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TRACE THEORY FOR GAUGE-COVARIANT SOBOLEV SPACES

JEAN VAN SCHAFTINGEN AND LEON WINTER

Abstract. The traces of gauge-covariant Sobolev spaces on a Riemannian vector bun-
dle for some connection are characterised as some gauge-covariant fractional Sobolev
spaces when the curvature of the connection is bounded. The constants in the trace
and extension theorems only depend on this curvature. When the connection is abelian,
one recovers known results for magnetic Sobolev spaces.

1. Introduction

A gauge-covariant Sobolev space W 1,p
K (M, E) on a smooth Riemannian vector bundle

E above a smooth Riemannian manifold M endowed with a metric connection K is a
set of sections U : M → E of E for which a weak covariant derivative DKU satisfies a
condition of integrability. When the connection K is trivial, the gauge-covariant Sobolev
spaces coincide with their vector valued counterparts, the usual Sobolev spaces, thereby
generalising them. The space W 1,2

K (M, E) is the natural framework for scalar fields in
various Yang–Mills equations [8], including first-order Yang–Mills equations [18], coupled
boson Yang–Mills energies [29, §2] and Yang–Mills–Higgs energies for sections in a (non-
linear) bundle [2, 7, 16,30,31,36,39].

In the study of boundary value problems in the calculus of variations and partial
differential equations it is natural to determine whether a reasonable meaning can be
given to boundary value of a Sobolev-type function, known as the trace of the function,
and, if so, what are all admissible boundary values and the associated estimates. For
the vector valued Sobolev space

W 1,p(Ω,Rm) =

{

u ∈ Lp(Ω,Rm)

∣

∣

∣

∣

u is weakly differentiable and

∫

Ω
|Du|p < +∞

}

.

Gagliardo’s seminal trace theorem [13] (see also [1, Thm. 7.39; 9, Prop. 17.1; 21, Thm.
9.4; 23, §10.1.1 Thm. 1; 25; 35]) states that if 1 < p < +∞ and if Ω ⊂ R

n+1 is a bounded
open domain with Lipschitz boundary, or if Ω = R

n+1
+ = R

n × (0,+∞) ⊂ R
n+1, then

there exists a unique linear, continuous and surjective operator, called the trace operator,

Tr : W 1,p(Ω,Rm) → W 1−1/p,p(∂Ω,Rm)
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and a linear and continuous operator, known as the extension operator,

Ext: W 1−1/p,p(∂Ω,Rm) → W 1,p(Ω,Rm)

such that Tr ◦ Ext is the identity on the fractional Sobolev space

W 1−1/p,p(∂Ω,Rm) =

{

u : ∂Ω → R
m

∣

∣

∣

∣

∫∫

∂Ω×∂Ω

|u(x) − u(y)|p

|x− y|p−1+dim ∂Ω
dxdy < +∞

}

.

The goal of the present work is to extend the trace theory to Riemannian vector
bundles. Let us first consider a trivial vector bundle E ∼= R

n+1 × F above the half
space R

n+1
+ = Rn × [0,+∞) ⊂ Rn+1, where F ∼= Rm is a Euclidean vector space (see

for example [19, Def. 6.42]). In this case, a covariant derivative can be expressed as
DΓ = D + Γ where Γ: Rn+1

+ → Lin(Rn+1, o(F )) is called a connection form. In other

words one sets for every x ∈ R
n+1
+ and h ∈ R

n+1,

DΓu(x)[h] = Du(x)[h] + Γ(x)[h][u(x)].

The space o(F ) is the Lie algebra associated to the group of isometries O(F ); the ma-
trix representing Γ(x) in an orthonormal basis of F is skew-symmetric. This condition
ensures the inequality |D|u|| ≤ |DΓu| (Lemma 2.1).

In the case where dimF = 2, identify F ∼= C, the connection form can be written
as Γ = iA for A : Rn+1

+ → R
n+1, which corresponds to the magnetic vector potential.

Gauge-covariant Sobolev spaces arise naturally in settings of quantum physics involving
magnetic fields where they are called magnetic Sobolev spaces [3; 14, Ch. 23; 32] and are
a central tool in the studies of non-linear Schrödinger equations which have been the
subject of extensive research [4,11,27].

Our first result generalises the recent work of Nguyen and the first author in which
they obtained a characterisation of the corresponding magnetic Sobolev spaces [28].

