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Introduction 1
Monte Carlo methods have their roots in the 1940s and are closely associated
with mathematician Stanisław Ulam. While recovering from an illness, Ulam
was playing solitaire and pondering the probability of winning a particular
card game. He realized that instead of attempting a combinatorial analysis, he
could simulate numerous random games to estimate the probability of win-
ning. This insight laid the groundwork for Monte Carlo methods. Collabo-
rating with John von Neumann and others, Ulam formalized these ideas, and
the method was named "Monte Carlo" after the famous casino in Monaco,
reflecting the element of chance and randomness inherent in the approach
(Eckhardt, 1987; Metropolis, 1987). Monte Carlo methods are mainly used in
three distinct problem classes: optimization, numerical integration, and gen-
erating draws from a probability distribution. This thesis focuses specifically
on the integration problem.

Monte Carlo integration is a powerful numerical technique used to ap-
proximate definite integrals. It works by randomly sampling points within
the integration domain and averaging function evaluations over these points.
Unlike methods that follow predetermined steps, Monte Carlo integration re-
lies on randomness that allows it to estimate integrals in situations where
deterministic techniques struggle, particularly in high-dimensional spaces.
This method is widely used in fields like physics, finance, and engineering
for its flexibility and ability to handle complex integrals efficiently.

The primary objective of this thesis is to enhance the Monte Carlo in-
tegration method by means of variance reduction techniques. Specifically,
our focus is on the method of control variates, introduced in Section 1.2.1.
Additionally, during our research, we explored another variance reduction
technique called adaptive importance sampling, as presented in Section 1.2.2,
and further examined its combination with control variates. Besides, we in-
troduce the techniques of nearest neighbors in Section 1.3 and random forests
in Section 1.4, which we further employ for constructing the control variates.

The motivation for using the method of control variates is that it is par-
ticularly well-suited to handle a large number of integrands simultaneously.
This is because the quadrature weights and points used in the control-variate
enhancedMonte Carlomethod are independent of the specific integrand. This
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2 Chapter 1. Introduction

independence implies that theseweights and points need to be calculated only
once and can then be applied uniformly across all integrands. For example,
in Bayesian inference, particularly when dealing with models that involve
multiple parameters, control variates are instrumental in computing poste-
rior expectations efficiently. Each parameter in the model can be considered
as a component of the vector of integrands. However, when dealing with a
whole family of functions to be integrated simultaneously, the challenge lies
in uniformly controlling the integration error across all integrands.

Over the past years, numerous research studies have been conducted on
the method of control variates. In Portier and Segers (2019), a central limit
theorem is established for the integration error when the number of control
variates tends to infinity. Both Mira et al. (2013) and Oates et al. (2017) focus
on Stein control variates using the derivatives of the log target. While the
construction of control variates in Mira et al. (2013) is based on a parametric
class of polynomials, Oates et al. (2017) proposes a non-parametric extension
of control variates. In Leluc et al. (2021) and South et al. (2023), the authors
employ regularization for control variate selection. In Wan et al. (2020), con-
trol variates are proposed to be constructed with neural networks.

1.1 Naive Monte Carlo

Let 𝑓 ∈ 𝐿2(𝜇) be a square integrable, real-valued function on a probability
space (𝒳,ℱ, 𝜇) of which we would like to calculate the integral

I(𝑓 ) =
∫
𝒳

𝑓 (𝑥)d𝜇 (𝑥). (1.1)

Also, the integral above is the expectation of the function 𝑓 with respect to
the probability measure 𝜇, i.e., E𝜇 [𝑓 ] = I(𝑓 ).

The naive Monte-Carlo estimator of I(𝑓 ) based on independent random
variables 𝑋1, . . . , 𝑋𝑛 taking values in 𝒳 and with common distribution 𝜇 is

I𝑛 (𝑓 ) =
1
𝑛

𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) . (1.2)

According to the law of large numbers, this estimator converges to the real
value of the integral with probability one, i.e., for any positive number 𝜖 ,

lim
𝑛→∞

P ( |I𝑛 (𝑓 ) − I(𝑓 ) | < 𝜖) = 1.

In addition, it is unbiased, which means that E𝜇 [I𝑛 (𝑓 )] = I(𝑓 ). Moreover, by
the central limit theorem, the Monte Carlo integration error I𝑛 (𝑓 ) − I(𝑓 ) is
asymptoticallyN(0, 𝜎2(𝑓 )𝑛−1) distributed, where𝜎2(𝑓 ) = E𝜇

[
(𝑓 − E𝜇 [𝑓 ])2] .
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Example 1.1 (Molenberghs and Verbeke (2000)). Consider a possible appli-
cation of the Monte Carlo integration method for inference on linear mixed
models. These models are extensively used in longitudinal studies to analyze
repeated measurement data, such as monitoring the progression of diseases
over time or assessing the effectiveness of treatments.

A linear mixed model is given by

𝑌𝑖 = 𝑋𝑖𝛽 + 𝑍𝑖𝑏𝑖 + 𝜀𝑖 ,

where 𝑌𝑖 is the 𝑛𝑖-dimensional response vector for subject 𝑖 , 1 ≤ 𝑖 ≤ 𝑁 ,
𝑁 is the number of subjects, 𝑋𝑖 and 𝑍𝑖 are (𝑛𝑖 × 𝑞) and (𝑛𝑖 × 𝑑) dimensional
matrices of known covariates, 𝛽 is a𝑞-dimensional vector containing the fixed
effects, 𝑏𝑖 is the𝑑-dimensional vector containing the random effects with zero
mean and (𝑑 × 𝑑) covariance matrix 𝐷 , and 𝜀𝑖 is an 𝑛𝑖-dimensional vector of
error components with zero mean and (𝑛𝑖 × 𝑛𝑖) covariance matrix Σ𝑖 . For
instance, if 𝑏𝑖 ∼ N(0, 𝐷) and 𝜀𝑖 ∼ N(0, Σ𝑖), and 𝑏𝑖 and 𝜀𝑖 are independent,
then 𝑌𝑖 | 𝑏𝑖 ∼ N(𝑋𝑖𝛽 + 𝑍𝑖𝑏𝑖 , Σ𝑖).

The integration problem inherent to this model is to obtain the marginal
density function of 𝑌𝑖 , which is given by

𝑝 (𝑦𝑖) =
∫

𝑝 (𝑦𝑖 | 𝑏𝑖)𝑝 (𝑏𝑖)d𝑏𝑖 ,

where 𝑝 (𝑦𝑖 | 𝑏𝑖) and 𝑝 (𝑏𝑖) are the density functions of 𝑦𝑖 | 𝑏𝑖 and 𝑏𝑖 . The in-
tegral above is an important component in the construction of the likelihood
function, which in turn is necessary for estimating unknown coefficients 𝛽 .

Example 1.2 (Glasserman (2004)). Another possible application of theMonte
Carlo integration method is the calculation of the expected present value of
the payoff of a European call option on a stock. This type of option gives the
holder the right to buy an underlying asset, e.g., a stock, at a specified strike
price 𝐾 on a specified expiration date𝑇 . Let 𝑆 (𝑡) denote the price of the stock
at time 𝑡 . The payoff of the call option at time 𝑇 is

(𝑆 (𝑇 ) − 𝐾)+ = max{0, 𝑆 (𝑇 ) − 𝐾}.

To get the present value of this payoff we multiply by a discount factor 𝑒−𝑟𝑇 ,
with 𝑟 a continuously compounded interest rate. We denote the expected
present value by E

[
𝑒−𝑟𝑇 (𝑆 (𝑇 ) − 𝐾)+

]
, which is the integral of interest.

The evolution of the stock price is described by the Black–Scholes model.
According to this model, the terminal stock price is represented as

𝑆 (𝑇 ) = 𝑆 (0) exp
(
(𝑟 − 𝜎2/2)𝑇 + 𝜎

√
𝑇𝑍

)
,
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where 𝜎 is the volatility of the stock and 𝑍 is a standard normal random
variable.

For a European call option, the payoff is relatively straightforward, de-
pending solely on the underlying asset’s price at maturity. However, when
pricing exotic options, such as Asian or barrier options, using naive Monte
Carlo, computational challenges arise due to their complex payoff structures
and path dependency. For instance, the payoff of an Asian option depends
on the average of the underlying asset’s price over a certain period, rather
than just its price at maturity. This requires simulating the entire path of the
underlying asset over time, not just its terminal value, which increases the
computational load. Additionally, the payoff distribution of Asian options
can exhibit higher variance due to the averaging process, causing the stan-
dard Monte Carlo method to converge more slowly to the true option price.

Example 1.3 (Kolouri et al. (2019)). The naive Monte Carlo method can also
be applied in the domain of optimal transport, which focuses on measuring
the distance between probability distributions. Let, for 𝒴 ⊆ R𝑑 , P(𝒴) de-
note the set of probability measures supported on𝒴 and let 𝑝 ∈ [1,∞). The
Wasserstein distance of order 𝑝 between 𝑃,𝑄 ∈ P(𝒴) is

𝑊
𝑝
𝑝 (𝑃,𝑄) = inf

𝜋∈Π (𝑃,𝑄 )

∫
𝒴×𝒴

∥𝑥 − 𝑦∥𝑝 d𝜋 (𝑥,𝑦),

where Π(𝑃,𝑄) ⊂ P(𝒴 × 𝒴) denotes the set of couplings for (𝑃,𝑄), i.e.,
probability measures whose marginals with respect to the first and second
variables are 𝑃 and 𝑄 respectively. This distance suffers from a high compu-
tational cost. However, the Sliced-Wasserstein distance overcomes this issue
by introducing the concept of slicing the probability distributions onto a hy-
persphere, enabling more computationally efficient calculations.

Let S𝑑−1 = {𝜃 ∈ R𝑑 : ∥𝜃 ∥ = 1} be the unit sphere inR𝑑 and for𝜃 ∈ S𝑑−1 let
𝜃★ : R𝑑 → R denote the linear map 𝜃★(𝑥) = ⟨𝜃, 𝑥⟩ for 𝑥 ∈ R𝑑 . Let 𝜇 denote
the uniform distribution on S𝑑−1, that is, the normalized volume measure.
The Sliced-Wasserstein (SW) distance of order 𝑝 based on 𝜇 is defined for
𝑃,𝑄 ∈ P(𝒴) as

𝑆𝑊
𝑝
𝑝 (𝑃,𝑄) = E𝜃 [𝑊 𝑝

𝑝 (𝜃★# 𝑃, 𝜃★#𝑄)] =
∫
S𝑑−1

𝑊
𝑝
𝑝 (𝜃★# 𝑃, 𝜃★#𝑄) d𝜇 (𝜃 ), (1.3)

where𝑔#𝜉 is the push-forwardmeasure of 𝜉 ∈ P(R𝑑 ) by ameasurable function
𝑔 on R𝑑 . For 𝜃 ∈ S𝑑−1, the measures 𝜃★# 𝑃 and 𝜃★#𝑄 are the distributions of the
projections ⟨𝜃, 𝑋 ⟩ and ⟨𝜃,𝑌 ⟩ of random vectors 𝑋 and 𝑌 with distributions 𝑃
and 𝑄 , respectively. The integral in Eq. (1.3) is the integral of interest.
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The SW distance finds an application in image classification problems,
particularly when used in combination with Kernel SVM. Support Vector Ma-
chine (SVM) is a powerful supervised learning algorithm used for classifica-
tion tasks. It works by finding the optimal hyperplane that separates data
points of different classes with the maximum margin. However, in many
cases, the data is not linearly separable in the original feature space. This
is where Kernel SVM becomes necessary.

A kernel function allows SVM to operate in a transformed feature space,
where the data might become linearly separable. The kernel function implic-
itly maps the input data into a higher-dimensional space without requiring
explicit computation of this mapping, enabling the SVM to find a suitable
hyperplane even in complex, non-linear cases.

The SlicedWasserstein Kernel (Kolouri et al., 2016) is a good choice for im-
age classification because it effectively captures the detailed structures within
images, which traditional linear or polynomial kernels might miss. By using
the Sliced Wasserstein distance, this kernel compares images in a way that
matches their natural structure, making it especially good for handling com-
plex image data.

However, a challenge arises because computing the SW distance using
the standard Monte Carlo method can be computationally intensive, espe-
cially when dealing with large datasets or high-dimensional images. This
computational burden is due to the need for multiple projections and pair-
wise distance calculations, which can significantly increase processing time
and resource requirements.

1.2 Variance reduction techniques

Despite the fact that Monte Carlo integration offers an effective method for
estimating complex integrals using random sampling, it may face difficulties
when dealing with functions that have high variance or it may exhibit slow
convergence. In such cases, standard Monte Carlo integration may require a
large number of samples to achieve acceptable accuracy, which can be compu-
tationally expensive and time-consuming. Variance reduction techniques are
essential in these situations to improve the efficiency and precision of Monte
Carlo integration. They enable more accurate integral approximations to be
obtained with fewer samples. This not only speeds up the computation but
also enhances the reliability of the results.
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1.2.1 Control variates

The concept behind control variates involves utilizing auxiliary functions
𝜑1, . . . , 𝜑𝑚 , for which the integrals I(𝜑 𝑗 ) =

∫
𝒳
𝜑 𝑗 (𝑥)d𝜇 (𝑥), 𝑗 = 1, . . . ,𝑚, are al-

ready known. Without loss of generality, assume I(𝜑 𝑗 ) =
∫
𝒳
𝜑 𝑗 (𝑥)d𝜇 (𝑥) = 0

for all 𝑗 = 1, . . . ,𝑚. For every column vector 𝛽 ∈ R𝑚 , we have I(𝑓 ) =

I(𝑓 − 𝛽⊤𝜑), where 𝜑 = (𝜑1, . . . , 𝜑𝑚)⊤. Then we obtain an unbiased estimator
of I(𝑓 ) as follows

I(cv)
𝑛 (𝑓 , 𝛽) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) − 𝛽⊤𝜑 (𝑋𝑖)

]
. (1.4)

The variance of the estimator above is equal to𝑛−1𝜎2(𝑓 −𝛽⊤𝜑). Byminimizing
it over 𝛽 , we obtain an oracle coefficient vector

𝛽★ = I(𝜑𝜑⊤)−1I(𝜑 𝑓 ) . (1.5)

Hence, the minimal asymptotic variance is

𝜎2(𝑓 − 𝛽⊤★𝜑) = 𝜎2(𝑓 ) − I(𝑓 𝜑⊤)I(𝜑𝜑⊤)−1I(𝜑 𝑓 ) ≤ 𝜎2(𝑓 ). (1.6)

In practice, 𝛽★ in (1.5) is unknown and needs to be estimated. Any estimator
𝛽 of 𝛽★ produces a control variate estimator

I(cv)
𝑛 (𝑓 ) = I(cv)

𝑛 (𝑓 , 𝛽) = 1
𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) − 𝛽⊤𝜑 (𝑋𝑖)

]
. (1.7)

As soon as 𝛽 𝑑→ 𝛽★, we have according to Theorem 1 in Glynn and Szechtman
(2002) the minimal asymptotic variance in the limit,

√
𝑛

(
I(cv)
𝑛 (𝑓 ) − I(𝑓 )

)
𝑑→ N(0, 𝜎2(𝑓 − 𝛽⊤★𝜑)), 𝑛 → ∞. (1.8)

Ordinary least squares estimator. There exist multiple options to estimate
𝛽★ = I(𝜑𝜑⊤)−1I(𝜑 𝑓 ) (Glynn and Szechtman, 2002). The more common esti-
mator is

𝛽OLS
𝑛 = 𝐺−1

𝑛 {I𝑛 (𝑓 𝜑) − I𝑛 (𝑓 )I𝑛 (𝜑)} , (1.9)

where 𝐺𝑛 = I𝑛 (𝜑𝜑⊤) − I𝑛 (𝜑)I𝑛 (𝜑⊤) is the empirical covariance matrix of the
control variates. The resulting ordinary least squares Monte Carlo estimator
is

𝛼OLS
𝑛 = I(cv)

𝑛 (𝑓 , 𝛽OLS
𝑛 ) = I𝑛 (𝑓 ) −

{
I𝑛 (𝑓 𝜑⊤) − I𝑛 (𝑓 )I𝑛 (𝜑⊤)

}
𝐺−1
𝑛 I𝑛 (𝜑) . (1.10)
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The terminology originates from the well-known property (Glasserman,
2004) that

(𝛼OLS
𝑛 , 𝛽OLS

𝑛 ) = arg min
𝑎∈R,𝑏∈R𝑚

𝑛∑︁
𝑖=1

(
𝑓 (𝑋𝑖) − 𝑎 − 𝑏⊤𝜑 (𝑋𝑖)

)2
, (1.11)

The identity (1.11) arises from the normal equations in the multiple linear
regression model

𝑓 (𝑋𝑖) = 𝛼 + 𝛽⊤★𝜑 (𝑋𝑖) + 𝜀𝑖 , 𝑖 = 1, . . . , 𝑛, (1.12)

with dependent variable 𝑓 (𝑋𝑖), explanatory variables 𝜑1(𝑋𝑖), . . . , 𝜑𝑚 (𝑋𝑖) and
errors 𝜀𝑖 . The variance of the errors is equal to the asymptotic variance of the
ordinary least squares Monte Carlo estimator I(𝜀2) = 𝜎2(𝑓 − 𝛽⊤★𝜑).

Example 1.4 (Portier and Segers (2019)). Consider the integration problem
on [−1, 1] with respect to the uniform distribution 𝜇. Let 𝑓 be 𝑘 +1 times con-
tinuously differentiable for some integer 𝑘 ≥ 1. In this case, a natural choice
of control variates is the Legendre polynomials, as they are orthogonal on
[−1, 1] with respect to the uniform distribution. Specifically, let 𝜑 𝑗 = 𝐿 𝑗 ,
where 𝐿 𝑗 is the Legendre polynomial of degree 𝑗 for 𝑗 = 1, . . . ,𝑚𝑛 . We con-
sider the set-up where the number of control variates𝑚𝑛 grows with 𝑛, but
not too fast. In this specific situation, the condition 𝑚𝑛 = o(𝑛1/3) must be
satisfied. Then, the convergence rate of 𝛼OLS

𝑛 is O(𝑚−𝑘−1/2
𝑛 𝑛−1/2), which is

faster than the rate of the naive Monte Carlo method, with the acceleration
depending on the smoothness of the integrand.

1.2.2 Importance sampling

Importance sampling refers to a collection of Monte Carlo methods where
a mathematical expectation with respect to a target distribution is approxi-
mated by aweighted average of random draws from another distribution, par-
ticularly useful when direct sampling from the target distribution is difficult,
expensive, or computationally infeasible. Let 𝑝 (𝑥) be a probability density on
𝒳 ⊆ R𝑑 and suppose we wish to compute an expectation I(𝑓 ) = E𝑝 [𝑓 ], with

I(𝑓 ) =
∫
𝒳

𝑓 (𝑥)𝑝 (𝑥)d𝑥 .

Then for any probability density 𝑞(𝑥), s.t. 𝑞(𝑥) > 0 whenever 𝑓 (𝑥)𝑝 (𝑥) ≠ 0,
one has

I(𝑓 ) = E𝑞 [𝑤𝑓 ] =
∫
𝒳

𝑤 (𝑥) 𝑓 (𝑥)𝑞(𝑥)d𝑥, 𝑤 (𝑥) = 𝑝 (𝑥)
𝑞(𝑥) .
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Therefore, a sample of independent draws 𝑋1, . . . , 𝑋𝑛 from 𝑞(𝑥) can be used
to estimate I(𝑓 ) by

I(is)𝑛 (𝑓 ) = 1
𝑛

𝑛∑︁
𝑖=1

𝑤𝑖 𝑓 (𝑋𝑖), 𝑤𝑖 =
𝑝 (𝑋𝑖)
𝑞(𝑋𝑖)

. (1.13)

From Theorem 9.1 in Owen (2013), E𝑞
(
I(is)𝑛 (𝑓 )

)
= I(𝑓 ) and Var𝑞

(
I(is)𝑛 (𝑓 )

)
=

𝜎2
𝑞/𝑛 with

𝜎2
𝑞 =

∫
𝒳

(𝑓 (𝑥)𝑝 (𝑥))2

𝑞(𝑥) d𝑥 − I(𝑓 )2 =

∫
𝒳

(𝑓 (𝑥)𝑝 (𝑥) − I(𝑓 )𝑞(𝑥))2

𝑞(𝑥) d𝑥 .

In many applications the density 𝑝 (𝑥) is known only up to a normalizing
constant. In this case one replaces (1.13) with the normalized estimator

I(is)norm(𝑓 ) =
∑𝑛
𝑖=1𝑤𝑖 𝑓 (𝑋𝑖)∑𝑛

𝑖=1𝑤𝑖
. (1.14)

Theorem 9.2 in Owen (2013) shows that P
(
lim𝑛→∞ I(is)norm(𝑓 ) = I(𝑓 )

)
= 1.

Example 1.5 (Owen (2013)). Importance sampling can be used to estimate
the probability of a rare event. Let’s consider computing the probability that
a random walk with negative drift and starting at zero reaches the level 𝑏 > 0
before reaching the level 𝑎 ≤ 0. Suppose 𝑋 𝑗 are independent and identically
distributed random variables with density 𝑝 having negative mean and sat-
isfying P(𝑋 > 0) > 0. Let 𝑆0 = 0, and for 𝑚 ≥ 1, let 𝑆𝑚 =

∑𝑚
𝑗=1𝑋 𝑗 . The

process 𝑆𝑚 is a random walk starting at 0, taking 𝑝-distributed jumps, and𝑀
represents the first time, after 0, that the process is outside the interval (𝑎, 𝑏].
The desired quantity P(𝑆𝑀 > 𝑏) gives the probability that at the time of the
first exit from (𝑎, 𝑏], the random walk is positive. However, the walk has a
negative drift so that if 𝑏 is large enough, then 𝑆𝑀 > 𝑏 is a rare event.

In this specific context, we can interpret𝑋 𝑗 as a gambler’s winnings, with
losses represented as negative winnings, at the 𝑗-th play of the game. The
game continues until either the gambler’s winnings reach 𝑏, or the losses
reach |𝑎 |. Then P(𝑆𝑀 > 𝑏) represents the probability that the game concludes
with the gambler having positive winnings.

Consider a normal random walk. Suppose that 𝑋 𝑗 ∼ 𝑝 , the N(𝜃0, 𝜎
2)

density, with 𝜃0 < 0. Let 𝑞 be the N(𝜃★, 𝜎2) density. For simplicity, assume
𝜎 = 1. Then

𝑝 (𝑥)
𝑞(𝑥) = exp((𝜃0 − 𝜃★)𝑥) .

The key idea is to reverse the drift to make the walk tend to move upward
towards 𝑏, which makes the rare event more likely to happen in the simula-
tions. To do this, we set 𝜃★ = −𝜃0. This means that if the original drift 𝜃0 is
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negative, the new drift 𝜃★ will be positive, thus reversing the direction of the
random walk’s tendency. Then the importance sampling estimator for the
probability of the rare event P(𝑆𝑀 > 𝑏) is

𝜇𝑞 =
1
𝑛

𝑛∑︁
𝑖=1

1{𝑆𝑀,𝑖>𝑏} exp
(
2𝜃0𝑆𝑀𝑖

)
.

Adaptive importance sampling (Portier and Delyon, 2018). The choice of
𝑞 can be a delicate matter. A poor choice could yield an infinite variance
for the estimator of I(𝑓 ). Adaptive importance sampling helps to overcome
this issue by enabling the finding of a better importance distribution 𝑞. In
this approach, we consider a family of tractable densities (𝑞𝑖)𝑖≥0 that evolve
towards a density 𝑞opt which optimizes some criterion. The initial density 𝑞0
is fixed, but for 𝑖 ≥ 1, the density 𝑞𝑖 is determined based on the previously
sampled particles𝑋1, . . . , 𝑋𝑖 . Thus, after sampling𝑋1, . . . , 𝑋𝑖 , the next particle
𝑋𝑖+1 is drawn from 𝑞𝑖 . Therefore, similarly to (1.14), the normalized adaptive
importance sampling estimator of I(𝑓 ) is defined as

I(ais)
norm(𝑓 ) =

∑𝑛
𝑖=1𝑤𝑖 𝑓 (𝑋𝑖)∑𝑛

𝑖=1𝑤𝑖
where 𝑤𝑖 =

𝑝 (𝑋𝑖)
𝑞𝑖−1(𝑋𝑖)

for 𝑖 = 1, . . . , 𝑛. (1.15)

1.3 Nearest neighbors

K-nearest neighbors (Biau and Devroye, 2015; Hastie et al., 2001) is a non-
parametric method used for estimating the value of a target variable based on
the values of its neighboring data points. It is widely used in various fields,
including machine learning, pattern recognition, and data mining, due to its
simplicity and effectiveness. We are particularly interested in the case when
𝑘 = 1, known as the nearest neighbor method. In this scenario, the prediction
for a data point is simply the value of its closest neighbor in the feature space.

Let𝑋1, . . . , 𝑋𝑛 be an independent and identically distributed random sam-
ple in R𝑑 , drawn from a distribution 𝜇. Let ∥ · ∥ denote the Euclidean norm
and let 𝑥 ∈ R𝑑 be a generic point.

The nearest neighbor 𝑁̂𝑛 (𝑥) of 𝑥 among 𝑋1, . . . , 𝑋𝑛 and the associated
distance 𝜏𝑛 (𝑥) are

𝑁̂𝑛 (𝑥) ∈ arg min
𝑌 ∈{𝑋1,...,𝑋𝑛 }

∥𝑥 − 𝑌 ∥, 𝜏𝑛 (𝑥) = ∥𝑁̂𝑛 (𝑥) − 𝑥 ∥ . (1.16)

When the arg min is not unique, 𝑁̂𝑛 (𝑥) is defined as the one point among the
arg min having the smallest index.
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In the same way we define the leave-one-out neighbor. Let 𝑖 ∈ {1, . . . , 𝑛}
and X (𝑖 )

𝑛 = {𝑋1, . . . , 𝑋𝑛} \ {𝑋𝑖}. The leave-one-out neighbor of 𝑥 ∈ R𝑑 and
the associated distance 𝜏 (𝑖 )𝑛 (𝑥) are

𝑁̂
(𝑖 )
𝑛 (𝑥) ∈ arg min

𝑌 ∈X (𝑖 )
𝑛

∥𝑥 − 𝑌 ∥, 𝜏
(𝑖 )
𝑛 (𝑥) = ∥𝑁̂ (𝑖 )

𝑛 (𝑥) − 𝑥 ∥ . (1.17)

Figure 1.1 illustrates the nearest neighbor and the leave-one-out neighbor
for the point 𝑥 within the set of points 𝑋1, . . . , 𝑋7.

𝑥

𝑋2 𝑋3

𝑋4
𝑋5 = 𝑁̂

(𝑖 )
𝑛 (𝑥)

𝑋1 = 𝑁̂𝑛 (𝑥)

𝑋6

𝑋7

𝜏𝑛
(𝑥)

𝜏 (𝑖 )𝑛 (𝑥)

Figure 1.1: Illustration of leave-one-out/nearest neighbor of 𝑥 , where𝑋1 is the near-
est neighbor of 𝑥 and 𝑋5 is the leave-one-out neighbor of 𝑥 , specifically for 𝑖 = 1.

Based on Eq. (1.16) and (1.17), the nearest neighbor and leave-one-out
neighbor estimators of a real-valued function 𝑓 defined on the support of 𝜇
are expressed as

𝑓
(NN)
𝑛 (𝑥) = 𝑓

(
𝑁̂𝑛 (𝑥)

)
(1.18)

and
𝑓
(loo)
𝑛,𝑖

(𝑥) = 𝑓
(
𝑁̂

(𝑖 )
𝑛 (𝑥)

)
(1.19)

respectively.

1.4 Random forests

Random forests (Louppe, 2014) are a versatile and powerful ensemble learn-
ing method employed for both classification and regression tasks in machine
learning. This method involves constructing numerous decision trees during
training and generating predictions by either selecting themode of the classes
(for classification) or averaging the predictions (for regression) of the individ-
ual trees, as illustrated in Figure 1.2. In our case, we are focused on function
estimation and are therefore primarily interested in the latter application.
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Training data

. . .

Tree 1 Tree 2 Tree𝑀

mean in regression or majority vote in classification

prediction

Figure 1.2: Diagram of a random forest algorithm with𝑀 trees

Without loss of generality, consider one regression tree (Breiman et al.,
1984). The idea behind this method is to partition the input space into a set of
regions based on the feature values. Each region corresponds to a leaf node of
the tree, where a simple model, typically the mean of the target variable for
the training instances within that region, is used to make predictions. A leaf
node is a terminal node in the tree that does not split further and contains the
output value for its region. The tree is built by recursively splitting the data
at each node according to a feature and a threshold that maximize a certain
criterion, such as the reduction in mean squared error. This process continues
until a stopping condition is met, such as a maximum depth or a minimum
number of samples per leaf. By capturing complex patterns and interactions
between features, a single regression tree can provide a piecewise constant
approximation of the target function.

Let𝑋1, . . . , 𝑋𝑛 be an independent and identically distributed random sam-
ple in R𝑑 , drawn from a distribution 𝜇. These values are divided into 𝐽 dis-
tinct, non-overlapping regions 𝑅1, 𝑅2, . . . , 𝑅𝐽 as explained above. Let 𝑓 be a
real-valued function defined on the support of 𝜇. For any observation falling
into region 𝑅 𝑗 , the prediction is calculated as the mean of the response values
𝑦𝑖 = 𝑓 (𝑋𝑖) for all 𝑛 𝑗 observations within that region 𝑅 𝑗 , i.e.,

𝑦 𝑗 =
1
𝑛 𝑗

∑︁
𝑋𝑖 ∈𝑅 𝑗

𝑦𝑖 .
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Therefore, the regression tree estimator of 𝑓 is

𝑓 (rt) (𝑥) =
𝐽∑︁
𝑗=1
𝑦 𝑗1𝑅 𝑗

(𝑥) .

To obtain the random forest estimator with𝑀 trees, we consider an ensemble
of such regression trees. Let 𝑓 (rt)𝑚 (𝑥) denote the𝑚-th regression tree estima-
tor. The random forest estimator is the average of the predictions from all𝑀
trees:

𝑓 (rf ) (𝑥) = 1
𝑀

𝑀∑︁
𝑚=1

𝑓
(rt)
𝑚 (𝑥). (1.20)

In ensembles of trees, we introduce randomness to ensure that all trees dif-
fer from each other. This can be achieved through various methods, such
as using bootstrap samples to build each tree, considering random subsets of
features, or choosing random thresholds for splitting at each node. This diver-
sity among the trees enhances the robustness and accuracy of the ensemble
estimator.

1.5 Outline of the thesis

Chapter 2. This chapter is devoted to combining two powerful variance re-
duction techniques: adaptive importance sampling and control variates, both
explained in Section 1.2. As a result, we obtain the following adaptive impor-
tance sampling estimate with control variates (AISCV):

I(aiscv)
𝑛 (𝑓 ) = I(aiscv)

𝑛

(
𝑓 , 𝛽𝑛

)
= 𝛼𝑛 where(

𝛼𝑛, 𝛽𝑛
)
∈ arg min

(𝑎,𝑏 ) ∈R×R𝑚

𝑛∑︁
𝑖=1

𝑤𝑖
(
𝑓 (𝑋𝑖) − 𝑎 − 𝑏⊤𝜑 (𝑋𝑖)

)2
,

(1.21)

where the importance weights 𝑤𝑖 are defined as in Eq (1.15). The estimate is
well-defined only if the minimizer 𝛼𝑛 is unique—the minimizer 𝛽𝑛 need not
be. Moreover, we establish a quadrature rule where the quadrature points and
weights are independent of the integrand, offering a computational advantage
when dealing with multiple integrands. In addition, we demonstrate several
special properties of the proposed estimate, such as:

■ Exact integration when 𝑓 = 𝛼 + 𝛽⊤𝜑 for 𝛼 ∈ R and 𝛽 ∈ R𝑚 .

■ Invariance of the estimate based on the control variates 𝐴𝜑 for any
invertible matrix 𝐴 ∈ R𝑚×𝑚 .
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As the main theoretical result, we derived a non-asymptotic error bound for
the AISCV estimator under certain assumptions. Furthermore, our theoretical
findings are supported by numerical studies including the following cases:
integration on [0, 1]𝑑 with respect to the uniform distribution, integration
with respect to a mixture of Gaussian distributions, and several real-world
examples in the context of Bayesian inference. The content of this chapter is
based on joint work with R. Leluc, F. Portier and J. Segers and is published in
the Advances in Neural Information Processing Systems.

Chapter 3. In this chapter, we employ the nearest neighbor approach intro-
duced in Section 1.3 to construct the control variates. More specifically, we
construct the control variate estimate in the following form:

I(cv)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓𝑛 (𝑋𝑖) − I(𝑓𝑛)

}]
, (1.22)

where the integrand 𝑓 belongs to the class of Hölder functions with regularity
𝑠 ∈ (0, 1]. As a result, we obtain two estimates:

I(NN)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓 loo
𝑛,𝑖 (𝑋𝑖) − I

(
𝑓 NN
𝑛

)}]
,

I(NN−loo)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓 loo
𝑛,𝑖 (𝑋𝑖) − I

(
𝑓 loo
𝑛,𝑖

)}]
,

where 𝑓 NN
𝑛 is the nearest neighbor estimate as in Eq. (1.18) and 𝑓 loo

𝑛,𝑖 is the
leave-one-out neighbor estimate as in Eq. (1.19). The estimate I(NN)

𝑛 (𝑓 ) is bi-
ased but more computationally efficient. Moreover, we show that the root
mean squared distance between these estimates is of the order O(𝑛−1/2−𝑠/𝑑 )
as 𝑛 → ∞. For both estimates, we establish asymptotic and non-asymptotic
error bounds. The simulation studies involve some examples concerning in-
tegration problems on different spaces such as the unit cube [0, 1]𝑑 , the Eu-
clidean space R𝑑 , the orthogonal group𝑂𝑚 (R) and the unit sphere S2. In ad-
dition, the proposed method is applied for calculating the Sliced-Wasserstein
distance described in Example 1.3 in Section 1.1. The content of this chapter
is based on joint work with R. Leluc, F. Portier and J. Segers and is in press in
the Bernoulli Journal.

Chapter 4. This chapter focuses on constructing control variates for the
application discussed in the previous chapter: the calculation of the Sliced-
Wasserstein distance. Specifically, since the integration problem is defined
on the unit sphere, we propose constructing the control variates using spher-
ical harmonics (Atkinson and Han, 2012; Dai, 2013). Spherical harmonics are
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spherical polynomials that form an orthonormal basis for the space of square-
integrable functions on the sphere. For instance, on the unit circle, the spher-
ical harmonics are called circular harmonics and correspond to the Fourier
basis functions. We introduce a new estimate called the Spherical Harmonics
Control Variates (SHCV) estimate. This estimate arises as the least squares
estimate for the intercept in a multiple linear regression model, where spher-
ical harmonics are used as explanatory variables, as described in Section 1.2.1.
As the main theoretical result, we establish the convergence rate in probabil-
ity for the SHCV integration error. In addition, numerical experiments are
conducted using synthetic data for continuous measures and point clouds for
discrete measures. Moreover, the proposed estimate is applied to the Kernel
SVMwith a Sliced-Wasserstein kernel (Kolouri et al., 2016) for the image clas-
sification problem. The content of this chapter is based on joint work with R.
Leluc, A. Dieuleveut, F. Portier and J. Segers and is published in the Proceed-
ings of the 41st International Conference on Machine Learning.

Chapter 5. In this chapter, we build the control variate estimate in the same
way as in Eq. (1.22), but here 𝑓𝑛 (𝑥) corresponds to the random forest esti-
mate presented in Section 1.4. We focus on several ensemble methods for
trees, including Random Forests (Breiman, 2001), Bagging (Breiman, 1996),
and Extremely Randomized Trees (Geurts et al., 2006). In both Bagging and
Random Forests, trees are constructed based on bootstrap samples. However,
Random Forests additionally involve feature selection. In contrast, Extremely
Randomized Trees use the entire learning set but introduce randomization by
randomly selecting the splitting thresholds for each feature. As a result, we
obtain three working estimates. To construct the optimal tree, we conduct
numerical experiments using synthetic examples to illustrate how tuning pa-
rameters, such as maximal tree depth and the number of trees, affect the ac-
curacy of our proposed estimates. Additionally, these estimates are used to
calculate the variance of the asymptotic distribution of U-statistics.

Chapter 6. This chapter presents the overall conclusions drawn from the
preceding chapters and suggests possible lines of future research.



Adaptive Importance Sampling
and Control Variates 2
Driven by several successful applications such as in stochastic gradient de-
scent or in Bayesian computation, control variates have become a major tool
for Monte Carlo integration. However, standard methods do not allow the
distribution of the particles to evolve during the algorithm, as is the case
in sequential simulation methods. Within the standard adaptive importance
sampling framework, a simple weighted least squares approach is proposed
to improve the procedure with control variates. The procedure takes the form
of a quadrature rule with adapted quadrature weights to reflect the informa-
tion brought in by the control variates. The quadrature points and weights
do not depend on the integrand, a computational advantage in case of mul-
tiple integrands. Moreover, the target density needs to be known only up
to a multiplicative constant. Our main result is a non-asymptotic bound on
the probabilistic error of the procedure. The bound proves that for improv-
ing the estimate’s accuracy, the benefits from adaptive importance sampling
and control variates can be combined. The good behavior of the method is il-
lustrated empirically on synthetic examples and real-world data for Bayesian
linear regression. The content of this chapter is based on the paper

R. Leluc, F. Portier, J. Segers and A. Zhuman. (2022).
A Quadrature Rule combining Control Variates and
Adaptive Importance Sampling. Advances in Neu-
ral Information Processing Systems, volume 35, pages
11842–11853.

2.1 Introduction

In recent years, sequential simulation has emerged as a leading approach to
compute multidimensional integrals. A key object in sequential simulation
is the sequence of distributions, called the policy, from which to generate
the random variables, called particles, used to approximate the integrals of
interest. The policy is designed to evolve in the course of the algorithm to
mimic the target density, which may itself be known only up to a proportion-
ality constant. While the design of algorithms with adaptive policies has been

15
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of major interest recently, only a few studies have focused on using control
variates to reduce the variance. This paper provides a new method to incor-
porate control variates within standard sequential algorithms. The proposed
approach significantly improves the accuracy of the initial algorithm, both
theoretically and in practice.
The sequential framework. Consider the problem of approximating the
integral

∫
𝑓 𝑝 d𝜆 =

∫
R𝑑
𝑓 (𝑥)𝑝 (𝑥) d𝑥 , where 𝜆 is the 𝑑-dimensional Lebesgue

measure, 𝑝 is a probability density on R𝑑 and the integrand 𝑓 is a real-valued
function on R𝑑 . For instance, one may think of 𝑝 as the posterior density
in Bayesian inference. Let (𝑞𝑖)𝑖≥0 be the policy of the algorithm, i.e., a se-
quence of probability densities which evolves adaptively depending on previ-
ous outcomes. The particles (𝑋𝑖)𝑖≥1 are generated sequentially—at iteration 𝑖 ,
particle 𝑋𝑖 is drawn from 𝑞𝑖−1. The integral

∫
𝑓 𝑝 d𝜆 is estimated by the nor-

malized sum
(∑𝑛

𝑖=1𝑤𝑖 𝑓 (𝑋𝑖)
)
/
(∑𝑛

𝑖=1𝑤𝑖
)
, where 𝑤𝑖 = 𝑝 (𝑋𝑖)/𝑞𝑖−1(𝑋𝑖) are the

importance weights. The normalization
∑𝑛
𝑖=1𝑤𝑖 allows to deal with situations

where the target density 𝑝 is known only up to a proportionality constant.
Such an algorithm is part of the adaptive importance sampling (AIS) frame-

work. Many different ways have been investigated to update the densities
𝑞𝑖 adaptively. Early works that inspired such sequential schemes include
Geweke (1989); Kloek and Van Dijk (1978); Oh and Berger (1992) where the
sampling policy is chosen out of a parametric family. The parametric ap-
proach has been further extended by the Population Monte Carlo framework
(Cappé et al., 2008, 2004; Martino et al., 2017). Various asymptotic results
have been obtained in Chopin (2004); Douc and Moulines (2008); Portier and
Delyon (2018). In Dai et al. (2016); Delyon and Portier (2021); Korba and
Portier (2022); Zhang (1996), nonparametric importance sampling based on
kernel smoothing is studied. The latter bears resemblance to sequential Monte
Carlo methods (Del Moral et al., 2006; Chopin, 2004), in which the target dis-
tribution 𝑝 changes in the course of the algorithm.
Control variates. Let 𝜑 = (𝜑1, . . . , 𝜑𝑚)⊤ be a vector of real-valued func-
tions on R𝑑 such that for each 𝑘 = 1, . . . ,𝑚, the integral

∫
𝜑𝑘𝑝 d𝜆 is known.

Without loss of generality, suppose that
∫
𝜑𝑝 d𝜆 = 0. The functions 𝜑𝑘 are

called control variates and can be obtained in different ways. In Bayesian
statistics, Stein control variates (Oates et al., 2017) are constructed by apply-
ing the second-order Stein operator to functions satisfying certain regularity
conditions (Mira et al., 2013). Other control variates might be created by re-
weighting a function 𝜑∗ that satisfies

∫
𝜑∗ d𝜆 = 0 via 𝜑 = 𝜑∗/𝑝 . The use

of control variates is a well studied variance-reduction technique (Glynn and
Szechtman, 2002; Owen and Zhou, 2000). The benefits can be established the-
oretically in terms of error bounds (Oates et al., 2017; Leluc et al., 2021), weak
convergence (Portier and Segers, 2019), the excess risk (Belomestny et al.,
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2022) and even uniform error bounds over large classes of integrands (Plassier
et al., 2020). In practice, the control variates framework has led to efficient
procedures in reinforcement learning (Jie and Abbeel, 2010; Liu et al., 2017)
and optimization (Wang et al., 2013), to name a few. Importance sampling
and control variates in case of a Gaussian target density is explored in Jour-
dain (2009). The procedure in Kawai (2020) incorporates control variates and
is said to involve adaptive importance sampling, but in fact the particles are
always sampled from the uniform distribution on the unit cube. To the best
of our knowledge, the existing control variate methods do not account for
sequential changes in the particle distribution as is the case in AIS.
AISCV estimate. The proposed approach to use control variates within the
sequential AIS framework relies on the ordinary least squares expression of
control variates (see for instance Portier and Segers (2019)). To account for
the policy changes, some re-weighting must be applied. The AISCV estimate
of the integral

∫
𝑓 𝑝 d𝜆 is defined as the first coordinate of the solution to the

weighted least squares problem

(𝛼𝑛, 𝛽𝑛) = arg min
𝑎∈R,𝑏∈R𝑚

𝑛∑︁
𝑖=1

𝑤𝑖
(
𝑓 (𝑋𝑖) − 𝑎 − 𝑏⊤𝜑 (𝑋𝑖)

)2
,

with𝑤𝑖 the importance weights from before. The AISCV estimate 𝛼𝑛 has sev-
eral interesting properties: (a) whenever 𝑓 is of the form 𝛼 + 𝛽⊤𝜑 for some
𝛼 ∈ R and 𝛽 ∈ R𝑚 , the error is zero, i.e., 𝛼𝑛 = 𝛼 =

∫
𝑓 𝑝 d𝜆; (b) the esti-

mate takes the form of a quadrature rule 𝛼𝑛 =
∑𝑛
𝑖=1 𝑣𝑛,𝑖 𝑓 (𝑋𝑖), for quadrature

weights 𝑣𝑛,𝑖 that do not depend on the function 𝑓 and that can be computed
by a single weighted least squares procedure; and (c) it can be computed even
when 𝑝 is known only up to a multiplicative constant. Point (a) suggests that
when the linear combinations of the functions 𝜑𝑘 span a rich function class,
the integration error is likely to be small. Point (b) implies that multiple in-
tegrals can be computed just as easily as a single one. Point (c) shows that
the approach is applicable for Bayesian computations. In addition, the control
variates can be brought into play in a post-hoc scheme, after generation of the
particles and importance weights, and this for any AIS algorithm.
Main result. The main theoretical result of the paper is a probabilistic, non-
asymptotic bound on 𝛼𝑛 − 𝛼 . Under appropriate conditions, the bound scales
as 𝜏/

√
𝑛, where 𝜏2 is the scale constant in a sub-Gaussian tail condition on the

error variable 𝜀 = 𝑓 −𝛼−𝛽⊤𝜑 for (𝛼, 𝛽) = arg min𝑎,𝑏
∫
(𝑓 −𝑎−𝑏⊤𝜑)2𝑝 d𝜆. Note

that 𝜀 has the smallest possible variance one could get using control variates
𝜑 . As a consequence, when the space of control variates is well suited for
approximating 𝑓 , the AISCV estimatewill be highly accurate. Also, our bound
depends only on the linear function space spanned by the control variates
𝜑1, . . . , 𝜑𝑚 , not on the particular basis chosen in that space. The results rely



18 Chapter 2. Adaptive Importance Sampling and Control Variates

on martingale theory, in particular on a concentration inequality for norm-
subGaussian martingales in Jin et al. (2019). In the course of the proof, we
develop a novel bound on the smallest eigenvalue of certain randommatrices,
extending an inequality from Tropp (2015) to the martingale case.
Outline. Section 2.2 introduces the general framework of adaptive impor-
tance sampling and control variates. Next, Section 2.3 presents the AISCV
estimate and the associated quadrature rule. Section 2.4 contains the state-
ments of the theoretical results while Section 2.5 gathers practical considera-
tions, including the construction of control variates. Numerical experiments
are presented in Section 2.6. Mathematical proofs and additional numerical
details are available in Section 2.7.

2.2 Preliminaries on Monte Carlo integration

The aim of this section is to present the required mathematical framework
for Monte Carlo integration and the variance reduction methods of interest,
namely adaptive importance sampling and the control variate technique. Re-
call that 𝑓 : R𝑑 → R is an integrand and 𝑝 a probability density on R𝑑 . The
aim is to compute E𝑝 [𝑓 ] =

∫
𝑓 𝑝 d𝜆.

Adaptive importance sampling. In adaptive importance sampling (AIS),
E𝑝 [𝑓 ] is estimated by a weighted mean over a sample of random particles
𝑋1, . . . , 𝑋𝑛 in R𝑑 . Since appropriate sampling densities naturally depend on
𝑓 and 𝑝 , we generally cannot simulate from them. They are then approxi-
mated in an adaptive manner by a family of tractable densities (𝑞𝑖)𝑖≥0 that
often evolve towards a density 𝑞opt that optimizes some criterion. While the
starting density 𝑞0 is fixed, the density 𝑞𝑖 for 𝑖 ≥ 1 is determined in function
of the particles 𝑋1, . . . , 𝑋𝑖 already sampled; think for instance of a parametric
family, where the parameter of 𝑞𝑖 is a function of 𝑋1, . . . , 𝑋𝑖 . Given the par-
ticles 𝑋1, . . . , 𝑋𝑖 , the next particle, 𝑋𝑖+1, is then drawn from 𝑞𝑖 . Formally, let
(𝑋𝑖)𝑖≥1 be a sequence of random vectors on R𝑑 defined on some probability
space (Ω,ℱ, P). The distribution of the sequence (𝑋𝑖)𝑖≥1 is specified by its
policy as defined below.
Definition 2.1 (Policy). A policy is a random sequence of probability density
functions (𝑞𝑖)𝑖≥0 on R𝑑 adapted to the 𝜎-field (ℱ𝑖)𝑖≥0 defined by ℱ0 = {∅,Ω}
and ℱ𝑖 = 𝜎 (𝑋1, . . . , 𝑋𝑖) for 𝑖 ≥ 1. The sequence (𝑞𝑖)𝑖≥0 is the policy of (𝑋𝑖)𝑖≥1
whenever 𝑋𝑖 has density 𝑞𝑖−1 conditionally onℱ𝑖−1.

The (normalized) adaptive importance sampling estimate of E𝑝 [𝑓 ] is then
defined as

𝐼
(ais)
𝑛 (𝑓 ) =

∑𝑛
𝑖=1𝑤𝑖 𝑓 (𝑋𝑖)∑𝑛

𝑖=1𝑤𝑖
where 𝑤𝑖 =

𝑝 (𝑋𝑖)
𝑞𝑖−1(𝑋𝑖)

for 𝑖 = 1, . . . , 𝑛. (2.1)
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The sampling weights 𝑤𝑖 reflect the fact that 𝑋𝑖 has been sampled from 𝑞𝑖−1
rather than from 𝑝 . The division by

∑𝑛
𝑖=1𝑤𝑖 rather than by 𝑛 has two benefits:

first, the integration is exact for constant integrands, and second, 𝑝 needs to
be known only up to a proportionality constant, an advantage for Bayesian
inference.

Since updating the density 𝑞𝑖 at each iteration may be computationally
expensive, it is customary to hold it fixed over a pre-determined number of
iterations. Writing 𝑛 = 𝑛1+ · · · +𝑛𝑇 in terms of positive integers (𝑛𝑡 )𝑇𝑡=1 called
the allocation policy, the AIS estimate then becomes

𝐼
(ais)
𝑇

(𝑓 ) =
∑𝑇
𝑡=1

∑𝑛𝑡
𝑖=1𝑤𝑡,𝑖 𝑓 (𝑋𝑡,𝑖)∑𝑇

𝑡=1
∑𝑛𝑡
𝑖=1𝑤𝑡,𝑖

where 𝑤𝑡,𝑖 =
𝑝 (𝑋𝑡,𝑖)
𝑞𝑡 (𝑋𝑡,𝑖)

(2.2)

for 𝑡 = 1, . . . ,𝑇 and 𝑖 = 1, . . . , 𝑛𝑡 . At stage 𝑡 , the particles 𝑋𝑡,1, . . . , 𝑋𝑡,𝑛𝑡 are
sampled independently from 𝑞𝑡−1, while all particles sampled up to and in-
cluding stage 𝑡 are used to determine the sampling density 𝑞𝑡 for stage 𝑡 + 1.
It is easy to see that the two formulations of the AIS estimate are equivalent:
(2.1) arises from (2.2) by setting 𝑛𝑡 = 1 for all 𝑡 , while (2.2) can be obtained
from (2.1) by constructing the policy in such a way that the densities 𝑞𝑖 do not
change within integer intervals of the form {0, . . . , 𝑛1−1}, {𝑛1, . . . , 𝑛1+𝑛2−1},
and so on. While the shorter representation (2.1) is more convenient for theo-
retical purposes, formulation (2.2) is the one used in practice (see Section 2.6).

Interestingly, the AIS estimate (2.1) may be seen as a weighted least-
squares estimateminimizing the loss function 𝑎 ↦→ ∑𝑛

𝑖=1𝑤𝑖 (𝑓 (𝑋𝑖) − 𝑎)2. This
perspective is key to understand control variates.
Control variates. The control variates method is a variance reduction tech-
nique that consists in incorporating a new piece of information—the known
values of the integrals of some control functions—in a basic Monte Carlo
framework. Control variates are simply functions 𝜑1, . . . , 𝜑𝑚 ∈ 𝐿2(𝑝) with
known integrals. Without loss of generality, assume that E𝑝 [𝜑 𝑗 ] = 0 for all
𝑗 = 1, . . . ,𝑚. Let 𝜑 = (𝜑1, . . . , 𝜑𝑚)⊤ denote the R𝑚-valued function with the
𝑚 control variates as elements. For any coefficient vector 𝛽 ∈ R𝑚 , we have
E𝑝 [𝑓 − 𝛽⊤𝜑] = E𝑝 [𝑓 ]. Given an independent random sample 𝑋1, . . . , 𝑋𝑛 from
𝑝 , any 𝛽 ∈ R𝑚 therefore results in an unbiased estimator of E𝑝 [𝑓 ] by

𝐼
(cv)
𝑛 (𝑓 , 𝛽) = 1

𝑛

𝑛∑︁
𝑖=1

(
𝑓 (𝑋𝑖) − 𝛽⊤𝜑 (𝑋𝑖)

)
. (2.3)

Provided the𝑚 ×𝑚 covariance matrix 𝐺 = E𝑝 [𝜑𝜑⊤] is invertible, there
is a unique coefficient vector 𝛽∗ ∈ R𝑚 for which the variance of 𝐼 (cv)

𝑛 (𝑓 ) is
minimal and it is given by

𝛽∗ =
(
E𝑝 [𝜑𝜑⊤]

)−1 E𝑝 [𝜑 𝑓 ] . (2.4)
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This vector being generally unknown, it needs to be estimated from the par-
ticles𝑋1, . . . , 𝑋𝑛 . Casting the problem in an ordinary least squares framework
leads to the control variate estimate

𝐼
(cv)
𝑛 (𝑓 ) = 𝐼 (cv)

𝑛

(
𝑓 , 𝛽

(cv)
𝑛

)
= 𝛼

(cv)
𝑛 where(

𝛼
(cv)
𝑛 , 𝛽

(cv)
𝑛

)
∈ arg min

(𝑎,𝑏 ) ∈R×R𝑚

1
𝑛

𝑛∑︁
𝑖=1

(
𝑓 (𝑋𝑖) − 𝑎 − 𝑏⊤𝜑 (𝑋𝑖)

)2
.

(2.5)

The estimator 𝐼 (cv)
𝑛 (𝑓 ) is well-defined provided the minimizer 𝛼 (cv)

𝑛 to (2.5) is
unique. This is the case if and only if there does not exist 𝑏 ∈ R𝑚 such that
𝑏⊤𝜑 (𝑋𝑖) = 1 for all 𝑖 = 1, . . . , 𝑛.

The asymptotic distribution of 𝐼 (cv)
𝑛 (𝑓 ) as 𝑛 → ∞ is the same as if the

variance-minimizing vector 𝛽∗ were used in (2.3). In particular, the asymp-
totic variance of 𝐼 (cv)

𝑛 (𝑓 ) is 𝜎2
𝑚 (𝑓 )/𝑛 where

𝜎2
𝑚 (𝑓 ) = min

𝛽∈R𝑚
E𝑝

[
(𝑓 − E𝑝 [𝑓 ] − 𝛽⊤𝜑)2] .

Interestingly, when using only the first ℓ out of 𝑚 control variates, where
ℓ ∈ {0, 1, . . . ,𝑚}, we have 𝜎2

𝑚 (𝑓 ) ≤ 𝜎2
ℓ (𝑓 ). In terms of asymptotic variance, it

therefore never harms to add more control variates. Their construction will
be addressed in Section 2.5.1.

