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Chapter 1

Foreword

Today, digital images are massively produced in all kind of fields: entertainment,
graphical design, military, multimedia, meteorology, climatology, astrology, geogra-
phy, medical applications, computer vision ... The diversity of the acquisition devices
and the situations in which the image is taken are important factors affecting the qual-
ity of these images: they can be over or under exposed, blurred, noisy, or contain
artefacts. The combination of all of these types of pollutions sometimes causes major
problems for the application: misclassification, bad diagnosis or lack of precision.

One of the most common types of pollution on images is the noise (see Figure
1.1). Noise arises during the acquisition of the image and depends on the quality
of the components used in the acquisition device, on the type of signal detected, the
exposure time, the detector sensitivity, and many other factors.

This thesis focuses on algorithms designed to remove noise from digital images,
commonly named filtering algorithms and in particular, on filtering methods based on
statistics drawn from the images. The major drawbacks of filtering methods are the
computational time required to apply them, and the unwanted removal or smoothing
of some features of the images during the filtering process that can result in blurry, or
unnatural images.

The rest of this chapter is organized as follows. Section 1.1 defines the objectives
of this thesis and briefly presents the methods proposed to tackle them. Section 1.2
gives an overview of the types of images used in this work and their characteristics.
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6 CHAPTER 1. Foreword

(a) Lena image (b) Noisy Lena image with additional noise
N(0,40)

Figure 1.1: Examples of clean and noisy images.

1.1 Objectives

The aim of this thesis is to develop and test new algorithms for image filtering. These
algorithms should provide better and more robust filtering results than the existing
methods at a lower or equivalent computational cost. The number of parameters of the
methods should as low as possible.

The following solutions are proposed in this manuscript:

• In Chapter 2, the basic image model is presented, then state-of-the-art denoising
algorithms are discussed and the statistical filters which are at the core of the
new filtering algorithms developed in this thesis are detailed. The derivation of
each type of filter is detailed.

• Chapter 3 proposes new types of filtering algorithms in high-dimensional spaces
based on the statistical filters. They are based on the observation that mode sepa-
ration is usually better in high-dimensional spaces than in 1-dimensional spaces.
The filters are modified to use blocks of images, called patches in the filtering
process. Two types of high-dimensional filters are created: patch-based filters,
and patchwise filters. Experiments are made to assess the filtering performances
of these new algorithms in comparison with traditional statistical filtering algo-
rithms.
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• In Chapter 4, the Gaussian kernel used in the filtering process is proven to
be suboptimal in high-dimensional spaces. In high-dimensional spaces, the
Eculidean norm used in the filters is subject to the norm concentration phe-
nomenon. As the dimensionality increases, the mean of the norm between data
points increases, while the variance does not change. As a result, the distances
between all data points look the same. In this case, the Gaussian kernel tradition-
ally used in the statistical filters is not an efficient similarity measure anymore.
New kernels are proposed in order to deal efficiently with the curse of dimen-
sionality. Experiments show that the new kernels outperform the traditional
Gaussian kernel in high-dimensional spaces.

• The choice of the parameters of the filtering algorithms is of crucial importance
on the filtering results. However, it is often impossible to estimate these pa-
rameters in a real situation. Furthermore, these parameters are fixed as constant
values for the whole image while the noise encountered in the images is not
necessarily constant on the image. Chapter 5 details a procedure to estimate
the value of the filter parameters for each pixel of the image based on statistical
models of the standard deviation of the noise in the images. The models are
valid for a particular acquisition device and could be used instead of the set of
default parameters usually associated with this device. Experiments show that
the results obtained with these models are much more robust to the choice of
parameters than the classical filters.

• In some medical applications, the noise approximately follows a Poisson law,
while the hypothesis behind most statistical filters is that the noise is Gaussian.
In Chapter 6, variance stabilizing transforms are used to transform Poisson noise
into Gaussian noise. We demonstrate the use of two types of variance stabilizing
transforms on images polluted with Poissonian noise. The filtering algorithms
are modified to integrate one of these variance stabilizing transforms in the fil-
tering process. Experiment show that the stabilized images are better filtered
than the images filtered without the variance stabilizing transforms.

1.2 Digital images used in this manuscript

In this work, three types of images are used.
Artificial images are created in order to gather most types of difficulties that can be

encountered in one single image. Artificial images are usually created in order to test
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Figure 1.2: Example of artificial image used in this thesis.

the behaviour of a filter in a particular case, such as constant areas, gradients, edges, or
textures. These images are noiseless when created; noise is generated from a statistical
model and added to the image. The ground truth image is always known and can be
used to evaluate the filter performances. Figure 1.2 presents the artificial image used
in this thesis. This image is made of specific areas that present specific difficulties to
the filtering algorithms: plateaux, edges and gradients.

Digital pictures are images taken from a traditional digital camera. Although they
naturally contain some noise, artificial noise is usually added to these pictures in order
to have a better view of the effect of the filters in difficult situations. This method,
however, has a serious drawback: the original image, without added noise, is consid-
ered as the ground truth image. As this image already contains some noise, if a filter
removes this noise, the filtered image will be considered different from the ground
truth, while, in fact, the filtered image is cleaner than the ground truth one. This ef-
fect can limit the precision level of the algorithms performance evaluation, and of the
parameters estimation.

Figure 1.3 display the digital images used in this thesis. These images are widely
used in the image processing community. The interested reader can download them
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(a) Lena (b) Barbara (c) Couple

(d) Hill (e) Fingerprint (f) Boat

(g) House

Figure 1.3: Digital pictures traditionally used in the image processing community
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(a) CT scan image. (b) PET scan image.

Figure 1.4: Example of CT and PET images

on the site of the BM3D algorithm: http://www.cs.tut.fi/˜foi/GCF-BM3D/.
Medical images are images acquired with a medical scanner. Scanners can have a

lot of different specifications and the images vary greatly depending on them, and the
acquisition parameters used for it.

In this thesis, the problem of the denoising of Computed tomography (or CT scan)
images or Positron emission tomography (or PET scan) images (see Figure 1.4a) is
tackled too.

During the CT images acquisition, X-rays are emitted around the patient and de-
tected after they went through him/her. These detections are used to construct a precise
3-dimensional vision of the anatomy of a patient. While this imagery method provides
an image of the patient’s anatomy, it can be very difficult to spot the tumoral tissues as
their density is similar to the density of sane tissues. The details about the process of
image acquisition can be found in Chapter 5.

http://www.cs.tut.fi/~foi/GCF-BM3D/


Chapter 2

Statistical filtering for digital
image denoising

Digital image denoising is a widely studied problem and many methods have been
developed to tackle it.

No matter how good cameras are, digital images are contaminated noise, mainly
due to the acquisition settings (light conditions, time of exposure, sensibility of the
sensors, ...) and sensors. This noise can follow a simple statistical law (salt and pepper
noise, Gaussian noise, Poisson noise, ...) or a more complex pattern (multiplicative
noise). Noise is a significant problem in some imaging applications in which the
acquisition process cannot be controlled or optimized (minimizing a patient’s exposure
to radiations, kind of signal to be detected (high energy photons), ...).

Digital images are stored as a set of pixels located on a regular grid. Let I denote
the set of grid coordinates that are associated with each pixel of the image. Each
pixel can then be uniquely identified on the grid by its coordinate vector i ∈ I and we
(somewhat abusively) call it the ith pixel. The observed intensity of each pixel then is
given by xi; This intensity is a real number. The lower the intensity value, the darker
the pixel.

For an image I, The observed intensity of each pixel is given by

xi = yi + εi , (2.1)

where yi is the noisefree value and εi is the noise component. The latter is independent
and identically distributed for each pixel. More specifically, for most denoising meth-

11



12 CHAPTER 2. Statistical filtering for digital image denoising

ods, it is assumed that the noise is Gaussian with zero mean and standard deviation ν,
that is, εi ∼ G(0,ν2).

A model with Gaussian i.i.d. noise is too simple to reflect many real life situations.
Noise can indeed result from a combination of several physical phenomena and the as-
sumptions of independence and normality are often invalidated in practice. However,
the knowledge of an appropriate noise model can lead to a data transformation whose
purpose is to make noise (nearly) normal. For example, Fisz’s and Anscombe’s vari-
ance stabilizing transforms convert Poissonian noise into Gaussian noise [39], making
classical filters applicable. The use and integration of these variance stabilizing trans-
forms in the statistical filters is developed in Chapter 6. Consequently, Gaussian noise
provides a nice, and well understood background from which it is possible to develop
and refine the filtering algorithms efficiently.

2.1 Digital Image denoising

Digital image denoising refers to the problem of finding the best possible approxima-
tion ŷi of the true pixel yi from the observed pixel xi. This definition implies that the
quality of the denoised images has to be assessed by a quality criterion. In the image
denoising community, the commonly used criteria are:

• Root Mean Square Error (RMSE): defined as

RMSE =
√

∑
i∈I

(ŷi− yi)
2 . (2.2)

This is a commonly used quantitative measure of the squared difference between
the real image and the denoised image. If many images are used for an experi-
ment, the RMSE is calculated for each image, and the mean RMSE (MRMSE)
and standard deviation of the RMSE (stdRMSE) are often used:

MRMSE =
1
M

M

∑
m=1

RMSEm, (2.3)

where M is the total number of images used in the experiment, RMSEm the
RMSE of the mth image, 1≤ m≤M.

stdRMSE =

√
1
M

M

∑
m=1

(RMSEm−MRMSE)2 . (2.4)
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• Peak signal to noise ratio (PSNR): another quantitative measure derived from
the RMSE. The advantage of the PSNR over the RMSE is that it is independent
of the dynamic range of the image. The PSNR is defined as

PSNR = 10log10

(
d2

RMSE2

)
, (2.5)

where d stands for the dynamic range of the image (i.e. for an image where the
pixel intensities vary between 0 and 255, d = 256).

• Visual analysis of the residuals: the residuals are defined as the filtered image
minus the noisy image: (ŷi − xi). The observation of this quantity is a way
to analyse the changes that happened on a specific area of the image during
the filtering process. Since it does not provide a numerical estimation of the
effect of the denoising algorithm, it is mainly used in order to estimate the edge-
preserving properties of the denoising algorithm.

• Visual quality: this is the easiest and simplest way to assess an image quality.
However it is impossible to quantify the effect of the denoising algorithm, and it
is easy to overlook artefacts or residual noise by visual inspection. In this work,
the original picture will often be presented cropped in order to give a better view
of the details. However, the calculations and filtering performances are always
done evaluated on the whole image.

The quantitative methods of evaluation are the best way to assess a filtering algo-
rithm quality. However, since the noise arises during the acquisition, the true image is
often not known, making it impossible to calculate the RMSE and PSNR. In Chapter
5, we propose to model the noise induced by a particular imaging machine as a way
to overcome this problem. In other chapters, the acquired image will be considered as
the true one, and artificial noise will be added to create a noisy picture.

Most denoising algorithms tend to smooth some of the features of the images (cor-
ners, edges, gradients, textures, ...). It is then of primary importance to evaluate the
capacity of a filter to preserve these features, which can be done by visual inspec-
tion only. The filtering algorithms able to preserve the features of the image are called
Edge-preserving denoising algorithms. They can be derived from different approaches
and have been studied extensively in the literature.
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2.2 Approaches to image denoising

Many paradigms have been used to remove or attenuate perturbations in order to re-
cover the true image: an early and very popular approach is to achieve filtering in the
frequency domain, just by trimming high-frequency components of the image spec-
trum. This computationally fast method has however a major drawback. It tends to
smooth out the salient features of the signal, such as edges and textures.

Wavelets [18, 22, 33] and other transformations in a combined space-frequency
domain nicely address this issue. However, the results depend of the choice of wavelet,
and of scale used. This last parameter in particular can have a drastic effect on the
filtering result.

Heat diffusion has inspired denoising techniques such as anisotropic diffusion
[61, 9] and several other techniques based on partial differential equations [73, 74].
However, these methods can be computationally intensive. Recently, wavelets and
collaborative filtering were combined to produce BM3D [24], a new filtering algo-
rithm that provides extremely competitive denoising performances.

Total variation denoising (TV) [58, 71, 67] is a special case of image regularization
methods that balances a smoothness measure and a fidelity term. Modelling images as
random fields [64, 63] provides yet another strategy.

The statistical nature of noise can also be addressed by robust statistics and mode
estimation. This is an elegant approach as most noises present on the images can be
described by a statistical law (Poisson law for the PET images, Gaussian for the dig-
ital images, or other kinds of additive or multiplicative noise for more complicated
cases ... ). Furthermore, the filters derived from this approach are often quite easy to
implement, interpret, and they are composed of simple blocks easy to adapt for a par-
ticular situation. For these reasons, the statistical filters are the heart of the work in this
manuscript. The most known statistical filters are the mean-shift procedure [20, 23],
the local M-smoothers [21, 74] and the bilateral filters [69, 35]. Statistical denoising
shows its full power when it is applied on multidimensional data. As in classifica-
tion tasks, adding dimensions is thought of as a mean to increase the gap between
the modes, and therefore the probability to identify them correctly. In the case of
image filtering, instead of single pixels, the filtering algorithms use blocks of images
called patches, which are high-dimensional vectors. The non-local means (NLmeans)
[13, 12]), unsupervised information-theoric adaptative filtering (UINTA) [2] and some
Bayesian approaches [49] are the most popular of these patch-based filters. Adaptive
patch sizes [46] and iterative updates [46, 32] have also been investigated. As statis-
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tical filters are at the basis of further developments made in this work, they will be
detailed further in the next section.

2.3 Statistical filters

To apply a statistical filtering algorithm on pixels basically consists in replacing each
pixel intensity by an average of the surrounding pixel intensities. Doing so is moti-
vated by statistical considerations: if several measurements were available for each
pixel, computing their average would yield a good estimate of the noisefree intensity.
As pixels unfortunately contain a single measurement, it is not possible to do so. How-
ever, provided they share the same noisefree intensity, the average of the neighbouring
pixels should be a useful surrogate of the noisefree intensity. If this is not the case,
for instance near an intensity jump, then there is a risk of introducing a bias in the
filtered values. This justifies that only close neighbours of the pixel to be filtered bring
a non-zero contribution in the average. The statistical filters are therefore divided in
two families; local and non-local filters. While the local filtering algorithms only use
pixels in a local neighbourhood to provide the surrogate, the non-local filters use the
pixels of the whole image in the calculations.

Working locally in the image entails the definition of a distance function on the
image grid. Let ‖i− j‖p denote the distance derived from the Lp norm between the
ith and jth pixels on the grid. This distance will be (somewhat abusively) called ‘the
distance between ith and the jth pixels’.

To avoid boundary effects, we consider that the image has a toroidal topology (in
the two-dimensional case). In practice, the torus consists of four mirrored copies of

the image. If the image depicts symbol p, then mirroring leads to
pq

bd
. Next, the top

and bottom borders of the resulting image are connected together, and so are its left
and right borders. This produces a torus without any image discontinuity.

2.3.1 Isotropic Local filter

Given a distance on the grid, the neighbourhood of the ith pixel can be defined as

Ni = {j s.t. ‖i− j‖p ≤ r} , (2.6)

where r is some radius. The toroidal topology ensures that |Ni|= |Nk| for all i and k.
In other words, all pixels have the same number of neighbours.



16 CHAPTER 2. Statistical filtering for digital image denoising

Isotropic local filtering can then be obtained starting from the L2 error

Eiso(ŷ) =
1
2 ∑

i∈I
∑

j∈Ni

wij(ŷi− xj)
2 , (2.7)

where ŷ = [ŷi]i∈I denotes the denoised image and wij is a weight that depends on
‖i− j‖p. The global minimum of this error function is attained when its gradient
vanishes. Therefore, if its partial derivative with respect to ŷi is equated to zero, then
the closed-form solution

ŷi =
∑j∈Ni wijxj

∑j∈Ni wij
(2.8)

comes out. The usual choice is a softly decaying window such as

wij = exp
(
−‖i− j‖2

2
2ρ2

)
= Kρ(i, j) . (2.9)

Kρ(i, j) is called the spatial kernel as this function weights the spatial dependency of
the neighbours in the filtering process. Other options may be used as well, such as a
hard window, that is, wij = 1.

In practice, the values of ρ need to be chosen in order to attain a good tradeoff
between residual noise variance and bias. In other words, noise should be attenuated
without smoothing the underlying signal. Anisotropic variants of local filtering, such
as the local M-smoothers and bilateral filtering elegantly simplifies the search for this
tradeoff.

2.3.2 Local M-smoother

The local M-smoothers [21, 74, 56] are inspired by robust statistics [44, 43], which
aim at deriving reliable estimators even in the presence of outliers. In order to reduce
the influence of the latter in the calculations, standard L2 estimators are refined in such
a way that the contribution of outliers saturates. For instance, one can modify (2.7)
into

ELMSs(ŷ) = ∑
i∈I

∑
j∈Ni

wijΨσ((ŷi− xj)
2/2) , (2.10)

where

Ψσ(z2) = σ
2(1− exp(−z2/σ

2)) (2.11)

is chosen as the Leclerc’s function, as illustrated in Figure 2.1.
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Figure 2.1: Representation of Leclerc’s function written in (2.3.2), with σ = 1

Function ELMSs cannot be minimized in closed-form, for it is no longer quadratic.
Instead, a gradient descent approach [51] allows us to write

ŷt+1
i = ŷt

i−α
t ∂ELMSs

∂ŷi

∣∣∣∣
ŷt

(2.12)

= ŷt
i−α

t
∑

j∈Ni

wij Ψ
′
σ((ŷ

t
i− xj)

2/2)(ŷt
i− xj) , (2.13)

where t denotes the iteration index and α is the step size.
Imposing

α
t = 1

/
∑

j∈Ni

wij Ψ
′
σ((ŷ

t
i− xj)

2/2) (2.14)

leads to update rule

ŷt+1
i =

∑j∈Ni wij Ψ′σ((ŷ
t
i− xj)

2/2)xj

∑j∈Ni wijΨ′σ((ŷ
t
i− xj)2/2)

. (2.15)

The initialization of (2.15) is given by ŷ0
i = xi.

The same update rule can alternatively emerge from a fixed-point approach,
wherein the partial derivatives are equated to zero. Function Ψ′ in the update rule
is called the radiometric or tonal kernel because it modulates the contribution of the
neighboring pixels according to their intensity. This dependence on the surrounding
pixel intensities makes the filter locally adaptive and anisotropic. Width σ proves to be
an additional parameter, compared to isotropic filtering. Its value is typically adjusted
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with respect to both the noise standard deviation and the height of the intensity jumps
one wants to preserve.