Theorem 1.1. Let n ≥ 1 and 1 < p < +∞. If Γ ∈ C1(R
n+1
+ ,Lin(Rn+1, o(F ))) and

‖KΓ‖∞ ≤ β, then there exists a positive constant C = C(n, p) > 0 depending only on n
and p such that

(i) For all U ∈ C1
c (Rn+1

+ , F )

(1.1) |U(·, 0)|
W

1−1/p,p
Γ
q

(Rn,F )
+ β(p−1)/2p‖U(·, 0)‖Lp(Rn,F )

≤ C(‖∇ΓU‖Lp(Rn+1

+
,Lin(Rn+1,F )) + β1/2‖U‖Lp(Rn+1

+
,F )),

(ii) For all u ∈ C1
c (Rn, F ), there exists U ∈ C1

c (Rn+1
+ , F ) depending linearly on u

such that U(x, 0) = u(x) on Rn and

(1.2) ‖∇ΓU‖Lp(Rn+1

+
,Lin(Rn+1,F )) + β1/2‖U‖Lp(Rn+1

+
,F )

≤ C(|u|
W

1−1/p
Γ
q

(Rn,F )
+ β(p−1)/2p‖u‖Lp(Rn,F )).

The quantity KΓ in Theorem 1.1 is the curvature 2-form of the connection induced
by Γ and is defined as

KΓ = dΓ + Γ ∧ Γ
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where dΓ is the exterior derivative of Γ and ∧ denotes the wedge product of differential
forms; as explained in Section 2, for every x ∈ R

n+1
+ v,w ∈ R

n+1,

KΓ(x)[v,w] = dΓ(x)[v,w] + Γ(x)[v] ∧ Γ(x)[w].

In the particular case where dimF = 2 so that F ∼= C and o(F ) ∼= iR, writing Γ = iA,
we have Γ(x)[v] ∧ Γ(x)[w] = (i ∧ i)(A(x) · v)(A(x) · w) = 0 and thus KΓ = dΓ and we
recover the condition of [28].

The characterisation of Theorem 1.1 relies on the fractional gauge-covariant Sobolev
space W s,p

Γq

(Rn, F ) defined for 1 ≤ p < +∞, 0 < s < 1 and Γq ∈ C0(Rn,Lin(Rn, o(F ))),

as the set of all functions u ∈ Lp(Rn, F ) whose gauge-covariant Gagliardo seminorm

(1.3) |u|W s,p
Γ
q

(Rn,F ) =

(
∫∫

Rn×Rn

|u(x) −RΓq(x, y)u(y)|p

|x− y|n+sp
dxdy

)1/p

,

is finite, where RΓq(x, y) denotes the parallel transport from y to x along the affine path
t ∈ [0, 1] 7→ (1 − t)x+ ty induced by Γq with Γq(x)[v] = Γ(x, 0)[v, 0].

An important feature of the statement of Theorem 1.1 is its gauge-invariance: if
Γ′ = φDΓ(φ−1) for some local isometry φ ∈ C1(Rn+1, O(F )) which, in the context of
vector bundles, is called a gauge transformation, then

DΓ′(φU) = φDΓU,

KΓ′φ = φKΓ

and

RΓ′
q(x, y)φ(y)u(y) = φ(x)RΓq(x, y)u(y),

(see (2.4), (2.22), Lemma 2.3 and (2.30)), so that Theorem 1.1 is invariant under the
change U 7→ φU , u 7→ φu and Γ 7→ φDΓ(φ−1).

The proof of Theorem 1.1 follows essentially the strategy of estimating along paths
and extending through averaging that goes back to Gagliardo [13]. In order to deal with
the covariant derivative in the abelian case, it was necessary to introduce phase shifts
given by a path integral of the vector potential; even though those do not commute
along paths, the deviation from commutativity could be rewritten thanks to the Stokes
formula applied to the circulation of the vector potential in an integral of the curvature
that could be estimated [28]. In order to prove Theorem 1.1, we replace the phase
shifts obtained by integration by parallel transport; the deviance from commutativity is
estimated thanks to holonomy estimates from [6]. The estimate on the trace and the
construction of the extension are performed in Propositions 3.1 and 4.1 respectively.

By a density argument, see Section 5, we obtain the following characterisation of
traces for gauge-covariant Sobolev mappings on the half-space, generalising [28, Thm.
1.2] to the non-abelian case.

Theorem 1.2. Let n ≥ 1 and 1 < p < +∞. If Γ ∈ C1(Rn+1
+ ,Lin(Rn+1, o(F ))) and

‖KΓ‖∞ < +∞, then there exists a unique continuous linear and surjective operator

Tr: W 1,p
Γ (Rn+1

+ , F ) → W
1−1/p,p
Γq

(Rn, F )
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called the trace operator, which satisfies TrU(·) = U(·, 0) for all U ∈ C1
c (Rn+1

+ , F ).
Furthermore, there exists a linear and continuous extension operator

Ext: W
1−1/p,p
Γq

(Rn, F ) → W 1,p
Γ (Rn+1

+ , F )

such that Tr ◦ Ext is the identity map on W
1−1/p,p
Γq

(Rn, F ) and the estimates (1.1) and

(1.2) of Theorem 1.1 with u = TrU and U = Extu hold.