2.3 Combining adaptive importance sampling with control
variates

AISCV estimator. Consider the same integration problem E𝑝 [𝑓 ] =
∫
𝑓 𝑝 d𝜆

as in Section 2.2. With the idea of performing variance reduction when cal-
culating integrals with respect to the posterior density in Bayesian infer-
ence, we incorporate control variates into the AIS estimate. Let the parti-
cles (𝑋𝑖)𝑖≥1 be generated according to a policy (𝑞𝑖)𝑖≥0 as in Definition 2.1.
Let 𝜑 = (𝜑1, . . . , 𝜑𝑚)⊤ be a vector of control variates, i.e., 𝜑 𝑗 ∈ 𝐿2(𝑝) and
E𝑝 [𝜑 𝑗 ] = 0 for every 𝑗 = 1, . . . ,𝑚. Combining (2.1) and (2.3), the proposed
estimate takes the form

𝐼
(aiscv)
𝑛 (𝑓 , 𝛽) =

∑𝑛
𝑖=1𝑤𝑖 (𝑓 (𝑋𝑖) − 𝛽⊤𝜑 (𝑋𝑖))∑𝑛

𝑖=1𝑤𝑖
, (2.6)

where 𝛽 ∈ R𝑚 remains to be determined. To do so, the ordinary least-squares
problem in (2.5) is replaced by a weighted one, yielding the novel AISCV es-
timator

𝐼
(aiscv)
𝑛 (𝑓 ) = 𝐼 (aiscv)

𝑛

(
𝑓 , 𝛽𝑛

)
= 𝛼𝑛 where(

𝛼𝑛, 𝛽𝑛
)
∈ arg min

(𝑎,𝑏 ) ∈R×R𝑚

𝑛∑︁
𝑖=1

𝑤𝑖
(
𝑓 (𝑋𝑖) − 𝑎 − 𝑏⊤𝜑 (𝑋𝑖)

)2
.

(2.7)
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The estimator is well-defined only if the minimizer 𝛼𝑛 is unique—the mini-
mizer 𝛽𝑛 need not be. We will come back to this in the next paragraph.

As in (2.2), the policy may be divided into 𝑇 stages in order to reduce
the number of times the sampler needs to be updated. Stage 𝑡 = 1, . . . ,𝑇 has
length 𝑛𝑡 , with

∑𝑇
𝑡=1 𝑛𝑡 = 𝑛. Within each stage, the sampling density remains

constant. In practice, this leads to the AISCV estimate in Algorithm 2.1.

Algorithm 2.1 Adaptive Importance Sampling with Control Variates
(AISCV)
Require: integrand 𝑓 , target density 𝑝 (up to a proportionality constant), number of stages

𝑇 ∈ N∗, allocation policy (𝑛𝑡 )𝑇𝑡=1, initial density 𝑞0, update rule for the sampling policy
1: for 𝑡 = 1, . . . ,𝑇 do
2: Generate an independent random sample 𝑋𝑡,1, . . . , 𝑋𝑡,𝑛𝑡 from 𝑞𝑡−1
3: Compute the vector of weights (𝑤𝑡,𝑖 )𝑛𝑡𝑖=1 where𝑤𝑡,𝑖 = 𝑝 (𝑋𝑡,𝑖 )/𝑞𝑡−1 (𝑋𝑡,𝑖 )
4: Construct the matrix of control variates Φ𝑡 =

(
𝜑 𝑗 (𝑋𝑡,𝑖 )

) 𝑗=1,...,𝑚
𝑖=1,...,𝑛𝑡

5: Evaluate the integrand in the particles: (𝑓 (𝑋𝑡,𝑖 ))𝑛𝑡𝑖=1
6: Update the sampler 𝑞𝑡 based on all previous particles (𝑋𝑠,𝑖 : 𝑠 = 1, . . . , 𝑡 ; 𝑖 = 1, . . . , 𝑛𝑠 )
7: end for
8: Compute (𝛼𝑇 , 𝛽𝑇 ) = arg min(𝑎,𝑏 ) ∈R×R𝑚

{∑𝑇
𝑡=1

∑𝑛𝑡
𝑖=1𝑤𝑡,𝑖

(
𝑓 (𝑋𝑡,𝑖 ) − 𝑎 − 𝑏⊤𝜑 (𝑋𝑡,𝑖 )

)2
}

9: return 𝐼 (aiscv)
𝑛 (𝑓 ) = 𝛼𝑇 .

Quadrature rule. The AIS estimate (2.1) is a quadrature rule with quadrature
points 𝑋𝑖 and quadrature weights proportional to the sampling weights 𝑤𝑖 .
The AISCV estimate (2.7) has the same property, but with adapted quadrature
weights. Let 𝑒𝑛 = (𝑒𝑛,𝑖)𝑖=1,...,𝑛 be the vector of residuals resulting from the
weighted least-squares regression of the constant vector 1𝑛 = (1, . . . , 1)⊤ ∈
R𝑛 on the control variates but without intercept:

𝑒𝑛,𝑖 = 1 − 𝛽𝑛 (1𝑛)⊤𝜑 (𝑋𝑖) where

𝛽𝑛 (1𝑛) ∈ arg min
𝑏∈R𝑚

𝑛∑︁
𝑖=1

𝑤𝑖
(
1 − 𝑏⊤𝜑 (𝑋𝑖)

)2
.

(2.8)

Even though the vector 𝛽𝑛 (1𝑛) is not necessarily unique, the weighted least
squares fit (𝛽𝑛 (1𝑛)⊤𝜑 (𝑋𝑖))𝑖=1,...,𝑛 always is. According to the next proposition,
the quadrature weights are proportional to (𝑤𝑖𝑒𝑛,𝑖)𝑖=1,...,𝑛 .

Proposition 2.1 (AISCV quadrature rule). The minimizer 𝛼𝑛 in (2.7) is unique
if and only if 𝑒𝑛 ≠ 0 in (2.8). In that case, the AISCV estimate is

𝐼
(aiscv)
𝑛 (𝑓 ) = 𝛼𝑛 =

∑𝑛
𝑖=1𝑤𝑖𝑒𝑛,𝑖 𝑓 (𝑋𝑖)∑𝑛

𝑖=1𝑤𝑖𝑒𝑛,𝑖
. (2.9)
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If 𝑒𝑛 = 0, then there exists 𝑏 ∈ R𝑚 such that 𝑏⊤𝜑 (𝑋𝑖) = 1 for all 𝑖 =

1, . . . , 𝑛. In that case, the minimizer 𝛼𝑛 in (2.7) is not unique and the AISCV
estimate is not well-defined. To remedy this, one can for instance reduce
the number of control variates. This issue already occurs with the ordinary
control variate estimator in (2.3).

Rather than requiring a different weighted least squares problem for ev-
ery integrand 𝑓 as in (2.7), the quadrature rule in (2.9) only involves a sin-
gle weighted least squares problem (2.8), whatever 𝑓 . Given the quadrature
weights, calculating the AISCV estimate for a novel integrand only requires
the evaluations of that function on the sampled particles, making the whole
procedure a post-hoc scheme. The steps in case the sampling policy is di-
vided into𝑇 stages are given in Algorithm 2.2, which gives the same result as
Algorithm 2.1, but with less effort if multiple integrands 𝑓 are into play.

Algorithm 2.2 Quadrature Rule – AISCV post-hoc scheme
Require: integrand 𝑓 , 𝑇 ∈ N∗, allocation policy (𝑛𝑡 )𝑇𝑡=1, weights (𝑤𝑡 )𝑇𝑡=1

with 𝑤𝑡 = (𝑤𝑡,𝑖)𝑛𝑡𝑖=1, matrices (Φ𝑡 )𝑇𝑡=1 with Φ𝑡 =
(
𝜑 𝑗 (𝑋𝑡,𝑖)

) 𝑗=1,...,𝑚
𝑖=1,...,𝑛𝑡 , par-

ticles (𝑋𝑡,𝑖 : 𝑡 = 1, . . . ,𝑇 ; 𝑖 = 1, . . . , 𝑛𝑡 )
1: Compute 𝛽𝑛 (1𝑛) = arg min𝑏∈R𝑚

∑𝑇
𝑡=1

∑𝑛𝑡
𝑖=1𝑤𝑡,𝑖

(
1 − 𝑏⊤𝜑 (𝑋𝑡,𝑖)

)2

2: Compute 𝑢𝑡 = diag(𝑤𝑡 ) [1𝑛𝑡 − Φ𝑡𝛽𝑛 (1𝑛)] for 𝑡 = 1, . . . ,𝑇
3: Compute 𝑠 =

∑𝑇
𝑡=1

∑𝑛𝑡
𝑖=1𝑢𝑡,𝑖

4: Compute weights 𝑣𝑡,𝑖 = 𝑢𝑡,𝑖/𝑠 for 𝑡 = 1, . . . ,𝑇 and 𝑖 = 1, . . . , 𝑛𝑡
5: return 𝐼 (aiscv)

𝑇
(𝑓 ) = ∑𝑇

𝑡=1
∑𝑛𝑡
𝑖=1 𝑣𝑡,𝑖 𝑓 (𝑋𝑡,𝑖)

2.4 Theoretical properties of the AISCV estimate

Here we point out several theoretical properties of the novel AISCV estimate.
A first point is that the integration rule is exact on the linear span of the
control variates and the constant function.

Proposition 2.2 (Exact integration). For integrands of the form 𝑓 = 𝛼 + 𝛽⊤𝜑
for 𝛼 ∈ R and 𝛽 ∈ R𝑚 , the AISCV estimate is exact: 𝐼 (aiscv)

𝑛 (𝑓 ) = 𝛼 = E𝑝 [𝑓 ] .

A second property is that we may apply arbitrary invertible linear trans-
formations to the control variates without changing the AISCV estimate. This
can be advantageous computationally, to make the underlying weighted least
squares problem more stable numerically. Also, it means that without loss
of generality, we may assume that the control variates are uncorrelated and
have unit variance, which simplifies the theoretical performance analysis.
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Proposition 2.3 (Invariance). If the matrix 𝐴 ∈ R𝑚×𝑚 is invertible, then the
AISCV estimate based on the control variates𝐴𝜑 is the same as the one based on
𝜑 .

Our main result is a non-asymptotic bound on the error of the AISCV
estimate for

∫
𝑓 𝑝 d𝜆 when

∫
𝑓 2𝑝 d𝜆 is finite. First, we introduce some as-

sumptions and definitions.
The first condition that is required concerns the policy given by the AIS

part of the algorithm. It is supposed that any element from the policy should
dominate the function 𝑝 .

Assumption 1 (Dominated measures). There exists 𝑐 ≥ 1 such that, for all
𝑥 ∈ R𝑑 and for any 𝑖 = 1, . . . , 𝑛, we have 𝑝 (𝑥) ≤ 𝑐 · 𝑞𝑖 (𝑥).

This assumption represents a safe approach to importance sampling, as
the policy will always allow to sample in places where 𝑝 is positive. A well-
known and well-spread (Hesterberg, 1995; Owen and Zhou, 2000; Delyon and
Portier, 2021) technique to achieve such a defensive strategy is to a use mix-
ture density 𝑞𝑖 = (1−𝜂)𝑝𝑖 +𝜂𝑞0 where 𝜂 ∈ (0, 1) and where 𝑞0 has sufficiently
heavy tails to dominate 𝑝 . Such a mixture allows to choose the densities 𝑝𝑖
with some flexibility using in principle anyAIS algorithm. Second, the control
variates shall be linearly independent and bounded.

Assumption 2 (Control variates). We have sup𝑥 :𝑝 (𝑥 )>0 |𝜑 𝑗 (𝑥) | < ∞ for all
𝑗 = 1, . . . ,𝑚. The matrix 𝐺 =

∫
𝜑𝜑⊤𝑝 d𝜆 is invertible.

The previous condition allows to define the standardized vector of con-
trol variates as 𝜑 = 𝐺−1/2𝜑 . By Proposition 2.3, this change does not affect
the AISCV estimate. The orthonormal control variates 𝜑 will play a key role
through the following quantity

𝐵 = sup
𝑥 :𝑝 (𝑥 )>0

∥𝜑 (𝑥)∥2
2.

The quadratic form ∥𝜑 (𝑥)∥2
2 = 𝜑 (𝑥)⊤𝐺−1𝜑 (𝑥) is referred to as the leverage

function in ordinary linear regression as it quantifies the influence of a train-
ing point 𝑥 on the prediction of the observed response. It is invariant with
respect to invertible linear transformations of the control variate vector.

Assumption 2 and the fact that the integrand 𝑓 is square integrable with
respect to 𝑝 allows to define the residual function 𝜀 = 𝑓 −

∫
𝑓 𝑝 d𝜆 − 𝜑⊤𝛽∗

where 𝛽∗ has been introduced in (2.4) as a minimizer of the residual variance.
Since we work in the space 𝐿2(𝑝), we assume without loss of generality that 𝑓
and 𝜑 vanish outside {𝑥 : 𝑝 (𝑥) > 0} and we put 𝜀 (𝑥) = 0 for 𝑥 ∈ R𝑑 such that
𝑝 (𝑥) = 0. The residual function 𝜀 should satisfy the following tail condition.
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Assumption 3 (Residual tail). There exists 𝜏 > 0 such that, for all 𝑡 > 0 and
all integer 𝑖 ≥ 1, we have P[|𝑤𝑖𝜀 (𝑋𝑖) | > 𝑡 | F𝑖−1] ≤ 2 exp(−𝑡2/(2𝜏2)).

The previous assumption concerns both the function 𝜀 and the policy se-
quence (𝑞𝑖)𝑖≥0. Since E[𝑤𝑖𝜀 (𝑋𝑖) | F𝑖−1] = 0, it is implied by the so-called sub-
Gaussian condition (Boucheron et al., 2013) that E[exp(𝜆𝑤𝑖𝜀 (𝑋𝑖)) | F𝑖−1] ≤
exp(−𝜆2𝜏2/2) for any 𝜆 ∈ R. In the proof of Theorem 2.1, Assumption 3
allows to derive concentration bounds on residual-based sums using recent
results from Jin et al. (2019); Leluc et al. (2021). We are now in position to
state our main result on the error of the AISCV estimate.

Theorem 2.1 (Concentration inequality for AISCV estimate). If Assumptions
1, 2 and 3 hold, then, for any 𝛿 ∈ (0, 1) and for all 𝑛 ≥ 𝐶1𝑐

2𝐵 log(10𝑚/𝛿), we
have, with probability at least 1 − 𝛿 , that����𝐼 (aiscv)

𝑛 (𝑓 ) −
∫
R𝑑
𝑓 (𝑥)𝑝 (𝑥) d𝑥

���� ≤ 𝐶2𝜏

√︂
log(10/𝛿)

𝑛
+𝐶3𝑐𝐵𝜏

log(10𝑚/𝛿)
𝑛

,

where 𝐶1, 𝐶2, 𝐶2 are universal constants specified in the proof.

Remark 2.1 (Understanding 𝜏). The quantity 𝜏 in Assumption 3 is related
to the conditional variance E[𝑤2

𝑖 𝜀
2(𝑋𝑖) | F𝑖−1]. They actually coincide when

𝑤𝑖𝜀 (𝑋𝑖) is Gaussian. For a policy satisfyingAssumption 1, E[𝑤2
𝑖 𝜀

2(𝑋𝑖) | F𝑖−1] ≤
𝑐𝜎2
𝑚 which for certain combinations of integrands and control functions scales

as𝑚−𝑠/𝑑 (Portier and Segers, 2019) where the parameter 𝑠 represents the degree
of smoothness of 𝑓 .

Remark 2.2 (Convergence rates). Consider an asymptotic regime where the
number of control variates𝑚 tends to infinity with the sample size 𝑛. The AISCV
estimate improves upon the AIS method (𝑚 = 0), which has rate 1/

√
𝑛, as soon

as 𝜏 + 𝜏𝐵 log(𝑚)/
√
𝑛 → 0. To recover the same order of an oracle estimate with

rate 𝜏/
√
𝑛, one must have 𝐵 log(𝑚) = 𝑂 (

√
𝑛) as 𝑛 → ∞.

2.5 Practical considerations

This section presents ways to build control variates using either families of
polynomials or general functions based on Stein’s method, with a highlight
on computations in the Bayesian framework.

2.5.1 Control variate constructions

Orthogonal polynomials. When the target density 𝑝 can be decomposed
as a product of univariate densities 𝑝 = 𝜌1 ⊗ · · · ⊗ 𝜌𝑑 , multidimensional con-
trol functions may be constructed based on univariate ones. This happens for
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instance for the uniform distribution over the unit cube [0, 1]𝑑 or with uncor-
related Gaussian distributions on R𝑑 . Such univariate control variates may be
easily constructed using families of polynomials (Gautschi, 2004), such as Leg-
endre polynomials for the uniform distribution on [0, 1] and Hermite poly-
nomials for the Gaussian distribution on R. This technique can also be used
when 𝑝 is dominated by another density 𝑝∗ having the said product form by
transforming zero-mean control variates𝜑∗ with respect to 𝑝∗ via𝜑 = 𝜑∗𝑝∗/𝑝 .

Let (𝜑1, . . . , 𝜑𝑘 ) be a vector of univariate control functions with respect
to a density 𝜌 , i.e., E𝜌 [𝜑 𝑗 ] = 0 for all 𝑗 = 1, . . . , 𝑘 . Let 𝜑0 = 1 denote
the constant function equal to one. For a multi-index ℓ = (ℓ1, . . . , ℓ𝑑 ) in
{0, . . . , 𝑘}𝑑 \ {(0, . . . , 0)}, multivariate controls with respect to 𝜌⊗𝑑 are built
by forming tensor products of the form 𝜑ℓ (𝑥1, . . . , 𝑥𝑑 ) = 𝜑ℓ1 (𝑥1) · · ·𝜑ℓ𝑑 (𝑥𝑑 ) ,
yielding a total number of𝑚 = (𝑘 + 1)𝑑 − 1 control functions. Alternative ap-
proaches yielding smaller control spaces consist of imposing ℓ𝑗 = 0 for all but
a small number of coordinates 𝑗 = 1, . . . , 𝑑 or by the constraint ℓ1+· · ·+ℓ𝑑 ≤ 𝑄
for some 𝑄 ≥ 1.
Stein control variates. In the general case where one has only access to the
evaluations of 𝑝 , control variates may be constructed using Stein’s method.
The technique relies on the gradient ∇𝑥 log𝑝 (𝑥) which can either be directly
computed (see the example of Bayesian regression below) or which may be
available through automatic differentiation provided in popular API’s such
as Tensorflow and PyTorch (Abadi et al., 2016; Paszke et al., 2017). Let Δ𝑥 =

∇⊤
𝑥 ∇𝑥 denote the Laplace operator. By definition, the second-order Stein op-

erator L (Stein, 1972; Gorham and Mackey, 2015) associated to the density 𝑝
is defined by:

∀𝜓 ∈ C2(R𝑑 ,R), (L𝜓 ) (𝑥) = Δ𝑥𝜓 (𝑥) + ∇𝑥𝜓 (𝑥)⊤∇𝑥 log𝑝 (𝑥).

The transformation guarantees that E𝑝 [L𝜓 ] = 0 for all𝜓 with weak reg-
ularity conditions (Mira et al., 2013). Therefore, we can build infinitely many
control variates 𝜑𝜓 = L𝜓 from given functions 𝜓 . One simple way is to
let 𝜓 be a polynomial with bounded total degree: for a degree vector α =

(𝛼1, . . . , 𝛼𝑑 ) ∈ N𝑑 with 𝛼1 + · · · + 𝛼𝑑 ≤ 𝑄 , define 𝜓α(𝑥) = 𝑥𝛼1
1 · · · 𝑥𝛼𝑑

𝑑
. Given

the dimension 𝑑 and the total degree 𝑄 , there are𝑚 =
(𝑑+𝑄
𝑑

)
− 1 such degree

vectors, yielding the associated control variates 𝜑α = 𝜑𝜓α . For fast compu-
tation, note that, writing 𝜙α(𝑥) = 𝜓α(𝑥)1𝑑 , 𝐷1(𝑥) = diag(𝛼1/𝑥1, . . . , 𝛼𝑑/𝑥𝑑 )
and 𝐷2(𝑥) = diag(𝛼1(𝛼1 − 1)/𝑥2

1, . . . , 𝛼𝑑 (𝛼𝑑 − 1)/𝑥2
𝑑
), we have ∇𝑥𝜓α(𝑥) =

𝐷1(𝑥)𝜙α(𝑥) and Δ𝑥𝜓α(𝑥) = 1⊤
𝑑
(𝐷2(𝑥)𝜙α(𝑥)) . In practice, all combinations

of α are stored in a matrix 𝐴 ∈ N𝑚×𝑑 .
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2.5.2 Bayesian inference

Given data D and a parameter of interest 𝜃 ∈ Θ ⊂ R𝑑 , posterior integrals
take the form

∫
R𝑑
𝑓 (𝜃 )𝑝 (𝜃 |D) d𝜃, where 𝑝 (𝜃 |D) ∝ ℓ (D|𝜃 )𝜋 (𝜃 ) is the pos-

terior distribution, proportional to a prior 𝜋 (𝜃 ) and a likelihood function
ℓ (D|𝜃 ). For instance, when 𝑓 (𝜃 ) = 𝜃 , the integral above recovers the pos-
terior mean. Stein control variates involve the computation of the gradient
of the log-posterior ∇𝜃 log𝑝 (𝜃 |D), which implicitly relies on the score func-
tion ∇𝜃 log ℓ (D|𝜃 ). We point out two common examples—linear and logistic
regression—where these functions are easy to compute.
Bayesian linear regression. Consider a linear regression problem com-
prised of observations 𝑋 ∈ R𝑁×𝑑 with labels 𝑦 ∈ R𝑁 . In the Gaussian fixed
design setting, the predictor 𝑥𝑖 produces the response 𝑦𝑖 = 𝑥⊤𝑖 𝜃 + 𝜀𝑖 where
𝜀1, . . . , 𝜀𝑁 ∼ N(0, 𝜎2) are centered Gaussian noises. The likelihood ℓ (𝑋,𝑦 |𝜃 )
is proportional to (𝜎2)−𝑁 /2 exp(−(𝑦−𝑋𝜃 )⊤(𝑦−𝑋𝜃 )/(2𝜎2)), yielding the score
function ∇𝜃 log ℓ (𝑋,𝑦 |𝜃 ) = 𝑋⊤(𝑦 − 𝑋𝜃 )/(2𝜎2).
Bayesian logistic regression. Next, consider the logistic regression prob-
lem comprised of observations 𝑋 ∈ R𝑁×𝑑 with associated binary labels 𝑦 ∈
{0, 1}𝑁 . Letting 𝜎 (𝑠) = 1/(1+𝑒−𝑠) denote the sigmoid function, the likelihood
function is ℓ (𝑋,𝑦 |𝜃 ) = ∏𝑁

𝑖=1 𝜎 (𝜃⊤𝑥𝑖)𝑦𝑖 (1 − 𝜎 (𝜃⊤𝑥𝑖))1−𝑦𝑖 . The score function
is simply ∇𝜃 log ℓ (𝑋,𝑦 |𝜃 ) = 𝑋⊤(𝑦 − 𝜎 (𝑋𝜃 )).

2.6 Numerical illustration

To compare the finite-sample performance of the AIS and AISCV estimators,
we first present in Section 2.6.1 synthetic data examples involving the in-
tegration problem over the unit cube [0, 1]𝑑 and then with respect to some
Gaussian mixtures as in Cappé et al. (2008). The goal is to compute

∫
𝑓 𝑝 d𝜆

for vectors of integrands 𝑓 : R𝑑 → R𝑝 . We consider various dimensions𝑑 > 1
and several choices for the number of control variates𝑚. Section 2.6.2 deals
with real-world datasets in the context of Bayesian inference.
Parameters. In all simulations, the sampling policy is taken within the fam-
ily of multivariate Student 𝑡 distributions of degree 𝜈 denoted by {𝑞𝜇,Σ0 : 𝜇 ∈
R𝑑 }with Σ0 = 𝜎0𝐼𝑑 (𝜈−2)/𝜈 and 𝜈 > 2, 𝜎0 > 0. Similarly to Portier and Delyon
(2018), the mean 𝜇𝑡 is updated at each stage 𝑡 = 1, . . . ,𝑇 by the generalized
method of moments (GMM), leading to 𝜇𝑡 =

∑𝑡
𝑠=1

∑𝑛𝑠
𝑖=1 𝑤𝑠,𝑖𝑋𝑠,𝑖∑𝑡

𝑠=1
∑𝑛𝑠

𝑖=1 𝑤𝑠,𝑖
. The allocation

policy is fixed to 𝑛𝑡 = 1000 and the number of stages is 𝑇 ∈ {5; 10; 20; 30; 50}.
The different Monte Carlo estimates are compared by their mean squared er-
ror (MSE) obtained over 100 independent replications.
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2.6.1 Synthetic examples

Integration on [0, 1]𝑑 . We seek to integrate functions 𝑓 with respect to the
uniform density 𝑝 (𝑥) = 1 for 𝑥 ∈ [0, 1]𝑑 in dimensions 𝑑 ∈ {4; 8}. We rely
on Legendre polynomials for the control variates. Consider the integrands
𝑓1(𝑥) = 1 + sin(𝜋 (2𝑑−1 ∑𝑑

𝑖=1 𝑥𝑖 − 1)), 𝑓2(𝑥) =
∏𝑑
𝑖=1(2/𝜋)1/2𝑥−1

𝑖 e− log(𝑥𝑖 )2/2

and 𝑓3(𝑥) =
∏𝑑
𝑖=1 log(2)21−𝑥𝑖 , all of which integrate to 1 on [0, 1]𝑑 . None

of the integrands is a linear combination of the control variates. The policy
parameters are 𝜇0 = (0.5, . . . , 0.5)⊤ ∈ R𝑑 , 𝜈 = 8, and 𝜎0 = 0.1. The control
variates are built out of tensor products of Legendre polynomials where the
degree ℓ𝑗 equals 0 for all but two coordinates, leading to a total number of
𝑚 = 𝑘𝑑 +𝑘2𝑑 (𝑑−1)/2 control variates. The maximum degree in each variable
is 𝑘 = 6, yielding𝑚 = 240 and𝑚 = 1056 control variates in dimensions 𝑑 = 4
and 𝑑 = 8 respectively. Figure 2.1 presents the boxplots of the AIS and AISCV
estimates. The error reduction obtained thanks to the control variates is huge:
the AISCV estimate has a mean squared error smaller than the one of the AIS
estimate by a factor at least 10 and up to 100 (see Table 2.1 in the Appendix).
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(a) 𝑓1 (𝑑 = 4)
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(b) 𝑓1 (𝑑 = 8)
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(c) 𝑓2 (𝑑 = 4)
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(d) 𝑓3 (𝑑 = 8)

Figure 2.1: Integration on [0, 1]𝑑 : boxplots of estimates 𝐼 (ais)
𝑛 (𝑓 ) and 𝐼 (aiscv)

𝑛 (𝑓 ) with
integrands 𝑓1, 𝑓2, 𝑓3 in dimensions 𝑑 ∈ {4; 8} obtained over 100 replications. The true
integral equals 1.
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Gaussian mixture 𝑝 and Stein control variates. In this setting we assume
we only have access to the evaluations of the target density 𝑝 . We consider
the classical example introduced in Cappé et al. (2008) where 𝑝 is a mixture
of two Gaussian distributions. The control variates are built using Stein’s
method (Section 2.5.1) out of polynomials of total degree at most 𝑄 ∈ {2; 3},
leading to a number of control variates𝑚 ∈ {14; 34} in dimension 𝑑 = 4 and
𝑚 ∈ {44; 164} in dimension 𝑑 = 8 respectively. We consider two cases: an
isotropic and an anisotropic one.
Isotropic case. Let 𝑝Σ (𝑥) = 0.5ΦΣ (𝑥 − 𝜇) + 0.5ΦΣ (𝑥 + 𝜇) where Σ = 𝐼𝑑/𝑑, 𝜇 =

(1, . . . , 1)⊤/(2
√
𝑑) and ΦΣ is the multivariate normal density function with

zero mean and covariance matrix Σ. The Euclidean distance between the two
mixture centers is 1, independently of 𝑑 . The initial density 𝑞0 is the mul-
tivariate Student 𝑡 distribution with mean (1,−1, 0, . . . , 0)/

√
𝑑 and variance

(5/𝑑)𝐼𝑑 . The initial mean value differs from the null vector to prevent the
naive algorithm using the initial density from having good results due to the
symmetrical set-up.
Anisotropic case. In this case, the mixture is unbalanced and each Gaussian
is anisotropic. The target density is 𝑝𝑉 (𝑥) = 0.75Φ𝑉 (𝑥 − 𝜇) + 0.25Φ𝑉 (𝑥 + 𝜇)
where 𝜇 = (1, . . . , 1)⊤/(2

√
𝑑) and𝑉 = diag(10, 1, . . . , 1)/𝑑 . The initial density

𝑞0 is the same as for the isotropic case.
Figure 2.2 presents the evolution of the logarithm of the mean squared

error ∥𝐼 (𝑓 ) − 𝐼 (𝑓 )∥2
2. Once again, the AISCV estimators are the clear winners

with a mean squared error smaller by a factor up to 1000 for the anisotropic
case (see Table 2.2 in the Appendix).
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(a) 𝑝Σ (𝑑 = 4)
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(b) 𝑝Σ (𝑑 = 8)
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(c) 𝑝𝑉 (𝑑 = 4)
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Figure 2.2: Gaussian mixture density: Logarithm of ∥𝐼 (𝑓 ) − 𝐼 (𝑓 )∥2
2 for 𝑓 (𝑥) = 𝑥

with target isotropic 𝑝Σ and anisotropic 𝑝𝑉 in dimensions 𝑑 ∈ {4; 8} obtained over
100 replications.

2.6.2 Real-world examples

We place ourselves in the framework of Bayesian linear regression (Section
2.5.2) with features 𝑋 ∈ R𝑁×𝑑 and continuous responses 𝑦 ∈ R𝑁 . The pos-
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terior distribution 𝑝 (𝜃 |D) involves a Gaussian prior 𝜋 (𝜃 ) ∼ N (𝜇𝑎, Σ𝑎) and
a likelihood function ℓ (D|𝜃 ) proportional to (𝜎2)−𝑁 /2 exp(−(𝑦 − 𝑋𝜃 )⊤(𝑦 −
𝑋𝜃 )/(2𝜎2)). The noise level is fixed and taken sufficiently large at 𝜎 = 50
to account for general priors. The posterior distribution is Gaussian too:
N(𝜇𝑏, Σ𝑏) with 𝜇𝑏 = Σ𝑏 (𝜎−2𝑋⊤𝑦 + Σ−1

𝑎 𝜇𝑎) and Σ𝑏 = (𝜎−2𝑋⊤𝑋 + Σ−1
𝑎 )−1.

The integrand is 𝑓 (𝜃 ) =
∑𝑑
𝑖=1 𝜃

2
𝑖 and the control variates are built with the

Stein operator (Section 2.5.1) out of monomials with total degree 𝑄 ∈ {1; 2},
leading to the AISCV1 and AISCV2 estimators respectively.
Datasets and parameters. Classical datasets from Dua and Graff (2019) are
considered : housing (𝑁 = 506;𝑑 = 13;𝑚 ∈ {12; 104}); abalone (𝑁 = 4177;𝑑 =

8;𝑚 ∈ {7; 44}); red wine (𝑁 = 1599;𝑑 = 11;𝑚 ∈ {10; 77}); andwhite wine (𝑁 =

4898;𝑑 = 11;𝑚 ∈ {10; 77}). The initial density is the multivariate Student 𝑡
distribution with 𝜈 = 10 degrees of freedom, zeromean and covariance matrix
Σ𝑏 .
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Figure 2.3: Bayesian linear regression: boxplots of (𝐼 (𝑓 ) − 𝐼 (𝑓 ))/𝐼 (𝑓 ) for 𝑓 (𝜃 ) =∑𝑑
𝑗=1 𝜃

2
𝑗 .

Results. Figure 2.3 presents the boxplots of the relative error 𝐼 (𝑓 )−𝐼 (𝑓 )
𝐼 (𝑓 ) , re-

vealing the benefits of control variates evenwith polynomials of degree𝑄 = 1.
When 𝑄 = 2, the error of the AISCV2 estimate is virtually zero (see Table 2.3
in the Appendix), in line with Proposition 2.2. The mean squared error of the
AISCV1 estimate is smaller than that of the AIS estimate by a factor ranging
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between 2 and 10.

2.7 Appendix

Technical Lemmas and auxiliary results are provided in Section 2.7.1. Sec-
tion 2.7.2 collects additional theoretical properties of the AISCV estimator
while the technical proofs of the propositions and main theorem are pre-
sented in Section 2.7.3. Finally, Section 2.7.4 presents additional numerical
values associated to the numerical experiments on synthetic examples and
real-world datasets for Bayesian linear regression.

2.7.1 Auxiliary results

Lemmas on (Random) Matrices inequalities

Definition 2.2. Let𝐴 and Ψ be Hermitian matrices of the same dimension. We
say that 𝐴 ⪯ Ψ if and only if Ψ −𝐴 is positive semidefinite.

Definition 2.3 (Tropp (2015), Definition 2.1.2). Let 𝑓 : 𝐼 → R where 𝐼 is an
interval of the real line. Consider a 𝑑 ×𝑑 Hermitian matrix𝐴 whose eigenvalues
are contained in 𝐼 . Define a 𝑑 × 𝑑 Hermitian matrix 𝑓 (𝐴), called the standard
matrix function, using an eigenvalue decomposition of 𝐴, by

𝑓 (𝐴) = 𝑄

𝑓 (𝜆1)

. . .

𝑓 (𝜆𝑑 )

 𝑄
∗ where 𝐴 = 𝑄


𝜆1

. . .

𝜆𝑑

 𝑄
∗.

Remark 2.3. The matrix exponential 𝑒𝐴 and the matrix logarithm log(𝐴) are
the standard matrix functions.

Lemma 2.1 (Tropp (2015), Example 8.3.4). The trace exponential map is mono-
tone:

𝐴 ⪯ Ψ implies tr 𝑒𝐴 ≤ tr 𝑒Ψ

for all Hermitian matrices 𝐴 and Ψ.

Lemma 2.2 (Tropp (2015), Proposition 3.2.1). For any random Hermitian ma-
trix 𝑌 , for all 𝑡 ∈ R, we have

P (𝜆min(𝑌 ) ≤ 𝑡) ≤ inf
𝜃<0

𝑒−𝜃𝑡 E[tr(𝑒𝜃𝑌 )] .

Lemma 2.3 (Tropp (2015), Lemma 5.4.1). Assume that 𝐴 is a random matrix
with 0 ≤ 𝜆min(𝐴) and, for some constant 𝐿 > 0, 𝜆max(𝐴) ≤ 𝐿. Then, for all
𝜃 ∈ R,

log(E[𝑒𝜃𝐴]) ⪯ 𝜂 (𝜃 ) E[𝐴], 𝜂 (𝜃 ) = 𝐿−1(𝑒𝜃𝐿 − 1).
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Lemma 2.4 (Tropp (2015), Corollary 3.4.2). Let Ψ be a fixed Hermitian matrix
and 𝐴 a random Hermitian matrix of the same dimension. Then

E [tr{exp(Ψ +𝐴)}] ≤ tr
[
exp{Ψ + log(E[𝑒𝐴])}

]
.

Inequalities for martingales increments and empirical Gram
matrices

Lemma 2.5 (Hoeffding inequality for norm-subGaussian martingale incre-
ments). Let the 𝑑-dimensional random vectors 𝑍1, . . . , 𝑍𝑛 and the natural fil-
tration F𝑛 = 𝜎 (𝑍1, . . . , 𝑍𝑛), F0 = {Ω, ∅}, be such that, for all 𝑖 = 1, . . . 𝑛,
E[𝑍𝑖 |F𝑖−1] = 0 and

∀𝑡 ≥ 0,∀𝑖 = 1, . . . , 𝑛, P(∥𝑍𝑖 ∥2 ≥ 𝑡 |F𝑖−1) ≤ 2 exp
(
− 𝑡2

2𝜎2

)
(2.10)

for some 𝜎 > 0. Then for any 𝛿 > 0, with probability at least 1 − 𝛿 , we have




 𝑛∑︁
𝑖=1

𝑍𝑖







2

≤ 𝐾𝜎
√︁
𝑛 log(2𝑑/𝛿),

where 𝐾 = 3.

Proof. The proof follows from adapting the proof of Lemma 6 in Leluc et al.
(2021) working out their Lemma 5 and Corollary 7 from Jin et al. (2019). □

Lemma 2.6. Define 𝜑𝑘 = 𝜑 (𝑋𝑘 ), 𝑄𝑘 = 𝑤𝑘𝜑𝑘𝜑
⊤
𝑘
, 𝑌𝑛 =

∑𝑛
𝑘=1𝑄𝑘 . Let the

constant 𝐿 > 0 be such that 𝜆max(𝑄𝑘 ) ≤ 𝐿 with probability 1. Then, for all
𝜁 ∈ (0, 1), we have

P (𝜆min(𝑌𝑛) ≤ (1 − 𝜁 )𝑛𝜆min(𝐺)) ≤ 𝑚
[

𝑒−𝜁

(1 − 𝜁 ) (1−𝜁 )

]𝑛𝜆min (𝐺 )/𝐿
.

Proof. Let E𝑛 denote the expectation with respect to F𝑛−1 = 𝜎 (𝑋1, . . . , 𝑋𝑛−1)
and define 𝑍𝑛 = log(E𝑛 [𝑒𝜈𝑄𝑛 ]). Using Lemma 2.4 with the measurable w.r.t.
F𝑛−1 matrix Ψ = 𝜈𝑌𝑛−1, we have

E
[
tr(𝑒𝜈𝑌𝑛 )

]
= E

[
E𝑛

[
tr(𝑒𝜈𝑌𝑛−1+𝜈𝑄𝑛 )

] ]
≤ E

[
tr(𝑒𝜈𝑌𝑛−1+log(E𝑛 [𝑒𝜈𝑄𝑛 ] ) )

]
= E

[
tr(𝑒𝜈𝑌𝑛−1+𝑍𝑛 )

]
.

Using again Lemma 2.4 with the matrix Ψ = 𝜈𝑌𝑛−2 +𝑍𝑛 , the last term is upper
bounded as

E
[
tr(𝑒𝜈𝑌𝑛−1+𝑍𝑛 )

]
= E

[
E𝑛−1

[
tr(𝑒𝜈𝑌𝑛−2+𝜈𝑄𝑛−1+𝑍𝑛 )

] ]
≤ E

[
tr(𝑒𝜈𝑌𝑛−2+𝑍𝑛−1+𝑍𝑛 )

]
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Applying this inequality several times yields

E[tr(𝑒𝜈𝑌𝑛 )] ≤ E[tr(𝑒
∑𝑛

𝑘=1 𝑍𝑘 )] .

Applying Lemma 2.3 gives 𝑍𝑘 ⪯ 𝜂 (𝜈) E𝑘 [𝑄𝑘 ], 𝜂 (𝜈) = 𝐿−1(𝑒𝜈𝐿 − 1) for 𝑘 =

1, . . . , 𝑛. By Lemma 2.1, we get

E[tr(𝑒𝜈𝑌𝑛 )] ≤ E[tr(𝑒
∑𝑛

𝑘=1 𝑍𝑘 )] ≤ E[tr(𝑒
∑

𝑘 𝜂 (𝜈 ) E𝑘 [𝑄𝑘 ])] = tr(𝑒𝑛𝜂 (𝜈 )𝐺 ) .

Now applying Lemma 2.2 and taking into account the fact that 𝜂 (𝜈) < 0 for
𝜈 < 0, we have

P (𝜆min(𝑌𝑛) ≤ 𝑡) ≤ inf
𝜈<0

𝑒−𝜈𝑡 E[tr(𝑒𝜈𝑌𝑛 )]

≤ inf
𝜈<0

𝑒−𝜈𝑡 tr(𝑒𝑛𝜂 (𝜈 )𝐺 )

≤ inf
𝜈<0

𝑒−𝜈𝑡 tr(𝑒𝑛𝜂 (𝜈 )𝜆min (𝐺 )𝐼𝑚 )

≤ inf
𝜈<0

𝑒−𝜈𝑡𝑚𝑒𝑛𝜂 (𝜈 )𝜆min (𝐺 ) .

Wemake the change of variables 𝑡 = (1−𝜁 )𝑛𝜆min(𝐺) andminimize over 𝜈 < 0
the following expression

−𝑛𝜈 (1 − 𝜁 )𝜆min(𝐺) + 𝑛𝜂 (𝜈)𝜆min(𝐺) .

The infimum is attained at 𝜈 = 𝐿−1 log(1 − 𝜁 ) with 𝜂 (𝜈) = −𝜁 /𝐿 which gives
the inequality of the Lemma. □

Remark 2.4. The term in square brackets in Lemma 2.6 is bounded above by
𝑒−𝜁

2/2 (Leluc et al. (2021), Lemma 2).

2.7.2 Additional properties of AISCV estimator

Orthogonal projections

Some geometric considerations help to better understand certain properties
of the AISCV estimate (2.7). Let 1𝑛 = (1, . . . , 1)⊤ ∈ R𝑛 be a vector of ones and
write

𝑓 (𝑛) = (𝑓 (𝑋1), . . . , 𝑓 (𝑋𝑛))⊤, Φ = (𝜑 𝑗 (𝑋𝑖)) 𝑖=1,...,𝑛
𝑗=1,...,𝑚

, 𝑊 = diag(𝑤1, . . . ,𝑤𝑛) .

In matrix form, the weighted least-squares problem (2.7) is

(𝛼𝑛, 𝛽𝑛) ∈ arg min
(𝑎,𝑏 ) ∈R×R𝑚

∥𝑊 1/2(𝑓 (𝑛) − 𝑎1𝑛 − Φ𝑏)∥2
2. (2.11)



2.7. Appendix 33

For any function 𝜓 : R𝑑 → R𝑝 , let the operator 𝑃𝑛,𝑤 return the weighted
average of the sequence𝜓 (𝑋1), . . . ,𝜓 (𝑋𝑛) with the weights𝑤1, . . . ,𝑤𝑛 , i.e.,

𝑃𝑛,𝑤 (𝜓 ) =
∑𝑛
𝑖=1𝑤𝑖𝜓 (𝑋𝑖)∑𝑛

𝑖=1𝑤𝑖
.

The empirically centred integrand and control variates are 𝑓 (𝑛)
𝑊

= 𝑓 (𝑛) −
1𝑛𝑃𝑛,𝑤 (𝑓 ) and Φ𝑊 = Φ − 1𝑛𝑃𝑛,𝑤 (𝜑⊤). Put𝑊 1/2 = diag(𝑤1/2

1 , . . . ,𝑤
1/2
𝑛 ). The

solution to (2.11) takes the form{
𝛼𝑛 = 𝑃𝑛,𝑤 (𝑓 − 𝛽⊤𝑛 𝜑),
𝛽𝑛 ∈ arg min𝑏∈R𝑚 ∥𝑊 1/2(𝑓 (𝑛)

𝑊
− Φ𝑊𝑏)∥2

2,
(2.12)

If the matrix Φ⊤
𝑊
𝑊Φ𝑊 is invertible, the optimal vector 𝛽𝑛 is unique and is

given by
𝛽𝑛 = (Φ⊤

𝑊𝑊Φ𝑊 )−1Φ⊤
𝑊𝑊 𝑓

(𝑛)
𝑊

. (2.13)

Matrix representation

Let us rewrite (2.11) in terms of two nested minimization problems:

𝛼𝑛 ∈ arg min
𝑎∈R

[
min
𝑏∈R𝑚




𝑊 1/2
(
𝑓 (𝑛) − 𝑎1𝑛 − Φ𝑏

)


2

2

]
. (2.14)

Let Π ∈ R𝑛×𝑛 be the orthogonal projection matrix onto the column space of
Φ, whenR𝑛 is endowed with the scalar product ⟨𝑥,𝑦⟩𝑊 = 𝑥⊤𝑊𝑦 for 𝑥,𝑦 ∈ R𝑛 .
For 𝑣 ∈ R𝑛 , we have

Π𝑣 = Φ𝛽𝑛 (𝑣) where 𝛽𝑛 (𝑣) ∈ arg min
𝑏∈R𝑚




𝑊 1/2(𝑣 − Φ𝑏)



2

2
.

IfΦ has rank𝑚, then the solution to the aboveminimization problem is unique
and Π = Φ(Φ⊤𝑊Φ)−1Φ⊤𝑊 ; otherwise, the matrix Π is still uniquely defined,
even though there are then multiple solutions 𝛽𝑛 (𝑣). Given 𝑎 ∈ R, the mini-
mum in (2.14) over 𝑏 ∈ R𝑚 is attained as soon as Φ𝑏 = Π(𝑓 (𝑛) − 𝑎1𝑛). There-
fore

𝛼𝑛 ∈ arg min
𝑎∈R




𝑊 1/2(𝐼𝑛 − Π)
(
𝑓 (𝑛) − 𝑎1𝑛

)


2

2
, (2.15)

where 𝐼𝑛 is the 𝑛 × 𝑛 identity matrix. Recall the vector 𝑒𝑛 in (2.8). In our
present notation, we have

𝑒𝑛 = (𝐼𝑛 − Π)1𝑛 .
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Proposition 2.4 (Matrix representation). The minimizer 𝛼𝑛 in (2.15) is unique
if and only if 𝑒𝑛 ≠ 0, in which case the normalized AISCV estimate is

𝐼
(aiscv)
𝑛 (𝑓 ) = 𝛼𝑛 =

1⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 (𝐼𝑛 − Π) 𝑓 (𝑛)
1⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 (𝐼𝑛 − Π)1𝑛

=
1⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 𝑓 (𝑛)

1⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 1𝑛
. (2.16)

Proof. The objective function for which the expression on the right-hand side
of (2.16) is given by

𝑎21⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 (𝐼𝑛 − Π)1𝑛 − 2𝑎1⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 (𝐼𝑛 − Π) 𝑓 (𝑛) + constant,

where the unspecified constant does not depend on 𝑎. The coefficient of 𝑎2

is equal to 𝑒⊤𝑛𝑊𝑒𝑛 , which is positive if and only if 𝑒𝑛 ≠ 0. The latter is thus
a necessary and sufficient for the minimizer 𝛼𝑛 to exist and be unique. In
that case, the objective function is a convex quadratic function in 𝑎, whose
minimizer is easily seen to be equal to the stated expression. □

2.7.3 Proofs of the main results

Proof of Proposition 2.1

Proof. We start fromProposition 2.4. Recall that 𝑒𝑛 = (𝐼𝑛−Π)1𝑛 . SinceΠ⊤𝑊 =

𝑊Π and Π2 = Π, we find (𝐼𝑛 − Π)⊤𝑊 (𝐼𝑛 − Π) = (𝐼𝑛 − Π)⊤𝑊 . We obtain

1⊤𝑛 (𝐼𝑛−Π)⊤𝑊 (𝐼𝑛−Π) 𝑓 (𝑛) = 1⊤𝑛 (𝐼𝑛−Π)⊤𝑊 𝑓 (𝑛) = 𝑒⊤𝑛𝑊 𝑓 (𝑛) =
𝑛∑︁
𝑖=1

𝑤𝑖𝑒𝑛,𝑖 𝑓 (𝑋𝑖),

and similarly 1⊤𝑛 (𝐼𝑛 − Π)⊤𝑊 (𝐼𝑛 − Π) 𝑓 (𝑛) = ∑𝑛
𝑖=1𝑤𝑖𝑒𝑛,𝑖 . □

Proof of Proposition 2.2

Proof. If 𝑓 = 𝛼 + 𝛽⊤𝜑 for some 𝛼 ∈ R and 𝛽 ∈ R𝑚 , then the minimum in (2.7)
is clearly attained for 𝛼𝑛 = 𝛼 and 𝛽𝑛 = 𝛽 . □

Proof of Proposition 2.3

Proof. In (2.7), if 𝑏 ranges over R𝑚 , then 𝐴⊤𝑏 ranges over R𝑚 too, since 𝐴 is
invertible. It follows that the solutions 𝛼𝑛 in (2.7) do not change if we replace
𝜑 by 𝐴𝜑 , since 𝑏⊤𝐴𝜑 = (𝐴⊤𝑏)⊤𝜑 . □

Proof of Theorem 2.1

Proof.
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Step 1. Working out the probability of several bounds. In Step 1, we
gather several elementary bounds that will be useful to establish more ad-
vanced bounds in Step 2.
Bound 1. To control

��∑𝑛
𝑖=1𝑤𝑖𝜀 (𝑋𝑖)

��, we apply Lemma 2.5 with 𝑍𝑖 equal to
𝑤𝑖𝜀 (𝑋𝑖). We have E[𝑤𝑖𝜀 (𝑋𝑖) |F𝑖−1] = 0 and by Assumption 3,

P[|𝑤𝑖𝜀 (𝑋𝑖) | > 𝑡 |F𝑖−1] ≤ 2 exp(−𝑡2/(2𝜏2))

holds, and the sub-Gaussian variance factor is simply 𝜏2. Therefore, with
probability at least 1 − 𝛿/5, we have����� 𝑛∑︁

𝑖=1
𝑤𝑖𝜀 (𝑋𝑖)

����� ≤ 𝐾𝜏
√︁
𝑛 log(10/𝛿).

Bound 2. For the term


∑𝑛

𝑖=1𝑤𝑖𝜑 (𝑋𝑖)




2, we apply Lemma 2.5 with𝑍𝑖 equal to
𝑤𝑖𝜑 (𝑋𝑖). By Assumptions 2 and 1, we have ∥𝑤𝑖𝜑 (𝑋𝑖)∥2 ≤ 𝑐 ∥𝜑 (𝑋𝑖)∥2 ≤ 𝑐

√
𝐵,

which implies that𝑤𝑖𝜑 (𝑋𝑖) is sub-Gaussian (conditionally on F𝑖−1) with vari-
ance factor 𝑐2𝐵 (Boucheron et al., 2013, Lemma 2.2). Hence (2.10) is satisfied
with 𝜎2 = 𝑐2𝐵. Thus, with probability at least 1 − 𝛿/5, the inequality




 𝑛∑︁

𝑖=1
𝑤𝑖𝜑 (𝑋𝑖)







2

≤ 𝐾𝑐
√︁
𝑛𝐵 log(10𝑚/𝛿)

holds.
Bound 3. Nowwe treat the term



∑𝑛
𝑖=1𝑤𝑖𝜑 (𝑋𝑖)𝜀 (𝑋𝑖)




2 applying again Lemma

2.5 but this time with 𝑍𝑖 equal to𝑤𝑖𝜑 (𝑋𝑖)𝜀 (𝑋𝑖). We have that ∥𝑤𝑖𝜑 (𝑋𝑖)𝜀𝑖 ∥2 ≤√
𝐵 |𝑤𝑖𝜀𝑖 |. By Assumption 3, we have, for all 𝑡 > 0,

P[∥𝑤𝑖𝜑 (𝑋𝑖)𝜀 (𝑋𝑖)∥2 > 𝑡 |F𝑖] ≤ P[
√
𝐵 |𝑤𝑖𝜀 (𝑋𝑖) | > 𝑡 |F𝑖]

≤ 2 exp
(
− 𝑡2

2𝐵𝜏2

)
,

and (2.10) holds with 𝜎2 = 𝐵𝜏2. Lemma 2.5 then implies that, with probability
at least 1 − 𝛿/5, 




 𝑛∑︁

𝑖=1
𝑤𝑖𝜑 (𝑋𝑖)𝜀 (𝑋𝑖)







2

≤ 𝐾
√︁
𝑛𝐵𝜏2 log(10𝑚/𝛿) .

Bound 4. By Lemma 2.6 and Remark 2.4, we have, with probability at least
1 − 𝛿/5,

𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑 (𝑋𝑖)𝜑⊤(𝑋𝑖)
)
> (1 − 𝜁 )𝑛𝜆min(𝐺) = (1 − 𝜁 )𝑛,
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where, by Assumption 2, 𝐺 =
∫
𝑓 𝜑𝜑⊤ d𝜆 = 𝐼 , 𝜁 satisfies the equation

𝑚 exp( −𝜁
2𝑛

2𝐿 ) = 𝛿/5.

with 𝐿 = 𝑐𝐵 according to Assumptions 2 and 1. Solving the last equation, we
obtain

𝜁 =

√︂
2𝐿 log(5𝑚/𝛿)

𝑛
.

We choose 𝜁 ≤ 1/2 which gives the condition 𝑛 ≥ 8𝑐𝐵 log(5𝑚/𝛿) and, with
probability at least 1 − 𝛿/5,

𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑 (𝑋𝑖)𝜑⊤(𝑋𝑖)
)
> (1 − 𝜁 ) 𝑛 ≥ 𝑛/2. (2.17)

Bound 5. Nowwe consider the term
∑𝑛
𝑖=1𝑤𝑖 . Since −1 ≤ 𝑤𝑖−1 ≤ 𝑐 , |𝑤𝑖−1| is

bounded by 𝑐 , and𝑤𝑖 − 1 is sub-Gaussian with variance factor 𝑐2. This makes
the inequality required in Lemma 2.5 valid and henceforth����� 𝑛∑︁

𝑖=1
(𝑤𝑖 − 1)

����� ≤ 𝐾𝑐
√︁
𝑛 log(10/𝛿)

or

−𝐾𝑐
√︁
𝑛 log(10/𝛿) + 𝑛 ≤

𝑛∑︁
𝑖=1

𝑤𝑖 ≤ 𝐾𝑐
√︁
𝑛 log(10/𝛿) + 𝑛.

Wewant to have𝐾𝑐
√︁
𝑛 log(10/𝛿) ≤ 𝑛/2. It holds if

√
𝑛 ≥ 2𝐾𝑐

√︁
log(10/𝛿).

Then we get that 𝑛/2 = 𝑛 − 𝑛/2 ≤ 𝑛 − 𝐾𝑐
√︁
𝑛 log(10/𝛿) ≤ ∑𝑛

𝑖=1𝑤𝑖 . Therefore,
with probability at least 1 − 𝛿/5, it holds that

𝑛∑︁
𝑖=1

𝑤𝑖 ≥ 𝑛/2.

