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1 Introd uc tion

Severalcontributionshave stressed inthe recent yearsthe role oftechnology
ad optioncostsinthe grow th process.W hile particular importance hasb een
givento the stud y oftechnologic alinnovationproc esses, the c onsid erable
w eight ofad optioncosts(up-to tw enty timeshigher thanthose for innova-
tioninG DP,see J ovanovic , 1997) hasrecently re-d irec ted interest inthe
professiontow ard sthe stud y ofproblemsofd i®usionand ad optionofnew
technologies.T here isa veryextensiveliterature ofad option,stressingmostly
the spec ī c vintage physicaland humancapitalrequired for implementing
innovations(see amongothers,P arente,199 4 , B enhab ib and Spiegel,199 4 ,
and P arente and P resc ott,1997).B asic ally,implementinga new technology
requirescapitaland (skilled ) lab or resources.B y d ivertingthose resourc es
from the prod uc tive sec tors,the implementationcostsare a realburd enfor
the ec onomies,w hich mayeither prod uc e a slump inG DP and prod uc tivity
grow th (G reenw ood and Y orukoglu,1997), or evencause the ec onomiesto
get into a poverty trap (Dimaria and Le Van,2 0 0 0 ).T he problem ofcostly
ad optionisobviouslymuch more crucialfor d evelopingcountriesw hich typ-
ic ally lack c apitaland skills.Asa consequence,most d evelopingcountries
have kept oninvestingind ominated technologiesfor longperiod softime,
w hich hasind uced a stead y rise inthe technologic algap w ith respec t to the
richest c ountries.T histrend isevensharper after the d eb t c risisofthe early
eighties.

Astechnology ad optioniscostly,ind ucinga signī c ant d elay inthe imple-
mentationoftechnologic alimprovements,the maintenance ofthe technolo-
giesinuse and the associated stockofcapitalisa keyissue.Surprisingly,the
rec ent mac roec onomic literature hasalmost d isregard ed it.1 Amongthe very
few exceptionsd ealingw ith maintenance inthe macroeconomy,one canenu-
merate M c G rattanand Schmitz (1999),Lic and ro and P uch (2 0 0 0 ) and Col-
lard and K ollintzas(2 0 0 1).2 Allthese papersare mostly concerned w ith the
cyclic alpropertiesofmaintenance and itsimplic ationsfor the businesscycle.
Inparticular, the c onnec tionb etw eenthe ad optionand maintenance d ec i-
sionsisnot stud ied .T hisomissioniscertainlynot motivated byquantitative

1 N otsoin the seventies with thenotablecontributions ofFeldstein and R othschild
(1 974),andN ickell(1 975).

2A nothercontribution dealingwith investmentand capitalmaintenance is due to
BoucekkineandR uiz-Tamarit(20 0 1 ),butittakesadeliberatemicroeconomicapproach.
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c onsid erations. Actually, maintenance and ad optioncostsare comparable
intermsofG DP.W hile the former are estimated to b e around 6% ofG DP
(see M c G rattanand Schmitz, 1999, inthe Canad iancase), the latter typi-
cally amount to ab out 10 % ind eveloped c ountriesasreported inJ ovanovic
(1997).T here are further reasonsto b elieve that ad optionand maintenance
d ec isionsare ind eed c onnec ted ,and should b e treated assuch.Anobvious
reasonisthat many¯rmshave inmind the maintenance implic ationsoftheir
ad optiond ec isions.A ¯rm cand isregard the ad optionofa new technologyif
it antic ipatesa c ostlypace ofmaintenance c ostsb oth inphysic aland human
capital.T hisisevenmore cruc ialw hentechnologic alad vancesare emb od ied
incapital.

T here isanother reasonto treat maintenance and ad optionw ithinthe same
framew ork.Ac tually,just like ad option,maintenance d ivertsresourc esfrom
the other sec torsand ac tivities, it c onsequently "competes"w ith ad option
inthisrespec t.M aintenance ac tivitiesd o require humanand physic alc ap-
italjust like ad option, though one canreasonably think that ad optionis
more intensive inhumancapital.T he lab or opportunityc ost ofmaintenance
isstressed inT i®enand M ortimore (199 4 ) w ho stud ied the role ofcapi-
talmaintenance and technology ad optioninthe grow th recovery ofK enya.
M aintenance expend ituresare ind eed includ ed insocialcost-b ene¯t analysis
inthiscountry c ase but "...it isnot alw aysrealized that lab or onmainte-
nance mayhave a risingopportunity c ost...thisrequiresa w ise management
ofrecurrent maintenance costsifthe b ene¯tsofinvestment are to b elasting".
Inthispaper,w e stud y the outc omesofoptimalgrow th mod elsµa la Nelson
and P helps(1966) w here the lab or resourc esofaneconomycanb e allocated
freelyeither to prod uc tion,ad optionor maintenance.Technologic alprogress
isd isemb od ied ,the c entralplanner hasto d ec id e how much lab or hasto b e
d evoted to increasingthe stockofknow led ge ofthe ec onomy(ad option) and
how much lab or should b e assigned to the maintenance ofcapital.

Lab or onmaintenance d ecreasesthe d eprec iationrate ofcapitalasinM c -
G rattanand Schmitz (1999). A frac tionoflab or resourcesisd evoted to
ad opt the innovationscomingfrom ab road ,from a lead ingcountryfor exam-
ple.T here isno R & D ac tivity and lab or resourc esare ¯xed .T hisislikely
to generate aneverlasting technologicalgap asinthe originalNelsonand
P helps' c ontribution.T hiscon̄gurationisnot only suitable for the stud y
ofd evelopingeconomies.It isvery w ell-know nfor example that the largest
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part ofR & D d evoted to the informationtechnologiesisund ertakeninthe
U SA,and that inthisspec ī c ¯eld , the E uropeancountriesare \ad opters"
rather thaninnovators. Insuch a spec ī c c ase, there existsa technologi-
calgap b etw eenthe U SA and E urope,a persistent technologicalgap ind eed
giventhe increasingd i®erence inR & D expensesb etw eenthe tw o continents
inthis¯eld .T hisgap c and erive from a d elib erate strategy,ad optionmay
b e preferred to R & D.T hispaper ad d sanother policy option,and ad d resses
a complementaryissue:Could it b e a case w here c apitalmaintenance ispre-
ferred to ad option?W hat isthe optimalallocationofhumancapitalresourc es
ac rossac tivities?Ifpresumably the maintenance ac tivity d ivertslab or from
ad optionand istherefore likely to d eepenthe technologicalgap, d oesit in
counterpart rise the (d etrend ed ) levelofincome asit red uc esthe negative
impac t ofcapitald eprec iation?How d o maintenance and ad optiond ec isions
shift und er exogenouschangesinthe pac e oftechnologic alprogress,and how
d oesthisa®ec t the ec onomy?Allthese questionsw illb e tackled alongthis
paper.Since the short rund ynamicsofthe c onsid ered mod elsd o not ad d
much to the resultsob tained inthe b alanced grow th paths,w e restric t our
analysisto the latter paths.