Finally, we obtain through a local trivialisation argument an analogue result when
M is a smooth compact Riemannian manifold with boundary ∂M and E is a smooth
vector bundle above M endowed with a metric connection K. Precisely, we show that

the fractional gauge-covariant Sobolev space space W
1−1/p,p
K (∂M, E) consisting of all the

sections u ∈ Lp(∂M, E) which satisfy

(1.4)

∫∫

(x,y)∈∂M×∂M
dist∂M(x,y)<inj∂M

|u(x) −RK∂M(x, y)u(y)|p

dist∂M(x, y)n+p−1
dxdy < +∞

is the trace space of the gauge-covariant Sobolev space W 1,p
K (M, E). Here, dist∂M is the

distance on ∂M, inj∂M > 0 is the injectivity radius of ∂M and RK∂M(x, y) is the parallel
transport (induced by the connection K) from y to x along a geodesic connecting the
points. For more details, see Section 6.

2. Connection forms, covariant derivatives and transport

2.1. Covariant derivatives. Given an open set Ω ⊆ Rn+1 and a finite dimensional Eu-
clidean vector space F ∼= R

m with inner product (·|·) and induced norm | · |, a connection
form Γ: Ω → Lin(Rn+1, o(F )) induces a covariant derivative DΓ = D + Γ on Ω defined
for any smooth function U : Ω → F , x ∈ Ω and v ∈ Rn+1 by

(2.1) DΓU(x)[v] = DU(x)[v] + Γ(x)[v]U(x).

If U ′ = φU for a gauge transformation φ ∈ C1(Ω, O(F )), one computes

DΓU(x) = D(φ(x)−1U ′(x)) + Γ(x)φ(x)−1U ′(x)

= φ(x)−1DU ′(x) + (Γ(x)φ(x)−1 + D(φ(x)−1))U ′(x)

= φ(x)−1DU ′(x) + φ(x)−1(φ(x)Γ(x)φ(x)−1 + φ(x)D(φ(x)−1))U ′(x).

(2.2)

If we define a new connection form Γ′ : Ω → Lin(Rn+1, o(F )) by

(2.3) Γ′ = φDΓ(φ−1) = φD(φ−1) + φΓφ−1 = −(Dφ)φ−1 + φΓφ−1

where φ−1(x) = φ(x)−1 ∈ O(F ) is the pointwise inverse of φ(x) ∈ O(F ), the corre-
sponding covariant derivative DΓ′ given by (2.1) has the gauge-covariance property: if
U ′ = φU , then

(2.4) DΓ′U ′ = φDΓU.

The weak covariant derivative, also denoted by DΓ, is defined analogously to (2.1): for

any weakly differentiable U ∈ W 1,1
loc (Ω, F ) with weak derivative DU , the weak covariant

derivative DΓU : Ω → Lin(Rn+1, F ) of U is given by

(2.5) DΓU = DU + ΓU.
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The weak covariant derivative also satisfies the gauge-covariant property (2.4).
When Γ ∈ L1

loc(Ω,Lin(Rn+1, o(F ))), we define for 1 ≤ p < +∞ the first order gauge-
covariant Sobolev space

(2.6) W 1,p
Γ (Ω, F ) =

{

U ∈ W 1,1
loc (Ω, F )

∣

∣

∣

∫

Ω
|U |p + |DΓU |p < +∞

}

.

The gauge-covariant Sobolev space W 1,p
Γ (Ω, F ) forms a Banach space (and a Hilbert

space when p = 2) when endowed with the norm

‖U‖W 1,p
Γ

(Ω,F ) =

(
∫

Ω
|U |p + |DΓU |p

)1/p

=
(

‖U‖pLp(Ω,F ) + ‖DΓU‖pLp(Ω,Lin(Rn+1,F ))

)1/p
.

The gauge-covariant Sobolev spaces W 1,p
Γ are gauge-invariant in the sense that if Γ′ is

given by (2.3), then W 1,p
Γ′ = W 1,p

Γ . To fix the ideas, the norm used on DΓU(x) is here
and in what follows the Hilbert–Schmidt (or Frobenius) norm on Lin(Rn+1, F ) [1, Def.
6.57],

|DΓU(x)| =
√

tr(DΓU(x)∗DΓU(x)).

