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ABSTRACT: We discuss heavy particles that can be used to pin down the faithful Standard
Model (SM) gauge group and their patterns in the SM effective field theory (SMEFT). These
heavy particles are not invariant under a specific Zg subgroup of SU(3). x SU(2)r, x U(1)y,
which however acts trivially on all the SM particles, hence the faithful SM gauge group remains
undetermined. Different realizations of the faithful SM gauge group correspond to different
spectra of heavy particles, and they also correspond to distinct sets of line operators with
one-form global symmetry acting on them. We show that the heavy particles not invariant
under the Zg group cannot appear in tree-level ultraviolet completions of SMEFT, this
enforces us to consider one-loop UV completions of SMEFT to identify the Zg non-invariant
heavy particles. We demonstrate with examples that correlations between Wilson coefficients
provide an efficient way to examine models with Zg non-invariant heavy particles. Finally, we
prove that all the scalars that can trigger electroweak symmetry breaking must be invariant
under the Zg group, hence they cannot be used to probe the faithful SM gauge group.
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1 Introduction
The Standard Model (SM) of particle physics is constructed based on the gauge group
G =SU(3). x SU(2);, x U(1)y, (1.1)

with all the matter fields furnishing various chiral representations whose gauge anomalies are
canceled in a non-trivial way. In this sense, the SM is extremely minimal and elegant. Most
importantly, it is also phenomenologically successful. Nevertheless, there exists a specific
Zg subgroup of G acting trivially on all the SM fields, as recently emphasized in [1].} Asa
result, the SM gauge group is not uniquely determined, i.e. the group G is only the covering
group, and the genuine SM gauge group which acts faithfully is

G SU®3). xSU(2) x Uy

! This issue was somehow rediscovered in [1] in light of the connection between the global form of the gauge
group and the spectrum of line operators, mainly inspired by [2]. However, the ambiguity of the SM gauge
group has been known since a long time ago, see e.g. chapter 5.3 of [3] and [4] for early references.



where I" is a subgroup of Zg and it can be either Zg, Zs, Zo or 1. Different choices of I' result
in physically distinct theories [2], our ultimate goal is to determine which I' is realized in
nature. Notice that all the allowed matter fields must be in representations of GG rather than
just the covering group G; in particular, they must be invariant under T [2].

When a specific T is realized in nature, it implies non-trivial constraints on the allowed
representations (R3, Rz, Qy) of G in the entire theory. This applies not only to the fields
within the SM, which is viewed as an effective theory in the infrared (IR), but also to all
the beyond-the-SM (BSM) heavy resonances in the ultraviolet (UV). When these resonances
have infinite masses, they are in one-to-one correspondence with the Wilson lines [1, 2],? and
the global symmetry acting on the lines is known as one-form global symmetry [7], which is
a particular type of generalized symmetry. See e.g. [5, 6, 8-11] for reviews on generalized
symmetries from different perspectives.

Reversing the logic, if new particles are discovered in the future, it is possible to determine
which T is realized in nature with their transformation properties under the Zg subgroup
of G. See appendix. A for more explanations on how the Zg group (and its subgroups) acts
on a field. There are four possible scenarios for all the UV resonances.

1. If all the heavy BSM fields are invariant under Zg, the group I still remains undetermined
as in the SM. However, if this turns out to be the case, it may be more proper to write
the SM gauge group as G = SU(3). x SU(2)r, x U(1)y/Zs.

2. If there exists at least one heavy field in a representation which is not invariant under
Zs but invariant under Zo (hence not invariant under Zg), I can be either Zg or 1.

For example, one may consider (Rs, R2,Qy) = (OJ, [1,1/2), which is allowed when
I' =1 or Zo, but forbidden when I' = Zs3 or Zg.

3. If there exists at least one heavy field in a representation which is not invariant under
Zo but invariant under Zs (hence not invariant under Zg), I can be either Zs or 1.

For example, (Rs, R2,Qy) = ([, [1,2/3) is only allowed when I' = 1 or Zs, but
forbidden when I' = Zs or Zg.

4. If there exists at least one heavy field in a representation invariant under neither Zs
nor Zsy (hence not invariant under Zg), I' is uniquely determined to be 1.
For example, a heavy resonance in the representation (R, Re,Qy) = ([J, [1,0) is

allowed when I' = 1, but forbidden when I' = Zg, Zg3, or Zs.

In this paper, we call these heavy particles the “Zg exotics” if they transform nontrivially
under the Zg group. In more realistic setups, some well-known examples of Zg exotics include

2Particles correspond to local operators (i.e. they are points), naively. However, these local operators are
not gauge invariant. This implies that particles give rise to a set of non-genuine local operators living at the
end of the Wilson lines in the same representations of the gauge group. It means that particles can screen
lines; conversely, the Wilson lines can be viewed as the worldlines of particles. Due to screening, the Wilson
lines can break (and hence be equivalent to trivial lines) above the mass scale of particles. As a result, the line
operators are only well-defined and nontrivial below the mass scale of the heavy particles. Accordingly, the
one-form symmetry is viewed as a low-energy accidental/emergent symmetry. See e.g. [5, 6] for more detailed
discussions.



the original KSVZ fermions in QCD axion models [12, 13], pure milli-charged particles
and fractionally-charged particles [14, 15]. See also [16, 17] for a comprehensive analysis
on KSVZ fermions in axion models, [18-29] for recent experimental and phenomenological
studies on fractionally-charged and milli-charged particles, and [30-32] for concrete BSM
models involving Zg exotic particles. Fractionally charged particles are also well motivated
in superstring models [33, 34]. One striking phenomenological feature is that the lightest
Zg exotic must be cosmologically stable, and they are powerful probes for the reheating
temperature [28].

It turns out that discovering BSM heavy resonances is essential to understanding better
the SM itself, namely the genuine SM gauge group. Conversely, it is also well-motivated to use
the precise form of the SM gauge group as a guiding principle to classify the vast landscape
of BSM physics. We notice that there have been similar theoretical and phenomenological
interests in recent literature on the precise form of the SM gauge group; see [35-37] for
discussions on non-perturbative gauge anomalies, [38] on fractional instanton effects, and [39—
41] on axion coupling quantization. From a bottom-up perspective, we do not assume any
UV inputs (such as the requirement of grand unification [42, 43]), which can otherwise
uniquely determine I' and accordingly restrict the allowed representations. Instead, we
explore phenomenological imprints at lower energies and allow experimental discoveries to
guide us. If Zg exotics are discovered, some scenarios of grand unification can be excluded.
For example, grand unification based on SU(5) group predicts I' = Zg, which is falsified
if any Zg exotic particle is discovered.

