental North Western Europe. The German electricity market is the

biggest in continental Europe by number of players and generation capacity. It is

also the fastest to open up, with immediate 100% full customer choice, though UK

and parts of Scandinavia were opened earlier. Germany’s electricity market is indeed

huge (with annual power consumption about 550 TWh and generation capacity of

125 GW, half of which is coal fired, 17% nuclear, and 18% gas-fired) and centrally

located in the heart of Europe, with wires and gas pipes connected to the rest of

the continent.
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The daily average spot price from the 02/03/2001 to the 27/06/2002, expressed

in Eur/MWh, is plotted in the next figure.
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Figure 7.4.1: Historical daily average spot price for the EEX

A weekly pattern is clearly recognizable and will be thus included in the model.

It is also quite obvious to identify the occurrence of a spike from 17/12/2001 to

19/12/2001 (a bit less than 300 days after 02/03/2001 on the graph). There has,

however, been only one spike, so we will only use one spiking variable in our model

with parameters that will be calibrated on its level, duration and frequency of oc-

currence.

Unfortunately, the seasonality is not really obvious from Figure 7.4.1. In figure

7.4.2, we thus super-imposed on a single graph the futures’ term structure that has

been observed at each date. We again easily recognize the spike, but the presence

of a seasonality indeed becomes much clearer. This is a good illustration on how

important the information revealed by the futures contracts is to accurately model

the spot price.

Finally, the spot price returns, even after having removed the spikes and patterns,
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Figure 7.4.2: Evolution of the futures’ term structure for the EEX

still have a kurtosis of 4.55. This excess kurtosis will be modelled by adding jump

processes to the risk factors.

In summary, the main characteristics of the EEX spot price are the presence

of a weekly and seasonal pattern, and the presence of jumps and spikes. Such

characteristics are reproduced in the following model for the daily average spot

price model, expressed in Eur/MWh:

log(Spott) = Seas pattern(t) + Weekly pattern(t) + X1(t) + XS(t)

Seas pattern(t) = a + b t + c1 cos(2π(t− c2)/365)

Weekly pattern(t) =





dmon if t ∈ Monday
dtue if t ∈ Tuesday
dwed if t ∈ Wednesday
dthu if t ∈ Thursday
dfri if t ∈ Friday
dsat if t ∈ Saturday
dsun if t ∈ Sunday
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The dynamics of the Jump-Diffusive risk factors are given by:

dX1(t) = κ1(X2(t)−X1(t)) dt + σ1 dW1(t) + dJup
1 (t) + dJdown

1 (t)

dX2(t) = −κ2X2(t) dt + ρσ2 dW1(t) +
√

1− ρ2 σ2 dW2(t) + dJup
2 (t) + dJdown

2 (t)

where Jup
i (t) and Jdown

i (t) are pure jump processes with constant equal arrival rates,

λi, and with jump sizes normally distributed with mean µJ
i and −µJ

i , respectively,

and equal standard deviations, σJ
i . The up and down jumps are thus assumed to be

symmetric. This assumption is not so well supported by the data (the spot returns

without the spikes still have a skewness of 0.9) and could certainly be relaxed in

further developments, but it allows to limit the number of parameters to be estimated

by the Maximum Likelihood algorithm.

The dynamics of the spiking risk factor is given by:

dXS(t) = dJup
s (t) + dJdown

s (t)

where

• Jup
s (t) and Jdown

s (t) are pure jump processes with a constant jump size, Spike

and −Spike, respectively;

• Jup
s (t) and Jdown

s (t) have arrival rate equal to

λup
s (t) = lup

s (t)
(
1−XS(t)(Spike)−1

)
(7.92)

λdown
s (t) = ldown

s (t)XS(t)(Spike)−1 (7.93)

where XS is the spiking risk factors, and Spike is the level of the spikes.

In order to limit the number of parameters to be estimated via the Maximum

Likelihood procedure, the day-level parameters are estimated by Minimum Mean

Square Error on the historical spot data and kept fixed in the Maximum Likelihood.
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The likelihood function to be optimized, however, is not very well behaved and

has many different local optima. It is thus crucial to start the optimization procedure

with starting values that are not too far from the optimal solution, so that the

optimization algorithm does not get trapped into local optima.