Since

(2.7) (DΓU1|U2) + (U1|DΓU2) = D(U1|U2) + (ΓU1|U2) + (U1|ΓU2),

the condition that Γ is valued in the Lie algebra o(F ) of the orthogonal group O(F )
is equivalent to the requirement that the associated covariant derivative DΓ is a metric
connection (or compatible with the metric), that is, for all U1, U2 ∈ W 1,1

loc (Ω, F ) (see for
example [33, §10.5])

D(U1|U2) = (DΓU1|U2) + (U1|DΓU2).

As a consequence we get the following inequality.

Lemma 2.1. Let Γ: Ω → Lin(Rn+1, o(F )) and let U ∈ W 1,1
loc (Ω, F ). For almost all

x ∈ Ω and v ∈ R
n+1, we have

|D|U |(x)[v]| ≤ |DΓU(x)[v]|.

In the magnetic setting Γ = iA, the above inequality is known as the diamagnetic
inequality [3, §5.3; 22, Thm. 7.21]. When Γ = 0 is trivial, Lemma 2.1 reduces to the well-
known inequality |D|U || ≤ |DU | for vector-valued Sobolev functions (see for example [38,
Cor. 6.1.14]).

Proof of Lemma 2.1. Recall that |U | is weakly differentiable whenever U is and that for
almost all x ∈ Ω

(2.8) D|U |(x)[v] =











(U(x)|DU(x)[v])

|U(x)|
if U(x) 6= 0,

0 if U(x) = 0.

We have, since Γ(x)[v] ∈ o(F ),

(U(x)|DU(x)[v]) = (U(x)|DU(x)[v]) + (U(x)|Γ(x)[v]U(x))

= (U(x)|DΓU(x)[v]),
(2.9)
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and thus by the Cauchy-Schwarz inequality

(2.10) |(U(x)|DU(x)[v])| ≤ |U(x)||DΓU(x)[v]|,

and the conclusion follows. �

A direct consequence of Lemma 2.1 is that if U ∈ W 1,p
Γ (Ω, F ), then |U | ∈ W 1,p(Ω,R)

and ‖U‖
W 1,p

Γ
(Ω,F )

≤ ‖|U |‖W 1,p(Ω,R). In particular, it also implies the Sobolev-type em-

bedding W 1,p
Γ (Ω, F ) →֒ Lp

∗

(Ω, F ) if n+ 1 > p where 1
p∗ = 1

p − 1
n+1 .

2.2. Parallel transport along paths. While the covariant derivative has the gauge-
covariance property (2.4), differences between values at points do not transform well.
Indeed, if x, y ∈ Ω and U ′ = φU for a gauge transformation φ, then

U ′(x) − U ′(y) = φ(x)U(x) − φ(y)U(y)

which cannot be rewritten as φ(·)(U(x)−U(y)) unless φ(x) = φ(y). One thus has to work
with a parallel transport (or parallel displacement) with respect to the connection [15,
32,37].

When Γ ∈ C0(Ω,Lin(Rn+1, o(F ))), any smooth path γ : [0, 1] → Ω naturally induces

a parallel transport operator PtΓ
γ : [0, 1] → O(F ) which is defined as the solution of the

linear differential equation

(2.11)

{(

PtΓ
γ (t)

)′
+ Γ(γ(t))[γ̇(t)] PtΓ

γ (t) = 0 for t ∈ [0, 1],

PtΓ
γ (1) = idF .

The classical theory of linear differential equations ensures that PtΓ
γ is well-defined and

as smooth as data allows it to be.
In the particular case where F ∼= C and Γ = iA, the parallel transport can be simply

computed through a path integral of the vector potential A

PtΓ
γ (t) = exp

(

−i

∫ 1

t
A(γ)[γ̇(τ)] dτ

)

.

Lemma 2.2. If Γ ∈ C0(Ω,Lin(Rn+1, o(F ))), γ ∈ C1([0, 1],Ω) and t ∈ [0, 1], then
PtΓ

γ (t) ∈ O(F ).

Proof. Given v ∈ F and defining f(t) = |PtΓ
γ (t)|2, we have

f ′(t) = 2(PtΓ
γ (t)|(PtΓ

γ )′(t))

= 2(PtΓ
γ (t)| − Γ(γ(t))[γ̇(t)] PtΓ

γ (t)) = 0,
(2.12)

and the conclusion follows. �

We have the following gauge-covariance property for parallel transport.

