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Preamble

This thesis is concerned with the analysis of multivariate extreme values. In a
broad sense, this means that, after modelling a multivariate phenomenon of
interest as a random variable, we are concerned about the statistical analysis
of the tail of the resulting probability distribution. The main difficulty comes
from the tail dependence structure which can (almost) be arbitrary. Many
possible tools exist to describe this dependence and one of the most popular
approaches is obtained by considering the so-called angular measure [36] of
the probability distribution (after standardization of its margins). The angular
measure describes the probability of the phenomenon of interest being in a
certain direction (angle) of the space given that it is sufficiently far from a
predefined origin point. Inference on this measure is the theme of this work.

Chapter 1: Extreme Value Analysis: An Introduction. In this introduc-
tory chapter, we formalize the notion of the tail analysis we aim to conduct
using the theory of regular variation of [74]. We explain the key challenges
related to the univariate and multivariate frameworks. A precise definition of
the angular measure is provided.

Chapter 2: Uniform Concentration Bounds for Frequencies of Rare
Events. This chapter provides a set of Vapnik–Chervonenkis type concen-
tration inequalities that are specially designed for the analysis of rare events,
and, in particular, extreme events. No extreme value theory is used here, and
the applicability of these results is not limited to this framework.

Chapter 3: Concentration Bounds for the Empirical Angular Measure
with Statistical Learning Applications. We apply the results of the previ-
ous chapter to the problem of empirically estimating the angular measure in
a space of arbitrary dimension. The main result is a finite-sample bound on
the deviation from the true angular measure, uniformly on a possibly infinite
class of subsets of the sphere. Applications to the statistical learning problems
of binary classification and minimum-volume set estimation are discussed.

Chapter 4: Bivariate Asymptotic Theory and Testing for the Angular
Measure. We leave the general framework to focus on the bivariate situation,
from a large sample perspective. Extending previous asymptotic results on
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ii Preamble

the angular measure in this case, we develop a goodness-of-fit procedure for
testing general parametric models that are popular in extremes. Our main
results provide a simple and efficient way of testing these models together
with an asymptotically justified parametric bootstrap to approach the limit
distribution of the test statistic. Multiple testing issues are also discussed.

Chapter 5: Wasserstein–Aitchison Generative Adversarial Networks
for Angular Measures. Of a different nature, generative methods based on
Generative Adversarial Networks (GANs) and variants thereof are becoming
popular for estimating dependences in high-dimensional spaces. We exploit
and adapt these methods to the problem of estimating an angular measure
in a space of arbitrary dimension. In particular, we explain how the special
constraints of this measure are enforced in the generative networks. Among
other things, this relies on equipping the simplex with an orthonormal basis,
the resulting object being known as the Aitchison simplex from compositional
data analysis. The method’s performance is illustrated on simulated and real
financial data.

Chapter 6: Concluding Remarks and Perspectives. This chapter sum-
marises the thesis and proposes extensions and perspectives on the theory
and methods that have been introduced.

The main contributions of this thesis are contained in the following papers.

■ Stéphane Lhaut, Anne Sabourin and Johan Segers. Uniform concen-
trations bounds for frequencies of rare events. Statistics and Probability
Letters, 189:109610, 2022.

■ Stéphan Clémençon, Hamid Jalalzai, Stéphane Lhaut, Anne Sabourin,
and Johan Segers. Concentration bounds for the empirical angularmeasure
with statistical learning applications. Bernoulli, 29(4):2797–2827, 2023.

■ Stéphane Lhaut and Johan Segers. An asymptotic expansion of the
empirical angular measure for bivariate extremal dependence. In Matteo
Barigozzi, Siegfried Hörmann, and Davy Paindaveine, editors, Recent
Advances in Econometrics and Statistics. Springer, November 2024.

■ Stéphane Lhaut and Johan Segers. Testing parametric models for the
angular measure for bivariate extremes. arXiv preprint arXiv:2411.12673
(submitted to Extremes).

■ Stéphane Lhaut, Holger Rootzén and Johan Segers. Wasserstein Aitchi-
son GAN for angular measures of multivariate extremes. arXiv preprint
arXiv:2504.21438 (submitted to Extremes).
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Extreme Value Analysis:
An Introduction 1
As opposed to “standard” statistical approacheswhich are focused onmodelling
the bulk of the data distribution, Extreme Value Analysis (EVA) is focusing
on providing accurate models for the tail of the data distribution. The core
motivation of EVA is that, even though no historical data point lies in a tail
region, such events may well happen in the future. If the data represents some
financial loss or some stress applied to a physical system, such events may
well have disastrous consequences! Therefore, we are interested in obtaining a
general and robust theory for the possible tail behaviours of data distributions.

In this world, nothing comes for free. As such, carrying an EVA requires
hypotheses. Of course, we are interested in obtaining the most general results
and therefore using the least restrictive assumptions. The key mathematical
concepts underlying the ones we use in EVA is regular variation of measures
(and functions). Many formulations and frameworks are possible to introduce
this concept. Here, we choose to follow the path of considering the involved
measures in the spaceM0 as introduced in [74] since we think that this leads
to a more elegant formulation than the traditional one developed, e.g., by
Resnick [107] using vague convergence of positive Radon measures on an
artificially compactified space. Implications for statistical analyses are identical
and this choice merely reflects the author’s preferences.

1.1 Extrapolation and regular variation

Extrapolation. Consider a positive multivariate risk

𝑋 = (𝑋1, . . . , 𝑋𝑑 )

with values in E def
= [0,∞)𝑑 . Denote by 𝑃𝑋 the law of 𝑋 on (E,B(E)), where

B(E) denotes the Borel 𝜎-algebra on E and let E0
def
= E \ {(0, . . . , 0)}. Assume

we have collected historical data on this risk, that is, we are given a random
sample 𝑋1, . . . , 𝑋𝑛 distributed as 𝑃𝑋 . We will always assume that the obser-
vations 𝑋𝑖 = (𝑋𝑖1, . . . , 𝑋𝑖𝑑 ) are independent. It could be that, in this sample,
no (or few) observation has been observed in a given Borel set 𝐵 ∈ B(E)
for which we are interested in obtaining an assessment of 𝑃𝑋 (𝐵), which we
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2 Chapter 1. Extreme Value Analysis: An Introduction

think to be nonzero. For example, we may have 𝐵 = 𝑡𝐶 where 𝐶 ∈ B(E)
and 𝑡𝐶 def

= {𝑡𝑥 : 𝑥 ∈ 𝐶} for a large 𝑡 > 0. A simple computation based on
the empirical measure 𝑃𝑋

def
= 𝑛−1

∑𝑛
𝑖=1 𝛿𝑋𝑖 would be useless in this case. Two

approaches are possible:

I. either we assume that 𝑃𝑋 = 𝑃𝜃 for some finite-dimensional parameter 𝜃
and use the historical data to provide an estimate 𝜃 = 𝜃 (𝑋1, . . . , 𝑋𝑛) of
the unknown parameter. In particular, this leads to the estimate 𝑃

𝜃
(𝐵)

of the probability of interest;

II. or we assume some homogeneity on 𝑃𝑋 , at least in its tail part, so that we
may relate the tail probability 𝑃𝑋 (𝑡𝐶) to the more “central” probability
𝑃𝑋 (𝐶) for which an empirical estimation 𝑃𝑋 (𝐶) is possible.

The first approach implies that we are able to provide a parametric model for
the whole distribution 𝑃𝑋 . This is quite restrictive, even more in the case 𝑑 > 1
which is the main topic of this thesis. EVA looks to avoid strong assumptions
on the data generating process and follows a guiding principle of Vladimir
Vapnik (born in 1936) in [124, Section 1.9]:

When solving a given problem, try to avoid solving a more general problem as
an intermediate step.

In this context, this means that when trying to model the tail of 𝑋 , one should
avoid modelling the whole distribution 𝑃𝑋 as an intermediate step. As such,
we choose to follow the second approach. The simplest form this path could
take is to assume that the measure 𝑃𝑋 is positive homogenous of order −𝛼 < 0,
that is

𝑃𝑋 (𝑡𝐶) = 𝑡−𝛼𝑃𝑋 (𝐶), ∀𝑡 > 1. (1.1)

Of course, this is too restrictive in practice as nearly all familiar distribution
𝑃𝑋 do not satisfy (1.1). Consequently, we need to be more cautious and provide
a more general working assumption. This assumption is regular variation.
We start by introducing it for functions on R as it will be useful for the one-
dimensional case 𝑑 = 1 described below, and it is a necessary step towards
defining regular variation of measures on E.

Regular variation of functions. A function 𝐹 : (0,∞) → (0,∞) is called
regularly varying (at infinity) when it is asymptotically positively homoge-
neous.

Definition 1.1.1 (Regular variation of functions). A measurable 𝐹 : (0,∞) →
(0,∞) is called regularly varying with index 𝜌 ∈ R if

lim
𝑥→∞

𝐹 (𝑡𝑥)
𝐹 (𝑥) = 𝑡𝜌 , ∀𝑡 > 0.
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This is denoted by 𝐹 ∈ RV𝜌 . If 𝜌 = 0, we say that 𝐹 is slowly varying.

Definition 1.1.1 formalises the idea that 𝐹 satisfies

𝐹 (𝑡𝑥) ∼ 𝑡𝜌𝐹 (𝑥), as 𝑥 →∞.

It also directly follows from Definition 1.1.1 that if 𝐹 ∈ RV𝜌 , it can be written
as

𝐹 (𝑥) = 𝐿(𝑥)𝑥𝜌 , ∀𝑥 ∈ (0,∞) (1.2)

where 𝐿(𝑥) def
= 𝐹 (𝑥)/𝑥𝜌 is slowly varying, that is, 𝐹 behaves roughly like a

power function at infinity.
Examples of slowly varying functions include functions𝐿 such that𝐿(𝑥) →

𝐶 for some constant 𝐶 > 0 as 𝑥 → ∞, logarithmic functions like 𝐿(𝑥) =
log(1 + 𝑥) or compositions of it like 𝐿(𝑥) = log(log(1 + 𝑥)). Functions like
𝑥 > 0 ↦→ exp(𝑥) or 𝑥 > 0 ↦→ sin(𝑥) are not slowly varying.

In the case of one-dimensional risks 𝑋 ∈ (0,∞) described below, we
will see that assuming that the data distribution 𝑃𝑋 is regularly varying is
equivalent to assuming that its survival function

𝐹 (𝑥) def= P(𝑋 > 𝑥), 𝑥 > 0, (1.3)

satisfies 𝐹 ∈ RV−𝛼 for some 𝛼 > 0.

Regular variation of measures. Before introducing the key concept un-
derlying our extrapolation approach, we need some definitions. For 𝑥 ∈ E and
𝑟 > 0, we will use the notation

𝐵𝑟 (𝑥)
def
= {𝑦 ∈ E : ∥𝑦 − 𝑥 ∥ ≤ 𝑟 },

where ∥ · ∥ denotes some norm on R𝑑 . We will consider the space of measures

M0(E)
def
=

{
𝜇 measure on (E0,B(E0)) |

∀𝑟 > 0, 𝐵 ∈ B(E0) with 𝐵 ⊆ E0 \ 𝐵𝑟 (0), 𝜇 (𝐵) < ∞
}

and the spaces of functions

C𝑏 (E)
def
=

{
𝑓 : E→ R | 𝑓 is continuous and bounded

}
and

C0(E)
def
= C𝑏 (E0) ∩

{
𝑓 : E0 → R | ∃𝑟 > 0, 𝑓 (𝑥) = 0 ∀𝑥 ∈ 𝐵𝑟 (0)

}
Regular variation relies on the following notion of convergence [74, Theo-

rem 2.1].
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Definition 1.1.2 (Convergence of measures inM0(E)). Let (𝜇𝑛)𝑛∈N and 𝜇 be
measures inM0(E). We say that 𝜇𝑛 converges to 𝜇 in the spaceM0(E) when

lim
𝑛→∞

∫
E
𝑓 (𝑥)d𝜇𝑛 (𝑥) =

∫
E
𝑓 (𝑥)d𝜇 (𝑥), ∀𝑓 ∈ C0(E) .

This is denoted by 𝜇𝑛
M0−−−→ 𝜇.

As for weak convergence of probability measures, we have a Portmanteau
theorem which will be useful in interpreting the regular variation assump-
tion [74, Theorem 2.4]. For a set 𝐵 ⊆ E, we will denote its closure by 𝐵 and its
boundary by 𝜕𝐵.

Theorem 1.1.1 (Portmanteau theorem forM0(E) convergence). Let (𝜇𝑛)𝑛∈N
and 𝜇 be measures inM0(E). The following statements are equivalent.

(i) 𝜇𝑛
M0−−−→ 𝜇

(ii) lim𝑛→∞ 𝜇𝑛 (𝐵) = 𝜇 (𝐵) for any 𝐵 ∈ B(E) such that 𝜇 (𝜕𝐵) = 0 and 0 ∉ 𝐵.

Many formulation exists for the regular variation assumption. The most
useful one for us is the following [74, Theorem 3.1].

Definition 1.1.3 (Regular variation of measures). We say that a measure
𝜇 ∈ M0(E) is regularly varying if one of the two following equivalent conditions
is satisfied:

(i) there exists a nonzero measure 𝜈 ∈ M0(E) and a function 𝑏 ∈ RV−𝛼 for
some 𝛼 > 0 such that

𝑡𝜇 (𝑏 (𝑡)·) M0−−−→ 𝜈 (·), 𝑡 →∞;

(ii) there exists a nonzero measure 𝜈 ∈ M0(E) and a function 𝑐 ∈ RV𝛼 for
some 𝛼 > 0 such that

𝑐 (𝑡)𝜇 (𝑡 ·) M0−−−→ 𝜈 (·), 𝑡 →∞.

Coming back to our statistical problem of estimating 𝑃𝑋 (𝑡𝐶) for some large
𝑡 > 0, we understand that Definition 1.1.3 can play a key role. Indeed, assuming
𝑃𝑋 ∈ M0(E) is regularly varying, we get the following approximation from
condition (ii):

𝑃𝑋 (𝑡𝐶) ≈
𝜈 (𝐶)
𝑐 (𝑡) , 𝑡 →∞,

provided 𝐶 satisfies 𝜈 (𝜕𝐶) = 0 and 0 ∉ 𝐶 . Assuming this relation is exact for 𝑡
large enough, we get an estimate by computing an estimate of the unknown
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measure 𝜈 and the number 𝑐 (𝑡). Dealing with 𝑐 (𝑡) won’t represent a big
challenge as it follows from the proof of [74, Theorem 3.1] that we may pick

𝑐 (𝑡) = 1
𝜇 (E \ 𝐵0(𝑡))

, 𝑡 > 0, (1.4)

and this will be estimated empirically on the sample for some (intermediate)
large 𝑡 > 0. Statistical estimation of the measure 𝜈 represents the main
difficulty.

The problem is not fully unstructured as any measure 𝜈 satisfying one of
the equivalent statements of Definition 1.1.3 is automatically positive homo-
geneous [74, Theorem 3.1]. That is, for any 𝐵 ∈ B(E) and 𝑡 > 0, we must
have

𝜈 (𝑡𝐵) = 𝑡−𝛼𝜈 (𝐵) (1.5)

for the same 𝛼 > 0 such that 𝑐 ∈ RV𝛼 . Indeed, we have for 𝑡, 𝑠 > 0, by point
(ii) of Definition 1.1.3,

lim
𝑠→∞

𝑐 (𝑡𝑠)𝜇 (𝑡𝑠𝐵) = 𝜈 (𝐵),

and, at the same time, in view of Definition 1.1.1,

lim
𝑠→∞

𝑐 (𝑡𝑠)𝜇 (𝑡𝑠𝐵) = lim
𝑠→∞

𝑐 (𝑡𝑠)
𝑐 (𝑠) 𝑐 (𝑠)𝜇 (𝑠 (𝑡𝐵)) = 𝑡

𝛼𝜈 (𝑡𝐵),

showing (1.5). In some sense, the somewhat unrealistic assumption in (1.1)
becomes true for the tail measure 𝜈 .

In the next section, we start by explaining the estimation problem in
dimension 𝑑 = 1 which is much easier as no dependence structure is involved
and the measure 𝜈 takes a simple form. Next, we move on to 𝑑 > 1 which is
the main topic of this thesis.

1.2 Univariate risks

Let𝑋 be a random variable with values in [0,∞). Assuming that its distribution
𝑃𝑋 is regularly varying leads to a particularly simple form for 𝜈 due to the
homogeneity property (1.5).

Proposition 1.2.1 (One-dimensional regular variation). Let 𝜇 ∈ M0( [0,∞))
be regularly varying, i.e., there exists a nonzero measure 𝜈 ∈ M0( [0,∞)) and a
regularly varying function 𝑏 : 𝑡 > 0 ↦→ 𝑏 (𝑡) ∈ (0,∞) such that

𝑡𝜇 (𝑏 (𝑡)·) M0−−−→ 𝜈 (·), 𝑡 →∞.

There exists 𝛼 > 0 and 𝑐 > 0 such that for any 𝑥 > 0,

𝜈 ((𝑥,∞)) = 𝑐𝑥−𝛼 . (1.6)
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As the class of intervals {(𝑥,∞) : 𝑥 > 0} forms a 𝜋-system generating
B((0,∞)), it follows from an extension of the Dynkin’s 𝜋–𝜆 theorem [74,
Theorem 2.8] that the measure 𝜈 is fully determined by (1.6).

Proof. Recall from (1.5) that for any 𝑥 > 0 and any 𝑡 > 0

𝜈 (𝑡 (𝑥,∞)) = 𝑡−𝛼𝜈 ((𝑥,∞))

for some 𝛼 > 0. In particular, picking 𝑥 = 1, we get

𝜈 ((𝑡,∞)) = 𝑡−𝛼𝜈 ((1,∞)) ,

for any 𝑡 > 0. Setting 𝑐 def
= 𝜈 ((1,∞)), we get the result.

In the previous proof, we implicitly assume that 𝜈 ((1,∞)) > 0, an assump-
tion that we will always assume to be satisfied. In (1.6), it is always possible
to have 𝑐 = 1 by changing the function 𝑏 as a regularly varying function is
not sensitive to multiplication by a constant. Consequently, we have shown
that assuming the regular variation of 𝑋 ∈ (0,∞) is equivalent to existence of
a function 𝑏 (·), with 𝑏 (𝑡) → ∞ as 𝑡 →∞, and such that for all 𝑥 > 0,

lim
𝑡→∞

𝑡 P
(
𝑋

𝑏 (𝑡) > 𝑥
)
= 𝑥−𝛼

for some 𝛼 > 0. It is now a standard argument [107, Theorem 3.6] that this
requirement is equivalent to the survival function 𝐹 of 𝑋 defined in (1.3)
satisfying 𝐹 ∈ RV−𝛼 .

Regular variation of the risk’s survival function is equivalent to the risk
being roughly distributed as a Pareto random variable in the tail, modulo a term
which does not change too quickly at infinity. This assumption is of course
more general than assuming that 𝑋 is Pareto distributed itself. Examples of
families of distributions 𝑃𝑋 satisfying such an hypothesis are: Pareto, Burr,
Fisher, inverse Gamma, Fréchet, Student, etc. See [13, Table 2.1] for other
examples.

From the statistical perspective, the hypothesis 𝐹 ∈ RV−𝛼 is crucial as it
tells us that as 𝑥 →∞,

P(𝑋 > 𝑡𝑥) ≈ 𝑡−𝛼 𝑃 (𝑋 > 𝑥), (1.7)

for any 𝑡 > 0. This precisely means that extrapolation is possible. If one is
interested in obtaining an estimate of P(𝑋 > 𝑦) for some large 𝑦 > 0 where no
empirical data is available above 𝑦, we just rewrite 𝑦 = 𝑡 · 𝑦/𝑡 for some large
intermediate 0 < 𝑡 < 𝑦 such that P(𝑋 > 𝑦/𝑡) can be evaluated empirically
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by 𝑃𝑋 ((𝑦/𝑡,∞)) and, provided we are able to provide an estimator 𝛼 for the
unknown parameter 𝛼 > 0, we deduce the estimate�P(𝑋 > 𝑦) = 𝑡−𝛼 𝑃𝑋 ((𝑦/𝑡,∞))

for the probability of interest. The resulting semi-parametric estimate is the
core of what is called in EVA the Peaks-Over-Threshold method, or POT in
short.

It is clear from the previous reasoning that in this one-dimensional situa-
tion, the key question is: how to obtain the estimator 𝛼? One way to do so is
to use a simple plug-in estimator in the regular variation assumption. This
leads to the popular Hill estimator.

Hill estimator. The estimator of 𝛼 > 0 is based on a simple estimate of the
tail measure 𝜈 in the regular variation assumption. Recall that 𝑃𝑋 is supposed
to satisfy

𝑡 𝑃𝑋 (𝑏 (𝑡)·)
M0−−−→ 𝜈 (·)

where, as suggested by (1.4), we may pick 𝑏 (𝑡) = 𝑐−1(𝑡) = (1/𝐹 )−1(𝑡) =

𝐹−1(1− 1/𝑡) for 𝑡 > 1. The inverse has to be considered in a generalized sense
if 𝐹 is not strictly increasing. Considering 𝑡 = 𝑛/𝑘 with 𝑘 = 𝑘 (𝑛) such that
𝑘 →∞ and 𝑘/𝑛 → 0 as 𝑛 →∞ and sample replacement leads to the following
estimator

𝜈̂𝑛 (·)
def
=

1
𝑘

𝑛∑︁
𝑖=1
I

{
𝑋𝑖

𝑋𝑛−𝑘 :𝑛
∈ ·

}
for the measure 𝜈 , since 𝐹−1(1−𝑘/𝑛) = 𝑋𝑛−𝑘 :𝑛 where 𝑋1:𝑛 < 𝑋2:𝑛 < . . . < 𝑋𝑛:𝑛
represents the ordered random sample from 𝑃𝑋 . Showing that 𝜈̂𝑛 converges
weakly to 𝜈 as a random element ofM0( [0,∞)) is outside the scope of this
introduction, but see [107, Chapter 4] for details in the language of Radon
measures.

From the Portmanteau Theorem 1.1.1, we expect to have, for 𝑥 > 0,

𝑣̂𝑛 ((𝑥,∞)) =
1
𝑘

𝑛∑︁
𝑖=1
I

{
𝑋𝑖

𝑋𝑛−𝑘 :𝑛
> 𝑥

}
≈ 𝑥−𝛼 .

Multiplying both sides by 𝑥−1 and integrating with respect to 𝑥 on (1,∞) leads
to

1
𝑘

𝑛∑︁
𝑖=1

∫ ∞

1
I

{
𝑋𝑖

𝑋𝑛−𝑘 :𝑛
> 𝑥

}
d𝑥
𝑥

=
1
𝑘

𝑘∑︁
𝑖=1

log
(
𝑋𝑛−𝑖+1:𝑛
𝑋𝑛−𝑘 :𝑛

)
≈

∫ ∞

1
𝑥−(1+𝛼)d𝑥 = 𝛼−1.
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The Hill estimator of 𝛼 is therefore defined as

𝛼𝐻
def
=

(
1
𝑘

𝑘∑︁
𝑖=1

log
(
𝑋𝑛−𝑖+1:𝑛
𝑋𝑛−𝑘 :𝑛

))−1
. (1.8)

Consistency of this estimator follows from the behaviour of the random mea-
sure 𝑣̂𝑛 [107, Theorem 4.2]. See [34] for its asymptotic normality.

We now have all the key ingredients to perform tail extrapolation under
regular variation based on (1.7). Of course, the one-dimensional situation is
far from being solved.

■ How to verify that the distribution 𝑃𝑋 of our data is regularly varying
so that extrapolation may take place?

■ How to choose 𝑘 in (1.8)? This is a standard bias/variance trade-off
inherent to EVA methods: picking 𝑘 larger allows for a large effective
sample size, therefore reducing the variance of the estimate, but this
comes at the price of including more central order statistics 𝑋𝑛−𝑖+1:𝑛 ,
therefore increasing the bias of the estimation of the tail parameter 𝛼 .
Many techniques exist for choosing 𝑘 , often by visual inspection of the
so-called Hill plot or variants of it; however, in many data applications,
these plots are uninformative and the choice remains a difficult question.

■ Allowing for a more general framework than the regular variation intro-
duced here permits to deal with more general tail behaviours than the
ones discussed here. Chapter 5 will introduce the precise assumptions.

As we are mainly concerned with multivariate risks 𝑋 and use the regular
variation in a different manner, we will not try to answer those questions here
nor to explore the huge amount of probabilistic and statistical considerations
related to one-dimensional extremes. Many excellent textbooks exist on that
topic, see [13, 34, 106, 107] for example.

1.3 Multivariate risks

Recall E = [0,∞)𝑑 and E0 = E \ {(0, . . . , 0)}. Consider a risk 𝑋 = (𝑋1, . . . , 𝑋𝑑 )
with values in E. As explained before, we are interested in estimating 𝑃𝑋 in
tail regions of its support where few or no historical data points are to be
found. As such, we rely on the regular variation assumption introduced in
Definition 1.1.3.

An unfortunate consequence of the regular variation assumption is that,
if it is assumed directly on 𝑃𝑋 , it implies that all margins 𝑋 𝑗 and 𝑋𝑘 of the risk
are tail equivalent [107, Remark 6.1], that is

lim
𝑡→∞

P(𝑋 𝑗 > 𝑡)
P(𝑋𝑘 > 𝑡) = 𝜆 𝑗𝑘 ∈ (0,∞)
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for any 𝑗, 𝑘 ∈ {1, . . . , 𝑑}. This is a direct consequence of Definition 1.1.3 and
Proposition 1.2.1. Indeed, defining 𝐵 𝑗 = [0,∞) 𝑗−1 × [𝑥,∞) × [0,∞)𝑑−𝑗 ∈ B(E)
for some 𝑥 > 0, we have, from Theorem 1.1.1, that there exists a regularly
varying function 𝑐 : (0,∞) → (0,∞) and a nonzero measure 𝜈 ∈ M0(E) such
that

lim
𝑡→∞

𝑐 (𝑡) P(𝑋 𝑗 > 𝑡𝑥) = 𝜈 𝑗 ((𝑥,∞)).

where 𝜈 𝑗 is 𝑗-th margin of 𝜈 , which we assume again to satisfy 𝜈 𝑗 ((1,∞)) > 0.
From Proposition 1.2.1, we have

𝜈 𝑗 ((𝑥,∞)) = 𝑐 𝑗𝑥−𝛼 𝑗 ,

for some 𝑐 𝑗 > 0 and 𝛼 𝑗 > 0. Since this holds for any 𝑗 ∈ {1, . . . , 𝑑} and any
𝑥 > 0, we get

lim
𝑡→∞

P(𝑋 𝑗 > 𝑡)
P(𝑋𝑘 > 𝑡) = lim

𝑡→∞

𝑐 (𝑡)P(𝑋 𝑗 > 𝑡)
𝑐 (𝑡)P(𝑋𝑘 > 𝑡) =

𝑐 𝑗

𝑐𝑘

def
= 𝜆 𝑗𝑘 ,

showing tail equivalence of 𝑋 𝑗 and 𝑋𝑘 .

Copula approach. In practice, marginal risks are often not tail equivalent.
As such, we avoid assuming that Definition 1.1.3 is satisfied with 𝜇 = 𝑃𝑋 .
Instead, we follow a copula approach and separate the dependence analysis
from the marginal ones, which can be done using the considerations explained
in the previous section and references therein. We now solely focus on the
extremal dependence of 𝑋 which is the main challenge in multivariate EVA
and forms the main motivation for this work.

Let

𝑉
def
=

(
1

1 − 𝐹1(𝑋1)
, . . . ,

1
1 − 𝐹𝑑 (𝑋𝑑 )

)
, (1.9)

where 𝐹 𝑗 is the cumulative distribution function of 𝑋 𝑗 , be the unit Pareto
margins version of 𝑋 . Assuming that 𝐹 𝑗 is continuous for every 𝑗 ∈ {1, . . . , 𝑑},
the joint distribution of 𝑉 only involves the (unique) copula of 𝑋 . Hence,
the regular variation assumption will be placed on the distribution 𝑃𝑉 of 𝑉 ,
instead of 𝑃𝑋 . Note that, due to the unit Pareto margins of 𝑃𝑉 , we have

𝑃𝑉 (E \ 𝐵0(𝑡)) ∼ 𝑐𝑡−1, as 𝑡 →∞,

for some 𝑐 > 0, so that, by (1.4), we may take 𝑐 (𝑡) = 𝑡 in the regular variation
assumption on 𝑃𝑉 . By Theorem 1.1.1, we get that there exists a nonzero
measure 𝜈 ∈ M0(E) such that for any 𝐵 ∈ B(E) with 𝜈 (𝜕𝐵) = 0 and 0 ∉ 𝐵,

lim
𝑡→∞

𝑡 𝑃𝑉 (𝑡𝐵) = 𝜈 (𝐵) . (1.10)
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Such a case is sometimes referred to as standard regular variation, see [107,
Section 6.5.6]. Note that, from (1.5), we must have

𝜈 (𝑡 ·) = 𝑡−1𝜈 (·) , ∀𝑡 > 0. (1.11)

Unlike the case 𝑑 = 1, relation (1.11) does not characterize 𝜈 up to a finite-
dimensional parameter. Estimation on it has to be done nonparametrically.

Angular measure. Mathematically, we will benefit from the fact that the
collection of sets

𝐶𝑟,𝐴
def
= {𝑥 ∈ E : ∥𝑥 ∥ > 𝑟, 𝑥/∥𝑥 ∥ ∈ 𝐴}

for 𝑟 > 0 and Borel sets 𝐴 ⊆ S def
= {𝑥 ∈ E : ∥𝑥 ∥ = 1} such that 𝜈 (𝜕𝐶𝑟,𝐴) = 0

forms a convergence determining class for the convergence of measures in
M0(E) as introduced in Definition 1.1.2, see [74, Theorem 4.1]. If we denote
this class of sets byA, we thus have that regular variation of 𝑃𝑉 as in (1.10) is
equivalent to

lim
𝑡→∞

𝑡 𝑃𝑉 (𝐶𝑟,𝐴) = 𝜈 (𝐶𝑟,𝐴), ∀𝐶𝑟,𝐴 ∈ A . (1.12)

Note that, by (1.11),

𝜈 (𝐶𝑟,𝐴) = 𝑟−1𝜈 (𝐶1,𝐴), ∀𝑟 > 0 and 𝐴 ⊆ S,

so that the main quantity of interest for the analysis of the tail of 𝑃𝑉 becomes

Φ(𝐴) def= 𝜈 (𝐶1,𝐴), for Borel sets 𝐴 ⊆ S (1.13)

such that 𝜈 (𝜕𝐶1,𝐴) = 0. This defines a (finite) measure Φ on S which will be
called the angular measure of𝑉 (and therefore, of 𝑋 ). This object is the central
quantity of interest in this thesis. The geometry of the problem is illustrated
in dimension 𝑑 = 2 for the 𝐿∞-norm in Figure 1.1.

Intuitively, the angular measure captures the extremal dependence of 𝑉
in a convenient and intuitive way: by (1.10) and (1.13), we have for Borel sets
𝐴 ⊆ S such that 𝜈 (𝜕𝐶1,𝐴) = 0,

Φ(𝐴) = lim
𝑡→∞

𝑡 P
(
∥𝑉 ∥ > 𝑡, 𝑉

∥𝑉 ∥ ∈ 𝐴
)
. (1.14)

In other words, Φ(𝐴) computes the (appropriately scaled) probability of finding
the “angular” component𝑉 /∥𝑉 ∥ of𝑉 in𝐴 when its radius ∥𝑉 ∥ becomes large.
Another way to phrase things comes from introducing the “polar coordinates”
map 𝑇 defined by

𝑇 : 𝑥 ∈ E0 ↦→ 𝑇 (𝑥) def=
(
∥𝑥 ∥, 𝑥

∥𝑥 ∥

)
∈ (0,∞) × S. (1.15)
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𝑉1

𝑉2

1

1

0
S∞

𝐴

𝐶1,𝐴

Figure 1.1: The angularmeasureΦ of the set𝐴 ⊂ S∞, the unit sphere associated
to the 𝐿∞-norm, corresponds to the measure 𝜈 of the cone𝐶1,𝐴 associated to 𝐴.

Then, Φ can be seen as the angular component of the push-forward measure
of 𝜈 by the map 𝑇 in the sense that for any 𝑟 > 0 and 𝑎 ∈ S,

d(𝜈 ◦𝑇 −1) (𝑟, 𝑎) = d𝑟
𝑟 2
⊗ dΦ(𝑎),

or, equivalently, for any 𝜈 integrable 𝑓 : E→ R,∫
E
𝑓 (𝑥) d𝜈 (𝑥) =

∫
S

∫ ∞

0
𝑓 (𝑟𝑎) d𝑟

𝑟 2
dΦ(𝑎). (1.16)

It is then easy to see that 𝜈 is fully determined by Φ as the radial component of
it in polar coordinates has known density, due to the scaling property (1.11).
Therefore, inference on Φ is the key point to carry out a multivariate EVA.

Note that not any finite measure on S leads to a valid angular measure.
Indeed, since 𝑉 has unit Pareto margins, we have for 𝑡 > 0,

𝜈 (𝐸 𝑗 (𝑡)) = 𝑡−1, where 𝐸 𝑗 (𝑡)
def
= {𝑥 ∈ E : 𝑥 𝑗 ≥ 𝑡}, ∀𝑗 ∈ {1, . . . , 𝑑}.

Picking 𝑓 = I𝐸 𝑗 (𝑡 ) in (1.16) leads to

𝑡−1 =

∫
S

∫ ∞

0
I(𝑟 ≥ 𝑡𝑎−1𝑗 )

d𝑟
𝑟 2

dΦ(𝑎) = 𝑡−1
∫
S
𝑎 𝑗dΦ(𝑎),

leading to the marginal constraints∫
S
𝑎 𝑗dΦ(𝑎) = 1, ∀𝑗 ∈ {1, . . . , 𝑑}. (1.17)

However, those constraints still leave room for infinitely many choices and no
parametric structure is evident from the problem.



12 Chapter 1. Extreme Value Analysis: An Introduction

Statistical estimation. Relation (1.14) provides the basis for statistical infer-
ence on Φ. Indeed, recall that we are given historical observations 𝑋1, . . . , 𝑋𝑛
from 𝑃𝑋 which we assume to be independent. Since we follow a copula ap-
proach and work with standard margins instead of the original distribution,
we start transforming the observations to

𝑉𝑖
def
=

(
1

1 − 𝐹 𝑗 (𝑋𝑖 𝑗 )

)𝑑
𝑗=1

=

(
𝑛 + 1

𝑛 + 1 − 𝑅𝑖 𝑗

)𝑑
𝑗=1
, 𝑖 ∈ {1, . . . , 𝑛} (1.18)

where

𝐹 𝑗 (𝑡)
def
=

1
𝑛 + 1

𝑛∑︁
𝑖=1
I
{
𝑋𝑖 𝑗 ≤ 𝑡

}
, 𝑡 ∈ R (1.19)

is the (scaled to avoid division by zero in the definition of 𝑉𝑖 ) empirical cu-
mulative distribution function of 𝑋 𝑗 and 𝑅𝑖 𝑗 is the rank of the observation
𝑋𝑖 𝑗 in the marginal sample 𝑋1𝑗 , . . . , 𝑋𝑛𝑗 . Starting from the sample in (1.18),
one may apply the same idea as in the one-dimensional case and consider the
relation (1.14) exact for some large enough data dependent 𝑡 > 0, and replace
the unknown 𝑃𝑉 by its (approximated) empirical counterpart

𝑃
𝑉

def
=

1
𝑛

𝑛∑︁
𝑖=1

𝛿
𝑉𝑖
. (1.20)

Taking 𝑡 = 𝑛/𝑘 for some intermediate 𝑘 = 𝑘 (𝑛) such that 𝑘 →∞ and 𝑘/𝑛 → 0
as 𝑛 →∞ leads to the empirical angular measure

Φ̂(𝐴) def= 1
𝑘

𝑛∑︁
𝑖=1
I

{
∥𝑉𝑖 ∥ >

𝑛

𝑘
,
𝑉𝑖

∥𝑉𝑖 ∥
∈ 𝐴

}
, 𝐴 ⊆ S. (1.21)

This estimator and the statistical procedures based on it are studied in the
following chapters, under many perspectives.

Note that the main probabilistic challenge related to the study of the finite
sample and large sample behaviour of Φ̂ is that the terms in the sum in (1.20)
or (1.21) are not independent. This is due to the empirical standardisation
in (1.18) which makes the procedure depending on the ranks of the data instead
of the original observations.

The marginal constraints (1.17) are not verified by the estimator Φ̂. Impos-
ing them (at least, in a soft manner) in the estimation process may be desirable
and is considered in some of the chapters of this thesis.

Two-dimensional case. In the case 𝑑 = 2, the polar transform𝑇 introduced
in (1.15) is often replaced by the transformation

𝑥 = (𝑥1, 𝑥2) ∈ E0 ↦→ (∥𝑥 ∥, arctan(𝑥2/𝑥1)) ∈ (0,∞) × [0, 𝜋/2]
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as the angular component now truly corresponds to the angle of the vector
(𝑥1, 𝑥2) with respect to the first element of the standard orthonormal basis
on R2. The push-forward measure of 𝜈 by this map is also referred to as the
angular measure and is denoted by the same letter Φ. This has the advantage
of simplifying the analysis as the measure is now supported on a bounded
interval of the real line and this will be considered in Chapter 4.





Uniform Concentration
Bounds for Frequencies of
Rare Events

2

This chapter is based on
Stéphane Lhaut, Anne Sabourin and Johan Segers
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Abstract

New Vapnik–Chervonenkis type concentration inequalities are derived
for the empirical distribution of an independent random sample. Fo-
cus is on the maximal deviation over classes of Borel sets within a
low probability region. The constants are explicit, enabling numerical
comparisons.

2.1 Introduction

Let 𝑋1, . . . , 𝑋𝑛 be an independent random sample with common distribution 𝜇
on R𝑑 . We always let 𝜇𝑛 denote the associated empirical measure, i.e.,

𝜇𝑛
def
= 𝑛−1

𝑛∑︁
𝑖=1

𝛿𝑋𝑖 .

We already know, from [123, Theorem 2], the Vapnik and Chervonenkis (VC)
inequality which states that

P
(
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≥ 𝑡

)
≤ 4𝑆A (2𝑛) exp(−𝑛𝑡2/8), (2.1)

where A is a non-empty class of Borel sets on R𝑑 and

𝑆A (𝑛)
def
= max

𝑥1,...,𝑥𝑛 ∈R𝑑

��{{𝑥1, . . . , 𝑥𝑛} ∩𝐴 : 𝐴 ∈ A
}��

15
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is the shattering coefficient of the class A—for background on VC theory, we
refer to [88]. Setting the upper bound equal to 𝛿 ∈ (0, 1) and solving for 𝑡
yields that, with probability 1 − 𝛿 ,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤ 2

√︂
2
𝑛

[
log(4/𝛿) + log 𝑆A (2𝑛)

]
. (2.2)

In Appendix 2.A, we show an improvement of this inequality that will be used
in Section 2.2: with probability at least 1 − 𝛿 ,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

√︂
1
2𝑛
+

√︂
2
𝑛

[
log(4/𝛿) + log 𝑆A (2𝑛)

]
.

Our main goal is to develop bounds with explicit constants when working
with low probability regions (Section 2.2), i.e., it will be assumed that there
exists some Borel set A ⊆ R𝑑 which contains every set 𝐴 ∈ A and has a
“small” probability

𝑝
def
= 𝜇 (A) . (2.3)

For example, consider an empirical risk minimization problem where we use
the empirical risk to classify some data. In that situation, 𝑝 could be 1% if
we are looking to understand how the prediction behaves when the input
variables take values above the 99th percentile of the distribution of ∥𝑋 ∥,
where 𝑋 has the same distribution as the data in the training set— we refer to
[60, Remark 5], [76] and [25, Section 4.2] for classification in extreme regions.

The bounds should get smaller since all the encountered events have a
small probability; however, the estimation is more difficult since we have less
data in those regions. In this rare events framework, a first improvement of
the VC inequality (2.2), based on [6, Theorem 2.1] and [88, Theorem 1.11], is
given by

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤ 2

√︂
2𝑝
𝑛

[
log(12/𝛿) + log 𝑆A (2𝑛)

]
. (2.4)

The details of the statement and the proof are deferred to Appendix 2.B. Even
though the factor 𝑝 in the square root will improve the bound, this result is
still not fully satisfactory. The effective sample size, i.e., the expected number
of data points in the low probability region, is 𝑛𝑝 rather than 𝑛. Therefore, the
shattering coefficient involved in the bound seems too large.

This work is heavily motivated by [60] who already introduced a VC type
inequality adapted to rare events. However, unlike the classical VC bound,
the constants appearing in their result are not explicit. A similar remark can
be made about [56] where concentration inequalities are also introduced for
normalized empirical processes, in a very general setting. In Section 2.3 and
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Section 2.4, we discuss different methods that lead to new, explicit, inequalities.
Essentially, there are two possibilities: either we directly apply the standard
tools of VC theory on the maximal deviation itself (Section 2.3), or we use a
variation of the classical McDiarmid bounded differences inequality [90, The-
orem 3.8] and then we deal with the expectation E

[
sup𝐴∈A |𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
(Section 2.4). After deriving the different bounds, we compare them in Sec-
tion 2.5.

Our aim is not to be exhaustive in the bounds that we derive. Other tools
can lead to other inequalities. As an example, in [25, Theorem A.1], we provide
a bound on the expectation of the supremum using chaining techniques, which
leads to a better asymptotic rate, but which is inaccurate for realistic sample
sizes due to the large constants inherent to those methods. Therefore, such
results are not presented here. A detailed comparison can be found in [82].

Remark 2.1.1 (Pointwise measurability). To ensure measurability of the supre-
mum appearing in (2.1), a common hypothesis is to assume that the class A
is pointwise measurable, as suggested by [122, Example 2.3.4], i.e., that there
exists a subclassA0 ⊆ A, at most countable, such that for every 𝐴 ∈ A, there
exists a sequence (𝐴𝑛)𝑛∈N ⊆ A0 such that

lim
𝑛→∞
I𝐴𝑛 (𝑥) = I𝐴 (𝑥), for every 𝑥 ∈ R𝑑 .

It is easily showed that, under this assumption, sup𝐴∈A |𝜇𝑛 (𝐴) − 𝜇 (𝐴) | =
sup𝐴∈A0

|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | and we may replace A by A0 everywhere.

2.2 Inequalities for rare events

The main tool to develop adapted bounds is expressed in the following lemma,
which already appears in [60, Page 17] and the idea of which is likely to be
found in other places in the literature as well, see, e.g., [98, Equation (14.6)] for
a result in the same spirit. The proof is elementary and can be found in [82,
Chapter 3].

Lemma 2.2.1 (Conditioning trick). Let 𝑋1, . . . , 𝑋𝑛 be an independent random
sample with common distribution 𝜇 on R𝑑 and 𝜇𝑛 be the associated empirical
measure. LetA be a non-empty class of Borel sets onR𝑑 . LetA and 𝑝 be as in (2.3).
Let 𝑌1, . . . , 𝑌𝑛 be an independent random sample with common distribution

𝜇A(·) = 𝜇 (· |A) =
𝜇 (· ∩ A)
𝜇 (A) =

𝜇 (· ∩ A)
𝑝

,

and independent of 𝑋1, . . . , 𝑋𝑛 . If, for every 𝑘 = 1, . . . , 𝑛 we denote 𝜇𝑌
𝑘
the

empirical measure associated to 𝑌1, . . . , 𝑌𝑘 and if 𝐾 ∼ Bin(𝑛, 𝑝) denotes the
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number of data points 𝑋𝑖 in A, then the following equality in distribution holds[
(𝜇𝑛 (𝐴))𝐴∈A

���𝐾 = 𝑘

]
𝑑
=

(
𝑘

𝑛
𝜇𝑌
𝑘
(𝐴)

)
𝐴∈A

,

in the sense of equality of finite-dimensional distributions. In particular, under
the pointwise measurability assumption (Remark 2.1.1), this equality still holds
when considering the supremum over the class A.

This result provides us with a convenient way to adapt classical VC in-
equalities to our setting: we start by conditioning 𝜇𝑛 on 𝐾 , then we apply
concentration inequalities on the empirical measure 𝜇𝑌

𝐾
which takes account

of the rare nature of the encountered events and finally we integrate out on 𝐾 .
In this last step, we will make use of the Bernstein’s inequality for binomial
random variables [88, Theorem 1.5] which states that for every 𝑡 > 0,

P
(
|𝐾 − 𝑛𝑝 | ≥ 𝑡

)
≤ 2 exp

(
− 𝑡2

2(𝑛𝑝 (1 − 𝑝) + 𝑡/3)

)
. (2.5)

When we will be working with the expectation, we shall also make use of
another version of the VC inequality (2.2) for the expected maximal deviation:

E
[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
≤

√︂
2 log(2𝑆A (2𝑛))

𝑛
, (2.6)

the proof of which can be found, for example, in [88, Theorem 1.9].
In the bounds that we propose, we will need to define the shattering

coefficient 𝑆A (𝑥) for a real parameter 𝑥 > 0. It is simply understood that
𝑆A (𝑥)

def
= 𝑆A ( [𝑥]), where [𝑥] denotes the integer part of 𝑥 .

2.3 Working directly with the maximal deviation

Using the improvement of the VC inequality that we show in Appendix 2.A,
we derive a first inequality.

Theorem 2.3.1. Let𝑋1, . . . , 𝑋𝑛 be an independent random sample with common
distribution 𝜇 on R𝑑 and let 𝜇𝑛 be the associated empirical measure. Let A be a
non-empty class of Borel sets onR𝑑 . LetA and 𝑝 be as in (2.3). If 𝑛𝑝 ≥ 4 log(4/𝛿),
where 𝛿 ∈ (0, 1), then we have, with probability 1 − 𝛿 ,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

2
3𝑛

log(4/𝛿)

+
√︂
𝑝

𝑛

(√︁
2 log(4/𝛿) + 2

√︁
log(8/𝛿) + log 𝑆A (4𝑛𝑝) + 1

)
.
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Proof of Theorem 2.3.1. Let 𝑡 > 0. If 𝐾 =
∑𝑛
𝑖=1 I{𝑋𝑖 ∈ A} ∼ Bin(𝑛, 𝑝), then by

Lemma 2.2.1,

P
(
sup
𝐴∈A

|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |
𝑝

≥ 𝑡
)

= E
[
P

(
sup
𝐴∈A

|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |
𝑝

≥ 𝑡
���𝐾)]

= E

[
P

(
sup
𝐴∈A

��𝐾
𝑛
𝜇𝑌
𝐾
(𝐴) − 𝜇 (𝐴)

��
𝑝

≥ 𝑡
���𝐾)]

= E
[
P

(
sup
𝐴∈A

��� 𝐾𝑛𝑝 𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)��� ≥ 𝑡 ���𝐾)]
≤ E

[
P

(
𝐾

𝑛𝑝
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)�� + ���� 𝐾𝑛𝑝 − 1���� ≥ 𝑡 ���𝐾)]
,

where the last inequality follows from the triangle inequality and the fact that
𝜇A(𝐴) ≤ 1 for any 𝐴 ∈ A. Let 𝑡 = 𝑢 + 𝑠 for 𝑢, 𝑠 > 0. Then, the latter quantity
is bounded by

P
(���� 𝐾𝑛𝑝 − 1���� ≥ 𝑠) + E [

P
(
𝐾

𝑛𝑝
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)�� ≥ 𝑢 ���𝐾)
I

{���� 𝐾𝑛𝑝 − 1���� ≤ 𝑠}] .
(2.7)

Let 𝛿 ∈ (0, 1). We will pick 𝑢 = 𝑢 (𝛿) and 𝑠 = 𝑠 (𝛿) such that each term in (2.7)
is bounded by 𝛿/2.

We deal with the first term of (2.7) directly using the Bernstein inequality
(2.5),

P
(���� 𝐾𝑛𝑝 − 1���� ≥ 𝑠) ≤ P

(
|𝐾 − 𝑛𝑝 | ≥ 𝑛𝑝𝑠

)
≤ 2 exp

(
− 𝑛2𝑝2𝑠2

2(𝑛𝑝 (1 − 𝑝) + 𝑛𝑝𝑠/3)

)
≤ 2 exp

(
− 𝑛𝑝𝑠2

2(1 + 𝑠/3)

)
.

The positive root 𝑠+ associated with the quadratic equation obtained by equal-
ing this last term to 𝛿/2 satisfies

𝑠+ ≤
2

3𝑛𝑝
log(4/𝛿) +

√︄
2
𝑛𝑝

log(4/𝛿) def= 𝑠 (𝛿) .

To deal with the second term of (2.7), we use the improved VC inequality
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that we develop in Appendix 2.A in the form (2.14),

P
(
𝐾

𝑛𝑝
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)�� ≥ 𝑢 ���𝐾)
≤ 4𝑆A (2𝐾) exp

(
− (𝑛𝑝)

2𝑢2

2𝐾

(
1 −

√︄
2𝐾
(𝑛𝑝)2𝑢2

)
− 1
4

)
.

By monotonicity in 𝐾 on the region of interest 1, we get

E
[
P

(
𝐾

𝑛𝑝
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)�� ≥ 𝑢 ���𝐾)
I

{���� 𝐾𝑛𝑝 − 1���� ≤ 𝑠}]
≤ 4𝑆A (2𝑛𝑝 (1 + 𝑠)) exp

(
− 𝑛𝑝𝑢2

2(1 + 𝑠)

(
1 −

√︄
2(1 + 𝑠)
𝑛𝑝𝑢2

)
− 1
4

)
.

If 𝑛𝑝 ≥ 4 log(4/𝛿), we have 𝑠 (𝛿) ≤ 1
6 +

1√
2
≤ 1. Hence, using 𝑠 = 1 in the latter

expression, we find that it equals 𝛿/2 if

𝑢 = 𝑢 (𝛿) def= 1
√
𝑛𝑝
+ 2

√︄
1
𝑛𝑝

[
log(8/𝛿) + log 𝑆A (4𝑛𝑝)

]
.

Regrouping the two terms, we obtain that with probability at least 1 − 𝛿 ,

sup
𝐴∈A

|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |
𝑝

≤ 2
3𝑛𝑝

log(4/𝛿) +
√︄

1
𝑛𝑝

(√︁
2 log(4/𝛿) + 2

√︁
log(8/𝛿) + log 𝑆A (4𝑛𝑝) + 1

)
.

Multiplying both sides by 𝑝 , we get the result.

Another possibility consists of symmetrizing the process, based on our
improved version of the classical argument (Lemma 2.A.1), before using the
conditioning trick. It leads to a simpler bound. The proof is deferred to
Appendix 2.C.

Theorem 2.3.2. Let𝑋1, . . . , 𝑋𝑛 be an independent random sample with common
distribution 𝜇 on R𝑑 and let 𝜇𝑛 be the associated empirical measure. Let A be a
non-empty class of Borel sets onR𝑑 . LetA and 𝑝 be as in (2.3). If 𝑛𝑝 ≥ 2 log(8/𝛿),
where 𝛿 ∈ (0, 1), then we have, with probability 1 − 𝛿 ,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

√︂
2𝑝
𝑛

(
2
√︁
log(8/𝛿) + log 𝑆A (8𝑛𝑝) + 1

)
.

1The map 𝑥 ∈ (0, +∞) ↦→ −𝑥 (1 −
√︁
1/𝑥) = −𝑥 +

√
𝑥 is decreasing on (1/4, +∞). Our focus

is on that region of the real line since, in our situation, 𝑥 =
(𝑛𝑝)2𝑢2

2𝐾 with 𝑢 = 𝑢 (𝛿) ≥ 1/√𝑛𝑝
and 𝐾 ≤ 𝑛𝑝 (1 + 𝑠 (𝛿)) ≤ 2𝑛𝑝 .
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2.4 Working with the expected maximal deviation

The variation of the McDiarmid bounded differences inequality that we use
is recalled in [60, Proposition 11]. When combined with [60, Lemma 12], it
leads to a convenient Bernstein type concentration inequality for the maximal
deviation that is particularly adapted when working with rare events, i.e., for
every 𝑡 > 0,

P
(
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | − E

[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
≥ 𝑡

)
≤ exp

(
− 𝑛𝑡2

4𝑝 + 2𝑡/3

)
.

Setting the upper bound equal to 𝛿 ∈ (0, 1) and solving for 𝑡 > 0 proves the
following result.

Proposition 2.4.1 (Concentration of the maximal deviation). Let 𝑋1, . . . , 𝑋𝑛
be an independent random sample with common distribution 𝜇 on R𝑑 and let 𝜇𝑛
be the associated empirical measure. Let A be a non-empty class of Borel sets
on R𝑑 . Let A and 𝑝 be as in (2.3). Then, for every 𝛿 ∈ (0, 1), with probability at
least 1 − 𝛿 , we have

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

2
3𝑛

log(1/𝛿)+2
√︂
𝑝

𝑛
log(1/𝛿)+E

[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
.

Using this inequality, we may directly work with the expectation

E
[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
to obtain a bound with high probability for sup𝐴∈A |𝜇𝑛 (𝐴) − 𝜇 (𝐴) |. We

start by applying the conditioning trick (Lemma 2.2.1) on the expectation.

Lemma 2.4.1. Let 𝑋1, . . . , 𝑋𝑛 be an independent random sample with common
distribution 𝜇 on R𝑑 and let 𝜇𝑛 be the associated empirical measure. Let A be a
non-empty class of Borel sets on R𝑑 . Let A and 𝑝 be as in (2.3). Then,

E
[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
≤ E

[
𝐾

𝑛
sup
𝐴∈A
|𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴) |

]
+

√︂
𝑝

𝑛
,

where 𝜇A, 𝜇𝑌𝐾 and 𝐾 are as in Lemma 2.2.1.

Proof of Lemma 2.4.1. By Lemma 2.2.1 and a computation similar to the one
in the beginning of the proof of Theorem 2.3.1, we have

E
[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

]
= E

[
E

[
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) |

���𝐾 ] ]
= E

[
sup
𝐴∈A

����𝐾𝑛 (
𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)

)
+

(
𝐾

𝑛
− 𝑝

)
𝜇A(𝐴)

����]
≤ E

[
𝐾

𝑛
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)��] + E [����𝐾𝑛 − 𝑝 ����] .
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The second term is easily bounded using Jensen’s inequality and the fact that
𝐾 ∼ Bin(𝑛, 𝑝):(

E
[����𝐾𝑛 − 𝑝 ����] )2 ≤ E

[(
𝐾

𝑛
− 𝑝

)2]
= Var

[
𝐾

𝑛
− 𝑝

]
=
𝑛𝑝 (1 − 𝑝)

𝑛2
≤ 𝑝
𝑛
.

To deal with the remaining expectation E
[
𝐾
𝑛
sup𝐴∈A |𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴) |

]
,

we will make use of (2.6). Furthermore, we will also assume that the VC
dimension

𝑉A
def
= sup{𝑛 ∈ N : 𝑆A (𝑛) = 2𝑛}

of the class A is finite to be able to apply the famous Sauer’s Lemma [21,
Lemma 1] which states that for every 𝑛 ∈ N,

𝑆A (𝑛) ≤ (𝑛 + 1)𝑉A . (2.8)

The purpose of this assumption is that, whenever 𝑉A < +∞, we will be able
to use Jensen’s inequality which is sharper than the monotonicity arguments
underlying every proof in Section 2.3.

Proposition 2.4.2. Let 𝑋1, . . . , 𝑋𝑛 be an independent random sample with
common distribution 𝜇 on R𝑑 and let 𝜇𝑛 be the associated empirical measure. Let
A be a non-empty class of Borel sets on R𝑑 . Let A and 𝑝 be as in (2.3). Then, if
𝑉A < +∞,

E
[
𝐾

𝑛
sup
𝐴∈A
|𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴) |

]
≤

√︂
2𝑝
𝑛

[
log 2 +𝑉A log(2𝑛𝑝 + 1)

]
.

Proof of Proposition 2.4.2. By the VC inequality for the expectation (2.6) com-
bined with Sauer’s Lemma (2.8) and Jensen’s inequality, we have

E
[
𝐾

𝑛
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)��] = E
[
E

[
𝐾

𝑛
sup
𝐴∈A

��𝜇𝑌𝐾 (𝐴) − 𝜇A(𝐴)�� ���𝐾 ] ]
≤ E

[
𝐾

𝑛

√︂
2 log (2𝑆A (2𝐾))

𝐾

]
≤ 1
𝑛
E

[√︃
2𝐾

[
log(2) +𝑉A log(2𝐾 + 1)

] ]
≤ 1
𝑛

√︃
2E[𝐾]

[
log(2) +𝑉A log(2E[𝐾] + 1)

]
=

√︂
2𝑝
𝑛

[
log(2) +𝑉A log(2𝑛𝑝 + 1)

]
,

where we made use of the concavity of the map

𝐾 ↦→
√︃
2𝐾

[
log(2) +𝑉A log(2𝐾 + 1)

]
(the derivative is clearly decreasing) and the fact that 𝐾 ∼ Bin(𝑛, 𝑝).
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Combining all the ingredients of this section, we finally get a bound on
the maximal deviation.

Corollary 2.4.1. Let𝑋1, . . . , 𝑋𝑛 be an independent random sample with common
distribution 𝜇 on R𝑑 and let 𝜇𝑛 be the associated empirical measure. Let A be a
non-empty class of Borel sets on R𝑑 . LetA and 𝑝 be as in (2.3). Then, if𝑉A < +∞,
we have, for any 𝛿 ∈ (0, 1), with probability at least 1 − 𝛿 ,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

2
3𝑛

log(1/𝛿)

+
√︂

2𝑝
𝑛

(√︁
2 log(1/𝛿) +

√︁
log 2 +𝑉A log(2𝑛𝑝 + 1) +

√
2
2

)
. (2.9)

2.5 Comparison of the bounds

We obtained various bounds on the maximal deviation sup𝐴∈A |𝜇𝑛 (𝐴) − 𝜇 (𝐴) |
which hold with probability 1 − 𝛿 ∈ (0, 1). Before comparing them, we
summarize the main results of our paper and we recall the bound derived in
Theorem 2.B.1:

■ Theorem 2.3.1 (working directly on the maximal deviation and sym-
metrizing the process after the application of the conditioning trick):
whenever 𝑛𝑝 ≥ 4 log(4/𝛿),

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

2
3𝑛

log(4/𝛿)

+
√︂
𝑝

𝑛

(√︁
2 log(4/𝛿) + 2

√︁
log(8/𝛿) + log 𝑆A (4𝑛𝑝) + 1

)
. (2.10)

■ Theorem 2.3.2 (working directly on the maximal deviation and sym-
metrizing the process before the application of the conditioning trick):
whenever 𝑛𝑝 ≥ 2 log(8/𝛿),

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

√︂
2𝑝
𝑛

(
2
√︁
log(8/𝛿) + log 𝑆A (8𝑛𝑝) + 1

)
. (2.11)

■ Corollary 2.4.1 (working on the expected maximal deviation and using
Jensen’s inequality): whenever 𝑉A < +∞,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

2
3𝑛

log(1/𝛿)

+
√︂

2𝑝
𝑛

(√︁
2 log(1/𝛿) +

√︁
log 2 +𝑉A log(2𝑛𝑝 + 1) +

√
2
2

)
. (2.12)
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■ Theorem 2.B.1 (based on [6, Theorem 2.1]): whenever𝑛𝑝 ≥ 8 log(3/𝛿)/3,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤ 2

√︂
2𝑝
𝑛

[
log(12/𝛿) + log 𝑆A (2𝑛)

]
. (2.13)

We observe that the bound (2.12) seems to beat (2.10) in any case. Indeed,
both inequalities have the same structure: one term decaying like 𝑛−1 and
one term decreasing like 𝑛−1/2; however, those terms seem always lower in
the concentration bound obtained through the use of McDiarmid’s inequality.
Even though it could be that the shattering coefficient ofA grows slower than
the rate induced by the use of Sauer’s Lemma (2.8) in (2.12), the fact that (2.8)
enables us to use Jensen’s inequality heavily compensates the loss.

The comparison between (2.11) and (2.12) is a bit harder since the structure
is not the same anymore. Nevertheless, the coefficient of the leading term
in (2.11) seems larger than the one in (2.12). Hence, even though the inequality
obtained in Section 2.4 could be worse for small samples due to its additional
term, we think that for practical sample sizes, it remains the best bound.

In Figure 2.1, we provide a graphical comparison of our results with the
more classical VC inequality for relative deviations (2.13) on the simplest,
one-dimensional, VC class that we may think off: A = {(−∞, 𝑡] : 𝑡 ∈ R, 𝑡 ≤
𝑄 (10−3)}, where𝑄 (𝑝) def= inf{𝑥 ∈ R : 𝐹 (𝑥) ≥ 𝑝} is the left-continuous inverse
of 𝐹 (𝑥) def

= 𝜇 ((−∞, 𝑥])), the cumulative distribution function associated to
𝜇. In this situation, we easily verify that 𝑆𝐴 (𝑛) = 𝑛 + 1 and that the main
assumption of our paper (2.3) is satisfied with 𝑝 = 10−3. Note also that A is
pointwise measurable (Remark 2.1.1). We used 𝛿 = 10−2.

One clearly observes better performance of our bound (2.12) in this situa-
tion, which is valid for every sample size. The bounds coming from Section 2.3
are closer to the older bound; however, it seems that for samples with a size
larger than 106 data points, they perform a bit better. More importantly, those
bounds take into account the reduced effective sample size 𝑛𝑝 in their measure
of size complexity 𝑆A , which is not the case with (2.13).

2.A An improvement of the Vapnik–Chervonenkis inequality

We show an improvement of the VC inequality [82, Theorem 2.17].

Theorem 2.A.1. Let 𝑋1, . . . , 𝑋𝑛 be an independent sample with common distri-
bution 𝜇 on R𝑑 and let 𝜇𝑛 be the associated empirical distribution. Consider a
non-empty classA of Borel sets of R𝑑 . Then, for every 𝛿 ∈ (0, 1), with probability
1 − 𝛿 , we have

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤

√︂
1
2𝑛
+

√︂
2
𝑛

[
log(4/𝛿) + log 𝑆A (2𝑛)

]
.
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Figure 2.1: Comparison of the bounds for the empirical cumulative distribu-
tion function on sufficiently large samples (to satisfy the hypothesis of the
different theorems). Axes are on logarithmic scale.

The order of the bound is the same as in the original VC bound (2.2). How-
ever, the constant in front of the square root is almost halved. The proof relies
on a variation of a classical symmetrization argument [21, Lemma 2 p. 185].

Lemma 2.A.1 (Symmetrization). Let 𝑋1, . . . , 𝑋𝑛, 𝑋
′
1, . . . , 𝑋

′
𝑛 be an independent

sample with common distribution 𝜇 on R𝑑 . Let 𝜇𝑛 denote the empirical dis-
tribution associated to 𝑋1, . . . , 𝑋𝑛 and let 𝜇 ′𝑛 denote the empirical distribution
associated to 𝑋 ′1, . . . , 𝑋

′
𝑛 . Consider a non-empty class A of Borel sets of R𝑑 . If

𝑡 > 0 and 𝑎 ∈ (0, 1) are such that 4(1 − 𝑎)2𝑛𝑡2 ≥ 2, then

P
(
sup𝐴∈A (𝜇𝑛 (𝐴) − 𝜇 (𝐴)) ≥ 𝑡

)
P
(
sup𝐴∈A (𝜇 (𝐴) − 𝜇𝑛 (𝐴)) ≥ 𝑡

)  ≤ 2P
(
sup
𝐴∈A
(𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴)) ≥ 𝑎𝑡

)
.

The sample 𝑋 ′1, . . . , 𝑋
′
𝑛 is often referred to as a “ghost sample”. The choice

𝑎 = 1/2 gives back the initial symmetrization. However, as we will see, this
more flexible result will give a way to substantially improve the classical
bound.
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Proof of Lemma 2.A.1. Let 𝐴 ∈ A and 𝑡 > 0. We first observe that

I{𝜇𝑛 (𝐴) − 𝜇 (𝐴) ≥ 𝑡}I{𝜇 ′𝑛 (𝐴) − 𝜇 (𝐴) ≤ (1 − 𝑎)𝑡} ≤ I{𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴) ≥ 𝑎𝑡}.

Integrating both sides with respect to the ghost sample, we get

I{𝜇𝑛 (𝐴) − 𝜇 (𝐴) ≥ 𝑡}P′
(
𝜇 ′𝑛 (𝐴) − 𝜇 (𝐴) ≤ (1 − 𝑎)𝑡

)
≤ P′

(
𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴) ≥ 𝑎𝑡

)
,

where we used the notation P′ to emphasize that the integration was realized
only with respect to 𝑋 ′1, . . . , 𝑋

′
𝑛 . By Bienaymé–Tchebychev inequality and

hypothesis, we deduce

P′
(
𝜇 ′𝑛 (𝐴) − 𝜇 (𝐴) ≤ (1 − 𝑎)𝑡

)
= 1 − P′

(
𝜇 ′𝑛 (𝐴) − 𝜇 (𝐴) ≥ (1 − 𝑎)𝑡

)
≥ 1 − Var[𝜇 ′𝑛 (𝐴)]

(1 − 𝑎)2𝑡2 = 1 −
Var

[
I{𝑋 ′1 ∈ 𝐴}

]
𝑛(1 − 𝑎)2𝑡2

≥ 1 − 1
4𝑛(1 − 𝑎)2𝑡2 ≥ 1/2,

where we used the fact that the variance of I{𝑋 ′1 ∈ 𝐴} is bounded by 1/4 (since
max𝑝∈[0,1]{𝑝 (1 − 𝑝)} = 1/4). We obtain

I{𝜇𝑛 (𝐴) − 𝜇 (𝐴) ≥ 𝑡} ≤ 2P′
(
𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴) ≥ 𝑎𝑡

)
.

Since this relation holds for every 𝐴 ∈ A, we finally get that

I{ sup
𝐴∈A

𝜇𝑛 (𝐴) − 𝜇 (𝐴) ≥ 𝑡} = sup
𝐴∈A
I{𝜇𝑛 (𝐴) − 𝜇 (𝐴) ≥ 𝑡}

≤ 2 sup
𝐴∈A

P′
(
𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴) ≥ 𝑎𝑡

)
≤ 2P′

(
sup
𝐴∈A
(𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴)) ≥ 𝑎𝑡

)
.

Taking the expectation with respect to the sample 𝑋1, . . . , 𝑋𝑛 , it follows that

P
(
sup
𝐴∈A
(𝜇𝑛 (𝐴) − 𝜇 (𝐴)) ≥ 𝑡

)
≤ 2P

(
sup
𝐴∈A
(𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴)) ≥ 𝑎𝑡

)
.

The other inequality has a similar proof.

Proof of Theorem 2.A.1. Let 𝑛𝑡2 ≥ 1/2. Following the same arguments as the
ones used to prove the classical VC inequality [82, Theorem 2.14] and using our
symmetrization, we show that for any 𝑎 ∈ (0, 1), whenever 4(1 − 𝑎)2𝑛𝑡2 ≥ 2,
we have

P
(
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≥ 𝑡

)
≤ 4𝑆A (2𝑛) exp

(
−𝑎2𝑛𝑡2/2

)
.
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Choosing the largest 𝑎 ∈ (0, 1) such that this relation holds, i.e., 𝑎 = 𝑎(𝑛, 𝑡) =
1 −

√︁
1/(2𝑛𝑡2), we get

P
(
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≥ 𝑡

)
≤ 4𝑆A (2𝑛) exp

{
−𝑛𝑡

2

2

(
1 −

√︂
2
𝑛𝑡2

)
− 1
4

}
.

(2.14)
Setting the upper bound equal to 𝛿 ∈ (0, 1) and solving for 𝑡 leads to a quadratic
equation for 𝑡 whose positive solution corresponds to the bound proposed in
the theorem.

If 𝑛𝑡2 < 1/2, the bound (2.14) is trivial.

2.B Vapnik–Chervonenkis inequality for relative deviations

Theorem 2.B.1 (VC inequality for relative deviations). Let 𝑋1, . . . , 𝑋𝑛 be an
independent random sample with common distribution 𝜇 on R𝑑 and 𝜇𝑛 be the
associated empirical measure. Let A be a non-empty class of Borel sets on R𝑑 .
Let A and 𝑝 be as in (2.3). If 𝑛𝑝 ≥ (8/3) log(3/𝛿), where 𝛿 ∈ (0, 1), then we
have, with probability 1 − 𝛿 ,

sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤ 2

√︂
2𝑝
𝑛

[
log(12/𝛿) + log 𝑆A (2𝑛)

]
.

Proof of Theorem 2.B.1. It follows from [88, Theorem 1.11] that

P

(
sup
𝐴∈A

𝜇 (𝐴) − 𝜇𝑛 (𝐴)√︁
𝜇 (𝐴)

≥ 𝑡
)
≤ 4𝑆A (2𝑛) exp(−𝑛𝑡2/4) (2.15)

and

P

(
sup
𝐴∈A

𝜇𝑛 (𝐴) − 𝜇 (𝐴)√︁
𝜇𝑛 (𝐴)

≥ 𝑡
)
≤ 4𝑆A (2𝑛) exp(−𝑛𝑡2/4), (2.16)

for every 𝑡 > 0. Therefore, it is convenient to decompose our probability of
interest as follows

P
(
sup
𝐴∈A

|𝜇 (𝐴) − 𝜇𝑛 (𝐴) |√
𝑝

≥ 𝑡
)
≤ P

(
sup
𝐴∈A

𝜇 (𝐴) − 𝜇𝑛 (𝐴)√︁
𝜇 (𝐴)

≥ 𝑡
)

+ P
(
sup
𝐴∈A

𝜇𝑛 (𝐴) − 𝜇 (𝐴)√
𝑝

≥ 𝑡
)

≤ 4𝑆A (2𝑛) exp(−𝑛𝑡2/4) + P (𝜇𝑛 (A) ≥ 2𝑝)

+ P
(
sup
𝐴∈A

𝜇𝑛 (𝐴) − 𝜇 (𝐴)√︁
𝜇𝑛 (𝐴)

≥ 𝑡/
√
2

)
≤ 4𝑆A (2𝑛) exp(−𝑛𝑡2/4) + P (𝜇𝑛 (A) ≥ 2𝑝)
+ 4𝑆A (2𝑛) exp(−𝑛𝑡2/8), (2.17)
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where we made use of (2.15) and (2.16). By hypothesis, the second term
of (2.17) is bounded by 𝛿/3. Indeed, by Bernstein’s inequality (2.5),

P (𝜇𝑛 (A) ≥ 2𝑝) = P (𝐾 − 𝑛𝑝 ≥ 𝑛𝑝) ≤ exp
(
−3
8
𝑛𝑝

)
,

where 𝐾 ∼ Bin(𝑛, 𝑝) as in Lemma 2.2.1. Choosing

𝑡 = 𝑡 (𝛿) = 2
√︂

2
𝑛

[
log(12/𝛿) + log 𝑆A (2𝑛)

]
,

we get that the first term and last term of (2.17) are also bounded by 𝛿/3. The
result follows.

2.C Proof of Theorem 2.3.2

Proof of Theorem 2.3.2. Let𝑎 ∈ (0, 1) and 𝑡 > 0. By symmetrization (Lemma 2.A.1),
if 4(1 − 𝑎)2𝑛𝑡2 ≥ 2,

P
(
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≥ 𝑡

)
≤ 4P

(
sup
𝐴∈A
(𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴)) ≥ 𝑎𝑡

)
,

where 𝜇 ′𝑛 is the empirical measure associated to 𝑋 ′1, . . . , 𝑋
′
𝑛 , an independent

ghost sample with common distribution 𝜇 and independent of 𝑋1, . . . , 𝑋𝑛 . We
easily verify that, since 𝜇 (𝐴) ≤ 𝑝 for all 𝐴 ∈ A, the symmetrization remains
true under the weaker hypothesis that

(1 − 𝑎)2𝑛𝑡2 ≥ 2𝑝. (2.18)

It suffices to adapt the bound on the variance Var[I{𝑋𝑖 ∈ 𝐴}] in the proof
of Lemma 2.A.1.

Let 𝐾̃ =
∑𝑛
𝑖=1 I{𝑋𝑖 ∈ A or 𝑋 ′𝑖 ∈ A} =

∑𝑛
𝑖=1 I{(𝑋𝑖 , 𝑋 ′𝑖 ) ∈ Ã}, where Ã =

(A × R𝑑 ) ∪ (R𝑑 × A). Then, if (𝑌𝑖 , 𝑌 ′𝑖 )𝑛𝑖=1 is an independent sample, also
independent of (𝑋𝑖 , 𝑋 ′𝑖 )𝑛𝑖=1, with common distribution given by the conditional
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distribution of (𝑋1, 𝑋
′
1) when it lies in Ã, we have by Lemma 2.2.1

P
(
sup
𝐴∈A
(𝜇𝑛 (𝐴) − 𝜇 ′𝑛 (𝐴)) ≥ 𝑎𝑡

)
= P

(
sup
𝐴∈A

1
𝑛

𝑛∑︁
𝑖=1

(
I{𝑋𝑖 ∈ 𝐴} − I{𝑋 ′𝑖 ∈ 𝐴}

)
≥ 𝑎𝑡

)
= E

[
P

(
sup
𝐴∈A

1
𝑛

𝑛∑︁
𝑖=1

(
I{𝑋𝑖 ∈ 𝐴} − I{𝑋 ′𝑖 ∈ 𝐴}

)
≥ 𝑎𝑡

��� 𝐾̃)]
= E

P ©­«𝐾̃𝑛 sup
𝐴∈A

1
𝐾̃

𝐾̃∑︁
𝑖=1

(
I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}

)
≥ 𝑎𝑡

��� 𝐾̃ª®¬


= E

P ©­« sup𝐴∈A

𝐾̃∑︁
𝑖=1

(
I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}

)
≥ 𝑛𝑎𝑡

��� 𝐾̃ª®¬
 .