This particular value of the step size (2.14) ensures that the total photometry of the
image is approximately preserved. We have

lim
σ→∞

∑
i∈I

ŷt
i = ∑

i∈I
xi ≈∑

i∈I
yi (2.16)

for all t (reminder: I is the total number of pixels of the image). The left equality is
demonstrated in [51]: the effective weights of the neighbours are defined as

Wij =


wij

∑j∈Ni wij
if i ∈ Ni

0 otherwise
, (2.17)

and equation (2.8) can be written as ŷi = ∑
I
j=1 Wijxi. The left equality in

(2.17) holds because

• There are no border effects in the image (due to the toroidal topology of the
image).

• The weights and neighbourhoods are symetric: j∈Ni ⇐⇒ i∈Nj and Wij =Wji.

• The weights are normalized : ∑
I
j=1 wij = 1.

We can now write

I

∑
i=1

ŷi =
I

∑
i=1

I

∑
j=1

Wijxj (2.18)

=
I

∑
i=1

I

∑
j=1

Wjixj (2.19)

=
I

∑
j=1

xj

I

∑
i=1

Wij (2.20)

= xj . (2.21)

This proves the left equality in 2.17.
The decaying influence of dissimilar pixel intensities makes the local M-smoother

robust against outliers as well as an efficient mode estimator. This can be formally
demonstrated by observing that the same update rule comes out of a hill-climbing
procedure on a Parzen-window density estimator [70, 56]. For this reason, the local
M-smoother is particularly good at denoising piecewise constant signals.
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2.3.3 Bilateral filter

Bilateral filtering [69, 35, 56] happens to be a slightly different variant of the local M-
smoother. More precisely, the bilateral filter compares the intensity of the pixel to be
filtered with surrounding filtered intensities instead of the noisy ones. These changes
are summarized in update rule

ŷt+1
i =

∑j∈Ni wij Ψ′σ((ŷ
t
i− ŷt

j)
2/2) ŷt

j

∑j∈Ni wijΨ′σ((ŷ
t
i− ŷt

j)
2/2)

. (2.22)

The initialization remains the same as for the local M-smoother and both techniques
yield a different result starting from the second iteration.

While the local M-smoothers are strictly local, the bilateral filter is not: averag-
ing intensities that are already filtered entails a diffusion process. This explains why
the bilateral filtering is even better than the local M-smoother at denoising piecewise
constant signals, provided width σ is small enough compared to the intensity jumps.
If not, apply bilateral filtering for many iterations can eventually lead to a flat image;
the diffusion process has to be stopped before this happens. Formally, one can observe
that the bilateral filtering minimizes

EBF(ŷ) = ∑
i∈I

∑
j∈Ni

wij Ψσ((ŷi− ŷj)
2/2) , (2.23)

which admits trivial solution ŷi = ŷj, for i, j ∈ I.

2.3.4 Mean-shift

Choosing Ni as the whole image in (2.15) and discarding the spatial kernel denoted by
wij leads to the mean-shift procedure [20, 23, 70, 4]:

ŷt+1
i =

∑j∈Ni Ψ′σ((ŷ
t
i− xj)

2/2)xj

∑j∈Ni Ψ′σ((ŷ
t
i− xj)2/2)

. (2.24)

The mean-shift minimizes the error function

EMS(ŷ) = ∑
i∈I

∑
j∈Ni

Ψσ((ŷi− xj)
2/2) . (2.25)

The mean-shift is a non-local method as it uses pixels from the whole image to
estimate the filtered image. Note that it can use the pixels from the last iteration as in
(2.22). To prevent unwanted diffusion, the mean-shift used in this work will only be
used in the (2.24) form.
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Figure 2.2: Left: Noisy image. Right: ideal, non noisy image.

2.3.5 Illustration: isotropic local filter and the local M-smoother

In practice, the isotropic local filter has a major drawback.: the edges of the images
are smoothed by the filtering process. This filtering algorithm only takes the proximity
of the pixels into account. Consequently, a pixel belonging to a very different area of
the image, but close to the pixel to be filtered will have a big influence in the filtering
process. The edges of the different areas of the images will then be smoothed out,
which is to be avoided. This smoothing process is illustrated in the rest of this section.
Let us imagine a part of image containing an abrupt change in intensity. This image is
illustrated on the right of Figure 2.2. Noise is added to this ideal image, the resulting
image is shown on the left of Figure 2.2.

When the isotropic local filter is applied to this image, a Gaussian kernel is cen-
tered on the selected pixel. This pixel is replaced by a weighted mean of the neigh-
bouring pixels. The weights of the pixels depend of the Gaussian kernel uniquely (see
Figure 2.3).

The resulting image after application of the isotropic local filter is show on Figure
2.4. The noise is removed, but the clear edge has been smoothed out.

On the contrary, if a radiometric kernel is used, as in the local M-smoother, bi-
lateral filter or mean shift. The weights applied to the neighbouring pixels are not
Gaussian anymore; they are the product of the spatial and radiometric kernel. The pix-
els with different intensities have a very low weight in the new pixel computation (see
Figure 2.5). The resulting filtered image has a much lower noise level than the original
noisy image, and the edges of the filtered image are preserved (see Figure 2.6).



2.3. Statistical filters 21

Figure 2.3: Left: selection of one pixel. Right: weights of the surrounding pixels with
the isotropic local filter.

Figure 2.4: Left: noisy image. Right: smoothed filtered image after isotropic filter.

Figure 2.5: Left: noisy image. Right: weights of the surrounding pixels with the local
M-smoother.
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Figure 2.6: Left: noisy image. Right: smoothed filtered image after local-M smoother.

2.4 Conclusion

Image filtering has been intensely studied as it is a required step in a lot of different
fields of application. The problem of image denoising can be summarized as trying
to recover the true image from the noisy observation. Usually the filters are designed
for a noise that is supposed to be Gaussian and additive. There are many paradigms
for image filtering, each of them with advantages and drawbacks. In this manuscript,
we focus on the statistical filtering methods for their simplicity, modularity, and effi-
ciency. The statistical filters are well understood, simple, and yet powerful methods
for image filtering. In practice, the bilateral filter proves to be the most efficient of
these filters (this is proved by the experiments of Chapter 3), and in particular on
piecewise constant images. The mean-shift has two major drawbacks. First, using
the pixels from the whole image can provide biased results. Secondly, calculating the
pixels on the whole image can in practice be computationally heavy. To avoid that,
most people using non-local methods, end-up using a local constraint in order to limit
the computational burden.



Chapter 3

Patch-based image denoising

The previous chapter derives some state-of-the-art statistical filters that minimize a
cost function. In this chapter, it will be shown that it is also possible to derive these fil-
ters from a mode estimation framework. This framework is the starting point to intro-
duce high-dimensional data into the filters. From a statistical point of view, is it easier
to separate the modes in high-dimensional spaces. In images, the high-dimensional
data are called patches. This chapter derives the state-of-the art patch-based filters and
proposes a generalization of these filters. From now on, the non-patch filters presented
in chapter 2 will be called scalar filters, in contrast to the patch-based filters. The ex-
perimental section compares these new filters with the state-of-the art statistical filters
on digital pictures.

Figure 3.1 summarizes the content of this chapter: The scalar filter update rules are
derived by minimizing an objective function with gradient descent. The patch-based
filters are created by simply replacing the scalar intensity comparisons by a patch-to-
patch comparison in the update rules; therefore, the link between the objective function
and the patch-based update rule is broken. To restore this link, the patchwise filters
start with the scalar objective function and the patches are introduced into this func-
tion, which is then minimized using gradient descent. The patchwise update rules then
minimize the objective function with patches.

23
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Figure 3.1: Summary of the derivation method for the scalar filters, patch-based filters,
and patchwise filters.

3.1 Statistical denoising as a mode estimation task

Mode estimation [60, 20, 23, 70] and robust statistics [44, 43] constitutes a framework
from which some of the most studied denoising methods can be easily derived. The
underlying assumption is that the noisefree image should consist of a few repeated
intensities or patterns, at least locally or temporarily. From a statistical point of view,
the data distribution has therefore several modes, whose width depends on the noise
standard deviation. Hence, under usual noise assumptions, the top of any mode in-
dicates a location that should correspond to a noisefree pattern. Indeed, if the noisy
intensities are evenly distributed around this mode, the top of this mode should pro-
vide a surrogate of the true, noise free mode. In practice, mode estimation is achieved
by running a hill-climbing procedure [20, 23] on a kernel density estimator [60], as
described in the next section.

3.1.1 Scalar filters in the mode estimation framework

Mode estimation is usually done by kernel density estimator methods. The most
widely known kernel density estimator is undoubtedly Parzen’s window estimator
[60]. In the multidimensional case, this nonparametric estimator approximates an un-
known probability density function p(xi) defined on RD, from which a finite sample
denoted by X = [xi]1≤i≤N is drawn. The estimator can then be written as

p̂(x) =
N

∑
i=1

1
NCσD k(‖x−xi‖2/σ) , (3.1)
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where k is a decreasing continuous function of its argument, ‖ · ‖2 denotes the Eu-
clidean norm, C is a normalization factor for k and σ is a bandwidth that controls the
estimator smoothness. As the argument of k is an unsigned difference, the resulting
function of x is a radial and local kernel. One usually choose k so that the kernel is a
Gaussian function, that is, k(u) = exp(−u2/2). For C = (2π)D/2, this option amounts
to building p̂(xi) as a mixture of equally weighted Gaussian probability density func-
tions, which is simple and convenient in many respects.

Intuitively, the kernel density estimator transforms the discrete probability density
function of the observed sample, which consists of a finite set of Dirac impulses, into
a continuous probability density function. For this purpose, each impulse is blurred
by replacing it with a weighted, smooth, narrow, and monomodal probability density
function, such as a Gaussian one.

There exist of course many refinements of Parzen’s window estimator. The main
difference lie in the type of kernel or in the bandwidth determination [59, 15, 37].
For instance, the bandwidth can be adapted separately for each kernel, using a pilot
estimator.

If the modes of the probability density function p(xi) corresponds to its local max-
ima, then they can be approximated by locating the modes of the kernel density esti-
mator p̂(x). For this purpose, we can run a so-called hill-climbing procedure on p̂(xi)

[20, 23]. In practice, we can use simple techniques such as a gradient ascent or fixed-
point iterations. The different maxima can be reached by changing the initialization
point.

Obviously, the kernel density estimator smoothness is critical in this process. If
it is too low, then the hill-climbing procedure is likely to get stuck in spurious local
maxima, leading to insufficient noise reduction. Running the procedure several times
with different initializations around the same actual mode of p(xi) shows that the
mode estimator has a high variance in this case. In contrast, if the kernel density
estimator is too smooth, then close modes can overlap too much and their estimates are
biased. Mode seeking requires a smoother kernel density estimator and thus a larger
kernel bandwidth than probability density function approximation tasks. Only the
accuracy of the mode locations is measured, not the discrepancy between the estimated
probability density function and the true one. This section shows how the scalar filters
can be obtained starting from a mode estimation framework.

Technically speaking, hill-climbing on a kernel density estimator is very close to
robust statistics [44, 43]. Let us define a dataset X with a sample xi. In order to
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estimate the expectation µ of p(xi), one usually computes its sample mean µ̂, that is,

µ≈ µ̂ =
1
N

N

∑
i=1

xi . (3.2)

The sample mean minimizes the sum of squared errors (SSE) written as

E(X; µ̂) =
N

∑
i=1

(xi− µ̂)2 . (3.3)

If the probability density function is Gaussian, that is

p(x) =
1

Cσ
exp(−‖x−µ‖2

2
2σ2 ) , (3.4)

with C being a normalizing constant. Then the log-likelihood of the dataset X with
respect to µ can be written as

`(X;µ) = log
N

∏
i=1

1
Cσ

exp
(
−‖xi−µ‖2

2
2σ2

)
(3.5)

=
N

∑
i=1
− log(Cσ)− ‖xi−µ‖2

2
2σ2 . (3.6)

If p(xi) is not Gaussian, the SSE is no longer optimal. As a typical case, let us
consider a sample X that should be Gaussian but is actually contaminated by some
outliers. To account for tails that are heavier than expected, we can recompute the
log-likelihood for Student’s t distribution with F degrees of freedom [72]. We have

`(X;µ) = log
N

∏
i=1

1
SσD

(
1+
‖xi−µ‖2

2
Fσ2

)− F+D
2

(3.7)

=
N

∑
i=1
− log(Sσ

D)− F +D
2

log
(

1+
‖xi−µ‖2

2
Fσ2

)
. (3.8)

where

S = (πF)D/2 Γ(F/2)
Γ((F +D)/2)

. (3.9)

is a normalization factor. Maximizing the likelihood in this case amounts to minimiz-
ing a sum of errors given by

E(X; µ̂) =
N

∑
i=1

log
(

1+
‖xi− µ̂‖2

2
Fσ2

)
. (3.10)
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Each term is nearly quadratic close to xi but it tends to be logarithmic when moving
away from xi. This sum of errors cannot be minimized in closed form. Yet, equating
the derivative with respect to µ̂ with zero leads to an iterative fixed-point update that
quickly converges on a solution.

Accordingly, the estimate of the mode that lies the closest from xi after the t-th
iteration is given by

µ̂(t) =
∑

N
i=1

(
1+ ‖xi−µ̂(t−1)‖22

Fσ̃2

)− F+D
2

xi

∑
N
i=1

(
1+ ‖xi−µ̂(t−1)‖22

Fσ̃2

)− F+D
2

, (3.11)

where σ̃ is an oracle for the true unknown standard deviation σ, which does not van-
ish as in the usual quadratic estimator. The above iterative estimator turns out to be
a weighted estimated, that is, a sample mean with unequally weighted terms. As can
easily be seen, weights associated with outliers have a reduced influence, hence justi-
fying the robustness of this kind of estimators [44, 43]. In order to identify the mode
that lies the closest from each xi, one runs the procedure N times with the successive
initializations µ̂(0) = xi.

The idea of reducing the influence of outliers by a adapted error function can be
pursued one step further by writing

E(X; µ̂) =
N

∑
i=1

(
1− exp

(
−‖xi− µ̂‖2

2
2σ2

))
, (3.12)

where each term is a Leclerc function (or upside-down Gaussian function).
From a log-likelihood perspective, equation (3.12) rewrites as

`(X;µ) = log
N

∏
i=1

1
Cσ

exp
(
−1+ exp

(
−‖xi−µ‖2

2
2σ2

))
(3.13)

=
N

∑
i=1
− log(Cσ)− exp

(
−‖xi−µ‖2

2
2σ2

)
. (3.14)

The functional involved in this log-likelihood is not a proper probability density
function, because

lim
u→∞

exp(−1+ exp(−u2/2)) = exp(−1) , (3.15)

and thus ∫
∞

−∞

exp(−1+ exp(−u2/2))du = ∞ . (3.16)
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In practice, however, we can adaptively trim the functional domain for abscissae below
min1≤i≤N xi and beyond max1≤i≤N xi. In this way, the inequality∫ max1≤i≤N xi

min1≤i≤N xi

exp(−1+ exp(−‖x−xi‖2
2/2))dx < ∞ . (3.17)

ensures that a finite normalization factor exists to build an actual probability den-
sity function, which looks like a uniform distribution between min1≤i≤N xi and
max1≤i≤N xi, topped with a nearly Gaussian bump centered on xi. In this way, the
effective part of the tails is heavier than for Student’s t distribution. This allows the
estimator to be even more robust to outliers.

The fixed-point update corresponding to (3.12) is

µ̂(t+1) =

∑
N
i=1 exp

(
− ‖xi−µ̂(t)‖22

2σ̃2

)
xi

∑
N
i=1 exp

(
− ‖xi−µ̂(t)‖22

2σ̃2

) , (3.18)

where the weights associated with the outliers decrease even faster than in the previous
case. The last definition of E(µ̂;X) (equation (3.12)) is equivalent to a kernel density
estimator with Gaussian kernels, up to a linear transformation. It is also noteworthy
that with small changes (µ̂(t) = ŷ(t)j and Ψ′σ chosen as a Gaussian kernel), this equation
reduces to the expression of the mean-shift shown in equation (2.24). If the local
constraint wi j is introduced into equation (3.12), the local M-smoother comes out of
this framework. This illustrates how the statistical filters can be derived from mode
estimation.

The above comparison yields some interesting conclusions. Though technically
similar, hill-climbing on a kernel density estimator and robust statistics follow quite
different philosophies. The kernel density estimator aims at approximating as well as
possible an unknown probability density function p(xi) in a nonparametric fashion.
Usually, a quality criterion ensures that good accuracy is achieved everywhere, in high
as well as low density regions. Minimizing the discrepancy between p(xi) and p̂(xi)

has the priority over smoothness. In contrast, the previous paragraph shows that the
kernel type matters in mode estimation and numerous kernels have been investigated
in the literature by Huber, Welsh and Leclerc, Geman and McClure, and Tukey [7, 8].
Smoothness also proves to be important: robust estimators detailed above involve an
oracle for the unknown width σ of the sought mode, giving to mode estimation the
flavor of a paramatric method. In kernel density estimators, the bandwidth is usually
much smaller.
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The usual interpretation of the kernel density estimator is that its value at x is
determined by the sum of the contributions of all narrow kernels centered on each data
point xi. In densely populated regions, the kernels overlap and the sum of contributions
increases. A slightly different interpretation can be provided for mode estimation,
which focuses only on the local maxima of the kernel density estimator p̂(xi). The
kernel value used in the robust estimator is then a way to reflect the similarity between
x and xi, as its value decreases when x moves away from xi.

3.2 Patch-based filters

The previous section showed how the scalar filters are in fact a mode estimation task:
in the filtering process, the pixel values are replaced with the most probable mode
in their neighbourhood. However, mode separation is often more salient in high-
dimensional spaces. For this reason, in this section, the statistical filters presented in
Chapter 2 are extended in order to use high-dimensional data in the mode estimation
task.

Equation (3.18) estimates the modes using a probability density function estimate
built from single pixels. In this case, the probability density function estimate space
is 1-dimensional. The dimensionality of this space can be increased if the kernel
probability density estimation is evaluated using a small block of pixels adjacents to
pixel xi, called patches. More formally, we define the patch centered on the ith pixel
as

xi = {xj s.t. ‖i− j‖∞ ≤ D} (3.19)

= {xj ∈ Pi} . (3.20)

The intensities observed in patch xi are denoted by xk
i ,1 ≤ k D with D the total

number of pixels in the patches (i.e. a 5×5 patch has 25 pixels, and a dimensionality
of 25). The x1

i is the upper left pixel of the patch xi, and xP
i is the lower right pixel.