Lemma 2.3. Let γ : [0, 1] → Ω be absolutely continuous and let the connection form
Γ ∈ C0(Ω,Lin(Rn+1, o(F ))). If φ ∈ C1(Ω, O(F )) is a gauge transformation and if Γ′ is
given by (2.3), then for all t ∈ [0, 1] one has

PtΓ′

γ (t) = φ(γ(t)) PtΓ
γ (t)φ(γ(1))−1

where PtΓ
γ and PtΓ′

γ are defined by (2.11) with their respective connection forms.
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Proof. One verifies that t ∈ [0, 1] 7→ φ(γ(t)) PtΓ
γ (t)φ(γ(1))−1 satisfies the same final value

problem (2.11) as PtΓ′

γ , and the conclusion follows by uniqueness of the solution. �

Lemma 2.3 implies that if U ′ = φU , then for any absolutely continuous path γ : [0, 1] →
Ω joining x = γ(0) and y = γ(1), we have

U ′(x) − PtΓ′

γ (0)U ′(y) = φ(x)U(x) − φ(x) PtΓ
γ (0)φ(y)−1φ(y)U(y)

= φ(x)(U(x) − PtΓ
γ (0)U(y)).

(2.13)

With this notation at hand, we state a gauge-covariant equivalent of the fundamental
theorem of calculus, namely

Lemma 2.4. For every γ ∈ C1([0, 1],Ω) and every Γ ∈ C0(Ω,Lin(Rn+1, o(F ))), we have

(2.14) U(γ(1)) = PtΓ
γ (0)−1U(γ(0)) +

∫ 1

0
PtΓ

γ (t)−1DΓU(γ(t))[γ̇(t)] dt.

Lemma 2.4 is the counterpart of the magnetic fundamental theorem of calculus [28,
(2.6)].

Proof of Lemma 2.4. By the chain rule and the definition of the parallel transport (2.11),
we have, for all t ∈ [0, 1]

d

dt

(

PtΓ
γ (t)−1U(γ(t))

)

= PtΓ
γ (t)−1Γ(γ(t))[γ̇(t)]U(γ(t)) + PtΓ

γ (t)−1DU(γ)[γ̇(t)]

= PtΓ
γ (t)−1DΓU(γ(t))[γ̇(t)].

(2.15)

and the conclusion follows from the fundamental theorem of calculus. �

Based on the technique presented by Chanillo and the first author in [6], we obtain a
geometric formula for the derivative with respect to a parameter, namely

Lemma 2.5. Let Γ ∈ C1(Ω,Lin(Rn+1, o(F ))). Let H ∈ C1([0, 1] ×J,Ω) where J ⊂ R is
open and set γs = H(·, s) ∈ C1([0, 1],Ω) for s ∈ J . Then (t, s) ∈ [0, 1] × J 7→ PtΓ

γs
(t) ∈

C1([0, 1] × J,O(F )) and, for all t ∈ [0, 1] and s ∈ J ,

d
ds PtΓ

γs
(0) + Γ(γs(0))[ d

dsγs(0)] PtΓ
γs

(0) − PtΓ
γs

(0)Γ(γs(1))[ d
dsγs(1)]

=

∫ 1

0
PtΓ

γs
(0) PtΓ

γs
(t)−1

KΓ(γs(t))[
d
dsγs(t), γ̇s(t)] PtΓ

γs
(t) dt.

(2.16)

and
∣

∣

∣

d
ds PtΓ

γs
(0) + Γ(γs(0))[ d

dsγs(0)] PtΓ
γs

(0) − PtΓ
γs

(0)Γ(γs(1))[ d
dsγs(1)]

∣

∣

∣

≤

∫ 1

0
|KΓ(γs(t))[

d
dsγs(t), γ̇s(t)]| dt.

(2.17)

The term KΓ in Lemma 2.5 is the curvature of the covariant derivative DΓ and is
defined for all x ∈ Ω, v, w ∈ R

n+1 by [6,15,32,37]

(2.18) KΓ(x)[v,w] = dΓ(x)[v,w] + Γ ∧ Γ(x)[v,w]

where dΓ is the exterior derivative of Γ (seen as a o(F ) valued form Γ ∈
∧1(Ω, o(F )))

and Γ ∧ Γ is the wedge product of o(F ) valued forms. In other words,

(2.19) KΓ(x)[v,w] = DΓ(x)[v,w] − DΓ(x)[w, v] + Γ(x)[v]Γ(x)[w] − Γ(x)[w]Γ(x)[v],
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where

DΓ(x)[v,w] =
d

dt

∣

∣

∣

∣

t=0
Γ(x+ tv)[w]

One can also write

(2.20) KΓ(x)[v,w] = DΓ(Γ[w])(x)[v] − DΓ(Γ[v])(x)[w],

which shows that the curvature is related to the commutation of derivatives. Indeed,
one has

DΓ(DΓU [w])[v] = D2U [v,w] + Γ[v]DU [w] + Γ[v]Γ[w]U + DΓ[v,w]U + Γ[w]DU [v],

and thus

(2.21) DΓ(DΓU [w])[v] − DΓ(DΓU [v])[w] = KΓ[v,w]U.

