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ACTION ACCESSIBLE AND
WEARLY ACTION REPRESENTABLE
VARIETIES OF ALGEBRAS

(J.W.W . XabiezGarcía-Mortínez,
MAIN GOAL ARXIV:2503 .17326)

We prote that the converse of
the implication
weakly action =>actionesiblerep . category

category
is not tre for voicties of

-

ise algebrasnon-associal der

a field.
Counterexamples :
Nilse (Lie) and Solz(tie).
3 ↓
k33 t=2



PRELIMINARIES

· E semi-obelian category
(pointed+Barr-exact+
protomodular t finite
coproducts (

· Split extension of B byX :
0-XAB-0
with <B= idiand (X,K)=Kerx.
· Split extensions by X :

SplExt(-,X) :Y-Set
where SpeExt(B,X) is theset

of iso classes of split ext.
of B by X.



· Internal actions ou X :

Act,X) : 20-> Set
Remark Act( ,X)=SplExt(,X).
· Action representablecategory
(Borceux ,Janelidze,Kelly ,2005)
UXEC

, J [XJEC such that
BACTOROfX

SpeExt( ,X)= Ham( , [X]).
Examples
C=Gzpms[X] =Aut(X) ;

· C= Lie mu [X]= Der(X)
;

. Cabelianus [X]=0.



Remarke

The notion of A .R . category is
quite restrictive .
Theorem (García-Martínez,
Tsishyn ,Van derLinden ,Venne,
Let V be a variety of 2021)
non-associative algebras
over a field IF (IFinfinite,
char (IF)#2) . If Wis A .R .,
then U=AbAlg or V= Lie.



Remark

A nou-associativealgebra X
isa vector space endowed

-with a bilinear multiplication
XXX ->X
(X, y)mXy

A variety Vis a class of
algebral which satisfies a
set of identities.
Remark

Any variety Vis a seri-abeliou
category.



·Weekly action neb.Category
(Janelidze , 2022) :
FXEC

,
IT=T(X)EC and

2 :SplExt(,X)->How(,T)
totionEs weak represen

of SpeExt( ,X)
. Acting morphism :

(y : B->T)c [m([B)
Examples
· C A .R .m>T= [X].
· C=AssocrusT=Bir(X)

(Janelidze
,2022)

.

· C=Leibr>T=Bider(x)
(Cigoli,M., Metere ,2023).



Proposition (Janelidze , 2022)
(#)

Weekly act. rep=>Act. accessible.
-

~
/

every object in SplExt(X)
is "accessible", i .e., it has
a morphism intoa
"Faithful" or "subtermind"
object.
Example

If C is A .R .,the
0--X-x(X]NX (X]->0
is a terminal object in

SpeExt(X) .



Question

Does the converseof (#) holds?
Theorem (Gray , 2025)
Let C A .r

., XEC BIRKHOFF.-
&

full reflective closed under
subobjects andquatientslimages
Suppose7 > B" ru'unzulS ini.....XEXE m T
m,mi X
un'el B(XDx(X]

..................
such that : ru

(1) (m,wil cannot beamalgamated inX
(2) the split ext. withKernelX I
corresp. to veandvare inX .
Then# is NOTweakly act. rep.



DET Two monomorphisms
B(S> Bi

have anamalgam in C
if 7BDcBrin C
such that S

> Bi
w T Yee

Remark BX->D
U

CA .R . => C has the A . P.

Exemple (Gray , 2025)
· C=Gzp ,X= Solt (Gzp),ta3.
I Sabelion

, B2-hilpotent
and m ,m :S B which
connot be amalgamated inX.
Thus

,
X is not weakly actrep.



SUBVARIETIES OF Lie

· Nilse(hie) ,13

(L=2 ,25=[L, (4 -17 = 0)
.

· Solt(Lie),t-2

(2)=2, ((t) (((t
-2)((t-y=0).

Remarte (Brox,GarcíaMartinez,M
.,Van der Linden,
Vienne , 2025)

Nilz(Lie) isweakly act . Rep.
with

T(x)=[ffEnd(x)) ...
.f(x,y])= (f(x).y] =03

and f*g = 0.



Theoreu (García-Martinez , M ,2025)
Nilre(lie)and Solt(Lie)
are not weakly act . rep/

Proof
for any 123 and t=2.

· S = /Fa,b] abeliau -

· B= (F(X,a,b3, (X,a] = b .

· B=Fly,a, by, Cy , b]=a
· BB'LzwsHeisenberg

algebra
·Suppose JDE Solt(Lie)

il
such that c-> BI

i S F Izei
B-D
Ju



· Let P=<u(B), u'(B') <D -

I

.Sisan ideal of Band B=
=> V= u(S)=u'(S) is a
ideal of P =
=> we have the adjoint map
ad : P ->Dez(V)
pi [p . - ]

where Der(V)=gl(2 , IF).
&

abelian 2-dim.

· Psolvable =ad(P) solvable.
· ad(P)= (adu(x)

,
adu'(x)]

< (28) ,(85)= sl(2 , (F).mu
Y

SIMPLE E



Thus
,
me and mi connot

be amalgamated in
Solt(kie) (andNilve(hie)).
Remark Lie has the A .P.

· L = gl(3 , 1F) .
· 4 : B-> L

X 1 - - 223
a +12 >4(B) Eh3Ebre13

.
s

P(S)=P'(S)
· ↑' :B-> L *

y +-232

Ea est m>4'(B') h3br913
.

·XIFabeliaums [X]EL .
· V=id: -> d= (X].



The split extension of BbyX
corresp. to Vo4= 4 : Bc->Lis

0-XBXB-0
If[esez .e33 IFS"x,ab ,en .22 es]

where
(X ,aj=b, [X ,23]=

-e,

[a,22] = [b,e3] = es.

Our has
· B4 =BXyX= IF[X, ,b,en ,e2,es
· [B4,By]= IF[b ,e1,223
[B4 , (B4,By]] = IFSe23
· [B4, [B4 , (Br, By]]] =0.
Thus BPE Nilz(Lie) =
=> ByESolz(Lie) .



Ina similar way
BENilz(lie) =
=> B'y'E Solz (Lie) .

Thus , By,BitNitre(Lie)
and By,B'y'ESolz(Lie),
for any 13 and t22 .

#

Remark

Grey's example con be
refined in order to prote
that Nilk(Grp) (123) and
Solz(Gep)are not weakly
act . rep.
Open question What aboutNilz (Gzp) ?


