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Abstract

In recent years, the proximal gradient method and its variants have been generalized to
Riemannian manifolds for solving optimization problems with an additively separable struc-
ture, i.e., f + h, where f is continuously differentiable, and h may be nonsmooth but convex
with computationally reasonable proximal mapping. In this paper, we generalize the proximal
Newton method to embedded submanifolds for solving the type of problem with h(z) = pl|z1.
The generalization relies on the Weingarten and semismooth analysis. It is shown that the
Riemannian proximal Newton method has a local superlinear convergence rate under certain
reasonable assumptions. Moreover, a hybrid version is given by concatenating a Riemannian
proximal gradient method and the Riemannian proximal Newton method. It is shown that if
the objective function satisfies the Riemannian KL property and the switch parameter is chosen
appropriately, then the hybrid method converges globally and also has a local superlinear con-
vergence rate. Numerical experiments on random and synthetic data are used to demonstrate
the performance of the proposed methods.

1 Introduction

In this paper, we consider the following optimization problem

min F(x) = f(x) + h(z), (1.1)

zeM

where M is a finite-dimensional embedded submanifold of a Euclidean space, see Definition 2.1 f
is a sufficiently smooth function, and the function

hx) = pllzlly

with p being positive. This optimization problem arises in many important applications, such as

sparse principal component analysis [ZHT06], [ZX18], sparse partial least squares regression ﬂm,
compressed model [OLCO13|, sparse inverse covariance estimation [BESS19], sparse blind decon-

volution |[ZLwK™17] and clustering [LYLI6 HWGD22].
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In the case that the manifold constraint is dropped, i.e., M = R", and the function h is not
restricted to be pl|z||; but a continuous, convex, and not necessarily smooth function, the Euclidean
nonsmooth problem (IL1]) has been extensively studied in [BecI7) [NesI§|. The well-known methods
include the proximal gradient method and its variants, which have found many practical successes
in applications [SYGLI4, BT09al [Tib96l WOR12]. The proximal gradient method updates the
iterate via

v = argmingepn f(zx) + Vf(zp) v+ 5 [[v]|E + h(zk +v), (Proximal mapping) (1.2)
Tht1 = Tk + Uk, (Update iterates) ‘

where the proximal mapping in (L2) uses the first-order approximation of f around the current
estimate xp. If the function f is convex, then under certain standard assumptions, the proximal
gradient method has an O(1/k) rate of convergence [Becl7, Chapter 10]. Moreover, multiple
accelerated versions of the proximal gradient method have been proposed in [BT09b, [VSBV13|
LL15, [AP16], which achieve the optimal convergence rate O(1/k?) [Nes83]. If the function f is
further assumed to be strongly convex, then the convergence rate of the proximal gradient method

can_be shown to be linear. ] ] S
With the presence of the manifold constraint, the nonsmooth optimization problem (I.I]) be-

comes more challenging. The update iterates in (L2)) can be generalized to the Riemannian setting

using a standard technique called retraction. However, generalizing the proximal mapping in (L.2])

to the Riemannian setting is not straightforward, and multiple versions have been proposed. In

[CMSZ20], a proximal gradient method called ManPG for solving the optimization problem over

the Stiefel manifold is proposed and the update parallel to (L2) is given by

{vk = argmin,er, g fzg) + Vf(xp) T + %H’UH% + h(xg +v), (Proximal mapping) (1.3)
Tt = Ry (vk). (Update iterates) ’

Compared to the Euclidean setting, the Riemannian proximal mapping in (L3)) has an additional
linear constraint that ensures the search direction vy stays in the tangent space T, M. It is
shown in [CMSZ20, Section 4.2] that the proximal mapping in (L3]) can be solved efficiently by a
semismooth Newton method. Moreover, the global convergence of ManPG has been established.
In [HW22a], a diagonal weighted proximal mapping is defined by replacing ||| in (I3]) by (v, W),
where the diagonal weighted linear operator W is motivated from the Hessian. In addition, an
accelerated proximal gradient method is generalized to the Riemannian setting called AManPG that
empirically exhibits accelerated behavior over the Stiefel manifold. The Riemannian generalization
of the proximal mapping in (L3]) requires being able to perform a linear combination of xj+wv, which
cannot be defined on a generic manifold. In [HW22b], a Riemannian gradient method called RPG
is proposed by replacing the addition xj, + v with a retraction R, (v), which yields a Riemannian
proximal mapping

. 1
vp = argmin  f(xy) + (grad f(zg), v)s, + ﬂHngk + h (R, (v)) (1.4)
v€Ty, M

where grad f denotes the Riemannian gradient of f and (-, ), is Riemannian metric defined on the
tangent space T, M. Not only the global convergence but also the local convergence rate has been
established in terms of the Riemannian KL property. The same authors further propose the inexact
Riemannian proximal gradient method called IRPG without solving (L.4) exactly in [HW23]. The
global convergence and local convergence rates have also been given. Moreover, the search direction
given by (L3)) can be viewed as an inexact solution of the Riemannian proximal mapping (L)) that
still guarantees global convergence. Though the Riemannian proximal gradient method with (L4
has nice global and local convergence results, it is still unknown whether Subproblem (I.4]) can be
solved efficiently in general.

If M = R" and the function f is twice continuously differentiable and strongly convex, proximal
Newton-type methods are proposed in [LSS14] and achieve a superlinear convergence rate. The



proximal mapping in the proximal Newton-type methods replaces f with a second-order approxi-
mation and yields the search direction

1
vp = argmin f(xg) + Vf(zp) v + §UTHkU + h(zg + v), (1.5)
veR™

where H), represents a suitable approximation of the exact Hessian V2 f(z). If Hy, is chosen to be
the Hessian, i.e., Hy = V2 f(z}), then the search direction (L)) yields the proximal Newton method.
The Euclidean proximal Newton-type method traces its prototype back to [Jos79al [Jos79b], where
it was primarily used to solve generalized equations. Over the next few decades, this method was
extensively studied and has been proven to be efficient and effective in many applications [PJL™13,
ZYDR14l, KV17, [SSS18, [AGO20]. In the Euclidean setting, if the function f is twice continuously
differentiable and strongly convex, the Hessian of f is Lipschitz continuous, and the function h
is convex, then the proximal Newton method converges quadratically. When generalizing to the
Riemannian setting, some of the assumptions may be too strong. For example, a geodesically-convex
function, which is a commonly-used Riemannian generalization of convexity, on a compact manifold
must be a constant function, see [Bou23l, Corollary 11.10]. In [MYZZ23], the authors remove the
global convexity of f of the Euclidean proximal Newton method while still guaranteeing global
convergence and local superlinear convergence. However, the manifold curvature appears in the
second-order information of the objective function, which still significantly increases the difficulty
of generalizing to the Riemannian setting. The recent paper [WY23] proposes the proximal quasi-
Newton method, called ManPQN, over the Stiefel manifold with the Riemannian proximal mapping

. 1
vk = argmin f(xg) + (grad f(xx), v) + 5”””2& + h(zp +v), (1.6)
ve Ty

where By, is a symmetric positive definite operator on T, M and HvH%k = (v, Bg[v]). Addition-
ally, the global convergence of ManPQN has been established. However, in both theoretical and
numerical results, only the local linear convergence of ManPQN has been demonstrated. Note
that the naive generalization of replacing the Euclidean gradient and Hessian with the Riemannian
counterparts generally does not yield a superlinear convergence result, see details in Section [B.11

The main contributions of this paper are summarized as follows. A Riemannian proximal
Newton method, called RPN, is proposed and studied. This method is based on the idea of semis-
mooth implicit function analysis, which is different from the naive generalization of Euclidean
setting [LSS14]. It is proven that the proposed algorithm is capable of achieving superlinear con-
vergence under certain reasonable assumptions. The local result requires that the iterative point
is sufficiently close to an optimal point. We show that the distance between the iterative point
and the optimal point can be controlled by the norm of search direction. Therefore, a hybrid
version by concatenating a Riemannian proximal gradient method and the Riemannian proximal
Newton method is given, and its global and local superlinear convergence is guaranteed. Numerical
experiments are used to demonstrate the performance of the proposed methods.

This paper is organized as follows. Notation and preliminaries are given in Section 2l The
Riemannian proximal Newton method together with its local convergence analyzes are presented in
Section Bl The hybrid algorithm is described and analyzed in Sectiondl Numerical experiments are
reported in Section Bl Finally, we draw some concluding remarks and potential future directions
in Section

2 Notation and Preliminaries

2.1 Preliminaries on Riemannian Submanifolds of Euclidean Spaces

An n-dimensional Euclidean space is denoted by R™. The Euclidean space R" does not only refer
to a vector space, but also can refer to a matrix space or a tensor space. In a Euclidean space, the
Euclidean metric is typically represented by (u,v), which is defined as the sum of the entry-wise

products of u and v, such as uTv for vectors and trace(u'v) for matrices. The Frobenius norm
is denoted by || - |lr = \/(:,-). A linear operator A on the Euclidean space R™ is call self-adjoint



or symmetric if it satisfies (Ax,y) = (z, Ay), for all z,y € R". If a symmetric linear operator
A satisfies (Axz,xz) > (>)0 for all x € R™\{0}, then A is called a symmetric positive definite
(semidefinite) linear operator and denoted by A >~ (>=)0. For z € R", ||z||; denotes the sum of the
absolute values of all entries in z and sgn(z) € R"™ denotes the sign function, i.e.,

e (I £
sgn(z)); = if 2; =0,
1 if ; > 0.

For xz,y € R"™, x ® y denotes z € R" such that z; = x;y; for all 4, that is, ® denotes the Hadamard
product.

The following is the standard definition of an embedded submanifold [AMSO08], Bou23|, which
is used in the proof of Lemma 3.8 Roughly speaking, an embedded submanifold in an Euclidean
space is either an open subset or a smooth surface in the space.