Another important motivation to study the precise form of the SM gauge group is that
theories with different realizations of I' admit different spectra of magnetically-charged heavy
particles [1, 2]. They are in one-to-one correspondence with 't Hooft lines if their masses
are infinite. It is intriguing to study their interactions with the SM particles systematically,
particularly in light of the recent results on the fermion-monopole scatterings [44-52], and
possibly with dark sectors being magnetically charged under the SM [53-57].

When there is a large separation between the new physics scale and the weak scale, the
Standard Model effective field theory (SMEFT) provides a powerful and systematic framework
to parameterize the UV physics at low energy. See [58] for a recent review on SMEFT. In
this paper, we use the SMEFT to systematically characterize the heavy particles that are the
smoking gun signatures for distinguishing different I'. We demonstrate that Zg exotics cannot
appear in any tree-level UV completion of SMEFT. This result is valid for effective operators
at all mass dimensions, forcing us to consider loop-level UV completions. This provides a
strong motivation for the development of the computational tools for the one-loop matching
automation [59-62]. As an illustration, we consider two benchmark models containing scalar
and fermionic Zg exotics respectively, and perform the one-loop matching to obtain the Wilson
coefficients in terms of parameters in the UV Lagrangian. We find that for these two classes
of models, one can solve for the quantum numbers of the corresponding Zg exotics in terms
of the Wilson coefficients obtained from one-loop matching. This provides a novel strategy to
examine UV models due to the discreteness of the SU(3). and SU(2);, quantum numbers.

The paper is organized as follows. In section 2, we analyze a toy model to illustrate how
to derive the constraints on the allowed representations given the gauge group. In section 3,



we discuss the ambiguity in defining the genuine SM gauge group, the heavy resonances
useful for removing this ambiguity, and their patterns in SMEFT. Here we emphasize the
importance of one-loop matching in SMEFT. Some simple examples are also presented. In
section 4, we show the general strategy to probe the models of Zg exotic particles using
Wilson coefficients in SMEFT. In section 5, we extend the analysis to non-decoupling scalars
in a general electroweak symmetry breaking (EWSB) sector. We prove that all these scalars
are not Zg exotics. Finally, we conclude in section 6. Some technical details are collected
in appendices A, B.

2 A toy model: SU(2) versus SO(3) gauge theories

Before we analyze the SM, it is useful to illustrate the methodology in a simpler toy model,
based on the comparison between SU(2) and SO(3) gauge theories.

Even though SU(2) and SO(3) have the same Lie algebra, they are distinct Lie groups
differing by the global structure of the group manifold, i.e. SO(3) is isomorphic to SU(2)/Zs
where Zsy is the center of SU(2). The Zg quotient implies that one can obtain all the
allowed representations in the SO(3) theory by starting with the representations of SU(2)
and removing the ones not invariant under the Zy center of SU(2). As a result, SU(2) and
SO(3) gauge theories are physically distinct theories differing by the allowed spectrum of
matter fields (i.e. line operators if the particles are infinitely heavy) [2]. To be specific, SU(2)
gauge theory allows for matter fields in both half-integer and integer spin representations
(i.e., Young diagram of SU(2) with odd and even number of boxes), while SO(3) gauge theory
only allows for matter fields in integer spin representations (i.e., Young diagram of SU(2)
with only even number of boxes). The half-integer spin representations are excluded in the
SO(3) gauge theory because of the Zg quotient.

Suppose at low energy all the discovered matter fields are in integer spin representations
of G = SU(2), one cannot conclude the genuine gauge group is SU(2). Instead, there are
two options: the genuine gauge group is either SU(2) or SO(3). In other words, the genuine
gauge group can be written as

G=2 (2.1)

where I is either 1 or Zs. If any “Zs exotic” heavy particle, i.e. a particle in half-integer spin
representation of SU(2), is discovered, the gauge group is determined to be SU(2).

Suppose such a Zs exotic particle is heavy and has a decoupling limit. In that case, it is
natural to integrate it out and use effective theories to explore the low-energy phenomenological
consequences. It is easy to observe that this Zs exotic particle cannot appear in any tree-level
UV completions of high dimensional operators. Hence it is necessary to perform matching
at the loop level to integrate out the Zy exotic particle in a UV theory.

In the following, we apply the same methodology in the SM, with a more detailed analysis
of heavy resonances in the Warsaw basis [63] of SMEFT, if they can decouple from the weak
scale. As we will see, the SM reflects the same features as we illustrated above in the toy model.



3 The SM gauge group, heavy resonances, and SMEFT

3.1 Which Standard Model?

It was recently emphasized in [1] that there is a particular Zg subgroup of G = SU(3), x
SU(2)r, x U(1)y, generated by the centers of SU(3). and SU(2);, combined with a specific
rotation of U(1)y, acting trivially on all the SM fields. (See also chapter 5.3 of [3] and [4]
for early references which made the same point.) For completeness, we also provide a
lightening review in appendix A to elucidate the Zg group and how it acts on a general
representation (Rs3, Rz, Qy) of G = SU(3). x SU(2)r, x U(1)y. Similar discussions can also
be found in [35, 36, 39-41].

As we mentioned in section 1, there are four possible SM gauge groups, i.e. eq. (1.2). But
nature can only realize one of them. In particular, different realizations of I result in physically
distinct theories of the Standard Models, since one-form global symmetries distinguish them.
From a particle physics perspective, this implies that the allowed representations for heavy
particles are different for different I'.

In a snapshot, the analysis in appendix A suggests the following four cases, which can
be matched to the discussions in the introduction. In the following equations, N'(R3) and
N (Ry) are respectively the N-alities® for the representations Rz and Re under SU(3). and
SU(2)r, and 6Qy is the generator of U(1)y, with the hypercharge of the left-hand quark
doublet @7 being normalized to 1/6.

1. When I' = 1, all the representations R = (R3, Ro, Qy) of G are allowed. As a trivial
group, the identity always acts trivially on any (Rs, R2,Qy ), hence I' = 1 can never be
excluded.

2. When T" = Z,, all the allowed representations R = (R3, Ra, Qy) have to satisfy the
constraint

N(Rg) = 6Qy mod 2, (3.1)

while R3 can be any representation of SU(3).. This is the condition when Zs acts
trivially on R. Notice that the SM gauge group can also be written as SU(3). x U(2)p,
when I' = ZQ, where U(Q)L = SU(Q)L X U(l)y/Zg

3. When I' = Zg, all the allowed representations R = (Rs, Rz, Qy) have to satisfy the
constraint

N(Rg) == 6Qy mod 3, (3.2)

while Ry can be any representation of SU(2)r. This is the condition when Zs acts
trivially on R. Similar to the previous case, the SM gauge group can also be written as

U(3). x SU(2)g when I' = Z3, where U(3). = SU(3). x U(1)y /Zs.
4. When I' = Zg, both of its nontrivial subgroups Zs and Zs have to act trivially on
R = (R3, R2,Qy), hence both constraints of egs. (3.1) and (3.2) need to be satisfied.

