Université Catholique de Louvain

Faculté des Sciences Appliquées

Unité de Gestion Industrielle

An Integrated Affine Jump Diffusion
Framework to Manage Power Portfolios

in a Deregulated Market

These présentée en vue de I'obtention du grade de

Docteur en Sciences Appliquées par

Michel Culot

Promoteur: Professeur Y. Smeers

Louvain-la-Neuve, Janvier 2003.






Université Catholique de Louvain

Faculté des Sciences Appliquées

Unité de Gestion Industrielle

An Integrated Affine Jump Diffusion
Framework to Manage Power Portfolios

in a Deregulated Market

These présentée en vue de I'obtention du grade de

Docteur en Sciences Appliquées par

Michel Culot

Promoteur: Professeur Y. Smeers

Louvain-la-Neuve, Janvier 2003.



Le Jury:

Professeur Michel Gevers (Président)

Université Catholique de Louvain

Faculté des Sciences Appliquées - Département d’Ingénierie Mathématique
Professeur Yves Smeers (Promoteur)

Université Catholique de Louvain

Faculté des Sciences Appliquées - Département d’Ingénierie Mathématique
Professeur Georges Bastin

Université Catholique de Louvain

Faculté des Sciences Appliquées - Département d’Ingénierie Mathématique
Professeur Léon Bolle

Université Catholique de Louvain

Faculté des Sciences Appliquées - Département de Mécanique
Professeur Michel Denuit

Université Catholique de Louvain

Institut de Statistique
Professor Freddy Delbaen

ETH - Zurich

Department of Mathematics
Professor Darrell Duffie

Stanford University

The Graduate School of Business



To my wife, Catherine, and my children, Aline and Chloé, for
laughing when I bumped into walls,

and to my parents for not laughing when I bumped into walls.

"There is nothing more practical than a good theory.”

Ludwig Boltzmann



Acknowledgements

First of all, I would like to express my gratitude to Yves Smeers, my supervisor. |
had an enormous benefit from the numerous discussions we had, and I thank him for
his patience. He provided me with unfailing guidance. His contribution is essential

to the accomplishment of this work.

I am also very thankful to the members of my jury for taking the time to read
the manuscript despite a very busy schedule, and for the important suggestions
presented. I owe special gratitude to the Professor Léon Bolle who sadly passed
away a few weeks before the defense. He was a member of my guidance committee
and followed and supported with great interest this project form the very beginning

until the end despite the severe distress of the illness.

The research work for this thesis has been done in two stages. First at the Center
for Operations Research and Econometrics (CORE) during the first year (1997-
98), then with the Risk Asset and Liability Management (RALM) department of
Electrabel. I would like to acknowledge the financial support of the SSTC during my
first year at CORE, and I am very grateful to Jacqueline Boucher, head of RALM,

for supporting this research.

These two working environments gave me the chance to encounter many differ-
ent wonderful people I would like to thank for their many advices, but above all for

their friendship. In particular, I would like to mention Olivier Daxhelet, Emmanuel



Canon, Thierry Leboulengé, Stéphane Métens, Dean Travers, Cécile Cordier, Chris-
tian Hafner, Hugues Marchand and Marko Loparic. Benjamin Carton de Wiart,
Sébastien de Menten de Horne, and Valérie Goffin deserve a special tribute for their

invaluable contribution.

I also had the chance to benefit from the great experience of Professor Engle

whom I would like to thank very much for the incredible insight he offered me.

Finally, I would like to express my gratitude to my high school teacher, Mr.
Hosselet, from the Ecole Abbatiale de Maredsous, who initiated me to the beauty

of mathematics.



Abstract

Electricity markets around the world have gone through, or are currently in, a
restructuring phase. The opening of electricity markets to competition dramatically
changes the electric utilities environment by introducing the notion of risk. As a
consequence, new activities have now revealed strong competitive stakes. It is indeed
crucial for utilities to accurately value complex exotic contracts and physical power
plants, and to manage the risk of their positions through hedging. We propose here
an integrated Affine Jump Diffusion framework that coherently deals with all of

these issues.
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Chapter 1

Introduction

Electricity markets around the world have gone through, or are currently in, a
restructuring phase. The opening of electricity markets to competition dramatically
changes the electric utilities environment by introducing the notion of risk. As a
consequence, new activities have appeared or have now revealed strong competitive

stakes.

A necessary foundation for all of these activities is a representation of the un-
certainty in the level of future power and fuel prices. In Chapter 2, a general
multi-variate Affine Jump Diffusion (AJD) setting is defined to model the uncer-
tainty on the electricity prices and the different fuel prices. This model characterizes
the so called ”physical” statistical description of uncertainty. Discussions of the ap-
plicability of AJD to energy prices can be found in Johnson and Barz (1999) [25],
Deng(1999) [13], Duffie (1999) [16], Pindyck (1998) [36] ...

When pricing contingent claims, however, one must also take into account a
risk-premium that ”coherently” prices the risks that are associated to them. ”Co-
herently” is to be understood here as ”in a way that does not allow for arbitrage

opportunities”. Though arbitrage opportunities might exist during some short peri-



CHAPTER 1. INTRODUCTION 2

ods of time, it is a well accepted fact that they should not be allowed for in models.
Allowing for arbitrage opportunities would indeed have undesired implications in
many applications such as portfolio selection because it would imply the possibility
of an infinite gain with no risk ! Instead, it is preferred to have "no arbitrage oppor-
tunities” models and to interpret as an indication of a possible arbitrage opportunity
any discrepancy between the prices given by the model and the observed ones. The
last section of Chapter 2 is thus dedicated to ”coherently” introduce a price of risk

to value any contingent claim.

Next, it is shown in chapter 3 how powerful the Affine Jump Diffusion framework
is to price complex exotic options. This power essentially comes from the fact that
the conditional characteristic function of an AJD vector is given by the solution of a
system of complex-valued ODE’s as shown in Duffie, Pan and Singleton (1999) [15].
The importance of stochastic processes whose characteristic function is known in
closed form is pointed out in Bakshi and Madan (1999) [1] who show that “by trans-
lating or differentiating the characteristic function, one can synthesize the values of

exponential and polynomial of the uncertainty”.

Pricing formulas are developed for a wide variety of exotic options considered
as relevant in the energy (see Kaminski et al. (1999) [27]) in Chapter 4. In this
chapter, the machinery is also applied to the ”real options” valuation of a multi-fuel
power plant. Furthermore, the valuation of interruptible contracts with an early
notification option is considered. Kamat and Oren (2000) have indeed shown that
these contracts provide a perfect hedge for customers that can curtail loads in re-
sponse to high spot prices and can mitigate curtailment losses when the curtailment
decision is made with sufficient lead time. This valuation problem involves the pric-
ing of compound options. In this chapter, it is shown that compound options can be
valued by using the framework that has been developed, even in the multi-variate

case.
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The "real option” valuation of multi-fuel power plants has been chosen as an
example of implementation because it nicely illustrates the need to use evaluation
techniques that fully capture the value of flexibility offered by power plants, and how
this can be done in a deregulated environment. This issue is currently particularly
crucial as many mergers and acquisitions have been taken place in the European
energy industry. On the other hand, the interruptible contracts with early notifi-
cation option example shows how, in a deregulated market, demand management
problems can be solved by introducing new structures of contracts that provide

adequate incentives to consumers, and how consumers can benefit from them.

Some exotic options, such as Take-or-Pay options, however, do not have a closed-
form solution. Their valuation requires a dynamic programming algorithm based on
a grid. In Chapter 5, we develop such a grid algorithm that uses all the power of

AJD’s numerical tractability by using Fast Fourier transforms.

Finally, risk-management is dealt with in Chapter 6. Once a contract has been
valued and eventually a position taken, it is indeed very important to be able to
manage its risk by constructing a hedge against it. Hedging against one risk factor
consists of taking an opposite position in proportion to the impact of this risk factor.
Hedging is often conducted through ” Greeks” which measure this impact. It is shown

how Greeks can be efficiently computed in the AJD framework.

A statistical estimation procedure of the parameters of the Affine Jump Diffusion
(AJD) describing the power and fuel dynamics in the ”"physical” probability mea-
sure together with the ”coherent” risk-premiums is developed in Chapter 7. This

estimation procedure builds upon the Kalman Filter algorithm.

Chapter 8 concludes the thesis and indicates some areas of further research.



Chapter 2

Uncertainty and Risk-Premiums

2.1 Introduction

When pricing a derivatives contract, one usually uses the arbitrage pricing approach.
That is, if it is possible to construct a dynamically adapted portfolio that will per-
fectly replicate the payoff of the derivative contract, then the argument of absence
of arbitrage forces the price of this derivative to be equal to the price of the repli-
cating portfolio. If it is always possible to build a dynamically adapted portfolio
that will perfectly replicate any payoff, then the market is said to be complete, there
will only be a single no-arbitrage price for any contingent claim, and there exists
a probability measure called the risk-neutral probability measure equivalent to the
physical probability measure under which the no-arbitrage price of any contingent

claim is equal to the expectation of its payoff discounted at the risk-free rate.

Electricity, however, is a quite challenging commodity for analysts who want to
price derivatives on it. First of all, storage possibilities are very limited and quite
expensive. Only large hydro systems do have this possibility. Even then, because

reservoirs and turbine capacities are not infinite, this possibility is only partial. Lack
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of storage capacities prevents us from using no arbitrage arguments for derivatives
pricing because one cannot create a replicating trading strategy involving the spot
price. Furthermore, the dynamics of electricity spot price are very complex and quite
far from what one usually assumes for financial assets. Mean-reversion, stochastic
volatility and jump behaviors are the joined consequences of the existence of a long
term equilibrium price towards which the price is assumed to revert, together with
the lack of storage capacities, a rather inelastic demand curve, a marginal cost curve

rising sharply, and frequent failures in the production or transmission capacities.

Next to the physical spot market, most electricity markets have a well developed
financial market with futures contracts traded. Though the spot price is not an asset
that can be used in a replicating portfolio (because of its lack of storability), futures
contracts, on the other hand, are regular financial contracts that can be traded and

used in a replicating strategy.

This information contained in the futures prices should not be disregarded when
pricing derivatives on the spot price. Similarly, one should not disregard the spot
price dynamics information when constructing a futures model or pricing derivatives
on futures contracts. Clearly, there is a need for a coherent unifying framework which

allows to price derivatives on both the spot and the futures contracts.

Modelling spot and futures prices dynamics, estimating the parameters of their
stochastic processes, and pricing contingent claims on both of them are closely re-
lated issues. Though each of these activities have been historically approached sepa-
rately, it is now recognized that strong links are tying them together. Completeness

of the market is in fact the key issue relating these activities.

In other words, one wonders if the dynamics of spot and futures contracts of
different maturities have any reason to be linked with one another if there are only
a few players that have the possibility to buy energy today, to store it (at a quite

high cost and with some physical limits on the volumes), and to sell it back later on ?
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Furthermore, one wonders if, for any claim contingent on the spot or futures prices,

there is only one or an infinity of prices that will prevent any arbitrage opportunity.

The issue of the completeness of a market is always closely related to the choice
of a stochastic process to model its securities. If we consider a market composed of
a single security and a deterministic risk-free bond, this market will be complete if
the security’s dynamics are modelled with a single factor diffusive stochastic process,
but it will be incomplete if its dynamics are modelled with a multi-factor diffusive

stochastic process. It will also be incomplete if we introduce a jump risk.

As a result, the answer to the questions above will depend on wether one only
considers as starting point a stochastic process for the spot price dynamics and
considers futures contracts as contingent claims on the spot price with no assumption
on their stochastic process, i.e. the spot price is the only primary traded security.
If this is the case, then only spot price historical data are used for the parameter
estimation of the stochastic process, and the next question one should ask itself is
how far do energy commodities lie from a tradable asset? Four different approaches

are considered in the literature (see Seppi (2001) [42]):

e Energy commodities are non-dividend paying assets:
* The market is then complete if the model is univariate and diffusive.

x Under the risk-neutral probability measure, the energy spot price must
have a drift equal to the risk-free rate of return, so that we cannot reproduce

any mean reversion.
e Energy commodities are dividend paying assets:

x The market is then complete if the model is univariate and diffusive.

x Under the risk-neutral probability measure, the energy spot price must
have a drift equal to the difference between the risk-free rate of return and the

convenience yield.
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x Mean-reversion in the spot price dynamics under the risk-neutral prob-
ability measure can be achieved if the convenience yield is modelled such that
this difference is negative (positive) when the spot price exceeds (lies under)

a given threshold.

e Energy commodities are not assets, but, rather are in some cases such as

electricity, consumption goods with no storability:
x The market is then incomplete.
* One must assume a price of risk to price contingent claims.

* The drift in the risk-neutral probability measure is the drift in the phys-
ical probability measure minus the market price of risk. It is thus possible
to reproduce some mean-reverting behavior under the risk-neutral probability

measure.

« Contingent claims prices are, however, internally consistent, in the sense
that they will not provide any arbitrage opportunities and that they will be

valued based on the same price of risk.

If, however, one considers, as a starting point, different stochastic processes that
are assumed to describe both the spot and futures contracts with different maturities
(possibly with some constraints to ensure the absence of arbitrage opportunity),i.e.
both spot and futures contracts are considered as primary traded securities, then
these stochastic processes should be estimated on both the spot and futures prices
historical time series. In this case, since futures contracts are regular financial
contracts that can be traded, as long as the model remains diffusive and that values
of the risk-factors can be uniquely determined by the observation of the different

futures prices, the market will be complete.

With these categories in mind, we can now review the different stochastic models

one can find in the literature to describe the dynamics of energy commodity prices,
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how they are estimated and the assumptions that are made to price contingent

claims with them.

The first attempt to model energy prices was a simple application of the Black
and Scholes (1973) [3] model. The spot price is assumed to be a Geometric Brow-
nian Motion (GBM) and the model is estimated on only spot price data. Under
this model, energy commodities are considered as non-dividend paying assets. The

market is thus complete.

The next step was introduced by Bernnan (1991) [2], who sees energy commodi-
ties as dividend-paying assets. The spot price dynamics are assumed to follow a
GBM with a convenience yield function of the spot price level. Again, the model is

estimated only on spot price data. This framework also implies a complete market.

Then Pilipovic (1998) [35] sees energy commodities as consumption goods. The
spot price dynamics are assumed to follow a two factor diffusive mean-reverting
process. The model is estimated only on spot price data. In this framework, the
market is incomplete, so one needs to assume some risk premiums to price contingent

claims. These prices of risk are calibrated to match the forward curve level.

The first to consider both spot and forward contracts as primary traded secu-
rities are Gibson and Schwartz (1990) [18]. As Bernnan (1991) [2], they consider
energy commodities as dividend-paying assets with a convenience yield modelled as
a stochastic risk factor. The introduction of an additional source of risk makes the
spot market (considered separately) incomplete. However, as mentioned earlier, if
one considers as primary traded securities both spot and forward markets, then the
market will be complete and the dynamics of the forward price will be determined by
the choice of a risk factor. This implies that the model must be estimated on both
spot and forward data, simultaneously. Gibson and Schwartz 1990) [18] perform

this estimation via a Kalman Filter recursive algorithm.

Later on, Schwartz and Smith (2000) [41] proposed to consider energy commodi-
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ties as consumption goods. The dynamics of the spot price is assumed to follow a
two factor diffusive mean-reverting process. Again, they consider as primary traded
commodities both spot and forward contracts. As a result, the market will be com-
plete and the dynamics of the forward prices are completely determined by the
choice of some risk-premiums. In their paper, they further show that this model is
a rotation of the stochastic convenience yield model of Gibson and Schwartz (1990)
[18] so that it can be considered as equivalent in terms of spot and futures dynamics,

but more intuitive in terms of representation.

Manoliu and Tompaidis (1999) [29] also consider energy commodities as con-
sumption goods. They take as primary traded securities both spot and forward
contracts and propose a spot price model that is the sum of several mean-reverting
risk factors. Assuming a price of risk specification, the dynamics of the forward
contracts are then completely determined. The model is estimated on both spot
and forward historical data via a Kalman Filter recursive algorithm. If the number
of risk-factors considered is less than or equal to the number of forward contracts

traded, then the market is complete.

Clewlow and Strickland (1999) [5] focus on the forward contracts. The model
considers a non-parametric variance term structure of the forward curve and is esti-
mated via a principal components decomposition of the variance-covariance matrix
of the forward term structure. If there aren’t more risk-factors than forward con-
tracts, then the market is complete. However, the spot price dynamics implied by

such a model is, in general, not Markovian and thus very difficult to use.

Deng (1999) [13] starts from the spot price dynamics that is assumed to follow a
multi-factor Affine Jump Diffusion Process and is the only primary traded commod-
ity. The model is estimated on the spot price historical data. In this framework,
however, the market is not complete and assumptions of prices of risk must be made

to price derivatives. Deng considers a price of risk for only the diffusive sources of
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risk. Jump risks are assumed not to be priced. These prices of risk are calibrated

to match some contingent claims prices.

Finally, this survey would not be complete without mentioning a quite different
approach developed by Routledge, Seppi and Spatt (1998) [38] based on an equilib-
rium model and storage theory. We will keep this approach aside as it is quite far
from what is developed in this work. There is, however, an incremental contribution
of our AJD framework over this equilibrium model because it is numerically much

more tractable in terms of parameter estimation, and in terms of derivatives pricing.

In this chapter, we consider energy commodities as consumption goods. We
model the dynamics of the spot price by an Affine Jump Diffusion Process but con-
sider as starting point stochastic processes for both the spot and forward contracts
prices. It has been argued above that in this case, if one specifies a stochastic pro-
cess for the spot price and a risk-premium associated to each factor of risk then the
stochastic process for the forward prices were completely determined and the market
is complete (at least if the values of the risk-factors can be uniquely determined by
the observation of the different futures prices and if there is no jump). We now

develop this point a bit further.

It is a well known fact that if the futures market admits no arbitrage opportunity,
then at least one so called ”equivalent martingale” probability measure must exist.
Under this new probability measure, futures prices are martingales, that is their
price at time ¢ is their expected price at any time t', with ¢ > ¢ (see Harrison
and Kreps (1979) [20], Cox, Ingersoll and Ross (1981) [6], Musiela and Rutowski
(1998) [31], and Delbaen and Schachermayer (2001) [12]). Furthermore, it is quite
obvious that the no-arbitrage condition also implies that any contingent claim must
converge towards the value of its payoff at maturity. In particular, futures prices

must converge to the spot price at maturity.

From these two properties, it is quite trivial to show (from the property of
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repeated expectations) that futures prices must, at any time, be the expected value of
the spot price at their maturity under an equivalent martingale probability measure.
This close link between the spot and the futures prices’ dynamics, implied only from
no-arbitrage, considerably restricts the candidate stochastic models for describing

the futures prices’ dynamics.

A first problem immediately arises from this restriction. What if, once we have
chosen a given stochastic process to describe the dynamics of the spot price under
the physical probability measure, there isn’t any equivalent probability measure
under which all the futures prices observed are the expectation of the spot price at
their maturity 7 We are then unable to write a stochastic process describing the
dynamics of all the futures prices under the physical probability measure that will

not allow for some arbitrage opportunities.

As explained above, we do not want to build models that allow for some arbitrage
opportunities. Instead, we will rather build an arbitrage-free model that might not
be able to explain all of the futures prices movements but that will be chosen such

as to "best fit” the observed spot and futures prices dynamics.

First, we define a given class of equivalent probability measures that prices all
sources of uncertainty. We then choose, within this class, the particular martingale
probability measure, QQ*, that "best fits” the observed historical prices of available

financial contracts through a statistical estimation procedure.

To statistically estimate this particular equivalent martingale probability mea-
sure, we start by characterizing the Radon-Nikodym derivative of all the candidate
equivalent martingale probability measures. This defines the particular class of
equivalent probability measures considered. As mentioned above, this characteri-
zation should allow one to price every source of uncertainty, including stochastic
volatility and jumps. In a first step, we leave the characterization of the probability

distribution of the jumps of the Radon-Nikodym derivative free, allowing for total
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freedom in pricing of the risks implied by the stochastic arrivals of jumps and by the
distribution of their size. We give the relationship between the mean arrival rates
and the probability distribution of the jump processes under the actual probability
measure P, and their counterparts under the equivalent martingale measure @), ac-
cording to the probability distribution chosen for the jumps of the Radon-Nikodym
derivative. Then, in a next step, we consider particular cases such as the Gaussian
case developed by Pan (2001) [34] that only prices the risk associated with the dis-
tribution of the sizes of the jumps. Another particular case studied links the pricing
of both risks (arrival rate and size) associated to jumps through a single vector. This
latter case will be further adopted for the characterization of the Radon-Nikodym

derivative process.

The simultaneous statistical estimation procedure of the parameters of the AJD
describing the spot price process in the physical probability measure and the pa-
rameters of the characterized Radon-Nikodym derivative, based on both spot and

forward historical prices, are developed in Chapter 7.

If the resulting model describing the dynamics of the futures prices under the
physical probability measure implies a complete futures market, then the equivalent
martingale probability measure considered above, 0, is in fact unique and any other
additional contingent claim must be priced as the expectation under Q* of its payoff
discounted at the risk-free rate. This is indeed the only price that will satisfy the

no arbitrage opportunity condition.

If the implied futures market is incomplete, the number of equivalent probability
measures under which futures prices are martingales is infinite. Pricing all the other
contingent claims as the expectation under Q* of their payoff discounted at the risk-
free rate will result in prices that do not allow for arbitrage opportunities. These
prices, however are not the only ones that will satisfy the no arbitrage opportunity

condition. All the prices obtained as the expectation, under any one of the infinity
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of equivalent martingale probability measures, of their payoffs discounted at the

risk-free rate will satisfy the no arbitrage opportunity condition.

As shown further, choosing Q* within this infinity of equivalent martingale prob-
ability measures, will however keep the Affine Jump Diffusion property of the spot
and futures prices under the equivalent martingale probability measure. This will
then enable us to make use of the great computation power of the Affine Jump
Diffusion framework to compute the expectation of the payoffs of many different
kinds of contingent claims on the spot and on futures contracts. Furthermore, this
assumption can be interpreted as keeping the same utility function when pricing

futures contracts or any other financial contract.

Our approach is thus along the lines of Schwartz and Smith (2000) [41] and
Manoliu and Tompaidis (1999) [29], though we expand their models to the entire
family of multi-factor Affine Jump Diffusion processes, allowing us to go beyond the
Gaussian framework developed by these authors. In comparison to Deng (1999) [13],
our approach differs from the fact that we consider simultaneously spot and forward
historical information in the estimation of our parameters and that we introduce a

pricing of jump risks.

This chapter will be divided as follows. A first section will set the AJD framework
describing the ”physical” probability measure. Section 2 will present the character-
ization of the Radon-Nikodym derivative. With this characterization, it is further
shown that the stochastic process describing the dynamics of the risk factors remains

an AJD under the implied equivalent probability measure.
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2.2 Description of the ”physical” probability mea-
sure by an AJD

Affine Jump Diffusions are well equipped to model most of the features one finds in

Energy price dynamics:

e Mean reversion denotes the fact that Energy prices tend to revert towards a

"long-term” equilibrium price given by a marginal cost of production;

e Due to a lack of storability and the sensitivity of the offer and demand functions

on weather conditions, Energy prices dynamics show some seasonality;

e Jumps and spikes are the result of common breakdowns of transmission lines

or power plants;

e Negative prices are sometimes possible because of switching on and off costs
and ramp-up rates or, in large hydro-systems during high-water periods (Note,
however, that negative prices are only possible in the ”level” model developed

hereunder);

e Finally, the very steep slope of the marginal cost curve at high prices results

in some heteroscedasticity in the Energy price dynamics;

All of these features can indeed be modelled by AJD’s.

Two types of models are considered here. The first model works in terms of
returns and describes the logarithm of the spot price as a multi variate AJD. The
second model works in terms of spot price levels and describes the level of the spot

price as a multi variate AJD.
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2.2.1 The ”return” model

Consider a multi factor model of the type
St — e’Yo,1+’Yl~Xt (21)

where

- S, is the electricity spot price;

- X; is the vector of risk-factors. These risk-factors may be identifiable with
observable variables such as a fuel price, a meteorological variable, or a measure
of the economic activity, but this is not mandatory. They may as well be
considered as instrumental variables used to best model the dynamics of the
spot price. This is the approach that will be adopted in what follows. These
instrumental variables, however, can be given, a posteriori, some substantive
interpretation such as a long term equilibrium cost of production level or trend.
Finally, some elements of this vector of risk factors can be interpreted as the
instantaneous variance of other risk factors as will be further noted in the

section relative to stochastic volatility models.

We fix a probability space (€2, F, P), where P will further be referred to as the
"physical” probability measure, and an information filtration (F;), and suppose that
X is a Markov process in some state space D C R", solving the stochastic differential

equation
dXt = /L(Xt, t) dt + U(Xt, t) th + dZt (22)
where :

e W is a Brownian motion in R";

o u:{D,[0,00)} = R™;
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e 0:{D,[0,00)} — R"*";

e 7 is a pure jump process whose jumps have a fixed probability distribution v
on R"™ and arrive with intensity {\(X;,t) : ¢ > 0}, for some A : {D,[0,00)} —
[0, 00).

For ¢ € C", the set of n-tuples of complex numbers, we let §(c) =[5, exp(c.z)dv(z)

whenever the integral is well defined.