Randomizing using Rademacher random variables, we have

𝐾̃∑︁
𝑖=1

(
I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}

) L
=

𝐾̃∑︁
𝑖=1

𝜎𝑖
(
I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}

)
,

where 𝐾̃ is fixed and 𝜎1, . . . , 𝜎𝐾̃ are i.i.d. Rademacher random variables inde-
pendent of (𝑌1, 𝑌 ′1 ), . . . , (𝑌𝑛, 𝑌 ′𝑛), i.e., for every 𝑖 ∈ {1, . . . , 𝐾̃},

P(𝜎𝑖 = 1) = P(𝜎𝑖 = −1) = 1/2

Conditioning on (𝑌𝑖 , 𝑌 ′𝑖 )𝑛𝑖=1 and applying Hoeffding’s inequality [88, Theo-
rem 1.2] to each of the 𝑆A (2𝐾̃) possible vectors (I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}) that
can arise as 𝐴 ranges over A, we obtain

P ©­« sup𝐴∈A

𝐾̃∑︁
𝑖=1

(
I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}

)
≥ 𝑛𝑎𝑡

��� 𝐾̃ª®¬
= E𝑌

P𝜎 ©­« sup𝐴∈A

𝐾̃∑︁
𝑖=1

𝜎𝑖
(
I{𝑌𝑖 ∈ 𝐴} − I{𝑌 ′𝑖 ∈ 𝐴}

)
≥ 𝑛𝑎𝑡

��� 𝐾̃, 𝑌1, 𝑌 ′1 , . . . , 𝑌𝑛, 𝑌 ′𝑛ª®¬


≤ min
{
1, 𝑆A (2𝐾̃) exp

(
−𝑎

2(𝑛𝑡)2

2𝐾̃

)}
,

where the last inequality follows from the fact that the expectation E𝑌 is taken
only with respect to the random variables 𝑌1, 𝑌 ′1 , . . . , 𝑌𝑛, 𝑌

′
𝑛 . We deduce

P
(
sup
𝐴∈A
|𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≥ 𝑡

)
≤ 4E

[
min

{
1, 𝑆A (2𝐾̃) exp

(
−𝑎

2(𝑛𝑡)2

2𝐾̃

)}]
.

(2.19)
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To be able to deal with this last quantity, we consider whether 𝐾̃ is less than
2𝑛𝑝 (1 + 𝑠) or not, where 𝑠 > 0 is to be determined. By monotonicity, it gives

E
[
min

{
1, 𝑆A (2𝐾̃) exp

(
−𝑎

2(𝑛𝑡)2

2𝐾̃

)}]
≤ P

(
𝐾̃ ≥ 2𝑛𝑝 (1 + 𝑠)

)
+ 𝑆A (4𝑛𝑝 (1 + 𝑠)) exp

(
− 𝑛𝑎2𝑡2

4𝑝 (1 + 𝑠)

)
.

Since𝑎 ∈ (0, 1) is not fixed, wemay, given𝑛 and 𝑡 , choose the largest𝑎 < 1 such
that the condition (2.18) is respected. It is given by 𝑎 = 𝑎(𝑛, 𝑡) = 1−

√︁
2𝑝/(𝑛𝑡2).

For such an 𝑎, we have

E
[
min

{
1, 𝑆A (2𝐾̃) exp

(
−𝑎

2(𝑛𝑡)2

2𝐾̃

)}]
≤ P

(
𝐾̃ ≥ 2𝑛𝑝 (1 + 𝑠)

)
+ 𝑆A (4𝑛𝑝 (1 + 𝑠)) exp

(
−𝑛𝑡

2 − 2√2𝑛𝑝𝑡 + 2𝑝
4𝑝 (1 + 𝑠)

)
. (2.20)

Let 𝛿 ∈ (0, 1). We choose 𝑠 = 𝑠 (𝛿) such that the first term of (2.20) is bounded
𝛿/8. Then, we choose 𝑡 = 𝑡 (𝛿) such that the second term equals 𝛿/8. As a con-
sequence of (2.19), we will deduce that P

(
sup𝐴∈A |𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≥ 𝑡 (𝛿)

)
≤ 𝛿 ,

or, equivalently, sup𝐴∈A |𝜇𝑛 (𝐴) − 𝜇 (𝐴) | ≤ 𝑡 (𝛿) with probability at least 1 − 𝛿 .
By Bernstein’s inequality (2.5), since 𝐾̃ ∼ Bin(𝑛, 𝑝) with 𝑝 = 𝑝 (2 − 𝑝), we

have

P
(
𝐾̃ ≥ 2𝑛𝑝 (1 + 𝑠)

)
= P

(
𝐾̃ − 𝑛𝑝 ≥ 2𝑛𝑝 (1 + 𝑠) − 𝑛𝑝

)
= P

(
𝐾̃ − 𝑛𝑝 ≥ 𝑛𝑝 (2𝑠 + 𝑝)

)
≤ exp

(
− (𝑛𝑝)2(2𝑠 + 𝑝)2
2(𝑛𝑝 (1 − 𝑝) + 𝑛𝑝 (2𝑠 + 𝑝)/3)

)
≤ exp

(
− 𝑛𝑝 (2𝑠 + 𝑝)2
2((2 − 𝑝) + (2𝑠 + 𝑝)/3)

)
≤ exp

(
− 𝑛𝑝𝑠2

1 + 𝑠/3

)
.

Equaling this expression to 𝛿/8, we obtain a quadratic equation in 𝑠 whose
positive solution is given by

𝑠+ = 𝑠 (𝛿)
def
=

log(8/𝛿)
3𝑛𝑝

+

√︄
log(8/𝛿)
𝑛𝑝

.

Since we assumed 𝑛𝑝 ≥ 2 log(8/𝛿), we have 𝑠 (𝛿) ≤ 1
6 +

1√
2
≤ 1. Hence, by

taking 𝑠 = 1, the first term of (2.20) is bounded by 𝛿/8.
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For such a choice of 𝑠 , the second term of (2.20) becomes

𝑆A (8𝑛𝑝) exp
(
−𝑛𝑡

2 − 2√2𝑛𝑝𝑡 + 2𝑝
8𝑝

)
.

This last expression equals 𝛿/8 if

𝑡 = 𝑡 (𝛿) def= 2
√︂

2𝑝
𝑛

[
log(8/𝛿) + log 𝑆A (8𝑛𝑝)

]
+

√︂
2𝑝
𝑛
.
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Abstract

The angular measure on the unit sphere characterizes the first-order
dependence structure of the components of a random vector in extreme
regions and is defined in terms of standardized margins. Its statistical re-
covery is an important step in learning problems involving observations
far away from the center. In the common situation that the components
of the vector have different distributions, the rank transformation offers
a convenient and robust way of standardizing data in order to build an
empirical version of the angular measure based on the most extreme
observations. However, the study of the sampling distribution of the
resulting empirical angular measure is challenging. It is the purpose
of the paper to establish finite-sample bounds for the maximal devi-
ations between the empirical and true angular measures, uniformly
over classes of Borel sets of controlled combinatorial complexity. The
bounds are valid with high probability and, up to logarithmic factors,
scale as the square root of the effective sample size. The bounds are
applied to provide performance guarantees for two statistical learning
procedures tailored to extreme regions of the input space and built
upon the empirical angular measure: binary classification in extreme
regions through empirical risk minimization and unsupervised anomaly
detection through minimum-volume sets of the sphere.

33
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3.1 Learning from multivariate extremes

Estimation and prediction problems regarding the extremal behaviour of a
𝑑-dimensional random vector 𝑋 = (𝑋1, . . . , 𝑋𝑑 ) are of key importance for risk
assessment in finance, insurance, engineering and environmental sciences
and, recently, for the analysis of weak signals in machine learning. A standard
assumption to model the joint upper tail of 𝑋 is that its distribution lies in
the maximal domain of attraction of a multivariate extreme value distribution.
This assumption comprises two parts:

(i) the marginal distributions of 𝑋 belong to the maximal domains of at-
traction of some univariate extreme value distributions;

(ii) after marginal transformation of 𝑋 through the probability integral
transform or a variation thereof, the joint distribution of the transformed
vector belongs to the maximal domain of attraction of a multivariate
extreme value distribution with pre-specified margins.

Under the side assumption that the marginal distributions of𝑋 are continu-
ous, point (ii) above only involves the copula of𝑋 . Point (ii) can be imposed on
its own, that is, independently of the assumptions on the margins in point (i),
and this is what we will do in this paper.

The angular measure for multivariate extremes. The multivariate ex-
treme value distribution in point (ii) is determined by a finite Borel measure,
Φ, with support contained in the intersection of [0,∞)𝑑 with the unit sphere
on R𝑑 with respect to some norm. This so-called angular measure, originally
called spectral measure in [36], describes the first-order dependence structure
of joint extremes of 𝑋 and is rooted in the theory of multivariate regular vari-
ation [106]. Since then, it has been recognized that the modelling of extremal
dependence may require finer assumptions than the traditional maximal do-
main of attraction condition, leading for instance to conditional extreme value
models and the theory of hidden regular variation; see for instance [30, 128]
and the references therein. Here, we focus on inference on the angular measure
Φ𝑝 with respect to some 𝐿𝑝-norm, for 𝑝 ∈ [1,∞].

Inference on the angular measure is an important problem in extreme
value analysis. It plays a part in the construction of confidence intervals for
rare event probabilities [33, 37]. It lies at the basis for a test of the hypothesis
that a bivariate distribution is in the maximum domain of attraction of an
extreme value distribution [41]. It serves to model the action of a covariate
on the extremal dependence of a baseline distribution through a density ratio
model [31, 23]. The angular density is also at the basis of an estimator of
bivariate tail quantile regions [40]. Bounds for probabilities of joint excesses
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over high thresholds that are robust against misspecification of the angular
measure are derived in [50]. The angular measure underlies techniques to find
groups of variables exhibiting extremal dependence, with dimension reduction
and sparse representations as objectives [24, 91, 81]; see [51] for a review. In
[77], the spherical 𝑘-means algorithm applied to a sample from the angular
measure yields prototypes of extremal dependence.

Furthermore, the angular measure is helpful for solving supervised and
unsupervised learning tasks for sample points far away from the center of the
distribution. In the spirit of principal component analysis, the eigendecom-
position of the Gram matrix of the angular measure yields low-dimensional
summaries of extremal dependence [29, 38]. Anomalous data can be detected
from unusual combinations of variables being large simultaneously [59] or
from their lack of membership of minimum-volume sets of the unit sphere
containing a large fraction of the total mass of the angular measure [120].
Binary classification in extreme regions can be performed on the basis of
the differences between the intra-class angular measures of the explanatory
variables [76].

The empirical angular measure. For a given dimension 𝑑 , the collection
of all angular measures is subject only to some moment constraints stemming
from the marginal standardization of 𝑋 but does not form a parametric family.
The usual considerations in favor of and against the use of parametric versus
non-parametric methods therefore apply. Many parametric models have been
proposed [26, 27] and new ones continue to be invented, with a growing
emphasis on the use of flexible models almost of a semi-parametric nature
[17, 113, 112].

Our focus is on non-parametric estimation and inference via the empirical
angular measure, Φ̂𝑝 , introduced in [42] and generalized to every 𝐿𝑝-norms
in [47], although already alluded to some years earlier [33, 37]. Given a random
sample from an unknown distribution, themarginal standardizationmentioned
in point (ii) above is done by means of the empirical cumulative distribution
functions. As a result, the estimator depends on the data only through the
ranks. On the one hand, the use of ranks makes the method invariant with
respect to marginal scales and reduces sensitivity to outliers. On the other
hand, the additional dependence stemming from the ranks greatly complicates
the study of the sampling distribution of the estimator.

In fact, the asymptotic distribution of the empirical angular measure is
known only in the bivariate case [42, 47]. In higher dimensions, only its
consistency has been established [77, Proof of Proposition 3.3]. This situation
stands in contrast with the rank-based estimator of the stable tail dependence
function, the asymptotic normality of which is known in any dimension
[45, 11]. The reason why the treatment of the empirical angular measure is so
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much more difficult is that it involves the empirical copula evaluated at sets of
which the boundaries are not parallel to the coordinate axes. As a consequence,
the usual argument to deal with the marginal empirical distribution functions
via the functional delta method breaks down. Even outside the extreme value
context, the asymptotic normality of the empirical copula in even a single
non-rectangular set is to this day an open problem.

Variations on the empirical angular measure enforce the aforementioned
moment constraints through empirical or Euclidean likelihoods [47, 32] as well
as a folding technique [62]. Other variations exploit more specific assumptions
on themarginal distributions to estimate them differently than by the empirical
distribution functions, for instance by fitting generalized Pareto distributions
to the univariate tails [43]. Sometimes, asymptotic results are established
as if the marginal distributions are known. In our paper, we focus on the
original, rank-based empirical angular measure and we make no assumptions
on the unknown marginal cumulative distribution functions except for their
continuity.

Concentration inequalities. It is the main goal of this paper to carry out
a non-asymptotic analysis of the empirical angular measure Φ̂𝑝 , which, to the
best knowledge, is the first of its kind. The concentration inequality established
in our main result, Theorem 3.3.1, states that with a certain large probability
1−𝛿 the estimation error is not larger than a certain small quantity depending,
among other things, on 𝛿 and on the number, 𝑘 , of sample points used in the
definition of the estimator. The bound concerns the worst-case estimation
error

sup
𝐴∈A

���Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴)��� (3.1)

over classes A of Borel subsets 𝐴 of the unit sphere satisfying certain prop-
erties. In particular, the complexity of A comes into play via the Vapnik–
Chervonenkis dimension of a collection of sets constructed from A.

The result relies on two tools: first, the use of framing sets to capture
certain random sets, as in [42] and [47], although the framing sets are defined
in a different manner here (see Section 3.3.1); and second, a general concen-
tration inequality for empirical processes indexed by rare events given in
Theorem 3.A.1. The latter result is inspired by a similar inequality in [60] but
the difference is that now the constant in the bound is explicit.

Although the angular measure Φ can be studied with respect to any norm
on R𝑑 , this study is limited to the ones most frequently used in practice, the
𝐿𝑝-norms for 1 ≤ 𝑝 ≤ ∞, i.e., for 𝑥 ∈ R𝑑 ,

∥𝑥 ∥𝑝
def
=

{
( |𝑥1 |𝑝 + · · · + |𝑥𝑑 |𝑝)1/𝑝 if 1 ≤ 𝑝 < ∞,
max ( |𝑥1 |, . . . , |𝑥𝑑 |) if 𝑝 = ∞.

(3.2)
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Applications to statistical learning. The concentration bounds for the
empirical angular measure are leveraged to study two statistical learning
problems: minimum-volume set estimation and binary classification in extreme
regions. These two problems and the methods proposed to solve them were
introduced in the conference papers [120] and [76], respectively. In both cases,
the method was based upon the empirical angular measure. However, the
technical difficulties inherent to the rank transformation were ignored and the
theoretical analysis was performed as if the marginal distributions are known.
Here, we apply concentration inequalities for the empirical angular measure
to obtain finite-sample performance guarantees for the rank-based methods.

We briefly describe the two learning problems and the role of the angular
measure. For unsupervised anomaly detection, the learning task can be formu-
lated as minimum-volume set estimation on the sphere, that is, the statistical
recovery of a Borel set of the sphere with minimum volume but containing a
given, large fraction of the total mass of the angular measure [120]. Any large
observation whose angle lies outside the minimum-volume set is considered
as a potential anomaly. Concentration inequalities for the uniform estimation
error over a class of candidate sets enable us in Section 3.4.1 to get statistical
guarantees on the minimum-volume set selected within the class on the basis
of an estimator of the angular measure.

The second problem concerns binary classification in extreme regions.
Empirical risk minimization, which is the main paradigm of statistical learning
theory, tends to ignore the predictive performance of candidate classifiers in
low-density regions of the input space. Instead, we focus on the probability of
classification error in such extreme regions. By controlling the fluctuations
of the empirical angular measure, we establish generalization bounds for
classifiers obtained by minimizing the empirical classification error based on
the most extreme input observations only. In Theorem 3.4.1, we state a bound
on the supremum of the empirical risk over a class of candidate classifiers.

Outline. The paper is organized as follows. In Section 3.2, the relevant
notions pertaining to multivariate extreme value analysis are briefly recalled.
The main result related to the non-asymptotic analysis of the empirical angular
measure is formulated in Section 3.3. Section 3.4 illustrates the application of
the concentration inequalities to two statistical learning problems, minimum-
volume set estimation and binary classification in extreme regions. Numerical
experiments are presented in Section 3.5. A discussion in Section 3.6 concludes
the paper. Proofs and some auxiliary results, in particular a general concentra-
tion inequality for rare event probabilities, are deferred to the Appendices.
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3.2 Upper tail dependence

We set out some basics of multivariate extreme value theory (Sections 3.2.1
and 3.2.2) and recall a rank-based standardization procedure (Section 3.2.3).
Equipped with these notions, we describe the empirical angular measure
(Section 3.2.4). For background, we refer to monographs such as [106, 13, 34].

3.2.1 Regular variation and exponent measure

Let 𝑋 = (𝑋1, . . . , 𝑋𝑑 ) be a random vector with distribution 𝑃 and continuous
marginal cumulative distribution functions 𝐹 𝑗 (𝑢) = P(𝑋 𝑗 ≤ 𝑢) for 𝑢 ∈ R. We
standardize each component of 𝑋 to unit-Pareto margins by a combination
of the probability integral transform and the quantile transform through
𝑉𝑗

def
= 1/(1 − 𝐹 𝑗 (𝑋 𝑗 )) for 𝑗 = 1, . . . , 𝑑 .
The working hypothesis in this paper is that the resulting random vector

𝑉 = (𝑉1, . . . ,𝑉𝑑 ) is multivariate regularly varying; this formalizes the assump-
tion in point (ii) in the introduction. Specifically, we assume that there exists a
non-zero Borel measure 𝜈 on the punctured orthant E = [0,∞)𝑑 \ {(0, . . . , 0)}
which is finite on Borel sets bounded away from the origin and such that

lim
𝑡→∞

𝑡 P
(
𝑡−1𝑉 ∈ 𝐵

)
= 𝜈 (𝐵) (3.3)

for all Borel sets 𝐵 of E bounded away from the origin and such that 𝜈 (𝜕𝐵) = 0,
with 𝜕𝐵 the topological boundary of 𝐵. Convergence in (3.3) for all such 𝐵 is
equivalent to measure convergence 𝑡P(𝑡−1𝑉 ∈ ·) → 𝜈 (·) as 𝑡 →∞ in the space
M0 of Borel measures on E that are finite on Borel sets bounded away from
the origin [74]. Specifically, we have lim𝑡→∞ 𝑡E[𝑓 (𝑡−1𝑉 )] =

∫
𝐸
𝑓 d𝜈 for every

bounded and continuous real function 𝑓 on E vanishing in a neighbourhood
of the origin. Alternatively, multivariate regular variation can be described in
the language of vague convergence of Radon measures on the compactified,
punctured orthant [0,∞]𝑑 \ {(0, . . . , 0)} [106, 107].

The measure 𝜈 is referred to as the exponent measure because of its ap-
pearance in the exponent of the expression of the multivariate extreme value
distribution to which the distribution of 𝑉 is attracted [34, Definition 6.1.7].
The exponent measure is homogeneous: writing 𝜆𝐴 = {𝜆𝑥 : 𝑥 ∈ 𝐴} for 𝜆 > 0
and 𝐴 ⊆ R𝑑 , we have

∀𝜆 > 0, 𝜈 (𝜆·) = 𝜆−1𝜈 (·). (3.4)

Its margins are standardized: by (3.3) and since each component 𝑉𝑗 is unit-
Pareto distributed, we have

∀𝑦 ∈ (0,∞), ∀𝑗 ∈ {1, . . . , 𝑑}, 𝜈 ({𝑥 ∈ E : 𝑥 𝑗 ≥ 𝑦}) = 𝑦−1. (3.5)
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3.2.2 Angular measure

Recall ∥𝑥 ∥𝑝 in (3.2) and let

S𝑝
def
= {𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 = 1}, (3.6)

Consider the map 𝜃𝑝 : E → S𝑝 that assigns to any vector 𝑥 ∈ 𝐸 its “angle”
𝜃𝑝 (𝑥)

def
= 𝑥/∥𝑥 ∥𝑝 .

The angular measure Φ𝑝 is defined as the push-forward measure by 𝜃𝑝 of
the restriction of 𝜈 to {𝑥 ∈ E : ∥𝑥 ∥𝑝 ≥ 1}: for any Borel set 𝐴 ⊆ S𝑝 , we have

Φ𝑝 (𝐴) = 𝜈 (C𝐴) where C𝐴
def
= {𝑥 ∈ E : ∥𝑥 ∥𝑝 ≥ 1, 𝜃𝑝 (𝑥) ∈ 𝐴}. (3.7)

In view of the marginal standardization (3.5) and the ensuing identity (3.9)
below, the total mass Φ𝑝 (S𝑝) =

∫
S𝑝
∥𝜃 ∥𝑝 dΦ𝑝 (𝜃 ) of the angular measure is

finite and we have 1 ≤ Φ𝑝 (S𝑝) ≤ 𝑑 .
The exponent measure 𝜈 is determined by the angular measure: by homo-

geneity (3.4),

𝜈 ({𝑥 ∈ E : ∥𝑥 ∥𝑝 ≥ 𝑢, 𝜃𝑝 (𝑥) ∈ 𝐴}) = 𝑢−1Φ𝑝 (𝐴)

for every 𝑢 > 0 and every Borel set 𝐴 ⊆ S𝑝 . More generally, for any non-
negative Borel measurable function 𝑓 on E, we have∫

E
𝑓 d𝜈 =

∫
S𝑝

∫ ∞

0
𝑓 (𝑟𝜃 ) d𝑟

𝑟 2
dΦ𝑝 (𝜃 ). (3.8)

The combination of the marginal standardization (3.5) with the change-of-
variable formula in (3.8) implies the identities

∀𝑗 = 1, . . . , 𝑑,
∫
S𝑝

𝜃 𝑗 dΦ𝑝 (𝜃 ) = 1. (3.9)

In fact, any non-negative Borel measure Φ𝑝 on S𝑝 satisfying the moment
constraints (3.9) is the angular measure of some random vector 𝑋 . Indeed,
from such a measure Φ𝑝 on S𝑝 , we can define a measure 𝜈 on E through (3.8)
and then consider the max-stable distribution with 𝜈 as exponent measure as
in [36].

3.2.3 Data standardization and ranks

The component-wise transformation of 𝑋 to a vector 𝑉 with unit-Pareto
margins is formalized by the map 𝑣 : R𝑑 → [1, ∞]𝑑 , with

∀𝑥 ∈ R𝑑 , 𝑣 (𝑥) def=
(

1
1 − 𝐹1(𝑥1)

, . . . ,
1

1 − 𝐹𝑑 (𝑥𝑑 )

)
, (3.10)
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with the convention 1/0 = ∞. In this notation, we have 𝑉 = 𝑣 (𝑋 ).
Let𝑋1, . . . , 𝑋𝑛 be an independent random sample from the distribution 𝑃 of

𝑋 , with𝑋𝑖 = (𝑋𝑖1, . . . , 𝑋𝑖𝑑 ). Since 𝑃 is unknown in practice, it is replaced by its
empirical version 𝑃𝑛 (·) = 𝑛−1

∑𝑛
𝑖=1 I{𝑋𝑖 ∈ ·}, where I{E} denotes the indicator

variable of the event E. In particular, the marginal cumulative distribution
functions 𝐹 𝑗 are substituted with their empirical counterparts

𝐹 𝑗 (𝑡)
def
=

1
𝑛

𝑛∑︁
𝑖=1
I{𝑋𝑖 𝑗 ≤ 𝑡}, for 𝑡 ∈ R and 1 ≤ 𝑗 ≤ 𝑑,

in order to mimic the aforementioned standardization.
The empirically standardized sample points are

𝑉𝑖
def
= 𝑣 (𝑋𝑖) =

(
𝑣1(𝑋𝑖1), . . . , 𝑣𝑑 (𝑋𝑖𝑑 )

)
, 𝑖 = 1, . . . , 𝑛 (3.11)

where 𝑣 (𝑥) = (𝑣1(𝑥1), . . . , 𝑣𝑑 (𝑥𝑑 )) for all 𝑥 ∈ R𝑑 and

𝑣 𝑗 (𝑥 𝑗 )
def
=

1
1 − 𝑛

𝑛+1𝐹 𝑗 (𝑥 𝑗 )
, (3.12)

for 𝑗 = 1, . . . , 𝑑 and 𝑖 = 1, . . . , 𝑛. The factor 𝑛
𝑛+1 in (3.12) serves to avoid division

by zero in case 𝑥 𝑗 ≥ max(𝑋1𝑗 , . . . , 𝑋𝑛𝑗 ).
We have 𝑣 𝑗 (𝑋𝑖 𝑗 ) = 1/(1 − 𝑅𝑖 𝑗/(𝑛 + 1)), where 𝑅𝑖 𝑗 = 𝑛𝐹 𝑗 (𝑋𝑖 𝑗 ) is the rank

of 𝑋𝑖 𝑗 among 𝑋1𝑗 , . . . , 𝑋𝑛𝑗 . Any statistic that is a function 𝑉1, . . . ,𝑉𝑛 depends
on the data 𝑋1, . . . , 𝑋𝑛 only through the component-wise ranks. This will be
the case for the empirical angular measure.

3.2.4 The empirical angular measure

Let 𝛿𝑥 denote a point mass at 𝑥 and put

𝑃𝑛
def
=

1
𝑛

𝑛∑︁
𝑖=1

𝛿
𝑉𝑖
, (3.13)

the empirical distribution of the pseudo-observations 𝑉1, . . . ,𝑉𝑛 in (3.11). The
random measure 𝑃𝑛 can be legitimately considered as an estimator of the
distribution of 𝑉 .

The definition (3.3) of the exponent measure 𝜈 involves a limit as 𝑡 →∞.
Setting 𝑡 = 𝑛/𝑘 for 𝑘 ∈ {1, . . . , 𝑛} such that both 𝑘 and 𝑛/𝑘 are large yields the
empirical exponent measure

𝜈̂ (𝐵) def= 𝑛
𝑘
𝑃𝑛 (𝑛𝑘𝐵) =

1
𝑘

𝑛∑︁
𝑖=1
I
{
𝑉𝑖 ∈ 𝑛

𝑘
𝐵

}
(3.14)
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for Borel sets 𝐵 ⊆ E. Consider a Borel set 𝐴 ⊆ S𝑝 and recall the angular
measure Φ𝑝 and the cone C𝐴 in (3.7). In view of (3.14), the empirical angular
measure [42] is defined as

Φ̂𝑝 (𝐴) = 𝜈̂ (C𝐴) =
1
𝑘

𝑛∑︁
𝑖=1
I
{
𝑉𝑖 ∈ (𝑛/𝑘)C𝐴

}
=

1
𝑘

𝑛∑︁
𝑖=1
I
{
∥𝑉𝑖 ∥𝑝 ≥ 𝑛/𝑘, 𝜃𝑝 (𝑉𝑖) ∈ 𝐴

}
. (3.15)

It is the empirical version of the pre-asymptotic angular measure

𝑡P
(
𝑡−1𝑉 ∈ C𝐴

)
at level 𝑡 = 𝑛/𝑘 .

In the bivariate case, the asymptotic distribution of the empirical angular
measure has been investigated in case the sequence 𝑘 = 𝑘 (𝑛) satisfies 𝑘 →∞
and 𝑘/𝑛 → 0 as 𝑛 → ∞. The max-norm was considered in [42], while the
𝐿𝑝-norm for 𝑝 ∈ [1,∞] was studied in [47] together with empirical likelihood
methods to exploit the moment constraints (3.9).

3.3 Concentration inequalities

Recall the empirical angular measure Φ̂𝑝 in (3.15). Our main result provides a
concentration inequality for the uniform deviations

sup
𝐴∈A

���Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴)��� . (3.16)

The supremum is taken over classes A of Borel sets 𝐴 of S𝑝 in (3.6) satisfying
appropriate assumptions. To bound the supremum, the empirical measure is
rewritten in terms of random sets which are subsequently framed in between
deterministic sets. We first explain the idea behind the framing approach
(Section 3.3.1) before stating our main theorem on concentration bound for
the empirical angular measure (Section 3.3.2). We conclude with examples of
collections A (Section 3.3.3).

3.3.1 Framing random sets

Since the estimators depend on the data only through the ranks, they are
invariant under increasing component-wise transformations. So although the
marginal distributions 𝐹1, . . . , 𝐹𝑑 are unknown, we can and will nevertheless
assume that they are unit-Pareto already. In that case, we have 𝑣 (𝑥) = 𝑥 for
𝑥 ∈ [1,∞]𝑑 in (3.10), so that𝑉 = 𝑣 (𝑋 ) = 𝑋 and𝑉𝑖 = 𝑣 (𝑋𝑖) = 𝑋𝑖 for 𝑖 = 1, . . . , 𝑛.
In particular, the distribution of 𝑉 = 𝑋 is 𝑃 .
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Recall 𝑃𝑛 in (3.13) and let 𝑃𝑛
def
= 𝑛−1

∑𝑛
𝑖=1 𝛿𝑉𝑖 denote the empirical distribu-

tion of 𝑉1, . . . ,𝑉𝑛 . Since 𝑉𝑖 = 𝑣 (𝑋𝑖) = 𝑣 (𝑉𝑖), we have 𝑃𝑛 = 𝑃𝑛 ◦ 𝑣−1, that is, 𝑃𝑛
is the push-forward measure of 𝑃𝑛 by 𝑣 . Up to a scaling factor, the value of
the empirical angular measure Φ̂𝑝 in a Borel set 𝐴 of S𝑝 can thus be expressed
as 𝑃𝑛 evaluated in the random set

Γ̂𝐴
def
= 𝑣−1(𝑛

𝑘
C𝐴) =

{
𝑥 ∈ E : ∥𝑣 (𝑥)∥𝑝 ≥ 𝑛

𝑘
, 𝜃𝑝 (𝑣 (𝑥)) ∈ 𝐴

}
, (3.17)

where, as before, 𝜃𝑝 (𝑦) = 𝑦/∥𝑦∥𝑝 for 𝑦 ∈ E. Indeed, we have

Φ̂𝑝 (𝐴) = 𝑛
𝑘
𝑃𝑛 (𝑛𝑘 C𝐴) =

𝑛
𝑘
𝑃𝑛 (𝑣−1(𝑛𝑘 C𝐴)) =

𝑛
𝑘
𝑃𝑛 (Γ̂𝐴) .

Let A be a class of Borel sets of S𝑝 . Following in the footsteps of [42]
and [47], we construct for any 𝐴 ∈ A two nested deterministic sets Γ−

𝐴
⊆ Γ+

𝐴

framing the cone C𝐴, i.e., such that Γ−
𝐴
⊆ C𝐴 ⊆ Γ+

𝐴
, and such that on an event

that occurs with high probability, we have

∀𝐴 ∈ A, 𝑛
𝑘
Γ−𝐴 ⊆ Γ̂𝐴 ⊆ 𝑛

𝑘
Γ+𝐴 . (3.18)

On that event, the signed error can then be bounded from above by

Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴) = 𝑛
𝑘
𝑃𝑛 (Γ̂𝐴) − 𝜈 (C𝐴)

≤ 𝑛
𝑘
𝑃𝑛 (𝑛𝑘 Γ

+
𝐴 ) − 𝜈 (Γ−𝐴 )

≤ 𝑛
𝑘

��𝑃𝑛 (𝑛𝑘 Γ+𝐴 ) − 𝑃 (𝑛𝑘 Γ+𝐴 )�� + ��𝑛
𝑘
𝑃 (𝑛

𝑘
Γ+𝐴 ) − 𝜈 (Γ+𝐴 )

�� + 𝜈 (Γ+𝐴 \ Γ−𝐴 ) .
A lower bound can be derived in a similar way, yielding, on the same event,���Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴)��� ≤ max

𝐵∈{Γ+
𝐴
,Γ−
𝐴
}

��𝑛
𝑘
𝑃 (𝑛

𝑘
𝐵) − 𝜈 (𝐵)

�� (bias term)

+ max
𝐵∈{Γ+

𝐴
,Γ−
𝐴
}
𝑛
𝑘

��𝑃𝑛 (𝑛𝑘𝐵) − 𝑃 (𝑛𝑘𝐵)�� (stochastic error)

+ 𝜈 (Γ+𝐴 \ Γ−𝐴 ) (framing gap).
(3.19)

Next we will introduce assumptions to enable the construction of the
framing sets Γ−

𝐴
and Γ+

𝐴
together with a high-probability event on which (3.18)

holds. The task is then to control the three terms on the right-hand side
of (3.19) uniformly over 𝐴 ∈ A. The bias term will be left as such; controlling
it is an entirely different subject requiring higher-order multivariate regular
variation [12, 55]; however, see Remark 3.3.3. Under appropriate complexity
assumptions on the class A and the collection of framing sets, the stochastic
error term can be uniformly bounded by means of the concentration inequality
for tail empirical processes established in Theorem 3.A.1. Finally, the framing
gap can be controlled by ensuring that the set Γ+

𝐴
\ Γ−

𝐴
is small.
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3.3.2 Concentration bounds for the empirical angular measure

The main result of this paper, Theorem 3.3.1, is stated in this subsection. Let
B

def
= [−1, +1]𝑑 denote the closed unit ball in R𝑑 with respect to the sup-norm

∥·∥∞. For sets 𝐴, 𝐵 ⊆ R𝑑 write 𝐴 + 𝐵
def
= {𝑎 + 𝑏 : 𝑎 ∈ 𝐴,𝑏 ∈ 𝐵}. For 𝜀 > 0 and

𝐴 ⊆ R𝑑 , we thus have 𝐴 + 𝜀B = {𝑥 ∈ R𝑑 : ∃𝑎 ∈ 𝐴, ∥𝑥 − 𝑎∥∞ ≤ 𝜀}.

Assumption 3.3.1 (Subsets of the sphere). The class A is a collection of non-
empty Borel sets of S𝑝 with the following properties:

(i) There exists a countable collection A0 ⊆ A such that for every 𝐴 ∈ A
there is a sequence 𝐴𝑛 ∈ A0 such that lim𝑛→∞ I{𝑥 ∈ 𝐴𝑛} = I{𝑥 ∈ 𝐴} for
every 𝑥 ∈ S𝑝 .

(ii) There exists 𝜏 ∈ (0, 1) such that

∀𝐴 ∈ A, 𝐴 ⊆ {𝑥 ∈ S𝑝 : min(𝑥) > 𝜏} def
= S𝜏𝑝 . (3.20)

(iii) There is a constant 𝑐 > 0 such that for any 𝐴 ∈ A and 𝜀 > 0, there exist
Borel subsets 𝐴+(𝜀) and 𝐴−(𝜀) of S𝑝 satisfying

Φ𝑝
(
𝐴+(𝜀) \𝐴−(𝜀)

)
≤ 𝑐 𝜀 (3.21)

together with the inclusions(
𝐴−(𝜀) + 𝜀B

)
∩ S𝑝 ⊆ 𝐴 and (𝐴 + 𝜀B) ∩ S𝑝 ⊆ 𝐴+(𝜀) . (3.22)

Condition (i) amounts to the pointwise measurability of the indicators
{I{· ∈ 𝐴} : 𝐴 ∈ A} [122, Example 2.3.4] and ensures that for any 𝐴 ∈ A we
can find 𝐴𝑛 ∈ A0 such that for any finite Borel measure 𝜈 on S𝑝 we have
𝜈 (𝐴) = lim𝑛→∞ 𝜈 (𝐴𝑛). The suprema over A in Eq. (3.16) are therefore equal
to those over A0 and are thus measurable.

Condition (ii) stipulates that the elements of the classA are bounded away
from the 2𝑑 − 1 faces of the sphere. Though it may be considered as restrictive
at first glance, we point out that maximal deviations of the empirical angular
measure over classes of Borel subsets of a given face of the sphere correspond
to maximal deviations of the empirical angular measure for the corresponding
components of 𝑋 .

The crucial point in Condition (iii) is inequality (3.21), bounding the mea-
sure of the difference between the inner and outer 𝜀-hulls of 𝐴 ∈ A. The
inequality is satisfied if it holds with Φ𝑝 replaced by the (𝑑 − 1)-dimensional
Lebesgue measure on S𝑝 and Φ𝑝 has a bounded density on S𝑝 with respect to
this measure.
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In order to deal with the estimation error stemming from the use of the
marginal empirical distribution functions in (3.12), we frame the cones C𝐴
in Eq. (3.7) between slightly smaller and larger sets built from the inner and
outer hulls. For 𝐴 ∈ A, 𝜎 ∈ {−, +} and 𝑟, ℎ > 0, define

Γ𝜎𝐴 (𝑟, ℎ)
def
=

{
𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 1

𝑟
, 𝜃𝑝 (𝑥) ∈ 𝐴𝜎 (ℎ∥𝑥 ∥𝑝)

}
.

For all 𝐴 ∈ A and ℎ > 0, we have Γ−
𝐴
(𝑟, ℎ) ⊆ C𝐴 for 0 < 𝑟 ≤ 1 and

C𝐴 ⊆ Γ+
𝐴
(𝑟, ℎ) for 𝑟 ≥ 1. The upper confidence bound at level 1 − 𝛿 for

the maximal deviation (3.1) stated in Theorem 3.3.1 below is derived from
the decomposition (3.19) with framing sets Γ+

𝐴
(𝑟+, ℎ) and Γ−

𝐴
(𝑟−, ℎ) for specific

choices of 𝑟+, 𝑟− and ℎ.
To control the stochastic error, we need a handle on the complexity of

the collection of framing sets. The Vapnik–Chervonenkis (VC) dimension of
a collection F of subsets of some set X is the supremum (possibly infinite)
of the set of positive integers 𝑛 with the property that there exists a subset
{𝑥1, . . . , 𝑥𝑛} of X with cardinality 𝑛 such that all 2𝑛 subsets of {𝑥1, . . . , 𝑥𝑛} can
be written in the form {𝑥1, . . . , 𝑥𝑛} ∩ 𝐹 for some 𝐹 ∈ F . The VC-dimension is
a central quantity in statistical learning and empirical process theory as it lies
at the basis of many concentration inequalities for empirical distributions, see
for instance [122] and [20].

Assumption 3.3.2. For any 𝑟, ℎ > 0, the collections {Γ−
𝐴
(𝑟, ℎ) : 𝐴 ∈ A} and

{Γ+
𝐴
(𝑟, ℎ) : 𝐴 ∈ A} of subsets of E have finite VC-dimension.

In the framing sets Γ𝜎
𝐴
(𝑟, ℎ), the tolerance 𝜀 for the angle 𝜃𝑝 (𝑥) in the

inner and outer hulls of a set 𝐴 depends on the norm ∥𝑥 ∥𝑝 . Therefore, in
Assumption 3.3.2 it is not sufficient to assume that the collection A or even
the collection of inner and outer hulls has finite VC-dimension. In Section 3.3.3
we provide a realistic example of an angular classA—namely a class defined by
linear inequality constraints—where Assumptions 3.3.1 and 3.3.2 are satisfied.

Theorem 3.3.1. Let 𝑋1, . . . , 𝑋𝑛 be an independent random sample from a dis-
tribution 𝑃 on R𝑑 with continuous margins and let 𝑃𝑉 denote the distribution
of 𝑉1 = 𝑣 (𝑋1) where 𝑣 is defined in (3.10). Let 𝜈 be an exponent measure having
angular measure Φ𝑝 with respect to ∥ · ∥𝑝 for some 𝑝 ∈ [1,∞]. Let A be a
collection of Borel sets of S𝑝 such that Assumptions 3.3.1 and 3.3.2 are fulfilled.
Let 𝑛, 𝑘, 𝜌 be such that 𝜏𝑛 > 𝑘 > (3 ∨ 6𝑐) and 𝑘/𝑛 < 𝜌 < 𝜏 , where the constant
𝑐 > 0 comes from point (iii) of Assumption 3.3.1. Let 𝛿 ∈ (0, 1). Put

Δ1 = Δ1(𝑘, 𝛿, 𝜌)
def
=

1√︁
𝑘𝜌

(
60 + 2

√︁
log((𝑑 + 1)/𝛿)

)
+ 2
3𝑘

log((𝑑 + 1)/𝛿).

For 𝜎 ∈ {−, +} and 𝐴 ∈ A, abbreviate Γ𝜎
𝐴
= Γ𝜎

𝐴
(𝑟𝜎 , 3Δ1) where 𝑟± = 1± Δ2 with

Δ2 = 4(Δ1 + 1/𝑘). Then, with probability at least 1 − 𝛿 , the empirical angular
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measure satisfies

sup
𝐴∈A

���Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴)��� ≤ sup
𝐴∈A, 𝜎 ∈{+,−}

��𝑛
𝑘
𝑃𝑉 (𝑛𝑘 Γ

𝜎
𝐴 ) − 𝜈 (Γ

𝜎
𝐴 )

��
+

√︂
𝑑1+1/𝑝 (1 + Δ2)

𝑘

(
60

√︁
𝑉F + 2

√︁
log((𝑑 + 1)/𝛿)

)
+
2 log

(
𝑑+1
𝛿

)
3𝑘

+ 2𝑑Δ2 + 3𝑐
(
log(𝑑/3𝑐) − log(Δ1) + 1

)
Δ1,

(3.23)

provided 𝑘 is sufficiently large so that (2/𝑘) ≤ Δ1 < (1/4− 1/𝑘) ∧ (1/(3𝑐)) and
𝜌/(1 − Δ1𝜌) ≤ 𝜏 and where 𝑉F is the VC-dimension of the collection{

Γ−𝐴 : 𝐴 ∈ A
}
∪

{
Γ+𝐴 : 𝐴 ∈ A

}
. (3.24)

The proof is given in Appendix 3.C in the Supplement.
Note that 𝑟− ≤ 1 ≤ 𝑟+, so that Γ−

𝐴
(𝑟−, ℎ) ⊆ C𝐴 ⊆ Γ+

𝐴
(𝑟+, ℎ) for all ℎ > 0. In

the decomposition (3.19), the framing gap is bounded by 2𝑑Δ2+3𝑐
(
log(𝑑/3𝑐)−

log(Δ1) + 1
)
Δ1 while the estimation error is bounded by√︂

𝑑1+1/𝑝 (1 + Δ2)
𝑘

(
60

√︁
𝑉F + 2

√︁
log((𝑑 + 1)/𝛿)

)
+ 2
3𝑘

log((𝑑 + 1)/𝛿)

with probability larger than 1−𝛿 . This term is the one appearing in the concen-
tration inequality for empirical processes over collections of sets of extreme
values proved in Theorem 3.A.1 applied to the collection {(𝑛/𝑘)Γ𝜎

𝐴
(𝑟𝜎 , 3Δ1) :

𝜎 ∈ {+,−}, 𝐴 ∈ A}. By Assumption 3.3.2, the collection in (3.24) has a finite
VC-dimension: For two collections F1 and F2 of subsets of a set X with finite
VC-dimensions 𝑑1 and 𝑑2, respectively, the VC dimension of F1∪F2 is bounded
by 𝑑1 + 𝑑2 + 1 [93, Exercise 3.24].

Note that the bound is a decreasing function of the norm index 𝑝 . It
is related to the shape of the associated sphere S𝑝 , which is easier to work
with if more aligned with the axes. The faces of the unit sphere induced
by the supremum norm are parallel to the coordinate axes, a property that
links up well with the use of component-wise ranks, and has the advantage
that its value is not affected by the precise values of the smaller coordinates
of 𝑥 . Extensions to other 𝑝-norms can be performed through the use of the
equivalences of norms

∀𝑥 ∈ R𝑑 , ∥𝑥 ∥∞ ≤ ∥𝑥 ∥𝑝 ≤ 𝑑1/𝑝 ∥𝑥 ∥∞. (3.25)

For fixed 𝜌 and 𝛿 , when ignoring the bias term, the bound on the right-hand
side of (3.23) is of the order

Δ1 log(1/Δ1) = O
(
log𝑘
√
𝑘

)
, as 𝑘 →∞. (3.26)
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Even though Δ1 and Δ2 are of the optimal order O(1/
√
𝑘), the factor log𝑘

shows up: its presence is caused by the framing gap, the third line in both (3.19)
and (3.23). Asymptotic theory for the empirical angular measure in the bi-
variate case [42, 47] suggests a learning rate of the order 1/

√
𝑘 ; whether our

logarithmic term is an artifact of our analysis or rather a genuine property of
the estimator remains an open problem.
Remark 3.3.1 (Other concentration inequalities). The constant 60 appearing
in the error stems comes from the use of chaining techniques as in [87, Theo-
rems 1.16–17]. Relying instead on concentration inequalities for rare events
derived recently in [83], it is possible to reduce the constant at the price of
an additional logarithmic factor

√︁
log𝑘 , which, for realistic values of 𝑘 , may

well be smaller than the constant involved in our bound. However, the bound
would become more complicated and less accurate from an asymptotic point
of view.

The term Δ1 in Theorem 3.3.1 comes from the application of Theorem 3.A.1
to the tails of the empirical margins 𝐹 𝑗 . As observed by an anonymous Referee,
other concentration inequalities exist for such one-dimensional tail empirical
processes, see for instance Inequality 1 on page 446 in [116]. For finite samples,
some of these inequalities may be sharper than the one we used; nevertheless,
the convergence rate as a function of 𝑘 would not improve since chaining is
already optimal in that respect.
Remark 3.3.2 (Bias term and penultimate angular measure). As Theorem 3.3.1
is not concerned with asymptotics, we did not actually have to assume that
Φ𝑝 is the angular measure associated to 𝑃𝑉 . The link between 𝑃𝑉 and Φ𝑝 is
quantified instead by the bias term sup𝐴,𝜎 |𝑛𝑘 𝑃𝑉 (

𝑛
𝑘
Γ𝜎
𝐴
) −𝜈 (Γ𝜎

𝐴
) |. Even if 𝑃𝑉 has

an angular measure of its own, it may be different from the one appearing in
the theorem. This flexibility allows for viewing the empirical angular measure
as an estimator of a penultimate angular measure, that is, the one for which
the induced bias term is minimal.
Remark 3.3.3 (Controlling the bias term). For absolutely continuous models,
a primitive condition on the probability density function allows to control
the bias term in Theorem 3.3.1. Let 𝑃𝑈 denote the distribution of 𝑈 = (1 −
𝐹1(𝑋1), . . . , 1 − 𝐹𝑑 (𝑋𝑑 )) = 𝜄 (𝑉 ) on [0, 1]𝑑 where 𝜄 : (0,∞)𝑑 → (0,∞)𝑑 is
defined by 𝜄 (𝑥) def

= (𝑥−11 , . . . , 𝑥−1𝑑 ). Assume that 𝑃𝑈 is absolutely continuous
with density 𝑝𝑈 and that the measure Λ = 𝜈 ◦ 𝜄−1 (the push-forward of 𝜈 by 𝜄)
is absolutely continuous with Lebesgue density 𝜆 on (0,∞)𝑑 . Then

sup
𝐴∈A,𝜎 ∈{+,−}

��𝑛
𝑘
𝑃𝑉 (𝑛𝑘 Γ

𝜎
𝐴 ) − 𝜈 (Γ

𝜎
𝐴 )

��
≤

∫
(0,∞)𝑑

1
{
min(𝑦) ≤ 𝑑1/𝑝𝑟+

} ����(𝑘𝑛 )𝑑−1 𝑝𝑈 ( 𝑘𝑛𝑦) − 𝜆(𝑦)���� d𝑦. (3.27)
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By way of example, consider the multivariate Cauchy density restricted to
(0,∞)𝑑 with probability density function

𝑓 (𝑥) def= 2𝑑Γ(𝑑+12 )𝜋
−(𝑑+1)/2 (

1 + 𝑥21 + · · · + 𝑥2𝑑
)−(𝑑+1)/2

for 𝑥 ∈ (0,∞)𝑑 , with limit density

𝜆(𝑥) = 2𝑑−1Γ(𝑑+12 )𝜋
−(𝑑−1)/2𝑥−21 · · · 𝑥−2𝑑

(
𝑥−21 + · · · + 𝑥−2𝑑

)−(1+𝑑)/2
.

In this case, the bound (3.27) is of the order O(𝑘/𝑛) as 𝑘 = 𝑘𝑛 → ∞ in such
a way that 𝑘/𝑛 → 0. Detailed calculations are given in Appendix 3.D in the
Supplement.

3.3.3 Examples of collections of subsets of the sphere

This sections aims at providing examples of classes A related to a wide range
of statistical machine learning algorithms (such as logistic regression, classifi-
cation and regression trees or linear discriminant analysis) for which Assump-
tions 3.3.1 and 3.3.2 are satisfied. Proofs are deferred to Appendix E in the
Supplement.

Recall S𝜏𝑝 in (3.20). The scalar product and the Euclidean norm on R𝑑 are
denoted by ⟨𝑥,𝑦⟩ and ∥𝑥 ∥2 =

√︁
⟨𝑥, 𝑥⟩, respectively.

Example 3.3.1 (Linear restrictions). Fix 𝜏 ∈ (0, 1) and consider the collection

A =

{
𝐴𝑎,𝛽,𝜏 : (𝑎, 𝛽) ∈ R𝑑 × R, ∥𝑎∥2 = 1

}
of Borel subsets of S𝜏𝑝 defined via

𝐴𝑎,𝛽
def
= {𝑥 ∈ S𝑝 : ⟨𝑎, 𝑥⟩ ≤ 𝛽}, 𝐴𝑎,𝛽,𝜏

def
= 𝐴𝑎,𝛽 ∩ S𝜏𝑝 .

ThenA satisfies Assumption 3.3.2, and, if Φ𝑝 has a bounded Lebesgue density
on S𝑝 , also Assumption 3.3.1.
Example 3.3.2 (Stability under intersections and unions). Let A1 and A2 be
two collections of Borel subsets of S𝑝 that satisfy Assumptions 3.3.1 and 3.3.2.
Then the same is true for the collection of intersections

A1 ⊓ A2
def
= {𝐴1 ∩𝐴2 : 𝐴1 ∈ A1, 𝐴2 ∈ A2}

and for the collection of unions

A1 ⊔ A2
def
= {𝐴1 ∪𝐴2 : 𝐴1 ∈ A1, 𝐴2 ∈ A2} .

In combination with Example 3.3.1, this property covers classifiers built from
decision trees with a given depth. The leaves of such a tree correspond to
unions of rectangles, the maximum number of rectangles in the union being
determined by the tree depth.
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3.4 Applications to statistical learning

We illustrate how a concentration inequality such as the one in Theorem 3.3.1
is useful to establish sound non-asymptotic guarantees for the validity of cer-
tain statistical learning procedures relying on the empirical angular measure
and recently introduced in the literature. In Section 3.4.1, after introducing
some minimal background about anomaly detection in extreme regions via
minimum-volume set estimation, we show how our main results bring im-
mediate guarantees on this matter. In Section 3.4.2, we recall the whys and
wherefores of classification in extreme regions and leverage the techniques
developed in Section 3.3 to control the excess risk of a specific empirical risk
minimizer targeting the tail region of the covariate space.

3.4.1 Minimum-volume set estimation

To illustrate the usefulness of bounds on the supremum in (3.1), consider
the problem of estimating a minimum-volume set [46], such sets extending
the notion of univariate quantiles. A minimum-volume set at level 𝛼 is a
subset of the sample space of minimum (Lebesgue) volume, constrained to
contain a probability mass of at least 𝛼 . There are fruitful connections between
minimum-volume sets and semi-supervised anomaly detection, where data are
available from the majority class only and the goal is to construct a decision
function delimitating the extent of the normal region. In a Neyman–Pearson
framework, an optimal anomaly detection procedure at a certain level 0 <

1 − 𝛼 ≪ 1 would declare abnormal any new point such that no minimum-
volume set of level 𝛼 contains it [16].

In the context of anomaly detection, the tail of the random vector un-
der scrutiny is of particular interest because many anomalies correspond to
unusually large values of at least one component. However, it may not be
appropriate to declare as abnormal all such points and a finer analysis of the
tails can improve the overall performance of an anomaly detection algorithm.
For instance, consider a complex infrastructure monitored by several physical
variables. Raising an alert at each extreme value of one of its physical variables
can lead to high false alarm rates. A way to reduce this false alarm rate is to
study the multivariate distribution of the set of observations such that at least
one of their variables is large. This framework can be useful in a wide variety
of applications (e.g., fraud detection, safety in aeronautics), where the control
of the false alarm rate is crucial (given the cost of safety inspections), thus
making the detection of anomalies among extremes undeniably relevant.

In this section, we follow in the footsteps of [120] who consider the problem
of constructing sets of relatively high probability in regions of the kind {𝑥 ∈
R𝑑 : ∥𝑥 ∥ > 𝑡} for large values of 𝑡 , under regular variation assumptions. Their
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statistical analysis is limited to the ideal case where the marginal distributions
are known. We extend their guarantees in order to encompass the influence
of the rank transformation.

In the context of the angular measure for multivariate upper extremes, the
question is to find a Borel set Ω of the unit sphere S𝑝 in [0,∞)𝑑 with minimal
volume 𝜆(Ω)—with 𝜆 some reference measure such as the (𝑑 − 1)-dimensional
Hausdorff measure—but still having content Φ𝑝 (Ω) not smaller than some
pre-specified lower limit 𝛼 ∈ (0,Φ𝑝 (S𝑝)). In [120], such a set is used for the
purpose of (unsupervised) anomaly detection in extreme regions. As Ω is
supposed to contain a large fraction Φ𝑝 (Ω)/Φ𝑝 (S𝑝) of the possible directions
of extreme points, a new such point is deemed to be a potential anomaly if it
lies in a direction outside Ω. The fact that Ω has minimal volume 𝜆(Ω) means
that the critical region S𝑝 \Ω to detect suspicious points is as large as possible.

AsΦ𝑝 is unknown, Ω needs to be learned from a training sample. Although
Ω may be characterized as a certain super-level set of the density of Φ𝑝 with
respect to the reference measure 𝜆, a more practical approach than estimating
this density, especially in high dimensions, is to limit the search to an algo-
rithmically manageable collection A of Borel subsets of S𝑝 . Let Φ̂𝑝 be any
estimator of Φ𝑝 , not necessarily the empirical angular measure. Following the
logic in [115], let 𝐴 solve the empirical angular minimum-volume set problem

min
{
𝜆(𝐴) : 𝐴 ∈ A, Φ̂𝑝 (𝐴) ≥ 𝛼 −𝜓

}
where 𝜓 ∈ (0, 𝛼) is a tolerance parameter. The price to pay for having to
estimate the angular measure is that the minimal required content 𝛼 has been
relaxed to 𝛼 −𝜓 .

Bounds on the largest estimation error of Φ̂𝑝 overA are helpful to provide
probabilistic guarantees for 𝐴. Suppose that, on some event E, we have

sup
𝐴∈A

���Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴)��� ≤ 𝜓 . (3.28)

Then, on the same event E, we obviously have

Φ𝑝 (𝐴) ≥ Φ̂𝑝 (𝐴) −𝜓 ≥ 𝛼 − 2𝜓 (3.29)

as well as
𝜆(𝐴) ≤ inf

{
𝜆(𝐴) : 𝐴 ∈ A, Φ𝑝 (𝐴) ≥ 𝛼

}
. (3.30)

Indeed, on E, the collection {𝐴 ∈ A : Φ𝑝 (𝐴) ≥ 𝛼} is contained in {𝐴 ∈ A :
Φ̂𝑝 (𝐴) ≥ 𝛼 −𝜓 } so that the infimum of 𝜆(𝐴) for𝐴 in the latter collection must
be the smaller one. By (3.29), the empirical solution 𝐴 is guaranteed to have
at least content 𝛼 − 2𝜓 under Φ𝑝 , while according to (3.30), the volume of 𝐴 is
smaller than the one of the actual minimum-volume set under Φ𝑝 .
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Concentration inequalities for the supremum of |Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴) | over
𝐴 ∈ A provide the existence, for a given 𝛿 > 0, of a scalar 𝜓 ≡ 𝜓 (𝛿) such
that (3.28) holds on an event with probability at least 1 − 𝛿 . It follows that,
with high probability, the empirical minimum-volume set 𝐴 satisfies (3.29)
and (3.30). Provided𝜓 and 𝛿 are both small, the combination of both properties
justifies the use of 𝐴 as an approximation to the true but unknown minimum-
volume set under Φ𝑝 . For the empirical angular measure, a valid choice for
the tolerance parameter𝜓 (𝛿) is given by the upper bound in Theorem 3.3.1.

3.4.2 Classification in extreme regions

We apply Theorem 3.3.1 to binary classification in extreme regions. Classifica-
tion is arguably one of the most studied problems in the statistical learning
literature. Most existing guarantees are formulated in terms of a risk which
is an integrated version of the loss function over the whole covariate space.
However, the local performance of a global classifier is not necessarily guar-
anteed in low probability regions of the covariate space, typically in regions
corresponding to an exceedance by one component of a high quantile—where
few training points are available—or outside the convex envelope of the train-
ing set. In other words, the risk of an error conditional to the norm of the
input being large is not adequately controlled in the classical setting. Never-
theless, in a wide variety of applications, ranging from finance/insurance to
environmental sciences through teletraffic data analysis for instance, extreme
observations of the covariates are of crucial importance.

In this section, we adopt the framework originally proposed in [76], who
formalize this argument and propose a risk minimization strategy aiming at
improving performance of classification algorithms on such regions. In [76],
themarginal distributions of the predictor variables were assumed to be known,
so that a standardized vector with exact unit-Pareto margins is observable.
Here, we rather assume that the margins are unknown and employ a rank-
based standardization instead.

First we recall the set-up of [76]. Consider a random pair (𝑉 ,𝑌 ) where𝑌 in
{−1, 1} is the label to be predicted and 𝑉 in [0,∞)𝑑 is the vector of predictors
(features). The goal is to learn a classifier 𝑔 : [0,∞)𝑑 → {−1, 1} such that the
classification risk for feature vectors 𝑉 far away from the origin is small. Let
𝜚 = P(𝑌 = 1) and assume 0 < 𝜚 < 1.

The starting point in [76] is to assume a conditional version of the regular
variation condition (3.3): there exist non-zero Borel measures 𝜈+ and 𝜈− on E
that are finite on Borel sets bounded away from the origin and such that

lim
𝑡→∞

𝑡 P
(
𝑡−1𝑉 ∈ 𝐵 | 𝑌 = 𝜎 1

)
= 𝜈𝜎 (𝐵) (3.31)

for 𝜎 ∈ {−, +} and Borel sets 𝐵 ⊆ E bounded away from the origin satisfying
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𝜈𝜎 (𝜕𝐵) = 0. The angular measure associated to the 𝐿𝑝-norm of 𝜈𝜎 is

Φ𝜎𝑝 (𝐴) = 𝜈𝜎 (C𝐴), for 𝜎 ∈ {−, +} and Borel sets 𝐴 ⊆ S𝑝 ,

with C𝐴 as in (3.7). By (3.31), the unconditional distribution of 𝑉 is regularly
varying as in (3.3) with limit measure 𝜈 = 𝜚𝜈+ + (1−𝜚 )𝜈− and angular measure
Φ𝑝 = 𝜚Φ+𝑝 + (1 − 𝜚 )Φ−𝑝 .

In [76] it was assumed that an independent random sample {(𝑉𝑖 , 𝑌𝑖)}𝑛𝑖=1
from the distribution of (𝑉 ,𝑌 ) is given. Here, instead, the set-up is that we
observe an independent random sample {(𝑋𝑖 , 𝑌𝑖)}𝑛𝑖=1 from the distribution
of (𝑋,𝑌 ) and that (3.31) holds with 𝑉 = 𝑣 (𝑋 ), where 𝑣 is defined via the
probability integral transform in (3.10). This means that the classifier will have
to be learned from the pairs (𝑉𝑖 , 𝑌𝑖) where 𝑉𝑖 = 𝑣 (𝑋𝑖) in (3.11) is based on the
rank transform.

We emphasize that the marginal distribution functions 𝐹 𝑗 in the definition
of 𝑣 are not conditioned upon 𝑌 . Indeed, for a new observation, marginal
standardization will have to be carried out without the knowledge of the label
to be predicted.

In [76] the focus is on the conditional classification risk above level 𝑡 > 0
of a classifier 𝑔 : [0,∞)𝑑 \ {0} → {−1, 1} defined on the standardized input 𝑉

𝐿cond𝑡 (𝑔) def= P
(
𝑌 ≠ 𝑔(𝑉 ) | ∥𝑉 ∥𝑝 > 𝑡

)
, (3.32)

Let G be a pre-defined family of classifiers 𝑔 and let

𝐿cond
∗

𝑡

def
= inf

𝑔∈G
𝐿cond𝑡 (𝑔)

be the smallest conditional classification risk for classifiers in G. The purpose
is to learn from the training sample a classifier 𝑔 ∈ G such that for large 𝑡 the
excess risk 𝐿cond𝑡 (𝑔) − 𝐿cond∗𝑡 is small.

In [76] it is argued that, asymptotically, attention can be restricted to
angular classifiers 𝑔, that is, for which 𝑔(𝑥) = 𝑔(𝜃𝑝 (𝑥)) with 𝜃𝑝 (𝑥) = 𝑥/∥𝑥 ∥𝑝
for 𝑥 ∈ E. Their analysis involves a random pair (𝑉∞, 𝑌∞) whose distribution
is the weak limit as 𝑡 → ∞ of (𝑡−1𝑉 ,𝑌 ) conditionally on ∥𝑉 ∥𝑝 > 𝑡 , a limit
which exists thanks to (3.31).

Let
𝜂 (𝑥) def= P(𝑌 = 1 | 𝑉 = 𝑥)

denote the regression function of (𝑉 ,𝑌 ) and let

𝜂∞(𝑥) = P (𝑌∞ = 1 | 𝑉∞ = 𝑥)

be the one of (𝑉∞, 𝑌∞). The respective Bayes classifiers are

𝑔∗(𝑥) def= I{𝜂 (𝑥) ≥ 1/2},

𝑔∗∞(𝑥)
def
= I{𝜂∞(𝑥) ≥ 1/2}.

(3.33)
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Note that 𝑔∗ minimizes the conditional risk 𝐿cond𝑡 for any 𝑡 > 0. Assume that
when ∥𝑥 ∥𝑝 is large, 𝜂 (𝑥) and 𝜂∞(𝑥) are uniformly close, i.e.,

sup
𝑥 ∈[0,∞)𝑑 :∥𝑥 ∥𝑝 ≥𝑡

|𝜂 (𝑥) − 𝜂∞(𝑥) | → 0, as 𝑡 →∞, (3.34)

then by Theorem 1 in [76],

(i) the asymptotic Bayes classifier 𝑔∗∞ is angular;

(ii) the conditional excess risks of 𝑔∗ and 𝑔∗∞ are asymptotically the same

𝐿cond𝑡 (𝑔∗∞) − 𝐿cond𝑡 (𝑔∗) → 0, as 𝑡 →∞.

These properties motivate restricting the search to a class G of candidate
classifiers 𝑔 depending on the angle only.

Theorem 2 in [76] provides a concentration inequality for the excess risk
of the empirical risk minimizer 𝑔𝑘 ∈ G learned from a sample {(𝑉𝑖 , 𝑌𝑖)}𝑛𝑖=1,
using only those points for which ∥𝑉𝑖 ∥𝑝 belongs to a top fraction among those
observed. Here, we intend to do the same but for the rank-based transformed
feature vectors 𝑉𝑖 = 𝑣 (𝑋𝑖) in (3.11).

Classification risk and angular measure. For 𝑔 in a class of angular
classifiers G, recall the conditional classification risk 𝐿cond𝑡 (𝑔) above level 𝑡 in
(3.32) and define its unconditional version by

𝐿𝑡 (𝑔)
def
= 𝑡P

(
∥𝑉 ∥𝑝 ≥ 𝑡

)
𝐿cond𝑡 (𝑔) = 𝑡P

(
𝑔(𝑉 ) ≠ 𝑌, ∥𝑉 ∥𝑝 ≥ 𝑡

)
. (3.35)

The multiplicative factor 𝑡P(∥𝑉 ∥𝑝 ≥ 𝑡) converges to Φ𝑝 (S𝑝) and does not
change the minimizer in the class G. Working with the unconditional version
𝐿𝑡 (𝑔) rather than with 𝐿cond𝑡 (𝑔) simplifies the analysis that follows.

In view of Assumption 3.3.1 required in Section 3.3, we exclude from our
empirical risk minimization (ERM) strategy those feature vectors whose angle
(after standardization) is too close to the boundary of the unit sphere. Let
𝜏 ∈ (0, 1) and recall S𝜏𝑝 in (3.20). We have

𝐿𝑡 (𝑔) = 𝐿>𝜏𝑡 (𝑔) + 𝐿≤𝜏𝑡 (𝑔) (3.36)

with

𝐿>𝜏𝑡 (𝑔)
def
= 𝑡P

(
𝑔(𝑉 ) ≠ 𝑌, 𝜃𝑝 (𝑉 ) ∈ S𝜏𝑝 , ∥𝑉 ∥𝑝 ≥ 𝑡

)
,

𝐿≤𝜏𝑡 (𝑔)
def
= 𝑡P

(
𝑔(𝑉 ) ≠ 𝑌, 𝜃𝑝 (𝑉 ) ∉ S𝜏𝑝 , ∥𝑉 ∥𝑝 ≥ 𝑡

)
.

The regions of the sphere S𝑝 labeled +1 and −1 by 𝑔 ∈ G are denoted by

S𝜎𝑝 (𝑔)
def
= {𝑥 ∈ S𝑝 : 𝑔(𝑥) = 𝜎1}, for 𝜎 ∈ {−, +}.

We work hereafter under the following smoothness assumption.
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Assumption 3.4.1 (Smoothness). The scalar 𝜏 ∈ (0, 1) is such thatΦ𝑝 (𝜕S𝜏𝑝) = 0
and the class G is such that Φ𝑝 (𝜕S+𝑝 (𝑔)) = Φ𝑝 (𝜕S−𝑝 (𝑔)) = 0 for all 𝑔 ∈ G.

Lemma 3.4.1. If the conditional regular variation property (3.31) and Assump-
tion 3.4.1 hold, then for any angular classifier 𝑔 ∈ G,

lim
𝑡→∞

𝐿>𝜏𝑡 (𝑔) = 𝐿>𝜏∞ (𝑔)
def
= 𝜚Φ+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝) + (1 − 𝜚 )Φ−𝑝 (S+𝑝 (𝑔) ∩ S𝜏𝑝),

lim
𝑡→∞

𝐿≤𝜏𝑡 (𝑔) = 𝐿≤𝜏∞ (𝑔)
def
= 𝜚Φ+𝑝 (S−𝑝 (𝑔) \ S𝜏𝑝) + (1 − 𝜚 )Φ−𝑝 (S+𝑝 (𝑔) \ S𝜏𝑝),

and thus

lim
𝑡→∞

𝐿𝑡 (𝑔) = 𝐿∞(𝑔)
def
= 𝜚Φ+𝑝 (S−𝑝 (𝑔)) + (1 − 𝜚 )Φ−𝑝 (S+𝑝 (𝑔)) .

The proof is deferred to appendix 3.F. The idea of the decomposition (3.36)
is to discard points with angle outside S𝜏𝑝 . If Φ𝑝 is concentrated on the interior
of S𝑝 , the corresponding loss term 𝐿≤𝜏𝑡 (𝑔) can be expected to be small for 𝜏
close zero, since

sup
𝑔∈G

𝐿≤𝜏𝑡 (𝑔) ≤ 𝑡P
(
𝜃𝑝 (𝑉 ) ∉ S𝜏𝑝 , ∥𝑉 ∥𝑝 > 𝑡

)
→ Φ𝑝 (S𝑝 \ S𝜏𝑝), as 𝑡 →∞.

ERM classifier and decomposition of the excess risk. Given 0 < 𝜏 < 1
and integers 1 < 𝑘 ≤ 𝑛, define the empirical risk of a classifier 𝑔 ∈ G by

𝐿̂𝜏 (𝑔) def= 1
𝑘

𝑛∑︁
𝑖=1
I
{
𝑔(𝑉𝑖) ≠ 𝑌𝑖 , 𝜃𝑝 (𝑉𝑖) ∈ S𝜏𝑝 , ∥𝑉𝑖 ∥𝑝 ≥ 𝑛/𝑘

}
. (3.37)

Assuming a minimizer exists, the ERM classifier is defined as

𝑔𝜏
𝑘
∈ argmin

𝑔∈G
𝐿̂𝜏 (𝑔).

Otherwise, introduce a tolerance parameter and consider an approximate
minimizer instead, i.e., an argument where the value of the objective function
is close to the infimum.

Recall 𝐿∞ in Lemma 3.4.1. A consequence of Theorem 1 in [76] is that if
(3.34) holds, the Bayes classifier 𝑔∗∞ in (3.33) minimizes 𝐿∞ over all measurable
classifiers. One way to measure the performance of the ERM classifier 𝑔𝜏

𝑘
is

via the asymptotic excess risk

𝐿∞(𝑔𝜏𝑘 ) − inf
𝑔∈G

𝐿∞(𝑔) .
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The latter can be bounded in terms of the supremum deviation of the empirical
and asymptotic risks over G. Since 𝐿̂𝜏 (𝑔𝜏

𝑘
) is equal to the infimum of 𝐿̂𝜏 (𝑔)

over 𝑔 ∈ G, we have

𝐿∞(𝑔𝜏𝑘 ) − inf
𝑔∈G

𝐿∞(𝑔) ≤ 2 sup
𝑔∈G

���𝐿̂𝜏 (𝑔) − 𝐿∞(𝑔)��� . (3.38)

Our main purpose is therefore to obtain a concentration inequality for the
supremum on the right-hand side of this inequality.

In our context, the supremum deviation itself decomposes further, since
for all 𝑔 ∈ G, we have 𝐿≤𝜏∞ (𝑔) ≤ Φ𝑝 (S𝑝 \ S𝜏𝑝) and thus

sup
𝑔∈G

���𝐿̂𝜏 (𝑔) − 𝐿∞(𝑔)��� ≤ sup
𝑔∈G

���𝐿̂𝜏 (𝑔) − 𝐿>𝜏∞ (𝑔)��� + Φ𝑝 (S𝑝 \ S𝜏𝑝) . (3.39)

The term Φ𝑝 (S𝑝 \S𝜏𝑝) may be viewed as an additional bias term which vanishes
as 𝜏 → 0 provided Φ𝑝 is concentrated on the interior of S𝑝 . On the other
hand, the upper bounds in Theorem 3.3.1 and Theorem 3.4.1 grow roughly as
1/
√
𝜏 as 𝜏 → 0. The choice of 𝜏 thus constitutes an additional bias-variance

compromise.
Lemma 3.F.1 in Appendix 3.F parallels Lemma 3.4.1 by relating the empiri-

cal risk 𝐿̂𝜏 (𝑔) to the empirical angular measures of the positive and negative
instances, i.e., for 𝐴 ⊆ S𝑝 and 𝜎 ∈ {−, +},

Φ̂𝜎𝑝 (𝐴)
def
=

1
𝑘𝜎

𝑛∑︁
𝑖=1
I {𝑌𝑖 = 𝜎1} · I

{
𝜃𝑝 (𝑉𝑖) ∈ 𝐴, ∥𝑉𝑖 ∥𝑝 ≥ 𝑛/𝑘

}
, (3.40)

where 𝑘𝜎
def
= 𝑘𝑛𝜎/𝑛 and 𝑛𝜎

def
=

∑𝑛
𝑖=1 I{𝑌𝑖 = 𝜎1} is the number of points such

that 𝑌𝑖 = 𝜎1.
In view of the error decomposition (3.38)–(3.39), we state our main result

in terms of the maximum deviation sup𝑔∈G |𝐿̂𝜏 (𝑔) − 𝐿>𝜏∞ (𝑔) |, following the
techniques from Section 3.3.

Theorem 3.4.1 (Deviations of the empirical tail risk). Let G be a class of
angular classifiers. Consider the collection

A def
= {S+𝑝 (𝑔) ∩ S𝜏𝑝 : 𝑔 ∈ G} ∪ {S−𝑝 (𝑔) ∩ S𝜏𝑝 : 𝑔 ∈ G}

If Assumptions 3.3.1 and 3.3.2 relative to the class A and the unconditional
angular measure Φ𝑝 are satisfied and if the conditional regular variation assump-
tion (3.31) and Assumption 3.4.1 hold, then, with probability at least 1 − 𝛿 ,

sup
𝑔∈G
|𝐿̂𝜏 (𝑔) − 𝐿>𝜏∞ (𝑔) | ≤ 2(error+ bias+ gap)
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where error and gap are nearly the same as in Theorem 3.3.1 (𝛿 has been halved
in the error term), that is,

error def
=

√︂
𝑑1+1/𝑝 (1 + Δ2)

𝑘

(
60

√︁
𝑉F + 2

√︁
log(2(𝑑 + 1)/𝛿)

)
+ 2
3𝑘

log(2(𝑑 + 1)/𝛿),

gap def
= 2𝑑Δ2 + 3𝑐

(
log(𝑑/3𝑐) − log(Δ1) + 1

)
Δ1,

with Δ1,Δ2 and 𝑉F as defined in Theorem 3.3.1, and

bias def
= sup

{��𝑛
𝑘
P(𝑉 ∈ 𝑛

𝑘
𝐵,𝑌 = 𝜎1) − P(𝑌 = 𝜎1)𝜈𝜎 (𝐵)

�� :
𝐵 = Γ+𝐴 or 𝐵 = Γ−𝐴 for some 𝐴 ∈ A and 𝜎 ∈ {−, +}

}
.

The proof relies on the relationships between the (empirical) classifica-
tion risks and the (empirical) angular measure pointed out in Lemmata 3.4.1
and 3.F.1, which imply that

|𝐿̂𝜏 (𝑔) − 𝐿>𝜏∞ (𝑔) | ≤
���𝑛+
𝑛
Φ̂+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝) − 𝜚Φ+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝)

���
+

���𝑛−
𝑛
Φ̂−𝑝 (S+𝑝 (𝑔) ∩ S𝜏𝑝) − (1 − 𝜚 )Φ−𝑝 (S+𝑝 (𝑔) ∩ S𝜏𝑝)

���
for 𝑔 ∈ G. The right-hand side of the latter display is then bounded uniformly
in 𝑔 ∈ G by adapting the proof of Theorem 3.3.1; see Appendix 3.F in the
Supplement for details.