Definition 2.1 (Embedded submanifolds of R [Bou23| ). Let M be a subset of a Euclidean space
R™. We say M is a (smooth) embedded submanifold of R™ if either M is an open subset of R"
or for a fixed integer k£ > 1 and for each x € M there exists a neighbourhood U of x in R" and a

smooth function h : U — R¥ such that
(a) If y is in U, then h(y) = 0 if and only if y € M; and
(b) rank Dh(z) = k,

where D denotes the differential operator. Such a function h is called a local defining function for

M at z.

The tangent space of the manifold M at z is denoted by T, M, and the tangent bundle, denoted
T M, is the set of all tangent vectors. Since the tangent space is a vector space, one can equip it
with an inner product (or metric) (-, ), : T, M x T, M — R. A manifold whose tangent spaces are
endowed with a smoothly varying metric is referred to as a Riemannian manifold. If the manifold
M is an embedded submanifold of R™ and the Riemannian metric of M is endowed from R", then

M is called a Riemannian submanifold of R™.
When the manifold M is an embedded submanifold of R", the tangent space T, M is a linear

subspace of R™. One can define the orthogonal complement space of T, M as N, M = Ti M, called
the normal space of M at z. If one can find a basis of N, M, denoted by B, = (bg}), b§f’, e ,b;d)),
then the tangent space T, M can be characterized as its orthogonal complement

T
TxM = {'U eR™: ng;'U = (<b(xl)7v>7 <b(x2),’l)>,--- ) <b(xd)7'l]>> - O}

Moreover, the basis B, can be built as a smooth function of x in a neighborhood of z for any
x € M, see [HAGIT7]. We will see in Section Bl that such a characterization of T, M is useful in
reformulating Riemannian proximal mappings.

The Riemannian gradient of a smooth function f : M — R at x, denoted by grad f(x), is the
unique tangent vector satisfying

Df()ne] = (ne, grad f(x)), , Ve € Ta M, (2.1)

where (-, ), is the Riemannian metric on T, M and Df(x)[n,] is the directional derivative of f at
x along 1. If M is a Riemannian submanifold of R", then Riemannian gradient grad f(z) has the

following explicit statement,
grad f(z) = Proj, (Vf(z)),

where V f(z) is the Euclidean gradient, Proj, denotes the orthogonal projector onto T, M, and
the orthogonality is defined by the Euclidean metric.



The Riemannian Hessian of f at x, denoted by Hess f(x), is a linear operator on T, M satisfying

Hess f(2)[1.] = V,, grad f(z), ¥n, € T, M,

where Hess f(z)[n.] denotes the action of Hess f(x) on a tangent vector 7,, and V denotes the
Riemannian affine connection, see [AMSO08], Section 5.3] and [Bou23| Section 5.4]. Roughly speaking,
an affine connection generalizes the concept of a directional derivative of a vector field. Furthermore,
if M is a Riemannian submanifold of R", then the action of Riemannian Hessian Hess f(x) along
the direction 7, € T, M has the following explicit expression, see [Bou23l Section 5.5 and 5.11],
ie.,

Hess f(x)[n.] = Proj,, (D grad f(x)[n.]) = Proj, (V2f(33)[77x]) + W, <nx,Pr0j$ (Vf(m))) , (2.2)

where V2 f(z) is the Euclidean Hessian, Pro ji = Id—Proj, is the orthogonal projector to the normal

space N, M = (T, M)+, Id denotes the identity operator, W, is the Weingarten map [Bou23,
Section 5.11] defined by

Wy : Ty MX N M — Ty M (w,u) = Wy(w,u) = D(z — Proj,)(z)[w] - u, (2.3)

where D(z +— Proj,)(z) is the differential of the function Proj, at x. The Weingarten map is
related to the curvature of the manifold, see [Leel8, Chapter 8§].

A retraction on a manifold M is a smooth mapping from the tangent bundle T M to M such
that (i)R.(0;) = z, where 0, is the zero vector in T, M; (i7) the differential of R, at 0,, denoted
DR, (0,), is the identity map. Although the domain of a retraction does not necessarily need to be
the whole tangent bundle, it is often the case in practice. Retractions whose domain is the whole
tangent bundle are referred to as globally defined retractions. We denote R, : T, M — M to be
the restriction of R to T, M. For any x € M, there always exists a neighborhood of 0, such that
R, is a diffeomorphism in the neighborhood.

If the manifold M is compact and the function f is smooth, then it is known that the function
f satisfies a Riemannian version of smoothness. The details are given in Lemma

Lemma 2.2 ( [BAC19]). Let M be a compact Riemannian submanifold of R". Suppose that the
retraction R on M is globally defined, that is, R.(n.) is well defined for any n, € T, M. If
f:R™ — R has Lipschitz continuous gradient in the convexr hull of M, then we have

F(Ra) ~ F) — {grad f(2),me)] < L e, (2.4

for all n, € Ty M with constant Ly independent of x.

2.2 Preliminaries on Implicit Function Theorems

The proposed proximal Newton method relies on an implicit function theorem for semismooth
functions. In this section, the implicit function theorems for both smooth and semismooth functions
are reviewed. We refer interested readers to [KP02,[DRR09, [Sun01, [PSS03, [Gow04] for more details.
Lemmal[2.3]states the well-known implicit function theorem for continuously differentiable functions.

Lemma 2.3 (Implicit Function Theorem). Let F : R"™™ — R™ be a continuously differentiable
(i.e., C') function, and F(z°,y°) = 0. If the Jacobian matriz J,F(x°,y°) is invertible, then there
exists an open set U C R™ containing z° such that there exists a unique C' function f : U — R™
such that f(z°) = 4%, and F(x, f(x)) = 0 for all x € U. Moreover, the Jacobian matriz of partial
derivatives of f in U are given by the matriz product J f(z) = —[J,F(x,y)] LI F(z,y).

However, in many applications we encounter functions that are not differentiable everywhere,
which leads to the following definition of semismoothness.



Definition 2.4 (Semismoothness [QS93, LST1E|). Let D C R™ be an open set, K : D =% R"™*" be
a nonempty and compact valued, upper semicontinuous set-valued mapping, and let F' : D — R™

be a locally Lipschitz continuous function. We say that F' is semismooth at x € D with respect to
K if

(a) F is directionally differentiable at z; and

(b) for any J € K(z + d),
F(x+d)— F(z)— Jd =0o(||d||) as d — 0.

If F' is semismooth at any = € D with respect to K, then F' is called a semismooth function with
respect to /.

Commonly-encountered semismooth functions include smooth functions, piecewise smooth func-
tions, and convex functions. It has been shown in [QS93] that the corresponding set-valued mapping
K can be chosen as the B(ouligand)-subdifferential or the Clarke subdifferential, i.e.,

K:D—R™" .2+ dgF(z) or K:D—R"™":z— 0F(z),

where OgF'(x) and OF (z) respectively denote the B(ouligand)-subdifferential and the Clarke’s sub-
differential, and the definitions of B(ouligand)-subdifferential and the Clarke’s subdifferential can
be found in [Cla90] and we state them in Definition for completeness.

Definition 2.5 (B-subdifferential and Clarke’s subdifferential). Let F': D C R™ — R™ be a locally
Lipschitz continuous function, where D is an open subset of R™. Let Dr denote the set of the points
in D such that F is differentiable at any x € Dr!. The B-subdifferential of F at 2 € D is defined
by
OpF(x)={ lim JF(zy):zx € Dp, lim z = z}.
k—+00 k—+o00

The Clarke’s subdifferential of F' at € D is defined as the convex hull of OgF(x), i.e., OF (z) =
conv{OgF'(z)}.

In [Gow04, Theorem 4], the author proposed an implicit function theorem for semismooth
function, however, the semismoothness in [Gow04] is weaker than the semismoothness in Defini-
tion 24l To distinguish this kind of semismoothness, the authors in [PSS03| called semismoothness
in [Gow04] to be G-semismoothness, where it is defined as follows.

Definition 2.6 (G-semismoothness [Gow04, [PSS03]). Let F': D — R™ where D C R" be an open

set, K : D = R™*™ be a nonempty set-valued mapping. We say that F is G-semismooth at x € D
with respect to K if for any J € K(z + d),

F(x+d)— F(x) — Jd=o(||d]|) as d — 0.

If F' is G-semismooth at any x € D with respect to IC, then F' is called a G-semismooth function
with respect to K.

Next, we give the semismooth implicit function theorem that it is used later to prove the local
superlinear convergence result. It is a rearrangement of [Gow04, Theorem 4] and [PSS03, Theorem
6]. The proofs are given in Appendix [Al for completeness.

!Note that by Rademacher’s theorem, any locally Lipschitz continuous function is differentiable almost everywhere
in its domain. In other words, D is a dense subset of D in the sense of the Lebesgue measurement.



Corollary 2.7 (Semismooth Implicit Function Theorem). Suppose that F' : R™ x R™ — R™ is a
semismooth function with respect to OgF in an open neighborhood of (x°,y°) with F(z°,y°) = 0. Let
H(y) = F(2°,y). If every matriz in OH(y°) is nonsingular, then there exists an open set V C R"
containing 20, a set-valued function IC : V = R™ ", and a G-semismooth function f : V — R™
with respect to K satisfying f(z°) = ¢°,

F(z, f(z)) =0
for every x € V and the set-valued function IC is
K:xe {—(4) A, : [Ap A)) € OsF (z, f(2))},
where the map x — K(x) is compact valued and upper semicontinuous.

Note that the set-valued function K in Corollary 2.7 is not necessarily g f(z) nor df(x).

3 A Riemannian Proximal Newton Method

In this section, the proposed Riemannian proximal Newton method is described in detail and the
local superlinear convergence rate is established.

3.1 Algorithm Interpretation

We propose a Riemannian proximal Newton (RPN) method stated in Algorithm [Il Each iteration
of RPN consists of three phases: the computation of a Riemannian proximal gradient direction, the
Riemannian Newton modification of the step direction, and finally, the retraction on the manifold
constraint.

