Chapter 4

Numerical tools

The elaboration of a continuum model has led us to developrgltex equation set
(1.9.106). To solve it while taking into account all the plerh specificities, the de-
velopment of special and appropriate numerical tools islede

In this chapter we first investigate the so-called "bubblecfion" method, which is
an original technique to stabilize the Finite Element Met{BEM) for advection-
dominated problems. It will be seen that numerical resultsofintermediate quality
in 2D even if a computational cost study leads us to deepe@stigate this method.
Moreover, extension of the method to 3D problems turns obgttquite complicated.
Therefore it can be concluded that the well-known SUPG ntkitha good selection to
give some preliminary results. A particular issue of thiauter concerns the moving
front problem, which has to be taken into account in ordepteesthe complete flow
problemin a porous medium. Main alternatives are roughposed and an algorithm
is suggested even it was not implemented.

The first section addresses the numerical difficulties twesthe complete problem
(1.9.106). Different strategies are successively detadled related results are dis-
cussed.
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4.1 Numerical problem identification

Observing the system (1.9.106), it can be remarked thatriheapy variables are the
Darcy velocity(v ), the modified pressur@;) ', the temperaturéT) and the species
concentratior(cs)f. First of all it appears that equations of this system arensly

coupled. This coupling results from the modelling of diéfet physical phenomena :

e the transport phenomenon and the hydrodynamic disperéfiect.e These ef-
fects depend on the velocity field, which is determined byisgl the Darcy
and mass conservation equations ; the velocity field is pteseall equations
and plays a key role in the energy and species conservatigtiegs by influ-
encing them in two ways (transport and dispersion) ;

¢ the viscosity dependence ontemperature and species ¢oate@nis sometimes
non-negligible. Therefore, the Darcy as well as the ForzthBeequations are
influenced by the variations of these variables ;

¢ the chemical transformation of the fluid, taken into accduynthe kinetic func-
tion f, again includes dependence upon temperature and conveegoee.

The two last effects play a considerable role in the modgléfi RTM and SRIM
processes in view of the curing reaction experienced byehbiar

In addition to this coupling, individual equations are rinaér. Indeed, the kinetic
function brings nonlinearities in the temperature and Eseconservation equations.
Moreover both the viscosity and the hydrodynamic dispersifects generate a non-
linear equation behaviour.

Taking into account the continuous character of the problkppropriate time and
space discretizations must be chosen. Further, some maticahspecificities of the
energy and species conservation equations will lead usdptatie numerical dis-
cretization tools.

Finally, taking into account the moving front effect is régua to model flows in un-
saturated porous media (such as in RTM and SRIM processes).
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4.2 Decoupled iterative strategy

In order to address the problem nonlinearity and couplegreagdecoupled iterative
strategyis developed. Decoupling means that each equation is thetlliy solved for

a related variable, considering that other variables amvkn The global iterative
system consists of all the individual solvers and managas th an appropriate way.
Fig. 4.1 shows an example of global solver. For example igdhse, the temperature
and species solvers recieve the pressure and velocity fieldslated from the preced-
ing step. The nonlinearities of the temperature and speoieservation equations are
treated by iterative methods. Individual solvers are ¢etaithe next sections.
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Figure 4.1: Global iterative algorithm. The entries folltve arrows. The superscripts
refer to the time step while the subscripts refer to the fiileneof the global scheme.
The field variables with only a superscript represent theverayed solution at the
time associated with the superscripol.. indicate the error tolerances relative to the
searched fields.
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4.3 Space and time discretization

The equations of our model (1.9.106) are constructed uhéerdntinuity assumption
(Chapter 1). Solving this system implies using discreiimatools, except in some
particular cases where an analytical solution exists. eSirath the unknowns and the
equations are space and time dependent, different spad@r@ndiscretization tools
are generally used. The Taylor-Galerkin method for exarfipgtly applies a Taylor
development in order to make the time derivative discretdenhe space discretiza-
tion is then obtained by means of the Finite Element Meth&MJ:

In this work, another scheme, the classwaini-discretescheme, is investigated. The
first step provides a system of ordinary differential equagi(ODE’s) and the second
step consists in the integration of this system with resfetime. In our approach,
space is discretized by FEM in the first step. This discrétinagives then an ODE
system whose unknowns are the nodal values which are thessdahctions of time.
Letting @ (x) represent the shape function associated with n@aelU;(t) denote its
nodal value, the approximate solutigpis written as :

th=Y @0 Ui(0). (4.3.1)

In the second step, time integration can be performed bgicismethods such as the
Explicit Euler (EE), Implicit Euler (IE) or Crank-Nicolsof€N) methods.

In order to assess the solution convergence, it must be kepirid that space dis-
cretization produces a given ODE system. Space dischetizistcharacterized by its
characteristic size, notdd The first step consists in ensuring the convergence of the
ODE solution by decreasing the time st&passociated with the time discretization
(in order to reach the solution of the semi-discrete schema fjivenh). Once this

is done h can be decreased and convergence tests with time must agpérformed

(in order to reach the solution of the semi-discrete schaméhe newh). The cycle

is then repeated until convergence.

In the next subsections, the FEM technique is briefly redatewell as some classical
time integration schemes. Related notations are alscdnted.
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4.3.1 The Finite Element Method (FEM) and related notations

Consider the boundary-value problem with Dirichlet coiadis' formulated as fol-

lows :
Zu=Ff onQ

u=0 onll =0Q (4.3.2)

Findu € U such that {
where_ Z is an operator associated with the original problémgdenotes the solu-
tion spacef is a "regular" source functio? is the problem open domain aidits
boundary. This formulation is known as te&ong formulation since the operator
may contain high order derivatives. The variational apphoalows us to reduce this
order by means of integrations by part. This method conBisésprojection of the
equation on a well chosen functional space and leads to ttdgmweak formula-
tion :

. a(u,v)=(f,v), weV inQ
FindueU s.t. { U— O onl — 90 (4.3.3)
whereV is the projection spacd;,-) denotes the scalar product éhand where
a(u,v) = (Zu,v) = (u,L*v), £* being the adjoint operator o¥.

In fact, the derivation order reduction results in an extamef U since less regular
functionsu can be introducted in Eq. (4.3.3) than in Eq. (4.3.2).

In order to apply the FEM technique, the domé&lnhas firstly to be discretized in
closed subdomairex, k= 1,2, ...,E < o, such that their interiors are disjoint sets and
their union forms the closure of the approximate don§ain UE:leK = Q; (Fig. 4.2).
These subdomains are defined by a set of so catbeésp;,i € P, which is essentially
composed of two types of nodes, viz. the interior nodes aedtundary nodes (de-
noted byP° and P respectively, withP = P° UP). The FEM technique is deeply
related with the problem weak formulation and consists gtditizing the system by
selecting subsets of the functional spaces associatedhethnknown functions and
the test-functions U, C U andVy, C V. Restricting these functions ax, they are
finally determined by the related nodal values on the asttielements (interpo-
lation). Accordingly, following A. Magnus (34), thEEM is a "trialogue" between
element geometry, function spaces and interpolation.