3.5 Simulation experiments

Our experiments aim at illustrating the influence of the threshold 𝜏 introduced
in Equation (3.20) on the supremum error sup𝐴∈A𝑝 |Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴) |. For a
simple class of sets A𝑝 , we will demonstrate empirically that the supremum
error increases as 𝜏 decreases. This finding suggests that this additional
parameter is not a mere artifact from our proof.

We report the results of Monte Carlo experiments on simulated data. The
setting is such that Φ𝑝 (𝐴) can be approximated with arbitrary precision by
Monte Carlo sampling, the standardization 𝑣 to unit-Pareto margins can be
computed analytically, and the bias term in the upper bounds of Theorems 3.3.1
is zero. The estimation error then only stems from the stochastic error and
framing gap in (3.19) leading to the terms on the second and third lines in
(3.23).

The experiments were implemented in Python 3 using the packages numpy,
scipy, matplotlib, and scikit-learn. The computer code to reproduce
the experiments is publicly available online.1

1https://github.com/Hamid-Jalalzai/

https://github.com/Hamid-Jalalzai/
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Experimental setting. We consider angular measures with respect to the
𝐿𝑝-norm for 𝑝 ∈ {1, 2,∞} and we limit ourselves to dimensions 𝑑 ∈ {2, . . . , 5},
higher dimensions requiring much more computational effort to evaluate the
supremum error on the class of sets described below.

The different classes A𝑝 for different values of 𝑝 are all obtained by pro-
jection of a single class A defined on the 𝐿∞-sphere. Namely, for a class A of
sets on S𝜏∞, we define A𝑝 = {𝜃𝑝 (𝐴) ∩ S𝜏𝑝 : 𝐴 ∈ A} for 𝑝 ∈ [1,∞].

We choose the class A on S𝜏∞ as the finite collection of hyper-rectangles
forming a regular grid on S𝜏∞ with side length ℎ = (1− 𝜏)/𝑆 with 𝑆 = 10. Each
set 𝐴 ∈ A is of the form 𝐴 = 𝐴1 × · · · × 𝐴𝑑 , where, for some 𝑗0 ∈ {1, . . . , 𝑑}
and some integer vector (𝑖 𝑗 ) 𝑗 ∈{1,...,𝑑 }≠𝑗0 ∈ {0, 1, . . . , 𝑆 − 1}𝑑−1, we have

𝐴 𝑗 =

{
{1} if 𝑗 = 𝑗0,

(𝜏 + 𝑖 𝑗ℎ, 𝜏 + (𝑖 𝑗 + 1)ℎ) if 𝑗 ≠ 𝑗0.

We consider an independent random sample 𝑋1, . . . , 𝑋𝑛 drawn from the
distribution of a random vector 𝑋 = 𝑅Θ where 𝑅 and Θ are independent, the
random variable 𝑅 follows a unit-Pareto distribution on [1,∞) and Θ follows
a symmetric Dirichlet distribution on the unit simplex S1

def
= {𝑥 ∈ [0, 1]𝑑 :

𝑥1 + · · · + 𝑥𝑑 = 1} with parameter (𝜈, . . . , 𝜈) for some concentration parameter
𝜈 > 0. The larger 𝜈 , the stronger Θ is concentrated around the barycenter
(1/𝑑, . . . , 1/𝑑). As detailed in Lemma 3.G.1 in the Supplement, the angular
measure Φ𝑝 for 𝑝 ∈ [1,∞] is Φ𝑝 (𝐴) = 𝑑P(𝑋 ∈ C𝐴) for Borel sets 𝐴 ⊆ S𝑝 . If
𝑝 = 1, then this simplifies to Φ1(𝐴) = 𝑑P(Θ ∈ 𝐴).

In this setting, all statistics involved in our analysis are easily computable.
The following facts are an immediate consequence of Lemma 3.G.1 in the
Supplement. Let 𝐴 ⊆ S𝜏𝑝 be a Borel set with 𝜏 ∈ (0, 1) and recall S𝜏𝑝 in (3.20).

■ The true Φ𝑝 (𝐴) may be approached with arbitrary precision by the
Monte Carlo estimator

Φ𝑝,MC(𝐴) =
𝑑

𝑁

𝑁∑︁
𝑖=1
I
{
𝑋 ′𝑖 ∈ C𝐴

}
=
𝑑

𝑁

𝑁∑︁
𝑖=1
I
{
Θ′𝑖/∥Θ′𝑖 ∥𝑝 ∈ 𝐴, 𝑅′𝑖 ∥Θ′𝑖 ∥𝑝 ≥ 1

}
, (3.41)

where 𝑋 ′𝑖 = (𝑅′𝑖 ,Θ′𝑖 ) for 𝑖 ∈ {1, . . . , 𝑁 } is another independent random
sample from the distribution of (𝑅,Θ). The Monte Carlo estimator is
unbiased and has variance bounded by 𝑑2/(4𝑁 ).

■ We have Φ𝑝 (𝐴) = 𝑛
𝑘
P(𝑉 ∈ 𝑛

𝑘
C𝐴) as soon as 𝑛/𝑘 > 𝑑/𝜏 , so that the bias

term in Theorem 3.3.1 is null under the latter condition.
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(c) 𝑑 = 4
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(d) 𝑑 = 5

Figure 3.1: Average errors sup𝐴∈A |Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴) | with 𝑝 ∈ {1, 2,∞}, in dimen-
sion 𝑑 = 2 (top left panel), 𝑑 = 3 (top right panel), dimension 𝑑 = 4 (bottom left
panel) and 𝑑 = 5 (bottom right panel), as a function of 𝜏 . Colored intervals
represent standard deviations of errors over 500 independent replications.

Results. We choose a sample size of 𝑛 = 104 and we let 𝑘 = 100 in dimension
𝑑 ∈ {2, . . . , 5}. The Monte Carlo parameter 𝑁 in (3.41) is set to 107. The
Dirichlet concentration parameter is chosen as 𝜈 = 1/10 so that the angular
measure is concentrated near the boundaries of the positive orthant.

Figure 3.1 displays the supremum errors sup𝐴∈A𝑝 |Φ̂𝑝 (𝐴) − Φ𝑝 (𝐴) | aver-
aged over 500 independent replications as a function of the parameter 𝜏 . The
latter varies in the range [𝑑𝑘/𝑛, 0.1] in line with Lemma 3.G.1, for the reason
explained above. The average errors of all three estimators Φ̂𝑝 decrease for
larger values of 𝜏 in line with our theoretical findings. Note that the errors
also decrease when the dimension increases. This is a direct consequence
of the definition of the class A, forming a rectangular grid on the sphere
S𝜏∞ consisting of 𝑑 × 10𝑑−1 subsets (each face requires 10𝑑−1 rectangles to be
covered) so that the grid becomes finer as the dimension increases and the
Φ𝑝-mass of the sets 𝐴 considered in the supremum error is decreasing.

Of particular interest is the behaviour of the different norms. The error
associated to the 𝐿2-norm and the 𝐿∞-norm behave similarly while the one
linked to the 𝐿1-norm seems quite different. Moreover, the nature of the
difference changes with the dimension. An explanation of these phenomena
is depicted in Figure 3.2. Since the estimation error of Φ̂𝑝 is measured with a
supremum and increases while 𝜏 decreases, it suggests that this supremum is
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Figure 3.2: Restriction to coordinates larger than 𝜏 has an heavier impact
on the 𝐿1-sphere than on the 𝐿2-sphere and the 𝐿∞-sphere, which touch each
other near the coordinate axes (left panel). The cone {𝑥 ∈ [0,∞)𝑝 : ∥𝑥 ∥𝑝 ≥
1, 𝑥 ∈ 𝜃𝑝 (𝐴)} generated by the projection 𝜃𝑝 (𝐴) of a set 𝐴 ⊆ S𝜏∞ onto S𝜏𝑝 is
largest when the 𝐿1-norm is considered (right panel).

realized near the boundary of the considered subset S𝜏𝑝 of the sphere, i.e., near
the intersections with the coordinate axes. In this region, the 𝐿2-sphere and the
𝐿∞-sphere are close to each other, the latter being even tangent to the former
in dimension 𝑑 = 2. The 𝐿1-sphere is quite different there since it forms a 45◦
angle with the 𝐿∞-sphere. This explains why the error behaves so differently
when the 𝐿1-norm is considered. The fact that it becomes smaller in higher
dimension can be understood as follows. Two forces play an opposite role in
making the 𝐿1-sphere different from the others: on the one hand, as illustrated
in the left panel of Figure 3.2, censuring coordinates smaller than 𝜏 has a
higher impact on the 𝐿1-sphere since it looses more volume than the others,
on the other hand, as illustrated in the right panel, the cones C𝐴 generated by
the projection of a set 𝐴 ⊆ S𝜏∞ are larger for 𝑝 = 1 than for 𝑝 = 2 or 𝑝 = ∞.
The first force tends to reduce the Φ1-mass of the 𝐿1-sphere while the second
tends to increase it. Following the results of Figure 3.1, the latter is dominated
by the former when the dimension increases.

3.6 Conclusion

We derived non-asymptotic guarantees in the form of concentration inequali-
ties for the rank-based empirical angular measure with respect to any 𝐿𝑝-norm,
𝑝 ∈ [1,∞]. The bounds are valid in any dimension and concern the supremum
error over certain collections of subsets of the 𝐿𝑝-sphere. Apart from a loga-
rithmic term, the bounds match the convergence rate known in the bivariate
case [42, 47]. Two applications to statistical learning based on observations
in extreme regions were worked out: minimum-volume set estimation and
binary classification.

It would be interesting to be able to complement our upper bounds with
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lower bounds on the estimation error. Sharp bounds would provide guidance
on the choice of the threshold parameter 𝑘 , ideally in an adaptive manner as
in [18].

The results are limited to subsets of the relative interior of the unit sphere
to avoid non-extreme components, which are difficult to manage. Allowing
for sets touching the boundary constitutes an important but challenging av-
enue left for further research. A numerical experiment has been provided to
illustrate the influence of this restriction on the estimation error, for different
norms and dimensions.

The application to classification was limited to two balanced classes. Ex-
tensions to multiple classes and unbalanced situations can be developed in
the same way. Of an altogether different nature, however, is the prediction
of a continuous response from observations in extreme regions. The latter
would require concentration inequalities for the empirical angular measure
evaluated on collections of functions more general than set indicators. This
topic has not yet even been broached in the bivariate case.

3.A Concentration inequality for rare events

The main concentration tool that we use in the proof of Theorem 3.3.1 is
the following. Since the result may be of independent interest, we provide a
detailed proof.

Theorem 3.A.1. Let 𝑃𝑛 denote the empirical distribution of an independent
random sample 𝜉1, . . . , 𝜉𝑛 from a distribution 𝑃 on some measurable space X.
LetA be a VC-class of measurable subsets of X with VC-dimension𝑉A . Let 𝐵 be
a measurable subset of X containing

⋃
𝐴∈A 𝐴 and write 𝜅 = 𝑃 (𝐵). Then, for all

𝛿 ∈ (0, 1), there exists an event with probability at least 1 − 𝛿 on which we have

sup
𝐴∈A
|𝑃𝑛 (𝐴) − 𝑃 (𝐴) | ≤

√︂
𝜅

𝑛

(
60

√︁
𝑉A + 2

√︁
log(1/𝛿)

)
+ 2
3𝑛

log(1/𝛿) .

In [60, Theorem 1], a similar inequality is derived, but with a generic
constant 𝐶 > 0 that is not made explicit. Just before their Lemma 14, there
is a reference to [79] providing bounds on the expectation of a symmetrized
supremum, but from that source, the value of the constant looks nearly im-
possible to trace. We follow an alternative route to obtain that value via
Theorems 1.16–17 in [87], giving an explicit bound for the expectation of a
symmetrized supremum in terms of an integral over covering numbers of the
class of sets. In turn, the covering numbers of such a class can be bounded in
terms of its VC-dimension. In this way, the constant 𝐶 can be made explicit.
Its value is most likely not optimal but, should a sharp value for the constant
be found in the future, it can be substituted in our result.
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We now give the proof of Theorem 3.A.1. It is based on a McDiarmid’s
concentration inequality for the supremum around its expected value in [90],
extending Bernstein’s classical inequality and recalled in [60, Proposition 11].
We rewrite it in a form which is more convenient for us [83, Proposition 5].

Proposition 3.A.1. Under the assumptions of Theorem 3.A.1, for all 𝛿 ∈ (0, 1),
there exists an event with probability at least 1 − 𝛿 on which we have

sup
𝐴∈A
|𝑃𝑛 (𝐴) − 𝑃 (𝐴) | ≤ 2

√︂
𝜅

𝑛
log(1/𝛿) + 2

3𝑛
log(1/𝛿) +E

[
sup
𝐴∈A
|𝑃𝑛 (𝐴) − 𝑃 (𝐴) |

]
.

Proof of Theorem 3.A.1. Apply Proposition 3.A.1. To bound the remaining
expectation, we make use of Theorem 1.16 in [87], which relies on a chaining
argument to ensure that

E
[
sup
𝐴∈A
|𝑃𝑛 (𝐴) − 𝑃 (𝐴) |

]
≤ 24
√
𝑛

max
𝑥1,...,𝑥𝑛 ∈X

∫ 1

0

√︃
log

(
2N

(
𝑟,A(𝑥𝑛1 )

) )
d𝑟, (3.42)

where N(𝑟,A(𝑥𝑛1 )) is the covering number (the smallest number of balls of
radius 𝑟 needed to cover a set) of the set

A(𝑥𝑛1 )
def
=

{
(I𝐴 (𝑥𝑖))𝑛𝑖=1 : 𝐴 ∈ A

}
⊆ {0, 1}𝑛

with respect to the metric 𝜌 (𝑏, 𝑐) def= 𝑛−1/2∥𝑏 − 𝑐 ∥2 for 𝑏, 𝑐 ∈ {0, 1}𝑛 , see [87,
page 29] for definitions and notation. Haussler [66] showed that, if A has a
finite VC-dimension, then the associated covering number is bounded in the
following way: for any 0 < 𝑟 ≤ 1,

N
(
𝑟,A(𝑥𝑛1 )

)
≤ 𝑒 (𝑉A + 1)

(
2𝑒
𝑟 2

)𝑉A
. (3.43)

Using (3.43) in (3.42) we can bound the integral as follows: for any points
𝑥1, . . . , 𝑥𝑛 ∈ X, we have∫ 1

0

√︃
log

(
2N

(
𝑟,A(𝑥𝑛1 )

) )
d𝑟 ≤

∫ 1

0

√︁
log (2𝑒 (𝑉A + 1)) +𝑉A log (2𝑒/𝑟 2) d𝑟

≤
√︁
𝑉A

∫ 1

0

√︁
3 log 2 + 2 − 2 log 𝑟 d𝑟

≤ 2.44
√︁
𝑉A,

by numerical integration or by expressing the integral in terms of the standard
normal cumulative distribution function. Combining this result and (3.42), we
get

E
[
sup
𝐴∈A
|𝑃𝑛 (𝐴) − 𝑃 (𝐴) |

]
≤ 59

√︂
𝑉A
𝑛
. (3.44)
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This bound is of the right order but does not use the extreme nature of
the events in the class A. To this end, we use the conditioning trick in [83,
Lemma 2], which states that if 𝐾 def

=
∑𝑛
𝑖=1 I{𝑋𝑖 ∈ 𝐵}, with 𝐵 ⊇

⋃
𝐴∈A 𝐴 as in

the statement of the theorem, we have the distributional equality[
(𝑃𝑛 (𝐴))𝐴∈A

���𝐾 = 𝑘

]
L
=

(
𝑘

𝑛
𝑃𝑌
𝑘
(𝐴)

)
𝐴∈A

,

where 𝑃𝑌
𝑘
, for 𝑘 ∈ {1, . . . , 𝑛}, is the empirical measure associated to an inde-

pendent random sample 𝑌1, . . . , 𝑌𝑘 from the conditional distribution 𝑃 ( · | 𝐵).
It easily follows that [83, Lemma 6]

E
[
sup
𝐴∈A
|𝑃𝑛 (𝐴) − 𝑃 (𝐴) |

]
≤ E

[
𝐾

𝑛
E

[
sup
𝐴∈A

��𝑃𝑌𝐾 (𝐴) − 𝑃 (𝐴 | 𝐵)�� ��� 𝐾 ] ]
+

√︂
𝜅

𝑛
.

The conditional expectation on the right-hand side is bounded by means
of (3.44), giving

E
[
𝐾

𝑛
E

[
sup
𝐴∈A

��𝑃𝑌𝐾 (𝐴) − 𝑃 (𝐴 | 𝐵)�� ���𝐾 ] ]
≤ E

[
𝐾

𝑛
· 59

√︂
𝑉A
𝐾

]
≤ 59
𝑛

√︁
𝑉A

√︁
E[𝐾] ≤ 59

√︂
𝜅

𝑛
𝑉A

in view of Jensen’s inequality and E[𝐾] = 𝑛𝜅. Combining everything and
using the fact that 𝑉A ≥ 1, we get the result.

3.B Auxiliary results

We will use the following minor results in the proof of Theorem 3.3.1.

Lemma 3.B.1. Let 𝑥, 𝑣 ∈ [1,∞)𝑑 , 𝑝 ∈ [1,∞] and ℎ ∈ [0, 1/2). If

∀𝑗 ∈ {1, . . . , 𝑑},
����𝑥 𝑗𝑣 𝑗 − 1

���� ≤ ℎ,
then ���� ∥𝑣 ∥𝑝∥𝑥 ∥𝑝

− 1
���� ≤ ℎ

1 − ℎ
def
= Δ < 1,

which implies

∀𝑟 > 0 : ∥𝑥 ∥𝑝 ≥
𝑟

1 − Δ =⇒ ∥𝑣 ∥𝑝 ≥ 𝑟 =⇒ ∥𝑥 ∥𝑝 ≥
𝑟

1 + Δ .
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Proof. By hypothesis, for every 𝑗 ∈ {1, . . . , 𝑑}, we have

1 − ℎ ≤
𝑥 𝑗

𝑣 𝑗
≤ 1 + ℎ,

hence
1

1 + ℎ ≤
𝑣 𝑗

𝑥 𝑗
≤ 1

1 − ℎ
and we deduce ���� 𝑣 𝑗𝑥 𝑗 − 1

���� ≤ ℎ

1 − ℎ .

In particular,

∀𝑗 ∈ {1, . . . , 𝑑} : |𝑣 𝑗 − 𝑥 𝑗 | ≤
ℎ

1 − ℎ𝑥 𝑗 .

Taking the 𝑝-th power on each side, summing over 𝑗 and taking the 𝑝-th
square root leads to��∥𝑣 ∥𝑝 − ∥𝑥 ∥𝑝 �� ≤ ∥𝑣 − 𝑥 ∥𝑝 ≤ ℎ

1 − ℎ ∥𝑥 ∥𝑝 .

This shows the first part of the lemma. To obtain the second part, just note
that the first part guarantees that

∥𝑥 ∥𝑝 (1 − Δ) ≤ ∥𝑣 ∥𝑝 ≤ ∥𝑥 ∥𝑝 (1 + Δ),

Those inequalities imply the second statement.

Lemma 3.B.2. For every 𝑗 ∈ {1, . . . , 𝑑} and 𝑥 𝑗 > 0, we have���� 𝑥 𝑗

𝑣 𝑗 (𝑥 𝑗 )
− 1

���� ≤ ��𝑥 𝑗𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) − 1�� + |𝑥 𝑗 − 1|
𝑛

.

Proof. By definition of the transform 𝑣 , we have for every 𝑗 ∈ {1, . . . , 𝑑} and
𝑥 𝑗 > 0,

𝑣 𝑗 (𝑥 𝑗 ) =
1

1 − 𝑛
𝑛+1𝐹 𝑗 (𝑥 𝑗 )

=
𝑛 + 1

𝑛𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) + 1
.

Therefore, by the triangle inequality,���� 𝑥 𝑗

𝑣 𝑗 (𝑥 𝑗 )
− 1

���� = ����𝑥 𝑗 (𝑛𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) + 1)𝑛 + 1 − 1
����

=

����𝑥 𝑗 (𝑛𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) + 1) − (𝑛 + 1)𝑛 + 1

����
=

����𝑛 (
𝑥 𝑗𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) − 1

)
+ (𝑥 𝑗 − 1)

𝑛 + 1

����
≤

��𝑥 𝑗𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) − 1�� + |𝑥 𝑗 − 1|
𝑛

.
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Lemma 3.B.3. Let ∥ · ∥ be a norm on a real vector space and write 𝜃 (𝑧) = 𝑧/∥𝑧∥
for non-zero vector 𝑧. For non-zero vectors 𝑥 and 𝑦, we have

∥𝜃 (𝑥) − 𝜃 (𝑦)∥ ≤ 2
∥𝑥 − 𝑦∥
∥𝑥 ∥ ∨ ∥𝑦∥ .

Proof. Since 𝜃 ( · ) is scale-invariant, we can divide both 𝑥 and 𝑦 by ∥𝑥 ∥ ∨ ∥𝑦∥
without changing the two sides of the inequality. For the sake of the proof we
can thus assume that ∥𝑥 ∥ = 1 ≥ ∥𝑦∥ > 0, in which case we need to show that

∥𝑥 − 𝜃 (𝑦)∥ ≤ 2∥𝑥 − 𝑦∥ .

By the triangle inequality, we have

∥𝑥 − 𝜃 (𝑦)∥ ≤ ∥𝑥 − 𝑦∥ + ∥𝑦 − 𝜃 (𝑦)∥

and

∥𝑦 − 𝜃 (𝑦)∥ =
����1 − 1
∥𝑦∥

���� · ∥𝑦∥ = |∥𝑦∥ − 1| = |∥𝑦∥ − ∥𝑥 ∥| ≤ ∥𝑦 − 𝑥 ∥.
3.C Proof of Theorem 3.3.1

Proof of Theorem 3.3.1. The empirical exponent and angular measures 𝜈̂ and
Φ̂𝑝 only depend on the sample 𝑋1, . . . , 𝑋𝑛 through the transformed data

𝐹 𝑗 (𝑋𝑖 𝑗 ) =
1
𝑛

𝑛∑︁
𝑡=1
I{𝑋𝑡 𝑗 ≤ 𝑋𝑖 𝑗 }

for 𝑖 = 1, . . . , 𝑛 and 𝑗 = 1, . . . , 𝑑 . The sum of indicators is equal to the rank of
𝑋𝑖 𝑗 within 𝑋1𝑗 , . . . , 𝑋𝑛𝑗 . As the marginal cumulative distribution function 𝐹 𝑗 is
continuous, the ranks of 𝑋1𝑗 , . . . , 𝑋𝑛𝑗 are with probability one equal to those
of 𝑉1𝑗 , . . . ,𝑉𝑛𝑗 , where 𝑉𝑖 𝑗 = 1/(1 − 𝐹 𝑗 (𝑋𝑖 𝑗 )). Hence, even though the margins
𝐹1, . . . , 𝐹𝑑 are unknown, the fact that 𝜈̂ and Φ̂𝑝 are rank statistics implies that
for the sake of the proof, we may and will henceforth assume that the margins
𝐹1, . . . , 𝐹𝑑 are unit-Pareto.

Abbreviate Γ±
𝐴
= Γ±

𝐴
(𝑟±, 3Δ1) with 𝑟± = 1 ± Δ2 and 0 < Δ1,Δ2 < 1 are as

in the statement of the theorem. Since 𝑟− ≤ 1 ≤ 𝑟+, we have

∀𝐴 ∈ A, Γ−𝐴 ⊆ C𝐴 ⊆ Γ+𝐴 .

We shall construct an event E1 with probability at least 1 − 𝑑𝛿/(𝑑 + 1), on
which we have

∀𝐴 ∈ A, 𝑛
𝑘
Γ−𝐴 ⊆ Γ̂𝐴 ⊆ 𝑛

𝑘
Γ+𝐴 . (3.45)

Then, on the event E1, the decomposition (3.19) of the estimation error holds
true. We treat the three terms involved in the decomposition in turn. At the
end, we construct the event E1 with the required properties.
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Bias term. Taking the supremum over 𝐴 ∈ A immediately yields the first
term on the right-hand side of the bound (3.23).

Stochastic error. We apply Theorem 3.A.1 to the collection

F def
=

{
𝑛
𝑘
Γ𝜎𝐴 : 𝜎 ∈ {−, +}, 𝐴 ∈ A

}
, (3.46)

which has finite VC dimension 𝑉F in view of Assumption 3.3.2 and the para-
graph following Theorem 3.3.1; the rescaling by the factor 𝑛/𝑘 obviously does
not change the VC dimension. For every 𝐴 ∈ A, we have

𝑛
𝑘
Γ−𝐴 ⊆ 𝑛

𝑘
Γ+𝐴 ⊆

{
𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1+Δ2

}
.

By the equivalence of norms (3.25), since the margins of 𝑃 are unit-Pareto,
it follows that the probability 𝜅 appearing in Theorem 3.A.1 applied to F is
bounded by

𝑃

[⋃𝑑
𝑗=1

{
𝑥 ∈ [0,∞)𝑑 : 𝑥 𝑗 ≥ 𝑛

𝑘
1

𝑑1/𝑝 (1+Δ2)

}]
≤ 𝑑1+1/𝑝 (1 + Δ2) 𝑘𝑛 . (3.47)

As a consequence, on an event E2 with probability at least 1 − 𝛿/(𝑑 + 1), we
have,

sup
𝐴∈A,𝜎 ∈{−,+}

𝑛
𝑘

��𝑃𝑛 (
𝑛
𝑘
Γ𝜎𝐴

)
− 𝑃

(
𝑛
𝑘
Γ𝜎𝐴

) ��
≤

√︂
𝑑1+1/𝑝 (1 + Δ2)

𝑘

(
60

√︁
𝑉F + 2

√︁
log((𝑑 + 1)/𝛿)

)
+ 2
3𝑘

log((𝑑 + 1)/𝛿).

This is the second term on the right-hand side of the bound (3.23). Since E1
and E2 have probabilities at least 1−𝑑𝛿/(𝑑 + 1) and 1−𝛿/(𝑑 + 1), respectively,
the event E1 ∩ E2 has probability at least 1 − 𝛿 .

Framing gap. For 𝐴 ∈ A, any point 𝑥 ∈ Γ+
𝐴
\ Γ−

𝐴
has either a norm ∥𝑥 ∥𝑝

between 𝑟− and 𝑟+ or an angle 𝜃𝑝 (𝑥) contained in a set of the form𝐴+(𝜀)\𝐴−(𝜀)
for some 𝜀 > 0. Specifically,

𝜈 (Γ+𝐴 \ Γ−𝐴 ) ≤ 𝜈
({
𝑥 ∈ [0,∞)𝑑 : (1 + Δ2)−1 ≤ ∥𝑥 ∥𝑝 ≤ (1 − Δ2)−1

})
+ 𝜈

({
𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 1, 𝜃𝑝 (𝑥) ∈ 𝐴+(3Δ1∥𝑥 ∥𝑝) \𝐴−(3Δ1∥𝑥 ∥𝑝)

})
.

(3.48)

The first term on the right-hand side in (3.48) is equal to

((1 + Δ2) − (1 − Δ2)) 𝜈 ({𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 1}) = 2Δ2Φ𝑝 (S𝑝).
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The second term on the right-hand side in (3.48) can be computed via the
product representation (3.8) of 𝜈 in polar coordinates: in view of (3.21) in
Assumption 3.3.1, the result is∫ ∞

1
Φ𝑝

(
𝐴+(3Δ1𝑟 ) \𝐴−(3Δ1𝑟 )

) d𝑟
𝑟 2
≤

∫ ∞

1
min

{
Φ𝑝 (S𝑝), 3𝑐Δ1𝑟

} d𝑟
𝑟 2

= 3𝑐Δ1
(
1 + logΦ𝑝 (S𝑝) − log(3𝑐Δ1)

)
,

since
∫ ∞
1 min(𝑏, 𝑎𝑟 ) d𝑟

𝑟 2
= 𝑎(log(𝑏/𝑎) +1) for 𝑎 ∈ (0, 𝑏] and 3𝑐Δ1 ≤ 1 ≤ Φ𝑝 (S𝑝)

by assumption.
The resulting upper bound in (3.48) does not depend on 𝐴 ∈ A. Bound-

ing Φ𝑝 (S𝑝) by 𝑑 , we obtain the third term on the right-hand side of the
bound (3.23).

Construction of the event E1. We still need to construct an event E1 with
probability at least 1 − 𝑑𝛿/(𝑑 + 1) on which the inclusions (3.45) hold. To do
this, we apply Theorem 3.A.1 to each of the collections

F𝑗
def
=

{
{𝑥 ∈ [0,∞)𝑑 : 𝑥 𝑗 > 𝑛

𝑘
𝑦} : 𝑦 ∈ [𝜌,∞)

}
, 𝑗 = 1, . . . , 𝑑 .

Fix 𝑗 = 1, . . . , 𝑑 and let 𝑃𝑛,𝑗
def
= 𝑛−1

∑𝑛
𝑖=1 𝛿𝑋𝑖 𝑗 . Each set in the collection F𝑗 is a

subset of {𝑥 ∈ [0,∞)𝑑 : 𝑥 𝑗 > 𝑛
𝑘
𝜌}, whose 𝑃-probability is 𝜅 = 𝑘

𝑛
𝜌−1. The class

F𝑗 has VC dimension 1. By Theorem 3.A.1, there exists an event E1, 𝑗 with
probability at least 1 − 𝛿/(𝑑 + 1) on which

sup
𝑥 𝑗 ≥𝑛𝑘 𝜌

��𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) − 𝑥−1𝑗 ��
≤ 𝑘
𝑛

{√︄
1
𝑘𝜌

(
60 + 2

√︁
log((𝑑 + 1)/𝛿)

)
+ 2
3𝑘

log((𝑑 + 1)/𝛿)
}
=
𝑘

𝑛
Δ1. (3.49)

Since
𝑣 𝑗 (𝑥 𝑗 ) =

1
1 − 𝑛

𝑛+1𝑃𝑛,𝑗 ((−∞, 𝑥 𝑗 ])
=

𝑛 + 1
𝑛𝑃𝑛,𝑗 ((𝑥 𝑗 ,∞)) + 1

,

we have on the event E1, 𝑗 the bounds

∀𝑥 𝑗 ≥ 𝑛
𝑘
𝜌,

𝑛 + 1
𝑛𝑥−1

𝑗
+ 𝑘Δ1 + 1

≤ 𝑣 𝑗 (𝑥 𝑗 ) ≤
𝑛 + 1

(𝑛𝑥−1
𝑗
− 𝑘Δ1)+ + 1

. (3.50)

Moreover, since 𝑣 𝑗 is monotone, we have on E1, 𝑗 the inequalities

∀𝑥 𝑗 ≤ 𝑛
𝑘
𝜌, 𝑣 𝑗 (𝑥 𝑗 ) ≤ 𝑣 𝑗 (𝑛𝑘 𝜌) ≤

𝑛 + 1
𝑘 (𝜌−1 − Δ1) + 1

≤ 𝑛
𝑘

𝜌

1 − 𝜌Δ1
≤ 𝑛
𝑘
𝜏 .

(3.51)
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Let E1
def
=

⋂𝑑
𝑗=1 E1, 𝑗 , the probability of which is at least 1 − 𝑑𝛿/(𝑑 + 1), as

required. We need to show that on E1, the inclusions (3.45) hold. To do so, we
proceed in steps. Throughout, we work on E1.

Step 1: Restriction to (𝑛
𝑘
𝜌,∞)𝑑

If 𝑥 ∈ [0,∞)𝑑 is such that ∥𝑣 (𝑥)∥𝑝 ≥ 𝑛
𝑘
but there exists 𝑗 = 1, . . . , 𝑑 with

𝑥 𝑗 ≤ 𝑛
𝑘
𝜌 , then, by (3.51), we have on E1 the bound

𝜃𝑝,𝑗 (𝑣 (𝑥)) =
𝑣 𝑗 (𝑥 𝑗 )
∥𝑣 (𝑥)∥𝑝

≤ 𝜏

and thus, by Assumption 3.3.1, necessarily 𝜃𝑝 (𝑣 (𝑥)) ∉ 𝐴 for all 𝐴 ∈ A. Hence,
on E1, we have

Γ̂𝐴 =

{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑣 (𝑥)∥𝑝 ≥ 𝑛

𝑘
, 𝜃𝑝 (𝑣 (𝑥)) ∈ 𝐴

}
. (3.52)

Step 2: Radial framing
We consider the following decomposition of Γ̂𝐴(

Γ̂𝐴 ∩ {𝑥 ∈ (𝑛𝑘 𝜌,∞)
𝑑 : ∥𝑥 ∥∞ ≤ 2𝑛

𝑘
}
)
∪

(
Γ̂𝐴 ∩ {𝑥 ∈ (𝑛𝑘 𝜌,∞)

𝑑 : ∥𝑥 ∥∞ > 2𝑛
𝑘
}
)
,

and we frame each set separately.
For points 𝑥 with ∥𝑥 ∥∞ ≤ 2𝑛

𝑘
, we seek to apply Lemma 3.B.1. To this end,

we first construct ℎ ∈ [0, 1/2) such that, on E1, we have

∀𝑗 ∈ {1, . . . , 𝑑} :
���� 𝑥 𝑗

𝑣 𝑗 (𝑥 𝑗 )
− 1

���� ≤ ℎ,
for every 𝑥 𝑗 > 𝑛

𝑘
𝜌 (which is larger than 1, by assumption that 𝜌 > 𝑘/𝑛). We

simply apply Lemma 3.B.2 combined with (3.49), giving���� 𝑥 𝑗

𝑣 𝑗 (𝑥 𝑗 )
− 1

���� ≤ 𝑘
𝑛
Δ1𝑥 𝑗 +

|𝑥 𝑗−1 |
𝑛
≤ 𝑘

𝑛
𝑥 𝑗

(
Δ1 + 1

𝑘

)
≤ 2

(
Δ1 + 1

𝑘

) def
= ℎ,

since 𝑥 𝑗 ≤ 2𝑛
𝑘
. Hence, we may apply Lemma 3.B.1 with 𝑟 = 𝑛/𝑘 and Δ = Δ2

since
ℎ

1 − ℎ ≤ 4(Δ1 + 1/𝑘) = Δ2.

This leads to the inclusions

Γ̂𝐴 ∩ {𝑥 ∈ (𝑛𝑘 𝜌,∞)
𝑑 : ∥𝑥 ∥∞ ≤ 2𝑛

𝑘
}

⊆
{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1+Δ2

}
∩ {𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥∞ ≤ 2𝑛

𝑘
}
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and

Γ̂𝐴 ∩ {𝑥 ∈ (𝑛𝑘 𝜌,∞)
𝑑 : ∥𝑥 ∥∞ ≤ 2𝑛

𝑘
}

⊇
{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1−Δ2

}
∩ {𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥∞ ≤ 2𝑛

𝑘
}.

For points 𝑥 with ∥𝑥 ∥∞ > 2𝑛
𝑘
, similar inclusions hold trivially. Indeed,

on this set, by definition of the 𝐿∞-norm, there exists 𝑗 ∈ {1, . . . , 𝑑} such
that 𝑥 𝑗 > 2𝑛

𝑘
. Therefore, by our assumption that 𝑘 is large enough such that

Δ1 + 1/𝑘 ≤ 1/4, we have by (3.50),

𝑣 𝑗 (𝑥 𝑗 ) ≥
𝑛 + 1

𝑘
2 + 𝑘Δ1 + 1

≥ 𝑛
𝑘

1
1
2 + (Δ1 + 1

𝑘
)
≥ 𝑛
𝑘
.

Hence, we have ∥𝑣 (𝑥)∥∞ ≥ 𝑛/𝑘 , and, by equivalence of norms (3.25), also
∥𝑣 (𝑥)∥𝑝 ≥ 𝑛/𝑘 for every 𝑝 ∈ [1,∞]. Furthermore, ∥𝑥 ∥𝑝 ≥ ∥𝑥 ∥∞ ≥ 2𝑛

𝑘
≥

𝑛
𝑘

1
1+Δ2

for every 0 < Δ2 < 1. These inequalities imply the inclusions

Γ̂𝐴 ∩ {𝑥 ∈ (𝑛𝑘 𝜌,∞)
𝑑 : ∥𝑥 ∥∞ > 2𝑛

𝑘
}

⊆
{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1+Δ2

}
∩ {𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥∞ > 2𝑛

𝑘
}

and

Γ̂𝐴 ∩ {𝑥 ∈ (𝑛𝑘 𝜌,∞)
𝑑 : ∥𝑥 ∥∞ > 2𝑛

𝑘
}

⊇
{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1−Δ2

}
∩ {𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥∞ > 2𝑛

𝑘
}.

Combining the two cases, we get radial framing, i.e.,

Γ̂𝐴 ⊆
{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1+Δ2

}
,

Γ̂𝐴 ⊇
{
𝑥 ∈ (𝑛

𝑘
𝜌,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 𝑛

𝑘
1

1−Δ2

}
.

(3.53)

Step 3: Angular framing
We will show that, on E1, for any 𝑥 ∈ (𝑛𝑘 𝜌,∞)

𝑑 and 𝐴 ∈ A,

𝜃𝑝 (𝑥) ∈ 𝐴−(3𝑘𝑛Δ1∥𝑥 ∥𝑝) =⇒ 𝜃𝑝 (𝑣 (𝑥)) ∈ 𝐴 =⇒ 𝜃𝑝 (𝑥) ∈ 𝐴+(3𝑘𝑛Δ1∥𝑥 ∥𝑝) .
(3.54)

In combination with (3.53), this will show the inclusions (3.45) and thus finish
the proof.

Fix such 𝑥 and 𝐴. Put 𝜀 def
= 3𝑘

𝑛
Δ1∥𝑥 ∥𝑝 . We consider two cases: 𝜀 < 1 and

𝜀 ≥ 1.
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If 𝜀 ≥ 1, the two implications in (3.54) are trivially fulfilled: Since the
∥ · ∥𝑝-diameter of S𝑝 is equal to 1, we have 𝐴−(𝜀) = ∅ (as S𝑝 \𝐴 is not-empty)
while 𝐴+(𝜀) = S𝑝 .

The interesting case is thus 𝜀 < 1. By Lemma 3.B.3, we have

∥𝜃𝑝 (𝑣 (𝑥)) − 𝜃𝑝 (𝑥)∥𝑝 ≤ 2
∥𝑣 (𝑥) − 𝑥 ∥𝑝
∥𝑥 ∥𝑝

.

Since 𝜀 < 1, we have ∥𝑥 ∥∞ ≤ ∥𝑥 ∥𝑝 ≤ (𝑛/𝑘)/(3Δ1). Hence, for all 𝑗 = 1, . . . , 𝑑 ,
we have 𝑛𝑥−1𝑗 − 𝑘Δ1 ≥ 𝑛 · 3𝑘𝑛Δ1 − 𝑘Δ1 > 0. By (3.50), we deduce

|𝑣 𝑗 (𝑥 𝑗 ) − 𝑥 𝑗 | ≤ max
𝜎 ∈{−1,+1}

����� 𝑛 + 1
𝑛𝑥−1

𝑗
+ 𝜎𝑘Δ1 + 1

− 𝑥 𝑗

�����
= 𝑥 𝑗 max

𝜎 ∈{−1,+1}

���� 𝑛 + 1
𝑛 + (𝜎𝑘Δ1 + 1)𝑥 𝑗

− 1
����

= 𝑥 𝑗 max
𝜎 ∈{−1,+1}

|1 − (𝜎𝑘Δ1 + 1)𝑥 𝑗 |
𝑛 + (𝜎𝑘Δ1 + 1)𝑥 𝑗

.

Recall that 𝑥 𝑗 ≥ 𝑛
𝑘
𝜌 ≥ 1 and 𝑘Δ1 ≥ 2. For he case 𝜎 = +1, we have

|1 − (+𝑘Δ1 + 1)𝑥 𝑗 |
𝑛 + (+𝑘Δ1 + 1)𝑥 𝑗

≤
(𝑘Δ1 + 1)𝑥 𝑗

𝑛 + (𝑘Δ1 + 1)𝑥 𝑗
≤ 3

2
𝑘

𝑛
Δ1𝑥 𝑗 .

For the case 𝜎 = −1, we also have

|1 − (−𝑘Δ1 + 1)𝑥 𝑗 |
𝑛 + (−𝑘Δ1 + 1)𝑥 𝑗

=
(𝑘Δ1 − 1)𝑥 𝑗 − 1
𝑛 + (−𝑘Δ1 + 1)𝑥 𝑗

≤
𝑘Δ1𝑥 𝑗

𝑛 − 𝑘Δ1𝑥 𝑗
≤ 3

2
𝑘

𝑛
Δ1𝑥 𝑗 ,

since 𝜀 < 1 implies 𝑛 − 𝑘Δ1𝑥 𝑗 ≥ 𝑛 − 𝑘Δ1∥𝑥 ∥𝑝 ≥ 𝑛 − 𝑛/3 = 2𝑛/3. We deduce
that

∀𝑗 ∈ {1, . . . , 𝑑} : |𝑣 𝑗 (𝑥 𝑗 ) − 𝑥 𝑗 | ≤
3
2
𝑘

𝑛
Δ1𝑥

2
𝑗 .

Consequently,

∥𝑣 (𝑥) − 𝑥 ∥𝑝 ≤
3
2
𝑘

𝑛
Δ1∥𝑥 ∥2𝑝 ,

where we use the (easy to prove) inequality ∥(𝑥21, . . . , 𝑥2𝑑 )∥𝑝 ≤ ∥(𝑥1, . . . , 𝑥𝑑 )∥
2
𝑝 ,

and thus
∥𝜃𝑝 (𝑣 (𝑥)) − 𝜃𝑝 (𝑥)∥𝑝 ≤ 3𝑘

𝑛
Δ1∥𝑥 ∥𝑝 = 𝜀.

The implications (3.54) now follow by definition of 𝐴−(𝜀) and 𝐴+(𝜀).
We conclude that, on E1, the inclusions (3.45) hold, as required. The proof

Theorem 3.3.1 is complete.
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3.D Proofs of Remark 3.3.3

As ∥𝑥 ∥𝑝 ≥ 𝜌 implies ∥𝑥 ∥∞ ≥ 𝑑−1/𝑝𝜌 for 𝑥 ∈ R𝑑 and 𝜌 > 0, the bias term
appearing in Theorem 3.3.1 is bounded by the total variation distance between
the measures 𝑛

𝑘
𝑃𝑉 (𝑛𝑘 ·) and 𝜈 restricted to

E𝑐
def
=

{
𝑥 ∈ (0,∞)𝑑 : max(𝑥) ≥ 𝑐

}
,

for 𝑐 def
= 𝑑−1/𝑝𝑟−1+ . (This 𝑐 is not the same as the one in the statement of

Theorem 3.3.1.) More precisely, we have

sup
𝐴∈A, 𝜎 ∈{+,−}

��𝑛
𝑘
𝑃𝑉 (𝑛𝑘 Γ

𝜎
𝐴 ) − 𝜈 (Γ

𝜎
𝐴 )

�� ≤ sup
𝐵∈B(E𝑐 )

��𝑛
𝑘
𝑃𝑉 (𝑛𝑘𝐵) − 𝜈 (𝐵)

�� ,
where B(E𝑐) denotes the Borel 𝜎-field on E𝑐 . Recall 𝑝𝑈 and 𝜆 in Remark 3.3.3
and define

D𝑇 (𝑠)
def
=

∫
𝐿𝑇

���𝑠𝑑−1𝑝𝑈 (𝑠𝑦) − 𝜆(𝑦)��� d𝑦,
with

𝐿𝑇
def
= {𝑦 ∈ (0,𝑇 ]𝑑 : min(𝑦) ≤ 1}.

The following proposition provides a refined version of the bound (3.27) in
Remark 3.3.3 in the paper; the bound (3.27) itself appears in the course of the
proof of the proposition.

Proposition 3.D.1. For 𝑐 > 0, let B(E𝑐) denote the Borel 𝜎-field on E𝑐 . Then,
for 𝑡 ≥ 1/𝑐 ,

sup
𝐵∈B(E𝑐 )

|𝑡𝑃𝑉 (𝑡𝐵) − 𝜈 (𝐵) |

≤ 1
𝑐
D𝑐𝑡 ( 1𝑐𝑡 ) + 𝜈

({
𝑥 ∈ (0,∞)𝑑 : max(𝑥) ≥ 𝑐,min(𝑥) ≤ 1/𝑡

})
.

Proof. Writing 𝑢 = 𝑡−1, we get

sup
𝐵∈B(E𝑐 )

|𝑡 𝑃𝑉 (𝑡𝐵) − 𝜈 (𝐵) | = sup
𝐵∈B(E𝑐 )

��𝑡 𝑃𝑈 (𝑡−1𝜄 (𝐵)) − Λ(𝜄 (𝐵))��
= sup
𝐵∈B(𝜄 (E𝑐 ))

��𝑢−1 𝑃𝑈 (𝑢𝐵) − Λ(𝐵)�� .
For any Borel set 𝐵 ⊆ (0,∞)𝑑 , we have, by a change of variables,

𝑢−1 𝑃𝑈 (𝑢𝐵) = 𝑢−1
∫
𝑢𝐵

𝑝𝑈 (𝑧) d𝑧 = 𝑢𝑑−1
∫
𝐵

𝑝𝑈 (𝑢𝑦) d𝑦.
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It follows that

sup
𝐵∈B(E𝑐 )

|𝑡 𝑃𝑉 (𝑡𝐵) − 𝜈 (𝐵) | = sup
𝐵∈B(𝜄 (E𝑐 ))

����∫
𝐵

(
𝑢𝑑−1𝑝𝑈 (𝑢𝑦) − 𝜆(𝑦)

)
d𝑦

����
≤

∫
𝜄 (E𝑐 )

���𝑢𝑑−1𝑝𝑈 (𝑢𝑦) − 𝜆(𝑦)��� d𝑦
=

∫
0<min(𝑦) ≤1/𝑐

���𝑢𝑑−1𝑝𝑈 (𝑢𝑦) − 𝜆(𝑦)��� d𝑦,
which is (3.27) in the paper with 𝑢 = 𝑘/𝑛 and 𝑐 = 𝑑−1/𝑝𝑟−1+ . Since the copula
density 𝑝𝑈 vanishes outside [0, 1]𝑑 , we get

sup
𝐵∈B(E𝑐 )

|𝑡 𝑃𝑉 (𝑡𝐵) − 𝜈 (𝐵) | =
∫
0<min(𝑦) ≤1/𝑐
max(𝑦) ≤1/𝑢

���𝑢𝑑−1𝑝𝑈 (𝑢𝑦) − 𝜆(𝑦)��� d𝑦
+

∫
0<min(𝑦) ≤1/𝑐
max(𝑦)>1/𝑢

𝜆(𝑦) d𝑦.

The first integral on the right-hand side is denoted by I(𝑢, 𝑐) and is analysed
below. The second integral on the right-hand side is

Λ
({
𝑦 ∈ (0,∞)𝑑 : min(𝑦) ≤ 1/𝑐, max(𝑦) > 1/𝑢

})
= 𝜈

({
𝑥 ∈ (0,∞)𝑑 : max(𝑥) ≥ 𝑐, min(𝑥) < 𝑢

})
.

By a change of variables 𝑦 = 𝑐−1𝑥 (component-wise), we find

I(𝑢, 𝑐) = 𝑐−𝑑
∫
0<min(𝑥) ≤1
max(𝑥) ≤𝑐/𝑢

���𝑢𝑑−1𝑝𝑈 (𝑢𝑐−1𝑥) − 𝜆(𝑐−1𝑥)��� d𝑦.
The density 𝜆 is homogeneous of order 1 − 𝑑 , i.e., 𝜆(𝑐−1𝑥) = 𝑐𝑑−1𝑥 . Writing
𝑐−1𝑢 = 𝑠 , we find

I(𝑢, 𝑐) = 𝑐−𝑑
∫
0<min(𝑥) ≤1
max(𝑥) ≤𝑐/𝑢

���𝑐𝑑−1𝑠𝑑−1𝑝𝑈 (𝑠𝑥) − 𝑐𝑑−1𝜆(𝑥)��� d𝑥
= 𝑐−1

∫
0<min(𝑥) ≤1
max(𝑥) ≤1/𝑠

���𝑠𝑑−1𝑝𝑈 (𝑠𝑥) − 𝜆(𝑥)��� d𝑥
= 𝑐−1D1/𝑠 (𝑠) .

Substituting 𝑠 = 𝑐−1𝑢 = (𝑐𝑡)−1 yields the stated bound.
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Example 3.D.1 (The multivariate Cauchy distribution). Let us assume that
𝑋 follows a multivariate Cauchy distribution on the positive orthant whose
density is given by

𝑓 (𝑥) def=
2𝑑Γ( 1+𝑑2 )

𝜋
1+𝑑
2

1

(1 + ∥𝑥 ∥22)
1+𝑑
2

for 𝑥 ≥ 0 and 𝑓 (𝑥) = 0 otherwise. We will show that the bound in Proposi-
tion 3.D.1 is O(1/𝑡) as 𝑡 → ∞. This implies that the bias term is O(𝑘/𝑛) as
𝑘 = 𝑘𝑛 →∞ in such a way that 𝑘/𝑛 → 0.

For simplicity of notation, let 𝑝 = 𝑝𝑈 denote the probability density
function of 𝑈 = (1 − 𝐹1(𝑋1), . . . , 1 − 𝐹𝑑 (𝑋𝑑 )). Some computations related to
the univariate Cauchy distribution lead to

𝑝 (𝑥) = 𝜋
𝑑−1
2 Γ( 1+𝑑2 )

∏𝑑
𝑖=1

(
1 + tan2( 𝜋2 (1 − 𝑥𝑖))

)(
1 +∑𝑑

𝑖=1 tan2( 𝜋2 (1 − 𝑥𝑖))
) 1+𝑑

2

.

Asymptotic considerations on the tangent function permit to show that

lim
𝑠→0

𝑠𝑑−1𝑝 (𝑠𝑥) =
2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

𝑥−21 · · · 𝑥−2𝑑(
𝑥−21 + · · · + 𝑥−2𝑑

) 1+𝑑
2

def
= 𝜆(𝑥) .

We start with the first term in the upper bound of Proposition 3.D.1. We
have the decomposition

D1/𝑠 (𝑠) =
∫
𝐿1/𝑠

(
𝑠𝑑−1𝑝 (𝑠𝑥) − 𝜆(𝑥)

)
+
d𝑥 (3.55)

+
∫
𝐿1/𝑠

(
𝜆(𝑥) − 𝑠𝑑−1𝑝 (𝑠𝑥)

)
+
d𝑥 . (3.56)

We start by studying the integral (3.55). We observe that for 𝑧 ∈ (0, 1]

tan2
(
𝜋
2 (1 − 𝑧)

)
= cot2

(
𝜋
2 𝑧

)
=

1
sin2

(
𝜋
2 𝑧

) − 1 = 2
1 − cos(𝜋𝑧) − 1.

If 𝑥𝑖 ≤ 1 for every 𝑖 ∈ {1, . . . , 𝑑}, we may apply (3.57) in Lemma 3.D.1 below
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to get

𝑝 (𝑥) = 𝜋
𝑑−1
2 Γ( 1+𝑑2 )

∏𝑑
𝑖=1

(
1 + tan2( 𝜋2 (1 − 𝑥𝑖))

)(
1 +∑𝑑

𝑖=1 tan2( 𝜋2 (1 − 𝑥𝑖))
) 1+𝑑

2

= 𝜋
𝑑−1
2 Γ( 1+𝑑2 )

2
1−cos(𝜋𝑥1) · · ·

2
1−cos(𝜋𝑥𝑑 )(

1 − 𝑑 + 2
1−cos(𝜋𝑥1) + · · · +

2
1−cos(𝜋𝑥𝑑 )

) 1+𝑑
2

= (2𝜋)
𝑑−1
2 Γ( 1+𝑑2 )

1
1−cos(𝜋𝑥1) · · ·

1
1−cos(𝜋𝑥𝑑 )(

1−𝑑
2 +

1
1−cos(𝜋𝑥1) + · · · +

1
1−cos(𝜋𝑥𝑑 )

) 1+𝑑
2

≤ (2𝜋)
𝑑−1
2 Γ( 1+𝑑2 )

(
2

𝜋2𝑥21
+ 1

3

)
· · ·

(
2

𝜋2𝑥2
𝑑

+ 1
3

)
(
1−𝑑
2 +

2
𝜋2𝑥21
+ 1

6 + · · · +
2

𝜋2𝑥2
𝑑

+ 1
6

) 1+𝑑
2

.

Hence, for 0 < 𝑠 ≤ 1 and 𝑥 ∈ 𝐿1/𝑠 , we have the upper bound

𝑠𝑑−1𝑝 (𝑠𝑥) ≤ (2𝜋)
𝑑−1
2 Γ( 1+𝑑2 )

𝑠𝑑−1
(

2
𝜋2𝑠2𝑥21

+ 1
3

)
· · ·

(
2

𝜋2𝑠2𝑥2
𝑑

+ 1
3

)
(
1−𝑑
2 +

2
𝜋2𝑠2𝑥21

+ 1
6 + · · · +

2
𝜋2𝑠2𝑥2

𝑑

+ 1
6

) 1+𝑑
2

=
2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

(
1
𝑥21
+ 𝜋2𝑠2

6

)
· · ·

(
1
𝑥2
𝑑

+ 𝜋2𝑠2

6

)
(
1
𝑥21
+ · · · + 1

𝑥2
𝑑

− 𝜋2𝑠2

4 (
2𝑑
3 − 1)

) 1+𝑑
2

.

Note that the upper bound converges to 𝜆(𝑥) as 𝑠 → 0.
Now observe that

1(
1
𝑥21
+ · · · + 1

𝑥2
𝑑

− 𝜋2𝑠2

4 (
2𝑑
3 − 1)

) 1+𝑑
2

=
1

(𝑥−21 + · · · + 𝑥−2𝑑 )
1+𝑑
2

1(
1 − 𝜋2

4 (
2𝑑
3 − 1)

𝑠2

𝑥−21 +···+𝑥−2𝑑

) 1+𝑑
2

,

with
𝜋2

4
( 2𝑑3 − 1)

𝑠2

𝑥−21 +···+𝑥−2𝑑
≤ 𝜋

2

4
( 2𝑑3 − 1)𝑠

2.

Since we are interested in the limit 𝑠 → 0, we may assume that 𝑠2 ≤ 2
𝜋2 ( 2𝑑3 −1)
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so that we may apply the upper bound in (3.60) in Lemma 3.D.2 below. We get

𝑠𝑑−1𝑝 (𝑠𝑥) ≤
2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

(
1
𝑥21
+ 𝜋2𝑠2

6

)
· · ·

(
1
𝑥2
𝑑

+ 𝜋2𝑠2

6

)
(
1
𝑥21
+ · · · + 1

𝑥2
𝑑

− 𝜋2𝑠2

4 (
2𝑑
3 − 1)

) 1+𝑑
2

≤
2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

(
𝑥−21 + 𝜋2𝑠2

6

)
· · ·

(
𝑥−2
𝑑
+ 𝜋2𝑠2

6

)
(
𝑥−21 + · · · 𝑥−2𝑑

) 1+𝑑
2

· ©­«1 + 𝑠2
2
(
2
1+𝑑
2 − 1

)
𝜋2

4 (
2𝑑
3 − 1)

𝑥−21 + · · · + 𝑥−2𝑑
ª®¬ .

Defining 𝐶1,𝐶2 > 0 by

𝐶1
def
=

2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

and 𝐶2
def
= 𝜋2

2
(
2
1+𝑑
2 − 1

)
( 2𝑑3 − 1),

we thus have the bound

(𝑠𝑑−1𝑝 (𝑠𝑥) − 𝜆(𝑥))+ ≤ 𝑠2𝐶1𝐶2
𝑥−21 · · · 𝑥−2𝑑(

𝑥−21 + · · · 𝑥−2𝑑
) 3+𝑑

2

+𝐶1

∑𝑑−1
𝑘=0

∑
𝐼 ⊂{1,...,𝑑 }, |𝐼 |=𝑘 𝑥

−2
𝐼
( 𝜋2𝑠2

6 )
𝑑−𝑘(

𝑥−21 + · · · 𝑥−2𝑑
) 1+𝑑

2

+ 𝑠2𝐶1𝐶2

∑𝑑−1
𝑘=0

∑
𝐼 ⊂{1,...,𝑑 }, |𝐼 |=𝑘 𝑥

−2
𝐼
( 𝜋2𝑠2

6 )
𝑑−𝑘(

𝑥−21 + · · · 𝑥−2𝑑
) 3+𝑑

2

,

where 𝑥𝐼 denotes the sub-vector of 𝑥 with coordinates in 𝐼 and the square is
to be understood coordinate-wise.

The first term is the easiest to handle as it is bounded by a multiple of
𝜆(𝑥), it is integrable over 𝐿∞ and its contribution to the bias term is at most
𝑂 (𝑠2). The third term is bounded by a multiple of the second term times 𝑠2
and is therefore negligible in front of the second term. Now note that that the
domain of integration 𝐿1/𝑠 can be rewritten as

𝐿1/𝑠 =
⋃

∅≠𝐽 ⊂{1,...,𝑑 }
𝐵 𝐽 ,1/𝑠
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where

𝐵 𝐽 ,1/𝑠
def
=

{
𝑥 ∈ (0, 1/𝑠]𝑑 : ∀𝑗 ∈ 𝐽 , 𝑥 𝑗 ≤ 1;∀𝑗 ∈ 𝐽𝑐 : 𝑥 𝑗 > 1

}
.

Hence, integrating the second term over 𝐿1/𝑠 implies that we will need to
bound integrals of the form

𝑠2(𝑑−|𝐼 |)
∫
𝐵 𝐽 ,1/𝑠

∏
𝑖∈𝐼 𝑥

−2
𝑖(

𝑥−21 + · · · + 𝑥−2𝑑
) 1+𝑑

2

d𝑥,

for subsets 𝐼 , 𝐽 ⊂ {1, . . . , 𝑑} with 𝐼𝑐 ≠ ∅ and 𝐽 ≠ ∅. Without loss of generality
we may assume that 𝐽 = {1, . . . , 𝑗} for some 𝑗 ∈ {1, . . . , 𝑑} and therefore, a
change of variable 𝑥ℓ = 𝑦−1ℓ for all ℓ ∈ {1, . . . , 𝑑} permits to rewrite the integral
as

𝑠2(𝑑−|𝐼 |)
∫ 1

𝑥1=0
. . .

∫ 1

𝑥 𝑗=0

∫ 1/𝑠

𝑥 𝑗+1=1
. . .

∫ 1/𝑠

𝑥𝑑=1

(
𝑥−21 + · · · + 𝑥−2𝑑

)−(1+𝑑)/2 ∏
𝑖∈𝐼

𝑥−2𝑖 d𝑥

= 𝑠2 |𝐼
𝑐 |

∫ ∞

𝑦1=1
. . .

∫ ∞

𝑦 𝑗=1

∫ 1

𝑦 𝑗+1=𝑠
. . .

∫ 1

𝑦𝑑=𝑠

(
𝑦21 + · · · + 𝑦2𝑑

)−(1+𝑑)/2 ∏
𝑖∈𝐼𝑐

𝑦−2𝑖 d𝑦.

If 𝑗 = 𝑑 , the integral is finite and hence the contribution to the bias is at least of
the order𝑂 (𝑠2) as |𝐼𝑐 | ≥ 1. Thus, we shall assume 𝑗 < 𝑑 . Observe that for every
𝑖 ∈ 𝐼𝑐 , if 𝑖 ≤ 𝑗 , thenwemay upper bound𝑦−1𝑖 ≤ 1. Consequently, theworst case

will happen whence 𝐼𝑐 ∩ 𝐽 = ∅. In this case, bounding
(
𝑦21 + · · · + 𝑦2𝑑

)−(1+𝑑)/2
by

(
𝑦21 + · · · + 𝑦2𝑗

)−(1+𝑑)/2
permits to upper bound the latter integral by

𝑠2 |𝐼
𝑐 |

∫ ∞

𝑦1=1
. . .

∫ ∞

𝑦 𝑗=1
(𝑦21 + · · · + 𝑦2𝑗 )−(1+𝑑)/2 · d𝑦1 · · · d𝑦 𝑗 ·

∏
𝑖∈𝐼𝑐

∫ 1

𝑦𝑖=𝑠

𝑦−2𝑖 d𝑦𝑖 ,

which is of order𝑂 (𝑠 |𝐼𝑐 |) as the integral over (𝑦1, . . . , 𝑦 𝑗 ) is finite. Since |𝐼𝑐 | ≥ 1,
we find that the order of the first integral in the bias decomposition (3.55) is
of the order 𝑂 (𝑠).

We now claim that second term in the decomposition (3.56) is always equal
to zero for sufficiently small 𝑠 > 0 and therefore conclude that D1/𝑠 (𝑠) = 𝑂 (𝑠)
as 𝑠 → 0. Previous computations and bounds (3.57) show that for every 𝑥 such
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that 𝑥𝑖 ≤ 1 for 𝑖 ∈ {1, . . . , 𝑑},

𝑝 (𝑥) = (2𝜋)
𝑑−1
2 Γ( 1+𝑑2 )

1
1−cos(𝜋𝑥1) · · ·

1
1−cos(𝜋𝑥𝑑 )(

1−𝑑
2 +

1
1−cos(𝜋𝑥1) + · · · +

1
1−cos(𝜋𝑥𝑑 )

) 1+𝑑
2

≥ (2𝜋)
𝑑−1
2 Γ( 1+𝑑2 )

(
2

𝜋2𝑥21
+ 1

6

)
· · ·

(
2

𝜋2𝑥2
𝑑

+ 1
6

)
(
1−𝑑
2 +

2
𝜋2𝑥21
+ 1

3 + · · · +
2

𝜋2𝑥2
𝑑

+ 1
3

) 1+𝑑
2

.

Hence, for 𝑥 ∈ 𝐿1/𝑠 , we have

𝑠𝑑−1𝑝 (𝑠𝑥) ≥ (2𝜋)
𝑑−1
2 Γ( 1+𝑑2 )

𝑠𝑑−1
(

2
𝜋2𝑠2𝑥21

+ 1
6

)
· · ·

(
2

𝜋2𝑠2𝑥2
𝑑

+ 1
6

)
(

2
𝜋2𝑠2𝑥21

+ · · · + 2
𝜋2𝑠2𝑥2

𝑑

− (𝑑6 − 1/2)
) 1+𝑑

2

=
2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

(𝑥−21 + 𝜋2𝑠2

12 ) · · · (𝑥
−2
𝑑
+ 𝜋2𝑠2

12 )(
𝑥−21 + · · · + 𝑥−2𝑑 − 𝑠2𝜋2(𝑑3 − 1)

) 1+𝑑
2

.

Note that the lower bound converges to 𝜆(𝑥) as 𝑠 → 0. Since we are interested
in 𝑠 → 0, we may assume that 𝑠2 ≤ (2𝜋2(𝑑/3 − 1))−1 and apply the lower
bound in (3.60) in Lemma 3.D.2 below to get that for every 𝑥 ∈ 𝐿1/𝑠 ,

𝑠𝑑−1𝑝 (𝑠𝑥) ≥
2𝑑−1Γ( 1+𝑑2 )

𝜋
𝑑−1
2

(𝑥−21 + 𝜋2𝑠2

12 ) · · · (𝑥
−2
𝑑
+ 𝜋2𝑠2

12 )(
𝑥−21 + · · · 𝑥−2𝑑

) 1+𝑑
2

(
1 + 𝑠2

𝜋2(𝑑3 − 1) (
1+𝑑
2 )

𝑥−21 + · · · 𝑥−2𝑑

)
.

This shows in particular that 𝑠𝑑−1𝑝 (𝑠𝑥) − 𝜆(𝑥) ≥ 0 for every value of 𝑥 ∈ 𝐿1/𝑠
and 𝑠 ≤ (2𝜋2(𝑑/3 − 1))−1/2 so that the integral∫

𝐿1/𝑠

(𝜆(𝑥) − 𝑠𝑑−1𝑝 (𝑠𝑥))+d𝑥 = 0,

for those values of 𝑠 and we get that the bias D1/𝑠 (𝑠) = 𝑂 (𝑠) as 𝑠 → 0.
To deal with the second term in the upper bound of Proposition 3.D.1, we

note that since,
d𝜈
d𝑥
(𝑥) = 𝜆(𝜄 (𝑥))𝑥−21 · · · 𝑥−2𝑑 = 𝐶1∥𝑥 ∥−1−𝑑2 ,

the density associated to Φ2 is constant, say 𝜑 , so that when 𝑡 →∞,

𝜈

({
𝑥 ∈ (0,∞)𝑑 : max(𝑥) ≥ 𝑐,min(𝑥) ≤ 1/𝑡

})
≤ 𝑐−1Φ2

(
{𝜃 ∈ S2 : min(𝜃 ) ≤ 1

𝑐𝑡
}
)

= 𝑐−1𝜑 leb𝑑−1
(
{𝜃 ∈ S2 : min(𝜃 ) ≤ 1

𝑐𝑡
}
)

= 𝑂 (1/𝑡).
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This concludes the analysis of the bias term for the multivariate Cauchy
distribution.

Lemma 3.D.1. We have

1
6
≤ 1

1 − cos(𝑡) −
2
𝑡2
≤ 1

3
for 0 < 𝑡 ≤ 𝜋. (3.57)

Proof. Note that we may rewrite the inequality as follows: for 0 ≤ 𝑡 ≤ 𝜋 , we
must have

1
6
≤ 1

1 − cos 𝑡 −
2
𝑡2
≤ 1

3
⇐⇒ 1

6
+ 2
𝑡2
≤ 1

1 − cos 𝑡 ≤
1
3
+ 2
𝑡2

⇐⇒ 12 + 𝑡2
6𝑡2

≤ 1
1 − cos 𝑡 ≤

6 + 𝑡2
3𝑡2

⇐⇒ 3𝑡2

6 + 𝑡2 ≤ 1 − cos 𝑡 ≤ 6𝑡2

12 + 𝑡2 ,

which gives the inequalities

cos 𝑡 ≤ 1 − 3𝑡2

6 + 𝑡2 =
6 − 2𝑡2
6 + 𝑡2 (3.58)

cos 𝑡 ≥ 1 − 6𝑡2

12 + 𝑡2 =
12 − 5𝑡2
12 + 𝑡2 . (3.59)

We start by showing (3.58). Taylor’s theorem implies that

cos 𝑡 ≤ 1 − 𝑡
2

2!
+ 𝑡

4

4!
− 𝑡

6

6!
+ 𝑡

8

8!
.

Consequently,

(6 + 𝑡2) cos 𝑡 ≤ (6 + 𝑡2) ·
(
1 − 𝑡

2

2!
+ 𝑡

4

4!
− 𝑡

6

6!
+ 𝑡

8

8!

)
= 6 − 3𝑡2 + 𝑡

4

4
− 𝑡6

120
+ 𝑡8

6720
+ 𝑡2 − 𝑡

4

2
+ 𝑡

6

24
− 𝑡8

720
+ 𝑡10

40320

= 6 − 2𝑡2 + 𝑡4

40320
(
𝑡6 − 50𝑡4 + 1344𝑡2 − 10080

)
.

Hence, if we show that the polynomial 𝑅(𝑠) def= 𝑠3 − 50𝑠2 + 1344𝑠 − 10080 is
strictly negative on 0 ≤ 𝑠 ≤ 𝜋2, we are done proving (3.58). It is sufficient to
observe that 𝑅(𝜋2) < 0 and 𝑅′(𝑠) ≥ 0 for the concerned values of 𝑠 since

𝑅′(𝑠) = 3𝑠2 − 100𝑠 + 1344

satisfies Δ𝑅 = 1000 − 12 · 1344 < 0 and 𝑅′(0) = 1344 > 0.
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To prove (3.59), we follow the same path: Taylor’s theorem implies that

cos 𝑡 ≥ 1 − 𝑡
2

2
+ 𝑡

4

4!
− 𝑡

6

6!
.

Consequently,

(12 + 𝑡2) cos 𝑡 ≥ (12 + 𝑡2) ·
(
1 − 𝑡

2

2
+ 𝑡

4

4!
− 𝑡

6

6!

)
= 12 − 6𝑡2 + 𝑡

4

2
− 𝑡

6

60
+ 𝑡2 − 𝑡

4

2
+ 𝑡

6

24
− 𝑡8

720

= 12 − 5𝑡2 + 𝑡6

720
(
−𝑡2 + 18

)
.

Since −𝑡2 + 18 ≥ 0 for 0 ≤ 𝑡 ≤
√
18 and

√
18 > 𝜋 , we have proven (3.59).

Lemma 3.D.2. For 𝑎 ∈ [0, 1/2], we have

1 +
(
1 + 𝑑
2

)
𝑎 ≤ (1 − 𝑎)−

1+𝑑
2 ≤ 1 + 2

(
2
1+𝑑
2 − 1

)
𝑎. (3.60)

Proof. To prove the upper bound, we will use a convexity argument. Note that
the function

𝜙 (𝑎) def= (1 − 𝑎)−
1+𝑑
2

is a convex function of its argument. Since it is a𝐶2 function, wemay prove that
fact by differentiating it two times and show that 𝜙 ′′(𝑎) > 0 for 0 ≤ 𝑎 ≤ 1/2.
We compute that

𝜙 ′′(𝑎) = 𝑑+1
2 ·

𝑑+3
2 · (1 − 𝑎)

−𝑑+52 ,

so that the convexity on the domain of interest is proven. This implies that
for any 𝜆 ∈ [0, 1] and any pair of points 𝑎1, 𝑎2 ∈ [0, 1/2],

𝜙 (𝜆𝑎1 + (1 − 𝜆)𝑎2) ≤ 𝜆𝜙 (𝑎1) + (1 − 𝜆)𝜙 (𝑎2) .
In particular, the graph of 𝜙 is anywhere bounded by the straight line joining

the points 𝜙 (0) = 1 and 𝜙 (1/2) = 2
1+𝑑
2 on the domain of interest. This affine

function has analytic expression

𝐿(𝑎) def= 1 + 2
(
2
1+𝑑
2 − 1

)
𝑎

and corresponds to the upper bound in the statement.
To prove the lower bound, we use Taylor’s theorem which ensures that

for every 𝑎 in the region of interest

𝜙 (𝑎) = 𝜙 (0) + 𝜙 ′(0)𝑎 + 𝑅10𝜙 (𝑎) ≥ 𝜙 (0) + 𝜙 ′(0)𝑎,

since, by Lagrange’s formula, the rest 𝑅10𝜙 (𝑎) =
𝜙′′ (𝑐)

2 𝑎2 for some 𝑐 ∈ (0, 𝑎)
and the second derivative is positive at this point. Observing that 𝜙 (0) = 1
and 𝜙 ′(0) = (1 + 𝑑)/2 permits to conclude.
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3.E Proofs of examples

Proof of Example 3.3.1. We first consider Assumption 3.3.1. Restricting 𝑎 and
𝛽 to have rational coordinates yields a countable collectionA0 ⊂ A satisfying
item (i) in Assumption 3.3.1. Item (ii) is satisfied by definition. For 𝐴𝑎,𝛽,𝜏 ∈ A
and 𝜀 > 0, define the inner and outer hulls

𝐴𝑎,𝛽,𝜏 ;−(𝜀)
def
= 𝐴

𝑎,𝛽−
√
𝑑𝜀,𝜏+𝜀,

𝐴𝑎,𝛽,𝜏 ;+(𝜀)
def
= 𝐴

𝑎,𝛽+
√
𝑑𝜀,𝜏−𝜀,

with the convention that S𝜐𝑝 = S𝑝 if 𝜐 < 0 (a case which arises if 𝜀 > 𝜏).
We show that item (iii) in Assumption 3.3.1 is satisfied, provided the angular
measure Φ𝑝 has a bounded density on S𝜏𝑝 with respect to (𝑑 − 1)-dimensional
Lebesgue measure. First, we show the inclusions (3.22).

■ For 𝑥 ∈ 𝐴𝑎,𝛽,𝜏 ;−(𝜀) and for 𝑦 ∈ S𝑝 such that ∥𝑦 − 𝑥 ∥∞ ≤ 𝜀, we have
𝑦 ∈ 𝐴𝑎,𝛽,𝜏 : indeed,

𝑦1 ∧ · · · ∧ 𝑦𝑑 ≥ 𝑥1 ∧ · · · ∧ 𝑥𝑑 − 𝜀 > 𝜏 + 𝜀 − 𝜀 = 𝜏

as well as (by equivalence of norms (3.25))

⟨𝑎,𝑦⟩ = ⟨𝑎, 𝑥⟩ + ⟨𝑎,𝑦 − 𝑥⟩ ≤ 𝛽 −
√
𝑑𝜀 + ∥𝑎∥2∥𝑦 − 𝑥 ∥2

≤ 𝛽 −
√
𝑑𝜀 +
√
𝑑 ∥𝑦 − 𝑥 ∥∞

≤ 𝛽.

This is the first inclusion in (3.22).

■ For 𝑥 ∈ 𝐴𝑎,𝛽,𝜏 and for 𝑦 ∈ S𝑝 such that ∥𝑦 − 𝑥 ∥∞ ≤ 𝜀, we have

𝑦1 ∧ · · · ∧ 𝑦𝑑 ≥ 𝑥1 ∧ · · · ∧ 𝑥𝑑 − 𝜀 > 𝜏 − 𝜀

so that 𝑦 ∈ S𝜏−𝜀𝑝 (if 𝜀 > 𝜏 this trivial since S𝜐𝑝 = S𝑝 for 𝜐 < 0) together
with

⟨𝑎,𝑦⟩ = ⟨𝑎, 𝑥⟩ + ⟨𝑎,𝑦 − 𝑥⟩ ≤ 𝛽 + ∥𝑎∥2∥𝑦 − 𝑥 ∥2
≤ 𝛽 +

√
𝑑 ∥𝑦 − 𝑥 ∥∞

≤ 𝛽 +
√
𝑑𝜀.

This implies the second inclusion in (3.22).