The L∞ norm (or city-block distance) ensures that xi represents square blocks in the
image, but any other choice is possible. The toroidal topology of the image (or an
appropriate padding) guarantees that a patch can be constructed for each pixel. The
square brackets indicate that intensities are arranged in a vector, always in the same
order. Similarly, symbols yi and ŷi denote the noisefree value of the ith patch and its
estimate, respectively.

The representation of patches by vectors allows us to compute the pairwise dis-
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tances in the usual (Euclidean) way:

d(xi,xj) =

√
D

∑
k=1

(xk
i −xk

j )
2 = ‖xi−xj‖2 , (3.21)

with D being the dimensionality of the patches.

3.2.1 Patches in the litterature

In the recent years, filtering in the spatial domain has deeply evolved thanks to
the introduction of patches. Extending filters to patches has considerably improved
their denoising power. Examples of patch-based filters are the non-local means
(NLmeans) [13, 12]), unsupervised information-theoric adaptative filtering (UINTA)
[2] and Bayesian approaches [49]. Adaptive patch sizes [46] and iterative updates
[46, 32, 42] have also been investigated.

Other developments of the non-local means are related to kernel regression [19],
probabilistic weights [32], efficient implementations with tree structures [11] or dic-
tionaries [49]. The connections between bilateral filtering, the mean-shift procedure
and (iterative) NLmeans on one side, and with diffusion processes, partial differen-
tial equations, and spectral graph theory on the other side are pointed out in [41, 40].
Robust kernels [42], variable width kernels [3] and specific patch-to-patch distances
[49, 68] are also reported in the literature.

While the filtering results of these patch-based filters significantly improves the
filtering results, the introduction of the patches is usually heuristic and the resulting
filter does not minimize an error function as the scalar filters did. The optimization
procedure is usually not convincing (heuristic variance/bias trade-off controls the size
of the patch, ... ). The aim of this manuscript is to introduce the patches in a solid,
theoretically sound way.

In this chapter, we propose two different ways of introducing patches in the sta-
tistical filters. The first one produces two new filters, and the already widely used
non-local means filter. The in this filters are called patch-based filters. The second
one produces the patchwise filters family, which contains three new filters. The patch-
wise filters are shown to be a generalization of the patch-based filters, with a sound
theoretical justification.
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3.2.2 Introducing the patches in the statistical filters

In this section patches are introduced into the scalar statistical filters presented in
Chapter 2. The easiest and most intuitive way of introduce the patches in the statis-
tical filters is to start from update rules (2.15) and (2.22). The pixel-to-pixel distance
‖ŷt

i− xj‖2
2 is then replaced with a patch-to-patch distance ‖ŷt

i−xj‖2
2, as in

ŷt+1
i =

∑j∈Ni wijΨ
′
σ(‖ŷt

i−xj‖2
2/2)xj

∑j∈Ni wijΨ′σ(‖ŷt
i−xj‖2

2/2)
(3.22)

and

ŷt+1
i =

∑j∈Ni wijΨ
′
σ(‖ŷt

i− ŷt
j‖2

2/2)ŷt
j

∑j∈Ni wijΨ′σ(‖ŷt
i− ŷt

j‖2
2/2)

, (3.23)

for the local M-smoother and bilateral filter, respectively. This modification introduces
patch comparisons in the tonal kernel Ψ′σ. Choosing a patch size equal to one trivially
brings back the usual scalar filters.

If wij = 1 over the whole image, the considered filters correspond to the mean-shift
filter, and the patch-based versions of this filter are

ŷt+1
i =

∑j∈Ni Ψ′σ(‖ŷt
i−xj‖2

2/2)xj

∑j∈Ni Ψ′σ(‖ŷt
i−xj‖2

2/2)
(3.24)

and

ŷt+1
i =

∑j∈Ni Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2)ŷt

j

∑j∈Ni Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2)

. (3.25)

At the first iteration, equations (3.24) and (3.25) reduce to the non-local means [13].
To limit the diffusion process, only (3.24) will be used in the rest of the thesis. From
now on, update rule 3.25 will be named patch-based non-local means.

3.3 Patchwise filtering

The introduction of patches directly into update rules (3.22), (3.23), (3.24), (3.25)
breaks the connection with the objective functions ELMSs (2.10), EBF (2.23) and EMS

(2.25): one can no longer claim that these modified update rules actually optimize
these error functions.

In the case of the bilateral filter, an attempt to relate patch-based filtering to an
error function can be found in [50]. Unfortunately, it involves hybrid patches that mix
together noisy constant intensities coming from xi and a central varying pixel taken
from ŷt

i . A similar approach is developed in [46].
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As an alternative approach, the next section shows how to introduce patches in the
ELMSs (2.10) and EBF (2.23) error functions rather than in the update rules, and derive
new update rules from these objective functions. The objective is to obtain patches in
statistical filters that minimize a well identified error function. For reasons that will be
explained in the next sections, these methods are called patchwise filters, in opposition
with the patch-based filters of equations 3.22, 3.23 and 3.24.

3.3.1 Patchwise local M-smoother and bilateral filter

In the case of the local M-smoothers, let us start with the modified error function

EPWLMSs(ŷ) = ∑
i∈I

∑
j∈Ni

wijΨσ(‖ŷi−xj‖2
2/2) . (3.26)

Next, we minimize it by gradient descent. For this purpose, the gradient of the
distance between two patches is written

∂

∂yk

‖yi−xj‖2
2

2
=

{
yk− xj+k−i if k ∈ Pi

0 otherwise
. (3.27)

The index of x is visually explained in Fig. 3.2.
Therefore, the partial derivative of EPWLMSs with respect to ŷk is given by

∂EPWLMSs

∂ŷk
= ∑

i∈Pk

∑
j∈Ni

wij Ψ
′
σ(‖ŷi−xj‖2

2/2)(ŷk− xj+k−i) (3.28)

and the gradient descent can be written as

yt+1
k = yt

k−α
t ∂EPWLMSs

∂ŷk

∣∣∣∣
yt

(3.29)

=

(
1−α

t
∑

i∈Pk

∑
j∈Ni

wij Ψ
′
σ(‖ŷt

i−xj‖2
2/2)

)
yt

k

+α
t
∑

i∈Pk

∑
j∈Ni

wij Ψ
′
σ(‖ŷt

i−xj‖2
2/2)xj+k−i . (3.30)

To preserve the global level of the image, the step size is fixed according to

α
t = 1

/
∑

i∈Pk

∑
j∈Ni

wij Ψ
′
σ(‖ŷt

i−xj‖2
2/2) (3.31)

leads to the update rule given by

yt+1
k =

∑i∈Pk ∑j∈Ni wij Ψ′σ(‖ŷt
i−xj‖2

2/2)xj+k−i

∑i∈Pk ∑j∈Ni wij Ψ′σ(‖ŷt
i−xj‖2

2/2)
. (3.32)
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Figure 3.2: Differentiating ‖yi− xj‖2
2 with respect to yk is zero except if k ∈ Pi. In

this case, shifting from i to k towards j allows us to determine which index in Pj is
involved in the partial derivative.

As to patch-based bilateral filtering, the same reasoning starting from

EPWPBBF(ŷ) = ∑
i∈I

∑
j∈Ni

wijΨσ(‖ŷi− ŷj‖2
2/2) . (3.33)

leads to

yt+1
k =

∑i∈Pk ∑j∈Ni wij Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2) ŷt

j+k−i

∑i∈Pk ∑j∈Ni wij Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2)

. (3.34)

For both patch-based update rules, the initialization remains unchanged, i.e. y0
k = xk

for all k ∈ I. Scalar local M-smoothers and bilateral filters update rules are found
back if the patch radius is set to zero. Just as with the previously described patch-
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based filters, extending Ni to the whole image and letting wij = 1 leads to a patchwise
iterative version of the non-local means [13] as described in the next section.

3.3.2 Patchwise non-local means

As in section 3.3.1, non-locality can be achieved by choosing wi j = 1 on the whole
image. The error function 3.26 then writes

EPWNLMEANS(ŷ) = ∑
i∈I

∑
j∈Ni

Ψσ(‖ŷi−xj‖2
2/2) . (3.35)

The derivation used in section 3.3.1 can be applied to this objective function to derive
a patchwise version of the non-local means algorithm:

yt+1
k =

∑i∈Pk ∑j∈Ni Ψ′σ(‖ŷt
i−xj‖2

2/2)xj

∑i∈Pk ∑j∈Ni Ψ′σ(‖ŷt
i−xj‖2

2/2)
. (3.36)

As in Section 3.3.1, the patchwise version of the non-local means is related to
the classical non-local means in a simple way: if only the term associated with the
central pixel of the patch is kept in the update rule, the patchwise non-local means
reduces to the classical non-local means found in the literature. Note that the non-
local means is traditionally used in a non-iterative way. Equation (3.36) supposes that
this update rule is used iteratively, which can, in the case of a non-local filter, cause
unwanted diffusion. In this work, we decide to use only (3.36) to minimize the effects
of diffusion while using this algorithm iteratively. Update rule (3.36) will then be
called patchwise non-local means.

In this thesis, filters (3.22), (3.23) and (3.24) will be referred to as patch-based
filters, in opposition with filters (3.32), (3.34) and (3.36) that are called patchwise
patch-based filters. The reason behind this name choice is that in the patch-based
filters, the outer sum over Pk is dropped and only the term associated with the central
pixel of the patch remains: the patch-based filters update one pixel at a time. The
patchwise patch-based filters, however, change the value of the whole patch during
one single iteration. The patch-based filters can thus be considered as approximations
of the patchwise ones.

3.3.3 Computational complexity and implementation

At first glance, the patchwise updates seem to require more operations than the patch-
based filters, because they involve an additional sum. In order to show that this in-
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tuition is false, let us first compute the complexity of the local M-smoother and the
bilateral filter without patches. Updates (2.15) and (2.22) are to be applied to whole
image and are thus repeated |J| times. Each update requires O(|Ni|) operations, in
order to compute all filter weights and their sum in both their numerator and denomi-
nator. This leaves us with a total time complexity of O(|J| |Ni|).

The introduction of patches in the tonal kernel, such as in the pixelwise updates,
increases the number of operations to compute each weight of the filter. Computing
the patch-to-patch distance has a complexity of O(|Pi|), instead of O(1) previously.
This makes the total time complexity equal to O(|J| |Ni| |Pi|).

As to the patchwise updates, let us first notice that the terms in the numerator
and denominator of (3.32) and (3.34) depend on indexes i and j. A given pair (i, j)
occurs in the computation of several filtered intensities. More precisely, looking once
again at Figure 3.2 shows that this pair is involved in ŷk for k ∈ Pi. Starting from this
observation, we rewrite the filtered intensity in (3.32) and (3.34) as

ŷt+1
i = vi/ni , (3.37)

where temporary variables vi and ni accumulate the terms of the numerator and de-
nominator, respectively. Next, let us assume that these variables already account for
all terms except those related to index pair (i, j), with i fixed and j running in Ni. Then,
in the case of the local M-smoother, we accumulate the last terms by writing

ni← ni + ∑
j∈Ni

wij Ψ
′
σ(‖ŷt

i−xj‖2
2/2) (3.38)

vi← vi + ∑
j∈Ni

wij Ψ
′
σ(‖ŷt

i−xj‖2
2/2)xj , (3.39)

where ni and vi are as usual the patch values centred on the ith pixel. If other terms
than those associated to the given value of i are missing, then the two last updates can
be applied for them as well. Eventually, we conclude that the updates can be applied
for all i ∈ J, starting from the initialization ni = 0,vi = 0. This means that computing
(3.38) and (3.39) for all i ∈ J, followed by (3.37) for all i ∈ J is equivalent to update
(3.32). A similar reasoning can be followed for the bilateral filter. In both cases, the
computational complexity is distributed as follows. The computation of the patch-to-
patch distance requires O(|Pi|) operations. This leaves us with a total time complexity
of O(|J| |Ni| |Pi|) in order to update ni for all i. On the other hand, updating vi entails
patch-to-patch additions. Fortunately enough, all patch elements are premultiplied
by the same factor, meaning that the patch-to-patch distance and the patch-to-patch
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accumulation can be carried out sequentially. Therefore, the time complexity remains
the same and experimental runtimes for the patchwise and pixelwise filters are not
significantly different.

Provided the patches are rectangular blocks, the patch-to-patch distances and the
patchwise update can be sped up by carrying them out with separable convolutions.
Moreover, the convolution along each dimension of the image with a constant win-
dow can be implemented in linear time, by using accumulators. These computational
simplifications have been described in [25] for the patch-to-patch distances; we have
implemented the same tricks for the patchwise updates. More precisely, in the one-
dimensional case, let us assume that the image is a vector with L pixels, the support of
the spatial kernel encompasses 2M+1 pixels, and that the block-shaped patch contains
2K+1 pixels. The image must be padded with 2K+M pixels at both ends, so that we
can fetch pixel intensities xi and ŷt

i with 1−2K−M ≤ i≤ L+2K+M; ŷt
i is initialized

to fi. If d(i,m) = ‖yi−xi+m‖2
2 denotes the squared Euclidean patch-to-patch distance,

with −M ≤ m≤M, then for fixed m we can compute

d(1−K,m) =
K

∑
k=−K

(ŷt
1−K+k− x1+m+k)

2 (3.40)

and for all 1−K < i≤ L+K we iterate

d(i+1,m) = d(i,m)+(ŷt
i+1+K− xi+1+K+m)

2

− (ŷt
i+1−K− xi+1−K+m)

2 . (3.41)

Once this is done, we can obtain the terms involved in (3.38) and (3.39) by computing
first

n(1,m) =
K

∑
k=−K

wm Ψ
′
σ(d(1+ k,m)/2) , (3.42)

v(1,m) =
K

∑
k=−K

wm Ψ
′
σ(d(1+ k,m)/2) ût

1+m , (3.43)

and next, for all 1 < i≤ L,

n(i+1,m) = n(i,m)+wmΨ
′
σ(d(i+1+K,m)/2)

−wmΨ
′
σ(d(i+1−K,m)/2) , (3.44)

v(i+1,m) = v(i,m)+wmΨ
′
σ(d(i+1+K,m)/2)ût

1+m

−wmΨ
′
σ(d(i+1−K,m)/2)ût

1+m , (3.45)
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where wm is the spatial weight that corresponds to wij with j− i = m. An outer loop
running over −M ≤ m≤M allows us to compute

ni =
M

∑
m=−M

n(i,m) , vi =
M

∑
m=−M

v(i,m) , (3.46)

and eventually ŷt+1
i = vi/ni for 1 ≤ i ≤ L. The sequence of all abovementioned steps

amounts to a complexity of O(LMK) in this one-dimensional case. The generalization
to two or more dimensions is straightforward but it requires much space and compli-
cated notations. The most noticible difference is the need to repeat the linear convo-
lution for each dimension. The total time complexity is then O(|I| |Ni|D), where D is
the image dimensionality. The complexity is linear in D and thus lower than that in
[25] because we perform all subtractions in (3.41) rather than in each call to the kernel
function. The complexity does not depend on the patch size and only factor D makes
it higher than with scalar filters.

3.4 Experiments

In this section, the filters presented in Chapter 2 and Chapter 3 are compared in order
to discuss their respective denoising performances:

• Scalar local M-smoother and bilateral filter,

• Patch-based (PB) local M-smoother, bilateral filter and non-local means,

• Patchwise (PW) local M-smoother, bilateral filter and non-local means.

• SAFIR, a state-of-the-art filter [48, 47]. SAFIR is a patch-based statisical de-
niosing algorithm that proposes an original statistical patch-based framework
for noise reduction. The idea is to minimize an objective nonlocal energy func-
tional involving spatio-temporal image patches. The minimizer has a simple
form and is defined as the weighted average of input data taken in spatially-
varying neighborhoods. The size of each neighborhood is optimized to improve
the performance of the pointwise estimator reduction and preservation of space-
time discontinuities.

The experiments are conducted on Lena, Barbara, and Boat images. For each
image, the pixel intensities are independently perturbated by an additive Gaussian
noise. Three noise levels are retained, with standard deviations equal to σnoise = 5,
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σnoise = 10 and σnoise = 15 respectively. Example of noisy pictures are shown in
Figure 3.3.

Each experiment involves 5 noisy copies of each image for the optimisation of
the parameters t (number of iterations), ρ (spatial kernel width), σ (radiometric kernel
width) and p (patch size). For the final evaluation of the mean RMSE, mean PSNR
and standard deviation of the PSNR, the filter is applied on 100 repetitions of the noisy
image with the optimised values of the parameters.

Tables 3.1, 3.2 and 3.3 present the Root of the Mean Mean Square Error
(RMMSE), mean PSNR (MPSNR), standard deviation of the PSNR and the values of
the parameters, obtained for all the filtering algorithms and noise levels. The RMMSE
is defined as:

RMMSE =

√
1
M

M

∑
k=1

MSEk , (3.47)

where MSEk is the mean square error of the kth image, and M is the total number of
repetitions of the image. Introducing the patches in the statistical filters provides the
most striking performance gain in all these experiments. In most cases, the optimal de-
noising result is obtained after the first iteration. This is only the case if the paramters
are optimized. When the parameter values have to be estimated, the best solution is of-
ten to use two or three iterations, with less denoising at each step than one badly tuned
iteration. The reason why the fixed-point filters reach their best denoising value at the
first iteration and not after an unlimited number of iteration is that the error function
that the filter optimizes is not the RMSE. The minimum of the RMSE and of the error
function could be found at different parameter values and number of iterations.

The non-local means obtains slightly less good performances than the patch-based
local-M smoothers and bilateral filters. Taking into account pixels in the whole image
could cause some bias in the mode estimation. The patchwise local M-smoothers,
bilateral filters, and non-local means also provide a steady improvement over their
patch-based equivalent, but their performance gain is less striking. This means that
the approximation made by filtering the center pixel only is quite good for the choice
of parameter used in the experiment. The patchwise filters results are close to those of
SAFIR.

Example results for Lena with σnoise = 15 are presented in Figures 3.4 and 3.5. The
observations that can be made on these pictures are representative of the results ob-
tained from the different denoising algorithms. For this reason, only the results for the
Lena picture at the highest noise level are displayed. Numerical results are confirmed
by the visual quality of the images. There is a visible improvement from the scalar fil-
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(a) Original Lena image without noise (b) Lena image with additive gaussian noise
σnoise = 5

(c) Lena image with additive gaussian noise
σnoise = 10

(d) Lena image with additive gaussian noise
σnoise = 15

Figure 3.3: Lena image with different noise levels
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ter to their patch-based counterpoint. The differences between the patch-based filters,
patchwise filters and SAFIR are too subtle to be noticed by visual analysis.