Algorithm 1 A Riemannian proximal Newton method (RPN)

Input: A (n — d)-dimensional embedded submanifold of R™, xg € M, t > 0;
1: for k=0,1,... do

2: Compute v(zy) by solving
. 1
v(zg) = argmin f(xg) + Vf(:nk)Tv + —HUH% + h(zp +v). (3.1)
’UEka M 2t

3: Find u(xy) € Ty, M by solving

J(wp)[u(xr)] = —v(z), (3.2)
where
J(z) = — [In —Ayy + tAy (V2 f (k) — Lay)] s (3.3)

Ay, = My, — Mkakakangxk, H,, = (BmTkMkaxk)_l, B, is an orthonormal basis of

NyM, Ly, () = Wy, (-, BeyA(@k)), Wa, denotes the Weingarten map (23), A(zy) is the
Lagrange multiplier (3.5]) at xj, and M,, is a diagonal matrix defined in (3.12)).
Tet1 = Ry, (u(zr));

4:
5:
6: end for

Firstly, in Step 2 we compute the Riemannian proximal gradient direction v(xy) as done
in [CMSZ20]. It has been shown that v(zy) can be efficiently computed by applying a semis-
mooth Newton method to the KKT conditions of the optimization problem in ([B.I]). Specifically,



the KKT condition for Problem (B) is given by
OuLi(v,A) =0, and B;,Fkv =0, (3.4)

where we use the fact that v € T, M is equivalent to ngv = 0, Ly is the Lagrange function given
by Li(v,\) = f(z) + Vf ()T + % |[v]|3 + h(zg +v) + AT By, v, and A € R? denotes the Lagrange
multiplier. It follows from (B.4]) that

v = proxy, (zx — t [V f(zx) + By, A]) — o, and B;fkv =0, (3.5)

where prox,;, (z) denotes the proximal mapping of th, i.e.,

1
prox,, (z) = argmin §||x — 2|2 + th(z) = max(|z| — ti,0) © sign(z). (3.6)
TeR™

From (3.5), we have an equation of A given by
BI (proxy, (= t [V f(xr) + Ba, A) — ) =0, (3.7)

which can be solved efficiently by a semismooth Newton method and the resulting v(zy) is obtained
by the first equation of (B.5).

Step[Blis the main innovation of our proposed RPN compared to the first-order method of [CMSZ20]
and it is the Riemannian analogue of the semismooth Newton method in the Fuclidean set-
ting [XLWZ18]. For smooth optimization problems, the direction v(zy) plays the same role as
the negative Riemannian gradient. To see that, if the nonsmooth term A is the zero function,
ie., h(x) = 0, and t is chosen to be one, then v(xy) is the negative Riemannian gradient, i.e.,
v(zg) = —grad f(zx). The Newton direction is given by solving the Newton equation

Hess f(zk)[ni] = — grad f (=),

which can be written in terms of v(xy), i.e.,
Proj,, (Du(zg) k) = —v(ak), (3.8)

since v(xg) = —grad f(zg). The same idea can be used for v(xy) given by (B1I). However, v(zy)
is not a smooth function of zy. In Sections B2 B3] and B4, we will show that given a local
minimizer z,, (i) v(z) is a G-semismooth function of x in a neighborhood of z,, (ii) the linear
operator J(z) : T, M — T, M in (B3] is motivated by a generalized Jacobian of v(z), and (iii)
the direction u(z) given by (B.2)) is a superlinear convergence direction.

3.2 G-semismoothness of v(x)

The first step of the analysis is to prove the G-semismoothness of the term v(zy), which herein
we denote as v(x) for a concise notation. The G-semismoothness of v(z) is proven by verifying

the assumptions of the semismooth implicit function theorem in Corollary 27 at x,. Define the
function

F:R" x Rn+d —> Rn+d . ($"U )\) — <U +tx— prOXth($ ; t[Vf(l‘) + B:E/\])>
o B,v )

Since F is piecewise smooth, by [FP03, [Ulb11], we have that

F is a semismooth function with respect to dOg.F. (3.9)



Let z, be a stationary point, i.e., 0 € grad f(z,) + Proj, Oh(zy). It has been shown in [CMSZ20,
Lemma 5.3] that the solution of (B at z, is zero, i.e., v(xzy) = 0. It follows from the KKT
condition (33 that

F (@ v(ae), Max)) = 0, (3.10)

where A(z,) also is the solution of ([B.7)) at z.. We use v, and A, to respectively denote v(x,) and
A(z) for simplicity. It follows that F(zs;ve, As) = 0.
Define
G : R4 — Rt
D0, A) = G(v,A) = F(2a50,A) = <U e T proXn (:E*B;z[Vf(x*) " B%)\])> :

Next, we will show that under a certain reasonable assumption, any entry in G (v, As) is nonsin-
gular. Since the proximal mapping proxy, is given by (B.6]), it follows from the chain rule [Cla90),
Theorem 2.3.9] that the Clarke subdifferential of G is given by

0G (s, Ay) = { [é% t]WOfx*} : M € Oproxy, (w. — t[V f(zs) + Bm*/\*])} , (3.11)

where

dproxy,(z) = {M € R™" is diagonal :M;; = 1 if |z;| > tu, M;; = 0 if || < tp,
and M;; = [0, 1] otherwise.} .

We consider a representative matrix in 0 proxy, (z — t[V f(z) + Bz A(x)]), denoted by M,, i.e.,

(My)ss = { 0 if |z —t[Vf(z) + BoA(2)]]i < tu; (3.12)

otherwise.

Without loss of generality, we assume that the number of nonzeros entries in M, is j and the
nonzeros entries of M, lies on the left upper corner of the matrix, i.e.,

I .
My, = {J On_]} : (3.13)
The nonsingularity of all entries in G (v, i) relies on Assumption 311

Assumption 3.1. Let Bl = [B;r*,B;f*], where B,, € Ri*4 and B,, € R(=9)*d Tt is assumed
that j > d and Bm* is full column rank.

If the manifold is the unit sphere S" ! = {x € R" : 27z = 1}, Assumption B1] holds naturally
since d = 1.

Lemma 3.2. If Assumption [31] holds, then every matriz in G (v., Ay) is invertible.

Proof. For any M € 0 proxy, (x* —t[Vf(xy) + Bm*/\*]), without loss of generality, assume that
M = diag(s), where s¥ = [81,";,81,0,"' ,0], where s; € (0,}], 1 =1...,1. According to the
partition of M, let BY = [BY ,BY], where B,, € R*? and B,, € R D*4  Since B,, is full

T

column rank by Assumption [3.1] and B,, is a submatrix of B,,, B,, is also full column rank.

Therefore Bg* MB,, = fz{ B, is invertible.
For any D € 9G (v, As), it follows from (B.I1]) that

I, tMB,,
b= [Bf* Og }



One can verify that the matrix

L,-MB, H, B MB, H,,
1H, Bl G —1H,, |’

is the inverse of D, where H,, = (BmT*MBx*) - Thus, every matrix in 0G(v*, \,) is invertible. O

It follows from (39), (8I0), and Lemma that the assumptions of Corollary 2.7 hold. As
a consequence of Corollary 2.7, we have that there exists a neighborhood U of z, such that there

exists a G-semismooth function S : U — R : z +— S(z) = (v(z), M(z)) with respect to Kg such
that for every x € U,
F(x;5(x)) =0,

and the set-valued function Kg is
Ks:z—{—B 'A:[AB] € 9gF(zx;5(x))}.
Thus, v: U — R™ : z +— v(x) is a G-semismooth function with respect to IC,,, where
Ky:x— {~[In, 0]- B"'A:[A B] € 9pF(2;S(z))} . (3.14)

Given z € U, any element of IC,(z) is called a generalized Jacobian of v at .

3.3 The linear operator J(z)

In this section, we derive a semismooth analogue of the Riemannian Newton direction. Recall that
the classical smooth Riemannian Newton direction satisfies (3.8]), i.e.,

Proj, (Du(z)[n(x)]) = —v(),

where Dv(z)[n(z)] = (Jyv)n, involves the Jacobian of v at z. For the nonsmooth case, the main
task is to design a linear operator J(x) : T, M — T, M, where J(z) is related to the generalized
Jacobian of v at x. To this end, we need to first compute a generalized Jacobian of v. For x € U,
we select a matrix [A B] € 9gF (x, S(x)), that is

L = M (I, — tV2f(x)) + tM(DB,)\ (1, tM,B,
A‘[ ( (DBwT)U) ] B_[B?f 0q ]

where M, is given in ([3I2]). Therefore the generalized Jacobian has the following form

Je = —[I,, 0]-B A
S [In — M, B,H,BY — Ay(I, —tV2f(x)) + tAy(DBy)A + M, B H,(DBT )v} (3.15)
= — [I, —A; + tA, (V2 f(2) + (DB,)A)] — [M,B,H,(DB; )v — M,B,H,Bj |,

where A, = M, — M B,H,BI'M, and H, = (BEMIBI)_I. Thus, J, € K,(z) is a generalized
Jacobian of v at x. For any w € T, M, the action of 7, is given by

Tolw] = —w 4+ Ay (I, =tV f(2))w — tAy (DB [w])A — My B, H,(DBY [w])v. (3.16)
The differential of B, requires the information of an orthonormal basis of the normal space N, M

at x, which may not be readily available. Lemma [3.3] shows that the term including the differential
of B, can be written in term of the Weingarten map.
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Lemma 3.3. Suppose that B, is an orthonormal basis of Nz M with dim N, M = d. Then
Az(DB:[w])A = —AaWa(w, BaA),
where w € T, M, X € R and W, denotes the Weingarten map defined in 23).
Proof. Since Projj = B, B} and A,B, = 0, we have
Ay (DB [w])A = Ay Proj, (DB, [w]A) -

By the definition of Weingarten map in [2.3), we have W, (w,u) = Proj, (Wy(w,u)), where w €
T, M, u € N, M. Therefore, it holds that

W, (w,u) = Proj, (D(z — Proj,)(z)[w] - u) = Proj, (D(I — ByBI)[w] - u)
= Proj, ( — DB,[w] - Bfu — B, - DB} [w] - u)
= — Proj, (DB, [w] - By u), (3.17)

where the sign - denotes usual matrix multiplication, the last equality follows from B, -DBJ [w]-u €
Ny M. Letting u = ByA € Ny M in BI7) yields W, (w, ByA) = — Proj, (DBg[w]- ), which implies
Ay (DB [w)A = =AW, (w, B A). O

By Lemma [3.3] the action of 7, can be reformulated as
Tolw] = — [In —Ay + tA, (V2 f(2) — L£4)] w — My B, H, (DB} [w])v, (3.18)

where £, (w) = Wy (w, BzA) is linear operator with respect to w € T, M. Since at a stationary
point ., v(z.) is equal to zero by [CMSZ20], the last term in ([BI8]) can be dropped without
influencing the local superlinear convergence rate. Therefore, we have the linear operator J(z)
used in Algorithm [II

Remark 3.4. Consider the smooth case in (L), i.e., h(z) = 0. The KKT condition in (B3] is
therefore V f(2)+1v+ByA = 0, BI'v = 0. The closed-form solution is given by A = —BI'V f(z), v =
—tgrad f(x). For the smooth case, we have M, = I,, then J(z) in (B3] can be simplified to
J(z) = BBl — (1, =B, B})(V2f(x) — L;). Therefore, for any w € T, M,

J(@)[w] = ~t(ly —B: By ) (V2 f(2) — Lo)w
= —t Hess f(x)[w].