Step 2. Extending the previous elementary bounds on appropriate
quantities. The work in this step consists in showing that under the five
previous bounds, and therefore with probability at least 1 − 𝛿 , we have that

𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜑𝑊 (𝑋𝑖)⊤
)
≥ 𝑛/4, (2.18)




 𝑛∑︁

𝑖=1
𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜀𝑊 (𝑋𝑖)







2

≤ 2𝐾𝜏
√︁
𝑛𝐵 log(10𝑚/𝛿) . (2.19)
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We start by proving (2.18). Recognizing a covariance, we get

𝑃𝑛,𝑤{𝜑𝑊𝜑⊤
𝑊 } = 𝑃𝑛,𝑤 (𝜑𝜑⊤) − 𝑃𝑛,𝑤 (𝜑)𝑃𝑛,𝑤 (𝜑)⊤,

and then, using the Cauchy-Schwarz inequality, we have

𝜆min(𝑃𝑛,𝑤{𝜑𝑊𝜑⊤
𝑊 }) ≥ 𝜆min(𝑃𝑛,𝑤 (𝜑𝜑⊤)) − ∥𝑃𝑛,𝑤 (𝜑)∥2

2

or, equivalently,

𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜑𝑊 (𝑋𝑖)⊤
)
≥𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑 (𝑋𝑖)𝜑 (𝑋𝑖)⊤
)

−



 𝑛∑︁
𝑖=1

𝑤𝑖𝜑 (𝑋𝑖)



2

2

/ 𝑛∑︁
𝑖=1

𝑤𝑖 ,

From Bound 2 and Bound 5,


 𝑛∑︁
𝑖=1

𝑤𝑖𝜑 (𝑋𝑖)



2

2

/ 𝑛∑︁
𝑖=1

𝑤𝑖 ≤
𝐾2𝑐2𝐵𝑛 log(10𝑚/𝛿)

𝑛/2 = 2𝐾2𝑐2𝐵 log(10𝑚/𝛿)

Using Bound 4 and the previous inequality, it follows that

𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜑𝑊 (𝑋𝑖)⊤
)
≥ 𝑛/2 − 2𝐾2𝑐2𝐵 log(10𝑚/𝛿) .

If 𝑛 ≥ 8𝐾2𝑐2𝐵 log(10𝑚/𝛿),

𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜑𝑊 (𝑋𝑖)⊤
)
≥ 𝑛/4.

We have just obtained (2.18).
Let us now establish (2.19). Recognizing a covariance, we find

𝑃𝑛,𝑤{𝜑𝑊 𝜀𝑊 } = 𝑃𝑛,𝑤 (𝜑𝜀) − 𝑃𝑛,𝑤 (𝜑)𝑃𝑛,𝑤 (𝜀),

and it follows that

𝑃𝑛,𝑤{𝜑𝑊 𝜀𝑊 }




2 ≤ ∥𝑃𝑛,𝑤 (𝜑𝜀)∥2 + ∥𝑃𝑛,𝑤 (𝜑)∥2 |𝑃𝑛,𝑤 (𝜀) |,

or, equivalently,




 𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜀𝑊 (𝑋𝑖)







2

≤



 𝑛∑︁
𝑖=1

𝑤𝑖𝜑 (𝑋𝑖)𝜀 (𝑋𝑖)





2
+ ∥𝑃𝑛,𝑤 (𝜑)∥2

��� 𝑛∑︁
𝑖=1

𝑤𝑖𝜀 (𝑋𝑖)
���.
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Now using Bound 2 and 5, we find

∥𝑃𝑛,𝑤 (𝜑)∥2 ≤ 2𝐾𝑐
√︂
𝐵 log(10𝑚/𝛿)

𝑛
, (2.20)

which combined with Bound 1 leads to

∥𝑃𝑛,𝑤 (𝜑)∥2

��� 𝑛∑︁
𝑖=1

𝑤𝑖𝜀 (𝑋𝑖)
��� ≤ 2𝐾2𝑐𝜏

√︁
𝐵 log(10𝑚/𝛿) log(10/𝛿)

≤ 2𝐾2𝑐𝜏
√
𝐵 log(10𝑚/𝛿).

The previous inequality and Bound 3 gives




 𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜀𝑊 (𝑋𝑖)







2

≤ 𝐾𝜏
√︁
𝑛𝐵 log(10𝑚/𝛿) + 2𝐾2𝑐𝜏

√
𝐵 log(10𝑚/𝛿)

= 𝐾𝜏
√︁
𝑛𝐵 log(10𝑚/𝛿)

(
1 + 2𝐾𝑐

√︂
log(10𝑚/𝛿)

𝑛

)
≤ 2𝐾𝜏

√︁
𝑛𝐵 log(10𝑚/𝛿)

if 𝑛 ≥ 4𝐾2𝑐2 log(10𝑚/𝛿).
The condition𝑛 ≥ 8𝐾2𝑐2𝐵 log(10𝑚/𝛿) (used in establishing (2.18)) implies

𝑛 ≥ 4𝐾2𝑐2 log(10𝑚/𝛿) (used in proving (2.19)), 𝑛 ≥ 8𝑐𝐵 log(5𝑚/𝛿) (used in
Bound 4) and 𝑛 ≥ 4𝐾2𝑐2 log(10/𝛿) (used in Bound 5) since𝑚 ≥ 1, 𝐵 ≥ 𝑚 and
𝑐 ≥ 1. Therefore, the constant 𝐶1 from the statement of the theorem equals
8𝐾2.

Step 3. End of the proof. The quantity to be bounded can be written as a
sum of two terms as follows

𝐼
(aiscv)
𝑛 (𝑓 , 𝛽𝑛) −

∫
R𝑑
𝑓 (𝑥)𝑝 (𝑥) d𝑥 = 𝑃𝑛,𝑤{𝜀} + 𝑃𝑛,𝑤{𝜑}⊤(𝛽∗ − 𝛽𝑛) .

Using Bounds 1 and 5, the first term in the right-hand side satisfies

|𝑃𝑛,𝑤{𝜀}| ≤ 2𝐾𝜏
√︂

log(10/𝛿)
𝑛

.

This corresponds to the first term in the bound of the theorem where the
constant 𝐶2 equals 2𝐾 . Hence, it remains to show that

|𝑃𝑛,𝑤{𝜑}⊤(𝛽∗ − 𝛽𝑛) | ≤ 𝐶3𝑐𝐵𝜏 log(10𝑚/𝛿)/𝑛.



2.7. Appendix 39

Introducing 𝐺−1/2𝐺1/2, we obtain

𝑃𝑛,𝑤{𝜑}⊤(𝛽∗ − 𝛽𝑛) = 𝑃𝑛,𝑤{𝜑}⊤𝐺1/2(𝛽∗ − 𝛽𝑛).

Then, using the identity

(𝛽𝑛 − 𝛽∗) = (Φ⊤
𝑊𝑊Φ𝑊 )−1Φ⊤

𝑊𝑊𝜀
(𝑛)
𝑊

and the Cauchy-Schwarz inequality yields���𝑃𝑛,𝑤{𝜑}⊤(𝛽∗ − 𝛽𝑛)��� ≤ 

𝑃𝑛,𝑤{𝜑}

2 ∥𝐺
1/2(𝛽∗ − 𝛽𝑛)∥2

≤


𝑃𝑛,𝑤{𝜑}

2




𝐺1/2(Φ⊤
𝑊𝑊Φ𝑊 )−1Φ⊤

𝑊𝑊𝜀
(𝑛)
𝑊





2

≤


𝑃𝑛,𝑤{𝜑}

2




𝐺1/2(Φ⊤
𝑊𝑊Φ𝑊 )−1𝐺1/2





2

×



𝐺−1/2Φ⊤

𝑊𝑊𝜀
(𝑛)
𝑊





2
.

By (2.18), we have


𝐺1/2(Φ⊤
𝑊𝑊Φ𝑊 )−1𝐺1/2





2
=








(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜑𝑊 (𝑋𝑖)⊤
)−1








2

=

[
𝜆min

(
𝑛∑︁
𝑖=1

𝑤𝑖𝜑𝑊 (𝑋𝑖)𝜑𝑊 (𝑋𝑖)⊤
) ]−1

≤ 4/𝑛.

From (2.19) and (2.20), it follows that

���𝑃𝑛,𝑤{𝜑}⊤(𝛽∗ − 𝛽𝑛)��� ≤ 2𝐾
√︂
𝐵 log(10𝑚/𝛿)

𝑛

8𝐾𝑐𝜏
√︁
𝑛𝐵 log(10𝑚/𝛿)

𝑛

= 16𝐾2𝑐𝐵𝜏
log(10𝑚/𝛿)

𝑛
.

Therefore, the constant𝐶3 from the statement of the theorem equals 16𝐾2. □

2.7.4 Additional numerical results

Parameters. In all simulations, the sampling policy is taken within the fam-
ily of multivariate Student 𝑡 distributions of degree 𝜈 denoted by {𝑞𝜇,Σ0 : 𝜇 ∈
R𝑑 }with Σ0 = 𝜎0𝐼𝑑 (𝜈−2)/𝜈 and 𝜈 > 2, 𝜎0 > 0. Similarly to Portier and Delyon
(2018), the mean 𝜇𝑡 is updated at each stage 𝑡 = 1, . . . ,𝑇 by the generalized
method of moments (GMM), leading to

𝜇𝑡 =

∑𝑡
𝑠=1

∑𝑛𝑠
𝑖=1𝑤𝑠,𝑖𝑋𝑠,𝑖∑𝑡

𝑠=1
∑𝑛𝑠
𝑖=1𝑤𝑠,𝑖

.
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The allocation policy is fixed to 𝑛𝑡 = 1000 and the number of stages is 𝑇 ∈
{5; 10; 20; 30; 50}. The different Monte Carlo estimates are compared by their
mean squared error (MSE) obtained over 100 independent replications. In
other words, for each method that returns 𝐼 (𝑓 ), the mean square error is
computed as the average of ∥𝐼 (𝑓 ) − 𝐼 (𝑓 )∥2

2 computed over 100 replicates of
𝐼 (𝑓 ). When the integrand is real-valued, this quantity is scaled as ( [𝐼 (𝑓 ) −
𝐼 (𝑓 )]/𝐼 (𝑓 ))2.

The experiments were performed on a laptop Intel Core i7-10510U CPU
1.80GHz × 8.

Synthetic examples: integration on [0, 1]𝑑

We seek to integrate functions 𝑓 with respect to the uniform density 𝑝 (𝑥) = 1
for 𝑥 ∈ [0, 1]𝑑 in dimensions 𝑑 ∈ {4; 8}. We rely on Legendre polynomials for
the control variates. Consider the integrands 𝑓1(𝑥) = 1+ sin(𝜋 (2𝑑−1 ∑𝑑

𝑖=1 𝑥𝑖 −
1)), 𝑓2(𝑥) =

∏𝑑
𝑖=1(2/𝜋)1/2𝑥−1

𝑖 e− log(𝑥𝑖 )2/2 and 𝑓3(𝑥) =
∏𝑑
𝑖=1 log(2)21−𝑥𝑖 , all of

which integrate to 1 on [0, 1]𝑑 .
None of the integrands is a linear combination of the control variates.

The policy parameters are 𝜇0 = (0.5, . . . , 0.5) ∈ R𝑑 , 𝜈 = 8, and 𝜎0 = 0.1.
The control variates are built out of tensor products of Legendre polynomials
where the degree ℓ𝑗 equals 0 for all but two coordinates, leading to a total
number of𝑚 = 𝑘𝑑 + 𝑘2𝑑 (𝑑 − 1)/2 control variates. The maximum degree in
each variable is 𝑘 = 6, yielding 𝑚 = 240 and 𝑚 = 1056 control variates in
dimensions 𝑑 = 4 and 𝑑 = 8 respectively. Figure 2.1 presents the boxplots of
the AIS and AISCV estimates.

Figure 2.4 presents the boxplots of the different estimates and Table 2.1
gathers the numerical values of the mean squared errors. As a natural com-
petitor to our AISCV estimator, we also implemented the weighted version
of standard AIS called w-AIS introduced in Portier and Delyon (2018). Inter-
estingly, such a method presents similar or even worse performance than the
standard AIS estimate for dimension 𝑑 = 4 but better results for dimension
𝑑 = 8. This good behavior is illustrated in Figure 2.4b and Figure 2.4d. Ac-
cordingly, the values of the MSE for w-AIS are smaller than the one of AIS in
dimension 𝑑 = 8 but still greater than the ones of AISCV.

Synthetic examples: Gaussian mixtures

General target 𝑝 and Stein method. In this setting we only assume acces
to the evaluations of the target density 𝑝 . We consider the classical example
introduced in Cappé et al. (2008) where 𝑝 is a mixture of two Gaussian distri-
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5 10 20 30 50
Total Sample Size (x1e3)

0.94

0.96

0.98

1.00

1.02

1.04

1.06
AIS
AISCV

(a) 𝑓1 (𝑑 = 4)

5 10 20 30 50
Total Sample Size (x1e3)

0.92

0.94

0.96

0.98

1.00

1.02

1.04

1.06

1.08 AIS
w-AIS
AISCV

(b) 𝑓1 (𝑑 = 8)

5 10 20 30 50
Total Sample Size (x1e3)

0.96

0.98

1.00

1.02

1.04 AIS
AISCV

(c) 𝑓2 (𝑑 = 4)

5 10 20 30 50
Total Sample Size (x1e3)

0.900

0.925

0.950

0.975

1.000
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1.100
AIS
w-AIS
AISCV

(d) 𝑓3 (𝑑 = 8)

Figure 2.4: Integration on [0, 1]𝑑 : boxplots of estimates 𝐼 (ais)
𝑛 (𝑓 ) and 𝐼 (aiscv)

𝑛 (𝑓 ) with
integrands 𝑓1, 𝑓2, 𝑓3 in dimensions 𝑑 ∈ {4; 8} obtained over 100 replications. The true
integral equals 1.

Sample Size 𝑛 5, 000 10, 000 20, 000 30, 000 50, 000Integrand Method

𝑓1
(𝑑 = 4)

AIS 2.9𝑒-4 1.5𝑒-4 7.8𝑒-5 5.8𝑒-5 3.7𝑒-5
wAIS 3.0𝑒-4 1.6𝑒-4 8.3𝑒-5 6.5𝑒-5 4.1𝑒-5
AISCV 9.7e-5 1.9e-5 1.0e-5 7.5e-6 4.3e-6

𝑓1
(𝑑 = 8)

AIS 8.7𝑒-4 4.6𝑒-4 2.3𝑒-4 1.9𝑒-4 1.0𝑒-4
wAIS 9.2𝑒-4 4.6𝑒-4 2.2𝑒-4 1.6𝑒-4 9.0𝑒-5
AISCV 3.2e-4 3.2e-5 1.1e-5 6.0e-6 2.5e-6

𝑓2
(𝑑 = 4)

AIS 3.4𝑒-4 1.3𝑒-4 7.6𝑒-5 5.9𝑒-5 3.1𝑒-5
wAIS 3.7𝑒-4 1.6𝑒-4 1.2𝑒-4 1.1𝑒-4 7.9𝑒-5
AISCV 3.1e-5 1.0e-5 4.9e-6 2.6e-6 1.5e-6

𝑓3
(𝑑 = 8)

AIS 1.6𝑒-3 7.8𝑒-4 4.0𝑒-4 3.3𝑒-4 1.9𝑒-4
wAIS 1.5𝑒-3 7.3𝑒-4 3.6𝑒-4 2.7𝑒-4 1.5𝑒-4
AISCV 1.7e-4 2.1e-5 7.8e-6 4.3e-6 1.8e-6

Table 2.1: Mean Square Errors for 𝑓1, 𝑓2, 𝑓3 with AIS, wAIS (Portier and Delyon, 2018)
and AISCV in dimensions 𝑑 ∈ {4; 8} obtained over 100 replications.
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butions. The control variates are built using Stein’s method with polynomial
maps of degree𝑄 ∈ {2; 3} leading to a number of control variates𝑚 ∈ {14; 34}
in dimension 𝑑 = 4 and𝑚 ∈ {44; 164} in dimension 𝑑 = 8 respectively.
Isotropic case. Let 𝑝Σ (𝑥) = 0.5ΦΣ (𝑥 − 𝜇) + 0.5ΦΣ (𝑥 + 𝜇) where Σ = 𝐼𝑑/𝑑 ,
𝜇 = (1, . . . , 1)⊤/(2

√
𝑑) and ΦΣ is the multivariate normal density function

with zero mean and covariance matrix Σ. Note that the Euclidean distance
between the two mixture centers is independent of the dimension as it equals
1. The initial density 𝑞0 is the multivariate student distribution with mean
(1,−1, 0, . . . , 0)/

√
𝑑 and variance (5/𝑑)𝐼𝑑 . The initial mean value differs from

the null vector to prevent the naive algorithm using the initial density from
having good results (due to the symmetry).
Anisotropic case. In this case, the mixture is unbalanced and each Gaussian
is anisotropic. The target density is 𝑝𝑉 (𝑥) = 0.75Φ𝑉 (𝑥 − 𝜇) + 0.25Φ𝑉 (𝑥 + 𝜇)
where 𝜇 = (1, . . . , 1)⊤/(2

√
𝑑) and𝑉 = diag(10, 1, . . . , 1)/𝑑 . The initial density

𝑞0 is the same as for the isotropic case.
Figure 2.5 presents the boxplots of the mean square error ∥𝐼 (𝑓 ) − 𝐼 (𝑓 )∥2

2
and Table 2.2 gathers the associated numerical values.
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Figure 2.5: Boxplots for ∥𝐼 (𝑓 ) − 𝐼 (𝑓 )∥2
2 for 𝑓 (𝑥) = 𝑥 with target isotropic 𝑝Σ and

anisotropic 𝑝𝑉 in dimensions 𝑑 ∈ {4; 8} obtained over 100 replications.
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Sample Size 𝑛 5, 000 10, 000 20, 000 30, 000 50, 000Target Method

𝑓Σ
(𝑑 = 4)

AIS 6.9𝑒-4 2.9𝑒-4 1.5𝑒-4 1.1𝑒-4 7.2𝑒-5
wAIS 6.8𝑒-4 2.9𝑒-4 1.5𝑒-4 1.1𝑒-4 7.3𝑒-5

AISCV-2 4.1𝑒-5 2.2𝑒-5 9.1𝑒-6 5.6𝑒-6 3.7𝑒-6
AISCV-3 1.5e-5 8.4e-6 3.7e-6 2.3e-6 1.3e-6

𝑓Σ
(𝑑 = 8)

AIS 2.7𝑒-3 1.2𝑒-3 6.6𝑒-4 4.1𝑒-4 2.7𝑒-4
wAIS 2.7𝑒-3 1.2𝑒-3 6.9𝑒-4 4.3𝑒-4 2.8𝑒-4

AISCV-2 3.7𝑒-4 1.7𝑒-4 1.0𝑒-4 6.8𝑒-5 4.7𝑒-5
AISCV-3 2.8e-4 1.2e-4 6.3e-5 4.2e-5 2.6e-5

𝑓𝑉
(𝑑 = 4)

AIS 1.1𝑒-2 5.5𝑒-3 2.2𝑒-3 1.6𝑒-3 9.5𝑒-4
wAIS 1.1𝑒-2 5.3𝑒-3 2.0𝑒-3 1.3𝑒-3 8.0𝑒-4

AISCV-2 1.3𝑒-5 7.2𝑒-6 2.9𝑒-6 1.9𝑒-6 1.2𝑒-6
AISCV-3 1.1e-5 6.6e-6 2.2e-6 1.5e-6 9.6e-7

𝑓𝑉
(𝑑 = 8)

AIS 4.5𝑒-2 3.2𝑒-2 2.2𝑒-2 1.5𝑒-2 6.8𝑒-3
wAIS 2.6𝑒-2 1.3𝑒-2 7.8𝑒-3 5.9𝑒-3 3.8𝑒-3

AISCV-2 4.6e-4 2.8e-4 1.3e-4 9.7e-5 6.0𝑒-5
AISCV-3 1.4𝑒-3 4.8𝑒-4 1.5𝑒-4 1.1𝑒-4 5.7e-5

Table 2.2: Mean Square Errors ∥𝐼 (𝑓 ) − 𝐼 (𝑓 )∥2
2 for 𝑓 (𝑥) = 𝑥 with target isotropic 𝑝Σ

and anisotropic 𝑝𝑉 in dimensions 𝑑 ∈ {4; 8} obtained over 100 replications.

Real-world data: Bayesian linear regression

Weplace ourselves in the framework of Bayesian linear regressionwith obser-
vations 𝑋 ∈ R𝑁×𝑑 and labels 𝑦 ∈ R𝑁 . The posterior distribution 𝑝 (𝜃 |D) de-
pends on a Gaussian prior 𝜋 ∼ N(𝜇𝑎, Σ𝑎) and a likelihood function ℓ (D|𝜃 ) ∝
(𝜎2)−𝑁 /2 exp(−(𝑦 − 𝑋𝜃 )⊤(𝑦 − 𝑋𝜃 )/(2𝜎2)) where the noise level is fixed and
taken sufficiently large𝜎 = 50 to account general priors. Observe that the pos-
terior distribution is also GaussianN(𝜇𝑏, Σ𝑏) with 𝜇𝑏 = Σ𝑏 (𝜎−2𝑋⊤𝑦 + Σ−1

𝑎 𝜇𝑎)
and Σ𝑏 = (𝜎−2𝑋⊤𝑋 + Σ−1

𝑎 )−1. The integrand is 𝑓 (𝜃 ) = ∥𝜃 ∥2
2 and the control

variates are built using Stein method described in Section 2.5.1 with degree
𝑄 ∈ {1; 2}, leading to the AISCV1 and AISCV2 estimators respectively. Ob-
serve that when𝑄 = 2, the integrand belongs to the linear span of the control
variates so the integration should be exact in light of Proposition 2.2.
Datasets and parameters. Some classical datasets fromUCIMachine Learn-
ing repository Dua and Graff (2019) are considered : housing (𝑁 = 506;𝑑 =

13;𝑚 ∈ {12; 104}); abalone (𝑁 = 4, 177;𝑑 = 8;𝑚 ∈ {7; 44}); red wine (𝑁 =

1, 599;𝑑 = 11;𝑚 ∈ {10; 77}) and white wine (𝑁 = 4, 898;𝑑 = 11;𝑚 ∈ {10; 77}).
The initial density is the multivariate student distribution with 𝜈 = 10 degrees
of freedom, zero mean and covariance matrix Σ𝑏 .
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Figure 2.6: Boxplots of (𝐼 (𝑓 ) − 𝐼 (𝑓 ))/𝐼 (𝑓 ), 𝑓 (𝜃 ) = ∥𝜃 ∥2
2, obtained over 100 replica-

tions.

Results. Figure 2.6 presents the boxplots of the error (𝐼 (𝑓 ) − 𝐼 (𝑓 ))/𝐼 (𝑓 ) and
Table 2.3 gathers the associated numerical values. Observe the benefits of
using control variates even with polynomials of degree 𝑄 = 1. Observe that
when𝑄 = 2, the error of the AISCV2 estimator is almost equal to zero which
is in line with Proposition 2.2. Accordingly when looking at the MSE, the
AISCV1 error is smaller than the AIS one by a factor ranging between 2 and
10 and the MSE of AISCV2 is of order 10−9.
Monte Carlo Markov Chain. We run a state-of-the-art MCMC method
called NUTS (Hoffman et al., 2014), which is a self-tuning variant of Hamil-
tonian Monte Carlo. It may be hard to compare precisely this method against
the AIS based methods since they are different in nature. Indeed, the goal
of MCMC methods is to sample from a target distribution whereas AISCV
methods are meant for variance reduction. In both cases there are hyperpa-
rameters to tune. For AIS-based methods, there is the choice of the policy
(𝑞𝑖)𝑖≥0, the choice of the control variates and the number of particles 𝑛𝑡 to
draw at each step. For the NUTS sampler, there is among others, the num-
ber of samples used for the tuning phase and the initialization of the Markov
kernel. A reasonable comparison is obtained based on the overall number of
sampled particles. Table 2.4 above presents the mean squared errors obtained
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Sample Size 𝑛 5, 000 10, 000 20, 000 30, 000 50, 000Dataset Method

Housing
AIS 2.2𝑒-2 4.4𝑒-3 3.1𝑒-4 2.7𝑒-4 2.5𝑒-4

AISCV1 2.9𝑒-3 7.0𝑒-4 1.7𝑒-4 1.6𝑒-4 5.2𝑒-5
AISCV2 5.6𝑒-9 5.6𝑒-9 5.6𝑒-9 5.6𝑒-9 5.6𝑒-9

Abalone
AIS 6.2𝑒-2 2.6𝑒-2 1.1𝑒-2 6.5𝑒-3 3.1𝑒-3

AISCV1 6.3𝑒-3 1.2𝑒-3 4.7𝑒-4 3.1𝑒-4 1.8𝑒-4
AISCV2 5.1𝑒-9 6.1𝑒-9 6.1𝑒-9 6.1𝑒-9 6.1𝑒-9

Red Wine
AIS 3.0𝑒-2 1.3𝑒-2 7.0𝑒-3 4.7𝑒-3 2.8𝑒-3

AISCV1 3.7𝑒-3 1.5𝑒-3 8.7𝑒-4 6.4𝑒-4 4.2𝑒-4
AISCV2 5.1𝑒-10 5.1𝑒-10 5.1𝑒-10 5.1𝑒-10 5.1𝑒-10

White
Wine

AIS 1.1𝑒-2 2.6𝑒-3 8.1𝑒-4 4.2𝑒-4 1.8𝑒-4
AISCV1 7.1𝑒-3 1.5𝑒-3 4.0𝑒-4 2.1𝑒-4 9.2𝑒-5
AISCV2 2.4𝑒-9 2.4𝑒-9 2.4𝑒-9 2.4𝑒-9 2.4𝑒-9

Table 2.3: Mean Square Errors for different datasets with 𝑓 (𝜃 ) = ∥𝜃 ∥2
2 obtained over

100 replications.

Sample Size 𝑛 5, 000 10, 000 20, 000 30, 000
Housing 5.5𝑒-5 2.7𝑒-5 1.9𝑒-5 1.2𝑒-5
Abalone 1.8𝑒-4 8.6𝑒-5 6.7𝑒-5 5.6𝑒-5
Red Wine 2.7𝑒-4 1.8𝑒-4 9.5𝑒-5 5.2𝑒-5
White Wine 3.8𝑒-4 1.6𝑒-4 8.5𝑒-5 7.3𝑒-5

Table 2.4: MSE with 𝑓 (𝜃 ) = ∥𝜃 ∥2
2 obtained over 30 chains of NUTS sampler.

over 30 chains of NUTS sampler with default configuration of the parameters
from the Python library pymc3 (Patil et al., 2010).





Control Variates and Nearest
Neighbors 3
A novel linear integration rule called control neighbors is proposed in which
nearest neighbor estimates act as control variates to speed up the convergence
rate of the Monte Carlo procedure on metric spaces. The main result is the
O(𝑛−1/2𝑛−𝑠/𝑑 ) convergence rate – where 𝑛 stands for the number of evalua-
tions of the integrand and𝑑 for the dimension of the domain – of this estimate
for Hölder functions with regularity 𝑠 ∈ (0, 1], a rate which, in some sense, is
optimal. Several numerical experiments validate the complexity bound and
highlight the good performance of the proposed estimator. The content of
this chapter is based on the paper

R. Leluc, F. Portier, J. Segers and A. Zhuman. (2024).
Speeding upMonte Carlo integration: control neigh-
bors for optimal convergence. Bernoulli, in press.

3.1 Introduction

Consider the classical numerical integration problem of approximating the
value of an integral 𝜇 (𝑓 ) =

∫
𝑓 d𝜇 where 𝜇 is a probability measure on a met-

ric space (𝑀, 𝜌) and the integrand 𝑓 is a real-valued function on the support
of 𝜇. Suppose that random draws from the measure 𝜇 are available and calls
to the function 𝑓 are possible. The standard Monte Carlo estimate consists in
averaging 𝑓 (𝑋𝑖) over 𝑖 = 1, . . . , 𝑛, where the particles 𝑋𝑖 are drawn indepen-
dently from 𝜇. For square-integrable integrands, the Monte Carlo estimate
has convergence rate O(𝑛−1/2) as 𝑛 → ∞, whatever the dimension of the
domain. In some applications, calls to the integrand may be expensive (Sacks
et al., 1989; Doucet et al., 2001) and one may only have access to a small num-
ber of evaluations 𝑓 (𝑋𝑖), such as in Bayesian inference on complex models
(Higdon et al., 2015; Toscano-Palmerin and Frazier, 2022). The 𝑛−1/2-rate of
the standard Monte Carlo estimate then becomes too slow and leads to highly
variable estimates.

As detailed in Novak (2016), the complexity of integration algorithmsmay
be analyzed through the convergence rate of the error. Any randomized pro-

47
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cedure based on 𝑛 particles yields an estimate 𝜇𝑛 (𝑓 ) of the integral 𝜇 (𝑓 ) and
the root mean-square error of the procedure is E[|𝜇𝑛 (𝑓 ) − 𝜇 (𝑓 ) |2]1/2. For the
specific problem of integration with respect to the uniform measure over the
unit cube [0, 1]𝑑 , the complexity rate of randomized methods for Lipschitz
integrands is known to be O(𝑛−1/2𝑛−1/𝑑 ) (Bakhvalov, 2015; Novak, 2016).
Furthermore, when the first 𝑠 derivatives of the integrand are bounded, the
convergence rate becomes O(𝑛−1/2𝑛−𝑠/𝑑 ). These complexity rates are infor-
mative as they show that for smooth integrands, the Monte Carlo estimate
is suboptimal and leaves room for improvement by relying on the regular-
ity of the integrand. Several approaches are already known for improving
upon the Monte Carlo benchmark. They can be classified according to their
convergence rates while keeping in mind the lower bound O(𝑛−1/2𝑛−𝑠/𝑑 ).

The control variate method (Rubinstein, 1981; Newton, 1994; Caflisch,
1998; Evans and Swartz, 2000; Glynn and Szechtman, 2002; Glasserman, 2004)
is a powerful technique that allows to reduce the variance of the Monte Carlo
estimate by approximating the integrand with a function whose integral is
known. The Monte Carlo rate can be improved by combining control vari-
ates to model 𝑓 (Oates et al., 2017; Portier and Segers, 2019; Leluc et al., 2021;
South et al., 2023). In Portier and Segers (2019), when 𝜇 is the uniform dis-
tribution on [−1, 1]𝑑 and when using 𝑚 orthogonal polynomials as control
variates, the convergence rate is O(𝑛−1/2𝑚−𝑠/𝑑 ), where 𝑠 is the regularity of
𝑓 . However, 𝑚 is required to be of smaller order than 𝑛1/3, so that the op-
timal rate cannot be achieved. By relying on control functions constructed
in a reproducing kernel Hilbert space, Oates et al. (2019) obtained the rate
O(𝑛−1/2−(𝑎∧𝑏 )/𝑑+𝜀) for a specific class of integrands where 𝑎 is related to the
smoothness of the target density, 𝑏 is related to the smoothness of the inte-
grand 𝑓 and 𝜀 > 0 hides logarithmic factors and can be arbitrary small. This
is done at the expense of computational complexity in O(𝑛3) due to matrix
inversion when solving the underlying kernel ridge regression problem.

Another reliable technique to improve the rate of convergence of standard
Monte Carlo is stratification. The sample space is partitioned and particles
are sampled from each piece of the partition separately. It has allowed to
improve the convergence rate of Monte Carlo estimates (Haber, 1966, 1967)
and to derive a general framework called stochastic quadrature rules (Haber,
1969). Recently, Haber’s work has been extended to take advantage of higher
smoothness in the integrand (Chopin and Gerber, 2022). To the best of our
knowledge, the works of Haber (1966) and Chopin and Gerber (2022) are the
first ones to provide a feasible method achieving the best rate of convergence
for smooth integrands; an algorithm with optimal rate of convergence but
difficult to implement is proposed in Krieg and Novak (2017). Some related
ideas for building optimal algorithms were already introduced in the seminal
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work of Bakhvalov (2015); see also Novak (2016) for a short review and Novak
(1988) for more details. A drawback of the methods proposed in Haber (1966)
and Chopin and Gerber (2022) is that they are only valid for integration over
the unit cube and involve a geometric number (𝑛 = ℓ𝑑 ) of evaluations of the
integrand 𝑓 , which may be somewhat restrictive in case the integrand is hard
to compute, as in complex Bayesian models.

Interestingly, the stratification method in Chopin and Gerber (2022) re-
lies on a piecewise constant control function with a low bias compared to a
traditional regression estimate. Such type of estimator is shown to attain the
optimal rate of convergence in case of noiseless evaluations of the function
to approximate (Kohler and Krzyżak, 2013; Hinrichs et al., 2020) and this ex-
plains the success of their approach to reach to optimal rate of convergence
for the integration problem. The same idea of using a low-bias estimate is
the starting point of this paper too and is relevant because the integrand 𝑓 is
accessible without noise. Low-bias estimates have also been employed suc-
cessfully in adaptive rejection sampling (Achddou et al., 2019), allowing to
reach the optimal rate. Alternatively, stochastic quadrature rules based on
determinantal point processes have been proposed in Bardenet and Hardy
(2020) and Coeurjolly et al. (2021). Such methods allow to reduce the root
mean squared error to O(𝑛−1/2𝑛−1/(2𝑑 ) ) when the integrand 𝑓 has a contin-
uous derivative. This interesting acceleration still remains slower than the
optimal lower bound.

In this paper, a new Monte Carlo method called control neighbors is intro-
duced. By using 1-nearest neighbor estimates as control variates, it produces
an estimate 𝜇𝑛 (𝑓 ) of the integral 𝜇 (𝑓 ) for a probability measure 𝜇 on a metric
space (𝑀, 𝜌) such that the measure of a ball of radius 𝑟 > 0 is of the order 𝑟𝑑 as
𝑟 → 0, uniformly over the space. This novel estimate is shown to achieve the
convergence rate O(𝑛−1/2𝑛−𝑠/𝑑 ) for Hölder integrands of regularity 𝑠 ∈ (0, 1].
The main properties of the control neighbors estimate are as follows:

(a) It can be obtained under the same framework as standard Monte Carlo,
i.e., as soon as one can draw random particles from 𝜇 and evaluate the
integrand 𝑓 . In contrast to the classical method of control variates, the
existence of control variates with known integrals is not required.

(b) The method takes the form of a linear integration rule
∑𝑛
𝑖=1𝑤𝑖,𝑛 𝑓 (𝑋𝑖)

with weights 𝑤𝑖,𝑛 not depending on the integrand 𝑓 but only on the
particles 𝑋1, . . . , 𝑋𝑛 . This property is computationally beneficial when
several integrals are to be computed with the same measure 𝜇.

(c) For Lipschitz integrands 𝑓 , when 𝑠 = 1, the convergence rate is the
optimal one O(𝑛−1/2𝑛−1/𝑑 ) (Novak, 2016). Other recent approaches for



50 Chapter 3. Control Variates and Nearest Neighbors

general 𝜇 (e.g. Oates et al., 2017; Portier and Segers, 2019) do not achieve
this rate. Such a rate is achieved by the methods in Haber (1966) and in
Chopin and Gerber (2022) provided 𝜇 is the uniform distribution on a
𝑑-dimensional cube and the number of evaluations of the integrand is
geometric, 𝑛 = ℓ𝑑 for some integer ℓ ≥ 1.

(d) The approach is post-hoc in the sense that it can be run after sampling
the particles and independently from the sampling mechanism. Al-
though the theory in our paper is restricted to independent random
variables, the method can be implemented for other sampling designs
including MCMC or adaptive importance sampling.

(e) Themethod not only applies to integrationwith respect to smoothmea-
sures on compact subsets of Euclidean space but also with respect to the
normalized volumemeasure on compact Riemannianmanifolds such as
the unit sphere or the orthogonal group.

A similar approach to the one in this paper (and developed independently)
has been proposed in Blanchet et al. (2023) as an example of an algorithm
that achieves the complexity bounds for the integration problem; see their
Section 4 and in particular their Theorem 4.2. Their study is focused on the
derivation of complexity rates and on the existence of methods to achieve
these rates. They consider the case where the integrand is evaluated with
noise, and this leads to different choices of the number of neighbors (as ex-
plained in the proof of their Theorem 4.2). When the noise vanishes, their
approach is similar to our 1-nearest neighbor control variate estimate. One
major difference remains that, for the proof of their theorem, they need to
split the sample into two independent parts, leading to a loss of efficiency
in practice. This latter drawback is avoided in this study with the help of a
careful analysis of the leave-one-out algorithm.

The outline of the paper is as follows. The mathematical foundations of
nearest neighbor estimates are gathered in Section 3.2 with a formal introduc-
tion of two different nearest neighbors estimates. The theoretical properties
of the control neighbor estimates are stated in Section 3.3. Finally, Section 3.4
reports on several numerical experiments along with some practical remarks
on the implementation of the proposed estimates, and Section 3.5 concludes.
Section 3.6 contains proofs, auxiliary results and additional experiments.

3.2 From nearest neighors to control neighbors

This section presents the mathematical framework of nearest neighbor esti-
mates with reminders on Voronoi cells and central quantities for the analysis,
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namely the degree of a point and the average cell volume. Next, two control
neighbor estimates are introduced and some basic properties are stated.

3.2.1 Nearest neighbors

Let 𝑋1, . . . , 𝑋𝑛 be independent and identically distributed random variables
taking values in a metric space (𝑀, 𝜌), drawn from a distribution 𝜇 without
atoms. Let 𝑥 ∈ 𝑀 denote a generic point.

Definition 3.1 (Nearest neighbors and distances). The nearest neighbor 𝑁̂𝑛 (𝑥)
of 𝑥 among 𝑋1, . . . , 𝑋𝑛 and the associated distance 𝜏𝑛 (𝑥) are

𝑁̂𝑛 (𝑥) ∈ arg min
𝑌 ∈{𝑋1,...,𝑋𝑛 }

𝜌 (𝑥,𝑌 ), 𝜏𝑛 (𝑥) = 𝜌
(
𝑁̂𝑛 (𝑥), 𝑥

)
.

When the arg min is not unique, 𝑁̂𝑛 (𝑥) is defined as the one point among the
arg min having the smallest index. More generally, for𝑘 ∈ {1, . . . , 𝑛}, let 𝑁̂𝑛,𝑘 (𝑥)
denote the 𝑘-nearest neighbor of 𝑥 and 𝜏𝑛,𝑘 (𝑥) = 𝜌

(
𝑁̂𝑛,𝑘 (𝑥), 𝑥

)
the associated

distance, breaking ties by the lexicographic order.

The sample X𝑛 = {𝑋1, . . . , 𝑋𝑛} defines a natural (random) partition of the
integration domain when considering the associated Voronoi cells. Any such
cell is associated to a given sample point, say 𝑋𝑖 , and contains all the points
𝑥 of which the nearest neighbor is 𝑋𝑖 .

Definition 3.2 (Voronoi cells and volumes). The Voronoi cells of 𝑋1, . . . , 𝑋𝑛
are

∀𝑖 = 1, . . . , 𝑛, 𝑆𝑛,𝑖 =
{
𝑥 ∈ 𝑀 : 𝑁̂𝑛 (𝑥) = 𝑋𝑖

}
,

with Voronoi volumes 𝑉𝑛,𝑖 = 𝜇 (𝑆𝑛,𝑖).

The 1-NN estimate of 𝑓 is defined as 𝑓𝑛 (𝑥) = 𝑓
(
𝑁̂𝑛 (𝑥)

)
for all 𝑥 ∈ R𝑑 and

is piece-wise constant on the Voronoi cells, i.e., 𝑓𝑛 (𝑥) =
∑𝑛
𝑖=1 𝑓 (𝑋𝑖)1𝑆𝑛,𝑖 (𝑥).

The leave-one-out rule is a general technique to introduce independence
between the prediction and the evaluation points. It is used as a cross-
validation strategy in order to tune hyper-parameters of statistical procedures
(Stone, 1974; Craven andWahba, 1978). The leave-one-out version of 𝑓𝑛 with-
out 𝑋𝑖 is denoted by 𝑓

(𝑖 )
𝑛 and is obtained in the exact same way as 𝑓𝑛 ex-

cept that a slightly different sample—in which the 𝑖-th observation has been
removed—is used.

Definition 3.3 (Leave-one-out neighbors, Voronoi cells and volumes). Let
𝑖 ∈ {1, . . . , 𝑛} and X (𝑖 )

𝑛 = {𝑋1, . . . , 𝑋𝑛} \ {𝑋𝑖}. The leave-one-out neighbor of
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𝑥 ∈ 𝑀 is
𝑁̂

(𝑖 )
𝑛 (𝑥) ∈ arg min

𝑌 ∈X (𝑖 )
𝑛

𝜌 (𝑥,𝑌 ) .

When the above arg min is not unique, 𝑁̂ (𝑖 )
𝑛 (𝑥) is defined as the one point among

the arg min having the smallest index. The leave-one-out Voronoi cell 𝑆 (𝑖 )
𝑛,𝑗

de-

notes the 𝑗-th Voronoi cell in X (𝑖 )
𝑛 , i.e.,

∀𝑗 ∈ {1, . . . , 𝑛} \ {𝑖}, 𝑆
(𝑖 )
𝑛,𝑗

=

{
𝑥 ∈ 𝑀 : 𝑁̂ (𝑖 )

𝑛 (𝑥) = 𝑋 𝑗
}
.

The leave-one-out Voronoi volume is defined as 𝑉 (𝑖 )
𝑛,𝑗

= 𝜇
(
𝑆
(𝑖 )
𝑛,𝑗

)
.

The leave-one-out 1-NN predictor used in Section 3.2.2 to define the pro-
posed integral estimate is 𝑓 (𝑖 )𝑛 (𝑥) = 𝑓

(
𝑁̂

(𝑖 )
𝑛 (𝑥)

)
. A key property is that 𝑓 (𝑖 )𝑛

and 𝑓𝑛 coincide on 𝑆𝑛,𝑗 for 𝑗 ≠ 𝑖 . On the cell 𝑆𝑛,𝑖 , when the function 𝑓 is
Hölder with regularity 𝑠 ∈ (0, 1], the supremum distance between 𝑓 (𝑖 )𝑛 and 𝑓𝑛
is of the same order as the nearest neighbor distance to the power 𝑠 . In terms
of the 𝐿1(𝜇)-norm, their difference is even smaller if the cell 𝑆𝑛,𝑖 has a small
𝜇-volume. Relevant for our numerical integration problem is that the average
of the integrals 𝜇

(
𝑓
(𝑖 )
𝑛

)
is close to 𝜇 (𝑓𝑛).

Lemma 3.1. In terms of 𝑓𝑛 (𝑥) =
∑𝑛
𝑖=1 𝑓

(𝑖 )
𝑛 (𝑥)1𝑆𝑛,𝑖 (𝑥), we have

∑𝑛
𝑖=1

(
𝜇
(
𝑓
(𝑖 )
𝑛

)
−

𝜇 (𝑓𝑛)
)
= 𝜇 (𝑓𝑛 − 𝑓𝑛) .

Enumerating how often a point𝑋 𝑗 is the nearest neighbor of points𝑋𝑖 for
𝑖 ≠ 𝑗 reflects how much 𝑋 𝑗 is surrounded within the sample. Another quan-
tification of the isolation of a point 𝑋 𝑗 is obtained by summing the Voronoi
volumes 𝑉 (𝑖 )

𝑛,𝑗
over 𝑖 ≠ 𝑗 . These two notions are formally stated in the next

definition.

Definition 3.4 (Degree and cumulative volume). For all 𝑗 = 1, . . . , 𝑛, the de-
gree 𝑑𝑛,𝑗 represents the number of times 𝑋 𝑗 is a nearest neighbor of a point 𝑋𝑖
for 𝑖 ≠ 𝑗 . The associated 𝑗-th cumulative Voronoi volume is denoted by 𝑐𝑛,𝑗 , that
is,

𝑑𝑛,𝑗 =
∑︁
𝑖:𝑖≠𝑗

1
𝑆
(𝑖 )
𝑛,𝑗

(𝑋𝑖) and 𝑐𝑛,𝑗 =
∑︁
𝑖:𝑖≠𝑗

𝑉
(𝑖 )
𝑛,𝑗
.

Interestingly, the degree of a point and its cumulative Voronoi volume
have the same expectation: E[𝑑𝑛,𝑗 ] = E[𝑐𝑛,𝑗 ] = 1. The two quantities 𝑑𝑛,𝑗 and
𝑐𝑛,𝑗 will be useful in Proposition 3.1 below to express the control neighbors
estimate as a linear integration rule. For now, we note that weighted sums of
𝑓 (𝑋 𝑗 ) using 𝑑𝑛,𝑗 and 𝑐𝑛,𝑗 as weights are related to the leave-one-out estimate.
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Lemma 3.2. It holds that
𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) 𝑑𝑛,𝑖 =
𝑛∑︁
𝑖=1

𝑓
(𝑖 )
𝑛 (𝑋𝑖) and

𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) 𝑐𝑛,𝑖 =
𝑛∑︁
𝑖=1

𝜇
(
𝑓
(𝑖 )
𝑛

)
.

3.2.2 Control neighbors

With the help of previous notation, we now introduce the two control neighbor
estimates

𝜇
(NN)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝜇 (𝑓𝑛)

}]
(3.1)

𝜇
(NN−loo)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝜇 (𝑓 (𝑖 )𝑛 )

}]
. (3.2)

The first one, 𝜇 (NN)
𝑛 (𝑓 ), is the output in the nearest neighbor algorithm in Sec-

tion 3.4.1. The second one, 𝜇 (NN−loo)
𝑛 (𝑓 ), is a slight modification of 𝜇 (NN)

𝑛 (𝑓 )
that is an unbiased estimate of 𝜇 (𝜑). Indeed, a simple conditioning argument
implies

E
[
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝜇

(
𝑓
(𝑖 )
𝑛

) ]
= E

[
E

[
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝜇

(
𝑓
(𝑖 )
𝑛

) ���X (𝑖 )
𝑛

] ]
= 0,

which is sufficient to get the zero-bias property

E
[
𝜇
(NN−loo)
𝑛 (𝑓 )

]
= 𝜇 (𝑓 ) .

The estimate 𝜇 (NN)
𝑛 is not unbiased, but under the conditions of Theorem 3.1

below, its bias is of smaller order than its root mean squared error; see Re-
mark 3.4 below. Moreover, since 𝑓 (𝑖 )𝑛 is similar to the 1-NN estimate 𝑓𝑛 of
𝑓 based on the full sample 𝑋1, . . . , 𝑋𝑛 , their integrals should be close. This
intuition is confirmed in Proposition 3.3 in the Appendix. Consequently, the
estimate (3.2) will play an important role in the theory. However, comput-
ing the terms 𝜇

(
𝑓
(𝑖 )
𝑛

)
for 𝑖 = 1, . . . , 𝑛 requires the evaluation of 𝑛 additional

integrals. In practice, the working estimate is (3.1) as it involves fewer com-
putations. Further, it is worthwhile to note that our two control neighbor es-
timates are not based on a single approximation of the integrand 𝑓 but rather
on 𝑛 different approximations 𝑓 (𝑖 )𝑛 .

The two control neighbor estimates in (3.1) and (3.2) can be expressed
as linear integration rules of the form

∑𝑛
𝑖=1𝑤𝑖,𝑛 𝑓 (𝑋𝑖) with weights 𝑤𝑖,𝑛 not

depending on the integrand 𝑓 . The weights involve the degrees 𝑑𝑛,𝑖 and the
(cumulative) volumes 𝑉𝑛,𝑖 and 𝑐𝑛,𝑖 in Definitions 3.2 and 3.4.
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Proposition 3.1 (Quadrature rules). The estimates 𝜇 (NN)
𝑛 (𝑓 ) and 𝜇 (NN−loo)

𝑛 (𝑓 )
can be expressed as linear estimates of the form

𝜇
(NN−loo)
𝑛 (𝑓 ) =

𝑛∑︁
𝑖=1

𝑤
(NN−loo)
𝑖,𝑛

𝑓 (𝑋𝑖) and 𝜇
(NN)
𝑛 (𝑓 ) =

𝑛∑︁
𝑖=1

𝑤
(NN)
𝑖,𝑛

𝑓 (𝑋𝑖)

where𝑤 (NN−loo)
𝑖,𝑛

= (1 + 𝑐𝑛,𝑖 − 𝑑𝑛,𝑖)/𝑛 and𝑤 (NN)
𝑖,𝑛

= (1 + 𝑛𝑉𝑛,𝑖 − 𝑑𝑛,𝑖)/𝑛.

The weights of the two estimates satisfy
∑𝑛
𝑖=1𝑤𝑖,𝑛 = 1, meaning that the

integration rules are exact for constant functions. In the light of Proposi-
tion 3.1, the proposed estimate 𝜇 (NN)

𝑛 (𝑓 ) consists in a simple modification of
𝜇
(NN−loo)
𝑛 (𝑓 ) by replacing 𝑐𝑛,𝑖 , which involves 𝑛−1 Voronoi volumes, by 𝑛𝑉𝑛,𝑖 .
For Hölder integrands of order 𝑠 ∈ (0, 1], the difference between both esti-
mates is of the order 𝑛−1/2−𝑠/𝑑 , in view of Eq. (3.3) below and Proposition 3.3
in the Appendix.

3.3 Main results

This section gathers some preliminary considerations on distributions on
metric spaces and a bound on moments of nearest-neighbor distances be-
fore stating the main theoretical properties of the control neighbor esti-
mates (3.1) and (3.2). Under suitable conditions on the measure 𝜇 and the
integrand 𝑓 , their root mean squared errors are shown to reach the rate
E[|𝜇𝑛 (𝑓 ) − 𝜇 (𝑓 ) |2]1/2 ≲ 𝑛−1/2𝑛−𝑠/𝑑 , where two positive sequences 𝑎𝑛 and
𝑏𝑛 satisfy 𝑎𝑛 ≲ 𝑏𝑛 provided 𝑎𝑛 ≤ 𝐶𝑏𝑛 for some constant 𝐶 > 0. Further, their
finite-sample performance is studied through a concentration inequality pro-
viding a high-probability bound on the error |𝜇𝑛 (𝑓 ) − 𝜇 (𝑓 ) |.

3.3.1 Distributions on metric spaces

Let 𝜇 be a Borel probabilitymeasure on a boundedmetric space (𝑀, 𝜌)with di-
ameter diam(𝑀). To control the nearest neighbor distances, we need a handle
on the probabilities of small balls. Let 𝐵(𝑥, 𝑟 ) = {𝑦 ∈ 𝑀 : 𝜌 (𝑥,𝑦) ≤ 𝑟 } denote
the ball with center 𝑥 ∈ 𝑀 and radius 𝑟 > 0. Intuitively, if 𝜇 is an abso-
lutely continuous measure on a compact subset of R𝑑 , then 𝜇 (𝐵(𝑥, 𝑟 )) is of
the order 𝑟𝑑 . The same is true if 𝜇 is a smooth measure on a 𝑑-dimensional
manifold. These considerations motivate the following assumption, which
implicitly defines a kind of intrinsic dimension of𝑀 as measured by 𝜇.

(A1) There exist 𝑑 > 0 and 0 < 𝐶0 ≤ 𝐶1 < ∞ such that

∀𝑥 ∈ 𝑀, ∀𝑟 ∈ (0, diam(𝑀)], 𝐶0𝑟
𝑑 ≤ 𝜇 (𝐵(𝑥, 𝑟 )) ≤ 𝐶1𝑟

𝑑 .
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Remark 3.1. In (A1), it is sufficient to require the stated inequalities for all
𝑟 ∈ (0, 𝑟0] for some 𝑟0 > 0. Upon changing𝐶0 and𝐶1, the inequalities then hold
for all 𝑟 ∈ (𝑟0, diam(𝑀)] too. Indeed, for such 𝑟 , we then have the upper bound
𝜇 (𝐵(𝑥, 𝑟 )) ≤ 1 ≤ 𝑟−𝑑0 · 𝑟𝑑 and the lower bound 𝜇 (𝐵(𝑥, 𝑟 )) ≥ 𝜇 (𝐵(𝑥, 𝑟0)) ≥
𝐶0𝑟

𝑑
0 ≥ 𝐶0{𝑟0/diam(𝑀)}𝑑 · 𝑟𝑑 .

Remark 3.2. In theory, the exponent 𝑑 in (A1) could be non-integer. As an
example, suppose 𝜇 is the normalized Hausdorff measure on a fractal-like set,
like the Cantor set (𝑑 = log 2/log 3) or the Sierpinski triangle (𝑑 = log 3/log 2),
see Stein and Shakarchi (2005). For the integration problem we study, this does
not seem of much practical interest.

A sufficient hypothesis for (A1) is that 𝜇 is supported by a bounded subset
of R𝑑 with positive 𝑑-dimensional Lebesgue measure and is absolutely con-
tinuous with a well-behaved density:

(A1’) The measure 𝜇 is supported by a compact subset 𝑀 of R𝑑 and admits
a density 𝑝 with respect to the 𝑑-dimensional Lebesgue measure 𝜆𝑑 .
There exist constants 𝑏,𝑈 , 𝑐, 𝑟0 ∈ (0,∞) with 𝑏 ≤ 𝑈 such that

■ ∀𝑥 ∈ 𝑀, 𝑏 ≤ 𝑝 (𝑥) ≤ 𝑈 ;
■ ∀𝑟 ∈ (0, 𝑟0],∀𝑥 ∈ 𝑀, 𝜆𝑑 (𝑀 ∩ 𝐵(𝑥, 𝑟 )) ≥ 𝑐 𝜆𝑑 (𝐵(𝑥, 𝑟 )).

Assumption (A1’) is related to the strong density assumption of Audibert and
Tsybakov (2007). It ensures that the density 𝑝 of the measure 𝜇 has a suf-
ficiently regular support and that it is bounded away from zero and infin-
ity. In view of Remark 3.1, it is easy to see that (A1’) implies (A1): since
𝜇 (𝐵(𝑥, 𝑟 )) =

∫
𝑀∩𝐵 (𝑥,𝑟 ) 𝑝 (𝑦) d𝑦, we have, for 𝑥 ∈ 𝑀 and 𝑟 ∈ (0, 𝑟0], the bounds

𝜇 (𝐵(𝑥, 𝑟 )) ≤ 𝑈 𝜆𝑑 (𝐵(𝑥, 𝑟 )) ≤ 𝑈𝑉𝑑 · 𝑟𝑑 , and
𝜇 (𝐵(𝑥, 𝑟 )) ≥ 𝑏 𝜆𝑑 (𝑀 ∩ 𝐵(𝑥, 𝑟 )) ≥ 𝑏𝑐 𝜆(𝐵(𝑥, 𝑟 )) ≥ 𝑏𝑐𝑉𝑑 · 𝑟𝑑 ,

where 𝑉𝑑 = 𝜆𝑑 (𝐵(0, 1)) is the volume of the unit ball in R𝑑 .
Another case of interest is when 𝜇 is supported by a subset of a closed

𝑑-dimensional Riemannian manifold (M𝑔, 𝑔). Let 𝜌𝑔 be the geodesic distance
on M𝑔 induced by the metric 𝑔 and let 𝐵𝑔 (𝑥, 𝑟 ) =

{
𝑦 ∈ M𝑔 : 𝜌𝑔 (𝑥,𝑦) ≤ 𝑟

}
denote the geodesic ball with center 𝑥 ∈ M𝑔 and radius 𝑟 > 0.