Starting values for the parameters of the deterministic trend, θ(t), can be com-

puted by minimizing the mean square error on the historical spot and futures data

of figures 7.4.1 and 7.4.2.

Starting values for the speed of reversion and volatilities, κi and σi, can be

computed by matching the futures’ historical volatility term structure computed

on a historical time series of their returns where the jumps and spikes have been

filtered away. The filter algorithm computes the standard deviation of the returns

and checks whether the proportion of returns with absolute value greater than 2.575

times the standard deviation is greater than 1%. If it is greater, then these returns

are considered as jumps and filtered away, the standard deviation of the new data-

set is recomputed and the algorithm repeats itself until the appropriate proportion

of returns that are greater than 2.575 times the standard deviation (in absolute

value) is reached. The starting value for the arrival rates of the jumps on the first

factor is computed by matching the frequency of jumps implied by the proportion of

returns that have been identified as jumps on the spot price, and the starting value

for the arrival rates of the jumps on the second factor is computed by matching the

frequency of jumps implied by the proportion of returns that have been identified as

jumps on a long-term futures contract. Finally, the starting values for the expected

jump size and standard deviation can be computed by looking at the distribution

of the returns that have been filtered away.

The futures’ volatility term structure is indeed a crucial element that is very

important to reproduce because it determines the standard deviation of the spot

price (or more precisely its logarithm)’s distribution at a given maturity. This curve
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is in fact so important to match that it could be given some additional weight in

the Maximum Likelihood objective function. We decided to do this by constraining

the Maximum Likelihood algorithm.

The decision to constrain the Maximum Likelihood algorithm is further sup-

ported by the observation that non-constrained Maximum Likelihood estimators

tended to under-estimate the futures’ volatility term structure. This can be easily

understood by recognizing that the model will tend to model the futures’ volatility

through the volatility of the risk-factors only up to the level that can be explained

by only two risk-factors, the rest of the volatility will be explained by the measure-

ment errors’ volatility, very similarly to what happens in a principal components

decomposition of a variance covariance matrix, where, if the rank of the covariance

matrix is greater than 2, only a proportion of the total variances can be explained

by the first two principal components. Measurement errors, however, are then left

aside and neglected when using the estimated model. Constraining the Maximum

Likelihood to match the futures’ volatility term structure will thus correct the esti-

mation for this bias when the number of risk-factors is not sufficient to fully describe

the joined dynamics of the futures of all maturities.

Special attention should be given to the choice of the constraints that are imposed

on the Maximum Likelihood algorithm. Indeed, it may not be possible to perfectly

match the whole historical futures’ volatility term structure, because the model does

not have enough degrees of freedom. The Maximum Likelihood would thus result

in a constrained optimization problem with unfeasible constraints.

The approach that has been followed here is to divide the set of parameters to

be estimated into two subsets, ψ = {ψ1, ψ2}, and to maximize the Loglikelihood

function under the constraint that the sum of squared errors between the model

implied and historical volatilities is minimized with respect to the parameter subset

ψ2.
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The arbitrary part of this approach resides in how to split the set of parameters

to be estimated. We found that using ψ2 = {σ1, σ2} provided a very good trade-off

between the fit of the futures’ volatility term structure and the likelihood achieved.

More rigorously, one can gain some intuition on the constraint that has been

imposed by looking at the optimization problem via the Lagrange multipliers. The

initial (unfeasible) constrained optimization problem, where one seeks to perfectly fit

the historical future’s volatility term structure, can indeed be formalized as follows:

max
ψ

f(ψ) (7.94)

s.t.
(
gmod

i (ψ)− ghist
i

)
= 0

where f(ψ) denotes the log-likelihood function to be maximized; ghist
i denotes

the historical daily volatility of the spot price (i = 0) or of the futures contract with

maturity i, i = 1...n, and gmod
i (ψ) the daily volatility implied by the model.

Solving this constrained optimization problem is equivalent to solving

min
λ

{
max

ψ

{
f(ψ) +

n∑
i=0

λi

(
gmod

i (ψ)− ghist
i

)
}}

(7.95)

where λ is the vector of Lagrange multipliers.