It follows that the linear system J(z)[u(x)] = —v(x) is equivalent to the Riemannian Newton linear
system Hess f(x)[u(z)] = — grad f(z). Thus, u(z) is the Riemannian Newton direction.

3.4 Local Convergence Analysis

In this section, we show that for a sufficiently small neighorhood of a stationary point x,, the RPN
has locally superlinear convergence. Without loss of generality, we assume that the nonzero entries

of x, are in the first part, i.e., x, = [a’:f, OT]T, where any entries in Z, € R? are nonzero. Our analysis
is based on an assumption that in a sufficiently small neighborhood RPN will produce iterates with
the correct support of the stationary point x,, which will achieve superlinear convergence.

Assumption 3.5. There exists a neighborhood U of z, = [Z1,07]T on M such that for any
z=[z7, 27" € U, it holds that T+ 7 # 0 and & + o = 0, where v = [87,97]7 denotes the solution

of B.1) at x.
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Since z+v is promoted to be sparse by the term h(x) = p||z|/; in Problem (31), and other terms
therein are smooth, it is reasonable to assume that the support does not change in a neighborhood
of z,.

Lemma shows that when the support of  + v does not change, the locations of the nonzero

entries of M, also remain the same. Moreover, if z, is written in the form of [Z1,07]7, then the
matrix M,, is in the form of (3.I3)).

Lemma 3.6. Under Assumption [3.0, for any x € U, we have M, = M,,, where M, is defined
in (B12).
Proof. According to the first equality in (B.5]), we have
z 4+ v = proxy, (z — t[V f(z) + BzA]), (3.19)
where the proxy,(z) is given by [B.6) with z = z — t[V f(z) + BzA]. Thus,
(1) if (My);; =1, then |2 > tu. It follows from ([BI9) that x; + v; = z; — tusgn(z;) # 0;
(2) if (My)i; = 0, then |z| < tp. It follows from [BI9) that ; +v; = 0.

Therefore, (z 4+ v); = 0 if and only if (My); = 0, and (z + v); # 0 if and only if (M,); = 1. It
follows from Assumption that M, = M, . O

Now, we are ready to give the local convergence analysis of Algorithm [, with the assumption
that J(z,) is nonsingular, where z, is a local optimal point of (LI). We claim that, under the
condition of Proposition 3.9 given later, J(z.) is always nonsingular.

Theorem 3.7. Suppose that x, is a local optimal point of (LIl), that Assumptions [31 and
hold, and that J(z.) is nonsingular. Then there exists a neighborhood U of x. on M such that for
any xo € U, Algorithm [l generates the sequence {xy} converging superlinearly to x,.

Proof. Since v is G-semismooth with respect to K., it holds that
v(x) —v(@s) = To(x — 24) = O(|J2 — ),

where J, = J1(z) + J2(z) € Ky(z) in BI5) with J1(z) = — [I, —Az + tA; (V2f(2) + (DB)N))]
and J2(z) = — [MyB,Hy(DB; )v) — MyB,H,B]. According to Lemma 3.6} the position of M,
is fixed, it follows that J1(z) and Jo(x) vary continuously with x. Since v(z) is G-semismooth, it

follows from [Gow(4, Corollary 1] that there exists v > 0 such that ||v(z) — v(z.)|| < vl|x — z4]-
Therefore,

Jo(x — ) = —M,B,H, - DB [z — 2,] - v+ M,B,H,BY (z — )

~
~

~M,B,H, DB} [z — 2] -v — MyB,H, By (R (z.) + O(||z — 2.]|%)
Y M,B,H, DBz — 2] v+ Oz — z.]?)

= Ol . ),
where (i) follows from z,—2 = R, }(2.)+O(||[z—x.|?) and R () € T, M is inverse retraction, (ii)

and (iii) follow from M, being fixed, R;'(z.) belonging to T, M and therefore B] (R;!(z.)) = 0,
B, and H, varying smoothly when x is sufficiently close to x,. Therefore,

v(z) —v(es) = Ti(@) (@ — 24) = o[z — . |))-
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Note that
Ji(@)(x — 2.) = = T1(2)[R; ! (z.) + O(||lz — z.|%)

= —J@)[R; " (2.)] + O(||x — 2.|%]
= J(@)(x — z.) + O([l& — .[],

then
v(@) —v(@s) = J(2) (@ — @) = O(|| — ).

Since J(z)u(x) = —v(x), then
—J(2) [u(z) + 2 — 2] = O([Jx — =)

Since J(z) in (@3] varies continuously with z and J(x.) is nonsingular, J(x) and J(x)~! are
bounded. Thus,
4 u(r) — x4 = 0|z — x4|)).

By adding the subscript, we have xp + up — xx = O(||xx — x«||). Therefore, for any n > 0, there
exists a neighborhood Uy of z, such that for any xp € U1, it holds that
[k 4 wp — @] < nllze — 2.
Therefore, we have
Jukl] < (L4 n)l|lzr — .,
which means uy = O(xp — z.). According to the definition of the retraction, there exists a neigh-

borhood U5 of z, such that for any zp € Us,

Ry, (ur) — (zk + we) = O([Jug?).

Let U = U1 NU>, for any xp € U, we have

Ry, (uk) — (zk + u) = O(||lzg — z.[%),
and
Zrs1 — 2ull = || Ry (ur) — 24|
<N Ray, (ug) — (2 4+ wp) || + |2k + wp — 24|
= O(||rg — z4]])-

3.5 Optimality Conditions

The first-order necessary optimality condition for Stiefel manifold has been given in [CMSZ20]. This
condition shows that z, is a stationary point if v(z,) = 0, and it is straightforward to apply when
M is a submanifold of a Euclidean space. In this section, the second-order necessary optimality
condition is derived. ~

Tx

Without loss of generality, let x, = [0} be a stationary point of (.I)), where Z, € R/. By
Lemma [3.6] it holds that

1; ]
M. = [] On—j ’

By the partition of M, _, we have

_ B;x* 2 _ {Hu Hyo] _ [Ln L12]
Pr. = [ij’ Vif(@) = 1y Hy|o Lo =Ly Lo
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where B,, € R7*¢ with j > d has full column rank by Assumption BI, Hy; € R7*J, Ly, € RI*¥J,
Therefore,

J(x*) = In _Am* + tAﬂc* (V2f(l‘*) - £$*)
— [Bx*Bl* +t(I; — By, BL)(Hi — L11)  t(I; — By, BL,)(Hiz — L12) (3:20)

Y

(n—j)x; n—j

where 1 denotes generalized Moore-Penrose inverse and B}, = (BI B,,)"'BI.

Since x, = [%*}, the non-smooth optimization problem (1) can be separated into the smooth

part and non-smooth part on the sufficiently small neighborhood of z,, which correspond to Z.
and the zero part, respectively. By fixing the location of the zero part, the second-order necessary
condition follows from only considering the smooth part of the optimization problem. To do this, we
first analyze the property of the set consisting of the points on M that keep zero part unchanged.

Lemma B.§] shows that the set on M that keeps its location of zero part unchanged is an
embedded submanifold of R™ under reasonable conditions.

Lemma 3.8. Let M be an embedded submanifold of Euclidean space R™. Let q(x) = Qx, where
Q = [O(TL—])X_]7 In—j]} Zf
N, M Nrange(QT) = {0}, (3.21)

then N = {x € M : q(x) =0} N Qy, is an embedded submanifold of R™, where Q, is a sufficiently

small neighbourhood of x. and range(QT) denotes the columns space of QT. Furthermore, the
tangent space of N at x is

Te, N ={u= [%1] : Biul =0,u; € RI}.

Proof. If M is an open subset of R”, then N is the intersection of an open set of R" with a
hyperplane {z € R" : ¢(x) = 0}. Therefore, it is an embedded submanifold of R™.

If M is not an open subset of R", then for z, € M, there exists a local defining function
¢ : U — RY satisfying

(a) MNU=¢"1(0) ={y €U : ¢(y) = 0}; and
(b) rank D ¢(xy) = d,

where U is a neighborhood of z, in R™. Define
() . U — RI+(n—=5)
($ . .
We have

rank(D ¢(x,)) = rank Dofa.)) _ rank B = rank (B,, QT)=d+n—j

D q(z.) Q o ’
where the last equation follows from (B.21)).
Therefore, there exist a neighborhood 2, of x, in R™ such that D (x) is full row rank. Let

Q. =UNQ,,. We have
NNQ,, =v71(0),

and
rankD¢(z) =d + (n — j).
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It follows that A is an embedded submanifold of R" with dimT, N = j — d, where j > d.
Furthermore,
Ty, N =ker(D4(z.)) = {u: D¢(z,)[u] = 0,D g(z.)[u] = 0}
={u: B} u=0,q(u) =0}
= {u = [ug] : BmT*ul =0,u = O}.
[l

Now, we are ready to give a second-order necessary optimality condition for Problem (ITI).