(A1”) The measure 𝜇 admits a density 𝑝 having support 𝑀 ={
𝑥 ∈ M𝑔 : 𝑝 (𝑥) > 0

}
with respect to the Riemannian volume measure

𝜈𝑔 on M𝑔. The sectional curvatures of M𝑔 are not greater than some
𝛿 > 0 and there exist constants 𝑏,𝑈 , 𝑐, 𝑟0 ∈ (0,∞) with 𝑏 ≤ 𝑈 such that
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■ ∀𝑥 ∈ 𝑀, 𝑏 ≤ 𝑝 (𝑥) ≤ 𝑈 ;
■ ∀0 < 𝑟 ≤ 𝑟0,∀𝑥 ∈ 𝑀, 𝜈𝑔 (M𝑔 ∩ 𝐵𝑔 (𝑥, 𝑟 )) ≥ 𝑐 𝜈𝑔 (𝐵𝑔 (𝑥, 𝑟 )).

Since 𝜇 (𝐵𝑔 (𝑥, 𝑟 )) =
∫
𝑀∩𝐵𝑔 (𝑥,𝑟 )

𝑝 (𝑦) 𝜈𝑔 (d𝑦), the argument that (A1”) implies
(A1) is the same as the one of the sufficiency of (A1’) above, provided we can
relate the volume of a geodesic ball to its radius. This is the content of the
next result.

Theorem (Corollary 2.2 in Kokarev (2021)). Let (M𝑔, 𝑔) be a closed 𝑑-
dimensional Riemannian manifold whose sectional curvatures are not greater
than 𝛿 , where 𝛿 > 0. Let inj(M𝑔) denote the injectivity radius of M𝑔. Then,
for any point 𝑥 ∈ M𝑔 and any positive radius 𝑟 ≤ rad(𝑔), the volume of the
geodesic ball 𝐵𝑔 (𝑥, 𝑟 ) satisfies the inequalities

21−𝑑𝑉𝑑𝑟
𝑑 ≤ 𝜈𝑔 (𝐵𝑔 (𝑥, 𝑟 )) ≤ 2𝑑−1𝜈𝑔 (M𝑔)

rad(𝑔)𝑑
𝑟𝑑 ,

where 𝑉𝑑 is the volume of a unit ball in the d-dimensional Euclidean space,
rad(𝑔) stands for min

{
inj(M𝑔), 𝜋/(2

√
𝛿)

}
.

In Section 3.4, we perform numerical experiments featuring manifolds
such as the unit sphere S𝑚−1 in R𝑚 and the orthogonal group. The cited the-
orem is valid for S𝑚−1 since the sectional curvature of a (𝑚 − 1)-sphere of
radius 𝑟 is 1/𝑟 2 (Lee, 2019). The orthogonal group is a special case of the
Stiefel manifold, which has a positive bounded sectional curvature (Zimmer-
mann and Stoye, 2024). Other examples are the complex projective space CP𝑑
and the quaternion projective space HP𝑑 , both having sectional curvatures
bounded between 1 and 4 (Ichida, 2000).

3.3.2 Moments of nearest-neighbor distance

Consider drawing independent random samples from a distribution on a met-
ric space.

(A2) 𝑋,𝑋1, 𝑋2, . . . are independent and identically distributed random vari-
ables in a bounded metric space (𝑀, 𝜌) with common distribution 𝜇.

For Hölder-continuous functions, the quality of the approximation of the inte-
grand 𝑓 by its nearest-neighbor estimate 𝑓𝑛 depends on the nearest-neighbor
distance 𝜏𝑛 (see Section 3.2.1). The next lemma provides control on the 𝑘-
nearest neighbor distance 𝜏𝑛,𝑘 (𝑥) and is inspired by the 𝑘-NN literature (Biau
and Devroye, 2015). Let Γ denote the Euler gamma function.
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Lemma 3.3 (Bounding moments of nearest neighbor distances). Under (A1)
and (A2), we have, for any 𝑞 > 0 and for integer 𝑘 ∈ {1, . . . , 𝑛},

E
[
𝜏𝑛,𝑘 (𝑥)𝑞

]
≤ (𝐶0𝑛)−𝑞/𝑑

Γ(𝑘 + 𝑞/𝑑)
Γ(𝑘) .

Remark 3.3 (Lower bounds). In Lemma 3.3, we only need the lower bound in
(A1), not the upper bound. This uniform lower bound in Condition (A1) plays
an important role in our analysis as it allows a uniform control on the Voronoi
cell diameters. Some refinement might be possible given the recent progress in
𝑘-NN regression for covariates with unbounded support (Kohler et al., 2006) and
𝑘-NN classification using some tail assumption on the covariates (Gadat et al.,
2016). Extending the present analysis to such general measures is left for further
research.

3.3.3 Root mean squared error bounds

The main result of this section provides a finite-sample bound on the root
mean squared error of the two control neighbors estimates in (3.1) and (3.2).
The bound depends on the regularity of the integrand.

(A3) The function 𝑓 : 𝑀 → R is Hölder continuous, i.e., there exist 𝑠 ∈ (0, 1]
and 𝐿 > 0 such that

∀𝑥,𝑦 ∈ 𝑀, |𝑓 (𝑥) − 𝑓 (𝑦) | ≤ 𝐿𝜌 (𝑥,𝑦)𝑠 .

The leave-one-out version 𝜇 (NN−loo)
𝑛 involves 𝑛 additional integrals and is

computationally cumbersome. The proposed estimate 𝜇 (NN)
𝑛 requires only a

single additional integral while remaining close to the leave-one-out estimate,
since their difference is

𝜇
(NN)
𝑛 (𝑓 ) − 𝜇 (NN−loo)

𝑛 (𝑓 ) = 𝜇 (𝑓𝑛) −
1
𝑛

𝑛∑︁
𝑖=1

𝜇 (𝑓 (𝑖 )𝑛 ) . (3.3)

Using this property and Lemma 3.1, we obtain that the root mean squared
distance between the leave-one-out version and the proposed estimate is of
the order O(𝑛−1/2−𝑠/𝑑 ) as 𝑛 → ∞; see Proposition 3.3 in the Appendix for a
precise statement. Therefore, the two estimates share the same convergence
rate. In the next theorem, we assume (A1), for which each of (A1’) and (A1”)
is a sufficient condition.
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Theorem 3.1 (Root mean squared error bounds). Under (A1), (A2) and (A3),
if 𝑛 ≥ 4, then

E
[��𝜇 (NN−loo)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
��2]1/2

≤ 𝐶NN−loo𝑛
−1/2𝑛−𝑠/𝑑 ,

E
[��𝜇 (NN)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
��2]1/2

≤ 𝐶NN𝑛
−1/2𝑛−𝑠/𝑑 ,

where

𝐶NN−loo = 𝐿𝐶
−𝑠/𝑑
0 (𝐶1/𝐶0)1/22𝑠/𝑑

√︁
10Γ(2𝑠/𝑑 + 2),

𝐶NN = 𝐿𝐶
−𝑠/𝑑
0

√︁
Γ(2𝑠/𝑑 + 2)

(
2
√︁
𝑠/𝑑 + 1 + 2𝑠/𝑑 (𝐶1/𝐶0)1/2√10

)
.

For Lipschitz functions (𝑠 = 1), the rates obtained in Theorem 3.1 match
the complexity rate stated in Novak (2016), see Section 3.1. The results in the
aforementioned paper are concerned about a slightly more precise context as
they assert that no random integration rule (see the article for more details)
can reach a higher accuracy—measured in terms of mean-square error—than
O(𝑛−1−2/𝑑 ) when the integration measure is the uniform distribution on the
unit cube and the integrand is Lipschitz. Theorem 3.1 states that the optimal
rate is in fact achieved for more general spaces and measures.

The control neighbors estimates involve an approximation of 𝑓 by piece-
wise constant functions 𝑓 (𝑖 )𝑛 and therefore cannot achieve an acceleration of
the convergence rate of more than𝑛−1/𝑑 . It is an interesting question whether
a higher-order nearest neighbor approximation can achieve a greater accu-
racy for integrands that are smoother than just Lipschitz. The simulation
experiments in Section 3.4 will give some feeling on the actual improvement
of the control neighbors estimate over the basic Monte Carlo method at finite
sample sizes.

Remark 3.4. Asmentioned in Section 3.2.2, the control neighbor estimate 𝜇 (NN)
𝑛

is in general not unbiased, in contrast to the leave-one-out version 𝜇 (NN−loo)
𝑛 .

Still, by the first statement of Proposition 3.3 in the Appendix, the bias of 𝜇 (NN)
𝑛

is of the order 𝑛−1−𝑠/𝑑 and thus constitutes an asymptotically negligible part of
the estimator’s root mean squared error, which decreases with rate 𝑛−1/2−𝑠/𝑑 .

3.3.4 Concentration inequalities

In order to obtain a finite-sample performance guarantee of the proposed es-
timates, we apply an extension of McDiarmid’s concentration inequality for
functions with bounded differences on a high probability set 𝐴. The inequal-
ity is stated in Theorem 3.3 in Section 3.6.1 in the Appendix and is itself a
minor extension of an inequality due to Combes (2015).
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Because of our reliance on theory for nearest neighbor processes from
Portier (2023), our bound is established only for measures supported by a
compact subset 𝑀 of Euclidean space, which is why we assume the more
specific setting of (A1’) rather than (A1).

Assumption (A3) implies that 𝑓 is uniformly bounded on𝑀 , since𝑀 has a
finite diameter. Write 𝐶𝑓 = 1

2
{
sup𝑥∈𝑀 𝑓 (𝑥) − inf𝑥∈𝑀 𝑓 (𝑥)

}
. The two control

neighbor estimates satisfy the following concentration inequalities.

Theorem 3.2 (Concentration inequalities). Under (A1’), (A2) and (A3), we
have, for any 𝜀 ∈ (0, 1), with probability at least 1 − 𝜀,���𝜇 (NN−loo)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
��� ≤ 𝐾1Δ𝑛,𝜀 +

6𝐶𝑓
𝑛1/2+𝑠/𝑑 and���𝜇 (NN)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
��� ≤ 𝐾2Δ𝑛,𝜀 +

6𝐶𝑓
𝑛1/2+𝑠/𝑑 + (𝑠/𝑑 + 2)𝐿(𝑉𝑑𝑏𝑐)−𝑠/𝑑

𝑛1+𝑠/𝑑 ,

where

Δ𝑛,𝜀 =

√︁
log(2/

√
𝜀) + 1

𝑛𝑠/𝑑

𝑛1/2+𝑠/𝑑 ·


log(24𝑛/𝜀)1+𝑠/𝑑 for 𝜀 ≤ 2

𝑛1/2+𝑠/𝑑 ,

(3 log(3𝑛))1+𝑠/𝑑 for 𝜀 >
2

𝑛1/2+𝑠/𝑑 .

The values of 𝐾1, 𝐾2 > 0 depend on (𝑏, 𝑐, 𝑑, 𝐿, 𝑠,𝑈 ) and are provided explicitly
in the proof.

For small but fixed 𝜀 ∈ (0, 1), the concentration inequalities state that the
probability that the error |𝜇𝑛 (𝑓 ) − 𝜇 (𝑓 ) | is larger than a constant multiple
of

√︁
log(1/𝜀) (log𝑛)1+𝑠/𝑑𝑛−1/2𝑛−𝑠/𝑑 is less than 𝜀. The additional logarithmic

factor in Theorem 3.2 in comparison to Theorem 3.1 comes from the need to
exert uniform control on the largest nearest neighbor distance via Lemma 3.5
in Section 3.6.1 in the Appendix, which in turn originates from a concentra-
tion inequality in Portier (2023).

3.3.5 Optimal 𝐿𝑝-approximation with nearest neighbors

The upper bounds on nearest neighbor distances stated in Lemma 3.3 have
been key to examine the control neighbor estimators 𝜇

(NN−loo)
𝑛 (𝑓 ) and

𝜇
(NN)
𝑛 (𝑓 ) as claimed in Theorems 3.1 and 3.2. Another application of these
upper bounds is the 𝐿𝑝-approximation of the nearest neighbor function esti-
mator 𝑓𝑛,𝑘 (𝑥) = 𝑘−1 ∑𝑘

𝑖=1 𝑓
(
𝑁̂𝑛,𝑖 (𝑥)

)
of 𝑓 (𝑥). Note that this type of estimator

is often used in the setting of noiseless regression where one has access to
𝑓 (𝑋𝑖) without noise. A precise statement is given in the next proposition, the
proof of which is given in the Appendix.
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Proposition 3.2 (𝐿𝑝-approximation with nearest neighbors). Under (A1),
(A2), and (A3), we have, for any 𝑘 ∈ {1, . . . , 𝑛} and 𝑝 ≥ 1,

∀𝑥 ∈ 𝑀, E
[���𝑓𝑛,𝑘 (𝑥) − 𝑓 (𝑥)���𝑝 ]1/𝑝

≤ 𝐿(𝐶0𝑛)−𝑠/𝑑
(
Γ(𝑘 + 𝑠𝑝/𝑑)

Γ(𝑘)

)1/𝑝
.

Since Γ(𝑥 + 𝛼) ∼ 𝑥𝛼Γ(𝑥) as 𝑥 → ∞ for fixed 𝛼 ∈ R, the upper bound
is of the order (𝑘/𝑛)𝑠/𝑑 as 𝑘 = 𝑘𝑛 → ∞. We emphasize that similar re-
sults as in Proposition 3.2 can be found among the noiseless regression lit-
erature. However, to the best of our knowledge, most of the results seem to
have been obtained for Euclidean covariates, i.e., when 𝑀 = R𝑑 . In Chapter
15 in Biau and Devroye (2015), the weak convergence of 𝑛1/𝑑 (𝑓𝑛,𝑘 (𝑥) − 𝑓 (𝑥))
is established. In Theorem 1 from Kohler and Krzyżak (2013), the same rate
of convergence for the integrated error is obtained. Some other results are
given in Hinrichs et al. (2020); Krieg et al. (2022) where the authors inves-
tigate whether the distribution of the points can deteriorate the 𝐿𝑝-error or
not. They show that the optimal rate of convergence can be obtained using
either uniformly distributed points or deterministic points from the uniform
grid. Our Proposition 3.2 confirms, not only for the Euclidean space but for
general metric spaces, the following principle, that when there are enough
points everywhere, as implied by (A1), the optimal rates of convergence for
the 𝐿𝑝-error can be achieved.

Even though the analysis of the control neighbor estimate cannot be de-
duced from Proposition 3.2 because of the probabilistic dependence that is
introduced in the algorithm (see the proofs of Theorems 3.1 and 3.2), the pre-
vious statement can be used for a better understanding of the control neigh-
bor estimator as it shows that the rate obtained in Theorem 3.1 can be decom-
posed as the usual Monte Carlo error, 𝑛−1/2, times the 𝐿𝑝-approximation error
of the control variates estimating the integrand, 𝑛−𝑠/𝑑 . This is in line with the
results from Portier and Segers (2018) where the same type of decomposition
can be found for another control variates based estimator.

3.4 Numerical experiments

In Section 3.4.1, we start by presenting the control neighbors algorithm along
with some practical remarks related to its implementation. Next, we present
in Section 3.4.2 some examples involving integration problems on different
spaces. Finally, Section 3.4.3 deals with the application of Monte Carlo esti-
mates for optimal transport when computing the Sliced-Wasserstein distance.
Additional experiments on a finance application with Monte Carlo exotic op-
tion pricing are available in Section 3.6.5 in the Appendix. To ensure repro-
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ducibility of the numerical results, the Python code is available online1.

3.4.1 Practical implementation

The procedure for computing the control neighbor estimate 𝜇 (NN)
𝑛 (𝑓 ) is pre-

sented in Algorithm 3.1. Required is a collection of points 𝑋1, . . . , 𝑋𝑛 gener-
ated from a distribution 𝜇. The estimate is based on the evaluations 𝑓 (𝑋𝑖)
of the integrand and the evaluations 𝑓 (𝑖 )𝑛 (𝑋𝑖) of the leave-one-out 1-nearest
neighbors (1-NN) estimates of 𝑓 (𝑋𝑖). Here, 𝑓 (𝑖 )𝑛 denotes the 1-NN estimate of
𝑓 constructed from the sampleX (𝑖 )

𝑛 = {𝑋1, . . . , 𝑋𝑛}\{𝑋𝑖}without the 𝑖-th par-
ticle, for 𝑖 ∈ {1, . . . , 𝑛}; see Section 3.2.1 for precise definitions. Also required
is the integral 𝜇 (𝑓𝑛) of the 1-NN estimate 𝑓𝑛 based on the whole sample. Sev-
eral practical remarks regarding the computation of all these quantities are
given next.

Algorithm 3.1 Control Neighbors for Monte Carlo integration
Require: integrand 𝑓 , probability measure 𝜇, number of particles 𝑛.
1: Generate an independent random sample 𝑋1, . . . , 𝑋𝑛 from 𝜇

2: Compute evaluations 𝑓 (𝑋1), . . . , 𝑓 (𝑋𝑛)
3: Compute nearest neighbor evaluations 𝑓 (1)𝑛 (𝑋1), . . . , 𝑓 (𝑛)𝑛 (𝑋𝑛)
4: Compute the integral of the nearest neighbor estimate 𝜇 (𝑓𝑛)
5: Return 1

𝑛

∑𝑛
𝑖=1 [𝑓 (𝑋𝑖) − {𝑓 (𝑖 )𝑛 (𝑋𝑖) − 𝜇 (𝑓𝑛)}]

Nearest neighbors and tree search. The naive neighbor search implemen-
tation involves the computation of distances between all pairs of points in the
training samples and may be computationally prohibitive. To address such
practical inefficiencies, a variety of tree-based data structures have been in-
vented to reduce the cost of a nearest neighbors search. The KD-Tree (Bentley,
1975) is a binary tree structure which recursively partitions the space along
the coordinate axes, dividing it into nested rectangular regions into which
data points are filed. The construction of such a tree requires O(𝑑𝑛 log𝑛)
operations (Friedman et al., 1977). Once constructed, the query of a nearest
neighbor in a KD-Tree can be done in O(log𝑛) operations. However, in high
dimension, the query cost increases and the structure of Ball-Tree (Omohun-
dro, 1989) is favoured. Where KD trees partition data points along the Carte-
sian axes, Ball trees do so in a series of nested hyper-spheres, making tree
construction more costly than for a KD tree, but resulting in an efficient data
structure even in high dimensions. Many software libraries contain KD-tree

1https://github.com/RemiLELUC/ControlNeighbors
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and Ball-Tree implementations with efficient compression and parallelization
(Pedregosa et al., 2011; Johnson et al., 2019).

Evaluation of 𝑓 (𝑖 )𝑛 (𝑋𝑖). When the computing time is measured through the
evaluation of the integrand, the𝑛 additional evaluations 𝑓 (𝑖 )𝑛 (𝑋𝑖) are not com-
putationally difficult as no additional calls to 𝑓 are necessary. The leave-one-
out nearest neighbor evaluation can be easily obtained as follows: first fit
a KD-Tree on the particles 𝑋1, . . . , 𝑋𝑛 , then query the 2-nearest neighbor of
each 𝑋𝑖 to produce the vector of leave-one-out nearest neighbors.

Evaluation of 𝜇 (𝑓𝑛) and Voronoi volumes. The quantity 𝜇 (𝑓𝑛) is the
sum of the evaluations 𝑓 (𝑋𝑖) weighted by the values of the Voronoi vol-
umes associated to the sample points 𝑋𝑖 (see Definition 3.2 in the preced-
ing section). The Voronoi volumes may be hard to compute but can always
be approximated. The integral 𝜇 (𝑓𝑛) of the nearest neighbor estimate may
be replaced by a Monte Carlo approximation based on 𝑁 particles, such as
𝜇̃𝑁 (𝑓𝑛) = 𝑁 −1 ∑𝑁

𝑖=1 𝑓𝑛 (𝑋̃𝑖), where the variables 𝑋̃𝑖 are drawn independently
from 𝜇. No additional evaluations of 𝑓 are required. Conditionally on the first
sample 𝑋1, . . . , 𝑋𝑛 , the error of this additional Monte Carlo approximation is
O(𝑁 −1/2), meaning that large values of the form 𝑁 = 𝑛1+2/𝑑 permit to pre-
serve the O(𝑛−1/2𝑛−1/𝑑 ) rate of the control neighbors estimate for Lipschitz
functions.

In case themeasure 𝜇 is the uniformmeasure on [0, 1]𝑑 , onemay be able to
explicitly compute the Voronoi volumes. Starting from the pioneering work
of Richards (1974) in the context of protein structures, there have been ad-
vances to perform efficient Voronoi volume computations using Delaunay tri-
angulations and taking advantage of graphic hardware (Hoff III et al., 1999).
Computations for Voronoi tessellations in dimensions 𝑑 = 2 and 𝑑 = 3 are
implemented in the Voro++ software (Rycroft, 2009). However, this type of
algorithm might become inefficient when 𝑑 is large.

Figure 3.1: Voronoï cells and Delaunay triangulations on [0, 1]2 and S2.
(Made with Python package Matplotlib (Hunter, 2007))

Computing time. When using the standard KD-tree approach, the com-
putation time of our algorithm can be estimated in the light of the previous
remarks. The different computation times are: O(𝑛𝑑 log𝑛) for building the
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KD-tree, O(𝑛 log𝑛) for the evaluations {𝑓 (𝑖 )𝑛 (𝑋𝑖)}𝑛𝑖=1 and finally, O(𝑁 log𝑛)
operations for the estimation of 𝜇 (𝑓𝑛). Choosing 𝑁 as recommended before,
the overall complexity isO

(
(𝑛𝑑+𝑛1+2/𝑑 ) log𝑛

)
operations. Note that when the

Voronoi volumes are available, the computation time reduces to O(𝑛𝑑 log𝑛).

Extensions. A natural variant of the proposed method is obtained by replac-
ing the 1-NN estimate 𝑓𝑛 in Eq. (3.1) by a 𝑘-NN estimate 𝑓 (𝑘 )𝑛 which averages
the evaluations of the 𝑘 nearest neighbors of a given point. The estimate is
then defined by 𝑓 (𝑘 )𝑛 (𝑥) = 𝑘−1 ∑𝑘

𝑗=1 𝑓 (𝑁̂𝑛,𝑗 (𝑥)) where 𝑁̂𝑛,𝑗 (𝑥) is the 𝑗-nearest
neighbor of 𝑥 . This involves both the tuning of the hyperparameter 𝑘 ≥ 1
and some extra computation due to the associated nearest neighbors search.
In regression or classification, high values of 𝑘 can reduce the variance of the
estimate by averaging the model noise at the cost of added computations. In
contrast, the control neighbors estimate (𝑘 = 1) is free of these additional
costs and takes advantage of the noiseless evaluations (Biau and Devroye,
2015, Chapter 15) of the integrand.

3.4.2 Integration on various spaces: [0, 1]𝑑 ,R𝑑 ,𝑂𝑚 (R) and S𝑞−1

The aim of this section is to empirically validate the O(𝑛−1/2𝑛−1/𝑑 ) conver-
gence rate of the control neighbors estimate in a wide variety of integration
problems ranging from the unit cube [0, 1]𝑑 , the group of orthogonal matrices
𝑂𝑚 (R), which is an𝑚(𝑚−1)/2 dimensional manifold embedded inR𝑚×𝑚 , and
the unit sphere S𝑞−1 in R𝑞 . In the different settings, the sample size evolves
from 𝑛 = 101 to 𝑛 = 104. The figures report the evolution of the root mean
squared error 𝑛 ↦→ E[|𝜇 (NN)

𝑛 (𝑓 ) − 𝜇 (𝑓 ) |2]1/2, where the expectation is com-
puted over 100 independent replications. In all experiments, MC represents
the naive Monte Carlo estimate and CVNN returns the value of 𝜇 (NN)

𝑛 (𝑓 ) for
which the integral 𝜇 (𝑓𝑛) is replaced by a Monte Carlo estimate that uses 𝑛2

particles, with 𝑛 the number of evaluations of 𝑓 .

Integration on [0, 1]𝑑 andR𝑑 . Consider first the integration problem 𝜇 (𝑓 ) =∫
𝑓 d𝜇 where the measure 𝜇 is either the uniform distribution over the unit

cube [0, 1]𝑑 or the multivariate Gaussian measure on R𝑑 . The latter case is
not covered by our theory, since the support is unbounded. The goal is to
compute

∫
𝑓1(𝑥)1[0,1]𝑑 (𝑥) d𝑥 and

∫
𝑓2(𝑥)𝜓 (𝑥) d𝑥 with

𝑓1(𝑥1, . . . , 𝑥𝑑 ) = sin
(
𝜋

(
2
𝑑

𝑑∑︁
𝑖=1

𝑥𝑖 − 1
))
,

𝑓2(𝑥1, . . . , 𝑥𝑑 ) = sin
(
𝜋

𝑑

𝑑∑︁
𝑖=1

𝑥𝑖

) (3.4)



64 Chapter 3. Control Variates and Nearest Neighbors

101 102 103 104

Sample size n

10 4

10 3

10 2

10 1

Ro
ot

 M
ea

n 
Sq

ua
re

 E
rro

r

MC
CVNN
O(n 1/2)
O(n 1/2n 1/d)

(a) 𝑓1, 𝑑 = 2
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(b) 𝑓1, 𝑑 = 3
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(c) 𝑓1, 𝑑 = 4
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(d) 𝑓2, 𝑑 = 2
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(e) 𝑓2, 𝑑 = 3
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(f) 𝑓2, 𝑑 = 4

Figure 3.2: Root mean squared errors obtained over 100 replications for functions
𝑓1 (top) and 𝑓2 (bottom) in Eq. (3.4) in dimension 𝑑 ∈ {2, 3, 4} (left to right).

and with 𝜓 (·) the probability density function of the multivariate Gaussian
distribution N(0, 𝐼𝑑 ). Figure 3.2 displays the evolution of the root mean
squared error for the two integrals in dimensions 𝑑 ∈ {2, 3, 4}. The differ-
ent error curves confirm the optimal convergence rate O(𝑛−1/2𝑛−1/𝑑 ) for the
control neighbors estimate and illustrate the error reduction with respect to
the Monte Carlo method.

Integration on the orthogonal group 𝑂𝑚 (R). Consider the group of real
orthogonal matrices 𝑂𝑚 (R) = {𝑋 ∈ GL𝑚 (R) : 𝑋⊤𝑋 = 𝑋𝑋⊤ = I𝑚}. As a toy
example, we compute moments of the trace of a random orthogonal matrix,
i.e., integrands of the form 𝑂𝑚 (R) → R : 𝑋 ↦→ tr(𝑋 )𝑘 , when 𝑋 is drawn
uniformly on 𝑂𝑚 (R). In fact, exact expressions are known; see for instance
Diaconis and Evans (2001) and Pastur and Vasilchuk (2004) for background
and results. The goal is thus to compute the integrals

𝑎𝑘 =

∫
𝑂𝑚 (R)

tr(𝑋 )𝑘 d𝜇 (𝑋 ), (3.5)

with d𝜇 (𝑋 ) the unit Haar measure on 𝑂𝑚 (R). Assumption (A1) is satisfied
with 𝑑 = 𝑚(𝑚 − 1)/2. In practice, random orthogonal matrices 𝑋1, . . . , 𝑋𝑛 ∈
𝑂𝑚 (R) are generated using the function ortho_group of the Python package
scipy (Virtanen et al., 2020). This function returns random orthogonal matri-
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(d) Boxplot for 𝑎2

Figure 3.3: Rootmean squared errors (left) and boxplots of the errors (right) obtained
over 100 replications for integrands 𝑋 ↦→ tr(𝑋 )𝑘 for 𝑘 ∈ {1, 2} in Eq. (3.5) with
respect to the unit Haar measure on the orthogonal group 𝑂3 (R).

ces drawn from the Haar distribution using a careful QR decomposition2 as
in Mezzadri (2007). The nearest neighbors are computed using the norm as-
sociated to the Frobenius inner product ⟨𝑋,𝑌 ⟩ = tr(𝑋⊤𝑌 ) for 𝑋,𝑌 ∈ 𝑂𝑚 (R).
Figure 3.3 reports the evolution of the rootmean squared error and boxplots of
the integration error over the group 𝑂3(R) which corresponds to dimension
𝑑 = 3. Both integrands are continuously differentiable and thus Lipschitz,
since 𝑂𝑚 (R) is compact. Once again, the experiments empirically validate
the convergence rates of the Monte Carlo methods and reveal the variance
reduction obtained with the control neighbors estimate.

Integration on the sphere S2. The unit sphere S2 in R3 is a compact Rie-
mannian manifold of dimension 𝑑 = 2 with positive curvature. The distances
on the sphere are computed using the equations of the great circles. Consider

2QR decomposition refers to the factorization of a matrix 𝑋 into a product 𝑋 = 𝑄𝑅 of an
orthonormal matrix 𝑄 and an upper triangular matrix 𝑅.
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Figure 3.4: Root mean squared errors (top) and boxplots of the errors (bottom) ob-
tained over 100 replications for functions 𝑓3 (left), 𝑓4 (middle) and 𝑓5 (right) in Eq. (3.6)
when integrating over S2.

the integral
∫
S2 𝑓 dΩ with Ω the uniform distribution on S2 and integrands

𝑓3(𝑥,𝑦, 𝑧) = cos(𝑥 + 𝑦 + 𝑧),
𝑓4(𝑥,𝑦, 𝑧) = cos(𝑥) cos(𝑦) cos(𝑧),
𝑓5(𝑥,𝑦, 𝑧) = exp(𝑥 − 𝑦),

(3.6)

so that 𝜇 (𝑓3) = 𝜇 (𝑓4) = (4𝜋/
√

3) sin(
√

3) and 𝜇 (𝑓5) = 𝜋
√

8 sinh(
√

2). Fig-
ure 3.4 reports the evolution of the root mean squared error and the boxplots
of the errors over the sphere S2. The error curves empirically validate the
O(𝑛−1) convergence rate for the control neighbors estimate while the box-
plots highlight the variance reduction of the proposed method.

3.4.3 Monte Carlo integration for optimal transport

Optimal transport. Optimal transport (OT) is a mathematical framework
for measuring the distance between probability distributions. It has proven
to be particularly useful in machine learning applications, where it can be
used for tasks such domain adaptation (Courty et al., 2017) and image gener-
ation (Gulrajani et al., 2017; Genevay et al., 2018). The recent development of
efficient algorithms for solving optimal transport problems, e.g., the Sliced-
Wasserstein (SW) distance (Rabin et al., 2012) and Sinkhorn distance (Cuturi,
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2013), has made it a practical tool for large-scale machine learning applica-
tions.

OT distances. For X ⊆ R𝑞 , let P(X) denote the set of probability measures
supported on X and let 𝑝 ∈ [1,∞). The Wasserstein distance of order 𝑝 be-
tween 𝑃,𝑄 ∈ P(X) is

𝑊
𝑝
𝑝 (𝑃,𝑄) = inf

𝜋∈Π (𝑃,𝑄 )

∫
X×X

∥𝑥 − 𝑦∥𝑝 d𝜋 (𝑥,𝑦),

where Π(𝑃,𝑄) ⊂ P(X × X) denotes the set of couplings for (𝑃,𝑄), i.e., prob-
ability measures whose marginals with respect to the first and second vari-
ables are 𝑃 and𝑄 respectively. While the Wasserstein distance enjoys attrac-
tive theoretical properties (Villani, 2009, Chapter 6), it suffers from a high
computational cost. When computing𝑊𝑝 (𝑃𝑚, 𝑄𝑚) for discrete distributions
𝑃𝑚 and 𝑄𝑚 supported on 𝑚 points, the worst-case computational complex-
ity scales as O(𝑚3 log𝑚) (Peyré et al., 2019). To overcome this issue, the
Sliced-Wasserstein distance takes advantage of the fast computation of the
Wasserstein distance between univariate distributions 𝑃,𝑄 ∈ P(R). Indeed,
for 𝑃𝑚 = (1/𝑚)∑𝑚

𝑖=1 𝛿𝑥𝑖 and 𝑄𝑚 = (1/𝑚)∑𝑚
𝑖=1 𝛿𝑦𝑖 with 𝑥𝑖 , 𝑦𝑖 ∈ R, the𝑊𝑝-

distance involves sorting the atoms 𝑥 (1) ≤ . . . ≤ 𝑥 (𝑚) and 𝑦 (1) ≤ . . . ≤ 𝑦 (𝑚) ,
yielding

𝑊
𝑝
𝑝 (𝑃𝑚, 𝑄𝑚) =

1
𝑚

𝑚∑︁
𝑖=1

|𝑥 (𝑖 ) − 𝑦 (𝑖 ) |𝑝 ,

leading to a complexity of O(𝑚 log𝑚) operations induced by the sorting step.
Recall that S𝑞−1 = {𝜃 ∈ R𝑞 : ∥𝜃 ∥ = 1} is the unit sphere in R𝑞 and for

𝜃 ∈ S𝑞−1 let 𝜃★ : R𝑞 → R denote the linear map 𝜃★(𝑥) = ⟨𝜃, 𝑥⟩ for 𝑥 ∈ R𝑞 .
Let 𝜇 denote the uniform distribution on S𝑞−1, that is, the normalized

volume measure. The Sliced-Wasserstein (SW) distance (Rabin et al., 2012;
Bonneel et al., 2015; Kolouri et al., 2019) of order 𝑝 based on 𝜇 is defined for
𝑃,𝑄 ∈ P(X) as

𝑆𝑊
𝑝
𝑝 (𝑃,𝑄, 𝜇) = E𝜃 [𝑊 𝑝

𝑝 (𝜃★# 𝑃, 𝜃★#𝑄)] =
∫
S𝑞−1

𝑊
𝑝
𝑝 (𝜃★# 𝑃, 𝜃★#𝑄) d𝜇 (𝜃 ), (3.7)

where𝑔#𝜉 is the push-forwardmeasure of 𝜉 ∈ P(R𝑞) by ameasurable function
𝑔 on R𝑞 . For 𝜃 ∈ S𝑞−1, the measures 𝜃★# 𝑃 and 𝜃★#𝑄 are the distributions of the
projections ⟨𝜃, 𝑋 ⟩ and ⟨𝜃,𝑌 ⟩ of random vectors 𝑋 and 𝑌 with distributions 𝑃
and𝑄 , respectively. The integrand is Lipschitz in view of Theorem 2.4 in Han
(2023).

In practice, the random directions 𝜃1, . . . , 𝜃𝑛 are sampled independently
from the uniform distribution on the unit sphere S𝑞−1 and the SW-distance
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of Eq. (3.7) is approximated using a standard Monte Carlo estimate with 𝑛
random projections as

𝑆𝑊
𝑝

𝑝 (𝑃𝑚, 𝑄𝑚) =
1
𝑛

𝑛∑︁
𝑖=1

𝑊
𝑝
𝑝

(
(𝜃𝑖)★# 𝑃𝑚, (𝜃𝑖)★#𝑄𝑚

)
.

The use of more accurate numerical integration methods to compute the SW-
distance is an active area of current research; see, e.g., Nguyen and Ho (2024)
and Leluc et al. (2024a). Below, we illustrate the benefits of using control
neighbors, while at the same time we anticipate that more specialized meth-
ods may do even better for this particular integration problem.

Multivariate Gaussians. The goal is to compare the variance of the stan-
dard Monte Carlo estimate (SW-MC) with the proposed control neighbors es-
timate (SW-CVNN)when computing the Sliced-Wasserstein distance between
two Gaussian distributions. More precisely, we want to compute 𝑆𝑊2(𝑃,𝑄),
where 𝑃 = N𝑞 (𝑚𝑋 , 𝜎

2
𝑋

I𝑞) and 𝑄 = N𝑞 (𝑚𝑌 , 𝜎
2
𝑌

I𝑞) with𝑚𝑋 ,𝑚𝑌 ∼ N(0, I𝑞) and
𝜎𝑋 = 2 and 𝜎𝑌 = 5. We consider the corresponding empirical distributions 𝑃𝑚
and 𝑄𝑚 based on𝑚 = 2 000 samples and compute the Monte Carlo estimates
of the 𝑆𝑊2 distance using a number of projections𝑛 ∈ {50; 100; 250; 500; 1000}
in dimension 𝑞 ∈ {3; 6}. In the notation of the general theory, we have
𝑑 = 𝑞 − 1 ∈ {2; 5} since we are integrating over the (𝑞 − 1)-dimensional
sphere in R𝑞 . Figure 3.5 shows the error distribution of the different Monte
Carlo estimates (SW-MC and SW-CVNN) of the 𝑆𝑊2 distance where the exact
value (see Nadjahi et al., 2021, Appendix S3.1) is given by

𝑆𝑊 2
2

(
N𝑞

(
𝑚𝑋 , 𝜎

2
𝑋 I𝑞

)
,N𝑞

(
𝑚𝑌 , 𝜎

2
𝑌 I𝑞

) )
= 𝑞−1∥𝑚𝑋 −𝑚𝑌 ∥2

2 + (𝜎𝑋 − 𝜎𝑌 )2 .

The different boxplots highlight the good performance of the control neigh-
bors estimate in terms of variance reduction.
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Figure 3.5: Boxplots of Sliced-Wasserstein estimates SW-MC and SW-CVNN for
Gaussian distributions on R𝑞 with 𝑞 ∈ {3; 6}. The boxplots are obtained over 100
replications.
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3.5 Discussion

We have explored the use of nearest neighbors in the construction of control
variates for variance reduction in Monte Carlo integration. We have shown
that for Hölder integrands of regularity 𝑠 ∈ (0, 1] on bounded metric spaces
of dimension 𝑑 as measured by a sufficiently regular probability distribution,
a faster rate of convergence, namely O(𝑛−1/2𝑛−𝑠/𝑑 ) as 𝑛 → ∞, is possible
through the construction of a control variate via leave-one-out neighbors.
Theoretical guarantees are given both in terms of bounds on the root mean
squared error and as concentration inequalities (requiring an additional loga-
rithmic factor). In numerical experiments, the method enjoyed a notable error
reduction with respect to Monte Carlo integration.

A drawback is that our method is not able to leverage higher-order
smoothness of the integrand besides the Lipschitz property: this comes from
the fact that the control variate is piecewise constant on the Voronoi cells
induced by the Monte Carlo sample. As a consequence, the accuracy gain
is limited on high-dimensional domains. Further, integration of the control
function requires an additional Monte Carlo sample, of larger size than the
original one, although without needing additional evaluations of the inte-
grand.

3.6 Appendix

Section 3.6.1 contains some auxiliary results. Section 3.6.2 gathers the proofs
of all the lemmas, while Section 3.6.3 is concerned with the proofs of the
different propositions. Section 3.6.4 comprises the proofs of the theorems and
Section 3.6.5 presents additional numerical experiments for option pricing.

3.6.1 Auxiliary results

The following theorem is a corollary to Theorem 2.1 in Combes (2015).

Theorem 3.3 (Extension of McDiarmid’s inequality). Let𝑋1, . . . , 𝑋𝑛 indepen-
dent random variables with 𝑋ℓ taking values in some measurable space Ωℓ . De-
fine 𝑋 = (𝑋1, . . . , 𝑋𝑛) ∈ ∏𝑛

ℓ=1 Ωℓ =: Ω. Let 𝜙 : Ω → R be a measurable
function and assume there exists an event 𝐴 ⊆ Ω and constants 𝑐1, . . . , 𝑐𝑛 ≥ 0
such that, for any ℓ ∈ {1, . . . , 𝑛} and for any 𝑥 ∈ 𝐴 and 𝑥 ′ ∈ 𝐴 that differ only
in the ℓ-th coordinate, we have

|𝜙 (𝑥) − 𝜙 (𝑥 ′) | ≤ 𝑐ℓ . (3.8)
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Then, for any 𝑡 ≥ 0, we have, writing 𝑚 = E[𝜙 | 𝐴], 𝑝 = 1 − P(𝐴) and
𝑐 =

∑𝑛
ℓ=1 𝑐ℓ ,

P ( |𝜙 (𝑋 ) −𝑚 | ≥ 𝑡) ≤ 𝑝 + 2 exp
(
−2 max(0, 𝑡 − 𝑝𝑐)2∑𝑛

ℓ=1 𝑐
2
ℓ

)
.

Lemma 3.4 (Kabatyanskiı and Levenshteın (1974); Zeger and Gersho (1994)).
Given a point set 𝑃 ⊂ R𝑑 and 𝑥 ∈ 𝑃 , the maximum number of points in 𝑃 that
can have 𝑥 as nearest neighbor is bounded by the 𝑑-dimensional kissing number
𝜓𝑑 , where𝜓𝑑 ≤ 20.401𝑑 (1+o(1) ) as 𝑑 → ∞.

Proposition 3.3. Under Assumptions (A1), (A2) and (A3), if 𝑛 ≥ 4, we have

E
[�����1𝑛 𝑛∑︁

𝑖=1
𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)

�����
]
≤ (𝑠/𝑑 + 2) 𝐿𝐶−𝑠/𝑑

0 Γ(𝑠/𝑑 + 1) 𝑛−1−𝑠/𝑑

and

E
[�����1𝑛 𝑛∑︁

𝑖=1
𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)

�����2
]
≤ 4 (𝑠/𝑑 + 1) 𝐿2𝐶−2𝑠/𝑑

0 Γ(2𝑠/𝑑 + 1) 𝑛−1−2𝑠/𝑑 .

Lemma 3.5 (Portier (2023)). Under Assumptions (A1’) and (A2), for all 𝑛 ≥ 1,
all 𝛿 ∈ (0, 1) and all 𝑘 ∈ {1, . . . , 𝑛} such that 8𝑑 log(12𝑛/𝛿) ≤ 𝑘 ≤ 𝑟𝑑0𝑛𝑏𝑐𝑉𝑑/2,
it holds, with probability at least 1 − 𝛿 , that

sup
𝑥∈X

𝜏𝑛,𝑘 (𝑥) ≤
(

2𝑘
𝑛𝑏𝑐𝑉𝑑

)1/𝑑
=: 𝜏𝑛,𝑘 .

Lemma 3.6 (Combes (2015)). Let 𝜙 : Ω → R be a bounded, measurable func-
tion and let 𝐴 ⊆ Ω be an event with P(𝐴) > 0. Writing 𝑚 = E[𝜙 | 𝐴],
𝑝 = 1 − P(𝐴) and ∥𝜙 ∥∞ = sup𝑥∈Ω |𝜙 (𝑥) |, we have

|E[𝜙] −𝑚 | ≤ 2𝑝 ∥𝜙 ∥∞ .

Lemma 3.7. For 𝑥, 𝑎 > 0, we have Γ(𝑥 + 1 + 𝑎) > 𝑥𝑎Γ(𝑥 + 1).

3.6.2 Proofs of Lemmas

Proof of Lemma 3.1

Given any collection 𝑋1, . . . , 𝑋𝑛 of 𝑛 distinct points, if 𝑗 ≠ 𝑖 , then 𝑓 (𝑖 )𝑛 and 𝑓𝑛
are the same on 𝑆𝑛,𝑗 . It holds that

𝑓
(𝑖 )
𝑛 (𝑥) − 𝑓𝑛 (𝑥) =

{
𝑓
(𝑖 )
𝑛 (𝑥) − 𝑓𝑛 (𝑥)

}
1𝑆𝑛,𝑖 (𝑥) .
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Now using that 𝑓𝑛 and 𝑓 (𝑖 )𝑛 are the same on 𝑆𝑛,𝑖 , it follows that

𝑓
(𝑖 )
𝑛 (𝑥) − 𝑓𝑛 (𝑥) =

{
𝑓𝑛 (𝑥) − 𝑓𝑛 (𝑥)

}
1𝑆𝑛,𝑖 (𝑥).

Taking the sum and using
∑𝑛
𝑖=1 1𝑆𝑛,𝑖 (𝑥) = 1 gives

𝑛∑︁
𝑖=1

{
𝑓
(𝑖 )
𝑛 (𝑥) − 𝑓𝑛 (𝑥)

}
= 𝑓𝑛 (𝑥) − 𝑓𝑛 (𝑥),

and the result follows by integrating with respect to 𝜇.

Proof of Lemma 3.2

Because the Voronoi cells define a partition of𝑀 , we have for any 𝑥 ∈ 𝑀 ,

𝑓
(𝑖 )
𝑛 (𝑥) =

∑︁
𝑗 :𝑗≠𝑖

𝑓 (𝑋 𝑗 )1𝑆 (𝑖 )
𝑛,𝑗

(𝑥)

and in particular
𝑓
(𝑖 )
𝑛 (𝑋𝑖) =

∑︁
𝑗 :𝑗≠𝑖

𝑓 (𝑋 𝑗 )1𝑆 (𝑖 )
𝑛,𝑗

(𝑋𝑖),

from which we deduce
𝑛∑︁
𝑖=1

𝑓
(𝑖 )
𝑛 (𝑋𝑖) =

𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 )
∑︁
𝑖:𝑖≠𝑗

1
𝑆
(𝑖 )
𝑛,𝑗

(𝑋𝑖) =
𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 ) 𝑑𝑛,𝑗 .

Further, we have

𝜇 (𝑓𝑛) =
𝑛∑︁
𝑖=1

𝜇
(
𝑓 (𝑋𝑖)1𝑆𝑛,𝑖

)
=

𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) 𝜇 (𝑆𝑛,𝑖) =
𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖)𝑉𝑛,𝑖

and
𝑛∑︁
𝑖=1

𝜇
(
𝑓
(𝑖 )
𝑛

)
=

𝑛∑︁
𝑖=1

∑︁
𝑗 :𝑗≠𝑖

𝜇

(
𝑓 (𝑋 𝑗 )1𝑆 (𝑖 )

𝑛,𝑗

)
=

𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 )
∑︁
𝑖:𝑖≠𝑗

𝑉
(𝑖 )
𝑛,𝑗

=

𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 ) 𝑐𝑛,𝑗 .

Proof of Lemma 3.3

For 𝑥 ∈ 𝑀 , 𝑟 ∈ (0, diam(𝑀)] and integer 𝑘 ∈ {1, . . . , 𝑛}, we have

P
[
𝜏𝑛,𝑘 (𝑥) > 𝑟

]
= P

[
𝑛∑︁
𝑖=1

1{𝜌 (𝑋𝑖 ,𝑥 )≤𝑟 } ≤ 𝑘 − 1
]

= P [Bin(𝑛, 𝜇 (𝐵(𝑥, 𝑟 )) ≤ 𝑘 − 1]

≤ P
[
Bin(𝑛,𝐶0𝑟

𝑑 ) ≤ 𝑘 − 1
]

=

𝑘−1∑︁
𝑗=0

(
𝑛

𝑗

)
(𝐶0𝑟

𝑑 ) 𝑗 (1 −𝐶0𝑟
𝑑 )𝑛− 𝑗 .
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The equality remains valid for 𝑟 > 0 such that𝐶0𝑟
𝑑 ≤ 1, since if 𝑟 > diam(𝑀),

the probability is zero. We find

E
[
𝜏𝑛,𝑘 (𝑥)𝑞

]
=

∫ ∞

0
P

[
𝜏𝑛,𝑘 (𝑥) > 𝑡1/𝑞

]
d𝑡

≤
𝑘−1∑︁
𝑗=0

(
𝑛

𝑗

) ∫ 𝐶
−𝑞/𝑑
0

0

(
𝐶0𝑡

𝑑/𝑞
) 𝑗 (

1 −𝐶0𝑡
𝑑/𝑞

)𝑛− 𝑗
d𝑡

=

𝑘−1∑︁
𝑗=0

(
𝑛

𝑗

) ∫ 1

0
𝑢 𝑗 (1 − 𝑢)𝑛− 𝑗 · 𝑞

𝑑
𝐶
−𝑞/𝑑
0 𝑢𝑞/𝑑−1 d𝑢

=
𝑞

𝑑
𝐶
−𝑞/𝑑
0

𝑘−1∑︁
𝑗=0

(
𝑛

𝑗

)
Γ( 𝑗 + 𝑞/𝑑)Γ(𝑛 − 𝑗 + 1)

Γ(𝑛 + 𝑞/𝑑 + 1) ,

since the integral can be expressed in terms of the Beta function, which can
in turn be developed in terms of the Gamma function. Writing the binomial
coefficient in terms of the Gamma function too and simplifying yields

E
[
𝜏𝑛,𝑘 (𝑥)𝑞

]
≤ 𝑞

𝑑
𝐶
−𝑞/𝑑
0

Γ(𝑛 + 1)
Γ(𝑛 + 𝑞/𝑑 + 1)

𝑘−1∑︁
𝑗=0

Γ( 𝑗 + 𝑞/𝑑)
Γ( 𝑗 + 1)

≤ 𝑞

𝑑
(𝐶0𝑛)−𝑞/𝑑

𝑘−1∑︁
𝑗=0

Γ( 𝑗 + 𝑞/𝑑)
Γ( 𝑗 + 1) ,

where we used Lemma 3.7 in the second inequality. By induction, one can
obtain

𝑞

𝑑

𝑘−1∑︁
𝑗=0

Γ( 𝑗 + 𝑞/𝑑)
Γ( 𝑗 + 1) =

Γ(𝑘 + 𝑞/𝑑)
Γ(𝑘) . (3.9)

For 𝑘 = 1, (3.9) reduces to

(𝑞/𝑑)Γ(𝑞/𝑑)
Γ(1) =

Γ(𝑞/𝑑 + 1)
Γ(1) .

Assume that (3.9) holds for 𝑘 − 1, i.e.,

𝑞

𝑑

𝑘−2∑︁
𝑗=0

Γ( 𝑗 + 𝑞/𝑑)
Γ( 𝑗 + 1) =

Γ(𝑘 − 1 + 𝑞/𝑑)
Γ(𝑘 − 1) . (3.10)
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Then, by (3.10) and Γ(𝑘) = (𝑘 − 1)Γ(𝑘 − 1), we have

𝑞

𝑑

𝑘−1∑︁
𝑗=0

Γ( 𝑗 + 𝑞/𝑑)
Γ( 𝑗 + 1) =

𝑞

𝑑

𝑘−2∑︁
𝑗=0

Γ( 𝑗 + 𝑞/𝑑)
Γ( 𝑗 + 1) + 𝑞

𝑑

Γ(𝑘 − 1 + 𝑞/𝑑)
Γ(𝑘)

=
Γ(𝑘 − 1 + 𝑞/𝑑)

Γ(𝑘 − 1) + 𝑞
𝑑

Γ(𝑘 − 1 + 𝑞/𝑑)
Γ(𝑘)

=
(𝑘 − 1 + 𝑞/𝑑)Γ(𝑘 − 1 + 𝑞/𝑑)

Γ(𝑘)

=
Γ(𝑘 + 𝑞/𝑑)

Γ(𝑘) .

Therefore,
E

[
𝜏𝑛,𝑘 (𝑥)𝑞

]
≤ (𝐶0𝑛)−𝑞/𝑑

Γ(𝑘 + 𝑞/𝑑)
Γ(𝑘) .

Proof of Lemma 3.7

The Gamma function is strictly logarithmically convex. Writing

𝑥 + 1 = (1 − 𝜆)𝑥 + 𝜆(𝑥 + 1 + 𝑎) with 𝜆 =
1

1 + 𝑎
yields

Γ(𝑥 + 1) < Γ(𝑥)1−𝜆 Γ(𝑥 + 1 + 𝑎)𝜆 .
Since Γ(𝑥) = 𝑥−1Γ(𝑥 + 1), it follows that

Γ(𝑥 + 1 + 𝑎) >
{
Γ(𝑥 + 1)Γ(𝑥)𝜆−1

}1/𝜆
=

{
Γ(𝑥 + 1)1+𝜆−1𝑥1−𝜆

}1/𝜆

= Γ(𝑥 + 1)𝑥1/𝜆−1 = Γ(𝑥 + 1)𝑥𝑎,
as required.

3.6.3 Proofs of Propositions

Proof of Proposition 3.1

Using Lemma 3.2, we find

𝜇
(NN)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[𝑓 (𝑋𝑖) − {𝑓 (𝑖 )𝑛 (𝑋𝑖) − 𝜇 (𝑓𝑛)}]

=
1
𝑛

𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) −
1
𝑛

𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 ) 𝑑𝑛,𝑗 +
𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖)𝑉𝑛,𝑖

=
1
𝑛

𝑛∑︁
𝑖=1

(
1 − 𝑑𝑛,𝑖 + 𝑛𝑉𝑛,𝑖

)
𝑓 (𝑋𝑖)
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and, similarly,

𝜇
(NN−loo)
𝑛 =

1
𝑛

𝑛∑︁
𝑖=1

[𝑓 (𝑋𝑖) − {𝑓 (𝑖 )𝑛 (𝑋𝑖) − 𝜇 (𝑓 (𝑖 )𝑛 )}]

=
1
𝑛

𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) −
1
𝑛

𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 )𝑑𝑛,𝑗 +
1
𝑛

𝑛∑︁
𝑗=1

𝑓 (𝑋 𝑗 )𝑐𝑛,𝑗

=
1
𝑛

𝑛∑︁
𝑖=1

(
1 − 𝑑𝑛,𝑖 + 𝑐𝑛,𝑖

)
𝑓 (𝑋𝑖),

as required.

Proof of Proposition 3.2

Let 𝑁𝑛,𝑘 (𝑥) denote the set of indices 𝑖 ∈ {1, . . . , 𝑛} such that 𝑋𝑖 is among the
𝑘 nearest neighbors of 𝑥 ∈ 𝑀 . Using the Hölder property and the definition
of 𝜏𝑛,𝑘 we have, for each 𝑖 ∈ 𝑁𝑛,𝑘 (𝑥),

|𝑓 (𝑋𝑖) − 𝑓 (𝑥) | ≤ 𝐿𝜌 (𝑋𝑖 , 𝑥)𝑠 ≤ 𝐿𝜏𝑛,𝑘 (𝑥)𝑠 .

It follows that���𝑓𝑛,𝑘 (𝑥) − 𝑓 (𝑥)��� ≤ 1
𝑘

∑︁
𝑖∈𝑁𝑛,𝑘 (𝑥 )

|𝑓 (𝑋𝑖) − 𝑓 (𝑥) | ≤ 𝐿𝜏𝑛,𝑘 (𝑥)𝑠 .

Next we apply Lemma 3.3 with 𝑞 = 𝑠𝑝 to obtain

E[|𝑓𝑛,𝑘 (𝑥) − 𝑓 (𝑥) |𝑝] ≤ 𝐿𝑝 E[𝜏𝑛,𝑘 (𝑥)𝑠𝑝]

≤ 𝐿𝑝 (𝐶0𝑛)−𝑠𝑝/𝑑
Γ(𝑘 + 𝑠𝑝/𝑑)

Γ(𝑘) .

Raising both sides to the power 1/𝑝 yields the stated inequality.