3.5 Conclusions

This chapter presents the introduction of the patches in the statistical filters. This intro-
duction is motivated by mode estimation considerations: in high-dimensional spaces,
the modes are better separated and it is therefore easier to identify to which mode one
pixel belongs. Two methods have been used to introduce the patches in the filters.
The first one is simple, but does not minimise an error function, while the second one
introduces the patches in new error functions and derives new filters from them. These
last filters are shown to be a generalization of the simpler patch-based ones.

Experiments are conducted on three different images, and feature eight variations
of the scalar, patch-based, patchwise filters, and in addition SAFIR, a state-of-the-art
filter. These nine filters are compared after an optimization of their parameters. All
the patch-based filter denoised images show performance gain over the scalar filtered
images. Even if the performance gain of the patchwise filters over the patch-based
ones is not statistically significant, the patchwise approach is sounder and theoritically
better motivated than the patch-based approach. It also provides slightly better results
at the same computational cost.
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(a) Local M-smoother (b) Bilateral Filter

(c) Patch-based local M-smoother (d) Patch-based bilateral Filter

(e) Non-local means

Figure 3.4: Example results of Lena denoising with different filtering algorithms (part
1)
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(a) Patchwise local M-smoother (b) Patchwise bilateral filter

(c) Patchwise non-local means (d) SAFIR

Figure 3.5: Example results of Lena denoising with different filtering algorithms (part
2)



σnoise = 5
Lena RMMSE MPSNR std(PSNR) t σ ρ p

Noisy image 5.0032 34.1458 0.0749
LMSs 3.4073 37.4826 0.0414 1 10.5968 4.8111 1

BF 3.4073 37.4826 0.0414 1 10.5968 4.8111 1
PBLMSs 3.0942 38.3198 0.0410 1 6.0353 4.4747 5

PWPBLMSs 3.0915 38.3274 0.0485 1 5.8082 1.4476 5
PBBF 3.0942 38.3198 0.0410 1 6.0353 4.4747 5

PWPBBF 3.0915 38.3274 0.0485 1 5.8082 1.4476 5
NLmeans 3.1777 38.0885 0.0349 1 5.2161 n.a 3

PWNLmeans 3.1726 38.1025 0.0361 1 5.0932 n.a 3
SAFIR 3.1523 38.1584 0.0371 4 n.a. n.a. 13

Barbara
Noisy image 4.9971 34.1564 0.0763

LMSs 4.0012 36.0870 0.0638 1 9.2913 3.7327 1
BF 4.0012 36.0870 0.0638 1 9.2913 3.7327 1

PBLMSs 3.5035 37.2408 0.0545 1 6.4241 4.8099 5
PWPBLMSs 3.5014 37.2460 0.0585 1 6.4704 4.1992 5

PBBF 3.5035 37.2408 0.0545 1 6.4241 4.8099 5
PWPBBF 3.5014 37.2460 0.0585 1 6.4604 4.1992 5
NLmeans 3.5289 33.2780 0.0507 1 5.2578 n.a 3

PWNLmeans 3.5258 33.2829 0.0523 1 5.0766 n.a 3
SAFIR 3.5598 37.1024 0.031 4 n.a. n.a. 13

Boat
Noisy image 4.9967 34.1571 0.0638

LMSs 3.9241 36.2560 0.0646 1 10.1310 2.9358 1
BF 3.9241 36.2560 0.0646 1 10.1310 2.9358 1

PBLMSs 3.6842 36.8039 0.0763 1 6.4056 3.2491 3
PWPBLMSs 3.6822 36.8087 0.0786 1 6.2953 3.1796 3

PBBF 3.6842 36.8039 0.0763 1 6.4056 3.2491 3
PWPBBF 3.6822 36.8087 0.0786 1 6.2953 3.1796 3
NLmeans 3.7213 36.7169 0.0669 1 5.3213 n.a 3

PWNLmeans 3.7177 36.7253 0.0695 1 5.1682 n.a 3
SAFIR 4.0460 35.9903 0.0431 3 n.a. n.a. 13

Table 3.1: RMMSE, PSNR, standard deviation of the PSNR, and parameter values
for all images with 100 repetitions, perturbated by additive i.i.d. Gaussian noise with
standard deviation equal to 5. t = number of iterations, σ = radiometric kernel width,
ρ spatial kernel width, p = patch size (in pixels).



σnoise = 10
Lena RMMSE mean(PSNR) std(PSNR) t σ ρ p

Noisy image 10.0011 28.1298 0.0865
LMSs 5.1218 33.9424 0.0591 1 25.9477 2.9327 1

BF 5.1218 33.9424 0.0591 1 25.9477 2.9327 1
PBLMSs 4.5251 35.0182 0.0542 1 12.3355 2.9156 5

PWPBLMSs 4.5153 35.0371 0.0576 2 8.2242 1.8088 5
PBBF 4.5251 35.0182 0.0542 1 12.3355 2.9156 5

PWPBBF 4.5150 35.0376 0.0590 2 8.2221 1.8301 5
NLmeans 4.6258 34.8271 0.0436 1 10.1293 n.a 5

PWNLmeans 4.6052 34.8658 0.0444 1 9.9683 n.a 5
SAFIR 4.4367 35.1897 0.0343 4 n.a. n.a. 13

Barbara
Noisy image 10.0027 28.1285 0.0696

LMSs 6.0288 32.5262 0.0591 1 26.8511 2.8409 1
BF 6.0288 32.5262 0.0591 1 26.8511 2.8409 1

PBLMSs 5.5583 33.2320 0.0652 1 12.6075 3.4908 5
PWPBLMSs 5.5458 33.2515 0.0591 1 11.6827 3.6703 5

PBBF 5.5583 33.2320 0.0652 1 12.6075 3.4908 5
PWPBBF 5.5458 33.2515 0.0591 1 11.6827 3.6703 5
NLmeans 5.6171 33.1406 0.0494 1 10.6273 n.a 5

PWNLmeans 5.6013 33.1650 0.0429 1 10.1083 n.a 5
SAFIR 5.3935 33.4935 0.0343 3 n.a. n.a. 13

Boat
Noisy image 9.9983 28.1323 0.0844

LMSs 6.8405 31.4290 0.0502 1 19.2729 4.0971 1
BF 6.8405 31.4290 0.0502 1 19.2729 4.0971 1

PBLMSs 5.5042 33.3169 0.0363 1 9.2067 11.2660 5
PWPBLMSs 5.4621 33.3836 0.0415 1 9.3434 8.6191 5

PBBF 5.5042 33.3169 0.0363 1 9.2067 11.2660 5
PWPBBF 5.4621 33.3836 0.0415 1 9.3434 8.6191 5
NLmeans 5.4968 33.3286 0.0346 1 9.5284 n.a 5

PWNLmeans 5.4782 33.3580 0.0362 1 9.1022 n.a 5
SAFIR 5.6425 33.1014 0.0385 3 n.a. n.a. 13

Table 3.2: RMMSE, PSNR, standard deviation of the PSNR, and parameter values
for all images with 100 repetitions, perturbated by additive i.i.d. Gaussian noise with
standard deviation equal to 10. t = number of iterations, σ= radiometric kernel width,
ρ spatial kernel width, p = patch size (in pixels).



σnoise = 15
Lena RMMSE mean(PSNR) std(PSNR) t σ ρ p

Noisy image (b) 14.9981 24.6101 0.0826
LMSs (c) 6.4146 31.9874 0.0512 1 44.2942 3.2892 1

BF (d) 6.4146 31.9874 0.0512 1 44.2942 3.2892 1
PBLMSs (e) 5.5889 33.1843 0.0531 2 12.5253 3.5749 5

PWPBLMSs (f) 5.5462 33.2509 0.0594 2 11.7869 4.6313 5
PBBF (g) 5.5887 33.1846 0.0523 2 12.5114 3.5811 5

PWPBBF (h) 5.5464 33.2506 0.0678 2 11.7814 4.6281 5
NLmeans (i) 5.7116 32.9956 0.0418 1 13.2817 n.a 5

PWNLmeans (j) 5.7003 33.0128 0.0421 1 12.4728 n.a 5
SAFIR (k) 5.5541 33.2389 0.0764 4 n.a. n.a. 13

Barbara
Noisy image (b) 15.0007 24.6086 0.0821

LMSs (c) 9.2642 28.7946 0.0677 1 28.5618 4.8083 1
BF (d) 9.2642 28.7946 0.0677 1 28.5618 4.8083 1

PBLMSs (e) 7.1058 31.0985 0.0741 1 12.2734 13.0870 5
PWPBLMSs (f) 7.0581 31.1570 0.0770 1 12.4715 10.3464 5

PBBF (g) 7.1058 31.0985 0.0741 1 12.2734 13.0870 5
PWPBBF (h) 7.0581 31.1570 0.0770 1 12.4715 10.3464 5
NLmeans (i) 7.1158 31.0863 0.0379 1 13.2215 n.a 5

PWNLmeans (j) 7.0992 31.1066 0.0404 1 12.7798 n.a 5
SAFIR (k) 6.9016 31.3516 0.0601 4 n.a. n.a. 13

Boat
Noisy image (b) 14.9953 24.6117 0.0979

LMSs (c) 7.6514 30.4560 0.0485 1 42.8622 3.0811 1
BF (d) 7.6514 30.4560 0.0485 1 42.8622 3.0811 1

PBLMSs (e) 6.9901 31.2411 0.0508 2 14.1054 2.9948 5
PWPBLMSs (f) 6.9442 31.2984 0.0550 2 12.9953 3.1038 5

PBBF (g) 6.9895 31.2419 0.0468 2 14.1169 2.9893 5
PWPBBF (h) 6.9440 31.2986 0.0414 2 13.0046 3.1070 5
NLmeans (i) 7.3249 30.8348 0.0370 1 13.8132 n.a 3

PWNLmeans (j) 7.2949 30.8704 0.0332 1 12.0148 n.a 5
SAFIR (k) 6.999 31.2301 0.0449 4 n.a. n.a. 13

Table 3.3: RMMSE, PSNR, standard deviation of the PSNR, and parameter values
for all images with 100 repetitions, perturbated by additive i.i.d. Gaussian noise with
standard deviation equal to 15. t = number of iterations, σ= radiometric kernel width,
ρ spatial kernel width, p = patch size (in pixels).





Chapter 4

High dimensionality in the
patch-based filters

In the statistical filters based on mode estimation methods, pixels (or patches) are com-
pared using a notion of similarity. This similarity is a function (typically a Gaussian
kernel) of the Euclidean distance between the intensities of the patches to be com-
pared. The literature contains many publications that give recommendations about the
choice of the optimal kernel and bandwidth [59, 15, 37] for the one-dimensional case
(scalar version of the mode estimation filters), but in the high-dimensional cases, the
same kernels are usually chosen without much questioning.

This chapter shows that the choice of the Euclidean distance in the patch-based
filters has non-negligible consequences on the resulting similarity measure. Indeed,
in the patch-based and patchwise filters, the patches are high-dimensional vectors.
The Euclidean distance between those patches is measured in a high-dimensional
space; it is thus subject to the curse of dimensionality [5, 34] and in particular, to
the phenomenon of norm and distance concentration [38]. The norm concentration
phenomenon states that when the dimensionality of the space increases, the mean of
usual norms and distances increases, but their variance does not change. As a re-
sult, the ratio between the variance of the norms and their mean tends towards zero as
the dimensionality increases. The practical consequence is that in a high-dimensional
space, all distances between points look similar. The discrimination power of the
Euclidean norm is thus less important in high-dimensional spaces. As a result, in
a high-dimensional space, a useful similarity kernel should be adapted to this phe-

47
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nomenon. This chapter proposes new similarity kernels, designed in order to use the
patch-based and patchwise filters in high-dimensional spaces without suffering from
the phenomenon of norms and distances concentration.

In the literature, the fact that the use of patches induces the need for a special
treatement has already been mentioned. [77] and [24, 57] use PCA to reduce the di-
mensionality of the patches, and [49] subtracts a distance in the radiometric kernel to
reduce the effect of the norm concentration. [36] proposes to improve patch-based de-
noising with learned dictionaries and redundant information. While these approaches
provide good results, they can be seen as clever ways of minimizing the effects of
high-dimensionality instead of adapting completely the filters to the high-dimensional
case. Indeed, if the filters use high-dimensional data as input, it is elegant and natural
to adapt the distance and similarity definitions of these filters to the high-dimensional
case. In contrast, plugging some additional transformations or projections of the data
in the filters to minimize the effects of the high dimensionality is a way of minimizing
the effects of the distance concentration phenomenon, but does not solve the problem
in itself: for example the Gaussian kernel is not an adapted similarity measure in high-
dimensional spaces. For this reason, we propose to adapt the similarity kernel used
in the filters to the case of high-dimensional data. The new similarity kernel takes the
distance concentration phenomenon into account and increases the performances of
the patch-based and patchwise filters.

4.1 Distance concentration phenomenon

When the distances between patches xi and xj are calculated in a filter, the considered
pixels form a finite sample of data. That special case has to be analyzed: indeed, in
this case, the norm of the vectors xi and xj is a random variable. The realisation of this
random variable has a certain distribution. If that random variable is a distance instead
of a norm, the distribution stays the same unless when the number of data points is
finite. Let us study the distribution of [xi], a finite sample of X, with 1≤ i≤ N, in the
following practical situation: µ̂ = xj, and xi ∼ G(µ̂,σI). The difference between two
Gaussian distribution follows a χ2 distribution. Thus we can write

‖xi− µ̂‖2

σ
√

2
∼

{
G(0,0) if xi = xj (with probability 1

N )
χD otherwise (with probability N−1

N )
, (4.1)

where χD denotes a chi distribution with D degrees of freedom, and G(0,0) is a zero
mean, zero variance Gaussian distribution, which amounts to a single peak placed on
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0.
The special case i = j has to be considered because xi is a finite sample. In this

particular case, the pairwise Euclidean distance has a distribution which is a mixture
of a zero-mean zero-variance Gaussian distribution with probability 1/N, and a χD

distribution with probability (N− 1)/N. The zero-mean zero-variance Gaussian dis-
tribution only exists if the sample is finite.

The distribution corresponding to the finite sample situation can be written as

f (u,N,D) =
1
N

δ(u)+
N−1

N

√
2

Γ(D/2)
(u2/2)

D−1
2 exp(−u2/2) . (4.2)

The χD part of this function is illustrated in Figure 4.1 for N = 10 and several values
of D.

Figure 4.1: χD distribution, plotted for N = 10 and D ∈ {1,2,3,5,10,20}, from left to
right.

In high-dimensional spaces, pairwise distances between data points from a fi-
nite sample, drawn from the same Gaussian distribution, have a distribution given by
f (u;N,D). This probability density function has two modes located in 0 and

√
D−1.
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If we neglect the first mode (G(0,0)), to simulate a non-finite number of sample points,
the expected value and the variance are given by E[χD] =

√
2Γ((D+ 1)/2)/Γ(D/2)

and Var[χD] = D−E2[χD], respectively. As the dimensionality increases, the variance
of the bell of the distance distribution stays constant and the top of the bell (average
distance) moves away from zero. The distance is said to concentrate. As the ratio
between the variance and the average distance tends to zero, the points in the bell of
f (u;N,D) are considered to be more and more similar to each other.

With these kind of norm distribution, how can one define an efficient similarity
measure? Intuitively, an efficient similarity measure should consider as similar the
data points with a distance comprised between 0 and the most probable value given
by the mode. For higher values of the distance, the similarity should decrease rapidly,
following the slope of the right tails in Figure 4.1. A similarity measure is usually
a function of the norm that maps the distance between two data points between 0
and 1. Similar (or close) points should have a similarity close to 1; dissimilar points
should have a similarity close to 0. The most common choice of similarity measure in
the statistical filters is the Gaussian kernel. Intuitively, the slope of a good similarity
measure should follow closely the curve of the distance distribution to provide a good
estimation of the similarity.

When a Gaussian kernel is used as a similarity measure in a high-dimensional
space, it is unable to decrease quickly enough to follow the curve between the main
mode of f (u,N,D) and the right tail, whatever the kernel width is. As a result, dissim-
ilar data points are mapped close to 1 and seen as similar.

This is illustrated in Figure 4.2a, in which a Gaussian kernel used as a similarity
measure for f (u,2,10) and σ ∈ {1,2,3,4,5}. For all kernel widths, the slope of the
kernel is unable to be steep enough to follow the distribution of the distances. Figure
4.2b illustrates a kernel that has such behaviour. It has a flat top up to left side of
the distribution bell, then decreases in a steep slope following the distance distribution
shape. For obvious reasons, these kernels are called flat top kernels in the rest of this
work.

In the next section, several types flat top kernels are proposed.

4.2 Flat top Similarity Kernels

To further define the flat top similarity kernels, the notion of similarity has to be de-
tailed first. As highlighted in the previous chapter, hill-climbing a kernel density es-
timator to find modes uses kernels placed on high-dimensional patches of the image.
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(a) Plain line: f (u,N,D). Dotted line: Gaussian similarity kernels with different widths. The Gaussian
kernel is too smooth to be able to drop quickly enough between the main mode and the right tail,
whatever the bandwidth is.

(b) Plain line: f (u,N,D). Dotted line: Flat top similarity kernels with different widths, taking
f (u,N,D) into account. The slope of the flat top kernels follows much more closely the distance
distribution.

Figure 4.2: f (u,N,D) and various similarity kernels.
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The parametric interpretation of the procedure, through the log-likelihood, shows the
importance of using a well-chosen similarity measure. Intuitively, choosing a similar-
ity kernel amounts to choose a function which associates a value between 0 and 1 to
the distance between two points or vectors. In this section, we will further investigate
the choice of efficient kernels as similarity measures in high-dimensional spaces.

4.2.1 Similarity definition

Let us assume that the data consist of a sample drawn from a mixture of M modes
located at µ j, with 1≤ j ≤M. Each mode is associated to a radial probability density
function q(x;µ j,σ) = k(‖x−µ j‖2/σ) centered on µ j.

The similarity between any point x and µ j should at the same time be a decreasing
function of the distance ‖x−µ j‖2 and take into account the information conveyed by
the probability density function q(x;µ j,σ).