The difference between the inner and outer hulls is

𝐴𝑎,𝛽,𝜏 ;+(𝜀) \𝐴𝑎,𝛽,𝜏 ;−(𝜀)

⊆
{
𝑥 ∈ S𝑝 : 𝛽 −

√
𝑑𝜀 < ⟨𝑎, 𝑥⟩ ≤ 𝛽 +

√
𝑑𝜀

}
∪ (S𝜏−𝜀𝑝 \ S𝜏+𝜀𝑝 ).
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Since ∥𝑎∥2 = 1, the (𝑑 − 1)-dimensional Lebesgue measure of the set on the
right-hand side is bounded by a constant multiple of 𝜀.

Next we show that Assumption 3.3.2 is satisfied. The VC-dimension is
preserved under bijections. We identify E = [0,∞)𝑑 \ {(0, . . . , 0)} with the
product set (0,∞) × S𝑝 via 𝑥 ↦→ (∥𝑥 ∥𝑝 , 𝑥/∥𝑥 ∥𝑝). In the latter space, we need
to establish the finiteness of the VC-dimensions of the collections {Υ−

𝐴
(𝑟, ℎ) :

𝐴 ∈ A} and {Υ+
𝐴
(𝑟, ℎ) : 𝐴 ∈ A} for fixed 𝑟, ℎ > 0, where

Υ𝜎𝐴 (𝑟, ℎ)
def
=

{
(𝑢, 𝜃 ) ∈ ( 1

𝑟
,∞) × S𝑝 : 𝜃 ∈ 𝐴𝜎 (ℎ𝑢)

}
for 𝜎 ∈ {−, +} and 𝐴 ∈ A. For 𝐴 = 𝐴𝑎,𝛽,𝜏 we have

𝜃 ∈ 𝐴−(ℎ𝑢) ⇐⇒
[
𝜃1 ∧ · · · ∧ 𝜃𝑑 ≥ 𝜏 + ℎ𝑢 and ⟨𝑎, 𝜃⟩ ≤ 𝛽 −

√
𝑑ℎ𝑢

]
.

This corresponds to 𝑑 +1 linear inequality constraints on (𝑢, 𝜃 ) as (𝑎, 𝛽) ranges
over R𝑑 × R. The VC dimension of {Υ−

𝐴
(𝑟, ℎ) : 𝐴 ∈ A} as a collection of

subsets of (0,∞) × S𝑝 is therefore finite [122, Lemma 2.6.17 and Exercise 14
on page 152], and the same is then true for {Γ−

𝐴
(𝑟, ℎ) : 𝐴 ∈ A} as a collection

of subsets of E. The argument for the outer hulls is similar.

Proof of Example 3.3.2. We first consider the collection of intersections. In
Assumption 3.3.1, item (i) follows by considering the countable collection
of intersections A1,0 ⊓ A2,0, where A 𝑗,0 is the countable subset of A 𝑗 for
𝑗 ∈ {1, 2}. Item (ii) is trivially satisfied. Regarding (iii): given 𝐴 𝑗 ∈ A 𝑗 with
inner and outer hulls 𝐴 𝑗,𝜎 (𝜀), the inner and outer hulls of 𝐴1 ∩𝐴2 can chosen
to be 𝐴1,−(𝜀) ∩ 𝐴2,−(𝜀) and 𝐴1,+(𝜀) ∩ 𝐴2,+(𝜀). The two inclusions (3.22) are
straightforward to verify. The measure of the set difference between the inner
and outer hulls can be controlled via(
𝐴1,+(𝜀)∩𝐴2,+(𝜀)

)
\
(
𝐴1,−(𝜀)∩𝐴2,−(𝜀)

)
⊆

(
𝐴1,+(𝜀)\𝐴1,−(𝜀)

)
∪

(
𝐴2,+(𝜀)\𝐴2,−(𝜀)

)
.

If 𝑐1 and 𝑐2 denote the constants on the right-hand of (3.21) for A1 and A2,
respectively, then 𝑐1 + 𝑐2 is a valid constant for A1 ⊓ A2.

To show that the collections of framing sets derived from the inner and
outer hulls thus constructed have a finite VC-dimension (Assumption 3.3.2), it
suffices to observe that, by definition,

Γ𝜎𝐴1∩𝐴2
(𝑟, ℎ) = Γ𝜎𝐴1

(𝑟, ℎ) ∩ Γ𝜎𝐴2
(𝑟, ℎ)

and thus

{Γ𝜎𝐴 (𝑟, ℎ) : 𝐴 ∈ A1 ⊓ A2} = {Γ𝜎𝐴1
(𝑟, ℎ) : 𝐴1 ∈ A1} ⊓ {Γ𝜎𝐴2

(𝑟, ℎ) : 𝐴2 ∈ A2}.

The collection on the left-hand side has a finite VC-dimension since, by as-
sumption, each of the two collections on the right-hand side has a finite
VC-dimension; see for instance [122, Lemma 2.6.17].
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For the collection of unions, the verification of Assumptions 3.3.1 and 3.3.2
is completely similar. The inner and outer hulls of a union 𝐴1 ∪𝐴2 are now
defined as the unions of the inner and outer hulls of 𝐴1 and 𝐴2.

3.F Proofs of classification application

In the proofs, we find it sometimes convenient to take explicit note of the map
𝑇 : R𝑑 → [0,∞)𝑑 used to transform the marginal distributions of the predictor
variable; typically, 𝑇 = 𝑣 or 𝑇 = 𝑣 . In line with the theoretical and empirical
classification risks 𝐿𝑡 (𝑔) and 𝐿̂𝜏 (𝑔) in (3.35) and (3.37) in the paper, define

𝐿𝑡 (𝑔,𝑇 )
def
= 𝑡 P

(
𝑔(𝑇 (𝑋 )) ≠ 𝑌, ∥𝑇 (𝑋 )∥𝑝 ≥ 𝑡

)
,

𝐿̂𝜏 (𝑔,𝑇 ) def= 1
𝑘

𝑛∑︁
𝑖=1
I{𝑔(𝑇 (𝑋𝑖)) ≠ 𝑌𝑖 , 𝜃𝑝 (𝑇 (𝑋𝑖)) ∈ S𝜏𝑝 , ∥𝑇 (𝑋𝑖)∥𝑝 ≥ 𝑛/𝑘}.

Then 𝐿𝑡 (𝑔) in (3.35) corresponds to 𝐿𝑡 (𝑔, 𝑣) here and 𝐿̂𝜏 (𝑔) in (3.37) to 𝐿̂𝜏 (𝑔, 𝑣).

Proof of Lemma 3.4.1. We prove the first statement only. The proof of the
second one follows the same lines and is left to the reader. The third statement
is obtained by adding up the left and right hand sides of the first two identities.

Decompose 𝐿>𝜏𝑡 into a type-I and a type-II risk: 𝐿>𝜏𝑡 (𝑔,𝑇 ) = 𝐿>𝜏𝑡,+ (𝑔,𝑇 ) +
𝐿>𝜏𝑡,−(𝑔,𝑇 ) with

𝐿>𝜏𝑡,±(𝑔,𝑇 )
def
= 𝑡P

(
𝑔(𝑇 (𝑋 )) ≠ 𝑌, 𝑌 = ±1, 𝜃𝑝 (𝑇 (𝑋 )) ∈ S𝜏𝑝 , ∥𝑇 (𝑋 )∥𝑝 ≥ 𝑡

)
.

Consider the cones generated by regions S±𝑝 (𝑔)
def
= {𝑥 ∈ S𝑝 : 𝑔(𝑥) = ±1}, that

is, 𝑅±𝑝 (𝑔)
def
= {𝑡𝑥 : 𝑥 ∈ S±𝑝 (𝑔), 𝑡 ≥ 1}. Equipped with this notation we may

write

𝐿>𝜏𝑡,+ (𝑔,𝑇 ) = 𝑡P
(
𝑇 (𝑋 ) ∈ 𝑅−𝑝 (𝑔), 𝑌 = +1, 𝜃𝑝 (𝑇 (𝑋 )) ∈ S𝜏𝑝 , ∥𝑇 (𝑋 )∥𝑝 ≥ 𝑡

)
,

𝐿>𝜏𝑡,−(𝑔,𝑇 ) = 𝑡P
(
𝑇 (𝑋 ) ∈ 𝑅+𝑝 (𝑔), 𝑌 = −1, 𝜃𝑝 (𝑇 (𝑋 )) ∈ S𝜏𝑝 , ∥𝑇 (𝑋 )∥𝑝 ≥ 𝑡

)
.

Setting the standardization function 𝑇 to 𝑣 yields 𝑇 (𝑋 ) = 𝑉 and thus

𝐿>𝜏𝑡,+ (𝑔, 𝑣) = 𝑡P
(
𝑉 ∈ 𝑅−𝑝 (𝑔), 𝜃𝑝 (𝑉 ) ∈ S𝜏𝑝 , ∥𝑉 ∥𝑝 ≥ 𝑡, 𝑌 = +1

)
= 𝜚𝑡P

(
𝜃𝑝 (𝑉 ) ∈ S−𝑝 (𝑔) ∩ S𝜏𝑝 , ∥𝑉 ∥𝑝 ≥ 𝑡 | 𝑌 = +1

)
→ 𝜚Φ+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝), 𝑡 →∞,

where the last convergence occurs because of Assumption 3.4.1 and the fact
that Φ+𝑝 is dominated by Φ𝑝 , so that S−𝑝 (𝑔) ∩S𝜏𝑝 is a Φ+𝑝-continuity set. Proceed-
ing similarly with 𝐿>𝜏𝑡,−(𝑔, 𝑣), the result is obtained.
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The next result parallels Lemma 3.4.1 by relating the empirical risk with
the empirical angular measure of the positive and negative classes.

Consider the type-I and type-II empirical errors,

𝐿̂𝜏±(𝑔,𝑇 )
def
=

1
𝑘

𝑛∑︁
𝑖=1
I
{
𝑔(𝑇 (𝑋𝑖)) ≠ 𝑌𝑖 , 𝑌𝑖 = ±1,

𝜃𝑝 (𝑇 (𝑋𝑖)) ∈ S𝜏𝑝 , ∥𝑇 (𝑋𝑖)∥𝑝 ≥ 𝑛/𝑘
}
.

Setting 𝑇 = 𝑣 as in (3.12) yields 𝑇 (𝑋𝑖) = 𝑉𝑖 and thus

𝐿̂𝜏+(𝑔, 𝑣) =
1
𝑘

𝑛∑︁
𝑖=1
I{𝜃𝑝 (𝑉𝑖) ∈ S−𝑝 (𝑔) ∩ S𝜏𝑝 , 𝑌𝑖 = +1, ∥𝑉𝑖 ∥𝑝 ≥ 𝑛/𝑘}.

Recall from (3.40) the empirical angular measures Φ̂𝜎𝑝 of the positive and
negative instances. A similar treatment of 𝐿̂𝜏−(𝑔, 𝑣) yields the following result.

Lemma 3.F.1. In the case where 𝑇 is the rank transformation 𝑣 ,

𝐿̂𝜏+(𝑔, 𝑣) =
𝑘+
𝑘
Φ̂+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝) , 𝐿̂𝜏−(𝑔, 𝑣) =

𝑘−
𝑘
Φ̂−𝑝 (S+𝑝 (𝑔) ∩ S𝜏𝑝) .

Proof of Theorem 3.4.1. Recall from the proof of Lemma 3.4.1 the decomposi-
tion of 𝐿>𝜏∞ into type-I and type-II errors, 𝐿>𝜏∞ = 𝐿>𝜏∞,+ + 𝐿>𝜏∞,− with 𝐿>𝜏∞,+(𝑔) =
𝜚Φ+𝑝 (S−𝑝 (𝑔)∩S𝜏𝑝) and 𝐿>𝜏∞,−(𝑔) = (1−𝜚 )Φ−𝑝 (S+𝑝 (𝑔)∩S𝜏𝑝). Recall also the identities
for their empirical counterparts 𝐿̂𝜏± in Lemma 3.F.1. For 𝑔 ∈ G, the deviations
of the empirical risk may be bounded by the sum of the deviations of the two
error types,���𝐿̂𝜏 (𝑔, 𝑣) − 𝐿>𝜏∞ (𝑔)��� = ���𝐿̂𝜏+(𝑔, 𝑣) − 𝐿>𝜏∞,+(𝑔) + 𝐿̂𝜏−(𝑔, 𝑣) − 𝐿>𝜏∞,−(𝑔)���

≤
���𝐿̂𝜏+(𝑔, 𝑣) − 𝐿>𝜏∞,+(𝑔)��� + ���𝐿̂𝜏−(𝑔, 𝑣) − 𝐿>𝜏∞,−(𝑔)��� . (3.61)

Let us focus on the first term of the sum. The treatment of the second term
is entirely similar and this accounts for the factor two on the right-hand side
of the bound in the theorem. From Lemma 3.F.1 and the definition of 𝐿>𝜏∞,+(𝑔)
recalled above, we have

|𝐿̂𝜏+(𝑔, 𝑣) − 𝐿>𝜏∞,+(𝑔) | =
����𝑘+𝑘 Φ̂+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝) − 𝜚Φ+𝑝 (S−𝑝 (𝑔) ∩ S𝜏𝑝)

����,
which suggests extending the concentration results concerning the empirical
measure Φ̂𝑝 to its conditional version Φ̂+𝑝 . To do so we shall work on the
product space R𝑑 × {−1, 1}. We first introduce some notation. Let 𝑄 be the
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joint distribution of the pair (𝑋,𝑌 ) on R𝑑 × {−1, 1} and let 𝑄𝑛 denote its
empirical version, i.e., 𝑄𝑛

def
= 𝑛−1

∑𝑛
𝑖=1 𝛿 (𝑋𝑖 ,𝑌𝑖 ) . As in Section 3.3 we can and

will assume that each margin 𝑋 𝑗 is unit-Pareto so that 𝑋 = 𝑉 . The empirical
measure of the rank-transformed data is

𝑄𝑛 =
1
𝑛

𝑛∑︁
𝑖=1

𝛿 (𝑉̂𝑖 ,𝑌𝑖 ) = 𝑄𝑛 ◦ (𝑣, id)
−1

where id is the identity function mapping (on {−1, 1}).
Define the limit measure on E × {−1, 1}: for 𝜎 ∈ {−, +} and Borel sets

𝐵 ⊆ E bounded away from the origin with 𝜈𝜎 (𝜕𝐵) = 0, put

𝜈 (𝐵 × {𝜎1}) def= lim
𝑡→∞

𝑡P (𝑉 ∈ 𝑡𝐵, 𝑌 = 𝜎1) = P (𝑌 = 𝜎1) 𝜈𝜎 (𝐵),

a limit which exists by the conditional regular variation assumption (3.31).
Notice that 𝜈 is homogeneous of order −1 w.r.t. the first component. With this
notation and the one borrowed from the proof of Theorem 3.3.1 (see (3.52) for
the definition of Γ̂𝐴), we have, for 𝐴 ⊆ S𝑝 ,

𝑘+
𝑘
Φ̂+𝑝 (𝐴) = 𝑛

𝑘
𝑄𝑛

(
𝑛
𝑘
C𝐴 × {+1}

)
= 𝑛
𝑘
𝑄𝑛

(
𝑣−1(𝑛

𝑘
C𝐴) × {+1}

)
= 𝑛
𝑘
𝑄𝑛 (Γ̂𝐴 × {+1})

and
𝜚Φ+𝑝 (𝐴) = 𝜈 (C𝐴 × {+1}).

It is shown in the proof of Theorem 3.3.1 that under the assumptions of the
statement, there exists an event E1 of probability at least 1 − 𝑑𝛿/(𝑑 + 1) on
which 𝑛

𝑘
Γ−
𝐴
⊆ Γ̂𝐴 ⊆ 𝑛

𝑘
Γ+
𝐴
, see (3.45). In addition recall that

∀𝐴 ∈ A, Γ−𝐴 ⊆ C𝐴 ⊆ Γ+𝐴 .

Thus on the event E1, we can decompose the error as in the proof of Theo-
rem 3.3.1 into

𝑘+
𝑘
Φ̂+𝑝 (𝐴) − 𝜚Φ+𝑝 (𝐴) = 𝑛

𝑘
𝑄𝑛 (Γ̂𝐴 × {+1}) − 𝜈 (C𝐴 × {+1})

≤ 𝑛
𝑘
𝑄𝑛 (𝑛𝑘 Γ

+
𝐴 × {+1}) − 𝜈 (Γ−𝐴 × {+1})

≤ 𝑛
𝑘

��𝑄𝑛 (𝑛𝑘 Γ+𝐴 × {+1}) −𝑄 (𝑛𝑘 Γ+𝐴 × {+1})��
+

��𝑛
𝑘
𝑄 (𝑛

𝑘
Γ+𝐴 × {+1}) − 𝜈 (Γ+𝐴 × {+1})

��
+ 𝜈

(
(Γ+𝐴 \ Γ−𝐴 ) × {+1}

)
.
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A lower bound for the estimation error can be derived in a similar way, yielding,
on E1,���𝑘+𝑘 Φ̂+𝑝 (𝐴) − 𝜚Φ+𝑝 (𝐴)���
≤ max
𝐵∈{Γ+

𝐴
,Γ−
𝐴
}
𝑛
𝑘

��𝑄𝑛 (𝑛𝑘𝐵 × {+1}) −𝑄 (𝑛𝑘𝐵 × {+1})�� (stochastic error)

+ max
𝐵∈{Γ+

𝐴
,Γ−
𝐴
}
𝑛
𝑘

��𝑄 (𝑛
𝑘
𝐵 × {+1}) − 𝜈 (𝐵 × {+1})

�� (bias term)

+ 𝜈
(
(Γ+𝐴 \ Γ−𝐴 ) × {+1}

)
(framing gap).

We treat the three terms separately, following closely the proof of Theo-
rem 3.3.1.

Bias term. Taking the supremum over 𝐴 ∈ A immediately yields the bias
term in the statement of Theorem 3.4.1.

Stochastic error. Since𝑄 (𝐵×{+1}) ≤ P(𝑋 ∈ 𝐵), the𝑄-probability of sets in
the class F ′ def= F ×{+1} (with F defined in (3.46)) is less than 𝑑1+1/𝑝 (1+Δ2) 𝑘𝑛 ,
see (3.47). The class F ′ has the same VC-dimension 𝑉F as F . Thus on an
event E+2 of probability 1 − 𝛿/(2(𝑑 + 1)) we have, by Theorem 3.A.1,

sup
𝐴∈A

max
𝐵∈{Γ+

𝐴
,Γ−
𝐴
}
𝑛
𝑘

��𝑄𝑛 (𝑛𝑘𝐵 × {+1}) −𝑄 (𝑛𝑘𝐵 × {+1})��
≤

√︂
𝑑1+1/𝑝 (1 + Δ2)

𝑘

(
60

√︁
𝑉F + 2

√︁
log(2(𝑑 + 1)/𝛿)

)
+ 2
3𝑘

log(2(𝑑 + 1)/𝛿),

which is the term labelled “error” in the statement.

Framing gap. As in the proof of Theorem 3.3.1, the framing gap in the
product space satisfies

𝜈
(
(Γ+𝐴 \ Γ−𝐴 ) × {+1}

)
≤ 𝜈

({
𝑥 ∈ [0,∞)𝑑 : (1 + Δ2)−1 ≤ ∥𝑥 ∥𝑝 < (1 − Δ2)−1

}
× {+1}

)
+ 𝜈

({
𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 1, 𝜃𝑝 (𝑥) ∈ 𝐴+(3Δ1∥𝑥 ∥𝑝) \𝐴−(3Δ1∥𝑥 ∥𝑝)

}
× {+1}

)
.

(3.62)

The first term on the right-hand side of (3.62) is equal to

2Δ2𝜈 ({𝑥 ∈ [0,∞)𝑑 : ∥𝑥 ∥𝑝 ≥ 1} × {+1}) = 2Δ2𝜚Φ
+
𝑝 (S𝑝) ≤ 2Δ2Φ𝑝 (S𝑝),
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where the latter inequality comes from the decompositionΦ𝑝 = 𝜚Φ+𝑝+(1−𝜚 )Φ−𝑝 .
The second term on the right-hand side in (3.62) can be bounded using the
polar decomposition of 𝜈+ (and thus 𝜈), yielding the bound∫ ∞

1
𝜚Φ+𝑝

(
𝐴+(3Δ1𝑟 ) \𝐴−(3Δ1𝑟 )

) d𝑟
𝑟 2
≤

∫ ∞

1
Φ𝑝

(
𝐴+(3Δ1𝑟 ) \𝐴−(3Δ1𝑟 )

) d𝑟
𝑟 2

≤ 3𝑐Δ1(1 + logΦ𝑝 (S𝑝) − log(3𝑐Δ1)) .

by the proof of Theorem 3.3.1. We thus obtain the same gap term as in
Theorem 3.3.1.

So far we have only treated one of the two terms of the error decompo-
sition (3.61). The second one is treated in the same way and the associated
upper bound is identical, which yields the factor two in the statement of The-
orem 3.4.1. The decomposition of | 𝑘−

𝑘
Φ̂−𝑝 (𝐴) − (1 − 𝜚 )Φ−𝑝 (𝐴) | into a stochastic

error, a bias term and framing gap holds true on the same event E1. The
bound on the stochastic error is valid on an event E−2 of probability at least
1 − 𝛿/(2(𝑑 + 1)). Thus the upper bound in the statement of Theorem 3.4.1
holds true on the intersection E1 ∩ E+2 ∩ E−2 , which has probability at least
1 − 𝛿 .

3.G Proofs of simulations experiments

The following lemma describes convenient properties relative to the simulation
setting described in Section 3.5. Recall S𝜏𝑝 = {𝑥 ∈ S𝑝 : min(𝑥) > 𝜏} for
𝜏 ∈ (0, 1) as well as the cones C𝐴 in (3.7).

Lemma 3.G.1. Let 𝑅 be a unit-Pareto distributed random variable and let Θ
be a random vector independent from 𝑅, with support in S1 = {𝑥 ∈ [0, 1]𝑑 :
𝑥1 + · · · + 𝑥𝑑 = 1} and satisfying E(Θ𝑗 ) = 1/𝑑 for 𝑗 ∈ {1, . . . , 𝑑}. Let 𝑋 def

= 𝑅Θ
and write𝑉 = 𝑣 (𝑋 ) with 𝑣 (𝑥) = (1/(1−𝐹1(𝑥1)), . . . , 1/(1−𝐹𝑑 (𝑥𝑑 ))) for 𝑥 ∈ R𝑑 ,
where 𝐹 𝑗 (𝑥 𝑗 ) = P(𝑋 𝑗 ≤ 𝑥 𝑗 ).

(i) We have 𝑣 (𝑥) = 𝑑𝑥 for all 𝑥 ∈ [1,∞)𝑑 . Conversely, if 𝑥 ∈ R𝑑 satisfies
𝑣 (𝑥) ∈ (𝑑,∞)𝑑 , then 𝑥 ∈ (1,∞)𝑑 and thus 𝑣 (𝑥) = 𝑑𝑥 .

(ii) The distribution of 𝑉 is multivariate regularly varying and its angular
measure Φ𝑝 with respect to the 𝐿𝑝-norm, for 𝑝 ∈ [1,∞], is given by

Φ𝑝 (𝐴) = 𝑑P(𝑋 ∈ C𝐴)

for Borel sets 𝐴 ⊆ S𝑝 . Moreover, if 𝐴 ⊆ S𝜏𝑝 for some 𝜏 ∈ (0, 1) and if
𝑡 > 𝑑/𝜏 , then also

Φ𝑝 (𝐴) = 𝑡P(𝑡−1𝑉 ∈ C𝐴).

Proof of Lemma 3.G.1. We prove the two items (i) and (ii).
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Proof of (i). For any 𝑗 ∈ {1, . . . , 𝑑} and any 𝑥 𝑗 > 0,

1 − 𝐹 𝑗 (𝑥 𝑗 ) = P(𝑅Θ𝑗 > 𝑥 𝑗 )
= E[P(𝑅 > 𝑥 𝑗/Θ𝑗 | Θ𝑗 )]
= E[min(1,Θ𝑗/𝑥 𝑗 )] .

Since the support of Θ is contained in the unit simplex, we have Θ𝑗/𝑥 𝑗 ≤ 1
almost surely whenever 𝑥 𝑗 ≥ 1. In addition E(Θ𝑗 ) = 1/𝑑 by assumption. It
follows that

1/(1 − 𝐹 𝑗 (𝑥 𝑗 )) =
{
𝑑𝑥 𝑗 if 𝑥 𝑗 ≥ 1,
1/E[min(1,Θ𝑗/𝑥 𝑗 )] if 0 < 𝑥 𝑗 < 1.

This proves that 𝑣 (𝑥) = 𝑑𝑥 ∈ [𝑑,∞)𝑑 for 𝑥 ∈ [1,∞)𝑑 . The converse statement
follows from 1 − 𝐹 𝑗 (1) = 1/𝑑 and monotonicity.

Proof of (ii). Let 𝑥 ∈ (0,∞)𝑑 and let 𝑡 > 0 be sufficiently large so that
𝑡𝑥 𝑗 ≥ 𝑑 for all 𝑗 ∈ {1, . . . , 𝑑}. Then

1 − P (𝑉1 ≤ 𝑡𝑥1, . . . ,𝑉𝑑 ≤ 𝑡𝑥𝑑 ) = P
(
∃ 𝑗 = 1, . . . , 𝑑 : 𝑑𝑅Θ𝑗 > 𝑡𝑥 𝑗

)
= P

[
𝑅 > (𝑡/𝑑) min

𝑗=1,...,𝑑
(𝑥 𝑗/Θ𝑗 )

]
= (𝑑/𝑡)E

[
max
𝑗=1,...,𝑑

(Θ𝑗/𝑥 𝑗 )
]
.

In the last step, we conditioned on Θ and we used the fact that (𝑡/𝑑) (𝑥 𝑗/Θ𝑗 ) ≥
1 a.s., by the assumptions on 𝑡 and Θ. Recall E = [0,∞)𝑑 \ {(0, . . . , 0)}. It
follows that for all 𝑥 ∈ (0,∞)𝑑 ,

∀𝑡 > 𝑑

min𝑗=1,...,𝑑 𝑥 𝑗
, 𝑡P

(
𝑡−1𝑉 ∈ E \ [0, 𝑥]

)
= 𝑑E

[
max
𝑗=1,...,𝑑

(Θ𝑗/𝑥 𝑗 )
]
. (3.63)

For fixed 𝑥 ∈ (0,∞)𝑑 , the limit as 𝑡 → ∞ trivially exists. This implies that
𝑉 is multivariate regularly varying as in Section 3.2.1 in the paper; see for
instance [107, Lemma 6.1]. More precisely, 𝑡P(𝑡−1𝑉 ∈ · ) → 𝜈 ( · ) as 𝑡 →∞ in
the spaceM0, where 𝜈 is determined by the right-hand side of the previous
display via the values of 𝜈 (E \ [0, 𝑥]) for 𝑥 ∈ (0,∞)𝑑 .

The angular measure Φ𝑝 determines the exponent measure 𝜈 uniquely via
the relation (3.8) in the paper. It follows by a standard calculation involving
Fubini’s theorem that

𝜈 (E \ [0, 𝑥]) =
∫
S𝑝

max
𝑗=1,...,𝑑

(𝜃 𝑗/𝑥 𝑗 ) dΦ𝑝 (𝜃 ).
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Define a Borel measure Φ′𝑝 on S𝑝 by

Φ′𝑝 (𝐴)
def
= 𝑑P(𝑋 ∈ C𝐴)
= 𝑑P(𝑅∥Θ∥𝑝 > 1, Θ/∥Θ∥𝑝 ∈ 𝐴)
= 𝑑E[∥Θ∥𝑝I{Θ/∥Θ∥𝑝 ∈ 𝐴}]

for Borel sets 𝐴 ⊆ S𝑝 . Recall that Φ𝑝 is considered with respect to a general
𝐿𝑝-norm but Θ is a random vector in the unit simplex, so 0 < ∥Θ∥𝑝 ≤ 1
almost surely since 𝑝 ≥ 1. The last equality follows by conditioning on Θ,
the independence of 𝑅 and Θ, and the assumption that the distribution of 𝑅 is
unit-Pareto. For Borel measurable, nonnegative functions 𝑔 on S𝑝 , we get∫

S𝑝

𝑔(𝜃 ) dΦ′𝑝 (𝜃 ) = 𝑑E[∥Θ∥𝑝 𝑔(Θ/∥Θ∥𝑝)] .

Applying the latter identity to the function𝑔 defined by𝑔(𝜃 ) = max𝑗=1,...,𝑑 (𝜃 𝑗/𝑥 𝑗 )
for some fixed 𝑥 ∈ (0,∞)𝑑 yields∫

S𝑝

max
𝑗=1,...,𝑑

(𝜃 𝑗/𝑥 𝑗 ) dΦ′𝑝 (𝜃 ) = 𝑑E
[
max
𝑗=1,...,𝑑

(Θ𝑗/𝑥 𝑗 )
]
= 𝜈 (E \ [0, 𝑥]) .

We conclude that Φ𝑝 is equal to Φ′𝑝 , as required.
Finally, let 0 < 𝜏 < 1 and let 𝐴 ⊆ S𝜏𝑝 be a Borel set. The cone C𝐴 =

{𝑥 ∈ E : ∥𝑥 ∥𝑝 ≥ 1, 𝑥/∥𝑥 ∥𝑝 ∈ 𝐴} is a subset of (𝜏,∞)𝑑 . The equality (3.63)
together with the inclusion–exclusion formula and the fact that rectangles
form a measure-determining class imply that the measures 𝑡P(𝑡−1𝑉 ∈ · ) and
𝜈 correspond on (𝜏,∞)𝑑 . It follows that

𝑡P(𝑡−1𝑉 ∈ C𝐴) = 𝜈 (C𝐴) = Φ𝑝 (𝐴).
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Abstract

In this chapter, we consider the angular measure in dimension 𝑑 = 2. A
first contribution consists of a functional asymptotic expansion for the
empirical angular measure based on the theory of weak convergence
in the space of bounded functions. From the expansion, not only can
the known asymptotic distribution of the empirical angular measure be
recovered, it also enables to find expansions and weak limits for other
statistics based on the associated empirical process. As an application,
we propose a procedure to test the goodness-of-fit of a parametric model
to the extremal dependence structure of a bivariate random sample. The
test statistic consists of a weighted 𝐿1-Wasserstein distance between
a nonparametric, rank-based estimator of the true angular measure
obtained by maximizing a Euclidean likelihood on the one hand, and
a parametric estimator of the angular measure on the other hand. The
asymptotic distribution of the test statistic under the null hypothesis is
derived and used to obtain critical values for the testing procedure via a
parametric bootstrap. Consistency of the bootstrap algorithm is proved.
A simulation study illustrates the finite-sample performance of the test
for the logistic and Hüsler–Reiss models. We apply the method to test
for the Hüsler–Reiss model in the context of river discharge data.
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4.1 Introduction

In various domains, such as meteorology, finance or engineering, multivariate
extreme events may induce important perturbations of the system of interest,
so that the occurrence probabilities of such events are of main concern. Dan-
gerous combinations of wave heights and still water levels could lead to the
collapse of a dike at a certain point at the coast [33]. The financial portfolio
selection problem involves maximizing the return on investment subject to
risk constraints; if those constraints are expressed in terms of quantities such
as the Value-at-Risk or the Expected Shortfall, tail quantiles of the portfolio
need to be estimated accurately [108]. Floating systems in an offshore envi-
ronment are submitted to natural forces such as wind, waves and currents,
and may be sensible to certain combinations of large values of these forces,
the probabilities of which need to be assessed [95].

Extreme value theory [34, 106] provides a convenient and solid mathemati-
cal framework to answer those questions. In the multivariate case, the classical
assumption is that the random vector of interest 𝑋 = (𝑋1, . . . , 𝑋𝑑 ), with values
in R𝑑 , belongs to the maximum domain of attraction of a multivariate extreme
value distribution. This hypothesis comprises two parts:

1. the marginal distributions of 𝑋 belong to the maximal domains of at-
traction of some univariate extreme value distributions;

2. after marginal transformation, through the probability integral trans-
form or a variation thereof, the joint distribution of the transformed
vector belongs to the maximal domain of attraction of a multivariate
extreme value distribution with pre-specified margins.

Under the side assumption that the marginal cumulative distribution functions
of 𝑋 are continuous, which we make in this paper, point 2 above only involves
the copula of 𝑋 in view of Sklar’s theorem. Point 2 can be imposed on its own,
that is, independently of the assumptions on the margins in point 1, and this
is what we will do in this paper.

Angularmeasure. Themultivariate extreme value distribution to which the
distribution in point 2 is attracted is fully determined by an angular measure,
denoted here by Φ, which is a measure on the intersection between the positive
orthant [0,∞)𝑑 with the unit sphere with respect to a given norm. This
measure, originally called spectral measure in [36], describes the first-order
dependence structure of joint extremes of 𝑋 and is rooted in the theory of
multivariate regular variation [106, Chapter 5].

Inference on the angular measure plays a major role in various problems
related to extremes. Without being exhaustive, we mention the following
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examples: estimating the probability of a failure set [33, 37], estimating extreme
quantile regions [40], anomaly detection [59], approximating conditional
densities of an element of a random vector given that the others are large [28],
and binary classification in extreme regions [76].

For a given dimension 𝑑 , the collection of all angular measures does not
form a parametric family. Hence, a natural way to reduce the complexity of
the inference problem is to assume a parametric form for Φ. Many models
have been proposed, sometimes expressed in terms of other objects, such as
the stable tail dependence function: the original bivariate logistic model [64],
the asymmetric bivariate logistic model [119], the tilted Dirichlet model [26],
the pairwise beta model [27], the Hüsler–Reiss model [70, 52], among others.
For conclusions within the proposed models to be reliable, the parametric
assumption has to be tested itself.

Empirical angularmeasure. Due to themarginal transformation explained
in point 2. above, the empirical estimation of the angular measure leads to a
rank based procedure [42]. Statistical guarantees on the resulting estimator
are therefore much more complicated to obtain. Finite sample results have
derived only recently in [25], see also Chapter 3 of this work. Asymptotically,
the functional asymptotic distribution has only been obtained for 𝑑 = 2 and
every 𝐿𝑝-norm for 𝑝 ∈ [1,∞] in [47].

In this paper, we propose a slight extension of the asymptotic result in the
case 𝑑 = 2 by providing an asymptotic functional expansion of the process
associated with the estimator. This result is very helpful in obtaining the
asymptotic distribution of any statistic based on this process, among which,
the test statistic associated with the goodness-of-fit procedure introduced
below. Moreover, the tools used to obtain the expansion are not exactly the
same as the ones used in the original proof in [47]. In particular, we avoided
complex probabilistic constructions involving the Skorokhod’s representation
theorem on complex probability spaces but rather directly rely on the weak
convergence theory exposed, for example, in [122].

Testing parametric models for extremal dependence. Goodness-of-fit
tests for parametric models of the tail dependence structure have already been
proposed in the literature. A test based on a weighted 𝐿2-distance between the
tail empirical copula and the estimated copula under the postulated model with
estimation of the parameter performed by censored likelihood maximization
and critical values computed on the basis of parametric bootstrap is studied
in [35]. In a similar way, the limiting distribution of a test statistic consisting
of a 𝐿2-distance between the empirical stable tail dependence function and a
parametric estimator with parameter estimation performed by the method of
moments is derived in [44]; computation of critical values is not considered,
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however. Another 𝐿2-distance type of statistic based on the tail copula is
considered in [10] with parameter under the null estimated via a minimum
distance method and critical values computed on the basis of a multiplier
bootstrap. A different approach is proposed in [22] where authors develop
asymptotically distribution-free tests based on various distances between a
semi-parametric estimator of the tail copula and the estimated tail copula under
the postulated model. Critical values are computed by simulating directly
from limit law of the test statistic, which is distribution-free, that is, does not
depend on unknown quantities. The computation of the test statistic itself is
more involved.

In this paper, we propose a new test based on the angular measure directly.
Our nonparametric estimator is a variation on the empirical angular measure,
on which certain moment constraints are enforced by means of a Euclidean
empirical likelihood in the spirit of [32], an idea going back to [99]. The dis-
crepancy between this nonparametric estimator and the one estimated within
the parametric model is quantified by a weighted version of the 𝐿1-Wasserstein
distance coming from optimal transport [126, 127]. The Wasserstein distance
has a long history in hypothesis testing in the non-extreme setting, especially
in the one-dimensional situation where it admits an explicit representation,
see, e.g., the survey paper [100] for a review of its main statistical applications.
Working with bivariate extremes, the angular measure is defined on a one-
dimensional space, so that we may use the explicit formula to compute our
test statistic. We derive its limiting distribution under the null hypothesis and
propose a consistent method to estimate the associated critical values.

Extension to higher dimensions is far from trivial as the limit distribution
of the empirical angular measure is not known in higher dimension. However,
in the application in Section 4.6, we apply the test to several pairs of variables
at once, correcting the 𝑝-values in order to account for the multiple hypothesis
problem.

Outline. In Section 4.2, we describe the underlying mathematical framework
and introduce the maximum empirical Euclidean likelihood estimator of the
angular measure. The asymptotic expansion of the empirical angular measure
(and the one of the maximum empirical Euclidean likelihood estimator) is
provided in Section 4.3, which also contains results on (weighted) univariate
and multivariate tail empirical processes (Propositions 4.3.1 and 4.3.2). The
goodness-of-fit test is formalized in Section 4.4: Theorem 4.4.2 states the
asymptotic distribution of the test statistic under general conditions on the
estimator of the unknown model parameters, and Theorem 4.4.3 ensures
that the critical values can be estimated consistently from the asymptotic
distribution of the test statistic at the estimated parameter values. The finite-
sample performance of the novel procedure is evaluated in Section 4.5 for
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the logistic and the Hüsler–Reiss models, with favorable comparisons to the
methods proposed in [35] and [22]. Finally, the goodness-of-fit of the Hüsler–
Reiss model is tested for pairwise extremes of river discharge data in the
Danube network in Section 4.6. Section 4.7 concludes the paper. All proofs
are relegated to the appendices.

4.2 Regular variation and the angular measure

4.2.1 Regular variation

Let 𝐹1 and 𝐹2 denote the marginal cumulative distribution functions of 𝑋1
and 𝑋2, respectively, assumed to be continuous. As in [42, 47], our working
hypothesis is that the distribution of the standardized random vector

𝑈 = (𝑈1,𝑈2)
def
= (1 − 𝐹1(𝑋1), 1 − 𝐹2(𝑋2))

is regularly varying inM∞(E−1), where E
def
= [0,∞)2 and E−1 def

= {(𝑥−11 , 𝑥−12 ) :
(𝑥1, 𝑥2) ∈ E}, in the sense that there exists a measure Λ ∈ M∞(E−1) such that

𝑡−1 P (𝑈 ∈ 𝑡 ·)
M∞ (E−1)−−−−−−−→ Λ, as 𝑡 → 0. (4.1)

The spaceM∞(E−1) consists of measures on (the Borel sets of) E−1 \ {(∞,∞)}
which are bounded for Borel set bounded away from the point (∞,∞). This is
equivalent to

lim
𝑡→0

𝑡−1 P (𝑈 ∈ 𝑡𝐵) = Λ(𝐵), (4.2)

for any Borel set 𝐵 ⊂ E−1 bounded away from (∞,∞) and with Λ(𝜕𝐵) = 0 [74].

Remark 4.2.1 (Link with the exponent measure). Usually, multivariate regular
variation is expressed through the standardized vector

𝑉 = (𝑉1,𝑉2)
def
=

(
1

1 − 𝐹1(𝑋1)
,

1
1 − 𝐹2(𝑋2)

)
with Pareto margins instead of uniform ones, and the convergence takes place
inM0(E) instead. The limiting measure obtained through this standardization
is often denoted by 𝜈 and is referred to as the exponent measure. Here, we
work with Λ for convenience, but it is clear that both measures are linked by
the one-to-one relation

𝜈 = Λ ◦ 𝜄−1 and Λ = 𝜈 ◦ 𝜄, (4.3)

where 𝜄 : (𝑥1, 𝑥2) ∈ E ↦→ 𝜄 (𝑥1, 𝑥2)
def
= (𝑥−11 , 𝑥−12 ) ∈ E−1 is the inverse map.

Below, we list some properties of the measure Λ which will be useful later:
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■ Λ has Lebesgue margins: for any 0 ≤ 𝑢 < ∞,

Λ( [0, 𝑢] × [0,∞]) = Λ( [0,∞] × [0, 𝑢]) = 𝑢. (4.4)

■ Λ is homogeneous: for any 𝑐 > 0 and any Borel set 𝐵 ⊂ E,

Λ(𝑐𝐵) = 𝑐Λ(𝐵) . (4.5)

4.2.2 Angular measure

The angular measure is a finite measure derived from the exponent measure
and with support contained in the intersection of the unit sphere and the
positive orthant [0,∞)2. Even though the angular measure can be defined
with respect to any norm, we will only consider 𝐿𝑝-norms, the ones most used
in practice, which are defined, for 𝑝 ∈ [1,∞] and 𝑥 = (𝑥1, 𝑥2) ∈ R2, by

∥𝑥 ∥𝑝
def
=

{
( |𝑥1 |𝑝 + |𝑥2 |𝑝)1/𝑝 if 1 ≤ 𝑝 < ∞,
max(𝑥1, 𝑥2) if 𝑝 = ∞.

(4.6)

For 𝑝 ∈ [1,∞], we will let Φ𝑝 denote the angular measure associated to
the measure Λ in (4.1), defined on any Borel set 𝐴 ⊂ [0, 𝜋/2] by

Φ𝑝 (𝐴)
def
= Λ

(
{(𝑥1, 𝑥2) ∈ E−1 : ∥(𝑥−11 , 𝑥−12 )∥𝑝 ≥ 1, arctan(𝑥2/𝑥1) ∈ 𝐴}

)
. (4.7)

The inverses appearing in the radial component come from the fact that Φ𝑝
is usually defined in terms of 𝜈 in (4.3) rather than Λ. If, for 𝜃 ∈ [0, 𝜋/2], we
introduce the sets

𝐶𝑝,𝜃
def
=


( [0,∞] × {0}) ∪ ({∞} × [0, 1]) if 𝜃 = 0,{
(𝑥,𝑦) : 0 ≤ 𝑥 ≤ ∞, 0 ≤ 𝑦 ≤ min{𝑥 tan𝜃,𝑦𝑝 (𝑥)}

}
if 0 < 𝜃 < 𝜋/2,{

(𝑥,𝑦) : 0 ≤ 𝑥 ≤ ∞, 0 ≤ 𝑦 ≤ 𝑦𝑝 (𝑥)
}

if 𝜃 = 𝜋/2,
(4.8)

where

𝑦𝑝 (𝑥)
def
=


∞ if 𝑥 ∈ [0, 1),(
1 + 1

𝑥𝑝−1
)1/𝑝 if 𝑥 ∈ [1,∞] and 𝑝 ∈ [1,∞),

1 if 𝑥 ∈ [1,∞] and 𝑝 = ∞,

then it follows that

Φ𝑝 (𝜃 )
def
= Φ𝑝 ( [0, 𝜃 ]) = Λ(𝐶𝑝,𝜃 ) .

For𝑥 ≥ 1,𝑦𝑝 (𝑥) is the smallest value of𝑦 ≥ 1 solving the equation ∥(𝑥−1, 𝑦−1)∥𝑝 =

1, while 𝑥 tan𝜃 < 𝑦𝑝 (𝑥) if and only if 𝑥 < 𝑥𝑝 (𝜃 )
def
= ∥(1, cot𝜃 )∥𝑝 . We illustrate

and relate these quantities in Figure 4.1 in case 𝑝 = 1 and 0 < 𝜃 < 𝜋/2.
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𝑥

𝑦

1

1

0

𝑦 = 𝑥 tan𝜃

𝑦 = 𝑦𝑝 (𝑥)

𝐶𝑝,𝜃

𝑥𝑝 (𝜃 )
𝜃

Figure 4.1: The set𝐶𝑝,𝜃 in (4.8) and related quantities for 𝑝 = 1 and 0 < 𝜃 < 𝜋/2.

The Lebesgue margins of Λ in (4.4) imply constraints on Φ𝑝 : necessarily,
we must have∫ 𝜋/2

0

sin𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

dΦ𝑝 (𝜃 ) = 1 =
∫ 𝜋/2

0

cos𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

dΦ𝑝 (𝜃 ) . (4.9)

It will be convenient to work with the angular probability measure 𝑄𝑝 defined
for Borel sets 𝐴 ⊂ [0, 𝜋/2] by

𝑄𝑝 (𝐴)
def
=

Φ𝑝 (𝐴)
Φ𝑝 ( [0, 𝜋/2])

, (4.10)

for which the marginal constraints (4.9) become∫ 𝜋/2

0

sin𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

d𝑄𝑝 (𝜃 ) =
∫ 𝜋/2

0

cos𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

d𝑄𝑝 (𝜃 ), (4.11)

the common value being equal to𝑚(𝑄𝑝)
def
= Φ𝑝 ( [0, 𝜋/2])−1.

4.2.3 Maximum empirical Euclidean likelihood estimator

Given is an independent random sample {(𝑋𝑖1, 𝑋𝑖2) : 𝑖 = 1, . . . , 𝑛} with the
same distribution as (𝑋1, 𝑋2). We would like to obtain a nonparametric esti-
mator of Φ𝑝 or, equivalently, 𝑄𝑝 .

One way to proceed is to observe that, by (4.2) and (4.7), for any Borel set
𝐴 ⊂ [0, 𝜋/2] whose topological boundary is a Φ𝑝-null set, we have, writing
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𝐹 𝑗
def
= 1 − 𝐹 𝑗 ,

Φ𝑝 (𝐴) = lim
𝑡→0

𝑡−1P

[



( 1
𝐹 1(𝑋1)

,
1

𝐹 2(𝑋2)

)




𝑝

≥ 𝑡−1, arctan
{
𝐹 2(𝑋2)
𝐹 1(𝑋1)

}
∈ 𝐴

]
.

Let 𝑘 = 𝑘 (𝑛) be such that 𝑘 → ∞ and 𝑘/𝑛 → 0 as 𝑛 → ∞. Replacing 𝑡 by
𝑘/𝑛 and the law of (𝑋1, 𝑋2) by its empirical counterpart on the sample, and
estimating the marginal distribution functions by 𝐹 𝑗 (𝑥 𝑗 )

def
= 𝑛−1

∑𝑛
𝑖=1 I{𝑋𝑖 𝑗 <

𝑥 𝑗 } with survival functions 𝐹̂ 𝑗
def
= 1 − 𝐹 𝑗 for 𝑗 = 1, 2, leads to the empirical

angular measure with distribution function

Φ̂𝑝 (𝜃 )
def
=

1
𝑘

𝑛∑︁
𝑖=1
I








(

1

𝐹̂ 1(𝑋𝑖1)
,

1

𝐹̂ 2(𝑋𝑖2)

)





𝑝

≥ 𝑛
𝑘
, arctan

{
𝐹̂ 2(𝑋𝑖2)

𝐹̂ 1(𝑋𝑖1)

}
≤ 𝜃


=

1
𝑘

𝑛∑︁
𝑖=1
I
{
(𝑛 + 1 − 𝑅𝑖1)−𝑝 + (𝑛 + 1 − 𝑅𝑖2)−𝑝 ≥ 𝑘−𝑝 ,

𝑛 + 1 − 𝑅𝑖2
𝑛 + 1 − 𝑅𝑖1

≤ tan𝜃
}
, (4.12)

for 𝜃 ∈ [0, 𝜋/2]; here, 𝑅𝑖 𝑗 denotes the rank of 𝑋𝑖 𝑗 in the marginal sample
𝑋1𝑗 , . . . , 𝑋𝑛𝑗 .

The estimator Φ̂𝑝 is not guaranteed to satisfy the marginal constraints (4.9)
and is therefore not a true angular measure itself. One solution is to enforce the
constraints by maximizing an empirical Euclidean likelihood as done in [32]
for the case 𝑝 = 1. In particular, they show that this procedure improves
finite-sample performance of the estimator. Here, we extend their approach to
the general case 𝑝 ∈ [1,∞] to make use of the resulting estimator in our test.

Let

𝐾
def
=

𝑛∑︁
𝑖=1
I








(

1

𝐹̂ 1(𝑋𝑖1)
,

1

𝐹̂ 2(𝑋𝑖2)

)





𝑝

≥ 𝑛
𝑘


be the (random) number of data points exceeding 𝑛/𝑘 on the Pareto scale and
denote these points by (𝑋𝑖 𝑗 ,1, 𝑋𝑖 𝑗 ,2) for 𝑗 ∈ {1, . . . , 𝐾}. The collection of angles
associated to those points is

𝜃 𝑗
def
= arctan


𝐹̂ 2(𝑋𝑖 𝑗 ,2)

𝐹̂ 1(𝑋𝑖 𝑗 ,1)

 , 𝑗 ∈ {1, . . . , 𝐾}. (4.13)

It is then easily seen from (4.12) that for any 𝜃 ∈ [0, 𝜋/2],

𝑄𝑝 (𝜃 )
def
=

Φ̂𝑝 (𝜃 )
Φ̂𝑝 (𝜋/2)

=

𝐾∑︁
𝑗=1

𝐾−1I{𝜃 𝑗 ≤ 𝜃 }.
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Following the footsteps of [32], we suggest to modify this estimator by intro-
ducing the maximum (empirical) Euclidean likelihood estimator

𝑄𝑝 (𝜃 )
def
=

𝐾∑︁
𝑗=1

𝑝 𝑗 I
{
𝜃 𝑗 ≤ 𝜃

}
, 𝜃 ∈ [0, 𝜋/2], (4.14)

with 𝜃 𝑗 as in (4.13) and where 𝑝 = (𝑝1, . . . , 𝑝𝐾 ) is the solution of the optimiza-
tion problem

min
𝑝∈R𝐾

1
2

𝐾∑︁
𝑗=1
(𝐾𝑝 𝑗 − 1)2 (4.15)

under the constraints {∑𝐾
𝑗=1 𝑝 𝑗 = 1,∑𝐾
𝑗=1 𝑝 𝑗 𝑓 (𝜃 𝑗 ) = 0,

where we wrote

𝑓 (𝜃 ) def= sin𝜃 − cos𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

, 𝜃 ∈ [0, 𝜋/2] . (4.16)

The constraints ensure that the estimated measure has total mass equal to
one and that (4.11) is satisfied. The objective function in (4.15) is a second-order
approximation to a negative empirical log-likelihood known as an empirical
Euclidean log-likelihood [99], in view of the use of the Euclidean distance
between the probability mass vector (𝑝1, . . . , 𝑝𝐾 ) and the uniform distribution
(1/𝐾, . . . , 1/𝐾). The above optimization problem can be solved by the method
of Lagrange multipliers, with solution

𝑝 𝑗
def
=

1
𝐾

1 −
𝑓
𝜃

𝜎2
𝑓
𝜃

(
𝑓 (𝜃 𝑗 ) − 𝑓𝜃

) , 𝑗 ∈ {1, . . . , 𝐾},

where we used the notation

𝑓
𝜃

def
=

1
𝐾

𝐾∑︁
𝑗=1

𝑓 (𝜃 𝑗 ) and 𝜎2
𝑓
𝜃

def
=

1
𝐾

𝐾∑︁
𝑗=1

(
𝑓 (𝜃 𝑗 ) − 𝑓𝜃

)2
.

Note that the weights 𝑝 𝑗 may be negative, but that the set on which this
happens has probability tending to zero, see [32, page 5]. This follows from
the facts that

𝑓
𝜃

P−→ 𝜇𝑄𝑝 (𝑓 ) = 0 and 𝜎2
𝑓
𝜃

P−→ 𝜎2𝑄𝑝 (𝑓 ) > 0

as𝑛 →∞, where we used the notation in (4.30), together with
���𝑓 (𝜃 𝑗 ) − 𝑓𝜃 ��� ≤ 2.
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4.3 Asymptotic functional expansion of the empirical angular
measure

The asymptotic distribution of the empirical process{√
𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝 (𝜃 )

)
: 𝜃 ∈ [0, 𝜋/2]

}
(4.17)

associated to the maximum Euclidean likelihood estimator derived in the
previous section can be obtained on the basis of the one of the process

√
𝑘 (Φ̂𝑝−

Φ𝑝) associated to the empirical angular measure. The latter was analysed
in [42] for the case 𝑝 = ∞ and in [47] for general 𝑝 ∈ [1,∞].

Here, as we are interested in using the estimator 𝑄𝑝 in a goodness-of-fit
problem, our aim is to obtain a slightly stronger result than the asymptotic
distribution and consider a functional asymptotic expansion instead. We start
by stating two general weak convergence results which may be of independent
interest and then state our main results of this section.

4.3.1 Weak convergence of tail empirical processes

Here and below, weak convergence of probability measures in metric spaces
will be denoted by

L→. Let ℓ∞(F ) denote the Banach space of bounded func-
tions from a set F to R, equipped with the supremum norm.

Proposition 4.3.1 (Weak convergence of the tail empirical process). LetA be a
suitably measurable [122, Definition 2.3.3] Vapnik–Chervonenkis (VC) class [123]
of Borel sets on [0,∞)𝑑 , for some integer 𝑑 ≥ 1, such that there exists𝑀 > 0 with

𝐴 ⊆ 𝐿𝑀
def
= {𝑥 ∈ [0,∞)𝑑 : min(𝑥1, . . . , 𝑥𝑑 ) ≤ 𝑀}, ∀𝐴 ∈ A .

Let 𝑃 be a Borel probability measure on [0, 1]𝑑 with uniform margins such that
there exists a measure Λ inM∞

(
(0,∞]𝑑 \ {(∞, . . . ,∞)}

)
satisfying

lim
𝑡→0

��𝑡−1𝑃 (𝑡𝐵) − Λ(𝐵)�� = 0,

for any Borel set bounded away from infinity with Λ(𝜕𝐵) = 0, and

lim
𝑡→0

sup
𝐴,𝐴′∈A

��𝑡−1𝑃 (𝑡 (𝐴 △𝐴′)) − Λ(𝐴 △𝐴′)�� = 0. (4.18)

Let 𝑃𝑛 be the empirical measure of an i.i.d. random sample of size 𝑛 ∈ N from 𝑃 .
Let 𝑘 = 𝑘 (𝑛) ∈ N be such that 𝑘 →∞ and 𝑘 = o(𝑛) as 𝑛 →∞.

Then, in ℓ∞(A),(
𝑊𝑛,𝑘 (𝐴)

def
=
√
𝑘

{
𝑛
𝑘
𝑃𝑛

(
𝑘
𝑛
𝐴

)
− 𝑛
𝑘
𝑃

(
𝑘
𝑛
𝐴

)})
𝐴∈A

L→ (𝑊Λ(𝐴))𝐴∈A , (4.19)
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where𝑊Λ is a tight, centred Gaussian process on A with covariance function
E[𝑊Λ(𝐴)𝑊Λ(𝐴′)] = Λ(𝐴 ∩𝐴′).

Moreover, the process𝑊𝑛,𝑘 is asymptotically equicontinuous in probability

with respect to the semi-metric 𝜌 (𝐴,𝐴′) def= Λ(𝐴 △𝐴′), i.e., for all 𝜖 > 0,

lim
𝛿↓0

lim sup
𝑛→∞

P∗
[

sup
𝐴,𝐴′∈A,𝜌 (𝐴,𝐴′)<𝛿

��𝑊𝑛,𝑘 (𝐴) −𝑊𝑛,𝑘 (𝐴′)
�� > 𝜖] = 0. (4.20)

Proposition 4.3.2 (Weighted weak convergence of tail marginal empirical
processes). Let 𝑈1, . . . ,𝑈𝑛 denote uniformly distributed random variables on
[0, 1]. Let

Γ𝑛 (𝑢)
def
=

{
1
𝑛

∑𝑛
𝑖=1 I{𝑈𝑖 ≤ 𝑢} if 𝑢 ∈ [0, 1]

𝑢 if 𝑢 > 1

denote the associated (modified) empirical cumulative distribution function and
let

𝑄𝑛 (𝑢)
def
=

{
inf {𝑥 ≥ 0 : Γ𝑛 (𝑥) ≥ 𝑢} if 𝑢 > (2𝑛)−1,
0 if 0 ≤ 𝑢 ≤ (2𝑛)−1.

be the (modified) left-continuous inverse of Γ𝑛 . For 𝑥 ≥ 0, consider the processes

𝑤𝑛 (𝑥)
def
=
√
𝑘

(
𝑛
𝑘
Γ𝑛 ( 𝑘𝑛𝑥) − 𝑥

)
and 𝑣𝑛 (𝑥)

def
=
√
𝑘

(
𝑛
𝑘
𝑄𝑛 ( 𝑘𝑛𝑥) − 𝑥

)
.

Let 𝑤 : 𝑥 ∈ (0,∞) ↦→ 𝑤 (𝑥) def
= 1/(𝑥𝛿 ∨ 𝑥𝜂) with 0 < 𝛿 < 1/2 < 𝜂 and set

𝑤 (0) def= 0. In ℓ∞( [0,∞)), we have

{𝑤𝑛 (𝑥)𝑤 (𝑥) : 𝑥 ∈ [0,∞)}
L→

{
𝑊𝑗 (𝑥)𝑤 (𝑥) : 𝑥 ∈ [0,∞)

}
, (4.21)

as 𝑛 →∞. Furthermore, for any𝑀 > 1,

sup
𝑥 ∈[0,𝑀 ]

|𝑣𝑛 (𝑥) +𝑤𝑛 (𝑥) |
𝑥𝛿

= oP(1) . (4.22)

The proofs of these results are to be found in Appendix 4.A.

4.3.2 Asymptotic expansions

Propositions 4.3.1 and 4.3.2 will form the technical basis to deliver the expan-
sion of the process in (4.17). We need some technical assumptions to apply
these results in our context.

Assumption 4.3.1. The measure Λ is absolutely continuous with respect to the
Lebesgue measure on (0,∞)2 with density 𝜆 which admits a continuous extension
on [0,∞)2 \ {(0, 0)}. Furthermore, Λ({∞} × [0, 1]) = Λ( [0, 1] × {∞}) = 0.
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Assumption 4.3.1 implies that Φ𝑝 is concentrated on (0, 𝜋/2), thereby ex-
cluding asymptotic independence. Indeed, a calculation shows that Φ𝑝 ({0}) =
Λ({∞} × [0, 1]) and Φ𝑝 ({𝜋/2}) = Λ( [0, 1] × {∞}), both of which are zero
by Assumption 4.3.1. It also implies that the map 𝜃 ∈ (0, 𝜋/2) ↦→ Φ𝑝 (𝜃 ) has
a continuous derivative 𝜑𝑝 on (0, 𝜋/2). In particular, 𝜆 and 𝜑𝑝 are related
through the following expression: for every 𝑥,𝑦 > 0,

𝜆(𝑥,𝑦) = 𝑥𝑦

𝑥2 + 𝑦2 ∥(𝑥,𝑦)∥
−1
𝑝 𝜑𝑝 (arctan(𝑦/𝑥)) . (4.23)

The proof of this identity can be found in Appendix 4.B. Note that rela-
tion (4.23) implies

𝜆(𝑎𝑥, 𝑎𝑦) = 𝑎−1𝜆(𝑥,𝑦), 𝑎 > 0, (𝑥,𝑦) ∈ [0,∞)2 \ {(0, 0)}. (4.24)

Evaluating expression (4.23) at (𝑥,𝑦) = (cos𝜃, sin𝜃 ) for 𝜃 ∈ (0/𝜋/2) leads to
the useful formula

𝜑𝑝 (𝜃 ) =
∥(cos𝜃, sin𝜃 )∥𝑝

cos𝜃 sin𝜃
𝜆(cos𝜃, sin𝜃 ). (4.25)

Assumption 4.3.2. If 𝑐 denotes the density of 𝑈 = (1 − 𝐹1(𝑋1), 1 − 𝐹2(𝑋2)),
the quantity

D𝑇 (𝑡)
def
=

∬
L𝑇
|𝑡𝑐 (𝑡𝑢1, 𝑡𝑢2) − 𝜆(𝑢1, 𝑢2) | d𝑢1d𝑢2, 1 ≤ 𝑇 < ∞, 𝑡 > 0,

where L𝑇
def
= {(𝑢1, 𝑢2) ∈ [0,𝑇 ]2 : 𝑢1 ∧ 𝑢2 ≤ 1}, satisfies D1/𝑡 (𝑡) = O(𝑡𝛼1) and

for any 𝑝 ∈ [1,∞],

Φ𝑝 (𝑡) = O(𝑡𝛼2) and Φ𝑝
(
𝜋
2
)
− Φ𝑝

(
𝜋
2 − 𝑡

)
= O(𝑡𝛼3)

for some 𝛼1, 𝛼2, 𝛼3 > 0 as 𝑡 → 0 (it is easy to show that they can be taken
independently of 𝑝). Furthermore,

𝑘 = o
(
𝑛

2𝛼
2𝛼+1

)
, where 𝛼 def

= min{𝛼1, 𝛼2, 𝛼3}.

Note in particular that under Assumption 4.3.2,

lim
𝑛→∞

√
𝑘 D𝑛/𝑘 (𝑘/𝑛)

lim
𝑛→∞

√
𝑘 Φ𝑝

(
𝑘
𝑛

)
lim
𝑛→∞

√
𝑘

{
Φ𝑝

(
𝜋
2
)
− Φ𝑝

(
𝜋
2 −

𝑘
𝑛

)}

= 0.
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Assumption 4.3.2 will be key to control the difference between Φ𝑝 (𝜃 ) =
Λ(𝐶𝑝,𝜃 ) and its preasymptotic version 𝑠𝑃 (𝑠−1𝐶𝑝,𝜃 ) for 𝑠 > 0 large. In particular,
note that the sets of interest 𝐶𝑝,𝜃 are not included in L𝑇 even for large 𝑇 .
However, thanks to some homogeneity property of 𝜆 in (4.24), we will be able
to cover 𝐶𝑝,𝜃 by a set on which the bias vanishes asymptotically thanks to
the first part of the assumption and a tail set whose measure will be small by
the second part of the assumption. Details are provided in the proof of our
asymptotic expansion.

We are now ready to formulate Theorem 2 in [84], and, consequently,
Theorem 3.1 in [47].

Theorem 4.3.1. Let 𝑃 be the law of 𝑈 = (1 − 𝐹1(𝑋1), 1 − 𝐹2(𝑋2)) and let 𝑃𝑛
denote the empirical measure of an independent sample 𝑈1, . . . ,𝑈𝑛 from the
law of 𝑈 . For 𝑗 ∈ {1, 2} and 𝑢 ∈ [0, 1], let the associated marginal empirical

cumulative distribution functions be denoted by Γ𝑗𝑛 (𝑢)
def
= 𝑛−1

∑𝑛
𝑖=1 I{𝑈𝑖 𝑗 ≤ 𝑢}.

We set Γ𝑗𝑛 (𝑢)
def
= 𝑢 for 𝑢 > 1. Let 𝑄 𝑗𝑛

def
= inf{𝑥 ≥ 0 : Γ𝑗𝑛 (𝑥) ≥ 𝑢} denote the

quantile function associated to Γ𝑗𝑛 and set 𝑄 𝑗𝑛 (𝑦)
def
= 0 for 0 ≤ 𝑦 ≤ (2𝑛)−1.

Define the tail marginal empirical processes

𝑤 𝑗𝑛 (𝑥)
def
=
√
𝑘

{
𝑛
𝑘
Γ𝑗𝑛 ( 𝑘𝑛𝑥) − 𝑥

}
and 𝑣 𝑗𝑛 (𝑥)

def
=
√
𝑘

{
𝑛
𝑘
𝑄 𝑗𝑛 ( 𝑘𝑛𝑥) − 𝑥

}
,

for 𝑗 ∈ {1, 2} and 𝑥 ≥ 0. Under Assumptions 4.3.1 and 4.3.2, we have for any
𝑝 ∈ [1,∞]

sup
𝜃 ∈[0,𝜋/2]

���√𝑘 (
Φ̂𝑝 (𝜃 ) − Φ𝑝 (𝜃 )

)
− 𝐸𝑛,𝑝 (𝜃 )

��� = oP(1),

as 𝑛 →∞, where

𝐸𝑛,𝑝 (𝜃 )
def
=
√
𝑘

{
𝑛
𝑘
𝑃𝑛

(
𝑘
𝑛
𝐶𝑝,𝜃

)
− 𝑛
𝑘
𝑃

(
𝑘
𝑛
𝐶𝑝,𝜃

)}
+

∫ 𝑥𝑝 (𝜃 )

0
𝜆(𝑥, 𝑥 tan𝜃 ) {𝑤1𝑛 (𝑥) tan𝜃 −𝑤2𝑛 (𝑥 tan𝜃 )} d𝑥

+

∫ ∞
𝑥𝑝 (𝜃 )

𝜆(𝑥,𝑦𝑝 (𝑥))
{
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛

(
𝑦𝑝 (𝑥)

)}
d𝑥 if 𝑝 < ∞,

−𝑤1𝑛 (1)
∫ 1∨tan𝜃
1 𝜆(1, 𝑦)d𝑦 −𝑤2𝑛 (1)

∫ ∞
1∨cot𝜃 𝜆(𝑥, 1)d𝑥 if 𝑝 = ∞.

The proof is deferred to Appendix 4.C.
Let𝑊Λ be a tight centered Wiener process indexed by Borel sets on E with

covariance function E[𝑊Λ(𝐶)𝑊Λ(𝐶 ′)] = Λ(𝐶 ∩𝐶 ′). As explained in the proof
of Theorem 4.3.1, it is possible to obtain the joint weak convergence (in the
space ℓ∞( [0, 𝜋/2]) × ℓ∞( [0,∞))2)(√

𝑘{𝑛
𝑘
𝑃𝑛 ( 𝑘𝑛𝐶𝑝,·) −

𝑛
𝑘
𝑃 ( 𝑘

𝑛
𝐶𝑝,·)},𝑤1𝑛 (·)𝑤 (·),𝑤2𝑛 (·)𝑤 (·)

)
L→

(
𝑊Λ(𝐶𝑝,·),𝑊1(·)𝑤 (·),𝑊2(·)𝑤 (·)

)
,
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from Propositions 4.3.1 and 4.3.2. Therefore, writing 𝑤 𝑗𝑛 = 𝑤 𝑗𝑛𝑤
1
𝑤

and
noting that the integrals

∫ 𝑥𝑝 (𝜃 )
0 𝜆(𝑥, 𝑥 tan𝜃 ) 1

𝑤 (𝑥) d𝑥 and so on are finite, the

continuous mapping theorem then yields 𝐸𝑛,𝑝
L→ 𝛼𝑝 in ℓ∞( [0, 𝜋/2]) where

𝛼𝑝 (𝜃 )
def
= 𝑊Λ(𝐶𝑝,𝜃 ) + 𝑍𝑝 (𝜃 ) for 𝜃 ∈ [0, 𝜋/2] with

𝑍𝑝 (𝜃 )
def
=

∫ 𝑥𝑝 (𝜃 )

0
𝜆(𝑥, 𝑥 tan𝜃 ) [𝑊1(𝑥) tan𝜃 −𝑊2(𝑥 tan𝜃 )] d𝑥

+

∫ ∞
𝑥𝑝 (𝜃 )

𝜆(𝑥,𝑦𝑝 (𝑥))
[
𝑊1(𝑥)𝑦 ′𝑝 (𝑥) −𝑊2(𝑦𝑝 (𝑥))

]
d𝑥 if 𝑝 < ∞,

−𝑊1(1)
∫ 1∨tan𝜃
1 𝜆(1, 𝑦) d𝑦 −𝑊2(1)

∫ ∞
1∨cot𝜃 𝜆(𝑥, 1) d𝑥 if 𝑝 = ∞,

with 𝑦 ′𝑝 the derivative of 𝑦𝑝 and with 𝑊1(𝑥)
def
= 𝑊Λ((0, 𝑥] × (0,∞]) and

𝑊2(𝑦)
def
= 𝑊Λ((0,∞] × (0, 𝑦]) the marginal processes. We therefore recover

the main result of [47].
Based on Theorem 4.3.1, a simple application of Slutsky’s Lemma permits

to obtain an expansion of the process associated to the empirical angular
probability measure. Some computations lead to

sup
𝜃 ∈[0,𝜋/2]

���√𝑘 (
𝑄𝑝 (𝜃 ) −𝑄𝑝 (𝜃 )

)
− 𝐸𝑄𝑛,𝑝 (𝜃 )

��� = oP(1), (4.26)

where

𝐸
𝑄
𝑛,𝑝 (𝜃 )

def
=
𝐸𝑛,𝑝 (𝜃 )Φ𝑝 ( 𝜋2 ) − Φ𝑝 (𝜃 )𝐸𝑛,𝑝 (

𝜋
2 )

Φ𝑝 ( 𝜋2 )2
, 𝜃 ∈ [0, 𝜋/2] . (4.27)

Consequently, we get weak convergence in ℓ∞( [0, 𝜋/2]),{√
𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝 (𝜃 )

)}
𝜃 ∈[0,𝜋/2]

L→
{
𝛽𝑝 (𝜃 )

def
=
𝛼𝑝 (𝜃 )Φ𝑝 ( 𝜋2 ) − Φ𝑝 (𝜃 )𝛼𝑝 (

𝜋
2 )

Φ𝑝 ( 𝜋2 )2

}
𝜃 ∈[0,𝜋/2]

. (4.28)

Let Ψ : 𝐷Ψ ⊂ ℓ∞( [0, 𝜋/2]) → ℓ∞( [0, 𝜋/2]) be the map defined for each
element 𝐹 ∈ 𝐷Ψ, the set of cumulative distribution functions of non-degenerate
probability measures on [0, 𝜋/2], by

(Ψ(𝐹 )) (𝜃 ) def= 𝐹 (𝜃 ) − 𝜇𝐹 (𝑓 )
𝜎2
𝐹
(𝑓 )

∫ 𝜃

0
(𝑓 (𝜓 ) − 𝜇𝐹 (𝑓 )) d𝐹 (𝜓 ), (4.29)

where

𝜇𝐹 (𝑓 )
def
=

∫ 𝜋/2

0
𝑓 (𝜓 )d𝐹 (𝜓 ) and 𝜎2𝐹 (𝑓 )

def
=

∫ 𝜋/2

0
(𝑓 (𝜓 ) − 𝜇𝐹 (𝑓 ))2 d𝐹 (𝜓 ),

(4.30)
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and 𝑓 is defined as in (4.16). The Euclidean likelihood estimator 𝑄𝑝 satisfies

𝑄𝑝 (𝜃 ) = (Ψ(𝑄𝑝)) (𝜃 ), 𝜃 ∈ [0, 𝜋/2] .

Hadamard differentiability of the map Ψ combined with the functional
delta method [121, Theorem 20.8] permits to derive an asymptotic expansion
for the maximum Euclidean likelihood estimator. This is formalized in the
following result, the proof of which is to be found in Appendix 4.D.

Corollary 4.3.1. The map Ψ : 𝐷Ψ ⊂ ℓ∞( [0, 𝜋/2]) → ℓ∞( [0, 𝜋/2]) defined
in (4.29) is Hadamard differentiable at 𝑄𝑝 ∈ 𝐷Ψ tangentially to 𝐶0( [0, 𝜋/2]),
the space of continuous functions on [0, 𝜋/2] vanishing at the boundaries, with
derivative given by

(Ψ′𝑄𝑝 [ℎ]) (𝜃 ) = ℎ(𝜃 ) +
∫ 𝜋/2
0 ℎ(𝜓 ) 𝑓 ′(𝜓 )d𝜓

𝜎2
𝑄𝑝
(𝑓 )

∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝 (𝜓 )

for any ℎ ∈ 𝐶0( [0, 𝜋/2]) and 𝜃 ∈ [0, 𝜋/2]. Furthermore, Ψ′
𝑄𝑝

is defined and
continuous on the measurable elements in ℓ∞( [0, 𝜋/2]) so that in ℓ∞( [0, 𝜋/2]),
√
𝑘

(
𝑄𝑝 −𝑄𝑝

)
=
√
𝑘

(
Ψ(𝑄𝑝) − Ψ(𝑄𝑝)

)
= Ψ′𝑄𝑝

[√
𝑘

(
𝑄𝑝 −𝑄𝑝

)]
+ oP(1).

Consequently, under the same assumptions as Theorem 4.3.1, we have, as 𝑛 →∞,

sup
𝜃 ∈[0,𝜋/2]

�����√𝑘 (
𝑄𝑝 (𝜃 ) −𝑄𝑝 (𝜃 )

)
−

(
𝐸
𝑄
𝑛,𝑝 (𝜃 ) +

∫ 𝜋/2
0 𝐸

𝑄
𝑛,𝑝 (𝜓 ) 𝑓 ′(𝜓 )d𝜓
𝜎2
𝑄𝑝
(𝑓 )

∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝 (𝜓 )

)����� = oP(1),

and, in ℓ∞( [0, 𝜋/2]),{√
𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝 (𝜃 )

)}
𝜃 ∈[0,𝜋/2]

L→
𝛾𝑝 (𝜃 ) def= 𝛽𝑝 (𝜃 ) +

∫ 𝜋/2
0 𝛽𝑝 (𝜓 ) 𝑓 ′(𝜓 )d𝜓

𝜎2
𝑄𝑝
(𝑓 )

∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝 (𝜓 )

𝜃 ∈[0,𝜋/2] .
The asymptotic process in Corollary 4.3.1 equals the one in Theorem 4.1

of [47], showing that, at least asymptotically, enforcing the marginal con-
straints (4.11) via maximization of the empirical likelihood or its Euclidean
version makes no difference, as already discussed and illustrated in [32] for
the case 𝑝 = 1.
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4.4 Goodness-of-fit tests for parametric models

4.4.1 Test statistic

Given a parametric modelM def
= {Φ𝑝,𝑟 : 𝑟 ∈ R ⊆ R𝑚} for the angular measure

Φ𝑝 , our main goal is to test

𝐻0 : Φ𝑝 ∈ M vs 𝐻1 : Φ𝑝 ∉M . (4.31)

As a test statistic, we propose to use a weighted version of the 𝐿1-Wasserstein
distance from optimal transport theory [126] between 𝑄𝑝 in (4.14) and 𝑄𝑝,̂𝑟𝑛 ,
where 𝑟̂𝑛 is some estimator of the true parameter 𝑟0 under 𝐻0, which can be
seen as a nuisance parameter. More explicitly, our test statistic will be

𝑇𝑛
def
=
√
𝑘

∫ 𝜋/2

0

���𝑄𝑝 (𝜃 ) −𝑄𝑝,̂𝑟𝑛 (𝜃 )���𝑞(𝜃 )d𝜃, (4.32)

where 𝑞 : (0, 𝜋/2) → (0,∞) is some positive, integrable weight function.
The special case 𝑞 ≡ 1 reduces to the classical 𝐿1-Wasserstein distance. In
the simulation study, we will also consider 𝑞(𝜃 ) = ( |𝜃 − 𝜋/4|)−1/2. Under
differentiability assumptions on the modelM and general conditions on the
estimator 𝑟̂𝑛 , we can derive the asymptotic distribution of 𝑇𝑛 in Section 4.4.3.
Before we do so, we develop an asymptotic expansion of 𝑟̂𝑛 in Section 4.4.2.