As mentioned above, it is however not possible to satisfy all the constraints,

and equation (7.95) will thus go to −∞. We will now show that the approach that

has been proposed is in fact equivalent to introducing some constraints between

the different λi so that the minimization problem now gets bounded. Writing the

optimality conditions of the optimization problem on the parameter subset ψ2 to

best match by minimum mean square error the futures’ volatility term structure

curve, the proposed methodology is equivalent to

max
ψ

f(ψ) (7.96)

s.t.

n∑
i=0

2 ∇ψ2

(
gmod

i (ψ)
) (

gmod
i (ψ)− ghist

i

)
= 0
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Again, this constrained optimization problem has another formulation using La-

grangian multipliers, λ∗:

min
λ∗

{
max

ψ

{
f(ψ) +

m∑
j=1

λ∗j

n∑
i=0

2 ∇ψ2
j

(
gmod

i (ψ)
) (

gmod
i (ψ)− ghist

i

)
}}

(7.97)

where m denotes the size of the subset of parameters ψ2.

Comparing (7.95) with (7.97), we observe that we have in fact constrained the

λi’s such that:

λi =
m∑

j=1

λ∗j 2 ∇ψ2
j

(
gmod

i (ψ)
)

(7.98)

The optimization problem (7.97) has been solved by using a purely numerical

implementation of a Quasi-Newton algorithm (gradients are computed numerically).

Note that instead of calibrating the parameters ψ2 to fit a historical futures’

volatility term structure, one could try to fit option (call or put) prices on futures

with different maturities, which would allow to fit forward looking volatilities (im-

plied by the option prices) rather than historical ones.

Taking the spot and futures prices from 02/03/2001 to 27/06/2002, and setting

the reference date t = 0 the 01/01/2001 with time expressed in days, the parameters

estimates (and their standard deviation) defining the different patterns are provided

in Table 7.1.

The standard deviations of the parameter estimates for ψ1 have been estimated

by computing the Fisher’s Information matrix, assuming ψ2 fixed. We also re-

ported, for information, the standard deviations of the parameters estimates for

ψ2 = {σ1, σ2}, estimated via a Fisher’s Information matrix computed as if the Like-

lihood was unconstrained. Standard deviations of the weekly pattern parameter

estimates are not available because these parameter have been kept fixed in the

Maximum Likelihood estimation.
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Parameter Estimate Standard deviation
a 3.083 (0.22)
b 0.0000824 (0.00014)
c1 0.201 (0.024)
c2 0.01 (9.39)

dmon 1.0388 N.A.
dtue 1.0159 N.A.
dwed 1.0333 N.A.
dthu 1.0279 N.A.
dfri 1.0253 N.A.
dsat 0.9475 N.A.
dsun 0.8839 N.A.

Table 7.1: Parameter estimates for the EEX trends.

The parameter estimates defining the jump-diffusion risk factors are reported in

Table 7.2.

Parameter Estimate Standard deviation
κ1 0.1853 (0.031)
σ1 0.07823 (0.005)
κ2 0.00437 (0.0016)
σ2 0.0171 (0.0094)
ρ 0.02 N.A.
µJ

1 0.295 (0.027)
µJ

2 0.0022 (0.48)
σJ

1 0.13 (0.038)
σJ

2 0.10 (0.219)
λ1 0.0828 (0.032)
λ2 0.0021 (0.28)

Table 7.2: Parameter estimates for the EEX jump-diffusion risk factors

The standard deviations of the estimated parameters are quite low, excepted for

the parameters defining the jumps on the second factor.

1Actual estimate was -1.00018 that has been fixed to 0.0 given the large standard deviation of

the estimate: 9.39.
2The correlation has been fixed to zero for numerical stability reasons
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The spike parameters have been estimated assuming the spikes could be identified

just by looking at a plot of the historical spot prices and by equating their average

level, their frequency of arrival and expected duration. They have then been kept

fixed in the Maximum Likelihood estimation. Their estimated values are reported

in Table7.3.