T he paper isorganized asfollow s. T he next sec tionisd evoted to b rie°y
present and charac terize the stead ystate equilib rium ofa b enchmarkmod el
ofad optionµa la Nelsonand P helps(1966) w ithout maintenance.Sec tion3
incorporatesmaintenance inthe b enchmarkmod eland examineshow this
a®ec tsthe propertiesofthe mod elinthe stead ystate.Sec tion4 c onclud es.

2 T he b enchmarkmod el

We consid er aneconomyw hich c omprisesa c ontinuum ofin̄nitelived agents,
ind exed from 0 to 1. Allind ivid ualsshare the same preferencesthat are
charac terized by the lifetime utilityfunc tion:

1X

t= 0

¯tU(C t);

w here 0 < ¯ < 1 isa constant d isc ount fac tor and C t isconsumptionin
period t.T here isnot d esutilityoflab or and lab or supplyisexogenousand
equalto one.We assume that lab or ishomogeneous,but it c anb e d evoted
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either to prod uc tion(L) or to ad optionofnew technologies(u),so that

1 = Lt+ ut:

T he ad optionoftechnologiesistherefore c ostlysince it requiresa frac tionof
totallab or supply.We consid er the c ase ofa smallcountryw ithno research
ac tivity.Atrepresentsthe state oftechnologyinuse inthiscountryat d atet.
A0t representsthe state ofknow led ge at time t,that isthe b est technologic al
levelachievable,w hich c ould b e interpreted asthe technologic allevelofthe
rest ofthe w orld . A0t grow sexogenously at a rate °. T he more lab or is
d evoted to ad option, the smaller the technologic algap b etw eenthe small
country and the rest ofthe w orld is.T hismod elingresemblesNelsonand
P helps(1966).M ore prec isely,w e set the follow ingad optionequation:

At = At¡1 + d tuµt
£
A0t¡1¡At¡1

¤

0 < µ < 1:

A rise inthe technology inuse level,At> At¡1, re°ec tseither anincrease
inthe lab or frac tiond evoted to ad option,or anupw ard shift inthe state of
know led ge,A0t,or anexogenousshift inthe prod uc tivity ofthisac tivity, d t.
Anincrease inthe latter variable mayfor example re°ec t anexogenousim-
provement inthe skillsonthe lab or forc e.Note that ad optionhasd ecreasing
returnsto lab or,ie.isconcave w ith respec t tou.Doublingthe lab or frac tion
d evoted to ad optionw illincrease the technology inprac tice levelby a fac -
tor stric tlylow er thantw o.T hisassumptionmimicsthe hypothesisusually
d one inthe R & D literature ac c ord ingto w hich there exist d ec reasingreturns
to the research e®ort (for example,see J ones,1995,or Cab allero and J a®e,
1993).We assume that just like research,technology ad optionissub jec t to
a c row d inge®ec t w hich mainlyre°ec tsred und ancyinthe ad optione®ort.

Finally the ec onomyprod uc esa ¯nalgood w ith a Cob b -Douglastechnology
usingcapitaland lab or,w ith ® the c apitalshare.T he technologic alprogress,
represented by the stock ofknow led ge At, isd isemb od ied . M oreover, w e
hypothesize animplementationd elay ofone period ,inother w ord sit takes
one period to incorporate the technologic alimprovementsinthe prod uc tive
sec tor:

Yt= At¡1K ®
t¡1L

1¡®
t :
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2 .1 T he centralplanner problem

T he fund amentald ec isionto b e takenbya centralplanner insuch anecon-
omyisverysimple:For a givenstockofcapitalK¡1,and stockofknow led ge
A¡1,how much lab or hasto b e d evoted to increase the stockofknow led ge
and how much hasto go to prod uc tion,for the w elfare ofthe ec onomyto b e
maximized ?

M axfKt;At;ut;Lt;Yt;C t;Itg

1X

t= 0

¯tU (C t)

sub jec t to
Yt= At¡1K ®

t¡1L
1¡®
t ; (1)

Kt= [1¡±]Kt¡1 + It; (2 )

At= At¡1 + d tuµt
£
A0t¡1¡At¡1

¤
; (3)

1 = Lt+ ut; (4 )

Yt= C t+ It; (5)

givenA¡1 and K¡1 and the correspond ing positivity c ond itions(notably
0 ·ut· 1). ± isthe c apitald epreciationrate and Itisgrossinvestment.
T he interior solutionofthisoptimizationproblem ischarac terized by the
follow ing¯rst ord er cond itions:

U0(C t) = ¯U 0(C t+ 1)
£
®AtK ®¡1

t L1¡®t+ 1 + [1¡±]
¤
; (6)

¯K ®
tL

1¡®
t+ 1 U

0(C t+ 1) = ¸t¡¯¸t+ 1
£
1¡d t+ 1uµt+ 1

¤
; (7)

(1¡®)At¡1K ®
t¡1L

¡®
t U0(C t) = !t; (8)

¸td tµuµ¡1t

£
A0t¡1¡At¡1

¤
= !t; (9)

w here ! and ¸ are the multipliersassoc iated w ith the lab or market clearing
cond itionand w ith the law ofac cumulationofknow led ge respec tively. !t
c anb e interpreted asthe shad ow w age at t,and ¸tasthe shad ow pric e of
know led ge at thisd ate. E quation(6) isthe stand ard E uler equationob -
tained from R amseygrow th mod els.E quation(7) provid esthe optimalrule
for know led ge ac cumulation.T he marginalprod uc tivity ofknow led ge (eval-
uated intermsofthe marginalutility at t+ 1 b ec ause ofthe one-period
implementationd elay) should b e equalto itsshad ow pric e at t,minusthe
potentialgaininthe value ofknow led ge from tto t+ 1.E quations(8)-(9) are
the optimality c ond itionsw ith respec t to the lab or variab les.Since lab or is
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homogenous,the marginalprod uc tivityoflab or d evoted either to prod uc tion
or to ad optionshould b e equalto the shad ow w age.