In many situations, q(x;µ j,σ) decreases with respect to ‖x−µ j‖ and the similarity
is usually defined as a function of the radial probability density function:

sσ(‖x−µ j‖2) = g(q(x;µ j,σ)) , (4.3)

where g is monotonically decreasing on R+.
In the case of a Gaussian similarity kernel, for instance, one can simply take g(u)=

σ̃u, which leads to

sσ̃(‖x−µ j‖2) = σ̃q(x;µ j, σ̃) = exp

(
−
‖x−µ j‖2

2

2σ̃2

)
, (4.4)

where the true standard deviation is replaced with its oracle σ̃.
However, building a similarity that is directly proportional to the mode probability

density function does not work if the latter is not a decreasing function of ‖x− µ j‖2.
To overcome this shortcoming, we suggest to define the similarity as follows:

sσ̃,P(‖x−µ j‖2) =

∫
∞

‖x−µ j‖2/σ̃
k(u)uPdu∫

∞

0 k(u)uPdu
, (4.5)

where P ∈ N+ is the order of the similarity. With this definition, the similarity has
the following intuitive properties; for any k: sσ̃,P(0) = 1, and u ≤ v⇒ s(u) ≥ s(v).
Furthermore, with the Gaussian case, that is, kσ̃(u) = exp(−u2/2σ̃2), one can observe
that sσ̃(‖x− µ j‖) = sσ̃,1(‖x− µ j‖). In other words, in the Gaussian case, the order
P = 1 is then equivalent to the classical definition of the similarity.
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4.2.2 χD kernel

Let us then study the use of other functions k in the similarity definition (4.5). Instead
of choosing k according to the probability density function of (xi− µ(t))/σ, one can
alternatively use the probability density function of ‖xi − µ̂(t)‖2/σ given by (4.2) ,
which follows closely the χD distribution. For this reason this similarity measure will
be called the χD similarity. It is written

sσ̃,P(‖xi− µ̂(t)‖2) =

∫
∞

‖xi−µ̂(t)‖2/σ̃
f (u;N,D)uPdu∫

∞

0 f (u;N,D)uPdu
(4.6)

= Q

(
‖xi− µ̂(t)‖2

2
2σ̃2 ,

D+P
2

)
, (4.7)

where Q is the regularized upper incomplete Gamma function.
In the P = 1 case, the similarity is the complementary cumulative distribution

function of f (u;N,D), that is, the probability to observe a larger distance than the
observed one ‖xi− µ̂(t)‖2. As this kernel is built from the distribution of the distances
between two samples from the same distribution, this similarity measure follows the
complementary cumulative distribution function of this kernel, and has the ’flat top’
shape shown in Figure 4.2b.

4.2.3 Burr kernel

To avoid computational burden, the χD similarity can be approximated by simpler and
‘all purpose’ distributions defined on R+, such as the Burr type XII distribution [14].
The complementary cumulative distribution function of this distribution is much easier
to compute than the regularized uppper incomplete Gamma function involved in the
χD similarity. Furthermore, the Burr distribution has additional parameters that allow
in particular the right tail thickness to be adjusted; this can be useful for non-Gaussian
noise. The scaled complementary cumulative distribution function of the Burr type
XII distribution is given by

F(b,λ,τ,θ) = (1− (b/λ)τ)−θ . (4.8)

A good approximation of the complementary cumulative distribution function of the
χD distribution can be found with τ = D, θ =−1, and λ =

√
2σ. With these values, the

Burr complementary cumulative distribution function reproduces the shape of the χD

complementary cumulative distribution function, with first a flat top, a steep descent,
and a thin tail.
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Figure 4.3: Topped Gaussian kernel for σ = 2, ε = 3, 0≤ u≤ 10.

4.2.4 Topped Gaussian kernel

The χD similarity stems from the combination of a multivariate Gaussian noise model
with the Euclidean norm. For another noise or norm, the similarity function is ex-
pected to have a different formulation while keeping the same visual shape, that is, a
flat top, followed by a steep descent towards zero. The phenomenon of norm concen-
tration remains indeed valid for a wide range of distributions and norms.

Another flat top function can be defined as follows: a function constant between 0
and ε that becomes a negative exponential after ε. This can be written

kε,σ(u) = exp
(
−max(u,ε)2

2σ2

)
, (4.9)

where parameter ε is larger than or equal to zero and defines the width of the plateau
in a topped Gaussian function, and σ controls the slope of the kernel. These two
parameters ensure that this kernel behaves as a χD kernel. Figure 4.3 illustrates how
the topped Gaussian kernel behaves for σ = 2, ε = 3, 0≤ u≤ 10.

4.2.5 Non-reflexive kernels

From Figure 4.1, another intuitive way of getting rid of the distance concentration
comes to mind: it seems that a simple simple Gaussian kernel Ψσ(u) = exp(− u2

2σ2 )
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would a be good enough similarity measure if the minimum mode value was sub-
tracted from the distance in order to recenter it around zero.

First, let us consider the radiometric kernel in update rule (3.25):
Ψ′σ(‖ŷt

i − ŷt
j‖2

2/2). The argument in Ψ′σ is the distance between two patches
‖ŷt

i− ŷt
j‖2

2/2. Let us choose a distance Z to subtract to ‖ŷt
i− ŷt

j‖2
2/2.

The radiometric kernel is now written Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2−Z). The argument of Ψ′σ

is a distance. To have a physical meaning, it should be positive for all possible values
of Z. This brings up two conditions: Z ≤ min(‖ŷt

i − ŷt
j‖2

2) and i 6= j. We can now
rewrite the update rule (3.25) with the subtraction of the Z distance:

ŷt+1
i =

∑
(i 6=j)
j∈Ni

Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2−Z)ŷt

j

∑
(i 6=j)
j∈Ni

Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2)−Z

(4.10)

=
∑
(i 6=j)
j∈Ni

exp
(
− Z

2σ2

)
Ψ′σ(‖ŷt

i− ŷt
j‖2

2/2)ŷt
j

∑
(i 6=j)
j∈Ni

exp
(
− Z

2σ2

)
Ψ′σ(‖ŷt

i− ŷt
j‖2

2/2)
(4.11)

=
∑
(i 6=j)
j∈Ni

Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2)ŷt

j

∑
(i 6=j)
j∈Ni

Ψ′σ(‖ŷt
i− ŷt

j‖2
2/2)

(4.12)

(4.13)

With these conditions, distance Z disappears naturally as the exponential is developed.
In other words, if i 6= j, the Gaussian kernel behaves as if a distance Z had been

subtracted in order to bring the distances as close as possible to zero, and thus reduces
the effects of the curse of dimensionality. The burden of using a similarity based on a
topped Gaussian function can be avoided just by excluding the ‘reflexive’ (i = j) term
in the corresponding gradient with usual Gaussian similarities. Conversely, the naive
operation of dropping the reflexive term with usual Gaussian similarities amounts to
implicitly using an topped Gaussian kernel, as the plateau width is then automatically
adjust

4.3 Experiments

The experiments feature eight images with 512× 512 pixels and 256 grey levels (the
benchmark image, Lena, Barbara, Couple, Hill, House, Fingerprint and Boat).
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These images are polluted by additive Gaussian white noise with standard devi-
ation σnoise = 20, σnoise = 30 and σnoise = 40. The performances of the patchwise
non-local means with different kernels are compared. The tested kernels are

• Gaussian kernel ,

• Gaussian kernel without the reflexive term,

• χD kernel,

• Burr kernel,

• Topped Gaussian.

For each image, several parameters of the filter are to be optimized : k, the patch
size varies from 3× 3, to 11× 11 by steps of 2 pixels. ρ, the width of the spatial
kernel (Gaussian), is fixed as ρ = 10 pixels. The number of iteration is fixed at 1 as
Chapter 3 showed us that it is often the best possible choice when the parameters are
optimised. The width σ of kernel Ψ is optimized in order to minimize the mean RMSE
on 100 independent repetitions of the polluted images, for each patch size (the topped
Gaussian kernel also needs the additional parameter ε to be optimized). The optimized
parameter are then used to evaluate the mean root mean square error (MRMSE), its
standard deviation (stdRMSE) and the mean peak signal to noise ratio (MPSNR) on
a new set of 100 images polluted with the same noise model. Results are reported in
Tables 4.1 to 4.8: for each image it presents the MRMSE, stdRMSE, MPSNR, and the
optimal σ, ε (if needed), and patch radius r used to obtain these results.

A statistical test has been performed to evaluate the significance of these results:
for all images and all noise levels, the denoising effects resulting from the use of all
the flat top kernels are significantly better than in the simple Gaussian kernel case
(p < 0.01 on all cases). The optimal value of σ is larger in the case of the flat top
kernels, because of the steeper slope of these kernels. The difference between the
results increases as the noise increases, suggesting that the gain of performances is
more important if the noise is more intense. The optimal patch size is also often
smaller for the Gaussian kernel than for the other kernels. This behaviour is explained
by the smoother slope of this kernel.

Some example results for the Lena image are shown in Figures 4.4, 4.5, 4.6, 4.7
(σnoise = 20), and 4.8, 4.9, 4.10, 4.11 (σnoise = 40). The images were cropped in order
to be able to better see the fine details of the images. However, despite this manipu-
lation, it is still very hard to see a visual difference between the different kernels used
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Lena: σnoise = 20
kernel MRMSE MPSNR stdRMSE σ ε r
Gaussian 6.73 31.57 0.0245 0.80 2
Gaussian (NR) 6.34 32.08 0.0223 0.42 4
Topped Gaussian 6.34 32.08 0.0245 0.42 1.08 4
Chi 6.22 32.26 0.0264 1.59 4
Burr 6.23 32.23 0.0244 1.64 4
σnoise = 30
Gaussian 8.54 29.50 0.0282 0.75 3
Gaussian (NR) 7.77 30.32 0.0282 0.41 4
Topped Gaussian 7.77 30.32 0.0282 0.41 1.07 4
Chi 7.64 30.47 0.0331 1.52 4
Burr 7.60 30.51 0.036 1.57 4
σnoise = 40
Gaussian 10.11 28.03 0.0424 0.77 3
Gaussian (NR) 9.14 28.91 0.0469 0.42 4
Topped Gaussian 9.14 28.91 0.0469 0.42 1.05 4
Chi 9.00 29.04 0.0489 1.50 4
Burr 8.93 29.12 0.048 1.56 4

Table 4.1: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Lena image.

for the denoising process. It is however possible to see that the images denoised with
the classical Gaussian kernel seem less smooth than the other images using kernels
specifically made to cope with the high dimensionality of the patches. The fine details
and textures are lost in the noise in the σnoise = 40 case.

4.4 Conclusions

Denoising through mode estimation achieves better denoising result when used with
high-dimensional data. However, [6, 38] showed that in high-dimensional spaces, the
distances between data points concentrate; the Euclidean distance is not an efficient
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Barbara: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 8.46 29.58 0.0223 0.80 2
Gaussian (NR) 7.81 30.28 0.0345 0.47 2.43 2
Topped Gaussian 7.80 30.29 0.0245 0.46 3
Chi 7.75 30.34 0.0264 1.61 3
Burr 7.73 30.36 0.0282 1.67 3
σnoise = 30
Gaussian 10.96 27.34 0.0346 0.73 3
Gaussian (NR) 9.59 28.50 0.0374 0.39 1.10 3
Topped Gaussian 9.59 28.50 0.0374 0.39 4
Chi 9.63 28.45 0.0.04 1.54 4
Burr 9.60 28.49 0.0435 1.59 4
σnoise = 40
Gaussian 13.19 25.73 0.0479 0.72 3
Gaussian (NR) 11.30 27.07 0.05 0.39 1.10 4
Topped Gaussian 11.30 27.07 0.05 0.39 4
Chi 11.39 27.00 0.0547 1.50 4
Burr 11.30 27.07 0.0583 1.56 4

Table 4.2: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Barbara image.

similarity measure anymore. This chapter presents new similarity measures that can
be used in order to provide a better distance estimation in high-dimensional spaces,
and thus a more efficient mode discrimination, and better denoising results.

Four new kernels are proposed : the Gaussian with non-reflexive term, the topped
Gaussian kernel, the χD kernel, and the Burr kernel. To compare these filters, 8 images
have been filtered using the same filter, and these different kernels, in addition to the
classical Gaussian kernel. Results show that the best results are obtained using the
χD kernel. A statistical test has been performed between the RMSE results obtained
by using each one of the new kernels, and those obtained using the classical Gaussian
kernel; each one of the new kernels performs better that the Gaussian one, for all
images and all noise levels.



House: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 8.54 29.49 0.0213 0.73 2
Gaussian (NR) 8.26 29.78 0.0231 0.48 1.13 2
Topped Gaussian 8.26 29.78 0.0233 0.48 2
Chi 8.22 29.82 0.0245 1.5 3
Burr 8.20 29.85 0.0223 1.55 2
σnoise = 30
Gaussian 10.47 27.72 0.0264 0.75 2
Gaussian (NR) 9.86 28.24 0.0282 0.37 1.1 4
Topped Gaussian 9.86 28.24 0.0281 0.37 4
Chi 9.86 28.25 0.0316 1.48 4
Burr 9.86 28.24 0.0331 1.53 4
σnoise = 40
Gaussian 11.93 26.59 0.0346 0.80 2
Gaussian (NR) 11.23 27.11 0.0374 0.38 1.09 4
Topped Gaussian 11.23 27.11 0.0370 0.38 4
Chi 11.21 27.13 0.0374 1.46 4
Burr 11.20 27.14 0.0461 1.52 4

Table 4.3: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the House image.



Benchmark: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 9.33 28.73 0.2293 0.95 1
Gaussian (NR) 8.87 29.17 0.2271 0.68 1.32 1
Topped Gaussian 8.92 29.12 0.2295 0.73 1
Chi 8.60 29.44 0.2193 1.73 2
Burr 8.51 29.53 0.2167 1.78 2
σnoise = 30
Gaussian 13.68 25.41 0.3173 0.88 1
Gaussian (NR) 12.46 26.21 0.3686 0.51 2.01 2
Topped Gaussian 12.56 26.15 0.3701 0.54 2
Chi 12.65 26.09 0.3624 1.56 2
Burr 12.44 26.23 0.3728 1.62 2
σnoise = 40
Gaussian 18.29 22.88 0.4031 0.84 1
Gaussian (NR) 16.06 24.01 0.4572 0.49 1.86 2
Topped Gaussian 16.13 23.97 0.4577 0.50 2
Chi 16.53 23.76 0.4182 1.55 2
Burr 16.24 23.92 0.4222 1.62 2

Table 4.4: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Benchmark image.



Boat: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 8.63 29.41 0.0218 0.76 2
Gaussian (NR) 8.39 29.66 0.0235 0.49 1.10 2
Topped Gaussian 8.39 29.66 0.0237 0.49 2
Chi 8.27 29.78 0.0231 1.51 2
Burr 8.24 29.81 0.0239 1.58 2
σnoise = 30
Gaussian 10.82 27.44 0.0281 0.75 2
Gaussian (NR) 10.19 27.97 0.0317 0.38 1.12 4
Topped Gaussian 10.19 27.97 0.0316 0.38 4
Chi 10.11 28.03 0.0365 1.51 4
Burr 10.10 28.04 0.0411 1.57 4
σnoise = 40
Gaussian 12.73 26.03 0.0435 0.76 2
Gaussian (NR) 11.76 26.73 0.051 0.38 1.07 4
Topped Gaussian 11.76 26.73 0.0511 0.38 4
Chi 11.68 26.78 0.0517 1.49 4
Burr 11.64 26.81 0.0537 1.54 4

Table 4.5: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Boat image.



Couple: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 8.95 29.10 0.0221 0.75 2
Gaussian (NR) 8.57 29.47 0.0214 0.48 1.06 2
Topped Gaussian 8.57 29.47 0.0214 0.48 2
Chi 8.44 29.60 0.0241 1.54 3
Burr 8.45 29.60 0.0248 1.60 3
σnoise = 30
Gaussian 11.43 26.97 0.0316 0.74 2
Gaussian (NR) 10.52 27.69 0.0331 0.37 1.13 4
Topped Gaussian 10.52 27.69 0.0332 0.37 4
Chi 10.53 27.68 0.0441 1.51 4
Burr 10.56 27.66 0.0397 1.56 3
σnoise = 40
Gaussian 13.43 25.57 0.0313 0.75 2
Gaussian (NR) 12.24 26.37 0.0378 0.37 1.10 4
Topped Gaussian 12.24 26.37 0.0375 0.37 4
Chi 12.30 26.33 0.0474 1.47 4
Burr 12.27 26.36 0.0497 1.53 4

Table 4.6: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Couple image.



Fingerprint: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 8.95 29.10 0.223 0.75 2
Gaussian (NR) 8.57 29.47 0.0245 0.48 1.06 2
Topped Gaussian 8.57 29.47 0.0244 0.48 2
Chi 8.44 29.60 0.0245 1.54 3
Burr 8.45 29.60 0.0243 1.60 3
σnoise = 30
Gaussian 11.43 26.97 0.0312 0.74 2
Gaussian (NR) 10.52 27.69 0.0334 0.37 1.13 4
Topped Gaussian 10.52 27.69 0.0335 0.37 4
Chi 10.53 27.68 0.0346 1.51 4
Burr 10.56 27.66 0.0360 1.56 3
σnoise = 40
Gaussian 13.43 25.57 0.0331 0.75 2
Gaussian (NR) 12.24 26.37 0.0387 0.37 1.10 4
Topped Gaussian 12.24 26.37 0.0386 0.37 4
Chi 12.30 26.33 0.0471 1.47 4
Burr 12.27 26.36 0.0478 1.53 4

Table 4.7: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Fingerprint image.



Hill: σnoise = 20
kernel MRMSE PSNR stdRMSE σ ε r
Gaussian 8.54 29.50 0.0211 0.74 2
Gaussian (NR) 8.26 29.79 0.0213 0.49 1.14 2
Topped Gaussian 8.26 29.79 0.0211 0.49 2
Chi 8.23 29.83 0.0251 1.50 3
Burr 8.20 29.85 0.0221 1.55 2
σnoise = 30
Gaussian 10.48 27.73 0.0265 0.75 2
Gaussian (NR) 9.87 28.25 0.0281 0.37 1.11 4
Topped Gaussian 9.87 28.25 0.0278 0.37 4
Chi 9.86 28.25 0.0315 1.48 4
Burr 9.87 28.25 0.0283 1.54 4
σnoise = 40
Gaussian 11.94 26.59 0.0341 0.80 2
Gaussian (NR) 11.24 27.12 0.0375 0.39 1.09 4
Topped Gaussian 11.24 27.12 0.0377 0.39 4
Chi 11.22 27.13 0.0386 1.47 4
Burr 11.20 27.14 0.0385 1.53 4

Table 4.8: For all listed kernels: Mean Root Mean Square Error (MRMSE), Mean
Peak Signal to Noise Ratio (MPSNR), standard deviation of Root Mean Square Error
(stdRMSE), optimal σ, optimal ε, and optimal patch radius (r) for 100 repetitions of
the Hill image.