The solution is then approximated by a functigy= u which is decomposed in a sum
of functions defined on the neighbouring elements :

Up = _Zb(n(x) Ui, (4.3.4)

10nly Dirichlet boundary conditions are here considereddkesf simplicity.
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Figure 4.2: Approximation of the domaid by Q and example of discretization in
elementsy. Herep; are the nodes belonging to the bound@gy (with i in P), while
pi are the nodes belonging to the domain interior with in thisec& P°.

whereU; denotes the value of functianp, at nodep; and is called th@odal value of
Uh.

This decomposition (4.3.4) is further introduced into thpe@ator defined by (4.3.3)
and is projected on a sufficient number of test-functionsibgrdtizing the projection

spaceV inthe same way ds. For example, th&alerkin method consists in choosing
the discrete projection space roughly equal to the discnet@own space. The weak
formulation is then written as :

oU@.0) = (f.0), Yo.jecP°
Zzleg iq.¢)=(f.¢) i?P_.J (4.3.5)

. S, a
FindU;, i € P° s.t. { U
If the form a(-,-) is bilinear, this formulation provides a linear system inieththe
unknowns are the nodal valuds The FEM method will be deeper investigated in the
next sections.

Of course other space discretization techniques exish as@rovided by the Finite
Difference Method (FDM) or the Finite Volume Method (FVM)nQhe one hand,
a complex geometry is not easily treated by FDM contrarilfFEM because of the
difficulties related to structured mesh management. On therdand, FEM tools
have already been developed in the Applied Mechanics Drisf UCL (MEMA) for
some years and collected in the C++ libréMym_ab. Consequently, even if FVM
also exhibits the domain adaptability quality, FEM has besacted to perform space
discretization.
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4.3.2 Some time integration schemes

Since space discretization provides a set of equationsestherunknowns depend on
time, let us consider the simple generic problem :

du
dt

Classical integration schemes, with their numerical $itglsind precision properties
are here recalled :

= f(ut), with u(0)=up. (4.3.6)

Explicit Euler (EE) scheme :
Unt+1—Un _f
At "

This scheme is conditionally stable and the global soluticcuracy is7 (At).

4.3.7)

Implicit Euler (IE) scheme:
Unt1—Un
At

This scheme is unconditionally stable and the global smhdiccuracy ig7 (At).

= foa1 (4.3.8)

Crank-Nicolson (CN) scheme :

Un+1 — Un fn+1 + fn
= 4.3.9
At 2 ( )

This scheme is unconditionally stable and the global soudiccuracy i€’ (Atz) .

In the above equation$; = f (un,tn) anduy is the approximation ai(t,). The Crank-

Nicolson method is implicit. Nevertheless,fifu,t) is linear inu, this scheme turns
out to become closer to explicit and is then very simple tolémgnt. In the next
subsection, the stability concept is deeper investigated.

4.3.3 Numerical stability and coercivity

Before handling the advection-diffusion problem, it is ionfant to address the stabil-
ity concepf and its link with coercivity. First of all, let us remark thghysical and

2Numerical stability must here be understood in the sensdsdrece of oscillations in the stationary
state. We have used this vocabulary in order to remain densiwith the most important literature dealing
with this topic. Otherwise, the stability concept shoulddlated to the time evolution of the solution.
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numerical stability must be considered as different coteelmdeed, as an example,
a stable numerical method can be applied to an unstableqathysoblem. The no-
tion of physical stability means that small modificationshaf problem inputs produce
only slight variations of the solution :

|0f]| < &= |du| < O(¢), (4.3.10)

refering to the strong problem formulation (4.3.2).

Numerical stability is related to the model governing egpreg and the selected space-
time discretization. In fact, for each problem and assediaumerical method, there
exists a link between the eigenvalues of the problem opefétand the discretization
refinement as characterized by the parameiendh (typically the CFL condition
for a pure convection problem).

In this work, focusing on a weak formulation approach, nuoadistability depends
on several factors, such as the selected approximatior spat projection operator
discretization.

Let us now assume that:, -) is a bilinear symmetric and coercive operator. Coercivity
means that :
Jc > 0 suchthavu eV, a(u,u) > c|jul® (4.3.11)

It is possible to show thahe more the operator is coercive, the more it is stable
In Eq. (4.3.3), takingJ =V and lettingu andu+ du be the solutions with right-
hand sidesf and f + &f respectively, from the bilinearity property, it followsah
a(du,v) = (of,v) YveV. Takingv= du, by coercivity and scalar product inequality,
it can be deduced that :

c||dul|? < a(du,du) = (5f,8u) < ||5f|| ||dul. (4.3.12)

The stability condition 4.3.10 is then easily recoverednttea stabilization technique
consists in increasing the operator coercivity. This egatis developed in the next
section and application to the advection-dominated diffuproblem is further carried

out.

4.4 Stabilized methods

In order to implement temperature and species concentratitvers, it is necessary
to highlight the mathematical and numerical propertieshefrelated equations, Eqgs.
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(1.6.94) and (1.7.103). The energy equation (1.6.94) igewias

(€1P1Cr + &piCs) 25t + prCi (ur) - L(T) =
(4.4.13)

0 [(ke+Ko) A(T)]+ prHrfe((ce) ', (T)) + 1 () - K (wr)

Whereas this equation is mathematically parabolic (dueggtesence of a first-order
time derivative and of a second-order space partial déres)t, it exhibits a hyper-
bolic as well as a parabolic numerical character througtoitsection and conduction
terms respectively. In the case of material forming proegssich as RTM or SRIM,
transport effects are very important and could even doraitteg conduction terms.
Numerically, this means that the problem pertains to theehyplic-parabolic type
while being hyperbolicity dominated. It is well known thaetGalerkin FEM is un-
stable to solve this class of problems. Hence, strategiearsing the FEM stability
have been and remain nowadays investigated in the sciestifiecnunity.

In order to address this issue, the existing stabilized oustlare shortly reviewed. So-
called "Bubble Function" strategies are presented withréqoudar attention paid to the
Residual Free Bubble (RFB) method. The link between thelet, multiscale and
bubble function approaches is then highlighted.