Animportant issue that c anb e tackled very easily w ithinour framew ork
µa la Nelsonand P helps, 1966) c oncernsthe b ehaviour ofthe technologic al
gap over time and ac rosscountries(see also B enhab ib and Spiegel, 199 4 ).
Ind eed ,the technologicalgap,TG t,at tisby d e¯nition

A0t¡1¡At¡1
At¡1

,w hich by
equation(3) implies:

TG t=
1

d tuµt

µ
At

At¡1
¡1

¶
:

T he technologicalgap d epend sonthe ad optione®ortutand onthe exogenous
prod uc tivityvariable d t.Together w ith the ad optionequation(7),thissimple
expressionpermitsaneasy assessment ofthe d ynamicsofthe technologic al
gap and itslongrunproperties.Note also that ifthe longrunvalue ofthe
ad optione®ort isnonzero, thenthe technologicalgap d oesnot vanish in
the the stead ystate,a remarkable property ofNelsonand P helps'ad option
mod elsw hich makesthem most appropriate to stud yec onomic d evelopment
problems. We now investigate the stead y state propertiesofthe d ynamic
system (1)-(9).

2 .2 T he b alanced grow th paths

We assume a logarithmic utilityfunc tion.Alongthe b alanced grow th path
utand Ltare c onstant,and the remainingvariablesgrow at c onstant rates.
Denotingby gX the long-rungrow th fac tor ofa variable X tand X itslong
runlevel,w e have the follow ingproperties:

P roposition1 IfA0tgrow th at rate °> 1, allthe other variablesgrow th at
stric tlypositive rateswith

gA = °

gC = gK = gI = gY = g
1
1¡®
A = °

1
1¡®

T hese propertiesare trivially checked by w ritingthe restric tionsamongthe
d i®erent grow th ratesthat the system (1)-(9) impose.To c ompute the long
runlevels,the same approach hasto b e follow ed .Inord er,to simplifya little
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b it, w e use equation(9) to eliminate the multiplier ¸.T he resultingeight
restric tionsare:

°
1
1¡®

¯
= ®AK ®¡1L1¡® + 1¡±

¯K ®L1¡®°
¡1
1¡®

C
=

!
£
°¡¯(1¡d uµ)

¤

d µuµ¡1(1¡A)

(1¡® )AK ®L¡® = C !°
1
1¡®

A(°¡1) = d uµ(1¡A)

K°
1

1¡® = (1¡±)K + I °
1
1¡®

Y = C + I

L + u = 1

Y °
1

1¡® = AK ®L1¡®:

It isthenquite easy to prove that the previousstationary system hasa
solutionifthe grow th rate oftechnologic alprogress°isb igenough.

P roposition2 If°> 1:

(i) a unique stationaryequilibrium existsfor our economy,

(ii) the longruntechnologicalgap beingTG = °¡1
d uµ , we have the follow ing

comparative staticsproperties:

@u
@d

< 0 ;
@TG
@d

< 0

@u
@°

> 0 ;
@TG
@°

> 0

T he proofisinthe append ix.T he comparative staticsresultsare important
to und erstand the b asic mechanismsat w orkw ith our ad optionspec ī c ation.
T he same mechanismsw illw ork inthe extensionsconsid ered afterw ard s.
First note that the prod uc tivityofthe ad optionactivityincreases,ie.d rises,
thefrac tionoflab or d evoted to ad optiongoesd ow nbut the technologic algap
goesd ow ntoo.G iventhe expressionofthe longruntechnologic algap,this
meansthat the prod uc t d uµ risesw hend goesup d espite the red uc tionin
the ad optione®ort.It isnot hard to und erstand thisoutc ome.P rod uc tivity
improvementsinad optionallow to increase the stockofknow led ge evenw ith
a low er lab or contributionto ad option.Insuch a case,more lab or isassigned
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to prod uc tion.Ifthe increase ind c ompensatesthe d ecrease inu,ie. ifd uµ

increases,so that the stockofknow led ge keepsonrising,the ec onomygains
a d ouble ad vantage: M ore prod uc tionand low er technologic algap.

W hen°increases,the technologicalgap islikely to rise sharply ifthe ec on-
omy d oesnot increase substantiallyitsad optione®ort.How ever ifthe ad op-
tione®ort increment istoo b ig,a very low frac tionoflab or w illb e left for
prod uc tion,and the c onsumptionleveland w elfare ofthe ec onomy w illfall
d ramatically. T here isa clear trad e-o® here. Inour mod el, thistrad e-o®
issettled asfollow s:W hile the lab or alloc ationto ad optionw illrise,it w ill
not rise enough to o®set the negative e®ec t ofthe exogenoustechnologic al
ac celerationonthe technologic algap.

Let usintrod uce maintenance now .

3 Incorporating capitalmaintenance inthe
ad optionmod el

We introd uce maintenance ofcapitalasa lab or servic e.Lab or c anb e d evoted
to a third ac tivity,maintenance,and w e d enote bym .T he clearingcond ition
ofthe lab or market b ecomes:

1 = Lt+ ut+ m t: (10 )

M aintenance servic esallow to red uce the physic ald eprec iationofcapital,as
inM c G rattanand Schmitz (1999),Licand ro and P uch(2 0 0 0 )and B oucekkine
and Ruiz-T amarit (2 0 0 1). Insuch a framew ork, c apitalevolvesover time
ac cord ingto the follow inglaw ofmotion:

Kt= [1¡±(m t)]Kt¡1 + It: (11)

B y choosingm ,the ¯rmsor the c entralplanner d etermine the d eprec iation
rate ±(m ). T he d eprec iationrate should ful̄llthe follow ing requirements
(see for example,B oucekkine and Ruiz-T amarit,2 0 0 1):

(i) ±(m ) > 0 ,±0(m ) < 0 ±00(m ) > 0

(ii) lim m ! 1 ±(m ) = ±
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Cond itions(i) are the expec ted positivity, monotonicity and c onvexity re-
quirements. Cond ition(ii) ensuresthat the economy cannot go b elow a
minimalvalue c orrespond ingto the \natural"d eprec iationofcapital,±.

T hisisthe unique d eviationconsid ered inthissec tionw ith respec t to the
b enchmarkmod el.Inparticular,the ad optionsid e ofthemod elisunchanged ,
ie.equation3) isnot altered .T hismeansthat the ad optiond ecisionisonly
connected to the maintenance d ecisionthrough the lab or resourcesconstraint
(10 ).Incertaincases,the pac e ofad optioncanslow d ow nb ec ause ofthe ex-
pec ted ind uced maintenance costs,asw e mentioned inthe introd uc tion.T his
isespec ially the c ase w hentechnologic alad vancesare emb od ied incapital
good s.Iftechnologic alprogressisd isemb od ied ,the linkb etw eencapitalac -
cumulationand the implementationofinnovationsisb rokend ow n,and one
canperfec tly d isc onnec t the tw o d ecisions. Insuch a c ase, ad optionand
maintenance interac t via lab or resourc escompetition.T hisisthe approach
follow ed inthispaper.T echnologic alprogressisd isemb od ied , the mainte-
nanceservic esa®ec t the pace ofcapitalac cumulationand the ad optione®orts
shape the pac e oftechnologic alprogressw ithinthe country.