One may also write the SM gauge group as S(U(3). x U(2)), where the group element
e € U(1)y is identified as (e 21343, €™ 19x2) € U(3). x U(2)L.

3N-ality of a representation of SU(N) group equals the number of boxes of the corresponding Young
diagram modulo N.



To elucidate the above results further, we have the following comments.

It is straightforward to check that all the SM fields are invariant under Zg, i.e. they satisfy
both egs. (3.1) and (3.2). For example, one may consider the left-handed quark doublet
Qr ~ (R3, R2,Qy) = (I, [J, 1/6). In this example, 1, transforms as the fundamental (3 + 2)
dimensional representation under S(U(3). x U(2)r). As a side remark, this choice of quantum
numbers is the simplest but not the unique choice.?

In general, one can also use egs. (3.1) and (3.2) to check the examples mentioned in
section 1 on the four scenarios for all possible UV resonances and the corresponding I'. In
particular, a particle in representation R is identified as a Zg exotic when at least one of the
egs. (3.1) and (3.2) is violated. For definiteness, we have only considered the cases where
6Qy are integer-valued in section 1.

When the discrete quotient I' is nontrivial, at least one of the egs. (3.1) and (3.2) is
satisfied, this implies that 6Qy are integer-valued for all the particles in the spectrum.
Consequently, discovering particles with fractional 6Q)y implies that I' must be a trivial
group, i.e. I' = 1. Throughout the paper, we assume the 6Qy charges for all particles to
be rational, such that the gauge group of hypercharge is U(1) rather than R!. In practice,
it is experimentally challenging to distinguish rational versus irrational charges. However,
quantum gravity models do prefer all continuous gauge symmetries to be compact [65].

If the Zg exotics (i.e. BSM particles in representations R not invariant under Zg) are
heavier than the weak scale and there is a decoupling limit, one can integrate them out and
study their IR imprints using SMEFT. In the rest of the paper, we will analyze the patterns
of the effective operators in SMEFT induced by Zg exotic particles in more detail. Our study
is timely since in recent years there has been significant progress in building the dictionary
between the resonances at UV and the effective operators at IR [66-70], and novel methods
and tools to perform EFT matching systematically [59-61, 71-79].

3.2 No Zg exotics in tree-level UV completions

It is easy to realize that Zg exotics cannot appear in any tree-level UV completions of
high-dimensional operators in SMEFT. This result holds for high-dimensional operators of
any mass dimensions, and it follows directly from gauge invariance and the fact that Zg is a
subgroup of G = SU(3). x SU(2) x U(1)y acting trivially on all the SM fields.

Let us consider a high-dimensional operator that can be generated by integrating out
heavy resonances at tree level. Specifically, we may consider a diagram shown in figure. 1,
where all the SM fields are denoted as thin external lines, while heavy resonances are denoted
as thick internal lines. By cutting any thick internal line (which represents a heavy resonance),
the tree diagram in figure. 1 gets divided into two sub-diagrams where the thick line being
cut also becomes an external one. This is to say that the external lines in each sub-diagram
consist of one thick line representing a heavy resonance and some thin lines representing SM
fields. This implies that, in the sub-diagram, the external heavy resonance can decay into
SM particles if its mass is large enough. Since the Zg group already acts trivially on all the

“See e.g. chapter 13 of [64] for pedagogical explanations on the irreducible representations of U(N) and
SU(N) groups. If Qr is not considered as the fundamental representation of U(3). or U(2)r, the smallest
possible hypercharge in the entire theory can be smaller than 1/6 even when the discrete quotient is nontrivial.



Figure 1. An example of the tree diagrams for generating high-dimensional operators of any mass
dimension in SMEFT. The thick internal lines denote the heavy particles responsible for generating
the corresponding effective operator, where all the heavy particles must be Zg invariant.

(a) (b) () (d) () (f) ()

Figure 2. All the relevant one-loop topologies for generating the dim-6 operators up to 4 SM fields
in SMEFT using the off-shell diagrammatic matching. The thick internal propagators represent Zg

non-invariant resonances, i.e. the Zg exotics. Notice that each vertex must contain two Zg exotics due
to the requirement of gauge invariance. The two-point (2-pt) diagrams are relevant as they can be
converted to the Warsaw basis operators with field redefinition [70, 73].

SM fields, it must also act trivially on the heavy resonance due to gauge invariance. Notice
that this result holds for any high-dimensional operators of arbitrary mass dimensions. Of
course, the same result applies to the toy model in section 2 as well.

We refer the readers to [67-69] for concrete examples of heavy particles in tree-level UV
completions of SMEFT. As we can see, all the heavy particles are invariant under the Zg group.

3.3 Zg exotics in one-loop matching

Since heavy Zg exotic particles do not appear in tree-level UV completions of SMEFT, it
is strongly motivated to consider loop-level UV completions. We start the discussions by
illustrating some general features and then discuss two concrete UV models. For concreteness,
we will focus on dimension-six (dim-6) operators in the following. Generalizing the analysis
to operators with higher mass dimensions is warranted.

In figure. 2, we show the corresponding diagrams that are responsible for generating
the dim-6 operators in the Green’s basis [73, 80] up to four SM fields in the matching. We
notice that all the heavy particles running in the loops must be non-invariant under the
Zg group. The reason is that replacing a Zg exotic particle with a Zg-invariant one for any
internal propagator necessarily leads to a vertex involving two or three Zg-invariant particles
and one Zg exotic particle, where the corresponding three-point (3-pt) or four-point (4-pt)
coupling cannot be gauge invariant.



Operators Scalar ¢ Fermion
O3 = fABCGAGBrGH ¢ D (8,1) Y@1Y D (8,1)
Ozw = /KWW Jrw i $©¢D(1,3) v P D (1,3)
Ong = G4, G HYH ¢ ¢ D (8,1) N.A.
Opw = W], WwHTH p®¢D(1,3) N.A.
Owp = BwB"H'H Yy #0 N.A.
Opwp =WL,B"Hic'H | $®¢ D (1,8), Y5 #0 N.A.

Table 1. The necessary conditions for generating the corresponding loop-level generated dim-6 opera-
tors in the Warsaw basis with a single heavy scalar field ¢ or a fermion field ¥. The quantum number
of the gluon is denoted by (8, 1), while that for the W boson is (1,3). ‘N.A’ means the corresponding
operator cannot be generated at the one-loop level with only renormalizable interactions in the UV
models. This motivates us to consider a less minimal model with two Zg exotic heavy fermions.