4.4.1 Stabilized method and classical tools

As shown previously, the principle of a stabilized methas lin enhancing the coer-
civity constant of a classical method (for example the Gatamethod). Nevertheless,
in order to keep the methambnsistency the added term must depend on the residual
of the strong formulationZu— f. Hence, problem (4.3.3) is rewritten as (35) :

Findup € Uy s.t.
a(Un, Vi) + (T(LUn — £),Lvy) = (f,Vh), YWheVy inQ (4.4.14)
Uh == O Onr — aQ’

wherelL is usually a differential operator ardan algebraic operator weighting the
residual effect. The determination of the value of this lsatameter as well as a
justification of the method have thoroughly been investidand the conclusions were
finalized by Hughes (35) whose paper also suggests some estbgments.

Three classical stabilized method are listed herebelow :

e L =_%: Galerkin Least Square (GLS) method (36),
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o L =_%qv: Streamline Upwinding Petrov-Galerkin (SUPG) method (8/Fere
fadv(’) =w- u() :

e L=—%*: an original method developed by L.P. Franca in (38).

This latter author demonstrates how these methods imphavedercivity of the op-
eratora(-,-) for the advection-diffusion case (38).

The next subsection addresses the bubble function appredudse master idea is
basically different. After some developments it is demmaist that this method can
be joined to the stabilized methods.

4.4.2 Bubble function strategy

The general bubble function approach will firstly be presdnbefore developing the
specific case of Residual Free Bubbles (RFB).

General approach

Solving PDE’s by FEM technique will involve the solution @fi¢ar systems. When
the discretization gives a large number of unknowns, thetisels becomes computa-
tionally expensive. Hence, refining the mesh in order tolv@amore accurate solution
has the drawback to increase the system dimension and thtesatost.

The bubble function approach consists in extending thetisolapproximation set
without increasing significantly the system size. For thisgose, local functions are
added to the original approximation set. Each of these fonstis related to a given
element and vanishes everywhere else, except on its owreeteand hence is called
a bubble function. The technique modifies the global system by inomafing local
effects by this way. Finally this modification is introducsiép-by-step in the local
matrices in such a way that the final system size is not affedtkis strategy is called
static condensatiorand is illustrated herebelow.

Let us first consider the space discretizatigpand the approximation st and add
to this set the not yet defined bubble functionggtwhich is disjoint fromU in order
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to provide a new approximation dt:

H=U®Z£ and Vuy € H, there exists a single decompositiay = uy + Ugy.
(4.4.15)
The setZ collects specific bubble function sets associated with eéahent :

% = ©Br whereBr C JGH(T), T € S, (4.4.16)

wheres#!(T) is the Sobolev space of order 1 consisting of functions whitish on
the boundary of elemerit. Applying the Galerkin method to the weak formulation
(4.3.3) with the approximation and projection sets equid @ives :

{ a(uy, Vi) = (f,v), Yy €H, where uy =uy +Ugzandvy =W +Vy
uy =0 onl,
(4.4.17)
In view of the bubble function properties, their influencpisely local on their related
element. Hencestatic condensationcan be performed :

a(uz,Vg) = (f,vg) —a(uy,vg) = (f,vg) — (Lu,vz) = (zVz), (4.4.18)

wherez= f — Zuy. Scalar product properties allow us to further write thigatepn
as:
a(ug,Vg) = (zVz) = (PsZVz), (4.4.19)

wherePy is a projection operator on the spage Problem (4.4.19) can actually be
seen as a variational formulation on the spage Let us defineS4 as the operator
generating the solution to this problem for a given

Uz = Sz(P»2). (4.4.20)

Let us now consider any, € V and apply the residual projection onkp, taking into
account the value obtained far;. The following equations are successively found :

a(w,w)+a(ug,w) = (f,

(f.w
a(w,w)+ (ug, Z*w) = (f,w (4.4.21)

(e 4,

(f

~— — —

a(y, W)+ (SpPz(-2), —L*w) =
a(lv, W)+ (SgPx(Lw — f),—L*w) =

Analyzing the formulations (4.3.3) and (4.4.21), it appehiat extending the approx-
imation set and performing static condensation is equitdteadding a perturbation
term to the I.h.s. of the Galerkin method. This term writefodlsws :

I

W) Yw eV,

(S#Pz(Luwy — ), -ZL"w). (4.4.22)

If the stabilizing perturbations were known, the questiasuld be to know if it is
possible to produce them with a given bubble function sefutther to generate a
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bubble function set generating these stabilizing pertisha. The response to these
questions is partially given in (39). The authors indeedastwat, for A belonging
to the interval[0,Ag] whereAq is the smallest eigenvalue of the opera®y, there
exists a bubble function set such ti$3fP» = Al, wherel is the identity operator. The
construction of this set is described in the paper.

It also appears that Egs. (4.4.14) and (4.4.21) become sgimitdar if SzPz = 1l.
The link between the stabilized methods (4.4.14) and théleufainction approach
(4.4.14) is then clearly established, provided Aq.

This remark closes the general bubble function approadrud.eow turn our attention
to Residual Free Bubbles, which are in fact a specific clastaje functions.

Residual Free Bubbles

This method will be useful to determine a good bubble functet. Its principle is
very attractive since it is based on the cancellation oféise&lual of the problem strong
formulation inside each element. In other words, bubblecfions are constructed
such that the problem is exactly solved inside each element :

Lug=—(Luw — ), inintT, VT € G, (4.4.23)

As bubble functions vanish on the element boundaries, tbeyoticorrect the approx-
imation there. The final solution still remains an approxioraof the exact solution,
except if the approximation set contains the exact interpolation of the solution.

However, even if the above principle is basic and elegast,stiiution is generally

difficult to find except again in some specific cases (40). teoto avoid these com-
plications, the bubble function space can be approximaiéds approach has been
investigated by L.P. Franca et al. in (41), where the stramngnélation of the residual

cancellation (4.4.23) is replaced by a weak formulationohis solved by application

of FEM technique. In other words, this is a kind of subgrids@pproach as shown
in the following lines.

Let us consider a linear operatdf, together with the shape functions of element
T, notedy”, and the number of shape functions per element, nagedrhe bubble
functions are decomposed asy; = Yi1<i<n, Ai@+ @, where the functiong andgs

are determined by the following equations :

(4.4.24)

@=0 ondT
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and

{ Lo =1 inK (4.4.25)

¢ =0 ondK

Accordingly, if uy = Y 1<i<ny G YT anduy = Y 1<i<n, 0@ + ¢, from the selection
a; = ¢, it can be deduced that the residual inside each elemenntelted since
Lug = —(Luw — f). In order to solve problems (4.4.24) and (4.4.25), theirkvea
formulation can be solved by FEM technique. However, thee@kah method might
still remain unstable for these local problems and stagilimethods should then be
used (SUPG, GLS, ...). Moreover, in this case, the bubbletfoim obtained will only
be approximations of the ideal bubble functions.