Below, we will use the notation 𝜚𝑝 (𝜃 )
def
= 𝜑𝑝 (𝜃 )/Φ𝑝 (𝜋/2) to denote the

density of 𝑄𝑝 at 𝜃 ∈ [0, 𝜋/2].

4.4.2 Parameter estimator and empirical stable tail dependence
function

The condition on the parameter estimator will be formulated in terms of the
stable tail dependence function ℓ : [0,∞)2 → [0,∞) defined by

ℓ (𝑥1, 𝑥2)
def
= lim

𝑡→0
𝑡−1P [𝑈1 ≤ 𝑡𝑥1 or𝑈2 ≤ 𝑡𝑥2] , (4.33)

which is known to exist due to (4.2). This function describes the extremal
dependence structure of a random vector and has a close link with the angular
measure, see [13, Section 8.6.2]. As for the angular measure, we may estimate
ℓ nonparametrically by replacing the distribution functions in the expression
by their empirical counterparts and by replacing 𝑡 by 𝑘/𝑛. This leads to the
rank-based estimator

ℓ̂𝑛 (𝑥1, 𝑥2)
def
=

1
𝑘

𝑛∑︁
𝑖=1
I
{
𝑅𝑖1 > 𝑛 + 1

2 − 𝑘𝑥1 or 𝑅𝑖2 > 𝑛 +
1
2 − 𝑘𝑥2

}
, (4.34)
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where 𝑅𝑖 𝑗 denotes the rank of 𝑋𝑖 𝑗 in the marginal sample 𝑋1𝑗 , . . . , 𝑋𝑛𝑗 . The
constant 1/2 is added in the indicators to improve finite-sample properties but
will not play any role in our asymptotic considerations [45, Equation (7.1)].

Let 𝑥 · 𝑦 denote the scalar product of 𝑥,𝑦 ∈ R𝑚 and let |𝑥 | denote the
Euclidean norm of 𝑥 ∈ R𝑚 .

Assumption 4.4.1. 1. The point 𝑟0 lies in the interior of R and the map
ℜ : 𝑟 ∈ R ⊆ R𝑚 ↦→ 𝑄𝑝,𝑟 ∈ ℓ∞( [0, 𝜋/2]) is Hadamard differentiable with
derivative ℜ′𝑟 : R𝑚 → ℓ∞( [0, 𝜋/2]). For every 𝜃 ∈ [0, 𝜋/2], the map
𝑟 ∈ R ↦→ 𝜚𝑝,𝑟 (𝜃 ) is differentiable and the derivative satisfies∫ 𝜋/2

0

��∇𝑟𝜚𝑝,𝑟0 (𝜃 )�� d𝜃 < ∞, ∀𝑟0 ∈ R .

Differentiation with respect to 𝑟 and integration with respect to 𝜃 can be
exchanged while considering the map (𝑟, 𝜃 ) ∈ R × [0, 𝜋/2] ↦→ 𝜚𝑝,𝑟 (𝜃 ), so
that

(ℜ′𝑟 [ℎ]) (𝜃 ) =
∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟 (𝑥)d𝑥 · ℎ.

2. The estimator 𝑟̂𝑛 satisfies the following expansion [72, Assumption 4.6]:
there exists a finite Borel measure 𝜎 on [0, 1]2 and a function 𝑔 : [0, 1]2 →
R𝑚 in

(
𝐿2( [0, 1]2, 𝜎)

)𝑚 such that, as 𝑛 →∞,
√
𝑘 (𝑟̂𝑛 − 𝑟0)

=

∫
[0,1]2

√
𝑘

(
ℓ̂𝑛 (𝑥1, 𝑥2) − ℓ (𝑥1, 𝑥2)

)
𝑔(𝑥1, 𝑥2) d𝜎 (𝑥1, 𝑥2) + oP(1).

The second part of Assumption 4.4.1 will permit to derive an asymptotic
expansion of

√
𝑘 (𝑟̂𝑛 − 𝑟0) on the basis of an expansion of the process

√
𝑘 (ℓ̂𝑛 −

ℓ) and hence to derive the limit distribution of 𝑇𝑛 under 𝐻0 using the first
part of the assumption. It is satisfied by many common estimators, e.g., M-
estimators (and hence moment estimators) or weighted least-square estimators,
see Examples 4.8–10 in [72].

Asymptotic theory for the process
√
𝑘 (ℓ̂𝑛 − ℓ) is studied in [45], in general

dimension 𝑑 ≥ 2 (the definitions are analogous to the bivariate case). For any
𝑇 > 0, the process is asymptotically Gaussian in the space ℓ∞( [0,𝑇 ]𝑑 ), and
this under general conditions which are met in our bivariate setting. Under
the same assumptions as in [45], we provide an asymptotic expansion of the
process in general dimension too.

Assumption 4.4.2. Let (𝑋1, . . . , 𝑋𝑑 ) be a random vector in R𝑑 with continuous

distribution function 𝐹 and marginal distribution functions 𝐹1, . . . , 𝐹𝑑 . Let𝑈
def
=

(1 − 𝐹1(𝑋1), . . . , 1 − 𝐹𝑑 (𝑋𝑑 )) be its standardization to uniform margins, whose
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law will be denoted by 𝑃 , for which the stable tail dependence function is assumed
to exist, that is, for 𝑥 ∈ [0,∞)𝑑 , the limit

lim
𝑡→0

𝑡−1𝑃 [𝑡𝐴𝑥 ] = lim
𝑡→0

𝑡−1P [𝑈1 ≤ 𝑡𝑥1 or . . . or𝑈𝑑 ≤ 𝑡𝑥𝑑 ]
def
= ℓ (𝑥1, . . . , 𝑥𝑑 )

exists, with 𝐴𝑥
def
= {𝑢 ∈ [0,∞)𝑑 : 𝑢1 ≤ 𝑥1 or . . . or 𝑢𝑑 ≤ 𝑥𝑑 }. Moreover,

1. |𝑡−1P [𝑈1 ≤ 𝑡𝑥1 or . . . or𝑈𝑑 ≤ 𝑡𝑥𝑑 ] − ℓ (𝑥1, . . . , 𝑥𝑑 ) | = O(𝑡𝛼 ) uniformly
in 𝑥 ∈ [0,∞)𝑑 such that 𝑥1 + · · · + 𝑥𝑑 = 1 as 𝑡 → 0;

2. 𝑘 = o(𝑛2𝛼/(1+2𝛼) ) and 𝑘 →∞ as 𝑛 →∞;

3. for every 𝑗 ∈ {1, . . . , 𝑑}, the first-order partial derivative of ℓ with respect
to 𝑥 𝑗 , denoted by ¤ℓ𝑗 , exists and is continuous on the set of points 𝑥 such
that 𝑥 𝑗 > 0;

where 𝛼 > 0 is the same in points 1 and 2 above.

Theorem 4.4.1 (Asymptotic expansion of the empirical stable tail dependence
function). Under Assumption 4.4.2, let 𝑃𝑛 denote the empirical distribution of an
independent random sample from 𝑃 of size 𝑛. Then, for every 𝑇 > 0, as 𝑛 →∞,

sup
𝑥 ∈[0,𝑇 ]𝑑

�����√𝑘 (ℓ𝑛 (𝑥) − ℓ (𝑥)) −
(
𝑣𝑛 (𝑥) −

𝑑∑︁
𝑗=1

¤ℓ𝑗 (𝑥)𝑣𝑛𝑗 (𝑥 𝑗 )
)����� = oP(1),

where, for every 𝑥 ∈ [0,∞)𝑑 and 𝑗 = 1, . . . , 𝑑 ,

𝑣𝑛 (𝑥)
def
=
√
𝑘

{
𝑛
𝑘
𝑃𝑛

(
𝑘
𝑛
𝐴𝑥

)
− 𝑛
𝑘
𝑃

(
𝑘
𝑛
𝐴𝑥

)}
𝑣𝑛𝑗 (𝑥 𝑗 )

def
= 𝑣𝑛 (0, . . . , 0, 𝑥 𝑗 , 0, . . . , 0),

and where ¤ℓ𝑗 is taken to be the right-hand partial derivative if 𝑥𝑙 = 0 for some
𝑙 = 1, . . . , 𝑑 (the latter always exists, see [45, Equation (2.7)]).

Furthermore, if 𝑑 = 2, Assumption 4.4.2 is satisfied with the same 𝛼 > 0 as
in Assumption 4.3.2 provided Assumptions 4.3.1 and 4.3.2 are verified.

The proof of Theorem 4.4.1 can be found in Appendix 4.E.

4.4.3 Limit distribution of test statistic and estimation of critical
values

We are now ready to state the limit distribution of the test statistic 𝑇𝑛 under
𝐻0. The proof of Theorem 4.4.2 is provided in Appendix 4.F.



4.4. Goodness-of-fit tests for parametric models 105

Theorem 4.4.2. If Assumptions 4.3.1, 4.3.2 and 4.4.1 are satisfied and if 𝑟0 ∈ R
denotes the true value of the parameter under 𝐻0, then under 𝐻0, we have

𝑇𝑛
L→ 𝐿𝑟0

def
=

∫ 𝜋/2

0

���𝛾𝑝,𝑟0 (𝜃 ) − ∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟0 (𝑥)d𝑥 · 𝐼𝑔,𝜎,𝑟0

���𝑞(𝜃 ) d𝜃,
as 𝑛 →∞, where we recall 𝛾𝑝 in Corollary 4.3.1 and where

𝐼𝑔,𝜎,𝑟0
def
=

∫
[0,1]2

(
𝑊Λ𝑟0

(𝐴 (𝑥1,𝑥2) ) −
2∑︁
𝑗=1

¤ℓ𝑟0, 𝑗 (𝑥1, 𝑥2)𝑊𝑗 (𝑥 𝑗 )
)
𝑔(𝑥1, 𝑥2)d𝜎 (𝑥1, 𝑥2) .

Under an additional regularity condition on the model, which will be easily
verified in practice, one may show that the critical values for the asymptotic
distribution can be computed from an estimated version of the true unknown
parameter under 𝐻0. The critical values can thus be computed by Monte
Carlo simulation from the limit distribution of 𝑇𝑛 in Theorem 4.4.2 but at the
estimated parameter value, as explained in Section 4.5.

Assumption 4.4.3. Let 𝑟0 ∈ R be an interior point and introduce the function

𝜂 : 𝜃 ∈ [0, 𝜋/2] ↦→ 𝜂 (𝜃 ) def= min
{
tan𝜃, tan( 𝜋2 − 𝜃 )

}
∈ [0, 1] .

1. We have
sup

𝜃 ∈[0,𝜋/2]

{
𝜂 (𝜃 )𝜑𝑝,𝑟0 (𝜃 )

}
< ∞.

2. There exists 𝜈 ∈ (0, 1) such that

lim
𝑛→∞

sup
𝜃 ∈[0,𝜋/2]

{
𝜂 (𝜃 )𝜈

��𝜑𝑝,𝑟𝑛 (𝜃 ) − 𝜑𝑝,𝑟0 (𝜃 )��} = 0,

and
lim
𝑛→∞

sup
𝜃 ∈[0,𝜋/2]

{
𝜂 (𝜃 )𝜈

��∇𝑟𝜑𝑝,𝑟𝑛 (𝜃 ) − ∇𝑟𝜑𝑝,𝑟0 (𝜃 )��} = 0,

for any sequence (𝑟𝑛)𝑛∈N ⊂ R such that 𝑟𝑛 → 𝑟0 as 𝑛 →∞.

Theorem 4.4.3. For any 𝛼 ∈ (0, 1) and 𝑟 ∈ R, let Q𝑟 (𝛼) be the 𝛼-quantile
of the random variable 𝐿𝑟 in Theorem 4.4.2. Under the same assumptions as in
Theorem 4.4.2 in combination with Assumption 4.4.3, we have

Q𝑟̂𝑛 (1 − 𝛼)
P−→ Q𝑟0 (1 − 𝛼), 𝛼 ∈ (0, 1),

for any estimator 𝑟̂𝑛 with values inR which is consistent for 𝑟0, the true parameter
under𝐻0. The convergence also holds locally uniformly: for any [𝛼0, 𝛼1] ⊂ [0, 1],

sup
𝛼 ∈[𝛼0,𝛼1 ]

��Q𝑟̂𝑛 (1 − 𝛼) − Q𝑟0 (1 − 𝛼)�� P−→ 0.
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The proof of Theorem 4.4.3 is involved and can be found in Appendix 4.G.

Remark 4.4.1. Point 1 of Assumption 4.4.1 is formulated in terms of the map
𝑟 ∈ R ↦→ 𝑄𝑝,𝑟 but is fully equivalent to its counterpart for the map 𝑟 ∈ R ↦→
Φ𝑝,𝑟 . The same remark holds true for Assumption 4.4.3 which is equivalent to
the present formulation where 𝜑𝑝,𝑟 would be replaced by 𝜚𝑝,𝑟 . The normalizing
constant permitting to move from one definition to another, even though it
depends on 𝑟 , can be shown to have no influence on our assumptions.

4.5 Simulations and finite-sample performance

Theorems 4.4.2 and 4.4.3 provide a natural way to perform the goodness-of-
fit test proposed in Eq. (4.31), for any size 𝛼 ∈ (0, 1). Given a model to be
tested and an estimator for the unknown parameter of the model, one can
approximate the quantiles Q𝑟 (1 − 𝛼) for any 𝑟 ∈ R by directly simulating the
random variable 𝐿𝑟 , the distribution of which only depends on the given model
and the asymptotic expansion of the estimator as in point 2 of Assumption 4.4.1,
and then taking empirical quantiles. This is typically done for a finite grid of
values for 𝑟 ∈ R and, by interpolation, leads to critical values for any value of
the parameter. Once those values have been obtained, they can be used for any
dataset for which the model needs to be tested, provided that the estimator of
the model parameter satisfies the same expansion as the one used to obtain
the critical values. The procedure is illustrated for the logistic (Section 4.5.1)
and the Hüsler–Reiss (Section 4.5.2) models. Details underlying the simulation
of 𝐿𝑟 are to be found in Appendix 4.H.

4.5.1 Logistic model

Model. One of the most famous and oldest parametric families of bivariate
extreme value dependence structures is the logistic model with the stable tail
dependence function (4.33)

ℓ𝑟 (𝑥,𝑦) =
(
𝑥1/𝑟 + 𝑦1/𝑟

)𝑟
, 𝑟 ∈ R = (0, 1] .

The model ranges from asymptotic full dependence (𝑟 → 0) to asymptotic
independence (𝑟 = 1). Since ℓ𝑟 (𝑥,𝑦) = 𝑥 + 𝑦 − Λ𝑟 ( [0, 𝑥] × [0, 𝑦]), one easily
obtains

𝜆𝑟 (𝑥,𝑦) =
(
1
𝑟
− 1

)
(𝑥𝑦) 1𝑟 −1

(𝑥1/𝑟 + 𝑦1/𝑟 )2−𝑟
, 𝑥,𝑦 > 0.

For 𝑟 ∈ (0, 1), the angular measure Φ𝑝,𝑟 on the 𝐿𝑝-sphere, for 1 ≤ 𝑝 < ∞,
satisfies Φ𝑝 ({0, 𝜋/2}) = 0, while on the interior of the sphere (0, 𝜋/2), it is ab-
solutely continuous with a density which can be computed using relation (4.25)
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and is given, for 𝜃 ∈ (0, 𝜋/2), by

𝜑𝑝,𝑟 (𝜃 ) =
(
1
𝑟
− 1

)
∥(sin𝜃, cos𝜃 )∥𝑝

(sin𝜃 cos𝜃 ) 1𝑟 −2(
(sin𝜃 )1/𝑟 + (cos𝜃 )1/𝑟

)2−𝑟 .
In particular, Assumption 4.3.1 is satisfied for this model. Point 1 of Assump-
tion 4.4.1 and Assumption 4.4.3 are also satisfied for 𝑟0 = 0.5.

Parameter estimation. Given a random sample 𝑋1, . . . , 𝑋𝑛 , the unknown
parameter 𝑟 ∈ R of the model will be estimated by inverting the extremal
coefficient [13, Chapter 8]

𝜒
def
= ℓ (1, 1) ∈ [1, 2],

which equals 𝜒 = 2𝑟 for the logistic model. In the limiting case 𝜒 → 1, we
approach asymptotic full dependence while 𝜒 → 2 means we reach asymptotic
independence. Our estimator simply consists of writing 𝑟 = log2(𝜒) and
replacing 𝜒 by its empirical version leading to

𝑟̂𝑛 = log2(ℓ̂𝑛 (1, 1)), (4.35)

where ℓ̂𝑛 is defined in (4.34). It follows from the delta method that 𝑟̂𝑛 satisfies
the asymptotic expansion

√
𝑘 (𝑟̂𝑛 − 𝑟 ) =

√
𝑘

(
ℓ̂𝑛 (1, 1) − ℓ (1, 1)

)
· 1
2𝑟 log(2) + oP(1),

as 𝑛 →∞, meaning that point 2 of Assumption 4.4.1 is satisfied with

𝑔 ≡ 1
2𝑟 log(2) and 𝜎 = 𝛿 (1,1) .

Data generating processes. We generate data from the copula mixture
model

𝐶𝜆 (𝑢, 𝑣)
def
= (1 − 𝜆)𝐶0(𝑢, 𝑣) + 𝜆𝐶𝑎 (𝑢, 𝑣), (𝑢, 𝑣) ∈ [0, 1]2, (4.36)

for 𝜆 ∈ {0, 0.1, 0.2, . . . , 0.8} where

𝐶0(𝑢, 𝑣)
def
= exp

{
−

(
(− log𝑢)2 + (− log 𝑣)2

)0.5} (4.37)

is the Gumbel copula with parameter equal to 2 and with two choices for the
second component 𝐶𝑎 ∈ {𝐶1,𝐶2}:

■ In scenario 1, 𝐶1(𝑢, 𝑣)
def
= min(𝑢, 𝑣) is the copula of the random vector

(𝑈 ,𝑈 ) where𝑈 is uniformly distributed on [0, 1].
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■ In scenario 2,

𝐶2(𝑢, 𝑣)
def
= exp

{
−max(−0.7 log𝑢,−0.1 log 𝑣)

−max(−0.3 log𝑢,−0.9 log 𝑣)
}

is the copula of the max-linear factor model(
𝑋1
𝑋2

)
=

(
0.7𝑍1 ∨ 0.3𝑍2
0.1𝑍1 ∨ 0.9𝑍2

)
where 𝑍1 and 𝑍2 are independent Fréchet(1) random factors.
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(b) Scenario 2, 𝐶𝑎 = 𝐶2

Figure 4.2: Angular distribution functions 𝜃 ↦→ 𝑄𝑝 (𝜃 ) for 𝑝 = 2 of the copula
mixture model (4.36) with Gumbel copula𝐶0 in (4.37) and under two scenarios
for 𝐶𝑎 .

In both cases, when 𝜆 = 0, the null hypothesis of the test (4.31) is satisfied
for the logistic model with parameter 𝑟0 = 0.5 and Assumption 4.3.2 holds
true if we choose 𝛼 = 1, while for 0 < 𝜆 < 1, the null hypothesis is no
longer satisfied. The asymptotic dependence structures corresponding to
those mixtures are represented on Figure 4.2 by their angular distribution
function 𝑄𝑝 for 𝑝 = 2. Scenario 1 corresponds exactly to the simulation setup
in [35], while scenario 2 is similar to the one in [22], to facilitate comparison.

Results. The results for scenario 1 are presented in Figure 4.3. On the top-
left panel, estimates of the logistic model parameter are shown as a function
of the mixture weight 𝜆. Results are consistent with the choice 𝑟0 = 0.5 and
the fact that stronger dependence corresponds to smaller logistic parameter
values. The three other panels show the empirical power (green line) of
the test for different values of the sample size 𝑛 and effective sample size 𝑘 .
The weight function is 𝑞(𝜃 ) = 1/

√︁
|𝜃 − 𝜋/4|, emphasizing the points close to
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𝜃 = 𝜋/4. Regarding Figure 4.2a, this choice is expected to help in scenario 1,
but, perhaps more surprisingly, it is also helpful in scenario 2 where the largest
deviation from the null hypothesis is no longer located at 𝜃 = 𝜋/4. Overall,
such a choice produces better results than the classical 𝐿1-Wasserstein distance
with 𝑞 ≡ 1. Both the power and the asymptotic quantile are estimated on the
basis of 2000 replications of the corresponding quantities. The size 𝛼 of the
test is 5% in all cases and is shown as a horizontal brown line. The graphs
confirm the good performance of the test. On the bottom-right panel, the
additional orange dots visualize the empirical power of the method in [35]
for the same scenario and sample size 𝑛. Their test is a bit more conservative
under the null, while its power under the alternative is less than the one of our
method. The slight power decrease as 𝜆 → 1 is unsurprising since 𝐻0 holds
true for the copula 𝐶1 with 𝑟 = 0.

(a) Parameter estimates, 𝑛 = 10 000
and 𝑘 = 100

(b) Power curve, 𝑛 = 10 000 and 𝑘 =

100

(c) Power curve, 𝑛 = 3 000 and 𝑘 =

50

(d) Power curve, 𝑛 = 500 and 𝑘 = 25;
orange dots show power of test in
[35]

Figure 4.3: Logistic model: parameter estimates (a) and empirical power
curves (b–d) of weighted 𝐿1-Wasserstein goodness-of-fit test in scenario 1 of
copula mixture model (4.36)

The corresponding results for scenario 2 are presented in Figure 4.4. The
empirical power curves are obtained in the same way as for scenario 1. The
weighted 𝐿1-Wasserstein test easily detects the asymmetric alternative. The
same scenario is considered in [22] (with a slightly different factor model
for the alternative, yielding different locations of the atoms of the angular
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measure), where an empirical power of 90% to 95% is attained depending on
the method. In the bottom-right panel, the empirical power almost attains 1,
even for 𝜆 = 0.8 and 𝑛 = 500. The method in [22] has the advantage that the
critical values do not depend on the model and thus have to be computed only
once; the computation of the test statistic is more involved, however.

(a) Parameter estimates, 𝑛 = 10 000
and 𝑘 = 100

(b) Power curve, 𝑛 = 10 000 and 𝑘 =

100

(c) Power curve, 𝑛 = 3 000 and 𝑘 =

50 (d) Power curve, 𝑛 = 500 and 𝑘 = 25

Figure 4.4: Logistic model: parameter estimates (a) and empirical power
curves (b–d) of weighted 𝐿1-Wasserstein goodness-of-fit test in scenario 2 of
copula mixture model (4.36)

4.5.2 Hüsler–Reiss model

Model. Also highly popular in extreme value analysis is the Hüsler–Reiss
model [70], with stable tail dependence function (4.33)

ℓ𝑟 (𝑥,𝑦) = 𝑥 𝛷
(
𝑟 + (2𝑟 )−1 log(𝑥/𝑦)

)
+ 𝑦𝛷

(
𝑟 + (2𝑟 )−1 log(𝑦/𝑥)

)
, 𝑟 ∈ (0,∞),

where𝛷 is the standard normal distribution function, not to be confounded
with the angular measure Φ. Again, the model covers the full range from
asymptotic full dependence (𝑟 → 0) to asymptotic independence (𝑟 → ∞).



4.5. Simulations and finite-sample performance 111

Straightforward computations give

𝜆𝑟 (𝑥,𝑦) =
1
2𝑟𝑦

𝜙
(
𝑟 + (2𝑟 )−1 log(𝑥/𝑦)

) (
0.5 − (4𝑟 2)−1 log(𝑥/𝑦)

)
+ 1
2𝑟𝑥

𝜙
(
𝑟 + (2𝑟 )−1 log(𝑦/𝑥)

) (
0.5 − (4𝑟 2)−1 log(𝑦/𝑥)

)
, 𝑥,𝑦 > 0,

where 𝜙 is the standard normal density. The 𝐿𝑝-sphere angular measure
Φ𝑝,𝑟 , for 1 ≤ 𝑝 < ∞, again satisfies Φ𝑝 ({0, 𝜋/2}) = 0, while on the interior
of the sphere, its density can be computed via relation (4.25). In particular,
Assumption 4.3.1 is satisfied for this model. Point 1 of Assumption 4.4.1 and
Assumption 4.4.3 are also satisfied for 𝑟0 = 1.

Parameter estimation. Given a random sample 𝑋1, . . . , 𝑋𝑛 , the unknown
model parameter 𝑟 ∈ R is again estimated by inverting the extremal coefficient
𝜒 = ℓ (1, 1) which equals 𝜒 = 2𝛷 (𝑟 ) in this case, yielding

𝑟̂𝑛 = 𝛷−1
(
ℓ̂𝑛 (1, 1)

2

)
. (4.38)

By the delta method, we deduce

√
𝑘 (𝑟̂𝑛 − 𝑟 ) =

√
𝑘

(
ℓ̂𝑛 (1, 1) − ℓ (1, 1)

)
· 1
2𝜙 (𝑟 ) + oP(1),

as 𝑛 →∞, implying that point 2 of Assumption 4.4.1 is satisfied with

𝑔 ≡ 1
2𝜙 (𝑟 ) and 𝜎 = 𝛿 (1,1) .

Data generating process. As for the logistic model, we generate data from
the copula mixture model (4.36) with mixture weight 𝜆 ∈ {0, 0.1, 0.2, . . . , 0.8}
and with alternative copula component 𝐶𝑎 ∈ {𝐶1,𝐶2} as in the same two
scenarios, while

𝐶0(𝑢, 𝑣)
def
= exp

[
𝛷

{
0.5 + log

(
log 𝑣
log𝑢

)}
log𝑢 +𝛷

{
0.5 + log

(
log𝑢
log 𝑣

)}
log 𝑣

]
(4.39)

is the Hüsler–Reiss copula with parameter 𝑟0 = 1.
The null hypothesis of the test (4.31) is satisfied for the Hüsler–Reiss

model with parameter 𝑟0 = 1 when 𝜆 = 0 and Assumption 4.3.2 holds true
if we choose 𝛼 = 1, while for 0 < 𝜆 < 1, the null hypothesis is not satisfied
anymore. For the two scenarios, the angular distribution functions 𝜃 ↦→ 𝑄𝑝 (𝜃 )
at 𝑝 = 2 of the copula mixture model are shown in Figure 4.5.
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(a) Scenario 1, 𝐶𝑎 = 𝐶1
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(b) Scenario 2, 𝐶𝑎 = 𝐶2

Figure 4.5: Angular distribution functions 𝜃 ↦→ 𝑄𝑝 (𝜃 ) for 𝑝 = 2 of the copula
mixture model (4.36) with Hüsler–Reiss copula 𝐶0 in (4.39) and under two
scenarios for 𝐶𝑎 .

Results. The results for scenarios 1 and 2 are shown in Figures 4.6 and 4.7,
respectively.

(a) Parameter estimates, 𝑛 = 10 000
and 𝑘 = 100

(b) Power curve, 𝑛 = 10 000 and 𝑘 =

100

(c) Power curve at 𝑛 = 3 000 and
𝑘 = 50

(d) Power curve at 𝑛 = 500 and 𝑘 =

25

Figure 4.6: Hüsler–Reiss model: parameter estimates (a) and empirical power
curves (b–d) of weighted 𝐿1-Wasserstein goodness-of-fit test in scenario 1 of
copula mixture model (4.36)

The settings are the same as those for the logistic model in Section 4.5.1.
The results are similar, even though for 𝜆 = 0 and 𝑛 = 500, the test rejects the
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null hypothesis too often. In scenario 2, the estimated power remains higher
than in scenario 1, despite the fact that the distribution function of the angular
measure for the mixing component 𝐶2 resembles that of the Hüsler–Reiss
model with 𝑟0 = 1 more.

(a) Parameter estimates, 𝑛 = 10 000
and 𝑘 = 100

(b) Power curve, 𝑛 = 10 000 and 𝑘 =

100

(c) Power curve, 𝑛 = 3000 and 𝑘 = 50 (d) Power curve, 𝑛 = 500 and 𝑘 = 25

Figure 4.7: Hüsler–Reiss model: parameter estimates (a) and empirical power
curves (b–d) of weighted 𝐿1-Wasserstein goodness-of-fit test in scenario 1 of
copula mixture model (4.36)

4.6 Testing the Hüsler–Reiss model for river discharge data

We consider the danube dataset from the R package graphicalExtremes
[49]. Average daily discharges are recorded at 31 gauging stations in the upper
Danube basin covering parts of Germany, Austria and Switzerland which
are often affected by flooding. To not have to deal with seasonality, we only
consider the daily discharges in the summer months (June, July and August),
and we use the declustered time series from the data_clustered dataset.
The same data have already been analysed by several authors, e.g. [72], who
estimate bivariate dependence structures using the Hüsler–Reiss model for
connected pairs of stations after estimating a Markov tree on the full dataset.
The topographic map of the upper Danube basin which can be found in Figure 1
of [8] is displayed in Figure 4.8 together with the associated flow chart of its
river network.

Following the approach of [72], our goal is to assess the goodness-of-fit
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of the Hüsler–Reiss model to all𝑚 = 30 adjacent pairs in the flow chart of
Figure 4.8b. Naturally, this leads to multiple testing challenges due to the
many dependent tests involved. The p-values can be adjusted using either the
classical Bonferroni correction or the False Discovery Rate (FDR) paradigm of
Benjamini and Hochberg [14], adapted for dependent tests in [15]. The sample
size is 𝑛 = 428, and we set 𝑘 =

√
𝑛 as we observed in Section 4.5.2 that this

typically leads to better results for the nonparametric estimation of 𝑄𝑝 , while
still providing a reasonable estimate of the nuisance parameter 𝑟 , with respect
to which the quantile values Q𝑟 (1 − 𝛼) do not vary too quickly. Ideally, we
would like to use two different values of𝑘 for the nonparametric and parametric
estimators in the test statistic 𝑇𝑛 , as a larger 𝑘 often improves the accuracy of
the parameter estimators. This, however, is a topic for future research. We
estimate the p-values 𝑃 𝑗 corresponding to each of the 𝑗 ∈ {1, . . . ,𝑚} tests by

𝑃 𝑗 =
1
𝐵

𝐵∑︁
𝑏=1
I
{
𝑇𝑛 > 𝐿

(𝑏)
𝑟̂𝑛

}
for 𝐵 = 4 000, where 𝐿 (𝑏)

𝑟̂𝑛
is drawn from the distribution of 𝐿𝑟 in Theorem 4.4.2

at 𝑟 = 𝑟̂𝑛 , computed in the same way as in Section 4.5.2. Although alternative
parameter estimators could be used, this would result in more complex expres-
sions for 𝐼𝑔,𝜎,𝑟 in the definition of 𝑇𝑛 , and we aimed to keep the methodology
simple. Results are shown in Table 4.1.

(a) Topographic map from [8]
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(b) Flow chart

Figure 4.8: The upper Danube basin

With the Bonferroni correction, the Hüsler–Reiss model would only be
rejected for edges 14–2 and 23–4, using the standard significance level of
𝛼 = 5%. In fact, even at the individual test level, a large proportion of these
p-values are significantly higher than the rejection threshold 𝛼 . In Figure 4.9,
we compare the nonparametric estimate of the angular distribution function
𝜃 ∈ [0, 𝜋/2] ↦→ 𝑄2(𝜃 ) with its estimated counterpart under the null hypothesis
of the Hüsler–Reiss model for edges 14–2 and 23–4. The asymmetry in the
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edge p-value

2–1 0.02500
13–1 0.60825
3–2 0.75750
14–2 0.00000
4–3 0.91175
5–4 0.34800
23–4 0.00150
25–4 0.43725
6–5 0.67950
7–6 0.64925
8–7 0.40375
20–7 0.76375
9–8 0.51550
10–9 0.85875
11–10 0.16925

edge p-value

12–11 0.05425
30–13 0.07450
15–14 0.49675
16–15 0.84725
17–16 0.84875
18–17 0.25175
19–18 0.15525
21–20 0.17775
22–21 0.15525
24–23 0.61300
26–25 0.72550
27–26 0.78075
29–28 0.19350
31–28 0.57775
31–30 0.33550

Table 4.1: p-values of the weighted 𝐿1-Wasserstein goodness-of-fit test of the bivariate
Hüsler–Reiss model for the 30 pairs of adjacent gauging stations in the Danube data

angular distribution function observed in the data for these edges cannot be
captured by the assumed Hüsler–Reiss model. This leads to the rejection of the
null hypothesis and suggests that this parametric form may not be well-suited
for these pairs of stations.
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Figure 4.9: Danube data: estimated angular distributions functions 𝜃 ∈
[0, 𝜋/2] ↦→ 𝑄2 (𝜃 ) for edges 14–2 and 23–4 of gauging stations

4.7 Conclusion

We provide an extension of the result in [47] which consists of a functional
asymptotic expansion of the empirical process associated with the empirical
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angular measure. Relying on this expansion, we propose a new inference
method based on the angular measure to evaluate whether the asymptotic
dependence structure of a bivariate dataset aligns with a given parametric
model. Unlike previous approaches, our method involves sampling directly
from the asymptotic distribution of the test statistic under the estimated
parameter value. Leveraging continuity of the asymptotic quantile function,
this leads to a detailed proof of the method’s consistency. The finite-sample
performance is also compelling when compared to other techniques, and the
ease of computing the test statistic makes it a strong candidate for practical
applications. Although the method is currently limited to bivariate data, many
multivariate extreme value methods rely on multiple bivariate analyses, and
we demonstrate how this can be done on a real dataset.

Extending the procedure to the general multivariate case is certainly of
interest but requires a deeper understanding of the asymptotic behavior of the
empirical angular measure, about which little is currently known. A promising
approach would be to focus on discrete angular measures, for which more
concrete results might be achievable. Using the Wasserstein distance as a test
statistic to quantify the discrepancy between 𝑄𝑝 and 𝑄𝑝,̂𝑟𝑛 could be effective,
leveraging results from [118], where the Wasserstein distance is shown to
be Hadamard differentiable with respect to its arguments for measures with
discrete supports.

4.A Proof of weak convergence results

Both proofs rely on an application of Theorem 19.28 in [121] which we recall
here for convenience.

Theorem 4.A.1. Let 𝑋1, . . . , 𝑋𝑛 be a random sample from a probability distri-
bution 𝑃 on a measurable space (𝑆,S). Let 𝑃𝑛 denote the associated empirical
distribution. Let F𝑛 = {𝑓𝑛,𝑡 : 𝑆 → R, 𝑡 ∈ 𝑇 } be a class of measurable functions
indexed by a totally bounded semimetric space (𝑇, 𝜌) satisfying

lim
𝑛→∞

sup
𝜌 (𝑠,𝑡 )<𝛿𝑛

𝑃
(
(𝑓𝑛,𝑠 − 𝑓𝑛,𝑡 )2

)
= 0, ∀𝛿𝑛 ↓ 0,

and with envelope function 𝐹𝑛 satisfying the Lindeberg condition

𝑃
(
𝐹 2𝑛

)
= O(1) and 𝑃

(
𝐹 2𝑛 I{𝐹𝑛 > 𝜖

√
𝑛}

)
= o(1), 𝜖 > 0.

If every class F𝑛 is suitably measurable in the sense of Example 2.3.4 in [122]
and if

lim
𝑛→∞

sup
𝑄

∫ 𝛿𝑛

0

√︃
log𝑁 (𝜖 ∥𝐹𝑛 ∥𝑄,2, F𝑛, 𝐿2(𝑄))d𝜖 = 0, ∀𝛿𝑛 ↓ 0,
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where the supremum is taken over all finitely discrete probability measures 𝑄
on (𝑆,S) for which F𝑛 is not identically zero and 𝑁 is the covering number as

defined in [121, page 274], then the sequence of empirical processes {𝐺𝑛 (𝑓𝑛,𝑡 )
def
=√

𝑛(𝑃𝑛 (𝑓𝑛,𝑡 ) − 𝑃 (𝑓𝑛,𝑡 )) : 𝑡 ∈ 𝑇 } converges in distribution to a tight Gaussian
process, provided the sequence of covariance functions 𝑃 (𝑓𝑛,𝑠 𝑓𝑛,𝑡 ) −𝑃 (𝑓𝑛,𝑠)𝑃 (𝑓𝑛,𝑡 )
converges pointwise on 𝑇 ×𝑇 .

Proof of Proposition 4.3.1. For any 𝑛 ∈ N and 𝐴 ∈ A, let F𝑛 be the class of
functions 𝑓𝑛,𝐴 : R𝑑 → R defined by

𝑓𝑛,𝐴 (𝑥)
def
=

√︃
𝑛
𝑘
I
{
𝑥 ∈ 𝑘

𝑛
𝐴
}
.

These classes satisfy the measurability assumptions given the assumptions on
the class A. Note that for 𝐴 ∈ A,

𝐺𝑛
(
𝑓𝑛,𝐴

)
=
√
𝑘

(
𝑛
𝑘
𝑃𝑛 ( 𝑘𝑛𝐴) −

𝑛
𝑘
𝑃 ( 𝑘

𝑛
𝐴)

)
.

Let us verify that the technical conditions underlying Theorem 19.28 in [121]
are satisfied.

We first show that the metric space (A, 𝜌) is totally bounded. Indeed,
noting that Λ(𝐿𝑀 ) ≤ 𝑑 ×𝑀 , since each element of A is included in 𝐿𝑀 , we
may construct the standard empirical process with respect to the probability
measure 𝑃𝑀 (·)

def
= Λ(· ∩ 𝐿𝑀 )/Λ(𝐿𝑀 ) on 𝐿𝑀 , indexed by functions 𝑓𝐴

def
= I𝐴 for

𝐴 ∈ A, and use the fact thatA is a VC-class with |𝑓𝐴 | ≤ 𝐹𝑀
def
= I𝐿𝑀 pointwise

for each𝐴 ∈ A. Apply Theorem 19.14 in [121] to conclude that the considered
process converges weakly in ℓ∞(A), where we identify A with its class of
indicator functions. In view of Theorem 18.14 and Lemma 18.15 in [121], the
metric space (A, 𝜌𝑀 ) with 𝜌𝑀

def
= 𝜌/Λ(𝐿𝑀 ) must be totally bounded, which

also guarantees that (A, 𝜌) is totally bounded.
We now show that

lim
𝑛→∞

sup
𝐴,𝐴′∈A:𝜌 (𝐴,𝐴′)<𝛿𝑛

𝑃
(
(𝑓𝑛,𝐴 − 𝑓𝑛,𝐴′)2

)
= 0 (4.40)

whenever 𝛿𝑛 ↓ 0 as 𝑛 →∞. Indeed,

sup
𝐴,𝐴′:𝜌 (𝐴,𝐴′)<𝛿𝑛

𝑃
(
(𝑓𝑛,𝐴 − 𝑓𝑛,𝐴′)2

)
= sup
𝐴,𝐴′:𝜌 (𝐴,𝐴′)<𝛿𝑛

𝑛
𝑘
𝑃

(
(I(𝑘/𝑛)𝐴 − I(𝑘/𝑛)𝐴′)2

)
= sup
𝐴,𝐴′:𝜌 (𝐴,𝐴′)<𝛿𝑛

𝑛
𝑘
𝑃

(
𝑘
𝑛
(𝐴 △𝐴′)

)
.

Fix 𝜖 > 0. It follows from our assumptions that there exists 𝑁1(𝜖) ∈ N such
that for 𝑛 ≥ 𝑁1(𝜖),

sup
𝐴,𝐴′∈A:𝜌 (𝐴,𝐴′)<𝛿𝑛

���𝑛𝑘 𝑃 (
𝑘
𝑛
(𝐴 △𝐴′)

)
− Λ(𝐴 △𝐴′)

��� ≤ 𝜖/2,
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while, since 𝛿𝑛 → 0 as𝑛 →∞, we may find𝑁2(𝜖) ∈ N such that for𝑛 ≥ 𝑁2(𝜖),

sup
𝐴,𝐴′∈A:𝜌 (𝐴,𝐴′)<𝛿𝑛

Λ(𝐴 △𝐴′) ≤ 𝜖/2.

It follows that for 𝑛 ≥ max{𝑁1(𝜖), 𝑁2(𝜖)}, we have

sup
𝐴,𝐴′∈A:𝜌 (𝐴,𝐴′)<𝛿𝑛

𝑃
(
(𝑓𝑛,𝐴 − 𝑓𝑛,𝐴′)2

)
≤ 𝜖,

which yields (4.40).
We now verify that the classes F𝑛 possess envelope functions 𝐹𝑛 satisfying

the Lindeberg condition. It suffices to note that for every 𝑛 ∈ N and 𝐴 ∈ A,

𝑓𝑛,𝐴 (𝑥) =
√︃
𝑛
𝑘
I
{
𝑥 ∈ 𝑘

𝑛
𝐴
}
≤

√︃
𝑛
𝑘
I
{
𝑥 ∈ 𝑘

𝑛
𝐿𝑀

} def
= 𝐹𝑛 (𝑥) .

The first part of the Lindeberg condition clearly holds since

lim
𝑛→∞

𝑃
(
𝐹 2𝑛

)
= lim
𝑛→∞

𝑛
𝑘
𝑃

(
𝑘
𝑛
𝐿𝑀

)
= Λ (𝐿𝑀 ) ≤ 𝑑 ·𝑀.

The second part of the Lindeberg condition is immediate since for any 𝜖 > 0,
the indicator I{𝐹𝑛 > 𝜖

√
𝑛} is zero as soon as 1/

√
𝑘 ≤ 𝜖 , which is the case for 𝑛

large enough, since, by assumption, 𝑘 = 𝑘 (𝑛) → ∞.
The last condition to verify is the one associated to the uniform entropy

integral. Here, since the VC dimension of any F𝑛 equals the one of A, which
is finite by assumption, we may simply apply [122, Example 2.11.24].

Consequently, Theorem 19.28 in [122] applies and the covariance of the
limiting Gaussian process is obtained by computing the limit

lim
𝑛→∞

𝑃
(
𝑓𝑛,𝐴 𝑓𝑛,𝐴′

)
− 𝑃

(
𝑓𝑛,𝐴

)
𝑃

(
𝑓𝑛,𝐴′

)
= Λ(𝐴 ∩𝐴′),

for 𝐴,𝐴′ ∈ A, which follows from our assumption.
Finally, we show (4.20). By Example 1.5.10 in [122] the processes𝑊𝑛,𝑘

are asymptotically equicontinuous in probability with respect to the standard
deviation semi-metric 𝜌2(𝐴,𝐴′)

def
= (E[|𝑊Λ(𝐴) −𝑊Λ(𝐴′) |2])1/2. Since

E[|𝑊Λ(𝐴) −𝑊Λ(𝐴′) |2] = Λ(𝐴) +Λ(𝐴′) − 2Λ(𝐴∩𝐴′) = Λ(𝐴 △𝐴′) = 𝜌 (𝐴,𝐴′),

the said equicontinuity property holds with respect to 𝜌 as well.

Proof of Proposition 4.3.2. For any 𝑛 ∈ N and 𝑡 ∈ 𝑇 def
= [0,∞), let F𝑛 be the

class of functions 𝑓𝑛,𝑡 : [0,∞) → R defined by

𝑓𝑛,𝑡 (𝑥)
def
=

√︃
𝑛
𝑘
I
(
𝑥 ≤ 𝑘

𝑛
𝑡

)
𝑤 (𝑡)I

(
𝑡 ≤ 𝑛

𝑘

)
.
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These classes trivially satisfy the measurability assumptions underlying Theo-
rem 19.28 in [121] since it suffices to consider positive rational coordinates 𝑡 .
For each 𝑡 ∈ 𝑇 ,

𝐺𝑛 (𝑓𝑛,𝑡 ) =
√
𝑛

(
𝑃𝑛 (𝑓𝑛,𝑡 ) − 𝑃 (𝑓𝑛,𝑡 )

)
= 𝑤𝑛 (𝑡)𝑤 (𝑡),

where 𝑃𝑛 is the empirical distribution of the i.i.d. sample 𝑈1, . . . ,𝑈𝑛 whose
common law is 𝑃 , the uniform distribution on [0, 1].

Our aim is to apply Theorem 19.28 in [121]. We first need to find a metric
𝜌 on 𝑇 such that the metric space (𝑇, 𝜌) is totally bounded and

lim
𝑛→∞

sup
𝜌 (𝑠,𝑡 )<𝛿𝑛

𝑃
(
(𝑓𝑛,𝑠 − 𝑓𝑛,𝑡 )2

)
= 0, (4.41)

for any (𝛿𝑛)𝑛∈N such that 𝛿𝑛 ↓ 0. Since the weak limit of the process is expected
to be centered Gaussian process, wemay choose 𝜌 to be the “standard deviation
metric” as in [121, Lemma 18.15]. After some computations, we find that it is
given by

𝜌 (𝑠, 𝑡) def=
√︁
𝑤 (𝑡)2𝑡 +𝑤 (𝑠)2𝑠 − 2𝑤 (𝑡)𝑤 (𝑠) (𝑠 ∧ 𝑡), 𝑠, 𝑡 ∈ 𝑇 .

With this metric, it is easily checked that (4.41) holds and that the metric space
(𝑇, 𝜌) is totally bounded.

We now verify that the classes F𝑛 possess envelope functions 𝐹𝑛 satisfying
the Lindeberg condition. It suffices to note that for every 𝑛 ∈ N and 𝑡 ∈ 𝑇 ,

𝑓𝑛,𝑡 (𝑥) ≤
√︃
𝑛
𝑘
𝑤

(
𝑛
𝑘
𝑥
)
I(𝑥 ≤ 1) def= 𝐹𝑛 (𝑥) .

We have

𝑃
(
𝐹 2𝑛

)
=
𝑛

𝑘

∫ 1

0
𝑤

(𝑛
𝑘
𝑥

)2
d𝑥

=
𝑛

𝑘

{∫ 𝑘/𝑛

0
𝑤

(𝑛
𝑘
𝑥

)2
d𝑥 +

∫ 1

𝑘/𝑛
𝑤

(𝑛
𝑘
𝑥

)2
d𝑥

}
=

1
1 − 2𝛿 +

1 −
(
𝑘
𝑛

)2𝜂−1
2𝜂 − 1 → 1

1 − 2𝛿 +
1

2𝜂 − 1

as 𝑛 → ∞, so that the first part of the Lindeberg condition holds. To verify
the second part, we note that for any 𝜖 > 0,

𝑃

(
𝐹 2𝑛I(𝐹𝑛 > 𝜖

√
𝑛)

)
= 𝑛
𝑘

∫ 1

0
𝑤

(
𝑛
𝑘
𝑥
)2
I
(
𝑤

(
𝑛
𝑘
𝑥
)
> 𝜖
√
𝑘

)
d𝑥

≤
∫ ∞

0
𝑤 (𝑦)2I

(
𝑤 (𝑦) > 𝜖

√
𝑘

)
d𝑦.
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Since 𝑦 ∈ (0,∞) ↦→ 𝑤 (𝑦)2 is integrable and the integrand, which is bounded
pointwise by this function, converges pointwise to zero, the dominated con-
vergence theorem permits to conclude.

The last condition to verify is the one associated to the uniform entropy
integral. We propose to use Example 2.11.24 in [122]. To this end, we need to
verify that the classes F𝑛 have finite VC dimensions which can be bounded
independently of 𝑛 ∈ N. The VC dimension of F𝑛 is, by definition, the VC
dimension of the class of sets

S𝑛
def
=

{
𝑆𝑛,𝑡 ⊆ R2 : 𝑡 ∈ 𝑇

}
,

where 𝑆𝑛,𝑡 is the sub-graph of 𝑓𝑛,𝑡 given by

𝑆𝑛,𝑡
def
=

{
(𝑥, ℎ) : 𝑓𝑛,𝑡 (𝑥) > ℎ

}
.

We compute that

𝑆𝑛,𝑡 =

( [
0, 𝑘
𝑛
𝑡
]
×

[
0,

√︃
𝑛
𝑘
𝑤 (𝑡)

] )
∪ ([0,∞) × (−∞, 0)) .

Hence, each element of the classS𝑛 is formed from the union of two rectangles
where the second rectangle does not depend on 𝑡 . Hence, the VC dimension
of S𝑛 is bounded by 4, which corresponds to the VC dimension of the class of
all rectangles on R2. The uniform entropy condition is then verified.

Theorem 19.28 in [121] applies and the computation of the covariance
function of the limiting Gaussian process is an easy exercise.

To prove the last assertion, we need, given any 𝜖, 𝜂 > 0, to find 𝑁 =

𝑁 (𝜖, 𝜂) ∈ N such that for any 𝑛 ≥ 𝑁 ,

P

[
sup

𝑥 ∈[0,𝑀 ]

|𝑣𝑛 (𝑥) +𝑤𝑛 (𝑥) |
𝑥𝛿

> 𝜂

]
< 𝜖.

To do so, observe that for any 0 < 𝑎 < 1,

P

[
sup

𝑥 ∈[0,𝑀 ]

|𝑣𝑛 (𝑥) +𝑤𝑛 (𝑥) |
𝑥𝛿

> 𝜂

]
≤ P

[
sup

𝑥 ∈[𝑎,𝑀 ]
|𝑣𝑛 (𝑥) +𝑤𝑛 (𝑥) | > 𝜂𝑎𝛿

]
+ P

[
sup

𝑥 ∈[0,𝑎]

|𝑤𝑛 (𝑥) |
𝑥𝛿

>
𝜂

2

]
+ P

[
sup

𝑥 ∈[0,𝑎]

|𝑣𝑛 (𝑥) |
𝑥𝛿

>
𝜂

2

]
. (4.42)

By the functional delta method, we may find 𝑁1 ∈ N such that for 𝑛 ≥ 𝑁1, the
first term on the right hand side of (4.42) satisfies

P

[
sup

𝑥 ∈[𝑎,𝑀 ]
|𝑣𝑛 (𝑥) +𝑤𝑛 (𝑥) | > 𝜂𝑎𝛿

]
<
𝜖

3
.
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For the second term on the right hand side of (4.42), note that by the first part
of the proposition, there exists 𝑁2 ∈ N such that for 𝑛 ≥ 𝑁2,

P

[
sup

𝑥 ∈[0,𝑎]

|𝑤𝑛 (𝑥) |
𝑥𝛿

>
𝜂

2

]
≤ P

[
sup

𝑥 ∈[0,𝑎]

|𝑊𝑗 (𝑥) |
𝑥𝛿

>
𝜂

2

]
+ 𝜖
6

and we may find 𝑎1 ∈ (0, 1) small enough such that for 0 < 𝑎 < 𝑎1,

P

[
sup

𝑥 ∈[0,𝑎]

|𝑊𝑗 (𝑥) |
𝑥𝛿

>
𝜂

2

]
<
𝜖

6
.

For the second term on the right hand side of (4.42), note that for 𝑥 ∈
[0, (2𝑘)−1], we have 𝑣𝑛 (𝑥) = −𝑥

√
𝑘 . Hence,

sup
𝑥 ∈[0,(2𝑘)−1 ]

|𝑣𝑛 (𝑥) |
𝑥𝛿

=
√
𝑘 sup
𝑥 ∈[0,(2𝑘)−1 ]

𝑥1−𝛿 ≤ 𝑘1/2−1+𝛿 → 0, 𝑛 →∞.

Therefore, we may restrict the supremum to 𝑥 ∈ ((2𝑘)−1, 𝑎]. On that region,
we have

∀𝑥 > (2𝑘)−1,∀𝑢 ≥ 0, 𝑄𝑛 ( 𝑘𝑛𝑥) > 𝑢 ⇐⇒ Γ𝑛 (𝑢) < 𝑘
𝑛
𝑥 . (4.43)

By definition of the absolute value and by the union bound, for every 𝜂 > 0,

P

[
sup

𝑥 ∈( (2𝑘)−1,𝑎]

|𝑣𝑛 (𝑥) |
𝑥𝛿

> 𝜂

]
≤ P

[
sup

𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

> 𝜂

]
+ P

[
inf

𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

< −𝜂
]
. (4.44)

We will treat each of the two terms on the right-hand side of (4.44) separately.
Recall𝑤𝑛 (𝑥) =

√
𝑘

(
𝑛
𝑘
Γ𝑛 ( 𝑘𝑛𝑥) − 𝑥

)
for 𝑥 ≥ 0. First, by (4.43), for 𝑥 > (2𝑘)−1,

𝑣𝑛 (𝑥)
𝑥𝛿

> 𝜂 ⇐⇒ 𝑄𝑛 ( 𝑘𝑛𝑥) >
𝑘
𝑛
(𝑥 + 𝜂𝑥𝛿/

√
𝑘)

⇐⇒ Γ𝑛
(
𝑘
𝑛
(𝑥 + 𝜂𝑥𝛿/

√
𝑘)

)
< 𝑘

𝑛
𝑥

⇐⇒
√
𝑘

{
𝑛
𝑘
Γ𝑛

(
𝑘
𝑛
(𝑥 + 𝜂𝑥𝛿/

√
𝑘)

)
− (𝑥 + 𝜂𝑥𝛿/

√
𝑘)

}
< −𝜂𝑥𝛿

⇐⇒ −𝑤𝑛 (𝑥 + 𝜂𝑥
𝛿/
√
𝑘)

𝑥𝛿
> 𝜂.

Therefore,

P

[
sup

𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

> 𝜂

]
= P

[
sup

𝑥 ∈( (2𝑘)−1,𝑎]

−𝑤𝑛 (𝑥 + 𝜂𝑥𝛿/
√
𝑘)

𝑥𝛿
> 𝜂

]
.
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Let 𝛾 = 𝛿/(𝛿 + 1/2) and note that 𝛿 < 𝛾 < 1/2 since 0 < 𝛿 < 1/2. We have

𝑤𝑛 (𝑥 + 𝜂𝑥𝛿/
√
𝑘)

𝑥𝛿
=
𝑤𝑛 (𝑥 + 𝜂𝑥𝛿/

√
𝑘)

(𝑥 + 𝜂𝑥𝛿/
√
𝑘)𝛾

· (𝑥 + 𝜂𝑥
𝛿/
√
𝑘)𝛾

𝑥𝛿
.

Since 𝛿/𝛾 = 𝛿 + 1/2, the second factor on the right-hand side satisfies

(𝑥 + 𝜂𝑥𝛿/
√
𝑘)𝛾

𝑥𝛿
=

(
𝑥 · 𝑥−𝛿/𝛾 + 𝜂𝑥𝛿 · 𝑥−𝛿/𝛾/

√
𝑘

)𝛾
=

(
𝑥1−𝛿−1/2 + 𝜂𝑥−1/2/

√
𝑘

)𝛾
≤ 2, ∀𝑥 ∈ ((2𝑘)−1, 1] .

We find

P

[
sup

𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

> 𝜂

]
≤ P

[
sup

𝑥 ∈( (2𝑘)−1,𝑎]

𝑤𝑛 (𝑥 + 𝜂𝑥𝛿/
√
𝑘)

(𝑥 + 𝜂𝑥𝛿/
√
𝑘)𝛾

> 𝜂/2
]

= P

[
sup

𝑧∈[0,𝑎+𝜂𝑎𝛿/
√
𝑘 ]

𝑤𝑛 (𝑧)
𝑧𝛾

> 𝜂/2
]

≤ P

[
sup

𝑧∈[0,2𝑎]

𝑤𝑛 (𝑧)
𝑧𝛾

> 𝜂/2
]

for 𝑘 sufficiently large. As 0 < 𝛾 < 1/2, it follows from previous considerations
that we may find 𝑁3 ∈ N and 𝑎2 ∈ (0, 1) such that for 𝑛 ≥ N3 and 0 < 𝑎 < 𝑎2,

P

[
sup

𝑧∈[0,2𝑎]

𝑤𝑛 (𝑧)
𝑧𝛾

> 𝜂/2
]
<
𝜖

6
.

Let us now consider the second term in (4.44). By (4.43), for 𝑥 > (2𝑘)−1 such
that also 𝑥 ≥ 𝜂𝑥𝛿

√
𝑘 ,

𝑣𝑛 (𝑥)
𝑥𝛿

≤ −𝜂 ⇐⇒ 𝑄𝑛 ( 𝑘𝑛𝑥) ≤
𝑘
𝑛
(𝑥 − 𝜂𝑥𝛿/

√
𝑘)

⇐⇒ Γ𝑛
(
𝑘
𝑛
(𝑥 − 𝜂𝑥𝛿/

√
𝑘)

)
≥ 𝑘

𝑛
𝑥

⇐⇒
√
𝑘

{
𝑛
𝑘
Γ𝑛

(
𝑘
𝑛
(𝑥 − 𝜂𝑥𝛿/

√
𝑘)

)
− (𝑥 − 𝜂𝑥𝛿/

√
𝑘)

}
≥ 𝜂𝑥𝛿

⇐⇒ 𝑤𝑛 (𝑥 − 𝜂𝑥𝛿/
√
𝑘)

𝑥𝛿
≥ 𝜂.

If 𝑥 < 𝜂𝑥𝛿
√
𝑘 , then the inequality 𝑣𝑛 (𝑥)/𝑥𝛿 ≤ −𝜂 is impossible, since 𝑄𝑛 ≥ 0



4.B. Link between densities of Λ and Φ𝑝 123

and thus 𝑣𝑛 (𝑥) ≥ −𝑥
√
𝑘 . It follows that

P
[

inf
𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

< −𝜂
]
≤ P

[
inf

𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

≤ −𝜂
]

= P

 sup
𝑥 ∈( (2𝑘)−1,𝑎]
𝑥≥𝜂𝑥𝛿

√
𝑘

𝑤𝑛 (𝑥 − 𝜂𝑥𝛿/
√
𝑘)

𝑥𝛿
≥ 𝜂

 .
Since 𝑥 − 𝜂𝑥𝛿/

√
𝑘 ≤ 𝑥 , the weight 1/𝑥𝛿 can only increase if we replace it by

1/(𝑥 − 𝜂𝑥𝛿/
√
𝑘)𝛿 . But then

sup
𝑥 ∈( (2𝑘)−1,𝑎]
𝑥≥𝜂𝑥𝛿

√
𝑘

𝑤𝑛 (𝑥 − 𝜂𝑥𝛿/
√
𝑘)

𝑥𝛿
≤ sup
𝑧∈[0,𝑎]

𝑤𝑛 (𝑧)
𝑧𝛿

.

Consequently, it follows again from our results on the weighted tail empirical
process that we may find 𝑁4 ∈ N and 𝑎3 ∈ (0, 1) such that for 𝑛 ≥ N4 and
0 < 𝑎 < 𝑎3,

P
[

inf
𝑥 ∈( (2𝑘)−1,𝑎]

𝑣𝑛 (𝑥)
𝑥𝛿

< −𝜂
]
<
𝜖

6
.

Combining everything, we have for 𝑛 ≥ max{𝑁1, . . . , 𝑁4} and 0 < 𝑎 <

min{𝑎1, 𝑎2, 𝑎3} in (4.42),

P

[
sup

𝑥 ∈[0,𝑀 ]

|𝑣𝑛 (𝑥) +𝑤𝑛 (𝑥) |
𝑥𝛿

> 𝜂

]
< 𝜖.

This concludes the proof.

4.B Link between densities of Λ and Φ𝑝

For any 𝑥,𝑦 > 0, we have

𝜆(𝑥,𝑦) = 𝜕2

𝜕𝑥𝜕𝑦
Λ ((0, 𝑥] × (0, 𝑦]) = 𝜕2

𝜕𝑥𝜕𝑦
𝜈

(
[𝑥−1,∞) × [𝑦−1,∞)

)
,

where 𝜈 factorizes in polar coordinates under

𝑇 : 𝑥 ∈ E ↦→ 𝑇 (𝑥) def=
(
∥𝑥 ∥𝑝 , arctan(𝑥1/𝑥2)

)
∈ (0,∞) × [0, 𝜋/2],

i.e.,
d(𝜈 ◦𝑇 −1) (𝑟, 𝜃 ) = d𝜈−1(𝑟 ) ⊗ dΦ𝑝 (𝜃 ),
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where d𝜈−1(𝑟 )
def
= d𝑟/𝑟 2 for any 𝑟 > 0. Hence,

𝜈
(
[𝑥−1,∞) × [𝑦−1,∞)

)
=

(
𝜈−1 ⊗ Φ𝑝

) ({
𝑇 (𝑢, 𝑣) : 𝑢 ≥ 𝑥−1, 𝑣 ≥ 𝑦−1

})
=

(
𝜈−1 ⊗ Φ𝑝

) ({
(𝑟, 𝜃 ) : 𝑟 sin𝜃

∥(sin𝜃, cos𝜃 )∥𝑝
≥ 𝑥−1, 𝑟 cos𝜃

∥(sin𝜃, cos𝜃 )∥𝑝
≥ 𝑦−1

})
=

∫ 𝜋/2

0

(
𝑥 sin𝜃

∥(sin𝜃, cos𝜃 )∥𝑝
∧ 𝑦 cos𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

)
𝜑𝑝 (𝜃 )d𝜃

= 𝑥

∫ arctan(𝑦/𝑥)

0

sin𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

𝜑𝑝 (𝜃 )d𝜃

+ 𝑦
∫ 𝜋/2

arctan(𝑦/𝑥)

cos𝜃
∥(sin𝜃, cos𝜃 )∥𝑝

𝜑𝑝 (𝜃 )d𝜃 .

Differentiating this expression with respect to 𝑥 and 𝑦 using the Leibniz
differentiation rule yields the desired formula (4.23) for 𝜆, showing that its
continuity on (0,∞)2 is equivalent to the one of 𝜑𝑝 on (0, 𝜋/2).

4.C Proof of Theorem 4.3.1

The key idea behind the proof is the following decomposition that can be
found in [42, 47] or more recently in [25]. For each 𝜃 ∈ [0, 𝜋/2],

√
𝑘

(
Φ̂𝑝 (𝜃 ) − Φ𝑝 (𝜃 )

)
=
√
𝑘

(
𝑛
𝑘
𝑃𝑛

(
𝑘
𝑛
𝐶𝑝,𝜃

)
− 𝑛
𝑘
𝑃

(
𝑘
𝑛
𝐶𝑝,𝜃

))
+
√
𝑘

(
𝑛
𝑘
𝑃

(
𝑘
𝑛
𝐶𝑝,𝜃

)
− Λ

(
𝐶𝑝,𝜃

))
+
√
𝑘

(
Λ

(
𝐶𝑝,𝜃

)
− Λ

(
𝐶𝑝,𝜃

) )
def
= 𝑉𝑛,𝑝 (𝜃 ) + 𝑟𝑛,𝑝 (𝜃 ) + 𝑍𝑛,𝑝 (𝜃 ), (4.45)

where the set 𝐶𝑝,𝜃 is estimated by

𝐶𝑝,𝜃
def
=

{
(𝑥,𝑦) : 0 ≤ 𝑥 ≤ ∞, 0 ≤𝑦 ≤ 𝑛

𝑘
𝑄2𝑛

(
Γ1𝑛

(
𝑘
𝑛
𝑥

)
tan𝜃

)
,

𝑦 ≤ 𝑛
𝑘
𝑄2𝑛

(
𝑘
𝑛
𝑦𝑝

(
𝑛
𝑘
Γ1𝑛

(
𝑘
𝑛
𝑥

)))}
. (4.46)

The three terms in the decomposition (4.45) will be called the stochastic term,
bias term, and random set term, respectively.

Outline of the proof. In Section 4.C.2, we state the main underlying weak
convergence result needed for the proof, based on Proposition 4.3.1. Un-
like [42, 47], we prove our asymptotic expansion without requiring a Sko-
rokhod construction but work with the original sample space and random
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variables directly. Technically, it implies that we have to work with weak
convergence instead of the almost sure representations arising from the Sko-
rokhod construction, which makes some continuity arguments a bit more
delicate, but the proof becomes more direct. In Section 4.C.3, we treat each
term of (4.45) separately. Before starting the main proof, we argue that we can
reduce the problem by only showing the result for 𝜃 ∈ [0, 𝜋/4] in Section 4.C.1.

4.C.1 Reduction to 𝜃 ∈ [0, 𝜋/4]

Let 𝑆 : (𝑥,𝑦) ∈ R2 ↦→ (𝑦, 𝑥) ∈ R2 be the symmetry map. By extension, we also
define the set-valued map 𝑆 (𝐴) def= {𝑆 (𝑥,𝑦) : (𝑥,𝑦) ∈ 𝐴} for 𝐴 ⊆ R2. Clearly,
the measures 𝑃𝑛 ◦ 𝑆−1 and 𝑃 ◦ 𝑆−1 underlying the statement of the theorem
satisfy Assumptions 4.3.1 and 4.3.2 with respect to the measure Λ𝑆

def
= Λ ◦ 𝑆−1,

which has density 𝜆𝑆
def
= 𝜆 ◦ 𝑆 . The smoothness assumption is trivial. For the

bias assumption, letting 𝑐𝑆
def
= 𝑐 ◦ 𝑆 denote the density of 𝑃 ◦ 𝑆−1, it suffices to

note that 𝑆 (L𝑇 ) = L𝑇 for any 𝑇 ≥ 1 and thus∬
L𝑇
|𝑡𝑐𝑆 (𝑡𝑢1, 𝑡𝑢2) − 𝜆𝑆 (𝑢1, 𝑢2) | d𝑢1d𝑢2 = D𝑇 (𝑡),

for any 𝑡 > 0. We may thus apply our result for 𝑃𝑛 ◦ 𝑆−1 and 𝑃 ◦ 𝑆−1 for
𝜃 ∈ [0, 𝜋/4] once it has been proved for 𝑃𝑛 and 𝑃 .

Now consider 𝜃 ∈ [𝜋/4, 𝜋/2]. Then, up to sets of Hausdorff dimension 1,
sets which are asymptotically negligible for our purposes, we have

𝐶𝑝,𝜃 = 𝐶𝑝,𝜋/4 ∪
(
𝑆 (𝐶𝑝,𝜋/4) \ 𝑆 (𝐶𝑝,𝜋/2−𝜃 )

)
. (4.47)

Consequently, letting Φ̂𝑆𝑝 denote the empirical angular measure associated
with 𝑃𝑛 ◦ 𝑆−1 and Φ𝑆𝑝 the angular measure associated with 𝑃 ◦ 𝑆−1, we have for
such 𝜃 ∈ [𝜋/4, 𝜋/2] that asymptotically, by continuity of the limiting process,

√
𝑘

(
Φ̂𝑝 (𝜃 ) − Φ𝑝 (𝜃 )

)
=
√
𝑘

(
Φ̂𝑝 (𝜋/4) − Φ𝑝 (𝜋/4)

)
+
√
𝑘

(
Φ̂𝑆𝑝 (𝜋/4) − Φ𝑆𝑝 (𝜋/4)

)
−
√
𝑘

(
Φ̂𝑆𝑝 (𝜋/2 − 𝜃 ) − Φ𝑆𝑝 (𝜋/2 − 𝜃 )

)
+ oP(1),

where the oP(1) term is uniform in 𝜃 ∈ [𝜋/4, 𝜋/2]. Assuming that the theorem
has been shown to hold for 𝜃 ∈ [0, 𝜋/4], if 𝐸𝑆𝑛,𝑝 (𝜃 ) denotes the asymptotic
expansion obtained on the basis of the measures 𝑃𝑛 ◦ 𝑆−1 and 𝑃 ◦ 𝑆−1, we have
for 𝜃 ∈ [𝜋/4, 𝜋/2],
√
𝑘

(
Φ̂𝑝 (𝜃 ) − Φ𝑝 (𝜃 )

)
= 𝐸𝑛,𝑝 (𝜋/4) + 𝐸𝑆𝑛,𝑝 (𝜋/4) − 𝐸𝑆𝑛,𝑝 (𝜋/2 − 𝜃 ) + oP(1),
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where the oP(1) term is uniform in 𝜃 ∈ [𝜋/4, 𝜋/2]. It is now sufficient to show
that

𝐸𝑛,𝑝 (𝜋/4) + 𝐸𝑆𝑛,𝑝 (𝜋/4) − 𝐸𝑆𝑛,𝑝 (𝜋/2 − 𝜃 ) = 𝐸𝑛,𝑝 (𝜃 ), 𝜃 ∈ [𝜋/4, 𝜋/2] . (4.48)

To do so, we expand 𝐸𝑛,𝑝 and 𝐸𝑆𝑛,𝑝 into three terms as in Theorem 4.3.1. The
expansions of 𝐸𝑛,𝑝 (𝜋/4) and 𝐸𝑛,𝑝 (𝜃 ) are provided in the theorem. We compute
the expansions of 𝐸𝑆𝑛,𝑝 (𝜋/4) and 𝐸𝑆𝑛,𝑝 (𝜋/2 − 𝜃 ).

For 𝐸𝑆𝑛,𝑝 (𝜋/4), the first term in the expansion is trivially given by

√
𝑘

(
𝑛
𝑘
𝑃𝑛

(
𝑘
𝑛
𝑆 (𝐶𝑝,𝜋/4)

)
− 𝑛
𝑘
𝑃

(
𝑘
𝑛
𝑆 (𝐶𝑝,𝜋/4)

))
.

For the second term in the expansion, the integral over 𝑥 < 𝑥𝑝 (𝜋/4) becomes∫ 21/𝑝

0
𝜆𝑆 (𝑥, 𝑥){𝑤2𝑛 (𝑥) −𝑤1𝑛 (𝑥)}d𝑥 = −

∫ 21/𝑝

0
𝜆(𝑥, 𝑥){𝑤1𝑛 (𝑥) −𝑤2𝑛 (𝑥)}d𝑥,

since tan(𝜋/4) = cot(𝜋/4) = 1 and the measure 𝑆#𝑃𝑛 has first marginal tail
empirical process𝑤2𝑛 and second marginal tail empirical process𝑤1𝑛 . We see
that it equals the opposite of the integral over 𝑥 < 𝑥𝑝 (𝜋/4) in the expansion
of 𝐸𝑛,𝑝 (𝜋/4) so that they will cancel out. The third term in the expansion is an
integral over 𝑥 ≥ 𝑥𝑝 (𝜋/4), for which we only consider the more complicated
case 𝑝 < ∞. It equals∫ ∞

21/𝑝
𝜆𝑆 (𝑥,𝑦𝑝 (𝑥))

{
𝑤2𝑛 (𝑥)𝑦 ′𝑝 (𝑥) −𝑤1𝑛 (𝑦𝑝 (𝑥))

}
d𝑥

=

∫ 21/𝑝

1
𝜆(𝑧,𝑦𝑝 (𝑧))

{
𝑤1𝑛 (𝑧)𝑦 ′𝑝 (𝑧) −𝑤2𝑛 (𝑦𝑝 (𝑧))

}
d𝑧,

where the second line follows from the change of variable 𝑥 = 𝑦𝑝 (𝑧) which is
an involution and satisfies 𝑦 ′𝑝 (𝑦𝑝 (𝑧))𝑦 ′𝑝 (𝑧) = 1.

For 𝐸𝑆𝑛,𝑝 (𝜋/2− 𝜃 ), the reasoning is similar. The first term in the expansion
is √

𝑘

(
𝑛
𝑘
𝑃𝑛

(
𝑘
𝑛
𝑆
(
𝐶𝑝,𝜋/2−𝜃

) )
− 𝑛
𝑘
𝑃

(
𝑘
𝑛
𝑆
(
𝐶𝑝,𝜋/2−𝜃

) ))
.

Since tan(𝜋/2 − 𝜃 ) = cot(𝜃 ), the second term in the expansion is∫ 𝑥𝑝 (𝜋/2−𝜃 )

0
𝜆𝑆 (𝑥, 𝑥 tan(𝜋/2−𝜃 )){𝑤2𝑛 (𝑥) tan(𝜋/2−𝜃 )−𝑤1𝑛 (𝑥 tan(𝜋/2−𝜃 ))}d𝑥

= −
∫ 𝑥𝑝 (𝜃 )

0
𝜆(𝑦,𝑦 tan𝜃 ) {𝑤1𝑛 (𝑦) tan𝜃 −𝑤2𝑛 (𝑦 tan𝜃 )} d𝑦.
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The third term is an integral over 𝑥 ≥ 𝑥𝑝 (𝜋/2 − 𝜃 ). Again assuming 𝑝 < ∞,
using the same change of variable as before and the fact that𝑦𝑝 (𝑥𝑝 (𝜋/2−𝜃 )) =
𝑥𝑝 (𝜃 ), we get∫ 𝑥𝑝 (𝜃 )

1
𝜆(𝑧,𝑦𝑝 (𝑧))

{
𝑤1𝑛 (𝑧)𝑦 ′𝑝 (𝑧) −𝑤2𝑛 (𝑦𝑝 (𝑧))

}
d𝑧.

Combining everything, we find (4.48). Consequently, once the asymptotic
expansion stated in the theorem has been shown to hold on the region 𝜃 ∈
[0, 𝜋/4], it holds on 𝜃 ∈ [0, 𝜋/2].

4.C.2 Weak convergence of a tail empirical process

As in [47], the main idea of the proof is to approximate the random sets 𝐶𝑝,𝜃
by those in a carefully constructed VC class of sets built from a covering of the
positive real line by (small) intervals on which the random perturbations of
the original sets 𝐶𝑝,𝜃 are manageable. Fix any Δ ∈ {1, 1/2, 1/3, . . .} and𝑀 > 1
and let A = A(Δ, 𝑀) be the following VC class of sets, already introduced
in [47]. For𝑚 ∈ {0, 1, 2, . . . , 1/Δ − 1}, define the intervals

𝐼Δ (𝑚,𝜃 )
def
=


[𝑚Δ𝑥𝑝 (𝜃 ), (𝑚 + 1)Δ𝑥𝑝 (𝜃 )] if 𝜃 ∈ (0, 𝜋/4],
[0,∞) if 𝜃 = 0 and𝑚 = 0,
∅ if 𝜃 = 0 and𝑚 > 0.

