
F U L L P A P E R

An enhanced phase field model for the numerical simulation of
polymer crystallization

Amine Bahloul1,2 | Issam Doghri1,2 | Laurent Adam2

1Université Catholique de Louvain, Institute of

Mechanics, Materials and Civil Engineering,

(IMMC), Louvain-la-Neuve, Belgium

2e-Xstream Engineering Sarl (Part of Hexagon

Manufacturing Intelligence), Bascharage,

Luxembourg

Correspondence

Issam Doghri, Université Catholique de

Louvain, Institute of Mechanics, Materials and

Civil Engineering, (IMMC), Bâtiment Euler,

4 Avenue G. Lemaître, B-1348 Louvain-la-

Neuve, Belgium.

Email: issam.doghri@uclouvain.be

Funding information

e-Xstream engineering sarl (part of Hexagon

Manufacturing Intelligence); Fonds National de

la Recherche Luxembourg

Abstract

An enhanced phase field model is proposed for the numerical simulation of

crystallization in semicrystalline polymers. As with other models, it is based on cou-

pling the heat equation with the Alle–Cahn equation, which is derived from the

Gibbs–Thomson solid–liquid interface equation. Starting from spherulite nucleation,

existing phase field models can simulate their evolution in a surrounding liquid and

separate the amorphous and crystalline phases. However, the predictions of the mor-

phological characteristics of the spherulites remain qualitative only. Moreover, the

predicted spherulite evolution as a function of crystallization temperature is not con-

sistent with experimental results. In this work, existing phase field models are

enhanced in order to obtain experimentally consistent results. We target these char-

acteristics to make them quantitative: spherulite growth, crystal morphology, and

crystalline rate in spherulite. We show the importance of modeling the dependence

of the model's parameters with respect to crystallization temperature, because, if

assumed constants, the predicted results are not consistent with polymers physics.

The model is numerically implemented using the finite difference method in a

research version of the Digimat software so that 2D and 3D simulation results are

presented and compared to experimental data, illustrating the quantitative adequacy

of the predictions with experimental evidence.
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1 | INTRODUCTION

Polymeric materials are widely used in the industry, which explains

the existence of several manufacturing processes, such as plastic

injection molding, plastic blowing, and more recently 3D printing, and

so on. Nowadays, the industry tends to digitize these processes, in

order to provide information on the mechanical strength and final

shape of the sample before starting production, the final aim being to

optimize the process and reduce costs. In order to model the constitu-

tive response of the polymers, a thermomechanical modeling based

on viscoelasticity and/or viscoplasticity can be used, such as in refs.

[1,2]. But such models remain insufficient because after melting, the

material will undergo a very important phenomenon which is

crystallization. Variation in crystalline rate will lead to material inho-

mogeneity at the micro scale, which will change the behavior from

one region to another. So the objective of this study is to understand

this phenomenon and to model it.

Crystallization in polymers is the rearrangement of molecular

chains to form ordered regions. It occurs below the melting tempera-

ture and above the glass transition temperature. Molecular chains fold

to form lamellae. These lamellae originate from a single nucleation to

give at the end a spherical structure called spherulite or a disc if the

sample is very thin3 and it can take other forms if the polymer crystal-

lizes under shear conditions4. Spina et al.4 show also that the shear
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conditions accelerate the crystallization process. There are three

stages in crystallization. The first is nucleation, it is the creation of pri-

mary nuclei.5 Next, a period of rapid growth of spherulites is called

primary crystallization. Finally, secondary crystallization is a slower

crystallization period that occurs once the spherulites have come into

contact. Yokota and Kawakatsu5 propose two nucleation theoretical

models, for single and multiple chain systems, respectively, which can

be used with a phase field model to simulate polymer crystallization.

There is another mechanism called spinodal decomposition, which is a

thermodynamic phase decomposing into two phases, when there is

no nucleation barrier. The nucleation process results from a first-order

phase transition, while the spinodal decomposition process is an

example of second-order phase transition6.

In the spherulite, there are two phases, amorphous and crystal-

line, the quantity of each state depends essentially on the crystalliza-

tion temperature. The amorphous state is characterized by the

random configuration of molecular chains, this structure gives the

polymer a rubbery aspect. This rubbery state is also characterized by

the existence of a glass transition temperature Tg, below which the

polymer is solid and rigid (vitreous state), and above it, its stiffness

modulus drops. It should be noted that the amorphous state has no

melting temperature. The crystalline state is characterized by the

regular configuration of molecular chains. This structure gives the

polymer a rigid aspect. In this state, the melting temperature Tm exists

and the material is much more rigid than in the amorphous state,

because the crystalline structure is very compact.

After polymer melting, if the crystallization temperature is close

to the melting value, the molecular chains have the freedom to move

but the tendency to create a link is weak. As a result, the crystalline

amount in the spherulite is very high while the growth is low. It should

be noted that at macro-scale, the average crystalline amount is low

because, at high temperature, the number of nucleations is low. When

the temperature decreases, the molecular chains mobility decreases

and the tendency to create a link increases, as a consequence the

crystal amount in the spherulite decreases (Figure 1). The simulations

observed in Figure 1, are carried out in thin film whose thickness

equals 11 μm. Experimentally, it can be shown that there is no crystal-

lization at a temperature above the melting temperature because the

tendency to create a link between the molecules is nil. After melting,

if the temperature drops very quickly to the glass transition tempera-

ture, the polymer chains do not have time to move and form crystals,

as consequence the sample will be totally amorphous.

Crystallization can be modeled by the Kolmogorov model,8 in

order to calculate the probability (Poisson distribution) of existence of

F IGURE 1 Experimental results4 for isotactic polystyrene on the effect of crystallization temperature. (A) Tc = 210oC, 4 h, (B) Tc = 205oC, 4 h,
(C) Tc = 200oC, 4 h, (D) Tc = 195oC, 3 h, (E) Tc = 190oC, 1 h, and (F) Tc = 180oC, 1 h. Scale bars are 5 μm

2 of 18 BAHLOUL ET AL.



crystals as a function of nucleation and growth rate. In general, the

temperature dependence of nucleation and growth rate should be

evaluated separately. However, it is possible to establish a relationship

between growth and nucleation by the isokinetic hypothesis, with the

exception of polymers that crystallize very slowly. This is called the

Nakamura model9 which applies to noninsothermal cases. There is an

extension to the isothermal case, assuming that nucleation and

growth are constant during the process. This is called the Avrami

model.10 These two models can make a good approximation of the

phenomenon, but they give only the normalized evolution of the

degree of crystallization, that is, the evolution between the amor-

phous state, represented by (0), and the ultimate state of crystalliza-

tion, represented by (1). Furthermore in multi-scale mechanical

modeling, it is necessary to have access to the crystal amount in the

structure, which is not possible with these models. To go further, a

phase field model of crystallization has been developed, based on two

equations, the Allen–Cahn Equation11 which expresses the growth

law and the heat transfer which expresses the temperature evolution.