Parameter Estimate
Spike 1.511

lup 0.0000734
ldown 0.3025

Table 7.3: Parameter estimates for the EEX spiking risk factor

The autocorrelogram of the spot price residuals plotted in figure 7.4.3 shows that

there is no autocorrelation that is statistically significant (at a 95% confidence level),

so that most of the structure in the spot price dynamics has indeed been adequately

modelled.
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Figure 7.4.3: Autocorrelogram of the EEX spot price residuals
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7.4.2 The NBP natural gas market

Based on the historical time series of NBP spot prices in pence per therm plotted

on figure 7.4.4, we decided to include only positive and negative jumps on the first

risk factor but no spikes like in the electricity markets. We did not allow for a

jump process on the second risk-factor because the estimation of these parameters

encountered some convergence problems.
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Figure 7.4.4: Historical daily spot price for NBP

Again, the seasonality can be made observable by looking at the super-imposed

futures’ term structures that have been observed form 04/01/1999 to 14/06/2002

and plotted in figure 7.4.5.

We thus chose a two-factor process with jumps on the first factor that are nor-

mally distributed with mean zero, and a significant variance. This specification of

jump processes is a parsimonious way of allowing for symmetric positive and nega-

tive jumps in a single jump process. Note that the assumption of symmetric positive

and negative jumps holds better here as the skewness of the spot price returns is
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Figure 7.4.5: Evolution of the futures’ term structure for the NBP

only -0.0046.

The spot price model, expressed in British pence per therm, can be formalized

as follows:

log(Spott) = Seas pattern(t) + X1(t)

Seas pattern(t) = a + c1 cos(2π(t− c2)/365)

with

dX1(t) = κ1(X2(t)−X1(t)) dt + σ1 dW1(t) + dJ1(t)

dX2(t) = −κ2X2(t) dt + ρσ2 dW1(t) +
√

1− ρ2 σ2 dW2(t)

where J1 is a pure jump processes with jumps that are normally distributed with

mean zero and standard deviation σJ
1 , and constant arrival rate equal to λ1.

The linear drift has been fixed to zero based on a review of the literature on long

term forecasts of fuel prices. See for example [24]. We indeed believe that it is more

accurate to rely on such long term forecasts rather than on such a short historical

time series for the estimation of the trend.
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We disregarded the data before 2000 because the volatility increased with the

changes in the continental gas market that took place in 2000 (and their impact

through the interconnector). Taking thus the spot and futures prices from 04/01/2000

to 14/06/2002, and setting the reference date t = 0 the 01/01/2001 with time ex-

pressed in days, the parameter estimates and their standard deviation obtained via

the same constrained Maximum Likelihood estimation procedure as for the electric-

ity model are provided in Table 7.4.

Parameter Estimate Standard deviation
a 3.437 (0.86)
c1 0.176 (0.009)
c2 23 (3.4)
κ1 0.0502 (0.0074)
σ1 0.0498 (0.001)
κ2 0.03 (1.7 10−5)
σ2 0.0111 (0.00016)
ρ -0.213 (0.014)
λ1 0.0683 (0.01)
σJ

1 0.249 (0.01)

Table 7.4: Parameter estimates for the NBP natural gas model

We observe that all standard deviations are quite low.

The autocorrelogram of the spot price residuals is plotted in figure 7.4.6. The

autocorrelation level of the two first lags indicate that there probably still is some

structure in the spot price dynamics that could be modelled.

3The original parameter estimate was in fact −3.55 10−6, but has been set to zero given the

great standard deviation of this estimate, and because models with negative speed of reversion are

instable.
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Figure 7.4.6: Historical daily spot price for NBP

7.4.3 The London Brent

The London Brent crude oil historical spot price, in US$ per barrel is plotted on

figure 7.4.7. The dynamics are very similar to the NBP spot price dynamics. There

is, however, no seasonality on the Brent. The same model (but without any season-

ality) has thus be estimated on this market, using the same ”constrained” Maximum

Likelihood estimation procedure.
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Figure 7.4.7: Historical daily spot price for Brent

Taking the spot and futures prices from 17/12/1997 to 17/05/02, and setting the

reference date t = 0 the 01/01/2001 with time expressed in days, the parameters

estimates and their standard deviations are provided in Table 7.5.