Therefore, applying this approach to a linear operator gile an approximation of
the RFB method. However, on the one hand it might seem not tetpsatisfactory
to use known stabilized methods to develop new techniquleie wn the other hand
the restriction to linear operators is in most cases tomgtro

In conclusion, it appears that the bubble function methagtiy attractive in its prin-
ciples. However, the construction of a good bubble functenis usually a difficult
task. A procedure is then to approximate this set by FEM tieglen Studying bubble
functions besides provides some understanding of theligition origin. The final
formulation after static condensation can be comparedkrittwn stabilized methods
and hence can lead to the elaboration of new stable disatietiztools for given oper-
ators. Finally, noting that a multiscale approach has beeeldped by Hughes in the
bubble function context (35), it can be pointed out that teas of this strategy are
very important in the theory of the stabilized methods. Tithe object of the next
subsection.

4.4.3 Multiscale approach

Space discretization implies that scales smaller than #hrsize are not taken into
account in the discrete system. Discretization then acgsdifilter after which only
large scales are addressed while subgrid scales are ef@s®ll. scales, also called
microscopic scales, pertain to the unresolvable solutem, pvhile the macroscopic
scales are captured by discretization. However microscegales may have an im-
portant influence on the real solution. In that case, theyt inesn taken into account
and their presence must be included in the formulation. Egthe central idea of the
multiscale approach lies in introducing microscopic effén the large scale scheme.
However, a strong assumption of this theory is that subgrades identically vanish
on element boundaries. This assumption has the effectalizing the calculations of
subgrid scales in the sense that these problems are unddrugieelement to element.
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Our goal is here to develop an adequate formulation of theseiples, starting from
the strong formulation (4.3.2) and its weak version (4.3.3)

Unknown and test functions are decomposed in two partsesponding to largeuj
and small scalesx) respectively :

u=u+u
{ VeV (4.4.26)
The weak problem formulation can then be rewritten as :
a(+u,v+Vv) = (f,v+V). (4.4.27)
In case of dinear operator, this problem is the same as :
(1) a@v+au.y) = (f.9)
(2) a@v)+aWv) = (f.v). (4.4.28)
The strong formulation of the second equation is then :
2y = —(Zu-f) inT
{ u =0 ondT, VT € % (4.4.29)

These equations induce localization of the subgrid scalesder to satisfy the as-
sumption of their element to element independence. Heheeptoblems can be
solved independently on each element, for example by uskeoGtreen’s function
g associated to problem (4.4.29) :

{ fg _ g Isnu-:—dT, VT € G, (4.4.30)
The solution of Eq. (4.4.29) is then :
v(y) =~ [ gty (Za- 1)), (4.4.31)
or, defining the operatavit by comparison with Eq. (4.4.31),
U =My (L0 f). (4.4.32)
Finally, the large scale part of Eq. (4.4.28) transforms int
AUV +aW,¥) = alvj+ (.2 (4.4.33)

= alV)+ (M (LT 1), -2V = (1,7,

This formulation can be considered as Galerkin formulatrmdified by a term in-
cluding microscopic effects.
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45 Link between stabilized, bubble function and mul-
tiscale approaches

This section draws a link between the previous stabilizexdtegjies. Let us now sum-
marize their respective effects and analyze the case whese teffects are similar.
A crucial point consists in determining the parameter of PG method, thereby
showing that this parameter has a non-arbitrary value irrddmaximize the related
stabilisation effect.

The relationship between stabilized methods, bubble fon¢echniques and the mul-
tiscale approach becomes obvious by comparing the regpattategies summarized
in Eq. (4.4.14), Eq. (4.4.21) and Eq. (4.4.33). These egnatbecome similar if their
related perturbation terms are equal :

(7 (Lun— ),Lvy) = (SgPz(ZLuwy — ), —L*w) = (—M7(ZLu-f),—L*V)
(4.5.34)
whereu, = Uy = uandvy, =W = V.

It is then possible to evaluate the paramatemwith a well-established theoretical
background. Indeed, comparing the third formulation of stebilized methods Eq.
(4.4.14) with the multiscale approach provides the refatio

TT(fUh—f)Z—MT(XUh—f). (4.5.35)
With the definition ofMt given by Eq. (4.4.31) and Eq. (4.4.32), it follows that :
TTa(y_ X) = g(X, y)a (4536)

and hencear can be evaluated from the equation

/T' ATTé(y—X)dedTyz /T /T g(x y)dT,dTy (4.5.37)

as .
=2 / / g(x y)dT,dT,. (4.5.38)
|T| JrJ7

Therefore, it appears thathas a non-arbitrary value.

In conclusion, the link between stabilized methods and th#iscale approach now
provides a justification to the selection of the SUPG param(@thich was up to now
qualified asmagic). These results could be considered as concluding thetigagisn

of stabilized methods. The aim of the next section is tofithte these conclusions in
the 2D case. Typically, the bubble function strategy willdmwn to be potentially
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similar to the SUPG strategy and it will be explained how thisthod can help in
determining new stabilized methods.

This last section has mainly been inspired from the outstandork of T.J.R. Hughes
in (35). The above theories will now be applied to the adweectiiffusion operator.

4.6 Application : the advection-diffusion operator

The 2D case is mainly treated in this part by successivelgldging the SUPG and
bubble function strategies. The relation with the multis@pproach is illustrated and
conclusions are drawn.

Consider a 2D euclidean spa@eits boundarny” and a regular triangulatiofi,. Fo-
cusing on the advection-diffusion operator, which is \eritas

Z()=-0-(kd(")) +w-4(), (4.6.39)
the related Dirichlet problem writes as :

{ Zu=f inQ (4.6.40)

u=~0 onl =0Q.

This is the problem strong formulation, analogous to E¢3.@). The diffusion coef-
ficientk =Cg > 0 is assumed to be constant while velocity and source fielasd f
are constant on each elemdng .

The variational approach provides the weak formulatiorhef problem, which con-
sists in findingu € 51(Q) such that :

a(u,v) = (f,v), W e 7G(Q) (4.6.41)
where
auv) = [okOu-Ov+ (w-Ou)v
(fv) = jgfv. (4.6.42)

Firstly, it is interesting to demonstrate that this probleas a unique solution. As a
Hilbert space is here considered, the Lax-Milgram theoramle applied. Hence, the
assertion is verified if the operataf-, -) is bilinear and coercive ogg (Q). The first
property is easily verified. In order to establish coergMiet us recall that the form
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a(u,v) = JoOu-Qvis coercive. Then, assuming that the velocity fiedés such that
0-a< 0% and by application of Green’s theorem, we find :

d
Q /Q_
—_——— ——

/Q-(wuu):/ ww-n= -wu2+/ 2(w-du)u, Yue 4HQ) . (4.6.43)
Q Q
=0 <0

This equation then provides the inequality :
/ (w-Ou)u> 0, Yu e J3(Q), (4.6.44)
o}

and hence the coercivity of the total operator (4.6.42)taldished. Therefore, prob-
lem (4.6.41) has a unique solution.