With this equation system, crystal growth evolution can be simulated.

The nucleation can be modeled by a semianalytical model, it can be

equal to a maximum number of nucleations multiplied by the nucle-

ation probability, the probability is null at the melting temperature and

maximum at the glass transition temperature.

Kobayashi12 is one of the first who developed the phase field

model, in order to show series of numerical simulations of the forma-

tion of various dendritic patterns, but his model gives qualitative

results. His work is based on a representative model in non-

dimensional space and time. A serious concern with this model is that

the evolution of crystal morphology as a function of temperature is

not compatible with the physics of polymers. A few years later, Karma

and Rappel13 also used a nondimensional space and time phase field

model. Their results are coherent with the exact prediction of the

interface theory, but they did not test the temperature effect on the

morphology and the crystallization degree for polymer. Xu et al.14

make modifications to the phase field model essentially in the heat

equation by changing the expression of the dimensionless heat of

fusion, which weakens the basic theory of the phase field. Conse-

quently, they obtain an evolution of the morphology consistent with

the experimental test given by Taguchi,7 but their simulation is not

quantitative and the obtained simulation time is not correct.

Hoffman-Lauritzen theory15,16 shows that the spherulites growth is

zero near the melting temperature Tm and that of the glass transition

Tg. Except at Tm because it is considered as equilibrium temperature,

the actual phase field model does not take into account the Hoffman–

Lauritzen theory. Moreover, the crystal thickness is in the order of a

few nm17 especially when crystallization and melting temperatures

are significantly apart. Therefore, for a quality numerical simulation,

the micro structure's mesh or grid must be very fine. With available

computer resources, it is not possible to do a simulation of a structure

in mm by a mesh size in order of nm. In practice, the most used cell

size is 0.1 μm, which allows to do simulation in large representative

volume elements (RVEs). This value can satisfy simulations of very

high temperatures close to Tm, but as soon as the temperature drops

and the spherulite branches become very thin, the model loses its

quantitative dimensional aspect. In addition, the phase field model

requires that the temperature and the phase field variable evolve

simultaneously. However, the polymer's heat diffusivity on the

micoscopic scale gives an extremely rapid temperature evolution,

whereas the phase evolution predicted by the equation is very weak.

For this reason, most phase field models give very small times com-

pared to the experimental observations. In conclusion, making fully

quantitative predictions of crystal growth remains out of reach.

The objective of this work is to modify the phase field model in

order to obtain experimentally consistent results according to the

crystallization temperature evolution. To obtain quantitative simula-

tions. We will target these characteristics: growth rate, crystal mor-

phology and crystalline rate in the spherulite. The article has the

following outline. In Section 2, there is a description of existing crystal

growth models and the reasons that make them qualitative only. In

Section 3, the phase field model is modified in order to make it consis-

tent with polymer physics, as illustrated by 2D simulations. 3D simula-

tions are presented in Section 4. Conclusions are drawn in Section 5.

Mathematical proofs behind the phase field model are given in

Appendix A.

2 | ORIGINAL PHASE FIELD MODELS

2.1 | Model description

Crystal evolution is controlled by two equations, the heat equation to

control the temperature and check the equilibrium state (if the temper-

ature equals the equilibrium value, there is no crystalline evolution) and

the Allen–Cahn11 equation which controls the crystalline phase evolu-

tion. In this equation system, there are two unknowns: a nonconserved

phase field variable ϕ(X, t) and a temperature field T(X, t) which both

depend on space and time. ϕ is a nondimensional variable that varies

between 0 and 1, with ϕ = 1 meaning solid phase and ϕ = 0 designating

liquid or amorphous phase. These two equations are interrelated and

this relationship creates the morphology of the crystal. The equation

system is as follows, the proof is given in Appendix A.

∂ϕ

∂t
= −M

δF m Tð Þ,ϕð Þ
δϕ

∂T
∂t

= α∇2T +K
∂ϕ

∂t

8>><
>>: ð1Þ

Where M is a positive kinetic coefficient,11 1/M can also be

defined as the characteristic time of attachment of atoms at the inter-

face according to Karma,13 F is the total free energy of the system,

α= kT
ρCp

is the thermal diffusivity, K = ΔH
Cp
, ρ is the density, Cp is the spe-

cific heat at constant pressure, kT is the thermal conductivity, ΔH is

the latent heat, and m(T) is a function that depends on temperature

and will be given later.

The total free energy of the system of melt and solidifying crys-

tals is defined as the Cahn–Hillard free energy.18
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F ϕ,Tð Þ=
ð
V
f locdV =

ð
V
f liq−sol ϕ,Tð Þ+ fgrad ϕð ÞdV ð2Þ

With:

f liq−sol ϕ,Tð Þ=W
ðϕ
0
ϕ 1−ϕð Þ 1

2
−ϕ−m Tð Þ

� �
dϕ ð3Þ

fgrad ϕð Þ= 1
2
ϵ2 ∇ϕð Þ2 ð4Þ

And

δF
δϕ

= − ∇� ϵ2∇ϕ� �
−
∂f loc
∂ϕ

� �
ð5Þ

The local free energy floc is divided into two parts, one describing

the volume energy and the other, the interface energy. The volume

part is considered as a double-well potential for Gibbs free energy

containing two equilibrium points in the liquid state and in the crystal-

line one. Since the amorphous phase has none, the melting tempera-

ture of a semicrystalline material varies depending on the amount of

crystalline phase. This property is added by changing T0
m by Tm in the

crystal growth equation (see Appendix A), where T0
m is the equilibrium

melting temperature and Tm is the melting temperature obtained at a

specific crystallization temperature Tc. In order to add anisotropy to

the crystalline form, the coefficient of interface energy gradient ϵ is

taken not constant and is defined in 2D as follows.13

ϵ=�ϵ 1 +ϑcos j θ−θ0ð Þð Þ½ � j θ = arctan ∂ϕ=∂y
∂ϕ=∂x

� �
ð6Þ

Where �ϵ is the reference interface energy gradient, ϑ is the

strength of surface anisotropy, j is a form variable (when j = 4, the sys-

tem represents a crystal structure with quadruple symmetry or when

j = 6, the system represents a crystal structure which is sixfold sym-

metric), θ is the angle between the interface normal and the reference

axis, and θ0 is the spherulite orientation with respect to the horizontal

axis, in this work θ0 = 0.

According to Kobayashi,12 we can add some noise at the interface

to get a different growth morphology for each direction, which is

more realistic. The noise function is equal to aϕ(1 − ϕ)Rv with

Rv ∈ [−1/2, 1/2] a random number.

As shown in Appendix A, Equation (1) can be rewritten under the

following dimensionless form.