Proof of Proposition 3.3

Using the fact that 𝑓 (𝑖 )𝑛 and 𝑓𝑛 coincide outside 𝑆𝑛,𝑖 and that 𝑓𝑛 (𝑥) = 𝑓 (𝑋𝑖) for
𝑥 ∈ 𝑆𝑛,𝑖 , we have

𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛) = 𝜇 (𝑓 (𝑖 )𝑛 − 𝑓𝑛)
= 𝜇

(
(𝑓 (𝑖 )𝑛 − 𝑓𝑛)1𝑆𝑛,𝑖

)
= 𝜇

(
{𝑓 (𝑖 )𝑛 − 𝑓 (𝑋𝑖)}1𝑆𝑛,𝑖

)
.
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Write 𝑅𝑛 =

��� 1
𝑛

∑𝑛
𝑖=1

{
𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)

}���. Then
𝑅𝑛 ≤ 1

𝑛

𝑛∑︁
𝑖=1

���𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)
���

=
1
𝑛

𝑛∑︁
𝑖=1

���𝜇 ({𝑓 (𝑖 )𝑛 − 𝑓 (𝑋𝑖)}1𝑆𝑛,𝑖
) ���

≤ 1
𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

���𝑓 (𝑖 )𝑛 (𝑥) − 𝑓 (𝑋𝑖)
��� d𝜇 (𝑥)

=
1
𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

���𝑓 (𝑁̂ (𝑖 )
𝑛 (𝑥)

)
− 𝑓 (𝑋𝑖)

��� d𝜇 (𝑥).

Further, since 𝑓 is Hölder continuous with exponent 𝑠 ∈ (0, 1], we have, by
the triangle inequality and the sub-additivity of the function 𝑥 ↦→ 𝑥𝑠 ,

𝑅𝑛 ≤ 𝐿

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

𝜌
(
𝑁̂

(𝑖 )
𝑛 (𝑥), 𝑋𝑖

)𝑠 d𝜇 (𝑥)

≤ 𝐿

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜌
(
𝑁̂

(𝑖 )
𝑛 (𝑥), 𝑥

)
+ 𝜌 (𝑥, 𝑋𝑖)

}𝑠
d𝜇 (𝑥)

≤ 𝐿

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜌
(
𝑁̂

(𝑖 )
𝑛 (𝑥), 𝑥

)𝑠 + 𝜌 (𝑥,𝑋𝑖)𝑠} d𝜇 (𝑥)

=
𝐿

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜏
(𝑖 )
𝑛 (𝑥)𝑠 + 𝜏𝑛 (𝑥)𝑠

}
d𝜇 (𝑥) .

Concerning 𝑅2
𝑛 , one can use Jensen’s inequality to obtain

𝑅2
𝑛 =

�����1𝑛 𝑛∑︁
𝑖=1

{
𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)

}�����2
≤ 1
𝑛

𝑛∑︁
𝑖=1

���𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)
���2

≤ 𝐿2

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜌
(
𝑁̂

(𝑖 )
𝑛 (𝑥), 𝑥

)𝑠 + 𝜌 (𝑥, 𝑋𝑖)𝑠}2
d𝜇 (𝑥)

≤ 2𝐿2

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜌
(
𝑁̂

(𝑖 )
𝑛 (𝑥), 𝑥

)2𝑠 + 𝜌 (𝑥,𝑋𝑖)2𝑠
}

d𝜇 (𝑥).

For 𝑥 ∈ 𝑆𝑛,𝑖 , the nearest neighbor in {𝑋1, . . . , 𝑋𝑛} is 𝑋𝑖 , and thus

𝜏
(𝑖 )
𝑛 (𝑥) = 𝜏𝑛,2(𝑥)
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is the distance to the second nearest neighbor in {𝑋1, . . . , 𝑋𝑛}. We get

𝑅𝑛 ≤ 𝐿

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜏𝑛,2(𝑥)𝑠 + 𝜏𝑛 (𝑥)𝑠

}
d𝜇 (𝑥)

=
𝐿

𝑛

∫
𝑀

{
𝜏𝑛,2(𝑥)𝑠 + 𝜏𝑛 (𝑥)𝑠

}
d𝜇 (𝑥)

and, similarly,

𝑅2
𝑛 ≤ 2𝐿2

𝑛

𝑛∑︁
𝑖=1

∫
𝑆𝑛,𝑖

{
𝜏𝑛,2(𝑥)2𝑠 + 𝜏𝑛 (𝑥)2𝑠} d𝜇 (𝑥)

=
2𝐿2

𝑛

∫
𝑀

{
𝜏𝑛,2(𝑥)2𝑠 + 𝜏𝑛 (𝑥)2𝑠} d𝜇 (𝑥) .

Consequently, by Lemma 3.3,

E[𝑅𝑛] ≤
𝐿

𝑛

∫
𝑀

E
[
𝜏𝑛,2(𝑥)𝑠 + 𝜏𝑛 (𝑥)𝑠

]
d𝜇 (𝑥)

≤ 𝐿

𝑛

(
sup
𝑥∈𝑀

E
[
𝜏𝑛,2(𝑥)𝑠

]
+ sup
𝑥∈𝑀

E [𝜏𝑛 (𝑥)𝑠]
)

≤ 𝐿

𝑛

{
(𝐶0𝑛)−𝑠/𝑑 Γ(𝑠/𝑑 + 2) + (𝐶0𝑛)−𝑠/𝑑 Γ(𝑠/𝑑 + 1)

}
= (𝑠/𝑑 + 2) 𝐿𝐶−𝑠/𝑑

0 Γ(𝑠/𝑑 + 1) 𝑛−1−𝑠/𝑑

and

E[𝑅2
𝑛] ≤

2𝐿2

𝑛

∫
𝑀

E
[
𝜏𝑛,2(𝑥)2𝑠 + 𝜏𝑛 (𝑥)2𝑠 ] d𝜇 (𝑥)

≤ 2𝐿2

𝑛

(
sup
𝑥∈𝑀

E
[
𝜏𝑛,2(𝑥)2𝑠 ] + sup

𝑥∈𝑀
E

[
𝜏𝑛 (𝑥)2𝑠 ] )

≤ 2𝐿2

𝑛

{
(𝐶0𝑛)−2𝑠/𝑑 Γ(2𝑠/𝑑 + 2) + (𝐶0𝑛)−2𝑠/𝑑 Γ(2𝑠/𝑑 + 1)

}
= 4 (𝑠/𝑑 + 1) 𝐿2𝐶−2𝑠/𝑑

0 Γ(2𝑠/𝑑 + 1) 𝑛−1−2𝑠/𝑑 .

3.6.4 Proofs of Theorems

Proof of Theorem 3.1 for 𝜇 (NN−loo)
𝑛

Let 𝑌𝑛,𝑖 = 𝑓 (𝑖 )𝑛 (𝑋𝑖) − 𝜇 (𝑓 (𝑖 )𝑛 ) and write

𝜇
(NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

(
𝑌𝑖 − 𝑌𝑛,𝑖

)
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with 𝑌𝑖 = 𝑓 (𝑋𝑖) − 𝜇 (𝑓 ). Then write

𝑛2 E
[{
𝜇
(NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

}2
]

=

𝑛∑︁
𝑖=1

E
[
(𝑌𝑖 − 𝑌𝑛,𝑖)2] + ∑︁

𝑖≠𝑗

E
[ (
𝑌𝑖 − 𝑌𝑛,𝑖

) (
𝑌𝑗 − 𝑌𝑛,𝑗

) ]
=𝑛 E

[
(𝑌1 − 𝑌𝑛,1)2] + 𝑛(𝑛 − 1) E

[ (
𝑌1 − 𝑌𝑛,1

) (
𝑌2 − 𝑌𝑛,2

) ]
. (3.11)

We decompose 𝑌𝑛,1 into two terms, one of which does not depend on 𝑋2. We
also use the fact that the Voronoi partition made with (𝑛 − 1) points is more
detailed than the one constructed with (𝑛 − 2) points, i.e., 𝑆 (1)

𝑛−1,𝑖 ⊂ 𝑆
(1,2)
𝑛−2,𝑖 for

𝑖 = 3, . . . , 𝑛. Define the map N (1,2) : 𝑀 → 𝑀 such that N (1,2) (𝑥) is the
nearest neighbor to 𝑥 among the sample {𝑋3, 𝑋4, . . . , 𝑋𝑛}. Using the identity
N (1,2) (𝑥) = 𝑋𝑖 whenever 𝑥 ∈ 𝑆 (1)

𝑛−1,𝑖 for 𝑖 ≥ 3, we write

𝑓
(1,2)
𝑛 (𝑥) = 𝑓

(
N (1,2) (𝑥)

)
= 𝑓

(
N (1,2) (𝑥)

) (
𝑛∑︁
𝑖=2

1
𝑆
(1)
𝑛−1,𝑖

(𝑥)
)

= 𝑓
(
N (1,2) (𝑥)

)
1
𝑆
(1)
𝑛−1,2

(𝑥) +
𝑛∑︁
𝑖=3

𝑓 (𝑋𝑖)1𝑆 (1)
𝑛−1,𝑖

(𝑥)

=

{
𝑓
(
N (1,2) (𝑥)

)
− 𝑓 (𝑋2)

}
1
𝑆
(1)
𝑛−1,2

(𝑥) +
𝑛∑︁
𝑖=2

𝑓 (𝑋𝑖)1𝑆 (1)
𝑛−1,𝑖

(𝑥).

It follows that
𝑓
(1)
𝑛 (𝑥) = 𝐿̂ (1) (𝑥) + 𝑓 (1,2)𝑛 (𝑥)

with 𝐿̂ (1) (𝑥) =
{
𝑓 (𝑋2) − 𝑓

(
N (1,2) (𝑥)

)}
1
𝑆
(1)
𝑛−1,2

(𝑥). Therefore, since 𝑌𝑛,1 =

𝑓
(1)
𝑛 (𝑋1) − 𝜇 (𝑓 (1)𝑛 ), we get

𝑌1 − 𝑌𝑛,1 = 𝑌1 −
{
𝐿̂ (1) (𝑋1) − 𝜇 (𝐿̂ (1) )

}
−

{
𝑓
(1,2)
𝑛 (𝑋1) − 𝜇 (𝑓 (1,2)𝑛 )

}
.

Write

𝐴1 = 𝑌1 = 𝑓 (𝑋1) − 𝜇 (𝑓 ),
𝐴2 = 𝑌2 = 𝑓 (𝑋2) − 𝜇 (𝑓 ),
𝐵1 = 𝐿̂

(1) (𝑋1) − 𝜇 (𝐿̂ (1) ),
𝐵2 = 𝐿̂

(2) (𝑋2) − 𝜇 (𝐿̂ (2) ),
𝐶1 = 𝑓

(1,2)
𝑛 (𝑋1) − 𝜇 (𝑓 (1,2)𝑛 ),

𝐶2 = 𝑓
(1,2)
𝑛 (𝑋2) − 𝜇 (𝑓 (1,2)𝑛 ),
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where 𝐿̂ (2) (𝑥) =
{
𝑓 (𝑋1) − 𝑓

(
N (1,2) (𝑥)

)}
1
𝑆
(2)
𝑛−1,1

(𝑥). Then

E
[ (
𝑌1 − 𝑌𝑛,1

) (
𝑌2 − 𝑌𝑛,2

) ]
= E [(𝐴1 − 𝐵1 −𝐶1) (𝐴2 − 𝐵2 −𝐶2)]
= E[𝐴1𝐴2] − E[𝐴1𝐵2] − E[𝐴1𝐶2]
− E[𝐵1𝐴2] + E[𝐵1𝐵2] + E[𝐵1𝐶2]
− E[𝐶1𝐴2] + E[𝐶1𝐵2] + E[𝐶1𝐶2] .

Since 𝐴1 and 𝐴2 are independent, E[𝐴1𝐴2] = 0. This also applies to E[𝐴1𝐶2]
and E[𝐶1𝐴2]. Considering E[𝐴1𝐵2] gives

E[𝐴1𝐵2] = E
[
𝑌1

{
𝐿̂ (2) (𝑋2) − 𝜇 (𝐿̂ (2) )

}]
= E

[
E

[
𝑌1

{
𝐿̂ (2) (𝑋2) − 𝜇 (𝐿̂ (2) )

}
| 𝑋1, 𝑋3, . . . , 𝑋𝑛

] ]
= E

[
𝑌1 E

[
𝐿̂ (2) (𝑋2) − 𝜇 (𝐿̂ (2) ) | 𝑋1, 𝑋3, . . . , 𝑋𝑛

] ]
= 0.

Due to similar reasoning, E[𝐵1𝐴2] = 0, E[𝐵1𝐶2] = 0 and E[𝐶1𝐵2] = 0. For
E[𝐶1𝐶2], we have

E[𝐶1𝐶2]

= E
[{
𝑓
(1,2)
𝑛 (𝑋1) − 𝜇

(
𝑓
(1,2)
𝑛

)} {
𝑓
(1,2)
𝑛 (𝑋2) − 𝜇

(
𝑓
(1,2)
𝑛

)}]
= E

[
E

[{
𝑓
(1,2)
𝑛 (𝑋1) − 𝜇

(
𝑓
(1,2)
𝑛

)} {
𝑓
(1,2)
𝑛 (𝑋2) − 𝜇

(
𝑓
(1,2)
𝑛

)}
| 𝑋3, . . . , 𝑋𝑛

] ]
= 0.

Therefore, we get

E
[ (
𝑌1 − 𝑌𝑛,1

) (
𝑌2 − 𝑌𝑛,2

) ]
= E[𝐵1𝐵2]

= E
[{
𝐿̂ (1) (𝑋1) − 𝜇 (𝐿̂ (1) )

} {
𝐿̂ (2) (𝑋2) − 𝜇 (𝐿̂ (2) )

}]
.

Write the four terms on the right-hand side as 𝐴, 𝐵,𝐶, 𝐷 , respectively. The
Cauchy–Schwarz inequality gives ∥(𝐴 − 𝐵) (𝐶 − 𝐷)∥1 ≤ ∥𝐴 − 𝐵∥2 ∥𝐶 − 𝐷 ∥2,
while the fact that 𝐵 and 𝐷 are conditional expectations of 𝐴 and 𝐶 , respec-
tively, leads to ∥(𝐴 − 𝐵) (𝐶 − 𝐷)∥1 ≤ ∥𝐴∥2 ∥𝐶 ∥2 = ∥𝐴∥2

2. As a result,

E
[ (
𝑌1 − 𝑌𝑛,1

) (
𝑌2 − 𝑌𝑛,2

) ]
≤ E

[
𝐿̂ (1) (𝑋1)2

]
.
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Using the Hölder property, we obtain, by the triangle inequality and the sub-
additivity of 𝑥 ↦→ 𝑥𝑠 ,���𝐿̂ (1) (𝑥)��� = ���𝑓 (𝑋2) − 𝑓

(
N (1,2) (𝑥)

) ���1
𝑆
(1)
𝑛−1,2

(𝑥)

=

���𝑓 (N (1) (𝑥)
)
− 𝑓

(
N (1,2) (𝑥)

) ���1
𝑆
(1)
𝑛−1,2

(𝑥)

≤ 𝐿 𝜌
(
N (1) (𝑥),N (1,2) (𝑥)

)𝑠
1
𝑆
(1)
𝑛−1,2

(𝑥)

≤ 2𝐿 𝜌
(
𝑥,N (1,2) (𝑥)

)𝑠
1
𝑆
(1)
𝑛−1,2

(𝑥)

≤ 2𝐿 𝜌
(
𝑥,N (1,2) (𝑥)

)𝑠
1𝐵 (𝑥,𝜏 (1) (𝑥 ) ) (𝑋2)

≤ 2𝐿 𝜌
(
𝑥,N (1,2) (𝑥)

)𝑠
1𝐵 (𝑥,𝜏 (1,2) (𝑥 ) ) (𝑋2) .

Hence

E
[���𝐿̂ (1) (𝑥)���2 | 𝑋3, . . . , 𝑋𝑛

]
≤ 4𝐿2𝜌

(
𝑥,N (1,2) (𝑥)

)2𝑠
𝜇

(
𝐵
(
𝑥, 𝜏 (1,2) (𝑥)

) )
.

Moreover,
𝜇

(
𝐵
(
𝑥, 𝜏 (1,2) (𝑥)

) )
≤ 𝐶1𝜏

(1,2) (𝑥)𝑑 .

Using the equality 𝜏 (1,2) (𝑥) = 𝜌
(
𝑥,N (1,2) (𝑥)

)
, we obtain

E
[���𝐿̂ (1) (𝑥)���2 | 𝑋3, . . . , 𝑋𝑛

]
≤ 4𝐶1𝐿

2 𝜌
(
𝑥,N (1,2) (𝑥)

)2𝑠+𝑑
.

Applying to the term(
𝑌1 − 𝑌𝑛,1

)2
=

[
𝑓 (𝑋1) − 𝑓 (1)𝑛 (𝑋1) −

{
𝜇 (𝑓 ) − 𝜇 (𝑓 (1)𝑛 )

}]2

the same reasoning as above with 𝐴 = 𝐶 = 𝑓 (𝑋1) − 𝑓
(1)
𝑛 (𝑋1) and 𝐵 = 𝐷 =

𝜇 (𝑓 ) − 𝜇 (𝑓 (1)𝑛 ), we get

E
[ (
𝑌1 − 𝑌𝑛,1

)2
]
≤ E

[{
𝑓 (𝑋1) − 𝑓 (1)𝑛 (𝑋1)

}2
]

= E
[{
𝑓 (𝑋1) − 𝑓

(
N (1) (𝑋1)

)}2
]

≤ 𝐿2 E
[
𝜌
(
𝑋1,N (1) (𝑋1)

)2𝑠
]
.

Combining all this with (3.11) gives

E
[���𝜇 (NN−loo)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
���2]

≤ 𝐿2𝑛−1 E
[
𝜌
(
𝑋1,N (1) (𝑋1)

)2𝑠
]
+ 4𝐶1𝐿

2 E
[
𝜌
(
𝑋1,N (1,2) (𝑋1)

)2𝑠+𝑑
]

= 𝐿2𝑛−1 E[𝜏𝑛−1(𝑋1)2𝑠] + 4𝐶1𝐿
2 E[𝜏𝑛−2(𝑋1)2𝑠+𝑑 ],



80 Chapter 3. Control Variates and Nearest Neighbors

where 𝑋1 is understood to be independent of the nearest neighbor distance
functions 𝜏𝑛−1 (based on 𝑋2, . . . , 𝑋𝑛) and 𝜏𝑛−2 (based on 𝑋3, . . . , 𝑋𝑛). Applying
Lemma 3.3 to E[𝜏𝑛−1(𝑋1)2𝑠 | 𝑋1] and to E[𝜏𝑛−2(𝑋1)2𝑠+𝑑 | 𝑋1], we get

E
[
𝜏𝑛−1(𝑋1)2𝑠 ] ≤ {(𝑛 − 1)𝐶0}−2𝑠/𝑑 Γ(2𝑠/𝑑 + 1),

E
[
𝜏𝑛−2(𝑋1)2𝑠+𝑑

]
≤ {(𝑛 − 2)𝐶0}−2𝑠/𝑑−1 Γ(2𝑠/𝑑 + 2) .

Therefore,

E
[���𝜇 (NN−loo)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
���2] ≤ 𝐿2𝑛−1 {(𝑛 − 1)𝐶0}−2𝑠/𝑑 Γ(2𝑠/𝑑 + 1)

+ 4𝐶1𝐿
2 {(𝑛 − 2)𝐶0}−2𝑠/𝑑−1 Γ(2𝑠/𝑑 + 2)

and thus

𝑛1+2𝑠/𝑑 E
[���𝜇 (NN−loo)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
���2] ≤ 𝐿2𝐶−2𝑠/𝑑

0 Γ(2𝑠/𝑑 + 1) {𝑛/(𝑛 − 1)}2𝑠/𝑑

+ 4𝐶1𝐿
2𝐶−2𝑠/𝑑−1

0 Γ(2𝑠/𝑑 + 2) {𝑛/(𝑛 − 2)}2𝑠/𝑑+1 .

Since 𝑛/(𝑛 − 2) ≤ 2 (from 𝑛 ≥ 4), the upper bound can be simplified to

5𝐿2𝐶1𝐶
−2𝑠/𝑑−1
0 Γ(2𝑠/𝑑 + 2)22𝑠/𝑑+1.

Proof of Theorem 3.1 for 𝜇 (NN)
𝑛

The proof follows from combining the previous part of Theorem 3.1 and the
following inequality from Proposition 3.3,

E
[�����1𝑛 𝑛∑︁

𝑖=1
𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 (𝑓𝑛)

�����2
]
≤ 4 (𝑠/𝑑 + 1) 𝐿2𝐶−2𝑠/𝑑

0 Γ(2𝑠/𝑑 + 1) 𝑛−1−2𝑠/𝑑 .

By Minkowski’s inequality, we have(
E

[��𝜇 (NN)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

��2] )1/2

≤
(
E

[��𝜇 (NN)
𝑛 (𝑓 ) − 𝜇 (NN−loo)

𝑛 (𝑓 )
��2] )1/2

+
(
E

[��𝜇 (NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

��2] )1/2
.

In view of (3.3), E
[��𝜇 (NN)

𝑛 (𝑓 )−𝜇 (NN−loo)
𝑛 (𝑓 )

��2] = E
[��� 1
𝑛

∑𝑛
𝑖=1 𝜇 (𝑓

(𝑖 )
𝑛 ) − 𝜇 (𝑓𝑛)

���2] .
Therefore,(

E
[��𝜇 (NN)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
��2] )1/2

≤
√︃
𝐿2𝐶−2𝑠/𝑑

0 Γ(2𝑠/𝑑 + 2)𝑛−1−2𝑠/𝑑
(
2
√︁
𝑠/𝑑 + 1 + 2𝑠/𝑑 (𝐶1/𝐶0)1/2√10

)
.
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Proof of Theorem 3.2 for 𝜇 (NN−loo)
𝑛

We will apply Theorem 3.3, showing the bounded difference property in two
parts (Step 2). First, in Step 1, we construct a large-probability event 𝐴 on
which the bounded difference property will hold. In order to bound the gap
between E[𝜇 (NN−loo)

𝑛 (𝑓 ) | 𝐴] and 𝜇 (𝑓 ), we rely in Step 3 on the identity
E[𝜇 (NN−loo)

𝑛 (𝑓 )] = 𝜇 (𝑓 ) and on Lemma 3.6.

Step 1. Let ⌈𝑥⌉ denote the smallest integer upper bound to 𝑥 ∈ R. By
Lemma 3.5, there exists an event 𝐴 with probability P(𝐴) ≥ 1 − 𝛿𝑛 such that
on 𝐴, we have, for 𝑘 = ⌈8𝑑 log(12𝑛/𝛿𝑛)⌉,

sup
𝑥∈X

𝜏𝑛,𝑘 (𝑥) ≤
(

2𝑘
𝑛𝑏𝑐𝑉𝑑

)1/𝑑
=

(
2⌈8𝑑 log(12𝑛/𝛿𝑛)⌉

𝑛𝑏𝑐𝑉𝑑

)1/𝑑

≤
(
17𝑑 log(12𝑛/𝛿𝑛)

𝑛𝑏𝑐𝑉𝑑

)1/𝑑
= 𝜏𝑛 .

Step 2. On the event 𝐴, we consider separately two terms of 𝜇 (NN−loo)
𝑛 =

𝑛−1 ∑𝑛
𝑖=1{𝑓 (𝑋𝑖) − 𝑓

(𝑖 )
𝑛 (𝑋𝑖) + 𝜇 (𝑓 (𝑖 )𝑛 )}, namely 𝑛−1 ∑𝑛

𝑖=1{𝑓 (𝑋𝑖) − 𝑓
(𝑖 )
𝑛 (𝑋𝑖)} and

𝑛−1 ∑𝑛
𝑖=1 𝜇 (𝑓

(𝑖 )
𝑛 ), in order to make the bounded differences property (3.8) for

𝜇
(NN−loo)
𝑛 satisfied. Further, we apply Theorem 3.3.

Step 2a. Fix ℓ ∈ {1, . . . , 𝑛}. In the original set of points 𝑋1, . . . , 𝑋𝑛 , replace
𝑋ℓ by 𝑋̃ℓ . Let ˆ̃

𝑁
(𝑖 )
𝑛 (𝑥) be the nearest neighbor of 𝑥 among 𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋𝑛

without𝑋𝑖 and define ˆ̃
𝑓
(𝑖 )
𝑛 (𝑥) = 𝑓 ( ˆ̃

𝑁
(𝑖 )
𝑛 (𝑥)). Note that ˆ̃

𝑁
(ℓ )
𝑛 (𝑥) = 𝑁̂ (ℓ )

𝑛 (𝑥) and
hence ˆ̃

𝑓
(ℓ )
𝑛 (𝑥) = 𝑓 (ℓ )𝑛 (𝑥). Let

𝜙1 ≡ 𝜙1(𝑋1, . . . , 𝑋𝑛) =
1
𝑛

𝑛∑︁
𝑖=1

{𝑓 (𝑋𝑖) − 𝑓 (𝑖 )𝑛 (𝑋𝑖)}. (3.12)
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Since ˆ̃
𝑓
(ℓ )
𝑛 (𝑋̃ℓ ) = 𝑓 (ℓ )𝑛 (𝑋̃ℓ ), we have

𝐷ℓ,1 =𝜙1(𝑋1, . . . , 𝑋ℓ , . . . , 𝑋𝑛) − 𝜙1(𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋𝑛)

=
1
𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ

{𝑓 (𝑋𝑖) − 𝑓 (𝑖 )𝑛 (𝑋𝑖)} +
1
𝑛
{𝑓 (𝑋ℓ ) − 𝑓 (ℓ )𝑛 (𝑋ℓ )}

− 1
𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ

{𝑓 (𝑋𝑖) − ˆ̃
𝑓
(𝑖 )
𝑛 (𝑋𝑖)} −

1
𝑛
{𝑓 (𝑋̃ℓ ) − ˆ̃

𝑓
(ℓ )
𝑛 (𝑋̃ℓ )}

=
1
𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ

{ ˆ̃
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝑓 (𝑖 )𝑛 (𝑋𝑖)}

+ 1
𝑛

[
{𝑓 (𝑋ℓ ) − 𝑓 (𝑋̃ℓ )} − {𝑓 (ℓ )𝑛 (𝑋ℓ ) − 𝑓 (ℓ )𝑛 (𝑋̃ℓ )}

]
.

Considering the first term of 𝐷ℓ,1, we have, in view of (A3),

1
𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ

��� ˆ̃
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝑓 (𝑖 )𝑛 (𝑋𝑖)

���
=

1
𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ

���𝑓 ( ˆ̃
𝑁

(𝑖 )
𝑛 (𝑋𝑖)) − 𝑓 (𝑁̂ (𝑖 )

𝑛 (𝑋𝑖))
���

≤ 𝐿

𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ




 ˆ̃
𝑁

(𝑖 )
𝑛 (𝑋𝑖) − 𝑁̂ (𝑖 )

𝑛 (𝑋𝑖)



𝑠

=
𝐿

𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ




 ˆ̃
𝑁

(𝑖 )
𝑛 (𝑋𝑖) − 𝑁̂ (𝑖 )

𝑛 (𝑋𝑖)



𝑠 1{ ˆ̃

𝑁
(𝑖 )
𝑛 (𝑋𝑖 )=𝑋̃ℓ or 𝑁̂ (𝑖 )

𝑛 (𝑋𝑖 )=𝑋ℓ }
.

By the triangle inequality and the sub-additivity of 𝑥 ↦→ 𝑥𝑠 , we get, in hope-
fully obvious notation,


 ˆ̃

𝑁
(𝑖 )
𝑛 (𝑋𝑖) − 𝑁̂ (𝑖 )

𝑛 (𝑋𝑖)



𝑠 ≤ 


𝑋𝑖 − ˆ̃

𝑁
(𝑖 )
𝑛 (𝑋𝑖)




𝑠 + 


𝑋𝑖 − 𝑁̂ (𝑖 )
𝑛 (𝑋𝑖)




𝑠
≤




𝑋𝑖 − ˆ̃
𝑁

(𝑖,ℓ )
𝑛 (𝑋𝑖)




𝑠 + 


𝑋𝑖 − 𝑁̂ (𝑖,ℓ )
𝑛 (𝑋𝑖)




𝑠
≤ 2




𝑋𝑖 − 𝑁̂ (𝑖,ℓ )
𝑛 (𝑋𝑖)




𝑠 ≤ 2 sup
𝑥∈X

𝜏𝑛,3(𝑥)𝑠 , (3.13)

where 𝜏𝑛,3(𝑥) is the distance to the third nearest neighbor of 𝑥 among
𝑋1, . . . , 𝑋𝑛 . By Lemma 3.4,

𝑛∑︁
𝑖=1
𝑖≠ℓ

1{ ˆ̃
𝑁

(𝑖 )
𝑛 (𝑋𝑖 )=𝑋̃ℓ or 𝑁̂ (𝑖 )

𝑛 (𝑋𝑖 )=𝑋ℓ }
≤ 2𝜓𝑑 . (3.14)
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Therefore, by (3.13) and (3.14),

1
𝑛

𝑛∑︁
𝑖=1
𝑖≠ℓ

��� ˆ̃
𝑓
(𝑖 )
𝑛 (𝑋𝑖) − 𝑓 (𝑖 )𝑛 (𝑋𝑖)

��� ≤ 4𝐿𝜓𝑑
𝑛

sup
𝑥∈X

𝜏𝑛,3(𝑥)𝑠 . (3.15)

Considering the second term of 𝐷ℓ,1, we have
1
𝑛

���{𝑓 (𝑋ℓ ) − 𝑓 (𝑋̃ℓ )} − {𝑓 (ℓ )𝑛 (𝑋ℓ ) − 𝑓 (ℓ )𝑛 (𝑋̃ℓ )}
���

≤ 𝐿

𝑛

[


𝑋ℓ − 𝑁̂ (ℓ )
𝑛 (𝑋ℓ )




𝑠 + 


𝑋̃ℓ − 𝑁̂ (ℓ )
𝑛 (𝑋̃ℓ )




𝑠 ]
≤ 2𝐿
𝑛

sup
𝑥∈X

𝜏𝑛,3(𝑥)𝑠 . (3.16)

On the event 𝐴, by (3.15) and (3.16), we therefore have, since 𝑘 ≥ 3 for
our choice of 𝑘 in Step 1, the bound��𝐷ℓ,1�� ≤ 2𝐿

𝑛
(2𝜓𝑑 + 1)𝜏𝑠𝑛 .

Step 2b. Let 𝜙2 ≡ 𝜙2(𝑋1, . . . , 𝑋𝑛) = 𝑛−1 ∑𝑛
𝑖=1 𝜇 (𝑓

(𝑖 )
𝑛 ). Therefore,

𝐷𝑙,2 = 𝜙2(𝑋1, . . . , 𝑋ℓ , . . . , 𝑋𝑛) − 𝜙2(𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋𝑛)

=
1
𝑛

𝑛∑︁
𝑖=1

{𝜇 (𝑓 (𝑖 )𝑛 ) − 𝜇 ( ˆ̃
𝑓
(𝑖 )
𝑛 )} = 1

𝑛

𝑛∑︁
𝑖=1

𝜇 (𝑓 (𝑖 )𝑛 − ˆ̃
𝑓
(𝑖 )
𝑛 ).

Let 𝑆𝑛+1, 𝑗 , for 𝑗 = 1, . . . , 𝑛 + 1, be the Voronoi cells induced by X𝑛+1 =

{𝑋1, . . . , 𝑋𝑛, 𝑋̃ℓ }: for 𝑥 ∈ 𝑆𝑛+1, 𝑗 and 𝑗 = 1, . . . , 𝑛 + 1, the nearest neighbor
of 𝑥 among X𝑛+1 is 𝑋 𝑗 , where 𝑋𝑛+1 := 𝑋̃ℓ . Clearly,

∀𝑗 ∈ {1, . . . , 𝑛 + 1} \ {𝑖, ℓ, 𝑛 + 1}, ∀𝑥 ∈ 𝑆𝑛+1, 𝑗 ,
ˆ̃
𝑓
(𝑖 )
𝑛 (𝑥) = 𝑓 (𝑋 𝑗 ) = 𝑓 (𝑖 )𝑛 (𝑥) .

It follows that

𝐷ℓ,2 =
1
𝑛

𝑛∑︁
𝑖=1

𝜇

(
(𝑓 (𝑖 )𝑛 − ˆ̃

𝑓
(𝑖 )
𝑛 )1𝑆𝑛+1,𝑖∪𝑆𝑛+1,ℓ∪𝑆𝑛+1,𝑛+1

)
.

Moreover, by the triangle inequality, the sub-additivity of 𝑥 ↦→ 𝑥𝑠 and (A3),
we have, for 𝑥 ∈ 𝑆𝑛+1,𝑖 ∪ 𝑆𝑛+1,ℓ ∪ 𝑆𝑛+1,𝑛+1,��� ˆ̃

𝑓
(𝑖 )
𝑛 (𝑥) − 𝑓 (𝑖 )𝑛 (𝑥)

��� ≤ ��� ˆ̃
𝑓
(𝑖 )
𝑛 (𝑥) − 𝑓 (𝑥)

��� + ���𝑓 (𝑖 )𝑛 (𝑥) − 𝑓 (𝑥)
���

≤ 𝐿 ·



 ˆ̃
𝑁

(𝑖 )
𝑛 (𝑥) − 𝑥




𝑠 + 𝐿 ·



𝑁̂ (𝑖 )

𝑛 (𝑥) − 𝑥



𝑠

≤ 2𝐿 sup
𝑥∈X

𝜏𝑛,3(𝑥)𝑠 .
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Clearly,
∑𝑛
𝑖=1 𝜇 (𝑆𝑛+1,𝑖) = 𝜇

(⋃𝑛
𝑖=1 𝑆𝑛+1,𝑖

)
≤ 1. On the event 𝐴, we thus obtain

|𝐷ℓ,2 | ≤
1
𝑛

𝑛∑︁
𝑖=1

𝜇

(���𝑓 (𝑖 )𝑛 − ˆ̃
𝑓
(𝑖 )
𝑛

���1𝑆𝑛+1,𝑖∪𝑆𝑛+1,ℓ∪𝑆𝑛+1,𝑛+1

)
≤ 2𝐿𝜏𝑠𝑛 ·

1
𝑛

𝑛∑︁
𝑖=1

𝜇 (𝑆𝑛+1,𝑖 ∪ 𝑆𝑛+1,ℓ ∪ 𝑆𝑛+1,𝑛+1)

≤ 2𝐿𝜏𝑠𝑛 ·
{
𝑛−1 + 𝜇 (𝑆𝑛+1,ℓ ) + 𝜇 (𝑆𝑛+1,𝑛+1)

}
.

Recall that 𝜆𝑑 denotes the 𝑑-dimensional Lebesgue-measure and that the
density, 𝑝 , of 𝜇 satisfies sup𝑥∈𝑀 𝑝 (𝑥) ≤ 𝑈 . For any 𝑗 = 1, . . . , 𝑛 + 1, the 𝜇-
volume of a Voronoi cell satisfies

𝜇 (𝑆𝑛+1, 𝑗 ) =
∫
𝑆𝑛+1, 𝑗

𝑝 d𝜆𝑑 ≤ 𝑈 · 𝜆𝑑 (𝑆𝑛+1, 𝑗 ∩𝑀) .

Letting 𝜏𝑛+1,1(𝑥) denote the nearest neighbor of 𝑥 ∈ 𝑀 in X𝑛+1, we have

∀𝑥 ∈ 𝑆𝑛+1, 𝑗 ∩𝑀,


𝑥 − 𝑋 𝑗



 = 𝜏𝑛+1,1(𝑥) ≤ sup
𝑥 ′∈𝑀

𝜏𝑛+1,1(𝑥 ′) .

On the event 𝐴, the latter is bounded by 𝜏𝑛 , which implies that 𝑆𝑛+1, 𝑗 ∩𝑀 is
contained in a ball of radius 𝜏𝑛 centered at 𝑋 𝑗 . We find

max
𝑗=1,...,𝑛+1

𝜇 (𝑆𝑛+1, 𝑗 ) ≤ 𝑈 · 𝜏𝑑𝑛𝑉𝑑 , (3.17)

with 𝑉𝑑 the volume of the unit ball in R𝑑 . We conclude that, on the event 𝐴,

|𝐷ℓ,2 | ≤ 2𝐿𝜏𝑠𝑛 ·
(
𝑛−1 + 2𝑈𝑉𝑑𝜏𝑑𝑛

)
.

Step 2c. Let 𝜙3 = 𝜙1 + 𝜙2 = 𝑛
−1 ∑𝑛

𝑖=1{𝑓 (𝑋𝑖) − 𝑓
(𝑖 )
𝑛 (𝑋𝑖) + 𝜇 (𝑓 (𝑖 )𝑛 )} = 𝜇 (NN−loo)

𝑛 .
Then we get, with probability at least 1 − 𝛿𝑛 ,

𝐷ℓ,3 =
��𝜙3(𝑋1, . . . , 𝑋ℓ , . . . , 𝑋𝑛) − 𝜙3(𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋𝑛)

�� ≤ |𝐷ℓ,1 | + |𝐷ℓ,2 |

≤ 2𝐿𝑛−1(2𝜓𝑑 + 1)𝜏𝑠𝑛 + 2𝐿𝜏𝑠𝑛 ·
(
𝑛−1 + 2𝑈𝑉𝑑𝜏𝑑𝑛

)
= 2𝐿𝑛−1(2𝜓𝑑 + 2)𝜏𝑠𝑛 + 4𝐿𝑈𝑉𝑑𝜏𝑠+𝑑𝑛

= 4𝐿(𝜓𝑑 + 1)𝑛−1
(
17𝑑 log(12𝑛/𝛿𝑛)

𝑛𝑏𝑐𝑉𝑑

)𝑠/𝑑
+ 4𝐿𝑈𝑉𝑑

(
17𝑑 log(12𝑛/𝛿𝑛)

𝑛𝑏𝑐𝑉𝑑

)1+𝑠/𝑑

≤ 𝐾1

(
log(12𝑛/𝛿𝑛)

𝑛

)1+𝑠/𝑑
= 𝑐ℓ,3

with 𝐾1 = 4𝐿
(

17𝑑
𝑏𝑐𝑉𝑑

)𝑠/𝑑 (
𝜓𝑑 + 1 + 17𝑑𝑈

𝑏𝑐

)
.
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We have
𝑛∑︁
ℓ=1

𝑐ℓ,3 = 𝑛𝑐ℓ,3 = 𝐾1𝑛
−𝑠/𝑑 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑 ,

𝑛∑︁
ℓ=1

𝑐2
ℓ,3 = 𝑛𝑐

2
ℓ,3 = 𝐾

2
1𝑛

−1−2𝑠/𝑑 (log(12𝑛/𝛿𝑛))2+2𝑠/𝑑 .

We apply Theorem 3.3 to 𝜙3 = 𝜙3(𝑋1, . . . , 𝑋𝑛) = 𝑛−1 ∑𝑛
𝑖=1{𝑓 (𝑋𝑖) − 𝑓

(𝑖 )
𝑛 (𝑋𝑖) +

𝜇 (𝑓 (𝑖 )𝑛 )}. For 𝑡 ≥ 𝛿𝑛
∑𝑛
ℓ=1 𝑐ℓ,3 = 𝛿𝑛𝐾1𝑛

−𝑠/𝑑 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑 , we get

P ( |𝜙3 − E(𝜙3 | 𝐴) | ≥ 𝑡)

≤ 𝛿𝑛 + 2 exp
(
−

2
{
𝑡 − 𝛿𝑛𝐾1𝑛

−𝑠/𝑑 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑}2

𝐾2
1𝑛

−1−2𝑠/𝑑 (log(12𝑛/𝛿𝑛))2+2𝑠/𝑑

)
. (3.18)

Let 0 < 𝛿 < 1 − 𝛿𝑛 . Then

P( |𝜙3 − E(𝜙3 | 𝐴) | ≥ 𝑡) ≤ 𝛿 + 𝛿𝑛

provided 𝑡 is such that the exponential function in (3.18) is bounded by 𝛿/2,
which happens if

𝑡 ≥

√︄
𝐾2

1 log(2/𝛿) (log(12𝑛/𝛿𝑛))2+2𝑠/𝑑

2𝑛1+2𝑠/𝑑 + 𝐾1𝛿𝑛 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑

= 𝐾1
(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
.

Hence, for 0 < 𝛿 ≤ 1 − 𝛿𝑛 , with probability at least 1 − (𝛿 + 𝛿𝑛), we have

|𝜙3 − E(𝜙3 | 𝐴) | < 𝐾1
(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
.

Step 3. We have ∥𝜙3∥∞ ≤ 3 ∥ 𝑓 ∥∞. By Lemma 3.6,

|E(𝜙3) − E(𝜙3 | 𝐴) | ≤ 2𝛿𝑛 ∥𝜙3∥∞ ≤ 6𝛿𝑛 ∥ 𝑓 ∥∞ .

Thus, we obtain, with probability at least 1 − (𝛿 + 𝛿𝑛), for 0 < 𝛿 ≤ 1 − 𝛿𝑛 ,���𝜇 (NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

���
= |𝜙3 − E(𝜙3) |
≤ |𝜙3 − E(𝜙3 | 𝐴) | + |E(𝜙3 | 𝐴) − E(𝜙3) |

≤ 𝐾1
(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
+ 6𝛿𝑛 ∥ 𝑓 ∥∞ .
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Step 4. Fix 𝜀 > 0 and choose 𝛿𝑛 = min(𝜀/2, 𝑛−1/2−𝑠/𝑑 ), 𝛿 = 𝜀 − 𝛿𝑛 . Then
𝛿 = 𝜀 − min(𝜀/2, 𝑛−1/2−𝑠/𝑑 ) = max(𝜀/2, 𝜀 − 𝑛−1/2−𝑠/𝑑 ). Considering the case
when 𝜀 ≤ 2

𝑛1/2+𝑠/𝑑 , we get���𝜇 (NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

���
≤ 𝐾1

(√︁
log(4/𝜀)/2
𝑛1/2 + 𝜀2

)
(log(24𝑛/𝜀))1+𝑠/𝑑

𝑛𝑠/𝑑
+ 3𝜀 ∥ 𝑓 ∥∞

≤ 𝐾1

(√︁
log(4/𝜀)/2
𝑛1/2 + 1

𝑛1/2+𝑠/𝑑

)
(log(24𝑛/𝜀))1+𝑠/𝑑

𝑛𝑠/𝑑
+

6 ∥ 𝑓 ∥∞
𝑛1/2+𝑠/𝑑

≤ 𝐾1
©­«
√︄

log
(
4
𝜀

) /
2 + 1

𝑛𝑠/𝑑
ª®¬ (log(24𝑛/𝜀))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑 +
6 ∥ 𝑓 ∥∞
𝑛1/2+𝑠/𝑑 .

Otherwise, when 𝜀 > 2
𝑛1/2+𝑠/𝑑 , using that log(12𝑛3/2+𝑠/𝑑 ) ≤ log((3𝑛)3), we

have ���𝜇 (NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

���
≤𝐾1

©­«
√︄

log
(

2
𝜀 − 𝑛−1/2−𝑠/𝑑

) /
2 + 1

𝑛𝑠/𝑑
ª®¬ (log(12𝑛3/2+1/𝑑 ))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑

+
6 ∥ 𝑓 ∥∞
𝑛1/2+𝑠/𝑑

≤𝐾1
©­«
√︄

log
(
4
𝜀

) /
2 + 1

𝑛𝑠/𝑑
ª®¬ (3 log(3𝑛))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑 +
6 ∥ 𝑓 ∥∞
𝑛1/2+𝑠/𝑑 .

Therefore, for any 𝜀 ∈ (0, 1), we have, with probability at least 1 − 𝜀,���𝜇 (NN−loo)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

��� ≤ 6 ∥ 𝑓 ∥∞
𝑛1/2+𝑠/𝑑

+𝐾1
©­«
√︄

log
(
4
𝜀

) /
2 + 1

𝑛𝑠/𝑑
ª®¬ ×


(log(24𝑛/𝜀))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑 , for 𝜀 ≤ 2
𝑛1/2+𝑠/𝑑 ,

(3 log(3𝑛))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑 , for 𝜀 > 2
𝑛1/2+𝑠/𝑑 .

Since
∑𝑛
𝑖=1𝑤𝑛,𝑖 = 1, we can replace 𝑓 by 𝑓 − 𝐶 for any constant 𝐶 and

thus, choosing𝐶 optimally, replace ∥ 𝑓 ∥∞ by half the diameter of the range of
𝑓 , that is, by 𝐶𝑓 = 1

2
{
sup𝑥∈𝑀 𝑓 (𝑥) − inf𝑥∈𝑀 𝑓 (𝑥)

}
.
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Proof of Theorem 3.2 for 𝜇 (NN)
𝑛

Consider the same event 𝐴 and the same upper bound 𝜏𝑛 as in Step 1 in the
proof of Theorem 3.2 for 𝜇 (NN−loo)

𝑛 . We write

𝜇
(NN)
𝑛 (𝑓 ) = 𝜙5 ≡ 𝜙5(𝑋1, . . . , 𝑋𝑛) = 𝜙1(𝑋1, . . . , 𝑋𝑛) + 𝜙4(𝑋1, . . . , 𝑋𝑛)

with 𝜙1 as in Eq. (3.12) and with

𝜙4 ≡ 𝜙4(𝑋1, . . . , 𝑋𝑛) = 𝜇 (𝑓𝑛) .

Step 1. Let ˆ̃
𝑁𝑛 (𝑥) be the nearest neigbor of 𝑥 among 𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋𝑛 and

let ˆ̃
𝑓𝑛 (𝑥) = 𝑓 ( ˆ̃

𝑁𝑛 (𝑥)). Then

𝐷ℓ,4 = 𝜙4(𝑋1, . . . , 𝑋ℓ , . . . , 𝑋𝑛) − 𝜙4(𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋𝑛)

= 𝜇 (𝑓𝑛) − 𝜇 ( ˆ̃
𝑓𝑛) = 𝜇 (𝑓𝑛 − ˆ̃

𝑓𝑛) .

For 𝑖 = 1, . . . , 𝑛 + 1, define 𝑆𝑛+1,𝑖 as in Step 2b in the proof of Theorem 3.2
for 𝜇 (NN−loo)

𝑛 . It follows that

𝐷ℓ,4 = 𝜇
(
(𝑓𝑛 − ˆ̃

𝑓𝑛)1𝑆𝑛+1,ℓ∪𝑆𝑛+1,𝑛+1

)
.

Further, by the triangle inequality, the sub-additivity of the function 𝑥 ↦→ 𝑥𝑠

and the Hölder-𝑠 property, we have, for 𝑥 ∈ 𝑀 ∩
(
𝑆𝑛+1,ℓ ∪ 𝑆𝑛+1,𝑛+1

)
,���𝑓𝑛 (𝑥) − ˆ̃

𝑓𝑛 (𝑥)
��� ≤ ���𝑓𝑛 (𝑥) − 𝑓 (𝑥)��� + ��� ˆ̃

𝑓𝑛 − 𝑓 (𝑥)
���

≤ 𝐿 ·



 ˆ̃
𝑁𝑛 (𝑥) − 𝑥




𝑠 + 𝐿 ·


𝑁̂𝑛 (𝑥) − 𝑥

𝑠

≤ 2𝐿 sup
𝑥 ′∈𝑀

𝜏𝑛,2(𝑥 ′)𝑠 .

On the event 𝐴, we thus obtain��𝐷ℓ,4�� ≤ 2𝐿𝜏𝑠𝑛 · 𝜇 (𝑆𝑛+1,ℓ ∪ 𝑆𝑛+1,𝑛+1) ≤ 2𝐿𝜏𝑠𝑛 ·
{
𝜇 (𝑆𝑛+1,ℓ ) + 𝜇 (𝑆𝑛+1,𝑛+1)

}
.

By Eq. (3.17) in Step 2b in the proof of Theorem 3.2 for 𝜇 (NN−loo)
𝑛 , we have,

on the event 𝐴,
max

𝑗=1,...,𝑛+1
𝜇 (𝑆𝑛+1, 𝑗 ) ≤ 𝑈 · 𝜏𝑑𝑛𝑉𝑑 ,

with𝑉𝑑 the volume of the unit ball in R𝑑 . Therefore, we conclude that, on the
event 𝐴, we have ��𝐷ℓ,4�� ≤ 4𝐿𝑈𝑉𝑑𝜏𝑠+𝑑𝑛 . (3.19)
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Step 2. By (3.19) and by the result of Step 2a in the proof of Theorem 3.2 for
𝜇
(NN−loo)
𝑛 , we have

𝐷ℓ,5 =
��𝜙5(𝑋1, . . . , 𝑋ℓ , . . . , 𝑋𝑛) − 𝜙5(𝑋1, . . . , 𝑋̃ℓ , . . . , 𝑋5)

��
≤

��𝐷ℓ,1�� + ��𝐷ℓ,4��
≤ 2𝐿𝑛−1(2𝜓𝑑 + 1)𝜏𝑠𝑛 + 4𝐿𝑈𝑉𝑑𝜏𝑠+𝑑𝑛

= 2𝐿𝑛−1(2𝜓𝑑 + 1)
(
17𝑑 log(12𝑛/𝛿𝑛)

𝑛𝑏𝑐𝑉𝑑

)𝑠/𝑑
+ 4𝐿𝑈𝑉𝑑

(
17𝑑 log(12𝑛/𝛿𝑛)

𝑛𝑏𝑐𝑉𝑑

)1+𝑠/𝑑

≤ 𝐾2

(
log(12𝑛/𝛿𝑛)

𝑛

)1+𝑠/𝑑
= 𝑐ℓ,5

with 𝐾2 = 2𝐿
(

17𝑑
𝑏𝑐𝑉𝑑

)𝑠/𝑑 (
2𝜓𝑑 + 1 + 34𝑑𝑈

𝑏𝑐

)
.

We have
𝑛∑︁
ℓ=1

𝑐ℓ,5 = 𝑛𝑐ℓ,5 = 𝐾2𝑛
−𝑠/𝑑 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑 ,

𝑛∑︁
ℓ=1

𝑐2
ℓ,5 = 𝑛𝑐

2
ℓ,5 = 𝐾

2
2𝑛

−1−2𝑠/𝑑 (log(12𝑛/𝛿𝑛))2+2𝑠/𝑑 .

Thanks to Theorem 3.3, it follows that, for 𝑡 ≥ 𝛿𝑛
∑𝑛
ℓ=1 𝑐ℓ,5 =

𝛿𝑛𝐾2𝑛
−𝑠/𝑑 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑 ,

P ( |𝜙5 − E(𝜙5 | 𝐴) | ≥ 𝑡)

≤ 𝛿𝑛 + 2 exp
(
−

2
{
𝑡 − 𝛿𝑛𝐾2𝑛

−𝑠/𝑑 (log(12𝑛/𝛿𝑛))1+𝑠/𝑑}2

𝐾2
2𝑛

−1−2𝑠/𝑑 (log(12𝑛/𝛿𝑛))2+2𝑠/𝑑

)
.

Let 0 < 𝛿 ≤ 1 − 𝛿𝑛 . Then

P ( |𝜙5 − E(𝜙5 | 𝐴) | ≥ 𝑡) ≤ 𝛿 + 𝛿𝑛

provided

𝑡 ≥ 𝐾2
(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
.

Hence, for 0 < 𝛿 < 1 − 𝛿𝑛 , with probability at least 1 − (𝛿 + 𝛿𝑛), we have

|𝜙5 − E(𝜙5 | 𝐴) | < 𝐾2
(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
. (3.20)

Step 3. Since ∥𝜙5∥∞ ≤ 3 ∥ 𝑓 ∥∞, we have, by Lemma 3.6,

|E(𝜙5 | 𝐴) − E(𝜙5) | ≤ 2𝛿𝑛 ∥𝜙5∥∞ ≤ 6𝛿𝑛 ∥ 𝑓 ∥∞ .
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Recall E[𝜇 (NN−loo)
𝑛 (𝑓 )] = 𝜇 (𝑓 ). On the event on which (3.20) holds, we have,

in view of Proposition 3.3 with 𝐶0 = 𝑉𝑑𝑏𝑐 , for 𝑛 ≥ 4,���𝜇 (NN)
𝑛 (𝑓 ) − 𝜇 (𝑓 )

���
≤ |𝜙5 − E(𝜙5 | 𝐴) | + |E(𝜙5 | 𝐴) − E(𝜙5) |

+
���E [

𝜇
(NN)
𝑛 (𝑓 )

]
− E

[
𝜇
(NN−loo)
𝑛 (𝑓 )

] ���
≤𝐾2

(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
+ 6𝛿𝑛 ∥ 𝑓 ∥∞

+ (𝑠/𝑑 + 2)𝐿(𝑉𝑑𝑏𝑐)−𝑠/𝑑Γ(𝑠/𝑑 + 1)
𝑛1+𝑠/𝑑

≤𝐾2
(
𝑛−1/2√︁log(2/𝛿)/2 + 𝛿𝑛

) (log(12𝑛/𝛿𝑛))1+𝑠/𝑑

𝑛𝑠/𝑑
+ 6𝛿𝑛 ∥ 𝑓 ∥∞

+ (𝑠/𝑑 + 2)𝐿(𝑉𝑑𝑏𝑐)−𝑠/𝑑

𝑛1+𝑠/𝑑 .

Step 4. Similarly as in Step 4 of the proof of Theorem 3.2 for 𝜇 (NN−loo)
𝑛 , fix

𝜀 > 0 and choose 𝛿𝑛 = min(𝜀/2, 𝑛−1/2−1/𝑑 ), 𝛿 = 𝜀−𝛿𝑛 . Then, for any 𝜀 ∈ (0, 1),
we have, with probability at least 1 − 𝜀,���𝜇 (NN)

𝑛 (𝑓 ) − 𝜇 (𝑓 )
��� ≤ 6 ∥ 𝑓 ∥∞

𝑛1/2+𝑠/𝑑 +
(𝑠/𝑑 + 2)𝐿(𝑉𝑑𝑏𝑐)−𝑠/𝑑

𝑛1+𝑠/𝑑

+𝐾2

(√︂
log(4/𝜀)

2 + 1
𝑛𝑠/𝑑

)
×


(log(24𝑛/𝜀))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑 , for 𝜀 ≤ 2
𝑛1/2+𝑠/𝑑 ,

(3 log(3𝑛))1+𝑠/𝑑

𝑛1/2+𝑠/𝑑 , for 𝜀 > 2
𝑛1/2+𝑠/𝑑 .

Proof of Theorem 3.3

We have

P ( |𝜙 (𝑋 ) −𝑚 | ≥ 𝑡) ≤P ( |𝜙 (𝑋 ) −𝑚 | ≥ 𝑡, 𝑋 ∈ 𝐴) + P(𝑋 ∉ 𝐴)
≤P (𝜙 (𝑋 ) −𝑚 ≥ 𝑡, 𝑋 ∈ 𝐴) + P (−𝜙 (𝑋 ) +𝑚 ≥ 𝑡, 𝑋 ∈ 𝐴)
+ 𝑝.