Proposition 3.9. Suppose Assumption [31] and the condition in B2I)) hold. If x, = [%*] is a

local minimizer of Problem (L1)) with %, € R, then v(x,) =0 and Hiy — L11 = 0 on the subspace
{w: BY w = 0}. Furthermore, if Hy1 — L11 = 0 on the subspace {w : B} w = 0}, then J(z.)
in (B20) is nonsingular.

Proof. It has been shown v(z,) = 0 in [CMSZ20, Lemma 5.3]. According to the KKT condition
B3) at ., we have

Ty = Proxy, (a:* —t[Vf(zs)+ By, )\*])
It follows from (B.6]) that

Ty +tusgn(zy) = To — t[Vf(24)]1 — tBe, s,
where V f(z,)T = |[Vf(2.)]T, Vf(x*)];f] with [V f(x4)]1 € R?. Therefore,

—Bqy. A = psgn(z.) + [V f (@) (3.22)

Since Condition (B:ZI]) holds, A in Lemma [3.8 is an embedded submanifold. Let 6 = —Bx*)\* —
[V f(zs)]2 € R"7. Define a function

F(x) = f(x) + psgn(z.) a1 + 0Ty,

where z = [F1] € N with z; € R¥. Therefore, it holds that F(z,) = F(z,), where F(z) is the
objection function in (ILI). Since VF(z,) = Vf(x,) + [,u sgn(Z. ], it follows from ([3.22)) that

VE(r,) = [Vf%*}](; j)];;igg(f*)] _ [:gzﬂ — B, .. (3.23)

Let 7(t) be a smooth curve on N with v(0) = z. and 7'(0) = u for any u € T, N'. Therefore, y(t)
is also a smooth curve on M, It follows that ¢ = 0 is a local minimizer of F'(y(t)) = F(y(t)). Since
F(~(t)) is smooth at t = 0, we have

2 ~
Eram| =0
Note that d
SF (1) = (grad F((1),7'(1))
and
d2 n n n "
@F(y(t)) . = <Hess F(x*)[u],u> + <grad F(xy),y (0)> .
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Since x, is a local optimal point of F(z) over the manifold N, so that grad F(z,) = 0. On the
other hand, for any u € T, N/, we have

Hess F(z,)[u] = ProjTZ*szﬁ(:E*)[u] + W, (u, Proji*NVF(:E*))
. i _ _ t
@ ProijNVZF(a:*)[u] + W, <u, [Bw* I } [B:v* } VF(x*)>
n—j

(u, Bz Ax)

*

@ Projr, n V2E (x,)[u] — W,

where (i) follows from By, In—j:| is a basis of N, N, (ii) follow from (B.23). Therefore, for any
u = [%] € T, N satisfying Bg*ul =0 and ug = 0, we have
0< <Hess F(:L"*)[u],u> = [ulT,O] V2f () [%1] — [uf, )Wy, ([%1] , Bz, Ax)
= ulTHllul — ulTLllul.
Therefore, on the subspace {w : Bf w = 0}, we have
Hyy — Ly = 0.

Furthermore, if Hi; — L1; > 0 on the subspace {w : Bg*w = 0}, we have J(xy): Ty, M — Ty, M,
i.e.,

J(x,) = B, Bl + t(L; O—Bx*BL)(Hn — L11) t(I —B,.Bl.)(Hia — L12)
(n—3)xj n—j

)

where B;E* = (BI B,,)"'BI. In order to verify J(z.) is nonsingular, we only need to verify
Ji = Bw*BL +t(I; —Bm*BL)(HH — Lyy) is nonsingular. For any n € R?, we have

Jiin = By, Bl n+t(l; —B,. Bl )(Hi1 — Li1)n,
N— —

S1 52

where s1 is orthogonal to ss. Thus, if Ji1n =0, then s; = 0 and so = 0. Since s; = Bm*Bl*n =0,
then n = (I; —Bx*BL)n. According to s = 0, we have

then 0 = nTsy = tnT(Ij —BI*B;E*)(HH — Li1)(; —Bx*B};*)n. With the condition Hyqy — L11 = 0
on the subspace {w : BY w = 0}, we have n = 0. Therefore, Ji;n = 0 if and only if n = 0, which
implies Ji7 is nonsingular. It follows that we have J(x,) is nonsingular. ]

If the manifold M is the unit sphere S*~! Assumption 31l and the condition in (3:21) naturally
hold, since d = 1 and B,, = z. . It also can be shown that Assumption 3.1 and Condition (3:21])
hold for the oblique manifold OB(p,n) = (S*~1)P.
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4 Globalization

In Section B, the Riemannian proximal Newton method in Algorithm [ is guaranteed to converge
locally and superlinearly. However, it may not converge globally. In this section, a hybrid version
by concatenating the Riemannian proximal gradient method in [CMSZ20] and Algorithm [[lis given
and stated in Algorithm 2

Specifically, if the norm of the search direction vy is not sufficiently small, then the search direc-
tion is taken to be the proximal gradient step, see Steps from [ to 8] which has global convergence
property and is well-defined [CMSZ20, Lemma 5.2]. Otherwise, the proximal Newton step is used.
Next, we show that if ||vg|| is sufficiently small and certain reasonable assumptions hold, then the
iterate xy, is sufficiently close to a local minimizer x,. Therefore, the local superlinear convergence
rate follows from Theorem 3.7

Algorithm 2 A Globalized version of the Riemannian proximal Newton method (RPN-G)

Input: 3:06./\/1,75>0,p6(0,%],e>0
1: for k=0,1,... do

2: Compute vy, by solving (3.1]) with ¢;
3: if ||vg|| > € then

4: Set a = 1;

5: while F (R, (avg)) > F(z) — 3al|vg||? do
6: a = pa;

7 end while

8: Tpy1 = Ry, (avp);

9: else

10: Compute ug by solving (B3.2));

11: Tyl = ka(uk);

12: end if

13:

14: end for

4.1 Global Convergence and Local Convergence results

The connection between the search direction v, and zj — . follows from [HW23| [HW22b], where
x4 is a local optimal point of (LIl). In [HW23], the authors connect vj with v}, where v} is a
stationary point of I, (v) on T, M and [, (0) > I, (v}), where

Loy (0) = fGon) + gvad £z, V), + o 012, + h (Rey (0)

is the objective function of (L4). In [HW22b], the same authors build the connection between v;
and xp — T, in the analysis of local convergence, which is based on the Riemmanain KL property
and its definition is given as follows:

Definition 4.1. A continuous function F' : M — R is said to have the Riemannian KL property at
x € M if there exists € € (0, 0], a neighborhood U C M of x, and a continuous concave function
€ :[0,€¢] — [0,00) such that

* £(0) =0,

e ¢ is continuously differentiable on (0, €),

e & >0o0n (0,¢),

e for every y € U with F'(z) < F(y) < F(x) + ¢, we have

¢'(Fly) — F(x)) dist(0,0rf(y)) = 1,

17



where dist(0,0rF(y)) = inf{||v||, : v € 0F (y)} and Or denotes the Riemannian generalized subd-
ifferential. The function £ is called the desingularising function.

Remark 4.2. In Definition .1l we claim that dr denotes the Riemannian generalized subdifferen-
tial [HHY1S], it is defined as follows. Let h : M — R, suppose that h, = hoR, : T, M — Ris a Lip-
schitz continuous function, the Clarke generalized directional derivative at n, € T, M, denoted by

he (1z;v) = lim SUDg, y. 110 w, where v € T, M. The Riemannian generalized subdif-

ferential of h at @ € M, denoted by dgh(x) = {gs € To M : (g, v)s < hS (0;0) for all v € Ty M}

In [HW22b], the authors verified the restriction of a semialgrbraic function onto the Stiefel
manifold satisfies Riemannian KL property. We combine the results of [HW23] and [HW22b], to
give the following theorem that connects v with xp — .

Theorem 4.3. Suppose that x, is an accumulation point of the sequence {xy} generated by Algo-
rithm [3, and

o M is compact Riemannian submanifold of R", the retraction R is globally defined, f : R™ — R
has Lipschitz continuous gradient with Lipschitz constant L in the convex hull of M,

o [ satisfies the Riemannian KL property at every point in S with the desingularising function
having the form &(t) = %te for some C > 0, 0 € (0,1], where S denote the set of all
accumulation points.

Ift < % is sufficiently small, then there exists an integer K > 0, such that when k > K,
. 72 0
dist(zk, 2.) < Tl[ve-1ll + - (cllve-1[) =7,

where 11, To and ¢ are positive constants, independent of k. There exists € > 0, such that the
global convergence is established for any initial zo € M and the local superlinear convergence is
guaranteed.

Proof. According to the proof of [HW22bl Theorem 3.5], we summarize and conclude the results
as follow: with ¢ < 1/L, when k sufficiently large, there exists K > 0 such that £ > K, we have
: x key x =
dlSt(x/wx*) < "i”vk—lul‘kfl + 7 (02”?}/%—1“:%71) e (4’1)
where k, ¢; and ¢ are positive constants, independent of k, see [HW22D] for details. Furthermore,
according to [HW23| Theorem 4.1], if ¢ is sufficiently small, we have

lve — vl < esllvgl]- (4.2)

where ¢ > 0, independent of k. By combining (A1) and (£.2]), we have
. T2 2
dist(zk, 2+) < Tl[ve—1ll + 3 (cllve-1[)=7,

where 71 = k(1 + ¢3), 72 = kep and ¢ = (1 + ¢3), independent of k. Therefore, if the search
direction vy sufficiently small, then x is sufficiently close to x,. Thus, there exists € > 0 such that
llvg|| < €, zx falls into the neighborhood of z, in Theorem 3771 We then use the new direction uy
and the local convergence follows from Theorem B77l When |jvg|| > €, the search direction vy, of
proximal gradient is used, vy is a descent direction, by combining u; and vy, xp converge to x,, the
global convergence is established.