(a) Original Lena image without noise (b) Lena image with additive gaussian
noise σnoise = 20

Figure 4.4: Examples of results obtained for the Lena image with σnoise = 20.

(a) Denoised Lena image with Gaussian
kernel

(b) Denoised Lena image with non-
reflexive Gaussian kernel

Figure 4.5: Examples of results obtained for the Lena image with σnoise = 20.



(a) Denoised Lena image with topped
Gaussian kernel

(b) Denoised Lena image with χD kernel

Figure 4.6: Examples of results obtained for the Lena image with σnoise = 20.



(a) Denoised Lena image with non-reflexive χD

kernel
(b) Denoised Lena image with Burr kernel

(c) Denoised Lena image with non-reflexive Burr
kernel

Figure 4.7: Examples of results obtained for the Lena image with σnoise = 20.



(a) Original Lena image without noise (b) Lena image with additive gaussian noise
σnoise = 40

Figure 4.8: Examples of results obtained for the Lena image with σnoise = 40.

(a) Denoised Lena image with Gaussian kernel (b) Denoised Lena image with non-reflexive Gaus-
sian kernel

Figure 4.9: Examples of results obtained for the Lena image with σnoise = 40.



(a) Denoised Lena image with topped Gaussian
kernel

(b) Denoised Lena image with χD kernel

Figure 4.10: Examples of results obtained for the Lena image with σnoise = 40.



(a) Denoised Lena image with non-reflexive χD

kernel
(b) Denoised Lena image with Burr kernel

(c) Denoised Lena image with non-reflexive Burr
kernel

Figure 4.11: Examples of results obtained for the Lena image with σnoise = 40.



Chapter 5

Estimation of the local noise for
local parameter adjustment in
the patch-based filters

The previous chapters detailed the use and performances of the statistical filters in low-
and high-dimensional spaces. Even if these methods prove to be efficient denoising
algorithms, the choice of parameters strongly influences the results of the denoising
process. For instance, one should be particularly careful when choosing the width σ

of the radiometric kernel: with too small of a width, most of the noise remains on the
filtered image, with too large a width, the features of the images are blurred and details
are lost.

In the previous chapters, an optimisation procedure ensured that the best possible
choice of parameters was used in all situations. However, in real life situations and
in particular in the case of medical images, it is often impossible to optimally tune
these parameters. Since the noise arises during the acquisition process, the optimi-
sation method used in the previous chapters cannot be used here as the true image is
unknown, making it impossible to optimize the parameters and to calculate the RMSE
or PSNR of the denoised images.

The noise in each image depends of the scanner and of the parameters used for
acquisition. In practice, when a physician needs to filter an image, he uses a set of
default parameters that is proposed for each scanner. This is based on the rather strong
assumption that the noise observed on the image uniquely depends of the scanner, and

71
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not, for example of the object to be scanned, the dose of radiation used, and other
hidden factors. For this reason, a set of default parameters is certainly not optimal for
a particular image.

Furthermore, the noise found on a CT scan image is more complex than a simple
Gaussian noise. Indeed the noise is composed of noise caused by the stochastic fluc-
tuations of the X-rays absorption and scattering, and noise caused by the detectors. In
most cases these two noise sources are combined and the noise is modeled as additive
noise. However, the statistical properties of this noise are not constant over the whole
image. In this case, a constant standard deviation may be unable to provide the best
results on all parts of the image. A trade-off has to be found between smoothing the
low intensity parts of the images and removing the noise on high intensity areas.

The literature already proposes some ways of dealing with noise on CT scan im-
ages: [55] proposes to use a partial differential equation based method using correla-
tions analysis to reduce the noise on a CT scan image. [75] uses partial differential
equations on projection images rather than on the reconstructed images. In [62], the
curvelet transform is adapted to denoise CT images and the results are compared to
wavelet transform based denoising. Wavelets tresholding in windows of the image is
also used in [10, 1]. All these methods need a set of parameters to work properly. One
of the main challenges today is to choose the set of parameters giving the best denois-
ing results with the best preservation of the image quality. Nowadays, the medical
practitioners usually use a fixed set of parameter depending of the scanner that took
the image to analyze. However, this set of parameters is usually far from perfect, and
if the noise depends on the intensity of the pixels or some more complex parameter,
these parameters might need to be changed for each images.

In this chapter, we propose to remove the noise on CT scan images using the
statistical filters presented above. We also propose to estimate the parameters of the
filter by a statistical model of the noise built from other images acquired with the same
scanner. With this model the best choice of parameters is automatically computed for
each image, providing the best possible denoising results. The statistical filters are a
good choice for estimating the parameters of the filters, since these parameters have a
direct link with the standard deviation of the noise present on the image. It is not the
case for the methods presented in the literature. For this specific scanner, this model
gives an estimate of the standard deviation of each pixel; the standard deviations are
gathered in a so-called standard deviation map. The standard deviation map is used
to estimate the value that σ should have to filter this pixel efficiently, or to provide
an estimate of a global σ for the whole image. The model design and parameter
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(a) Summary of the model design steps

(b) Summary of the paramter estimation steps

Figure 5.1: Summary of the steps in this chapter.

estimation steps proposed in this chapter are summarized in Figures 5.1a and 5.1b.

Section 5.1 contains a brief presentation of the CT scan images and their charac-
teristics. Section 5.2 presents how statistics can be extracted from a set of phantom
images. These statistics provide a surrogate of the true image, that can be used as
ground truth to estimate the filtering results, and the standard deviation of each pixel
over the whole set of images. Section 5.3 presents various standard deviation models
and how they fit the data. Section 5.4 shows how the statistical filters presented in the
previous chapters can be modified in order to use the standard deviation map. Section
5.5 proposes an experiment designed in order to estimate the filtering results with the
standard deviation models on real CT scan images and presents the results. Finally,
Section 5.6 draws conclusions about this chapter.
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5.1 Simplified model of the CT scan

The CT scan is a structural imaging method using X-rays to construct an accurate
3-dimensional image of the anatomy of the patient. Images are taken from a lot of
different angles around the patient. These images are then combined to provide a
precise 2-dimensional image of a very fine layer of the patient’s anatomy. A set of
2-dimensional layers, combined along the third axis, gives a 3-dimensional image on
the organs, which can be used to detect the tumor positions and volumes. The scanners
can be used for diagnostic (low-energy scanners, called KVCT, for kilovoltage CT),
or for careful positioning of the patient before treatment, for example in radiotherapy
(high-energy scanners, called MVCT megavoltage CT). The MVCT images usually
have a higher noise level than the KVCT images. This is because the scanner used for
the positioning of the patients uses the accelerator built in the treatment device. This
accelerator generates rays of higher energy for treatment purpose.

5.1.1 Presentation of the scanner

The X-rays used by the CT scan are generated by a X-rays tube. A detector is placed
on the opposite side of the tube to detect the rays after they went through the patient
(see Figure 5.2). An anti-deviation grid is placed in front of the detector to ensure that
the deflected rays are not detected.

The detector measures a value called the coefficient of attenuation, which is used to
calculate the CT number, measure in Hounsfield unity (H). The CT number is defined
as

CT (i) = 1000
(

µt
i−µw

µw

)
, (5.1)

where µt
i is the attenuation coefficient of the pixel at coordinates i, while µw is the

attenuation coefficient of water (typically equals to 0.195). The observed values span
between 0H for air to 4000H for dense bones. The actual values observed from a
scanner can be different depending of its calibration. For instance, the CT images
used in this thesis span between −1000H and 3000.

While the CT scan is an extremely useful tool for physicians, it still presents some
intrinsic limitations. In particular, the contrast of the images, and the noise are three
major issues with this imaging modality.

The spatial resolution determines the size of the small objects that will be visible in
the image. A better spatial resolution is also useful in order to clearly see the
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Figure 5.2: Simplified CT scan principle

border between two organs. The spatial resolution changes for lots of reasons:
patient movements, sampling of the signal, size of the detector, reconstruction
algorithms, etc.

The contrast measures how well the image is able to differentiate between tissues of
almost similar density. It depends of the signal to noise ratio, which depends on
the quantity of detected rays.

The noise found on CT scan images varies widely depending on the parameters of
the acquisition: the energy of the rays, the time of exposition, and the slice
thickness play a major role on the noise intensity.

In radiotherapy, the quality of the CT image is very important for the physicians
in order to decide of the doses to use and of the patient positioning. The filtering
algorithms provide useful tools to get rid of most of the noise, as long as the parameters
are well chosen. Unfortunately, as there is no ground truth for the CT images, it is
impossible in practice to estimate the quality of an image and thus to estimate the
parameters needed to obtain a well denoised image.
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The next section proposes to use a set of phantom images, taken with the same
scanner, with different acquisition parameters. These images are used to construct a
surrogate of the true phantom image and its standard deviation. These statistics are
also used in order to build a model of the standard deviation for this scanner, and
model the noise of any new image taken from this scanner.

5.2 Statistics from the phantom image

Firstly, a model of the standard deviation of all the pixels in an image taken with
the chosen scanner has to be estimated. In order to do this, a set of images of a
phantom (an artifical object with constant piecewise areas of different densities) has
been taken. Each image of the phantom contains 40 2-dimensional layers of 512×512
pixels. Two parameters are changed between the images: the slice thickness can be
{0.5,2,8} mm, and the effective current is taken in {37,75,112,150,187,225} mA/s.
The combinations of these parameters provide 18 images of the same phantom, with
different noise characteristics for a total of 18× 40 = 720 2-dimensional layers (see
Figure 5.3).

The layers of the same image are considered as repetitions of the same object
acquired with the same parameters values. Depending of the parameter choice, the
images can be polluted by heavy to light noise (see Fig 5.4). These 720 layers can be
used to estimate the mean and the standard deviation generated by this scanner during
the acquisition.

5.2.1 Mean phantom image

The mean of the 720 layers (see Fig. 5.5) is used as a surrogate of the ground truth
image. The mean phantom image provides a useful surrogate of the true image and it
will be used as a reference for assessing the filters quality in the rest of this chapter.

5.2.2 Standard deviation map

The standard deviation map for each pixel, displayed in Figure 5.6, is constructed from
the standard deviation of each pixel over the 720 layers. In addition to the estimation of
the standard deviation, this map provides useful information on the nature of the noise.
The standard deviation is higher in the center of the phantom than near its borders.
This suggests that it depends not only on the density of the object to be imaged, but
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Figure 5.3: Example of phantom image
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(a) Phantom image with low noise (8mm layer,
225 mA)

(b) Phantom image with high noise (0.5mm
layer, 37 mA)

Figure 5.4: Examples of noise on the phantom image.

also on the distance travelled through it. This also shows that the hypothesis of a
constant standard deviation over the whole image is not valid in the case of real CT
images.

The observation made on Figure 5.6 strongly suggests that using only the pixels
intensities to model the standard deviation might not be sufficient. In order to be able
to model the noise correctly, the data should also depend of the distance travelled
into the phantom. The attenuation of the rays is a quantity that depends on the path
travelled through the phantom, and it determines the pixel intensities. The attenuation
could then prove to be a useful data to model the standard deviation. The next section
introduces the notion of attenuation and explains how it can be extracted from any CT
image.

Sources of standard deviation

This section studies the different sources of standard deviation in the phantom images.
We assume that the sources of variance consists in the variance between the layers
of each one of the 18 images (intra-images), the variance between the means of the
different images (inter-images), and the variance between the spatial locations of the
pixels (in 3 dimensions). As there is only one image taken for each scanner setting,
it is unfortunately not possible to explore the last source of variance. However, by
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Figure 5.5: Mean phantom image (in Hounsfield unity)
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Figure 5.6: Standard deviation map.
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Figure 5.7: Contributions of standard deviation.

comparing the intra-images and inter-images variances, it is possible to evaluate the
contribution of the first two sources of noise to the CT images.

Figure 5.7 shows the standard deviation of each pixel in function of its intensity.
The pale gray dots displays the standard deviation of each pixel, between the layers of
the same image, while the dark gray dots present the standard deviation between the
mean images. This figure shows that the contribution of standard deviation coming
from the different settings of the scanner is much smaller than the standard deviation
between the layers of the same image. The noise between the layers of the same image
is much more important than the noise coming from different settings on the scanner.

5.2.3 Attenuation map

The CT images are reconstructed from the information gathered in the multiple images
taken around the patient. This information corresponds to the attenuation of the X-rays
by the objects and organs through which the rays went. The attenuation measures are
then used to calculate the intensities of the pixels of the image. From the image, it is
thus possible to reverse this step and find the attenuation of the rays observed on each
pixel. Once this is done, it is possible to try to find a model of the standard deviation
of a pixel in function of this attenuation map.
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Radon transform

The projection of a two-dimensional object with density λ(x,y) is a set of line inte-
grals. The Radon transform computes the line integrals from multiple parallel beams,
in a certain direction. If λ(x,y) represents the unknown density of the organs to be
imaged (see Figure 5.8), then the Radon transform of this density represents the atten-
uation of the X-rays at the detector, in one particular direction L. The projection of
λ(x,y) along L gives the projection of the function, on the direction p, orthogonal to
L. The Radon transform is written

RT{λ(x,y)}= {RT λ}(p,φ) =
∫

L
λ(x,y)dl . (5.2)

In this expression, L is defined as

xcosφ+ ysinφ = p . (5.3)

For a fixed φ, {RT λ}(p,φ) is a projection of the density λ(x,y) along the path L
and the angle of projection φ.

With (5.3), (5.4) becomes

{RT λ}(p,φ) =
∫

∞

−∞

∫
∞

−∞

λ(x,y)(xcosφ+ ysinφ− p)dxdy . (5.4)

To illustrate this, let us imagine an object to scan, which has the form of a disc.
During the acquisition process, a set of projections of this image is taken at different
angles φ (see Figure 5.9)1

These projections are then concatenated and the set of the projections at different
angles φ is called a sinogram (see Figure 5.10)

Figure 5.11 illustrates how the resolution of the sinogram increases with the num-
ber of projections.

A single pixel in the spatial domain (x,y) corresponds to a sine wave in the Radon
space (p,φ). To illustrate this, let us look at a 10× 10 matrix with one single pixel
with a non zero intensity (see Figure 5.12a). The sinogram of this matrix is displayed
in Figure 5.12b, for 0≤ φ≤ 1000 degrees.

The actual CT scan images have to be reconstructed from the sinograms obtained
from the detectors. This operation is called the retroprojection and consists in project-
ing the value of the attenuation along the beam on the spatial space. The combination

1Source of images 5.9, 5.10, 5.11 and 5.13: http://www.cnebmn.jussieu.fr/partagechups/

aurengo/tomonum-p1/tomonum.pdf, 01 February 2011

http://www.cnebmn.jussieu.fr/partagechups/aurengo/tomonum-p1/tomonum.pdf
http://www.cnebmn.jussieu.fr/partagechups/aurengo/tomonum-p1/tomonum.pdf
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Figure 5.8: Radon transform. The attenuation RT{λ(x,y)} is the integral of the density
λ(x,y) along the beams L.
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Figure 5.9: Projections of the object to be imaged at different angles.

Figure 5.10: Construction of a sinogram.

Figure 5.11: Resolution of a sinogram depending of the number of projections.
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(a) Matrix with a simple pixel in the spatial domain

(b) Sinogram of that matrix

Figure 5.12: Example of sinogram from a single illuminated pixel matrix (rotation of
90 degrees in comparison with Figure 5.10).
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of the inverse projections from different angles give the original object (see Figure
5.13). The larger the number of projections is, the finer the reconstructed image. Con-
verserly, using the Radon transform on a reconstructed image gives back the sinogram
from which the image was reconstructed. This inverse Radon transform is used to
construct the attenuation map.

Fan-beam transformation

The Radon transform makes the hypothesis that parallel beams are used for the acqui-
sition. In practice, the beams are emitted as a fan, from a single point on the emitter
(see Figure 5.14). The fan-beam transform is able to take that geometry into account.
The principle of the fan-beam transform is very similar to the Radon transform [45],
adapted for the fan-beam geometry. However, it is out of the scope of this thesis and
will not be detailed here.

The CT images that we have obtained are reconstructed using the inverse fan-beam
transform of the sinogram.

Attenuation map

As the scanner image is reconstructed from the attenuation values with the inverse
fan-beam transform, it is possible to find the attenuation values back from the scanner
image using the fan-beam transform. The total attenuation can then be calculated for
each pixel separately in order to create an attenuation map. The first step in order
to compute the attenuation map is to calculate the sinogram of the whole image (see
Figure 5.15)

To each pixel in the image corresponds a sinusoid on the sinogram. In order to
evaluate the attenuation on a single pixel, it must be isolated from the rest of the
image. The steps required to achieve this are illustrated on the cropped (50× 50)
mean phantom image.

1. A matrix of the same size as the original image is created, filled with zeros
except for one single pixel and its direct neighbours (with smaller intensity)
(see Figure 5.16 )

2. The sinogram for the matrix in Figure 5.16 is estimated (see Figure 5.17).

3. The intensities of that sinogram are multiplied by the intensities of the sino-
gram of the image as illustrated on Figure 5.18. This step ensures that only the
contributions of this particular pixel are found on the resulting matrix.
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Figure 5.13: Reconstruction of the original object by retroprojection.
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Figure 5.14: Fan beam transform. The attenuation RT{λ(x,y)} is the integral of the
density λ(x,y) along the beams L.

Figure 5.15: Sinogram of the mean phantom image.
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Figure 5.16: Selection of one single pixel

Figure 5.17: Sinogram of the single pixel matrix.

4. The attenuation map contains the sum of the attenuation observed in a particular
pixel, at all angles φ.

The attenuation map is constructed by applying the previous set of operations,
pixel by pixel, until the whole image is treated. Figure 5.19 illustrates the attenuation
map obtained from the mean phantom image using this procedure.

On this map, it is visible that the attenuation depends on two factors:

• The distance to the center of the phantom: The longer the rays travel through
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Figure 5.18: Sinogram of the single pixel matrix after multiplication by the sinogram
of the whole image.

Figure 5.19: Attenuation map of the mean phantom image

tissues, the more attenuated they are. The attenuation is less intense on the sides
of the cylinder than on the center, even if the density of the object is the same.
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• The density of the objects the rays went through: higher density areas corre-
sponding to the cylinder in the phantom have a higher attenuation than the areas
with only low density material. It shows that the higher the density is, the higher
the attenuation is.