(4.49)

and

𝐽Δ (𝑚)
def
= [𝑦𝑝 (1 + (21/𝑝 − 1) (𝑚 + 1)Δ), 𝑦𝑝 (1 + (21/𝑝 − 1)𝑚Δ)] . (4.50)

Set Ã to be the class of sets containing the following sets:

■
⋃1/Δ−1
𝑚=0

{
(𝑥,𝑦) : 𝑥 ∈ 𝐼Δ (𝑚,𝜃 ), 0 ≤ 𝑦 ≤ 𝑥 tan𝜃 + 𝐵𝑚 (𝑥 tan𝜃 )1/16

}
for some

𝜃 ∈ [0, 𝜋/4] and 𝐵0, . . . , 𝐵1/Δ−1 ∈ [−1, 1].

■
⋃1/Δ−1
𝑚=0

{
(𝑥,𝑦) : 𝑥 ∈ 𝐽Δ (𝑚), 𝑥 ≥ 𝑥𝑝 (𝜃 ), 0 ≤ 𝑦 ≤ 𝑦𝑝 (𝑥) (1 + 𝐾𝑚)

}
for some

𝜃 ∈ [0, 𝜋/4] and 𝐾0, . . . , 𝐾1/Δ−1 ∈ [−1/2, 1/2].

■ {(𝑥,𝑦) : 𝑥 ≤ 𝑎}, {(𝑥,𝑦) : 𝑦 ≤ 𝑎} and {(𝑥,𝑦) : 𝑥 ≤ 𝑎 or 𝑦 ≤ 𝑎} for some
𝑎 ∈ [0, 𝑀].

Next, define Ã𝑠
def
= {𝐴𝑠 : 𝐴 ∈ Ã} where for𝐴 ∈ Ã,𝐴𝑠

def
= {(𝑥,𝑦) : (𝑦, 𝑥) ∈ 𝐴}.

Finally, let A = Ã ∪ Ã𝑠 .
As required in Proposition 4.3.1, every set in A is contained in 𝐿𝑀 = {𝑥 ∈

[0,∞)𝑑 : min(𝑥1, . . . , 𝑥𝑑 ) ≤ 𝑀}, provided 𝑀 > 1 is picked large enough—
which is not restrictive since we will consider it large later. Furthermore, the
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other conditions underlying Proposition 4.3.1 are easily shown to hold in view
of the assumptions. In particular, the uniform regular variation condition (4.18)
is satisfied thanks to the convergence in total variation in Assumption 4.3.2.
Consequently, we can conclude that (4.19) and (4.20) hold in this setting.

4.C.3 Asymptotic expansions of the three terms

The stochastic term 𝑉𝑛,𝑝 (𝜃 ). Recall𝑊𝑛,𝑘 in Proposition 4.3.1 and note that
𝑉𝑛,𝑝 (𝜃 ) =𝑊𝑛,𝑘 (𝐶𝑝,𝜃 ). Our aim is to show that, as 𝑛 →∞,

sup
𝜃 ∈[0,𝜋/4]

��𝑊𝑛,𝑘 (𝐶𝑝,𝜃 ) −𝑊𝑛,𝑘 (𝐶𝑝,𝜃 )
�� = oP(1) . (4.51)

We will consider separately 𝑉𝑛,𝑝,1 and 𝑉𝑛,𝑝,2, where 𝑉𝑛,𝑝,𝑖 (𝜃 )
def
= 𝑊𝑛,𝑘 (𝐶𝑝,𝜃,𝑖)

with 𝐶𝑝,𝜃,1
def
= 𝐶𝑝,𝜃 ∩ {(𝑥,𝑦) : 𝑥 < 𝑥𝑝 (𝜃 )} and 𝐶𝑝,𝜃,2

def
= 𝐶𝑝,𝜃 ∩ {(𝑥,𝑦) : 𝑥 ≥

𝑥𝑝 (𝜃 )}. In particular, it would follow from the triangle inequality that the
expansion (4.51) is satisfied, provided that

sup
𝜃 ∈[0,𝜋/4]

��𝑉𝑛,𝑝,𝑖 (𝜃 ) −𝑊𝑛,𝑘 (𝐶𝑝,𝜃,𝑖)
�� = oP(1), 𝑖 ∈ {1, 2}, (4.52)

where 𝐶𝑝,𝜃,1
def
= 𝐶𝑝,𝜃 ∩ {(𝑥,𝑦) : 𝑥 < 𝑥𝑝 (𝜃 )} and 𝐶𝑝,𝜃,2

def
= 𝐶𝑝,𝜃 ∩ {(𝑥,𝑦) : 𝑥 ≥

𝑥𝑝 (𝜃 )}.
Let us first consider 𝑖 = 1. Recall equation (4.46) and observe that, since

𝑛
𝑘
Γ𝑗𝑛 ( 𝑘𝑛𝑥) = 𝑥 +𝑤 𝑗𝑛 (𝑥)/

√
𝑘 and 𝑛

𝑘
𝑄 𝑗𝑛 ( 𝑘𝑛𝑥) = 𝑥 + 𝑣 𝑗𝑛 (𝑥)/

√
𝑘 ,

𝑛
𝑘
𝑄2𝑛

(
Γ1𝑛

(
𝑘
𝑛
𝑥

)
tan𝜃

)
= 𝑥 tan𝜃 +

𝑧𝑛,𝜃 (𝑥)√
𝑘

,

𝑛
𝑘
𝑄2𝑛

(
𝑘
𝑛
𝑦𝑝

(
𝑛
𝑘
Γ1𝑛

(
𝑘
𝑛
𝑥

)))
= 𝑦𝑝 (𝑥) +

𝑠𝑛,𝑝 (𝑥)√
𝑘

,

where

𝑧𝑛,𝜃 (𝑥)
def
= 𝑤1𝑛 (𝑥) tan𝜃 + 𝑣2𝑛

(
𝑥 tan𝜃 + 𝑤1𝑛 (𝑥) tan𝜃√

𝑘

)
, (4.53)

𝑠𝑛,𝑝 (𝑥)
def
=
√
𝑘

{
𝑦𝑝

(
𝑥 + 𝑤1𝑛 (𝑥)√

𝑘

)
− 𝑦𝑝 (𝑥)

}
+ 𝑣2𝑛

(
𝑦𝑝

(
𝑥 + 𝑤1𝑛 (𝑥)√

𝑘

))
. (4.54)

Now set, for any𝑚 ∈ {0, 1, 2, . . . , 1/Δ − 1}, with the convention that 0/0 = 0,

𝑉 +
𝑚,Δ,𝜃

def
= sup

𝑥 ∈𝐼Δ (𝑚,𝜃 )

𝑧𝑛,𝜃 (𝑥) ∧
(
𝑠𝑛,𝑝 (𝑥) +

√
𝑘 (𝑦𝑝 (𝑥) − 𝑥 tan𝜃 )

)
(𝑥 tan𝜃 )1/16

,

𝑉 −
𝑚,Δ,𝜃

def
= inf

𝑥 ∈𝐼Δ (𝑚,𝜃 )

𝑧𝑛,𝜃 (𝑥) ∧
(
𝑠𝑛,𝑝 (𝑥) +

√
𝑘 (𝑦𝑝 (𝑥) − 𝑥 tan𝜃 )

)
(𝑥 tan𝜃 )1/16

,
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where the intervals 𝐼Δ (𝑚,𝜃 ) were defined in (4.49). For fixed 𝜃 , note that these
intervals cover [0, 𝑥𝑝 (𝜃 )], on which 𝑦𝑝 (𝑥) ≥ 𝑥 tan𝜃 . It follows that on an
event whose probability tends to one,𝑉 ±

𝑚,Δ,𝜃
is equal to the same expression as

in its definition but with the numerator simplified to 𝑧𝑛,𝜃 (𝑥). In the following,
we work with these simplified definitions. Moreover, the weak convergence{ |𝑧𝑛,𝜃 (𝑥) |
(𝑥 tan𝜃 )1/16

: 𝜃 ∈ [0, 𝜋/4], 𝑥 ∈ [0, 𝑥𝑝 (𝜃 )]
}

L→
{
𝑊1(𝑥) tan𝜃 −𝑊2(𝑥 tan𝜃 )

(𝑥 tan𝜃 )1/16
: 𝜃 ∈ [0, 𝜋/4], 𝑥 ∈ [0, 𝑥𝑝 (𝜃 )]

}
(4.55)

holds in the Banach space of bounded functions on the indicated domain.
To see (4.55), recall the definition of 𝑧𝑛,𝜃 in (4.53) and note that for any
𝜃 ∈ [0, 𝜋/4],

𝑧𝑛,𝜃 (𝑥)
(𝑥 tan𝜃 )1/16

=
𝑤1𝑛 (𝑥)
𝑥1/16

(tan𝜃 )15/16

+
𝑣2𝑛

(
𝑥 tan𝜃 + 𝑤1𝑛 (𝑥) tan𝜃√

𝑘

)
(
𝑥 tan𝜃 + 𝑤1𝑛 (𝑥) tan𝜃√

𝑘

)1/4 (
(𝑥 tan𝜃 )3/4 + (tan𝜃 )

3/4
√
𝑘

𝑤1𝑛 (𝑥)
𝑥1/4

)1/4
.

Using equations (4.21) and (4.22) in Proposition 4.3.2 together with the fact
that 𝑥 tan𝜃 ≤ 21/𝑝 on the said domain yields (4.55). In particular, we have

sup
𝜃 ∈[0,𝜋/4]

sup
𝑥 ∈[0,𝑥𝑝 (𝜃 ) ]

|𝑧𝑛,𝜃 (𝑥) |
(𝑥 tan𝜃 )1/16

= OP(1), 𝑛 →∞. (4.56)

Defining

𝑀±Δ,𝜃
def
=

Δ−1⋃
𝑚=0

{
(𝑥,𝑦) : 𝑥 ∈ 𝐼Δ (𝑚,𝜃 ), 0 ≤ 𝑦 ≤ 𝑥 tan𝜃 +

𝑉 ±
𝑚,Δ,𝜃√
𝑘
(𝑥 tan𝜃 )1/16

}
,

it is easy to see that for any 𝜃 ∈ [0, 𝜋/4] we have 𝑀−
Δ,𝜃
⊆ 𝐶𝜃,𝑝,1 ⊆ 𝑀+Δ,𝜃 and

thus
𝑉 −𝑛,Δ,1(𝜃 ) − 𝑅𝑛,Δ,1(𝜃 ) ≤ 𝑉𝑛,𝑝,1(𝜃 ) ≤ 𝑉 +𝑛,Δ,1(𝜃 ) + 𝑅𝑛,Δ,1(𝜃 ), (4.57)

where

𝑉 ±𝑛,Δ,1(𝜃 )
def
= 𝑊𝑛,𝑘 (𝑀±Δ,𝜃 ), (4.58)

𝑅𝑛,Δ,1(𝜃 )
def
=
√
𝑘 𝑛
𝑘
𝑃

(
𝑘
𝑛
(𝑀+Δ,𝜃 \𝑀

−
Δ,𝜃 )

)
. (4.59)

Observe that, due to Assumption 4.3.2 and the behavior of the marginal
tail empirical and quantile processes,

sup
𝜃 ∈[0,𝜋/4]

���𝑅𝑛,Δ,1(𝜃 ) − √𝑘Λ(𝑀+Δ,𝜃 \𝑀−Δ,𝜃 )��� = oP(1) .
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Similar computations as in [42, Section 3.1.1] show that

√
𝑘Λ(𝑀+Δ,𝜃 \𝑀

−
Δ,𝜃 ) ≤ 16 × 21/𝑝 sup

𝑦≥0
𝜆(1, 𝑦) max

𝑚=0,...,Δ−1
(𝑉 +
𝑚,Δ,𝜃 −𝑉

−
𝑚,Δ,𝜃 ),

where sup𝑦≥0 𝜆(1, 𝑦) < ∞ since 𝜆 is continuous on [0,∞)2 \ {(0, 0)} thanks
to Assumption 4.3.1 and lim𝑦→∞ 𝜆(1, 𝑦) = 0 (the latter limit following from
the homogeneity of 𝜆 in (4.24)). Since 𝑉 +

𝑚,Δ,0 = 𝑉
−
𝑚,Δ,0 = 0 by convention for

any value of𝑚 and Δ, we deduce from (4.55) that, for every 𝜖 > 0,

lim
Δ→0

lim sup
𝑛→∞

P∗
[

sup
𝜃 ∈[0,𝜋/4]

max
𝑚=0,...,Δ−1

(𝑉 +
𝑚,Δ,𝜃 −𝑉

−
𝑚,Δ,𝜃 ) > 𝜖

]
= 0.

Collecting the latter three equations, we conclude that, for every 𝜖 > 0,

lim
Δ→0

lim sup
𝑛→∞

P∗
[

sup
𝜃 ∈[0,𝜋/4]

𝑅𝑛,Δ,1(𝜃 ) > 𝜖
]
= 0. (4.60)

Furthermore, since (4.56) implies that on an event with probability tending
to one we have 𝑀±

Δ,𝜃
∈ A for all 𝜃 ∈ [0, 𝜋/4], it follows that for all 𝜖, 𝛿 > 0,

we have

lim sup
𝑛→∞

P∗
[
max

𝜎 ∈{−,+}
sup

𝜃 ∈[0,𝜋/4]

���𝑊𝑛,𝑘 (𝑀𝜎
Δ,𝜃 ) −𝑊𝑛,𝑘 (𝐶𝑝,𝜃,1)

��� > 𝜖]
≤ lim sup

𝑛→∞
P∗

[
max

𝜎 ∈{−,+}
sup

𝜃 ∈[0,𝜋/4]
𝜌 (𝑀𝜎

Δ,𝜃 ,𝐶𝑝,𝜃,1) ≥ 𝛿
]

+ lim sup
𝑛→∞

P∗
[

sup
𝐴,𝐴′∈A,𝜌 (𝐴,𝐴′)<𝛿

��𝑊𝑛,𝑘 (𝐴) −𝑊𝑛,𝑘 (𝐴′)
�� > 𝜖] . (4.61)

Standard computations lead to

sup
𝜃 ∈[0,𝜋/4]

𝜌 (𝑀±Δ,𝜃 ,𝐶𝑝,𝜃,1)

≤ 16 × 21/𝑝
√
𝑘

sup
𝑦≥0

𝜆(1, 𝑦) sup
𝜃 ∈[0,𝜋/4]

max
𝑚=0,...,Δ−1

|𝑉 ±
𝑚,Δ,𝜃 | = oP(1),

so that the first limsup on the right hand side of (4.61) is zero. The second
limsup can be made arbitrary close to zero as 𝛿 ↓ 0 by (4.20).
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Combining everything leads to (4.52) for 𝑖 = 1. Indeed, for 𝜖 > 0, we have

P∗
[

sup
𝜃 ∈[0,𝜋/4]

��𝑉𝑛,𝑝,1(𝜃 ) −𝑊𝑛,𝑘 (𝐶𝑝,𝜃,1)
�� > 𝜖]

≤
∑︁

𝜎 ∈{−,+}
P∗

[
sup

𝜃 ∈[0,𝜋/4]

��𝑉 𝜎𝑛,Δ,1(𝜃 ) −𝑊𝑛,𝑘 (𝐶𝑝,𝜃,1)
�� > 𝜖/2]

+ 2P∗
[

sup
𝜃 ∈[0,𝜋/4]

𝑅𝑛,Δ,1(𝜃 ) > 𝜖/2
]
.

The first term on the right-hand side vanishes as 𝑛 → ∞, while the limsup
over 𝑛 →∞ of the second term can be made arbitrarily small as Δ→ 0.

Let us now consider the case 𝑖 = 2 in (4.52). Similarly to the case 𝑖 = 1, it
will be useful to note that for any 𝜃 ∈ [0, 𝜋/4],

𝐶𝑝,𝜃,2 =

{
(𝑥,𝑦) : 𝑥 ≥ 𝑥𝑝 (𝜃 ), 0 ≤ 𝑦 ≤

(
𝑥 tan𝜃 +

𝑧𝑛,𝜃 (𝑥)√
𝑘

)
∧

(
𝑦𝑝 (𝑥) +

𝑠𝑛,𝑝 (𝑥)√
𝑘

)}
,

with 𝑧𝑛,𝜃 and 𝑠𝑛,𝑝 the processes defined in (4.53) and (4.54) respectively. For
each𝑚 ∈ {0, 1, 2, . . . , 1/Δ − 1}, we let

𝑆+
𝑚,Δ,𝜃

def
= sup

𝑥 ∈𝐽Δ (𝑚)

𝑠𝑛,𝑝 (𝑥) ∧
(
𝑧𝑛,𝜃 (𝑥) +

√
𝑘 (𝑥 tan𝜃 − 𝑦𝑝 (𝑥))

)
𝑦𝑝 (𝑥)

,

𝑆−
𝑚,Δ,𝜃

def
= inf

𝑥 ∈𝐽Δ (𝑚)

𝑠𝑛,𝑝 (𝑥) ∧
(
𝑧𝑛,𝜃 (𝑥) +

√
𝑘 (𝑥 tan𝜃 − 𝑦𝑝 (𝑥))

)
𝑦𝑝 (𝑥)

,

where the intervals 𝐽Δ (𝑚)were defined in (4.50). These intervals cover [21/𝑝 ,∞],
on which 𝑥 tan𝜃 ≥ 𝑥𝑝 (𝜃 ) for any 𝜃 ∈ [0, 𝜋/4]. It follows that on an event
whose probability tends to one, 𝑆±

𝑚,Δ,𝜃
is equal to the same expression as in

its definition but with the numerator simplified to 𝑠𝑛,𝑝 (𝑥). In the following,
we work with these simplified definitions. Note that, by (4.21) and (4.22), the
mean value theorem and the extended continuous mapping theorem [122,
Theorem 1.11.1], the weak convergence{

𝑠𝑛,𝑝 (𝑥) : 𝑥 ∈ [21/𝑝 ,∞)
} L→ {

𝑊1(𝑥)𝑦 ′𝑝 (𝑥) −𝑊2(𝑦𝑝 (𝑥)) : 𝑥 ∈ [21/𝑝 ,∞)
}

(4.62)
holds in ℓ∞( [21/𝑝 ,∞)). In particular, since 𝑦𝑝 (𝑥) ≥ 1 when 𝑥 ≥ 21/𝑝 , we have

sup
𝑥 ∈[21/𝑝 ,∞]

|𝑠𝑛,𝑝 (𝑥) |
𝑦𝑝 (𝑥)

= OP(1) . (4.63)
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Defining

𝑁 ±Δ,𝜃
def
=

Δ−1⋃
𝑚=0

{
(𝑥,𝑦) : 𝑥 ≥ 𝑥𝑝 (𝜃 ), 𝑥 ∈ 𝐽Δ (𝑚), 0 ≤ 𝑦 ≤ 𝑦𝑝 (𝑥)

(
1 +

𝑆±
𝑚,Δ,𝜃√
𝑘

)}
,

we see that for any 𝜃 ∈ [0, 𝜋/4] we have 𝑁 −
Δ,𝜃
⊆ 𝐶𝜃,𝑝,2 ⊆ 𝑁 +Δ,𝜃 and thus

𝑉 −𝑛,Δ,2(𝜃 ) − 𝑅𝑛,Δ,2(𝜃 ) ≤ 𝑉𝑛,𝑝,2(𝜃 ) ≤ 𝑉 +𝑛,Δ,2(𝜃 ) + 𝑅𝑛,Δ,2(𝜃 ), (4.64)

where

𝑉 ±𝑛,Δ,2(𝜃 )
def
= 𝑊𝑛,𝑘 (𝑁 ±Δ,𝜃 ), (4.65)

𝑅𝑛,Δ,2(𝜃 )
def
=
√
𝑘 𝑛
𝑘
𝑃

(
𝑘
𝑛
(𝑁 +Δ,𝜃 \ 𝑁

−
Δ,𝜃 )

)
. (4.66)

Due to Assumption 4.3.2 and the behavior of the marginal tail empirical
and quantile processes,

sup
𝜃 ∈[0,𝜋/4]

���𝑅𝑛,Δ,2(𝜃 ) − √𝑘Λ(𝑁 +Δ,𝜃 \ 𝑁 −Δ,𝜃 )��� = oP(1) .

Computations in [47, Paragraph A.1] show that, with probability tending to
one,

sup
𝜃 ∈[0,𝜋/4]

√
𝑘Λ(𝑁 +Δ,𝜃 \ 𝑁

−
Δ,𝜃 ) ≤ 3 sup

𝜃 ∈[0,𝜋/4]
max

𝑚=0,...,Δ−1
(𝑆+
𝑚,Δ,𝜃 − 𝑆

−
𝑚,Δ,𝜃 ) .

In view of (4.62), we have, for any 𝜖 > 0,

lim
Δ→0

lim sup
𝑛→∞

P∗
[

sup
𝜃 ∈[0,𝜋/4]

max
𝑚=0,...,Δ−1

(𝑆+
𝑚,Δ,𝜃 − 𝑆

−
𝑚,Δ,𝜃 ) > 𝜖

]
= 0,

which implies (4.60) with 𝑅𝑛,Δ,1 replaced by 𝑅𝑛,Δ,2.
By a similar argument as for 𝑖 = 1, we have

sup
𝜃 ∈[0,𝜋/4]

𝜌 (𝑁 ±Δ,𝜃 ,𝐶𝑝,𝜃,2) ≤
3
√
𝑘

sup
𝜃 ∈[0,𝜋/4]

max
𝑚=0,...,Δ−1

|𝑆±
𝑚,Δ,𝜃 | = oP(1),

and thus (4.52) holds for 𝑖 = 2.

The bias term 𝑟𝑛,𝑝 (𝜃 ). Note that all sets 𝐶𝑝,𝜃 for 𝜃 ∈ [0, 𝜋/4] are contained
in the set 𝐶𝑝,𝜋/4 and, with probability tending to one, the latter is contained
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in the set {(𝑥,𝑦) : 0 ≤ 𝑥 ∧ 𝑦 ≤ 𝑀} for𝑀 = 𝑀 (𝑝) = 21/𝑝 . It follows that, with
probability tending to one,

sup
𝜃 ∈[0,𝜋/4]

��𝑟𝑛,𝑝 (𝜃 )�� ≤ √𝑘∬
0≤𝑥∧𝑦≤𝑀

����𝑘𝑛𝑐 (
𝑘

𝑛
𝑥,
𝑘

𝑛
𝑦

)
− 𝜆(𝑥,𝑦)

���� d𝑥d𝑦
=
√
𝑘𝑀

∬
0≤𝑢∧𝑣≤1

����𝑘𝑛𝑀𝑐 (
𝑘

𝑛
𝑀𝑢,

𝑘

𝑛
𝑀𝑣

)
− 𝜆(𝑢, 𝑣)

���� d𝑢d𝑣
=
√
𝑘𝑀D𝑛/𝑘

(
𝑘

𝑛
𝑀

)
+
√
𝑘𝑀

∬
0≤𝑢∧𝑣≤1
𝑢∨𝑣>𝑛

𝑘

𝑘

𝑛
𝑀𝑐

(
𝑘

𝑛
𝑀𝑢,

𝑘

𝑛
𝑀𝑣

)
d𝑢d𝑣

+
√
𝑘𝑀

∬
0≤𝑢∧𝑣≤1
𝑢∨𝑣>𝑛

𝑘

𝜆(𝑢, 𝑣)d𝑢d𝑣 .

By the first part of Assumption 4.3.2, the first term in the right-hand side
vanishes asymptotically as 𝑛 →∞. The second integral actually equals zero
for any value of 𝑛 ∈ N since the copula density 𝑐 vanishes outside [0, 1]2. For
the last integral, assuming 𝑛 large enough so that 𝑛/𝑘 > 1, the domain of
integration is the union of two distinct parts given by {(𝑢, 𝑣) : 0 ≤ 𝑢 ≤ 1, 𝑣 >
𝑛/𝑘} and {(𝑢, 𝑣) : 𝑢 > 𝑛/𝑘, 0 ≤ 𝑣 ≤ 1}. For the first part, we have

𝑀
√
𝑘

∬
0≤𝑢≤1
𝑣>𝑛/𝑘

𝜆(𝑢, 𝑣)d𝑢d𝑣 ≤ 𝑀
√
𝑘

(
Φ𝑝 ( 𝜋2 ) − Φ𝑝 (

𝜋
2 −

𝑘
𝑛
)
)
,

while for the second part, we have

𝑀
√
𝑘

∬
𝑢>𝑛/𝑘
0≤𝑣≤1

𝜆(𝑢, 𝑣)d𝑢d𝑣 ≤ 𝑀
√
𝑘Φ𝑝 ( 𝑘𝑛 ).

By the second part of Assumption 4.3.2, those two quantities converge to zero
as 𝑛 →∞.

The random set term𝑍𝑛,𝑝 (𝜃 ). Similarly as for the stochastic term, we work
on

𝑍𝑛,𝑝,𝑖 (𝜃 ) =
√
𝑘

(
Λ

(
𝐶𝑝,𝜃,𝑖

)
− Λ

(
𝐶𝑝,𝜃,𝑖

) )
separately for 𝑖 = 1, 2. In particular, our aim is to show that, as 𝑛 →∞,

sup
𝜃 ∈[0,𝜋/4]

�����𝑍𝑛,𝑝,1(𝜃 ) − ∫ 𝑥𝑝 (𝜃 )

0
𝜆(𝑥, 𝑥 tan𝜃 ) {𝑤1𝑛 (𝑥) tan𝜃 −𝑤2𝑛 (𝑥 tan𝜃 )} d𝑥

�����
= oP(1) (4.67)
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and, for 𝑝 < ∞ (since this is the most involved case),

sup
𝜃 ∈[0,𝜋/4]

�����𝑍𝑛,𝑝,2(𝜃 ) − ∫ ∞

𝑥𝑝 (𝜃 )
𝜆(𝑥,𝑦𝑝 (𝑥))

{
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛

(
𝑦𝑝 (𝑥)

)}
d𝑥

�����
= oP(1). (4.68)

We start with (4.67). Since, as pointed out earlier, 𝑦𝑝 (𝑥) ≥ 𝑥 tan𝜃 on
[0, 𝑥𝑝 (𝜃 )], we have, on an event with probability tending to one,

𝑍𝑛,𝑝,1(𝜃 ) =
√
𝑘

∫ 𝑥𝑝 (𝜃 )

0

∫ 𝑥 tan𝜃+
𝑧𝑛,𝜃 (𝑥)√

𝑘

𝑥 tan𝜃
𝜆(𝑥,𝑦)d𝑦d𝑥,

where 𝑧𝑛,𝜃 was defined in (4.53). Changing variables 𝑦 (𝑧) = 𝑥 tan𝜃 + 𝑧/
√
𝑘

and making use of the mean value theorem leads to

𝑍𝑛,𝑝,1(𝜃 ) =
∫ 𝑥𝑝 (𝜃 )

0
𝜆

(
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
𝑧𝑛,𝜃 (𝑥)d𝑥,

where 𝑦 (𝑥, 𝜃 ) is between 0 and 𝑧𝑛,𝜃 (𝑥). Observing that

𝜆

(
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
𝑧𝑛,𝜃 (𝑥) − 𝜆(𝑥, 𝑥 tan𝜃 ) {𝑤1𝑛 (𝑥) tan𝜃 −𝑤2𝑛 (𝑥 tan𝜃 )}

=

{
𝜆

(
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

}
𝑧𝑛,𝜃 (𝑥)

+
[
𝑧𝑛,𝜃 (𝑥) − {𝑤1𝑛 (𝑥) tan𝜃 −𝑤2𝑛 (𝑥 tan𝜃 )}

]
𝜆(𝑥, 𝑥 tan𝜃 ),

we see that sufficient conditions for relation (4.67) to hold are provided by

sup
𝜃 ∈[0,𝜋/4]

∫ 𝑥𝑝 (𝜃 )

0

����𝜆 (
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

���� |𝑧𝑛,𝜃 (𝑥) |d𝑥
= oP(1) (4.69)

sup
𝜃 ∈[0,𝜋/4]

∫ 𝑥𝑝 (𝜃 )

0
𝜆(𝑥, 𝑥 tan𝜃 )

��𝑧𝑛,𝜃 (𝑥) − {𝑤1𝑛 (𝑥) tan𝜃 −𝑤2𝑛 (𝑥 tan𝜃 )}
�� d𝑥

= oP(1) . (4.70)

Let us first consider (4.69). Since we will need uniform continuity of
𝜆, we will need to work on a compact domain. Hence, for some 𝑀 > 1,
we consider separately the case 𝜃 ∈ [0, arctan(1/𝑀)], on which we have
no control on the value of 𝑥𝑝 (𝜃 ) which can be arbitrary large, and the case
𝜃 ∈ [arctan(1/𝑀), 𝜋/4] on which it is easy to see that 𝑥𝑝 (𝜃 ) ≤ 1 +𝑀 . It will
be useful to note that as 𝑛 →∞, by (4.56),

∥𝑧𝑛 ∥
def
= sup

𝜃 ∈[0,𝜋/4]
sup

𝑥 ∈[0,𝑥𝑝 (𝜃 ) ]
|𝑧𝑛,𝜃 (𝑥) | = OP(1) . (4.71)
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Consider the supremum of (4.69) on the region 𝜃 ∈ [arctan(1/𝑀), 𝜋/4]
first, for which the domain of integration is included in 𝑥 ∈ [0, 1 +𝑀]. We
split this domain further on 𝑥 ∈ [0, 𝛿] and 𝑥 ∈ [𝛿, 1 +𝑀] for some 𝛿 > 0. The
latter case will be considered first. Observe that, by (4.71),

sup
𝜃 ∈[arctan(1/𝑀),𝜋/4]

𝑥 ∈[𝛿,1+𝑀 ]





(𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√
𝑘

)
− (𝑥, 𝑥 tan𝜃 )






1
≤ ∥𝑧𝑛 ∥√

𝑘
= oP(1),

which, by uniform continuity of 𝜆 on [𝛿, 1 +𝑀] × [𝛿/(2𝑀), 2 +𝑀] implies

sup
𝜃 ∈[arctan(1/𝑀),𝜋/4]

sup
𝑥 ∈[𝛿,1+𝑀 ]

����𝜆 (
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

���� = oP(1) .

Consequently,

sup
𝜃 ∈[arctan(1/𝑀),𝜋/4]

∫ 𝑥𝑝 (𝜃 )

𝛿

����𝜆 (
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

���� |𝑧𝑛,𝜃 (𝑥) |d𝑥
is oP(1) too. The next step is to consider the same region for 𝜃 but 𝑥 ∈ [0, 𝛿].
The idea is to bound the integral as follows: by homogeneity of 𝜆 in (4.24), we
have

sup
𝜃 ∈[arctan(1/𝑀),𝜋/4]

∫ 𝛿

0

����𝜆 (
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

���� |𝑧𝑛,𝜃 (𝑥) |d𝑥
≤ 32 sup

𝑦≥0
𝜆(1, 𝑦) sup

𝜃 ∈[arctan(1/𝑀),𝜋/4]
sup

𝑥 ∈[0,𝛿 ]

|𝑧𝑛,𝜃 (𝑥) |
(𝑥 tan𝜃 )1/16

(tan𝜃 )1/16𝛿1/16.

Using (4.56) and picking 𝛿 small enough permits to conclude and to show
that (4.69) is verified on the region 𝜃 ∈ [arctan(1/𝑀), 𝜋/4].

Consider now the supremum of (4.69) on the region 𝜃 ∈ [0, arctan(1/𝑀)],
we split again the domain of integration in two parts : 𝑥 ∈ [0, 1] and 𝑥 ∈
[1, 𝑥𝑝 (𝜃 )]. We start with the region near zero. Similar computations as done
previously lead to

sup
𝜃 ∈[0,arctan(1/𝑀) ]

∫ 1

0

����𝜆 (
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

���� |𝑧𝑛,𝜃 (𝑥) |d𝑥
≤ 32 sup

𝑦≥0
𝜆(1, 𝑦) sup

𝜃 ∈[0,arctan(1/𝑀) ]
sup

𝑥 ∈[0,1]

|𝑧𝑛,𝜃 (𝑥) |
(𝑥 tan𝜃 )1/16

× (tan𝜃 )1/16.

Picking 𝑀 > 1 large enough permits to conclude for this region. For the
region 𝑥 ∈ [1, 𝑥𝑝 (𝜃 )], using the homogeneity of 𝜆 in (4.24) and factoring out
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(𝑥 tan𝜃 )1/16, we can show that

sup
𝜃 ∈[0,arctan(1/𝑀) ]

∫ 𝑥𝑝 (𝜃 )

1

����𝜆 (
𝑥, 𝑥 tan𝜃 + 𝑦 (𝑥, 𝜃 )√

𝑘

)
− 𝜆(𝑥, 𝑥 tan𝜃 )

���� |𝑧𝑛,𝜃 (𝑥) |d𝑥
≤ 64 sup

𝜃 ∈[0,arctan(1/𝑀) ]
𝑥 ∈[1,𝑥𝑝 (𝜃 ) ]

|𝑧𝑛,𝜃 (𝑥) |
(𝑥 tan𝜃 )1/16

× sup
𝜃 ∈[0,arctan(1/𝑀) ]

|𝑧 | ≤ ∥𝑧𝑛 ∥

𝜆(1, tan𝜃 + 𝑧/
√
𝑘).

By continuity of 𝜆, we have lim𝑦→0 𝜆(1, 𝑦) = 𝜆(1, 0) = 0: indeed, we have

∞ > Λ( [1,∞) × [0, 1]) =
∬
𝑥≥1≥𝑦≥0

𝜆(𝑥,𝑦) d𝑦 d𝑥

=

∬
𝑥≥1≥𝑦≥0

𝑥−1𝜆(1, 𝑦/𝑥) d𝑦 d𝑥 =

∫
𝑥≥1

∫ 1/𝑥

𝑧=0
𝜆(1, 𝑧) d𝑧 d𝑥,

so that if 𝜆(1, 0) > 0, the inner integral would of the order 𝜆(1, 0)/𝑥 as 𝑥 →∞,
making the outer integral diverge, yielding a contradiction. Again using (4.71)
permits to conclude for the region 𝜃 ∈ [0, arctan(1/𝑀)] by picking 𝑀 > 1
large enough. Combining everything, we have proven (4.69).

We now turn to (4.70). By arguments similar to those leading up to (4.55),
we have

sup
𝜃 ∈[0,𝜋/4]

sup
𝑥 ∈[0,𝑥𝑝 (𝜃 ) ]

��𝑧𝑛,𝜃 (𝑥) − {𝑤1𝑛 (𝑥) tan𝜃 −𝑤2𝑛 (𝑥 tan𝜃 )}
��

(𝑥 tan𝜃 )1/16

= sup
𝜃 ∈[0,𝜋/4]

sup
𝑥 ∈[0,𝑥𝑝 (𝜃 ) ]

���𝑣2𝑛 (
𝑥 tan𝜃 + 𝑤1𝑛 (𝑥) tan𝜃√

𝑘

)
+𝑤2𝑛 (𝑥 tan𝜃 )

���
(𝑥 tan𝜃 )1/16

= oP(1).

It follows from the homogeneity (4.24) and a computation similar to the pre-
vious ones that (4.70) holds. As already explained, (4.69) and (4.70) imply
(4.67).

Finally, we show (4.68). Since 𝑦𝑝 (𝑥) ≤ 𝑥 tan𝜃 on [𝑥𝑝 (𝜃 ),∞], we have, on
an event with probability tending to one,

𝑍𝑛,𝑝,2(𝜃 ) =
√
𝑘

∫ ∞

𝑥𝑝 (𝜃 )

∫ 𝑦𝑝 (𝑥)+𝑠𝑛,𝑝 (𝑥)/
√
𝑘

𝑦𝑝 (𝑥)
𝜆(𝑥,𝑦)d𝑦d𝑥,

where 𝑠𝑛,𝑝 was defined in (4.54). Changing variables 𝑦 (𝑠) = 𝑦𝑝 (𝑥) + 𝑠/
√
𝑘 and

making use of the mean value theorem leads to

𝑍𝑛,𝑝,2(𝜃 ) =
∫ ∞

𝑥𝑝 (𝜃 )
𝜆

(
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
𝑠𝑛,𝑝 (𝑥)d𝑥,
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where 𝑠 (𝑥, 𝑝) is between 0 and 𝑠𝑛,𝑝 (𝑥). Observing that

𝜆

(
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
𝑠𝑛,𝑝 (𝑥) − 𝜆(𝑥,𝑦𝑝 (𝑥))

{
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛

(
𝑦𝑝 (𝑥)

)}
=

{
𝜆

(
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
− 𝜆(𝑥,𝑦𝑝 (𝑥))

}
𝑠𝑛,𝑝 (𝑥)

+
[
𝑠𝑛,𝑝 (𝑥) −

{
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛

(
𝑦𝑝 (𝑥)

)}]
𝜆(𝑥,𝑦𝑝 (𝑥)),

and that for any 𝜃 ∈ [0, 𝜋/4] and 1 ≤ 𝑝 < ∞ we have 𝑥𝑝 (𝜃 ) ≥ 21/𝑝 , we see
that sufficient conditions for (4.68) to hold are provided by∫ ∞

21/𝑝

����𝜆 (
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
− 𝜆(𝑥,𝑦𝑝 (𝑥))

���� |𝑠𝑛,𝑝 (𝑥) |d𝑥 = oP(1), (4.72)∫ ∞

21/𝑝
𝜆(𝑥,𝑦𝑝 (𝑥))

���𝑠𝑛,𝑝 (𝑥) − {
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛

(
𝑦𝑝 (𝑥)

)}��� d𝑥 = oP(1) . (4.73)

Let us first consider (4.72). Since we will need uniform continuity of 𝜆
again, we want to work on a compact domain. Hence, for some 𝑀 > 1, we
consider separately the cases 𝑥 ∈ [21/𝑝 , 𝑀] and 𝑥 ∈ [𝑀,∞). Note that by (4.62)
in Appendix F,

∥𝑠𝑛,𝑝 ∥
def
= sup

𝑥 ∈[21/𝑝 ,∞)
|𝑠𝑛,𝑝 (𝑥) | = OP(1) (4.74)

as 𝑛 →∞, and, by the mean value theorem, for each 𝑥 ∈ [21/𝑝 ,∞),

𝑠𝑛,𝑝 (𝑥) = 𝑦 ′𝑝 (𝑐𝑛 (𝑥))𝑤1𝑛 (𝑥) + 𝑣2𝑛
(
𝑦𝑝

(
𝑥 + 𝑤1𝑛 (𝑥)√

𝑘

))
, (4.75)

where 𝑐𝑛 (𝑥) is between 𝑥 and 𝑥 +𝑤1𝑛 (𝑥)/
√
𝑘 and 𝑦 ′𝑝 (𝑥) = −1/(𝑥𝑝 − 1)1+1/𝑝 .

Since

sup
𝑥 ∈[21/𝑝 ,∞)





(𝑥,𝑦𝑝 (𝑥) + 𝑠 (𝑥, 𝑝)√
𝑘

)
− (𝑥,𝑦𝑝 (𝑥))






1
≤
∥𝑠𝑛,𝑝 ∥√
𝑘

= oP(1),

it follows from the uniform continuity of 𝜆 on compact sets included in [0,∞)2\
{(0, 0)} that for any𝑀 > 1,

sup
𝑥 ∈[21/𝑝 ,𝑀 ]

����𝜆 (
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
− 𝜆(𝑥,𝑦𝑝 (𝑥))

���� = oP(1)

and (4.72) follows easily for the region 𝑥 ∈ [21/𝑝 , 𝑀]. For the region 𝑥 ∈
[𝑀,∞], just observe that by (4.74),∫ ∞

𝑀

����𝜆 (
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
− 𝜆(𝑥,𝑦𝑝 (𝑥))

���� |𝑠𝑛,𝑝 (𝑥) |d𝑥
≤ ∥𝑠𝑛,𝑝 ∥

{∫ ∞

𝑀

𝜆

(
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
d𝑥 +

∫ ∞

𝑀

𝜆(𝑥,𝑦𝑝 (𝑥))d𝑥
}
. (4.76)
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We first consider the second integral which is easier to deal with. By homo-
geneity (4.24) and a change of variables,∫ ∞

𝑀

𝜆(𝑥,𝑦𝑝 (𝑥))d𝑥 =

∫ ∞

𝑀

𝜆((𝑥𝑝 − 1)1/𝑝 , 1) (𝑦𝑝 (𝑥))−1d𝑥

≤
∫ ∞

(𝑀𝑝−1)1/𝑝
𝜆(𝑢, 1)

(
𝑢𝑝

𝑢𝑝 + 1

)1−1/𝑝
d𝑢 ≤

∫ ∞

(𝑀𝑝−1)1/𝑝
𝜆(𝑢, 1)d𝑢.

Since
∫ ∞
0 𝜆(𝑢, 1)d𝑢 = 1, we may apply the dominated convergence theorem to

ensure that the above integral can be made as small as desired provided we
pick𝑀 > 1 large enough. Now consider the second integral on the right-hand
side of (4.76). Since 0 < 𝑠 (𝑥, 𝑝) < 𝑠𝑛,𝑝 (𝑥) or 0 > 𝑠 (𝑥, 𝑝) > 𝑠𝑛,𝑝 (𝑥), we have,
by (4.62), for all𝑀 > 21/𝑝 ,∫ ∞

𝑀

𝜆

(
𝑥,𝑦𝑝 (𝑥) +

𝑠 (𝑥, 𝑝)
√
𝑘

)
d𝑥 =

∫ ∞

𝑀

𝜆(𝑥,𝑦𝑝 (𝑥))d𝑥 + oP(1),

and since the integral on the right-hand side vanishes as 𝑀 → ∞, we have
shown (4.72).

Let us now consider (4.73). By Proposition 4.3.2, the continuity of 𝑦𝑝 and
its derivative 𝑦 ′𝑝 , we observe that

sup
𝑥 ∈[21/𝑝 ,∞)

���𝑠𝑛,𝑝 (𝑥) − {
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛 (𝑦𝑝 (𝑥))

}���
≤ sup
𝑥 ∈[21/𝑝 ,∞)

��� (𝑦 ′𝑝 (𝑐𝑛 (𝑥))−𝑦 ′𝑝 (𝑥))𝑤1𝑛 (𝑥)+
(
𝑣2𝑛

(
𝑦𝑝 (𝑥+𝑤1𝑛 (𝑥)√

𝑘
)
)
+𝑤2𝑛 (𝑦𝑝 (𝑥))

) ���,
which is oP(1). By integrability of the function 𝑥 ∈ [21/𝑝 ,∞) ↦→ 𝜆(𝑥,𝑦𝑝 (𝑥)),
it follows that∫ ∞

21/𝑝
𝜆(𝑥,𝑦𝑝 (𝑥))

���𝑠𝑛,𝑝 (𝑥) − {
𝑦 ′𝑝 (𝑥)𝑤1𝑛 (𝑥) −𝑤2𝑛

(
𝑦𝑝 (𝑥)

)}��� d𝑥 = oP(1),

and (4.73) holds.

Conclusion of the proof of Theorem 4.3.1. Adding the asymptotic expan-
sions of the three terms in (4.45) permits to conclude the proof for 𝜃 ∈ [0, 𝜋/4].
By the symmetry argument in Section 4.C.1, we can extend the conclusion to
all 𝜃 ∈ [0, 𝜋/2].

4.D Proof of Corollary 4.3.1

The second part is just an application of the functional delta method, i.e.,
Theorem 20.8 in [121]. The only thing we need to show is Hadamard differen-
tiability of the map Ψ, that is, let ℎ ∈ 𝐶0( [0, 𝜋/2]) and (ℎ𝑡 )𝑡>0 be any sequence
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such that sup𝜃 ∈[0,𝜋/2] |ℎ𝑡 (𝜃 ) − ℎ(𝜃 ) | → 0 as 𝑡 → 0, then

sup
𝜃 ∈[0,𝜋/2]

���� (Ψ(𝑄𝑝 + 𝑡ℎ𝑡 )) (𝜃 ) − (Ψ(𝑄𝑝)) (𝜃 )𝑡
− (Ψ′𝑄𝑝 [ℎ]) (𝜃 )

����→ 0, 𝑡 → 0.

(4.77)
Noting the useful relation∫ 𝜃

0
𝑓 (𝜓 )d𝐹 (𝜓 ) = 𝐹 (𝜃 ) 𝑓 (𝜃 ) −

∫ 𝜃

0
𝐹 (𝜑) 𝑓 ′(𝜑)d𝜑,

the candidate for the derivative is obtained by computing

(Ψ′𝑄𝑝 [ℎ]) (𝜃 ) =
d
d𝑡
(Ψ(𝑄𝑝 + 𝑡ℎ)) (𝜃 )

���
𝑡=0
,

which leads to the indicated formula. Showing that (4.77) holds with this
candidate is an easy exercise and completes the proof.

4.E Proof of Theorem 4.4.1

To facilitate the notation later in the proof, we introduce the following func-
tions: for 𝑗 ∈ {1, . . . , 𝑑},

𝑄𝑛𝑗 (𝑢 𝑗 )
def
= 𝑈 ⌈𝑛𝑢 𝑗 ⌉:𝑛,𝑗 , 𝑢 ∈ [0, 1]𝑑 ,

𝑆𝑛𝑗 (𝑥 𝑗 )
def
=
𝑛

𝑘
𝑄𝑛𝑗

(
𝑘

𝑛
𝑥 𝑗

)
, 𝑥 𝑗 > 0,

𝑆𝑛 (𝑥)
def
= (𝑆𝑛1(𝑥1), . . . , 𝑆𝑛𝑑 (𝑥𝑑 )), 𝑥 ∈ [0,∞)𝑑 ,

where 𝑈1:𝑛,𝑗 ≤ 𝑈2:𝑛,𝑗 ≤ . . . ≤ 𝑈𝑛:𝑛,𝑗 are the order statistics of the marginal
sample𝑈1𝑗 , . . . ,𝑈𝑛𝑗 and ⌈𝑎⌉ is the smallest integer not smaller than 𝑎 ∈ R. We
also write for 𝑥 ∈ [0,∞)𝑑 ,

𝑉𝑛 (𝑥)
def
=
𝑛

𝑘
P

[
𝑈1 ≤

𝑘

𝑛
𝑥1 or . . . or𝑈𝑑 ≤

𝑘

𝑛
𝑥𝑑

]
;

𝑇𝑛 (𝑥)
def
=
𝑛

𝑘

1
𝑛

𝑛∑︁
𝑖=1
I

{
𝑈𝑖1 ≤

𝑘

𝑛
𝑥1 or . . . or𝑈𝑖𝑑 ≤

𝑘

𝑛
𝑥𝑑

}
;

𝐿̂𝑛 (𝑥)
def
=
𝑛

𝑘

1
𝑛

𝑛∑︁
𝑖=1
I

{
𝑈𝑖1 ≤

𝑘

𝑛
𝑆𝑛1(𝑥1) or . . . or𝑈𝑖𝑑 ≤

𝑘

𝑛
𝑆𝑛𝑑 (𝑥𝑑 )

}
=

1
𝑘

𝑛∑︁
𝑖=1
I {𝑅𝑖1 > 𝑛 + 1 − 𝑘𝑥1 or . . . or 𝑅𝑖𝑑 > 𝑛 + 1 − 𝑘𝑥𝑑 } .



140 Chapter 4. Bivariate Asymptotic Theory and Testing

With this notation, we note that 𝑣𝑛 (𝑥) =
√
𝑘{𝑇𝑛 (𝑥) − 𝑉𝑛 (𝑥)} and 𝐿̂𝑛 (𝑥) =

𝑇𝑛 (𝑆𝑛 (𝑥)). As claimed in [45, Equation (7.1)], it is easily seen that the asymp-
totic properties of ℓ𝑛 and 𝐿̂𝑛 are the same so that we will consider the process√
𝑘 (𝐿̂𝑛 − ℓ) instead.
We consider the following decomposition: for 𝑥 ∈ [0,∞)𝑑 ,

√
𝑘 (𝐿̂𝑛 (𝑥) − ℓ (𝑥)) =

√
𝑘 (𝑇𝑛 (𝑆𝑛 (𝑥)) −𝑉𝑛 (𝑆𝑛 (𝑥)))
+
√
𝑘 (𝑉𝑛 (𝑆𝑛 (𝑥)) − ℓ (𝑆𝑛 (𝑥)))

+
√
𝑘 (ℓ (𝑆𝑛 (𝑥)) − ℓ (𝑥)) ,

where we call the first term of the decomposition the stochastic term (and
denote it by 𝐷1(𝑥)), the second term will be called the bias term (and will be
denoted by 𝐷2(𝑥)) and the last term will be called the random set term (and
will be denoted by 𝐷3(𝑥)).

Skorokhod construction. As in [45], we will work on a Skorokhod con-
struction, without changing the notation to keep the proof readable.

For fixed 𝑇 > 0, Theorem 3.1 in [48] ensures that on a Skorokhod con-
struction (depending on 𝑇 ), there exists a sequence of processes (𝑣𝑛)𝑛∈N and
a Wiener process𝑊𝑙 (𝑥)

def
= 𝑊Λ(𝐴𝑥 ), where𝑊Λ is the 𝑑-dimensional analog

to the one appearing in Theorem 4.3.1 as in Proposition 4.3.1, such that as
𝑛 →∞,

sup
𝑥 ∈[0,2𝑇 ]𝑑

|𝑣𝑛 (𝑥) −𝑊𝑙 (𝑥) |
𝑎.𝑠.−−→ 0. (4.78)

In particular, this implies the marginal convergences

sup
𝑥 𝑗 ∈[0,2𝑇 ]

��𝑣𝑛𝑗 (𝑥 𝑗 ) −𝑊𝑗 (𝑥 𝑗 )
�� 𝑎.𝑠.−−→ 0, 𝑗 ∈ {1, . . . , 𝑑}, (4.79)

where𝑊𝑗 (𝑥 𝑗 )
def
= 𝑊𝑙 (0, . . . , 0, 𝑥 𝑗 , 0, . . . , 0). By Vervaat’s Lemma [34, LemmaA.0.2],

we also have the convergence of the marginal quantile processes

sup
𝑥 𝑗 ∈[0,2𝑇 ]

���√𝑘 (
𝑆𝑛𝑗 (𝑥 𝑗 ) − 𝑥 𝑗

)
+𝑊𝑗 (𝑥 𝑗 )

��� 𝑎.𝑠.−−→ 0, 𝑗 ∈ {1, . . . , 𝑑}. (4.80)

Asymptotic expansions of the bias term. We show that 𝐷2 is asymp-
totically negligible for our purposes, that is, sup𝑥 ∈[0,𝑇 ]𝑑 |𝐷2(𝑥) | = oP(1) as
𝑛 → ∞. It follows from (4.80) that 𝑆𝑛𝑗 (𝑥 𝑗 ) = 𝑥 𝑗 + OP(1/

√
𝑘) where the OP

term is uniform in 𝑥 𝑗 ∈ [0,𝑇 ] so that, with probability tending to one, we have

sup
𝑥 ∈[0,𝑇 ]𝑑

|𝐷2(𝑥) | ≤ sup
𝑦∈[0,2𝑇 ]𝑑

√
𝑘 |𝑉𝑛 (𝑦) − ℓ (𝑦) |

≤ 2𝑇
√
𝑘 sup
𝑤∈[0,2𝑇 ]𝑑 , ∥𝑤 ∥1=1

|𝑉𝑛 (𝑤) − ℓ (𝑤) | .
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By points 1 and 2 of Assumption 4.4.2, the latter expression is of the order

√
𝑘 O ((𝑘/𝑛)𝛼 ) = O

((
𝑘

𝑛2𝛼/(1+2𝛼)

)1/2+𝛼 )
= o(1)

as 𝑛 →∞.

Asymptotic expansions of the stochastic term. Note that for any 𝑥 ∈
[0,𝑇 ]𝑑 , 𝐷1(𝑥) = 𝑣𝑛 (𝑆𝑛 (𝑥)). Our aim is to show that

sup
𝑥 ∈[0,𝑇 ]𝑑

|𝑣𝑛 (𝑆𝑛 (𝑥)) − 𝑣𝑛 (𝑥) | = oP(1),

as 𝑛 →∞. By the triangle inequality, we have

sup
𝑥 ∈[0,𝑇 ]𝑑

|𝑣𝑛 (𝑆𝑛 (𝑥)) − 𝑣𝑛 (𝑥) | ≤ sup
𝑥 ∈[0,𝑇 ]𝑑

|𝑣𝑛 (𝑆𝑛 (𝑥)) −𝑊𝑙 (𝑆𝑛 (𝑥)) |

+ sup
𝑥 ∈[0,𝑇 ]𝑑

|𝑊𝑙 (𝑆𝑛 (𝑥)) −𝑊𝑙 (𝑥) |

+ sup
𝑥 ∈[0,𝑇 ]𝑑

|𝑊𝑙 (𝑥) − 𝑣𝑛 (𝑥) | .

Arguing as for the bias term, by (4.80), we see that the first term in this decom-
position is bounded with probability tending to one by sup𝑦∈[0,2𝑇 ]𝑑 |𝑣𝑛 (𝑦) −
𝑊𝑙 (𝑦) | which is oP(1) as 𝑛 → ∞, by (4.78). The second term of this decom-
position is oP(1) as 𝑛 →∞ by uniform continuity of the limiting process𝑊𝑙 .
Finally, the last term of this decomposition is immediately oP(1) as 𝑛 → ∞
by (4.78).

Asymptotic expansions of the random set term. It follows from point 3
in Assumption 4.4.2 and the mean value theorem that for 𝑥 ∈ [0,𝑇 ]𝑑 ,

𝐷3(𝑥) =
√
𝑘 (ℓ (𝑆𝑛 (𝑥)) − ℓ (𝑥)) =

𝑑∑︁
𝑗=1

√
𝑘

(
𝑆𝑛𝑗 (𝑥 𝑗 ) − 𝑥 𝑗

) ¤ℓ𝑗 (𝜉𝑛),
for some 𝜉𝑛 such that 𝜉𝑛𝑗 ∈ (𝑥 𝑗 , 𝑆𝑛𝑗 (𝑥 𝑗 )) for any 𝑗 = 1, . . . , 𝑑 . Hence, by the
triangle inequality, we are done proving our expansion if we show

sup
𝑥 ∈[0,𝑇 ]𝑑

𝑑∑︁
𝑗=1

���√𝑘 (
𝑆𝑛𝑗 (𝑥 𝑗 ) − 𝑥 𝑗

) ¤ℓ𝑗 (𝜉𝑛) + 𝑣𝑛𝑗 (𝑥 𝑗 ) ¤ℓ𝑗 (𝑥)��� = oP(1) .

Every term in this sum can be dealt with in the exact same way so that we
only consider 𝑗 = 1.
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Fix 0 < 𝛿 < 𝑇 . By the triangle inequality and (4.80),

sup
𝑥 ∈[0,𝑇 ]𝑑

���√𝑘 (𝑆𝑛1(𝑥1) − 𝑥1) ¤ℓ1(𝜉𝑛) + 𝑣𝑛1(𝑥1) ¤ℓ1(𝑥)���
≤ sup
𝑦∈[0,2𝑇 ]𝑑

�� ¤ℓ1(𝑦)�� · sup
𝑥1∈[0,𝑇 ]

���√𝑘 (𝑆𝑛1(𝑥1) − 𝑥1) + 𝑣𝑛1(𝑥1)���
+ sup
𝑥1∈[0,𝑇 ]

|𝑣𝑛1(𝑥1) | · sup
𝑥 ∈[𝛿,𝑇 ]×[0,𝑇 ]𝑑−1

�� ¤ℓ1(𝜉𝑛) − ¤ℓ1(𝑥)��
+ 2 sup

𝑦∈[0,2𝑇 ]𝑑

�� ¤ℓ1(𝑦)�� · sup
𝑥1∈[0,𝛿 ]

|𝑣𝑛1(𝑥1) | .

In each term of the latter upper bound, it is easy to see that the first factor in
the product is bounded (in probability) and that the second factor converges
to zero (in probability). For the first term, we simply use that 0 ≤ ¤ℓ1 ≤ 1
and we combine (4.79) and (4.80). For the second term, we use (4.79) which
shows that 𝑣𝑛1 is uniformly bounded in probability on [0,𝑇 ]𝑑 by Prohorov’s
theorem and the fact that ¤ℓ1 is continuous on the compact set [𝛿,𝑇 ] × [0,𝑇 ]𝑑−1,
hence, uniformly continuous on the same set. For the third term, we again
use that 0 ≤ ¤ℓ1 ≤ 1 and (4.79) which ensures that by picking 𝑛 large enough,
sup𝑥1∈[0,𝛿 ] |𝑣𝑛1(𝑥1) | is arbitrary close to sup𝑥1∈[0,𝛿 ] |𝑊1(𝑥1) | in probability and,
by picking 𝛿 small enough, the latter supremum will be arbitrary close to zero.
This completes the proof of the first part of the theorem.

For the second part, note that

sup
𝑥1,𝑥2>0
𝑥1+𝑥2=1

��𝑡−1P [𝑈1 ≤ 𝑡𝑥1,𝑈2 ≤ 𝑡𝑥2] − ℓ (𝑥1, 𝑥2)
��

≤ sup
𝑥1,𝑥2>0
𝑥1+𝑥2=1

∬
𝐴(𝑥1,𝑥2 )

|𝑡𝑐 (𝑡𝑢1, 𝑡𝑢2) − 𝜆(𝑢1, 𝑢2) | d𝑢1d𝑢2,

where we recall 𝐴 (𝑥1,𝑥2) = {(𝑢1, 𝑢2) ∈ [0,∞)2 : 𝑢1 ≤ 𝑥1 or 𝑢2 ≤ 𝑥2}. One
observes that the latter supremum can be bounded, independently of (𝑥1, 𝑥2)
by

D1/𝑡 (𝑡) +
∬

𝑢1∧𝑢2≤1
𝑢1∨𝑢2>1/𝑡

|𝑡𝑐 (𝑡𝑢1, 𝑡𝑢2) − 𝜆(𝑢1, 𝑢2) | d𝑢1d𝑢2.

Under Assumption 4.3.2, the first term satisfies D1/𝑡 (𝑡) = O(𝑡𝛼 ) as 𝑡 → ∞.
For the second term, assuming 𝑡 < 1, it equals∬

𝑢1∧𝑢2≤1
𝑢1∨𝑢2>1/𝑡

𝜆(𝑢1, 𝑢2)d𝑢1d𝑢2,

since the copula density 𝑐 ≡ 0 outside of the unit square [0, 1]2. Moving to
polar coordinates, one shows that the latter integral is bounded by

Φ𝑝 (𝑡) +
{
Φ𝑝

(
𝜋
2
)
− Φ𝑝

(
𝜋
2 − 𝑡

)}
= 𝑂 (𝑡𝛼 ),
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where the equality also follows from Assumption 4.3.2. This shows that
condition 1 of Assumption 4.4.2 is verified in this setting. Condition 2 is
immediate from Assumption 4.3.2. Condition 3 follows from Assumption 4.3.1
since for 𝑥 = (𝑥1, 𝑥2) ∈ [0,∞)2, using the fact that Λ has Lebesgue margins,

ℓ (𝑥) = Λ(𝐴𝑥 ) = Λ ( [0, 𝑥1] × [0,∞)) + Λ ( [0,∞) × [0, 𝑥2]) − Λ ( [0, 𝑥1] × [0, 𝑥2])
= 𝑥1 + 𝑥2 − Λ ( [0, 𝑥1] × [0, 𝑥2]) ,

which is continuously differentiable under Assumption 4.3.1.

4.F Proof of Theorem 4.4.2

We assume that we are working under 𝐻0 and that 𝑟0 ∈ R denotes the true
parameter underlying the data.

First observe that

𝑇𝑛 = 𝐹

[√
𝑘 (𝑄𝑝 −𝑄𝑝,̂𝑟𝑛 )

]
,

where 𝐹 : ℓ∞( [0, 𝜋/2]) → (0,∞) is defined for any 𝑧 ∈ ℓ∞( [0, 𝜋/2]) by

𝐹 (𝑧) def=
∫ 𝜋/2

0
|𝑧 (𝜃 ) |𝑞(𝜃 )d𝜃 .

The map 𝐹 is continuous since if (𝑧𝑛)𝑛∈N ⊂ ℓ∞( [0, 𝜋/2]) is such that 𝑧𝑛 →
𝑧 ∈ ℓ∞( [0, 𝜋/2]),

|𝐹 (𝑧𝑛) − 𝐹 (𝑧) | ≤
∫ 𝜋/2

0
| |𝑧𝑛 (𝜃 ) | − |𝑧 (𝜃 ) | | 𝑞(𝜃 )d𝜃

≤ ∥𝑧𝑛 − 𝑧∥ℓ∞ ( [0,𝜋/2])
∫ 𝜋/2

0
𝑞(𝜃 )d𝜃 → 0,

as 𝑛 → ∞ since 𝑞 is assumed to be integrable. Consequently, in view of
the continuous mapping theorem, it suffices to determine the asymptotic
distribution of the process{√

𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝,̂𝑟𝑛 (𝜃 )

)
: 𝜃 ∈ [0, 𝜋/2]

}
,

in ℓ∞( [0, 𝜋/2]) to determine the one of our test statistic.
For any 𝜃 ∈ [0, 𝜋/2], we have

√
𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝,̂𝑟𝑛 (𝜃 )

)
=
√
𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝,𝑟0 (𝜃 )

)
−
√
𝑘

(
𝑄𝑝,̂𝑟𝑛 (𝜃 ) −𝑄𝑝,𝑟0 (𝜃 )

)
.
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In view of Corollary 4.3.1, the first term in the right hand side satisfies
√
𝑘

(
𝑄𝑝 (𝜃 ) −𝑄𝑝,𝑟0 (𝜃 )

)
= 𝐸

𝑄𝑝,𝑟0
𝑛,𝑝 (𝜃 ) +

∫ 𝜋/2
0 𝐸

𝑄𝑝,𝑟0
𝑛,𝑝 (𝜓 ) 𝑓 ′(𝜓 )d𝜓
𝜎2
𝑄𝑝,𝑟0
(𝑓 )

∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝,𝑟0 (𝜓 ) + oP(1),

as 𝑛 →∞ where the reminder is uniform in 𝜃 ∈ [0, 𝜋/2]. In view of Assump-
tion 4.4.1 and Theorem 4.4.1, the second term satisfies,
√
𝑘

(
𝑄𝑝,̂𝑟𝑛 (𝜃 ) −𝑄𝑝,𝑟0 (𝜃 )

)
=
√
𝑘 (ℜ(𝑟̂𝑛) −ℜ(𝑟0))

=

∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟0 (𝑥)d𝑥 ·

√
𝑘 (𝑟̂𝑛 − 𝑟0) + oP(1)

=

∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟0 (𝑥)d𝑥 ·∫
[0,1]2

√
𝑘

(
ℓ̂𝑛 (𝑥1, 𝑥2) − ℓ𝑟0 (𝑥1, 𝑥2)

)
𝑔(𝑥1, 𝑥2) d𝜎 (𝑥1, 𝑥2) + oP(1)

=

∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟0 (𝑥)d𝑥 ·∫
[0,1]2

(
𝑣𝑛 (𝑥1, 𝑥2) −

2∑︁
𝑗=1

¤ℓ𝑟0, 𝑗 (𝑥1, 𝑥2)𝑣𝑛𝑗 (𝑥 𝑗 )
)
𝑔(𝑥1, 𝑥2) d𝜎 (𝑥1, 𝑥2)

+ oP(1),

where the reminder is uniform in 𝜃 ∈ [0, 𝜋/2].
Summarizing, we have shown that, up to asymptotically negligible terms,

all the terms appearing in the decomposition of the process
√
𝑘 (𝑄𝑝 −𝑄𝑝,̂𝑟𝑛 )

are asymptotically equivalent to continuous functionals of the tail empirical
process

𝑊𝑛,𝑘 (𝐶) =
√
𝑘

{
𝑛

𝑘
𝑃𝑛

(
𝑘

𝑛
𝐶

)
− 𝑛
𝑘
𝑃

(
𝑘

𝑛
𝐶

)}
,

evaluated on sets belonging to a collection C which is of finite VC dimension.
Combining Propositions 4.3.1 and 4.3.2 with a suitable application of the
continuous mapping theorem [122, Theorem 1.3.6] permits to conclude the
proof.

4.G Proof of Theorem 4.4.3

The proof of Theorem 4.4.3 relies on intermediate results that we formulate
and prove below.
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Consider again the Gaussian process𝑊Λ indexed by Borel sets of E intro-
duced below Theorem 4.3.1. Given a simple function

𝑓 (𝑥) def=
𝑁∑︁
𝑖=1

𝑐𝑖I𝐶𝑖 (𝑥),

with constants 𝑐1, . . . , 𝑐𝑁 ∈ R and Borel sets 𝐶1, . . . ,𝐶𝑁 in E, it will be conve-
nient to introduce the notation

𝑊Λ(𝑓 )
def
=

𝑁∑︁
𝑖=1

𝑐𝑖𝑊Λ(𝐶𝑖) .

It is easy to see that for any such functions 𝑓1, . . . , 𝑓𝑘 , the random vector(
𝑊Λ(𝑓1), . . . ,𝑊Λ(𝑓𝑘 )

)
remains normally distributed with zero mean and the

covariance between any pair equals

E[𝑊Λ(𝑓𝑖)𝑊Λ(𝑓𝑗 )] = Λ(𝑓𝑖 𝑓𝑗 ) =
∫
E
𝑓𝑖 (𝑥) 𝑓𝑗 (𝑥)dΛ(𝑥).

Consequently, we may view𝑊Λ as a Gaussian process indexed by simple
functions on E.

Lemma 4.G.1. Consider the class of functions

F def
=

{
I𝐶𝑝,𝜃 : 𝜃 ∈ [0, 𝜋/2]

}
∪

{
I[0,𝑥 ]×[0,∞]𝑤 (𝑥) : 𝑥 ∈ [0,∞)

}
∪

{
I[0,∞]×[0,𝑦 ]𝑤 (𝑦) : 𝑦 ∈ [0,∞)

}
∪

{
I𝐴(𝑥,𝑦) : (𝑥,𝑦) ∈ [0, 1]2

}
def
= F1 ∪ F2 ∪ F3 ∪ F4,

where

𝑤 (𝑥) def=
{

1
𝑥𝜂∨𝑥𝛾 , if 𝑥 > 0
0, if 𝑥 = 0,

with 0 ≤ 𝜂 < 1/2 < 𝛾 < 1. Let 𝑟0 ∈ R. If (𝑟𝑛)𝑛∈N ⊂ R is such that 𝑟𝑛 → 𝑟0 as
𝑛 →∞, we have in ℓ∞(F ) the weak convergence{

𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F
} L→ {

𝑊Λ𝑟0
(𝑓 ) : 𝑓 ∈ F

}
, 𝑛 →∞,

provided the maps 𝜃 ∈ [0, 𝜋/2] ↦→ Φ𝑝,𝑟0 (𝜃 ) and 𝑟 ∈ R ↦→ Φ𝑝,𝑟 (𝜃 ) (for fixed 𝜃 ∈
[0, 𝜋/2]) are continuous, an assumption that is verified under Assumption 4.3.1
and point 1 of Assumption 4.4.1.

Proof. By Theorem 1.5.4 in [122], the desired weak convergence holds provided
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1. For any 𝑘 ∈ N and any 𝑓1, . . . , 𝑓𝑘 ∈ F ,(
𝑊Λ𝑟𝑛 (𝑓1), . . . ,𝑊Λ𝑟𝑛 (𝑓𝑘 )

) L→ (
𝑊Λ𝑟0

(𝑓1), . . . ,𝑊Λ𝑟0
(𝑓𝑘 )

)
as random vectors on R𝑘 .

2. The sequence {
𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F

}
𝑛∈N

is asymptotically tight.

Point 1 follows from the fact that each random vector
(
𝑊Λ𝑟𝑛 (𝑓1), . . . ,𝑊Λ𝑟𝑛 (𝑓𝑘 )

)
is Gaussian with zero mean and covariance matrix Σ𝑘 (𝑟𝑛) having elements

lim
𝑛→∞

Σ𝑘,𝑖 𝑗 (𝑟𝑛) = Σ𝑘,𝑖 𝑗 (𝑟0), 𝑖, 𝑗 ∈ {1, . . . , 𝑘},

where Σ𝑘 (𝑟0) is the covariance matrix of
(
𝑊Λ𝑟0

(𝑓1), . . . ,𝑊Λ𝑟0
(𝑓𝑘 )

)
. Indeed,

each function 𝑓 ∈ F is an (possibly weighted) indicator function of a certain
set in E so that element-wise convergence of the covariance matrix Σ𝑘 (𝑟𝑛)
to Σ𝑘 (𝑟0) follows from the continuity of the map 𝑟 ∈ R ↦→ Φ𝑝,𝑟 (𝜃 ) for fixed
𝜃 ∈ [0, 𝜋/2]. This is in particular guaranteed by point 1 of Assumption 4.4.1.

Point 2 will follow from establishing the asymptotic tightness of each
sequence {

𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F𝑗
}
𝑛∈N , 𝑗 ∈ {1, . . . , 4}

separately. By Theorem 1.5.7 in [122], it is equivalent to show that for each
𝑗 = 1, . . . , 4, there exists a semi-metric 𝜌 𝑗 on F𝑗 such that (F𝑗 , 𝜌 𝑗 ) is totally
bounded and for any 𝜖, 𝜂 > 0, there exists 𝛿 = 𝛿 (𝜖, 𝜂) > 0 and 𝑛0 = 𝑛0(𝛿) ∈ N
such that

P

[
sup

𝑓 ,𝑔∈F𝑗 ,𝜌 𝑗 (𝑓 ,𝑔)<𝛿

��𝑊Λ𝑟𝑛 (𝑓 ) −𝑊Λ𝑟𝑛 (𝑔)
�� > 𝜖] < 𝜂, 𝑛 ≥ 𝑛0.

Case 𝒋 = 1. Each function 𝑓 ∈ F1 is in bijection with a certain 𝜃 ∈
[0, 𝜋/2]. Hence, we may view the sequence

{
𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F1

}
𝑛∈N as a se-

quence of processes indexed by 𝑇1
def
= [0, 𝜋/2]. Trivially, each element of{

𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F1
}
𝑛∈N is a Gaussian process and, hence, sub-Gaussian as de-

fined on page 101 of [122] with respect to the standard deviation semi-metric

𝜌1,𝑛 (𝜃1, 𝜃2)
def
=

√︃��Φ𝑝,𝑟𝑛 (𝜃1) − Φ𝑝,𝑟𝑛 (𝜃2)�� def= √︁
𝑑1,𝑛 (𝜃1, 𝜃2) .

By Corollary 2.2.8 and page 98 of [122], it follows that there exists a universal
constant 𝐾 > 0 such that for any 𝛿 > 0 and any 𝑛 ∈ N, we have

E

[
sup

𝜌1,𝑛 (𝜃1,𝜃2)<𝛿

��𝑊Λ𝑟𝑛 (𝜃1) −𝑊Λ𝑟𝑛 (𝜃2)
��] ≤ 𝐾 ∫ 𝛿

0

√︃
log𝑁 ( 𝑡2 ,𝑇1, 𝜌1,𝑛)d𝑡, (4.81)
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where 𝑁 (𝑡,𝑇1, 𝜌1,𝑛) is the minimal number of 𝜌1,𝑛-balls of radius 𝑡 > 0 needed
to cover 𝑇1. First observe that for any 𝑡 > 0, we have

𝑁 (𝑡,𝑇1, 𝜌1,𝑛) = 𝑁 (𝑡2,𝑇1, 𝑑1,𝑛).

Furthermore, the map

𝜃 ∈ (𝑇1, 𝑑1,𝑛) ↦→ Φ𝑝,𝑟𝑛 (𝜃 ) ∈ ([0,Φ𝑝,𝑟𝑛 (𝜋/2)], 𝑒 (𝑥,𝑦)
def
= |𝑥 − 𝑦 |)

is an isometry so that we can compute the covering number in the latter space.
Since [0,Φ𝑝,𝑟𝑛 (𝜋/2)] ⊆ 𝐼

def
= [0, 2] for any 𝑛 ∈ N, we have

𝑁 (𝑡,𝑇1, 𝑑1,𝑛) ≤ 𝑁 (𝑡, 𝐼 , 𝑒), ∀𝑡 > 0.

Note that for any 𝑥 ∈ 𝐼 ,

𝐵(𝑥, 𝑡, 𝑒) def= {𝑦 ∈ 𝐼 : 𝑒 (𝑥,𝑦) ≤ 𝑡} = [𝑥 − 𝑡, 𝑥 + 𝑡] ∩ 𝐼 ,

so that if 𝑡 ≥ 1, we have 𝑁 (𝑡, 𝐼 , 𝑒) = 1 and for 0 < 𝑡 < 1,

𝑁 (𝑡, 𝐼 , 𝑒) ≤ 𝑡−1.

We deduce that for 𝑡 ≥ 1, we have 𝑁 (𝑡,𝑇1, 𝜌1,𝑛) = 1, while for 0 < 𝑡 < 1,

𝑁 (𝑡,𝑇1, 𝜌1,𝑛) = 𝑁 (𝑡2,𝑇1, 𝑑1,𝑛) ≤ 𝑁 (𝑡2, 𝐼 , 𝑒) ≤ 𝑡−2.