Remark 4.4. The global and local superlinear convergence of Algorithm 2 by Theorem [4.3] requires
a sufficiently small ¢t and a sufficiently small e. However, if the value of € is too small, then it is hard
to observe superlinear convergence behavior. In the numerical experiments, ¢ is chosen similarly to
the approach in [HW22al [(CMSZ20] and e is chosen empirically.
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5 Numerical Experiments

In this section, we perform numerical experiments to test the efficiency of our proposed RPN for
solving the sparse PCA given as

min — trace(XTATAX) + u|| X1, (5.1)
XeSt(n,r)

where St(n,r) = {X € R™" : XTX =1,} is the Stiefel manifold, A € R™*" is the data matrix,
1 > 0 is the sparse inducing regularization parameter. The main benefit of Sparse PCA arises in
high-dimensional setting, when, due to the introduced sparsity in the principal vectors, it remains
a consistent estimator, while the classical PCA fails [JTUO03|]. The optimization problem arising
from sparse PCA has been used as a benchmark to test other Riemannian proximal methods, such
as [CMSZ20, HW22a]. All experiments are performed in MATLAB R2022b on a standard PC with
2.8 GHz CPU (Inter Core i7).

We first numerically demonstrate in Section [5.1] that the naive second order generalization,
which comes from simply replacing the Euclidean gradient and Hessian with their Riemannian
counterparts, does not achieve local superlinear convergence. In Section [5.2] we verify our theoret-
ical results showing that RPN does achieve superlinear convergence, and finally, in Section [£.3] we
compare its performance against ManPG.

5.1 Naive Generalization

The naive analogue in the Riemannian setting is constructed by simply replacing the Euclidean
gradient and Hessian by its Riemannian counterparts:

{vk = argmin,er, aq f(zx) + (grad f (zi) ,v) + % (v, Hess f(zy)[v]) + h (z), +v), (5.2)
Tt1 = Ry (V). '

We construct a simple example to show that (5.2]) generally does not yield a superlinear convergence
when applied to the simple case of sparse PCA with r = 1 defined over a unit sphere, i.e.,

min —zT AT Az + pl|z|);. (5.3)
zesSn—1

Essentially, the goal of (5.3]) is to compute the loading eigenvectors of AT A while promoting sparsity.
We handcraft the data matrix A in the following way. Let ¥ = diag{[20,0.1,0.05]} such that
»? is the matrix of eigenvalues values of AT A and its eigenvectors U are defined as

U= i) e B,

where I3 is 3 x 3 identity matrix and O3 is the 3 x 3 matrix of zeros. Constructing A = XUT € R3%6

results in 52
Ty _ 0
ATa= 5 &l

making an optimal solution of (5.3)) to be z, = [1,0,0,0,0,0]T. According to 22, for any 7,, €
T, S,

i, Hess f(w.)[n.] = . [Proj,. (V2 (@.)ne.]) + Wa, (e, Projz. (Vf(z.)) )]
= 77mT* [(16 _x*$z)(_2ATA77m*) + 2(x*TATA$*)77*]
= 217;11 ((x*TATA:E*) Ig —ATA) 77;{.

It can easily be verified that Hess f(z,) is positive definite on the tangent space T,, S"~!.
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Since the positive definiteness is a local property, we add a sufficiently small perturbation to
A, eg, A=A+ 0.1% Ry, and select the initial point zyp = x, + 0.1 * Ro, where the entries of
Ry € R*5 and Ry € R5*! are sampled from the standard normal distribution A(0,1). In our
experiments, we solve vy in (5.2)) by the semismooth Newton method similar to ManPG algorithm
in [CMSZ20]. We use the retraction R,(n,) = (x + nz)/||z + .|| on the sphere manifold, where
r € Sl ., € T,S" 1. We compare the naive generalization (denoted RPN-N) with ManPG
and our algorithm RPN in Figure [ We clearly see in the Figure [1] that the naive generalization
(RPN-N) fails to achieve the superlinear rate of convergence, exhibiting instead linear convergence,
while our proposed RPN does.

Remark 5.1. The naive generalization can be viewed as a specific instance of (L.6)), which was shown
to have local linear convergence in [WY23]. On the other hand, a possible explanation why RPN-N
seems to only achieve linear convergence rate is that it only considers the first-order approximation
of Ry(v) in h(Ry(v)), i.e., h(x + v). However, to perform a second-order accurate approximation
of R;(v) or h(R;(v)) would be a computationally expensive task.

o w=15
10 & T T T T
[ —+—ManPG
—%—RPN-N
RPN
10771
= —
B
10-10 L
10-15 I 1 1 1 1
2 4 6 8

iter number

Figure 1: Comparisons with RPN and ManPG algorithms.

5.2 Local superlinear convergence of Algorithm [

We proceed by testing the local superlinear convergence rate for different problem sizes in sparse
PCA. For this task, we will use the polar retraction [AMSO08, Example 4.1.3] defined as Ry (n,) =
(z 4+ 1) (I 41 n.) =12, where 2 € St(n,7), 0, € Ty St(n,r). We generate the random data matrix
A € R™*™ such that its entries are drawn from the standard normal distribution A(0,1). In
Algorithm [T, we set m = 50 and use t = 1/(2||A||3), which corresponds to the choice of the stepsize
in [CMSZ20, [HW22a].

In order to observe the local superlinear convergence, we first choose an initial point x( that is
sufficiently close z,, where x, is a stationary point of (I.I]). Theorem [£3]shows that x is sufficiently
close to z, when v is sufficiently small, so we first run the ManPG algorithm to choose a point
xy, satisfying |lvg|r < 107* as the initial point ¢ of Algorithm [l Figure 2 shows |lvi|| versus the
number of iterations for multiple values of n, r, and u. We can see that the proposed method RPN
empirically shows superlinear convergence results which is consistent with the theoretical result.
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different r, n =300, u = 0.8 different p, n =300,r =5

differentn,r=5, u=0.6
, —k—r=2 —%— =05
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Figure 2: Random data: the norm of search direction for the SPCA. Top left: different n =
{100,200, 300,400} with » = 5 and p = 0.6; Top right:different r» = {2,4,6,8} with n = 300 and
u = 0.8; Bottom: different = {0.5,0.6,0.7,0.8} with n =300 and r =5

5.3 Comparisons with ManPG algorithm

In this section, we consider the version of sparse PCA with » = 1, which admits a simple compu-
tation of ug by solving the linear equations ([3.2]). Thus (5.1J) is simplified as

min —zT AT Az + pllz|;, (5.4)
zesn—1

where the Stiefel manifold reduces to the unit sphere, as discussed in [JTUO3, dGJL04]. We
compare RPN-G, as stated in Algorithm [2] with the proximal Riemannian gradient method ManPG
in [CMSZ20].

The parameters are set as those in Section € is set to be 107%. Linear system (3.2)) is solved
by the built-in Matlab function c¢gs. ManPG does not terminate until the number of iterations
attains the maximal iteration (3000). RPN-G does not terminate until ||vg|| < 10712,

Random data: The matrix A is generated as that in Section The results with multiple
values of n and u are reported in Table [I] and Figure @l Compared to ManPG, the proposed
method RPN-G is able to obtain higher accurate solutions in the sense that ||vg| from RPN-G is in
double precision whereas that from ManPG is only in single precision. In addition, the number of
Riemannian proximal Newton steps is not large and usually is only 5-6 iterations. It follows that
the RPN-G is faster than ManPG when high accurate solution is needed, as shown in Figure [l

Synthetic data: The comparisons are repeated for synthetic data, which is generated by following
the experiments in [HW22al, SCET18]|. Specifically, the five principal components shown in Figure 3]
are repeated m/5 times to obtain m x n noise-free matrix. Then the data matrix A is created by
adding each entry of the noise-free matrix by i.i.d. random value drawn from N(0,0.25). We set
m = 400, n = 4000 and p = 1.2.

The left and right plots in Figure [Bl show ||vg|| versus the number of iterations and ||vg|| versus
CPU time, respectively. The behavior of RPN-G and ManPG on the synthetic data is similar to
that on the random data, that is, RPN-G converges faster in the sense of both computational time
and the number of iterations.
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Figure 3: The five principal components used in the synthetic data.

Table 1: An average result of 5 random runs for random data with different setting of (n, ). The
subscript k indicates a scale of 10*. iter-v denotes iterations to reach the optimal |jvg|| for the first
time, for example, in the second row, 897 denotes the number of iterations that make |jvg|| firstly
attain 1078, iter-u denotes the number of using the new search direction wy.

(n, 1) Algo iter iter-v iter-u Ji sparsity  [ug]l
5000,1.5 ManPG | 3000 897 - —4.59; 0.37 Y
5000,1.5 RPN-G | 334 - 5 —4.59; 0.37 4.53_14
10000,1.8) | ManPG | 3000 1736 - —1.029 0.32 2.19_¢
10000,1.8) | RPN-G | 580 - 6 —1.029 0.32 5.69_1¢

(30000,2.0) | ManPG | 3000 1283 - —3.989 0.22 1.19_g
(30000,2.0) | RPN-G | 347 - 5 —3.989 0.22 5.25_15
50000,2.2) | ManPG | 3000 1069 - —7.069 0.18 4.56_7
50000,2.2 RPN-G | 789 - 5 —7.069 0.18 1.41_14
(80000,2.5) | ManPG | 3000 834 - —1.173 0.17 1.41_¢4
(80000,2.5) | RPN-G | 839 - 6 —1.175 0.17 1.94_q5
100N =5000, p=15 L0, N=10000, p=18 101 =30000, p =2
ManPG ManPG ManPG
RPN-G RPN-G RPN-G
10° 10° 10°®
E o = E
1010 1010 ® 10710
10 —@ 10 o)) 10°15 o
05 1 0 05 1 0 2 4
CPU CPU CPU

Figure 4: Random data: the norm of search direction vy versus CPU for different (n, 1), where the
blue circle indicates the use of the new direction uy.
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Figure 5: Plots of ||vg|| versus iterations and CPU times respectively, where |lvg|| is the norm of

search direction, data matrix A € R4000%490 ig from the synthetic data, p is set to be 1.2. Note
that the blue circle indicates the use of the new direction wuy.