From the proof of Theorem 2.1 in Combes (2015), we get

P (𝜙 (𝑋 ) −𝑚 ≥ 𝑡, 𝑋 ∈ 𝐴) ≤ exp
(
−2 max(0, 𝑡 − 𝑝𝑐)2∑𝑛

ℓ=1 𝑐
2
ℓ

)
.

By symmetry,

P (−𝜙 (𝑋 ) +𝑚 ≥ 𝑡, 𝑋 ∈ 𝐴) ≤ exp
(
−2 max(0, 𝑡 − 𝑝𝑐)2∑𝑛

ℓ=1 𝑐
2
ℓ

)
.
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Thus, we obtain the stated result.

3.6.5 Additional experiments

Finance background. Options are financial derivatives based on the value of
underlying securities. They give the buyer the right to buy (call option) or sell
(put option) the underlying asset at a pre-determined price within a specific
time frame. The price of an optionmay be expressed as the expectation, under
the so-called risk-neutral measure, of the payoff discounted to the present
value. Consider a contract of European type, which specifies a payoff 𝑉 (𝑆𝑇 ),
depending on the level of the underlying asset 𝑆𝑡 at maturity 𝑡 = 𝑇 . The value
𝑉 of the contract at time 𝑡 = 0 conditional on an underlying value 𝑆0 is

𝑉 (𝑆0) = E𝑄 [𝑒−𝑟𝑇𝑉 (𝑆𝑇 )], (3.21)

where E𝑄 denotes the expectation under the risk-neutral measure and 𝑟 is
the risk-free interest rate. Such a representation suggests a straightforward
Monte Carlo based method for its calculation by simulating random paths of
the underlying asset, calculating each time the resulting payoff and taking
the average of the result. This approach is particularly useful when dealing
with exotic options, for which the above expectation often does not permit a
closed-form expression.

The payoff of a European call option with strike price 𝐾 is given by
𝑉 (𝑆𝑇 ) = (𝑆𝑇 − 𝐾)+ and depends only on the level of the underlying asset
𝑆𝑡 at maturity time 𝑡 = 𝑇 . In contrast, the payoff a of barrier option (Merton,
1973) depends on the whole path (𝑆𝑡 )𝑡 ∈[0,𝑇 ] . The option becomes worthless or
may be activated upon the crossing of a price point barrier denoted 𝐻 . More
precisely, Knock-Out (KO) options expire worthlessly when the underlying’s
spot price crosses the pre-specified barrier level whereas Knock-In (KI) op-
tions only come into existence if the pre-specified barrier level is crossed by
the underlying asset’s price. The payoffs of up-in (UI) and up-out (UO) barrier
options with barrier price 𝐾 are given by

𝑉(UI) (𝑆) = (𝑆𝑇 − 𝐾)+
∫ {

max
𝑡 ∈[0,𝑇 ]

𝑆𝑡 ≥ 𝐻
}
,

𝑉(UO) (𝑆) = (𝑆𝑇 − 𝐾)+1
{

max
𝑡 ∈[0,𝑇 ]

𝑆𝑡 < 𝐻
}
.

(3.22)

Market Dynamics. The Black–Scholes model (Black and Scholes, 1973) is
a mathematical model for pricing option contracts. It is based on geometric
Brownian motion with constant drift and volatility so that the underlying
stock 𝑆𝑡 satisfies the following stochastic differential equation:

d𝑆𝑡 = 𝜇𝑆𝑡 d𝑡 + 𝜎𝑆𝑡 d𝑊𝑡 ,
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where 𝜇 represents the drift rate of growth of the underlying stock, 𝜎 is the
volatility and𝑊 denotes a Wiener process. Although simple and widely used
in practice, the Black–Scholes model has some limitations. In particular, it
assumes constant values for the risk-free rate of return and volatility over
the option duration. Neither of those necessarily remains constant in the
real world. The Heston model (Heston, 1993) is a type of stochastic volatil-
ity model that can be used for pricing options on various securities. For the
Heston model, the previous constant volatility 𝜎 is replaced by a stochastic
volatility 𝑣𝑡 which follows an Ornstein–Uhlenbeck process. The underlying
stock 𝑆𝑡 satisfies the following equations{

d𝑆𝑡 = 𝜇𝑆𝑡 d𝑡 + √
𝑣𝑡𝑆𝑡 d𝑊 𝑆

𝑡 ,

d𝑣𝑡 = 𝜅 (𝜃 − 𝑣𝑡 ) d𝑡 + 𝜉√𝑣𝑡 d𝑊 𝑣
𝑡 , d𝑊 𝑆

𝑡 d𝑊 𝑣
𝑡 = 𝜌 d𝑡 .

with stochastic volatility 𝑣𝑡 , drift term 𝜇, long run average variance 𝜃 , rate of
mean reversion 𝜅 and volatility of volatility 𝜉 . Essentially the Heston model is
a geometric Brownian motion with non-constant volatility, where the change
in 𝑆 has relationship 𝜌 with the change in volatility.

MonteCarlo procedures. The application of standardMonte Carlomethods
to option pricing takes the following form:

(1) Simulate a large number 𝑛 of price paths for the underlying asset:
(𝑆 (1) , . . . , 𝑆 (𝑛) ).

(2) For each path, compute the associated payoff of the option, e.g., as in
Eq. (3.22): (𝑉1, . . . ,𝑉𝑛) .

(3) Average the payoffs and discount them to present value: 𝑉𝑛 =

(𝑒−𝑟𝑇 /𝑛)∑𝑛
𝑖=1𝑉𝑖 .

In practice, the price paths are simulated using an Euler scheme with a dis-
cretization of the time period [0,𝑇 ] comprised of𝑚 times 𝑡1 = 0 < 𝑡2 < . . . <

𝑡𝑚 = 𝑇 . Each price path 𝑆 (𝑖 ) for 𝑖 = 1, . . . , 𝑛 is actually a vector (𝑆 (1)(𝑖 ) , . . . , 𝑆
(𝑚)
(𝑖 ) ),

so that the indicator function of the barrier options is computed on the dis-
cretized prices. Common values for 𝑚 are the number of trading days per
year which is𝑚 = 252 for 𝑇 = 1 year.

Parameters. Several numerical experiments are performed for the pricing of
European barrier call options “up-in” and “up-out”. The number of sampled
paths is 𝑛 ∈ {500, 1 000, 2 000, 3 000, 5 000} and the granularity of the grid is
equal to𝑚 = 240. Two different mathematical models are considered when
simulating the underlying asset price trajectories:

(1) the Black–Scholes model with constant volatility 𝜎 = 0.30;
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(2) the Heston model with initial volatility 𝑣0 = 0.1, long-run average vari-
ance 𝜃 = 0.02, rate of mean reversion 𝜅 = 4, instantaneous correlation
𝜌 = 0.8 and volatility of volatility 𝜉 = 0.9.

In both cases the fixed parameters are: spot price 𝑆0 = 100, interest rate 𝑟 =

0.10, maturity 𝑇 = 2 months, strike price 𝐾 = 𝑆0 = 100 and barrier price
𝐻 = 130.
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Figure 3.6: Barrier option pricing under Black–Scholes model with spot price 𝑆0 =

100, strike 𝐾 = 𝑆0, maturity 𝑇 = 2 months, risk-free rate 𝑟 = 0.1, constant volatility
𝜎 = 0.3, barrier price 𝐻 = 130. The boxplots are obtained over 100 replications.
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Figure 3.7: Boxplots of barrier option pricing with Heston Model with spot price
𝑆0 = 100, strike 𝐾 = 𝑆0, barrier price 𝐻 = 130, maturity 𝑇 = 2 months, risk-free rate
𝑟 = 0.1, initial volatility 𝑣0 = 0.1, long-run average variance 𝜃 = 0.02, rate of mean
reversion 𝜅 = 4, instantaneous correlation 𝜌 = 0.8 and volatility of volatility 𝜉 = 0.9.
The boxplots are obtained over 100 replications.





Spherical Harmonics as
Control Variates 4
The Sliced-Wasserstein (SW) distance between probability measures is de-
fined as the average of the Wasserstein distances resulting for the associated
one-dimensional projections. As a consequence, the SW distance can be writ-
ten as an integral with respect to the uniform measure on the sphere and the
Monte Carlo framework can be employed for calculating the SW distance.
Spherical harmonics are polynomials on the sphere that form an orthonor-
mal basis of the set of square-integrable functions on the sphere. Putting these
two facts together, a new Monte Carlo method, hereby referred to as Spher-
ical Harmonics Control Variates (SHCV), is proposed for approximating the
SW distance using spherical harmonics as control variates. The resulting ap-
proach is shown to have good theoretical properties, e.g., a no-error property
for Gaussianmeasures under a certain form of linear dependency between the
variables. Moreover, an improved rate of convergence, compared to Monte
Carlo, is established for general measures. The convergence analysis relies
on the Lipschitz property associated to the SW integrand. Several numerical
experiments demonstrate the superior performance of SHCV against state-
of-the-art methods for SW distance computation. The content of this chapter
is based on the paper

R. Leluc, A. Dieuleveut, F. Portier, J. Segers and A.
Zhuman. (2024). Sliced-Wasserstein Estimationwith
Spherical Harmonics as Control Variates. Proceed-
ings of the 41st International Conference on Machine
Learning, volume 235 of PMLR, pages 27191-27214.

4.1 Introduction

The Sliced-Wasserstein (SW) distance between two probability measures, in-
troduced in Rabin et al. (2012), shares similar topological properties with
the standard Wasserstein distance (Bonnotte, 2013; Bayraktar and Guo, 2021;
Nadjahi et al., 2020b) while having better properties in terms of computa-
tional complexity, especially for measures defined on spaces with relatively
large dimension (Nadjahi et al., 2020b). As such, it has emerged as a power-

95
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ful framework for analyzing and solving a wide range of machine learning
problems including generative modeling (Deshpande et al., 2018, 2019; Li-
utkus et al., 2019), autoencoders (Kolouri et al., 2018), Bayesian computation
(Nadjahi et al., 2020a), and image processing (Bonneel et al., 2015).

Informally, for 𝑝 ≥ 1 the SW𝑝 distance between probability distributions
𝜇 and 𝜈 on R𝑑 is defined as the integral value, over 𝜃 uniformly distributed
on the unit sphere S𝑑−1, of the Wasserstein distance W𝑝 between the projec-
tions of distributions 𝜇 and 𝜈 on the direction of 𝜃 . It takes advantage of the
fact that (a) the Wasserstein distance between one-dimensional measures has
a simple analytical form, being the 𝐿𝑝 ( [0, 1])-distance between their quan-
tile functions (approximated using empirical quantiles), and (b) the integral
is approximated by Monte Carlo sampling (uniformly on the unit sphere). As
a consequence, two types of error affect the accuracy of most algorithms es-
timating the SW distance: first, the statistical error, due to the approximation
of the distributions 𝜇 and 𝜈 by their empirical counterparts, which scales as
𝑚−1/2, with 𝑚 the size of the samples observed from 𝜇 and 𝜈 (Nietert et al.,
2022); second, the Monte Carlo integration error, which scales as 𝑛−1/2, with
𝑛 the number of projections, as demonstrated in Nadjahi et al. (2020b) and
Nietert et al. (2022). Importantly, these results establish that the sample com-
plexity to approximate the SW distance does not depend on the dimension.
As pointed out in Nadjahi et al. (2020b), even though the SW sample com-
plexity is reduced compared to Wasserstein, it requires an additional Monte
Carlo step which might offset the previous benefits if the associated variance
is large.

In this chapter, we propose and study a new approach to improve SW dis-
tance computation by improving the Monte Carlo estimation (step (b) above).
The approach follows from a well-known variance reduction principle in-
troducing control variates (functions having known integrals) in the Monte
Carlo estimate. Following recent papers Oates et al. (2017); Portier and Segers
(2019); Leluc et al. (2021); South et al. (2023), the use of many control variates
can significantly reduce the variance of the Monte Carlo method when the
integrand 𝑓 is well-approximated in some 𝐿2-space by the control variates.
In Portier and Segers (2019) for instance, the obtained convergence rate is
𝑛−1/2𝜎cv, where 𝜎2

cv is the variance of the residual function resulting from
approximating 𝑓 in the control variate space. By allowing the number of
control variates to grow with 𝑛, the residual standard deviation 𝜎cv can van-
ish asymptotically, leading to an improvement of the 𝑛−1/2 rate of the Monte
Carlo estimate.

As the integral of interest in the SW distance is over the sphere, we pro-
pose to use as control variates the well-known spherical harmonics, which are
homogeneous orthogonal polynomials defined on the sphere. Our approach,
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referred to as SlicedWasserstein estimates with Spherical Harmonics as Con-
trol Variates (SHCV), leverages the property of spherical harmonics to be a an
orthonormal basis of 𝐿2(S𝑑−1) to build a precise and flexible approximation
of the integrand leading to a more accurate Monte Carlo estimate.
Relatedmethods. Several methods have been introduced for computing the
SW distance and improve upon the standard Monte Carlo estimate. Nguyen
and Ho (2024) use a single quadratic control variate to reduce the variance.
This approach significantly differs from SHCV, which relies on a potentially
large number of control variates. Further, for functions defined on R𝑑 , Leluc
et al. (2024b) use the leave-one-out nearest neighbor regession estimate as a
control variate. As soon as the integrand is Lipschitz, the rate of convergence
is 𝑛−1/2−1/𝑑 , which improves upon the 𝑛−1/2 rate of the Monte Carlo estimate.
Even though this technique has not been studied for other spaces than R𝑑
(such as the sphere), good practical performance has been reported in Leluc
et al. (2024b) for approximating the SW distance.

In an attempt to improve the Monte Carlo estimate, Quasi-Monte Carlo
(QMC) and Randomized Quasi Monte Carlo (RQMC) methods have been pro-
posed to approximate the SW distance (Nguyen et al., 2024) based on deter-
ministic sequences that are well spread over the integration domain. Finally,
we mention the orthogonal approach of Nadjahi et al. (2021) which is based
on Gaussian approximation as the dimension 𝑑 grows, thus targets large di-
mension, and only applies for 𝑝 = 2.
Contributions. The main contributions of this chapter are summarized as
follows:
■ We propose a novel variance-reduced SW estimate based on control variate
with spherical harmonics.

■ We derive some theoretical properties as well as the convergence rate in
probability on the SHCV integration error, providing rigorous underpin-
nings for the proposed methodology. Our analysis reveals that SHCV can
achieve faster convergence rates than traditional unbiased estimators of the
SW distance.

■ In numerical experiments, our approach outperforms not only existing
Monte Carlo approaches based on different control variates but also some
recently introduced quasi Monte Carlo (QMC) methods (see related meth-
ods described above), without prohibitive additional cost.

Outline. Section 4.2 introduces the mathematical background of
(Sliced-)Wasserstein distances while Section 4.3 presentsMC integrationwith
control variates. In Section 4.4, we introduce our estimator, based on spheri-
cal harmonics. It is empirically evaluated in Section 4.5. Section 4.6 provides a
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theoretical analysis and Section 4.7 concludes the chapter. Section 4.8 contain
proofs, algorithms and additional numerical results.
Notation. For a Borel set X ⊆ R𝑑 , P(X) is the set of probability measures
with support contained in X. Let 𝑝 ∈ [1,∞) and P𝑝 (X) = {𝜇 ∈ P(X) :∫
X ∥𝑥 ∥

𝑝 d𝜇 (𝑥) < +∞} be the set of probability measures on X with finite mo-
ment of order 𝑝 . The unit sphere on R𝑑 is S𝑑−1 = {𝜃 ∈ R𝑑 : ∥𝜃 ∥ = 1} with
surface area |S𝑑−1 | = (2𝜋𝑑/2)/Γ(𝑑/2), where Γ is the Euler gamma function.
⟨·, ·⟩ is the Euclidean inner product and N(m,Σ) is the 𝑑-Gaussian distribu-
tion with mean m ∈ R𝑑 and positive definite 𝑑 × 𝑑 covariance matrix Σ. The
Laplace operator is Δ = 𝜕2

1 + · · · + 𝜕2
𝑑
where 𝜕𝑖 is the 𝑖-th partial derivative.

4.2 Optimal transport distances: Wasserstein and
sliced-Wasserstein

4.2.1 Wasserstein distance

The Wasserstein distance W𝑝 (𝜇, 𝜈) of order 𝑝 ∈ [1,∞) between probability
measures 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ) is defined by

W𝑝
𝑝 (𝜇, 𝜈) = inf

𝜋∈Π (𝜇,𝜈 )

∫
R𝑑×R𝑑

∥𝑥 − 𝑦∥𝑝 d𝜋 (𝑥,𝑦),

where Π(𝜇, 𝜈) ⊂ P(R𝑑 × R𝑑 ) denotes the set of couplings for (𝜇, 𝜈), i.e.,
probability measures whose marginals with respect to the first and second
variables are 𝜇 and 𝜈 , respectively. While the Wasserstein distance enjoys at-
tractive theoretical properties (Villani, 2009, Chapter 6), it suffers from a high
computational cost. When computing W𝑝 (𝜇𝑚, 𝜈𝑚) for discrete distributions
𝜇𝑚 and 𝜈𝑚 supported on𝑚 points, the worst-case computational complexity
scales as O(𝑚3 log𝑚) (Peyré et al., 2019). However, for univariate distribu-
tions 𝜇, 𝜈 ∈ P𝑝 (R), the Wasserstein distance can be is expressed through the
quantile functions 𝐹 −1(inverse c.d.f.) as (see Peyré et al., 2019, Section 2)

W𝑝
𝑝 (𝜇, 𝜈) =

∫ 1

0
|𝐹 −1
𝜇 (𝑡) − 𝐹 −1

𝜈 (𝑡) |𝑝 d𝑡 .

In particular, for discrete measures 𝜇𝑚 =𝑚−1 ∑𝑚
𝑖=1 𝛿𝑥𝑖 and 𝜈𝑚 =𝑚−1 ∑𝑚

𝑖=1 𝛿𝑦𝑖
with 𝑥𝑖 , 𝑦𝑖 ∈ R, the Wasserstein distance can be computed by sorting the
atoms, yielding

W𝑝
𝑝 (𝜇𝑚, 𝜈𝑚) =

1
𝑚

𝑚∑︁
𝑖=1

|𝑥 (𝑖 ) − 𝑦 (𝑖 ) |𝑝 , (4.1)

where (𝑥 (𝑖 ) )𝑚𝑖=1 and (𝑦 (𝑖 ) )𝑚𝑖=1 are the order statistics of (𝑥𝑖)𝑚𝑖=1 and (𝑦𝑖)𝑚𝑖=1
respectively. The number of operations induced by the sorting step is
O(𝑚 log𝑚).
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4.2.2 Sliced-Wasserstein distance

The Sliced-Wasserstein distance (Rabin et al., 2012; Bonneel et al., 2015;
Kolouri et al., 2019) alleviates the high computational cost of Wasserstein dis-
tance, by slicing distributions and by taking advantage of the fast computa-
tion of the Wasserstein distance between univariate distributions (see Equa-
tion (4.1)).

Definition 4.1 (Sliced-Wasserstein distances). For 𝜃 ∈ S𝑑−1, let 𝜃★ : R𝑑 → R
denote the linear functional 𝜃★(𝑥) = ⟨𝜃, 𝑥⟩ for 𝑥 ∈ R𝑑 . Let P ∈ P(S𝑑−1) be a
probability distribution on the unit sphere. The SW distance of order 𝑝 ∈ [1,∞)
based on P is defined for 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ) as

SW𝑝
𝑝 (𝜇, 𝜈, P) =

∫
S𝑑−1

W𝑝
𝑝 (𝜃★♯ 𝜇, 𝜃

★
♯
𝜈) dP(𝜃 ), (4.2)

where for anymeasure 𝜉 ∈ P(R𝑑 ), 𝜃★
♯
𝜉 is the push-forward measure by function

𝜃★, i.e. the distribution of the projection 𝜃★(𝑋 ) of a random vector 𝑋 ∈ R𝑑 with
distribution 𝜉 .

We introduce the integrand 𝑓 (𝑝 )𝜇,𝜈 : S𝑑−1 → R defined by

∀𝜃 ∈ S𝑑−1, 𝑓
(𝑝 )
𝜇,𝜈 (𝜃 ) = W𝑝

𝑝 (𝜃★♯ 𝜇, 𝜃
★
♯
𝜈) . (4.3)

In practice, the SW distance of Equation (4.2) is approximated using a stan-
dard Monte Carlo estimate by (i) sampling a number 𝑛 ≥ 1 of independent
random directions 𝜃1, . . . , 𝜃𝑛 from P on S𝑑−1 and (ii) by averaging the values
(𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑖 . This is described in Algorithm 4.1. In the chapter, we will often
work with the uniform distribution on the sphere, denoted by U orU(S𝑑−1).

Algorithm 4.1 Sliced Wasserstein Monte Carlo
Require: 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), number of random projections 𝑛, probability P ∈

P(S𝑑−1)
1: Sample random projections 𝜃1, . . . , 𝜃𝑛 ∼ P
2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1
3: Return average MC𝑛 = (1𝑛/𝑛)⊤ 𝑓𝑛

Computing the SW distance between discrete measures 𝜇𝑚 =

𝑚−1 ∑𝑚
𝑖=1 𝛿𝑥𝑖 and 𝜈𝑚 = 𝑚−1 ∑𝑚

𝑖=1 𝛿𝑦𝑖 with atoms 𝑥𝑖 , 𝑦𝑖 ∈ R𝑑 amounts to pro-
jecting (𝑥𝑖)𝑚𝑖=1 and (𝑦𝑖)𝑚𝑖=1 along the𝑛 random directions 𝜃1, . . . , 𝜃𝑛 followed by
computing the one-dimensional Wasserstein distances using Equation (4.1).
This scheme requires O(𝑛(𝑑𝑚 + 𝑚 log𝑚)) operations which is, in general,
faster than computing W𝑝

𝑝 (𝜇𝑚, 𝜈𝑚), especially for large𝑚.
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Remark 4.1 (Gaussian case when 𝑝 = 2). The Wasserstein distance between
two Gaussians 𝜇 = N(𝑎,A) and 𝜈 = N(𝑏,B) is known in closed form (Dow-
son and Landau, 1982) as W2

2(𝜇, 𝜈) = ∥𝑎 − 𝑏∥2
2 + 𝔅2(A,B) where 𝔅 is the

Bures distance (Bhatia et al., 2019) on positive definite matrices, 𝔅2(A,B) =

Tr(A) + Tr(B) − 2 Tr[(A1/2BA1/2)1/2]. The Sliced-Wasserstein distance be-
tween 𝜇 and 𝜈 relies on the projected distributions 𝜃★

♯
𝜇 ∼ N(𝜃⊤𝑎, 𝜃⊤A𝜃 ) and

𝜃★
♯
𝜈 ∼ N(𝜃⊤𝑏, 𝜃⊤B𝜃 ) via the integration over 𝜃 ∈ S𝑑−1 of W2

2(𝜃★♯ 𝜇, 𝜃
★
♯
𝜈) =

|𝜃⊤(𝑎 − 𝑏) |2 +
(√
𝜃⊤A𝜃 −

√
𝜃⊤B𝜃

)2.

4.3 Monte Carlo with control variates

This section presents the mathematical framework of Monte Carlo integra-
tion with control variates.

Monte Carlo integration. Consider a square-integrable, real-valued func-
tion 𝑓 ∈ 𝐿2(P) on a probability space (Θ, F , P) of which we would like to
compute the integral

I(𝑓 ) =
∫
Θ
𝑓 (𝜃 ) dP(𝜃 ). (4.4)

When I(𝑓 ) does not admit a closed form or when only calls from 𝑓 are avail-
able, one may rely on Monte Carlo estimates. Let 𝜃1, . . . , 𝜃𝑛 ∼ P be an inde-
pendent and identically distributed (i.i.d.) random sample from P. The naive
Monte Carlo estimate I𝑛 (𝑓 ) of I(𝑓 ) is given by the empirical mean

I𝑛 (𝑓 ) =
1
𝑛

𝑛∑︁
𝑖=1

𝑓 (𝜃𝑖).

The Monte Carlo estimate is unbiased and has variance equal to 𝜎2(𝑓 )/𝑛
where 𝜎2(𝑓 ) = I[{𝑓 − I(𝑓 )}2]. Increasing the sample size 𝑛 reduces the vari-
ance but at the cost of an increased computation time. Instead, it is possible
to find another estimate with smaller variance.

Control variates and OLSMC. A classical way to reduce the variance of
the Monte Carlo estimate consists in incorporating knowledge about some
specially chosen functions. Control variates are functions 𝜑1, . . . , 𝜑𝑠 : Θ → R
with known expectations; without loss of generality, we assume that I(𝜑 𝑗 ) = 0
for 𝑗 = 1, . . . , 𝑠 . Let 𝜑 = (𝜑1, . . . , 𝜑𝑠)⊤ denote the R𝑠-valued function with 𝑠
control variates as elements. Since all control variates are centered, adding
any linear combination of the form 𝛽⊤𝜑 with 𝛽 ∈ R𝑠 gives I(𝑓 − 𝛽⊤𝜑) = I(𝑓 ).
Thus, given an i.i.d. sample 𝜃1, . . . , 𝜃𝑛 from P, any coefficient vector 𝛽 ∈ R𝑠
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Figure 4.1: Visualization of the 𝐿2-projection of the integrand 𝑓 onto the linear space
Span{𝜑1, . . . , 𝜑𝑠 } of control variates.

yields an unbiased estimate of 𝐼 (𝑓 ), given by

I𝑛 (𝑓 , 𝛽) =
1
𝑛

𝑛∑︁
𝑖=1

(
𝑓 (𝜃𝑖) − 𝛽⊤𝜑 (𝜃𝑖)

)
, (4.5)

with variance equal to 𝜎2(𝑓 − 𝛽⊤𝜑)/𝑛. The optimal coefficient 𝛽★ is defined
as the one minimizing the variance,

𝛽★ ∈ arg min
𝛽∈R𝑠

I[{𝑓 − I(𝑓 ) − 𝛽⊤𝜑}2] .

By the Hilbert projection theorem, 𝛽⊤★𝜑 is the 𝐿2(P)-projection of 𝑓 − I(𝑓 )
on the linear space of control variates Span{𝜑1, . . . , 𝜑𝑠 }, as illustrated in Fig-
ure 4.1.

Different approaches have been proposed to estimate 𝛽★, each of which,
when used in Equation (4.5), produces an enhanced Monte Carlo estimate
with reduced variability (Glynn and Szechtman, 2002). FollowingOwen (2013,
Section 8.9), or more recently Portier and Segers (2019) and Leluc et al. (2021),
we frame the problem as an ordinary least-squares minimization problem.
The integral I(𝑓 ) appears as the intercept of the linear regression model with
explanatory variables 𝜑1, . . . , 𝜑𝑠 and target response 𝑓 , i.e.,

(I(𝑓 ), 𝛽★(𝑓 )) ∈ arg min
(𝛼,𝛽 ) ∈R×R𝑠

I[(𝑓 − 𝛼 − 𝛽⊤𝜑)2] .

In practice, these quantities are estimated using the directions 𝜃1, . . . , 𝜃𝑛 sam-
pled from P. The Ordinary Least Squares Monte Carlo (OLSMC) estimate
Iols
𝑛 (𝑓 ) is1

(Iols
𝑛 (𝑓 ), 𝛽𝑛 (𝑓 )) ∈ arg min

(𝛼,𝛽 ) ∈R×R𝑠
∥ 𝑓𝑛 − 𝛼1𝑛 − Φ𝛽 ∥2

2, (4.6)

1It is well-defined if and only if 1𝑛 ∉ Span(Φ). If ill-defined, one can reduce the number of
control variates such that 𝑠 < 𝑛.
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where 𝑓𝑛 = (𝑓 (𝜃1), . . . , 𝑓 (𝜃𝑛))⊤ ∈ R𝑛 is the vector of evaluations of 𝑓 , 1𝑛 =

(1, . . . , 1)⊤ ∈ R𝑛 and Φ ∈ R𝑛×𝑠 is the random matrix of control variates Φ =

(𝜑 (𝜃𝑖)⊤)𝑛𝑖=1.

Remark 4.2 (Complexity). TheMonte Carlo estimate requires O(𝑛𝜔 𝑓 ) compu-
tations where 𝜔 𝑓 is the cost of evaluating the integrand 𝑓 . The OLSMC estimate
has a complexity ofO(𝑛𝜔 𝑓 +𝜔 (Φ)) where𝜔 (Φ) is the complexity due to the addi-
tional step of fitting the optimal control variates. Typically, 𝜔 (Φ) = O(𝑛𝑠2 + 𝑠3)
where O(𝑛𝑠2) and O(𝑠3) operations are needed to compute and invert Φ⊤Φ,
though it can be reduced by using an approximate solution via optimization al-
gorithms such as (stochastic) gradient descent algorithms (Zhang, 2004). When
𝑓 is heavy to compute—which is the case for 𝑓 (𝑝 )𝜇𝑚,𝜈𝑚 with discrete measures sup-
ported on a large number𝑚 of atoms—the extra term 𝜔 (Φ) becomes negligible
compared to O(𝑛𝜔 𝑓 ).

Remark 4.3 (Regularization). As the number 𝑠 of control variates may increase
quickly with the dimension, Leluc et al. (2021) rely on the LASSO procedure
(Tibshirani, 1996) in place of Equation (4.6) to achieve estimation and variable
selection at the same time in the regime 𝑛 ≪ 𝑠 .

4.4 Sliced-Wasserstein estimate with spherical harmonics as
control variates

4.4.1 Spherical harmonics

Originating from the solutions to the Laplace equation on the unit sphere,
spherical harmonics (Atkinson and Han, 2012; Dai, 2013) constitute a math-
ematical framework with applications in computer graphics (Ramamoorthi
and Hanrahan, 2001; Basri and Jacobs, 2003; Green, 2003) and machine learn-
ing (Cohen et al., 2018; Dutordoir et al., 2020), particularly in tasks involving
spherical data representation.

Definition 4.2 (Polynomial spaces). Let𝒫𝑑
ℓ be the space of homogeneous poly-

nomials of degree ℓ ≥ 0 on R𝑑 , i.e., 𝒫𝑑
ℓ = Span{𝑥𝑎1

1 · · · 𝑥𝑎𝑑
𝑑

| 𝑎𝑘 ∈ N,∑𝑑
𝑘=1 𝑎𝑘 =

ℓ}. Let ℋ𝑑
ℓ be the space of real harmonic polynomials, homogeneous of degree

ℓ on R𝑑 , i.e.,ℋ𝑑
ℓ = {𝑄 ∈ 𝒫

𝑑
ℓ | Δ𝑄 = 0}.

Definition 4.3 (Spherical harmonics). Spherical harmonics of degree (or level)
ℓ ≥ 0 are defined as the restriction of elements inℋ𝑑

ℓ to the unit sphere S𝑑−1, i.e.,
restrictions to the sphere of harmonic homogeneous polynomials with𝑑 variables
of degree ℓ .

Let 𝑁𝑑ℓ denote the number of linearly independent spherical harmonics
of degree ℓ ≥ 0 in dimension 𝑑 , that is 𝑁𝑑ℓ = dimℋ

𝑑
ℓ = dim𝒫

𝑑
ℓ − dim𝒫

𝑑
ℓ−2
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(Dai, 2013, Corollary 1.1.4) where it is agreed that dim𝒫
𝑑
ℓ−2 = 0 for ℓ = 0, 1.

We have

𝑁𝑑ℓ =
(2ℓ + 𝑑 − 2) (ℓ + 𝑑 − 3)!

ℓ!(𝑑 − 2)! ·

Note that, when restricted to the sphere, all polynomials are linear combi-
nations of spherical harmonics. Moreover, spherical harmonics of different
degrees are orthogonal with respect to ⟨𝑓 , 𝑔⟩ =

∫
S𝑑−1 𝑓 (𝜃 )𝑔(𝜃 ) dU(𝜃 ), where

U is the uniform distribution on S𝑑−1 (Dai, 2013, Theorem 1.1.2). In prac-
tice, orthonormal bases can be constructed by applying the Gram–Schmidt
process and an explicit basis of spherical harmonics can be written in terms
of the Gegenbauer polynomials in spherical coordinates (Dai, 2013, Theorem
1.5.1). In the following, let 𝜑ℓ,𝑘 with ℓ ≥ 0 and 𝑘 = 1, . . . , 𝑁𝑑ℓ denote a set of
spherical harmonics forming an orthonormal basis ofℋ𝑑

ℓ .

Proposition 4.1 (Hilbert basis). The spherical harmonics {𝜑ℓ,𝑘 , 0 ≤ ℓ, 1 ≤ 𝑘 ≤
𝑁𝑑ℓ } form an orthonormal eigenbasis of the Hilbert space 𝐿2(S𝑑−1,U), so that
for every 𝑓 ∈ 𝐿2(S𝑑−1) we have

𝑓 =

∞∑︁
ℓ=0

𝑁𝑑
ℓ∑︁

𝑘=1
𝑓ℓ,𝑘𝜑ℓ,𝑘 where 𝑓ℓ,𝑘 =

∫
𝑓 𝜑ℓ,𝑘 dU.

Spherical harmonics thus constitute an eigenbasis of centered functions,
and can therefore be used as control variates with respect to the uniform
distribution on the unit sphere. For ℓ ≥ 1 and 𝑘 = 1, . . . , 𝑁𝑑ℓ , we have

I(𝜑ℓ,𝑘 ) =
∫
S𝑑−1

𝜑ℓ,𝑘 (𝜃 ) dU(𝜃 ) = 0. (4.7)

Orthonormality ensures that the empirical covariance matrix is well-
conditioned when solving the OLS problem (4.6).

Remark 4.4 (Examples). In most applications, spherical harmonics in two and
three variables are used. For 𝑑 = 2, we have dimℋ

2
ℓ = 2 for all ℓ ≥ 1 and

an orthogonal basis is given by the real and imaginary parts of (𝑥 + i𝑦)ℓ . In
polar coordinates (𝑥,𝑦) = (𝑟 cos(𝑡), 𝑟 sin(𝑡)) ∈ R2, this basis is 𝜑ℓ,1(𝑥,𝑦) =

𝑟 ℓ cos(ℓ𝑡) and 𝜑ℓ,2(𝑥,𝑦) = 𝑟 ℓ sin(ℓ𝑡). By restriction on the circle S1, spherical
harmonics yield the classical Fourier expansions in cosine and sine functions and
are commonly referred to as circular harmonics. For 𝑑 = 3, we have dimℋ

3
ℓ =

2ℓ+1 and a classical orthogonal basis in spherical coordinates is written in terms
of the associated Legendre polynomials (see Section 4.8.4).
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4.4.2 Spherical harmonics control variates estimate

With the idea of performing variance reduction when computing SW dis-
tances, we incorporate spherical harmonics as natural control variates on
S𝑑−1 into the standard Monte Carlo estimate. We propose a novel procedure
called Spherical Harmonics Control Variates (SHCV) estimate using the ordi-
nary least squares formulation of Equation (4.6).

For 𝑝 ≥ 1, consider 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ) and recall the integrand 𝑓 (𝑝 )𝜇,𝜈 : 𝜃 ↦→
W𝑝
𝑝 (𝜃★♯ 𝜇, 𝜃

★
♯
𝜈) so that SW𝑝

𝑝 (𝜇, 𝜈) = I(𝑓 (𝑝 )𝜇,𝜈 ). Interestingly, this integrand is
even so that for odd functions 𝜑 , the inner product vanishes, ⟨𝑓 (𝑝 )𝜇,𝜈 , 𝜑⟩ = 0.
The spherical harmonics expansion of 𝑓 (𝑝 )𝜇,𝜈 (see Proposition 4.1) is only made
of spherical harmonics with even degree. Thus, when finding the optimal
control variates among spherical harmonics, we can omit the ones of odd
degree as these are uncorrelated with our integrand.

Lemma 4.1 (Number of control variates). In dimension𝑑 , the dimension of the
linear space generated by the spherical harmonics of even degree up to maximal
degree 2𝐿 is

𝑠𝐿,𝑑 =

𝐿∑︁
ℓ=1

𝑁𝑑2ℓ =

(
2𝐿 + 𝑑 − 1
𝑑 − 1

)
− 1.

For 𝑑 = 2, the formula reduces to 𝑠𝐿,2 = 2𝐿 which is the number of circular
harmonics of degree 2, 4, . . . , 2𝐿; For 𝑑 = 3, the formula becomes 𝑠𝐿,3 = (2𝐿 +
3)𝐿, which is indeed the sum of (2ℓ + 1) for ℓ = 2, 4, . . . , 2𝐿 (Remark 4.4).

Definition 4.4 (SHCV). For 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), the SHCV estimate of maxi-
mum degree 2𝐿 based on projections 𝜃1, . . . , 𝜃𝑛 ∈ S𝑑−1 and control variates
𝜑 = (𝜑 𝑗 )𝑠𝐿,𝑑𝑗=1 is defined as the intercept of the OLS problem (4.6) with the in-

tegrand 𝑓 (𝑝 )𝜇,𝜈 as response and all spherical harmonics of even degree from 2 up
to 2𝐿 as 𝑛 × 𝑠𝐿,𝑑 covariate matrix Φ = (𝜑 (𝜃𝑖)⊤)𝑛𝑖=1, i.e.,

SHCV𝑝
𝑛,𝐿

(𝜇, 𝜈) = Iols
𝑛 (𝑓 (𝑝 )𝜇,𝜈 ). (4.8)

The procedure is described in Algorithm 4.2. In the algorithm, the num-
ber of spherical harmonics is specified in advance. A selection based on a
lasso procedure with cross-validation for the penalization parameter would
be possible too, but is not pursued here for the sake of computing efficiency.

Remark 4.5 (Multiple integrals). Computational benefits occur when there are
multiple integrands, since the SHCV estimate can be represented as a linear rule
𝑤⊤ 𝑓𝑛 (Portier and Segers, 2019; Leluc et al., 2021), where the weight vector 𝑤 ∈
R𝑛 does not depend on the integrands. If 𝐾 integrals need to be evaluated, the
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Algorithm 4.2 Spherical Harmonics Control Variate Estimate
Require: 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), number of random projections 𝑛, P ∈ P(S𝑑−1),

spherical harmonics 𝜑 = (𝜑 𝑗 )𝑠𝑗=1
1: Sample random projections 𝜃1, . . . , 𝜃𝑛 ∼ P
2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1, Φ = (𝜑 (𝜃𝑖)⊤)𝑛𝑖=1
3: Solve (Iols

𝑛 , 𝛽𝑛) ∈ arg min𝛼,𝛽 ∥ 𝑓𝑛 − 𝛼1𝑛 − Φ𝛽 ∥2
2

4: Return SHCV𝑛 = Iols
𝑛

computation time of SHCV becomesO(𝐾𝑛𝜔 𝑓 +𝜔 (Φ)) compared toO(𝐾𝑛𝜔 𝑓 ) for
standard Monte Carlo, and the additional cost𝜔 (Φ) becomes negligible for large
𝐾 . This is particularly relevant for SW-based kernels involving many pairwise
computations SW2

2(𝜇𝑖 , 𝜈 𝑗 ); see Algorithms 4.9 and 4.10 in Section 4.8.2.

Remark 4.6 (Quadratic control variates). Any symmetric𝑑×𝑑 matrix𝑀 yields
a quadratic control variate 𝜑𝑀 (𝜃 ) = 𝜃⊤𝑀𝜃 − Tr(𝑀)/𝑑 as I(𝜑𝑀 ) = 0. This is
actually the approach used in Nguyen and Ho (2024) where the authors propose
two different choices for𝑀 leading to two different estimators (see Section 4.8.1).
Note that, whenever 2𝐿 ≥ 2, these quadratic functions are included in our spher-
ical harmonics space, making our method more general with potentially greater
variance reduction (see Section 4.6).

4.5 Numerical experiments

To asses the finite-sample performance of the SHCV estimate, we first present
some synthetic data examples involving the computation of SW2

2(𝜇, 𝜈) be-
tween multivariate Gaussian distributions. We consider different dimen-
sions 𝑑 ∈ {3; 5; 6; 10; 20} and a varying number of random projections 𝑛 ∈
[102; 104]. Then we focus on SW2

2(𝜇𝑚, 𝜈𝑚) between 3D point clouds from
the ShapeNetCore dataset of Chang et al. (2015). In both cases, the ground
truth of the Sliced-Wasserstein distance is estimated with a very large number
𝑛 = 108 of projections. The different results report the mean squared error
(MSE) E[|SW2

2,𝑛 (𝜇, 𝜈) − SW2
2(𝜇, 𝜈) |2] for the different estimates SW2

2,𝑛 (𝜇, 𝜈)
where the expectation is computed as an average over 100 independent runs.
Finally, in the spirit of Kolouri et al. (2016) and Meunier et al. (2022), we im-
plement a Kernel Support Vector Machine (SVM) classifier for image classifi-
cation. For ease of reproducibility, numerical details are in the Appendix and
the code is available here2. In particular, we rely on the efficient implementa-
tion of Dutordoir et al. (2020) to build the spherical harmonics. The degrees
of the spherical harmonics are reported in Table 4.9 in Section 4.8.4.

2https://github.com/RemiLELUC/SHCV
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Methods in competition. In the experiments, the SW distance is computed
through different estimates. Along with the standard Monte Carlo estimate
and the proposed SHCV estimate, we consider three other baselines based on
control variates: the two estimates of Nguyen and Ho (2024) based on lower
and upper bounds of a Gaussian approximation and the control neighbors es-
timate of Leluc et al. (2024b) based on nearest neighbors estimates acting as
control variates. For the sake of completeness, we also include a comparison
with (Randomized) Quasi Monte Carlo procedures as in Nguyen et al. (2024)
where deterministic QMC sets from [0, 1]𝑑 are mapped to the unit sphere
and randomly rotated. The methods in competition are: the standard Monte
Carlo estimate (MC), the lower-CV (CV𝑙𝑜𝑤) and upper-CV (CV𝑢𝑝 ) estimates,
the control neighbors estimate (CVNN), the proposed estimate with spheri-
cal harmonics as control variates (SHCV), the Quasi Monte Carlo (QMC) and
Random Quasi Monte Carlo estimates (RQMC).

4.5.1 Synthetic data: multivariate Gaussians

We compute SW2
2(𝜇𝑚, 𝜈𝑚) between empirical distributions 𝜇𝑚 =𝑚−1 ∑𝑚

𝑖=1 𝛿𝑥𝑖
and 𝜈𝑚 = 𝑚−1 ∑𝑚

𝑗=1 𝛿𝑦 𝑗 where 𝑥1, . . . , 𝑥𝑚 ∼ 𝜇 = N(𝑎,A), 𝑦1, . . . , 𝑦𝑚 ∼ 𝜈 =

N(𝑏,B) with𝑚 = 1000 samples. The parameters of the Gaussians are 𝑎, 𝑏 ∼
N(1𝑑 , 𝐼𝑑 ) and covariance matrices A = Σ𝑎Σ

⊤
𝑎 and B = Σ

𝑏
Σ⊤
𝑏
where all entries

of Σ𝑎, Σ𝑏 are drawn according to N(0, 1). In Section 4.8.2, we also consider
the exact case where we directly evaluate the smooth integrand 𝑓 (2)𝜇,𝜈 given
in Remark 4.1. In that case, as the original lower-CV (CV𝑙𝑜𝑤) and upper-CV
(CV𝑢𝑝 ) estimates are written to take discrete measures as inputs, we adapt
them with the true means and covariance matrices.
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Figure 4.2: MSE curves for sampled Gaussian distributions in dimension 𝑑 ∈ {3; 6}.

Figure 4.2 reports the MSE of the different methods in dimension 𝑑 ∈
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{3; 6} with respect to the number of projections, while Figure 4.5 in Sec-
tion 4.8.2 does so with respect to computing time. Table 4.1 reports the MSE
and computing times (in ms) in higher dimension 𝑑 ∈ {5; 10; 20}. Figure 4.4
and Table 4.3 in Section 4.8.2 deal with the exact case accordingly. In each
case, the SHCV estimate gives the best MSE performance with respect to both
the number of projections and computing time, beating other baselines by a
factor up to 100.

Method 𝑑 = 5 𝑑 = 10 𝑑 = 20
MSE Time MSE Time MSE Time

MC 1.45e-3 81.1 ± 3.5 9.45e-4 80.7 ± 4.4 1.47e-3 81.1 ± 1.8
CVlow 2.67e-4 79.7 ± 1.1 3.45e-4 80.1 ± 1.4 3.82e-4 80.0 ± 1.0
CVup 8.44e-4 83.0 ± 1.2 7.51e-4 83.0 ± 1.7 1.09e-3 83.1 ± 1.5
CVNN 4.29e-4 110 ± 2.2 1.12e-3 122 ± 1.6 2.14e-3 127 ± 1.4
QMC 2.91e-4 100 ± 1.2 2.37e-4 113 ± 1.4 6.60e-4 129 ± 1.4
RQMC 5.80e-5 96.3 ± 2.2 2.75e-4 113 ± 1.2 1.17e-3 130 ± 1.0
SHCV 2.68e-6 89.0 ± 6.3 1.93e-4 89.0 ± 4.5 2.95e-4 88.1 ± 2.8

Table 4.1: MSE and computing time (ms) for Gaussian distributions in dimension
𝑑 ∈ {5; 10; 20} based on 𝑛 = 500 projections.

4.5.2 Empirical distributions of 3D point clouds
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Figure 4.3: Boxplots of the error distribution ŜW𝑛 (𝜇𝑚, 𝜈𝑚)−SW(𝜇𝑚, 𝜈𝑚) for different
SW estimates based on 𝑛 random projections with 𝑛 ∈ {100; 250; 500; 1000} obtained
over 100 independent runs.

Similarly to Nguyen andHo (2024), we use three point clouds taken at ran-
dom from the dataset ShapeNetCore (Chang et al., 2015) corresponding to the
objects plane, lamp, and bed, each composed of𝑚 = 2048 points in R3. Each
point cloud (𝑥1, . . . , 𝑥𝑚) is encoded as a discrete measure 𝜇𝑚 = 𝑚−1 ∑𝑚

𝑖=1 𝛿𝑥𝑖
with equal masses over the points in the cloud and the goal is to compute
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SW(𝜇𝑚, 𝜈𝑚) of order 𝑝 = 2 between empirical distributions. Figure 4.3
reports the boxplots of the error distribution ŜW𝑛 (𝜇𝑚, 𝜈𝑚) − SW(𝜇𝑚, 𝜈𝑚)
for the different SW estimates based on 𝑛 random projections with 𝑛 ∈
{100; 250; 500; 1000} obtained over 100 independent runs. Once again, our
SHCV estimate provides huge gains in terms of variance reduction and out-
performs other baselines by a factor 100; see Table 4.6 in Section 4.8.2.

4.5.3 Sliced-Wasserstein and Kernel SVM

SW distances are useful in the context of distribution regression (Szabó et al.,
2016) where the goal is to learn a real-valued function defined on the space
of probability distributions from a sequence of observations. Kolouri et al.
(2016) first introduced a SW-based kernel for absolutely continuous distri-
butions, which was later on extended to empirical distributions by Meunier
et al. (2022). For any 𝛾 > 0, both 𝑒−𝛾 SW2

2 ( ·,· ) and 𝑒−𝛾 SW1 ( ·,· ) are valid kernels
on probability measures. Using the SW kernel of Kolouri et al. (2016) defined
by 𝑘 (𝜇𝑖 , 𝜇 𝑗 ) = exp(−𝛾 SW2

2(𝜇𝑖 , 𝜇 𝑗 )) with 𝛾 > 0, we consider the image classifi-
cation task on the digits dataset of Alpaydin and Kaynak (1998). This dataset
contains 𝑁 = 1 797 images of size 8 × 8 and the goal is to predict the label
𝑧 ∈ {0, 1, . . . , 9} of the handwritten digit. Similarly to Meunier et al. (2022),
we convert each image to a histogram so that the SW kernels have probability
distributions as inputs. For image 𝑖 ∈ [𝑁 ], let (𝑥𝑖

𝑘
, 𝑦𝑖
𝑘
)𝑛𝑖
𝑘=1 denote the coordi-

nates of the 𝑛𝑖 active pixels and (𝜓 𝑖
𝑘
)𝑛𝑖
𝑘=1 the associated pixel intensities. The

positions are renormalized to the grid [0, 1]2 and we consider the weighted
histogram 𝜇𝑖 =

∑𝑛𝑖
𝑘=1 𝛼

𝑖
𝑘
𝛿 (𝑥𝑖

𝑘
,𝑦𝑖

𝑘
) where 𝛼𝑖𝑘 = 𝜓 𝑖

𝑘
/∑𝑛𝑖

𝑙=1𝜓
𝑖
𝑙
are the normalized in-

tensities. We use a train/test split of size 80/20 giving 𝑁train = 1 437 training
and 𝑁test = 360 testing images, respectively, where each set is balanced.

We implement a Kernel SVM classifier where the SW2 distance involved
in the kernel expression is either computed with the standard Monte Carlo
estimate (MC) or with the SHCV estimate (SHCV). The number of random
projections 𝑛 evolves in {25; 50; 75; 100}. To compare different scenarios, the
bandwidth parameter 𝛾 > 0 of the Gaussian kernel is in {0.01; 1} and the
regularization parameter 𝐶 of the SVM is optimized with a cross-validation
strategy. Table 4.2 reports the means and standard deviations of the test ac-
curacies of the different methods where the statistics are obtained over 10
independent runs.

4.6 Theoretical analysis

This section gathers several theoretical properties of the novel SHCV esti-
mate. We first state some elementary properties of the underlying integration
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𝑛
𝛾 = 0.01 𝛾 = 1

MC SHCV MC SHCV

25 86.0 ± 0.6 87.3 ± 0.3 92.7 ± 0.6 93.3 ± 0.6
50 86.7 ± 0.5 87.6 ± 0.3 93.2 ± 0.4 94.0 ± 0.3
75 86.8 ± 0.2 87.8 ± 0.2 93.3 ± 0.4 94.3 ± 0.2
100 86.9 ± 0.3 87.7 ± 0.1 93.3 ± 0.3 94.3 ± 0.2

Table 4.2: Kernel SVM: test accuracies with means and standard deviations. The
statistics are obtained over 10 independent runs.

rule with respect to a general distribution P on the sphere and then provide a
convergence rate in probability of the integration error in case of the uniform
distribution U on the sphere.

4.6.1 Elementary properties

By definition of the OLSMC estimate, the SHCV estimate is exact on the linear
span of the control variates (Portier and Segers, 2019). Thus, if 𝑓 (𝑝 )𝜇,𝜈 happens
to be a polynomial function, then the SHCV estimate will be exact as soon as
the maximal degree of the spherical harmonics is equal to or larger than the
degree of 𝑓 (𝑝 )𝜇,𝜈 .

Proposition 4.2 (Exact rule). If 𝑓 (𝑝 )𝜇,𝜈 is a polynomial function with degree𝑚,
considering the SHCV estimate and control variates 𝜑 = (𝜑 𝑗 )𝑠𝐿,𝑑𝑗=1 , if 2𝐿 ≥ 𝑚 and
𝑛 > 𝑠𝐿,𝑑 then SHCV is exact, i.e., SHCV𝑝

𝑛,𝐿
(𝜇, 𝜈) = SW𝑝

𝑝 (𝜇, 𝜈).

In the Gaussian case of Remark 4.1, for two proportional dispersion ma-
trices A and B, say B = 𝛾A for some 𝛾 > 0, the formula of 𝑓 (2)𝜇,𝜈 (𝜃 ) =

W2
2(𝜃★♯ 𝜇, 𝜃

★
♯
𝜈) simplifies to a quadratic homogeneous polynomial. Therefore,

the SHCV estimate is exact3 as soon as the spherical harmonics of degree two
are included as control variates, since the centered integrand is then contained
in the linear space spanned by the control variates. Actually, this remains true
in case 𝑝 = 2 if the measures are related by an affine transformation.

Corollary 4.1 (Affine transform). In case 𝜇, 𝜈 ∈ P2(R𝑑 ) are related by 𝑋 ∼ 𝜇

and 𝛼𝑋 + 𝑏 ∼ 𝜈 where 𝛼 ∈ (0,∞) and 𝑏 ∈ R𝑑 then the SHCV estimate is exact.

The SHCV estimator with spherical harmonics of maximal degree two or
higher is guaranteed to have an asymptotic variance that is bounded above

3See numerical comparison in Section 4.8.4 where the SHCV estimate is the only one
achieving exact integration (zero error).
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by the lower- and upper-CV methods of Nguyen and Ho (2024). Indeed, the
latter twomethods are control variate methods, each based on a single control
variate, which happens to be a quadratic polynomial.

Corollary 4.2 (Mean invariance). For 𝜇, 𝜈 ∈ P2(R𝑑 ), the error of the SHCV
method is (exactly) invariant under changes of the mean vectors m𝜇 and m𝜈 of
𝜇 and 𝜈 respectively.

This result implies that we can, without loss of generality, suppose that
𝜇 and 𝜈 are centered. The reason is that the effect of the two mean vectors
being potentially different is the translation term ⟨𝜃,m𝑌 − m𝑋 ⟩ coming from
the optimal transport map that pushes 𝜃★

♯
𝜇 to 𝜃★

♯
𝜈 , and this term produces an

additional quadratic term ⟨𝜃,m𝑌 − m𝑋 ⟩2 in the function 𝑓 (2)𝜇,𝜈 . This additional
quadratic polynomial in 𝜃 is integrated exactly by SHCV; its integral is ∥m𝑋 −
m𝑌 ∥2/𝑑 . See Remark 4.1 for the Gaussian case.

4.6.2 Asymptotic error bound

We provide a convergence rate in probability4 of the integration error
SHCV𝑝

𝑛,𝐿
(𝜇, 𝜈)−SW𝑝

𝑝 (𝜇, 𝜈) for general probabilitymeasures 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ) and
𝑝 ∈ [1,∞), where SW𝑝 (𝜇, 𝜈) is the SW distance with respect to the uniform
distribution on the sphere and SHCV𝑝

𝑛,𝐿
(𝜇, 𝜈) is our estimate in Definition 4.4

based on 𝑛 random projections on the sphere and using spherical harmonics
of even degree up to 2𝐿 as control variates. The guarantee relies on two prop-
erties: first, a general convergence rate of the integration error of the OLSCV
estimate in Portier and Segers (2019, Theorem 1), available in Section 4.8.3,
and second, a bound on the uniform approximation error of a Lipschitz func-
tion on the sphere by its orthogonal projection on the space of polynomials
(Newman and Shapiro, 1964, Theorem 2). The latter result applies since the
integrand 𝑓 (𝑝 )𝜇,𝜈 in Equation (4.3) is always at least Lipschitz: by Han (2023,
Theorem 2.4), we have���𝑓 (𝑝 )𝜇,𝜈 (𝜃 ) − 𝑓 (𝑝 )𝜇,𝜈 (𝛾)

��� ≤ 𝑀𝑝 (𝜇, 𝜈) ∥𝜃 − 𝛾 ∥ (4.9)

for 𝜃,𝛾 ∈ S𝑑−1, where 𝑀𝑝 (𝜇, 𝜈) is an explicit function of 𝑝 and the 𝑝th order
moments of 𝜇 and 𝜈 .