We impose an affine structure on p, oo?, and X in that all of these are assumed to

be affine in X, and we further fix an affine discount-rate function R : {D,[0,00)} —

R:

o 1(Xi,t) = Ko(t) + Ki(t). Xy, for K (t) = (Ko(t), K1(1)) € R™ x R™™

(0(Xp, t)o (X, 1) )iy = (Ho(t))iy + (Hi(t))i;. Xy, for H(t) = (Ho(t), Hi(t)) €

nxn NXNXNn.
R x R ;

)\(Xt,t) = lo(t) + l1<t).Xt, for l(t) = (lo(t), ll(t)) eR x Rn;

R(X,,1) = polt) + p1(£).X,, for p(t) = (po(£), pr(1)) € R x R™,

2.2.2 The ”level” model
In the "level” model, the spot price is given by a multi-factor model of the type
St =02+ 72Xt , (2.3)

where, again,

- Sy is the electricity spot price;

- X, is the vector of risk-factors.
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The vector X of risk-factors is assumed to follow the same AJD dynamics as in

the previous "return” model.
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2.3 Specific Examples

In this section, we propose different models for energy commodities with an increas-

ing level of sophistication.

2.3.1 The One Factor Model

In the one factor model, spot prices are first made stationary by extracting a weekly
pattern, a linear trend and a seasonal cycle. The residual is then assumed to follow

a simple mean reverting process.

log(Spot;) = Weekly_Pattern(t) + 0(t) + X, (2.4)
0(t) = ap+bt+ cycos(2mt/365) + cosin(2mt/365) (2.5)
dXt = —/{Xtdt + O'th (26)

We chose a "return” model, that is, the risk factor models the de-trended loga-

rithm of the spot price. Advantages of this kind of models are that

e the spot price level will be more volatile during periods of high prices than
during periods of low prices. This is indeed supported by the shape of the

marginal cost curve which is much steeper at high prices than at low prices.

e the spot price always remains positive no matter how big its variance is.

On the other hand, the last advantage can in fact be seen as a disadvantage as
we know that in some very rare cases energy prices can become negative for some
short periods of time. However, "level” models that would allow for negative prices
typically over estimate the probability of negative price occurrences in long term

simulations, where the variance of the distribution becomes high.
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2.3.2 The Two Factor Model

In the two factor model, the level of the trend towards which the spot price is

reverting is itself a stochastic state variable:

log(Spot;) = Weekly_Pattern(t) + 0(t) + X (¢) (2.7)

0(t) = aog+bt+ cycos(2mt/365) + cosin(27t/365)  (2.8)

AX:(t) = ri(Xo(t) — X1(t))dt + o1dWi (2) (2.9)

dXo(t) = —roXo(t)dt + oadWs(t) (2.10)
E[dW,(t)dWs(t)] = pdt (2.11)

Adding a stochastic mean of reversion is crucial as it allows to

e model a high level of volatility of the spot price with a quite strong speed of

reversion without setting to zero the volatility of longer term futures prices;

e introduce a correlation between the spot or short term futures and the long

term futures that is lower than 1.

2.3.3 The Three Factor Model

Finally, in the three factor model, not only the level but also the slope of the trend

is made stochastic:

Spot, = Weekly_Pattern(t) + 6(t) + X;(t) (2.12)
0(t) = ao+ c1cos(2mt/365) + cysin(2mt/365)  (2.13)
dX1(t) = ki(Xa(t) +b — Xq(8) dt + oy dWi(t)  (2.14)
AXa(t) = —koXo(t) dt + oo dWs(t) (2.15)
db, = Xs(t) dt (2.16)
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dX5(t), = ka(fi — Xa(t)) dt + o5 dWs(t) (2.17)
E[dW,(t) dWa(t)] = pro dt (2.18)
E[AW, () dWs(t)] = pus dt (2.19)
E[dWa(t) dWs(t)] = pas dt (2.20)

Introducing a mean-reverting process to model the slope of the trend is indeed a
quite intuitive way to add a volatility component to the volatility term structure of
spot and futures prices that does not vanish to zero as the maturity of the futures

goes to infinity.

2.3.4 Modelling stochastic volatility

In the models developed above, the AJD risk factors had deterministic volatilities
and correlations. By introducing a non-zero H; tensor, it is however possible to

model stochastic volatilities and correlations.

Dai and Singleton (1999) [11] showed that, for a model to remain Affine, it must

be possible to express its volatility, o(t), under the form
o(t) =X(t)\/S(t) (2.21)
where 3(t) is a deterministic matrix and S(¢) is a diagonal matrix with

[S()]ii = ai +bi - X, (2.22)

We can thus introduce some stochastic volatilities and correlations to the two

factor AJD process developed above and rewritten here:

dX(t) = ( _(’jl _"’";2 )X(t) dt + ( p(; ﬂ_—opgﬁ ) AW, (2.23)
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by introducing the vector Y (t) = (X7 (t), hi(t), ho(t))” and defining the process

0 — K1 K1 0 0
B 0 0 -k 0 0
Ay (t) = s || 0 0 o o [ XO
I§4h4 0 0 0 —Rq
a1 Q2 0 0 hl(t) 0 0 O
B B2 0 0 0 hao(t) 0 0
o 0 10 0 0 & o | M
0 0 01 0 0 0 &

This is indeed an AJD process. The instantaneous variance of the process is

given by
athy(t) + adho(t) o ﬁ12 ha(t) + 0422 Boha(t) 00
o(t)(o(t)T = ar B h(t) 3‘ ag Baha(t) Bih(t) —[1)-52 hao(t) 50% 8
0 0 0 &

We see that the variances of the initial risk factors, X (¢), are now linear com-
binations of mean-reverting processes and are thus stochastic. The problem is that
the AJD specifications do not allow that their correlation remain constant. Their

correlation, p(t), is indeed now given by the expression

— ay B hi(t) + ag Baha(t)
Vath(t) + adha(H)v/Bim(t) + Gha (1)

p(t) (2.24)

If we set ap = 0 and By = 0, such that hy(t) and hy(t) can be identified as
the instantaneous variance of X;(t) and Xs(t), respectively; then their correlation
drops to zero. There is no other way to introduce a correlation between risk-factors
(X (t)) with stochastic volatility than letting their instantaneous variance be linear
combinations of the same state-variables (h(t)), implying a correlation that also

becomes stochastic.
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Note, however, that if we set ay = 0 and 5 = 0, such that the instantaneous
variance of X (t) and X5(t) are both proportional to hy(t), then their correlation

becomes one, which is constant.

2.3.5 Modelling Jumps and Spikes

In the three models studied above, we focused on the diffusion part of the spot
price dynamics. As was already mentioned above, energy (and commodity) prices,

however, show some jumps and spikes in their dynamics.

Jumps are defined here as sudden, non-continuous, price changes in the spot
price. Spikes are the combinations of two jumps of same magnitude, but opposite
directions. That is, when a positive jump occurs, often because of a plant or trans-
mission line break-down, a negative jump of the same amplitude occurs as soon as

the break-down is repaired and the system comes back to a normal regime.

Intuitively, it is easy to see that Affine Jump Diffusions are well equipped to
model jumps by adding a jump process to the risk-factors’ stochastic differential
equation. The spiking behavior, however, is not as direct to model. The problem
is that if we use the above type of models, the speed of reversion of the risk-factors
is typically too little to pull back the level of the spot price to a normal level, once
a jump has occurred, in a time period that is short enough. On the other hand,
if the speed of the reversion of the risk-factors is enhanced to adequately represent
the spiking behavior, then this level of reversion rate will be too large to adequately
model the diffusion dynamics of the risk-factors. The usual way to model spikes
is thus to add an additional risk factor with only a jump component (no diffusion)
and a very strong mean-reverting rate. That is, we add to the spot price equation

(common to all three models studied above) an additional jump factor:

Spot, = Weekly_Pattern(t) +0(t) + X1(t) + X/ (2.25)
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dX{ = —r;X] +dJ, (2.26)

In this model, the jumps induced by X; are brought back to zero through an
exponentially decaying continuous function, with a decay factor set by the (usually
very high) speed of reversion factor ;. The problem with this type of models is
that the exponential decay function does not really reflect what is observed on the
markets. Instead, the markets show jumps in the spot price levels that stay for a
moment (the time required to fix the break-down) and then jump back to a more

"normal” level.

We will thus propose a spiking model that can reproduce this kind of dynamics.
As previously, we add to the spot price equation spiking variables. This time,
however, the spiking levels are divided into n discrete levels, and a spiking variable

is associated to each discrete level :

Spot, = Weekly_Pattern(t) + 0(t) + W, + Z X/ (t) (2.27)

i=1

The dynamics of each spiking variable are then modelled as the combination of

two jump processes:

dX{ () = dJ(t) + d I (t) (2.28)
(2.29)

where

o J'P(t) and J“"(t) are pure jump processes with a constant jump size, Spike;

and —Spike;, respectively;

e J/7(t) and J¥“"(t) have arrival rate equal to

ANE(t) = IP(t) (1 — X7(t).(Spike)™") (2.30)
Mdown () = Jdewn($) X7 (t).(Spike) ™t (2.31)
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where X7 is the vector of jump risk factors, and Spike is the vector of discrete

levels of the spikes.

It is easy to see that this model remains an AJD model, and the empirical spiking
behavior is well reproduced. More precisely, the outcome of such a model is that
there will only be at most one jump at a time. The arrival rates of the jumps (fixed
by the coefficients [;*(t)), and the time during which the spikes remain (fixed by the

coefficients 19" (t)) can be different according to the spiking level.
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2.4 The risk-neutral probability measure

2.4.1 Introduction

As mentioned in the introduction of this chapter, the most common practice, up to
now, was to consider as starting point the spot price stochastic process only. When
pricing derivatives, the price(s) of risk was (were) then either deduced from a no
arbitrage argument if the market was complete or calibrated to match a forward

curve level if the market was not complete.

Another approach that is sometimes found is to calibrate the parameters of the
stochastic process in the risk-neutral probability measure directly by matching a

forward curve and some option prices.

The theory behind the link between the actual probability distributions of actual
asset prices and their equivalent probability measures is now well established in a
diffusive framework. A good reference on the topic is Duffie (1996) [14]. In her
paper, Pan (2001) addresses the issue for a Jump-diffusion framework but remains

in a Gaussian setting.

In this section, we expand her model to a more general framework and show the
restrictions that guarantee that our process remains an Affine Jump Diffusion under

the equivalent probability measure implied by some risk-premiums.

The simultaneous estimation of the AJD parameters under the physical proba-

bility measure and the risk-premiums will be discussed in Chapter 7.

2.4.2 The model

In what follows, prices of futures at time ¢ with maturity 7" will be noted f(t,T).
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Definition 2.1 Equivalent probability measures. Two probability measures )
and P are equivalent probability measures on (2, F) if, for any event A, P(A) =0
if and only if Q(A) = 0.

Definition 2.2 Martingales. A process M; is a martingale under the probability
measure Q if for any t, My = EC[My|F], for any T > t.

Without going into the details of the arbitrage theory, we will just assume here
the absence of arbitrage opportunities, and the existence of an equivalent probabil-
ity measure (), under which futures prices are martingales. The interested reader is
referred to Musiela and Rutowski(1998)[31], for example, for a detailed discussion
of the conditions under which the absence of arbitrage opportunity implies the ex-
istence of such a martingale measure. However, the existence of such a martingale

measure suffices to imply the absence of arbitrage opportunities.

Furthermore, quite trivially, the absence of arbitrage opportunity implies that
futures prices must, at their maturity, converge towards the spot price, that is,

f(r,T)=Sr.

As a result, we have that futures prices must be the expectation of the spot price
at their maturity under an equivalent probability measure (). This indeed derives

directly from the property of repeated expectations.

Proposition 2.1 (From Bayes’ Rule): if P and Q are equivalent probability
measures, then there exists a strictly positive martingale & such that, for any F;-

measurable random variable, W;:

B Wyl 7] = w (2.3

This strictly positive martingale & is often referred to as the density process of Q)

with respect to P.O]
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Proof: See, for example, Duffie (1996) [14].

Making some arbitrary assumptions on the dynamics of the state price density
process, and without going into any discussion of an underlying equilibrium model,
we will now propose a given process for £ with some restrictions on its parameters. In
Proposition 2.2 we show that this process is indeed a strictly positive martingale
and that it is thus a suitable candidate to define an equivalent probability measure
from Proposition 2.1. Next, in Proposition 2.3, we will show that an AJD
in a physical probability measure P remains an AJD in the equivalent probability

measure () implied by &.

Having an AJD process in the equivalent probability measure () is crucial to be
able to use the pricing engines developed in Chapter 3. Furthermore, conserving
the AJD property in both probability measures ) and P will be very important
in Chapter 7, when developing a procedure for the simultaneous estimation of the
parameters of the AJD process under the physical probability measure P and pa-

rameters of the process ¢ defining the equivalent probability measure Q).

Proposition 2.2 The process & solving the stochastic differential equation
din(&) = (ko + k1. Xy)dt + . dW, + dZ} (2.33)

where

(a) Z is a jump process whose jumps arrivals are completely determined by those
of Zy in equation (2.2). When there is a jump of size z on Zy, then there is a

Jump of size z¢ on Z;.
(b) om = ho + tht; with ho € Rn, and hl S Rnxn;

(c) nf'ny = go + g1. X, with go € R, and g; € R™;
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where in these two last constraints, and in what follows, the eventual depen-
dence of n1(Xy) and o(X;) on X is not written explicitely for some notational
facilities. These two last constraints imply that if o is a function of X;, then
m is also a function of X; such that (b) and (c) are satisfied. Furthermore,
if o is not function of X; (such that oo’ = Hy) , then satisfying (b) and (c)
imply that m1 cannot be function of X; neither. These constraints are needed
in Proposition 2.3 to ensure that X; remains an AJD under the equivalent

probability measure (Q implied by the process &;.
(d) ko =—12g0 — lo(6*([0,...,0,1]) — 1);
(e) k1 =—3g1 — L(6*([0,...,0,1]) — 1);
(£) 0°(€) = fpuun €5 du* ({2, 2}), with ¢ € C1
(9) v™*({z, z¢}) is the joint probability distribution function of the jumps of Z; and

Zi

is a strictly positive martingale under P and is thus an admissible candidate to define

an equivalent probability measure Q) through equation (2.32).

Proof : Consider the augmented vector Y; = ( ;7?( &) > We have that :
t
_ Xy - K, K, 0 o
vi=a( e ) = (R0 )+ (5 0 )w)ae (5 )aw
dZ,
+ ( 7 ) (2.34)

From Duffie, Pan and Singleton (1999) [16], we know that for any a € C"*1,

EP[ea.YT|JT‘t] — ea(t)-i—ﬁ(t).Yt (235)
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where :

T
G (0 ) A 4TI~ L0050~ )
1 (2.36)

T
b= (R0 ) B 3T HiS Wl (5) - 1)

where, ¢’ Hyc denotes the vector in C"*! with k-th element Zij ¢i(Hy)ijkes; and

with boundary conditions

a(T) = 0 (2.37)
BT) = a (2.38)
and where
* HO hO
Hy = ( h§ g0 ) (2.39)

(Hik)i7j7k = (Hl)i,j,k: for 1,5,k=1...n
(Hf)i,j,k =0 for i,j=1..n+Lk=n+1
(Hik)i,j,k = (h1)i7k for i,k=1...njj=n+1 (2.40)
(HT)ZJ,k; - (hl)ij fO?" j, k == 1 e n,l =nNn + 1
(Hik)i,j,k = (gl)k for i,j=n+1k=1...n

So that we have :
EP [éT’E] — EP[€[O ..... O,I]YT |ft] — ea(t)—i—,@(t).yi (241)
From the definition of a martingale, & will be a martingale if we have

EP[€T|E] _ EP[e[O ..... O,I}YT|ft] — ea(t)-i-ﬁ(t).yt _ St (242)

This will be the case if a(t) = 0 and 3(t) = [0,...,0,1]" which, in turn, from
the boundary conditions (2.37) and (2.38) on « and [, will be the case if & = 0 and
Bt - O
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From the system of equations (2.36), &, = 0 and B, =0if
1
1
k’1 = —591—l1(9*([0,...,0, 1])—1) (244)

which is indeed the case. The strictly positive character of ¢ is guaranteed by the
fact that the stochastic process is written in terms of the logarithm of £.0J

Furthermore, the process & defined by (2.33) prices all sources of uncertainty.

The diffusion risk is priced by the vector 7, and the jump risk is priced by the
probability distribution of z.

As mentioned earlier, the form of the vector n; is however constrained by the
form of the volatility matrix o through the equations

® 01 = h(_) + tht, with ho € Rn’ and hl € Rnxn,

° 77?771 = go + 91-X;, with go € R, and ¢g; € R";

This will be illustrated in the following example.

Consider an asset S; with stochastic volatility

() = (Ca) - (6 =) ()

0y
(o O Yaw, (2.45)
0 woy t '

The vector of prices of risk 7 is here constrained to the form

ag
m:(%%) (2.46)

so that the two constraints are indeed satisfied :

o 0 M 10¢ 0 M In(St)
' = ' 2.47
( 0 woy ) ( T ,20¢ ) ( 0 wnip ) ( 2 (247)

0y
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and

,20¢ oy

In(S,
( M10¢ 1M1,20¢ ) ( 10t > = ( 0 77%,1 +77%,2 ) ( 73( 2 ) (2.48)

That is, the price of risk is forced to be a linear function of the volatility.

Proposition 2.3 Let X; be an AJD wvector and & an AJD scalar whose dynam-
ics in the probability measure P are respectively given by the stochastic differential
equations (2.2) and (2.83). Let Q be the equivalent probability measure implied by &
through the equation (2.32). Then X; remains an AJD in Q.

Proof : A random variable or vector is completely determined by its characteristic
function. Thus, all we need to prove is that there exists an AJD process which

implies the desired characteristic function of X; in Q.

In the probability measure @), the characteristic function of X7 conditional on

the information available at time ¢ is given by :

x(u,t,T) = E®[e"*7|F] (2.49)
EP eiu.XT+ln(§T) F
= [ 7] (2.50)
&
eal(t)+B(t).Ye
= — (2.51)
&

where o and 3 are the solutions of the complex valued system of ODE’s (2.36)

subject to the boundary conditions

B(T) = [, 1]" (2.53)

We observe that the (n+4 1) element of 3, is zero for any ¢, so that 3,1 (t) = 1.

Equation (2.51) then reduces to

x(u,t,T) = O FB1(B)Bn ()] X (2.54)
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and the complex valued system of ODE’s (2.36) reduces to

( By (t) KTk
(@55) (o 1)(”

(2.55)

Bu(t)
o= |
1
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which can be rewritten as

( (ﬁ'm) (m(ﬂ)
= KT ... | +04L(@e,...,0,1)) —1)
Ba(t) Bo(t)

(2.56)
( Bi(t) )
ay = —-K! + 1o (0*(]0,...,0,1]) = 1)
Bn(t)
( Bi(t) ) ( Bi(t) ) ( Bi(t) )
—% H, e — h¥
Bn(t) Bn(t) Bn(t)
L _lO(g*([ﬁl<t)7'"aﬁn(t)’l]) - 1)
with the boundary conditions
aT) = 0 (2.57)
( Bi(T) )
. = iu (2.58)
Bu(T)

Consider, on the other hand, the following AJD stochastic process candidate to
describe the dynamics of X; in @,

dX, = (f(o(t) + f{l(t)Xt) dt + 6(Xy,t) dW, + dZ, (2.59)

where :

e I/ is a Brownian motion in R";
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[ ] 6'(Xt,t)T5'(Xt,t) == ﬁ() + ﬁlXt

e 7 is a pure jump process whose jumps have a fixed probability distribution &

on R" and arrive with intensity S\(Xt, t) = lo + 1,.X,.

and define the function 6(c) with ¢ € C"
ilc) = / e din(2) (2.60)

This stochastic process (2.59) will indeed be a successful candidate if we can
choose the values of its parameters such that the conditional characteristic function
that it implies, x(u,t,T"), matches the conditional characteristic function x(u,t,T).

Again, we can write,

X(u,t,T) = E°[e"*"|F] (2.61)
_ e&(t)-&-/é(t).Xt (2.62)

where @& and 3 are the solutions of a system of complex valued ODE’s

B, = —KTf — 16T H B — Li(0(B) — 1)

(2.63)
ar = —Kq By — 300 HoBr — Lo(8(6) — 1)
subjected to the boundary conditions
a(T)y = 0 (2.64)
B(T) = iu (2.65)

We observe that the two conditional characteristic functions do indeed match,

that is x(u,t,T) = x(u,t,T), if and only if

[ ] KOZKO—FhO

e K1 =K +Mh
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[ ] HOIHO
(] ﬁlel

o ly(0(c) — 1) = lo(6*([c", 1]7) — 6*([0,...,0,1]T))

[ J
~
=
—~
™
~—
@)
SN—
—_

) = L(0"([c",1]7) —*([0,...,0,1]))
These two last constraints imply some relationships between the arrival rates
and the probability density distribution of the jumps in both probability measures.

Indeed, defining the constant w,

w= / e*dve(ze) (2.66)
R
where v¢(2¢) is the probability distribution function of the jumps of Z;, the two last
conditions then imply that
lo _ (); _
o (h);

Vi=1,....n (2.67)

and that

1
/ e“Fdo(z) = —/ e“F T dy ™ ({2, z¢ ) (2.68)
n Rn+1

w

Finally, this last equation is equivalent to writing that
r 1 z¢ LM
Fe) = [ e rmetadanroniz (2.69)
R

where f(z) is the probability density function of the jumps Z in Q, f(z) is the
probability density function of the jumps Z in P, and f™¢(z|z) is the marginal

probability density function of Z* in P conditional on a jump of size z of Z.
This completes the proof.[]

We observe that the coefficient of the affine function defining the instantaneous
variance of the AJD processes under the probability measures P and () are the same,

i.e., H() = -[:IO and H1 = .[:Il.
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This, however, does not necessarily imply that the variance of an underlying S
at a given time T conditional on the information available at time t |, with t < T,
will be the same under the two probability measures. If the instantaneous variance
of the underlying, o2 is itself an element of the vector of state variables X;, that is,
if we have a stochastic volatility model like in the example presented earlier, then
the risk premium on the volatility , 7, 20+, will make the mean of reversion of the
instantaneous variance either higher or lower (according to the sign of 7, 5) in the
probability measure () compared to its mean in the probability measure P. The
conditional variances of the underlying can thus be different (either higher or lower)

in both probability measures.

From equation (2.67), we observe that the mean arrival rate of the jumps are

the same in both probability measures P and @ if and only if w = 1.

Furthermore, from equation (2.69) if the jumps of Z; are independent of the
jumps of Z;, then the probability distributions of the jumps of Z; (in P) and of Z
(in @) will be the same.

Several particular cases can be considered for the distribution of the jumps of
Zf. Pan (2001) [34] has, for example, recently stated that when the jumps of Z;
and Z; are normally distributed, one can keep the arrival rates of the jumps in both
probability measures equal by restricting the mean, p, and the standard deviation

o¢ of the jumps of Z; such that
2

1 (2.70)

It is indeed easy to show that in this case, w = 1. Furthermore, she considers the
jumps of Z; to be normally distributed with mean p; and covariance matrix Covy,
and she considers the covariance matrix of the joint distribution of the jumps of Z;
and Z;} to be equal to X*. She then states, and one can see from equation (2.68),
that the jumps of Z, are normally distributed with mean [ty = g + pojoe, where

po joe is the vector of the n first elements of the last column of ¥*.
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Another particular case is to let the size of the jumps of Z; be completely de-
termined by the size of the jumps of Z; and by a vector ny, € R™ such that when a

jump of size z, z € R", occurs on Z;, then a jump of size 2.1, occurs on Z;.

In this case, the factor w is given by

w= / e*dv(z) (2.71)
and the arrival rates of the jumps in both probability measures are thus modified.

The probability density functions are also modified such that

~ 1

f(z) = —€eP7f(2) (2.72)
w

as can be derived from equation (2.68). This is a convenient way to price both

the risk associated to the arrival of the jumps and the risk associated with the

distribution of the jumps when they occur through a single vector 7. Furthermore,

this framework can be applied for any jump distribution of Z;.

We will thus further adopt this framework to price the jump risk. As a result,
for any vectors of prices of risk n; and 7y (with the constraints on the form of 7,
presented earlier), if the futures prices are set equal to the conditional expectation
of the spot price under the equivalent probability measure @) defined by (2.32), then
our model will be arbitrage-free. Furthermore, if the vector of risk-factors X; is an
AJD in the physical probability measure P, then it remains an AJD in the equivalent
probability measure Q).

In Chapter 7, we show how to estimate 7; and 7, so that the futures prices com-
puted as explained above best match the historical futures prices times series. We
will further refer to the equivalent probability measure () implied by these estimated

1, and 7 as the "risk-neutral” probability measure.



Chapter 3

Option Pricing: A Novel General

Framework

3.1 Introduction

A conjunction of several factors have created the conditions for explosive growth
in energy-related derivatives. First financial institutions, facing some difficulties
in creating and expanding new lines of business, have shown a growing interest in

trading energy commodities and financial and physical options related to energy.

Next, and more importantly, producers and end-users of energy are searching for
risk-management tools to mitigate the risks they are now facing since the deregula-

tion of the energy markets.

Finally, the size of the energy markets suggest that they can support the infras-
tructure necessary for derivative transactions of considerable volume, the size of the

markets also creates enough room for a large number of market makers.

In their paper, Kaminski et al. (1999) [27] have defined as "exotic”, options with

38
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assumptions that differ from the traditional options originally studied by Black and
Scholes (1973) [3], Merton (1973) [30] and Cox, Ross and Rubinstein (1979) [8].
These early models apply to call and put options with payoffs that are defined as
the difference between the price of the underlying instrument at time of maturity and
the strike price or zero if it makes no sense to exercise. Furthermore, the dynamics
of the price of the underlying are assumed to follow a Geometric Brownian Motion

(GBM).

Exotic options can differ in terms of the assumptions regarding the dynamics of
the price of the underlying (as discussed in Chapter 2) and in terms of the payoffs

considered.