4.6.1 SUPG method

In some sense the SUPG approach consists in taking into maictimel information

provided by the flow direction. This is achieved by modifythg test-functions of the
Galerkin method in a non-conformal way such that the flowdios is introduced in

the new formulation. The SUPG method holds its name fromrtbisconformal way

modification of the test-functions is performed ("StrearalUpwinding™) and from

the modification technique which conserves consistencyishdnce called "Petrov-
Galerkin" (PG). An example of functions fulfilling these sfiities is given by :

Vi + T3P0 - v, (4.6.45)

WhereﬁUpg is a not yet defined positive factor have the physical din@nef a time
constant. The original method, applied with the approxiamesetv;, which is a space

3In our case, we have evénh w = 0 on each element as the velocity field is element-constant.
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consisting of continuous and piecewise polynomial fumtias written as (42) :

Findup € V, s.t.
a(Un, Vi)supg = fo KOup - OV + (W- Oup) v+

7 P9 [ (w-Qup— O (kQup) — ) w- Ov
Steg Tt Jr((w-Qun— - (kQup) — f) w-Ovy

= jQ th, YWh € Vi

(4.6.46)
T—,s—Upg(Pen‘)WT ﬁT‘T\&H E(PeT)a
Per = il 2Kp )
" E(Pe”‘{ 1 Per>1,

mc=min{1/3,2G},
CuSresm MElIAVIE T < IOV, v e Vh.

In the abovePer is a numerical Peclet number, related to the mesh size anapthe
proximation set. It represents the ratio between convedia diffusion terms and
takes into account the approximation set degree. Indeedntire refined the mesh
(bt \) and the larger the approximation set degreg ), the higher the numerical
accuracy will be. Indeed, when the Peclet number decretimetgst-function modifi-

cation will be reduced. In this case, mesh and approximagmproperties are quite
sufficient to capture the transport phenomenon.

The consistency of SUPG is obvious when considering thadded term depends on
the strong formulation residual. Where the Galerkin metisdchown to be unstable
for the advection dominated diffusion problem, Brezzi ettelve proved in (42) that
the modifying term of Eq. (4.6.46) increases the formulatioercivity and therefore
renders more stable the operadglpg(-,-).

Let us now examine this method with the piecewise linear @dpration spacéa’hl =
{wn e €0Q) | vt € Pl(T)}. The problem is then written as :

Findu € V! s.t.
a(U1,Vi)supg = Jo KUy - Ovy + (W- Jua)va + Sreg Tp fr (- Oug — f) w- Ovy
= fQ ij_., YW eVp

(4.6.47)
The value oft3"" will be considered for two extreme cases of the Peclet nuiger
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Convection dominating diffusion case Per — o)

The following value is obtained :

hr
e 4.6.48
T (4.6.49)

The factor associated with the velocity simplifies in metl@®.47) and the modifi-
cation is only mesh dependent (Via).

Diffusion dominating convection caseRer — 0)

The following value is obtained :

2
UP9 _ mchy

4.6.49
T 4K ( )

This factor is small and hence the modification with respetté Galerkin method is
small too.

4.6.2 Bubble function method

The bubble function method examined in (43; 44; 45) is hereldped. It mainly
relies on RFB assumptions. The bubble space is not detedrbin@nalytical functions
but by the equations that RFB bubble functions must verify.

Firstly, a piecewise linear function space is again setecidis set is associated with
the not yet determined bubble function spaée

Vh=Vio 2 (4.6.50)
where
Vhl = continuous and piecewise linear function space (4.6.51)
# = {bres}T), TeR}. e

A functionu, € Vh1 is decomposed in a unique waylp= u +Uug, whereuyr € Py(T)
andug = Y1 4 Crbr (with cr being real weighting coefficients).
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In orderto apply the RFB method, appropriate bubble fumstare determined in such
a way that the strong formulation residual vanishes on ttegior of each element :

LuUuy=FfinintT, T € %
& (4.6.52)
Zug=—(Lu—f)inintT, T € F

This is equivalent to imposing on eaghe % the relation
Z(erbr)=—-Zu +f (4.6.53)
which writes as :
—CrKAbr +crw- Obr = —w-Uug + f =Cstjr (4.6.54)

This formulation still requires to determine two unknowmdtional parameters on
each elementf andby). The two steps of the static condensation procedure are now
applied, viz. the projection on the bubble function spactthe determination of the
modification with respect to original Galerkin method.

1. The projection onto the bubble function space providesettpression focr.
Indeed, this operation successively gives :

Jo KQup-Ove + (w- Qup)ve = [, fve, Yvg € #

Jr kO(ur +crbr) - Obr + (w- O(ug +crbr))br = 7 fbr, T € %

As a piecewise linear interpolation space is considem@@t@/hl) and as bubble
functions vanish on the boundariesiofGreen’s theorem gives

/KCTBbT~HbT+(\N~Elu1)bT :/ fbr, T € %
T T

Sincef etw are element-constant, the valuecgfcan finally be inferred as :

Y L T
Cr = KfT ||ubTH2(f w E[Ul)rr' (4.6.55)
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2. The step relating to bubble function projection ovﬁosuccessively gives (43) :

Jo kOug - Ovy + (w- Oug)vs
=0+ Y7eq fr (w-O(crbr))va
=0 Yreg Cr fr (w-Ovi) by

=0—FregCr(W-Uva)r frbr

" 2
=0+ 3res %(w- Qg — )7 (w-Cva) 7

'T
Jbr)?
=0+3res ﬁmh(w' Cuy — ) (w- Ova)

=0+ Yreq W@ fr(w- Ouy — f) (w-Ovy),

wheret® is defined as :

o 1 (frbr)?

EEEELCY S A— 4.6.56
= Tk fy [Obr|2 (4.6.:56)

The bubble function formulation, equivalent to (4.4.2%)finally rewritten as :

Finduy € Vi s.t.
a(ug,vi)p = Jo KOup - Ova + (W- dug)Va + Fre gz T2 fr (W Oug — f) (w- Ova)

_ i _ 1 (frbr)?
= fQ fV17VV1 GVhl W|th T—? - mm .

(4.6.57)
Comparing this method (4.6.57) with the SUPG method (4)6i4¢an be seen that
both methods are similar when applied with a piecewise fideszretization space?,

provided the respective residual weighting faatprand i$~"C are close together.