τ*ϵ̂2
∂ϕ

∂t̂
=

∇̂� 1
2

∇̂ϕ
� �2 ∂ ϵ̂2

� 	
∂∇̂ϕ

0
@

1
A+ ∇̂� ϵ̂2∇̂ϕ

� 	

−Wϕ ϕ−1ð Þ ϕ−1=2+m T̂
� 	� 	

+ aϕ 1−ϕð ÞRv

2
66664

3
77775

∂T̂

∂t̂
= ∇̂2

T̂ + K̂
∂ϕ

∂t̂

8>>>>>>>>><
>>>>>>>>>:

ð7Þ

Where T̂ = T−Tc
Tm−Tc

is the dimensionless temperature, τ* = α
ϵ2M is the

dimensionless diffusivity, K̂ = K
Tm−Tc

is the dimensionless latent heat,

dt̂= dt
τ is the dimensionless time step, ϵ̂ = ϵ

D is proportional to the

dimensionless interface thickness, dx̂= dx
D is the dimensionless mesh

size in X direction, dŷ = dy
D is the dimensionless mesh size in Y direction,

and dẑ= dz
D is the dimensionless mesh size in Z direction. D and τ = D2

α

are characteristic length and time, respectively. In this work

dx̂= dŷ = dẑ= 1 and dt̂=0:1. dt̂ is defined so that the explicit resolution

does not diverge. Tm in the dimensionless latent heat expression can

be estimated by Hoffman Weeks theory19: Tm = T0
m 1− 1

2β

� 	
+ 1

2βTc.

2.2 | Phase field model results and discussion

The resolution of the phase field model is based on the finite differ-

ence method. For efficiency, the implementation was done in C++ in a

research version of the Digimat software.20 The integration scheme is

explicit with a stable time step computed according to the heat equa-

tion parameters. The numerical formulation is given in Appendix B.

The phase field model gives only the liquid–solid interface evolu-

tion, so it needs initial conditions. Since the simulations are performed

at constant crystallization temperature Tc we consider that at time

t = 0 there are N nucleations21 which are circles in 2D and spheres in

3D placed in liquid at temperature Tc. Inside the nucleation, it is

assumed that the temperature is equal to the equilibrium value and

that the phase field parameter ϕ is equal to 1. While in the out-

side ϕ = 0.

For now, we suppose 2D simulations, because the experimental

observation (Figure 1) is made on a thin film. The model also works in

3D, but the anisotropy Expression (6) has to be adapted accordingly.

Polymers are well known for their low crystal growth rate, mostly

at high temperatures (Figure 1), which gives a very low interface diffu-

sivity. Theoretically, this phenomenon is controlled in the heat equa-

tion by K̂ and in the growth equation by m(T) which can be written in

the dimensionless formulation as follows.

m Tc, T̂
� 	

=
ϵ

2kGT
Tm−Tcð Þ 1− T̂

� 	
=

ϵ
2d0K̂

1− T̂
� 	 ð8Þ

Where d0 = kGT
Cp

ΔH = σTmCp

ΔH2 is the capillary length and σ is the solid-

liquid interface energy. At crystallization temperature near to that of

fusion, m Tc, T̂
� 	

becomes very weak, this means that the energy bar-

rier of the double-well potential is waiting for its maximum and that

the evolution of the interface has become difficult (Figure 2).

Kobayashi has simplified the expression of m and replaced it with

an expression which does not show the effect of the crystallization

temperature:

m T̂
� 	

=
αk
π
arctan γk 1− T̂

� 	� 	
ð9Þ

where αk = 0.9 and γk = 1012. Kobayashi shows that m(T) should be

such that 0 ≤ m(T) < 1/2, because if m(T) > 1/2 the double-well poten-

tial appearance will be lost. In addition, we only work with T < Tm
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because we are interested in simulating a solidification process, which

implies m(T) > 0. In order to compare the effect of the modification of

m Tc, T̂
� 	

, the parameters of the model will be fixed according to the

nondimensional values given by Kobayashi.12 To operate the model,

the nondimensional parameter τ* should be greater than or equal to

1, that is, thermal and phase field diffusivity must be close to each

other. For example, Kobayashi used τ*ϵ̂2= dx̂ð Þ2 = 1=3 and ϵ̂=dx̂=1=3

which gives: τ*ϵ̂2 = 0:0003 for dx̂=0:0312. So, as we use dx̂=1, that

gives ϵ̂=1=3 and τ* = 3. Karma and Rappel13 also used τ*∈ [1, 13].
13

Forcing phase field diffusivity to follow the thermal one causes incor-

rect simulation times, because physically the thermal diffusivity is very

fast compared to the phase field one. To obtain a correct time, we can

use the phase field diffusivity to calculate the characteristic time con-

stant τ = D2

ϵM.

For all the following simulations, the yellow color represents the

crystalline region, the black color between the crystalline branches

represents the amorphous phase and the rest (outside the spherulite)

represents the liquid phase. Figures 3 and 4 show the effect of the

modification of m Tc, T̂
� 	

. Figure 3 represents Kobayashi model, com-

paring the results with those of experimental observation (Figure 1). It

is clearly seen that when the temperature increases, the model pre-

dicts that the spherulites will have thinner branches and the crystal

degree decreases, which is not physical. This problem will be fixed in

Figure 4 thanks to the equation m Tc, T̂
� 	

= ϵ
2d0K̂

1− T̂
� 	

. Unlike the

Kobayashi model, there is a tendency to spread the crystalline bra-

nches as in the experimental observation of Figure 1, but with diffi-

culty. If K̂ tends to 0, spherulite growth “explodes” (Figure 5) and the

growth continues without creating a crystal branch.
F IGURE 2 Effect of m Tc, T̂

� 	
on the double-well potential fliq− sol

Equation (3)

F IGURE 3 Predictions with Kobayashi's model12 for isotactic polystyrene using m T̂
� 	

= αk=π arctan γk 1− T̂
� 	� 	

and K = 48.4oK14:
(A) Tc = 180

oC, K̂ =1:08, (B) Tc = 190
oC, K̂ =1:28, (C) Tc = 195

oC, K̂ =1:42, (D) Tc = 200
oC, K̂ =1:59, (E) Tc = 205

oC, K̂ = 1:81 and
(F) Tc = 210

oC, K̂ =2:09. Model parameters in Table 1, only W = 1. Grid Size 1000 X 1000 Pixel2
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Experimentally, when the glass transition temperature is

approached, the spherulite size and the crystallinity degree will

be small simultaneously. It can therefore be seen that the

phase field model can be quantitative only near the melting

temperature.