If Γ′ is given by (2.3), then, by (2.4) and (2.21)

KΓ′ [v,w] = DΓ′(φDΓ(φ−1)[w])[v] − DΓ′(φDΓ(φ−1)[v])[w]

= φ(DΓ(DΓ(φ−1)[w])[v] − DΓ(DΓ(φ−1)[v])[w])

= φKΓ[v,w]φ−1,

(2.22)

that is, KΓ′ = φKΓφ
−1.

In the case of abelian gauge theories, such as for magnetic Sobolev spaces, the wedge
product Γ ∧ Γ = 0 vanishes, so that the curvature (2.18) is given by KΓ = dΓ. For
magnetic Sobolev spaces, where Γ = iA, one has KiA = i dA so that the curvature is the
underlying magnetic field B = dA up to a constant factor i [22,28,32].

The identity (2.16) becomes the formula for the differentiation of line integrals con-
nected to the Reynolds transport formula and Kelvin’s circulation theorem (see for
example [12]),

(2.23) d
ds

∫ 1

0
A(γs(t))[γ̇s(t)] dt−A(γs(0))[ d

dsγs(0)] +A(γs(1))[ d
dsγs(1)]

=

∫ 1

0
dA(γs(t))[γ̇s(t),

d
dsγs(t)] dt.

Proof of Lemma 2.5. Since Γ ∈ C1(Ω,Lin(Rn+1, o(F ))), the theory of ordinary differen-
tial equations with parameters ensures that (t, s) 7→ PtΓ

γs
(t) is C1 and satisfies [17, Thm.

1.5.3]

(2.24)















( d
ds PtΓ

γs
)′(t) + Γ(γs(t))[γ̇s(t)]

d
ds PtΓ

γs
(t)

= −(DΓ(γs(t))[
d
dsγs(t), γ̇s(t)] + Γ(γs(t))[

d
ds γ̇s(t)]) PtΓ

γs
(t),

d
ds PtΓ

γs
(1) = 0.

The final value problem (2.24) is a non-homogeneous linear differential equation and,
since PtΓ

γs
is an operator solution of the associated homogeneous linear differential equa-

tion, applying the variation of parameters formula for such equations [17, Thm. 2.3.1]
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yields

(2.25) d
ds PtΓ

γs
(0)

=

∫ 1

0
PtΓ

γs
(0) PtΓ

γs
(t)−1(

DΓ(γs(t))[
d
dsγs(t), γ̇s(t)] + Γ(γs(t))[

d
ds γ̇s(t)]

)

PtΓ
γs

(t) dt.

Since (PtΓ
γs

(t)−1)′ = PtΓ
γs

(t)−1Γ(γs(t))[γ̇s(t)], an integration by parts yields
∫ 1

0
PtΓ

γs
(0) PtΓ

γs
(t)−1Γ(γs(t))[

d
ds γ̇s(t)] PtΓ

γs
(t) dt

= PtΓ
γs

(0)Γ(γs(1))[ d
dsγs(1)] − Γ(γs(0))[ d

dsγs(0)] PtΓ
γs

(0)

+

∫ 1

0
PtΓ

γs
(0) PtΓ

γs
(t)−1Γ(γs(t))[γ̇s(t)]Γ(γs(t))[

d
dsγs(t)] PtΓ

γs
(t) dt

−

∫ 1

0
PtΓ

γs
(0) PtΓ

γs
(t)−1DΓ(γs(t))[γ̇s(t),

d
dsγs(t)] PtΓ

γs
(t) dt

−

∫ 1

0
PtΓ

γs
(0) PtΓ

γs
(t)−1Γ(γs(t))[

d
dsγs(t)]Γ(γs)[γ̇s(t)] PtΓ

γs
(t) dt.

(2.26)

Injecting (2.26) into (2.25), we reach the conclusion (2.16) by the definition of curvature
(2.19). �

In Lemma 2.5, the proof of the identity (2.16) remains valid for a general connection
Γ ∈ C1(Ω,Lin(Rn+1, gl(F ))) and the isometric character is only used to get (2.17).

2.3. Parallel transport along segments. Assuming now that Ω ⊆ R
n+1 is convex,

given x, y ∈ Ω, we can consider the path

(2.27) γx,y : [0, 1] → Ω : t 7→ (1 − t)x+ ty

and define RΓ : Ω × Ω → O(F ) by

(2.28) RΓ(x, y) = PtΓ
γx,y

(0) ∈ O(F ),

the parallel transport from y to x along the affine path γx,y. In the particular case where
F ∼= C and Γ = iA, we have

RΓ(x, y) = e−iIA(x,y) where IA(x, y) =

∫ 1

0
A((1 − t)x+ ty)[x− y] dt.(2.29)

It follows from Lemma 2.3 that if Γ′ is given by (2.3), then

(2.30) RΓ′

(x, y)φ(y) = φ(x)RΓ(x, y).