B oth ac tivitiesa®ec t the prod uc tionfunction,via the capitalinput for main-
tenance,and d irec tlythrough totalfac tor prod uc tivityAtfor ad option.Ac -
tually there isa third (ind irec t) e®ec t onprod uc tioncomingfrom these tw o
d ec isions:Asuand /or m rise,there islesslab or left for prod uc tion.Hence,
d espite itssimple struc ture,our mod elpresentsenough interac tionchannels
to allow for a non-triviald iscussion. B esid e the d erivationofthe optimal
alloc ationofresourc esac rossac tivities,a veryinterestingissue arisesinour
set-up,asmentioned inthe introd uc tion:Ifmaintenance d ivertslab or from
ad optionand istherefore likely to d eepenthe technologicalgap, d oesit in
counterpart rise the levelofincome since it tend sto increase the stockofcap-
ital?T he ab ove stated three e®ec tsofmaintenance and ad optiononoutput
suggest that thisquestionmaynot b e settled ina simple analyticalfashion.
We tackle it b elow after charac terizingthe centralplanner prob lem.

3.1 T he centralplanner problem

T he centralplanner problem isthe same asthe one consid ered inthe b ench-
markmod elw ith tw o d i®erences,the ac cumulationlaw ofcapital(equation
(11) instead of(2 )) and the clearingcond itionofthe lab or market (equation

9



(10 ) instead of(4 )). T he interior solutionofthisoptimizationproblem is
charac terized by the follow ing¯rst ord er optimality cond itions:

U0(C t) = ¯U0(C t+ 1)
£
®AtK ®¡1

t L1¡®t+ 1 + [1¡± (m t+ 1)]
¤
; (12 )

¯K ®
tL

1¡®
t+ 1 U

0(C t+ 1) = ¸t¡¯¸t+ 1
£
1¡d uµt+ 1

¤
;

(1¡®)At¡1K ®
t¡1L

¡®
t U0(C t) = !t;

¸td tµuµ¡1t

£
A0t¡1¡At¡1

¤
= !t;

Kt¡1 [¡±0(m t)]U 0(C t) = !t; (13)

w here ! and ¸ are d e¯ned asinsubsec tion2 .1. T he necessary cond itions
w ith respec t to know led ge,At,lab or,Lt,and ad option,ut,are not altered .
Asone cancheck,the sec ond ,third and fourth equationofthe system just
ab ove,c orrespond ingto the latter c ond itions,are the optimality cond itions
(7), (8) and (9) ofthe c entralplanner problem inthe b enchmark mod el.
T he E uler equation(12 ) now incorporatesthe impac t ofmaintenance on
capitalac cumulation.A change inthe maintenance path over time a®ec ts
the ac cumulationofcapitaland the pathsofprod uc tionand consumption.
A new optimality cond itionhasto b e takeninto ac c ount. E quation(13)
charac terizesind eed the optimalmaintenance d ecision.T he marginalb ene¯t
from maintainingthe stock ofcapital(evaluated intermsofthe marginal
utility ofconsumption) should b e equalto the shad ow w age, w hich isthe
marginalcost ofmaintainingcapital.We now provid e a charac terizationof
the b alanced grow th paths.

3.2 B alanced grow th paths

T he b alanced grow th pathsare d e¯ned asinsubsec tion2 .2 .Inparticular,w e
are seekingpathsw here Lt,m tand utare c onstant and c omprised b etw een
0 and 1, and w here the other variablesgrow at a constant rate. It isnot
d i± cult to check that P roposition1 stillappliesinour extension, that is
gA = °,and gC = gK = gI = gY = °

1
1¡®.Inord er to c ome w ith ananalytic al

charac terizationassimple aspossible ofthe existence and uniquenessissues,
w e parameterize the d eprec iationfunctionasfollow s:

±(m ) = a¡cm b

0 < b< 1

a > c> 0:
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T he restric tionsonthe valuesofthe parametersare set to ful̄llthe require-
ments(i)-(ii) to b esatis̄ ed byanad missible d eprec iationfunction.0 < b< 1
isrequired for d eprec iationfunctionb e c onvex, and a > cmeansthat the
\natural"d eprec iationrate,± = a¡cispositive.P arameter a isthe c apital
d eprec iationifthe planner d oesnot d evote any lab or to maintaincapital
and a¡cisthe naturald eprec iationrate.W ith thisspec ī c ation,the mod el
impliesthe follow ingrestric tionsofthe levelsofvariablesalonga b alanced
grow th path:

°
1
1¡®

¯
= ®AK ®¡1L1¡® + 1¡a + cm b

¯K ®L1¡®

°
1
1¡® C

=
!
£
°¡¯(1¡d uµ)

¤

d µ uµ¡1(1¡A)

bcm b¡1K = C ! °
1

1¡®

(1¡® )AK ®L¡® = C !°
1

1¡®

A(°¡1) = d uµ(1¡A)

°
1
1¡® C = AK ®L1¡® +

£
1¡a + cm b¤K ¡°

1
1¡® K

L + m + u = 1

°
1

1¡® Y = AK ®L1¡®

T he long-runsystem involveseight variables:L,u,m ,C ,Y ,K ,A and !.It
ispossible to ¯nd a set ofsu± cient c ond itionsfor anad missible solutionto
exist and to b e unique,and to d erive some c omparative statics.

P roposition3 Assume that the parametersofthe mod elcheckthe follow ing
cond ition

c < (1¡b)

"
°

1
1¡®

¯
¡1 + a

#

T hen:

(i) a unique stead ysolutionexistswith 0 < u< 1, 0 < m < 1 and 0 < L < 1,

(ii) the followingcomparative staticsapply:

(v) with respec t to d , @u
@d < 0 , @m

@d > 0 , @L
@d > 0 , and @TG

@d < 0.

(vv) with respec t to °, @u
@° > 0 and @m

@d < 0.T he signof@L
@° and

@TG
@° is

ambiguous.
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T he proofofthe propositionisextremely heavy, it isreported inthe ap-
pend ix.First let uscomment onthe assumptionmad e inthe proposition.
Quite straightforw ard ly,thisassumptionimposesa low er b ound for the tech-
nologic alprogressfactor,°.T hislow er b ound d epend smainlyonthe main-
tenance parametersa, b and c. Since ¯ < 1 and °> 1, and since the
parametersa and care d irec tlyrelated to the c apitald eprec iationrates,and
thusare smallrealnumb ers,our assumptionshould b e very easily checked
except w henb tend sto 1.T hisnever happensinour numericalexperiments
asw e w illsee later inthissubsec tion.