Since this holds for any 𝑛 ∈ N, note in particular that 𝑁 (𝑡,𝑇1, 𝜌1) where

𝜌1(𝜃1, 𝜃2)
def
= lim

𝑛→∞
𝜌1,𝑛 (𝜃1, 𝜃2), (𝜃1, 𝜃2) ∈ [0, 𝜋/2]2

satisfies the same bound and the space (𝑇1, 𝜌1) is totally bounded. Now let
𝛿 ∈ (0, 2). Then for any 𝑡 ∈ [0, 𝛿], we have by previous computations,√︃

log𝑁 ( 𝑡2 ,𝑇1, 𝜌1,𝑛) ≤
√︁
log(4/𝑡2) =

√︁
2 log(2/𝑡).

thus, using a standard bound on the complementary error function erfc,∫ 𝛿

0

√︃
log𝑁 ( 𝑡2 ,𝑇1, 𝜌1,𝑛)d𝑡 ≤

√
2
{
2(𝛿/2)

√︁
log(2/𝛿) +

√
𝜋 erfc

(√︁
log(2/𝛿)

)}
≤
√
2𝛿

{√︁
log(2/𝛿) + 1/(2

√︁
log(2/𝛿))

}
.

It follows from (4.81) and Markov’s inequality that for any 𝜖, 𝛿 > 0 and
𝑛 ∈ N,

P

[
sup

𝜌1,𝑛 (𝜃1,𝜃2)<𝛿

��𝑊Λ𝑟𝑛 (𝜃1) −𝑊Λ𝑟𝑛 (𝜃2)
�� > 𝜖]

≤ 𝐾
√
2𝜀−1𝛿

{√︁
log(2/𝛿) + 1/(2

√︁
log(2/𝛿))

}
.
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Now fix 𝜖, 𝜂 > 0. Pick 𝛿 = 𝛿 (𝜖, 𝜂) ∈ (0, 2) such that the inequality

𝐾23/2𝜀−1𝛿
{√︁

log(1/𝛿) + 1/(2
√︁
log(1/𝛿))

}
< 𝜂

holds true and pick 𝑛0 = 𝑛0(𝛿) ∈ N such that for 𝑛 ≥ 𝑛0,{
(𝜃1, 𝜃2) ∈ [0, 𝜋/2]2 : 𝜌1(𝜃1, 𝜃2) < 𝛿

}
⊂

{
(𝜃1, 𝜃2) ∈ [0, 𝜋/2]2 : 𝜌1,𝑛 (𝜃1, 𝜃2) < 2𝛿

}
(such 𝑛0 exists by uniform convergence of 𝜌1,𝑛 to 𝜌1 which itself follows
from the uniform convergence Φ𝑝,𝑟𝑛 → Φ𝑝,𝑟0 which is a consequence of the
pointwise convergence and the continuity of Φ𝑝,𝑟0 ) then, for 𝑛 ≥ 𝑛0 we have

P

[
sup

𝜌1 (𝜃1,𝜃2)<𝛿

��𝑊Λ𝑟𝑛 (𝜃1) −𝑊Λ𝑟𝑛 (𝜃2)
�� > 𝜖]

≤ P

[
sup

𝜌1,𝑛 (𝜃1,𝜃2)<2𝛿

��𝑊Λ𝑟𝑛 (𝜃1) −𝑊Λ𝑟𝑛 (𝜃2)
�� > 𝜖] < 𝜂,

and the asymptotic tightness condition is satisfied for 𝑗 = 1.

Case 𝒋 = 2 and 𝒋 = 3. We only consider 𝑗 = 2 since the other situation is
perfectly symmetric and can be handledwith exactly the same tools. Here, each
function is in bijection with a certain 𝑥 ∈ [0,∞) and we will view the sequence{
𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F2

}
𝑛∈N as a sequence of processes indexed by 𝑇2

def
= [0,∞).

For any 𝑛 ∈ N, the standard deviation semi-metric of the Gaussian process{
𝑊Λ𝑟𝑛 (𝑥) : 𝑥 ∈ [0,∞)

}
equals

𝜌2(𝑥1, 𝑥2)
def
=

√︁
𝑤 (𝑥1)2𝑥1 +𝑤 (𝑥2)2𝑥2 − 2𝑤 (𝑥1)𝑤 (𝑥2)min(𝑥1, 𝑥2)

def
=

√︁
𝑑2(𝑥1, 𝑥2) .

Consequently, there exists a universal constant 𝐾 > 0 such that for any 𝑛 ∈ N
and any 𝛿 > 0,

E

[
sup

𝜌2 (𝑥1,𝑥2)<𝛿

��𝑊Λ𝑟𝑛 (𝑥1) −𝑊Λ𝑟𝑛 (𝑥2)
��] ≤ 𝐾 ∫ 𝛿

0

√︃
log𝑁 ( 𝑡2 ,𝑇2, 𝜌2)d𝑡, (4.82)

with 𝑁 (𝑡,𝑇2, 𝜌2) the minimal number of 𝜌2-balls of radius 𝑡 > 0 needed to
cover 𝑇2.

Observe that for any 𝑡 > 0,

𝑁 (𝑡,𝑇2, 𝜌2) = 𝑁 (𝑡2,𝑇2, 𝑑2) ≤ 𝑁 (𝑡2,𝑇2,1, 𝑑2) + 𝑁 (𝑡2,𝑇2,2, 𝑑2), (4.83)
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where 𝑇2,1
def
= [0, 1] and 𝑇2,2

def
= [1,∞]. We start by dealing with the quantity

𝑁 (𝑡,𝑇2,1, 𝑑2). Note that for any 𝑥1, 𝑥2 ∈ 𝑇2,1, we have

𝑑2(𝑥1, 𝑥2) = 𝑥1−2𝜂1 + 𝑥1−2𝜂2 − 2(𝑥1 ∧ 𝑥2) (𝑥1𝑥2)−𝜂 . (4.84)

In particular, for any 𝑥 ∈ 𝑇2,1,

𝑑2(0, 𝑥) = 𝑥1−2𝜂 .

This shows that 𝑁 (𝑡,𝑇2,1, 𝑑2) = 1 for 𝑡 ≥ 1. Allowing 𝑑2 to be defined on [0,∞)
in the exact same way as in (4.84), we observe that for any 𝑡 > 0 and 𝑛 ∈ N,

𝑑2(𝑛𝑡, (𝑛 + 1)𝑡) = 𝑡1−2𝜂𝑑2(𝑛, 𝑛 + 1) = 𝑑2(0, 𝑡)𝑑2(𝑛, 𝑛 + 1) .

Our aim is to show that 𝑑2(𝑛, 𝑛 + 1) ≤ 1 for any 𝑛 ∈ N. To this end, take any
𝑛 ∈ N and note that

𝑑2(𝑛, 𝑛 + 1) ≤ 1 ⇐⇒ 𝑔(𝜂) def= 𝑑2(𝑛, 𝑛 + 1)
= 𝑛1−2𝜂 + (𝑛 + 1)1−2𝜂 − 2𝑛1−𝜂 (𝑛 + 1)−𝜂

≤ 𝑔(0) = 1,

so that it suffices to show that the map 𝜂 ∈ (0, 1/2) ↦→ 𝑔(𝜂) is decreasing. This
follows from writing

𝑔(𝜂) =
(
(𝑛 + 1)

1
2−𝜂 − 𝑛

1
2−𝜂

)2
+ 2
√
𝑛[𝑛(𝑛 + 1)]−𝜂

[√
𝑛 + 1 −

√
𝑛

]
,

which shows that 𝑔(𝜂) is a sum of two terms decreasing in 𝜂 ∈ (0, 1/2). This
is obvious for the second term while for the first it follows from the fact that
the application 𝛼 ∈ (0, 1/2) ↦→ (𝑛 + 1)𝛼 − 𝑛𝛼 is increasing as shown by the
direct computation

d
d𝛼
{(𝑛 + 1)𝛼 − 𝑛𝛼 } = log(𝑛 + 1) (𝑛 + 1)𝛼 − log(𝑛)𝑛𝛼 ≥ 0.

For any 0 < 𝑡 < 1, the previous arguments guarantee that 𝑑2(𝑡
1

1−2𝜂 , 2𝑡
1

1−2𝜂 ) ≤

𝑑2(0, 𝑡
1

1−2𝜂 ) = 𝑡 , and, similarly, using the notation 𝐵(𝑥, 𝑡, 𝑑2)
def
= {𝑦 ∈ 𝑇2,1 :

𝑑2(𝑦, 𝑥) ≤ 𝑡}, we see that

𝐵(𝑡
1

1−2𝜂 , 𝑡, 𝑑2) ⊆ [0, 2𝑡
1

1−2𝜂 ]

𝐵(3𝑡
1

1−2𝜂 , 𝑡, 𝑑2) ⊆ [2𝑡
1

1−2𝜂 , 4𝑡
1

1−2𝜂 ]
...
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hence showing that

𝑇2,1 ⊆
𝑁 (𝑡 )⋃
𝑛=

𝐵((𝑛 + 1)𝑡
1

1−2𝜂 , 𝑡, 𝑑2),

where
𝑁 (𝑡,𝑇2,1, 𝑑2) ≤ 𝑁 (𝑡) ≤

1
2
𝑡
− 1
1−2𝜂 .

Regarding 𝑁 (𝑡,𝑇2,2, 𝑑2), simply observe that the map

𝑥 ∈ (𝑇2, 𝑑2) ↦→ 𝑥−1 ∈ (𝑇2, 𝑑2)

is an isometry for 𝜂 = 1−𝛾 . We deduce that 𝑁 (𝑡,𝑇2,2, 𝑑2) = 1 for any 𝑡 ≥ 1 and

𝑁 (𝑡,𝑇2,2, 𝑑2) ≤
1
2
𝑡
− 1
2𝛾−1 , 0 < 𝑡 < 1,

so that in view of equation (4.83), for any 𝑡 ∈ (0, 1),

𝑁 (𝑡,𝑇2, 𝜌2) ≤
1
2

(
𝑡
− 2
1−2𝜂 + 𝑡−

2
2𝛾−1

)
.

In particular, the space (𝑇2, 𝜌2) is totally bounded. Pick 𝛿 ∈ (0, 2). Then by
previous computations, we have that for any 𝑡 ∈ [0, 𝛿],√︃

log𝑁 ( 𝑡2 ,𝑇2, 𝜌2) ≤
√︂

2
1 − 2𝛼

√︁
log(2/𝑡),

where 𝛼 def
= min{𝜂, 1 − 𝛾} ∈ [0, 1/2). Computations similar to the case 𝑗 = 1

then leads to∫ 𝛿

0

√︃
log𝑁 ( 𝑡2 ,𝑇2, 𝜌2)d𝑡 ≤

√︂
2

1 − 2𝛼

{
2(𝛿/2)

√︁
log(2/𝛿) +

√
𝜋 erfc

(√︁
log(2/𝛿)

)}
≤

√︂
2

1 − 2𝛼 𝛿
{√︁

log(2/𝛿) + 1/(2
√︁
log(2/𝛿))

}
.

Hence, equation (4.82) and Markov’s inequality imply that for any 𝜖, 𝛿 > 0,

P

[
sup

𝜌2 (𝑥1,𝑥2)<𝛿

��𝑊Λ𝑟𝑛 (𝑥1) −𝑊Λ𝑟𝑛 (𝑥2)
�� > 𝜀]

≤
√︂

2
1 − 2𝛼 𝐾𝜀

−1𝛿
{√︁

log(2/𝛿) + 1/(2
√︁
log(2/𝛿))

}
.

Fixing 𝜖, 𝜂 > 0 and picking 𝛿 = 𝛿 (𝜖, 𝜂) ∈ (0, 2) sufficiently small such that√︂
2

1 − 2𝛼 𝐾𝜀
−1𝛿

{√︁
log(2/𝛿) + 1/(2

√︁
log(2/𝛿))

}
< 𝜂,

show the asymptotic tightness condition for 𝑗 = 2.
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Case 𝒋 = 4. As for the previous cases, each function 𝑓 ∈ F4 is in a one-
to-one relation with a certain (𝑥,𝑦) ∈ [0, 1]2 and we will view the sequence{
𝑊Λ𝑟𝑛 (𝑓 ) : 𝑓 ∈ F4

}
𝑛∈N as a sequence of processes indexed by 𝑇4

def
= [0, 1]2.

Observe that for any 𝑛 ∈ N, the standard deviation semi-metric associated
with the Gaussian process

{
𝑊Λ𝑟𝑛 (𝑥,𝑦) : (𝑥,𝑦) ∈ [0, 1]2

}
satisfies

𝜌4,𝑛 ((𝑥1, 𝑦1), (𝑥2, 𝑦2))
def
=

√︃
Λ𝑟𝑛

(
𝐴 (𝑥1,𝑦1)△𝐴 (𝑥2,𝑦2)

)
≤

√︁
|𝑥1 − 𝑥2 | + |𝑦1 − 𝑦2 |

def
= 𝜌4 ((𝑥1, 𝑦1), (𝑥2, 𝑦2)) .

Therefore, the process
{
𝑊Λ𝑟𝑛 (𝑥,𝑦) : (𝑥,𝑦) ∈ [0, 1]2

}
is sub-Gaussian with re-

spect to 𝜌4 for any 𝑛 ∈ N and satisfies for any 𝛿 > 0,

E

[
sup

𝜌4 ( (𝑥1,𝑦1),(𝑥2,𝑦2))<𝛿

��𝑊Λ𝑟𝑛 (𝜃1) −𝑊Λ𝑟𝑛 (𝜃2)
��] ≤ 𝐾 ∫ 𝛿

0

√︃
log𝑁 ( 𝑡2 ,𝑇4, 𝜌4)d𝑡,

(4.85)
for some universal constant 𝐾 > 0, where 𝑁 (𝑡,𝑇4, 𝜌4) is the minimal number
of 𝜌4-balls of radius 𝑡 > 0 needed to cover 𝑇4. Defining 𝑑4

def
= 𝜌24 , we see that

for any 𝑡 > 0,
𝑁 (𝑡,𝑇4, 𝜌4) = 𝑁 (𝑡2,𝑇4, 𝑑4) .

Define for any 𝑡 > 0 and (𝑥,𝑦) ∈ 𝑇4,

𝐵((𝑥,𝑦), 𝑡, 𝑑4)
def
= {(𝑢, 𝑣) ∈ 𝑇4 : |𝑥 − 𝑢 | + |𝑦 − 𝑣 | ≤ 𝑡} .

Pythagoras’ theorem shows that for 𝑡 ≥ 1,

𝑇4 ⊆ 𝐵((0.5, 0.5), 𝑡, 𝑑4),

so that 𝑁 (𝑡,𝑇4, 𝑑4) = 1 for such values of 𝑡 . For 0 < 𝑡 < 1, note that

𝐵((𝑥,𝑦), 𝑡, 𝑑4) ⊇ {(𝑢, 𝑣) ∈ 𝑇4 : max{|𝑢 − 𝑥 |, |𝑣 − 𝑦 |} ≤ 𝑡/2} .

The latter set corresponds to a square centered at (𝑥,𝑦) aligned with the axes
with area 𝑡2. We need can cover𝑇4 with 𝑡−2 such squares so that for 0 < 𝑡 < 1,

𝑁 (𝑡,𝑇4, 𝜌4) = 𝑁 (𝑡2,𝑇4, 𝑑4) ≤ 𝑡−4.

In particular that the space (𝑇4, 𝜌4) is totally bounded. Pick 𝛿 ∈ (0, 2). Then
by previous computations, we have that for any 𝑡 ∈ [0, 𝛿],√︃

log𝑁 ( 𝑡2 ,𝑇4, 𝜌4) ≤ 2
√︁
log(2/𝑡) .
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Computations similar to the previous cases leads to∫ 𝛿

0

√︃
log𝑁 ( 𝑡2 ,𝑇4, 𝜌4)d𝑡 ≤ 2

{
2(𝛿/2)

√︁
log(2/𝛿) +

√
𝜋 erfc

(√︁
log(2/𝛿)

)}
≤ 2𝛿

{√︁
log(2/𝛿) + 1/(2

√︁
log(2/𝛿))

}
.

Equation (4.85) and Markov’s inequality imply that for any 𝜀, 𝛿 > 0,

P

[
sup

𝜌4 ( (𝑥1,𝑦1),(𝑥2,𝑦2))<𝛿

��𝑊Λ𝑟𝑛 (𝑥1, 𝑦1) −𝑊Λ𝑟𝑛 (𝑥1, 𝑦1)
�� > 𝜀]

≤ 2𝐾𝜀−1𝛿
{√︁

log(2/𝛿) + 1/(2
√︁
log(2/𝛿))

}
.

Given 𝜖, 𝜂 > 0, by picking 𝛿 = 𝛿 (𝜖, 𝜂) > 0 small enough such that

2𝐾𝜀−1𝛿
{√︁

log(2/𝛿) + 1/(2
√︁
log(2/𝛿))

}
< 𝜂,

we verify the asymptotic tightness condition for this case.

For any 𝑟 ∈ R, let P𝑟 denote the law of 𝐿𝑟 on R.

Lemma 4.G.2. Under the same assumptions as Lemma 4.G.1 and Assump-
tion 4.4.3, if (𝑟𝑛)𝑛∈N ⊂ R is such that 𝑟𝑛 → 𝑟0 as 𝑛 → ∞ for an interior point

𝑟0 ∈ R, we have P𝑟𝑛
L→ P𝑟0 on R.

Proof. Let 𝑟0 ∈ R be an interior point. Recall that

𝐿𝑟0 =

∫ 𝜋/2

0

��𝑋𝑟0 (𝜃 )��𝑞(𝜃 )d𝜃,
where for 𝜃 ∈ [0, 𝜋/2],

𝑋𝑟0 (𝜃 )
def
= 𝛾𝑝,𝑟0 (𝜃 ) −

∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟0 (𝑥)d𝑥 · 𝐼𝑔,𝜎,𝑟0 .

The idea is to write
𝑋𝑟0 = 𝑇𝑟0 (𝑊Λ𝑟0

), (4.86)

for some linear operator 𝑇𝑟0 : ℓ∞(F ) ↦→ ℓ∞( [0, 𝜋/2]) satisfying the property
that if (𝑟𝑛)𝑛∈N ⊂ R is such that 𝑟𝑛 → 𝑟0 in R𝑚 and (𝑧𝑛)𝑛∈N ⊂ ℓ∞(F ) is such
that 𝑧𝑛 → 𝑧 in ℓ∞(F ), then also

𝑇𝑟𝑛 (𝑧𝑛) → 𝑇𝑟0 (𝑧) in ℓ∞( [0, 𝜋/2]) . (4.87)

The result would then follow from Lemma 4.G.1 combined with the extended
continuous mapping theorem [122, Theorem 1.11.1].
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A sufficient condition to ensure (4.87) is to show that the operator 𝑇𝑟0 is
bounded, i.e.,

∥𝑇𝑟0 ∥
def
= sup

{
∥𝑇𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2]) : ∥𝑧∥ℓ∞ (F) ≤ 1

}
< ∞

together with
lim
𝑛→∞
∥𝑇𝑟𝑛 −𝑇𝑟0 ∥ = 0. (4.88)

In practice, if we are able to decompose 𝑇𝑟0 as 𝑇𝑟 =
∑𝑘
𝑖=1𝑇𝑟0,𝑖 for bounded

linear operators 𝑇𝑟0,𝑖 : ℓ∞(F ) ↦→ ℓ∞( [0, 𝜋/2]) satisfying (4.88), then we are
done in view of the triangle inequality. The same reasoning also applies to
composition of such operators: if 𝑇𝑛,𝑇 : 𝐸 → 𝐺 are bounded linear operators
between two normed spaces such that

𝑇𝑛 = 𝑉𝑛 ◦𝑈𝑛 and 𝑇 = 𝑉 ◦𝑈 ,

for some bounded linear operators𝑈𝑛,𝑈 : 𝐸 → 𝐹 and 𝑉𝑛,𝑉 : 𝐹 → 𝐺 between
normed spaces satisfying

lim
𝑛→∞
∥𝑈𝑛 −𝑈 ∥𝐸,𝐹 = 0 and lim

𝑛→∞
∥𝑉𝑛 −𝑉 ∥𝐹,𝐺 = 0,

then also
lim
𝑛→∞
∥𝑇𝑛 −𝑇 ∥𝐸,𝐺 = 0.

Indeed, for any 𝑒 ∈ 𝐸, we have

∥𝑇𝑛 (𝑒) −𝑇 (𝑒)∥𝐺 = ∥𝑉𝑛 (𝑈𝑛 (𝑒)) −𝑉 (𝑈 (𝑒))∥𝐺
= ∥𝑉𝑛 (𝑈𝑛 (𝑒)) −𝑉 (𝑈𝑛 (𝑒)) +𝑉 (𝑈𝑛 (𝑒)) −𝑉 (𝑈 (𝑒))∥𝐺
≤ ∥𝑉𝑛 −𝑉 ∥𝐹,𝐺 ∥𝑈𝑛 ∥𝐸,𝐹 ∥𝑒 ∥𝐸 + ∥𝑉 ∥𝐹,𝐺 ∥𝑈𝑛 −𝑈 ∥𝐸,𝐹 ∥𝑒 ∥𝐸 .

Since lim sup𝑛→∞ ∥𝑈𝑛 ∥𝐸,𝐹 < ∞, we can conclude.

Process 𝜶𝒑,𝒓0 . Let us first consider the linear operator 𝑇𝛼,𝑟0 : ℓ∞(F ) ↦→
ℓ∞( [0, 𝜋/2]) which is such that

𝑇𝛼,𝑟0 (𝑊Λ𝑟0
) = 𝛼𝑝,𝑟0 . (4.89)

Our aim is to show that 𝑇𝛼,𝑟0 is bounded and satisfies (4.88). We will assume
𝑝 < ∞ since this corresponds to the most involved case. Note that 𝑇𝛼,𝑟0 can be
trivially decomposed as

𝑇𝛼,𝑟0 =

3∑︁
𝑖=1

𝑇𝛼,𝑟0,𝑖 ,

where for 𝑧 ∈ ℓ∞(F ) and 𝜃 ∈ [0, 𝜋/2] we defined(
𝑇𝛼,𝑟0,1(𝑧)

)
(𝜃 ) def= 𝑧 (I𝐶𝑝,𝜃 ), (4.90)
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and(
𝑇𝛼,𝑟0,2(𝑧)

)
(𝜃 ) def= 𝜆𝑟0 (1, tan𝜃 )∫ 𝑥𝑝 (𝜃 )

0
𝑥−1

[
𝑧
(
I[0,𝑥 ]×[0,∞]𝑤 (𝑥)

)
𝑤 (𝑥)−1 tan𝜃

− 𝑧
(
I[0,∞]×[0,𝑥 tan𝜃 ]𝑤 (𝑥 tan𝜃 )

)
𝑤 (𝑥 tan𝜃 )−1

]
d𝑥, (4.91)

and(
𝑇𝛼,𝑟0,3(𝑧)

)
(𝜃 ) def=

∫ ∞

𝑥𝑝 (𝜃 )
𝑥−1𝜆𝑟0 (1, (𝑥𝑝 − 1)−1/𝑝)[

𝑧
(
I[0,𝑥 ]×[0,∞]𝑤 (𝑥)

)
𝑤 (𝑥)−1𝑦 ′𝑝 (𝑥)

− 𝑧
(
I[0,∞]×[0,𝑦𝑝 (𝑥) ]𝑤 (𝑦𝑝 (𝑥))

)
𝑤 (𝑦𝑝 (𝑥))−1

]
d𝑥 . (4.92)

In view of our previous comments, we can analyse each of those operators
separately.

Let 𝑧 ∈ ℓ∞(F ) be such that ∥𝑧∥ℓ∞ (F) ≤ 1. Then we immediately see that

∥𝑇𝛼,𝑟0,1(𝑧)∥ℓ∞ ( [0,𝜋/2]) ≤ 1.

Therefore, 𝑇𝛼,𝑟0,1 is bounded. Furthermore, if (𝑟𝑛)𝑛∈N ⊂ R is a sequence such
that 𝑟𝑛 → 𝑟0 in R𝑚 as 𝑛 →∞, condition (4.88) is trivially satisfied since

∥𝑇𝛼,𝑟𝑛,1 −𝑇𝛼,𝑟0,1∥ = 0 for any 𝑛 ∈ N.

Let us now turn to the second operator. Let 𝑧 ∈ ℓ∞(F ) be such that
∥𝑧∥ℓ∞ (F) ≤ 1. Then we see that

∥𝑇𝛼,𝑟0,2(𝑧)∥ℓ∞ ( [0,𝜋/2]) ≤

sup
𝜃 ∈[0,𝜋/2]

{
𝜆𝑟0 (1, tan𝜃 )

∫ 𝑥𝑝 (𝜃 )

0
𝑥−1

[
𝑤 (𝑥)−1 tan𝜃 +𝑤 (𝑥 tan𝜃 )−1

]
d𝑥

}
,

so that if we show the latter supremum is finite, the operator will be bounded.
First observe that by (4.23), we have for any 𝜃 ∈ [0, 𝜋/2],

𝜆𝑟0 (1, tan𝜃 ) ≤ min
{
tan𝜃, (tan𝜃 )−2

}
𝜑𝑝,𝑟0 (𝜃 ).

Furthermore, one may compute that for any 𝜃 ∈ [0, 𝜋/2],∫ 𝑥𝑝 (𝜃 )

0
𝑥−1𝑤 (𝑥)−1 tan𝜃d𝑥 = tan𝜃

{
𝜂−1 + 𝛾−1

(
𝑥𝑝 (𝜃 )𝛾 − 1

)}
,
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and ∫ 𝑥𝑝 (𝜃 )

0
𝑥−1𝑤 (𝑥 tan𝜃 )−1d𝑥 = 𝜂−1 + (tan𝜃 )𝛾 (𝑥𝑝 (𝜃 )𝛾 − (tan𝜃 )−𝛾 )/𝛾 .

One may show that for any 𝜃 ∈ [0, 𝜋/4],∫ 𝑥𝑝 (𝜃 )

0
𝑥−1

[
𝑤 (𝑥)−1 tan𝜃 +𝑤 (𝑥 tan𝜃 )−1

]
d𝑥 ≤ 2𝜂−1 + 2𝛾/𝑝

𝛾
,

while for 𝜃 ∈ [𝜋/4, 𝜋/2],

1
tan𝜃

∫ 𝑥𝑝 (𝜃 )

0
𝑥−1

[
𝑤 (𝑥)−1 tan𝜃 +𝑤 (𝑥 tan𝜃 )−1

]
d𝑥 ≤ 2𝜂−1 + 2𝛾/𝑝

𝛾
.

Consequently, observing that (tan𝜃 )−1 = tan( 𝜋2 − 𝜃 ), we find the bound

sup
𝜃 ∈[0,𝜋/2]

{
𝜆𝑟0 (1, tan𝜃 )

∫ 𝑥𝑝 (𝜃 )

0
𝑥−1

[
𝑤 (𝑥)−1 tan𝜃 +𝑤 (𝑥 tan𝜃 )−1

]
d𝑥

}
≤

(
2𝜂−1 + 2𝛾/𝑝

𝛾

)
sup

𝜃 ∈[0,𝜋/2]

{
min

{
tan𝜃, tan( 𝜋2 − 𝜃 )

}
𝜑𝑝,𝑟0 (𝜃 )

}
.

The latter quantity is bounded in view of point 1 in Assumption 4.4.3. We
deduce that the operator𝑇𝛼,𝑟0,2 is bounded. Now, let (𝑟𝑛)𝑛∈N ⊂ R be a sequence
such that 𝑟𝑛 → 𝑟0 in R𝑚 as 𝑛 →∞. Similar computations as before show that
for any 𝑧 ∈ ℓ∞(F ) with ∥𝑧∥ℓ∞ (F) ≤ 1 and any 𝜃 ∈ [0, 𝜋/2], we have�� (𝑇𝛼,𝑟𝑛,2(𝑧)) (𝜃 ) − (

𝑇𝛼,𝑟0,2(𝑧)
)
(𝜃 )

��
≤ min{tan𝜃, tan( 𝜋2 − 𝜃 )}

��𝜑𝑝,𝑟𝑛 (𝜃 ) − 𝜑𝑝,𝑟0 (𝜃 )�� (2𝜂−1 + 2𝛾/𝑝

𝛾

)
.

The latter quantity converges to zero in view of point 2 in Assumption 4.4.3
so that condition (4.88) is verified for 𝑇𝛼,𝑟0,2.

Let us finally turn to the third operator 𝑇𝛼,𝑟0,3 defined by (4.92). We start
by showing that it is bounded. Let 𝑧 ∈ ℓ∞(F ) be such that ∥𝑧∥ℓ∞ (F) ≤ 1. One
computes that

∥𝑇𝛼,𝑟0,3(𝑧)∥ℓ∞ ( [0,𝜋/2]) ≤
∫ ∞

1
𝑥−1𝜆𝑟0 (1, (𝑥𝑝 − 1)−1/𝑝)

[
𝑥𝛾 |𝑦 ′𝑝 (𝑥) | + 𝑦𝑝 (𝑥)𝛾

]
d𝑥,

so that we just need to show that the latter integral is finite. Formula (4.23)
permits to show that

𝜆𝑟0 (1, (𝑥𝑝 − 1)−1/𝑝) =
1
𝑥
· 1
1 + (𝑥𝑝 − 1)−2/𝑝

· 𝜑𝑝,𝑟0
(
arctan((𝑥𝑝 − 1)−1/𝑝)

)
.
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Note also that |𝑦 ′𝑝 (𝑥) | = (𝑥𝑝 − 1)−(1+1/𝑝) and recall that 𝑦𝑝 (𝑥) = 𝑥/(𝑥𝑝 − 1)1/𝑝 .
Considering the change of variable 𝑢 = arctan((𝑥𝑝 − 1)−1/𝑝) with inverse 𝑥 =

𝑥𝑝 (𝑢) = ∥(1, cot𝑢)∥𝑝 and differential d𝑥 = −𝑥𝑝 (𝑢)1−𝑝 (tan𝑢)−(1+𝑝) (cos𝑢)−2d𝑢
and noting that (𝑥𝑝 −1)−1/𝑝 = tan𝑢, tedious computations show that the latter
integral equals∫ 𝜋/2

0
𝜑𝑝,𝑟0 (𝑢)

(
∥(1, cot𝑢)∥𝛾−(1+𝑝)𝑝 + ∥(1, tan𝑢)∥𝛾−(1+𝑝)𝑝

)
d𝑢.

The term in parenthesis is always smaller than 1 so the integrand is bounded by
𝜑𝑝,𝑟0 , which is integrable on [0, 𝜋/2] and the operator 𝑇𝛼,𝑟0,3 is bounded. Now,
let (𝑟𝑛)𝑛∈N ⊂ R be a sequence such that 𝑟𝑛 → 𝑟0 in R𝑚 as 𝑛 → ∞. Similar
computations as before show that for any 𝑧 ∈ ℓ∞(F ) with ∥𝑧∥ℓ∞ (F) ≤ 1,

∥𝑇𝛼,𝑟𝑛,3(𝑧) −𝑇𝛼,𝑟0,3(𝑧)∥ℓ∞ ( [0,𝜋/2])

≤
∫ 𝜋/2

0

��𝜑𝑝,𝑟𝑛 (𝑢) − 𝜑𝑝,𝑟0 (𝑢)�� (∥(1, cot𝑢)∥𝛾−(1+𝑝)𝑝 + ∥(1, tan𝑢)∥𝛾−(1+𝑝)𝑝

)
d𝑢

By point 2 of Assumption 4.4.3 and integrability of the map 𝜃 ∈ [0, 𝜋/2] ↦→
(𝜂 (𝜃 ))−𝜈 for any 𝜈 ∈ (0, 1), the latter quantity converges to zero, showing that
condition (4.88) is verified for 𝑇𝛼,𝑟0,3.

Process 𝜷𝒑,𝒓0 . Let us now consider the linear operator𝑇𝛽,𝑟0 : ℓ∞( [0, 𝜋/2]) ↦→
ℓ∞( [0, 𝜋/2]) which is such that

𝑇𝛽,𝑟0 (𝛼𝑝,𝑟0) = 𝛽𝑝,𝑟0 . (4.93)

Our aim is to show that 𝑇𝛽,𝑟0 is bounded and satisfies (4.88).
Let 𝑧 ∈ ℓ∞( [0, 𝜋/2]). The operator 𝑇𝛽,𝑟0 is defined for any 𝜃 ∈ [0, 𝜋/2] by(

𝑇𝛽,𝑟0 (𝑧)
)
(𝜃 ) def=

𝑧 (𝜃 )Φ𝑝,𝑟0 ( 𝜋2 ) − Φ𝑝,𝑟0 (𝜃 )𝑧 (
𝜋
2 )

Φ𝑝,𝑟0 ( 𝜋2 )2
. (4.94)

It is clear that if ∥𝑧∥ℓ∞ ( [0,𝜋/2]) ≤ 1, since the angular distribution function
satisfies 1 ≤ Φ𝑝,𝑟0 (𝜋/2) ≤ 2 for any 𝑟 ∈ R,

∥𝑇𝛽,𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2]) ≤ 2,

so that𝑇𝛽,𝑟0 is bounded. Now, let (𝑟𝑛)𝑛∈N ⊂ R be a sequence such that 𝑟𝑛 → 𝑟0
in R𝑚 as 𝑛 →∞. Similar computations show that if ∥𝑧∥ℓ∞ ( [0,𝜋/2]) ≤ 1,

∥𝑇𝛽,𝑟𝑛 (𝑧) −𝑇𝛽,𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2]) ≤ 6∥Φ𝑝,𝑟𝑛 − Φ𝑝,𝑟0 ∥ℓ∞ ( [0,𝜋/2]) .

The latter quantity converges to zero as 𝑛 → ∞ since Φ𝑝,𝑟𝑛 → Φ𝑝,𝑟0 in
ℓ∞( [0, 𝜋/2]) if 𝑟𝑛 → 𝑟 in R𝑚 , as explained in the proof of Lemma 4.G.1.
We deduce that 𝑇𝛽,𝑟0 satisfies (4.88).
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Process𝜸𝒑,𝒓0 . Let us finally consider the linear operator𝑇𝛾,𝑟0 : ℓ∞( [0, 𝜋/2]) ↦→
ℓ∞( [0, 𝜋/2]) which is such that

𝑇𝛾,𝑟0 (𝛽𝑝,𝑟0) = 𝛾𝑝,𝑟0 . (4.95)

Our aim is to show that 𝑇𝛾,𝑟0 is bounded and satisfies (4.88).
Let 𝑧 ∈ ℓ∞( [0, 𝜋/2]). The operator 𝑇𝛾,𝑟0 is defined for any 𝜃 ∈ [0, 𝜋/2] by

(
𝑇𝛾,𝑟0 (𝑧)

)
(𝜃 ) def= 𝑧 (𝜃 ) +

∫ 𝜋/2
0 𝑧 (𝜓 ) 𝑓 ′(𝜓 )d𝜓

𝜎2
𝑄𝑝,𝑟0
(𝑓 )

∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝,𝑟0 (𝜓 ), (4.96)

where we recall that the functions 𝑓 and 𝑓 ′ are defined by

𝑓 (𝜓 ) = sin𝜓 − cos𝜓
∥(sin𝜓, cos𝜓 )∥𝑝

and

𝑓 ′(𝜓 ) = (sin𝜓 )
𝑝−1 + (cos𝜓 )𝑝−1

∥(sin𝜓, cos𝜓 )∥1+𝑝𝑝

satisfy the bounds |𝑓 | ≤ 1 and 0 ≤ 𝑓 ′ ≤ 2. It readily follows that if
∥𝑧∥ℓ∞ ( [0,𝜋/2]) ≤ 1, then

∥𝑇𝛾,𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2]) ≤ 1 + 𝜋

𝜎2
𝑄𝑝,𝑟0
(𝑓 )

< ∞,

so 𝑇𝛾,𝑟0 is a bounded operator. Now, let (𝑟𝑛)𝑛∈N ⊂ R be a sequence such that
𝑟𝑛 → 𝑟0 in R𝑚 as 𝑛 →∞. For ∥𝑧∥ℓ∞ ( [0,𝜋/2]) ≤ 1, we compute

∥𝑇𝛾,𝑟𝑛 (𝑧) −𝑇𝛾,𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2])

≤ 𝜋








∫ 𝜃
0 𝑓 (𝜓 )d𝑄𝑝,𝑟𝑛 (𝜓 )

𝜎2
𝑄𝑝,𝑟𝑛
(𝑓 )

−
∫ 𝜃
0 𝑓 (𝜓 )d𝑄𝑝,𝑟0 (𝜓 )

𝜎2
𝑄𝑝,𝑟0
(𝑓 )








ℓ∞ ( [0,𝜋/2])

.

Fubini’s theorem leads to




∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝,𝑟𝑛 (𝜓 ) −

∫ 𝜃

0
𝑓 (𝜓 )d𝑄𝑝,𝑟0 (𝜓 )







ℓ∞ ( [0,𝜋/2])

≤ (1 + 𝜋)∥𝑄𝑝,𝑟𝑛 −𝑄𝑝,𝑟0 ∥ℓ∞ ( [0,𝜋/2]) ,

and the latter quantity converges to zero as 𝑛 → 0 since 𝑄𝑝,𝑟𝑛 → 𝑄𝑝,𝑟0 in
ℓ∞( [0, 𝜋/2]). The same argument implies

𝜎2𝑄𝑝,𝑟𝑛
(𝑓 ) → 𝜎2𝑄𝑝,𝑟0

(𝑓 ) > 0, as 𝑛 →∞,

and this suffices to verify (4.88) for the operator 𝑇𝛾,𝑟0 .
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Process associated with the derivative. The last operator to be considered
is the linear operator 𝑇∇,𝑟0 : ℓ∞(F ) → ℓ∞( [0, 𝜋/2]) which is such that for
𝜃 ∈ [0, 𝜋/2], (

𝑇∇,𝑟0
(
𝑊Λ,𝑟0

) )
(𝜃 ) =

∫ 𝜃

0
∇𝑟𝜚𝑝,𝑟0 (𝑥)d𝑥 · 𝐼𝑔,𝜎,𝑟0, (4.97)

where we recall that

𝐼𝑔,𝜎,𝑟0 =

∫
[0,1]2

(
𝑊Λ𝑟0

(𝐴 (𝑥1,𝑥2) ) −
2∑︁
𝑗=1

¤ℓ𝑟,𝑗 (𝑥1, 𝑥2)𝑊𝑗 (𝑥 𝑗 )
)
𝑔(𝑥1, 𝑥2)d𝜎 (𝑥1, 𝑥2),

for some finite Borel measure 𝜎 on [0, 1]2 and a function 𝑔 : [0, 1]2 → R𝑚
in

(
𝐿2( [0, 1]2, 𝜎)

)𝑚 . The latter is naturally decomposed as 𝑇∇,𝑟0 =
∑𝑚
𝑘=1𝑇∇,𝑘,𝑟0

where the operators 𝑇∇,𝑘,𝑟0 : ℓ∞(F ) → ℓ∞( [0, 𝜋/2]) are defined by(
𝑇∇,𝐾,𝑟0

(
𝑊Λ,𝑟0

) )
(𝜃 ) def=

(
𝐼𝑔,𝜎,𝑟0

)
𝑘

∫ 𝜃

0
𝜕𝑟𝑘𝜚𝑝,𝑟0 (𝑥)d𝑥, 𝑘 ∈ {1, . . . ,𝑚}.

Fix 𝑘 ∈ {1, . . . ,𝑚} and let 𝑧 ∈ ℓ∞(F ) be such that ∥𝑧∥ℓ∞ (F) ≤ 1. Using the
fact that ¤ℓ𝑟0, 𝑗 ≤ 1 for any 𝑗 ∈ {1, 2}, we readily see that

∥𝑇∇,𝐾,𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2])

≤ 3
∫
[0,1]2

𝑔𝑘 (𝑥1, 𝑥2)d𝜎 (𝑥1, 𝑥2)
∫ 𝜋/2

0

��𝜕𝑟𝑘𝜚𝑝,𝑟0 (𝑥)�� d𝑥 < ∞,

so that 𝑇∇,𝐾,𝑟0 is bounded since the partial derivative 𝜕𝑟𝑘𝜚𝑝,𝑟0 is assumed to be
integrable on [0, 𝜋/2] by point 1 of Assumption 4.4.1. Let us now consider
a sequence (𝑟𝑛)𝑛∈N ⊂ R which is such that 𝑟𝑛 → 𝑟0 in R𝑚 as 𝑛 → ∞. We
compute

∥𝑇∇,𝑘,𝑟𝑛 (𝑧) −𝑇∇,𝑘,𝑟0 (𝑧)∥ℓ∞ ( [0,𝜋/2])

≤
∫ 𝜋/2

0

��𝜕𝑟𝑘𝜚𝑝,𝑟𝑛 (𝑥)�� d𝑥 2∑︁
𝑗=1

∫
[0,1]2

�� ¤ℓ𝑟𝑛, 𝑗 (𝑥1, 𝑥2) − ¤ℓ𝑟0, 𝑗 (𝑥1, 𝑥2)��𝑔(𝑥1, 𝑥2)d𝜎 (𝑥1, 𝑥2)
+ 3

∫
[0,1]2

𝑔𝑘 (𝑥1, 𝑥2)d𝜎 (𝑥1, 𝑥2)
∫ 𝜋/2

0

��𝜕𝑟𝑘𝜚𝑝,𝑟𝑛 (𝑥) − 𝜕𝑟𝑘𝜚𝑝,𝑟0 (𝑥)�� d𝑥 .
Using the fact that for any 𝑟 ∈ R

ℓ𝑟 (𝑥1, 𝑥2) = 𝑥1 + 𝑥2 − Λ𝑟 ( [0, 𝑥1] × [0, 𝑥2])

= 𝑥1 + 𝑥2 −
∬
[0,𝑥1 ]×[0,𝑥2 ]

𝜆𝑟 (𝑥,𝑦)d𝑥d𝑦

= 𝑥1 + 𝑥2 −
∬
[0,𝑥1 ]×[0,𝑥2 ]

𝑥𝑦

𝑥2 + 𝑦2 ∥(𝑥,𝑦)∥
−1
𝑝 𝜑𝑝,𝑟 (arctan(𝑦/𝑥))d𝑥d𝑦,
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where the last equality makes use of (4.23). A change of variable then leads to

¤ℓ𝑟,1(𝑥1, 𝑥2) = 1 −
∫ arctan( 𝑥2

𝑥1
)

0

tan𝜃
(1 + (tan𝜃 )𝑝)1/𝑝

𝜑𝑝,𝑟 (𝜃 )d𝜃 and

¤ℓ𝑟,2(𝑥1, 𝑥2) = 1 −
∫ 𝜋/2

arctan( 𝑥2
𝑥1
)

tan( 𝜋2 − 𝜃 )
(1 + (tan( 𝜋2 − 𝜃 )𝑝)1/𝑝

𝜑𝑝,𝑟 (𝜃 )d𝜃 .

Point 2 of Assumption 4.4.3 then leads to

¤ℓ𝑟𝑛, 𝑗 (𝑥1, 𝑥2) → ¤ℓ𝑟0, 𝑗 (𝑥1, 𝑥2), ∀(𝑥1, 𝑥2) ∈ [0, 1]2, 𝑗 ∈ {1, 2}

as 𝑛 →∞. The dominated convergence theorem permits to conclude that the
first term in the upper bound converges to zero. Thanks to point 1 of Assump-
tion 4.4.1 the second term also converges to zero by point 2 of Assumption 4.4.3,
showing that condition (4.88) is satisfied for 𝑇∇,𝑟0 .

Combining all the above arguments permit to conclude the proof of
Lemma 4.G.2.

If (𝑟𝑛)𝑛∈N ⊂ R is a sequence such that 𝑟𝑛 → 𝑟0 in R𝑚 as 𝑛 →∞ for some
interior point 𝑟0 ∈ R, Lemma 4.G.2 implies pointwise convergence of the
cumulative distribution associated to 𝐿𝑟𝑛 to the one of 𝐿𝑟0 which is continuous.
Since it is also strictly increasing, we get the pointwise convergence Q𝑟𝑛 (1 −
𝛼) → Q𝑟0 (1 − 𝛼) for any 𝛼 ∈ (0, 1). The continuous mapping then permits to
conclude that

Q𝑟̂𝑛 (1 − 𝛼)
P−→ Q𝑟0 (1 − 𝛼), 𝛼 ∈ (0, 1),

for any consistent estimator 𝑟̂𝑛 of 𝑟0. The local uniformity follows from the
continuity and monotonicity of the map 𝛼 ∈ (0, 1) ↦→ Q𝑟0 (1 − 𝛼).

4.H Sampling from the asymptotic distribution of the test
statistic

In this section, we briefly describe how to generate samples from the asymp-
totic distribution of𝑇𝑛 in Theorem 4.4.2, as it could be of independent interest.
The underlying principle is not new and has been used, e.g., in [42] to draw
confidence bounds for the empirical angular measure based on its asymptotic
distribution. However, no detailed procedure could be found in the literature
and our aim is to fill in this gap.

As in the proof of Lemma 4.G.2 in Appendix 4.G, the key observation is
that the random variable 𝐿𝑟0 appearing as the limit in distribution of𝑇𝑛 can be
written as

𝐿𝑟0 =

∫ 𝜋/2

0

��𝑋𝑟0 (𝜃 )�� 𝑞(𝜃 ) d𝜃,
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for some process 𝑋𝑟0 ∈ ℓ∞( [0, 𝜋/2]) which is a linear transformation of the
Gaussian process𝑊Λ𝑟0

introduced before Theorem 4.3.1. From now on, we
will omit the subscript 𝑟0 to alleviate the notation. The random variable 𝐿 will
be approximated by the Riemann sum

𝐿 ≈ 1
𝑁

𝑁∑︁
𝑖=1
|𝑋 (𝜃𝑖) | 𝑞(𝜃𝑖)

for a large equidistant grid 0 < 𝜃1 < . . . < 𝜃𝑁 < 𝜋/2. Typically, we choose
𝑁 = 1 000. Hence, to obtain a large number 𝐵 of simulated values for 𝐿, it
suffices to generate 𝐵 trajectories of the process 𝑋 on the chosen grid. In
Section 4.5, we choose 𝐵 = 2 000 while the 𝑝-value computations in Section 4.6
are based on 𝐵 = 4 000 replications. We give an overview of the procedure
below.

The first step is to obtain a realization of the underlying process𝑊Λ by
considering a sufficiently large rectangular grid of points {(𝑥𝑖 , 𝑦 𝑗 ) : 𝑖, 𝑗 =

1, . . . , 𝑀} on E of the form

𝑥𝑖 = (𝑖 − 1)ℎ and 𝑦 𝑗 = ( 𝑗 − 1)ℎ,

for a small step size ℎ > 0. Typically, we choose ℎ = 0.05 and𝑀 = 1000. These
points are used to define the cells

𝐶𝑖 𝑗
def
=

{
(𝑥,𝑦) ∈ E : 𝑥 ∈ [𝑥𝑖 , 𝑥𝑖+1) and 𝑦 ∈ [𝑦 𝑗 , 𝑦 𝑗+1)

}
, 𝑖, 𝑗 ∈ {1, . . . , 𝑀−1},

which are considered as an approximate disjoint covering of the space E. The
fact that the cells do not cover points (𝑥,𝑦) ∈ E for which 𝑥 ∨𝑦 > (𝑀 − 1)ℎ is
not supposed to affect the results too much as the variance of𝑊Λ is negligible
on this part of the space.

Associated with those cells, we generate a matrix𝑊 = (𝑊𝑖 𝑗 )𝑖, 𝑗=1,...,𝑀−1
of independent centered Gaussian random variables with Var(𝑊𝑖 𝑗 ) = Λ(𝐶𝑖 𝑗 ).
The property E[𝑊Λ(𝐶)𝑊Λ(𝐶 ′)] = 0 for disjoint Borel sets 𝐶,𝐶 ′ ⊂ E justifies
the approximation

𝑊Λ(𝐶)
def
=

𝑀−1∑︁
𝑖=1

𝑀−1∑︁
𝑗=1

𝑊𝑖 𝑗 1{(𝑥𝑖 , 𝑦 𝑗 ) ∈ 𝐶} (4.98)

for any Borel set 𝐶 ⊂ E to obtain a realization of the process𝑊Λ.
Of particular interest are sets of the form 𝐶 = 𝐶𝑝,𝜃 for some 1 ≤ 𝑝 ≤ ∞



4.H. Sampling from the asymptotic distribution of the test statistic 161

and 𝜃 ∈ [0, 𝜋/2], for which formula (4.98) simplifies to

𝑊Λ(𝐶𝑝,𝜃 ) =
𝑀−1∑︁
𝑖=1

𝑀−1∑︁
𝑗=1

𝑊𝑖 𝑗 1{𝑦 𝑗 ≤ min(𝑦𝑝 (𝑥𝑖), 𝑥𝑖 tan𝜃 )}

=

𝑀−1∑︁
𝑖=1

[
𝑦𝑝 (𝑥𝑖 )
ℎ
+1

]
∧(𝑀−1)∑︁

𝑗=1
𝑊𝑖 𝑗 1 {( 𝑗 − 1) ≤ (𝑖 − 1) tan𝜃 } ,

where [𝑥] denotes the integer part of 𝑥 ∈ R. Similar approximations based
on (4.98) can be found for the marginal processes𝑊1 and𝑊2, leading to

𝑊1(𝑥) =
[ 𝑥ℎ +1]∧(𝑀−1)∑︁

𝑖=1
𝑊𝑖• and 𝑊2(𝑦) =

[ 𝑦ℎ +1]∧(𝑀−1)∑︁
𝑗=1

𝑊•𝑗 ,

where𝑊𝑖•
def
=

∑𝑀−1
𝑗=1 𝑊𝑖 𝑗 and𝑊•𝑗

def
=

∑𝑀−1
𝑖=1 𝑊𝑖 𝑗 for (𝑖, 𝑗) ∈ {1, . . . , 𝑀 − 1}2. For

𝐶 = 𝐴 (𝑥,𝑦) as introduced in Assumption 4.4.2 and appearing in the formula
for 𝑋 (𝜃 ), we get

𝑊Λ
(
𝐴 (𝑥,𝑦)

)
=𝑊1(𝑥) +𝑊2(𝑦) −

[ 𝑥ℎ +1]∧(𝑀−1)∑︁
𝑖=1

[ 𝑦ℎ +1]∧(𝑀−1)∑︁
𝑗=1

𝑊𝑖 𝑗 .

As the random variable 𝑋 (𝜃 ) consists of a linear transformation of the
process𝑊Λ evaluated on sets of the above forms, these formulas will lead
to a convenient approximation for the random vector (𝑋 (𝜃1), . . . , 𝑋 (𝜃𝑁 )) as
scalar products between𝑊 and weights, possibly depending on 𝜃 , which can
be computed independently of the generation of𝑊 , before the evaluation
of the scalar products, which can be done in an efficient way using parallel
computing.
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Abstract

Economically responsible mitigation of multivariate extreme risks –
extreme rainfall in a large area, huge variations of many stock prices,
widespread breakdowns in transportation systems – requires estimates
of the probabilities that such risks will materialize in the future. This
paper develops a newmethod, Wasserstein–Aitchison Generative Adver-
sarial Networks (WA-GAN), which provides simulated values of future
𝑑-dimensional multivariate extreme events and which can be used to
give estimates of such probabilities. The method is a combination of
standard extreme value analysis modeling of the tails of the marginal
distributions with nonparametric GAN modeling of the angular distri-
bution. For the latter, the angular values are transformed to Aitchison
coordinates in a full (𝑑 − 1)-dimensional linear space, and a Wasserstein
GAN is trained on these coordinates and used to generate new val-
ues. A reverse transformation is then applied to these values and gives
simulated values on the original data scale. The method shows good
performance compared to other existing methods in the literature, both
in terms of capturing the dependence structure of the extremes in the
data, as well as in generating accurate new extremes of the data distribu-
tion. The comparison is performed on simulated multivariate extremes
from a logistic model in dimensions up to 50 and on a 30-dimensional
financial data set.

163



164 Chapter 5. Wasserstein–Aitchison GAN for angular measures

5.1 Introduction

Dependence between extreme events is often of crucial importance. Extreme
rainfall will be even more dangerous if it occurs at the same time at many
spatial locations; costs associated with breakdowns in transportation systems
are more harmful if they happen in many parts of the system; and extreme
fluctuations in financial markets can cause much more damage if they occur
in many parts of the economy. During the last decades the statistical research
on dependent, or multivariate, extremes has grown rapidly and now contains
many useful methods to model dependence between extreme values.

These methods typically build on parametric statistical models. However
in the last three years papers using neural networks to simulate new multivari-
ate extremes have started to appear. Often, but not always, these papers aim
at nonparametric modeling of the dependence structure of the multivariate
extreme values. The end result in the papers is an algorithmwhich can produce
simulated values from the neural network “model” for the observations. A
common approach is to transform the marginal distributions to some standard
scale, then to combine nonparametric neural network modeling of the depen-
dence structure with a parametric model from extreme value analysis (EVA)
to simulate values on the standard scale, and finally to apply the inverse of
the marginal transform to get simulated values on the real scale. Section 5.2.1
below gives a brief survey of some of this literature. We refer to [4] for a more
extensive theoretical and simulation based overview of the area.

Here we develop a new method, WA-GAN, which combines parametric
modeling of the marginal tails with nonparametric modeling of dependence in
multivariate extremes. Our main assumptions are that the tails of the marginal
distributions asymptotically follow a one-dimensional Generalized Pareto
(GP) distribution and that after transformation to the unit-Pareto scale, the
observations are multivariate regularly varying. Our method proceeds by the
following main steps.

1. The 𝑑-dimensional observations are transformed to the unit-Pareto scale
using the empirical marginal distribution functions.

2. Using the 𝐿1-distance and a suitably large radius 𝑟 , the transformed ob-
servations with radius larger than 𝑟 are separated into a one-dimensional
radial value and an angular value on the 𝐿1-sphere.

3. Using Aitchison coordinates from compositional data, the angular values
are transformed to values on the full R𝑑−1 space.

4. A Wasserstein GAN is trained to use the Aitchison coordinates to pro-
duce simulated values on the 𝐿1-sphere.
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5. A result on multivariate GP distributions is used to transform the simu-
lated values back to multivariate GP values on the original scale.

The next section contains the background needed for this together with a
result (Proposition 5.2.1) providing the theoretical tool to transform the angular
data of step 4 above to the real GP scale as described in step 5. Section 5.3
describes the details of WA-GAN, and provides the algorithms which are used
by it. In Section 5.4.2 WA-GAN is compared to HTGAN [57] and GPGAN
[85] on simulated data with a logistic dependence structure in dimension
𝑑 ∈ {10, 50} and, in Section 5.4.3, on financial data consisting of daily returns
for 𝑑 = 30 industry portfolios. Section 5.5 sums up the results of this paper.

5.2 Background

This section starts with a brief survey of the literature on neural network
modeling of multivariate extremes. Section 5.2.2 gives background on regular
variation and EVA and develops some new theory. Sections 5.2.3 and 5.2.4 con-
tain brief recapitulations of Wasserstein GANs and of Aitchison coordinates.
These are the building blocks which we use in Section 5.3 to construct the
WA-GAN method.

5.2.1 A brief literature survey

For the terminology used in this survey see Section 5.2.2 below and see mono-
graphs on extreme value theory such as [13], [34] and [107] or more modern
treatments such as [105] or [92].

In [3] a one-layer Re-LU network is combined with a new parametrization
of a GAN to generate multivariate extreme data from heavy-tailed distributions.
The method is called EV-GAN and is shown to be superior to a standard GAN.

ExtVAE [80] is based on the assumption that the observations are multivari-
ate regularly varying and that the latent variable in the variational autoencoder
(VAE) follows an inverse Gamma distribution and, applying some further con-
straints to insure regular variation, simulates values of the radial component.
It then uses another VAE to produce simulated angles on the unit 𝐿1-sphere
using a VAE with Dirichlet distributed latent variables. Simulated observations
are then obtained by multiplying the radial variable with the the angular value.

Under the assumption that estimates of the true marginal tail indices are
are available, HTGAN [57] transforms multivariate observations to the unit-
Pareto scale, trains a GAN with heavy-tailed latent variables and transforms
simulated variables back to original scale. It generates samples from the entire
data set, not just from the extreme part.

GP-GAN [85] adaptively selects exceedance levels, fits univariate GP dis-
tributions to the excesses of these levels, uses a standard GAN to propose a
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spectral value on the exponential scale, and then uses the fitted univariate GP
distributions and the spectral value to generate a multidimensional value on
the original scale. This value is then sent to the discriminator for optimization
of the spectral GAN.

The evtGAN [19] is aimed at multivariate block maxima observations.
It uses one-dimensional Generalized Extreme Value (GEV) distributions to
transform marginals to approximately uniform [0, 1] distributions, then trains
a convolutional GAN on the uniform scale, and finally applies the inverse
transform of the marginal distribution to obtain simulated values on the scale
of the observations. The structure of a multivariate GEV distribution is not
used in the simulation of the uniform variables.

The paper [65] uses the GEV model to transform observations of block
maxima to the Pickands dependence function scale and then uses either the
spectral measure or the Pickands measure restrictions to train a GAN to
simulate from the dependence function. The simulated observations are then
transformed back to original scale. The authors argue that this approach also
is useful for efficient simulation from parametric models.

Finally, DeepGauge [75] applies a different framework than the references
above derived from the theory of geometric extremes. It uses a multi-layer
perceptron with ReLu activation function to first model radial thresholds and
then another multi-layer perceptron to find a gauge function which describes
the boundary of the deterministic limiting shape of scaled sample clouds.

Parallel works. During the development of this work, several other gener-
ative methods for (multivariate) extremes were also proposed in the literature,
many of which were submitted to the same special issue of the journal Ex-
tremes. Although a formal comparison with these methods is beyond the scope
of this work for obvious reasons, we highlight several that are particularly rele-
vant to our topic. Approaches based on normalizing flows have been explored
in the context of geometric extremes [94] and within the standard multivariate
threshold exceedance framework [71]. The ExcessGAN model [2] employs a
GAN-based architecture with a specifically designed network structure aimed
at reducing bias. A broader comparison of many existing generative methods
is provided in [130].

5.2.2 Regular variation and extreme value analysis

Multivariate regular variation and angular measure. Let 𝑋 = (𝑋 𝑗 )𝑑𝑗=1
be the random vector of interest with values in R𝑑 . Based on a random sample
of the (unknown) distribution of 𝑋 , we wish to generate new samples with
the same tail behavior as 𝑋 , even at levels beyond those encountered in the
sample. Such extrapolation is possible only if we are willing to make some
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regularity assumptions. Our core assumptions to obtain accurate modeling of
the tail of 𝑋 are founded in the theory of multivariate regular variation [106].
There are two approaches to use this hypothesis.

1. Either we postulate it on the random vector 𝑋 itself. This implies that
all univariate tail indices are same.

2. Or we postulate it on a transformed vector 𝑉 = 𝑣 (𝑋 ), where 𝑣 is a coor-
dinatewise transformation of 𝑋 so that the 𝑑 components of 𝑉 all have
the same distribution. This implies that the multivariate assumption
only depends on the dependence structure of 𝑋 and not on the margins,
which can be assessed separately.

Here we choose the second approach and transform to unit-Pareto margins
using the transformation

𝑣 : 𝑥 =
(
𝑥 𝑗

)𝑑
𝑗=1 ↦→ 𝑣 (𝑥) def=

(
1

1 − 𝐹 𝑗 (𝑥 𝑗 )

)𝑑
𝑗=1
,

where 𝐹 𝑗 denotes the distribution function of 𝑋 𝑗 . We assume throughout that
these marginal distribution functions are continuous. It is straightforward to
see that after this transformation the margins of 𝑉 = 𝑣 (𝑋 ) have unit-Pareto
distributions, P(𝑉𝑗 > 𝑦) = 1/𝑦 for 𝑦 ≥ 1. Our first assumption describes the
asymptotic dependence structure of 𝑉 .

Assumption 5.2.1 (Multivariate regular variation). There exists a non-zero
Borel measure 𝜈 on E def

= [0,∞)𝑑 \ {(0, . . . , 0)} which is finite on Borel sets
bounded away from 0 and such that

lim
𝑡→∞

𝑡 P
(
𝑡−1𝑉 ∈ 𝐵

)
= 𝜈 (𝐵)

for all Borel sets 𝐵 of E bounded away from 0 with 𝜈 (𝜕𝐵) = 0, with 𝜕𝐵 the
topological boundary of 𝐵.

Intuitively, the measure 𝜈 helps in describing the tail behaviour of 𝑉 as
for large 𝑡 > 0, we have P(𝑉 ∈ 𝑡𝐵) ≈ 𝜈 (𝐵)/𝑡 where 𝑡𝐵 def

= {𝑡𝑥 : 𝑥 ∈ 𝐵}. The
measure 𝜈 is often referred to as the exponent measure of 𝑉 , because of its
appearance in the exponent of the expression of the multivariate extreme
value distribution to which the law of 𝑉 is attracted [34, Definition 6.1.7].

Our procedure below will benefit from an equivalent formulation of As-
sumption 5.2.1 in polar coordinates with respect to the 𝐿1-norm ∥𝑥 ∥1

def
=∑𝑑

𝑗=1 |𝑥 𝑗 | for 𝑥 ∈ R𝑑 . More concretely, it can be shown [107, Theorem 6.1] that
due to a convenient homogeneity property of 𝜈 [34, Theorem 6.1.9], if we put

𝑅
def
= ∥𝑉 ∥1 and 𝑊

def
= 𝑅−1𝑉 , (5.1)
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where𝑊 takes values in the unit simplex Δ𝑑−1
def
= {𝑥 ∈ [0, 1]𝑑 : ∥𝑥 ∥1 = 1},

there exists a probability measure 𝑄 on Δ𝑑−1 such that

lim
𝑡→∞

P (𝑊 ∈ 𝐴 | 𝑅 ≥ 𝑡) = 𝑄 (𝐴) (5.2)

for any Borel set 𝐴 ⊆ Δ𝑑−1 such that 𝑄 (𝜕𝐴) = 0.
The measure 𝑄 is often referred to as the angular (probability) measure of

𝑉 as it describes how its “angular” component𝑊 behaves when its radial part
𝑅 becomes large. The set of possible probability measures that can be obtained
in such a way forms a nonparametric class as the only constraint they should
satisfy—due to the unit-Pareto margins of 𝑉—are∫

Δ𝑑−1

𝑤 𝑗 d𝑄 (𝑤) =
1
𝑑
, 𝑗 ∈ {1, . . . , 𝑑}, (5.3)

winch in turn implies

P(𝑅 > 𝑡) ∼ 𝑑
𝑡
, as 𝑡 →∞. (5.4)

It is possible for𝑄 to have positive mass on one of the faces of the simplex
Δ𝑑−1, that is, sets for which at least one of the coordinates is zero. In terms
of extremes, it corresponds to scenarios where some components of 𝑋 are
large while others are small. These are called extreme directions and have to
be treated by specific methods which our methodology is not able to handle,
see, e.g., [96]. We exclude this situation here.

Assumption 5.2.2. The measure 𝑄 in (5.2) is concentrated on the open simplex

Δo
𝑑−1

def
= {𝑥 ∈ (0, 1)𝑑 : ∥𝑥 ∥1 = 1}, that is, if Θ ∼ 𝑄 , then

P
(
Θ ∈ Δo

𝑑−1
)
= 1.

Univariate generalized Pareto distributions. Assumption 5.2.1 is not
sufficient by itself to model the tail behaviour of 𝑋 as it only concerns the
dependence structure. Our second main assumption concerns the tails of the
margins 𝑋 𝑗 and allows for heterogeneous tails. Here and below, 𝑢∗𝑗 denotes
the (possibly infinite) upper endpoint of 𝑋 𝑗 .

Assumption 5.2.3 (Generalized Pareto limit of marginal tails). For every
𝑗 ∈ {1, . . . , 𝑑}, there exist 𝜉 𝑗 ∈ R and a function 𝜎 𝑗 (·) : (−∞, 𝑢∗𝑗 ) → (0,∞)
such that for all 𝑦 > 0,

lim
𝑢↗𝑢∗𝑗

P
(
𝑋 𝑗 − 𝑢
𝜎 𝑗 (𝑢)

> 𝑦
��𝑋 𝑗 > 𝑢) =

(
1 + 𝜉 𝑗𝑦

)−1/𝜉 𝑗
+ ,

where 𝑎+
def
= max(𝑎, 0) for 𝑎 ∈ R; if 𝜉 𝑗 = 0, the limit is to be understood as

exp(−𝑦).
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By the Pickands–Balkema–de Haan theorem [9, 103], Assumption 5.2.3 is
equivalent to the assumption that 𝑋 𝑗 is in the maximum domain of attraction
of a GEV distribution. The limit in Assumption 5.2.3 holds uniformly in 𝑦 > 0.
The assumption justifies the following approximation for 𝑦 > 0 such that
1 + 𝜉 𝑗𝑦/𝜎 𝑗 > 0:

P
(
𝑋 𝑗 − 𝑢 > 𝑦

��𝑋 𝑗 > 𝑢) ≈ (
1 +

𝜉 𝑗𝑦

𝜎 𝑗

)−1/𝜉 𝑗
, (5.5)

where 𝜎 𝑗 > 0 is a scale parameter that accounts for the unknown function 𝜎 𝑗 (·).
Estimation of the bivariate parameter (𝜎 𝑗 , 𝜉 𝑗 ) is typically performed by the
method of maximum likelihood. This is the well-known Peaks-Over-Threshold
(PoT) approach for modeling the tails of real-valued data, see for instance [117]
and [13, Section 5.3]. A random variable with distribution function

𝐻𝜎,𝜉 (𝑦)
def
= 1 −

(
1 + 𝜉𝑦

𝜎

)−1/𝜉
+

, 𝑦 > 0,

for some (𝜎, 𝜉) ∈ (0,∞)×R is said to have a generalized Pareto (GP) distribution.
Remark 5.2.1 (Equivalent formulations of Assumption 5.2.3). As already ex-
plained, Assumption 5.2.3 is equivalent to the hypothesis that 𝑋 𝑗 is in the
maximum domain of attraction of a GEV distribution. As a consequence, 𝑋 𝑗
satisfies all the equivalent formulations of this condition as presented, e.g.,
in Theorem 1.1.6 of [34]. As some of them will be needed below, we recall
them here. Let 𝑏 𝑗 (𝑡)

def
= 𝐹−1𝑗 (1 − 1/𝑡) = (1/(1 − 𝐹 𝑗 ))−1(𝑡), for 𝑡 > 1, be the

tail quantile function of 𝐹 𝑗 . Then, the following statements are equivalent to
Assumption 5.2.3.

(i) There exist 𝜉 𝑗 ∈ R and a scaling function 𝑎 𝑗 (·) : (1,∞) → (0,∞) such
that

lim
𝑡→∞

P
(
𝑋 𝑗 − 𝑏 𝑗 (𝑡)
𝑎 𝑗 (𝑡)

> 𝑦 | 𝑋 𝑗 > 𝑏 𝑗 (𝑡)
)
=

(
1 + 𝜉 𝑗𝑦

)−1/𝜉 𝑗
+ , 𝑦 > 0.

(ii) There exist 𝜉 𝑗 ∈ R and a scaling function 𝑎 𝑗 (·) : (1,∞) → (0,∞) such
that

lim
𝑡→∞

𝑏 𝑗 (𝑡𝑦) − 𝑏 𝑗 (𝑡)
𝑎 𝑗 (𝑡)

=
𝑦𝜉 𝑗 − 1
𝜉 𝑗

, 𝑦 > 0,

where the right-hand side is to be interpreted as log𝑦 if 𝜉 𝑗 = 0. The
convergence also holds locally uniformly in 𝑦 ∈ (0,∞), see Section 1.2
in [34].

The scalar 𝜉 𝑗 ∈ R in (i) and (ii) is equal to the one in Assumption 5.2.3, while
the scaling function 𝑎 𝑗 (·) in (i) and (ii) is related to 𝜎 𝑗 (·) in Assumption 5.2.3
via 𝜎 𝑗 (𝑢) = 𝑎 𝑗 (1/(1 − 𝐹 𝑗 (𝑢))) for 𝑢 < 𝑢∗𝑗 .
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Multivariate generalized Pareto distributions. What do our Assump-
tions tell us about the tail behaviour of 𝑋? The answer can be conveniently
formulated in terms of multivariate generalized Pareto (MGP) distributions,
which extend Assumption 5.2.3 to the multivariate case. These distributions
have been introduced in [111] and are reviewed in [97]. Below, we provide an
introduction to their usage in modeling multivariate extremes along with a
theoretical result (Proposition 5.2.1) which will be useful for sampling from a
MGP distribution.

In arbitrary dimension, it is not clear how to define an “extreme” point.
Some authors are interested in modeling the vector of componentwise maxima
of the data, leading to the multivariate GEV distributions, studied extensively
in the literature after the pioneering work of [36]. Recently, see e.g. [110],
more attention has been given to an extension of the standard PoT procedure
in a multivariate context. The approach relies on the fact that the excess of 𝑋
above a large threshold vector 𝑢 asymptotically follows an MGP distribution,
with an appropriate definition of when an exceedance over a multivariate
threshold takes place.

More concretely, given a vector 𝑢 ∈ R𝑑 of “high thresholds”, i.e., below
but close to 𝑢∗ = (𝑢∗𝑗 )𝑑𝑗=1, we consider the random vector of excesses

𝑌𝑢
def
= 𝑋 − 𝑢 | 𝑋 ≰ 𝑢, (5.6)

where 𝑋 − 𝑢 def
= (𝑋 𝑗 − 𝑢 𝑗 )𝑑𝑗=1 and where ≰ means that, for at least one

𝑗 ∈ {1, . . . , 𝑑}, we have 𝑋 𝑗 > 𝑢 𝑗 . Here and below, operations on real numbers
are extended to vectors in R𝑑 in a coordinate-wise manner. Under the afore-
mentioned assumptions, we can establish the asymptotic distribution of 𝑌𝑢 as
𝑢 → 𝑢∗, in a particular way made precise in the statement of the result. Weak
convergence in R𝑑 is denoted by

L→.

Proposition 5.2.1 (Weak convergence of excesses to the MGP distribution).
Under Assumptions 5.2.1–5.2.3, we have

𝑋 − 𝑏 (𝑡)
𝑎(𝑡)

���𝑋 ≰ 𝑏 (𝑡) L→ 𝑌 𝜉 − 1
𝜉

, 𝑡 →∞, (5.7)

where 𝑌 is a multivariate Pareto random vector, with distribution

𝑌
L
= (𝑅Θ | 𝑅Θ ≰ 1) (5.8)

with 𝑅 a unit-Pareto random variable independent of Θ ∼ 𝑄 , and where 𝜉 =

(𝜉 𝑗 )𝑑𝑗=1 is the vector of marginal coefficients as in Assumption 5.2.3; 𝑎(·) =

(𝑎 𝑗 (·))𝑑𝑗=1 and 𝑏 (·) = (𝑏 𝑗 (·))𝑑𝑗=1 are the same functions as the one introduced in
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Remark 5.2.1. Consequently, along the curve 𝑢 : 𝑡 ∈ (1,∞) ↦→ 𝑢 (𝑡) def= 𝑏 (𝑡) we
have,

𝑌𝑢 (𝑡 )
𝜎 (𝑢 (𝑡))

L→ 𝑌 𝜉 − 1
𝜉

, 𝑡 →∞, (5.9)

where 𝜎 (·) = (𝜎 𝑗 (·))𝑑𝑗=1 contains the scaling functions in Assumption 5.2.3.

The proof of Proposition 5.2.1 is provided in Appendix 5.A.
Typically, as for the univariate case, the scaling function in (5.9) is viewed

as a scaling parameter and Proposition 5.2.1 leads to the approximation in
distribution for

𝑌𝑢 (𝑡 )
L≈ 𝐻 def

= 𝜎
𝑌 𝜉 − 1
𝜉

, 𝑡 →∞ (5.10)

with 𝜎 ∈ (0,∞)𝑑 and 𝜉 ∈ R𝑑 containing, respectively, the scale and shape
parameters from the marginal GP distributions in Assumption 5.2.3 and where
𝑌 is Multivariate Pareto distributed as in (5.8).

Remark 5.2.2 (Standard MGP random vectors). The random vector 𝐻 in (5.10)
is MGP(𝜎, 𝜉, 𝑆) distributed, in the sense of [97, Definition 2.2], with spectral
generator 𝑆 having distribution

P (𝑆 ≤ 𝑥) = E [exp(𝑄) I{𝑈 ≤ 𝑥 +𝑄}]
E[exp(𝑄)] , 𝑥 ∈ R𝑑 , (5.11)

where 𝑈 def
= log(Θ), with Θ ∼ 𝑄 , and 𝑄 def

= max(𝑈 ). In other words, the
random vector 𝑈 is a 𝑈 -generator of 𝐻 in the sense of Proposition 9 of [109];
see also equation (12) in [97]. Note in particular that the moment condition
0 < E[exp(𝑈 𝑗 )] < ∞ for all 𝑗 ∈ {1, . . . , 𝑑} is satisfied as we have, from (5.3),

E[exp(𝑈 𝑗 )] = E[Θ𝑗 ] =
∫
Δ𝑑−1

𝑤 𝑗 d𝑄 (𝑤) =
1
𝑑
, 𝑗 ∈ {1, . . . , 𝑑}.

Here, since we work mainly with the angular measure𝑄 in our procedure,
we decided to consider the multivariate Pareto random vector 𝑌 , as in (5.8),
to be the “standard” MGP, that is with 𝜉 = 1 and 𝜎 = 1 instead of the choice
𝜉 = 0 made in [109, 97, 110], for example. This approach has also been
considered in [53]. Of course, it suffices to take 𝑍 = log(𝑌 ) to obtain an MGP
random vector with parameter 𝜉 = 0, as can be seen from comparing (5.10) to
Equation (4) in [97].

Tail modeling and rare event probabilities. Thanks to Proposition 5.2.1,
we have now a clear path to modeling the tail of 𝑋 . Suppose we are interested
in estimating a probability P(𝑋 ∈ 𝐶) for some 𝐶 ⊆ {𝑥 ∈ R𝑑 : 𝑥 ≰ 𝑢 (𝑡)} for
some large 𝑡 > 1, with the same 𝑢 (𝑡) as in (5.9), so that the approximation of
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𝑌𝑢 (𝑡 ) = 𝑋 − 𝑢 (𝑡) | 𝑋 ≰ 𝑢 (𝑡) by the MGP 𝐻 as in (5.10) is accurate. In such a
region, there may be no or few observations available, so that an empirical
estimate is not reliable. Instead, we write the probability of interest as

P(𝑋 ∈ 𝐶) = P(𝑋 ≰ 𝑢 (𝑡)) P
(
𝑌𝑢 (𝑡 ) ∈ 𝐶 − 𝑢 (𝑡)

)
≈ P(𝑋 ≰ 𝑢 (𝑡)) P (𝐻 ∈ 𝐶 − 𝑢 (𝑡)) . (5.12)

The first probability can be estimated using an empirical evaluation on the
sample while the second one will be computed using an estimate of the MGP
distribution of 𝐻 .