The "magic" factorrr of SUPG was initially determined by numerical experimenta-
tion on well-known benchmarks, such as the rotating corte @s the other hand, it
appears that*T) depends on the bubble function space and is hence not aybBrab-

ble functions are indeed determined by Eq. (4.6.54). Inteogycy in Eq. (4.6.54) ,
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we successively find :

cr(—kAbr +w-br) = —w-Qug + f

Jrbr =
m(f —w- Ouy) (—KAbr +w-Obr) = —w- Quy + f (4.6.58)

_ by = Krlder?
KAbt +w- by = Fbr
This problem is equivalent to determibe such that :

{KAbT+W-DbT—1 inT (4.6.59)

br=0 ondT

In order to demonstrate this equivalence, the first equati¢a.6.59) is successively
multiplied by br and integrated. Integration by parts of this equation ptesithe

equality :
K/T||EleH2=/TbT. (4.6.60)

Finally, Eq. (4.6.60) provides a simplified definitionn’ﬁ:

1
b __
¥ '/TbT. (4.6.61)

In conclusion, a numerical method (4.6.57) has been degdlop the basis of so-
called bubble functions, whose spagkeand weighting factor are determined by Eq.
(4.6.59) and Eq. (4.6.61) respectively.

As previously, let us now examine two extreme cases in oaleompare the respec-
tive weighting factors of the bubble function and SUPG mdtho

Convection dominating diffusion case Per — o)

Whenk < h|jw]|, the limit of Eq. (4.6.59) is written as :

{ w-Lbr=1 inT (4.6.62)

br=0 onoT~

wherebr is the solution of this equation a@¥ ~ is the inlet boundary of (w-n < 0).
It can be demonstrated (45) thatbif is the solution of Eq. (4.6.59), lig,o 5 br =
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() (b)

Figure 4.3: Different relative orientations of the elensawtith respect to the velocity
field (cases (a) and (b)). Determination of the largest segperallel to the velocity
and entirely contained in the element.

I br . Considering then the first equation of (4.6.62), the gmmBT is constant
on each element. The projection of the gradient on the \glithen :

E

1T

\ -

(4.6.63)

=

[lw

Bubble functions are thus approximated by "pyramids" whuosight is zero on the
inlet side(s) and maximum on the intersection of the largegiment parallel to the
velocity and entirely contained in the element with outletbdary (Fig. 4.3). If this
segment length ii#‘, the pyramid height is theh‘TNm. Bubble function integral

approximation can then be deduced from these observations :

/m /M_QWN (4.6.64)

andt® is finally deduced as :

b_ Y

= —:. 4.6.65
T (4.6.65)

This expression is of the same order of magnitude as for SURGad (where it
is equal toﬁ) even if the bubble function method provides less coergisihce

1/2> 1/3 anddiamT = hr > h¥,
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Diffusion dominating convection case Per — 0)

In this case, the bubble function method verifies the follgylimit equation :

{ E;Kikg =1 '(;‘anT_ (4.6.66)

In this case, it can be demonstrated that Eq. (4.6.66) pes\idb) :

rb—i/bTrvcﬁ (4.6.67)
T_|T| T ~~ K- . .

This result is exactly the same as the one provided by the Std@Bod. The stability
of the bubble function and SUPG methods is then the same fioisidin dominated
problems.

4.6.3 Link with the multiscale approach

The operator is now treated with the multiscale strategy.88) (46) :
a(lV) + (—Mr (LU f),—27) = (f,V) (4.6.68)
where

M (p0) = = [ glx.y)pOY) (4.6.69)

with g solution of

{‘39 = 0.inT (4.6.70)

g = 0 ondT, VT e %.

whered is the Dirac’s measure. Let us kevﬁ as the approximation space in order
to compare the methods. There' V! andv € Vil. The adjoint of the advection-
diffusion operator onsgt(Q) is #*(-) = —0- (kO(-)) —w-0(-). As f etw are
element-constant, the multiscale method finally writes as :

Findu; € Vi, s.t.
a(up, Vi) + Sreq O fr(w-Qup — f) w-Ova = (f,v), Y eVt (4.6.71)

where 1 = ﬁ Jr Jralxy)

The following remarks are then deduced by comparison wittptievious methods :
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e The relation (4.5.38) between the weighting faatprand the Green'’s function
is retrieved.

e Defining the bubble functions as

br() = [ g(xy) 1, dT, (4.6.72)

and from definition of Green’s functiorm is deduced to be solution of the
equation

{KAbT+W-Ele—l inT (4.6.73)

br=0 ondT.

This confirms the result provided by Eq. (4.6.59).

e Moreover, from the bubble function definition (4.6.72) and(4.6.71), it ap-
pears thatr{® = \T1|fT br. This gives the same relation between bubble func-
tions and stabilization term as previously (4.6.61).

4.6.4 Conclusions

This subsection closes the theoretical study and liteessummary about the bubble
function method. Main conclusions are listed herebelow :

e The bubble function stabilization effect has been dematetr by means of
a comparison with stabilized methods and more preciselly thié¢ multiscale
approach theory. Accordingly, the effect of the "magictéaa has been ex-
plained by application of a rigorous method (35) and itsroptivalue has been
determined.

e The choice of the bubble function space remains a hard tdtkodgh a build-
ing methodology has been described in (39), this technisjueore theoretical
than applicable.

e RFB functions are particular bubble functions. Their sfieity lies in the fact
that they satisfy the problem strong formulation insidenezglement. It is proved
that applying the Galerkin method with a classical appr@tion space together
with the RFB function set is as stable as other stabilizechoud. For a linear
problem, this space can be obtained by approximation withbgrsd model and
a two-scale FEM technique. This method is developed in rentian.
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e The bubble function space has been approximately detednmirextremal cases.
The shape and properties of the bubble functions have blestrated accord-
ingly. Hence it has appeared that the bubble function spacegy depends on
the problem.

e Until now, the only advantage of using bubble functions igptovide some
intuitive understanding of stabilized methods. The bulfipfetion method can
also be used to determine a posteriori errors (44).

e Finally, this approach opens a way for the design and inyatitin of new sta-
bilized schemes.

The next section is devoted to the development of a new sadlilmethod, which
is based on the principles explained in this present sectiumerical results will
illustrate the difference between classical approachdstdas new strategy.

4.7 Bubble function-SUPG method

We here develop an original bubble function method devaiegbproximate the RFB
technique. Indeed, on the one hand, as material formingepeas involve many un-
known fields, it is important that the computational timeuieed to stabilize the nu-
merical scheme remains moderate, requirement which iflédlfby the bubble func-
tion strategy by means of the static condensation techniqurethe other hand, the
bubble function method principle is smart and simple ansl [tdsides expected to get
rid of the "magic" parameter in some way.