M uch more importantly, the c omparative staticsresultsalread y give some
insight into the complex interac tionsat w ork inour mod el. Inthe case
ofanexogenousimprovement inthe ad optiontechnology,ie.w hend rises,
the registered c omparative staticsare quite similar to those ofthe b enchmark
mod el.For the same reasonasinthe latter mod el,d espite the ad optione®ort
isred uc ed , the technologic algap goesd ow nasthe prod uc t d uµ d ec reases.
T he red uc tioninthe lab or alloc ationfor ad optionpermitsthe assignment
ofmore lab or resourc esto maintenance.M aintenance and ad optionw orkin
opposite d irec tions, and thisproperty seemsto b e one ofthe most salient
outc omesofthe mod elinseveralsituations.Ind eed ,the same propertyarises
inthe c ase w here a technologic alac celerationoc curs,ie.°rises.T he lab or
alloc ationto ad optionincreasesw hile lab or onmaintenance goesd ow n.T he
fac t that ad optionand maintenance move inopposite d irec tionsinb oth c ases
re°ec tsmainlythe arb itrage b etw een\prod uc tive"and \non-prod uc tive"la-
b or,namelyb etw eenL and the sum u+ m .Suppose that b oth ad optionand
maintenance go up inresponse to a technologicalac c eleration.T henlab or
alloc ationto prod uc tionand so to c onsumptionislikely to d ec rease sharply.
W henonlyad optionormaintenance lab or shiftsupw ard ,thisguaranteesthat
inthe w orse c ase lab or alloc ationto prod uc tionw illonly d ec rease slightly.
Ac tually,the reac tionofvariable L w hen°changesisanalytic ally amb igu-
ousw hile it increasesclearly w hend goesup.T here isaneasy explanation
to thiscontrast.W hend varies, it hasa unique d irec t e®ec t,namely on
the ad optiontechnology.It resultsina change inlab or onad option, and
it only a®ec tsthe maintenance lab or via the lab or resourc esc onstraint.In
contrast,w hen°moves,it d oesnot onlya®ec t d irec tly the ad optiontech-
nology, it also entersexplic itly the optimalcapitalac cumulationd ec ision,3

3W hichisgivenbythe r̄stequationofthesteadystatesystem ofequationslistedat
thebeginningofthis subsection.
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w hich d epend sonm .Hence,w hen°moves,there are d e¯nitelymore ec o-
nomic interac tionsand mechanismsat w ork incomparisonw ith the shock
ond.Asa consequence,w hile the latter c ase permitsa complete analytic al
charac terization,the former d oesnot.

T he amb iguity inlab or onprod uc tionw hen°shiftsupw ard isresponsible
for another amb iguity to arise: T he technologic algap c ana priori increase
or d ec rease und er a technologicalac c eleration,w hile it clearlygoesup inthe
b enchmarkmod el.R ecallthat TG = °¡1

d uµ asinthe b enchmarkmod el.Inthe
latter mod el,a technologic alac c elerationstimulatesa b igger lab or allocation
to ad option. How ever, thisrise inlab or onad optionisnot su± cient to
keep asclose to the technologic alfrontier asb efore the ac c eleration.W hen
maintenance isinclud ed , lab or onad optionisad d itionally favored by the
d ec rease inmaintenance,unlessthe lab or resourc esfreed by thisred uc tion
inmaintenance are ultimately assigned to prod uc tion.Since the e®ec t ofa
technologic alac c elerationonL isamb iguous,so isitse®ec t onthe magnitud e
ofad optionrise.T hisexplainsinturnthe amb iguityofthe technologicalgap
response.

Since some c omparative staticsare analytic allyamb iguous,w e resort to nu-
mericalexperiments.First ofall, w e c alib rate our mod elinord er to meet
some precise c riteria. G iventhe ob jec tivesofthisarticle, three principal
ind ic atorshave b eenkept inmind alongthe w ay: T he frac tionofad option
costsintermsofG DP,the frac tionofmaintenance costsintermsofG DP
and the ratio investment to output.T he tab le just b elow givesallthe d etails
ab out the b enchmarkparameterizationw e choose.

a b c µ d ® ¯ °
0:12 0:2 4 0:119 0:7 1 0:4 0:97 1:033

T he parameters¯,® and °are ¯xed a prioriinline w ith the range ofvalues
usually consid ered inthe literature. T he parameter a hasb een¯xed in
ord er to have a c apitald eprec iationrate equalto 12 % inthe absence ofany
maintenance e®ort.Againthisvalue isinthe range ofvaluesconsid ered in
the literature. T he parameter chasb een¯xed to 0:119 inord er to have
a c apitald epreciationrate of0:1% w henalllab or resourc esare d evoted to
maintenance.T he remainingparametersb,µ and d have b eenchoseninord er
to ¯t threestatistics:a maintenance c ost around 6% ,anad optioncost around
10 % and aninvestment ratio around one third .Here are the charac teristics
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ofthe stead y state equilib ria generated w ith thisparameterizationfor the
b enchmarkand extend ed mod els.4

B enchmarkmod el E xtend ed mod el
m { 0:0 52 2 72 3
u 0:119770 4 0:11350 2 (#)
L 0:882 2 96 0:834 2 2 6 (#)
A 0:8714 16 0:868538: (#)
TG 0:14 7557 0:15136 (#)
K 2 :0 8184 3:39566 (")
I 0:34 632 1 0:37636 (")
Y 1:0 2 677 1:2 034 5 (")
C 0:680 4 4 8 0:82 70 91 (")
wu
Y 0:117634 0:10 98699
w m
Y { 0:0 4 6
I
Y 0.33 0.31

T he c omparisonb etw eenthe b enchmarkand extend ed mod elsshow sclearly
that the maintenance servic esind uce a d ec reasinglab or allocationto either
ad optionor prod uc tion,w hich inturnd eepensthe technologic algap.We w ill
come b ackto thisissue inthenext sec tionw ith ananalyticalcharac terization
ofthe latter e®ec ts.At the minute,w e w illinvestigate numeric ally the long
runimplic ationsofa technologicalac c elerationsince some analytic alresults
are amb iguous,namely those onlab or input inprod uc tionand onthe tech-
nologic algap.R ecallthat a technologicalac celerationstimulatesad option
(uincreases) but d oesnot necessarilyimply a low er technologicalgap.T he
e®ec t onthe technologicalgap d epend sonthe optimalreallocationoflab or,
and inparticular onthe size ofad optione®ort'sincrement.To investigate
thisissue,w e cond uc t the follow ingnumericalexperiment.We increase°by
1% and c ompute the ind uced incrementsinm ,u,L and TG relative to the
increment in°.We perform thiscomputationforseveralvaluesofµ since this
parameter c apturesprec isely the e± c iency ofthe ad optione®ort.A higher
µ'svalue should ind uce higher ad optione®ort and possiblya d ec rease inthe
technologic algap.T he results(givenin% ) ofthe experiment are givenjust
b elow .