The modulus of continuity of 𝑓 ∈ 𝒞(S𝑑−1) is defined for ℎ > 0 by

𝜔 (ℎ) = sup{|𝑓 (𝜃 ) − 𝑓 (𝛾) | : 𝜌 (𝜃,𝛾) ≤ ℎ}

with 𝜌 (𝜃,𝛾) = arccos⟨𝜃,𝛾⟩ the length of the arc connecting 𝜃,𝛾 ∈ S𝑑−1.
4The notation 𝑅𝑛 = OP (𝑎𝑛), for random variables 𝑅𝑛 and constants 𝑎𝑛 > 0, means that for

every 𝛿 > 0 there exists 𝐾𝛿 > 0 such that P( |𝑅𝑛 | > 𝐾𝛿𝑎𝑛) < 𝛿 for all 𝑛.
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Theorem 4.1 (Newman and Shapiro (1964), Theorem 2). There exists an ab-
solute constant 𝐴 > 0 such that for each dimension 𝑑 ≥ 2, each function
𝑓 ∈ 𝒞(S𝑑−1) and each degree 𝐿 there exists a polynomial 𝑃𝑓 ,𝐿 on S𝑑−1 of degree
at most 𝐿 such that

sup
𝜃 ∈S𝑑−1

|𝑓 (𝜃 ) − 𝑃𝑓 ,𝐿 (𝜃 ) | ≤ 𝐴𝜔 (𝑑/𝐿) .

The polynomial 𝑃𝑓 ,𝐿 in Theorem 4.1 that yields the uniform approx-
imation is in general not the same as the orthogonal projection Π𝑓 ,𝐿 =∑𝐿
ℓ=0

∑𝑁𝑑
ℓ

𝑘=1 𝑓ℓ,𝑘𝜑ℓ,𝑘 of 𝑓 in 𝐿2(S𝑑−1) on the space of spherical harmonics of
degree at most 𝐿, where we use the notation of Proposition 4.1. Still, the
𝐿2(S𝑑−1) approximation error of Π𝑓 ,𝐿 is bounded by the one of 𝑃𝑓 ,𝐿 , which is
in turn bounded by the uniform approximation error of 𝑃𝑓 ,𝐿 . Applying this
argument to the integrand 𝑓 (𝑝 )𝜇,𝜈 , we obtain the following convergence rate in
probability of the SHCV estimate.
Theorem 4.2 (Convergence rate). Let 𝑑 ≥ 2, 𝑝 ∈ [1,∞) and 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ) be
fixed. For any degree sequence 𝐿 = 𝐿𝑛 such that 𝐿 = o(𝑛1/(2(𝑑−1) ) ) as 𝑛 → ∞,
the integration error of the SHCV estimate with respect to the uniform distribu-
tion on the sphere satisfies���SHCV𝑝

𝑛,𝐿
(𝜇, 𝜈) − SW𝑝

𝑝 (𝜇, 𝜈)
��� = OP(𝐿−1𝑛−1/2) . (4.10)

The proof of Theorem 4.2 is given in Section 4.8.3. Writing 𝐿 =

𝑛1/(2(𝑑−1) )/ℓ𝑛 where ℓ𝑛 > 0 diverges to infinity but can do so arbitrarily
slowly (for instance logarithmically), the convergence rate in Equation (4.10)
becomes ���SHCV𝑝

𝑛,𝐿
(𝜇, 𝜈) − SW𝑝

𝑝 (𝜇, 𝜈)
��� = OP(ℓ𝑛𝑛−

1
2

𝑑
𝑑−1 ).

For 𝑑 = 3, this yields the rate 𝑛−3/4+o(1) for the SHCV estimate, in comparison
to the Monte Carlo rate 𝑛−1/2.

If the integrand 𝑓 (𝑝 )𝜇,𝜈 has higher-order derivatives, then a faster conver-
gence rate can be expected because of approximation results in Ragozin (1971)
improving Theorem 4.1. This concerns for instance the SW distance between
two Gaussian distributions, for which the integrand in Remark 4.1 has deriva-
tives of all orders. In contrast, for discrete measures, the integrand will not
even be continuously differentiable, and the Lipschitz property is the best we
can hope for. Both cases are illustrated in Section 4.8.4 in the Appendix.

4.7 Conclusion

We have developed a novel method for reducing the variance of Monte Carlo
estimation of the SW distance using spherical harmonics as control variates.
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The excellent practical performance of the SHCV estimate against state-of-
the-art baselines is confirmed by theoretical properties and a convergence
rate in probability for the integration error.

Using control variates with QMC sequences is usually not implemented
in the same way as with Monte Carlo sequences (Hickernell et al., 2005) and
would require a particular treatment which is beyond the scope of this chap-
ter. In statistical inference with parametric probability measures, note that
SHCV is compatible with the computation of gradient ∇𝜙 SW𝑝

𝑝 (𝜇, 𝜈𝜙 ) and can
be used for generalized SW flows (Kolouri et al., 2019). While the proposed
SHCV estimate focuses on the uniform distribution on S𝑑−1, it can be ex-
tended to more general probability distributions by combining control vari-
ates with importance sampling techniques as in Leluc et al. (2022).

4.8 Appendix

Section 4.8.1 gathers the pseudo-code of all the algorithms used in the ex-
periments while Section 4.8.2 presents additional details and results for the
numerical experiments. Section 4.8.3 gathers the proofs of the theoretical
results and Section 4.8.4 is dedicated to additional results on spherical har-
monics with (1) a case-study on the regularity of the integrand 𝑓 (𝑝 )𝜇,𝜈 and (2) a
numerical check of the exact integration rule.

4.8.1 Algorithms for sliced-Wasserstein estimates

This section presents algorithmic details of the different Sliced-Wasserstein
estimates in the numerical experiments:
• Algorithm 4.3 corresponds to the standard Monte Carlo estimate where ran-
dom projections 𝜃1, . . . , 𝜃𝑛 ∼ P = U(S𝑑−1) are used to compute the Wasser-
stein distance of projected distributions with 𝑓 (𝑝 )𝜇,𝜈 (𝜃 ) = W𝑝

𝑝 (𝜃★♯ 𝜇, 𝜃
★
♯
𝜈).

• Algorithm 4.4 describes the proposed SHCV estimate which relies on the
OLS procedurewith spherical harmonics𝜑 𝑗 for 𝑗 = 1, . . . , 𝑠 as control variates.
• Algorithm 4.5 and Algorithm 4.6 describe the two estimates of Nguyen and
Ho (2024) which rely on Gaussian approximation with lower and upper con-
trol variates.
• Algorithm 4.7 presents the control neighbors technique of Leluc et al. (2024b)
and consists in building a control functional estimate with the 1-nearest
neighbor estimate of the integrand 𝑓 .
• Algorithm 4.8 implements a (Randomized) Quasi-Monte Carlo estimate. A
low-discrepancy sequence on the unit cube [0, 1]𝑑 is mapped on S𝑑−1 to ob-
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tain a deterministic QMC point set on the unit sphere. Next, rotations from
the orthogonal group are applied to randomize the samples

Algorithm 4.3 Sliced Wasserstein Monte Carlo
Require: 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), number of random projections 𝑛
1: Sample random projections 𝜃1, . . . , 𝜃𝑛 uniformly on S𝑑−1

2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1
3: Return average MC𝑛 = (1𝑛/𝑛)⊤ 𝑓𝑛

Algorithm 4.4 Spherical Harmonics Control Variate Estimate
Require: 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), number of projections 𝑛, spherical harmonics 𝜑 =

(𝜑 𝑗 )𝑠𝑗=1
1: Sample random projections 𝜃1, . . . , 𝜃𝑛 uniformly on S𝑑−1

2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1 and Φ = (𝜑 (𝜃𝑖)⊤)𝑛𝑖=1
3: (Iols

𝑛 , 𝛽𝑛) ∈ arg min𝛼,𝛽 ∥ 𝑓𝑛 − 𝛼1𝑛 − Φ𝛽 ∥2
2

4: Return SHCV𝑛 = Iols
𝑛

Algorithm 4.5 Lower-CV Sliced Wasserstein (Nguyen and Ho, 2024)
Require: 𝜇 =

∑𝑚𝑋

𝑖=1 𝛼𝑖𝛿𝑥𝑖 and 𝜈 =
∑𝑚𝑌

𝑗=1 𝛽 𝑗𝛿𝑦 𝑗 , number of random projections
𝑛

1: Sample random projections 𝜃1, . . . , 𝜃𝑛 uniformly on S𝑑−1

2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1
3: Compute MC𝑛 = (1𝑛/𝑛)⊤ 𝑓𝑛
4: Compute 𝑥 =

∑𝑚𝑋

𝑖=1 𝛼𝑖𝑥𝑖 , and 𝑦 =
∑𝑚𝑌

𝑗=1 𝛽 𝑗𝑦 𝑗
5: 𝐶 = (𝑐1, . . . , 𝑐𝑛) with 𝑐𝑘 = (𝜃⊤

𝑘
(𝑥 − 𝑦))2

6: Compute 𝑏 = ∥𝑥 − 𝑦∥2
2/𝑑

7: Compute 𝛾low =
⟨𝑓𝑛−MC𝑛,𝐶−𝑏 ⟩

∥𝐶−𝑏 ∥2
2

and control variate C = (1⊤𝑛 (𝐶 − 𝑏))/𝑛
8: Return CVlow = MC𝑛 − 𝛾lowC
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Algorithm 4.6 Upper-CV Sliced-Wasserstein (Nguyen and Ho, 2024)
Require: 𝜇 =

∑𝑚𝑋

𝑖=1 𝛼𝑖𝛿𝑥𝑖 and 𝜈 =
∑𝑚𝑌

𝑗=1 𝛽 𝑗𝛿𝑦 𝑗 , number of random projections
𝑛

1: Sample random projections 𝜃1, . . . , 𝜃𝑛 uniformly on S𝑑−1

2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1
3: Compute MC𝑛 = (1𝑛/𝑛)⊤ 𝑓𝑛
4: Compute 𝑥 =

∑𝑚𝑋

𝑖=1 𝛼𝑖𝑥𝑖 , and 𝑦 =
∑𝑚𝑌

𝑗=1 𝛽 𝑗𝑦 𝑗
5: 𝐶 = (𝑐1, . . . , 𝑐𝑛) with 𝑐𝑘 = (𝜃⊤

𝑘
(𝑥 − 𝑦))2 + ∑𝑚𝑋

𝑖=1 𝛼𝑖 (𝜃⊤𝑘 (𝑥𝑖 − 𝑥))2 +∑𝑚𝑌

𝑗=1 𝛽 𝑗 (𝜃⊤𝑘 (𝑦 𝑗 − 𝑦))
2

6: Compute 𝑏 =

(
∥𝑥 − 𝑦∥2

2 +
∑𝑛𝑋
𝑖=1 𝛼𝑖 ∥(𝑥𝑖 − 𝑥)∥2

2 +
∑𝑚𝑌

𝑗=1 𝛽 𝑗 ∥(𝑦 𝑗 − 𝑦)∥2
2

)
/𝑑

7: Compute 𝛾up = ⟨𝑓𝑛−MC𝑛,𝐶−𝑏 ⟩
∥𝐶−𝑏 ∥2

2
and control variate C = (1⊤𝑛 (𝐶 − 𝑏))/𝑛

8: Return CV𝑢𝑝 = MC𝑛 − 𝛾upC

Algorithm 4.7 Control Neighbors Sliced Wasserstein Leluc et al. (2024b)
Require: 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), number of random projections 𝑛, probability P ∈

P(S𝑑−1)
1: Sample random projections 𝜃1, . . . , 𝜃𝑛 ∼ P
2: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1
3: Compute MC𝑛 = (1𝑛/𝑛)⊤ 𝑓𝑛
4: Compute nearest neighbor evaluations 𝑓𝑛 = (𝑓 (1)𝑛 (𝜃1), . . . , 𝑓 (𝑛)𝑛 (𝜃𝑛))
5: Return CVNN𝑛 = MC𝑛 − [1⊤𝑛 {𝑓𝑛 − I(𝑓𝑛)}]/𝑛

Algorithm 4.8 Randomized Quasi-Monte Carlo Sliced Wasserstein (Nguyen
et al., 2024)
Require: 𝜇, 𝜈 ∈ P𝑝 (R𝑑 ), number of projections 𝑛, Φ the cdf of N(0, 1)
1: Generate low-discrepancy sequence𝑈1, . . . ,𝑈𝑛 on [0, 1]𝑑
2: Compute Gaussian mapping 𝑣𝑖 = Φ−1(𝑈𝑖)/∥Φ−1(𝑈𝑖)∥2, where the stan-

dard normal quantile function Φ−1 is applied component-wise.
3: Generate a random rotation 𝑅 ∼ U(𝑂𝑑 (R)) where 𝑂𝑑 (R) = {𝑅 ∈ R𝑑×𝑑 |
𝑅⊤𝑅 = 𝐼𝑑 }

4: Generate random projections 𝜃𝑖 = 𝑅𝑣𝑖
5: Compute 𝑓𝑛 = (𝑓 (𝑝 )𝜇,𝜈 (𝜃𝑖))𝑛𝑖=1
6: Return RQMC𝑛 = (1𝑛/𝑛)⊤ 𝑓𝑛

Remarks and practical details on the algorithms.

• In Algorithm 4.5, with the notation 𝑧 = 𝑥 − 𝑦, the control variate is the
centered version of the function 𝜃 ↦→ |𝜃⊤𝑧 |2, which has known integral∫
S𝑑−1 |𝜃⊤𝑧 |2dU(𝜃 ) = ∥𝑧∥2/𝑑 = 𝑏 (Step 6 in the algorithm) and where U de-
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notes the uniform distribution on S𝑑−1. The Lower-CV estimate is thus an
OLSMC estimate with control variate 𝜑 (𝜃 ) = |𝜃⊤𝑧 |2 − ∥𝑧∥2/𝑑 , a polynomial
in 𝜃 of degree two.
• Algorithm 4.6 is actually an OLSMC estimate with a single control variate
given by the centered version of 𝜃 ↦→ 𝜃⊤𝑀𝜃 where 𝑀 = 𝑀0 + 𝑀𝑋 + 𝑀𝑌
with 𝑀0 = (𝑥 − 𝑦) (𝑥 − 𝑦)⊤, 𝑀𝑋 =

∑𝑚𝑋

𝑖=1 𝛼𝑖 (𝑥𝑖 − 𝑥) (𝑥𝑖 − 𝑥)⊤ and similarly
for 𝑀𝑌 . The integral with respect to the uniform distribution on the sphere
is

∫
S𝑑−1 𝜃

⊤𝑀𝜃 dU(𝜃 ) = Tr(𝑀)/𝑑 = 𝑏 in Step 6 of the algorithm. The control
variate is thus the centered quadratic polynomial 𝜑 (𝜃 ) = 𝜃⊤𝑀𝜃 − Tr(𝑀)/𝑑 .
• In Step 4 of Algorithm 4.7, 𝑓 (𝑖 )𝑛 (𝜃𝑖) is a leave-one-out nearest-neighbor esti-
mate computed with the Euclideanmetric. In Step 5, computing I(𝑓𝑛) requires
sampling 𝑀 additional directions 𝜃𝑖 from P and we set 𝑀 = 𝑛1+2/𝑑 as recom-
mended by the theory in Leluc et al. (2024b).
• In Algorithm 4.8, random orthogonal matrices 𝑅 ∈ 𝑂𝑑 (R) are generated
using the function ortho_group of the Python package scipy (Virtanen et al.,
2020). This function returns random orthogonal matrices drawn from the
Haar distribution using a careful QR decomposition5 as in Mezzadri (2007).

4.8.2 Numerical details and additional results

To assess the finite-sample performance of the SHCV estimate, we first
present some synthetic data examples involving the computation of SW2

2(𝜇, 𝜈)
between multivariate Gaussian distributions. We consider different dimen-
sions 𝑑 ∈ {3; 5; 6; 10; 20} and a varying number of random projections 𝑛 ∈
[102; 104]. We consider the two cases of exact distributions and sampled distri-
butions. Then, we focus on the Sliced-Wasserstein distance SW2(𝜇𝑚, 𝜈𝑚) be-
tween 3D point clouds from the ShapeNetCore dataset of Chang et al. (2015).
In both cases, the true value of the Sliced-Wasserstein distance is estimated
with a very large number 𝑛 = 108 of projections. The different results report
the mean squared error E[|SW2

2,𝑛 (𝜇, 𝜈) − SW2
2(𝜇, 𝜈) |2] for the different esti-

mates SW2
2,𝑛 (𝜇, 𝜈) where the expectation is computed as an average over 100

independent runs. The experiments were performed on a laptop Intel Core
i7-10510U CPU 1.80GHz × 8.

Methods in competition. Along with the standard Monte Carlo estimate
(Algorithm 4.3) and the proposed SHCV estimate (Algorithm 4.4), we consider
three other baselines based on control variates: the two estimates of Nguyen
and Ho (2024) based on lower and upper bounds of a Gaussian approximation
(Algorithm 4.5 and Algorithm 4.6) and the control neighbors estimate of Leluc

5QR decomposition refers to the factorization of a matrix 𝑋 into a product 𝑋 = 𝑄𝑅 of an
orthonormal matrix 𝑄 and an upper triangular matrix 𝑅.
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et al. (2024b) based on nearest neighbors estimates acting as control variates
(Algorithm 4.7). For completeness, we also include a comparison with (Ran-
domized) Quasi Monte Carlo procedures as in Nguyen et al. (2024) where de-
terministic QMC sets from [0, 1]𝑑 aremapped to the unit sphere and randomly
rotated (Algorithm 4.8). The methods in competition are: the standard Monte
Carlo estimate (MC), the lower-CV (CV𝑙𝑜𝑤) and upper-CV (CV𝑢𝑝 ) estimates,
the control neighbors estimate (CVNN), the proposed estimate with spheri-
cal harmonics as control variates (SHCV), the Quasi Monte Carlo (QMC) and
Random Quasi Monte Carlo estimates (RQMC).

Multivariate Gaussian: exact case with distributions 𝜇, 𝜈 and smooth
integrands

We compute SW2
2(𝜇, 𝜈) between 𝜇 = N(𝑎,A) and 𝜈 = N(𝑏,B) with means

𝑎, 𝑏 ∼ N(1𝑑 , 𝐼𝑑 ) and covariance matrices A = Σ𝑎Σ
⊤
𝑎 and B = Σ

𝑏
Σ⊤
𝑏
where all

the entries of Σ𝑎, Σ𝑏 are drawn according toN(0, 1). The integrand of interest
is 𝑓 (2)𝜇,𝜈 (𝜃 ) = |𝜃⊤(𝑎 −𝑏) |2 +

(√
𝜃⊤A𝜃 −

√
𝜃⊤B𝜃

)2. Figure 4.4 reports the MSE of
the different methods with respect to both the number of projections and the
computing time in dimension 𝑑 ∈ {3; 6}, while Table 4.3 reports the MSE and
computing times (in ms) in dimension 𝑑 ∈ {5; 10; 20}.

Method 𝑑 = 5 𝑑 = 10 𝑑 = 20
MSE Time MSE Time MSE Time

MC 2.6e-2 06.4 ± 1.1 8.4e-3 06.7 ± 0.8 2.0e-2 06.6 ± 0.5
CV𝑙𝑜𝑤 4.7e-3 11.1 ± 3.4 3.0e-3 11.6 ± 3.0 4.4e-3 12.1 ± 2.6
CV𝑢𝑝 1.5e-2 11.4 ± 3.5 7.0e-3 11.8 ± 3.1 1.6e-2 13.2 ± 2.8
CVNN 7.7e-3 43.4 ± 13 1.0e-2 60.0 ± 16 2.6e-2 70.6 ± 14
QMC 4.9e-3 22.4 ± 3.4 4.1e-3 41.1 ± 11 1.3e-2 60.9 ± 7.1
RQMC 7.5e-4 25.6 ± 6.8 2.4e-3 40.9 ± 11 1.4e-2 66.4 ± 14
SHCV 4.8e-5 09.8 ± 5.1 1.7e-3 08.9 ± 1.2 2.7e-3 14.3 ± 2.0

Table 4.3: Mean Squared Error (MSE) and computing time (ms) for Gaussian distri-
butions in dimension 𝑑 ∈ {5; 10; 20} and 𝑛 = 500.
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Figure 4.4: MSE and computing time for Gaussian distributions, dimension 𝑑 ∈
{3; 6}, obtained over 100 replications.

Multivariate Gaussian: sampled case with discrete distributions
𝜇𝑚, 𝜈𝑚

We compute SW2
2(𝜇𝑚, 𝜈𝑚) between empirical distributions 𝜇𝑚 =𝑚−1 ∑𝑚

𝑖=1 𝛿𝑥𝑖
and 𝜈𝑚 =𝑚−1 ∑𝑚

𝑗=1 𝛿𝑦 𝑗 ,

𝑥1, . . . , 𝑥𝑚 ∼ 𝜇 = N(𝑎,A), 𝑦1, . . . , 𝑦𝑚 ∼ 𝜈 = N(𝑏,B)

with means 𝑎, 𝑏 ∼ N𝑑 (1𝑑 , 𝐼𝑑 ) and covariance matrices A = Σ𝑎Σ
⊤
𝑎 and B =

Σ
𝑏
Σ⊤
𝑏
where all the entries of Σ𝑎, Σ𝑏 are drawn according toN(0, 1). This time,

instead of evaluating the integrand 𝑓 (2)𝜇,𝜈 directly, we assume that one only
has access to data samples from the source and the target. We use𝑚 = 1000
data samples from the source 𝑥1, . . . , 𝑥𝑚 ∼ 𝜇 and the target 𝑦1, . . . , 𝑦𝑚 ∼ 𝜈 .
Figure 4.5 reports the mean squared errors of the different methods with re-
spect to both the number of projections and the computing time in dimension
𝑑 ∈ {3; 6}. Tables 4.4 and 4.5 report the MSE and computing times (in ms) in
dimension 𝑑 ∈ {5; 10; 20}.
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Figure 4.5: MSE for sampled Gaussian distributions supported on𝑚 = 1000 points,
dimension 𝑑 ∈ {3; 6}, obtained over 100 replications.

Method 𝑑 = 5 𝑑 = 10 𝑑 = 20
𝑛 = 500 𝑛 = 1000 𝑛 = 500 𝑛 = 1000 𝑛 = 500 𝑛 = 1000

MC 1.45e-3 8.05e-4 9.45e-4 5.46e-4 1.47e-3 6.67e-4
CVlow 2.67e-4 1.46e-4 3.45e-4 1.63e-4 3.82e-4 1.73e-4
CVup 8.44e-4 4.82e-4 7.51e-4 4.76e-4 1.09e-3 4.73e-4
CVNN 4.29e-4 1.79e-4 1.12e-3 4.77e-4 2.14e-3 1.44e-3
QMC 2.91e-4 7.97e-5 2.37e-4 8.35e-5 6.60e-4 1.42e-4
RQMC 5.80e-5 1.91e-5 2.75e-4 1.20e-4 1.17e-3 3.64e-4
SHCV 2.68e-6 5.63e-7 1.93e-4 6.86e-5 2.95e-4 1.16e-4

Table 4.4: Mean Squared Error (MSE) for sampled Gaussian distributions supported
on 𝑚 = 1000 points in dimension 𝑑 ∈ {5; 10; 20} with 𝑛 ∈ {500; 1000} projections,
obtained over 100 independent runs.
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Method 𝑑 = 5 𝑑 = 10 𝑑 = 20
𝑛 = 500 𝑛 = 1000 𝑛 = 500 𝑛 = 1000 𝑛 = 500 𝑛 = 1000

MC 81.1 ± 3.5 152 ± 0.9 80.7 ± 4.4 152 ± 1.2 81.1 ± 1.8 155 ± 2.3
CVlow 79.7 ± 1.1 151 ± 1.1 80.1 ± 1.4 150 ± 2.2 80.0 ± 1.0 155 ± 4.0
CVup 83.0 ± 1.2 157 ± 1.7 83.0 ± 1.7 157 ± 1.6 83.1 ± 1.5 160 ± 3.0
CVNN 110 ± 2.2 208 ± 1.5 122 ± 1.6 244 ± 2.1 127 ± 1.4 275 ± 3.6
QMC 100 ± 1.2 174 ± 1.3 113 ± 1.4 187 ± 1.0 129 ± 1.4 214 ± 3.5
RQMC 96.3 ± 2.2 190 ± 1.4 113 ± 1.2 188 ± 2.4 130 ± 1.0 214 ± 3.8
SHCV 89.0 ± 6.3 175 ± 3.4 89.0 ± 4.5 176 ± 2.4 88.1 ± 2.8 180 ± 5.6

Table 4.5: Computing time (ms) for sampled Gaussian distributions supported on
𝑚 = 1000 points in dimension 𝑑 ∈ {5; 10; 20} with 𝑛 ∈ {500; 1000} projections,
obtained over 100 independent runs.

Empirical distributions of 3D point clouds

We use three point clouds taken at random from the ShapeNetCore dataset
of Chang et al. (2015) corresponding to the objects plane, lamp and bed,
each composed of 𝑚 = 2048 points of R3 (see Figure 4.6 below for visual-
ization). The SHCV estimate uses spherical harmonics up to degree 2𝐿 = 16
leading to 𝑠 = 152 control variates. Figure 4.3 reports the boxplots of the
error distribution (ŜW𝑛 (𝜇𝑚, 𝜈𝑚) − SW(𝜇𝑚, 𝜈𝑚)) for the different SW esti-
mates based on 𝑛 random projections with 𝑛 ∈ {100; 250; 500; 1000} obtained
over 100 independent runs while Table 4.6 presents the mean squared er-
rors E[|ŜW𝑛 (𝜇𝑚, 𝜈𝑚) − SW(𝜇𝑚, 𝜈𝑚) |2] for the different SW estimates with
𝑛 ∈ {100; 500; 1000}. Once again, our SHCV estimate provides the best per-
formance with huge gains in terms of variance reduction.

(a) plane (b) lamp (c) bed

Figure 4.6: Visualization of 3D point clouds of plane, lamp, bed.
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Method plane/lamp lamp/bed plane/bed
𝑛 = 100 𝑛 = 500 𝑛 = 1000 𝑛 = 100 𝑛 = 500 𝑛 = 1000 𝑛 = 100 𝑛 = 500 𝑛 = 1000

MC 5.1e-5 1.1e-5 6.0e-6 2.0e-4 3.8e-5 1.5e-5 1.3e-4 2.6e-5 1.2e-5
CVlow 4.8e-5 9.3e-6 5.1e-6 9.3e-5 1.4e-5 6.5e-6 4.4e-5 9.8e-6 5.2e-6
CVup 1.1e-5 2.2e-6 1.3e-6 1.1e-5 2.3e-6 1.0e-6 6.6e-5 1.5e-5 8.7e-6
CVNN 1.3e-5 5.2e-7 1.8e-7 2.4e-5 1.1e-6 3.5e-7 3.2e-5 1.1e-6 3.3e-7
QMC 1.4e-5 6.9e-7 2.8e-8 2.4e-5 3.8e-7 2.9e-7 1.2e-4 1.2e-7 4.9e-7
RQMC 7.7e-6 2.2e-7 8.1e-8 1.5e-5 2.7e-7 1.3e-7 2.6e-5 1.0e-6 3.0e-7
SHCV 5.3e-6 2.1e-8 2.1e-8 2.5e-6 1.5e-8 1.4e-8 1.3e-5 3.7e-8 3.6e-8

Table 4.6: Mean Squared Error E[|ŜW𝑛 (𝜇𝑚, 𝜈𝑚) − SW(𝜇𝑚, 𝜈𝑚) |2] for different SW
estimates based on 𝑛 random projections with 𝑛 ∈ {100; 500; 1000} obtained over 100
independent runs.

Method plane/lamp lamp/bed plane/bed
𝑛 = 100 𝑛 = 500 𝑛 = 1000 𝑛 = 100 𝑛 = 500 𝑛 = 1000 𝑛 = 100 𝑛 = 500 𝑛 = 1000

MC 36.4 ± 10 184 ± 3 309 ± 3 37.9 ± 10 184 ± 3 308 ± 3 35.6 ± 10 185 ± 3 308 ± 3
CVlow 36.8 ± 10 180 ± 1 301 ± 1 38.4 ± 10 181 ± 2 300 ± 2 36.1 ± 11 181 ± 1 300 ± 1
CVup 38.1 ± 10 187 ± 2 316 ± 1 39.7 ± 10 187 ± 1 315 ± 1 37.2 ± 11 188 ± 1 314 ± 1
CVNN 40.4 ± 11 220 ± 1 417 ± 1 42.0 ± 11 220 ± 1 414 ± 2 39.5 ± 11 221 ± 1 414 ± 1
QMC 32.9 ± 12 194 ± 3 324 ± 1 27.9 ± 10 194 ± 2 327 ± 1 38.0 ± 13 195 ± 2 325 ± 1
RQMC 40.6 ± 11 202 ± 2 346 ± 2 42.0 ± 10 203 ± 4 344 ± 2 39.3 ± 11 202 ± 1 343 ± 1
SHCV 37.9 ± 10 185 ± 2 311 ± 1 39.7 ± 10 185 ± 1 310 ± 1 37.1 ± 11 186 ± 1 310 ± 1

Table 4.7: Computing times (ms) for different SW estimates based on 𝑛 random
projections with 𝑛 ∈ {100; 500; 1000} obtained over 100 independent runs.

Kernel Support Vector Machines and sliced-Wasserstein distances

Kernel Support VectorMachines. Kernel Support VectorMachines (SVMs)
are a powerful class of supervised learning algorithms used for classification
and regression tasks. At their core, SVMs aim to find a hyperplane that best
separates the data into different classeswhilemaximizing themargin between
these classes. However, in cases where the classes are not linearly separable,
Kernel SVMs come into play. The key idea behind Kernel SVMs is to map the
input data 𝑥 ∈ R𝑞 into a higher-dimensional space via 𝜙 (𝑥), where a linear
separation might be achievable (see Figure 4.7 below).

Figure 4.7: Visualization of Kernel transformation.
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The kernel function 𝑘 (·, ·) computes the similarity between pairs of data
points in the higher-dimensional space without explicitly calculating the
transformed data. Given training data 𝑥𝑖 ∈ R𝑞 with 𝑖 = 1, . . . , 𝑛 divided into
two classes and a vector of labels 𝑦 ∈ {−1;+1}, the goal is to find the param-
eters 𝜔 ∈ R𝑞 and 𝑏 ∈ R such that the prediction given by sign(𝜔⊤𝜙 (𝑥𝑖) + 𝑏)
is correct for most samples.

In Scikit-learn (Pedregosa et al., 2011), the ‘SVC class’ provides an imple-
mentation of Kernel SVMs. The objective function (also known as the loss
function) for the SVM is derived from the problem of finding the optimal
hyperplane that maximizes the margin between different classes. The for-
mulation includes a regularization term 𝐶 to balance the desire for a large
margin with the goal of minimizing classification errors and the optimization
problem of interest is given by

min
𝜔,𝑏,𝜁

1
2𝜔

⊤𝜔 +𝐶
𝑛∑︁
𝑖=1

𝜁𝑖

subject to 𝑦𝑖
(
𝜔⊤𝜙 (𝑥𝑖) + 𝑏

)
≥ 1 − 𝜁𝑖 and 𝜁𝑖 ≥ 0, 𝑖 = 1, . . . , 𝑛.

The parameter 𝐶 , which is shared among all Support Vector Machine (SVM)
kernels, balances the compromise between misclassifying training examples
and maintaining a simple decision surface. A lower 𝐶 value results in a
smoother decision surface, while a higher𝐶 value strives to accurately classify
all training examples. This problem is usually solved with the dual formula-
tion through the Kernel matrix 𝐾 (𝑥𝑖 , 𝑥 𝑗 ) = ⟨𝜙 (𝑥𝑖), 𝜙 (𝑥 𝑗 )⟩.

Figure 4.8: Comparison of different linear SVM classifiers on a 2D projection of the
iris dataset.
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Sliced-Wasserstein Gaussian kernels. SW distances inherit topological
properties from the original Wasserstein distance such as the weak conver-
gence of probability measures (Nadjahi et al., 2020b). SW distances are useful
in the context of distribution regression (Szabó et al., 2016) where the goal is to
learn a real-valued function defined on the space of probability distributions
from a sequence of observations. The classical Wasserstein distance cannot
be used to build a positive definite kernel on the space of distributions as the
induced Wasserstein space has curvature (Feragen et al., 2015). To overcome
this problem, a SW-based kernel for absolutely continuous distributions was
first introduced in Kolouri et al. (2016) and later on extended to empirical
distributions by Meunier et al. (2022). For any 𝛾 > 0, both 𝑒−𝛾 SW2

2 ( ·,· ) and
𝑒−𝛾 SW1 ( ·,· ) are valid kernels on probability measures.

Using the SW kernel of Kolouri et al. (2016) defined by 𝑘 (𝜇𝑖 , 𝜇 𝑗 ) =

exp(−𝛾 SW2
2(𝜇𝑖 , 𝜇 𝑗 )) with 𝛾 > 0, we consider the image classification task

on the digits dataset of Alpaydin and Kaynak (1998). This dataset con-
tains 𝑁 = 1 797 images of size 8 × 8 and the goal is to predict the label
𝑧 ∈ {0, 1, . . . , 9} of the handwritten digit. Similarly to Meunier et al. (2022),
we convert each image to an histogram so that the SW kernels have prob-
ability distributions as inputs. We use a train/test split of size 80/20 giving
𝑁train = 1 437 training and 𝑁test = 360 testing images respectively where
each set is balanced. The Kernel SVM classification requires to compute the
Gram matrices 𝐾 = (𝑘 (𝜇𝑖 , 𝜇 𝑗 )) with (𝑖, 𝑗) ∈ [𝑁train] × [𝑁train] and with
(𝑖, 𝑗) ∈ [𝑁train] × [𝑁test]. Computational benefits occur with the SHCV es-
timate when many SW distances need to be computed. Using the projec-
tions 𝜃1, . . . , 𝜃𝑛 ∼ P and the spherical harmonics 𝜑 = (𝜑 𝑗 )𝑠𝑗=1 to compute
Π = Φ(Φ⊤Φ)−1Φ⊤ with Φ = (𝜑 (𝜃𝑖)⊤)𝑛𝑖=1, we need to compute the weights
𝑤 = [(I−Π)1𝑛]/[1⊤𝑛 (I−Π)1𝑛] only once in order to obtain a linear integration
rule𝑤⊤

𝑛 𝑓
(𝑖, 𝑗 )
𝑛 with 𝑓 (𝑖, 𝑗 )𝑛 = (𝑓 (𝑝 )𝜇𝑖 ,𝜈𝑗 (𝜃1), . . . , 𝑓 (𝑝 )𝜇𝑖 ,𝜈𝑗 (𝜃𝑛))⊤ to estimate SW𝑝

𝑝 (𝜇𝑖 , 𝜈 𝑗 ).

Algorithm 4.9 SW-Kernel Monte Carlo
Require: D𝑋 = (𝜇1, . . . , 𝜇𝑁𝑋

),D𝑌 = (𝜈1, . . . , 𝜈𝑁𝑌
), number of random pro-

jections 𝑛 ∈ N, P ∈ P(S𝑑−1)
1: Initialize Kernel matrix 𝐾 ∈ R𝑁𝑋 ×𝑁𝑌

2: Sample random projections 𝜃1, . . . , 𝜃𝑛 ∼ P
3: For 𝑖 = 1, . . . , 𝑁𝑋 do
4: For 𝑗 = 1, . . . , 𝑁𝑌 do
5: 𝑓

(𝑖, 𝑗 )
𝑛 = (𝑓 (2)𝜇𝑖 ,𝜈𝑗 (𝜃𝑘 ))𝑛𝑘=1

6: MC𝑛 = (1𝑛/𝑛)⊤ 𝑓 (𝑖, 𝑗 )𝑛

7: 𝐾 [𝑖, 𝑗] = exp(−𝛾MC𝑛)
8: Return Kernel matrix 𝐾
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Algorithm 4.10 SW-Kernel SHCV
Require: D𝑋 = (𝜇1, . . . , 𝜇𝑁𝑋

),D𝑌 = (𝜈1, . . . , 𝜈𝑁𝑌
), 𝑛 ∈ N, P ∈ P(S𝑑−1),

control variates 𝜑 = (𝜑 𝑗 )𝑠𝑗=1
1: Sample random projections 𝜃1, . . . , 𝜃𝑛 ∼ P
2: Compute Φ = (𝜑 (𝜃𝑖)⊤)𝑛𝑖=1 and SHCV weights𝑤𝑛
3: For 𝑖 = 1, . . . , 𝑁𝑋 do
4: For 𝑗 = 1, . . . , 𝑁𝑌 do
5: 𝑓

(𝑖, 𝑗 )
𝑛 = (𝑓 (2)𝜇𝑖 ,𝜈𝑗 (𝜃𝑘 ))𝑛𝑘=1

6: SHCV𝑛 = 𝑤⊤
𝑛 𝑓

(𝑖, 𝑗 )
𝑛

7: 𝐾 [𝑖, 𝑗] = exp(−𝛾SHCV𝑛)
8: Return Kernel matrix 𝐾

As mentioned in Remark 4.5, computational benefits occur when 𝐾 > 1
integrals need to be computed since the SHCV time complexity scales as
O(𝐾𝑛𝜔 𝑓 + 𝜔 (Φ)) compared to O(𝐾𝑛𝜔 𝑓 ) for the standard Monte Carlo es-
timate when dealing with 𝐾 integrals. Thus, when 𝐾 is large, the extra term
𝜔 (Φ) becomes negligible. In the experiments we are dealing with images and
probability measures 𝜇1, . . . , 𝜇𝑁𝑋

, 𝜈1, . . . , 𝜈𝑁𝑌
in dimension 𝑑 = 2 with a num-

ber of Monte Carlo projections 𝑛 ∈ {25; 50; 75; 100}. The total number of
integrals to be computed are:
• 𝐾𝑋𝑋 =

(
𝑁𝑋

2
)
= 1437× 1436/2 = 1, 024, 581 for the ’train/train’ kernel matrix.

• 𝐾𝑋𝑌 = 𝑁𝑋 × 𝑁𝑌 = 1437 × 360 = 517, 320 for the ’train/test’ kernel matrix.
Below, we compare the time (in 𝜇𝑠) to compute the evaluations 𝑓 (𝑖, 𝑗 )𝑛 =

(𝑓 (2)𝜇𝑖 ,𝜈𝑗 (𝜃𝑘 ))𝑛𝑘=1 for a single pair (𝑖, 𝑗) vs. the time to compute the SHCVweights
𝑤𝑛 . These weights need to be computed only once for all pairs of images.
Interestingly, this extra computing time is of the same order are the time re-
quired for the evaluations of the integrands so that in the end it becomes
negligible as the SHCV time complexity scales as O(𝐾𝑛𝜔 𝑓 +𝜔 (Φ)) compared
to O(𝐾𝑛𝜔 𝑓 ) for the standard Monte Carlo estimate.

MC projections 𝑛 evaluations 𝑓 (𝑖, 𝑗 )𝑛 in O(𝑛𝜔 𝑓 ) SHCV weights𝑤𝑛 in O(𝜔 (Φ))
25 422 ± 36 207 ± 243
50 700 ± 16 479 ± 516
75 945 ± 17 761 ± 559
100 1182 ± 20 1057 ± 654

Table 4.8: Comparison of time computations (in 𝜇𝑠) for the evaluations of the inte-
grands vs. SHCV weights.
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4.8.3 Mathematical proofs

Proofs of Lemma 4.1 and Corollary 4.1

Proof of Lemma 4.1. Let 𝒫𝑑
ℓ be the space of homogeneous polynomials of

degree ℓ . Then dim𝒫
𝑑
ℓ =

(
ℓ+𝑑−1
𝑑−1

)
, the number of multi-indices of the form

(𝛼1, . . . , 𝛼𝑑 ) for nonnegative integer 𝛼 𝑗 such that
∑𝑑
𝑘=1 𝛼𝑘 = ℓ . From this

space, we need to remove the polynomials that are a multiple of 𝑥2
1 + · · · + 𝑥2

𝑑
,

since, on the sphere, this factor trivial. Any such multiple is of the form
(𝑥2

1 + · · · + 𝑥2
𝑑
)𝑝 (𝑥) with 𝑝 ∈ 𝒫

𝑑
ℓ−2. For ℓ ≥ 2, we have (Atkinson and

Han, 2012, Proposition 2.16) 𝑁𝑑ℓ = dim𝒫
𝑑
ℓ − dim𝒫

𝑑
ℓ−2. But then we have∑

ℓ=2,4,...,2𝑘
𝑁𝑑ℓ =

∑
ℓ=2,4,...,2𝑘

[ (
ℓ+𝑑−1
𝑑−1

)
−

(
ℓ−2+𝑑−1
𝑑−1

) ]
=

(2𝑘+𝑑−1
𝑑−1

)
− 1.

Proof of Corollary 4.1. For 𝜃 ∈ S𝑑−1, we have ⟨𝜃, 𝑋 ⟩ ∼ 𝜃★
♯
𝜇 and 𝛼 ⟨𝜃, 𝑋 ⟩ +

⟨𝜃, 𝑏⟩ ∼ 𝜃★
♯
𝜈 . The optimal transport map between 𝜃★

♯
𝜇 and 𝜃★

♯
𝜈 is 𝑥 ↦→ 𝛼𝑥 +

⟨𝜃, 𝑏⟩ and 𝑓 (2)𝜇,𝜈 (𝜃 ) = E𝜇 [⟨𝜃, (1 − 𝛼)𝑋 − 𝑏⟩2], which is a quadratic polynomial
in 𝜃 .

Asymptotic bound for OLSMC

Consider the general set-up of Section 4.3, in particular the OLSMC estimate
in Equation (4.6).

Theorem 4.3 (Portier and Segers (2019)). Let (Θ, F , 𝑃) be a probability
space. Let 𝜑 = (𝜑1, . . . , 𝜑𝑠)⊤ ∈ (𝐿2(𝑃))𝑠 be a vector of orthonormal con-
trol variates, where 𝑠 = 𝑠𝑛 depends on the Monte Carlo sample size 𝑛. Define
𝑞𝑛 (𝜃 ) = 𝜑 (𝜃 )⊤𝜑 (𝜃 ) for 𝜃 ∈ Θ. If sup𝜃 ∈Θ 𝑞(𝜃 ) = o(𝑛/𝑠) as 𝑛 → ∞, then
Iols
𝑛 (𝑓 ) − I(𝑓 ) = OP(𝜎𝑛/

√
𝑛) as 𝑛 → ∞, where 𝜎2

𝑛 = I(𝜀2
𝑛), 𝜀𝑛 = 𝑓 − 𝑓𝑠 , and

𝑓𝑠 = E[𝑓 ] + ∑𝑠
𝑖=1 ⟨𝑓 , 𝜑𝑖⟩ 𝜑𝑖 .

Proof of Theorem 4.2

To apply Theorem 4.3, we consider 𝑞𝑛 (𝜃 ) = 𝜑 (𝜃 )⊤𝜑 (𝜃 ) for 𝜃 ∈ S𝑑−1. Since
𝜑1, . . . , 𝜑𝑠 are the orthonormal control variates,

𝑞𝑛 (𝜃 ) =
𝑠∑︁
𝑖=1

𝜑2
𝑖 (𝜃 ) =

∑︁
ℓ=2,4,...,2𝐿

𝑁𝑑
ℓ∑︁

𝑘=1
𝜑2
ℓ,𝑘
(𝜃 ).
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As a corollary to Theorem 2.9 in Atkinson and Han (2012), we have∑𝑁𝑑
ℓ

𝑘=1 𝜑
2
ℓ,𝑘
(𝜃 ) = 𝑁𝑑ℓ /|S𝑑−1 |. In view of Lemma 4.1,

𝑞𝑛 (𝜃 ) = |S𝑑−1 |−1
∑︁

ℓ=2,4,...,2𝐿
𝑁𝑑ℓ = |S𝑑−1 |−1𝑠𝐿,𝑑 (4.11)

with 𝑠 = 𝑠𝐿,𝑑 =
(2𝐿+𝑑−1
𝑑−1

)
− 1. Applying Stirling’s formula gives 𝑠𝐿,𝑑 = O(𝐿𝑑−1)

as 𝐿 → ∞. Hence the condition sup𝜃 ∈S𝑑−1 𝑞(𝜃 ) = o(𝑛/𝑠) in Theorem 4.3
becomes 𝑠2

𝐿,𝑑
= 𝑜 (𝑛), which is fulfilled as soon as

𝐿 = o
(
𝑛1/(2(𝑑−1) )

)
, 𝑛 → ∞. (4.12)

Since the function 𝜃 ↦→ 𝑓 (𝜃 ) = 𝑓
(𝑝 )
𝜇,𝜈 (𝜃 ) = W𝑝

𝑝 (𝜃★♯ 𝜇, 𝜃
★
♯
𝜈) on S𝑑−1 is Lipschitz

(Han, 2023, Theorem 2.4), the modulus of continuity of 𝑓 evaluated at ℎ =

𝑑/(2𝐿) satisfies

𝜔 (𝑑/(2𝐿)) ≤ Lip𝜌 (𝑓 ) 𝑑/(2𝐿) ≤ Lip∥ · ∥ (𝑓 ) 𝑑/(2𝐿), (4.13)

where Lip𝜌 (𝑓 ) = sup𝜃,𝛾 ∈S𝑑−1 |𝑓 (𝜃 ) − 𝑓 (𝛾) |/𝜌 (𝜃,𝛾) and Lip∥ · ∥ (𝑓 ) =

sup𝜃,𝛾 ∈S𝑑−1 |𝑓 (𝜃 ) − 𝑓 (𝛾) |/∥𝜃 − 𝛾 ∥. More precisely, from Theorem 2.4 in Han
(2023), we know that

Lip∥ · ∥ (𝑓 ) ≤ 𝑀𝑝 (𝜇, 𝜈) =𝑝2𝑝−1 max{𝑀𝑝 (𝜇), 𝑀𝑝 (𝜈)} (𝑝−1)/𝑝

·
(
(𝑀𝑝 (𝜇))1/𝑝 + (𝑀𝑝 (𝜈))1/𝑝

) (4.14)

with 𝑀𝑝 (𝜇) =
∫
R𝑑

∥𝑥 ∥𝑝 d𝜇 (𝑥) and 𝑀𝑝 (𝜈) =
∫
R𝑑

∥𝑥 ∥𝑝 d𝜈 (𝑥). Hence,
by Theorem 4.1, the residual function 𝜀𝑛 = 𝑓 − Π𝑓 ,𝐿 with Π𝑓 ,𝐿 =∑𝐿
ℓ=0

∑𝑁𝑑
2ℓ

𝑘=1
〈
𝑓 , 𝜑2ℓ,𝑘

〉
𝜑2ℓ,𝑘 satisfies

𝜎𝑛 = ∥𝜀𝑛 ∥2 ≤


𝑓 − 𝑃𝑓 ,𝐿

2 ≤



𝑓 − 𝑃𝑓 ,𝐿

∞ ≤
𝐴𝑀𝑝 (𝜇, 𝜈)𝑑

2𝐿 . (4.15)

Therefore, by Theorem 4.3 along with (4.12) and (4.15), we have, since
I(𝑓 (𝑝 )𝜇,𝜈 ) = SW𝑝

𝑝 (𝜇, 𝜈), the rate���SHCV𝑝
𝑛,𝐿

(𝜇, 𝜈) − SW𝑝
𝑝 (𝜇, 𝜈)

��� = OP(𝐿−1𝑛−1/2).

4.8.4 Additional results on spherical harmonics

Spherical harmonics in small dimensions

Circular harmonics on S1. On the unit circle, the spherical harmonics are
often called circular harmonics and correspond to the Fourier basis defined in
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circular coordinates (𝑥,𝑦) = (cos(𝑡), sin(𝑡)) by𝜓0(𝜃 ) = 1/
√

2𝜋 and for 𝑘 > 0

𝜓2𝑘 (𝜃 ) =
sin(𝑘𝑡)
√
𝜋

, 𝜓2𝑘−1(𝜃 ) =
cos((𝑘 − 1)𝑡)

√
𝜋

.

The circular harmonics are 𝜑1,0 = 𝜓0 and for ℓ ≥ 1, 𝜑ℓ,1 = 𝜓2ℓ−1 and 𝜑ℓ,2 = 𝜓2ℓ .

Spherical harmonics on S2. On the sphere S2 there exist𝑁 3
ℓ = 2ℓ+1 linearly

independent complex spherical harmonics 𝜓ℓ,𝑘 : S2 → C of degree ℓ . Using
the spherical coordinates (𝑥,𝑦, 𝑧) = (cos(𝑢) sin(𝑣), sin(𝑢) sin(𝑣), cos(𝑣)) with
0 ≤ 𝑢 < 2𝜋 and 0 ≤ 𝑣 < 𝜋 , the Laplace spherical harmonics are generally
defined for all −ℓ ≤ 𝑘 ≤ ℓ by

𝜓ℓ,𝑘 (𝑢, 𝑣) =

√︄
(2ℓ + 1) (ℓ − 𝑘)!

4𝜋 (ℓ + 𝑘)! 𝑃𝑘ℓ (cos(𝑣))𝑒𝑖𝑘𝑢,

where 𝑃𝑘ℓ is the associated Legendre polynomial defined by 𝑃𝑘ℓ (𝑥) = (−1)𝑘 (1−
𝑥2)𝑘/2(d𝑘/d𝑥𝑘 )𝑃ℓ (𝑥) with 𝑃ℓ the Legendre polynomial of degree ℓ and
𝑃−𝑘
ℓ (𝑥) = (−1)𝑘 [(ℓ − 𝑘)!/(ℓ + 𝑘)!]𝑃𝑘ℓ (𝑥). This definition ensures orthonor-

mality
∫ 𝜋

𝑣=0

∫ 2𝜋
𝑢=0𝜓ℓ,𝑘𝜓

★
ℓ ′,𝑘 ′dΩ = 𝛿ℓ,ℓ ′𝛿𝑘,𝑘 ′ with dΩ = sin(𝑣)d𝑢d𝑣 . A real basis of

spherical harmonics 𝜑ℓ,𝑘 : S2 → R can be defined in terms of their complex
analogues by setting 𝜑ℓ,0 = 𝜓ℓ,0 and taking the real and imaginary parts as
𝜑ℓ,𝑘 =

√
2(−1)𝑘 ℑ(𝜓ℓ, |𝑘 |) if 𝑘 < 0 and 𝜑ℓ,𝑘 =

√
2(−1)𝑘 ℜ(𝜓ℓ,𝑘 ) if 𝑘 > 0.

Number of spherical harmonics

Figure 4.9a presents the evolution of the number 𝑁𝑑ℓ of spherical harmon-
ics of degree ℓ in dimension 𝑑 with 𝑑 ∈ [3, 10] and ℓ ∈ [1, 10] while
Figures 4.9b and 4.9c report the evolution of the cumulative sum

∑𝐿
ℓ=1 𝑁

𝑑
ℓ

and even cumulative sum
∑𝐿
ℓ=1 𝑁

𝑑
2ℓ for maximum degree 𝐿 ∈ [1, 10] and

2𝐿 ∈ {2; 4; 6; 8; 10; 12} respectively.

1 2 3 4 5 6 7 8 9 10
Degree `

101

102

103

104

105

N
d `

d=3

d=4

d=5

d=6

d=7

d=8

d=9

d=10

(a) 𝑁𝑑
ℓ

1 2 3 4 5 6 7 8 9 10
Max Degree L

101

102

103

104

105

S
u

m
∑

L `=
1
N
d `

d=3

d=4

d=5

d=6

d=7

d=8

d=9

d=10

(b)
∑𝐿
ℓ=1 𝑁

𝑑
ℓ

2 4 6 8 10 12
Max Degree 2L

101

102

103

104

105

S
u

m
∑

L `=
1
N
d 2`

d=3

d=4

d=5

d=6

d=7

d=8

d=9

d=10

(c)
∑𝐿
ℓ=1 𝑁

𝑑
2ℓ

Figure 4.9: Evolution of the number 𝑁𝑑ℓ of spherical harmonics and (even) cumula-
tive sums according to the degree.
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Table 4.9 reports the maximal degree of spherical harmonics and num-
ber of control variates for the considered dimensions in the experiments (See
Lemma 4.1). For𝑑 ∈ {10; 20}we only consider a subset of spherical harmonics
of degree 4 to obtain a total number of 𝑠 = 300 control variates.

dimension 𝑑 3 5 6 10 20

max degree 2𝐿 16 6 4 4 4
number 𝑠 of control variates 152 209 125 714 8854

Table 4.9: Parameter setting of control variates.

Spherical harmonics and Gegenbauer polynomials

For 𝛼 > 0, Gegenbauer polynomials of degree ℓ , denoted by 𝐶𝛼
ℓ

: [−1, 1] →
R are orthogonal polynomials with respect to the weight function 𝑧 ↦→(
1 − 𝑧2)𝛼−1/2. They are special cases of Jacobi polynomials and can be written
as

𝐶𝛼ℓ (𝑧) =
⌊ℓ/2⌋∑︁
𝑘=0

(−1)𝑘Γ(ℓ − 𝑘 + 𝛼)
Γ(𝛼)𝑘!(ℓ − 2𝑘)! (2𝑧)ℓ−2𝑘 , 𝐶𝛼ℓ (1) =

Γ(2𝛼 + ℓ)
Γ(2𝛼)ℓ! . (4.16)

In the following we fix ℓ , set 𝑁 = 𝑁𝑑ℓ , and fix {𝜑1, . . . , 𝜑𝑁 } as an orthonormal
basis for ℋ𝑑

ℓ . Denote by 𝑍ℓ (·, ·) the reproducing kernel of ℋ𝑑
ℓ . In terms of

orthonormal basis we have

∀𝜃, 𝜂 ∈ S𝑑−1, 𝑍ℓ (𝜃, 𝜂) =
𝑁∑︁
𝑘=1

𝜑𝑘 (𝜃 )𝜑𝑘 (𝜂).