For definiteness, we will consider minimal models that contain only one Zg exotic heavy
particle. In such a scenario, more constraints can be deduced on the couplings between
the Zg exotic and SM particles. According to the previous discussion, the Zg exotic heavy
particle must appear in conjugate pairs in each vertex in the one-loop diagrams, and the total
hypercharge of the conjugate pair is zero. This implies that the total U(1)y charge of the
SM fields in the vertex must also vanish. For the 3-pt vertices in figure. 2, the SM fields must
be the gauge bosons of SU(3). x SU(2), x U(1)y, whose field strengths {Gﬁy, W;{w By} can
collectively be denoted as F},,. For the 4-pt vertices in figure. 2, the two SM fields must be
HTH, where H is the SM Higgs doublet. Consequently, models with one Zg exotic heavy
particle contribute to the dim-6 Green’s basis operators of the types F3, F2H?, H?FD?,
(DF)2, H*D? and |H|%, among which H?F D?, (DF)? and some of the operators of H*D? will
be converted to the operators of the types F2H?, H3f2, H?f2D, |H|% and f* when reducing
to the Warsaw basis using field redefinitions [73, 80], where f, H, F' and D represent the SM
fermions, the Higgs field, the gauge field strengths, and the covariant derivative, respectively.

For our later discussion, we list in table. 1 the dim-6 operators that can only be generated

at loop level and the possible UV completions with one scalar or one fermion. Obviously, for

A
p

under SU(3),, and similar arguments apply to the gauge field strength tensors Wlfy and B,

a Zg exotic that contribute to Green’s basis operators containing G, it must be charged
for SU(2); and U(1)y gauge groups, respectively.

In the subsequent sections, we will focus on two classes of benchmark models, perform
the one-loop matching, and solve for the quantum numbers of the Zg exotics in terms of
Wilson coefficients. As will be discussed in detail in section 4, this information is crucial

for testing these models with future measurements.

3.4 Minimal model 1: scalar extension

We consider the simplest extension with only one scalar field, denoted as ¢, transforming as a
Zg exotic in a general representation (R3, Rz, Yy) under G = SU(3). x SU(2);, x U(1)y. Since
¢ is not invariant under the Zg subgroup of G, at least one of the egs. (3.2) and (3.1) is not
satisfied. For example, a Zg exotic ¢ can be ((1,01,1/3) under G = SU(3). x SU(2)f x U(1)y.

-8 —



The Lagrangian for this minimal model contains the following terms
L4 D (Dug")(DM6) = M2¢T¢ — Ng(H o H)(6'T"¢) — M (HTH)(91¢),  (3.3)

where the SM Lagrangian and self-interacting quartic terms of ¢ are not explicitly shown,
ol and T! (I = 1,2, 3) are respectively the usual Pauli matrices and the generators for the
SU(2)r representation Ry. In particular, we notice that there is no 3-pt vertex with two
Higgs bosons and one ¢, since this interaction cannot be gauge invariant. Furthermore, there
is no 3-pt vertex with two ¢’s and one Higgs boson, because H is in a half-integer spin
representation of SU(2)y, while there are only integer-spin representations of SU(2)z, in the
decomposition of Ry @ Rs. In principle, there can be 4-pt vertices with three ¢ and one H,
but those terms do not contribute to one-loop matching.

Based on the Lagrangian in eq. (3.3), we leave the quantum numbers of ¢ as undetermined
variables and perform the one-loop matching using the method of covariant derivative
expansion (CDE) [71]. The Wilson coefficients for the bosonic sector operators in Warsaw
basis are obtained as follows:

3 3
g g
6 = misonz M) AIR)s cow = (i w(Re) d(Rs), (34)
2 2
gz g2
cHG = m w(R3) d(R2), cpw = m p(R2) d(R3), (3.5)
27,2
91Y M g192Ys A
CHB = (47_‘_)2% d(R2) d(RS), CHWB = (4171_)22% /’L(RQ) d(R?))a (36)
B 1 ,  giY? 395 |2
CHO = —W ld(RZ)d(RS) <)‘1 + 20 +#(R2)d(R3) 30 - )‘3 ) (3'7)
1 gt
cHp = _Wkgu(Rz)d(Rs) — qu?d(Rg)d(Rg), (3.8)

where d(R;) and p(R;) are the dimensions and the Dynkin indices for the corresponding
representations under SU(3). or SU(2)r,, whose values can be calculated using the formulae in
appendix B. The gauge couplings of SU(3)., SU(2)r,, U(1)y are denoted as g3 2.1, and cyn and
cyp are the Wilson coefficients for the operators Oy = |H|*O|H|? and Oxp = |HD,H|?,
respectively. We also check the above Wilson coefficients using matchete [61].

To facilitate the following discussion, we also present the Wilson coefficients for two

additional four-fermion operators Q2’5" = (eppv"ep,)(€rsYuere) and (’)ﬁmt = (L") (Lsyuly):

91Yy§
Cee = Cog’ = —Wd(&)d(f%), (3.9)
1
ar = G = — o= | gai(Ro)d(Ry) + g1YFd(Ra)d(Rs)| , (3.10)
(47)2240M

where four p in the superscripts indicate that the four flavor indices of the fermions are
the same. OF'*! comes from the conversion of the Green’s basis operator (9,B*")?, while
OZTSt gets contribution from the conversion from the operators (9,B"")? and (DMI/VJV)2 in
the Green’s basis. This also explains why each term is proportional to gauge couplings to
the fourth power, two from the direct matching of the 2-pt amplitude as indicated in the



Representation Solution

y 5 X ¢ — 5(dcgn—cHD)CHD
‘ wRs) _ g
¢(R3a 70) d(R3) —  15gscmncsc
] ;U'(RQ) - SOC%IWC”
¢(+, R2,0) d(Rz2) 225¢2y |93 (4eynten p)—3eu]
) 2 _ 493¢} GCHD w(Rs) _ dchgenp
¢ (R3,-,Yy) Y¢ ~ 45gc2 (4cgo—cup) d(R3) T 45g3c2 cup(dcyn—cup)
5 22
. 9 92CHwEB p(R2) _ 91°awn
¢ (- Ra, Yy) Y¢> __ 15gjcaw(cee—cup) d(R2) —  Bgjcee(cee—cHD)
;,L(Rg) — _ C?‘-IG
é (Rg Ry O) d(R3) 15gscsc (cun—3cu/(492)+cup/4)
) 9y
w(Ry) _ Chrw
d(R2) 15g2caw (cpg—3cu/(4g3)+cap/4)

Table 2. Summary of the solutions to the quantum numbers of ¢.

first diagram in figure. 2, and another two from the conversion of D, F}, using equations
of motion. The same observation also applies to O p, where the second term in eq. (3.8)
is from (9,B")2.