Xu et al.14,22 tried to improve the phase field model for polymers,

mainly by changing the expression of the dimensionless latent heat K̂

taken as K̂ =K=Tm , where Tm is obtained by Hoffman Weeks expres-

sion. This modifies the dependence of K̂ as a function of the crystalli-

zation temperature Tc. The model thus loses a theoretical basis and

F IGURE 4 Predictions with Cahn-Allen model11 for isotactic polystyrene using m Tc, T̂
� 	

= ϵ
2d0 K̂

1− T̂
� 	

and K = 48.4oK14:
(A) Tc = 180

oC, K̂ =1:08, (B) Tc = 190
oC, K̂ =1:28, (C) Tc = 195

oC, K̂ =1:42, (D) Tc = 200
oC, K̂ =1:59, (E) Tc = 205

oC, K̂ = 1:81, and

(F) Tc = 210
oC, K̂ =2:09. Model parameters in Table 1, only W = 1. Grid size 500 X 500 Pixel2

F IGURE 5 Predictions with Allen-
Cahn model11: (A) K̂ =1:0, (B) K̂ =0:5.
Model parameters in Table 1, only
W = 1. Grid size 500 X 500 Pixel2
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the obtained simulations are not quantitative. Indeed, the time in the

obtained simulations14 for ITPS does not correspond to that of the

experimental observation of Figure 1. The morphology evolution

remained coherent but in a nonquantitative way.

3 | AN ENHANCED PHASE FIELD MODEL

In the phase field model, if we take all parameters as constant

and vary the nondimensional parameter K̂ (as in Kobayashi model,

3), the spherulite will have a small size and a low degree of crystallinity

when K̂ increases. Experimentally, this phenomenon can be observed

between the maximum growth temperature Tc max and the glass tran-

sition temperature Tg. But if we vary the dimensionless diffusivity

τ* = α
ϵ2M, the spherulite will have a small size and a high degree of

crystallinity when τ* increases. Experimentally, this phenomenon

can be observed between Tc max and melting temperature Tm

(Figure 1). In the proposed enhanced phase field model, we use

the Kobayashi function m(T) of eq. (9), but we give semi-

analytical temperature-dependent expressions for parameters K̂

and τ* in order to correctly simulate the observed crystal growth

phenomena.

3.1 | Semianalytical expression for the
dimensionless diffusivity τ* between Tc max and Tm

Lauritzen and Hoffman (LH)16 proposed a model for crystal growth as

a function of temperature. In the basic LH model, the first nucleation

is associated with the creation of the first growth surface, where Lp is

its lateral dimension. While the second nucleation is the addition of

the polymer molecules to the growing front, which is considered as

stem, where V = Lab is its volume, see sketch in Figure 6.

There are two ways to attach the stems to the growth front. The

first is to put the stem at the growth surface in the direction of growth

rate Gr. The second is to add a stem in the direction of lateral rate g

(Figure 6). As a consequence, the stem formation is divided into three

regimes:

• Regime I: if g > > Gr.

All the substrate is covered with stems before adding stem in the

growth direction. This regime exists essentially at high temperature.

This explains the fact that there is a high crystalline amount in spheru-

lite at high temperature.

• Regime II: if g = Gr.

Stem growth occurs simultaneously in both directions. This

regime occurs in medium temperature.

• Regime III: if g < < Gr.

The growth of the stem occurs essentially by deposition of new

germs in the growth direction. This regime is obtained at low

temperature.

The growth rate is proportional to two terms. The first corre-

sponds to diffusion (or transport) of the macro-molecular chains in the

liquid and the second to the deposit of germs on the surface of stem

growth. Its expression given by LH theory is as follows.15,16

Gr Tcð Þ=Gri exp −
U*

k Tc−T∞ð Þ
� �

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Diffusion term

exp −
KGr

TcΔT

� �
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Germ deposit

ð10Þ

With: Gr i is the prefactor for each regime i j i ∈ [I, II, III] and:

F IGURE 6 Lauritzen and Hoffman model of growth front3

F IGURE 7 Crystalline growth rate according to the theory of
Lauritzen and Hoffman: Equation (10)

F IGURE 8 Calibration of the L-H function H(Tc), Equation 14.
Experimental results given by refs. [7, 23]
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KGr =
2KGr0 in regimes I & III

KGr0
in regime II

� ����KGr0
=
2bσlσfT

0
m

kΔH
ð11Þ

where U* is the activation energy for transport of segments to the site

of crystallization, k is Boltzmann's constant, T∞ < Tg is the tempera-

ture at which any motion is made impossible, its expression is

T∞ = Tg − 30oC,
16 ΔT = T0

m−Tc is the super-cooling and σl and σf are

the free energies of the lateral and frontal surfaces of the stem,

respectively.

Since the phase field variation ∂ϕ
∂t is proportional to the speed of

propagation of the interface, then the evolution of ∂ϕ
∂t and Gr must be

similar. The idea is to combine the Cahn–Allen equation with the

growth equation developed by LH. In this context, we modify the

expression of the dimensionless diffusivity τ*.

τ* Tcð Þ= τ*0=H Tcð Þ ð12Þ

where τ*0 = τ
* Tc maxð Þ is the reference dimensionless diffusivity, The

expression of H(Tc) is obtained by Equation (9) as follows:

H Tcð Þ=Gr Tcð Þ=Gr Tc maxð Þ ð13Þ

Since we modify the expression of τ* only between Tc max and Tm,

it corresponds theoretically to regime I. For simplicity, the following

expression will be used.

H Tcð Þ= h0exp −
h1

Tc−T∞

� �
exp −

h2
T0
m−Tc

" #
ð14Þ

F IGURE 9 Simulation of changing the temperature effect for isotactic polystyrene with the proposed model of Equation (19). Mesh size
D = 10−7m. (A) Tc = 210oC, 4 h, (B) Tc = 205oC, 4 h, (C) Tc = 200oC, 4 h, (D) Tc = 195oC, 3 h, (E) Tc = 190oC, 1 h, and (F) Tc = 180oC, 1 h. Scale bars
are 5 μm. Model parameters in Table 1

TABLE 1 Model parameters for isotactic polystyrene ITPS

Model parameters Value Model parameters Value

Tc max 180oC7,23 Δx̂ 1.0

T0
m 242oC7 ε

d0
1.0

Tg 90oC7 β 1.514

ε̂ 0.33312 τ*0 3.012

Δt̂ 0.1 ϑ0 0.0614

K̂0 1.4 a 0.02

j 6 W 224

αk 0.99 γk 1012
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Where h1 and h2 are parameters and h0 is obtained such that

H(Tc mac) = 1 and dH
dTc

Tc = Tc macð Þ=0.

h0 = exp
h1 + h2 + 2

ffiffiffiffiffiffiffiffiffiffi
h1h2

p

T0
m−T∞

" #
ð15Þ

As a result, the simplified LH expression gives a bell-shaped

curve. Figure 7 shows that the crystal growth evolution.