Kaminski et al. (1999) [27] have identified several classes of exotic options of

interest in the energy industry:

e Path-dependent options, the most popular of which are the Asian options
with payoffs that are function of averages of the underlying price during a
certain period. This is due to the fact that energy contracts are often indexed
or refer to averages of prices during a given period so that market players
cannot take advantage of the relative lack of liquidity of some energy markets
to exert some market power and distort the price for a short period of time at

maturity of the option.

e Multi-commodity options refer to options with payoffs that are function of
the prices of more than one underlying. These options have been extensively
used because of the exposure of the different actors in the energy industry
to several sources of uncertainty on top of energy prices such as other com-
modity prices (i.e., aluminium, copper,. ..), some fuel prices (i.e., natural gas,
fuel oil, coal,...), interest rates,... These options also include Spread op-
tions where the option is written on the difference between the prices of two

commodities. More generally, spread options can be written on the difference
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between the prices of the same commodity at two different locations (location
spreads), the prices of the same commodity at two different points in time
(calendar spreads), the prices of inputs to and outputs from, a production
process (production spreads or spark-spreads), prices of different grades of the
same commodity (quality spreads). When the strike price of a spread option is
set to zero, we get a so-called Option to exchange one asset for another.
Basket options refer to options on the weighted average of the prices of a bas-
ket of different commodities. Finally, Options on the minimum or the
maximum of two commodities are also a special case of multi-commodity

options.

e Compound options are options written on options. A particular case of
compound options is to be found in interruptible contracts with early notifi-

cation further studied in details.

e Hybrid options are options that combine aspects of the exotics mentioned
above. One of the most common practices in the energy markets is to settle
against an average of prices over some time period. Asian options are also

often combined with spread options to give rise to Asian spread options.

e Take-or-pay options are options where the buyer agrees to purchase between
a minimum v and a maximum V units of a commodity (natural gas or elec-
tricity) every day or every hour for the length of the contract. The purchase
(strike) price for the commodity is fixed at $K/unit. The total volume for the
contract period has a minimum V,,,;,, and a maximum V,,,,,. On the NordPool

such take-or-pay options are called Brukstid contracts.

Pricing methodologies for these exotic options include Monte-Carlo methods,
Grid methods (i.e., binomial or trinomial trees), and finite difference methods ac-

cording to the type of exotic option to be priced.
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All of these methodologies, however suffer some drawbacks

e Monte-Carlo methods are very easy to implement but are very computationally
intensive. Furthermore, the accurate computation of the greeks of option prices
is quite tedious. Finally, they are not well suited for options with endogenous

exercise policies such as take or pay options.

e Grid methods are difficult to implement with stochastic processes departing
from the pure Brownian motion. They also suffer computation burdens when

the size of the vector of underlying state variables exceed two or three.

e Finite difference methods face the same problem of computation burden when

the size of the underlying state variables vector increases.

As a result, in order to overcome these problems, researchers have traditionally
devoted their time in finding closed form solutions to the pricing of some of these
exotic options under the assumption that the underlying’s dynamics was driven by
a given stochastic process. However, each time the stochastic process was changed,

the quest for a closed form solution to the pricing problem had to be restarted again.

A great step towards generality was achieved when attention has been given to
characteristic functions of the underlying. Generalizing the work of Stein and Stein
(1991)[47], and Heston (1993)[22], and adapting some results of Shephard (1991)
[43], Bakshi and Madan (2000) [1] are the first to have used the power of character-
istic functions for the pricing of contingent claims. They indeed reduced the option
pricing problem to the estimation of Arrow Debreu securities prices under modified
equivalent probability measures. These securities are easily priced for exponen-
tial or polynomial functions of the underlying variables because their characteristic
functions are obtainable through simple translation or differentiation of the original

underlying variables’ characteristic function, respectively.
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A similar approach has also been developed by Duffie, Pan and Singleton (1999)
[15] in the special case of Affine Jump Diffusion (AJD) processes. They indeed
showed that the characteristic function of a vector of AJDs could be computed by
solving a system of complex valued ordinary differential equations and obtained the
same pricing formulae as Bakshi and Madan (1999) [1] through an approach based

on an Inverse Fourier Stieltjes Transform with respect to the (log) strike price.

Kammat and Oren (2000) [26] extended the work of Duffie, Pan and Singleton
(1999) [15] to show that the joined characteristic function of the underlying variables
at different times in the future could also be obtained by solving a system of complex
valued ordinary differential equations. They then extended the work of Bakshi and
Madan (2000) [1] to value options with payoffs that are functions of affine functions
of the underlying at two different dates.

Finally, Carr and Madan (1999) [4] adapted the approach developed by Dulffie,
Pan and Singleton (1999) [15] to take advantage of the power of fast Fourier trans-

forms algorithms to compute at low cost options’ prices with different strike prices.

The novel methodology to price Contingent Claims developed in this chapter and
its applications exposed in the Chapters 4 and 5 are from Culot, Menten de Horne
and Smeers (2001) [10]. This methodology is designed to price any arbitrary payoff
satisfying only weak constraints. In the particular cases where the payoff function
can be expressed as the product of (a) a polynomial of the underlying variables,
(b) an exponential affine function of the underlying variables and (c¢) any function
of the underlying variables with an analytical Fourier transform, than closed form
solutions are provided in Chapter 4. This covers all of the exotic options mentioned
above but the take or pay kind of options. The results of Bakshi and Madan (1999)
[1], Duffie, Pan and Singleton (1999) [15], and Kammat and Oren (2000) can, for
example be shown to fall into this category. Similarly, the fast Fourier transforms

introduced by Carr and Madan (1999) [4] to price options with different strike prices
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at low cost can also be retrieved from our framework.

When the payoff cannot be decomposed into such a product of functions, we
propose, in Chapter 5, a numerical implementation of our methodology based on fast
discrete cosine transforms. This provides an alternative to the approach developed
by Van Steenkiste and Foresi (1999) [48]. Our approach is also of particular interest
in dynamic programming algorithms, which are needed to price take or pay kind of

options, and where the payoff is only known at some discrete points on a grid.

3.2 The theoretical framework

3.2.1 The concept

A review of notations, concepts and results about Fourier theory and distribution
theory introduces the Parseval identity at the heart of the new methodology. Further
details on distribution theory can be found in Willem (1995) [49] or Safarov (1996)
(39].

3.2.1.1 The Schwartz space S(R")
Definition 3.1 A multi-index v € N can be used as a short-hand in two cases:

1. if x € R", then 7 is a short-hand for xi* ...x)"

2. if f:R™ — C, then 9] f(x) is a short-hand for aml'i (z)

z’lyl ..oz

Definition 3.2 A function u : R" — C belongs to the Schwartz space S(R"), u €
S(R™), if u € C* and

lullas = sup 2705 u(x)| < oo (3.1)

for all multi-indices o, 5.
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An example of a function belonging to the Schwartz space is e~1#*. On the other
hand, heavy-tailed probability density functions with tails going to zero as power

functions do not belong to this space.

Definition 3.3 Here is a list of continuous linear applications from S(R™) in itself:

1. The translations : T,u(r) = u(x — a), where a € R™;

2. The dilatations/rotations : Oau(x) = u(A™'z), where A € R™" is invertible;

in particular, we note 0_ju £ q;
3. The derivations: 0fu(x), where a € N";
4. The Fourier Transform : 4(w) £ §(u)(w) £ [o, u(z)e 2™ dz.

Properties 3.1 The following properties of Fourier transforms of u € S(R"™)are

standard results

>

1. 4=1

2. The translations : F(T,u) = e 2™, and 1,0 = F (™),

3. The dilatations/rotations : F(0au) = |det(A)|0s-rU, and Oxt = | det(A)|F (0s-ru);

4. The deriwations: §F(0%u) = (2iry)*a, and 0%t = § ((—2imy)*u) .
3.2.1.2 The tempered distributions space S’(R")
The dual space of the Schwartz space is the tempered distributions space.

Definition 3.4 The space of tempered distributions is defined as

S'(R") = {f : S(R") — C : f is linear and continuous} (3.2)
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The application of the tempered distribution f on the function u € S(R™) is noted
(f u).

The next proposition defines an important subspace of S'(R").

Proposition 3.1 Let f € P(R") with
PR") ={f:R"—>C|(@mneN)3pe[l,00]) : (1+|z]*)""f € LF(R")} (3.3)

then the linear form

SR") - C:uwr f(z)u(x)dx (3.4)

Rn
defines a tempered distribution. We will associate to each function satisfying (3.3)

its tempered distribution and we will note

(f,u) = - f(@)u(x)dx Vf e PR") (3.5)

Proof: See Willem (1995) [49], p. 145.

However, there exist tempered distributions that cannot be expressed in an in-

tegral form as in (3.5). A well known example being the dirac distribution

Yu € S(R™) (6, u) = u(0) (3.6)

The active variable will be subscripted when explicit forms of functions are used.

For example, we will note (f, e**u),.

Definition 3.5 The space of tempered functions is defined as

Ou@R™) 2 {geC®R"): (Vy e N")(Jc>0)(Im e N") (3.7)
(Vo € R") :[07g(x)] < c(1+ |[*)™}

Definition 3.6 The following list of continuous linear applications on S'(R™) are

defined by transposition of continuous linear applications on S(R™):
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1. The translations : (t,f,u) = (f, T_qu), where a € R";

2. The dilatations/rotations: (Oaf,u) = | det(A)|(f, Ds-1u), where A € R™™ s

invertible; in particular, we note O_;f £ f;
3. The derivations: (0% f,u) = (—=1)ll(f, 0%u), where o € N";
4. The Fourier Transform (a.k.a. Parseval identity): <f, u) = (f,4).

5. Multiplication by v € Oy (R™): (vf,u) = (f,vu) Yu € S(R™),Vv € Oy (R")

Example 3.1 Some examples of Fourier transforms for a tempered distribution f €

S'(R™):
L f=7
2 f=¥

3. The translations : F(1of) = e 2™ f and 7,f = F (2™ f)
4. The dilatations /rotations : F(Oaf) = | det(A)|da-rf, and daf = | det(A)|F (- f)
5. The derivations: F(0“f) = (2imy)*f, and 8°f = F ((—2imy)™f),

6. The Dirac distribution: 1 =6, 5=1.

3.2.1.3 The Parseval identity

The Parseval identity is the key result that opens a new perspective on the classical

problem of European option pricing.

Indeed, this problem is essentially equivalent to the computation of the expecta-

tion of a nonlinear payoft f of a random variable with probability density function

(p.d.f.) por:
Bl = [ st 39
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However, the p.d.f. has not often an analytical form and even a numerical form
is tricky to obtain. On the contrary, the characteristic function y(w) = Ele~"2™X]

of the random variable is available in a much wider number of cases.

The problem is that the payoff f is in the space domain whereas the characteristic
function y is defined in the frequency domain. A simple reasoning about the relation

(3.8) will however bring an elegant solution to reconcile the two.

Theorem 3.1 If f € P(R") and p € S(R"), then

E[f(X)] = (f,X) (3.9)

where x = p.

Proof: The integral form of the expectation leads to an expression with a dis-

tribution :

E[f(X)] = {f.p) (3.10)

and using properties of the Fourier transforms, it follows that:

E[f(X)] = (fip) (3.11)
= f,@ by the Fourier transform Property 3.1-1 (3.12)
= (]/”\,1;97 by the Parseval identity (Definition 3.6-4)  (3.13)

which is the desired result. O

Example 3.2 Moments from the characteristic function.
The moment of order m of a random variable is defined as E[X™]. The Theorem

3.1 and some algebra give the well-known result:

EX™] = (2".p)

= <17 l,mp>
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= (1,0-15(="p))
= (0,0-r ((=2im)""0"™p))
= (0, (2im)""0"p)

1

= GO (3.14)

Example 3.3 The cumulative probability distribution (c.p.d.) of an uni-dimensional
random variable.

The c.p.d. of X is defined as P(a) = ffoo p(x)dx, or equivalently as E[1,<q)]. Using
the Theorem 3.1 and the knowledge of the Fourier transform of the unitstep function

5 (1(z20)) = % (;—L + 5), it follows that:

E[l(xﬁa)] -

—~

1(z§a) ) p>

Taafll(x20)7p>

o~~~

1(z>0), O-17—aD)

1(z>0), 04 (8:;:19) >

—_—
e

1(x20), T—a
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_ x(0) _/°° Im[e*™x(w)] (3.15)
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3.2.2 The option pricing framework

The Parseval identity and its applications to compute expectations will now be

applied more specifically to the pricing of options with a fixed exercise date.

We fix a probability space (€2, F, Q) and an information filtration (F;) = {F; :
t > 0}, and suppose that X, a vector of underlying variables is a process in some

sate space D C R™ defined on the filtration (F3) .

Let f € P(R™), we will consider here payoff functions that can be expressed as

V(X7) = f(X7) ) (e Xg)e™ T (3.16)
with ¢; € R, a € R", and where the «; denote multi-indexes.

Let r(X;,t) : {R",R,} — R denote the instantaneous risk-free rate of return

and B(t) be a risk-free bond with dB; = Byr(X;, t)dt.

Let g({X7, Br};t,T) : {R"™: R, , R,} — R denote the joined probability den-
sity function, under the probability measure ), of the random (n + 1)-dimensional
vector {X, B} at time T conditional on the information available at time ¢, with
t < T. The set of probability density functions will be restricted here to probability
density functions satisfying the constraint that the product g({Xr, Br};t, T)e®*r
is in S(R™). The "discounted” probability density function will be noted

. B
din(Xr) = [ gl{Xeyhit, Ty (317)
R
where y is an integration variable denoting possible outcomes of the stochastic vari-

able Br.

Theorem 3.2 Assuming that () is the risk-neutral probability measure, the price at
time t, of a contingent claim with the payoff at time T as defined above is formally
given by

oty = EQ|e I e p(xp) S (X5 7| F, (3.18)

)
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— DB o I () Xt X | 7| (3.19)

%

= 2 alf, <z-z71r>ai OF (¢ gir(Xn))) (3.20)

Proof: Each expectation can be written as an integral
EQ [6_ ftT r(Xs,s)de(XT)X%iea.XT |f’t:|
a; a.X Bt
= | f@)a®e™™ | —g({z, y}t, T)dydx
R™ R Y
= | fl@)z™e" gl p(x)de
Rn
= <f7 X;jiea.XTgZT>XT (321)

where x and y are integration variables denoting possible outcomes of the stochastic

variables X7 and Brp, respectively.

From the Parseval identity (Definition 3.6-4), this is equal to

(f, XesXrge ) e = (F, 01 (Xge™ T i) ) ey (3.22)

which, from the Properties 3.1 of translation and differentiation of the Fourier
transforms and from the restriction set on the probability density function g({X;, Bi}; ¢, T),

it is trivial to show that

1
(127)

(f,0_18 (X§e™ T gt )) xp = (f, 0§ (7 X7 grp(Xr))) (3.23)

This concludes the proof [l.

Note that the expectation can only be computed if e**7 g7 .(Xr) € S(R™). Fur-
thermore, in the case g;r is analytic, the result of the theorem can further be

simplified into

(1) = (F.015 (X5 g = (F. gm0 (310X) (w500 (320

™
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3.2.3 Using Fast Fourier Transforms to compute options

with different strike prices

As mentioned in the introduction, Carr and Madan (1999)[4] have developed an ap-
proach that will reduce the number of computations when evaluating European call
or put option prices at different strike price levels by using Fast Fourier Transforms
algorithms. We show in this section that these results can also be retrieved in our

framework.

The setting introduced by Carr and Madan (1999)[4] assumes the following: let
Cr(k) be the desired value of a T' maturity call option with log strike k. Let the
risk-neutral density of the terminal log price st be gr(s). The characteristic function

of this density is defined by:

xr(u) = / e 2™ g (s)ds (3.25)
The value of the call is then given by:
Cr(k) = eTT/ (e* — €) 1oy gr(s)ds (3.26)

where r denotes the risk-free rate (assumed constant).

Because Carr and Madan (1999)[4] restrict themselves to Fourier transforms of
square integrable functions, they have to introduce a dampening factor. They thus

compute the value of a ”dampened” call price, cr(k) € £? defined by:

cr(k) = e**Cr(k) ,a>0 (3.27)

We show here that the same formula can be obtained in our framework for the

dampened call price.

More interestingly, our framework only requires the payoff to be a distribution
and not necessarily a square integrable function. Hence the development can be

done without the dampening factor artefact.
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3.2.3.1 Development with a dampening factor

Combining equations (3.26) and (3.26), the value of the dampened call price can

indeed be expressed as

cr(k) = et /00 e — ek 152k gr(s)ds (3.28)
= ¢ T <eo‘ e’ —e ) 1ok, g7(s )> (3.29)

= T (et (o8 — k) 15y, €@ +1)ng(5)>s (3.30)

)

_ e_TT<( —a(s—k) _ ,—(a+1)(s— k)) 182k’€(a+1)ng(s)>

w

which, from the Parseval Identity, becomes
CT(k?) _ e—rT <a_1§ ((e—a(s—k) . e—(a—i—l)(s—k)) ]-sZk) 75 (e(a+1)ng(s))>(3.32)

Let us now develop the two sides of the application:

3 (e(aH)SgT(s)) (w) = xr(w —i(a+1)) (3.33)

and
0.3 ((e—a(s—k) _ 6—(a+1)(s—k)) 15219) (w)

_ /OO (e—a(s—k) . 6—(a+1)(s—k)) €i27rwsd8
k

2mwk 1 1
= —- +-
2w —a 27w — (a+ 1)
ei27rwk

= 3.34
a+ao? —2rw(2a + 1) — (2rw)? (3:34)

Finally, we get

z27ru)k
<a + a2 — 2rw(2a + 1) — (27w)?’ xr
—rT ZQTrwk X1 \W ( — Z(Oé + 1))
"o+ a? —2nwa+ 1) — (2rw)? /|,

_ e—rT/ ei27rwk XT ( — Z(Oé + 1)) dw
a+a? —i2rw(2a+ 1) — (2rw)?

CT<]{?) = -rT

w—i(a+1))>

w

- °° : —i(a+1))
_ T‘T2 / i2mwk XT (U) l(Oé d )
¢ o he e a+ao? —2mw(2a + 1) — (2rw)? w (3:35)
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which is just a direct Fourier transform and lends itself quite easily to an application

of the FFT to compute its value for different k’s.

Quite trivially, the values of the European calls, Cr(k), are then retrieved by a
simple application of equation (3.27). Furthermore, it is easy to show that the prices
of European put options with different strike prices can also be computed along the

same lines.

3.2.3.2 Development without a dampening factor

This time, we directly develop the expression of the call price:

T /_: (¢f =€) Lozy gr(s)ds
= ((¢" = ") Lizk, gr(s)),

= ((1—=€") Lok, € gr(s)),

— (e (1 =€) 1450) , € gr(s)).

= B (1 ) L)) 00 (Car()),

_ 672i7rkw é . i . i T S
n 2 2mw 1 — 27w ’ﬁgTw

_ gr (%) +/ o~ 2imkw (_ vt g >QT(—w+L)dw

Cr(k)

Il
)

2 . 2rw 1 — 21w 2m
— gT (2Z_Tr) + /OO —2imkw gT(_w + #) dw
2 oo i2rw — (2mw)?
gr () /°° gimkw_97(ZW + 57)
= 42 R v T d 3.36
> 2 YT e = 2rwe | (3:36)

where the second term is a regular Fourier transform with respect to the log strike
price k, which can be approximated by its discrete equivalent and computed via an

FFT algorithm for different levels of the log strike price k.
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3.2.3.3 The FFT algorithm

Both equations (3.35) and (3.36) have an expression of the type:
fqo(k) = / Re [e7V2im v B ()] dw (3.37)
0
where ¢ is equal to 0 in (3.35) and 1 in (3.36).

This expression will be approximated by

fo(k) =~ /a Re [e(_l)q%”kaq(w)} dw

0

N-1
~ % Re [e(—l)q2z’7rk(j+%)%Fq((j 4 1/2)@/N)}
=0
a . N—-1
= e |TUETE Y VR E (4 1/2)a/N >] (3.38)
=0

where a centered rectangular rule has been used to approximate the integral by a

suln.

The FFT is an efficient algorithm for computing the sum
N-1
W(s) = 2SN X () fors=0,...,N —1, (3.39)

=0
where W and X are vectors of size N and b is a parameter of the FFT, with b = 1
or b = —1. The algorithm reduces the number of multiplications from an order of

N? to that of Nlogy(N). We will note: W = FFT(X,b).

Let [Kmins kmaz — (Kmaz — kmin)/N] be the range of log strike prices for which we
want to compute the option price, with the constraint that (kpae — kmin)a = N.

Noting ks = kmin + $(kmaz — kmin) /N for s =0,..., N — 1, the sum in (3.38) can be

written
N-1
. (kmaar kmzn) . a
— 1)1 gmar _ min) ;7
S(s) JEO (exp {( )92iTs & Iy

exp [(—1)q2z’wkmmj%} F,((j + 1/2)a/N)> (3.40)
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can be computed, for each s, through the FFT algorithm
S =FFT(F;, (1)) (3.41)

where F; is the N dimensional vector with

. g 1
(Fy); = eV R (G4 5) ), forj=0.. N=1  (342)
The choice of @ must be such that the characteristic function of the underlying
variable, gr(w) is negligible for |w| > a. As a rule of thumb, one can notice that,

in a Gaussian setting, if gr(x) can be considered as negligible for |x — pur| > n oy,

then the characteristic function §r(w) will also be negligible for |w| > n/or.



Chapter 4

Option Pricing: Closed Form

Solutions

4.1 Introduction

This chapter is organized around some key transforms that are special cases of the
framework developed in Chapter 3 applied to the Affine Jump Diffusion framework.
In what follows, the "risk-factors” dynamics are thus assumed to be described by
the AJD stochastic differential equation (2.2) under the "risk-neutral” probability

measure Q).

Each time a key transform is introduced, we show how this key transform can

be used as a building block to price different exotic options.

26
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4.2 Futures and forwards

Futures and forwards are the most commonly traded financial products in energy
markets. They are agreements on the price at which the commodity will be ex-
changed at some date in the future (maturity). Futures or forward contracts are
just agreements on some future settlement rules and do not require any cash payment

at the time the positions are taken.

On commodity markets, it is usual to refer to forward contracts when they are
private contracts between two parties that are not standardized and settled at the
end of the contract. Futures contracts, on the other hand denote standardized

contracts that are traded on an exchange and settled daily.

The daily settlement of futures contracts is done through a clearing house that
will adjust a trader’s margin account to reflect the price changes occurred during
the trading day. The holder of a long (short) position in a futures contract will thus
receive (pay) at the end of every day the difference between the Futures closing price
and its closing price at the end of the previous trading day. The cash settlement
will thus happen continuously in the case of a futures contract and instantaneously
at its maturity in the case of a forward contract. As will be shown later, this
difference in cash settlements will be responsible for the price difference between
the two contracts, but this difference will vanish in the case interest rates remain

deterministic.

4.2.1 Elementary Transform

The elementary transform that is used to price futures and forward contracts is the
key transform over which every other elementary transform that will be developed
further builds upon. This is because it is in fact a generalization of the characteristic

function of the underlying state variables that we denoted in the previous chapter
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as W@ai (f]:T(XT)> (w + %) with only first order derivatives, that is ||oy|| = 1.
It has originally been developed by Duffie, Pan and Singleton (1999) [15].

Proposition 4.1 (from Duffie, Pan and Singleton (1999) [15]): The trans-

form ¢(do,dy,a,b, Xy, t,T), {R,R*" R,R" R" [0,00),[0,00)} — {R}, defined as

T
é(do, di,a,b, X, t,T) = E9 [exp ( _ / R(X,, s)ds>
t
(do + dl.X(T)> ela+iD)X(T) ‘Ft] (4.1)
s given by

¢(d07 dl> a, b> Xt7 ta T) = (A(t) + B(t)Xt) ea(t)—hg(t)Xt (42)
where A(t), B(t),a(t) and B(t) are solutions to the system of complex valued ODE’s
B = p1 = KB = 380 HiB = L(6(8) = 1)
&y = po — K§ By — 58 HoBy — lo(0(5) — 1)

—Bt = K{Bt + 5,5THlBt +1,Vo Bt)

4.3
, (5) B, (43)
—At - KgBt + 6tTH()Bt + lOVH(ﬂt)Bt

with the boundary conditions B(T) = dy, A(T) = do,a(T) = 0 and 3(T) = a + ib,
and where V(c) is gradient of 0(c) with respect to ¢ € C". [

Note that for some notational conveniences, the dependence of A(t), B(t), «(t)

and ((t) on T and the boundary conditions has not been written explicitly.

4.2.2 Products Priced
4.2.2.1 Forwards

As mentioned earlier, this elementary transform will enable us to price forward

contracts. We indeed have that
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Proposition 4.2 If the spot price is modelled by either the return model (2.1) or
the level model (2.3), with X; being an AJD under the risk-neutral probability model
Q, then the forward price, F(t,T) is a special case of the transform (7.2), where the

expectation is taken under Q).

Proof : By definition, a forward contract is an agreement between two parties to
buy or sell an asset at a certain time in the future for a certain price. This price
is referred to as the forward price and noted F'(t,T) where ¢ is the time where the
agreement takes place and T is the time of the transaction that has been agreed

upon.

For such an agreement to be possible, the value of holding such a contract should

be zero, so that
B¢k ~RXes)ds(Spot, — F(t,T))|F] = 0 (4.4)

where R(X;,t) is the risk-free rate; and thus

EQ[eli —RXe s Spotr| 7]
EQ[el! —R(Xs9)ds| ;]

F(t,T) = (4.5)

For the level model, from equation (4.5), we have that

Fﬂ(t7 T) _ EQ [eftT 7R(XS’L;)dS (’7072 + VQ-XT) |JTt] (46)
EQ[eft fR(XS,s)ds’E]
?(70.2,72,0,0,¢,T)
»(1,0,0,0,¢,T)
(AF(t) + BF(t)Xt) Ga(t)+ﬁ(t)Xt
a1 ADX:

= Ap(t)+ Bp(t).X:

For the return model, from equation (4.5), we have that

F(t T) . E9 [eftT fR(XS’S)dS€7O’1+71XT|}"t] (4 8)
7 - EQ [eftT *R(Xs,s)ds’]:t] .




CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 60

qb(efm’l) 07 71, 07 t? T)
¢(17 07 Oa 07 t, T)

—  0.1p0F (PR (1) Xt

l

Proposition 4.3 Suppose the spot price is modelled by the return model (2.1) with
X being an AJD under the risk-neutral probability model Q, then In(F(t,T)) follows
an AJD in Q; furthermore, if X; also follows an AJD in the “physical” probability
measure P, then In(F(t,T)) follows an AJD in P as well. Suppose the spot price
is modelled by the level model (2.3), with X; being an AJD under the risk-neutral
probability model Q, then F(t,T) follows an AJD in Q; furthermore, if X; also
follows an AJD in the "physical” probability measure P, then F(t,T) follows an
AJD in P as well.

Proof : For the return model, we have from (4.8) that
I(F(LT)) = 701+ ap(t) + Be(t) X, (4.9)
so that by differentiation, we get
din(F(t,T)) = ap(t)dt+ Be(t).X.dt + Bp(t)dX, (4.10)
Replacing dX; by either equation (2.2) or (2.59) according to whether we want
the stochastic process of In(F(t,T)) under the ”"physical” or the risk-neutral prob-

ability measure, respectively, we observe that in any case, In(F(¢,T)) is indeed an

AJD.

For the level model, we have from (4.6) that
F(t,T) = Ap(t)+ Bp(t).X, (4.11)
so that by differentiation, we get

dF(t, T) = Ap(t)dt+ Bp(t).X,dt + Bp(t)dX, (4.12)
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Replacing dX; by either equation (2.2) or (2.59) according to whether we want
the stochastic process of F'(t,T) under the "physical” or the risk-neutral probability

measure, respectively, we observe that in any case, F'(f,T) is indeed an AJD. OJ

4.2.2.2 Futures

Proposition 4.4 If the spot price is modelled by either the return model (2.1) or
the level model (2.3), with X; being an AJD under the risk-neutral probability model
Q, then the futures price, f(t,T) is a special case of the transform (7.2), where the

risk-free rate is set to zero, and the expectation is taken under Q).

Proof : It is a quite standard result in finance that if the market is arbitrage-free,
then futures contracts are martingales under the risk-neutral probability measure )

(see, for example, Musiela and Rutowski (1997) [31]). That is,

EC[f(t+7,T)|F] = f(t,T), Vr0<7<T—t (4.13)

Furthermore, it is quite trivial that if the market is arbitrage-free then

f(T,T) = Spotr (4.14)

It follows from equations (4.13) and (4.14), and from the property of iterated
expectations that

f(t,T) = E9[Sr|F}] (4.15)
For the level model, from equation (4.5), we have that

f,T) = E°hos+7-XrlF (4.16)

- ¢(70,27 Y2, 07 07 t7 T)
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For the return model, from equation (4.5), we have that

ft,17) = E< [670,1+71XT|]:t] (4.17)
- ¢(670’17 07 715 07 t? T)

—  V01par (O)+B(1)-Xe
where we have set pp = 0 and p; = 0 in the computation of (7.2). [

Proposition 4.5 Suppose the spot price is modelled by the return model (2.1) with
Xy being an AJD under the risk-neutral probability model Q, then In(f(t,T)) follows
an AJD in Q; furthermore, if X; also follows an AJD in the “physical” probability
measure P, then In(f(t,T)) follows an AJD in P as well. Suppose the spot price
is modelled by the level model (2.3), with X; being an AJD under the risk-neutral
probability model Q, then f(t,T) follows an AJD in @Q; furthermore, if X; also
follows an AJD in the "physical” probability measure P, then f(t,T) follows an
AJD in P as well.

Proof : For the return model, we have from (4.17) that

In(f(t,T)) = o1+ ay(t)+ Bs(t). X, (4.18)

so that by differentiation, we get

din(f(t,T)) = cp(t)dt + B(t).X,dt + Br(t)dX, (4.19)

Replacing dX; by either equation (2.2) or (2.59) according to whether we want
the stochastic process of In(f(¢,7)) under the "physical” or the risk-neutral prob-
ability measure, respectively, we observe that in any case, (n(f(¢,7)) is indeed an

AJD.

For the level model, we have from (4.6) that

ft,T) = As(t)+ Bs(t).X: (4.20)
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so that by differentiation, we get

df(t,T) = As(t)dt + By(t). X,dt + By(t)dX, (4.21)

Replacing dX; by either equation (2.2) or (2.59) according to whether we want
the stochastic process of f(¢,T) under the ”physical” or the risk-neutral probability

measure, respectively, we observe that in any case, f(¢,7) is indeed an AJD. O

It is quite trivial to observe that in the case the risk-free interest rate is deter-
ministic (p; = 0), then futures and forward prices are the same. In any case, both
products’ prices are given by an affine or exponential affine function of the state vari-
ables so that if one is able to price an option on one product, it is always possible
to price options on the other product as well. In the remainder of the text, we will
focus on options on futures and will omit the underscores f denoting the pricing of
futures. The computation of options on forwards will be assumed to derive trivially

from these formulas.
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4.3 European Options

Considering a spot price given by the return model, our objective is to show here

how to price an European option with a payoff at maturity, T given by
Payof f(T) = max{e0 t1-X1 _ gro2472Xr. o1 (4.22)

where X is an AJD in the risk-neutral probability measure Q).

For the level model, we will show how to price an European option with a payoff

at maturity, T', given by

Payof f(T') = max{vo1 + 71.Xr — (Y02 + 72-Xr1); 0} (4.23)

where X is an AJD in the risk-neutral probability measure Q).

4.3.1 A preliminary general result

We start by introducing the expectation c¢(t) in a general (not necessarily AJD)

statistical framework
o(t) = BQ[en I RN, Xaen T |, (4.24)
- <1b.XTSan%€“'XTQZT>XT

where g;(X7) is the "discounted” joined probability density function, under the
probability measure @, of the vector of state variables Xt conditional on the infor-

mation available at time t.
Proposition 4.6 The value of the expectation described above is given by

o) = (3 (i) (8 a0 (00) ) o)) (429

W1 w1
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Proof: Introducing a change of variable, Y = BX with B a matrix of rank n

and with its first line equal to b”, this can be rewritten

c(t) = (Lvirzy O (Y7 e i) [det(B7H)]),. (4.26)
From (3.18), this is equivalent to
ct) = (F(vimy<y), 0-13 (05 (YPe" " grp) [det(B1)]))

1 —12mw1 : rett T
5¢ 2wy (mﬂl +§€1) H567,3B r0_1§ (Y v gtT(YT)>>

Jj=2

1 —i27wy - 1 Qi —a. AT Z¥
= <§e mwry <7TW1 +5el) 25e],33 T ((iQﬂ')o‘ia 3(6 . gtT<XT)))>

5 (e ‘“XTng(XT))) (bw1)> (4.27)

w1

w

This expectation further simplifies itself to all the pricing formulas developed in
Bakshi and Madan (1999) [1] as will be shown in the case of Affine Jump Diffusion

state variables.

4.3.2 Application to AJDs: the elementary transform

The following elementary transform allows to price European options with payoffs
given by either (4.6) or by (4.23) according to whether we are in a return or a level

model

Proposition 4.7 The transorm G(y, do, dy,a,b, X;,t,T),
{R,R,R", R" R™, R" [0,0),[0,00)} — {R}, defined as

T
G(y;d[);dl?aab?Xt)taT) = EQ|:eXp (_/ R(XS7S)dS)
t

(do + di. X (T))e" D1y, x(ry<y| Fr | (4.28)
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1S given by

~ do, d X, t, T
G(y;do,dl,a, b,Xt,t7T) _ Qb( 0 1,&,0, ty by )

2
o l /OO ITTL [¢(d07 d17 a, Ub7 Xt7 tu T>e—ivy] d’U (429)
T Jo v
Proof : The transform can be written
G(y:dy,dy,a,b, X, t,T) = (4.30)

<1b~X(T)§yv e I B9 (g 4 gy -X(T))GG'X(T)QZT(XT)>X

T

where g;(X7) is the "discounted” joined probability density function of the vector

of state variables X7 conditional on the information available at time ¢.

Introducing a change of variable, Y = BX with B a matrix of rank n and with

its first line equal to b7, this can be rewritten
G(y;do,dy,a,b, X, t,T) = (4.31)
(Iviry<y: 95 ((do + di.Yr)e™ T gip(Yr) | det(B)])),.
From equation (4.27), we get

G(y; do, dy, a,b, X4, t,T) (4.32)
= (F(1vir)<y), 0-1F (05 ((do + dv.Yr)e aYTgtT(YT)’ det(B7)|)))
= (F(1vy(my<y); 0-105-1F ((do + d1.Y7)e* T g} +(Y7)))

((
_ (Lo (Z1 s H(s Op-r (do+d —a{l ~~~~~ g, (w—i——)
9 W, e1 ejr YB~ 0 1- t,T i

/1 —i2nwy [ 1 1,1} | x* a
_<2€ <7Twl+5el)’(<d0+d1.i2ﬂ'a gt,T (bwl—l—mﬂ) o

which, from the definition of the transform ¢(do, dy, a,b, X,t,T) (7.1), can be written

G(y: do, dy, a,b, X, t,T) (4.33)



CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 67

¢(d07 d17 a, Oa Xt7 ta T)

2
1 [ i¢(do,dy,a, 2w, tht’T)eiQFwyd
om w
21 J_ o o
— Qb(do, dl? a, 07 Xt7 t7 T)
B 2
: /OO Im [¢(do, dv, a, vb, X, t,T)e_ivy]d
T v
T Jo "

g

This is exactly the result Duffie, Pan and Singleton(1999) [15] arrived at through
a Fourier-Stieltjes transform of G with respect to the strike price. Furthermore, it

is also the multi-variate generalization of the univariate result of Bakshi and Madan

(1999) [1].

4.3.3 Products Priced

We first show how to price European options with payoffs given by either (4.6) or
(4.23), then we will show how different products can be seen as special cases of such

options.

Proposition 4.8 (from Duffie, Pan and Singleton (1999) [15]): Let a Fu-
ropean option with a payoff at maturity T given by equation (4.6) (return model),
with Xy an AJD in the risk- neutral probability measure Q). The price at time t of

such an European option is given by a sum of linear functions of special cases of the

transform G, (7.3).

Proof : By definition of the risk-neutral probability measure, the value at time ¢

of such a contingent claim, ¢(t), is given by

c(t) = EQ |o= Ji R(Xo)ds max{e?0 tNAT _ 0242 X1 )| F, (4.34)
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_ EQ | i R(Xs)ds gvoy+m . X
E [6 ft et 1('}/2*'}/1)~XT§'YO,1*’YO,2|‘E

_ Q| o~ [ R(X:)ds ,v0y+72. X
E~ |e” /)t e 1(72*“{1)~XTS70,1*’YO,2|E

= G(y1 — 7.2, 0,7,% — 71, X, t,T)

—é(’}/(),l — 70,2, 670727 07 72,72 — 71, Xt7 ta T)

O

Proposition 4.9 (from Duffie, Pan and Singleton (1999) [15]): Let a Fu-
ropean option with a payoff at maturity T given by equation (4.23) (level model),
with X; an AJD in the risk- neutral probability measure Q. The price at time t of
such an European option is given by a sum of linear functions of special cases of the

transform G, (7.3).

Proof : By definition of the risk-neutral probability measure, the value at time ¢

of such a contingent claim, ¢(t), is given by

C(t) = EQ [6_ ftT R(Xs)ds max{v(),l + ’71.XT — (’7072 + ’}/QXT), 0}|f't] (435)

= E° [6 Jo B (4o 1 = 30.2) + (71 — 72).X7) 1(’Y2*’Y1)~XTS“{0,1*’YO,2"IF4

= G(Yo1— Y271 — Y02, —V2,0,72 — 1, X, t,T) O

4.3.3.1 European calls and puts on the spot

By letting v, = 0, the payoffs (4.6) for the return model and (4.23) for the level
model become the payoffs of a classical European call with strike price €2 or 7y,

respectively.

Furthermore, by letting 71 = 0, the payoffs (4.6) for the return model and (4.23)
for the level model become the payoffs of a classical European put with strike price

e7%t or 71, respectively.
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4.3.3.2 European calls and puts on futures (and forwards)

From Proposition 4.4, the price of a futures contract is given by an (exponential)
affine function of the underlying factors X; when the spot price is modelled by a

(return) level model.

As a result, letting 72 = 0, and replacing 1 in equations (4.6) and (4.23) by
0.1+ (Loption, T futures) from equation (4.18) in the return model, and A(T,ption, T futures)
from equation (4.20) in the level model, and replacing also 7; in equations (4.6)
and (4.23) by B(Toption, I futures) from equation (4.18) in the return model, and
B(Toption, Trutures) from equation (4.20) in the level model, we get the payoff of
a standard call option with maturity Ti,t0n on futures with maturity 7'tyures, and
with a strike price €72 or vy 9, respectively. Notice that we made explicit here the
dependence of @ and A on both time of evaluation and time of maturity of the

futures contract.

Similarly, letting 7, = 0, and replacing v 2 in equations (4.6) and (4.23) by 701+
a&(Toption Trutures) from equation (4.18) in the return model, and A(T\ption, T rutures)
from equation (4.20) in the level model, and also replacing v, in equations (4.6)
and (4.23) by B(Toption, T futures) from equation (4.18) in the return model, and
B(Toption, Trutures) from equation (4.20) in the level model, we get the payoffs of
a standard put option with maturity Topti0n on futures with maturity T'tuures, and

with strike price €7 or vy 1, respectively.

4.3.3.3 Spread Options

Equations (4.6) and (4.23), as such, are the payoffs of Spread options with a strike
price set to zero in the return and in the level model framework, respectively. Ac-
cording to the interpretation given to the risk-factors X;, the spread can either be

a spark spread, or a locational spread.
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One can trivially account for a non-zero strike price in the level model (4.23) by
incorporating to either 7y 1 or 72 the strike price. Unfortunately, this does not hold

in the payoff equation for the return model (4.6).
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4.4 Multi-Criteria European Options

Multi-Criteria European Options are options with a payoff at maturity that can be
decomposed in a sum of affine or exponential affine functions of the state variables,
each element of the sum being conditional on several criteria expressed as a product

of step functions. The payoff at maturity 7" can thus be expressed as

n m

Payoff(T) = Z (di,O + di,l'X(T))eai.X(T) H 1bz’,j-X(T)§yz',j (436)

1=1 j=1

Examples of such contracts include options on the minimum or the maximum
of n assets, or the replication of Multi-Fuel Power Plants where the ramp-up rates

have been neglected.

4.4.1 Preliminary general result

We start by introducing the expectation c¢(t) in a general (not necessarily AJD)

statistical framework:

m
T

— R(Xs,s)ds ya a. X

€ i ’ XTe 1bk~XTSyk

k=1

c(t) = B9

}}] (4.37)

Proposition 4.10 Let m denote the number of criteria (unit-step functions) in the
decomposition of the payoff function, and n, the size of the vector of underlying

variables X, then

c(t) = <ﬁ Lemienean (5 ¥ 5ek) | ( S (e—a-XTg;T<XT>)) <ATw>><4.38>

where A is a m x n matriz with its k™ line, A, = by, and w € R™.
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Proof: Let us first consider the case where m < n and introduce the change of

variable Y = B, X where Y € R", and B, = B + ¢, with B,e € R™" and with

B = 61 , where the k' row of A[m x n|, Ay = by. The matrix € is further
constrained such that B, is invertible.
oft) = ligo<H1(Be)kXT<yk7X%ea.Xng<,T> (4.39)
k=1 X

= 11130< 1y, 1)<y, OB, (ngea.YTg;T) |det(B€_1)|>

Yr

- & ]- Yr <% T
- <1_[S (1Yk(T)Syk) H 663" ((2,271_)&3“3 (eia' Tgt,T(YT))) <B w)>w

_ <f[1 %e—i%wwk (% + 5) , (ﬁaas (e‘“'YTQZ‘,T<YT>)> (ATw>>

w

If m > n, the vector of state variables X is extended to X' = < § ), where X
is of size m—mn. The change of variable Y = B, X’ is also introduced, where Y € R™,
and B, = B + ¢, with B,e € R™™ and with B = (A 0), where the k' row of
Alm x n], Ax = b. The matrix € is further constrained such that B, is invertible.

Let s : R™™ — C, denote the function gs(z) = 2757 e~ @"7'2) | It is easy
to show that g € P(R™ "), and that

Go(0) =1 (4.40)
We then have that
C<t) = Hl‘lgo <H 1(B6T)kX§*§yk’ X%ea’XTg;T(XT)gz(jZT)>
k=1 X!

T

lim <H Lpry, xt.<yps h(X/T)>
X7

llell=0 \ -~ -
k=1
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= lim <H 1Yk(T)§yk’ 8B€h(YT)| det(Be_T)|>

k=1 Yr
= lim <HS (1Yk(T)§yk) ,GB€T/E> (441)
llell=0 \ - v

Noticing that
h({w,w"}) = § (Ve 7 gir(Vr)) (&) Gx(w”) (4.42)
with w' € R", and w” € R™ ", we then have that
h(BTw) = § (X" gl (Xr)) (ATw)  Gu(07w)
= F (X9 N gra(Xp)) (ATw) (4.43)

such that equation (4.41) can be written

ct) = <H § <1Yk(T)§yk> ’ ((ﬂ;)aaag (ea'YTgZT<YT))) (ATW>>

— . 1 —12TWE Yk __Z 1 o X * T
R <kl;[1 2° TWy o) (z‘27r)°‘a Ty | (ATw) ) (4.44)

This concludes the proof. [

4.4.2 Application to AJDs: the elementary transform

A straight application of the previous result to the AJD setting gives:

Proposition 4.11 The transform G(yi, ya, do, d1,a, by, be, Xy, t,T),
{R,R,R,R", R, R", R", R", [0, 50), [0, 00)} — {R}, defined as

G(yhyladOadlaaa b17b27Xt7t7T) -

E@ [exp (— /t ' R(X,, s)ds>

2
(do + le(T)) GQ'X(T) H ]-bj_X(T)gyj
j=1

ft} (4.45)
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1S given by
do, d 0, X.,t,T
G(ylvy27d07d17a7 blab%XtataT) = ¢( = 170]74 e ) (446)
1 o /°° Im [e= % ¢(dy, dy, a,wb;, Xy, t,T)]
) i
w
/ / Re [em"n=w22) g(dy dy, a, wiby — wabs, Xy, t,T)]
27T2 Wy Wa
Re [e7wwitwa) g (dy dy, a, wiby 4 wabs, X4, t, T)]
— dwldwz
w1 W2
O

This is a two-dimensional extension of the results in Duffie, Pan and Singleton
(1999) [15] that had already been derived in Kamat and Oren (2000) [26]. It is quite

obvious that it can be generalized to any higher dimension.

4.4.3 Products Priced
4.4.3.1 Option on the min or the max of n assets

We consider here the case of a call on the maximum of three assets. The general-

ization to other situations (min of n assets or a put...) is straightforward.

Let the payoff of such a call be given by:
_l’_
(max (51 (T), S5 (T), sg(T)) - K) (4.47)

We start by assuming a return model for the state variables such that, defining

the vector :
log(S1(t)) Xi(1)
X; = | log(S:(t) | = | Xa(t) (4.48)
log(S5(t)) X;(t)
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we assume that the dynamics of this vector under the risk neutral probability mea-

sure is well described by an AJD.

The price of the call, C' is given by:

¢ =Frx

T +
exp (—/ R(XS,S)dS) (max <S1<T),SQ(T),S3(T)> — K) ‘ft] (4.49)
t
This can further be expressed as:
T
C = EX [exp (—/ R(Xj, s)ds> eX1(T) (4.50)
t
Lty (1) (1)<0 1x5(1)—x0(1)<0 1 X (1)<~ tog() | t}
T
+ FEX [exp (— / R(X,, s)ds> eX2(M)
t
1y, (1) - xo(1)<0 1x3(1) - X2(T)<0 1—X2(T)§—10g(K)| ]:t}

T
+ EX [exp (—/ R(Xs,s)ds> eX3(T)
t

L, (1) X3(1) <0 1xo(1)—X(1) <0 1 X (7)<~ log() | ft]

— KEX {exp (— /t ' R(Xs,s)ds>

Lxo(1) - X2 (1)<0 1x5(1)-x1(1)<0 1 X, (1)< tog(56) | ft}

— KEX [exp (— /t ' R(Xs,s)ds>

L, (1) X2(1)<0 1x3(1) - xa(1)<0 1= X (1)<~ tog() | t}

~ KEX {exp (— /t : R(Xs,s)ds>

L, (1) X3(1)<0 1x2(1) - X5(1)<0 1= X3(1)<— tog() | F t}

Obviously, all terms of (4.50) are special cases of (4.45).
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Similarly, considering a level model for the state variables, we define the vector

S1(t) Xy (t)
Ss(t) Xs(t)

and assume that the dynamics of this vector under the risk neutral probability

measure is well described by an AJD.

The price of the call, C' can then further be expressed as:
T
C = EX {exp (—/ R(Xs,s)ds> (X1(T) — K) (4.52)
t
1y, (1) —x1(1)<0 1xs(17)—x1(T)<0 1—X1(T)§—K| -T-;f:|
T
+ EX {exp (—/ R(X, s)ds) (Xo(T) — K)
t
1y, (1) xo(1)<0 1x3(1)—x2(T)<0 1—X2(T)§—K| -7:;%}
T
+ EX {exp (—/ R(X, s)ds) (X5(T) — K)
t

L, (1) x3(1) <0 1x5(1)—Xs()<0 1 Xg(T)<— K | ft]

Obviously, all terms of (4.52) are again special cases of the transform G (4.45).

4.4.3.2 Real Options Valuation of a Multi-Fuel Power Plant

A multi-fuel power plant has the flexibility to choose among different fuels to produce
electricity. At each time period during its economic life-time, the power plant will
choose the most profitable fuel according to the market conditions that will occur

at that time.

We consider here a power plant that can run either on natural gas or fuel oil.

At each time period, t, if we neglect the costs of switching fuels and the ramp-up or
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down rates, we can express its payoff as:

Payof f(t) = Capacity. (Se(T) — min (HgSg(T), HOSO(T)>>+ (4.53)

where :

e Capacity stands for the turbine capacity of the power plant [Mwh];

e S.(t) stands for the electricity spot price at time ¢ [$/Mwh];

Sy(t) stands for the nat. gas spot price at time ¢ [$/Mjoules];

Se(t) stands for the oil spot price at time ¢ [$/Mjoules];

H, stands for the power plant’s nat. gas Heat Rate [Mwh/Mjoules];

H. stands for the power plant’s oil Heat Rate [Mwh/Mjoules].

Such a power plant can thus be seen as a collection of ”options to exchange one

asset for another” with a generic payoff at time 7' given by:

Payof f(T) = max{S1(T) — min{H25(T); H3S5(T)};0} (4.54)
where S, Sy and S3 stand for the prices of three different assets.

Again, we will consider a return model and a level model for the assets. The

return model writes

Si(t) = eroitrX (4.55)

The level model writes

In both cases, the vector X; is assumed to follow an AJD under the risk-neutral

probability measure Q).
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Proposition 4.12 Let, S;(t) be a set of assets described either by a return model
of the type (4.55), or a level model of the type (4.56), with Xt following an AJD
process under the risk-neutral probability measure (. Contingent claims with payoffs
of the type (4.54) have a value at time t, c(t), that can be expressed as the sum of
affine functions of the transform G, (4.45).

Proof : For the return model, by definition of the risk-neutral probability measure,

we have that
c(t) = E° o= [T R(C)ds 1o {6701+71~XT _ (4.57)
min{Hze’YO,Q"F’YZXT; Hse’YO,B"F’YS-XT}; 0} |~7:t]

+71. X1
1(’)’2_')/1)~XT§’YO,1—(ln(H2)+’YO,2)

— EQ _67 ftT R(Xs)dse')/ol

1(73—"/1)-XT§70,1—(ln(H3)+vo,3) ‘ft

[~ T R(X.)d 2. X
—E%le Jo )SHQe’YOQ ” T1(72—71)~XT§’70,1—(ln(H2)+’Yo,2)

L (13 —0) Xz <in(Hs) 40,5 (1n(Hz)+70.2) | Ft |

[~ [T R(X.)d T3, X
—E%|e Je R )SH36'Y03 i T1(’)’3—71)-XTS’70,1—(ln(H3)+70,3)

L(55-n2) X <in(Hz) 40,2~ (In(Ha)+0,3) Ift:
= G(’Yo,l — (In(Hz) + 70.2), In(Hs) + 70,3 — (In(Hz) + 70,2), ™1, 0,
Y1 Y2 = V1 Y3 — Y1, Xes T)
~G (01 = (n(H) +702), 1n(Hs) + 705 — (In(H2) +702), Hoe™,0,
V2, Y2 — V1, V2 — 73,Xt,757T>
~G (Y01 = (n(Hs) +703), In(Ha) + 202 — (In(Hs) +703), Hye™,0,

V3,3 — V1,73 — V2, X, L, T)

For the level model, by definition of the risk-neutral probability measure, we
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have that

C(t) = EQ e f’/T R(Xs)ds max {’}/01 + ’Yl‘XT —

min{Ha (0.2 + 72-X1); H3(70,3 +73.X1) }; O}Uﬂ (4.58)
— Qe 1R

d
S’yol + ’yl'XT]'(H2'Y2*’71)~XT§'YO,1*H2'YO,2
1(H3’)/3—’)/1)~XT§’70,1—H3’Yo,3‘:'E;‘}
[ — [T R(X,)d
—E%le Jo R(Xe) SH2(702 +72'XT>1(H272—71)-XT§70,1—Hﬂo,z

1(H2’72*H373)~XT§H3’YO,3*H2’YO,2 |E

- .
—E° _6 Ji RX) H3<703 + 73'XT)1(H373*71)~XT§’70,1*Hs’yo,s

L (H3ys— Haa) X< Havo,2— Havo s |~7:t:
= G(%,l — Hyv2,7%.1 — H3)Y0,3, Y01, M1
0, Hyy2 — 71, Hyys — 71, X, 8, T)
—G<’Yo,1 — Hyv0,.2, 7,1 — H30,3, Hao,, Hayz,
0, Haya — 71, Hyys — Havya, X, t, T)
—G<70,1 — Hzvo3, H270,2 — Hsvo3, H370,3, H3ys,

0, H3yz — 1, H3yz — Haya, X3, 8, T)

Obviously, it is quite trivial to extend equation (4.54) to the case where there

are more than three different assets.