From these observations, one can solve the quantum numbers of ¢ in terms of Wilson
coefficients and gauge couplings:

Y2 = 92Ctwp (3.11)
¢ 15¢%caw(cee — crp)
w(Rs) G2CHG W B (3.12)
= , .
d(R3)  15g5cuBcsw(Cee — CHD)
M(RQ) _ CHWC%{WB (3 13)
d(R2)  15g2cuBc3w (Cee — CHD)

These solutions are valid provided that ¢ transforms non-trivially under all the three gauge
groups. Otherwise, if ¢ is a singlet under SU(2); for example, then csp is zero and it
should not appear in the denominators of the above formulae. Depending on the additional
assumptions on the gauge representations of ¢, one can solve the quantum numbers using
different combinations of Wilson coefficients. For instance, if ¢ is only charged non-trivially
under SU(3),, then the Wilson coefficients csw, cgw, cup, cawp, cap are all zero, and
one can construct the solution p(Rs)/d(R3) as follows:

p(R3) ite
= — . 3.14
d(R3) 15g3cuncsa (3.14)

Depending on the assumptions on the quantum numbers of ¢, we summarize the formulae
for the solutions in table. 2.

3.5 Minimal model 2: fermion extension

We consider the second minimal model with two Dirac fermions which are not invariant under
the Zg group. These two fermions are denoted as 11 2. For models with a single Zg exotic

,10,



Dirac fermion, no renormalizable interaction term can be written down in the Lagrangian
other than the gauge couplings, and we will comment on their SMEFT implications at
the end of this section.

For the model with two Zg exotic Dirac fermions 1)1 2, one can write down the Yukawa
coupling with the SM Higgs doublet when the quantum numbers of the fermions satisfy the
constraints ¢; ® ¢ O (1,2) under SU(3). x SU(2), and Yy, = Yy, + 3. This implies that
the SU(3) quantum numbers of ); and 12 are the same, and their SU(2) quantum numbers
differ by isospin 1/2.> Let us consider the following Lagrangian

Ly Dy (i) — Mi)vhy + (i) — Ma)ha — Ay (1 Hntpo; T + hc.) (3.15)

where H is the SM Higgs field, and for simplicity we neglect the parity-violating term
Yriyse H in this work. Without loss of generality, we consider 1)1 in the spin R representation
of SU(2)L and ¢ in the spin (R2 + 1/2) representation, then I'}; is nothing but the Clebsch-
Gordon coefficient for which we adopt the following normalization condition

ZF” (T) = 6mn. (3.16)

Similar to the scalar model, we perform one-loop matching using the universal one-loop
effective action for heavy fermion fields [75], and we take the assumption M; = My = M
for simplicity. The Wilson coefficients are

93
= - 1/2 1
6 =~ )245M2u(R3)(d(R2) +1/2), (3.17)
_ 92
cow = = Cgrpaopapd(Re) (a(Re) + pu(Bz + 1/2), (3.18)
2 2
CHG = (47;)32|3}ﬁw|2 1(R3), (3.19)
2 2
_ _92|>\1/1| d(R3)
CHW = —(471')2M2 F(Rs), (3.20)
2 2 2 2
_ gt uPd(Rs) [, +1/2)°4Y), 1
CHB = (47) 2012 3 w0l (3.21)
c — (3333 |/\w\2 d(R )y33y33 (3.22)
quqdl - quqdl (47T)25M2 3 u dd > °

where ¢! quqd1 15 the Wilson coefficient for the operator Oquqdl (qpur) €9 (gldy), and y. and yq
are the Yukawa matrices for the lepton and down-type quark sectors. We choose the flavor
indices to be the third-generation ones, since the corresponding Yukawa couplings are the
largest ones. The group theoretical constant F'(Rg) is defined by the following equations:

R R Ro)—c3(R
F(Ry) = | 3 2)‘?566( 2) el 2)4003( 2)] | (3.23)
T3 (T Tl = es(Ra) 7y, (T71) T8 Ty, = ca(Ra)T,,

1 * T 1 m o\ * m
§F%(Fzg‘) {T{, T/ }i = c5(R2)8" 6™, 5 (@T5k) T8 {1, T b = c6(R2) 8" 6, (3.25)

(3.24)

Tmp»

5Another choice is that Yy, = Yy, — %, the corresponding Yukawa coupling becomes —)\w(alﬁ Y2 + h.c.),
where H = io2H.
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dRy) | 1] 2 | 34| 5 |6 |7| 8 | 9 [10] 11|12 13|14
e3(Re) | O | =3 | F |1 |F | 2|2 F|F|3|32|35]4|
am) |1 2 [ F g2 el p ]
s o 42 5o mlaa el w ye
co(Ro) | 3| 2 | 2 |23 | 4 |20 201 38 99| M) 14 |6 | 36

Table 3. Numerical values for the group structure constants cz_g.

where T7 and Ty are the SU(2), generators for 11 and 12 respectively, and =gl /2 are
the generators of the fundamental representation of SU(2)z, and the curly brackets represent
anti-commutators. We illustrate the numerical value of these constants in table. 3. In practice,
we obtain the numerical values of the generator matrices using the package GroupMath [81].
Being different from the scalar model, the fermion model generates the four fermion operators
containing the SM fermion fields of opposite chiralities, i.e. (Gu)e(gd). These operators come
from the conversion of the Green’s basis operator (D2H)T(D?H) using equations of motion.

One can solve for the quantum numbers of 11 and o with the Wilson coefficients and
the couplings in the SM as follows:

33,,33

Yu Yl CHW
F(Ry) = —Judd CHW 3.6
( 2) 59%Cquqd1 ’ ( )
w(Rs)  3Beucydyd® o7
- 2 ) (3 )
d(R3) 5930quqd1
3 3 33,,33
(Y, +1/2)2 + Y3, = — — e Yd CHE (3.28)

40 593 Cquqd

The above formulae do not have singularities as cg,qq1 cannot be zero as long as Ay # 0,
so there is no need for a table akin to the table. 2. Furthermore, one can also solve for
Ry using the Wilson coefficients of the bosonic operators only, and we define the relevant
group theoretical constant G(Rz) as follows:

6F(R2)(d(R2) +1/2)  gacuwese
p(Ro) + pu(Ra +1/2)  gscuaesw

Lastly, we comment on the model with a single Zg exotic fermion. Since there is no

G(Rs) = (3.29)

interaction term at the renormalizable level, the only Green’s basis operators that can be
generated are of the types of F3 and (DF)2. Therefore we have the following formulae for
Wilson coefficients in the Green’s basis from the matching:

3 3
—_ 9 —___ 9

36 = ~ gmyzooape (Fe)d(F2) W = = gmoope B Ee) - (3.30)
N 293 _ 293

€6 = = R15 0 p(R3)d(Rz), W = 1AL p(R2)d(R3) (3.31)
_ 29% 2

CoB — (47‘()215M2 d(Rg)d(Rg)Yw 5 (332)
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where the Wilson coefficients cop are for the operators (D”F W)Q, which can be converted
to four fermion operators and H*D? operators in the Warsaw basis using equations of
motion. It turns out that one cannot obtain a set of solutions for the three quantum numbers
separately. In this case, one can only take the ratios of these Wilson coefficients to eliminate
the heavy scale M.