The method we have implemented will firstly be presented aati/aed by comparing
the related results with SUPG and Galerkin results. Thereijon of a streamline ef-
fect will then be motivated and a method combining the achges of bubble function
and SUPG approaches will be designed. Results will agaimblyzed. A compu-
tational cost study will be performed and the extension &3b case will finally be
considered.

4.7.1 An original RFB approximation

We have chosen to work with piecewise linear bubble funetigtig. 4.4), to which a
so-called generation is attached. The higher the genaritidhe higher the number
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of bubble function related to each element will be (and theareach element will
be refined) (Fig. 4.5). It is then expected to reach a requredision inside each
element and hence a good approximation of the RFB spacee Biacewise linear
functions low integration rules are sufficient, a piecewiisear space is again chosen
for the basic approximation set, and theQetf Eq. (4.4.15) is selected &/{;]1

0.8

0 o

Figure 4.4: Example of piecewise linear bubble functioigteneration. The bubble
function vanishes on the element boundary

In order to define bubble function generation, an elemenhingsule has to be estab-
lished. In the present case, we consider an equilateraffigawhich is easily mapped
to the actual element. The generatiqin > 1) is then defined by cutting the element
side by 2 — 1 perpendicular and equally spaced lines (Fig. 4.5).

With this strategy, three kinds of node types appear :

e The element boundary nodes, which are located between thesrud the basic
mesh : the associated shape functions identically vanisindar to fulfill the
bubble requirements. These nodes are also called "falsk'sno

e The bubble function nodes : each nodal value exactly detersnthe related
local bubble function (Fig. 4.4).

e The basic mesh nodes : these nodes are defined by the globalamésare
associated with the basic problem unknowns.
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Generation 1 Generation 2 Generation 3 Generation 4

O Basic mesh node
©  Bubble function node

O False node

Figure 4.5: Different generations of bubble functions

In an FEM implementation, each element is treated by integraf the problem
weak formulation. Considering that there arg shape functions andy, bubble
functions per element, the projection related to the probleak formulation is per-
formed onnyg + Ny, = ny; functions for each element. The local stiffness matrix
size is themr; x ny;. The static condensation technique will decrease thisugze
the "Galerkin" method size (the same size as obtained witbrida method), which

is exactly the element shape function numbgy. The "Galerkin" matrixA is then
transformed into another matr by means of static condensation operations.

o — N, )

(static condensation) s

B — { } N1y
(4.7.74)
Numerical results obtained by means of this method will bagared with Galerkin
and SUPG results. The SUPG method was implemented takiogao@ount some
remarks of T. de Mulder (47). He indeed points out that SUPquiite sensitive to the
element sizdrr. Evaluating correctly the element size then appears toungatr

Before analyzing these results, let us conclude that a simgla should be to com-
bine the advantages of the bubble function and SUPG metimodsier to design a

more stable strategy, viz. tigubble function-SUPG strategy. In this case, bubble
functions would undergo a streamline upwinding effect byremeased weighting of

the incoming information in order to treat more accurathly transport phenomenon
inside each subelement.
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The next subsection is devoted to provide a numerical cosgrabetween these meth-
ods on a well known benchmark, viz. the rotating cone problem

4.7.2 Numerical results

The rotating cone experiment consists in considering tb&igen of a coloured cone
in a rotating flow, including a more or less pronounced difinsffect. This problem
is modelled by the non-stationary advection-diffusionaggn. With the definition of
% provided by Eq. (4.6.39), this equation is written as :

@-i-g(u) =0. (4.7.75)
ot

We have fixed the flow angular velocity at 1 yad The initial cone profile takes the
shape of a square cosine function of perigd éentered at poir{0.25,0.5) in standard
units (Fig. 4.6). The calculation domain is tf@&1] x [0,1] square. Two different
cases have been considered. The first case deals with atstighport domination
in front of the diffusion effect. The Peclet number, definedPa= ||w||L/k where
L is the characteristic length selected as the cone diamistédien equal to 166
(k = 1072 m?/s, ||w|| = 0.5 m/s andL = 0.33 m). The second case deals with a
convection dominated problem, sinee= 1666 ¢ = 10~* m?/s, |\w|| = 0.5 m/s and
L=0.33m).

Figure 4.6: Initial cone, calculation domain and mesh, togewith initial position
and height of the cone top.

The domain discretization is performed with triangles forga structured mesh com-
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posed of 33« 33 nodes. The element Peclet numbers are Bega= 1.56 andPe, =
156 respectively for the two investigated cdse$ime integration is performed by
means of Crank-Nicolson scheme and the integration tingeist&rr/200 s.

Figures 4.7 and 4.8 show the results obtained after one ataton with Galerkin,
SUPG, bubble function and Bubble-SUPG methods,Feyr= 1.56 andPeg, = 156
respectively whereas Fig. 4.9 illustrates a comparisowden results obtained with
different bubble function generations feg, = 156.

In Fig. 4.7 it appears that the Galerkin approach is quitblstéor this problem,
even if the top of the cone shows a slight solution overshd@hen the advection
influence is increased, the Galerkin method turns out to B&abfe and oscillations as
well as a large overshoot appear (Fig. 4.8). However, theGt#ehnique stabilizes
the numerical operator and oscillations as well as the beatsdecrease (Fig. 4.8).
One can still observe a remaining oscillation near the castsb When used alone,
the bubble function method results exhibit a large overshidowever, there are less
oscillations when a higher generation is used (Fig. 4.9¢rEf{these results are not
satisfying, the oscillations decrease has led to us to aoenthie SUPG and bubble
function strategies. The combined method seems convirgiirgg the overshoot is
decreased and the spurious oscillations are almost tatagipressed (Figs. 4.8 and
4.9).

In conclusion, the Bubble function-SUPG methods producetgebcone height con-
servation and bring less spurious oscillations. Bubblecfions alone lead to poor
results even if oscillations are decreased. Since the usestiuctured mesh could
play some role in these observations, a similar study sheeilchrried out on unstruc-
tured meshes. Another solution should be to increase thielégeneration number,
but in this case the related computational cost could beitgiods it is illustrated in the
next section. Finally, an interesting study could be to yrathe respective effects of
the global and local mesh refinements in order to determimeptimal ’local-global’
discretization ratio. Such strategies are indeed knowndd to 'super-convergence’
effects (48; 49; 50).

4.7.3 Computational cost

In order to estimate the computational cost of a problemtswlusome specific pa-
rameters of the discrete problem are listed in Table 4.1. Zhgroblem is treated

4As observed by T. de Mulder (47), the element Peclet numbifénitien is not univocal and depends
on the element size evaluation. In our study, we have singhgrt as element size the length of the side
adjacent to the element square angle, kiz 1/32 m.
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5,0.5,1.0749
E,0.5,1.0453)
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).