Interestingly, the spherical harmonics and linked to the Gegenbauer polyno-
mials through the following addition formula

Theorem 4.4. (Dai, 2013, Theorem 1.2.6) For ℓ ≥ 0 and 𝜃, 𝜂 ∈ S𝑑−1, 𝑑 ≥ 3

𝑍ℓ (𝜃, 𝜂) =
𝑁∑︁
𝑘=1

𝜑𝑘 (𝜃 )𝜑𝑘 (𝜂) =
ℓ + 𝛼
𝛼

𝐶𝛼ℓ (⟨𝜃, 𝜂⟩), 𝛼 =
𝑑 − 2

2 ·

Corollary 4.3. (Dai, 2013, Corollary 1.2.8) For 𝛼 = 𝑑−2
2 , the Gegenbauer poly-

nomials 𝐶𝛼
ℓ
satisfy the orthogonality relation

|S𝑑−2 |
|S𝑑−1 |

∫ 1

−1
𝐶𝛼ℓ (𝑡)𝐶𝛼ℓ ′ (𝑡)

(
1 − 𝑡2)𝛼− 1

2 d𝑡 = ℎ𝛼ℓ 𝛿ℓ,ℓ ′, ℎ𝛼ℓ =
𝛼

ℓ + 𝛼𝐶
𝛼
ℓ (1) .
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Let {𝜃1, . . . , 𝜃𝑁 } be a collection of points on S𝑑−1. The following remarks
motivate the definition of a fundamental set. We let 𝑀1 := 𝜑1 (𝜃1) and for
𝑘 = 2, 3, . . . , 𝑁 , define matrices

𝑀𝑘 :=


𝜑1 (𝜃1) . . . 𝜑1 (𝜃𝑘 )

... . . .
...

𝜑𝑘 (𝜃1) . . . 𝜑𝑘 (𝜃𝑘 )

 ,
𝑀𝑘 (𝜃 ) :=


𝜑1(𝜃 )

𝑀𝑘−1
...

𝜑𝑘−1(𝜃 )
𝜑𝑘 (𝜃1) , . . . 𝜑𝑘 (𝜃𝑘−1) 𝜑𝑘 (𝜃 )


.

The product of 𝑀𝑁 and its transpose 𝑀⊤
𝑁

can be summed, on applying the
addition formula, as 𝑀⊤

𝑁
𝑀𝑁 =

[
𝑍ℓ

(
𝜃𝑖 , 𝜃 𝑗

) ]𝑁
𝑖,𝑗=1, which shows, in particular,

det
[
𝑍ℓ

(
𝜃𝑖 , 𝜃 𝑗

) ]𝑁
𝑖,𝑗=1 = (det𝑀𝑁 )2 ≥ 0.

Definition 4.5. (Dai, 2013, Definition 1.3.1) A collection of points {𝜃1, . . . , 𝜃𝑁 }
in S𝑑−1 is called a fundamental system of degree ℓ on the sphere S𝑑−1 if

det
[
𝐶𝛼ℓ

(〈
𝜃𝑖 , 𝜃 𝑗

〉)]𝑁
𝑖,𝑗=1 > 0, 𝛼 =

𝑑 − 2
2

Theorem 4.5. (Dai, 2013, Theorem 1.3.3) If {𝜃1, . . . , 𝜃𝑁 } is a fundamental sys-
tem of points on the sphere, then {𝐶𝛼

ℓ
(⟨·, 𝜃𝑖⟩) |𝑖 = 1, . . . , 𝑁 }, 𝛼 = (𝑑 − 2)/2 is a

basis ofℋ𝑑
ℓ |S𝑑−1

This theorem lies at the heart of the practical implementation used in
Dutordoir et al. (2020) which constructs a fundamental system of vectors for
efficient evaluation of spherical harmonics. The mathematical aspects of this
process involve concepts such as the Gegenbauer polynomial, Cholesky de-
composition, optimization, and normalization. The goal is to construct a set
of vectors efficiently spanning the space required for evaluating spherical har-
monics in the given dimension and degree. The procedure works as follows.
Start by defining the Gegenbauer polynomial, denoted as𝐶𝛼

ℓ
(𝜃 ), of a specific

degree ℓ and a dimension-dependent parameter 𝛼 = (𝑑 − 2)/2. Select the first
vector arbitrarily, often chosen as the north pole or the unit vector along the
last dimension. Compute the Cholesky decomposition of the Gegenbauer-
gram matrix associated with the current vectors and iteratively add new vec-
tors to to expand the fundamental system. For each new vector, optimize
the determinant of the Gegenbauer-gram matrix, measuring the span of the
space generated by the vectors. The optimization process involves finding a
new vector that maximizes the determinant of the augmented matrix. This is
typically done using optimization techniques such as BFGS. After finding the
optimal vector, normalize it to ensure it has unit length.
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Simple case study for discrete measures and Gaussian measures

To investigate the approximation power of the integrand 𝜃 ↦→ 𝑓
(𝑝 )
𝜇,𝜈 (𝜃 ) =

W𝑝
𝑝 (𝜃★♯ 𝜇2, 𝜃

★
♯
𝜈2) via spherical harmonics, we consider a case study in dimen-

sion 𝑑 = 2 on the unit circle S1 with circular harmonics (𝜑ℓ,𝑘 ) (see Sec-
tion 4.8.4) . Using an Ordinary Least Squares regression, the polynomial ap-
proximation 𝑓2𝐿 of 𝑓 (𝑝 )𝜇,𝜈 can be written as

𝑓2𝐿 (𝜃 ) = 𝛼 +
∑︁

ℓ=2,4,...,2𝐿

(
𝛽
(1)
ℓ
𝜑ℓ,1(𝜃 ) + 𝛽 (2)ℓ

𝜑ℓ,2(𝜃 )
)

where 𝛼 and 𝛽 = (𝛽 (1)2 , 𝛽
(2)
2 , . . .) are estimated by the OLS procedure. We

investigate the smoothness properties of the integrand 𝑓 (𝑝 )𝜇,𝜈 by comparing
different measures 𝜇 and 𝜈 . We first consider the case of discrete measures
𝜇2 and 𝜈2 each supported on two atoms. In this simple case, the integrand
𝑓
(𝑝 )
𝜇,𝜈 (𝜃 ) is only Lipschitz andwe study the approximation error of ourmethod.
Then we consider the case of Gaussian measures 𝜇 = N2(m𝑋 ,Σ𝑋 ) and 𝜈 =

N2(m𝑌 ,Σ𝑌 ). In that case, the integrand of interest is infinitely smooth.

Discrete measures. We consider the discrete measures 𝜇2 and 𝜈2 associated
to the points 𝑥1 = (0, 0), 𝑥2 = (1, 0) and 𝑦1 = (0, 0), 𝑦2 = (1, 1) respectively.
We have 𝜇2 = 1

2𝛿 (0,0) +
1
2𝛿 (1,0) and 𝜈2 = 1

2𝛿 (0,0) +
1
2𝛿 (1,1) . The integrand 𝑓

(𝑝 )
𝜇,𝜈

can be computed exactly as

W𝑝
𝑝 (𝜃★♯ 𝜇2, 𝜃

★
♯
𝜈2) =

{
1
2 | sin(𝜃 ) |𝑝 , 𝜃 ∈ 𝐷1,
1
2 ( | cos(𝜃 ) |𝑝 + | cos(𝜃 ) + sin(𝜃 ) |𝑝), 𝜃 ∈ 𝐷2,

where 𝐷1 = [0, 𝜋/2] ∪ [3𝜋/4, 3𝜋/2] ∪ [7𝜋/4, 2𝜋] and 𝐷2 = [𝜋/2, 3𝜋/4] ∪
[3𝜋/2, 7𝜋/4]. By focusing on the case of order 𝑝 = 2, we have

𝐼1 =

∫ 𝜋/2

0
sin2(𝜃 )d𝜃 =

𝜋

4 ,

𝐼2 =

∫ 3𝜋/4

𝜋/2
cos2(𝜃 ) + (cos(𝜃 ) + sin(𝜃 ))2d𝜃 =

3𝜋
8 − 3

4 ,

𝐼3 =

∫ 3𝜋/2

3𝜋/4
sin2(𝜃 )d𝜃 =

3𝜋
8 − 1

4 ,

𝐼4 =

∫ 7𝜋/4

3𝜋/2
cos2(𝜃 ) + (cos(𝜃 ) + sin(𝜃 ))2d𝜃 =

3𝜋
8 − 3

4 ,

𝐼5 =

∫ 2𝜋

7𝜋/4
sin2(𝜃 )d𝜃 =

𝜋

8 − 1
4 .
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Therefore,

SW2
2(𝜇2, 𝜈2) =

1
2𝜋

∫ 2𝜋

0
𝑊 2

2 (𝜃★♯ 𝜇2, 𝜃
★
♯
𝜈2)d𝜃

=
1

4𝜋 (𝐼1 + 𝐼2 + 𝐼3 + 𝐼4 + 𝐼5)

=
3
8 − 1

2𝜋 .

Recall that SHCV𝑝
𝑛,𝐿

(𝜇2, 𝜈2) = Iols
𝑛 where (Iols

𝑛 , 𝛽𝑛) ∈ arg min𝛼,𝛽 ∥ 𝑓𝑛 − 𝛼1𝑛 −
Φ𝛽 ∥2

2.
Figure 4.10a reports the evolution of W2

2(𝜃★♯ 𝜇2, 𝜃
★
♯
𝜈2) (black line) and its

polynomial approximation 𝑓2𝐿 (𝜃 ) with different degrees of harmonics 2𝐿 ∈
{2; 4; 8; 10}. Figure 4.10b displays the approximation error, i.e., the difference
𝜀𝑛 between W2

2(𝜃★♯ 𝜇2, 𝜃
★
♯
𝜈2) and its polynomial approximation 𝑓2𝐿 (𝜃 ).
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Figure 4.10: W2
2 (𝜃★♯ 𝜇2, 𝜃

★
♯
𝜈2), polynomial approximation 𝑓2𝐿 (𝜃 ) and errors 𝜀 =

W2
2 (𝜃★♯ 𝜇2, 𝜃

★
♯
𝜈2) − 𝑓2𝐿 (𝜃 ) for two discrete measures.

Gaussian measures. Let 𝜇 = N𝑑 (m𝑋 ,Σ𝑋 ) and 𝜈 = N𝑑 (m𝑌 ,Σ𝑌 ). Then,
for 𝜃★

♯
𝜇 = N1(𝜃⊤m𝑋 , 𝜃

⊤Σ𝑋𝜃 ) and 𝜃★
♯
𝜈 = N1(𝜃⊤m𝑌 , 𝜃

⊤Σ𝑌𝜃 ), we have
W2

2(𝜃★♯ 𝜇, 𝜃
★
♯
𝜈) = |𝜃⊤(m𝑋 − m𝑌 ) |2 + (

√
𝜃⊤Σ𝑋𝜃 −

√
𝜃⊤Σ𝑌𝜃 )2. We consider

m𝑋 = (0, 0)⊤, m𝑌 = (1, 1)⊤, Σ𝑋 =

[
1 0.2

0.2 1

]
, Σ𝑌 =

[
10 3
3 10

]
Figure 4.11a reports the evolution of W2

2(𝜃★♯ 𝜇2, 𝜃
★
♯
𝜈2) (black line) and its

polynomial approximation 𝑓2𝐿 (𝜃 ) with different degrees of harmonics 2𝐿 ∈
{2; 4; 6}. Observe that in this case the integrand is very smooth so that the
polynomial approximations seem to overlap. Figure 4.11b displays the ap-
proximation error, i.e., the difference 𝜀𝑛 between W2

2(𝜃★♯ 𝜇2, 𝜃
★
♯
𝜈2) and its poly-

nomial approximation 𝑓2𝐿 (𝜃 ).
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Figure 4.11: W2
2 (𝜃★♯ 𝜇2, 𝜃

★
♯
𝜈2), polynomial approximation 𝑓2𝐿 (𝜃 ) and errors 𝜀 =

W2
2 (𝜃★♯ 𝜇2, 𝜃

★
♯
𝜈2) − 𝑓2𝐿 (𝜃 ) for two Gaussian measures.

Figure 4.12a presents the boxplots of the error distribution (SHCV2
𝑛,𝐿

−
SW2

2) both for discrete measures 𝜇2, 𝜈2 and for Gaussian measures with dif-
ferent degrees of harmonics 2𝐿 ∈ {2; 4; 6; 8} and Monte Carlo sample size
𝑛 = 104. The Sliced-Wasserstein distance for Gaussian measures is obtained
by the naive Monte Carlo method with 𝑛 = 108. The boxplots are obtained
over 100 replications.
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Figure 4.12: Error distribution of (SHCV2
𝑛,𝐿

− SW2
2).

Numerical check for exact integration rule

We compute SW2
2(𝜇, 𝜈) for 𝜇 = N(𝑎,A) and 𝜈 = N(𝑏,B) with means 𝑎, 𝑏 ∼

N(1𝑑 , 𝐼𝑑 ) and proportional (see Section 4.6.1) covariance matrices A = Σ𝑎Σ
⊤
𝑎

and B = 𝛾A where all the entries of Σ𝑎 are drawn according to N(0, 1). We
consider dimensions 𝑑 ∈ {3; 5} and a number of projections 𝑛 ∈ [102; 104].
Observe that in this case, the integrand of interest is a quadratic polynomial
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in 𝜃 given by

𝑓
(2)
𝜇,𝜈 (𝜃 ) = |𝜃⊤(𝑎 − 𝑏) |2 +

(√
𝜃⊤A𝜃 −

√
𝜃⊤B𝜃

)2

= |𝜃⊤(𝑎 − 𝑏) |2 + (1 − √
𝛾)2(𝜃⊤A𝜃 ),

and SW2
2(𝜇, 𝜈) is given in close-form by integrating over 𝜃 ∈ S𝑑−1 such that

SW2
2(𝜇, 𝜈) =

∥𝑎 − 𝑏∥2
2

𝑑
+
(1 − √

𝛾)2

𝑑
Tr(A) .

Figure 4.13 reports the mean squared errors for the different estimates
ŜW𝑛 (𝜇, 𝜈) where the expectation is computed as an average over 100 inde-
pendent runs with parameter 𝛾 = 2. Observe that, while the standard Monte
Carlo estimate and other control variate-based methods achieve a small MSE
in the range [10−7; 10−3], our SHCV estimate obtains a MSE of 10−30 which
is virtually zero up to machine precision. This numerical comparison empir-
ically validates the exact integration rule of Proposition 4.2.
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Figure 4.13: MSE for Gaussian distributions with proportional dispersion matrices,
dimension 𝑑 ∈ {3; 5}, obtained over 100 replications.



Random Forest Control
Variates 5
A random forest is an ensemble of trees where each tree contributes to the
collective decision-making process. Due to the nature of decision trees in a
random forest, the decision boundaries are typically rectangular, with each
rectangle having a constant prediction. This property makes random forests
particularly suitable for constructing control variates, which are special func-
tions with known expectations used for variance reduction in Monte Carlo
integration. However, various types of random forests exist. In this work, we
specifically consider three classical types: Random Forests, Bagging, and Ex-
tremely Randomized Trees. We derive three working estimates and conduct
simulation studies, demonstrating that our proposed estimates outperform
the classical Monte Carlo estimate.

5.1 Introduction

Consider the classical integration problem 𝜇 (𝑓 ) =
∫
R𝑑
𝑓 (𝑥) 𝜇 (d𝑥), where 𝜇

is a probability measure on R𝑑 and 𝑓 ∈ 𝐿2(𝜇). The standard Monte Carlo
estimate approximates this value by using an independent random sample
𝑋1, . . . , 𝑋𝑛 drawn from 𝜇 and takes the average

𝜇
(MC)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

𝑓 (𝑋𝑖) .

The rate of convergence in probability of the standard Monte Carlo estimate
is O(𝑛−1/2).

To reduce the variance of the estimate, we apply the method of control
variates (Glasserman, 2004; Caflisch, 1998). This method consists of two steps:

1. Build a surrogate function 𝑓 with a known integral 𝜇 (𝑓 ).
2. Use the centered variables 𝑓 (𝑋𝑖) − 𝜇 (𝑓 ) to build the control variate

Monte Carlo estimate

𝜇
(CV)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓 (𝑋𝑖) − 𝜇 (𝑓 )

}]
.
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We propose to construct such a surrogate function by means of a random
forest, that is, an ensemble of decision trees. As we deal with a continuous
response 𝑦𝑖 = 𝑓 (𝑋𝑖), 𝑖 = 1, . . . , 𝑛, we will opt for regression trees (Breiman
et al., 1984) to estimate 𝑓 . The idea behind this approach is to recursively
partition the feature space into regions, where each region is associated with
a constant value prediction for the target variable. This involves splitting the
data at each node based on a chosen criterion, typically aiming to minimize
the mean squared error of the target variable within each split.

The approach shares similarities with k-nearest neighbors (Biau and De-
vroye, 2015), as both methods partition the input space to predict outcomes
based on local data subsets. In Chapter 3, we construct the surrogate function
using the nearest neighbor estimate. However, integrating such estimator re-
quires computing Voronoi volumes, which can be computationally intensive.
In contrast, our new approach addresses this challenge by using rectangular
partitions. Calculating the volume of a rectangle offers a more computation-
ally efficient solution.

The motivation for using an ensemble of trees instead of a single regres-
sion tree is to improve accuracy by combining the outputs of multiple trees.
The collective decision-making process of many trees leads to more reliable
and consistent predictions. Among the ensembles of trees, we consider the
following: Random Forests (Breiman, 2001), Bagging (Breiman, 1996), and Ex-
tremely Randomized Trees (Geurts et al., 2006). The key feature of Random
Forests and Bagging is that they use bootstrap replications of the training
sample to build individual trees. However, Random Forests also employ fea-
ture selection at each split. Extremely Randomized Trees, on the contrary,
use the entire learning sample but add randomization in the split procedure.

The theoretical guarantees of Random Forests remain an open question.
However, the rate of convergence for a simplified model called Centered Ran-
dom Forests (Breiman, 2004) has been discussed in Biau (2012) and Klusowski
(2021). Centered Forests operate under the following principles: (i) the input
space is [0, 1]𝑑 ; (ii) it does not involve a resampling step; (iii) at each node of
every individual tree, a coordinate is uniformly chosen from {1, . . . , 𝑑}; and
(iv) a split is made at the center of the cell along the selected coordinate.

In this work, we aim to understand how tuning parameters influence the
accuracy of the proposed estimates. Specifically, we consider the number
of trees and the maximum depth of each tree as tuning parameters. To this
end, we conduct experiments on two simple integration problems: integration
with respect to the uniform distribution on a unit cube and integration with
respect to the normal distribution. Additionally, we consider integration with
respect to a mixture of two Gaussian distributions. Furthermore, we apply the
proposed estimates to calculate the variance of the asymptotic distribution of
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U-statistics.
The outline of the chapter is as follows. Section 5.2 describes the decision

tree and random forest methods. In Section 5.3, we explain the mechanism
of control variate construction and identify some applications. In Section 5.4,
we perform the numerical studies. Additional numerical results are provided
in the Appendix.

5.2 Decision trees and random forests

Before we dive into decision trees, let us begin by introducing some basic
terms.

Definition 5.1 (Root node). The root node is the initial node at the beginning
of a decision tree, where the entire population or dataset starts dividing based on
various features or conditions.

Definition 5.2 (Decision nodes). Nodes resulting from the splitting of the root
node are known as decision nodes. These nodes represent intermediate decisions
or conditions within the tree.

Definition 5.3 (Leaf nodes). Leaf nodes are the nodes where further splitting
is not possible, often indicating the final classification or outcome. Leaf nodes
are also referred to as terminal nodes.

Definition 5.4 (Parent and child nodes). In a decision tree, a node that is di-
vided into sub-nodes is known as a parent node, and the sub-nodes emerging
from it are referred to as child nodes. The parent node represents a decision
or condition, while the child nodes represent the potential outcomes or further
decisions based on that condition.

5.2.1 Regression trees

A decision tree is a model that makes predictions based on a series of binary
splits in the feature space. Here are the key principles for constructing a
decision tree:
1. Recursive binary splitting: The process begins with the entire dataset.

The algorithm recursively splits the data at each node into two child nodes.
The split is based on the feature that results in the greatest reduction in
a certain criterion, typically the mean squared error (MSE) for regression
tasks.

2. Selection of splits: For each feature, the algorithm evaluates all possible
split points. For each candidate split, it calculates the reduction in MSE
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from the parent node to the child nodes. The split that maximizes this
reduction in MSE is chosen. See Algorithm 5.1.

3. Stopping criteria: The recursive splitting continues until one of the stop-
ping criteria is met. Common stopping criteria include:
■ A maximum depth of the tree is reached.
■ The number of samples in a node is less than a minimum threshold.

4. Prediction: For regression trees, the prediction for a new observation is
the mean response of the training samples in the leaf node that the obser-
vation falls into.

Algorithm 5.1 Finding the best split in a node
Require: Features 𝑋𝑖 𝑗 , 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑑 , responses 𝑦𝑖 , 𝑖 = 1, . . . , 𝑛
1: Initialize variables best_feature, best_threshold, best_mse
2: for 𝑗 = 1 to 𝑑 do
3: Sort the feature values 𝑋𝑖 𝑗 among all points 𝑖 in the current node
4: for each unique value 𝑡 in the sorted feature values do
5: Split the dataset into two subsets: 𝑆𝐿 = { (𝑋𝑖 , 𝑦𝑖 ) | 𝑋𝑖 𝑗 ≤ 𝑡 } and 𝑆𝑅 = { (𝑋𝑖 , 𝑦𝑖 ) | 𝑋𝑖 𝑗 > 𝑡 }
6: Calculate the MSE for this split as MSE(𝑆 ) = 1

|𝑆 |

(∑
𝑖∈𝑆𝐿 (𝑦𝑖 − 𝑦𝑆𝐿 )

2 + ∑
𝑖∈𝑆𝑅 (𝑦𝑖 − 𝑦𝑆𝑅 )

2
)

7: if MSE(𝑆 ) < best_mse then
8: Update best_feature, best_threshold, best_mse
9: end if
10: end for
11: end for
12: return best_feature, best_threshold, best_mse

From a mathematical perspective, the given set of possible values
𝑋1, . . . , 𝑋𝑛 are divided into 𝐽 distinct and non-overlapping regions 𝑅1, . . . , 𝑅𝐽 .
For a given observation falling into the region𝑅 𝑗 , the prediction is equal to the
mean of the response values 𝑦𝑖 for all 𝑛 𝑗 training observations in the region
𝑅 𝑗 , i.e.,

𝑦 𝑗 =
1
𝑛 𝑗

∑︁
𝑋𝑖 ∈𝑅 𝑗

𝑦𝑖 .

Therefore, 𝑓 (𝑋𝑖) = 𝑦 𝑗 for all 𝑋𝑖 ∈ 𝑅 𝑗 . Figure 5.1 shows the representation
of a regression tree and its boundaries where 𝐹1, 𝐹2 are features, 𝑠1, 𝑠2, 𝑠3 are
thresholds and 𝑅1, 𝑅2, 𝑅3, 𝑅4 are decision regions.

In order to calculate the integral 𝜇 (𝑓 ), we need to obtain the boundaries
of the regions 𝑅1, . . . , 𝑅𝐽 . We know that 𝑓 is constant on each of these regions,
𝑓 (𝑥) = ∑𝐽

𝑗=1𝑦 𝑗1𝑅 𝑗
(𝑥). Therefore,

𝜇 (𝑓 ) =
𝐽∑︁
𝑗=1
𝑦 𝑗𝜇 (𝑅 𝑗 ),

where 𝜇 (𝑅 𝑗 ) =
∫
𝑅 𝑗
𝜇 (d𝑥) is the volume of 𝑅 𝑗 . For retrieving the boundaries of

each 𝑅 𝑗 , we start at the leaf nodes and move upwards. When the child node is
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Figure 5.1: Regression tree and its decision boundaries

the one on the left (a condition of the form 𝐹𝑘 ≤ 𝑠𝑘 is satisfied), we establish
the feature boundary on the right. Similarly, if the child node is the one on the
right (a condition of the form 𝑠𝑘 < 𝐹𝑘 is satisfied), we assign the boundary
on the left. This procedure takes into account the cases where the feature
may have been previously selected for splitting, and a boundary has already
been assigned. Since 𝑅 𝑗 is a rectangle, 𝑅 𝑗 =

∏𝑑
𝑘=1{𝐹𝑘 : 𝑎𝑘 𝑗 < 𝐹𝑘 ≤ 𝑏𝑘 𝑗 } with

thresholds −∞ ≤ 𝑎𝑘 𝑗 < 𝑏𝑘 𝑗 ≤ ∞, calculating the volume 𝜇 (𝑅 𝑗 ) is easiest
when 𝜇 is a product measure, 𝜇 = ⊗𝑑

𝑘=1𝜇𝑘 : then

𝜇 (𝑅 𝑗 ) =
𝑑∏
𝑘=1

𝜇𝑘 ({𝐹𝑘 : 𝑎𝑘 𝑗 < 𝐹𝑘 ≤ 𝑏𝑘 𝑗 }). (5.1)

5.2.2 Random forests

The lower-case term random forests is employed to describe any ensemble of
decision trees, whereas the ensemble method introduced by Breiman (2001)
is specifically referred to as Random Forests with capital letters. Here, we
present some types of random forests:
■ Bagging (Bootstrap Aggregating) (Breiman, 1996): Bagging involves
training decision trees on bootstrap samples of the training set. Bootstrap
sampling randomly selects observations with replacement, creating multi-
ple datasets of the same size but with potential repetition of certain data
points. Each decision tree in the Bagging ensemble is trained on one of
these bootstrap samples. By combining predictions from multiple trees,
Bagging aims to improve model stability and accuracy. This is achieved by
reducing the variance of the base learner, which is often high when using
models like decision trees that can overfit the training data.

■ Random Forests (Breiman, 2001): Random Forests extend Bagging by
introducing additional randomness in the feature selection process dur-
ing tree construction. Instead of considering all features for determining
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the best split at each node, Random Forests randomly select a subset of
𝐾 features from the total 𝑑 features. This random feature subset selec-
tion promotes diversity among the trees, thereby reducing correlation be-
tween them and improving generalization ability. While the standard Algo-
rithm 5.1 considers all features to find the best split, in Random Forests, 𝐾
features are randomly selected after initialization and used for subsequent
steps, enhancing the model’s robustness and performance across various
datasets and learning tasks.

■ Extremely Randomized Trees (Geurts et al., 2006): Extremely Random-
ized Trees (or Extra-Trees) differ from Random Forests in that they do not
use bootstrap samples. Instead, the entire training set is used to build
each tree. The algorithm selects random thresholds for each feature, cho-
sen uniformly at random between the maximum and minimum values of
that feature. Using these randomly selected thresholds, the algorithm then
searches for the best split among them (see Algorithm 5.2). This approach
reduces computational complexity and can lead to faster training times. It
also includes random feature selection. In the special case where 𝐾 = 1,
Extremely Randomized Trees reduce to Totally Randomized Trees, in which
both a feature and a threshold are drawn at random at each node.

Algorithm 5.2 Finding the best random split in a node
Require: Features 𝑋𝑖 𝑗 , 𝑖 = 1, . . . , 𝑛, 𝑗 = 1, . . . , 𝑑 , responses 𝑦𝑖 , 𝑖 = 1, . . . , 𝑛
1: Initialize variables best_feature, best_threshold, best_mse
2: for 𝑗 = 1 to 𝑑 do
3: Determine the range of the feature values 𝑋𝑖 𝑗 : [min(𝑋𝑖 𝑗 ),max(𝑋𝑖 𝑗 ) ] among all points 𝑖 in the

current node
4: Generate 𝐾 random thresholds 𝑡𝑘 uniformly within this range
5: for each random threshold 𝑡𝑘 do
6: Split the dataset into two subsets: 𝑆𝐿 = { (𝑋𝑖 , 𝑦𝑖 ) | 𝑋𝑖 𝑗 ≤ 𝑡𝑘 } and 𝑆𝑅 = { (𝑋𝑖 , 𝑦𝑖 ) | 𝑋𝑖 𝑗 > 𝑡𝑘 }
7: Calculate the MSE for this split as MSE(𝑆 ) = 1

|𝑆 |

(∑
𝑖∈𝑆𝐿 (𝑦𝑖 − 𝑦𝑆𝐿 )

2 + ∑
𝑖∈𝑆𝑅 (𝑦𝑖 − 𝑦𝑆𝑅 )

2
)

8: if MSE(𝑆 ) < best_mse then
9: Update best_feature, best_threshold, best_mse
10: end if
11: end for
12: end for
13: return best_feature, best_threshold, best_mse

The time complexity for building a single tree and forests of 𝑀 random-
ized trees is stated in Table 5.1 for two cases (Louppe, 2014):

■ Best case. In this situation, we consider the most efficient procedure
when node samples can always be partitioned into two balanced sub-
sets of 𝑁 /2 observations where 𝑁 is the number of observations in the
current node.

■ Worst case. This case is characterized by the least efficient procedure
when splits are unbalanced. In the worst-case scenario, this results in
splits that move a single observation in the first sub-tree and put all
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𝑁 − 1 others in the second sub-tree.
As Bagging and Random Forests are constructed on bootstrap samples,

we have 𝑛̃ = 0.632𝑛 in Table 5.1 due to the fact that bootstrap samples draw,
on average, 63.2% of unique samples.

Best case Worst case

Single tree O(𝑑𝑛 log2(𝑛)) O(𝑑𝑛2 log(𝑛))
Bagging O(𝑀𝑑𝑛̃ log2(𝑛̃)) O(𝑀𝑑𝑛̃2 log(𝑛))

Random Forests O(𝑀𝐾𝑛̃ log2(𝑛̃)) O(𝑀𝐾𝑛̃2 log(𝑛̃))
Extremely Randomized Trees O(𝑀𝐾𝑛 log(𝑛)) O(𝑀𝐾𝑛2)

Table 5.1: Time complexity for building forests.

5.3 Control variates

The idea is to consider various regression trees to obtain optimal control vari-
ates. For instance, one can explore both fully grown trees and trees with lim-
ited maximum depth. The reason for considering the latter ones is to reduce
memory consumption, the complexity and size of the tree. Note that if we use
the full sample 𝑋1, . . . , 𝑋𝑛 as the learning sample to construct a single tree or
Extremely Randomized Trees we obtain

∑𝑛
𝑖=1 𝑓 (𝑋𝑖) =

∑𝑛
𝑖=1 𝑓 (𝑋𝑖). This comes

from the fact that, for each region 𝑅 𝑗 ,∑︁
𝑋𝑖 ∈𝑅 𝑗

𝑓 (𝑋𝑖) =
∑︁
𝑋𝑖 ∈𝑅 𝑗

1
𝑛 𝑗

∑︁
𝑋𝑖 ∈𝑅 𝑗

𝑦𝑖 =
∑︁
𝑋𝑖 ∈𝑅 𝑗

𝑓 (𝑋𝑖) .

Therefore, we have
𝜇
(CV)
𝑛 (𝑓 ) = 𝜇 (𝑓 ).

Regarding the integral 𝜇 (𝑓 ), we can calculate it exactly by retrieving the de-
cision boundaries provided 𝜇 is a product measure as defined in Eq. (5.1).

Next, we repeat this procedure several times, constructing a new regres-
sion tree each time. Eventually, we obtain control variates by aggregating the
outputs from each tree, leading to the random forest control variate estimate.

Consider the following examples of applying the proposed approach:
■ Mixturemodels. This approach remains valid evenwhen integratingwith
respect to a mixture probability measure 𝜇 =

∑
𝑖 𝑤𝑖𝜇𝑖 , where

∑
𝑖 𝑤𝑖 = 1 and

𝑤𝑖 > 0, and where each 𝜇𝑖 is a product measure. This is due to the linearity
of integration with respect to measures, which allows us to express 𝜇 (𝑓 )
as

∑
𝑖 𝑤𝑖𝜇𝑖 (𝑓 ).
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■ Asymptotic distribution of U-statistics. Another context where this
type of integral arises is when considering a U-statistic, which is repre-
sented as

𝑈 =
1(
𝑛
𝑚

) ∑︁
1≤𝑖1<𝑖2<· · ·<𝑖𝑚≤𝑛

ℎ(𝑋𝑖1, 𝑋𝑖2, . . . , 𝑋𝑖𝑚 ),

where 𝑋1, . . . , 𝑋𝑛 is an i.i.d. sample from 𝜇, 𝑚 ≤ 𝑛 is the order of the U-
statistic, and ℎ is a symmetric kernel function. To calculate the variance of
the asymptotic distribution of a U-statistic, which is equal to𝑚2𝜁1, we need
to calculate the following covariance (van der Vaart, 1998):

𝜁1 = cov
(
ℎ(𝑋1, 𝑋2, . . . , 𝑋𝑚), ℎ(𝑋1, 𝑋

′
2, . . . , 𝑋

′
𝑚)

)
= E

[
ℎ(𝑋1, 𝑋2, . . . , 𝑋𝑚)ℎ(𝑋1, 𝑋

′
2, . . . , 𝑋

′
𝑚)

]
− 𝜃 2,

where 𝑋1, 𝑋2, . . . , 𝑋𝑚, 𝑋
′
2, . . . , 𝑋

′
𝑚 are i.i.d. variables from 𝜇, 𝜃 =

E [ℎ(𝑋1, 𝑋2, . . . , 𝑋𝑚)] and E
[
ℎ(𝑋1, 𝑋2, . . . , 𝑋𝑚)ℎ(𝑋1, 𝑋

′
2, . . . , 𝑋

′
𝑚)

]
is the

(2𝑚 − 1)-dimensional integral of interest.

5.4 Numerical study

In this section we investigate how different tuning parameters affect the root
mean square errors of the proposed estimates. We examine two scenarios of
the integration problem 𝜇 (𝑓 ) =

∫
𝑓 d𝜇:

■ Integration on [0, 1]𝑑 . Consider the case where the measure 𝜇 is the
uniform distribution over the unit cube [0, 1]𝑑 and the integrand 𝑓 is

𝑓1(𝑥1, . . . , 𝑥𝑑 ) =
𝑑∏
𝑖=1

log(2)21−𝑥𝑖 − 1.

■ Integration on R𝑑 . Now consider the integration problem∫
𝑓2(𝑥)𝜓 (𝑥) d𝑥 where 𝜓 (·) denotes the probability density function of

the multivariate Gaussian distribution N(0, 𝐼𝑑 ) and

𝑓2(𝑥1, . . . , 𝑥𝑑 ) = sin
(
𝜋

𝑑

𝑑∑︁
𝑖=1

𝑥𝑖

)
.

Next, we consider the following estimates: standard Monte Carlo (MC),
Random Forest Control Variates (RFCV), Extremely Randomized Trees Con-
trol Variates (ERTCV), and Bagging Control Variates (BCV).
Maximum depth. We first explore the influence of the limited maximum
tree depth 𝐷max on the RMSE of each estimate. For the sake of simplicity, we
operate with only one tree. We fix the Monte Carlo sample size 𝑛 = 10000
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Figure 5.2: Plots of the root mean square errors with different maximum depth ob-
tained over 100 replications

and the dimension of the integration domain 𝑑 = 2, 3, 4. For Random Forests,
we set 𝐾 = ⌈𝑑/2⌉. The RMSE plots for both scenarios are shown in Figure 5.2.

For the function 𝑓1, we observe that as the tree depth increases, the RMSE
decreases for all three estimates. For shallower depths 𝐷max = 5, 10, it is
not clear which estimate shows the better performance. However, for deeper
trees with 𝐷max = 15, ERTCV outperforms the other estimates.

For the function 𝑓2, we reach the same conclusion about the RMSE as for
the uniform scenario. For trees with 𝐷max = 10, 15, BCV outperforms the
other estimates.
Number of trees. In this case we consider whether using a larger number
of trees improves the RMSE of each estimate. We fix 𝑑 = 4 and 𝑛 = 1000. The
maximum depth is taken as ⌈log(𝑛)⌉. In Figure 5.3 you can see the results for
both scenarios.

Based on the results, we can conclude that using more than one tree is
beneficial. However, increasing the number of trees does not always result in
improvement.
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Figure 5.3: Plots of the root mean square errors for ERTCV, BCV and RFCV with
different tree numbers obtained over 100 replications

Optimal trees. Taking into account the conclusions concerning the maxi-
mum depth and the number of trees, we now construct optimal trees. We
perform simulation studies for both scenarios with 𝑑 = 2, 3, 4 and 𝑛 =

100, 1000, 10000. For the control variates, we build fully grown trees since
increasing the depth of the trees decreases the RMSE. The number of trees is
chosen as 𝑀 = 5. In Figure 5.4, the plots of the root mean square errors for
integrands 𝑓1 and 𝑓2 are presented.

102 103 104

Sample size
10 5

10 4

10 3

10 2

10 1

Ro
ot

 M
ea

n 
Sq

ua
re

 E
rro

r

MC
ERTCV
BCV
RFCV

(a) 𝑓1 (𝑑 = 2)
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(b) 𝑓1 (𝑑 = 3)
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(c) 𝑓1 (𝑑 = 4)
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(d) 𝑓2 (𝑑 = 2)
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(e) 𝑓2 (𝑑 = 3)
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(f) 𝑓2 (𝑑 = 4)

Figure 5.4: Plots of the root-mean square errors obtained over 100 replications with
fully grown trees

From Figure 5.4, we can see that all three estimates behave similarly, with
ERTCV showing a slight outperformance.
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Gaussian mixture model. Consider a mixture of two Gaussian distribu-
tions, 0.5N(−𝜃, Σ) + 0.5N(𝜃, Σ), with 𝜃 = (1, . . . , 1)⊤/(2

√
𝑑) and Σ = 𝐼𝑑/𝑑 .

The integrands are defined as 𝑓3 =
∑𝑑
𝑖=1 𝑥𝑖 and 𝑓4 =

∑𝑑
𝑖=1 𝑥

2
𝑖 . The boxplots

of 𝜇 (𝑓3) and 𝜇 (𝑓4)/𝜇 (𝑓4) with 𝑛 = 1000 and 𝑑 = 2, 3, 4 are presented in Fig-
ures 5.5a and 5.5b respectively. The control variates are built with𝑀 = 5 fully
grown trees.
Signed rank statistic. Consider the U-statistic with the kernel function
ℎ(𝑥1, 𝑥2) = 1{𝑥1 +𝑥2 > 0} of degree𝑚 = 2. It can be used as a test statistic for
investigating whether the distribution of the observations is located at zero.
Under the null hypothesis that the distribution is symmetric about 0, we have
𝜃 = 𝑃 (𝑋1+𝑋2 > 0) = 1/2 and 𝑃 (𝑋1+𝑋2 > 0, 𝑋1+𝑋 ′

2 > 0) = 𝑃 (𝑋1 > −𝑋2, 𝑋1 >

−𝑋 ′
2) = 𝑃 (𝑋1 > 𝑋2, 𝑋1 > 𝑋 ′

2) = 1/3 since this is just the probability that of
three i.i.d. random variables, the first is the largest. Therefore,

𝑚2𝜁1 =𝑚
2(E[ℎ(𝑋1, 𝑋2)ℎ(𝑋1, 𝑋

′
2)] − 𝜃 2) = 4(1/3 − (1/2)2) = 1/3.

Consider the case when 𝑋1, 𝑋2, 𝑋
′
2 ∼ N(0, 1). The boxplots of the ratio 𝜁1/𝜁1

are presented in Figure 5.6a. The control variates are built with 𝑀 = 5 fully
grown trees.
Kendall’s 𝜏 . In this example the observations are a sample of bivariate vec-
tors, written as (𝑋1, 𝑌1), . . . , (𝑋𝑛, 𝑌𝑛). For convenience, we denote them below
as 𝑍1, . . . , 𝑍𝑛 . Kendall’s 𝜏 statistic is

𝜏 =
4

𝑛(𝑛 − 1)
∑︁∑︁

𝑖< 𝑗

1{(𝑌𝑗 − 𝑌𝑖) (𝑋 𝑗 − 𝑋𝑖) > 0} − 1.

This statistic is a measure of dependence between 𝑋 and 𝑌 . The statistic 𝜏 + 1
is a U-statistic of order 2 for the kernel

ℎ(𝑧1, 𝑧2) = ℎ
((
𝑥1
𝑦1

)
,

(
𝑥2
𝑦2

))
= 2 · 1{(𝑦2 − 𝑦1) (𝑥2 − 𝑥1) > 0}.

If 𝑋 and 𝑌 are independent and have continuous marginal distribution func-
tions, then E𝜏 = 0 and the asymptotic variance

4𝜁1 = 4(E[ℎ(𝑍1, 𝑍2)ℎ(𝑍1, 𝑍
′
2)] − (𝜏 + 1)2)

can be calculated to be 4/9, independently of the marginal distributions. Con-
sider the case when 𝑋,𝑌 ∼ N(0, 1). The boxplots of the ratio 𝜁1/𝜁1 are pre-
sented in Figure 5.6b. The control variates are built with 𝑀 = 5 fully grown
trees.
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(a) 𝑓3 =
∑𝑑
𝑖=1 𝑥𝑖 (b) 𝑓4 =

∑𝑑
𝑖=1 𝑥

2
𝑖

Figure 5.5: Boxplots of 𝜇 (𝑓3) and 𝜇 (𝑓4)/𝜇 (𝑓4) obtained over 100 replications for
Gaussian mixture model

(a) Signed rank statistic (b) Kendall’s 𝜏

Figure 5.6: Boxplots of 𝜁1/𝜁1 obtained over 100 replications for U-statistics

For the Gaussian mixture model with 𝑓4 =
∑𝑑
𝑖=1 𝑥

2
𝑖 (Figure 5.5b) and

Kendall’s 𝜏 (Figure 5.6b), we observe that the proposed estimates are biased.
This phenomenon is discussed in Hastie et al. (2001) and Geurts et al. (2006).
The bias of a random forest equals the bias of any of the individual sam-
pled trees, which is typically greater than the bias of an unpruned tree due
to randomization and reduced sample space. Therefore, the improvements in
prediction obtained by Bagging, Random Forests, and Extremely Randomized
Trees are primarily a result of variance reduction.

5.5 Appendix

In this section, we consider another type of random forest known as Mon-
drian forests and present additional numerical results for the control variate
estimator based on this approach.
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5.5.1 Mondrian forests

Mondrian forests are a class of efficient and accurate online random forests
introduced by Lakshminarayanan et al. (2014). The algorithm for this class of
forests is based on the Mondrian process (Roy and Teh, 2008), a natural prob-
ability distribution on the set of recursive partitions of a bounded domain. In
comparison with classical random forests, the trees in the Mondrian forest al-
gorithm differ in that the splits at internal nodes are sampled independently
from the target variables, each node is associated with a specific time indi-
cating when the split occurs, and the lifetime parameter 𝜆 > 0 controls how
many splits are made, similarly to how themaximum depth works in standard
regression trees.

The Mondrian forest algorithm (Mourtada et al., 2018)

Given a rectangular box 𝐶 =
∏𝑑

𝑗=1 [𝑎 𝑗 , 𝑏 𝑗 ] ⊆ R𝑑 , where 𝑎 𝑗 and 𝑏 𝑗 represent
the lower and upper bounds of the feature space in the 𝑗-th dimension, we
let |𝐶 | :=

∑𝑑
𝑗=1(𝑏 𝑗 − 𝑎 𝑗 ) denote its linear dimension. The Mondrian process

MP(𝐶) is a distribution on (infinite) tree partitions of𝐶 . Mondrian partitions
are built by iteratively splitting cells at some random time which depends on
the linear dimension of the cell; the splitting probability on each side is pro-
portional to the side length of the cell, and the position is drawn uniformly.
The Mondrian process distribution MP(𝜆,𝐶) is a distribution on tree parti-
tions of 𝐶 , resulting from the pruning of partitions drawn from MP(𝐶). The
pruning is done by removing all splits occurring after time 𝜆 > 0. Sampling
from the distribution MP(𝜆,𝐶) can be done efficiently by applying the recur-
sive procedure described in Algorithm 5.3.

Algorithm 5.3 SampleMondrian(𝐶, 𝜏, 𝜆): sampling a Mondrian partition of
𝐶

Require: A cell 𝐶 =
∏𝑑

𝑗=1 [𝑎 𝑗 , 𝑏 𝑗 ], starting time 𝜏 and lifetime parameter 𝜆
1: Sample a random variable 𝐸𝐶 ∼ Exp( |𝐶 |)
2: if 𝜏 + 𝐸𝐶 ≤ 𝜆 then
3: Sample a split dimension 𝐽 ∈ {1, . . . , 𝑑}, with P(𝐽 = 𝑗) = (𝑏 𝑗 − 𝑎 𝑗 )/|𝐶 |
4: Sample a split threshold 𝑆 𝐽 uniformly in [𝑎 𝐽 , 𝑏 𝐽 ]
5: Split 𝐶 along the split (𝐽 , 𝑆 𝐽 ): let 𝐶0 = 𝑥 ∈ 𝐶 : 𝑥 𝐽 ≤ 𝑆 𝐽 and 𝐶1 = 𝐶 \𝐶0
6: return SampleMondrian(𝐶0, 𝜏 + 𝐸𝐶 , 𝜆) ∪ SampleMondrian(𝐶1, 𝜏 + 𝐸𝐶 , 𝜆)
7: else
8: return C (i.e., do not split 𝐶)
9: end if
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5.5.2 Additional numerical simulations

We perform additional simulation studies for the integrand 𝑓1(𝑥1, . . . , 𝑥𝑑 ) =∏𝑑
𝑖=1 log(2)21−𝑥𝑖 − 1 with respect to the uniform distribution on [0, 1]𝑑 , con-

structing control variates using Mondrian forests, which we call Mondrian
Control Variates (MCV).

For building Mondrian trees, we use the implementation from the Python
library scikit-garden (Kumar and contributors, 2017). The choice has fallen on
this library because it is compatible with scikit-learn (Pedregosa et al., 2011),
which we use to construct all other types of regression trees and to extract
their boundaries when calculating the integrals of the control variates. The
setup for the estimates is the same as in Section 5.4.
Maximum depth. Recall that we operate with only one tree. We fix the
Monte Carlo sample size at 𝑛 = 10 000 and the dimension of the integration
domain at 𝑑 = 2, 3, 4. For Random Forests, we set 𝐾 = ⌈𝑑/2⌉. The RMSE plots
for 𝑓1 with different maximum depths are shown in Figure 5.7.
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Figure 5.7: Plots of the root mean square errors for 𝑓1 with different maximum
depths obtained over 100 replications

As we can see, MCV does not outperform the other estimates. However,
this is because maximum depth is not a tuning parameter for Mondrian trees.
To obtain more reasonable results, we need to account for the lifetime param-
eter 𝜆. However, the current implementation does not consider this. While
the splits are performed using the Mondrian process, the stopping criteria re-
main the same as in classical regression trees, such as reaching a maximum
tree depth or when the number of samples in a node falls below a minimum
threshold.
Number of trees. Recall that we fix 𝑑 = 4 and 𝑛 = 1 000. The maximum
depth is taken as ⌈log(𝑛)⌉. Figure 5.8 shows the results for 𝑓1 with different
numbers of trees.
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Figure 5.8: Plot of the root mean square errors for 𝑓1 with different tree numbers
obtained over 100 replications

We observe that the performance of MCV is nearly the same as that of
BCV and RFCV. However, the theoretical investigations for a tuning parame-
ter such as the number of trees for Mondrian forests are presented in Mour-
tada et al. (2018) and O’Reilly and Tran (2024). This parameter must be chosen
in conjunction with the other tuning parameter, the lifetime parameter 𝜆.
Optimal trees. Recall that we perform simulation studies for 𝑓1 with 𝑑 =

2, 3, 4 and 𝑛 = 100, 1000, 10000. For the control variates, we build fully grown
trees. The number of trees is chosen as 𝑀 = 5. In Figure 5.9, the plots of the
root mean square errors for 𝑓1 are presented.
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(b) 𝑑 = 3
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(c) 𝑑 = 4

Figure 5.9: Plots of the root mean square errors for 𝑓1 obtained over 100 replications
with fully grown trees

We observe that MCV performs as well as the other estimates. However,
asmentioned above, theoretical analyses ofMondrian forests (Mourtada et al.,
2018; O’Reilly and Tran, 2024) suggest optimal values for both the number of
trees and the lifetime parameter 𝜆, which may improve both accuracy and
computational efficiency.





Conclusion and discussion 6
The main objective of this thesis was to improve the accuracy of the standard
Monte Carlo integration procedure using the variance reduction technique
called the method of control variates. By definition, control variates are func-
tions with known expectations. However, the main challenge was to con-
struct suitable control variates for each specific problem to effectively reduce
the variance of the integration procedure. During the research, we explored
various techniques frommathematics andmachine learning to construct such
functions. Additionally, we investigated various applications of this method.

In Chapter 2, we explored another variance reduction technique called
adaptive importance sampling and combined it with control variates. This
approach presented both theoretical and practical challenges. Theoretical as-
pects included establishing a non-asymptotic error bound based on martin-
gale theory due to the lack of independence between samples. Additionally,
during the proof, we developed a novel bound on the smallest eigenvalue
of specific random matrices. We also investigated the properties of this ap-
proach. On the practical side, we employed Stein control variates, which have
the advantage that they do not require knowledge of the proportionality con-
stant of the target density.

In Chapter 3, we examined a widely used machine learning technique,
namely the nearest neighbor method, to construct control variates. This ap-
proach presented several challenges. We established the convergence rates of
two proposed estimates on a bounded metric space. Additionally, we consid-
ered closed Riemannian manifolds as a particular case, since later in the nu-
merical part, we performed integration on such manifolds as the unit sphere
and the orthogonal group. However, the non-asymptotic bounds were estab-
lished only for a compact subset of Euclidean space. Besides, a bound on the
𝐿𝑝 approximation of the nearest neighbor function estimate was derived. A
practical issue was calculating the expectation of the nearest neighbor esti-
mate, which required computation of the Voronoi volumes. This task is dif-
ficult to accomplish because Voronoi cells rapidly increase in complexity as
the dimension grows. We addressed this issue by approximating the required
expectation without extra evaluations of the integrand. Regarding possible
extensions, the method can be practically applied to other sampling designs,

149
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such as MCMC and adaptive importance sampling, even though the theory
for this method is restricted to independent random variables.

In Chapter 4, we focused on incorporating control variates for a spe-
cific problem originating from optimal transport and widely used in machine
learning, namely the calculation of the Sliced-Wasserstein distance. Since the
integration domain is the unit sphere, we proposed employing spherical har-
monics as control variates. The theoretical analysis was complicated by the
limited knowledge of the smoothness properties of the integrand appearing in
the definition of the Sliced-Wasserstein distance; currently, its Lipschitz conti-
nuity is the only established property. We derived the asymptotic integration
error bound of the proposed estimator. However, the concentration inequal-
ity remained an open question. From a practical perspective, we implemented
our estimate in the Kernel SVM for image classification. A potential practical
issue can be that the number of control variates increases rapidly with the
dimension. However, in such cases, one could rely on the lasso procedure for
control variate selection, as discussed in Leluc et al. (2021).

In Chapter 5, we explored another machine learning technique, specifi-
cally random forests, for constructing control variates. Among the variety of
different random forests, we focusedmostly on three types: Bagging, Random
Forests, and Extremely Randomized Trees. We performed numerical analysis
to investigate how different tuning parameters for constructing trees influ-
enced the performance of the proposed estimates. However, the theoreti-
cal analysis of the proposed estimates remained an open problem due to in-
sufficient theoretical investigations on these random forest methods. From
a practical perspective, we applied our method to calculate the variance of
the asymptotic distribution of U-statistics. Concerning the drawbacks, the
method is limited to cases of product probability measures, and it introduces
bias in some situations.

For all proposed estimates, the question of inference was not discussed.
However, the asymptotic bound for the SHCV estimator in Chapter 4 was de-
rived based on Theorem 1 from Portier and Segers (2019). This paper estab-
lishes also the central limit theorem for the estimator (see their Theorem 2).
This justifies the use of the usual asymptotic confidence intervals with nom-
inal coverage 1−𝛼 given by 𝜇𝑛,ols ± 𝑧1−𝛼/2𝜎̂𝑛,ols, where 𝑧𝑝 is the 𝑝-th quantile
of the standard normal distribution, 𝜇𝑛,ols corresponds to the SHCV estimate,
and 𝜎̂2

𝑛,ols is the usual estimator of the residual variance in the multiple linear
regression problem that underlies the OLSMC estimator.

Concerning the AISCV estimator in Chapter 2, it may be possible to es-
tablish its asymptotic normality, similar to the normalized AIS estimator in
Portier and Delyon (2018). First, in their Theorem 1, the authors establish a
central limit theorem for the AIS estimator using the martingale CLT (Hall
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and Heyde, 1980, Corollary 3.1). Then, in their Corollary 1, they apply the
delta method to extend the result to the normalized version of the estimator.

For the control variate estimators based on nearest neighbor (Chapter 3)
or random forest (Chapter 5) methods, we can construct confidence intervals
by means of Monte Carlo simulations. Recall that we construct the control
variate estimate in the following form:

I(cv)
𝑛 (𝑓 ) = 1

𝑛

𝑛∑︁
𝑖=1

[
𝑓 (𝑋𝑖) −

{
𝑓𝑛 (𝑋𝑖) − I(𝑓𝑛)

}]
.

To avoid additional evaluations of the integrand, we propose drawing new
𝑁 samples only for the control variate part. After generating multiple sets
of control variate estimates via Monte Carlo simulations, we can construct
confidence intervals based on the empirical distribution of these estimates.
Specifically, we calculate the quantiles of the distribution of I(cv)

𝑛 , which pro-
vides a range of values within which the true integral lies with a given con-
fidence level.

Among the possible lines of research could be the following:
■ In South et al. (2023), the authors present empirical evidence that the use of
penalized regression techniques such as lasso and ridge regression in the se-
lection of high-dimensional control variates offers performance gains over
the classical least squares method. Their findings indicate that lasso gener-
ally outperforms ridge regression in the considered examples. While Leluc
et al. (2021) provide theoretical support for lasso-based control variate se-
lection, research on ridge regression in this context is lacking. Additionally,
it is viable to explore the combination of these techniques, known as the
elastic net (Zou and Hastie, 2005). Moreover, more advanced methods like
the adaptive lasso (Zou, 2006) and the adaptive elastic net (Zou and Zhang,
2009) could also be considered.

■ In Chapter 5, we considered classical ensembles of regression trees and, in
its appendix, we slightly explored more advanced random forests, namely
Mondrian forests (Lakshminarayanan et al., 2014), for constructing control
variates. A deeper investigation into the latter could be promising, as some
theoretical studies exist. For instance, Mourtada et al. (2018) and O’Reilly
and Tran (2024) provide minimax optimal rates for this class of forests in
arbitrary dimensions.
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