4 General strategy for probing Zg exotics with SMEFT

In this section, we delineate a comprehensive strategy aimed at probing the aforementioned Zg
exotic models through an analysis of the Wilson coefficients, whose values will be determined
in forthcoming experiments in the future. In general, the information on UV physics is
encoded in the correlations between different Wilson coefficients of the operators in SMEFT.
Our major point is to demonstrate that the quantized (i.e. discrete) nature of SU(3). and
SU(2)1, quantum numbers can serve as pivotal correlations among Wilson coefficients for
probing a class of Zg exotic models.

In the first step, one can determine whether the Zg exotic particle in the hypothesis test
transforms trivially under some SM gauge group factors by finding the exceedingly small
Wilson coefficients from the measurements. Taking the scalar model as an example, if c3q,
CHG, CHB, cagwB and ce. are measured to be exceedingly small but csw, cgw, cap, cano
and ¢y are measured to be nonzero, it indicates that the UV Zg exotic particle may only
be charged non-trivially under SU(2)y..

In the second step, one can check whether the model is excluded using the solutions for
the quantum numbers of Ry and R3 obtained in the previous section. Due to the quantized
nature of Ry and Rs, the value of p(R2)/d(Rs2), u(R3)/d(R3) and F(Ry) are also quantized.
Let us discuss the scalar model first as an example. We show the values of the ratios of the
Dynkin indices and the dimensions for the SU(3). representations in the upper left plot in
figure. 3, and the same for SU(2), representations in the lower left plot in figure. 3. For both
plots, we include the representations by requiring the Landau poles to be larger than 100 TeV,
where we use the one-loop RG equations, and we assume that the mass of the complex scalar
is at 1 TeV and it is either charged under SU(3). or SU(2). Notice that one may push the
Landau poles beyond 100 TeV with additional states in the UV. In general, the scale of the
Landau pole depends on both the SU(3). and SU(2), representations, and we refer readers
to the table. 9 in [82] for a qualitative two-loop running estimation.%

Once a set of Wilson coefficients is measured in future experiments, one can calculate the
combinations of the Wilson coefficients appearing on the right-hand side of the solutions (see
e.g. in table 2), which we call the “measured value” for the quantum numbers of ¢. Suppose
the measured value of (R3)/d(R3) is 0.25 with 10% uncertainty, of which the 20 region is
denoted by the light red band in the upper left plot, one can immediately falsify at 95% CL
the class of UV models realized by a Zg exotic scalar. This is because no dot resides inside this
band. A similar argument can be made for SU(2) representations. In practice, one should
combine the information from the two plots to determine whether the Zg exotic models are
excluded. In the right column of figure. 3, we also plot the relative uncertainties needed for

Note that the masses of multiplets are assumed to be at mz scale in [82]. Also see refs. [83-85] for some
arguments on possible UV safety in the presence of large representations.
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Figure 3. Left column: the ratios of the Dynkin index and dimension of the representation as a
function of the dimension of the representation. The light red region in the upper left plot is the 2¢
band for the hypothetical future measurement centered at 0.25 with 10% relative uncertainty. Right
column: the relative uncertainty needed to exclude the class of UV models realized by one scalar Zg
exotic particle for certain measured values of p(Rs3)/d(Rs) and p(R2)/d(Rs). For the black curves,

we assume a vanishing theoretical uncertainty for the formulae in table. 2. For the orange curves, we

assume a symmetric 5% relative theoretical uncertainty, denoted as o.

exclusion with a specific measured value of p(Rs3)/d(Rs) and p(R2)/d(R2). For example, dips
in the black curve in the upper right plot correspond to the values of u(R3)/d(R3) in the upper
left plot, meaning that when the measured p(R3)/d(Rs3) is close to one of the theoretical
value, we can hardly exclude the class of UV models realized by one Zg exotic scalar.

Similar arguments can be made for the fermion model. In this case, we do not have a
simple solution to u(R2)/d(Rz2), instead we have solutions to F'(Rz) and G(R2). In figure. 4,
we plot the possible values of F'(R2) and G(Rz) versus d(Rz). Again if the measured value
of F(R2) and G(R2) does not include any of the points in the plots within uncertainty,
then one can falsify the benchmark fermionic Zg exotic model. More remarkably, one can
see that the distribution of F(Rj) is similar to that of u(R2)/d(R2), while the value of
G(R2) reaches a plateau as d(R2) increase. Therefore, any measured value of G(Rg) > 2
will immediately exclude the fermionic model.

Here, we comment on the possible theoretical corrections to the formulae for the solutions
of the quantum numbers. There are in general two types of corrections: the RG running of
the Wilson coefficients and the higher loop corrections from matching. We argue that both
of these corrections can be small, because, for Zg exotic UV theories, EFT operators are all
generated at least at one-loop level, while the running effect is generally important when
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Figure 4. Left column: the group theoretical constants F(Ry) and G(R2) as a function of the
dimension of the representation Ry of ¥;. Right column: the relative uncertainty needed to make

an exclusion for a specific measured value of F(Rz) and G(Rz) for different relative theoretical

uncertainties denoted as ot".

some tree-level generated Wilson coefficients contribute to the running of the loop generated
ones. For the two-loop contribution, they should be relatively small as long as the UV model
remains perturbative. We leave a quantitative estimation for future work. Nevertheless, we
demonstrate the impact of theoretical uncertainties (assumed to be 5%) on the required
experimental uncertainties for excluding the models; see the orange curves in the right plots
in figure. 3 and 4. As one can see, the orange curves are lower than the black ones, meaning
smaller experimental uncertainties are needed in general for exclusion, and there are also flat
intervals centered around the theoretically allowed values, indicating the inability to make an
exclusion when the measured center value is within the theoretical uncertainties.

In the third step, if one finds that the measured values of the aforementioned functions
of R3 and Ry (such as u(Rs)/d(R3), etc) indeed cover some of their theoretical predictions in
figure. 3 and figure. 4, then one can use more correlations among the Wilson coefficients to
verify whether the Zg exotic models are indeed realized in nature. In particular, one may find
different solutions to the same quantum numbers involving different sets of Wilson coefficients.
For example in the scalar model, p(R3)/d(Rs3) can be solved as follows with only the Wilson
coefficients of pure bosonic operators (but without using those of the four-fermion operators)
if ¢ transform non-trivially under all the three gauge group factors:

p(R3) _ 592CSGC%[WB2>\%
d(R3) 2cswenpgs(capg? + Seap)

_ 93CHG _ 92CHW

ith Ay = - 41
A = s e 1bcaw (4.1)
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If the results obtained from different formulae match, then it will be strong evidence for the
UV realized by the Zg exotic with Lagrangian in eq. (3.3). For the fermionic model, the
consistency between the values of the measured F'(R2) and G(Rz2) can also be a sign of the
UV model realized by the Zg exotic fermions as in eq. (3.15). A systematic way to find all
possible solutions to the same quantum numbers will be explored in future work.