Since the attenuation map contains the informations about the intensity of the pixels,
but also on their position in the image, it could prove useful to model the noise. The
next section exploits this attenuation map and the pixel intensities to build a model of
the standard deviation of the noise from the set of phantom images.

5.3 Modelling the standard deviation of the noise

The aim of this section is to provide models of the standard deviation of the noise
in function of the intensities and attenuation. The first model estimates the standard
deviation from the intensity of the pixels (it does not use the attenuation map). The
standard deviation-intensity model is written

σ̃i = f (yi) , (5.5)

where σ̃i is the estimated standard deviation at pixel i.
The second model uses the attenuation map to model the noise. The intensity of

a pixel depends on its attenuation, but the attenuation also contains information about
the localisation of the pixel. The attenuation could then provide more useful informa-
tion in the standard deviation model. The standard deviation-attenuation model is

σ̃i = g(ai) , (5.6)

where ai is the attenuation at the ith pixel.
Figure 5.20 represents the standard deviation with respect to the intensity and the

attenuation. Visually, it seems that the attenuation provides a better approximation of
the standard deviation than the intensity. This is to be confirmed by the regression
model results.

The models chosen are simple polynoms of order 1, 2 and 3. These models can be
written as

σ̃i =
N

∑
n=0

αnyn
i (5.7)

or

σ̃i =
N

∑
n=0

αnan
i , (5.8)
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(a) Standard deviation with respect to the inten-
sity

(b) Standard deviation with respect to the atten-
uation

Figure 5.20: Standard deviation with respect to the intensity and attenuation

where N = 1,2,3 is the order of the models. To construct the models, the pixels
corresponding to a zero variance have been deleted from the data to limit the influence
of these outliers.

Table 5.1 presents the parameters these models need to minimize the RMSE of the
standard deviation. For all models, the errors are lower for the attenuation model than
for the intensity model. Concerning the standard deviation/intensity models, Figure
5.21a shows that the linear model is too simple to estimate the standard deviation
correctly. This model also has the highest RMSE of all models. The quadratic and
third order models (Figures 5.21b and 5.21c) are almost similar both in terms of visual
fit and in terms of RMSE. For this reason, in the standard deviation-intensity model,
the quadratic model is chosen for sparseness. In the standard deviation-attenuation
case, the linear model (Figure 5.22a) is unable to model the data accurately and has
the highest error of this family of models. The third order model behaves similarly
to the quadratic model, and both have similar RMSE. The quadratic model is chosen
again, for the sake of sparseness.

With these models, it is possible to provide an estimation of the standard deviation
of the noise on pixel of a new image to construct the standard deviation map, providing
it comes from the same scanner.



5.3. Modelling the standard deviation of the noise 93

(a) Standard deviation/intensity model: order 1 (b) Standard deviation/intensity model: order 2

(c) Standard deviation/intensity model: order 3

Figure 5.21: Standard deviation-intensity models
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(a) Standard deviation/attenuation model: order
1

(b) Standard deviation/attenuation model: order
2

(c) Standard deviation/attenuation model: order
3

Figure 5.22: Standard deviation-attenuation models
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std/int α0 α1 α2 α3 RMSE
order 1 : 7.64.10−3 46.90 5.1931
order 2: 4.99.10−

6
1.11.10−4 48.83 5.0510

order 3: 6.10.10−9 −1.53.10−5 1.64.10−2 47.23 5.0193
std/att
order 1 : 1.36.10−7 36.536 4.5376
order 2 : 1.02.10−15 −1.20.10−7 51.787 4.4709
order 3 : 5.38.10−24 −9.63.10−16 1.1.∗10−7 42.83 4.4696

Table 5.1: Parameters of the standard deviation-intensity and standard deviation-
attenuation models. α0,α1,α2,α3 are the parameters of the polynomial model.

5.4 Integration of the standard deviation model into
the statistical filters

The previous section details how the standard deviation of the noise on each pixel can
be estimated by a model depending on the intensity or on the attenuation. However,
the statistical filters presented earlier only use a constant radiometric kernel width over
the whole image and cannot take the information from the standard deviation map into
account without modifications. This section proposes a variation of these filters that
use the standard deviation map as an estimate of the kernel width.

Scalar filters

Classical statistical filters have two main parameters: the spatial kernel width and the
radiometric kernel width.

The spatial kernel width controls the weight of a patch depending on the distance
between this patch and the patch to be filtered:

wij = exp
(
−‖i− j‖2

2
2ρ2

)
. (5.9)

The radiometric kernel width controls the weight of a patch depending of the dis-
tance between the intensities of this patch and those of the patch to be filtered.

Local M-smoother: Ψ
′
σ

(
‖ŷt

i− xj‖2
2/2
)
= exp

(
−
‖ŷt

i− xj‖2
2

2σ2

)
(5.10)
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Bilateral filter: Ψ
′
σ

(
‖ŷt

i− ŷt
j‖2

2/2
)
= exp

(
−
‖ŷt

i− ŷt
j‖2

2

2σ2

)
(5.11)

The widths of the spatial and radiometric kernels are respectively denoted by ρ

and σ.
The radiometric kernel σ in (5.10) and (5.11) uses a constant value over the whole

image. The rest of this section shows how to introduce the information provided by
the standard deviation map in these filters. For two pixels

yi ∼ G(µi,σ
2
i ) and yj ∼ G(µj,σ

2
j ) , (5.12)

we can write
yi− yj ∼ G(µi−µj,σ

2
i +σ

2
j ) . (5.13)

From the usual Gaussian distribution rules, the difference between two pixels, as used
in the radiometric kernel of the scalar statistical filters, has a distribution as in (5.13).
We suggest to modify (5.10) and (5.11) in the following way in order to adapt to
standard deviation of the difference between the two pixels:

Local M-smoother:φ′σ
(
‖ŷt

i− xj‖2
2/2
)
= exp

(
‖ŷt

i− xj‖2
2

2σR(σ
2
i +σ2

j )

)
, (5.14)

Bilateral filter:φ′σ
(
‖ŷt

i− ŷt
j‖2

2/2
)
= exp

(
‖ŷt

i− ŷt
j‖2

2

2σR(σ
2
i +σ2

j )

)
. (5.15)

In (5.14) and (5.15), σR is a global width for the radiometric kernel that allows a
global control of the radiometric kernel width over the whole image.

Patch-based and patchwise filters

In the case of the patch-based filters, each pixel has a different variance. This has to
be taken into account it the kernel width: for the patch-based local M-smoother, the
radiometric kernel has the following form (the same development can be done for the
other patch-based filters and the patchwise filters):

Ψ
′
σ(‖ŷt

i−xj‖2
2/2) = exp

(
‖ŷt

i−xj‖2
2

2σ2

)
, (5.16)

with

‖ŷt
i−xj‖2 =

√
D

∑
k=1

(ŷk
i −xk

j )
2 . (5.17)
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To use the information from the standard deviation map, these equations are mod-
ified in the following way: The noise standard deviation is now taken into account in
the distance computation.

‖ŷt
i−xj‖2 =

√√√√ D

∑
k=1

(
(ŷk

i −xk
j )

2

(σk
i )

2 +(σk
j )

2

)
(5.18)

In this expression, σk
i is the standard deviation of the kth pixel of the ith patch.

This distance is divided by D, the dimensionality of the patches, in order to make
it independent from the patch size. The radiometric kernel is now

Ψ
′
σ(‖ŷt

i−xj‖2
2/2) = exp

(
‖ŷt

i− x̂j‖2
2

2σ2
RD

)
. (5.19)

With these new radiometric kernel and distance definitions, the patch-based filters
use the standard deviation map in the filtering process.

5.5 Experiments

The experiment section aims at testing the performances of the modified statistical
filters using the standard deviation models. In real life situations, then mean image
is not known, and it is not possible to optimize the parameters. For this reason, the
performances of the filters will be tested on the phantom image, with fixed values of
σR, instead of an optimized one. The experiments should determine which model is
robust to a non optimal choice of σR in order to get the best results without knowing
the ground truth image.

5.5.1 Design of the experiment

The images chosen for this experiment (see Figure 5.23) are produced by the noisiest
(0.5mm layer depth, 75mA) and less noisy (8mm layer depth, 225mA) combination
of parameters. In the rest of this chapter they will be called low noise image and high
noise image respectively.

For each image, three models are compared:

• The standard deviation-intensity model;

• The standard deviation-attenuation model;
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(a) Cropped image 15

(b) Cropped image 16

Figure 5.23: Selected parts of images 15 and 16
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• A constant standard deviation model: the width of the radiometric kernel is
constant over the whole image and is evaluated as the mean of the standard
deviation maps from the two other models.

These three models are tested with different values of σR: σR =

{0.2,0.4,0.6 . . .3.8,4}, and the Gaussian and χD kernels presented in Chapter 4. The
filters used are patch-based bilateral filter with 7×7 patches and a spatial kernel of 15
pixels.

5.5.2 Results

This section presents the results of the experiments conducted on these two images.
The lowest mean RMSE, highest mean PSNR, standard deviation of this RMSE, and
σR giving these results are presented on Tables 5.2 and 5.3 for the low noise image and
high noise image respectively. For all models, there is a significant improvement from
the RMSE of the original image to the RMSE of all denoised images. For each kernel,
the best denoising result are obtained with the constant radiometric kernel over the
whole image. However, the standard deviation of the RMSE over the 40 layers shows
that the differences between the models are not statistically significant. From these
tables, all kind of models and kernels provides the same denoising quality. However,
this table only displays the best denoising results while, in practice, the best choice
of σR is unknown and has to be chosen blindly. If all the methods provide the same
denoising quality, they should also prove to be robust to a non optimized choice of σR.

low noise image RMSE = 14.41
Kernel Model MRMSE MPSNR std(RMSE) σR

Gaussian std-attenuation 7.52 49.84 1.07 0.4
std-intensity 7.47 49.80 1.03 0.2
constant 7.44 49.83 1.11 0.4

χD std-attenuation 7.53 49.84 1.06 0.6
std-intensity 7.38 49.91 1.04 0.6
constant 7.36 49.92 1.11 0.6

Table 5.2: mean RMSE, mean PSNR, std RMSE, and σR giving the best denoising
results on the low noise image.

Figures 5.24 and 5.25 present the mean RMSE (MRMSE) of the low noise image
and high noise image for 0.2≤ σR ≤ 4, for the Gaussian and χD kernel. For all images,
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high noise image RMSE = 15.78
Kernel Model MRMSE MPSNR std(RMSE) σR

Gaussian std-attenuation 8.02 49.20 1.03 0.4
std-intensity 7.99 49.24 1.05 0.4
constant 7.90 49.33 1.04 0.4

χD std-attenuation 8.07 49.16 1.01 0.6
std-intensity 7.92 49.31 1.05 0.6
constant 7.81 49.44 1.04 0.6

Table 5.3: mean RMSE, mean PSNR, std RMSE, and σR giving the best denoising
results on the high noise image.

the constant variance and standard deviation-intensity models results decrease rapidly
as σR increases, while the standard deviation-attenuation model performs better even
at high values of σR. In the χD kernel case, for all models, the MRMSE is more
robust that in the Gaussian kernel case but the standard deviation-attenuation model
still provides the lowest MRMSE at high σR values.

Figure 5.26 shows the mean RMSE of all the models with the Gaussian and the χD

kernels for the low noise (Figure 5.26a) and high noise (Figure 5.26b) images. Even if
the Gaussian kernel best results provide similar RMSE as those from the χD kernel, the
RMSE increases much faster with σR for the Gaussian kernel than for the χD kernel.
For this reason, the χD kernel should be used with the patch-based denoising methods.

From these experiments, if it is not possible to choose the best σR without a ground
truth image; the best choice is then to use a χD kernel, with the standard deviation-
attenuation model, and σR = 0.5. This combination minimizes the loss of perfor-
mances while σR is not optimally chosen.

5.6 Conclusions

While the patch-based and patchwise filters are very efficient filtering algorithms, they
are designed to filter a noise with a constant variance over the whole image. In practice
however, the noise is far from being constant everywhere on the image; the constant σ

and ρ used in the statistical filter have then to be chosen as compromise to maximise
the quality over the whole image. Moreover, as the ground truth image is not known
it is in practice impossible to find the optimal parameters and they often are chosen by



5.6. Conclusions 101

(a) Low noise image: MRMSE of the images denoised with the Gaussian kernel. Con-
tinuous line: standard deviation-attenuation model. Dotted line: standard deviation-
intensity model. Dashed line: constant standard deviation model.

(b) Low noise image: MRMSE of the images denoised with the χD kernel. Continuous
line: standard deviation-attenuation model. Dotted line: standard deviation-intensity
model. Dashed line: constant standard deviation model.

Figure 5.24: Low noise image: MRMSE of the images denoised with different values
of σR.
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(a) High noise image: MRMSE of the images denoised with the Gaussian kernel. Con-
tinuous line: standard deviation-attenuation model. Dotted line: standard deviation-
intensity model. Dashed line: constant standard deviation model.

(b) High noise image: MRMSE of the images denoised with the χD kernel. Con-
tinuous line: standard deviation-attenuation model. Dotted line: standard deviation-
intensity model. Dashed line: constant standard deviation model.

Figure 5.25: High noise image: MRMSE of the images denoised with different values
of σR.
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(a) Low noise image: Plain lines: all Gaussian kernel models. Dashed lines: all χD

kernel models

(b) High noise image: Plain lines: all Gaussian kernel models. Dashed lines: all χD

kernel models

Figure 5.26: Comparison between the Gaussian kernel models and the χD kernel mod-
els
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default.
This chapter proposes to use a set of images taken from a specific CT scanner,

and to model the noise on these images. With such a model, the noise on any new
image from the same scanner can be evaluated, and the parameters of the filters can
be chosen from this evaluation. For each pixel, the standard deviation of the noise
is modeled in function of the pixels intensities and attenuation. A standard deviation
map associating the standard deviation of the noise with each pixel is created. The
filters are modified in order to be able to use the standard deviation map information.

Experiments are conducted to evaluate the performances of the modified filters,
using a standard deviation map, with the filters with a constant σ, estimated from the
models of the standard deviation of the noise. A phantom CT scan image is used for
the experiments. The experimental section shows that while using a standard deviation
map does not significantly improve the result of the denoising in terms of RMSE, it
provides a much more robust denoising method. The standard deviation-attenuation
model in particular is robust to a non optimal choice of the parameter σR. In practice,
it is often not even possible to estimate the order of magnitude of the standard devi-
ation from a CT image. Using the information from the standard deviation models
to provide an estimation of σ value for the constant model means using these mod-
els indirectly. Considering that building the attenuation map is not computationally
expensive, applying the standard deviation-attenuation model is competitive once the
model is computed for a particular scanner. For these reasons, even if these is no vis-
ible improvement at the best situation, the standard deviation-attenuation model, with
the χD kernel provides better results than the other methods on all non optimal cases
and is thus recommended.



Chapter 6

Adaptation of the statistical
filters to Poisson noise

The filters used in the previous chapters are adapted for the Gaussian noise case, with
constant or variable variance. However, for some kind of images, the hypothesis of
Gaussian noise is not valid (on PET scan images for instance). In the case of Poisso-
nian noise, the noise depends on the intensity of the pixels. In this case, the Gaussian
hypothesis made in the case of the statistical filter means that the σ parameter will be
too large on low intensity areas, and too small in high intensity areas: the statistical
filters are unable to filter the noise while preserving the edges and details of the image.

This chapter deals with the problem of the non-Gaussian noise, and in particular
the Poissonian noise. In the literature, [54] proposes a procedure based on the min-
imization of an unbiased estimate of the MSE for Poisson noise. This problem is
adressed by [53, 52], with a general methodology (PURE-LET) to design and opti-
mize a wide class of transform-domain thresholding algorithms for denoising images
corrupted by mixed Poisson-Gaussian noise. Total-variation regularization has also
been adapted to the case of Poisson image denoising in [66, 16, 65]. Wavelets are also
used to cope with the Poisson polluted images [17].

Rather than developing a whole new set of algorithms for the specific case of Pois-
sonian noise, we propose to treat the images with the statistical filters detailed above
in the thesis, and to use a variance-stabilizing transform in order to make the noise
Gaussian on the transformed image. This strategy means that all the advantages of
the statistical filters are kept: strong theoretical background, edge preservation, patch-
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based and patchwise filters, reasonable computational load, models for estimation of
the parameters, flat-top kernels, ...

There are several types of variance stabilizing transforms. In this chapter, two
types of transforms are presented: the Anscombe transform [39], and the Fisz trans-
form [39]. This chapter shows how the these transforms can be integrated in the fil-
tering process (in the case of the Anscombe transform) or in the filters (for the Fisz
transform). The experimental section uses artificial images with additive Poissonian
noise in order to compare filtering results without variance stabilization transforma-
tion, and with the Anscombe or Fisz transformation. The images are filtered with
the scalar filters and with the patchwise filters. Experiments have been performed on
real phantom PET images and the residuals (original image minus filtered image) are
displayed to compare filtering results.

6.1 Variance stabilizing transforms

A variance stabilizing transform is a mathematical transformation of the data designed
to change the data variance. The variance of the transformed vector should be unre-
lated to their means. In this chapter, we propose to study the Anscombe transform and
the Fisz transform.

6.1.1 Anscombe transform

If xi ∼ Pois(λ), the Anscombe transform is defined as [39, 51]

ni = A(xi) = 2

√
xi +

3
8

. (6.1)

After this transformation, ni follows approximately N(O,1). This approximation,
however, is not valid for small values of λ [76].

6.1.2 Fisz transform

The Fisz transform is based on the Fisz theorem [39, 51]: Let us define two indepen-
dent vectors Xi ∼ Pois(λi), i = 1,2, and the function ζ : ℜ2→ℜ

ζ(X1,X2) =

{
0 if X1 = X2 = 0

(X1−X2)
(X1+X2)

otherwise
(6.2)
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If (λ1,λ2)→ (∞,∞) and λ1/λ2→ 1 then

ζ(X1,X2)−ζ(λ1,λ2)→ N(0,1) . (6.3)

Equation (6.3) is called the Fisz transform.
[76] proved that the transformed data is closer to a normal distribution than the

output of the Anscombe transform. The same paper also showed that the stabilisation
effect of the Fisz’s transform is still good even if λ1 and λ2 are small.

6.2 Introduction of the variance stabilizing transform
in the statistical filters

The two variance stabilizing transforms are able to effectively transform any Poisson
vector or pair of vectors into a Gaussian vector. This section shows how they can be
integrated into the filtering process in order to make the statistical filters able to cope
with Poisson noise.