4O bviously,theparametersbandcarenotrelevantforthebenchmarkmodel,while
±=a.
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µ = 0:2 µ = 0:3 µ = 0:4 µ = 0:5 µ = 0:6 µ = 0:7 µ = 0:8 µ = 0:9 µ = 0:95
4u
4° 2 3:7 2 1:4 19:5 17:9 16:5 15:36 14:34 13:4 5 13
4m
4° ¡14 :8 ¡15:5 ¡15:4 9 ¡15:83 ¡16:15 ¡16:4 5 ¡16:73 ¡16:99 ¡17:11
4L
4° 0:4 7 0:16 0:14 ¡0:4 6 ¡0:76 ¡1 ¡1:33 ¡1:59 ¡1:72
4TG
4° 2 4:8 2 2 :9 2 1:33 2 0 18:86 17:89 17 16:31 15:9

It should b e noted that w hile the numeric ald erivativesw ith respec t to u
(R esp.m ) are alw ayspositive (R esp.negative),the relative variationofL is
positive for su± cientlysmallµ'svaluesand negative for µ b igenough.T his
con̄rmsour analytic alresultsfor uand m onone hand , and re°ec tsthe
amb iguity ofprod uc tionlab or'sresponse to a technologicalac celerationon
the other hand .Anincrease inµ risesthe pro¯tab ilityofd oingad option.As
the value ofthisparameter increases,the lab or reallocationismore and more
favorable to ad option,w hich explainsw hy prod uc tionlab or d ec reasesfrom
µ = 0:5.Finally,note that evenfor µ very high,the e®ec t ontechnologic al
gap isalw ayspositive,w hich meansthat the technologicalgap d oesind eed
w orsenafter a technologic alac c elerationeveninthisparametric situation.
T hough the value ofuincreasesasµ rises,thisisnot su± cient to d ec rease
the technologic algap asthe incrementsinuw hen°risesget smaller and
smaller.T hisseemsto b e a robust property ofthe mod elsµa la Nelsonand
P helps.

3.3 M aintenance,technologicalgap and income level

Since the maintenance ac tivity d ivertslab or from ad option,it isclear that
it tend sto increase the technologic algap asad optionisthe unique ac tivity
w hich permitsthe c ontrolofthisgap. Asw e argue inthe introd uc tion,
one canthenask: W hat isthe trad e-o®? M aintenance a®ec tsd irec tly the
capitalstock,and via the optimalalloc ationoflab or resourc es,it isalso a
d eterminant ofthe ad optione®ort (u) and the amount oflab or d evoted to
prod uc tion(L).T herefore,it a®ec tsoutput through three d istinct channels,
the c apitalstock(K ),the stockofknow led ge (A) and the lab or input (L).
T he ¯rst e®ec t isoutput-augmenting but the tw o othersare likely to b e
negative. T herefore, the e®ec t onoutput levelishard ly unamb iguous. It
seemshow ever clear that a possible b ene¯t from maintaining the stock of
capitalisanoutput increment. Inthissituation, maintenance ac tivities
d eepenthe technologic algap but at the same time, they rise the output
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level.T hisveryimportant issue istreated ind etailsinthissubsec tion.

To thisend , w e w illcompare the b enchmark mod elw ith the mod elw ith
maintenance (assumingobviously that the parametersc ommonto the tw o
mod elshave the same values). How d oesthe incorporationofthe main-
tenance ac tivity change the equilib rium valuesofad optionlab or and lab or
input inprod uc tion, and w hat isthe totale®ec t on(d etrend ed ) output?
We d enote by X A (R esp.X M ) the value ofa variab le X inthe b enchmark
mod el(R esp.inthe mod elw ith maintenance).We have the follow ingsimple
intermed iate results.

P roposition4 M aintenance ac tivitieshave a negative e® ec t onthe labor
allocationto either ad optionand prod uc tion.Hence theytend to increase the
equilibrium technologicalgap :

uA > uM ;LA > LM ;TG A < TG M :

T he proofisquite trivial,it isb rie°ysketched inthe append ix.It follow sthat
maintenance hasthree e®ec tsonoutput level,each ofthem w ith anunam-
b iguoussign.A nonzero lab or onmaintenance increasesthe stockofcapital
(positive e®ec t) but d ec reasesad optione®ort (low er A,negative e®ec t) and
lab or input inprod uc tion.After some trivialalgeb raic manipulations,one
canw rite the ratio YM

YA
asfollow s:

YM
YA

=

2
4

°
1

1¡®
¯ ¡1 + a

°
1
1¡®
¯ ¡1 + a¡cm b

3
5

®
1¡®

¤
"µ

AM

AA

¶ 1
1¡®
¤LM

LA

#
: (14 )

T he ¯rst term ofthe left hand sid e of(14 ) re°ec tsthe positive e®ec t of
maintenance onoutput through capitalac cumulation.T he second and third
multiplic ative termsre°ec t the tw o negative e®ec tsofmaintenance onoutput,
low er stockofknow led ge and low er lab or inthe prod uc tionsector.O verall
the e®ec t isamb iguous,and unsurprisingly,there isno analytic alw ayto get
rid ofthisamb iguity.So w e resort to numericalexperimentsasinthe last
subsec tion.We keep onw orkingonthe same b enchmarkparameterization.
O ne w ould naturallythinkthat the positive e®ec t ofmaintenance onoutput
cand ominate ifthe size oflab or onmaintenance isenough b igand /or the
size oflab or onad optionisenoughsmall.We analyze thiskind ofconjec tures
through sensitivitystud iesw ith respec t to the parametersofthe mod el.We
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d isplay b elow the most interestingsensitivity stud y results,namely those
for the parameterscand µ.A low er value for c(R esp.µ) ind ucesa low er
maintenance (R esp.ad option) equilib rium value.T he table just b elow gives
the resultsofthe experimentsonc.

c= 0:03 c= 0:05 c= 0:07 c= 0:0 9 c= 0:11 c= 0:119
m 0:0 0 62 3 0:0 12 84 2 2 0:0 2 12 4 0:03178 0:0 4 51 0:0 52 2 7
u 0:1172 07 0:11668 0:116 0:115159 0:114 0 83 0:1135
YM
YA

1:0 2 2 1:0 4 5 1:073 1:1 1:15 1:172

Ascgoesup, m increases,ugoesd ow nand the ratio YM
YA

rises.5 E ven
verysmallvaluesoflab or onmaintenance have a positive e®ec t onoutput
equilib rium level.T he trad e-o® istherefore clear: M ore maintenance means
a b igger technologic algap but also a b igger output level.T he same result is
ob tained from the sensitivity analysisw ith respec t to µ asone cancheckin
the table b elow .