In the last step, after fixing the possible values of Ro and R3, one should use the formulae
in the previous section to determine the “measured values” of the hypercharges Yy . After
that, one can use the criteria in eq. (3.2) and (3.1) to determine whether the heavy particles
transform as Zg exotics.

5 Non-decoupling scalars

There is another class of minimal BSM extensions where the new particles cannot decouple
from the weak scale. This happens when there are additional sources of EWSB other than
the SM Higgs doublet. In this section, we aim to understand whether the scalars triggering
EWSB can be Zg exotic. Notice that SMEFT cannot be used when the new particles do
not decouple from the weak scale. We refer the readers to e.g. [86, 87] for more discussions
on the non-decoupling nature of the scalars triggering EWSB.

To avoid breaking SU(3), at the weak scale, these scalars are singlets under SU(3)., which
implies that N'(R3) = 0 in eq. (3.2). Nevertheless, they can be in nontrivial representations
(R2,Qy) under SU(2)r x U(1l)y. It is convenient to label Ry using the spin j of the
corresponding representation under SU(2);, and the N-ality N (Rz) = 2j, where j is an
integer or half-integer.

Let us consider the most general EWSB sector without assuming custodial symmetry. The
scalars that we are interested in are classified in representations (j, Qy) under SU(2)r, x U(1)y.
In the gauge eigenstate, one has the general kinetic terms

Lin = Y ci| D'l (5.1)

(2

where ¢; = 1 for complex scalars, ¢; = % for real scalars, and the index ¢ runs over all the
flavors of scalars. To trigger EWSB (but without breaking U(1)gy), there must exist an
electric neutral component in each ¢; with a non-vanishing vacuum expectation value, this
implies that the quantum numbers (j, Qy) are subject to the constraints as

-7 <Qy <j and i+ Qy €Z. (5.2)

The reason is that j + Qy gives the largest possible electric charge for a component in the
EW multiplet, which needs to be a positive integer. Moreover, —j + Qy gives the lowest
possible electric charge, which is automatically integer-valued if j + Qy is already an integer,
and it has to be negative to accommodate an electric neutral component. From eq. (5.2), we
see that (Jy has to be an integer when j is an integer, and )y is a half-integer when j is
a half-integer. Consequently, eq. (3.2) is automatically satisfied since

0 =6Qy mod 3, (5.3)
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where we have used the fact that Qy is either an integer or a half-integer. Furthermore,
eq. (3.1) is also satisfied because

2j —6Qy =2(j — Qy) —4Qy =0 mod 2, (5.4)

where we have used the fact that j — @)y is an integer and 0 = 4Qy mod 2. Hence these
scalars cannot be Zg exotics.

To summarize, the scalars triggering EWSB must be invariant under the Zg subgroup
of G = SU(3). x SU(2)L x U(1)y, i.e. these particles cannot be Zg exotics. This is because
the scalar multiplet must contain an electric neutral component. (For the same reason, the
EW multiplets in all the minimal dark matter models are Zg invariant. See e.g. [88] and
the references therein for concrete examples.) Finally, we close this section by giving some
concrete examples of the scalars in the EWSB sector. In our notation of (j,Qy), the SM
Higgs doublet is (%, %), the real and complex triplets in Georgi-Machacek Model [89] are
(1,0) and (1,1), and a Higgs septet [90] has quantum numbers (3,2). All these scalars are
invariant under the Zg group, cf. egs. (3.2) and (3.1).

6 Discussions and outlook

As particle phenomenologists motivated by generalized symmetries, we reconsider the precise
form of the SM gauge group, which has important implications for the allowed representations
of the heavy particles in the UV. At the intuitive level, there are natural connections between
heavy particles, Wilson line operators with one-form global symmetries acting on them, and
high dimensional operators induced at IR. Since the Wilson lines can be screened by creating
particle-antiparticle pairs from the vacuum, the line operators are only well-defined below the
mass threshold of the heavy particles. Saying it differently, there is electric one-form global
symmetry acting on the Wilson lines at low energy, but the electric one-form symmetry is
explicitly broken above the mass threshold of heavy particles. Hence, measuring the mass
scale at which the lightest Zg exotic particle appears is just measuring the scale at which
the corresponding electric one-form symmetry gets explicitly broken.

To determine what is the SM gauge group, we study the heavy particles not invariant
under the Zg subgroup of SU(3). x SU(2)r x U(1)y, i.e. the Zg exotics, from the perspective
of SMEFT. Our main results can be summarized as follows.

¢« We demonstrate that the Zg exotics cannot appear in tree-level UV completions of
SMEFT in weakly coupled theories. This result is consistent with all the examples
in [67-69].

¢ At the one-loop level, we demonstrate a strategy to examine the UV models involving
Zg exotics. The idea is to extract the quantum numbers of heavy particles from
the Wilson coeflicients, and the formulae of which can be obtained if one leaves the
quantum numbers of the UV particle as undetermined variables during matching. Our
analysis gives stronger motivation for studying one-loop matching in SMEFT, since it
is mandatory to identify the Zg exotic particles and hence to determine the SM gauge
group. A systematic study of the loop-level dictionary between the Wilson coefficients
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of the high dimensional operators and UV models involving Zg exotic particles is
warranted.

e When the heavy particles do not satisfy the decoupling limit, SMEFT cannot be used.
In this class of non-decoupling models, we prove that all the scalars that can trigger
electroweak symmetry breaking cannot be Zg exotic. This justifies the quantum number
of the SM Higgs doublet.

There are a few future directions.

e The spectrum of the allowed representations for Zg exotic particles is extremely broad.
If these particles have a decoupling limit and they are much higher than the weak
scale, SMEFT serves as a universal tool to probe these particles. However, when the
mass is small, the search strategy can vary depending on the specific quantum numbers
of Zg exotic particles. A better understanding is needed for determining the optimal
model-independent strategy for searching the light Zg exotic particles.