6.2.1 Anscombe transform

Using the Anscombe transform to filter an image polluted by Poisson noise is very
easy. Firstly the Anscombe transform is applied on the image before filtering. Sec-
ondly, the transformed image is filtered as if it was polluted by Gaussian noise. Finally,
the inverse Anscombe transform is applied on the filtered image, to bring it back to
the real intensity values.

6.2.2 Fisz transform

This section shows how the Fisz transform can be used to filter images with the statis-
tical filters.

To apply the Fisz transform: ζ(X1,X2)−ζ(λ1,λ2), λ1 and λ2 are needed for each
pixel. These values are usually not known and can not be extracted from the image.
However, for the filtering application, the variance has to be stabilized, but the distri-
bution does not have to be centered around zero. Using ζ(λ1,λ2) is then not necessary.
The Fisz transform can therefore be reduced to ζ(X1,X2) and there is no need to esti-
mate λ1 and λ2. The Fisz transform uses the subtraction between two Poisson vectors
to stabilize the variance. A subtraction of the same type is also used during the inten-
sity distance evaluation in the radiometric kernel. This suggests that the Fisz transform
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could be introduced into the radiometric kernel in an elegant way. In the case of the
bilateral filter, the update rules becomes

ŷt+1
i =

∑j∈Ni wij Ψ′σ(ζ(ŷ
t
i, ŷ

t
j))

2/2) ŷt
j

∑j∈Ni wijΨ′σ(ζ(ŷ
t
i, ŷ

t
j))

2/2)
. (6.4)

For the patch-based bilateral filter, the update rule is unchanged:

ŷt+1
i =

∑j∈Ni wijΨ
′
σ(‖ŷt

i− ŷt
j‖2

F/2)ŷt
j

∑j∈Ni wijΨ′σ(‖ŷt
i− ŷt

j‖2
F/2)

. (6.5)

but the definition of the distance between two patches becomes

dF(yi,yj) =

√
D

∑
k=1

(ζ(ŷi, ŷ j))2 = ‖yi−yj‖F . (6.6)

With the Fisz transform, the variance stabilization is fully integrated into the sta-
tistical filter and there is no need of manipulating the image before and after filtering.

6.3 Experiments

This sections aims at comparing the performances of the statistical filters on Poisson
polluted images, using the two types of variance stabilizing transforms on an artifical
and a real phantom image

6.3.1 Artificial image

The experiments compare the filtering performances of the patch-based filters without
variance stabilizing transform, with the Anscombe transform, and with the Fisz trans-
form. Figure 6.1 shows the artificial image used in the experiments, firstly without
noise, then polluted with Poissonian noise.

The noisy image is filtered using the bilateral filter and the patch-based bilateral
filter for 1×1 (scalar), 3×3, 5×5 and 7×7 patches, with 15 pixels as spatial kernel
width and one single iteration. Each one of these filters uses one of following data
processing scheme:

• No variance stabilizing transform: the data is not transformed and the filter treats
it as if it was polluted by Gaussian noise.
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(a) Original artificial image without noise (b) Artificial image with Poisson noise

Figure 6.1: Example of original and noisy artificial image.

• Anscombe transform: The data is transformed with the Anscombe transform,
then the filtering process is applied, and the inverse transform is applied.

• Fisz transform: The Fisz transform is integrated into the filters.

A set of 100 images is generated, polluted by the same noise model. The best
algorithm is the one that minimizes the mean RMSE over the 100 repetitions. The
parameter σ is optimized for each combination of patch sizes and type of variance
stabilizing transform. Table 6.1 reports the results of this experiment. This table shows
that the mean RMSE is significantly lower when a variance stabilizing transform is
used. Between the variance stabilization transforms, the Fisz transforms performs
statistically better than the Anscombe transform, even if the differences between the
two are small in practice.

Figure 6.2 shows the noisy image, and the images filtered with each variance sta-
bilizing transform. The visual differences between these images are too subtle to be
noticed on visual evaluation.

6.3.2 Real phantom PET image

In this section, a phantom PET image is used to estimate the quality of the denoising
process. As the ground truth image is not known (as the noise arises during the aqui-
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(a) Artificial image with Poisson noise (b) Filtered image with no variance stabilizing
transform

(c) Filtered image with Anscombe variance sta-
bilizing transform

(d) Filtered image with Fisz variance stabilizing
transform

Figure 6.2: Examples of filtered images.
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Artificial image: MRMSE= 9.1503
VST MRMSE MPSNR std(RMSE) σR r
none 6.08 32.45 0.0172 12.58 5
Anscombe 5.20 33.80 0.0138 1.121 3
Fisz 5.13 33.92 0.0141 1.303 5

Table 6.1: For each variance stabilizing transform: mean RMSE (MRMSE), mean
PSNR (MPSNR), standard deviation of the RMSE (std(RMSE)), σR, and patch size
(r) giving the best denoising results on the Poisson polluted image.

Figure 6.3: Original PET phantom.

sition process, the phantom image is also polluted by noise), the residuals (defined
here as the original image minus the filtered image: x− ŷ) can be used to asses the
quality of the filtering process. With this definition, the residual image displays what
was filtered during the processing of the image. The visualisation of this residual im-
age gives an insight on how the filters react in combination with the various variance
stabilizing transforms.

The phantom PET image used is displayed in Figure 6.3.

In the experiment, we propose to compare the denoising results on the phantom
PET image using a scalar filter, and a patch-based filter. Each of these filters is tested
with no variance stabilizing transform, the Anscombe, and Fisz variance stabilizing
transforms. This gives six different ways of treating the images. The results are dis-
played on Figures 6.4 and 6.5. When no variance stabilizing transform is used, the
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radiometric kernel width needed to get rid of most of the noise also blurs the edges
of the cylinders of the phantom. The visual analysis of the residuals of the images
pretreated with Anscombe transform shows that the features of the image are better
respected with the Anscombe transform than without transform. Still the visible out-
line of the cylinders shows that even with the Anscombe transform, some details of
the structure of the image are lost in the filtering process. This is not the case when
the Fisz transform is used. In this case, the residual image does not show the contours
of the cylinders. This proves that the only elements that the filtering process removes
is the noise. For a similar denoising effect, the details and features of the images
are better preserved when the Fisz transform is used than when no transform, or the
Anscombe transform are used. For this reason, the Fisz transform is chosen as the best
choice of variance stabilizing transform on real PET images.

6.4 Conclusion

This chapter shows how the statistical filters, based on the hypothesis of Gaussian
noise, can be used to filter images polluted with Poissonian noise. A variance stabi-
lizing transform can be used to transform the data into a Gaussian vector. A method-
ology to use the Anscombe and the Fisz transforms on images has been proposed.
Experiments are conducted on an artifical image polluted by Poissonian noise. This
image is filtered with statistical filters, without variance stabilizing transform, with
the Anscombe transform, and with the Fisz transform. For both variance stabilizing
transforms, the mean RMSE of the transformed data is significantly lower than for the
non-transformed data. The Fisz transform is also proven to perform better than the
Anscombe transform, even if the performance gain is small enough to be invisible on
visual analysis.
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(a) Bilateral filter, no variance stabilizing
transform.

(b) Residuals of bilateral filter, no variance
stabilizing transform.

(c) Bilateral filter, Anscombe variance sta-
bilizing transform.

(d) Residuals of bilateral filter, Anscombe
variance stabilizing transform.

(e) Bilateral filter, Fisz variance stabilizing
transform.

(f) Residuals of bilateral filter, Fisz vari-
ance stabilizing transform.

Figure 6.4: Denoising of the PET phantom image with the bilateral filter and residuals
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(a) Patch-based bilateral filter, no variance
stabilizing transform.

(b) Residuals of patch-based bilateral filter,
no variance stabilizing transform.

(c) Patch-based bilateral filter, Anscombe
variance stabilizing transform.

(d) Residuals of patch-based bilateral filter,
Anscombe variance stabilizing transform.

(e) Patch-based bilateral filter, Fisz vari-
ance stabilizing transform.

(f) Residuals of patch-based bilateral filter,
Fisz variance stabilizing transform.

Figure 6.5: Denoising of the PET phantom image with the patch-based bilateral and
residuals



Chapter 7

Contributions

The aim of this chapter is to summarize the contributions of this thesis.

7.1 Contributions in Chapter 3

In this chapter, the scalar filters are modified to use high-dimensional data. The state of
the art proposes several local (bilateral filter, local M-smoother) and non-local (mean
shift) scalar filters, and a non-local patch-based filter (non-local means). In Chapter 3,
two local patch-based filters are introduced: the patch-based bilateral filter and local
M-smoother. The link between the mean-shift and the non-local means has been used
to propose an iterative version of the non-local means. Chapter 3 also proposes new
types of patch-based filters that are called patchwise filters. Two local patchwise filters
are proposed (patchwise bilateral filter and patchwise local M-smoother). A patchwise
version of the non-local means is also mentioned. These contributions are summarized
in Table 7.1.

The experiments compare the denoising between scalar filters, the patch-based
filters, and the patchwise filters.

The developments presented in this chapter are published in [28, 29, 31].

7.2 Contributions in Chapter 4

Chapter 4 states that the high-dimensional distance function used in the patch-based
and patchwise filters is subject to the curse of dimensionality and in particular to the
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Local Non-local
Scalar Bilateral filter Mean-shift

Local M-smoother
Patch-based Patch-based bilateral filter Non-local means

Patch-based non-local means
Patchwise Patchwise bilateral filter Non-local means

Patchwise non-local means

Table 7.1: Summary of the state-of-the-art statistical filters and the contributions. The
state of the art filters appear in gray. The contributions are written in black.

phenomenon of norm concentration. As a consequence, the similarity kernel used to
find out how similar two patches are does not differentiate the close and well separated
patches. Chapter 4 proposes to use new types of similarity kernels, called flat-top ker-
nels, in order to counter the phenomenon of norm concentration. These new kernels
follow closely the shape of the complementary cumulative distribution function of the
norm distribution in high-dimensional spaces. Four types of flat-top kernels are pro-
posed and compared in the experiments. The study shows that all the flat-top kernels
statistically outperform the classical Gaussian kernel in high-dimensional spaces.

The developments presented in this chapter are published in [26, 27].

7.3 Contributions in Chapter 5

In Chapter 5, a method for estimating the standard deviation from a set of images
from one scanner is proposed. The standard deviation of each pixel is modelled with
respect to the pixels intensities and attenuations. The models is used to construct
a standard deviation map which provides an estimate of the standard deviation for
each pixel of the image. In the rest of the chapter, the statistical filters are modified
in order to adapt the radiometric kernel width associated with each pixel using the
information contained in the standard deviation map. Experiments are performed on
CT scan images. The denoising results between filters with a constant radiometric
width, and filters with an adaptive kernel width using the models of the variance of
the noise are compared. While the denoising results are the same with a constant or
variable radiometric width, the experiments showed that the filtering results are much
more robust to a non-optimal parameter choice when the model of the variance of the
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noise is used.

7.4 Contributions in Chapter 6

Chapter 6 proposes to use a variance stabilizing transform to adapt the filters to the
case of Poisson noise. Two different variance stabilizing transforms are used: the
Anscombe and Fisz transform. This chapter details how these variance stabilizing
transforms can be used in the field of image filtering. In particular, the introduction
of the Fisz transform into the scalar, patch-based, and patchwise filters is detailed.
Experiments show that using a variance stabilizing transform significantly improves
the denoising results when the noise of the image follows a Poisson distribution.

The developments presented in this chapter are published in [30].





Chapter 8

Conclusions

Image analysis has become a very active and important research field in the last years.
The evergrowing use of digital images in many demanding applications makes it nec-
essary to refine and improve the quality of the images. Of course, the increasing qual-
ity of the acquisition devices plays a major role in the quality of the resulting images,
but the need for efficient denoising algorithms is nonetheless there as the acquisition
conditions can not always be controlled.

Many paradigms have been applied to denoising algorithms. This thesis focuses
on denoising methods based on local or non-local statistics of the images. These
statistical filters are mainly used on low-dimensional data, although nowadays, some
statistical filters started using high-dimensional vectors to improve the filtering results;
they are using blocks of images, called patches in the mode estimation procedure.
However, high-dimensional spaces have strange and counter-intuitive properties, and
one of them, the distance concentration phenomenon, is not taken into account in
the traditional filters. Moreover, in real-life situations, the noise encountered often
follows a more complex law than a simple Gaussian noise and might not be constant
over the whole image. This invalidates the hypothesis of Gaussian noise. Finally, the
parameters of the filters are often impossible to estimate in real life situations.

The goal of this thesis is to develop new denoising algorithms based on the state-of-
the-art statistical filters, and to adapt these new filters and some existing filters to cope
with several of the problems mentioned above: high dimensionality, non-Gaussian
noise and parameter estimation.

119



120 CHAPTER 8. Conclusions

8.1 Patch-based and patchwise filters

More specifically, we propose to adapt the existing low-dimensional (also called
scalar) filters to the high-dimensional case. This is motivated by an analogy with
the mode estimation procedure. The modes are usually more separated in high-
dimensional spaces. Two paradigms have been used to introduce high dimensionality
in the scalar statistical filters. The first one is heuristic and consists in replacing pixel-
to-pixel distances by patch-to-patch distances in the scalar filters update rules. The
main problem with this approach is that the new update rules do not minimize an error
function anymore. The second paradigm solves that problem: the patches are intro-
duced into the error functions and the update rules are derived from these new error
functions. These update rules, called patchwise filters, are proven to be more general
versions of the patch-based filters derived from the first paradigm.

Experiments are conducted on three images with additional Gaussian noise. Eight
variations of the scalar, patch-based, and patchwise filters are compared; in addition,
SAFIR, a state-of-the-art filter is also tested. The parameters of these filters are opti-
mized for the lowest mean RMSE over 100 images. Results show that the patch-based
and patchwise filters all provide a significant improvement over the scalar filters. With
the optimised parameters, most of the filters have the lowest mean RMSE after the
first iteration while the literature usually uses 3 iterations, with heuristically chosen
parameters. All the patch-based filter denoised images show performance gain over
the scalar filtered images. Even if the performance gain of the patchwise filters over
the patch-based ones is not statistically significant, the patchwise approach is sounder
and theoretically better motivated than the patch-based approach. It also provides
slightly better results at the same computational cost.

8.2 Flat top kernels

Denoising through mode estimation achieves better denoising results when used in
high-dimensional spaces. However, the patch-based and patchwise filters use the Eu-
clidean distance and the Gaussian kernel as a similarity measure. In high-dimensional
spaces, the Euclidean distance is subject to the so-called norm concentration phe-
nomenon. As a result, the Gaussian kernel is not able to successfully make the differ-
ence between the close and well separated data points. In this thesis, we propose new
similarity kernels called flat top kernels designed to cope with the norm concentration
phenomenon in high-dimensional spaces.
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Four new kernels are proposed : the Gaussian kernel with non-reflexive term, the
topped Gaussian kernel, the χD kernel, and the Burr kernel. The experiment section
compares these new filters: eight images have been filtered with the same filter using
four different flat top kernels, and the traditional Gaussian kernel. The best results
are obtained using the χD kernel, with or without the reflexive term depending of the
image. For all images and all noise levels, the RMSE obtained for each one of the new
kernels is lower than for the classical Gaussian kernel.

8.3 Estimation of the local noise for local parameter
adjustment in the patch-based filters

The statistical filters are designed to filter noise with a constant variance over the
whole image. This hypothesis is not valid in practical cases, in particular in the case
of CT scan images. Moreover it is often impossible to find the optimal parameters for
filtering a specific image as the ground truth is not known.

To solve this problem, we propose to build a model of the standard deviation of
the noise for a particular scanner. From a set of phantom images, two models of the
standard deviation of the noise are evaluated: the standard deviation as a function of
the pixel intensities, and the standard deviation as a function of the pixel attenuations.
With these models, the standard deviation of the noise can be estimated for each pixel
of the image. The filters are modified in order to use this new information.

A study is conducted on phantom CT images to compare the denoising perfor-
mances of the filters using the standard deviation map to those of the filters with a
constant radiometric kernel width. The experiments show that while the RMSE re-
sults are not lower for the filters with the standard deviation map than for the filter
with a constant radiometric width, the filters using the standard deviation map are
much more robust. As in practice is it often impossible to estimate the correct value
of this parameter, the robustness of the models is an important feature.

8.4 Adaptation of the statistical filters to Poisson noise

The noise on images is often more complex than a simple additive Gaussian noise.
For instance, in the case of PET scan images, noise approximately follows a Poisson
noise, as the intensities result from a count of photons in the sensors. The traditional
statistical filters are designed for Gaussian noise denoising only. This means that when
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applied to images contaminated with Poissonian noise, the statistical filters are not able
to remove the noise efficiently. We propose to use variance stabilizing transforms to
stabilize the variance of the noise on the images. The statistical filters can then be ap-
plied on the images as if the noise was Gaussian. Two variance stabilizing transforms
are suggested: the Anscombe transform and the Fisz transform. A methodology to use
the Anscombe transform is proposed, and the statistical filters are modified in order to
integrate the Fisz transform.

Experiments are made on an artificial image polluted with Poisson noise. The
study compares results from filters without variance stabilizing transform, and with
the Anscombe and Fisz transforms. Scalar and patchwise filters are used. For both
variance stabilizing transforms, the mean RMSE of the transformed data is signifi-
cantly lower than for the non-transformed data. The Fisz transform is also proven to
perform better than the Anscombe transform.

8.5 Take home message

The aim of this thesis is to modify the existing statistic filters in order to obtain bet-
ter filtering results, to be more robust to parameter choices, and to be able to cope
with other noise models than additive Gaussian noise. Several improvement have
been proposed in order to cope with these issues. Firstly we showed that using high-
dimensional data in the statistical filters is a sure way to significantly improve the filter-
ing performances on all types of images. Secondly, when patches (high-dimensional
data) are used, some precautions have to be taken, especially because of the behaviour
of the Euclidean norm. When patches are used, we propose to optimize the filtering
results by using a flat-top kernel in the filters instead of the classically used Gaussian
kernel.

Thirdly, in the case of real world CT images where default parameters are used for
the denoising algorithms, we propose to use a phantom image to build a model of the
noise created by this scanner. This model can then be used to estimate the variance
of the noise on any new image taken with this scanner. With these modifications, the
filters use this variance estimation to adapt the radiometric kernel width for each pixel
instead of using a constant radiometric width on the whole image. The filters using
a variable radiometric kernel width are much more robust to a suboptimal parameter
choice than the filters with a constant one. Fourthly, in the case of Poissonian noise,
we propose to use the Fisz variance stabilizing transform, integrated into the filters, to
adapt the filter to the hypothesis of Poissonian noise and optimize the filtering results.
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