Bubble function-SUPG method

Galerkin

Figure 4.7: Rotating cone test f&, = 1.56 on a 33x 33 node mesh. Comparison
between the results obtained by means of Galerkin, SUPG @tddineration of bub-
ble function (Genl) methods, without or with SUPG effectidesthe subelements.

Position and height of the cone top after one rotation.

first.

Classical frontal or band solvers imply to perfoA pivoting operations with ma-
trices of sizeM x M. The computational cost of these methods is tHN>M?2

Two ways of improving the solution accuracy are examined, \i) a global mesh
refinement and (ii) an element refinement performed by mekine dubble function

method.

In a refinement of factoa the unknown number is multiplied tg? and the band or



96 Numerical tools

Galerkin SUPG

T "i"';'.r l

Gen 1 Gen 1+ S8UPG

05

Figure 4.8: Rotating cone test f@, = 156 on a 33« 33 node mesh. Comparison
between the results obtained by means of Galerkin, SUPG mhddneration of bub-

ble function (Genl) methods, without or with SUPG effecidesthe subelements.
Position and height of the cone top after one rotation.

front length bya. The total computational cost becom@g*N°M?) and the original
cost is multiplied bya®.

With the bubble function method, static condensation ipoasible of the operation
number increase. With classical gaussian eliminatiors, ¢bist increase is roughly
o (cbz) per element when static condensation is performed by fultimaperations.
Assuming that the element number is of the same order as ttemanber ¢'(T) =

¢ (N)), the related cost increase is théiiN?cb?). These observations thus provide
the computational cost summary recalled in Table 4.2.
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Gen 2 + SUPG

Gen 2

5,0.4375,1.1185)

0k

.31256,0.5625,1.3182)

—

Gen 3+ SUPG

Gen 3

25,04375,1.1158)

0k

25,0.6625,1.2111)

—

Gen 4 + SUPG

Gen 4

0.25,0.4375,1.1152)

0k

.3125,0.5625,1.2132)

—

Figure 4.9: Rotating cone test f&, = 156 on a 33« 33 node mesh. Comparison
between results obtained by means of second, third anchfgerteration of bubble

function (Gen2,Gen3,Gen4) methods, without or with SUP@ceinside the subele-

ments. Decreasing of the oscillations near the cone basesm whoosing a higher

generations. Position and height of the cone top after oiatioo.
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b. | Description

Characteristic number of nodes on a side of the domain

Front or band length~ ¢ (N) in 2D problemsy ¢ (N?) in 3D problems)
Number of elements

Mesh refinement factor

"True" number of bubble functions inside each element

ocr;u—|§2§

Table 4.1: Parameters of the numerical solution

Method | Computational cost
Band or frontal 0(N*M?)
Same with refinement facter O (a*N?>M?)

Bubble functions with node numbbr| ¢(N°M?) + ¢(N%cb?)

Table 4.2: Computational cost of different refinement sgas for 2D problems.

This analysis shows that with refinement such that the éfeetement size is equal,
bubble methods need less computational cost since in msssaiM? > cb?. Nev-
ertheless, on the inter-element boundaries, the solutibbbeviess accurate since the
interpolation is still performed on the original mesh. Iedeas the bubble functions
vanish along the inter-element boundaries, they have neeinfle on the inter-element
interpolation. For similar rough meshes, the bubble funmctnethod is expected to
have slightly more accurate and much more stable resultsamitost increase. This
method should besides be relevant in the 3D case but thissatebrings a lot of
difficulties as it is explained in next section.

4.7.4 3D Extension

The attractive aspect of our bubble function approach figheé ability to automati-

cally generate bubble functions in order to reach a givemr@oy. Unfortunately, in

the 3D case, subdividing a tetrahedron in small tetraheddreot so easy. The first
generation is however obtained by a similar way as in 2D, bidatig each edge by
its bissector plane and producing 48 tetrahedra and 15 fmtaaw nodes (with only

a single bubble function). At this point, we did not find anyt@uatic generation
strategy.

The geometrical complexity and the automatic subdivisamhique difficulties per-
tain to the 3D treatment. Hence, although the improvemeiimed by using 2D

Total node number inside each element (mesh nodes + trudebiuiniztion nodes)
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bubble functions were quite promising, the 3D extensionr@sbeen investigated.
Therefore, the SUPG technique was used in 3D numerical atinnk (see Chapter
5).

4.8 Moving frontissue

The last numerical problem to address in order to simulaté/Si2 RTM processes
is to propose an algorithm for solving the moving front peshl In the modelling of
material forming processes, a fluid continuously fills thddvio which it is injected.
The void space is then filled by the injected fluid and a moviogt separates both
phases. In general, an accurate description of the movingdsoy is important espe-
cially when surface phenomena have a large influence on theflavhen it is crucial
that no void space remains present after mold filling. Thespltimains then evolve
with time and the related equations as well. Two main stiategxist to address this
issue numerically :

e The mold mesh is fixed and a filling variable is added. Thisalzé evolves
from O when the neighbourhood of the considered point idlyaapty of liquid
to 1 when it is saturated.

e The mesh is adapted at each time step in order to fit the satidatmain. Its
boundary then encloses the saturated zone, and the nanpstatof this border
is called the moving front.

The advantage of the first strategy lies in keeping the sansh mearing the entire
simulation. Nevertheless, in order to precisely descfileeftont, a high mesh refine-
ment is needed. Application of the second approach is bstiéed when accurate
knowledge of the front is desired. However, computing a negimat each time step
is obviously a main disadvantage of this technique.

We here present an algorithm based on the second stratetgednfront tracking is
very important in RTM and SRIM processes mainly in order toidgas jailing. This
algorithm involves different substeps at each time step :

1. Integration of some unknown fields on the old mesh (agsitiwith the previ-
ous time step).

2. Determination of the moving front position.
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3. Treatment of fluid-fluid or fluid-wall meetings.

N

. Field extrapolation on the new domain taking the boundanditions into ac-
count.

. New mesh determination.
. Final field interpolation in the appropriate regions.

. Correction of the extrapolated fields.

0 N o O

. Implicit calculation of the pressure field.

Two different solvers are needed, first for the flow and sedonthe geometry. The
first solver involves solving the flow equations and besidesst interpolation and ex-
trapolation techniques in order to take into account thehnegslution. The geometri-
cal solver deals with front motion, front-front and fronalvmeetings, and remeshing.
Solving accurately the advection-dominated diffusionagun is very important for
both the flow and the geometrical solvers.

Unfortunately, the geometrical solver was not yet fully lerpented in our research
group. Hence, the extrapolation and interpolation tealesgcould not be investigated
and the complete solution of the problem has not been adahieve