In the presence of very light Zg exotic particles, the corresponding Wilson lines are
screened. Saying it differently, the corresponding electric one-form symmetry is explicitly
broken above the mass threshold of light Zg exotic particles.

e We notice that the lightest Zg exotic particle is a cosmologically stable relic. As we
discussed in section. 5, if it is a SU(3),. singlet then it must contain electric charge and
thus is strongly constrained by the direct terrestrial search experiments [14] and multiple
cosmological observations (e.g. CMB anisotropy and matter power spectrum) due to
their interaction with ordinary baryons in the early universe [91-95]. On the other
hand, if the lightest Zg exotic is charged under SU(3)., then it will form into hadrons
after the QCD phase transition. Such exotic hadrons also receive very tight constraints
from various astrophysical considerations [96-100]. Therefore, to avoid overproduction
in the early universe, one expects the reheating temperature to be much smaller than
the mass of those Zg exotics, unless there is a mechanism to enhance their annihilation
rates. This implies a lower bound on the masses of the Zg exotics, because the reheating
temperature cannot be lower than the characteristic temperature of the Big Bang
Nucleosynthesis. See e.g. [28] for a related study on milli-charged particles. While most
of the aforementioned cosmological and astrophysical bounds on the relic abundance
of electrically charged particles apply to a mass range from sub-MeV to O(100) GeV,
bounds for Zg exotics of multi-TeV scale remain to be explored. Furthermore, the
studies on the interactions of the hadrons formed by colored massive stable particles
are still preliminary [101-105], and a more quantitative study will help to determine
the bounds on the reheating temperature, the masses, and the representations of the
Zg exotic particles.

o It is certainly warranted to investigate the phenomenology of Zg exotic particles at future
colliders. The current constraints on the mass of stable color singlet charged particles are
around 1 ~ 2 TeV for integer charged particles [29], and around 600 GeV for fractionally
charged particles [26], and both of them rely on the characteristic ionization energy loss
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dE/dz in the detector to discriminate signal events from backgrounds. On the other
hand, for colored Zg exotic, there are large uncertainties in the modeling of parton
shower and hadronization processes, and the modeling of exotic hadron interaction with
detectors as well. In the future, one might be interested in analyzing the prospective
sensitivity for probing Zg exotics in various proposed collider experiments, such as the
muon collider.

As shown in literature, generalized symmetry is a powerful tool that leads us to develop
a more coherent, unified, and deeper understanding of various known physics across many
frontiers. This work is another piece of this kind. However, we are optimistic that eventually
generalized symmetries can offer striking new solutions to the outstanding problems in
particle physics.
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Note added. When this work is finalized, a similar work [106] appears on arXiv. Although
the motivation is similar, we focus more on the implications of the heavy Zg exotics in SMEFT
and emphasize the importance of loop-level matching to probe the Zg exotic particles. After
our paper was posted on arXiv, another paper [107] appeared, which discusses fractional-
charged particles from a complementary perspective.

A Review on the Zg group and how it acts on the particles

Al T =17

In this appendix, we review how the Zg subgroup of G = SU(3). x SU(2);, x U(1)y acts
on the field in representation (Rs3, Rz, Qy) of G.
The Zg subgroup has 6 group elements {a, a2, a3, at,a’ ob = 1}, where

o = (6%13X3, em]lgxg, 6%) s (Al)

and it acts on a field in the representation (Rs, R2,Qy) as

) ) [ N(R3) , N(Rg)
Un(Rs. Ry, Qy) = ¢ SN R+ (Ra)+ 254(6Qy) _ 2 MGG o) . (A2
where N (R3) and N (R3) are the numbers of boxes of the Young diagrams for the SU(3).
representation R3 and the SU(2)y, representation Ra, respectively. The generator of U(1)y is
taken to be 6@y which has to be integer-valued. Notice that this choice for the normalization of
the hypercharge is motivated by the fact that the left-handed quark doublet has charge +1/6.
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The group element « acts trivially on (R3, Ra, Qy) when U, (Rs, Re,Qy) = 1, i.e.

N(R N(R
(3 3) 4 (2 2) L oy ez (A.3)
One can rewrite N (R3) = 6Qy + = and N (Ry) = 6Qy + y, where x and y are also integer-

valued. Then eq. (A.3) becomes

x
3
which implies x = 0 mod 3 and y = 0 mod 2. Consequently, we obtain the quantization

60y + +%EZ, (A.4)

conditions for Zg acting trivially on (R3, Re, Qy):

N(R3) = 6Qy mod 3, (A.5)
N(R3) = 6Qy mod 2. (A.6)

It is easy to check that all the SM fields satisfy these conditions, hence Zg acts trivially.

A2 T =173

Similarly, one can work out the quantization condition for Zs acting trivially on (Rs, Rz, Qy ).

4

As a subgroup of Zg, Z3 has 3 group elements {a?, a*, a% = 1}, where the group element

a? acts on (Rs3, R2,Qy) as

_ v (N (Ry)
U,z (Rs, R, Qy) = ¢ 5 N (Ra)+2miN (Ro)+ 3 (6Qy) _ 62’”< o +2QY) . (A.7)

Hence Zs acts trivially on (Rs, R2,Qy) when U,2(Rs3, R2,Qy) = 1, i.e.

P | agy ez (A8)

Using the parametrization N'(R3) = 6Qy + x with x being integer-valued, one obtains z =
0 mod 3. Consequently, the quantization condition for Zs acting trivially on (Rs, Ra, Qy) is:

N (R3) = 6Qy mod 3, (A.9)
while Ry can take any irreducible representation of SU(2)y.
A3 T'=2%Z

At last, we work out the quantization condition for Zs to act trivially.
As a subgroup of Zg, Zs has 2 group elements {a®,a% = 1}, where the group element
o acts on (Rs3, R2,Qy) as

) [ N(Rg)
U,s (Rg, Ro, QY) _ 6%N(R3)+3m/\/’(R2)+ﬂ(6QY) — 627”( > +3QY> . (A]_O)
Hence Zgy acts trivially on (Rs, R2, Qy) when U,3(Rs3, R2,Qy) = 1, i.e.
R
N(22) +3Qy €7Z. (A.11)

Using the parametrization N'(Rs) = 6Qy + y with y being integer-valued, one obtains y =
0 mod 2. Consequently, the quantization condition for Zs acting trivially on (Rs, Ra, Qy) is:

N(RQ) = 6Qy mod 2, (A.12>

while R3 can take any irreducible representation of SU(3)..
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B Analytical expressions for Dynkin indices and dimensions

If we use the numbers of boxes in each row [l1,l2] and [I] of the Young diagrams to represent
the irreducible representations of SU(3). and SU(2)r, we have the following formulae for
the Dynkin indices p(R;) and the dimensions d(R;):

i(lls, o)) = =@+ 1) (1 + 1 — ) (1 + o)

48
(124113 —1y) +12), (B.1)
d([ir, o)) = %(2 FIA 41— )1 + 1), (B.2)
u(ll) = 510+ 1)L+ 2), (B.3)
d(ll]) = 1+ 1. (B.4)
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