As we see in Figure 7, the crystal growth evolution as a function

of temperature is consistent with the experimental result, that is, the

growth rate is nonzero only between T0
m and T∞ and there is no evolu-

tion outside this temperature range.

We assume that the model parameters will be calibrated at

Tref = Tc max and the temperature dependence is taken only by H(Tc),

so, K̂ becomes a constant as a function of temperature and is cali-

brated at the reference temperature Tc = Tref (K̂ is fixed, since its varia-

tion can change the growth rate).

Figure 1 shows that the anisotropy changes with temperature. In

the model, in order to have a continuous function, we express the sur-

face anisotropy strength as follows.

F IGURE 10 Simulation of changing the temperature effect for isotactic polystyrene with the proposed model of Equation (19). Mesh size
D = 10−8m. (A) Tc = 210oC, 4 h, (B) Tc = 205oC, 4 h, (C) Tc = 200oC, 4 h, (D) Tc = 195oC, 3 h, (E) Tc = 190oC, 1 h and (F) Tc = 180oC, 1 h. Scale bars
are 5 μm. Model parameters in Table 1

F IGURE 11 Simulations with the
proposed model for Tc = 180oC.
(A) crystal simulation with D = 10−8m,
(B) zoom on the crystal with
D = 10−8m, and (C) crystal simulation
with D = 10−7m
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ϑ Tcð Þ=ϑ0
2
πarctan ϖ Tc−Tcritð Þð Þ+1

2

 !
ð16Þ

Where ϑ0 is the reference strength of surface anisotropy. Assume

that the anisotropy begins to disappear at Tc = Td and that there is no

anisotropy after Tc = Tf, so ϖ calibrates the extension of the

temperature domain [Td, Tf] and Tcrit = (Td + Tf)/2 is the critical tem-

perature of change of anisotropy.

3.2 | Semianalytical expression for the
dimensionless variable K̂ between Tc max and T∞

Since we do not have a consistency with polymer physics at a temper-

ature between the maximum growth temperature and the glass transi-

tion temperature, the model needs another correction. If we look at

the behavior of the model, we can see that when we increase the

nondimensional variable K̂ in the heat equation, the spherulite size

decreases and the crystal amount also decreases (Figure 4). In order

to take advantage of this property, we take K̂/1=H Tcð Þ. In this work

we use the following function:

K̂ Tcð Þ=
K̂0

H Tcð Þ Tg ≤ Tc ≤ Tc max

K̂0 Tc max < Tc ≤ T
0
m

8><
>: ð17Þ

Where K̂0 is calibrated at Tc = Tc max (temperature of maximum

growth rate).

F IGURE 12 Simulations with the proposed model at time t = 4 h and film thickness 11 nm (A) Tc = 170oC, (B) Tc = 165oC, (C) Tc = 160oC,
(D) Tc = 155oC, (E) Tc = 150oC, and (F) Tc = 140oC. Grid size 500 × 500 Pixel2. (50 × 50 (μm)2)

F IGURE 13 Spherulite growth given by phase field model
compared to the L–H function H(Tc) (Equation 14) and the
experimental result given by refs. [7, 23]
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It should be noted that τ*(Tc) must be equal to τ*0 at a temperature

between the maximum growth temperature and the glass transition

temperature and it takes the value of Equation (12) at a temperature

between the maximum growth temperature and the equilibrium melt-

ing temperature.

τ* Tcð Þ=
τ*0

H Tcð Þ Tc max < Tc ≤ T
0
m

τ*0 Tg ≤ Tc ≤ Tc max

8><
>: ð18Þ

After modification, the model Equations (7) become:

τ* Tcð Þϵ̂2 ∂ϕ
∂t̂

=
∇̂� 1

2
∇̂ϕ
� �2 ∂ ϵ̂2

� 	
∂∇̂ϕ

0
@

1
A+ ∇̂� ϵ̂2∇̂ϕ

� 	

−Wϕ ϕ−1ð Þ ϕ−1=2+m T̂
� 	� 	

+ aϕ 1−ϕð ÞRv

2
66664

3
77775

∂T̂

∂t̂
= ∇̂2

T̂ + K̂ Tcð Þ∂ϕ
∂t̂

8>>>>>>>>><
>>>>>>>>>:

ð19Þ

3.3 | Results and discussion

Between temperatures Tc max and Tm, the model calibration is done in

two steps, the first consists in calibrating the function H(Tc). Figure 8

represents the fit of the function H(Tc) with the experimental data,

F IGURE 14 Simulation with the proposed model of isotactic polystyrene crystallization at Tc = 169oC, (A) t = 26 min, (B) t = 1 h 18 min,
(C) t = 2 h 10 min, (D) t = 2 h 36 min, (E) t = 3 h 28 min, and (F) t = 4 h 20 min. Grid size 1500 × 1500 Pixel2, (150 × 150 (μm)2), Table 1

F IGURE 15 Simulation with the proposed model of
crystallization degree as a function of time, in 2D for isotactic
polystyrene at Tc = 169oC (data in Table 1)
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which are given by Taguchi et al.7 and Kathryn L. Beers et al.23 The

second step is to calibrate K̂0 at the maximum growth temperature

which is taken equal to 180∘C which controls the crystalline degree,

the other parameters of the phase field model are taken according to

Kobayashi12 (Table 1). Among the non-dimensional parameters of the

model, the only parameter which depends on the characteristic

length D is ε̂ = ε=D. So, the variation of D will affect the numerical sta-

bility through ε̂ . The idea in this work is therefore to fix ε̂ to ensure

numerical stability, and the characteristic length D is fixed by compar-

ing experimental observations with model predictions. This method

introduces a mesh dependency (figures 9 and 10). However, the char-

acteristic length D must be less than the interface thickness 6ε to

ensure numerical stability: D ≤6ε. This gives: ε̂≥ 1
6.

Figure 9 shows the evolution of the crystal morphology according

to temperature, now we can see that there is a consistency with

experimental observations. The use of a large space step can give

good results at high temperature, but as soon as the temperature

drops, the crystal thickness will be low, the model cannot display cor-

rectly the size of the crystal thickness. If we reduce the mesh size

(Figure 10), at high temperature, the crystal thickness becomes very

small compared to the experimental observation. In addition, if we

look at Figure 11 we can see that the crystalline amount in the spher-

ulite does not change with the change of space step (we do not con-

sider the primary nucleation circle, only the ratio between the

crystalline branch and the amorphous branch interests us). Moreover,

by using a coarser mesh, the simulation time will be faster, in this case,

we can easily make simulations on a larger scale. For these reasons,

we will avoid reducing the mesh size. An interesting feature about this

method is that we can assign a suitable value to the characteristic

length D without knowing the value of the interface thickness 6ε.

There is indeed a mesh dependency, but the numerical stability is

ensured.

Figure 12 shows the evolution of the crystal at temperatures

below the maximum growth temperature Tc max. We can see that the

result agrees with polymer physics.