4.4.3.2.1 Example of implementation

With the deregulation of energy markets, the whole European energy industry is
being re-structured. Mergers, and acquisitions have occurred and will most probably

continue. In such a context, it is essential to accurately value power plants and to
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apply valuation techniques that capture the whole potential offered by flexible power
plants in a deregulated environment. Common flexibilities offered by power plants
include the possibility to start and shut down, or switch from one fuel to another

according to the circumstances encountered.

Traditional valuation techniques such as the Net Pesent Value (NPV), because
they only consider a single "most likely” central scenario for electricity and fuel
prices, typically fail to capture the full value of this flexibility. On the other hand,
considering power plants as options to buy the less expensive fuel and sell electricity,
does capture the full extent of the flexibility value of such multi-fuel power plants.
In fact, this will be an upper-bound for the value of the power plant because the

ramp-up and -down rates and switching fuel costs are being ignored.

In this section, we implement the transforms developed above to value single-
and multi-fuel power plants using this real options approach and show the added
value of such an approach compared to a static NPV approach that does not capture

any flexibility value.

We chose as a reference for the electricity price, the prices quoted on the German
EEX market. Natural gas prices and crude prices will be given by the NBP and
Brent prices both quoted on the IPE market in London. It is assumed here that
the price of the fuel oil that is used in power plants is directly related to the crude’s

price by a factor of 0.8 (Fuel Oil = 0.8 Crude).

In Chapter 7, we provide AJD models for these commodities and estimates of
their parameters. Those AJD models have two factors for NBP and Brent, and three
factors for the EEX, one extra factor being used to model the spiking behavior of

the electricity prices.

The value of the power plant, however, is not only dependent upon the marginal
distribution of each commodity, but rather upon their joint distribution. As a result,

we need to introduce a correlation among the risk-factors of each commodity.
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This has been done by keeping the parameter estimators that had been esti-
mated on each market, individually, and by computing the correlations between the
estimated time series of the different risk-factors that could be retrieved from the
Kalman Filters. Estimating the correlations between the risk-factors in a second
stage dramatically decreases the computation burdens but does not provide efficient
estimators compared to a single step estimation of all the parameters based on the
historical time series of spot and futures prices of all the different markets. However,

it will provide consistent estimators.

It appeared that only the long-term factors of the different commodities were
statistically significantly correlated, showing that the commodities face independent

shocks around long term means of reversion that are correlated.

We will thus add to the models detailed in Chapter 7 a correlation matrix between

the diffusion shocks of the long-term factors.

1 0.292 0.327
Corr(EEX,Brent, NBP)= [ 0292 1 0.786 (4.59)
0.327 0.786 1

Based on the information available on May 15" 2002, Figure 4.4.1 plots the
expected value of the electricity price during the period 2003-2005 (highest seasonal
curve with a weekly pattern), together with the expected cost of production with
a classical natural gas power plant (lowest seasonal curve) or a fuel oil power plant
(highest curve with no seasonality), assuming for both power plants an efficiency of
40%. The graph has been zoomed on the first two weeks in Figure 4.4.2 to show the

weekly structure of the data.
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Figure 4.4.1: Expected electricity price (highest seasonal curve with a weekly pat-

tern) and generation costs with a natural gas plant (lowest seasonal curve) and fuel

oil plant (highest curve with no seasonality)
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Figure 4.4.2: Zoom on the first two weeks of Figure 4.4.1

Based on these curves, a static Net Present Value approach would compute, at
each time step, the expected payoff from operating a power plant just by subtracting

to the expectation of the electricity price the expected cost of production.
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This approach would provide the expected payoffs plotted in Figure 4.4.3 for the
natural gas power plant, Figure 4.4.4 for the fuel oil power plant, and in Figure 4.4.5
for the multi-fuel power plant (it is the same as for the natural gas power plant since

expected production costs are always lower with natural gas than with fuel oil).

10}

Eur
N

0 200 400 600 800 1000
Days after 01 01 2003

Figure 4.4.3: Expected payoff arising from operating a natural gas power plant using

the static NPV approach

The Real Options approach, on the other hand, recognizes that one is not obliged
to take the decision now for each time step in the future about whether to operate
or shut down the power plant. Instead, it is possible to dynamically manage the
power plant and decide to operate or shut down a power plant according to the
economic conditions that will be revealed. Equivalently, for a multi-fuel power plant,
the choice of the fuel can also be done dynamically. Applying this approach, the
expected payoffs can be estimated by computing the transforms G of Proposition
4.7 with the appropriate parameters, for the single fuel power plants, and, for the
multi-fuel power plant, by computing the transforms G of Proposition 4.11, as

was shown in Proposition 4.12. The expected payoffs have now increased to levels
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Figure 4.4.4: Expected payoff arising from operating a fuel oil power plant using the
static NPV approach
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Figure 4.4.5: Expected payoff arising from operating a multi-fuel power plant using

the static NPV approach
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as plotted in Figure 4.4.6 for the natural gas power plant, Figure 4.4.7 for the fuel
oil power plant, and in Figure 4.4.8 for the multi-fuel power plant. Note that the
step pattern of the graphs are only due to the fact that, in order to gain some
computation time, the expectations have only been estimated once for every day of

the week of every block of 4 weeks and have been assumed to be constant during

that block.

Eur

0 200 400 600 800 1000
Days after 01 01 2003

Figure 4.4.6: Expected payoff arising from operating a natural gas power plant using

the real options approach
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Figure 4.4.7: Expected payoff arising from operating a fuel oil power plant using the

real options approach

0 200 400 600 800 1000
Days after 01 01 2003

Figure 4.4.8: Expected payoff arising from operating a multi-fuel power plant using

the real options approach
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The gain in expected payoffs of a multi-fuel power plant compared to a single

fuel natural gas power plant are plotted in Figure 4.4.9, and compared to a single
fuel fuel oil plant in Figure 4.4.10.

2,\

1.5¢

Eur

0.5}

0 200 400 600 800 1000
Days after 01 01 2003

Figure 4.4.9: The gain in expected payoffs of a multi-fuel power plant compared to

a single fuel natural gas power plant using the real options approach
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Figure 4.4.10: The gain in expected payoffs of a multi-fuel power plant compared to

a single fuel fuel oil power plant using the real options approach
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4.5 Asian Contracts

Averages of prices during a fixed period are very common in energy pricing clauses.

This can be dealt with by noticing the following.

Proposition 4.13 Let I(t) = f(f ~v.Xgds. If Xy is an AJD under a probability mea-
sure QQ, then ( )l{ ) is also an AJD under the probability measure Q).

Proof : By differentiation, we get
d(l;) = v.X,dt (4.60)

so that if X; is an AJD under a probability measure ), then ( )]( ) is also an AJD
under the probability measure Q.0J

Obviously, the same holds under the probability measure P.

4.5.1 Elementary Transform

The following multi-temporal transform will make it possible to deal with Asian

contracts.

Proposition 4.14 (extended from Kamat and Oren (2000) [26]) : Let X,
be an AJD vector of size n under the probability measure P, as defined by (2.2), po be

the constant continuously compounded risk-free rate. The transform ®(dy, dy, ds, a1, as,t,T1,T3),

{R,R™",R",C™,C", [0c0), [0c0), [000)} — {C}, with t < T} < Ty defined as

O(do, dy, dy, a1, ay,t, 11, Ty) =
EP |:€ftT2 pods (do + d1~XT1 + dQ.XT2> eal-XTl"FaQ.XTQ |~7:t] (4.61)
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is given by
q)(d07 d17 d27 ay, ag, ty T17 TQ) = (Al(t) + Bl (t).Xt)eal(t)+51(t)~Xt (462)
+(As(t) + Bo(t). X, )e2OH02(0)-Xe

where Ay, By, a1, 81 and As, Bs, g, By are solutions of systems of complex valued

ODE’s.

Proof : From the definition of the transform ® (4.61), e *°*®, will be a martingale
under the probability measure P. Applying Ito’s lemma and replacing ® by its
conjectured form (4.62), we have that Ay, By, a1, 51 and Ay, Bs, ag, B2 satisfy the
system of complex valued ODE’s (7.4).

For the boundary conditions, consider ®,
(I)(d07d17d27a17a2aT17T17T2) = e ftTl pods (463)
((do + dl.XTl)eal'XTl EP [GQQ'XTQ |fTJ

+€a1.XT1 EP [dQ‘XTQGGQ.XTQ |fTJ )

From equations (7.1) and (7.2), this can be expressed as
—fT1 ds
Q(dOadl;analaaQ)Tl)ThTQ) = e Ju (464)
<(d0 + dy. X, )X e (T)+87(Th)- Xy

X (A7 (1) 4 B (1}). X, e 07 (157,

This implies the boundary conditions

T
— e_ ft 1POde0

N
=

1

w
=

2
~

(T) (4.65)
(Ty) = e dtmisg, (4.66)
\(Th) (4.67)
(T) (4.68)

b

=
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and
Ag(Ty) = e Jiteods go(y) (4.69)
B2(T1) = e*ftTlpodsB**(Tl) (470>
Oéz(Tl) = Oz**(Tl) (471)
Bo(Ty) = p(Th) +a (4.72)
U

As mentioned, this proposition is an extension of the work of Kamat and Oren
(2000) [26] who gave the solution for the particular case where dy = 1, d; = 0 and

dy = 0. In this case, they show that the solution can be expressed in a simpler form

®(do =1,dy =0,dy = 0,a1,0a9,t, 11, T) = X (4.73)

4.5.2 Products Priced
4.5.2.1 Asian futures and forwards

In this section, we will restrict our framework to a constant instantaneous risk-free
rates of return, pg. As a result futures and forward contracts have the same price

so that we will only refer to futures to denote both kinds of contract.

Proposition 4.15 Consider a spot price given by the level model (2.83), with X,
an AJD under the risk-neutral probability measure @), then the price at time t of a
futures contract with a delivery period going from time Ty to time Ty, f(t,11,T5), is

given by a special case of the transform ®.

Proof : Consider the augmented vector Y, = )I(t where [(t) = fot e P08y, . Xods.
t

From Proposition 4.13, Y; is also an AJD under Q).
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From the no-arbitrage argument, the futures price will then be given by the

solution of the equation

E9 [/TZ e~Po(s=t) (Spot(s) — f(t, Tl,Tg))ds

T

ﬂ] —0 (4.74)
where py denotes the risk-free rate of return.

This can be written as

19 [ e~ Spot(s)ds| 7

F T, T) = = [fTT e_po(s_t)ds‘ft] (4.75)
= 2 e=roTh p—o e—poT2 BY [(I(TQ) B I(T1)> Ft]
= N2t —pm & e EOLI0, . 0,1V () = [0, 0,1]Y (1) |7
= o2+ —m & —7 @0, =0, 0,17, [0,...,0,1]",0,0,, T}, T3)

= 0p+ g (A1) + As0) + (Bi(0) + Ba(t)) X,

e—proT1 _ o—poTa

A(t) + B(t).X (1)

where pg in (4.61) is set to 0.0

Proposition 4.16 Consider a spot price given by the return model (2.1), with X,
an AJD under the risk-neutral probability measure QQ, then the price at time t of a
futures contract with a delivery period going from time T to time Ty, f(t,T1,13), can
be approximated by a special case of the transform ®. The approximation consists
in replacing an arithmetic average by its geometric average.

Proof : Consider the augmented vector Y; = )I(t where I(t) = f(f - Xsds.
t

From Proposition 4.13, Y] is also an AJD under Q.

As previously, the no-arbitrage argument guarantees that

E° [fTTf e~Pos=) Spot(s)ds ]-"t]
F( T Ty) = _ (4.76)
EQ| [1t em—ds| 7|
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EQ [IT? 67p05670»1+71x(5)d3|,7:t}

EQ [f;f e—Posds

i

Q

e70,1 To(_
PR [ef o X
e~rolt — e=poiz

—po(T2-T2)/2
B ,00670’1 po(T3=T7)/ EQ [el(Tg)—I(Tl)lf}
e—roTy — e=poTs t

pOGVO,I*PO(TngE)/Q

_ E?[([0,...,0,1]Y/(T3) — [0,...,0,1]Y(T1))|Fi]

e—poT1 _ o—poT2

poe’YO,l_pO(Tg_Tf)/Q T T
= A (10,0, [0, 0.1, [0, 0,171 T, T)

o (£)+81 (1) Xz

= €

where pg in (4.61) is set to 0.00

4.5.2.2 FEuropean Options on Asian futures and forwards

Consider an call option with strike price K, and maturity 7" on an Asian futures

contract on the average of the spot price from T to Ty with T' < T} < Ts.
The payoff of such an option is thus given by
Payof f(T) = max {f(T,T1,T3) — K;0} (4.77)
where f(T,Ty,T,) denotes the price at time T' of an asian futures contract on the
average of the spot price from T3 to T5.

Let us first consider the case of a spot price modelled by the level model (2.3),
with X; an AJD under the risk-neutral probability measure (). The average of the

spot price from T to Ty will thus refer to the arithmetic average.

From Proposition 4.15, the price at time ¢ of such an Asian futures contract

is given by

F(t, Ty, To) = A(t) + B(t).X(t) (4.78)
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The value of the call option, ¢(t), is thus given by:

ct) = E9 [e* S B(s)ds (B(T).X(T) + A(T) — K) 1_B(T),X(T)§A(T)—K“Ei|
= G(A(T) - K, A(T) — K, B(T),0,-B(T), X, t,T) (4.79)

If we now consider the case of a spot price modelled by the return model (2.1),
with X; an AJD under the risk-neutral probability measure (). The average of the

spot price from T to Ty will then refer to the geometric average.
From Proposition 4.16, the price at time ¢ of such an Asian futures contract

is given by

f(t, Ty, Ty) = e*OH0OXW (4.80)

The value of the call option, ¢(t), is thus given by:

() = EC [67 I Rs (MBI XY Sa(T)_ln(K)‘]-}} (4.81)
T
~KE“ [6_ Je RO gy x(1y<alm)—in() Ft]
= é(oz(T) — In(K), e 0, M) —6(T), X, t,T)
—KG(a(T) — In(K),1,0,0, —3(T), Xy, t, T)




CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 95

4.6 Options with Multi-Temporal Payofts

Options with Multi-Temporal Payoffs include options with payoffs that are functions

of the state variables’ values at different times in the future.

4.6.1 Elementary Transform

Proposition 4.17 The transform G, (4.45), can be extended into the transform
F(yla ey YUm, dOa dl,l: d1,27 ay, as, bl,la b2,17 cety bl,m7 b2,m> Xt7 t? T17 TQ); {Ra ] 7R7 Ra
R™ R™ R R" R* R™, ... ,R" R" R" [0,00),[0,00),[0,00)} — {R}, defined as

P(yl, vy Ym, do, d171, dLQ, ay, as, bl,la b2717 ey bl,m7 b27m, Xt, t, Tl, Tg) = (482)

T
EP |:exp (—/ podS) (do + dlyl.X(Tl) + dLQ.X(TQ))
t
eat-X (T1)+a2. X(T2) H 1b17j.X(T1)+b27j.X(T2)Syj |ft]

J=1

which can also be solved in closed form, up to a m-dimensional integration.

Proof : Consider the case where m = 2, extrapolation to any higher number of
constraints is indeed again straightforward. Following the same steps as for the

proof of Proposition 4.11, we get

F(yhy2,d0,d1,1,d1,2,a1,a2,51,1,b2,1,b1,2,b2,2,Xt,t7T1,T2) = (4-83)

(I)(d(); dl,l) dl,Qa ai, ag, Xt) tv T17 T2)

4
1 2 < Im [e_iwyﬂ'@(do,dm,dl,g,al + iUJb17j,CL2 —|—iwb27j,Xt,t,T1,T2)]
J=1
Re |: e—i(w1y1—w2y2)(b(d0’ dl,l; dl’g, a, + iwlbl,l — ’iMle’Q,
1 oo oo as + iwlbz’l — iwgbg’g, Xt, t, Tl, Tg)
+27r2 /0 /0 W1Ws



CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 96

e~ iunyitwan2) §(d,, di1,di2, a1 +iwibi 1 + iwaby 9,

R . .
€ ag + iwiby 1 + iwabg o, Xt t, T, T5)
. dwldwg
w1 W2

Finally, it is quite trivial to extend the transforms I' and ® to the case where

there are more than two maturities 77 and 75.

4.6.2 Products Priced
4.6.2.1 Asian Options

Proposition 4.18 Consider the spot price modeled by the level model (2.3), with
X an AJD under the risk-neutral probability measure QQ, then the price at time t of
an (arithmetic) Asian call option, c(t), with a payoff at maturity Ty given by

Ty

1

Payof f(Ty) = max { Spotyds — K 0} (4.84)
Ty =T Jp

can be expressed as a sum of special cases of the transform U if the risk-free rate is

assumed to be constant and equal to pg.

Proof Consider the augmented vector Y; = Xi ) where I(t) = fot 2. X sds. From

I
Proposition 4.13, Y; is also an AJD under Q.

The price of the arithmetic Asian call can now be expressed as

1
T, — Ty

Ts
o(t) = EQ {e—po(Tz—t)max{ / (Y02 + 72.Xs)ds — K; 0} |ft} (4.85)
T
e_pO(TQ_t)

— EQ[—
T — T

(02(T> = T0) + Yo (1) = Yo (1) = K(Ty = Th)

1Yn+l (T1)—Yn41(T2)<v0,2(T2—T1)—K |ft]

which is a special case of I". [
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Proposition 4.19 Consider the spot price modeled by the return model (2.1), with
X an AJD under the risk-neutral probability measure @), then the price at time t of
a (geometric) Asian call option, c(t), with a payoff at maturity Ty given by

T:
Payof f(13) = max {eT;Tl Jrf In(Spots)ds _ K; 0} (4.86)

can be expressed as a sum of special cases of the transform T if the risk-free rate is

assumed to be constant and equal to py.

Proof Consider the augmented vector Y; = I
t

Proposition 4.13, Y; is also an AJD under Q.

X ) where I(t) = [ 71.X,ds. From

The price of the arithmetic Asian call can now be expressed as

ct) = E° [e‘pO(Trt)mam {eﬁjgfm’lﬂl‘xs)ds - K; 0} |ft:| (4.87)
E@ [e—po(Tz—t)e =1y (002(Te=T1)+Yng1 (T2) = Yo (T1))
Ly, (1)~ Yo (T2) <0 2 (To =T —In(K) "7:75}

—E° [‘fpom_t)KlYnH(Tl)—YnH(Tz)SVO,Q(Tz—Tl)—ln(K) \ft}

where all the elements in (4.87) are special cases of the transform I'. [J

Similarly, it is trivial to show that Asian put options are also decomposable into

a sum of special cases of the transform I'.

4.6.2.2 Discretely Monitored Barrier Options

Barrier options are options where the payoff depends on whether the underlying

asset’s price reaches a certain level during a certain period of time.

A number of different types of barrier options regularly trade in the over-the-
counter market. They are attractive to some market participants because they are

less expensive than the corresponding regular options. These barrier options can be



CHAPTER 4. OPTION PRICING: CLOSED FORM SOLUTIONS 98

classified as either knock-out options or knock-in options. A knock-out option is an
option that ceases to exist when the underlying asset price reaches a certain barrier.
A knock-in option is an option that comes into existence only when the underlying

asset price reaches a barrier.

Discretely monitored Barrier options are barrier options where the underlying
price is only monitored (to check whether the barrier has been reached) at some

pre-specified discrete times in the future.

We will consider here the case of a discretely monitored down-and-out call option.
The extension to any other kind of discretely monitored barrier option is trivial. A
discretely monitored down-and-out call option is an option with payoff at maturity
T equal to Spot(T) — K, where K is the strike price, unless the spot price has gone
under a barrier level H; at any of the monitoring times 7; < T, in which case the

option has a value of zero.

The price of this option, ¢(t), can be expressed as

c(t) = E [efpoT <Sp0t(T) — K) Lspot(r)> K H Lspot(ri)>H;

.7-}} (4.88)

Considering a spot price given by the level model (2.3), this can be rewritten as

C(t) = E¢ [e_pOT (72'X(T) + Yo,2 — K) 1*’72~X(T)<70,2*K

H 1—72-X(Ti)<’vo,2—Hi
7

ft} (4.89)

which is indeed a special case of the transform I'.

Considering now a spot price given by the return model(2.1), equation (4.88)

can then be rewritten as

C(t) — EQ e—PoT 0,147 X

() 1 —71.X(T)<v0,1—In(K)

H 1*“{1 X(15)<v0,1—In(H;) ft]
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—e PTKE? LVI.X(T)@O,Hn(K)Hlﬂl.xm)<wrzn(m) J‘:t] (4.90)
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4.7 Interruptible Contracts with Early Notifica-

tion Option

Interruptible contracts with early notification options are in fact special cases of
Options with Multi-Temporal Payoffs. They do not necessitate the development of
a new transform to price them, however, because of their relative complex structure,

we develop them separately in this section.

Oren (1996) [33] has shown that a forward contract bundled with an appropriate
double call option provides a ”perfect hedge” for customers that can curtail loads
in response to high spot prices and can mitigate their curtailment losses when the
curtailment decision is made with sufficient lead time. Kamat and Oren (2000)
[26] give pricing formulas for this double call contract under the assumption of a
mean reverting price process with jumps. In this paper we extend the possible price
processes to the entire Affine Jump Diffusion family (including multi factors and

stochastic volatility).

A double call option contract is defined by two exercise times 77 and 75 together
with two exercise prices k1 and k. Its payoff at time 75 is the maximum of the spot
at time T, minus the time two exercise price ks and zero, unless it has already been
exercised at time 77, in which case its payoff is the futures price at time 77 with

maturity at time 7, minus the time one exercise price k.

Combining a long position in a futures contract with maturity at time 75, f(¢,T5),
with a short position in a double call contract is thus equivalent to being supplied by
an interruptible contract with an additional early notification option. If we choose
the exercise prices ky and ko equal to the forward price, f(¢,Tz), minus the premium
of the double call, and plus the shortage costs with and without notification, z; and
xq, respectively (ky = f(t,Tz) — premium + x1 and ky = f(t,Ty) — premium + xs),

this combination allows customers to save the premium of the double call contract
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on their electricity supply costs by letting them benefit of their ability to curtail
loads in response to high spot prices and to mitigate their curtailment losses when

the curtailment decision is made with sufficient lead time.

By taking a long position in a forward contract, f(¢,75), a consumer is indeed
sure to be delivered at time Ty at the forward price. Let us now consider the case
of a consumer that would agree to be curtailed if prices became too high and who
would face a shortage cost of x; or x5, according to whether the curtailment is done

with early notification or not, respectively.

This consumer could reduce the delivery price of the forward during normal
conditions (no curtailment) by selling a double call option and thus receiving the

value of the double call premium.

Furthermore, if the double call has strike prices equal to the shortage costs
plus the forward price, and minus the premium of the double call (k; = f(¢,T3) —
premium + x1 and ky = f(t,Ty) — premium + x3), the consumer would then be
reimbursed exactly its shortage costs, x1 and x5. Indeed, if the curtailment is done
with early notification (at time 77), the consumer must pay the difference between
the forward price at that time and the first strike price: Payof f(T1) = f(T1,T3) —
ki. If he then enters into a short position in the future f(77,75), his payoff at
time Ty will then be Payof f(Ty) = Spot(Ty) — f(t,Ts) — (Spot(T) — f(11,T2)).
Summing up his payoffs at times ¢, 77 and T, we get: premium + Payof f(11) +
Payof f(Ty) = premium+ k1 — f(t,Ty) = 1, which is indeed his shortage cost with

early notification.

If, on the other hand, the double call is exercised at time T, (with no early
notification), than the consumer’s payoff at time 75 is given by: Payoff(1z) =
Spot(Tz) — f(t,Ts) — (Spot(Ts) — ko) = ko — f(t,T3). Adding to this the double call
premium received at time ¢, we gat a total payoff equal to premium+kq— f(t,Tz) =

2o, which is his shortage cost without early notification.
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In the next sections we will show how double calls can be priced using the

methodology we developed for Options with Multi-Temporal Payoffs.

4.7.1 Double call on futures

Consider the spot price follows an AJD model under the risk-neutral probability

measure as defined in Chapter 2.
Let us define the function k(X7,), solution of the equation:
k(Xp,) =k = Cr, (k‘2|XT1> (4.91)
where Cr, (k:2|XT1> is the value at time 77 of a call on the spot price with maturity
T, and a strike price k».

Clearly, this function divides the state-space in two regions : if the futures price
at time T} with maturity at time 75 lies over this value, it is optimal to exercise the

option at time 717, otherwise, it is optimal to keep the second option alive.