By Lemma 2.4, we have

(2.31) U(y) −RΓ(x, y)−1U(x) =

∫ 1

0
[RΓ(x, (1 − t)x+ ty)]−1DΓU((1 − t)x+ ty)[y−x] dt,

and thus

(2.32) |U(x) −RΓ(x, y)U(y)| ≤

∫ 1

0
|DΓU((1 − t)x+ ty)[y − x]| dt,

Moreover,

(2.33) RΓ(x, x) = idF
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and, if the points x, y, z are colinear,

(2.34) RΓ(x, y)RΓ(y, z)RΓ(z, x) = idF .

If I ⊆ R is an interval and if s ∈ I 7→ (xs, ys) ∈ Ω is differentiable, it follows from
Lemma 2.5 applied to γs = γxs,ys that

d

ds
RΓ(xs, ys) + Γ(xs)

[dxs
ds

]

RΓ(xs, ys) −RΓ(xs, ys)Γ(ys)
[dys

ds

]

=

∫ 1

0
RΓ(xs, (1 − t)xs + tys)KΓ((1 − t)xs + tys)[(1 − t)dxs

ds + tdys

ds , ys − xs]

RΓ((1 − t)xs + tys, ys) dτ,

(2.35)

and thus
∣

∣

∣

d

ds
RΓ(xs, ys) + Γ(xs)

[dxs
ds

]

RΓ(xs, ys) −RΓ(xs, ys)Γ(ys)
[dys

ds

]

∣

∣

∣

≤

∫ 1

0
|KΓ((1 − t)xs + tys)[(1 − t)dxs

ds + tdys

ds , ys − xs]| dt.

(2.36)

2.4. Estimates of holonomy. When x, y, z are not colinear, there is no reason for
(2.34) to hold. It corresponds to the holonomy at x along a the triangle ∆x,y,z with
vertices x, y, z [15]. The next proposition controls how (2.34) fails, providing a piecewise
affine counterpart to the estimate in the smooth case [6].

Proposition 2.6. Let Γ ∈ C1(Ω,Lin(Rn+1, o(F ))). If ∆̄x,y,z ⊆ Ω, then

|idF −RΓ(x, y)RΓ(y, z)RΓ(z, x)| ≤ ‖KΓ‖L∞(∆x,y,z)|∆x,y,z|.

Here we have set

(2.37) ‖KΓ‖L∞(Ω) = sup
x∈Ω

sup
v,w∈F

|K(x)[v,w]|

|v||w|
.

Since K is skew-symmetric, we have by an orthogonalisation argument

(2.38) |K(x)[v,w]| ≤ ‖KΓ‖L∞(Ω)|v ∧ w|,

with |v ∧w| =
√

|v|2|w|2 − (v|w)2.
The norms on Lin(F,F ) in Proposition 2.6 and (2.37) have to be the same and can

be any norm that is invariant under left- and right-composition with isometries of O(F ).
We will use them for the operator norm; they also hold for the Hilbert–Schmidt norm.

In the abelian case where KΓ = dΓ, Proposition 2.6 follows from Stokes’ theorem [6;
28, Lemma 2.1].

Proof of Proposition 2.6. For s ∈ [0, 1], we set

xs = x, ys = sy + (1 − s)x and zs = sz + (1 − s)x.

We note that

ys − zs = s(y − z), ys − xs = s(y − x), zs − xs = s(z − x),

d
dsxs = 0, d

dsys, = y − x, d
dszs = z − x.

We define
Ws = RΓ(xs, ys)R

Γ(ys, zs)R
Γ(zs, xs),
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x = xs

y

z

ys

zs

Figure 1. The intermediate points xs, ys, zs and the transport per-
formed by Ws = RΓ(xs, ys)R

Γ(ys, zs)R
Γ(zs, xs).

and thus,

d

ds
Ws

=
( d

ds
RΓ(xs, ys) −RΓ(xs, ys)Γ(ys)

[dys

ds

]

)

RΓ(ys, zs)R
Γ(zs, xs)

+RΓ(xs, ys)
( d

ds
RΓ(ys, zs) + Γ(ys)

[dys

ds

]

RΓ(ys, zs) −RΓ(ys, zs)Γ(zs)
[dzs

ds

]

)

RΓ(zs, xs)

+RΓ(xs, ys)R
Γ(ys, zs)

( d

ds
RΓ(zs, xs) + Γ(zs)

[dzs
ds

]

RΓ(zs, xs)
)