µ = 0:2 µ = 0:35 µ = 0:5 µ = 0:65 µ = 0:8 µ = 0:95
B enchmark u 0:0 2 0:0 4 5 0:075 0:1068 0:1393 0:1715
mod el Y 1:2 77 1:196 1:12 0 15 1:0 4 9 0:984 2 0:9 2 53

M aintenance u 0:0 19 0:0 4 3 0:079 0:10 2 9 0:1347 0:1663
mod el m 0:06 0:058 0:0 558 0:05318 0:05 0:0 4 7

Y 1:5 1:4 1 1:317 1:2 3 1:151 1:0 8
YM
YA

1:18 1:178 1:175 1:173 1:17 1:16

T hissuggeststhe follow ing.Ifone isprimarily concerned w ith the longrun
output levelofa country,the maintenance d ec isionshould b e placed at the
heart ofthe analysis.Ind eed our theoretic aland numerical̄ nd ingssuggest
that evenifthe size ofmaintenance servic esintermsofG DP isverysmall,it
cana®ec t notablythe longrunlevelofoutput through capitalac cumulation.
Inthisrespec t, lessad optionand more maintenance may b e anoptimal
d ec ision.T hisshould ofinterest for those w ho,like P arente (1997),argue of
the d evelopment theoriesw hich have the propertythat d i®erencesinpolic ies
translate into d i®erencesinstead ystate income levelsrather thaningrow th
rates.

5Itistrivialtoprovethattheratio YM
YA goesto1 whenctendsto0 sinceinthislimit

casethemaintenancevariabledisappears.
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4 Conclusion

Inthispaper,w e have provid ed a simple theoryofcapitalmaintenance and
technology ad optionusingoptimalgrow th mod elsµa la Nelsonand P helps
w here the lab or resourc esofaneconomy canb e allocated freely either to
prod uc tion, ad optionor maintenance. T here are very few papersd ealing
w ith maintenance, and a fortiori w ith the role ofcapitalmaintenance in
technologic alchoic es. Inthispaper, w e analyze a situationw here ad op-
tionand maintenance "compete"for lab or resourc es. T hisisonly one of
the channelsthrough w hich the tw o ac tivitiesinterac t,asw e explaininthe
introd uc tion. T hough thisiscertainly the easiest w ay to relate ad option
to maintenance, the c onsid ered mod elprovesvery rich intermsofind uced
ec onomic mechanismsand interac tions,and shed slight onsome important
propertiesofmaintenance.

B esid e mathematic ally charac terizingthe optimalalloc ationoflab or ac ross
the three ac tivities,w e prove for example that equilib rium maintenance and
ad optionoperate inopposite d irec tionsw hentechnologicalshocksoc cur.
T hisisinparticular true w henthere isanexogenoustechnologic alchange.
M aintenance isa kind ofsubstitute to ad optionissuch c ases.M uch more
importantly, w e ¯nd that though capitalmaintenance d eepensthe techno-
logicalgap by d ivertinglab or resourcesfrom ad option,it generallyincreases
the longrunoutput levelat equilib rium.Asw e claim inthe last sec tion,this
isa veryinterestingresult for the proponentsofa d evelopment theoryaimed
at d erivingthe polic iesw hich yield d i®erencesinstead ystate income levels
rather thaningrow th rates.

O bviously, much w ork remainsto d o for a much comprehensive appraisal
ofthe role ofmaintenance asa d eterminant oftechnologic alchoic es.B esid e
end ogenizinggrow th,w hich isnot a veryhard task,more fund amentalre¯ne-
mentshave to b e und ertaken.For example,one maythinkthat maintenance
playsa more c rucialrole iftechnologic alad vancesare emb od ied incapital
good s, and thismay reinforce the c onclusionsofthispaper.O nthe other
hand ,one may¯nd questionable our assumptionac c ord ingto w hich ad option
and maintenance use the same input (lab or),it w ould b e thenusefulto ex-
amine the propertiesofalternative mod elsw here ad optionand maintenance
d o not use exac tly the same c omb inationofinputs.Allthese issuesare in
our research agend a.
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6 Append ix

1.P roofofP roposition2 : T he proofissimple.Ind eed ,by the means
ofsuc c essive substitutions,one canred uce the system ofeight equilib rium
restric tionsab ove to a single implic it equationinvolvingonlyu:

H (u) = ¯µ(°¡1)(1¡u)¡(1¡®)u
£
°¡¯(1¡d uµ)

¤
= 0

It could b e easily checked that H (u) isa d ecreasingand c oncave func tion
w hich tend sto ¯µ(°¡1)w henutend sto zero,and to¡(1¡®)[°¡¯(1¡d )]
w henutend sto one.Since°> 1,¯ < 1 and d > 0 ,w e have [°¡¯(1¡d )]
> 0.T husthere existsanuniqueu¤2 (0 ;1) w hich satis̄ esH (u) = 0.T his
estab lishesproperty (i). T he comparative staticsare d erived explicitly.
Denote by R = ¯(°¡1)µ + (1¡® )[°¡¯(1¡d uµ(1¡µ))]> 0.We have:

@u
@d

=
¡(1¡® )̄ uµ+ 1

R
< 0

@TG
@d

=
¡(°¡1)[¯µ(°¡1)+ (1¡®)(°¡¯(1¡d uµ))]

d 2uµR
> 0

@u
@°

=
(1¡®)u[1¡¯(1¡d uµ)]

(°¡1)R > 0

@TG
@°

=
1
d uµ

·
1¡(1¡®)µ[1¡¯(1¡d uµ)]

R

¸
> 0

Since (1¡®)µ[1¡¯(1¡d uµ)]< R , @TG
@° < 0.

2 .P roofofP roposition3:We c anred uc e the stead ystate equilib rium
cond itionsto tw o equationsin(m ;u).

m = g(u) = 1¡u¡(1¡® )u[°¡¯(1¡d uµ)]
¯µ(°¡1) (15)

F(m ;u) = 1¡a + cm b +
®

1¡®
cbm b¡1(1¡m ¡u)¡°

1
1¡®

¯
= 0 (16)

T he negative slope offunctiong in(15) isobvious.Concerning(16),one
canapply the implic it func tiontheorem.F(m ;u) d e¯nesm asa d i®eren-
tiable functionofu,(m = f(u)) and f0(u) = ¡Fu

Fm
.Since Fuand Fm are

negative (Fm < 0 isassured by the restric tiononthe parametersimposed
inproposition3),the slope ofthe implic it func tionf isalso negative.We
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now checkthat g isab ove f w henutend sto zero,and g isb elow f w hen
utend sto one.Let usprove that g(0 ) > f(0 ).Note that g(0 ) = 1.O nthe
other hand ,

F(m ;0 ) =
·
cm b

µ
1¡ ®b

1¡b

¶
+
®bcm b¡1

1¡®

¸
¡°

1
1¡®

¯
¡1 + a = 0:

T he ¯rst term ofthe previousequationd e¯nesa d ecreasingfunctionofm
w hich tend sto in̄nity asm tend sto zero and isequalto cfor m = 1.