The value of the double call at time 7T; is thus:

f(1,Ty) — Ky if f(,Ty) (X7) (4.92)

>
Cr, (k2| Xy) if f(T, Ty) < k(X)) (4.93)

Again, by definition of the risk neutral probability measure, the price of the
double call, Cr, 1, (k1, k2| X¢), is then given by :

CTl,T2<k17 k2|Xt) = eir(Tlit)EQ [(f(T17 TQ) - kl)lf(Tl,T2)>];:(XT1) (494)

te T peR [(f(T% T5) — ko)L p(1y 1)k | Fry Ly 1) <k(Xr,) «7:15]

If the spot price model is a "return” model, we consider the following linearization

of the threshold function

In(k(Xr,)) = do1 + 6 X1, (4.95)
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where the parameters dp; and d; can be computed as shown in Chapter 5.

We can now rewrite equation (4.94) as

Cr 1y (ky, koY (1) = e EQ[(ea(Tl)wLﬁ(Tl)XTl — k) (4.96)

Lo(ry)+B8(T0) X, >801+81 X7, | Tt

—r(T2—t) pQ Yo1+71- X1
+e K [(6 : k2) 170,1+71-XT2>1€2

1a(T1)+B(T1)XT1S§O,1+§1XT1 -7:;‘/_

e TR 4 e RO

where R1 and R2 are special cases of the building blocks G and T, respectively.

If the spot price model is a "level” model, we consider the following liberalization

of the threshold function

k(XTl) ~ (50,2 + 62XT1 (497)

where, again, the parameters dpo and d, can be computed as shown in Chapter 5.

We can now rewrite equation (4.94) as

Crom (ki koY (1)) = e "M IEQ(ATY) + B(T)Xn, — k1)

La@r)+B(1y) X7, 60 5460 X7, | Ft

+ e "(T2—t) pQ (’YO,Q + v2. X1, — k2) 170,2+V2-XT2>’€2

1A(T1)+B(T1)XT1 <60,2+62 X1y ft_

e "R 4 e RY (4.98)

where R3 and R4 are special cases of the building blocks G and T, respectively.
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4.7.2 Note on the linearization of the threshold function

The error arising from approximating the threshold function k(Xr,) by an affine
function results in a sub-optimal exercise policy at time T7. The estimated value of

the double call is thus a lower bound for the true value.

Furthermore, this error can be assumed to be quite small since the region in
the state-space where the exercise choice is not optimal remains quite close to the
”frontier” where the two alternatives (exercise or not) result in the same value. (See
Singleton and Umantsev (2002) [46] for a discussion on the adequacy of a linear
threshold function approximation to price options on coupon bonds and swaptions

in affine term structure models).

If, however, this approximation is not satisfactory, it is possible to replace it by
a piece-wise affine function where the different regions, €2;, would be determined by

inequalities of the type:
Qj . {X(Tl) | CLZ‘J' S Xz(Tl) S bi,j7 1=1... n}
Equation (4.94) for the return model will then be replaced by
CT1 ,T2<k17 ]{Z2|X(t)) _ efr(T1ft)EQ [ (ea(Tl)Jrﬁ(Tl)X(Tl) . kl) (499)

H 104(T1)+5(T1)X(T1)>50,j+5jX(T1)
J

H 1_X1-(T1)§—ai,j1Xz-(T1)§bi,j ft}
+ e pe [ (01T — Ey) 1o 14y Xy >k

H La(m)+8(10) X (T0)> 50,546, X (Th)
J

H Loxi(rny<—ai; Lxi(r1)<by, ft}

which is a ”"multi-criteria option” and can thus be solved by following the same steps

as previously.
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Similarly, equation (4.98) for the level model will be replaced by

Crmy (b, k2| X (1) = e*T(TH)EQ[(A(Tl)+B(T1)XT1 — k1) (4.100)

H LA+ BT x (1) > 60 +6, X (T1)
J

H 1—X¢(T1)§—ai,j 1Xi(T1)§bi,j ‘Ft]

+ e r(mpe [ (Yo.2 +72- X1, = K2) Lag o X1, >

H Lo +p(m)x(10)>60 46, x(11)
J

d

H 1—X¢(T1)§—ai7j 1X, (Tl)SbLJ

which is also a "multi-criteria option”.

4.7.3 Example of implementation

In this section we provide numerical illustrations of values of double call options. We
will value these options on the German EEX market which is one of the principal
reference for energy prices in North Western Europe. The model and the parameter
estimations are detailed in Chapter 7. The computations are done based on the infor-
mation available on May 15 2002. At that date, the price of a baseload forward with
delivery on Friday November 15 2002 (3 months later) is 33.72 Eur/MWh. This
is the sure price at which, on May 15 2002, a consumer can reserve one Megawatt

hour of baseload energy for 3 months later (November 15 2002).

Assuming this consumer is ready to be curtailed in the event of very high spot
prices on November 15 2002, he can then sell a call option that matures on Novem-
ber 15" 2002, and with a strike price of, for example, 40 Eur/MWh. He would then
receive the premium of this option, which is here equal to 1.95 Eur/MWh. Having

sold this call option, the consumer has now reduced its fixed price of delivery by
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1.95 Eur/MWh in the case where he has not been curtailed (if the spot price on
November 15 2002 is lower than 40 Eur/MWh). If, on the other hand, he is cur-
tailed (if the spot price on November 15" 2002 is greater than 40 Eur/MWh), he
will then receive from his forward contract the spot price minus the forward price of
33.72 Eur/MWh, and will have to pay, because of the call option he sold, the spot
price minus the strike price of 40 Eur/MWh. In total, he will thus have gotten the
call option premium (1.95 Eur/MWh) plus the difference between the strike price
and the forward’s price (40 Eur/MWh - 33.72 Eur/MWh), which is equal to 1.95
Eur/MWh + 7.28 Eur/MWh = 9.23 Eur/MWh. In any case, this will be of the
advantage of the consumer assuming he has shortage costs equal to or lower than

9.23 Eur/MWh.

Let us now assume that, if he is notified 2 weeks (14 days) ahead, the consumer
can considerably lower its shutdown costs to, for example, 3.57 Eur/MWh. He can
now sell, instead of a simple call option, a double call option with the two maturities
being November 1st 2002 and November 15 2002, and with the two strike prices, 35
Eur/MWh and 40 Eur/MWh. The premium of this double call is 2.29 Eur/MWh,
so that the consumer has increased his discount when there is no curtailment from
1.95 Eur/MWh to 2.29 Eur/MWh, and in the case he is curtailed, he will get
3.57 Eur/MWh (= 35 Eur/MWh - 33.72 Eur/MWh + 2.29 Eur/MWh), or 9.57
Eur/MWh (= 40 Eur/MWh - 33.72 Eur/MWh + 2.29 Eur/MWh), according to
whether it is done with or without early notification, respectively. We observe that
those remunerations indeed cover the consumer’s shutdown costs with and without

notification, respectively.

Applying the formulae of equation (4.98), Figure 4.7.1 shows how the value
of the premium of double calls with the same strike prices (35 Eur/MWh and 40
Eur/MWh) is influenced by the early notification period. We see that if the con-

sumer can lower his shutdown costs to the same level with a shorter notification
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period, then he will earn a greater premium.

\
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Figure 4.7.1: Double call premium (in Eur/MWh) as a function of the early notifi-

cation period.

On the other hand, the consumer can also increase the value of its discount if
he can further decrease its shutdown costs for the same early notification period.
This is illustrated by the Figure 4.7.2 that plots the value of the double call with
the same initial 2 weeks notification period and the same second strike price equal

to 40 Eur/MWh, but with different first strike prices.
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Figure 4.7.2: Double call premium (in Eur/MWh) as a function of the first strike

price.

Let us now study the quality of the linear approximation made at time 77 to
determine whether the double call should be exercised or kept alive. We know that
it is optimal to exercise the option if the forward price at time 7T} is greater than a
threshold k(X7, ), which is given by equation (4.91). Since the risk-factor describing
the spiking behavior of energy prices can only have two values, zero or the spike
level, we computed the price of the double call conditional on the fact that there
was no spike at time 77, then conditional ont the fact that there was a spike at time
T1, and weighted the results by their probability of occurrence. Figure 4.7.3 plots
the logarithm of this optimal threshold in the case where there is no spike at time
T;. The plot is drawn over the area defined by the 90% confidence intervals for the
two risk factors X;(77) and Xo(77).
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Figure 4.7.3: Logarithm of the optimal threshold level if there is no spike at time
1.

This threshold will be approximated by the tangent plane drawn in Figure 4.7.4.
The tangent is computed at a point where equation (4.91) is an equality and, for
example, where X;(77) = X3(T1). The area where equation (4.91) is an equality is
indeed the area where it is the most crucial to approximate correctly the threshold

function.
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Figure 4.7.4: Logarithm of the Optimal threshold level and its linear approximation

if there is no spike at time 7T7.

Since the exercise region is defined by the area where the forward price is greater
than the threshold, Figure 4.7.5 plots the logarithm of the forward price as a function
of the risk factors X;(71) and X5(77), together with the logarithm of the optimal

threshold and its linear approximation.
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Figure 4.7.5: Logarithm of the forward price together with the logarithm of the

Optimal threshold level and its linear approximation, if there is no spike at time 77.

We see that the exercise region (where the forward is greater than the threshold)
defined by the optimal or approximated threshold are almost exactly the same. The
area where the approximated threshold implies a non-optimal exercise decision at
time T3 is in fact reduced to a very thin line around the intersection between the
plane of the logarithm of the forward price and the surface of the logarithm of the
optimal threshold, as shown (with the plotting accuracy that could be reached) in
Figure 4.7.6.
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Figure 4.7.6: Region where the approximated threshold implies a non-optimal exer-

cise strategy.



Chapter 5

Option Pricing: Grid Algorithms

5.1 Introduction

Analytic Fourier transforms of payoff functions are not always available. Further-
more, grid algorithms used in a Dynamic Programming (DP) context need to esti-
mate expectations of payoffs that are only known at discrete points of the underlying
variables state space. In order to deal with these issues, section 3.2 of this chapter
develops a numerical method based on the theoretical results of Chapter 3 and the

discrete Fourier transforms theory. The DP algorithm is reminded in section 3.3.

The numerical approach can be briefly summarized as follows:

1. specify an interval of interest in the domain of the payoff f. This interval is

noted [a,b],a,b € R" and represents the interval [[.[a;, b;] € R"

2. map this interval to a standard interval and define g equivalently over this

interval. This standard interval is [0, 5]* € R"

3. symmetrize g and make it periodic (as the fast Fourier transform (FFT) makes

the hypothesis that the function is periodic, this avoids discontinuities at the
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bound of the interval leading to a faster decay of the Fourier coefficients)

around the origin to give ggp,
4. apply a fast Fourier transform (FFT) to gsp,

5. compute (f, u) = (f, ) in this new framework

Van Steenkiste and Foresi (1999) [48], on the other hand, first compute Arrow-
Debreu prices by taking the FFT of the characteristic function of the underlying,
and then compute the expected payoff. The main difference with our approach is
thus that they compute the FFT on the characteristic function rather than on the
payoff function as in our approach. There are several advantages of computing the

FFT on the payoff function, rather than on the characteristic function:

e Assuming that the most costly operations in both algorithms are the evalua-
tions of the characteristic function, computing the FF'T on the characteristic
function will require N evaluations, where N stands for the number of nodes in
the grid. If the FFT is computed on the payoff function, however, the number
of evaluations of the characteristic function can be dramatically reduced if the

grid of the FF'T coefficients has a sparse structure, which is often the case.

e Dynamic Programming algorithms will require an FFT computation for each
node at each time-step if the FFT is done on the characteristic function,
whereas it will only require an FFT computation for each time-step if the

FFT is done on the payoff function.
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5.2 Discrete Fourier transforms (FFT & FCT)

5.2.1 The interval of interest

The specification of the interval depends heavily on the shape of the integrand in

(fru)= [ [flx)u(r)dx; (5.1)
RN
Informally, the interval [a, b] should essentially be such that

(x)u(z)dx = f(x)u(z)dx +e€ (5.2)
[a,b] Rn

with e the degree of accuracy needed. Practically, the interval is chosen wide enough

empirically.

5.2.2 Mapping the interval

Mapping the interval [a,b] over [0,3]" is not mandatory but enhance notations in

the following steps of the reasoning.
Let g : R — R" be defined as
[ = Ta02-a)9 (5.3)
which has [0, 5]" as interval of interest.

Using the result of Theorem 3.1, the initial relation becomes (without any

approximation):
(fou) = (Tabap-ag,u) (5.4)
= (9.0 12— a0) (5.5)
= (3,055 (0,0 7)) 1200 — a0) (5.6)

o N —2iwy-aﬁ < 1 .
= <g,6 (b )82(b_a)u>yH m H]|2(bz (IZ>| (57)

A 2imyam— X
= <g7 € 2(b=a) a2(b—a)u>y (58)

i
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the challenge being to evaluate g from g.

5.2.3 Symmetrization

The numerical method will employ a discrete Fourier transform (DFT) to approxi-
mate the Fourier transform of g.
Definition 5.1 The discrete Fourier transform

A periodic function h has a Fourier transform (a.k.a. Fourier series in this case)

which is a train of § distributions
Hy. are called the Fourier coefficients of h.

Moreover, if h is bandwidth limited (Hy = 0 when |k| > M) then a DFT on a
sample of 2M + 1 equi-distributed points of h in the interval [—%, %] will give Hy, for
all |k < M.

If h is not bandwidth limited, this same DFT will give Hy for all Hy, |k| < M

with some aliasing.

Hence, we replace the initial problem with a problem with a payoff made periodic
and, to avoid introducing a discontinuity at the limit of the interval, we symmetrize

the payoff around the origin before making it periodic.

The resulting payoff go, : & — R" is defined

) if y =2 — 2k €0, %]
gsp() = { g(—y) fy=x—2kre [—%2, 0] (5.10)
and we approximate the initial integral with
(9,0_1 T qu) 2 (gsp, O_1__T_qu) (5.11)

2(b—a) 2(b—a)

The interval of interest will influence the quality of this approximation.
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5.2.4 Fast Fourier transform
This section is expressed as if it was a one-dimensional problem. Extension to the
n-dimensional problem is trivial.

The objective is to take the DFT of gy, sampled at 2 + 1 points.

This is done equivalently via:

e a fast Fourier transform on the 20 + 1 samples of g, in [—%, %],

e a fast cosine transform on M + 1 samples of g in [0, 1].

and gives the 2M + 1 lowest symmetric coefficients of the Fourier transform of g, .

We approximate here

gsp — Z Gskak(S ~ Z éskak5 (512)

keZ k| <M

where éspk ~ Gp, due to the aliasing. The influence of M is twofold: the number of

Fourier coefficients in the sum (truncation effect) and their quality (aliasing effect).

Remark 5.1 The symmetrisation is not mandatory but accelerates the decay of the
Fourier coefficients giving lower truncation error and a lower aliasing effect and so

better performance for a fixed M.

Remark 5.2 Fven if 2M + 1 is not a power of 2, it is still possible to apply FF'T

algorithms if 2M + 1 can be factorised with small prime factors.

Otherwise, a small modification of the methodology enables to work with samples

of 2V points.

Remark 5.3 The DFT is defined as
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(r—1)(s=1)
n 2my——
ZT’:l gre n

DFT (g)s = 7

(5.13)
and the DCT as

DCT (g), = 3<%+L;9"+1+igjcos<w(j_1)<5_1))> (5.14)

n n

5.2.5 The final step

Finally, we obtain

{(fru) =

72iﬂy.aﬁ82(b—a)ﬁ>y

= (3, Conrid e T Oy,
= Y o ld e By,
) ZkEZ"GSPk (e_%ﬂy.aml_w&(ba)ﬁ)yk

—2i7ry-a# X
G <e 760 Dy u)
Z\kiKM Pk 2(b—a) y=k

6727:Tl'y'0«2(b17a) 82(1)_(1)’&) i s (515)
y:

IS

IS

é <
|ki|<M P

where the Gy, are given (except for a factor) by the FFT or the FCT of g, .

SPg

Remark 5.4 The sum is done over a square of indices k; and implies (2M — 1)™
terms. This grows exponentially in the number of dimensions (problem a.k.a. the

curse of dimensionality).

However, the structure of the coefficients G, 1s often sparse and (e*Qi“y'“(()g(b_a)ﬁ)

SPg y:k‘

can also be band-limited (negligible for some k’s).

FFT’s that compute only some lower frequency coefficient can be used to lower

the complexity of the method in high dimensions by truncating the sum.
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5.3 The Dynamic Programming (DP) algorithm

Pricing contracts such as Take or pay or American options requires to compute an
optimal exercise strategy. This exercise strategy will provide the rules to optimally
manage the contract based on the history of observable state variables. Longstaff
and Schwartz (2001)[28] have proposed a Monte-Carlo algorithm to estimate this
strategy. We will briefly discuss here an alternative approach often referred to as

Dynamic Programming (DP).

Let S; denote the state of the contract at time ¢, the exercise strategy will then
provide the optimal S;,; based on S; and the history of the vector of underlying
state variables X, j < t. Note, however, that in a Markov setting (which is the case
for AJDs), all the information contained in the history of the vector of underlying

state variables X, j <1, is summarized in X;.

Dynamic Programming is a backward recursive algorithm that will provide this
optimal exercise strategy by choosing, within all the k = 1, ..., K possible states of
the contract at time ¢+ 1, Sf,;, conditional on the fact that the contract is in state

St, the optimal SF, | that maximizes

max {P (Sy — S51) + E [RV(Sf, 1, Xe1)| Xe] } = RV (Se, Xy) (5.16)

k=1,...K

where

o P (St — f+1) denotes the payoff at time ¢ resulting from the exercise strategy

consisting in making the contract go from the state S; to the SF, ;

e RV(S;, X;) denotes the residual value of the contract in state Sy at time ¢ with

the vector of state variables equal to X;.

When the contract ceases to exist (say at time 7'+ 1) its residual value is trivially

zero. As a result the DP algorithm can be recursively applied starting at time 7T
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and going backwards in time up to time ty. The value of the contract at this time

is then given by its residual value RV (Sy,, X3, ).

At every time ¢, the state-space of the underlying variables X; is discretized in an
equi-distant grid, such that the expectation E [RV (SF,;, X;41)|X:] can be computed
via the equation (5.15).



Chapter 6

Risk Management

The risk-management of a portfolio essentially implies two activities. The compu-

tation of different risk measures and hedging.

Hedging against one risk factor consists of taking an opposite position in propor-
tion to the impact of this risk factor. Hedging is often conducted through ” Greeks”

which measure this impact.

This section shows how the AJD framework can be used to compute Greeks of

different contracts.

6.1 Hedging with ” Greeks”

As said previously, ”Greeks” measure the impact of a change in the risk-factors’
value on the contract’s value. This impact is measured by computing the first order
partial derivatives of the contract’s value with respect to the risk-factors’ value. We
will consider here the first and second order partial derivatives, often referred to

as the ”"delta” and the "gamma” of the contract. Extension to any higher order
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derivative is straightforward but is rarely used.

We will also consider the effect of time on the contract’s value by computing
the first order partial derivative of the contract’s value with respect to time. This

measure 1s often referred to as the "theta” of the contract.

Since all the contracts considered in the Exotic Options Library are obtained
via an affine combination of the "building blocks” developed in section 3.1, all that
is needed to be done is to compute the partial derivatives of these building blocks.

The partial derivatives of the contracts will then indeed become trivial.

6.1.1 Delta

We will use the subscript notation fx to refer to the vector with the i** element
given by the partial derivative of the function f with respect to the i'* element of

the vector X.

From the equations in section 3.1, we have that

Ox(do, i, a,b, X, 1, T) = e*OHOX (B A®) + B() (BO).X,) + B®))  (6.1)

~ X, t, T
Gx(y;do, di,a,b, X, t,T) = ¢X(d°’d1";’0’ vt ) (6.2)

1 /OO Im [dx (do, dy,a,v, X;,t, T)e Y]
0

dv

s (%

¢X(d07d17a707Xt7t7T)
4
_2i i /oo Im [eiiwyjﬁbX(dOvdlaa') wbj7Xt7t’T)]dw
™ 0
=1

w

Gx (Y1, y2; do, dr,a,b1, by, Xy, 8, T) =
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/ / RG —i(wiy1—way2) ¢X(d0, dl, a, wib — WQbQ, Xt, t, T)}
27T2

W1wWsa

Re [ —i(wiy1+way2) ¢X(d0> dl, a, w1b1 + w2b27 Xt,t T)}
dwidws
wW1W2

where extensions to the case where we have more than two constraints are trivial.

CI)X(d(),dl,dQ,alya%Tl)Tl?TQ) - (64>
e OTPOX (3 (1) Ay (1) + By () (By(8).X0) + B (1))
4 eo2(t)+52(1).X: <ﬁ2 (1) Aa(t) + Bo(t) (Ba(t).Xy) + BQ(t)>

FX(yl; , Y2, do, dl,l, dl, 2, ap, g, bl,b b271, bLQ, b2,2, Xt, t, Tl, Tg) = (65)

O (do,di,d2, a1, a9, Xy, t,Th,Th)

4
b i /OO Im e ®x(do, diy, dig, a1 + wbyj, ay + why j, Xy, t, T, Tp)] dw
w
efi(wly1*w2y2)q>x(do, d1,17 dLQa ay + wlbl,l - w2b172’
/ / as —l—wle,l - w2b2,27Xt7t7T1’T2)
27T2 w1wW2
e e—i(w1y1+w2y2)cpx(d0’ dl,l? dy 2,01 + wlbl,1 + w2b1,2,
as + w1b2,1 + w252,27 X, t, T, T2)
B dwdws

w1 W2

where again, extensions to the case where we have more than two constraints are

trivial.
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6.1.2 Theta

The first-order partial derivative of the different building blocks with respect to time

is given by

Gi(do, di,a,b, X;, 8, T) = —eDHFA0-Xe (6.6)
(KT B() + 87 (D) HoB(t) + 0VO(3(1) B(1)
+X,.(KTB(t) + A7 (t)H.B(t) + llve(ﬂ(t))B(t))>

+ (A(t) + B(t).Xt>

(v0 = KEB() — 36700 HoB(0) — (6(5(0)) — 1)

X — KT8 — 557 (LA ~ LB(3(0) 1))

. do,dv,a,0,X;,t, T
Goly: do,dy, a,b, X t.7) — 2o 1’62’ vt T) (6.7)
1 /°° Im [qbt(dg,dl,a,v,Xt,t,T)e_i”y]d
- v
T Jo v
do,dy,a,0,X,,t, T
Golor. s o, dy. by, by, X,,0.7) = 0% o R : (6.8)
_ii/w Tm[e="i¢y(do, 1, a,why, X0, t,T)]
2m = Jo w

4 1 /oo /OO Re [e—i(w1y1—w2y2)¢t<d0’ dl, a, w11)1 — w2b2, Xt, t, T)}
22 Jo  Jo w1 W

Re [e—i(w1y1+w2y2)¢t<d0, dl, a, wiby + U)ng, Xt, t, T)} } duw-d
— wW1aWo

w1wW2

where extensions to the case where we have more than two constraints are trivial.
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(I)t(d07 d17 d27 ai, Az, TIJ T17 T2) - _eal(t)+ﬁ1(t)‘Xt (69)

(KT Bi(t) + BT (1) Ho By (1) + V051 (1) B (1

F X (KT By () + BT (VH B (1) + LV0(8, (1) By (1)) )
(A0 + By(). X,

(0~ 53 51(6) — 57 (6 Hofa(e) — bo(B(B1(0)) — 1)

X oy — KT (1) = 3600 HB(0) — b0 (1) — 1))

02 (+Ba(8). X
(KT Bo(t) + B () HoBa () + LoV o(55(1)) B (1)

+ X0 (KT By(t) + 55 () H\ Ba(t) + LVO(Bo(0)) B (1)) )
+ (Ag(t) + BQ(t).Xt)

(70 = K 8(0) = 557 () HoBalt) — b(0(Ba(0)) — 1)

X1 — KT 5o(1) = 308 () Falt) — h(0(3(0)) — 1))

Ft(yb7y2ad0,dl,lydl,Zaa1>a27b1,17b2,17b1,27b2,2,Xtat:T1>T2) = (6-10)

(I)t(d(b d1,17 d1,27 ay, Az, Xt7 ta T17 T2)

1 = < Im [e_iwyjq)t(doa dy1,di2,a1 +wby j, as +wby ;, Xy, t, T, T2)]
_%; 0

_I_

dw

w

e~ —w2w2) @, (dy, dy 1, di2,a1 +wibiy — waby 2,

R
/oo /oo € |: as + w1b271 - w2b2,27 Xt7 L, Tl? TQ)
0 0

w1 Ws
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€_i(w1y1+w2y2)¢t(do7 di1,di2,a1 +wiby 1 + wabi 9,

R
¢ as + wibg g + wabs o, Xy, t, T4, T5)
— dwldwg
w1 Ws2

where again, extensions to the case where we have more than two constraints are

trivial.

6.1.3 Gamma

We will use the subscript notation fxy to refer to the matrix with the (7, 7)*" element

of
8Xi8X]' :

given by

Differentiating the delta equations, we get

bxx(do,dy,a,b, X, t,T) = ¢(do,dy,a,b, Xy, t,T)3(t) 3" (t) (6.11)
OO (5(0) BT (1) + B (1))

. do, dy,a,0, X, t, T
Cx(yido drya,b X t,7) = £xx(d: 1,;, RELEY (6.12)

0

[

dv

™

¢XX(d07d17a‘707Xt7t7T)
4
1 i/oo Im [eiiwngbXX(dO)d17a’7wbj7Xtat7T)]
2m <= Jo

w

GXX(QlaZ/Z;d07d1>aab17b27Xt>taT) =

(6.13)

dw

wW1wW2

n 1 /OO/OO Re [emiwmn=wav) g v (do, di, a, wiby — waby, Xy, 1, T)]
212 Jo  Jo

Re [e7(wwitwa2) g (do, dy, a, wiby + wabs, Xy, t,T)]
— dwldwz
w1 W2
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where extensions to the case where we have more than two constraints are trivial.