Remark 5.2. Here, we discuss the numbers of floating point arithmetic (flop) for computing vy and
wy, per iteration. For sparse PCA with r = 1, the main computation cost is on Az and AT Az for
ManPG, and its flops is O(4mn), where A € R™*". Besides the computations in the function value
and gradient evaluation, there are computations in the semismooth Newton iterations, where its
dominant computational costs focus on W(\) = BZ (proxy, (zx — t [V f(2k) + By, Al) — 1) in B1)
and

Ju(\e)ld] = By, (8 proxy, (zx — [V f (21) + By, A))) © (—tBud)

where o denotes the entrywise product of two matrices. The computations of W(\) and Jg(A)[d]
in one evaluation are respectively O(4n) and O(6n). Thus, the total computation cost in the
semismooth method is on the order of O(ssny * 10n), where ssny denotes the iteration number of
semismooth Newton at k-th step. Therefore, the total complexity of ManPG in one evaluation is
on the order of O(4dmn + ssny, * 10n).

For RPN and RPN-G, we compute the direction uy by additionally solving J(xg)[uk] = —v.
We first compute vg by semismooth Newton method and its cost is also O(4dmn+ ssng*10n). When
ug is solved by the built-in Matlab function cgs, the dominant computational cost per iteration
comes from multiplying a vector by the matrix J(x). Assuming that cgs takes innery iterations
for computing uj, and the nonzero element of x; is sp, the computation of

J(zp)d = —d+ My, d — Mmkzz:k(:n;wakxk)_lekad
— t(My, — My, g (xf My, xop) "ot My,) + (—2AT Ad + \d)

costs O(2m(n + sp)) flops. Thus, the overall computation of uy is O(innery * 2m(n + sp) + 4mn).
Therefore, when the direction wug is computed, the total complexity of RPN and RPN-G in one
evaluation is on the order of O(4mn+ ssny*10n+innery*2m(n+sp)). According to the numerical
test, the inner iteration number for cgs is usually 4 or 5 iterations.

6 Conclusion and Future Work

In this paper, we proposed a Riemannian proximal Newton method for solving optimization prob-
lems with separable structure, f + u|z|/1, over an embedded submanifold. It is proven that the
proposed algorithm achieves superlinear convergence under certain reasonable assumptions. We
further proposed a hybrid method that combines a Riemannian proximal gradient method and the
Riemannian proximal Newton method. The hybrid method has been proven to have global conver-
gence and the local superlinear convergence rate. Numerical results demonstrate the effectiveness
of the proposed methods.

23



There are several directions for future research. In this paper, we have only considered a
specific type of optimization problem, namely f(x) + h(z) with h(z) = pllz|/1, on an embedded
submanifold. It would be natural to extend the Riemannian proximal Newton method to handle
more general nonsmooth functions h(xz) and more general manifolds. Additionally, we have only
proposed a hybrid method for achieving global convergence, where the global convergence relies on
the empirical selection of parameters. Therefore, it would be valuable to further investigate the
globalization of the Riemannian proximal Newton method.

Acknowledgements

The authors would like to thank Defeng Sun for the discussions on semismooth analysis.

References

[AGO20]

[AMS08]

[AP16]

[BAC19)]

[Becl7]
[BESS19)]

[Bou23]

[BT09a)

[BTO9b)]

[Cla90]
[CMSZ20]

[CSG*19]

H S Aghamiry, A Gholami, and S Operto. Full waveform inversion by proximal Newton

method using adaptive regularization. Geophysical Journal International, 224(1):169—
180, 09 2020.

P.-A. Absil, R. Mahony, and R. Sepulchre. Optimization algorithms on matriz mani-
folds. Princeton University Press, Princeton, NJ, 2008.

Hedy Attouch and Juan Peypouquet. The rate of convergence of Nesterov’s accelerated

forward-backward method is actually faster than 1/k2. SIAM Journal on Optimization,
26:1824-1834, 2016.

Nicolas Boumal, P. A. Absil, and Coralia Cartis. Global rates of convergence for

nonconvex optimization on manifolds. IMA Journal of Numerical Analysis, 39:1-33, 1
2019.

Amir Beck. First-order methods in optimization. STAM, 2017.

Matthias Bollhofer, Aryan Eftekhari, Simon Scheidegger, and Olaf Schenk. Large-scale
sparse inverse covariance matrix estimation. SIAM Journal on Scientific Computing,
41:A380-A401, 2019.

Nicolas Boumal. An introduction to optimization on smooth manifolds. Cambridge
University Press, 2023.

Amir Beck and Marc Teboulle. Fast gradient-based algorithms for constrained total

variation image denoising and deblurring problems. [FEFE Transactions on Image
Processing, 18:2419-2434, 2009.

Amir Beck and Marc Teboulle. A fast iterative shrinkage-thresholding algorithm for
linear inverse problems. SIAM Journal on Imaging Sciences, 2:183-202, 2009.

Frank H Clarke. Optimization and nonsmooth analysis. STAM, 1990.

Shixiang Chen, Shigian Ma, Anthony Man-Cho So, and Tong Zhang. Proximal gradi-
ent method for nonsmooth optimization over the Stiefel manifold. SIAM Journal on
Optimization, 30:210-239, 2020.

Haoran Chen, Yanfeng Sun, Junbin Gao, Yongli Hu, and Baocai Yin. Solving partial

least squares regression via manifold optimization approaches. IEEE Transactions on
Neural Networks and Learning Systems, 30:588-600, 2 2019.

24



[dGJLO04]

[DRROY]
[FPO3]
[Gow04]

[HAG17]

[HHY18]

[HW22a]

[HW22b)]
[HW23]
[HWGD22]
[Jos79a)
[Jos79b]

[JTUO3]

[KP02]
[KV17]
[Leel§]
[LL15]

[LSS14]

Alexandre d’Aspremont, Laurent Ghaoui, Michael Jordan, and Gert Lanckriet. A
direct formulation for sparse PCA using semidefinite programming. In Advances in
Neural Information Processing Systems, volume 17. MIT Press, 2004.

Asen L Dontchev, R Tyrrell Rockafellar, and R Tyrrell Rockafellar. Implicit functions
and solution mappings: A view from variational analysis, volume 11. Springer, 2009.

Francisco Facchinei and Jong-Shi Pang. Finite-dimensional variational inequalities and
complementarity problems. Springer, 2003.

M. Seetharama Gowda. Inverse and implicit function theorems for H-differentiable and
semismooth functions. Optimization Methods and Software, 19:443-461, 10 2004.

Wen Huang, P. A. Absil, and K. A. Gallivan. Intrinsic representation of tangent vectors

and vector transports on matrix manifolds. Numerische Mathematik, 136:523-543, 6
2017.

S. Hosseini, W. Huang, and R. Yousefpour. Line search algorithms for locally Lipschitz
functions on Riemannian manifolds. SIAM Journal on Optimization, 28:596-619, 2018.

Wen Huang and Ke Wei. An extension of fast iterative shrinkage-thresholding algo-
rithm to Riemannian optimization for sparse principal component analysis. Numerical
Linear Algebra with Applications, 29, 1 2022.

Wen Huang and Ke Wei. Riemannian proximal gradient methods. Mathematical
Programming, 194:371-413, 7 2022.

Wen Huang and Ke Wei. An inexact Riemannian proximal gradient method. Compu-
tational Optimization and Applications, 2023.

Wen Huang, Meng Wei, Kyle A. Gallivan, and Paul Van Dooren. A Riemannian
optimization approach to clustering problems, 2022.

Norman H Josephy. Newton’s method for generalized equations. Technical report,
Wisconsin Univ-Madison Mathematics Research Center, 1979.

Norman H Josephy. Quasi-Newton methods for generalized equations. Technical re-
port, Wisconsin Univ-madison Mathematics Research Center, 1979.

Ian T. Jolliffe, Nickolay T. Trendafilov, and Mudassir Uddin. A modified principal
component technique based on the lasso. Journal of Computational and Graphical
Statistics, 12:531-547, 9 2003.

Steven George Krantz and Harold R Parks. The implicit function theorem: history,
theory, and applications. Springer Science & Business Media, 2002.

Sahar Karimi and Stephen Vavasis. IMRO: A proximal quasi-Newton method for
solving ¢1-regularized least squares problems. SIAM Journal on Optimization, 27:583—
615, 2017.

John M Lee. Introduction to Riemannian manifolds, volume 2. Springer, 2018.

Huan Li and Zhouchen Lin. Accelerated proximal gradient methods for nonconvex
programming. In Advances in Neural Information Processing Systems, 2015.

Jason D. Lee, Yuekai Sun, and Michael A. Saunders. Proximal Newton-type methods

for minimizing composite functions. SIAM Journal on Optimization, 24:1420-1443,
2014.

25



[LST18]

[LYL16]

[MYZZ23]

[Nes83]

[Nes18]
[OLCO13]

[PJL*+13]

[PSS03]

[PZ18]

[QS93]

[SCE*+18]

[SSS18]
[Sun01]

[SYGL14]

[Tib96]
[Ulb11]

[VSBV13]

Xudong Li, Defeng Sun, and Kim Chuan Toh. On efficiently solving the subproblems of
a level-set method for fused lasso problems. SIAM Journal on Optimization, 28:1842—
1866, 2018.

Canyi Lu, Shuicheng Yan, and Zhouchen Lin. Convex sparse spectral clustering: single-
view to multi-view. IEEFE Transactions on Image Processing, 25:2833-2843, 6 2016.