Sincec< °
1

1¡®
¯ ¡1 + a; it follow sthat 0 < f(0 ) < 1,so g(0 ) > f(0 ).

Now observe that g(1) < 0 and f(1) > 0 since F(m ;1) = 1 ¡a +

cm b
¡
1¡ ®b

1¡®
¢
¡°

1
1¡®
¯ = 0 and asbyassumptionc< (1¡b)

·
°

1
1¡®
¯ ¡1 + a

¸
.

So g(1) < f(1).T herefore,the system (15)-(16) d e¯nestw o (m ;u)-curves
w hich intersec t only once w henb oth m and uvary inthe interval(0 ;1).
W hich establishesproperty (i).

Asfor the c omparative statics,w e c onsid er the follow ingsystem ofequa-
tions:

(F) 1¡a + cm b +
®bcm b¡1(1¡u¡m )

1¡®
¡°

1
1¡®

¯
= 0 ;

(G ) ¯(1¡u¡m )µ(°¡1)¡(1¡® )u
£
°¡¯(1¡d uµ)

¤
= 0 ;

(H ) TG ¡°¡1
d uµ

= 0:

T he J ac ob ianmatrixofthissystem canb e expressed by:

J =

2
4
Fu Fm 0
G u G m 0
H u 0 1

3
5

w here the ¯rst,sec ond and third c olumnsofJrefer to the partiald erivatives
ofthe left hand sid esofthe equationsofthe system w ith respec t to u,
m , and TG . It iseasy to check that Fu, Fm , G u, G m and H u are all
stric tlynegative.T he J ac ob iand eterminant (FuG m ¡Fm G u)isthusstric tly
negative:

d etJ = FuG m ¡Fm G u

=
¯µ(°¡1)

m

"
cm b¡(1¡b)

Ã
°

1
1¡®

¯
¡1 + a

! #

+
£
°¡¯(1¡d uµ)+ ¯ d µuµ

¤
(1¡®)Fm < 0: (17)
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B yCramer'srule w e ob tain

@m
@d

=
1

jd etJj[G d Fu]

asG d = ¡(1¡® )̄ d uµ+ 1 < 0 , @m
@d > 0

@u
@d

=
1

jd etJj[¡G d Fm ]< 0 (18)

@TG
@d

=
H d (FuG m ¡Fm G u)+ H uFm G d

jd etJj
w here H u= °¡1

d 2uµ > 0 and H d = (°¡1)µ
d uµ+ 1 .Takinginto ac c ount (17) and (18),

w e c anexpress@TG
@d as:

@TG
@d = ¡ (°¡1)

d 2uµ [1+
µd
u
@u
@d ]

¯̄
µd
u
@u
@d

¯̄
= µd

u
jG d Fm j
jd etJjDevelopingthe previousexpression,w e caneasily check

that @TG
@d < 0 since

¯̄
µd
u
@u
@d

¯̄
< 1.Ind eed :

¯̄
µd
u
@u
@d

¯̄
= µd

ujG d Fm j= jFm j(1¡® )̄ d µuµ < jd etJj=

¯µ(°¡1)
m

"
cm b¡(1¡b)

Ã
°

1
1¡®
¯ ¡1+ a

! #
+ [°¡¯(1¡d uµ)+ ¯d µuµ](1¡®)Fm :

Asfor the comparative staticsw ith respec t to °, w e use againCramer's
rule to ob tain:

@m
@°

=
1

jd etJj[G °Fu¡G uF°]< 0

w here G °= (1¡®)u[1¡¯(1¡d uµ)]
(°¡1) > 0 ,and F°= ¡°

®
1¡®

(1¡® )̄ < 0

@u
@°

=
1

jd etJj[G m F°¡G °Fm ]> 0

@TG
@°

=
1
d uµ

·
1¡(°¡1)µ

u
@u
@°

¸
:

T he signof
h
1¡(°¡1)µ

u
@u
@°

i
b eingamb iguous,so isthe signof@TG

@°.
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Let us¯nallystud y the c omparative staticsc oncerningL,the lab or input
inprod uc tion.First,it should b e noted that @L

@d d epend sonthe size of
@m
@d

and @u
@d :

@L
@d

= ¡@m
@d

¡@u
@d

=
¡G d (Fu¡Fm )

jd etJj :

Developinga b it more thenumerator ofthe previousexpression,it iseasyto
checkthat thenegative e®ec t ofd onad optionlab or isnot c ompensated by
the increment inm .Inord er to satisfythe lab or restric tion(1 = L+ m + u),
L should therefore increase.

(1¡® )̄ d uµ+ 1
·
(1¡b)
m

µ
°

1
1¡®
¯ ¡1 + a

¶
¡cm b¡1

¸

jd etJj > 0:

Asfor the e®ec t ofa change inthe parameter°onL,w hich isequalto:

@L
@°

= ¡@m
@°

¡@u
@°

;

it isamb iguous.A quicklookat the expressionsof@m@° and
@u
@°issu± cient to

und erstand thisresult.T he signofthe d i®erence ofthe tw o latter expres-
siond epend sonthe valuesofthe parametersofthe maintenance func tion
w ith respec t to the those ofthe ad optiontechnology,and there isno a pri-
orirelationship b etw eenthe tw o setsofparameters.T he numericalresults
reported inthe maintext make clear that the signof@L

@° d oese®ec tively
d epend onthe parameterization.

3.P roofofP roposition4 : Assume that the valuesofthe parameters
c ommonto the tw o mod elsare ¯xed .From the previousproofsofP ropo-
sitions2 and 3,one cansee that ad optionisd etermined by the follow ing
cond itionsinthe b enchmarkmod eland inthe extend ed mod elrespec tively

¯µ(°¡1)(1¡uA) = (1¡®)uA[°¡¯(1¡d uµA)];

¯µ(°¡1)(1¡uM ¡m ) = (1¡®)uM [°¡¯(1¡d uµM )]:

Algeb raic allyspeaking,the ¯rst equationisa particular case ofthe sec ond
w ith m = 0. Since the second equationd e¯nesa negative relationship
b etw eenuM and m ,uA isb igger thanuM , aslong asm > 0. Asthe
technologicalgap isd ec reasinginad optionlab or TG A < TG M isd irec tly
checked .
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We canrew rite the tw o c ond itionsjust ab ove intermsoflab or d evoted to
ad optionand lab or d evoted to prod uc tion:

¯µ(°¡1)LA = (1¡®)uA[°¡¯(1¡d uµA)];

¯ µ(°¡1)LM = (1¡® )uM [°¡¯(1¡d uµM )]:

T he latter equationsd e¯ne lab or inprod uc tionasanstric tly increasing
functionofad optionlab or.SinceuA > uM ,it follow sthat LA > LM .
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