Pxx(do,dr,da,a1,a2, 11, Th, T2) = (Al()+Bl() 1)et OTAOXe g, (15T (1)
e OO (3 () B (1) + Bi()6u(1))
(Aa(t) + Ba(t) Xe)eo2 00X gy 1) 5T (1)
e RO (31 BE (1) + By(1)Ba(1))

(6.14)
FXX(yh 7y27d07dl,lad1,27a17a27b1,17b2,17b1,27b2,27Xt7t7T17T2) = (615)
Pxx(do, dij,di2, a1, a0, Xy, t,T1,T5)
4
1 o /OO Im[e=™¥%®x x(dy,dy1,d12,a1 + why j, as + why j, Xy, t, 11, To)]
Ly : "

as + wiby 1 — wabs o, Xy, t, 11, Ts)

27T2 / / Wy W2

e~ wytwaw) &y v (dy, dy g, dy g, a1 + wiby g + waby 9, }

R

¢ [ as + wiby 1 4+ wabg o, Xy, t, 11, 1))

— dwldwg
w1 W2

[ efi(wlylfwzw)q)xx(do? dy1,d12,a1 +wibi 1 — wabi o, }

where again, extensions to the case where we have more than two constraints are

trivial.



Chapter 7

Estimation Issues

7.1 Introduction

As mentioned earlier, if one considers the spot price as the only primary traded
commodity, then the estimation procedure is usually done in two steps. First one
estimates the parameters of the spot price dynamics under the physical probability
measure, then (if the market is incomplete) one calibrates the market prices of risk

to match a forward curve level.

Another approach that is sometimes used is to only consider the risk-neutral
probability measure and to calibrate the parameters of the model in order to match a
series of contingent claims. The problem is that we then do not have any information

on the prices dynamics under the physical probability measure.

In this chapter we will consider both spot and forward contracts as primary
traded commodities. We thus propose an estimation procedure that jointly esti-
mates, based on the historical series of spot and forward contracts, the parameters
of the AJD under the ”physical” probability measure P, together with the prices of

risk 7, and 7y determining the risk-neutral probability measure Q). We note this set
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of parameters to be estimated ).

The Kalman Filter recursive algorithm is used to compute estimators of the
unobserved state variables at every time step, and to compute the likelihood of
observing a particular sequence of spot and forward prices. This is done by allowing
for some measurement noise in the observation of the spot and forward prices, which
can be interpreted as representing errors in the reporting of prices (perhaps due to
asynchronous price quotes) or, alternatively, as errors in the model’s fit to observed
prices. This approach has been used by Pyndick (1997) [36], Schwartz (1997) [40]
and Manoliu and Tompaidis (1999) [29]. In this chapter, however, we fully use the
AJD framework machinery to write the state-space representation of the model,
instead of applying the Euler approximation as in the cited literature. This also
enables us to study the whole family of Affine Jump Diffusion processes, which is a

broader scope than what was studied by these authors.

Instead of estimating the parameters of steady state structural state-space mod-
els by Maximum Likelihood via the error decomposition provided by the Kalman
Filter, one could use their reduced form ARIMA (Auto Regressive Integrated Moving
Average) models for which approximations to the Maximum Likelihood estimators,
such as the Conditional Sum of Squares estimators, exist. In order to apply the
method, a general procedure for computing the reduced form AR and MA parame-
ters from the structural parameters is needed. Nerlove et al. (1979, pp. 125-31) [32]

give such a procedure but show that it can be quite complex and time consuming.

If the exact Maximum Likelihood is required, however, then there is no practical
advantage to estimation via the reduced form, since it is as time consuming to
compute the exact ML estimators for an ARIMA model as it is for the corresponding
structural model, as was reported by Harvey (1994, p. 187) [21]. In fact, translating
ARMA (Auto Regressive Moving Average) or ARMAX (Auto Regressive Moving

Average with eXogenous variables) models into state-space models for a Maximum
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Likelihood estimation of their parameters is proposed by Shumway and Stoffer (2000,
pp. 312-338) [44].

Furthermore, though the Kalman Filter is, as such, designed for a Gaussian
framework, we propose in this chapter different ways to extend the use of the Kalman
Filters to a non-Gaussian framework. These extensions are done using the state-
space representation of the structural models and are not transposable to their
reduced form. As a result, we will keep the state-space representation throughout

this chapter.

In the case of stochastic volatility models, for example, the Gaussian assumption
made in the Kalman Filter recursive algorithm will lead to poor estimators when
there is no correlation between the state variables and their volatility. We propose
here an efficient algorithm to relax the assumption of normality for models with
stochastic volatility that leads to better estimates of the volatility level at each time

step.

When the assumption of Gaussian error vectors is relaxed, the computation of
the Likelihood function is numerically quite intensive. We then apply the numerical
techniques developed in Singleton (2001) [45], based on the expected conditional
characteristic function, to speed up the computations without losing too much on

the efficiency of the parameter estimators.

In his paper, Singleton (2001) [45] approaches the problem of the estimation of
the unobserved state variables by choosing at each time step the vector of unobserved
state variables that either perfectly price a subset of observed contingent claim
prices or the vector of unobserved state variables that minimizes the mean square
pricing error of these observed contingent claims. Using the Kalman Filter is thus
an improvement compared to the existing literature in the sense that it applies the
numerical techniques based on the expected conditional characteristic function with

unobserved state variables estimated via a Kalman Filter.
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Though the model is continuous, we decided to use the discrete Kalman Filter
instead of its continuous version because the data (spot and futures prices) are

observed discretely.

The first section of this chapter focusses on AJD’s resulting in Gaussian distri-
butions. The next section indicates some possible research paths to depart from
the Gaussian framework and to make the Maximum Likelihood optimization faster.
Among these paths, only the Bernoulli approximation has been implemented on the
European Energy indeX (EEX) for electricity, on the Brent for crude oil, and on
the NBP for natural gas. The other paths developed in this section have not been

implemented.

7.2 Estimation procedure : The Kalman Filter

7.2.1 The State Space Representation

In an Affine Jump Diffusion framework, the price of a futures contract, f(t,77,75)
-where t is the pricing time, T is the starting date of the delivery period, and 75 is
the ending date of the delivery period-, or its logarithm is an affine function of the
vector of the state variables X;. In the level model, we indeed have

1 T2
Ty =Ty Jp,

1 T2
X, (s)d ‘ 2
TQ_Tl/Tl ;7 ) S}-t] 2

1 T 1 Ty
= Alt,s)ds + / B(t,s)ds. X, 7.3
TQ_TI/Tl (s + g [ B s X, (19

F(6, T, Ty) = E° [ Spot(s)ds‘ft} (7.1)

— E9
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where A(t,T) and B(t,T') are respectively a scalar and a vector, solution of a system

of ordinary differential equations obtained by simplifying the transform ¢ (7.2)

—B, = KT Bt+l V@(G) (7.4)
B :

—A, = KI'B, +1,V0(0) B,

with the boundary conditions B(T) = v and A(T) = 0, and where V(c) is gradient
of 6(c) with respect to ¢ € C™.

In the return model, we have

log(f(t, T, Ty)) = log (EQ {TgiTl/ZSpot(s)ds‘ft}) (7.5)
= log <EQ T 1 /T exp (Z% i )ds)ﬂ]) (7.6)
— log (T; T /T IQea“’SW(tvS)-X’fds) (7.7)

where «(t,T) and 3(t,T) are respectively a scalar and a vector of same size as X,
solution of a system of ordinary differential equations also obtained by simplifying

the transform ¢ (7.2)

&y = —K{ B — 3BT HoBs — 1o(0(5:) — 1)

with the boundary conditions a(7,T) = 0 and 3(T,T) = 7.

{@=4ﬁ@2ﬁﬂ@—uwm—w (78)

If we further make the assumption that we can replace the arithmetic average

with its geometric average, we get

1 2 1 2
1 t,11,15)) ~ t,s)d t,s)ds. X .
(T T ~ e [ attss s gt [Cat s, (79)

Note here that we replace the arithmetic average of expectations by its geo-

metric average, which is much more accurate than replacing the expectation of an
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arithmetic average by the expectation of its geometric average. This is because ex-
pectations with different horizons typically do not vary so much, whereas realized

prices can vary quite dramatically.

As a result, at each time step we can write the system of so called ”measuring

equations” :
}/t = dt + ZtXt —|— €t (710)

where

e Y, is a vector with the spot price or its logarithm and other futures contracts
prices or their logarithm, according to whether the level or return model is

used;
e d, is a vector;
e 7, is a matrix;

® ¢; is a vector of measurement errors normally distributed with mean zero and

covariance matrix V.

The measurement errors ¢, are added to the equations (7.3) and (7.9) to cope
with observations that are not exactly contemporaneous or with model shortcomings

that make it impossible to reproduce all of the observed prices.

Next to these measurement equations, the Affine Jump Diffusion process can be

discretized to give the so called transition equations:
Xepi=a+TX + G (7.11)

where (; is a vector of errors with mean zero and variance covariance matrix R(X;, ).

We will further approximate this vector to be normally distributed.
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Noting A;(t) and B;(t) the j line of ¢; and Ty, respectively, A;(t) and B;(t) can
be computed as the solution to the same system of ordinary differential equations
(7.4), but with the parameters of the AJD process X; under the physical probability

measure P:

{ —Bji = K{'Bj; + LV0(0)Bj, (712)

—Ajy = KI'Bjy + 1,V60(0) By,
with the boundary conditions A;(t+1) = 0 and B;(t+1) = 1;, where 1; is a vector
of zeros with only the j** element equal to 1.

The covariance matrix R(Xy,t) is equal to
R(X;,t) = R'(t) + R* (1) X, (7.13)
where RY is a matrix and R} is a three-dimensional tensor.
By definition, the covariance matrix is indeed given by
R(Xpt) = BXpn X)) = E[Xia] EIX/] (7.14)
= VVTE[e“ ]| =0 — VE[e" ]| oV E[e“ Y]] yo  (7.15)

_ va (6a(u,t,t+l)+ﬂ(u,t,t+l).Xt+1) |u=0

i v (ea(u,t,t—l-l)—i—,@(u,t,t—l-1).Xt+1) |u:0

VT (ea(u,t,t+1)+ﬁ(u,t,t+1).Xt“) |u:0 (716)

= YV a(u,t,t + 1)|u=o + (VVTB(u, t,t + 1)|uzo) X;  (7.17)
R°(t) + R'(t) X, (7.18)

Considering that a(u,t,T) and [(u,t,T) are solutions of the system of ODE’s
developed in the transform ¢ (7.2), we finally get

Rl.(r) = —K{R}(r)— Bl (r)H\Bi(1) — LVO(O)R},

—1L, Bl (1)VVT0(0)B;(7) (7.19)
R) (1) = —K{R}(r)— Bl (r)HyBi(1) — ,VO(O)R},

—loB] (1)VVT0(0)B;(7) (7.20)
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with boundary conditions R} ;(t +1) = 0 and R},(t + 1) = 0.

Note that if H; = 0 and [; = 0, then R'(¢) = 0 and R(t) is no more a function of
X;. Strictly speaking, the Kalman Filter Recursion Algorithm does not allow for a
state space representation with a covariance matrix R(X;,t) function of X; and thus
could not allow AJD’s with non zero R! and ;. In what follows, we will however
keep the formalism where R(X},t) is an affine function of X, in order to introduce

an approximation to the Kalman Filter when R! and [; are non-zero.

The measurement equations (7.10) and the transition equations (7.11) form the

state space representation of the model.

7.2.2 The Kalman Filter Recursion Algorithm

Once a model has been put in a state space form, the Kalman Filter can be used.
The Kalman Filter is a recursive procedure for computing the optimal estimator of
the state vector X at time t, based on the information available at time ¢. This

information consists of the observations up to and including Y;.

When the error vectors €, and (; are assumed to be normally distributed, the
estimator of the state vector is optimal in the sense that it minimizes the mean
square error. Furthermore, in this Gaussian setting, the estimator yielded by the
Kalman filter can be interpreted as the conditional expectation of X; based on the

information available at time ¢.

We briefly expose the filter’s algorithm here. Further information on Kalman

Filters can be found in Harvey (1994) [21].

Let )?t_l denote the optimal estimator of X;_; based on the observations up to

and including Y;_;. Let P,_; denote the covariance matrix of the estimation error,
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1.e.

P =E[(X - X)) (Xy — Xt_l)’] (7.21)
Given )?t,l and P,_1, the optimal estimator of X; is given by
Xppor =T Xe 1+ ¢ (7.22)
while the covariance matrix of the estimation error is
Py = Ti A BT+ R(X, 4,6 —1) (7.23)

These two equations are known as the prediction equations.

As noted earlier, this is only an approximation to the estimation of the covariance
matrix of the estimation error when R(Xy,t) is a function of X;, that is when R,
and [; are non-zero. In what follows, we will bear that approximation for achieving

a higher level of generality in the class of AJD processes that can be treated.

Once the new observation, Y;, becomes available, the estimator of X;, X;,_;, can

be updated. The updating equations are

)?t = Xﬂt—l + Pt|t—1Z£F;1 (yt — Zt)?ﬂt—l — dt) (724)
and
Py = Pyy—1 — Py 1 Z,F Zy Py o (7.25)
where
Ft - ZtPt‘t_lzz + ‘/t (726)

The starting values of the Kalman Filter may be specified in terms of X, and
Py or X 10 and Pjjo. Given these initial conditions, the Kalman filter delivers the

optimal estimator of the state vector as each new observation becomes available.

In the next sections, it will be useful to be able to differentiate the estimator )A(tw

with respect to 1, such that the optimization algorithm in the Maximum Likelihood
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procedure will be able to use first and second order methods based on numerically

computed gradients instead of gradients computed by finite differences.

Proposition 7.1 The gradient of )A(Zﬁ (where the dependence on 1 has been made
explicit) with respect to 1 can be computed recursively. The computations only in-
volve partial derivatives of the matrices and vectors dg, Z, cs, and Ty with respect to

Y, where s =1,...,t

Proof : From equation (7.24), we have that

8)/(\',5 3)?t|t_1 apt\tflzéFt_l (?/t - Zt)?ﬂtﬂ - dt)
oy o + o
From equation (7.22), the first term of the right hand side of this equation can

(7.27)

further be developed into

a)?tnq . o1 & a)?t—l Oci—
o ov X1+ T B +a¢ (7.28)

where 90X, ; /O is obtained by taking the result of the computation of (7.27) at
time ¢ — 1, with an initial value of 8)?0 /0Y = 0. The other derivatives are again

easily computed by eventually solving additional systems of ordinary equations.

The second term of the right hand side of equation (7.27) can be rewritten as

OPy 1 ZiF, (Vi = 2Ky — di)

5 - (7.29)

81;'2 L2 (Y- 2Ky - i)
+Pye 1%5; <Yt Z Xy —dt)
Py ZLF; IZP;F (Yt — Z, K — dt)
4Py ZIF, ( %—it)?ﬂtl ta)gi;‘l - g—‘j;)
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where, from equation (7.26), we have that

0F; v, GZ 0P, 1 07,
and where, from equation (7.23), we have that
OPy—1 ORy—y 0T, 0P,y oTy
= P,_\T] T, T, |+ T, 1P 7.31
o) aw+a¢t1t_1+tlaw ‘I’tltlaw( )
with 81;? =0, and
oP, O0Py_ OP,_ B
%= a0~ oy LF AP (7.32)
0z
— Py 18¢F 'Zi Py
oF;
+ Py ZiF JF*ZtPﬂt_l
4,07
— PyuaZiF S JPW !
1., 0P
— Py ZF'Z, alﬁ
and all other partial derivatives being again easily computed.l]
7.2.3 The Maximum Likelihood estimation
The joint density function of all the observations, Yi,.. ., Yr, is given by the function
T
L(Y:¥) = [ [p(¥ilYien) (7.33)
t=1

where p(Y;|Y;_1) denotes the distribution of Y; conditional on the information set at

time t — 1, that is all of the observations Y; ,i=1...t — 1.

If the measurement equation is written as

Y = Zt)?ﬂt—l + Zy (X — )?t\t—l) +d;i + & (7.34)
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it can be seen immediately that the conditional distribution of Y; is normal with

mean

EY Y] = Z|t71 = Zt)?t\tfl + dy (7.35)

and a covariance matrix, F;. For a Gaussian model, therefore, the likelihood function

can be written immediately as

NT 1« 1«
log L(Y; %) = == log 27 — > log|F| - 3 > vF Ty (7.36)
t=1 t=1

where
v =Y, — Yy (7.37)

and N is the size of each vector of observations Y;.

Finally, we choose the vector of parameters ¢ that will maximize equation (7.36),

i.e., the logarithm of the joint density function of all observations.

The gradient of the likelihood function can be written

(B 1o

1 T
(log L(Y;9))" = —3 > Rl 2 > WF ) (7.38)
=1 =1

This expression can be computed by noticing that
B = |FB|Tr(F, ) (7.39)

with F} given by (7.30) and that

(W F ') = WY Fo v+ vl (7Y v + v () (7.40)
with
(F7Y = -F'F/F (7.41)
and with
() = —(YVgr)' (7.42)
- (Z;)?ﬂtfl + 2K+ dg) (7.43)

and where Xt/|t71

is given by (7.28).
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7.3 Accounting for non-Gaussian errors

The assumption of normality is made twice in the estimation process. First it is
made in the Kalman Filter Recursive Algorithm for computing the estimators )?t,
then it is used to compute the loglikelihood function to be maximized. For many
different stochastic processes of the AJD family, however, the assumption of a vector
¢ normally distributed in equation (7.11) is quite dramatically invalidated. The next

sections show how to relax this approximation in both cases.

7.3.1 The Kalman Filter Recursion Algorithm

Even if the vector € is not normally distributed, it is however shown in Harvey (1994)
that the Kalman Filter recursive algorithm can still be applied. The estimators )?t
yielded will no more be conditional expectations of X; based on the information
available at time ¢, but, in the case of a deterministic conditional covariance, they
will still remain optimal in the sense that, if attention is restricted to estimators
which are linear combinations of the observations, then it is the one that minimizes
the Mean Square Error. Thus, in this case, )?t is the minimum mean square linear

estimator of X; based on observations up to and including time ¢.

For some models, however, the conditional covariance matrix is not deterministic,

and the estimators yielded will not provide good results.

This will particularly be the case with stochastic volatility models where the
observations have a very small vega, i.e., are not sensible to the volatility levels (for
example, futures prices are not sensible to the level of volatility), and where there
is no or very little correlation between the state variables and the volatility. In this
case, the Kalman Filter will indeed not provide any correction to the expected level

of the variance at time ¢ once the observations of time ¢ are made available.
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We present here an algorithm to overcome this problem and give better estimates

of the variance levels at each time step ¢, \A/t Our objective is thus to compute
Vi = E[V}| ] = / v f(Vi = v Fy)doy (7.44)
R
where f(V, = v|F;) is the probability density function of V; conditional on all the
observations up to and including time ¢. This can be expressed as

EiF) = [

vt( fVi=w| Xy = 2, F) f(X; = xt\ft)dxt> dv, (7.45)
R RJ\/I

where it is assumed that the vector X is of size M and includes all the other state

variables but V.

Again, we will approximate this expression with

EV,|F] = / v f (Ve = v] Xy = )A(t,j:t)dvt (7.46)
R

which can further be expressed as

EVi|F] ~ /Utf(v;f:vt‘Xt:XtaFt—l)dUt (7.47)
R
vtf(V;t = v, Xy = )?t|-7:t71)
R F( Xy = X4|Fiq)
Vi = v, Xy = Xo Xym1 = @41, Vi1 = vp—
fRM+1 ( f( t = U, Ay t’ t—1 = Tt—1, Vi—1 = V¢ 1) >d{$t—1,vt—1}

(7.48)

f(Xi—1 =241, Vier = vi—1|Fi—1)
o F(X = XX xi—1, Vi Vg—1) v
R ¢ =Xe| Xpm1 = a1, Vie1 = v
’ df{xs_1,vs_
Jpaesa < f(Xi1 =21, Vicr = v Fi1) ) {ze1, i1}
(7.49)
=, Xy = Xy|Xe1 = X1, Vig = Vi
~ /vtf(Vt vy, X At| t—1 ¢ 1{/2 1=V l)dvt (7.50)
R (X = X4 X1, Vi = Vi)

where, again, an approximation has been done to arrive at the last equation.

The denominator of the last equation can be taken out of the integral. Its
computation will only require an integration on R™ of the characteristic function of

X.
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Assuming M = 1, or that we only consider the realization of one element of X,
(one whose variance is a function of V') for updating the variance level at time ¢, we

now show an efficient way to compute the integral we are left with.

Let us start with

OE[Vilx,<y| Xi—1 = 241, Vic1 = vi—1]
dy

o1
— / vtigt@f(vt =, Xy = 2| X1 = 20 — 1,Vi_y = vp_1)d{zs, v} (7.51)
RI+1 Y

= /1+1 V0p—y f(Vi = v, Xy = 24| Xym1 = 2 — 1, Vimy = v—1)d{xe, v} (7.52)
R

= / v f(Vi =, Xp = y|Xe1 = 2 — 1, Vio1 = v1)d{zy, v} (7.53)
R

which is indeed equivalent to the numerator of (7.50) if y = X,.

From the building block of the Proposition 4.7, it is easy to show that equation
(7.51) is also equal to
aE[‘/tht<y‘Xt71 =z — L Vi1 = 'Utfl]
y

_ Qb({O, 1}, {0, O}, {It—la Ut—l}; t— ]_, t)
2

+% /OOO Re[p({0,1}, {iu, 0}, {1, ve1},t — 1, t)e”"¥]du (7.54)

In the case where M = 1, we have thus shown that equation (7.47) could be

computed by using only integrals on R.
If M > 1, the same approach can be used by solving

OMEV, [T, 1x, ey | Xe1 = 2 — 1, Viet = ve4]
T oy, (7.55)
=197

and differentiating the building block of Proposition 4.11. This will however

require integrals on R,
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7.3.2 Computing the Log-Likelihood function

The Bernoulli approximation for Jump processes

Obviously, when ( is not normally distributed, the computation of the log-
likelihood function log L(Y; 1) does not hold anymore. Considering jumps that
are normally distributed, the computation can, however, be improved by replacing

the transition equations (7.11) by
Xe=c ,+T Xea +C(t—-1)+ J; (7.56)

where

e the Bernoulli approximation has been done, i.e. at each time step there can

only be one or no jump;
e the probability of having a jump is given by (1 — e~(MoFAiXe-1)),

e when a jump occurs, J; is normally distributed with mean p; and covariance

matrix Y ;, otherwise it is equal to zero;

e the vector ¢;_;, the matrix 7} |, and the covariance matrix of the vector (j(t),
i.e. Rf, are computed as if there was no jump component to the stochastic

process of X, as indicated earlier.

At each time step, we then compute an extra vector and an extra covariance

matrix corresponding to the case where there has been no jump:

)?E\t—l = 7?_1)?15—1+CZ (7.57)
Pl = T/ PaT/, +R; (7.58)

and an extra vector and an extra covariance matrix corresponding to the case where

there has been a jump:

)?tllt—l = Tt*—l)?t—l + ¢ + (7.59)
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Phy = TLPaTl + R+ (7.60)
The log-likelihood equation can now be written as

T
log L(Y; ) = Y log (e 0¥y (V| y) + (1 — e Cor Xy vy, )
t=1

(7.61)
where

po(YilYier) = (2m) NE(ED|) 2 b A (7.62)
p(VilYi) = (@) V(R e DT (7.63)

and where
o= Y, - Z X0 —d (7.64)
Vo= Y- ZX} , —d (7.65)
F = Z,P) \Z{+ H, (7.66)
F' = ZPj, \Z+ H, (7.67)

Again, we choose the vector of parameters ¢ that will maximize equation (7.61),

i.e., the logarithm of the joint density function of all observations.
A general approach based on the conditional characteristic function

The characteristic function of Y; conditional on the information available at time

t — 1, ¢y, (c) is by definition
dvi(c) = B[NV 7] (7.68)

Looking at the measurement equation (7.10)

Yi=di + 2, X +
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where the vector of measurement errors ¢; is independent of X;, one can write

ov() = [ Gunn S @B 000 (7.69)

where M denotes the size of X and f(z:|F;) denotes the probability density function

of X; conditional on all the observations up to and including ¢; and where, by

definition
¢dt+ZtXt(C) _ EP[ei(c.dt+1+c.Zt+1Xt+1))|Xt — mt] (770)
eeden) pPleeZn X)) | X, = g (7.71)
elleder) pPleileZen X)) X, — ] (7.72)
et (ZL,10) (7.73)

In order to simplify the computations, equation (7.69) could be approximated

by

(bYt (C) ~ ¢dt+Zt)A(t<C)¢€t(C) (774)
with
¢dt+Zt)?t(c> — EP[ei(c.dt+l+C.Zt+1Xt+1))’Xt — Xt] (7‘75)
— ei(c.dt+1)EP [ei(C.Zt+1Xt+1))‘Xt — )/(\*t] (776)
_ ei(c.dz+1)EP[ei(c.ZH_lXH_l))‘Xt _ )’(\vt] (777)
= ei(c'd”l)%?t(Zt'Hc) (7.78)

As a result, we have that the probability density function of Y;,; conditional on

Yy, f(Yin|Yy) is given by

1 .
F¥ia VD) = oo [, 65 G (e (7.79)

where N denotes the size of Y.
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For large values of N, this approach will thus unfortunately become computa-

tionally very intensive.

The vector v is then estimated by maximizing the objective function

T-1
LogLikelihood = " log f(Yi41Y) (7.80)

t=1

7.3.3 Revisiting the Kalman Filter Algorithm with the

Bernoulli approximation for jumps

One can use the same Bernoulli approximation for the jumps that has been made
to improve the Kalman Filter Algorithm. Consider the two probability densities
po(Yy|Yi—1) and py(Y;|Yi_1) computed previously. If po(Y;|Yi_1) < p1(Y;|Yi—1) then
one can assume that there has not been any jump between the times ¢ —1 and ¢. In
this case, one can replace equations (7.22) and (7.23) by the equations (7.57) and
(7.58 ).