Parameter Estimate Standard deviation
a 2.588 (0.04)
κ1 0.00141 (1.6 10−5)
σ1 0.000413 (0.00034)
κ2 0.0171 (1.8 10−5)
σ2 0.0162 (0.0009)
ρ 0.0259 (0.04)
λ1 0.02722 (0.0068)
λ2 0.03721 (0.03)
σJ

1 0.0652 (0.014)
σJ

2 0.0462 (0.003)

Table 7.5: Parameter estimates for the Brent model

The estimations for the correlation parameter ρ and the jump parameters asso-

ciated to the second factor have relatively big standard deviations, indicating a lack

of accuracy in their estimated values.
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The autocorrelogram of the Brent spot price residuals is plotted in figure 7.4.8.
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Figure 7.4.8: Historical daily spot price for Brent

Since only the autocorrelation of lag 8 is slightly significant, the structure of the

Brent spot price dynamics can be considered as adequately modelled.



Chapter 8

Conclusion

Based on the Affine Jump Diffusion setting, this paper has provided a unified frame-

work that addresses critical issues that power companies face in deregulated markets.

In Chapter 2, we studied the relationships between the modelling activities, the

estimation activities, and the pricing activities. We showed that if futures prices were

considered as primary commodities and were modelled as such, then these futures

could be used in replication strategies to price other contingent claims. Further-

more, no-arbitrage arguments constrained these models to satisfy the property that

futures were equal to the expected spot price at their maturity under an equivalent

probability measure. We thus proposed a multi-factor Affine Jump Diffusion process

to model the spot price in the physical probability measure and a parametrization

of the state process defining a class of equivalent martingale probability measures.

This parametrization was chosen such that the AJD property of the spot price model

was preserved under both probability measures, and such that the sources of risk

arising from the diffusion and the jump components of the stochastic model were

both priced. We believe that a new insight has been provided in this chapter on

how to coherently build an AJD framework to model spot and futures prices and

166
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price contingent claims on them.

In Chapter 3, we introduced a novel framework to estimate expectations when

only the characteristic function of the underlying variables is known (as opposed

to their probability density function) this framework is based on the distribution

theory and uses the Parseval Identity as key concept.

The framework developed in Chapter 3 was then applied in Chapter 4 to the

option pricing problem and provided closed form solutions to a wide variety of exotic

options when their payoff have a known Fourier transform. In particular, the options

formulae developed by Bakshi and Madan (1999) [1] and Duffie, Pan and Singleton

(1999) [15] can be shown to be special cases of our framework. We also retrieve the

Fast Fourier Transforms introduced by Carr and Madan (1999) [4] to price options

with different strike prices at low cost. The closed form solutions, however, require

some numerical integrations that are sometimes multi-dimensional. Some further

attention could thus be devoted to apply efficient numerical integration routines.

Some options, however, do not have Fourier transforms that are known in closed

form. In Chapter 5, we thus adapted the theoretical framework of chapter 3 to

develop a numerical method that can be applied to options with arbitrary payoffs.

The method builds on a cosine decomposition of the payoff function on its interval

of interest. The coefficients of the cosines are computed by a Fast Fourier Trans-

form or a Fast Cosine Transform. The Parseval Identity is then applied in this new

framework. The method is also of particular interest in grid algorithms such as the

Dynamic Programming that is required to price options with an endogenous exercise

strategy. The method involves Fast Fourier Transforms or Fast Cosine Transforms

with as many dimensions as there are risk-factors. For high dimensional problems

the computational burdens become significative. One could think of further devel-

oping the methodology by taking advantage of the sparse structure of the Fourier

transforms and use FFT or FCT algorithms that only compute the lower frequencies.
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The novel theoretical framework put in light by the Parseval identity led to a

unification of the closed form solutions developed up to now in the literature. The

original numerical approach that has been derived from it allows to fully use the

power of Fast Fourier Transforms to efficiently price a wide range of options for

which closed form solutions do not exist.

In Chapter 6, we show how to compute partial derivatives, often referred to as

Greeks, of the option prices with respect to the underlying state variables or other

parameters of the stochastic model. These partial derivatives can be used bo build

hedging portfolios by taking positions in other contracts with opposite sensitivity

with respect to these variables.

Finally, Chapter 7 uses the Kalman Filter recursive algorithm to estimate the

parameters of the AJD process and the risk factors based on historical prices of

spot and futures contracts. In this area, further developments in the optimiza-

tion routines would allow to estimate the parameters of increasingly refined models.

Adaptations to the Kalman Filter to allow for non-Gaussian errors and its intro-

duction in the Expected Conditional Characteristic Function estimation method are

our main contributions in this chapter.
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