According to the experimental results, the maximum growth is

given at Tc = 180oC and is noted Gmax. Figure 13 shows the

comparison between phase field result, the L–H function H(Tc) and

the experimental results given by Taguchi et al.7 and Beers et al.23

This comparison shows that the phase field model is predictive with a

certain error, which is concentrated according to the figure between

Tc max and Tg. The phase field spherulite growth curve does not follow

exactly the L–H curve (Equation 1) because the evolution of the phase

field variation ∂ϕ
∂t is not linear as a function of τ* and K̂.

3.4 | Virtual simulation of crystallization
phenomena

When a polymer liquid is subjected to a temperature below its melting

temperature, small nuclei of different sizes and shapes are born. This

phenomenon can be called primary nucleation. These nuclei are stabi-

lized when the free energy associated with the formation diminishes.

So to simulate crystallization, we need a nucleation law.

F IGURE 16 (A) Experimental
observation at Tc = 169oC and film
thickness equal to 60 nm,23

(B) numerical simulation with the
proposed model at Tc = 169oC and film
thickness equal to 11 nm.
(150 × 150 (μm)2)

F IGURE 17 Simulation of 3D spherulite with the proposed model
at Tc = 180oC. Grid size 300 × 300 × 300 Pixel3, (30 × 30 × 30 (μm)3)
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F IGURE 18 3D simulation with the proposed model of isotactic polystyrene crystallization at Tc = 169oC, (A) at time t = 10 min 30 s, (B) at
time t = 1 h 5 min, (C) at time t = 1 h 24 min, (D) at time t = 1 h 45 min, (E) at time t = 2 h 6 min, and (F) at time t = 3 h 9 min. Grid size
500 × 500 × 500 Pixel3, (50 × 50 × 50 (μm)3). (evolution of the solid–liquid interface)

F IGURE 19 3D simulation with the proposed model of isotactic polystyrene crystallization at Tc = 169oC, (A) at time t = 10 min 30 s, (B) at
time t = 1 h 5 min, (C) at time t = 1 h 24 min, (D) at time t = 1 h 45 min, (E) at time t = 2 h 6 min, (F) at time t = 3 h 9 min. Grid size
500 × 500 × 500 Pixel3, (50 × 50 × 50 (μm)3). (spherulite evolution in the liquid phase)
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Since we do not have experimental data on the number of nucle-

ations for a film thickness equal to 11 nm (the film is the sample used

in the observation test), we will choose an approximate number at

Tc = 169oC according to the experimental observation given by

Beers.23 The nucleation position is taken random.

Figure 14 shows the evolution of crystal growth from multi-

nucleation at Tc = 169oC. By calculating the average of the phase field

variable ϕ, we can plot the crystal amount curve as a function of time

(Figure 15).

In Figure 16, there are two images of a simulation and an experi-

mental observation. It should be noted that we cannot make a direct

comparison between these two images because they do not have the

same film thickness, but we can see that there is a consistency

between the simulation and the experimental result.

4 | GENERALIZATION TO 3D
SIMULATIONS

3D simulations are investigated by using Equations (19). It is assumed

that the crystallization temperature is uniform in the structure and the

interface energy gradient ε is taken constant. Figure 17 shows the

morphology of a spherulite formed at temperature equal to 180oC.

Figures 18 and 19 show the crystal evolution simulation at tem-

perature equal to 169oC and RVE size equal to 50 × 50 × 50 (μm)3.

This 3D model does not take into account the film thickness change

effect. For this reason, using thin-film polymer parameters makes this

3D representation qualitative. Indeed reducing the thickness of the

film causes a difficulty for crystal propagation, because the film thick-

ness will be comparable to that of the crystal (L in Figure 6). In addi-

tion, we used a large number of nucleations in a small RVE to reduce

the simulation time, as a result the time scale in Figure 15 is different

from that time scale in Figure 20, but we can see that the ultimate

crystallization remains the same. It should be noted that the CPU time

in the 2D simulation (Figure 14) is 15 times faster than the 3D one

(Figure 18) on the same computer (16GB of RAM): 33 min in 2D and

8 h 25 min in 3D.

5 | CONCLUSION

Crystallization can be defined as the solid-liquid interface evolution in

time and space. One of the best-known models in the literature is the

phase field model which controls the interface evolution using the

Allen–Cahn equation of crystal growth and the heat transfer equation.

However, as shown in Section 2, the phase field model only gives

a qualitative representation and can lead to nonphysical results. This

is the case for the well-known Kobayashi model,12 and also for the Xu

et al. model,14 where the modifications made to the phase field model

do not render it quantitative. In this study, we tried to improve this

model by adding two semianalytical expressions for the dimensionless

diffusivity τ* and K̂ , the dimensionless fraction between the latent

heat of solidification and the specific heat at constant pressure. The

dimensionless diffusivity τ* and the expression of K̂ are taken

according to LH theory.15 The proposed model in Section 3 is capable

of quantitative prediction of growth, as shown in Figure 13. The given

morphology is also close to experimental results (Figure 9), except

those with temperature below 190oC. It has been shown that simula-

tions do not become quantitative when the mesh size is too small. In

some cases, the crystal branch becomes very thin compared to reality.

As the change of mesh size does not modify the crystallinity degree in

the spherulite, a coarse mesh was chosen which enables a significant

gain in computation time.

Adding some approximations weakens the original phase field

theoretical model, but helps to obtain results which are more consis-

tent with polymer physics (Figures 9, 13, and 16). However, we can-

not claim that the predictions are completely quantitative because the

branch size is not respected for temperatures far from that of the

fusion. In addition, the crystallization degree evolution is controlled

proportionally with the growth rate by the functions τ*(Tc) and K̂ Tcð Þ,
but in reality each property can evolve independently.

Besides addressing the shortcomings of the current version of the

proposed phase field model, the long term goal is to embed it within

ICME (Integrated Computational Materials Engineering), bridging pro-

cess simulation to structural engineering via crystallinity prediction

and the way it influences the performance of semicrystalline poly-

mers. In order to do so, the following extensions are needed:

• Coupling the model with homogenization techniques in order to

predict the engineering properties based on spherulite morphologies.

• Linking the model with thermo-mechanical simulations at struc-

tural level in order to predict the spatial variability of crystallinity.
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APPENDIX A: PROOF OF CRYSTAL GROWTH AND HEAT

EQUATION

Crystal growth equation

The phase field equation is given by the Gibbs–Thomson relation,

which describes the thermal influence on the liquid–solid interface

evolution. The equation can be expressed as follows.22,24

vn
μk

= T0
m−T−kGTκ ðA1Þ

where μk is the kinetic coefficient, kGT is the Gibbs–Thomson coeffi-

cient, vn is the velocity of the interface, κ is the interface curvature

gradient, and T0
m is the equilibrium melting temperature.