Boris S. Mordukhovich, Xiaoming Yuan, Shangzhi Zeng, and Jin Zhang. A globally
convergent proximal Newton-type method in nonsmooth convex optimization. Math-
ematical Programming, 198:899-936, 3 2023.

Yurii Nesterov. A method for solving the convex programming problem with con-

vergence rate O(1/k?). Proceedings of the USSR Academy of Sciences, 269:543-547,
1983.

Yurii Nesterov. Lectures on convex optimization, volume 137. Springer, 2018.

Vidvuds Ozolins, Rongjie Lai, Russel Caflisch, and Stanley Osher. Compressed modes
for variational problems in mathematics and physics. Proceedings of the National
Academy of Sciences, 110:18368-18373, 11 2013.

Han Pan, Zhongliang Jing, Ming Lei, Rongli Liu, Bo Jin, and Canlong Zhang. A sparse
proximal Newton splitting method for constrained image deblurring. Neurocomputing,
122:245-257, 12 2013.

Jong-Shi Pang, Defeng Sun, and Jie Sun. Semismooth homeomorphisms and strong
stability of semidefinite and Lorentz complementarity problems. Mathematics of Op-
erations Research, 28(1):39-63, 2003.

Seyoung Park and Hongyu Zhao. Spectral clustering based on learning similarity
matrix. Bioinformatics, 34:2069-2076, 6 2018.

Liqun Qi and Jie Sun. A nonsmooth version of Newton’s method. Mathematical
Programming, 58:353-367, 1993.

Karl Sjostrand, Line Harder Clemmensen, Gudmundur Einarsson, Rasmus Larsen, and
Bjarne Ersbgll. SpaSM: A MATLAB toolbox for sparse statistical modeling. Journal
of Statistical Software, 84, 2018.

P. J.S. Santos, P. S.M. Santos, and S. Scheimberg. A proximal Newton-type method
for equilibrium problems. Optimization Letters, 12:997-1009, 7 2018.

Defeng Sun. A further result on an implicit function theorem for locally Lipschitz
functions. Operations Research Letters, 28:193-198, 2001.

Xiaoshuang Shi, Yujiu Yang, Zhenhua Guo, and Zhihui Lai. Face recognition by sparse
discriminant analysis via joint £ j-norm minimization. Pattern Recognition, 47:2447—
2453, 2014.

Robert Tibshirani. Regression shrinkage and selection via the lasso. Journal of the
Royal Statistical Society: Series B (Methodological), 58:267-288, 1 1996.

Michael Ulbrich. Semismooth Newton methods for variational inequalities and con-
strained optimization problems in function spaces. STAM, 2011.

Silvia Villa, Saverio Salzo, Luca Baldassarre, and Alessandro Verri. Accelerated and

inexact forward-backward algorithms. SIAM Journal on Optimization, 23:1607-1633,
2013.

26



[WOR12]

[WY23]

[XLWZ18]

[ZHTO06]

[ZLwK*17]

[ZX18)

[ZYDR14]

Christian Widmer, Cwidmer@cbio Mskcc Org, and Gunnar Rétsch. Multitask learning

in computational biology. In Proceedings of ICML Workshop on Unsupervised and
Transfer Learning, volume 27, pages 207-216. PMLR, 2012.

Qinsi Wang and Wei Hong Yang. Proximal quasi-Newton method for composite opti-
mization over the Stiefel manifold. Journal of Scientific Computing, 95, 5 2023.

Xiantao Xiao, Yongfeng Li, Zaiwen Wen, and Liwei Zhang. A regularized semismooth
Newton method with projection steps for composite convex programs. Journal of
Scientific Computing, 76:364-389, 7 2018.

Hui Zou, Trevor Hastie, and Robert Tibshirani. Sparse principal component analysis.
Journal of Computational and Graphical Statistics, 15:265-286, 6 2006.

Yugian Zhang, Yenson Lau, Han wen Kuo, Sky Cheung, Abhay Pasupathy, and John
Wright. On the global geometry of sphere-constrained sparse blind deconvolution. In

Proceedings of the IEEE Conference on Computer Vision and Pattern Recognition,
pages 4894-4902, 2017.

Hui Zou and Lingzhou Xue. A selective overview of sparse principal component anal-
ysis. Proceedings of the IEEE, 106:1311-1320, 8 2018.

Kai Zhong, Tan E H Yen, Inderjit S Dhillon, and Pradeep Ravikumar. Proximal quasi-

Newton for computationally intensive ¢;-regularized M-estimators. In Advances in
Neural Information Processing Systems, 2014.

27



A Semismooth Implicit Function Theorem

The implicit function theorem for semismooth function comes from |[Gow04, Theorem 4], it relies
on the inverse function theorem for G-semismooth function |[Gow04, Theorem 2|, we first restate
the result in Lemma [AT]

Lemma A.1 (G-semismooth Inverse Function Theorem). Suppose that f : Q — R" be G-semismooth

function with respect to Ky on Q, where Q C R"™ be an open set. Fizx a point 20 € Q and suppose
that

(i) If f is differentiable at x € Q, then V f(x) € Ks(x).

(it) the multivalued mapping x — Ks(x) is compact valued and upper semicontinuous at each
point of Q.

(iii) T(x") consists of positively (negatively) oriented matrices.
(iv) the topological index of f at x° is 1 (respectively, -1), i.e., index(f,xz°) = 1(respectively, -1).

Then there exists an open neighborhood U of x° and an open neighborhood V of f(x°) such that
f U — V is bijective and f has an inverse h : V — U that is locally Lipschitz, and h is G-
semismooth at each v € V with respect to Kp(v) = {A7' : A € K¢(u)} and v = f(u), where the

map v — Kp(v) is compact valued and upper semicontinuous at each point of V.

Note that Lemma [AT] requires the notion of positively (negatively) oriented matrices and the
notion of a topological index of a function. A matrix is said to be positively (negatively) oriented
if it has a positive (negative) determinant sign. The topological index is, however, not easy to

verify. Fortunately, a sufficient condition has been given in [PSS03, Theorem 6] and we give it in
Lemma [A.2]
0

Lemma A.2. Let & : R™ — R" be Lipschitz continuous in an open neighborhood D of a vector x".
Consider the following statements:

(a) every matriz in 0®(x) is nonsingular;
(b) for every V € dg®(2?), sgndet V = index(®, 2%) = +1.
It holds that (a) = (b).

We present and prove the semismooth implicit function theorem in Corollary [A.3] which is a
rearrangement of Lemma [A.T] and Lemma [A.2]

Corollary A.3 (Restatement of Corollary [Z7)). Suppose that F' : R™ x R™ — R™ is a semismooth
function with respect to OgF in an open neighborhood of (z°,y°) with F(x°,y°) = 0. Let H(y) =
F(2°,y). If every matriz in OH (y°) is nonsingular, then there exists an open set V C R™ containing
20, a set-valued function K : YV = R™*" and a G-semismooth function f :V — R™ with respect to
K satisfying f(z%) = oY,

F(z, f(x)) =0

for every x € V and the set-valued function K is
K:wm {—(A) Ay [Ap Ay] € BBF(, f(2))},

where the map x — K(x) is compact valued and upper semicontinuous.
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Proof. Since every matrix in OH (y°) is nonsingular, where H : R™ — R™ : y v H(y) = F(2°,y),
then it follows Lemma [A.2] for every V € dgH(2°), sgndet V = index(H,z°) = £1. Note that H
is also G-semismooth at y° with respect to

Ku(y’) = {Ay:[A; Ay] € aBF(JUO’yO)}a
where the map y — Kg(y) is compact valued and upper semicontinuous. Define F : D — R™ x R™

by
F(z,y) = (z, F(z,9)) s

where D C R™ x R™ is an open set including (2°,y%). It is easily seen that JF is G-semismooth at
(2°,9°) € D with respect to

Kra® o) = ([ 4] 140 A € P (a,9")},

where the map (z,y) — Kx(z,y) is compact valued and upper semicontinuous.

We now verify conditions (i)-(iv) of Lemma [AT] for F. Since Kr(z,y) is defined with the
OpF (m,y), then conditions (i) and (ii) are clearly satisfied for F and Kz. As for conditions (iii)
and (iv), it involves the property of topological index and the verification process of conditions (iii)
and (iv) is exactly the same as that proof of [Gow04, Theorem 4], we omit it and refer interested
reader to [Gow04] for more detail.

According to Lemma [A] there exist a neighborhood U of (z%,4") and a neighborhood V x W
of F(z°,9y%) such that for every v € V and w € W, there is a unique 2z = (z,y) € U such that

F(z) = (v,w).
Since F(2°,4°) = (2°,0), we can fix w to be 0. Thus, for each v € V, there is a unique z = (z,y) € U

with
(z, F(z,y)) = F(z) = (v,0),

which implies that z = v and F(z,y) = 0. Thus, for every x € V, there is a unique y such that
(z,y) € U and F(x,y) = 0. Therefore, y is the function of x, we let y = f(z), where x € V,
then F(z, f(x)) = 0 for any = € V. Furthermore, let H : V x W — U denote the inverse of F
on U. According to Lemma [AJ] H is also G-semismoooth at any (v,w) € V x W with respect
to Ky(v,w) = {M~': M € Kr(x,y)}, where F(x,y) = (v,w) and the map (v,w) — Ky (v,w) is
compacted valued and upper semicontinuous at each point of ¥V x W.
Now f can be written as
f =PyoHo ¢7

where ¢ is the inclusion map ¢ : R — R" x R™ : x — ¢(z) = (2,0) and Ps is the projection map
Py :R*" X R™ — R™ : (x,y) — Pa2(z,y) = y. Thus, f is also G-semiismooth with respect to

K(z) = {[O L] Eﬁﬂ /(By}_l [I(ﬂ (A Ay] € E?BF(x,f(x)).}
= {_(Ay)_lA:c [As Ayl € 8BF(a:,f(a:))},

where the map © — K(x) is compacted valued and upper semicontinuous.
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