As can be seen from (5.10), the MGP random vector 𝐻 is a simple transfor-
mation of the standard MGP random vector 𝑌 introduced in (5.8), involving
only marginal parameters for which estimation is well developed mathemati-
cally and numerically. Therefore, the main challenge to obtain informative
samples to evaluate tail probabilities related to 𝑋 is to obtain realizations of
𝑌 . By Proposition 5.2.1, this is possible if we are able to simulate from 𝑄—at
least approximately since it is a limit distribution by nature, so that no direct
observation of it will ever be available.

We propose to use a specific GAN structure to achieve this goal. The main
principles underlying this framework are recalled in the following section.

5.2.3 Wasserstein Generative Adversial Networks

GANs have been introduced by Ian Goodfellow and co-authors in [61]. Initially,
they have been proposed for synthetic image generation but since then, they
have been applied to any kind of data, in particular tabular data which are of
particular interest to statisticians [5].

Suppose we are interested in estimating the unknown distribution P of
some, potentially complex, data on a large vector space X. For instance, think
of the angular measure 𝑄 in Section 5.2.3 supported on the simplex Δ𝑑−1 for
large 𝑑 . Then, the standard parametric approaches based on densities may
not be satisfactory as they are often too restrictive to take into account all
the possible characteristics of a complex angular measure in large dimension.
An alternative direction is to start from a simple random variable 𝑍 ∈ Z in
some “latent” space–typically, of lower dimension than X–whose distribution
is known and to look for a parametric transformation 𝑔𝜃 : Z → X such that
𝑔𝜃 (𝑍 ) has a distribution sufficiently close to P. Practically, this has several
advantages. We get more flexibility as the map 𝑔𝜃 can be virtually anything if
we consider a sufficiently rich family of parametric functions and the latent
space/distribution can also be selected freely. It is easier to simulate from P as
it suffices to obtain a sample of 𝑍 (easy) and transform it based on 𝑔𝜃 rather
than more costly algorithms based on the knowledge of the density values.
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AWasserstein GAN (WGAN) architecture [7] follows this path to estimate
P by considering 𝑔𝜃 to be a neural network and by measuring the difference in
distribution between the real data distribution P and the law of 𝑔𝜃 (𝑍 ) via the
Earth Mover’s Distance (EMD), which is a particular instance of theWasserstein
distance in optimal transport [126].

A WGAN consists of two neural networks: a so-called “Generator” 𝐺 =

𝐺𝜃 : Z ↦→ X and a “Discriminator” 𝐷 = 𝐷𝑤 : X ↦→ R (also sometimes called
“Critic” depending on the authors). These two networks play an opposite role:
𝐺𝜃 aims to produce samples as realistic as possible and close to the target
distribution and𝐷𝑤 aims at efficiently discriminating samples and determining
which ones are generated by 𝐺𝜃 and which ones are real. This “game” can
be formulated as a min-max optimization problem in the EMD setup that we
recall know.

The EMD is simply a distance between probability measures with finite
first moment defined on a metric space (X, 𝜌). If P and Q are two such
distributions, it is equivalently defined as

𝑊1(P,Q)
def
= inf

𝜋 ∈Π (P,Q)

∫
X×X

𝜌 (𝑥,𝑦) d𝜋 (𝑥,𝑦) (5.13)

= sup
𝑓 ∈Lip1

{∫
X
𝑓 (𝑥) dP(𝑥) −

∫
X
𝑓 (𝑥) dQ (𝑥)

}
, (5.14)

where Π(P,Q) is the set of probability measures on X × X with P and Q as
first and second margins and Lip1 is the set of functions 𝑓 : X → R that are
1-Lipschitz continuous, that is, functions that satisfy

sup
𝑥,𝑦∈X,𝑥≠𝑦

|𝑓 (𝑥) − 𝑓 (𝑦) |
𝜌 (𝑥,𝑦) ≤ 1.

If X is an open subset of R𝑁 for some 𝑁 ∈ N, this implies

∥∇𝑓 (𝑥)∥2 ≤ 1 for almost every 𝑥 ∈ X, (5.15)

that is, for every 𝑥 ∈ X except for a subset of Lebesgue measure zero. The
equivalence between (5.13) and (5.14) is known as the Kantorovich–Rubinstein
duality theorem, the proof of which is to be found in, e.g., [126, Section 1.2].

In formulation (5.14) of the EMD, the discriminator 𝐷𝑤 will play the role
of the “separating” function 𝑓 and𝑄 will correspond to the measure generated
by the generator𝐺𝜃 , that is, the distribution of 𝐺𝜃 (𝑍 ), while P will again be
our target measure from which we observe a random sample. This leads to
the following min-max procedure:

min
𝜃 ∈S𝐺

max
𝑤∈S𝐷

{∫
X
𝐷𝑤 (𝑥) dP(𝑥) −

∫
Z
𝐷𝑤 (𝐺𝜃 (𝑧)) dP𝑍 (𝑧)

}
, (5.16)
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where P𝑍 denotes the law of the latent vector 𝑍 and S𝐺 and S𝐷 denote the
(finite-dimensional) parameter spaces of the generator and the discriminator
respectively. Optimization is performed in the respective parameter spaces
of the generator and the discriminator, which contain all the weights in their
respective network structures. Typically, the expectations are replaced by
averages over batches of real data with distribution P and fake data with
distribution P𝑍 . The joint minimization/maximization of the objective function
is performed by gradient descent based on the standard backpropagation
algorithm. The whole GAN procedure is summarized in Figure 5.1.

Random
Noise 𝑧

Generator
𝐺𝜃 (𝑧)

Critic 𝐷𝑤 (𝑥)

EMD𝑊1

Real Data 𝑥

Gradient
descent

Gradient
descent

Figure 5.1: Illustration of a Wasserstein GAN with gradient-based optimiza-
tion

In practice there is no need for the neural network 𝐷𝑤 to be Lipschitz
continuous as required in definition (5.14) of the EMD. Initially, in [7], authors
proposed to clip the weights, that is, forcing them to lie in a fixed compact
space, typically [−𝑐, 𝑐] |S𝐷 | for some small 𝑐 > 0. One may show that if the
discriminator consists of a multilayer perceptron, which will always be the
case here, its Lipschitz norm will be bounded by a finite constant depending
only on 𝑐 . Even though this constant may not be equal to one, replacing
Lip1 by Lip𝐶 for 𝐶 > 0 in (5.14) only amounts to multiplying the value of the
resulting distance by 𝐶 > 0 and it does not play a role in the optimization of
the generator.

Since then, it has been shown that in some cases it is preferable to enforce
the Lipschitz constraint in a soft manner, using (5.15). Of course, controlling
the gradient ∇𝐷𝑤 everywhere on X is not possible, so what is usually done is
to add a penalty term to the objective function of the form

𝜆

∫
X
(∥∇𝐷𝑤 (𝑥)∥2 − 1)2 d𝜇 (𝑥), 𝜆 > 0, (5.17)
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where 𝜇 is a probability measure on X. The standard approach in [63] is to
take 𝜇 as the law of the mixture𝑈 ·𝑋𝑟 + (1−𝑈 ) ·𝐺𝜃 (𝑍 ) where 𝑋𝑟 ∼ P follows
the data distribution, 𝑍 ∼ P𝑍 is random noise and 𝑈 is uniformly distributed
on [0, 1] and independent of the rest. This choice is motivated by Proposition 1
in [63] and we follow this approach here.

As explained at the end of Section 5.2.2 and in the beginning of this
section, our aim is to use this architecture to obtain accurate samples from the
angular measure 𝑄 on Δ𝑑−1. Since the simplex structure of such observations
makes their distribution a bit non-standard and could prevent the generator
from producing high-quality output, we propose to apply the procedure on a
transformation of the angular data to coordinates in an orthonormal basis of
the simplex and to transform the coordinates back to angles afterwards. The
next section and Appendix 5.B provide more details about this transformation.

5.2.4 Aitchison coordinates

A core idea of compositional data analysis [1, 39], mainly developed by John
Aitchison (1926–2016), consists of transforming raw simplex data in R𝑑 to co-
ordinates with respect to an orthonormal basis of a certain (𝑑−1)-dimensional
subspace of R𝑑 . This makes interpretation more complicated, but having data
on a full linear (𝑑 −1)-dimensional sample space instead of on the unit simplex
in R𝑑 can improve statistical and neural network modeling substantially. Since
we are not all that concerned with interpretation in the WGAN architecture
described in Section 5.2.3 but instead with obtaining the highest possible effi-
ciency in producing accurate new multivariate extreme samples, we will apply
this idea in our context.

Infinitely many orthogonal bases exist for the open simplex Δo
𝑑−1 equipped

with its inner product space structure. Here, we work with the one proposed
in Proposition 2 of [39]. Details of the underlying construction and more infor-
mation on the Aitchison simplex, i.e., the unit simplex equipped with a certain
vector space structure and an inner product, can be found in Appendix 5.B.
The essence of the matter is to map Δo

𝑑−1 to H = {𝑥 ∈ R𝑑 :
∑𝑑
𝑗=1 𝑥 𝑗 = 0} by

means of the centered logratio function (clr) in (5.29). The set H is a (𝑑 − 1)-
dimensional linear space equipped with the standard Euclidean inner product,
the structure of which carries over to Δo

𝑑−1 through the function clr.

Proposition 5.2.2 (An orthonormal basis for the Aitchison simplex). The
vectors 𝒆∗1, . . . , 𝒆

∗
𝑑−1 defined by

𝒆∗𝑖
def
= softmax(𝑒𝑖) ∈ Δo

𝑑−1 with 𝑒𝑖
def
=

√︂
𝑖

𝑖 + 1
©­­«𝑖−1, . . . , 𝑖−1︸       ︷︷       ︸

𝑖 times

,−1, 0 . . . , 0
ª®®¬ ∈ R𝑑

for 𝑖 ∈ {1, . . . , 𝑑 − 1} form an orthonormal basis of the Aitchison simplex.
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Now that we have constructed an orthonormal basis of the Aitchison
simplex in Proposition 5.2.2, we are able to decompose any vector 𝑢 ∈ Δo

𝑑−1 in
this basis as

𝑢 =

𝑑−1⊕
𝑖=1
⟨𝑢, 𝒆∗𝑖 ⟩𝐴 ⊙ 𝒆∗𝑖 =

𝑑−1⊕
𝑖=1
⟨clr(𝑢), clr(𝒆∗𝑖 )⟩ ⊙ 𝒆∗𝑖 =

𝑑−1⊕
𝑖=1
⟨clr(𝑢), 𝒆𝑖⟩ ⊙ 𝒆∗𝑖 .

the notation being defined in Appendix 5.B. The coordinates 𝑢∗𝑖
def
= ⟨clr(𝑢), 𝒆𝑖⟩

for 𝑖 ∈ {1, . . . , 𝑑 − 1} are sufficient to completely describe the vector 𝑢. These
coordinates will be the quantities entering the WGAN structure described
in Section 5.2.3 as they typically have a nicer distribution than the original
simplex random vectors of interest and hence will be easier to “learn”, which
helps facing the difficulty that sample sizes in extreme value analysis are often
not very large.

One possible drawback of thismethod is that, if the simplex data are concen-
trated around the axes, corresponding to a situation with less tail dependence,
the corresponding Aitchison coordinates will exhibit more heaviness and this
may not catch up well with the Gaussian random vector we use as “prior” for
the Generator in the Wasserstein GAN procedure described in Section 5.2.3.
This is illustrated below with 𝑑 = 3 and 𝑛 = 1000 data points sampled from
a Dirichlet distribution with parameter vector 𝛼 = (2, 2, 2) (Figure 5.2) and
𝛼 = (0.1, 0.1, 0.1) (Figure 5.3). In each situation, we display the raw simplex
data, the corresponding coordinates in the orthonormal basis introduced in
Proposition 5.2.2 and the frequency histogram of the first coordinate values.

(a) Raw simplex data
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(b) Aitchison coordinates
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Figure 5.2: The Aitchison transform for Dirichlet distributed data in 𝑑 = 3
with parameter 𝛼 = (2, 2, 2).
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(a) Raw simplex data
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(b) Aitchison coordinates
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Figure 5.3: The Aitchison transform for Dirichlet distributed data in 𝑑 = 3
with parameter 𝛼 = (0.1, 0.1, 0.1).

5.3 Combining GAN, Aitchison coordinates and Extremes

Recall that our main objective is to provide an algorithm which is able to
accurately sample from the tail of a random vector 𝑋 ∈ R𝑑 . We do this by
combining Algorithm 1 and Algorithm 2 described below.

■ Algorithm 1 develops a Wasserstein GAN to simulate from the depen-
dence structure of the unit-Pareto transformed observations.

■ Algorithm 2 uses estimates of themarginal GPD parameters to transform
these simulated values to the original scale.

The simulated values can then be used to obtain accurate estimates of proba-
bilities of the form P(𝑋 ∈ 𝐶) where 𝐶 ⊆ {𝑥 ∈ E : 𝑥 ≰ 𝑢 (𝑡)} for some “high”
threshold vector 𝑢 (𝑡) ∈ R𝑑 as in (5.9), close to 𝑢∗.

The main challenge lies in simulation from the angular measure 𝑄 of 𝑉 in
Assumption 5.2.1, since moving from 𝑄 to the MGP distribution is a matter
of scaling and marginal tail estimation, for which theory and practice are
well developed. Consequently, we propose to use the WGAN architecture of
Section 5.2.3 to obtain accurate samples from𝑄 . This is done via the Aitchison
coordinates, Section 5.2.4, as detailed in Algorithm 1 below.

The input to Algorithm 1 is a set of training observations 𝑋1, . . . , 𝑋𝑛 , with
𝑋𝑖 = (𝑋𝑖1, . . . , 𝑋𝑖𝑑 ), which will be empirically converted to their unit-Pareto
margins version using the empirical marginal cumulative distribution func-
tions

𝐹 𝑗 (𝑥)
def
=

1
𝑛 + 1

𝑛∑︁
𝑖=1
I{𝑋𝑖 𝑗 ≤ 𝑥}, 𝑥 ∈ R, 𝑗 ∈ {1, . . . , 𝑑}. (5.18)

Division by𝑛+1 instead of𝑛 is there to prevent division by zero in the standard-
ization. The angles associated to “large” observations are supposed to provide



178 Chapter 5. Wasserstein–Aitchison GAN for angular measures

an approximate sample from 𝑄 in view of Assumption 5.2.1. The output of
Algorithm 1 is a trained generator 𝐺𝜃 which is able to produce new coordi-
nates in the Aitchison orthonormal basis, defined by the orthonormal basis
{𝒆1, . . . , 𝒆𝑑−1} of H, that are hopefully close in distribution to the coordinates
of angles associated to the large observations in the training set.

The WA-GAN procedure in Algorithm 1 only uses the observations for
which 𝑅 = ∥𝑉 ∥1 is larger than 𝑡 = 𝑛/𝑘1 so that, by (5.4), the number of
observations used by the algorithm is asymptotically binomial with parameters
𝑛 and (𝑑𝑘1)/𝑛. Here 𝑘1 is a value to be chosen by the user, with larger 𝑘1
meaning that more observations are used and hence the variance is smaller,
and with smaller 𝑘1 (hopefully) making the approximation in Assumption 5.2.1
more accurate. Finite sample bounds on the quality of this approximation are
given in [25]. The relatively low effective sample size makes it important that
the architectures of the generator and the discriminator are simple enough so
that their parameters can be learned from a moderate number of examples.
Those considerations are further explored in the numerical sections.

Algorithm 2 uses for each margin the 𝑘2 largest observations, so that
between 𝑘2 and 𝑑𝑘2 of the multivariate observations are used. According to
Remark 5.3.2, the value of 𝑘2 should not be larger than 𝑘1. A natural convenient
choice is to take 𝑘1 = 𝑘2.

Algorithm 1 is essentially the standard WGAN algorithm with gradient
penalty of [63] applied to the coordinates of the large angles in an orthonormal
basis of the Aitchison simplex. The ADAM optimizer which is used to update
the weights of the generator and the discriminator at each step is a popular
gradient descent algorithm with adaptive learning rate introduced in [78].
The function Adam() in the algorithm is one such gradient step and is the
default optimizer proposed for the WGAN architecture with gradient penalty.
Compared to the standard algorithm, one additional regularization term

𝜌






 1𝑚 𝑚∑︁
𝑖=1

softmax (𝑉𝐺𝜃 (𝑧𝑖)) −
1𝑑
𝑑







2

(5.19)

is added to enforce the marginal constraint (5.3) in the generator in a soft way
and thus to enforce sampling from a genuine angular measure.

Algorithm 1 focuses solely on the extremal dependence of 𝑋 and is in-
dependent of any marginal assumptions besides continuity of the marginal
distribution functions. Therefore, if one is interested in computing a quantity
which only depends on 𝑄 in Assumption 5.2.1, such as the coefficients 𝜃 𝐽
introduced in the beginning of Section 5.4, this can be done independently
of Algorithm 2. This is not the case for methods such as [85] which directly
evaluate sample quality on the scale of the MGP distribution. Note also that
even though Algorithm 1 only considers the angular measure 𝑄 with respect
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Algorithm 1WA-GAN for tail dependence estimation
Require: observations 𝑋1, . . . , 𝑋𝑛 , orthonormal basis {𝒆1, . . . , 𝒆𝑑−1} of H, and
𝑘1 ∈ {1, . . . , 𝑛}

Require: gradient penalty coefficient 𝜆 > 0, marginal penalty coefficient
𝜌 > 0, the number of discriminator iterations per generator iteration 𝑛𝐷 ,
the batch size𝑚, Adamhyperparameters𝛼 > 0 (learning rate), 𝛽1, 𝛽2 ∈ [0, 1),
the latent space dimension ℓ ∈ N, the number of epochs 𝑛𝐸

Require: discriminator initial parameters𝑤0 ∈ S𝐷 , generator initial parame-
ters 𝜃0 ∈ S𝐺
𝑡 ← 𝑛/𝑘1
for 𝑖 = 1, . . . , 𝑛 do

𝑉𝑖 ←
(
1/(1 − 𝐹 𝑗 (𝑋𝑖 𝑗 )

)𝑑
𝑗=1

𝑅𝑖 ← ∥𝑉𝑖 ∥1 and𝑊𝑖 ← 𝑉𝑖/𝑅𝑖
if 𝑅𝑖 ≥ 𝑡 then

𝑊 ∗𝑖 ← ⟨clr(𝑊𝑖), 𝒆𝑖⟩
end if

end for
𝐾 ← ∑𝑛

𝑖=1 I{𝑅𝑖 ≥ 𝑡}
𝑉 ← (𝒆1 | . . . | 𝒆𝑑−1) ∈ R𝑑×(𝑑−1)
𝜃 ← 𝜃0 and𝑤 ← 𝑤0
for epoch 𝑒 = 1, . . . , 𝑛𝐸 do

for 𝑡 = 1, . . . , 𝑛𝐷 do
for 𝑖 = 1, . . . ,𝑚 do

sample𝑤∗𝑖 from {𝑊 ∗1 , . . . ,𝑊 ∗𝐾 }, sample 𝑧𝑖 from a standard multi-
variate normal distribution on Rℓ , sample 𝑢𝑖 from an uniform distribution
on [0, 1]

𝑤∗𝑖 ← 𝐺𝜃 (𝑧𝑖)
𝑤∗𝑖 ← 𝑢𝑖 𝑤

∗
𝑖 + (1 − 𝑢𝑖) 𝑤∗𝑖

end for
𝐿𝐷 ← 1

𝑚

∑𝑚
𝑖=1

{
𝐷𝑤 (𝑤∗𝑖 ) − 𝐷𝑤 (𝑤∗𝑖 ) + 𝜆

(
∥∇𝑤∗𝐷𝑤 (𝑤∗𝑖 )∥2 − 1

)2}
𝑤 ← Adam(𝐿𝐷 ,𝑤, 𝛼, 𝛽1, 𝛽2)

end for
for 𝑖 = 1, . . . ,𝑚 do

sample 𝑧𝑖 from a standard multivariate normal distribution on Rℓ
end for
𝐿𝐺 ← − 1

𝑚

∑𝑚
𝑖=1 𝐷𝑤 (𝐺𝜃 (𝑧𝑖)) + 𝜌



 1
𝑚

∑𝑚
𝑖=1 softmax (𝑉𝐺𝜃 (𝑧𝑖)) − 1𝑑

𝑑




2

𝜃 ← Adam(𝐿𝐺 , 𝜃, 𝛼, 𝛽1, 𝛽2)
end for
Output: Trained generator 𝐺𝜃
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to the 𝐿1-norm, a simple post-processing step allows for any norm on R𝑑 , as
explained in Appendix 5.C.
Remark 5.3.1 (Standardization of the margins to unit-Pareto). The procedure
in Algorithm 1 is based on data standardized to unit-Pareto margins, in ac-
cordance with Assumption 5.2.1. As in (5.18), we work with an empirical
standardization 𝐹 𝑗 for each margin 𝑗 = 1, . . . , 𝑑 , resulting in a procedure using
only the marginal ranks of the original data and solely focusing on depen-
dence, not requiring any assumption on the tail of 𝐹 𝑗 as in Assumption 5.2.3.
The same approach was followed in [42, 47] and, more recently, in [25], for
example. An alternative would be to use the empirical distribution function
𝐹 𝑗 only up to a threshold 𝑢 𝑗 < 𝑢∗𝑗 and fit a univariate GP distribution above
this threshold, relying on Assumption 5.2.3. Doing so could improve the qual-
ity of the transformation to unit-Pareto margins, but at the price of making
Algorithm 1 also require marginal assumptions. Furthermore, this route has al-
ready been explored in [43] and the same authors advocate in [42] for the pure
nonparametric approach. Therefore, we stick to the rank-based procedure.

Some care needs is needed when sampling from 𝑋 | 𝑋 ≰ 𝑢 (𝑡) for 𝑡 > 1
large, where 𝑢 (𝑡) is the vector of thresholds such that for each component
separately, the excess probability is 1/𝑡 . For example, a common situation
is the case where 𝑋 represents some positive multivariate risks, that is, 𝑋
takes values in [0,∞)𝑑 . If we directly make use of the formula 𝑢 (𝑡) + 𝐻 ,
with estimated quantities, as suggested by formula (5.10), we risk generating
“extreme” points for which some coordinates are negative. Our approach avoids
this issue.

Algorithm 1 permits to sample from the multivariate Pareto distribu-
tion 𝑌 associated to 𝑋 using (5.8). Let 𝑌 ∗ denote such a generated quantity.
From (5.26), we have

𝑌 ∗
L≈

(
𝑘

𝑛
𝑉 | 𝑉 ≰ 𝑛

𝑘

)
,

where
L≈ means an approximation in distribution. Equivalently,

𝑉 ∗
def
=
𝑛

𝑘
𝑌 ∗
L≈

(
𝑉 | 𝑉 ≰ 𝑛

𝑘

)
.

Now, to pass from 𝑉 to 𝑋 one needs to apply the transformation 𝑏 described
in Proposition 5.2.1, which is based on the marginal quantile functions. Let 𝑏
denote an estimator of this quantity. The final output of our next algorithm
will be

𝑋 ∗ = 𝑏 (𝑉 ∗) = 𝑏
(𝑛
𝑘
𝑌 ∗

) L≈ (
𝑋 | 𝑉 ≰ 𝑛

𝑘

)
=

(
𝑋 | 𝑋 ≰ 𝑏

(𝑛
𝑘

))
,

by the continuity of margins. The estimator 𝑏 𝑗 ((𝑛/𝑘)𝑦) for 𝑦 > 0 depends
on whether 𝑦 ≤ 1 or 𝑦 > 1. For 𝑦 ≤ 1 we simply use the estimator based on



5.3. Combining GAN, Aitchison coordinates and Extremes 181

the empirical cumulative distribution function 𝐹 𝑗 . For 𝑦 > 1, the estimator is
obtained through Assumption 5.2.3, more precisely its equivalent formulation
(ii) in Remark 5.2.1. This leads to

𝑏 𝑗 ((𝑛/𝑘)𝑦)
def
=


𝑋 ( ⌈𝑛−𝑘/𝑦⌉∨1) :𝑛,𝑗 , 0 < 𝑦 ≤ 1,

𝑏 𝑗 (𝑛/𝑘) + 𝑎 𝑗 (𝑛/𝑘) · 𝑦
𝜉 𝑗 −1
𝜉 𝑗

, 𝑦 > 1,
(5.20)

where𝑋1:𝑛,𝑗 < . . . < 𝑋𝑛:𝑛,𝑗 are the ascending order statistics in the 𝑗-th sample,
and where 𝑎 𝑗 (𝑛/𝑘)

def
= 𝜎 𝑗 and 𝜉 𝑗 are obtained by maximum likelihood for the

GP distribution.

Remark 5.3.2 (Relation between thresholds in both algorithms). When com-
bining Algorithm 2 with the output of Algorithm 1, one actually uses two
different thresholds: on the one hand, the threshold 𝑡1 = 𝑛/𝑘1 > 0 which
has been used to fit the angular measure in Algorithm 1, and, on the other
hand, the threshold vector 𝑢 (𝑡2) = 𝑏 (𝑛/𝑘2) for which we aim to sample from
𝑋 | 𝑋 ≰ 𝑢 (𝑡2). As Algorithm 2 relies on the output of Algorithm 1, one should
ensure that 𝑢 (𝑡2) is large enough so that the approximation of the angular
measure 𝑄 in Algorithm 1 is valid. In terms of the random variable 𝑅 in (5.1),
it means that we must ensure 𝑅 = ∥𝑉 ∥1 > 𝑛/𝑘1 given that 𝑋 ≰ 𝑢 (𝑡2), which
is equivalent to 𝑉 ≰ 𝑛/𝑘2, i.e., ∥𝑉 ∥∞ > 𝑛/𝑘2. Since we have ∥𝑉 ∥1 ≥ ∥𝑉 ∥∞, it
suffices to take 𝑘2 ≤ 𝑘1. This is illustrated in Figure 5.4 for 𝑑 = 2.

𝑉1

𝑉2

∥𝑉 ∥1 = 𝑛
𝑘1

∥𝑉 ∥∞ = 𝑛
𝑘1

Figure 5.4: Relation between thresholds in the 𝑉 space. The gray zone is
where we can safely sample using Algorithm 2.
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Algorithm 2 Sampling from the tail of 𝑋
Require: observations 𝑋1, . . . , 𝑋𝑛 , orthonormal basis {𝒆1, . . . , 𝒆𝑑−1} of H,
trained generator 𝐺𝜃 , the size of the latent space on which 𝐺𝜃 has been
trained ℓ , and 𝑘2 ∈ {1, . . . , 𝑛}

Require: desired number of samples 𝑛∗
for 𝑗 = 1, . . . , 𝑑 do

𝑢 𝑗 ← 𝑋𝑛−𝑘2:𝑛,𝑗
Compute the maximum likelihood estimator (𝜎 𝑗 , 𝜉 𝑗 ) of an univariate

GPD
end for
𝑉 ← (𝒆1 | . . . | 𝒆𝑑−1) ∈ R𝑑×(𝑑−1)
𝑖 ← 1 and G an empty list of size 𝑛∗
while 𝑖 ≤ 𝑛∗ do

sample 𝑧 from a standard multivariate normal distribution on Rℓ
𝑊 ← clr−1 (𝑉𝐺𝜃 (𝑧))
sample 𝑅 from a unit-Pareto distribution
𝑌 ← 𝑅𝑊

if max(𝑌 ) > 1 then
for 𝑗 = 1, . . . , 𝑑 do

if 𝑌𝑗 ≤ 1 then
(G[𝑖]) 𝑗 ← 𝑋 ( ⌈𝑛−𝑘2/𝑌𝑗 ⌉∨1) :𝑛,𝑗

end if
if 𝑌𝑗 > 1 then

(G[𝑖]) 𝑗 ← 𝑢 𝑗 + 𝜎 𝑗 (𝑌
𝜉 𝑗
𝑗
− 1)/𝜉 𝑗

end if
end for
𝑖 ← 𝑖 + 1

end if
end while
Output: List of 𝑛∗ random variables G approximately distributed as𝑋 |𝑋 ≰
𝑢
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5.4 Numerical experiments

We use both simulated and real data sets to explore the performance of our
proposed method and to compare it to other existing methods. We start with
providing the details of how the different methods are compared and how the
the computations are made. The next section uses simulated data to compare
WA-GAN with HTGAN and GPGAN. In the final section these methods are
applied to a financial data set.

5.4.1 Performance and computation

Performance measures. To assess the quality of the generated sample 𝑋 G ,
we will typically compare it with a sample from the data 𝑋 T (test set) which
has not been used for training. We propose to use measures that are inspired
by multivariate extreme value theory since our focus is on the tail of 𝑋 .

A first set of measures that we propose is based on the extremal coefficients
[13, Section 8.2.7]. For any non-empty subset 𝐽 ⊆ {1, . . . , 𝑑} with at least two
elements |𝐽 | ≥ 2, we define its extremal coefficient 𝜃 𝐽 as

𝜃 𝐽
def
= 𝑑 ·

∫
Δ𝑑−1

∨
𝑗 ∈𝐽

𝑤 𝑗 d𝑄 (𝑤) ∈ [1, |𝐽 |] . (5.21)

The closer 𝜃 𝐽 is to 1, the stronger the dependence in the tail of (𝑋 𝑗 ) 𝑗 ∈𝐽 , while
𝜃 𝐽 close to |𝐽 | corresponds to weaker tail dependence. For a given coefficient
order 𝑘 = |𝐽 |, to compute a summary score of their difference in the test set
𝑋 T and the generated set 𝑋 G , we compute their relative absolute difference
as follows:

𝐸
𝜃
(𝑘) def= 1(

𝑑
𝑘

) ∑︁
𝐽 ⊆{1,...,𝑑 }
| 𝐽 |=𝑘

�����1 − 𝜃 G𝐽𝜃 T
𝐽

����� . (5.22)

The coefficients are estimated for the test set using the empirical angular
measure in (5.21) and for the generativemethods using the sampled realizations
of𝑄 . For the test set, the radial threshold 𝑛/𝑘 is the same as for the training set.
Typically, we will consider the bivariate coefficients, with 𝑘 = 2, as in [19], and
the trivariate coefficients, with 𝑘 = 3. This measure focuses on the extremal
dependence structure only and aims to measure the quality of Algorithm 1.
As it is fast to compute, it will be used as the validating measure for model
selection.

A second measure we consider to assess the quality of the generated angles
by Algorithm 1 is based on a simple extension of the EMD in Section 5.2.3
which is known as the 2-Wasserstein distance [126, Chapter 7]. If 𝑛G and 𝑛T
denote, respectively, the size of the test set and the generated set of angles on
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the simplex, the measure can be expressed as

𝑊2(ΘG,ΘT)
def
= inf

𝜋 ∈Π
(
1𝑛G
𝑛G

,
1𝑛T
𝑛T

)
√√√ 𝑛G∑︁

𝑖=1

𝑛T∑︁
𝑗=1
∥ΘG

𝑖
− ΘT

𝑗
∥22 𝜋𝑖 𝑗 (5.23)

where, for probability vectors 𝑎 ∈ R𝑘 and 𝑏 ∈ Rℓ , we use the notation

Π(𝑎, 𝑏) def=
{
𝜋 ∈ R𝑘×ℓ+ : 𝜋1ℓ = 𝑎 and 𝜋𝑇 1𝑘 = 𝑏

}
.

We can view 𝜋𝑖 𝑗 as the amount of mass transferred from ΘG
𝑖

to ΘT
𝑗
. In a

similar way as in definition (5.13) of the EMD,𝑊2(ΘG,ΘT) measures, among
all the possible ways to transport the empirical distribution of the vectors in
ΘG to the one of the vectors in ΘT , the cheapest way to do so if the cost of
unitary transportation is equal to the squared Euclidean distance between
points. In the case where we would have normally distributed quantities, this
quantity would reduce to computing the well-known Fréchet inception distance,
which is popularly used to assess the quality of generated images [68] using
generative systems like the GAN, also used in [85] to assess the quality of
the MGP output of their algorithm. As we compare quantities that are far
from being normally distributed, we think it makes more sense to compute
the 2-Wasserstein distance instead.

The last measure that we propose aims at evaluating the output of Algo-
rithm 2. Let𝑋 T denote a set of observations distributed like𝑋 , which typically
have not been used for training, and let 𝑋 G𝑢 denote a set of observations gener-
ated by Algorithm 2 based on the threshold vector 𝑢 = 𝑏 (𝑛/𝑘𝑛) ∈ R𝑑 . Then if
the MGP approximation is accurate enough, we expect 𝑋 T𝑢

def
= 𝑋 T |𝑋 T ≰ 𝑢 to

be close in distribution to 𝑋 G𝑢 . Hence, similarly as for the angles, we propose
to compute their difference in distribution using

𝑊2(𝑋 G𝑢 , 𝑋 T𝑢 ) = inf
𝜋 ∈Π

(
1𝑛G
𝑛G

,
1𝑛T
𝑛T

)
√√√ 𝑛G∑︁

𝑖=1

𝑛T∑︁
𝑗=1
∥(𝑋 G𝑢 )𝑖 − (𝑋 T𝑢 ) 𝑗 ∥22 𝜋𝑖 𝑗 . (5.24)

Architectures. For both the generator and the discriminator in Algorithm 1,
we consider fully connected multilayer perceptrons with leaky rectified linear
unit activation function [89] which applies the map

𝑥 ∈ R ↦→
{
𝑥 if 𝑥 ≥ 0,
𝛼𝑥 else,

(5.25)
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to each component of the linear transformation in a given layer, where 𝛼 ∈
[0, 1] is typically set to 0.01. Taking 𝛼 = 0 leads to the rectified linear unit
activation function and 𝛼 = 1 leads to a simple linear layer. We refer to [89]
for a comparison with other standard activation functions. Here, we consider
𝛼 = 0.01 for any hidden layer while we take 𝛼 = 1 for the final layer in each
network. More recently, 𝛼 has been considered as a learnable parameter in
the optimization process [67] but this option is not considered in this work.
Other architectures are possible if the data have some structure. For example,
the authors of [19] consider convolutions in their network as they work with
spatial data on a grid, and this could be adapted to our framework too, but here
we only consider basic multivariate data and keep this extension for future
work.

Hyperparameter search. In addition to the learnable parameters of the
generator and discriminator networks in Algorithm 1, many external parame-
ters (hyperparameters) can be chosen by the user. We consider the following
values for the hyperparameters:

■ batch size𝑚 ∈ {⌊𝑛/𝑘⌋ : 𝑘 = 1, 2, 4, 8, 16};

■ dimension of the generator’s latent space ℓ ∈ {⌊(𝑑 − 1)/𝑘⌋ : 𝑘 =

0.25, 0.5, 0.75, 1, 2};

■ maximum number of neurons in a hidden layer in {32, 64, 128, 256, 512};

■ number of hidden layers in {1, 2, 4, 8};

■ learning rate for theADAMoptimizer in {0.01, 0.005, 0.001, 0.0005, 0.0001}
and coefficients 𝛽 = (𝛽1, 𝛽2) used for computing running averages of
gradient and its square in {(0.0, 0.9), (0.5, 0.9), (0.5, 0.99)};

■ the gradient penalty coefficient 𝜆 ∈ {0.1, 1, 3, 5, 7, 9};

■ the marginal penalty coefficient 𝜌 ∈ {0.001, 0.01, 0.1, 1, 3};

■ the number of discriminator iterations per generator iterations 𝑛𝐷 ∈
{1, 3, 5, 10}.

Inside the space of possible values for those hyperparameters, we perform a
random search. Typically, we consider around 2000 different models in this
space for a given dataset. We train them with 𝑛𝑒 = 5000 epochs, since training
them even longer did not significantly improve the performance, but greatly
affects the computation time. Evaluation of the associated models is based on
the extremal coefficient metric 𝐸

𝜃
(𝑘) in (5.22) with 𝑘 = 2 and 𝑘 = 3. Validation

and final performance assessment of the models are always performed on
separate datasets.
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Comparison with existing methods. As reviewed in Section 5.2.1, numer-
ousmethods already exist in the rapidly growing field that combines generative
approaches with extreme value theory, each with its own advantages and lim-
itations. Therefore, an exhaustive comparison with all existing methods is not
feasible, even less so as the software code underlying the numerical results
is often not available from the papers. Instead, we choose to compare our
approach with versions of two recent methods: HTGAN from [57] and GPGAN
from [85]. We discuss our specific implementations in Appendix 5.D.

Software. The code used to produce the results of this section was written
in Python—in particular, the PyTorch [102] framework was used to train
the generative models—and in R [104], which was mainly used for data pre-
processing and computation of the performance measures associated with the
generated data, notably via the transport [114] package for the computation
of the Wasserstein distance𝑊2 in (5.24).

Hardware. The training of the various algorithms and the computation
of performance metrics have been performed on the CPUs of the Lemaitre4
and the NIC5 computer clusters, which are managed by the Consortium of
Équipements de Calcul Intensif (CÉCI). Details and more specifications related
to these computers can be found on the CECI website https://www.ceci-
hpc.be/.

5.4.2 Simulated data: logistic dependence structure

As an illustration of the method’s performance in a controlled setting, we
start by considering simulated data. To keep things simple, we consider the
same experimental setup as in Section 3.2 of [57], with whom we are going to
compare our method.

The random vector 𝑋 is generated using a 𝑑-dimensional Gumbel copula
with parameter 𝜃 ∈ [1,∞) and Pareto distributed marginals with param-
eter 𝛼 > 0. It is easy to verify that this data-generating process satisfies
Assumptions 5.2.1 to 5.2.3 in Section 5.2.2. In particular, the extremal coeffi-
cient introduced as a performance measure at the beginning of Section 5.4 is
𝜃 𝐽 = |𝐽 |1/𝜃 . Hence, 𝜃 → 1 corresponds to less dependence in the tail 𝑋 , while
𝜃 →∞ corresponds to perfect tail dependence.

We consider various scenarios in which we assess the performance of WA-
GAN and compare it to HTGAN and GPGAN. For HTGAN we follow [57] and
make the unrealistic assumption that 𝛼 is known. We take 𝑑 ∈ {10, 20, 50} and
𝜃 ∈ {4/3, 2, 4} leading to a Kendall’s tau of 𝜏 ∈ {1/4, 1/2, 3/4}. For the margins,
we consider 𝛼 = 2 in any scenario. The models are trained on 𝑛train = 10 000

https://www.ceci-hpc.be/
https://www.ceci-hpc.be/
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observations and validated on 𝑛val = 5 000 observations. The performance
assessment is done on 𝑛test = 20 000 points.

Results. For each method and each scenario, three scores are computed. On
the one hand, two dependence scores: the score {𝐸

𝜃
(2) +𝐸

𝜃
(3)}/2, with 𝐸

𝜃
(𝑘)

as in (5.22), which is also the one used to validate the hyperparameters, and
𝑊2(ΘG,ΘT) as in (5.23), the 2-Wasserstein distance between the generated
and test angles. On the other hand, to assess the quality of generated extremes
𝑋 | 𝑋 ≰ 𝑢, the 2-Wasserstein distance𝑊2(𝑋 G𝑢 , 𝑋 T𝑢 ) as defined in (5.24) is
computed, where 𝑢 𝑗 = 𝑏 𝑗 (𝑛/𝑘2) with 𝑏 𝑗 as in (5.20), for some 𝑘2 ∈ {1, . . . , 𝑛}
which satisfies 𝑘2 ≤ 𝑘1 where 𝑘1 ∈ {1, . . . , 𝑛} is used to train the generator in
Algorithm 1. Here we take 𝑛 = 𝑛train and 𝑘1 = 𝑘2 = [

√
𝑛 ].

The results are reported in Table 5.1 and 5.2 below.

{𝐸
𝜃
(2) + 𝐸

𝜃
(3)}/2 𝑊2(ΘG,ΘT)

𝜏 Model 𝑑 = 10 𝑑 = 20 𝑑 = 50 𝑑 = 10 𝑑 = 20 𝑑 = 50

𝜏 = 1
4

WA-GAN 0.0103 0.0074 0.0054 0.0518 0.0539 0.0429
HTGAN 0.0146 0.0185 0.0199 0.0625 0.0667 0.0521
GPGAN 0.0262 0.0321 0.0326 0.0836 0.0819 0.0526

𝜏 = 1
2

WA-GAN 0.0176 0.0207 0.0097 0.0918 0.1032 0.0959
HTGAN 0.0247 0.0179 0.0126 0.1299 0.1255 0.1029
GPGAN 0.0511 0.0671 0.0672 0.1956 0.2035 0.1582

𝜏 = 3
4

WA-GAN 0.0208 0.0266 0.0158 0.1063 0.1317 0.1483
HTGAN 0.0284 0.0338 0.055 0.1402 0.1794 0.1554
GPGAN 0.0497 0.0726 0.0818 0.2491 0.2944 0.2443

Table 5.1: Tail dependence scores for different dependence 𝜏 and dimensions 𝑑 . For
each scenario and each score, the best score (i.e., the lowest) is indicated in bold.

These results show that WA-GAN is competitive with other methods, from
the tail dependence perspective as well as from the quality of the generated
extremes. The advantage of WA-GAN seems to increase as the dimension 𝑑
increases. Large values of 𝑑 is often at the center of interest when generative
models for the dependence are used. Note also that it may be surprising at first
glance that the scores become better when 𝑑 increases, but this is probably
due to the dependence structure of the data generating process being the same
for all pairs of variables, making it easier to learn it when the dimension of
the space increases.

Some additional comments can be made for each method. For WA-GAN,
the penalization coefficient 𝜌 in (5.19) is typically selected to be large among
the possible values (𝜌 = 1 or 𝜌 = 3) showing that it is a good idea to enforce
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𝑊2(𝑋 G𝑢 , 𝑋 T𝑢 )
𝜏 Model 𝑑 = 10 𝑑 = 20 𝑑 = 50

𝜏 = 1
4

WA-GAN 67.311 62.905 42.825
HTGAN 1479.9 3106.7 1170.7
GPGAN 66.663 65.429 52.133

𝜏 = 1
2

WA-GAN 66.734 52.832 32.468
HTGAN 2725.3 1447.9 2367.4
GPGAN 67.841 55.308 46.996

𝜏 = 3
4

WA-GAN 59.548 44.602 31.808
HTGAN 891.62 612.44 440.45
GPGAN 59.919 53.758 45.541

Table 5.2: Extremes scores for different dependence 𝜏 and dimensions 𝑑 . For each
scenario and each score, the best score (i.e., the lowest) is indicated in bold.

marginal constraints (5.3) in the generative model. For HTGAN, the obtained
values of the hyperparameters match the discussion on pages 13–15 in the
paper [57] proposing this method. In particular, we get big batch sizes, big
latent space dimensions, and low values of the learning rate included in the
range recommendend by the authors. For GPGAN, the training phase is
quicker since, as illustrated on Figure 5.4, we have a lower training size in this
case as this method is trained on points with ∥𝑉 ∥∞ > 𝑛/𝑘 while WA-GAN
is trained on points with ∥𝑉 ∥1 > 𝑛/𝑘 , which is less restrictive. This can be
an asset if we have enough data, but can harm GPGAN’s performance if 𝑑 is
large and 𝑛 is not too big.

As an illustration of the performances of the different methods to accu-
rately reproduce the tail dependence of the data, we plot the empirical bivariate
and trivariate extremal coefficients (|𝐽 | = 2 and |𝐽 | = 3 in (5.21)) of the test
set against the ones of the training set, and against those of all the gener-
ative methods for 𝑑 ∈ {10, 50} and 𝜏 = 0.5. In this setting, we know that
the true values of these coefficients are

√︁
|𝐽 |. This is displayed n Figure 5.5

for 𝑑 ∈ {10, 50}. There is no clear visual difference between WA-GAN and
HTGAN, both performing well at representing the coefficients of the test set.
GPGAN, however, fails to do so, and even more when the dimension increases.
When 𝑑 gets larger, the empirical extremal coefficients are below their true
values, even in the test set. The reason is that the empirical estimator of 𝑄
in (5.21) becomes less accurate as 𝑑 increases [25].

Next, to illustrate the accuracy of generated extremes by each method,
we plot the projection of each generated sample on the first two margins
and compare it to the first two margins of the extremes in the test set. We
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Figure 5.5: Top: 𝑑 = 10; bottom: 𝑑 = 50. – Extremal coefficients of order 𝑘 = 2
(blue) and 𝑘 = 3 (red). Solid black line is the diagonal. Dashed blue and red
lines are the true values of the coefficients for 𝑘 = 2 and 𝑘 = 3 respectively.

take again 𝜏 = 0.5. Results for are displayed on Figure 5.6. WA-GAN seems
to perform well, whatever the dimension. The results of HTGAN are less
satisfying as it is clear from the figure that the angular measure associated
with this method is discrete (this corresponds to the “directions” that we
observe in the generated extremes) and this does not match the true angular
measure which is logistic. This is theoretically justified by Proposition 2.10
in [57] introducing this method, and already visible from their Figure 2 on
page 14. GPGAN also performs well even though its performance decreases
in comparison to WA-GAN as the dimension increases; see Table 5.2.

5.4.3 Financial data: daily returns of industry portfolios

We apply our methodology to analyze the tail behavior of the “value-averaged”
daily returns of 𝑑 = 30 industry portfolios compiled and posted as part of
the Kenneth French Data Library. The data in consideration span between
1950 and 2015 with 𝑛 = 16 694 observations. This data set is very widely used;
for analyses in an extreme value context see e.g. [77] and [29]. Details about
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Figure 5.6: Top: 𝑑 = 10; bottom: 𝑑 = 50. – First two margins of extremes in the
test set and the different generative methods.

the portfolio constructions can be found online.1 Since we are interested in
extreme losses we first multiply all returns by −1.

As illustrated by the Kendall’s correlation matrix in Figure 5.7, the daily
losses are positively related between the portfolios. We aim to investigate this
dependence in the tail part of the distribution.

To sample extremes from the joint distribution, we first compute the
maximum likelihood estimators of the univariate GPD parameters for each
margin. Boxplots illustrating the values of those parameters are reported in
Figure 5.8. The estimated shape values clearly indicates the presence of heavy
tails in the marginal distributions. The GPD qq-plots of the marginal fits are
to be found on Figures 5.11, 5.12 and 5.13 in Appendix 5.E. They indicate a
relatively good fit, even though some extreme quantiles are larger than the

1https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_
Library/det_30_ind_port.html

https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/det_30_ind_port.html
https://mba.tuck.dartmouth.edu/pages/faculty/ken.french/Data_Library/det_30_ind_port.html
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Figure 5.7: Kendall’s correlation matrix between daily losses of the portfolios.

ones associated with the GPD model.
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Figure 5.8: Boxplots of estimated marginal GPD parameters

For comparison, we start by computing the dependence score {𝐸
𝜃
(2) +

𝐸
𝜃
(3)}/2 and the extreme score𝑊2(𝑋 G𝑢 , 𝑋 T𝑢 ) for WA-GAN, HTGAN and GP-

GAN. The training and validation procedures are exactly the same as described
in Section 5.4.2. Here, we train on 𝑛train = 7 000, we validate on 𝑛val = 3 000
and compute the scores on 𝑛test = 6 694 observations. We again consider
𝑘 =

√
𝑛train for WA-GAN. For HTGAN, we do not compute the scores on

extremes because the marginal distributions are not known, see Appendix 5.D.
Table 5.3 shows that WA-GAN seems to be the best at capturing the depen-
dence between extremes in the data while GPGAN has a better 2-Wasserstein
distance score.
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Method {𝐸
𝜃
(2) + 𝐸

𝜃
(3)}/2 𝑊2(𝑋 G𝑢 , 𝑋 T𝑢 )

WA-GAN 0.018 11.93
HTGAN 0.026 /
GPGAN 0.043 8.46

Table 5.3: Test scores of each method on the 𝑑 = 30 financial dataset. The best score
(i.e., the lowest) is indicated in bold.

As already pointed out in the analysis of [77], the extreme losses of those
portfolios can be clustered into different kind of industries. For example, the
tobacco industry exhibits asymptotic independence to all other categories (e.g.,
to the textile industries) while the extreme losses of the business and IT-related
industries are dependent. We illustrate the fact that WA-GAN also captures
those phenomena in Figure 5.9 by displaying the two-dimensional projections
of the estimated angular measure on those margins. We see that the generated
“angles” associated with tobacco/textile portfolios are much more concentrated
around the axes than for business/IT, showing that WA-GAN captures this
complex tail dependence.
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Figure 5.9: Two-dimensional projections of the generated “angles” from 𝑄 by
WA-GAN.

As a further illustration we consider a portfolio obtained by combining the
mines industry portfolio with the coal industry portfolio (with equal weight).
It is intuitive and has been shown in [29, 77] that the mines and coal industries
exhibit asymptotic dependence. If one wants to sample the losses associated
to the portfolio we propose, this tail dependence should be taken into account.
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Figure 5.10 represents the densities of simulated values of the extreme losses
of the combined portfolio (i.e., both marginal losses exceeds a large threshold)
based on WA-GAN (in black) and based on independent simulations from the
marginal GPDs (in blue). Not taking the tail dependence into account leads to
underestimation of the risk associated with this portfolio.
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Figure 5.10: Densities of extreme losses in the combined portfolio of mines
and coals industries based on WA-GAN (black) and independently simulated
margins (blue).

5.5 Conclusions

This paper develops the WA-GAN method which is built on the 𝐿1-norm
and on the asymptotic independence of the angular and radial parts of a 𝑑-
dimensional regularly varying random vector. An important component is the
use of Aitchison coordinates which transforms values on the unit simplex in
R𝑑 to the entire linear space R𝑑−1. The method provides simulated extreme
values and can hence be used to estimate probabilities of extreme events, even
more extreme than those already observed.

The method is tried out on simulated extreme value data sets of dimensions
𝑑 = 10, 20 and 50 with 10 000 observations in the training set and 5 000
observations in the validation set. Plots and two performance measures which
(i) score the dependence between extremes using extremal coefficients and
(ii) score the quality of the simulated values on the real scale using the 2-
Wasserstein distance show that WA-GAN performs well. Further, in Table ??
WA-GAN is shown to have better values of these performance scores than the
HTGAN and GPGAN methods.

The methods are also applied to a financial data set from the Kenneth
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French Data Library. Again WA-GAN performs well and underlines the impor-
tance of being able to handle dependence between different financial portfolios.
In terms of performance measures, WA-GAN has the best dependence score,
while GPGAN has a better 2-Wasserstein score than WA-GAN.

In this paper we do not quantify the uncertainty in the estimated probabil-
ity of an extreme event. However, provided enough computational power is
available, this could be done using a approach similar to a parametric boot-
strap. For this one would repeat the following, say, 100 times: first use the
fitted WA-GAN to simulate a new extreme data set of the same size as the
original one, then fit a new WA-GAN to this simulated data set and use the
new WA-GAN to estimate the probability of interest. This will provide 100
estimated probability values which can be used to find “confidence bounds”
for the original estimated probability.

Code and data availability

The code is available from the first author on the Github repository https:
//github.com/stephanelh98/extreme-WGAN. The data underlying the
analysis in Section 5.4.3 is publicly available from the Kenneth R. French data
library.
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5.A Proof of Proposition 5.2.1

Proof. We start by noting that 𝑋 L= 𝑏 (𝑉 ) and, by the continuity of the margins
𝐹 𝑗 , each tail quantile function 𝑏 𝑗 is strictly increasing, so that {𝑿 ≰ 𝑏 (𝑡)} =
{𝑉 ≰ 𝑡} for any 𝑡 > 1. Consequently,

𝑋 − 𝑏 (𝑡)
𝑎(𝑡)

���𝑋 ≰ 𝑏 (𝑡) L= 𝑏 (𝑡 (𝑡−1𝑉 )) − 𝑏 (𝑡)
𝑎(𝑡)

���𝑉 ≰ 𝑡 .
Furthermore, it follows easily from Assumption 5.2.1 that(

𝑡−1𝑉 | 𝑉 ̸≤ 𝑡
) L→ 𝑌, 𝑡 →∞, (5.26)

https://github.com/stephanelh98/extreme-WGAN
https://github.com/stephanelh98/extreme-WGAN
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where, for Borel set 𝐵 ⊆ E, writing L1
def
= {𝑥 ∈ [0,∞)𝑑 : 𝑥 ≰ 1}, we have

P(𝑌 ∈ 𝐵) = 𝜈 (𝐵 ∩ L1)
𝜈 (L1)

. (5.27)

The exponent measure 𝜈 is connected to the angular measure 𝑄 introduced
in (5.2). More precisely [13, Chapter 8], for any bounded, measurable function
𝑓 : E→ R that is zero in a neighborhood of the origin, we have

𝜈 (𝑓 ) def=
∫
E
𝑓 (𝑥) d𝜈 (𝑥) = 𝑑

∫
Δ𝑑−1

∫ ∞

0
𝑓 (𝑦𝑤) d𝑦

𝑦2
d𝑄 (𝑤). (5.28)

In particular, for any for Borel set 𝐵 ⊆ E,

𝑑−1𝜈 (𝐵 ∩ L1) =
∫
Δ𝑑−1

∫ ∞

0
I𝐵∩L1 (𝑦𝑤)

d𝑦
𝑦2

d𝑄 (𝑤)

=

∫
Δ𝑑−1

∫ ∞

1
I𝐵∩L1 (𝑦𝑤)

d𝑦
𝑦2

d𝑄 (𝑤)

= P(𝑅Θ ∈ 𝐵 ∩ L1),

where 𝑅 is unit-Pareto distributed and independent of Θ ∼ 𝑄 . Whence, by
(5.27),

P(𝑌 ∈ 𝐵) = 𝑑 P(𝑅Θ ∈ 𝐵 ∩ L1)
𝑑 P(𝑅Θ ∈ L1)

= P (𝑅Θ ∈ 𝐵 | 𝑅Θ ∈ L1) ,

From the local uniformity of the convergence in point (ii) of Remark 5.2.1,
guaranteed by Assumption 5.2.3, and the fact that P(𝑌𝑗 > 0) = 1 for any 𝑗 ∈
{1, . . . , 𝑑} by the previous computations and Assumption 5.2.2, the extended
continuous mapping theorem [122, Theorem 1.11.1] applies, yielding

𝑏 (𝑡 (𝑡−1𝑉 )) − 𝑏 (𝑡)
𝑎(𝑡)

���𝑉 ≰ 𝑡 L→ 𝑌 𝜉 − 1
𝜉

, 𝑡 →∞.

This concludes the proof of (5.7) and (5.8). Equation (5.9) is a direct conse-
quence of (5.7) by noting that

𝜎 𝑗 (𝑢 𝑗 (𝑡)) = 𝑎 𝑗
(

1
1 − 𝐹 𝑗 (𝑏 𝑗 (𝑡))

)
= 𝑎 𝑗 (𝑡), 𝑡 > 1

since 𝐹 𝑗 (𝐹−1𝑗 (𝑝)) = 𝑝 for all 0 < 𝑝 < 1 by continuity of 𝐹 𝑗 .

5.B The Aitchison simplex

The open simplex Δo
𝑑−1 is equipped with an inner product space structure with

the following operations [1]: for 𝑣 = (𝑣1, . . . , 𝑣𝑑 ),𝑤 = (𝑤1, . . . ,𝑤𝑑 ) ∈ Δo
𝑑−1 and

𝛼 ∈ R, define the following operations:
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■ Addition:

𝑣 ⊕𝑤 def
=

(
𝑣 𝑗𝑤 𝑗∑𝑑
𝑖=1 𝑣𝑖𝑤𝑖

)𝑑
𝑗=1

■ Scalar multiplication:

𝛼 ⊙ 𝑣 def
=

(
𝑣𝛼
𝑗∑𝑑

𝑖=1 𝑣
𝛼
𝑖

)𝑑
𝑗=1

■ (Aitchison) inner product:

⟨𝑣,𝑤⟩𝐴
def
=

𝑑∑︁
𝑖=1

log
(
𝑣𝑖

𝑔(𝑣)

)
log

(
𝑤𝑖

𝑔(𝑤)

)
,

where 𝑔 : 𝑢 ∈ Δo
𝑑−1 ↦→ 𝑔(𝑢) def= (∏𝑑

𝑖=1𝑢𝑖)1/𝑑 is the geometric mean.

It is an easy exercise to verify that (Δo
𝑑−1, ⊕, ⊙) forms a real vector space with

zero element 0𝐴 = 1𝑑/𝑑 ∈ Δo
𝑑−1, where 1𝑑 = (1, . . . , 1) ∈ R𝑑 , and that ⟨·, ·⟩𝐴

defines an inner product on it. The open simplex equipped with this structure
is often called the Aitchison simplex.

A trivial but useful observation is that if one introduces the so-called
Centered LogRatio (CLR) operator

clr : 𝑢 ∈ Δo
𝑑−1 ↦→ clr(𝑢) def=

(
log

(
𝑢 𝑗

𝑔(𝑢)

))𝑑
𝑗=1
∈ H ⊂ R𝑑 , (5.29)

where H def
= {𝑥 ∈ R𝑑 : ⟨𝑥, 1𝑑⟩ = 0} with ⟨·, ·⟩ being the standard inner product

in R𝑑 , then
⟨𝑣,𝑤⟩𝐴 = ⟨clr(𝑣), clr(𝑤)⟩, 𝑣,𝑤 ∈ Δ𝑑−1,

so that clr naturally defines an isometry between (Δo
𝑑−1, ⟨·, ·⟩𝐴) and (H, ⟨·, ·⟩).

The inverse transformation clr−1 : H ↦→ Δo
𝑑−1 is the well known softmax

function

clr−1(𝑥) =
(

exp(𝑥 𝑗 )∑𝑑
𝑖=1 exp(𝑥𝑖)

)𝑑
𝑗=1

= softmax(𝑥), 𝑥 ∈ H.

The above considerations lead to a clear and easy way to construct an
orthonormal basis of the Aitchison simplex:

1. Take any linearly independent family {𝑥1, . . . , 𝑥𝑑−1} in H.
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2. Apply the Gram–Schmidt procedure to produce an orthonormal basis
{𝒆1, . . . , 𝒆𝑑−1} of H with respect to the standard inner product on R𝑑 .

3. Compute {𝒆∗𝑖
def
= clr−1(𝒆𝑖) : 𝑖 = 1, . . . , 𝑑 − 1}, which forms an orthornor-

mal basis of the Aitchison simplex.

Applying the above procedure to the free family{
𝑥𝑖

def
= (0, . . . , 0, 1,−1, 0, . . . , 0) ∈ H : 𝑖 = 1, . . . , 𝑑 − 1

}
,

where in 𝑥𝑖 the 1 element lies at the 𝑖-th position, leads to the orthonormal
basis of the Aitchison simplex presented in Proposition 5.2.2.

5.C Angular measure with respect to another norm

The angular measure 𝑄 introduced in (5.2) can be introduced with respect to
an arbitrary norm ∥ · ∥ on R𝑑 , that is, if we let

𝑅 = ∥𝑉 ∥ and 𝑊 = 𝑅−1𝑉 ,

one can consider the measure 𝑄 on Δ̃𝑑−1
def
= {𝑥 ∈ [0, 1]𝑑 : ∥𝑥 ∥ = 1} obtained

by taking, as in (5.2),

𝑄 (𝐴) = lim
𝑡→∞

P
(
𝑊 ∈ 𝐴 | 𝑅 ≥ 𝑡

)
, (5.30)

for any Borel set 𝐴 ⊆ Δ̃𝑑−1 such that 𝑄 (𝜕𝐴) = 0. Popular choices for ∥ · ∥
consist of the 𝐿𝑝 norms ∥ · ∥𝑝 on R𝑑 for 𝑝 ∈ [1,∞], see, e.g., [42, 47, 25]. Even
though we only consider the norm ∥ · ∥1 in Algorithm 1, we show that a simple
post-processing step permits to provide an estimate for 𝑄 also.

From (5.30) and (5.4), one may show that 𝑄 (𝐴) = Φ̃(𝐴)/Φ̃(Δ̃𝑑−1) where Φ̃
is the finite Borel measure on Δ̃𝑑−1 obtained by taking

Φ̃(𝐴) = lim
𝑡→∞

𝑡 P
(
𝑊 ∈ 𝐴, 𝑅 ≥ 𝑡

)
provided Φ̃(𝜕𝐴) = 0. From (5.28), for any bounded, measurable 𝑓 : E → R
vanishing in a neighborhood of 0, we get

𝑑

∫
Δ𝑑−1

∫ ∞

0
𝑓 (𝑟𝑤) d𝑟

𝑟 2
d𝑄 (𝑤) =

∫
Δ̃𝑑−1

∫ ∞

0
𝑓 (𝑟𝑤) d𝑟

𝑟 2
dΦ̃(𝑤),

Taking 𝑓 (𝑥) = 𝑔(𝑥/∥𝑥 ∥)I(∥𝑥 ∥ ≥ 1) for 𝑥 ∈ E, where 𝑔 : Δ̃𝑑−1 → R is some
bounded function, we get

𝑑

∫
Δ𝑑−1

𝑔

(
𝑤

∥𝑤 ∥

)
∥𝑤 ∥d𝑄 (𝑤) =

∫
Δ̃𝑑−1

𝑔(𝑤)dΦ̃(𝑤) .



198 Chapter 5. Wasserstein–Aitchison GAN for angular measures

Picking 𝑔(𝑤) = I(𝑤 ∈ Δ̃𝑑−1) gives

Φ̃(Δ̃𝑑−1) = 𝑑
∫
Δ𝑑−1

∥𝑤 ∥ d𝑄 (𝑤),

so that for any bounded 𝑔 : Δ̃𝑑−1 → R we have∫
Δ̃𝑑−1

𝑔(𝑤) d𝑄 (𝑤) =

∫
Δ𝑑−1

𝑔

(
𝑤
∥𝑤 ∥

)
∥𝑤 ∥ d𝑄 (𝑤)∫

Δ𝑑−1
∥𝑤 ∥ d𝑄 (𝑤)

. (5.31)

In particular, 𝑄 is fully determined by 𝑄 .
Suppose that we observe Θ1, . . . ,Θ𝑛 ∼ 𝑄 as it would be (approximately)

the case via the trained generator in Algorithm 1. They lead to the empirical
estimator 𝑄 = (1/𝑛)∑𝑛

𝑖=1 𝛿Θ𝑖 for 𝑄 . Relation (5.31) then justifies the approxi-
mation ∫

Δ̃𝑑−1

𝑔(𝑤) d𝑄 (𝑤) ≈

∫
Δ𝑑−1

𝑔

(
𝑤
∥𝑤 ∥

)
∥𝑤 ∥ d𝑄 (𝑤)∫

Δ𝑑−1
∥𝑤 ∥ d𝑄 (𝑤)

=

𝑛∑︁
𝑖=1

Λ𝑖𝑔

(
Θ𝑖
∥Θ𝑖 ∥

)
=

∫
Δ̃𝑑−1

𝑔(𝑤) d̂̃𝑄 (𝑤),
where ̂̃

𝑄
def
=

𝑛∑︁
𝑖=1

Λ𝑖𝛿Θ𝑖/∥Θ𝑖 ∥, Λ𝑖
def
=

∥Θ𝑖 ∥∑𝑛
𝑖=1 ∥Θ𝑖 ∥

.

Said otherwise, a sample Θ1, . . . ,Θ𝑛 ∼ 𝑄 can be used to produce an estimator
for𝑄 by considering the weighted empirical distribution of the rescaled angles
Θ𝑖 on Δ̃𝑑−1, where the weights are proportional to the norm ∥Θ∥𝑖 .

5.D Implementation of competing methods

HTGAN is follows a standard GAN architecture [61] with heavy-tailed latent
variables that are Pareto(𝛼) distributed for some 𝛼 > 0. It does not make use
of (multivariate) extreme value theory at all and rests on the capacity of the
GAN to accurately capture the dependence of the data, also in the tail. As
advised in their paper, we base our implementation on the one in [86]. Their
preprocessing step in their Algorithm 1 on page 10, equation (3.11), requires
an estimate of 𝛾 = 1/𝛼 which is not provided in their methodology. They
use the true value in their simulations, which is why we will also do so here,
in Section 5.4.2. For real data applications, we will consider 𝛾 = 1/1.5 as
recommended by the authors in their results on page 19. Note also that it
is not clear to us how step (3.12) in their Algorithm 2 is supposed to work



5.D. Implementation of competing methods 199

as 𝑋̃ (𝑖)
𝑗

is not an element of [0, 1] so that it does not make sense to apply
the inverse of the estimated marginal distribution function 𝐹 𝑗 . Since in this
simulation setting the output of their generator is supposed to live in the
same space as the original data, we do not apply any transform to compute
the score (5.24). The score (5.22) is, of course, not affected by any marginal
transformation. In real data applications, we do not compute the𝑊2 score and
only consider the dependence score as done in the original paper. In terms of
architectures and hyperparameters, we consider the same setting as for our
method. This is very close to what the authors also do in their paper, besides
the hyperparameter search which is performed through a Bayesian search in
their numerical section. Both the generator and the discriminator are trained
on 5000 epochs. The final layer of the discriminator has a sigmoid activation
function, as it is commonly applied in GAN architectures.

The GPGAN is closer to our approach as it is also based on the MGP
distribution to accurately sample from the tail of 𝑋 , even though the approach
in [85] is quite different. The authors also rely on a GAN architecture so that
we also rely on [86] to implement their methodology. The main differences
between their approach and ours are as follows:

■ In [85], the dependence is captured by the spectral vector 𝑆 as intro-
duced in (5.11), while our techniques rely on sampling from 𝑄 after a
transformation to the Aitchison coordinates which helps simplifying
the distributions.

■ The discriminator in the GPGAN procedure directly evaluates sample
quality on the MGP scale (after evaluating the marginal parameters),
while our technique separates the dependence structure, for which
we rely on the WGAN architecture (Algorithm 1), and the marginal
considerations that permit to transform the output back to the MGP
scale (Algorithm 2). Our approach has the advantage that if one is only
interested in evaluating a tail dependence measure, like the extremal co-
efficients in (5.22), it is possible to do so without putting any assumptions
on the marginal tail behavior and to work only with Algorithm 1.

The adaptive procedure in [85] to pick the threshold 𝑢 based on the “extreme-
ness” function 𝐸 was not entirely clear to us. Therefore, we decided to pick
the same 𝑢 as we do to compute the marginal parameters, so that we work
with the same estimates of the parameters 𝜎 and 𝜉 . Also, as in [85] the latent
distribution is not indicated, we consider a multivariate standard normal dis-
tribution on the latent space. The architectures and hyperparameters are also
treated in the same way as for our method and the HTGAN method. Both
the generator and the discriminator are trained on 5000 epochs, based on the
Adam optimizer, as done in the original paper [85]. The final layer of the
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discriminator has a sigmoid activation function, as it is commonly applied in
GAN architectures. Note that computing the score (5.24) poses no problem
with this method as it outputs directly on the scale of 𝑋 | 𝑋 ≰ 𝑢 (𝑡); however,
for the score (5.22), one needs to be more cautious. For this, we rely on the
fact that if 𝑋 ∗1 , . . . , 𝑋

∗
𝑛 forms a sample from 𝑋 | 𝑋 ≰ 𝑢 (𝑡), then

𝑉 ∗𝑖
def
= 𝑏 (𝑋 ∗𝑖 ) ∼ 𝑉 | 𝑉 ≰ 𝑡 = 𝑉 | ∥𝑉 ∥∞ > 𝑡, 𝑖 ∈ {1, . . . , 𝑛}.

For 𝑡 > 1 large enough, it means that

Θ∗𝑖
def
=

𝑉 ∗𝑖
∥𝑉 ∗
𝑖
∥∞

L≈ 𝑄∞, 𝑖 ∈ {1, . . . , 𝑛}

where 𝑄∞ the angular probability measure with respect to the 𝐿∞-norm. Rely-
ing on the change of norm explained in Appendix 5.C, we get an estimate for
𝑄 by considering the discrete measure

𝑄∗
def
=

𝑛∑︁
𝑖=1

Λ∗𝑖 𝛿 Θ∗
𝑖

∥Θ∗
𝑖
∥1

, Λ∗𝑖
def
=

∥Θ∗𝑖 ∥1∑𝑛
𝑖=1 ∥Θ∗𝑖 ∥1

.

The estimator can be plugged in the formula of extremal coefficient (5.21)
which is used in computing the score (5.22).

5.E Additional figures
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Figure 5.11: GPD-qqplots for margins 1 to 10 in the financial dataset.
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Figure 5.12: GPD-qqplots for margins 11 to 20 in the financial dataset.
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Figure 5.13: GPD-qqplots for margins 21 to 30 in the financial dataset.





Concluding Remarks and
Perspectives 6
The angular measure plays a key role in assessing tail probabilities related
to multivariate random phenomena. Statistical inference is involved, mainly
in the nonparametric framework. This thesis attempts to provide a better
understanding of this object by contributing to the probabilistic study of its
sample version, from the finite and large sample perspective, and by develop-
ing statistical applications like classification, estimation, testing or the more
modern generative approaches.

Despite those efforts, a lot remains to be covered regarding this complex
object. A non-exhaustive list of ideas, in the theme of this dissertation, is
provided below. Some of them are already in progress.

Generalised concentration bounds for the empirical angular measure.
One possibility is to extend the concentration bounds for the process associated
with the empirical angular measure Φ̂ of Chapter 3 to a functional setting.
More explicitly, we would study the finite sample behaviour of

√
𝑘

{
Φ̂(ℎ) − Φ(ℎ)

}
, ℎ : S→ R, ℎ ∈ H

in a functional sense, whereH is a class of functions containing infinitelymany
functions of finite complexity (typically, a VC-class). This would lead to direct
applications in regression settings where we are interested in constructing a
prediction function 𝑓 which (approximately) minimizes a “tail least-square
risk” defined as [73, Equation (3)]

𝑅∞(𝑓 )
def
= lim

𝑡→∞
E

[
(𝑌 − 𝑓 (𝑋 ))2 | ∥𝑋 ∥ ≥ 𝑡

]
.

The limit exists under an appropriate regular variation assumption on the pair
(𝑋,𝑌 ) and minimization is performed using the Empirical Risk Minimization
principle. The best possible performance with respect to the risk 𝑅∞ is attained
by an “angular” predictive rule, i.e., 𝑓 (𝑥) = ℎ(𝑥/∥𝑥 ∥) where ℎ : S → R,
making the link between the angular measure and this regression problem.
Such results would permit to extend the work in [73] where no preliminary
empirical transformation to unit Pareto margins is considered.

203
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Goodness-of-Fit tests in general dimension. Extending the goodness-
of-fit procedure introduced in Chapter 4 to the general case of an angular
(probability) measure 𝑄 in a space of general dimension 𝑑 > 2 seems too
ambitious given that no asymptotic theory exists in such case. As such, ob-
taining the asymptotic distribution of a test statistic of the formW(𝑄,𝑄𝑟̂ ),
the Wasserstein distance between a non-parametric estimate of 𝑄 and an
estimation of its postulated parametric form, is impossible. What could be
done instead is to restrict the class of possible angular measures to the ones
supported on a finite number of points, an important case arising in max-
linear or factor models [58]. Asymptotic theory in this framework can be
developed as the margins are regularly varying with the same tail index and
no preliminary transformation is needed so that the empirical estimator de-
pends on the original data directly. Then, based on results of [118] which
states directional Hadamard differentiability of the Wasserstein distance with
respect to its arguments in the discrete case, the asymptotic distribution of
the Wasserstein distance between the estimated and true angular measure can
be derived. The additional challenge coming from the extreme value context
is that, even if the true angular measure is discrete, the empirically observed
extreme directions in the sample may not coincide, and even their number
may be different. Clustering algorithms [77, 54] allowing to aggregate the
atoms of the empirical angular measure into fewer atoms of larger mass are
expected to be helpful in that respect.

Concentration of the empirical angular Wasserstein distance. An-
other idea would be to apply the bounds derived in Chapter 3 to obtain non-
asymptotic guarantees on the Wasserstein distance between the empirical and
the true angular measures. Technically, this can be done in two steps. The first
step, the easiest one, is to show that theWasserstein distance concentrates well
around its expected value. This follows from a standard bounded difference
argument [129, Section 6]. The second step is to control the expected value.
This is done by the technique of dyadic transport [129, Proposition 1] which
permits to bound the Wasserstein distance between two measures in terms of
the differences of the masses they assign to the members of a nested sequence
of partitions. Based on the bounds in Chapter 3, we may then bound this quan-
tity and provide a bound on the expected Wasserstein distance. Combining
the two steps lead to a finite-sample bound on the Wasserstein distance and
will help providing guarantees in statistical learning procedures involving this
quantity, like the celebrated 𝑘-means procedure [129, Section 7.2] also used
for extremes [77].

Asymptotics for a Tail Pairwise Dependence Matrix. Applying the
functional asymptotic expansion derived in Chapter 4 would permit to obtain
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the asymptotic distribution of statistics derived from the pairwise angular
measures of a multivariate random vector 𝑋 . One such quantity could be
an alternatively defined Tail Pairwise Dependence Matrix, as defined in [29],
truly based on all the pairwise angular measures associated with pairs (𝑋 𝑗 , 𝑋𝑘 )
for 𝑗 ≠ 𝑘 . Estimation of this matrix could then be used to perform estima-
tion in parametric models or dimension reduction to help visualizing the tail
dependence structure of 𝑋 .

Generative methods. Extending Chapter 5 by leveraging more recent gen-
erative modeling techniques beyond Wasserstein GANs would be particularly
interesting. For example, diffusion models [69] have demonstrated remarkable
performance in generating high-fidelity samples and exhibit improved train-
ing stability. Similarly, transformer based generative models [125, 101] offer
a powerful alternative, especially in scenarios where capturing long-range
dependencies is critical. These models could lead to more powerful and flexible
generative approaches, improving performance across a wide range of tasks.
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