Similarly, if po(Y;|Yi—1) > p1(Y;|Y;—1) then one can assume that there has been
a jump between the times ¢ — 1 and ¢. In this case, one can replace equations (7.22)

and (7.23) by the equations (7.59) and (7.60).

The rest of the algorithm stays unchanged.

7.3.4 An Expected Conditional Characteristic Function es-

timator

Along the lines of Singleton (2001) [45], we begin by constructing an estimator
that is asymptotically equivalent to the Maximum Likelihood estimator, using the
Expected Conditional Characteristic Function (ECCF). Let 1) denote the vector of

size p of data generating parameters to be estimated. Let Z° denote the class of
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”continuous grid” estimators defined as follows : each z € Z2° indexes an estimator
Z p associated with the instrument function z;(u) : RV — CP, where C denotes
the complex numbers, with z;(u) € I}, z(u) = Zi(—u), t = 1,...,T, where I; is the

o-algebra generated by Y;; and the estimator ¢Z , of 1y satisfies

230 [ e - ol =0 (781

Proposition 7.2 (from Singleton (2001)[45]): Under reqularity conditions,
Yoor: € Z° is consistent. Furthermore, the optimal index in Z3°, in the sense
of giving the smallest asymptotic covariance matriz among continuous-grid ECCF

estimators, is

_ 50 e WY gy, (7.82)

ZooT (27T)N

* 1 / dlog f(Yt+1|Yt7¢o)l
]RN

Finally, the continuous-grid estimator based on the index 2%, is asymptotically

equivalent to the ML estimator based on the true conditional density function of Y;.

Proof: See Singleton (2001)[45] OJ.

From a practical perspective, the ECCF estimator zZ, has no computational
advantages over the ML estimator because the index 2z} cannot be computed without
a priori knowledge of the conditional density function. Accordingly, we proceed to
develop a computationally tractable estimator that is consistent and "nearly” as
efficient as the ML estimator. For notational simplicity, we set N = 1 (Y} is one
dimensional) in the remainder of this section. The basic idea is to approximate the

integral

/R 2 () [T — oy (u, )] (7.83)

with the sum over a finite grid in R.
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More precisely, we fix the interval [-K7, K7 C R and divide it into (2K + 1)
equally spaced intervals of width 7. Let ZX denote the class of FG-ECCF estimators

V5. that solve

K
%Z 7Y k)[R — gy, (kT Yier)ldu = 0 (7.84)
t k=—K

for z;(u) € CP with the same characteristics as in the case of continuous-grid esti-

mation. Solving (7.84) is equivalent to solving
1 K
T Z T Z Re [z(kT)[e™™ 0 — ¢y, (kT,V5ep)]] du =0 (7.85)
t k=K

This expression, in turn, can be simplified further by letting

S (V) = (cos(TY}H) — Redy(1,0), . .., cos(K1Yi1) — Redy, (KT,1),
sin(rYi1) — Iméy, (1,0, . . ., sin(K Y1) — Iméy, (KT, 1/1)),
(7.86)

and Z, denote the p x 2K real matrix with the Re[z;(k7)] and Im|z/(kT)] being the
first K and second K columns, respectively. Then (7.85) becomes

- Z Ziercr (Vier) =0 (7.87)

Proposition 7.3 (from Singleton (2001)[45]): The optimal index Z}, € ZX  in
the sense of giving the smallest covariance matriz of the finite-grid ECCF estimator,

18
Ty = O x (T} (7.88)

where the 2K x p matriz ®f is 0ex 141(v0) /00 and B = E[€k 111€ 41|V
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Proof: See Singleton (2001)[45] [J.

The elements of the matrix XX are known in closed-form as functions of the
real and imaginary parts of ¢y,(k7). The elements of the matrix of derivatives
of €x+41 with respect to 1 involve only the derivatives of Re[gbyt(k;ﬂw,)?f )] and
Im|oy, (kT,, )A(tw )] with respect to 1, where we made explicit the dependence of )?tw

on 1.
Indeed, making the same approximation as in equation (7.74), the characteristic

function ¢y, (k7, 1, X}') can be written

Qﬁyt(k?T,w,th) = ¢dt+ZtXt(kvaa)?Zb>¢€t<kT7 ¢) (789)
ei(mt“)%@ (ZtIJrlkTa W )?Zp)(bet (kTv w) (790>
_ ei(krdt+1)ea(t)+ﬁ(t).->?2”¢6t(/W, ) (7.91)

All of the elements in this last equation but )?Z’/’ can easily be derived with
respect to 1 by eventually solving additional systems of ordinary equations. The

partial derivative of )?Zp with respect to 1 is computed in Proposition 7.1.
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7.4 Example of implementation

For illustration purposes, we have applied the numerical routines developed above
to three main references in the energy industry in Europe: electricity quoted at the
Frankfurt based European Energy Exchange (EEX), natural gas quoted at the In-
ternational Petroleum Exchange (IPE) of London for natural gas in the UK natural
gas grid at the National Balancing Point (NBP), and the Brent crude also quoted on
the International Petroleum Exchange (IPE) of London. There has been, however,
no attempt here to try to estimate market risk premiums so that the processes are
the same under both the true and risk-neutral probability measure. The estimation
results, since they are based on futures prices observations, were indeed quite robust
to estimate the level of expected prices in the risk-neutral world, but the reparti-
tion of this expected level in the risk-neutral world between a risk premium and
an expected level in the true probability measure turned out not to be as robust.
One possible reason is that the length of the spot price time series considered was

probably not long enough for a stable estimation.

7.4.1 The European Energy Exchange (EEX)

The Frankfurt-based European Energy Exchange (EEX) is one of the largest energy
market in Continental North Western Europe. The German electricity market is the
biggest in continental Europe by number of players and generation capacity. It is
also the fastest to open up, with immediate 100% full customer choice, though UK
and parts of Scandinavia were opened earlier. Germany’s electricity market is indeed
huge (with annual power consumption about 550 TWh and generation capacity of
125 GW, half of which is coal fired, 17% nuclear, and 18% gas-fired) and centrally
located in the heart of Europe, with wires and gas pipes connected to the rest of

the continent.
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The daily average spot price from the 02/03/2001 to the 27/06/2002, expressed
in Eur/MWHh, is plotted in the next figure.

EEX hi storical spot price
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Figure 7.4.1: Historical daily average spot price for the EEX

A weekly pattern is clearly recognizable and will be thus included in the model.
It is also quite obvious to identify the occurrence of a spike from 17/12/2001 to
19/12/2001 (a bit less than 300 days after 02/03/2001 on the graph). There has,
however, been only one spike, so we will only use one spiking variable in our model
with parameters that will be calibrated on its level, duration and frequency of oc-

currence.

Unfortunately, the seasonality is not really obvious from Figure 7.4.1. In figure
7.4.2, we thus super-imposed on a single graph the futures’ term structure that has
been observed at each date. We again easily recognize the spike, but the presence
of a seasonality indeed becomes much clearer. This is a good illustration on how
important the information revealed by the futures contracts is to accurately model

the spot price.

Finally, the spot price returns, even after having removed the spikes and patterns,



CHAPTER 7. ESTIMATION ISSUES 152

Term structure on EEX

Figure 7.4.2: Evolution of the futures’ term structure for the EEX

still have a kurtosis of 4.55. This excess kurtosis will be modelled by adding jump

processes to the risk factors.

In summary, the main characteristics of the EEX spot price are the presence
of a weekly and seasonal pattern, and the presence of jumps and spikes. Such
characteristics are reproduced in the following model for the daily average spot

price model, expressed in Eur/MWh:

log(Spot,) = Seas_pattern(t) + Weekly pattern(t) + X () + X°(t)

Seas_pattern(t) = a+0bt+ c;cos(2m(t — c2)/365)

( dpon  if t € Monday
diye if ¢t € Tuesday
dwed if t € Wednesday

Weekly_pattern(t) = dihu if t € Thursday

dyri if ¢ € Friday

Asat if ¢ € Saturday

Asun if ¢ € Sunday
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The dynamics of the Jump-Diffusive risk factors are given by:

Xm(t) = Hl(X2<t> — Xl(t)) dt + o dWl(t) + d(];‘p(w + djldoum(t)
dX2(t) = _H2X2(t) dt + pPO2 dWl(t) + /1 - pQ o9 dWQ(t) + dJ;P(t> + djéiown(t)

where J/(t) and J@°"(¢) are pure jump processes with constant equal arrival rates,
\i, and with jump sizes normally distributed with mean pf and —pu, respectively,
and equal standard deviations, of. The up and down jumps are thus assumed to be
symmetric. This assumption is not so well supported by the data (the spot returns
without the spikes still have a skewness of 0.9) and could certainly be relaxed in
further developments, but it allows to limit the number of parameters to be estimated

by the Maximum Likelihood algorithm.

The dynamics of the spiking risk factor is given by:
dX5(t) = dJP(t) + dJ%"(t)
where

e J¥(t) and J“n(t) are pure jump processes with a constant jump size, Spike

and —Spike, respectively;
e JUP(t) and J%“"(t) have arrival rate equal to

AP(t) = 1%(t) (1 — X5(t)(Spike)™") (7.92)
Mdown () = (down() X 5(t)(Spike) ! (7.93)

where X is the spiking risk factors, and Spike is the level of the spikes.

In order to limit the number of parameters to be estimated via the Maximum
Likelihood procedure, the day-level parameters are estimated by Minimum Mean

Square Error on the historical spot data and kept fixed in the Maximum Likelihood.
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The likelihood function to be optimized, however, is not very well behaved and
has many different local optima. It is thus crucial to start the optimization procedure
with starting values that are not too far from the optimal solution, so that the

optimization algorithm does not get trapped into local optima.

Starting values for the parameters of the deterministic trend, 6(t), can be com-
puted by minimizing the mean square error on the historical spot and futures data

of figures 7.4.1 and 7.4.2.

Starting values for the speed of reversion and volatilities, x; and o;, can be
computed by matching the futures’ historical volatility term structure computed
on a historical time series of their returns where the jumps and spikes have been
filtered away. The filter algorithm computes the standard deviation of the returns
and checks whether the proportion of returns with absolute value greater than 2.575
times the standard deviation is greater than 1%. If it is greater, then these returns
are considered as jumps and filtered away, the standard deviation of the new data-
set is recomputed and the algorithm repeats itself until the appropriate proportion
of returns that are greater than 2.575 times the standard deviation (in absolute
value) is reached. The starting value for the arrival rates of the jumps on the first
factor is computed by matching the frequency of jumps implied by the proportion of
returns that have been identified as jumps on the spot price, and the starting value
for the arrival rates of the jumps on the second factor is computed by matching the
frequency of jumps implied by the proportion of returns that have been identified as
jumps on a long-term futures contract. Finally, the starting values for the expected
jump size and standard deviation can be computed by looking at the distribution

of the returns that have been filtered away.

The futures’ volatility term structure is indeed a crucial element that is very
important to reproduce because it determines the standard deviation of the spot

price (or more precisely its logarithm)’s distribution at a given maturity. This curve
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is in fact so important to match that it could be given some additional weight in
the Maximum Likelihood objective function. We decided to do this by constraining
the Maximum Likelihood algorithm.

The decision to constrain the Maximum Likelihood algorithm is further sup-
ported by the observation that non-constrained Maximum Likelihood estimators
tended to under-estimate the futures’ volatility term structure. This can be easily
understood by recognizing that the model will tend to model the futures’ volatility
through the volatility of the risk-factors only up to the level that can be explained
by only two risk-factors, the rest of the volatility will be explained by the measure-
ment errors’ volatility, very similarly to what happens in a principal components
decomposition of a variance covariance matrix, where, if the rank of the covariance
matrix is greater than 2, only a proportion of the total variances can be explained
by the first two principal components. Measurement errors, however, are then left
aside and neglected when using the estimated model. Constraining the Maximum
Likelihood to match the futures’ volatility term structure will thus correct the esti-
mation for this bias when the number of risk-factors is not sufficient to fully describe

the joined dynamics of the futures of all maturities.

Special attention should be given to the choice of the constraints that are imposed
on the Maximum Likelihood algorithm. Indeed, it may not be possible to perfectly
match the whole historical futures’ volatility term structure, because the model does
not have enough degrees of freedom. The Maximum Likelihood would thus result

in a constrained optimization problem with unfeasible constraints.

The approach that has been followed here is to divide the set of parameters to
be estimated into two subsets, ¢ = {¥!,4?}, and to maximize the Loglikelihood
function under the constraint that the sum of squared errors between the model

implied and historical volatilities is minimized with respect to the parameter subset

).
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The arbitrary part of this approach resides in how to split the set of parameters
to be estimated. We found that using 1)? = {0}, 02} provided a very good trade-off

between the fit of the futures’ volatility term structure and the likelihood achieved.

More rigorously, one can gain some intuition on the constraint that has been
imposed by looking at the optimization problem via the Lagrange multipliers. The
initial (unfeasible) constrained optimization problem, where one seeks to perfectly fit

the historical future’s volatility term structure, can indeed be formalized as follows:

max  f(v) (7.94)
st (gl w) — gty = 0

where f(1) denotes the log-likelihood function to be maximized; g*! denotes
the historical daily volatility of the spot price (i = 0) or of the futures contract with
maturity i, i = 1...n, and ¢/°¢(s)) the daily volatility implied by the model.

)

Solving this constrained optimization problem is equivalent to solving

min {mgx {ﬂw) + ; A (g7 (W) = gi™) } } (7.95)

where \ is the vector of Lagrange multipliers.

As mentioned above, it is however not possible to satisfy all the constraints,
and equation (7.95) will thus go to —oo. We will now show that the approach that
has been proposed is in fact equivalent to introducing some constraints between
the different \; so that the minimization problem now gets bounded. Writing the
optimality conditions of the optimization problem on the parameter subset 1)? to
best match by minimum mean square error the futures’ volatility term structure

curve, the proposed methodology is equivalent to

max () (7.96)

st Y2 Ve (g"(9) (97(W) — gi*™') = 0
=0
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Again, this constrained optimization problem has another formulation using La-
grangian multipliers, A\*:

n)l\in {max {f(l/J) + Z A Z 2 Vy (g7 () (gm* (1) — glis!) }} (7.97)

Y

where m denotes the size of the subset of parameters 2.

Comparing (7.95) with (7.97), we observe that we have in fact constrained the
A;’s such that:

A=Y A2 Ve (7)) (7.98)
j=1

The optimization problem (7.97) has been solved by using a purely numerical

implementation of a Quasi-Newton algorithm (gradients are computed numerically).

Note that instead of calibrating the parameters 12 to fit a historical futures’
volatility term structure, one could try to fit option (call or put) prices on futures
with different maturities, which would allow to fit forward looking volatilities (im-

plied by the option prices) rather than historical ones.

Taking the spot and futures prices from 02/03/2001 to 27/06/2002, and setting
the reference date t = 0 the 01/01/2001 with time expressed in days, the parameters
estimates (and their standard deviation) defining the different patterns are provided

in Table 7.1.

The standard deviations of the parameter estimates for 1! have been estimated
by computing the Fisher’s Information matrix, assuming 1? fixed. We also re-
ported, for information, the standard deviations of the parameters estimates for
Y? = {01,042}, estimated via a Fisher’s Information matrix computed as if the Like-
lihood was unconstrained. Standard deviations of the weekly pattern parameter
estimates are not available because these parameter have been kept fixed in the

Maximum Likelihood estimation.
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The parameter estimates defining the jump-diffusion risk factors are reported in

Parameter | Estimate | Standard deviation
a 3.083 (0.22)
b 0.0000824 (0.00014)
c1 0.201 (0.024)
Co 0.0 (9.39)
Armon 1.0388 N.A.
Aue 1.0159 N.A.
Awed 1.0333 N.A.
i 1.0279 N.A.
dpri 1.0253 N.A.
Asat 0.9475 N.A.
Asun 0.8839 N.A.

Table 7.1: Parameter estimates for the EEX trends.

Table 7.2.
Parameter | Estimate | Standard deviation
K1 0.1853 (0.031)
o1 0.07823 (0.005)
K2 0.00437 (0.0016)
09 0.0171 (0.0094)
p 0.0 N.A.
wi 0.295 (0.027)
sy 0.0022 (0.48)
of 0.13 (0.038)
oy 0.10 (0.219)
A1 0.0828 (0.032)
Ao 0.0021 (0.28)

Table 7.2: Parameter estimates for the EEX jump-diffusion risk factors

The standard deviations of the estimated parameters are quite low, excepted for

the parameters defining the jumps on the second factor.

! Actual estimate was -1.00018 that has been fixed to 0.0 given the large standard deviation of

the estimate: 9.39.
2The correlation has been fixed to zero for numerical stability reasons
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The spike parameters have been estimated assuming the spikes could be identified
just by looking at a plot of the historical spot prices and by equating their average
level, their frequency of arrival and expected duration. They have then been kept
fixed in the Maximum Likelihood estimation. Their estimated values are reported

in Table7.3.

Parameter | Estimate
Spike 1.511
v 0.0000734
[down 0.3025

Table 7.3: Parameter estimates for the EEX spiking risk factor

The autocorrelogram of the spot price residuals plotted in figure 7.4.3 shows that
there is no autocorrelation that is statistically significant (at a 95% confidence level),

so that most of the structure in the spot price dynamics has indeed been adequately

modelled.

Aut ocorrel ogram for EEX

Aut ocorrel ati on

0123456 7 8 91011121314151617181920
Lag in days

Figure 7.4.3: Autocorrelogram of the EEX spot price residuals
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7.4.2 The NBP natural gas market

Based on the historical time series of NBP spot prices in pence per therm plotted
on figure 7.4.4, we decided to include only positive and negative jumps on the first
risk factor but no spikes like in the electricity markets. We did not allow for a
jump process on the second risk-factor because the estimation of these parameters

encountered some convergence problems.

NBP hi storical spot price
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Figure 7.4.4: Historical daily spot price for NBP

Again, the seasonality can be made observable by looking at the super-imposed
futures’ term structures that have been observed form 04/01/1999 to 14/06,/2002
and plotted in figure 7.4.5.

We thus chose a two-factor process with jumps on the first factor that are nor-
mally distributed with mean zero, and a significant variance. This specification of
jump processes is a parsimonious way of allowing for symmetric positive and nega-
tive jumps in a single jump process. Note that the assumption of symmetric positive

and negative jumps holds better here as the skewness of the spot price returns is
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Term structure on nbp
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Figure 7.4.5: Evolution of the futures’ term structure for the NBP

only -0.0046.
The spot price model, expressed in British pence per therm, can be formalized
as follows:
log(Spot;) = Seas_pattern(t) + Xi(t)
Seas_pattern(t) = a+ ¢y cos(2m(t — cg)/365)

with

dXi(t) = ki(Xao(t) — Xi(t)) dt + oy dWy(t) + dJi(t)

dXo(t) = —keXo(t) dt + pog dWi(t) + /1 — p? oo dWs(t)

where J; is a pure jump processes with jumps that are normally distributed with

mean zero and standard deviation o7, and constant arrival rate equal to \;.

The linear drift has been fixed to zero based on a review of the literature on long
term forecasts of fuel prices. See for example [24]. We indeed believe that it is more
accurate to rely on such long term forecasts rather than on such a short historical

time series for the estimation of the trend.



CHAPTER 7. ESTIMATION ISSUES 162

We disregarded the data before 2000 because the volatility increased with the
changes in the continental gas market that took place in 2000 (and their impact
through the interconnector). Taking thus the spot and futures prices from 04,/01/2000
to 14/06,/2002, and setting the reference date t = 0 the 01/01/2001 with time ex-
pressed in days, the parameter estimates and their standard deviation obtained via
the same constrained Maximum Likelihood estimation procedure as for the electric-

ity model are provided in Table 7.4.

Parameter | Estimate | Standard deviation
a 3.437 (0.86)
c1 0.176 (0.009)
K1 0.0502 (0.0074)
o1 0.0498 (0.001)
Ko 0.03 (1.7 1079)
09 0.0111 (0.00016)
P -0.213 (0.014)
A1 0.0683 (0.01)
of 0.249 (0.01)

Table 7.4: Parameter estimates for the NBP natural gas model

We observe that all standard deviations are quite low.

The autocorrelogram of the spot price residuals is plotted in figure 7.4.6. The
autocorrelation level of the two first lags indicate that there probably still is some

structure in the spot price dynamics that could be modelled.

3The original parameter estimate was in fact —3.55 1076, but has been set to zero given the
great standard deviation of this estimate, and because models with negative speed of reversion are

instable.
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Figure 7.4.6: Historical daily spot price for NBP

7.4.3 The London Brent

The London Brent crude oil historical spot price, in US$ per barrel is plotted on
figure 7.4.7. The dynamics are very similar to the NBP spot price dynamics. There
is, however, no seasonality on the Brent. The same model (but without any season-
ality) has thus be estimated on this market, using the same ” constrained” Maximum

Likelihood estimation procedure.
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Brent historical spot price
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Figure 7.4.7: Historical daily spot price for Brent

Taking the spot and futures prices from 17/12/1997 to 17/05/02, and setting the
reference date ¢ = 0 the 01/01/2001 with time expressed in days, the parameters

estimates and their standard deviations are provided in Table 7.5.

Parameter | Estimate | Standard deviation
a 2.588 (0.04)
K1 0.00141 (1.6 1079)
o1 0.000413 (0.00034)
Ko 0.0171 (1.8 1079)
09 0.0162 (0.0009)
p 0.0259 (0.04)
A 0.02722 (0.0068)
Ao 0.03721 (0.03)
of 0.0652 (0.014)
oy 0.0462 (0.003)

Table 7.5: Parameter estimates for the Brent model

The estimations for the correlation parameter p and the jump parameters asso-
ciated to the second factor have relatively big standard deviations, indicating a lack

of accuracy in their estimated values.
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The autocorrelogram of the Brent spot price residuals is plotted in figure 7.4.8.

Aut ocorrel ogram for Brent
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Figure 7.4.8: Historical daily spot price for Brent

Since only the autocorrelation of lag 8 is slightly significant, the structure of the

Brent spot price dynamics can be considered as adequately modelled.



Chapter 8

Conclusion

Based on the Affine Jump Diffusion setting, this paper has provided a unified frame-

work that addresses critical issues that power companies face in deregulated markets.

In Chapter 2, we studied the relationships between the modelling activities, the
estimation activities, and the pricing activities. We showed that if futures prices were
considered as primary commodities and were modelled as such, then these futures
could be used in replication strategies to price other contingent claims. Further-
more, no-arbitrage arguments constrained these models to satisfy the property that
futures were equal to the expected spot price at their maturity under an equivalent
probability measure. We thus proposed a multi-factor Affine Jump Diffusion process
to model the spot price in the physical probability measure and a parametrization
of the state process defining a class of equivalent martingale probability measures.
This parametrization was chosen such that the AJD property of the spot price model
was preserved under both probability measures, and such that the sources of risk
arising from the diffusion and the jump components of the stochastic model were
both priced. We believe that a new insight has been provided in this chapter on

how to coherently build an AJD framework to model spot and futures prices and

166
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price contingent claims on them.

In Chapter 3, we introduced a novel framework to estimate expectations when
only the characteristic function of the underlying variables is known (as opposed
to their probability density function) this framework is based on the distribution

theory and uses the Parseval Identity as key concept.

The framework developed in Chapter 3 was then applied in Chapter 4 to the
option pricing problem and provided closed form solutions to a wide variety of exotic
options when their payoff have a known Fourier transform. In particular, the options
formulae developed by Bakshi and Madan (1999) [1] and Duffie, Pan and Singleton
(1999) [15] can be shown to be special cases of our framework. We also retrieve the
Fast Fourier Transforms introduced by Carr and Madan (1999) [4] to price options
with different strike prices at low cost. The closed form solutions, however, require
some numerical integrations that are sometimes multi-dimensional. Some further

attention could thus be devoted to apply efficient numerical integration routines.

Some options, however, do not have Fourier transforms that are known in closed
form. In Chapter 5, we thus adapted the theoretical framework of chapter 3 to
develop a numerical method that can be applied to options with arbitrary payoffs.
The method builds on a cosine decomposition of the payoff function on its interval
of interest. The coefficients of the cosines are computed by a Fast Fourier Trans-
form or a Fast Cosine Transform. The Parseval Identity is then applied in this new
framework. The method is also of particular interest in grid algorithms such as the
Dynamic Programming that is required to price options with an endogenous exercise
strategy. The method involves Fast Fourier Transforms or Fast Cosine Transforms
with as many dimensions as there are risk-factors. For high dimensional problems
the computational burdens become significative. One could think of further devel-
oping the methodology by taking advantage of the sparse structure of the Fourier

transforms and use FFT or FCT algorithms that only compute the lower frequencies.
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The novel theoretical framework put in light by the Parseval identity led to a
unification of the closed form solutions developed up to now in the literature. The
original numerical approach that has been derived from it allows to fully use the
power of Fast Fourier Transforms to efficiently price a wide range of options for

which closed form solutions do not exist.

In Chapter 6, we show how to compute partial derivatives, often referred to as
Greeks, of the option prices with respect to the underlying state variables or other
parameters of the stochastic model. These partial derivatives can be used bo build
hedging portfolios by taking positions in other contracts with opposite sensitivity

with respect to these variables.

Finally, Chapter 7 uses the Kalman Filter recursive algorithm to estimate the
parameters of the AJD process and the risk factors based on historical prices of
spot and futures contracts. In this area, further developments in the optimiza-
tion routines would allow to estimate the parameters of increasingly refined models.
Adaptations to the Kalman Filter to allow for non-Gaussian errors and its intro-
duction in the Expected Conditional Characteristic Function estimation method are

our main contributions in this chapter.
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