The normal to the interface is defined as n
!
= − ∇ϕ

j∇ϕj (see

Figure A1). Assume that ϕ(x, t) is a smooth Level Set function. Using

the Level Set advection equation, we can write.

vn = v
!
:n
!
=
∂x
∂t
� −

∂ϕ=∂x
j∇ϕ j

� �
=
∂ϕ=∂t
j∇ϕ j ðA2Þ

By definition, the (total) curvature of the interface is given as:

κ =∇�n!= −
1

j∇ϕ j ∇2ϕ−
∇ϕð Þ�∇ j∇ϕ j

j∇ϕ j
� �

ðA3Þ

By substituting Equations (A2) and (A3) in (A1) we find.

∂ϕ

∂t
= vn j∇ϕ j = μkkGT ∇2ϕ−

∇ϕð Þ�∇ j∇ϕ j
j∇ϕ j

� �
+ μk T0

m−T
� 	

j∇ϕ j ðA4Þ

In the Gibbs–Thomson equation, T0
m is considered as an equilib-

rium temperature Te, that is, there is no evolution at this temperature.

F IGURE A1 Solid–liquid interface representation
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For polymer material, at each crystallization temperature there is a

specific crystallizable volume, since the amorphous phase has no melt-

ing temperature, the melting point of the polymer changes depending

on its crystallization rate. Moreover, the crystallization is an exother-

mic process, using a perfect system without heat dissipation, the crys-

tal will release its melting temperature. As a result, for polymer, the

equilibrium temperature Te is equal to Tm.

At equilibrium, T = Tm and ∂ϕ
∂t =0, Equation (A4) does not have a

unique solution in the stationary case, for example, it depends on the

initial profile. According to Beckermann et al.,24 if a double-well

potential is used for local free energy, the most commonly used pro-

file for the steady state solution is given by:

ϕ=
1
2

1−tanh
r
2δ

� 	� 	
ðA5Þ

where 6δ is the interface thickness and r is the coordinate normal to

the interface. According to Beckermann et al.24, this is the most com-

monly used profile for a double-well free energy potential. Actually,

depending on the choice of potential for the local free energy, the

profile of the phase-field for the steady-state solution can be obtained

through formal asymptotic analysis, and no assumption is needed.

Since evolution exists only in the normal direction of the inter-

face, using Equation (A5), we can calculate:

j∇ϕ j = ∂ϕ

∂r

����
����= ϕ 1−ϕð Þ

δ
ðA6Þ

∇ϕð Þ�∇ j∇ϕ j
j∇ϕ j =∇2ϕ=

∂2ϕ

∂r2
=
ϕ 1−ϕð Þ 1−2ϕð Þ

δ2
ðA7Þ

Equation (A4) becomes:

∂ϕ

∂t
= μkkGT ∇2ϕ−

ϕ 1−ϕð Þ 1−2ϕð Þ
δ2

� �
+ μk Tm−Tð Þϕ 1−ϕð Þ

δ

= μkkGT ∇2ϕ−
2

δ2
ϕ 1−ϕð Þ −

δ

2kGT
Tm−Tð Þ+ 1

2
−ϕ

� �� �

= μkkGT ∇2ϕ−
2

δ2
ϕ 1−ϕð Þ −m Tð Þ+ 1

2
−ϕ

� �� � ðA8Þ

In Equation (A8), the term μkkGT has dimension [m2/s] and it repre-

sents the phase field diffusivity. Multiplying the diffusivity by 1
δ2

we

obtain the phase field mobility called M [s−1], is also defined as a posi-

tive kinetic coefficient according to Allen–Cahn,11 1/M can be defined

as a characteristic time of attachment of atoms at the interface

according to Karma.13 Taking ϵ2 = δ2 [m2], ϵ is called the reference sur-

face energy according to Cahn–Hilliard theory. To generalize the equa-

tion we replace a factor 2 with W which represents the energy barrier

for second nucleation. Assume that m Tð Þ= δ
2kGT

Tm−Tð Þ= γ Tm−Tð Þ:
After these approximations, Equation (A8) becomes:

∂ϕ

∂t
=M ϵ2∇2ϕ−Wϕ 1−ϕð Þ −m Tð Þ+ 1

2
−ϕ

� �� �
ðA9Þ

Which can be rewritten as follows (proof in Appendix B):

∂ϕ

∂t
=M div ϵ2∇ϕ

� �
−
∂f loc
∂ϕ

� �
= −M

δF
δϕ

ðA10Þ

Equation (A10) is similar to Allen–Cahn's11 equation, where the

total free energy F of the system of melt and solidifying crystals is

defined as the Cahn–Hillard free energy:

F ϕ,Tð Þ=
ð
V
f locdV =

ð
V

f liq−sol ϕ,Tð Þ+ fgrad ϕð Þ� �
dV ðA11Þ

With:

f liq−sol ϕ,Tð Þ=W
ðϕ
0
ϕ 1−ϕð Þ −m Tð Þ+ 1

2
−ϕ

� �
dϕ ðA12Þ

And

fgrad ϕð Þ= 1
2
ϵ2 ∇ϕð Þ2 ðA13Þ

If we consider that the reference surface energy ϵ is not a con-

stant, then Equation (A10) becomes:

∂ϕ

∂t
=M ∇� 1

2
∇ϕð Þ2 ∂ ϵ2

� �
∂∇ϕ

� �
+∇� ϵ2∇ϕ� �

−Wϕ ϕ−1ð Þ ϕ−1=2+m Tð Þð Þ
� �

ðA14Þ

For two-dimensional model, it is assumed that the interface

energy gradient ϵ is expressed as follows.13

ϵ=�ϵ 1+ϑcos j θ−θ0ð Þð Þ½ � j θ = arctan ∂ϕ=∂y
∂ϕ=∂x

� �
ðA15Þ

where �ϵ is the reference interface energy gradient, ϑ is the strength of

surface anisotropy, j is a shape parameter, θ is the angle between the

interface normal and the reference axis and θ0 is the spherulite orien-

tation with respect to the horizontal axis, in this θ0 = 0.

Equation (A14) becomes.

1
M
∂ϕ

∂t
= −

∂

∂x
ϵϵ0

∂ϕ

∂y

� �
+

∂

∂y
ϵϵ0

∂ϕ

∂x

� �

+
∂ϵ2

∂x
∂ϕ

∂x
+
∂ϵ2

∂y
∂ϕ

∂y
+ ϵ2

∂2ϕ

∂x2
+
∂2ϕ

∂y2

 !
−Wϕ ϕ−1ð Þ ϕ−1=2 +m Tð Þð Þ

ðA16Þ

where ϵ
0
= ∂ε/∂θ.

Heat transfer equation

Suppose that we have two states (1 and 2). The enthalpy of the pure

two phase body is determined as follows:

H=ϕ1H1 +ϕ2H2 ðA17Þ
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where Hi is the enthalpy of the pure body in state i and ϕi is the vol-

ume fraction of phase i.

Assume ϕ = ϕ2.

The enthalpy of change of state from phase 2 to phase 1 at tem-

perature T ΔH2 ! 1 also called latent heat, can be expressed as

follows.

ΔH2!1 =H1−H2 ðA18Þ

Suppose that state 1 is liquid and 2 is solid. Using Equations (A17)

and (A18) we obtain:

H=H1−ϕΔH2!1 = ρCpT−ρLfϕ ðA19Þ

where ρLf = ΔH2 ! 1, Lf is the latent heat of fusion and Cp is the spe-

cific heat at constant pressure.

The heat transfer equation can be written as:

∂H
∂t

= −∇: J
! ðA20Þ

where J
!
= −kT∇T is the heat flow and kT is the thermal conductivity.

Finally we get:

ρCp
∂T
∂t

= kT∇2T + ρLf
∂ϕ

∂t
ðA21Þ

Then we can write the equation system:

∂ϕ

∂t
= −M

δF m Tð Þ,ϕð Þ
δϕ

∂T
∂t

= α∇2T +K
∂ϕ

∂t

8>><
>>: ðA22Þ

where α= kT
ρCp

and K = ΔH2!1
ρCp

.

APPENDIX B: NUMERICAL FORMULATION

In this Appendix, details are given about the finite difference

method which was used to implement the proposed enhanced

phase field model. Other methods exist in the literature, such as

the variational formulations proposed by Valizadeh et al.25 and

Gomez et al.26 for the Cahn–Hilliard model and based on

isogeometric analysis.

Spatial discretization

The spatial gradient of the phase field variable is discretized as

follows:

∇ϕ x,y,zð Þ≈

ϕ x+Δx,y,zð Þ−ϕ x−Δx,y,zð Þ
2Δx

ϕ x,y +Δy,zð Þ−ϕ x,y−Δy,zð Þ
2Δy

ϕ x,y,z+Δzð Þ−ϕ x,y,z−Δzð Þ
2Δz

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

ðB1Þ

The spatial Laplacian of the phase field variable is classically dis-

cretized as follows:

∇2ϕ x,y,zð Þ≈

ϕ x+Δx,y,zð Þ+ϕ x−Δx,y,zð Þ−2ϕ x,y,zð Þ
Δxð Þ2

+

ϕ x,y +Δy,zð Þ+ϕ x,y−Δy,zð Þ−2ϕ x,y,zð Þ
Δyð Þ2

+

ϕ x,y,z+Δzð Þ+ϕ x,y,z−Δzð Þ−2ϕ x,y,zð Þ
Δzð Þ2

ðB2Þ

However, the use of this classical expression generates an incor-

rect propagation of the interface and a distorted spherulite shape, as

illustrated in Figure B1(A).

Therefore, we used a different discrete Laplacian expression. In

order to motivate it, we assume for simplicity that Δx = Δy = Δz = h

and rewrite the classical expression as follows:

h2∇2ϕ x,y,zð Þ≈ϕ x+ h,y,zð Þ+ϕ x−h,y,zð Þ+ϕ x,y + h,zð Þ+ϕ x,y−h,zð Þ+
ϕ x,y,z+ hð Þ+ϕ x,y,z−hð Þ−6ϕ x,y,zð Þ

F IGURE B1 Influence on spherulite growth of the discretization
of the spatial Laplacian operator using: (a) classical equation B.2 and

(b) modified equation B.3

F IGURE B2 Illustration of periodic continuity conditions in 1D
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We modify the classical formula so that it takes into account all

the neighbors of a given element. This method is inspired by the work

of Sanal.27 Accordingly, the Laplacian of the phase field variable is

computed as follows:

3h2∇2ϕ x,y,zð Þ≈

ϕ x+ h,y,zð Þ+ϕ x−h,y,zð Þ+
ϕ x,y + h,zð Þ+ϕ x,y−h,zð Þ+
ϕ x,y,z+ hð Þ+ϕ x,y,z−hð Þ+
ϕ x+ h,y + h,zð Þ+ϕ x−h,y−h,zð Þ+
ϕ x,y + h,z+ hð Þ+ϕ x,y−h,z−hð Þ+
ϕ x+ h,y,z+ hð Þ+ϕ x−h,y,z−hð Þ+
ϕ x+ h,y−h,zð Þ+ϕ x−h,y + h,zð Þ+
ϕ x,y + h,z−hð Þ+ϕ x,y−h,z+ hð Þ+
ϕ x+ h,y,z−hð Þ+ϕ x−h,y,z+ hð Þ+
ϕ x+ h,y + h,z+ hð Þ+ϕ x−h,y−h,z−hð Þ+
ϕ x+ h,y−h,z−hð Þ+ϕ x−h,y + h,z+ hð Þ+
ϕ x+ h,y + h,z−hð Þ+ϕ x−h,y−h,z+ hð Þ+
ϕ x−h,y + h,z−hð Þ+ϕ x+ h,y−h,z+ hð Þ−
26ϕ x,y,zð Þ

ðB3Þ

The two Equations (B1) and (B3) are also used for the gradient

and the Laplacian of the temperature field T(x, y, z).

Time discretization

The time derivatives of the phase field and temperature variables at a given

position (x, y, z) are approximated by the following discrete expressions:

∂ϕ

∂t
tð Þ≈ϕ t+Δtð Þ−ϕ tð Þ

Δt
�Δϕ

Δt
ðB4Þ

∂T
∂t

tð Þ≈T t+Δtð Þ−T tð Þ
Δt

�ΔT
Δt

ðB5Þ

However, in the heat Equation (A21), and following Kobayashi,12

the discrete expression of the time derivative of the phase field vari-

able is taken as follows:

∂ϕ

∂t
tð Þ≈ 1−βð Þϕ t+Δtð Þ−ϕ tð Þ

Δt
+ β

ϕ tð Þ−ϕ t−Δtð Þ
Δt

ðB6Þ

where β ∈ [0;1] is an integration parameter; in this work we take

β = 0.5. The discrete expressions of r2ϕ, r2T, ∂ϕ∂t , and
∂T
∂t are replaced

in Equation (19) of the enhanced phase field model.

Boundary conditions

Conditions of periodic continuity are imposed on the border of the

computational domain for both the temperature and the phase field

variables. They can be illustrated with the simple 1D example with nx

elements depicted in Figure B2. The discrete spatial partial derivative

ϕ,x≈
ϕ nx +1ð Þ−ϕ nx−1ð Þ

2Δx becomes ϕ,x≈
ϕ 1ð Þ−ϕ nx−1ð Þ

2Δx because by periodic-

ity ϕ(nx+1) = ϕ(1).
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