,

and, since dxs
ds = 0, we have

∣

∣

∣

∣

d

ds
Ws

∣

∣

∣

∣

≤

∣

∣

∣

∣

d

ds
RΓ(xs, ys) + Γ(xs)

[dxs
ds

]

RΓ(xs, ys) −RΓ(xs, ys)Γ(ys)
[dys

ds

]

∣

∣

∣

∣

+

∣

∣

∣

∣

d

ds
RΓ(ys, zs) + Γ(ys)

[dys

ds

]

RΓ(ys, zs) −RΓ(ys, zs)Γ(zs)
[

dzs
ds

]

∣

∣

∣

∣

+

∣

∣

∣

∣

d

ds
RΓ(zs, xs) + Γ(zs)

[dzs
ds

]

RΓ(zs, xs) −RΓ(zs, xs)Γ(xs)
[dxs

ds

]

∣

∣

∣

∣

.

(2.39)

Since xs − ys,
d
dsxs and d

dsys are colinear, it follows then from (2.36) that the first term
on the right-hand side of (2.39) vanishes; the last one vanishes similarly. It remains thus
to estimate the middle term: by (2.36) we have

∣

∣

∣

∣

d

ds
Ws

∣

∣

∣

∣

≤

∫ 1

0
|KΓ((1 − t)sy + tsz + (1 − s)x)[s(y − z), (1 − t)y + tz − x]| dt

= s

∫ 1

0
|KΓ((1 − t)sy + tsz + (1 − s)x)[y − z, y − x]| dt.
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By integration and (2.38), we deduce that
∣

∣idF −RΓ(x, y)RΓ(y, z)RΓ(z, x)
∣

∣

≤

∫ 1

0
s

∫ 1

0
|KΓ((1 − t)sy + tsz + (1 − s)x)[y − z, y − x]| dt ds

≤ ‖KΓ‖L∞(∆x,y,z)|∆x,y,z|

(2.40)

which proves the claim. �

We shall also need the following estimation for parallel transport along two paths
forming a triangle;

Lemma 2.7. If n ≥ 1, U ∈ C1(Rn+1
+ , F ) and Γ ∈ C1(Rn+1

+ ,Lin(Rn+1, o(F ))), then for

every x, y, z ∈ R
n+1
+ , we have

|U(x) −RΓ(x, y)U(y)| ≤ |U(x) −RΓ(x, z)U(z)| + |U(y) −RΓ(y, z)U(z)|

+ |U(z)| min{2, ‖KΓ‖∞|∆x,y,z|}.

In the abelian case, Lemma 2.7 follows essentially from the Stokes formula for circu-
lation integrals [28, Lemma 2.3].

Proof of Lemma 2.7. Since RΓ(v,w) ∈ O(F ) is an isometry for all v,w ∈ R
n+1
+ , we have

|U(x) −RΓ(x, y)U(y)|

≤ |U(x) −RΓ(x, z)U(z)| + |RΓ(x, z)U(z) −RΓ(x, y)RΓ(y, z)U(z)|

+ |RΓ(x, y)RΓ(y, z)U(z) −RΓ(x, y)U(y)|

= |U(x) −RΓ(x, z)U(z)| + |U(z) −RΓ(z, x)RΓ(x, y)RΓ(y, z)U(z)|

+ |U(x) −RΓ(x, z)U(z)|.

(2.41)

We conclude by noting that

|U(z) −RΓ(z, y)RΓ(y, x)RΓ(x, z)U(z)| ≤ 2|U(z)|,

and by Proposition 2.6

|U(z) −RΓ(z, y)RΓ(y, x)RΓ(x, z)U(z)| ≤ |U(z)|‖KΓ‖∞|∆x,y,z|. �

3. Trace estimates on the half-space

We establish in this section Proposition 3.1 which, by taking s = 1 − 1
p , implies (i) in

Theorem 1.1.

Proposition 3.1. Let n ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. There exists a positive
constant C = C(n, s, p) > 0 depending only on n, s and p such that for every Γ ∈
C1(Rn+1

+ ,Lin(Rn+1, o(F ))), β ≥ ‖KΓ‖∞ and U ∈ C1
c (Rn+1

+ , F )

(3.1) |U(·, 0)|p
W s,p

Γ
q

(Rn,F )
≤ C

∫

R
n+1

+

|DΓU(z)|p + βp/2|U(z)|p

z
1−(1−s)p
n+1

dz

and

(3.2) ‖U(·, 0)‖pLp(Rn,F ) ≤ C
(

∫

R
n+1

+

|DΓU(z)|p

z
1−(1−s)p
n+1

dz
)1−s

(
∫

R
n+1

+

|U(z)|p

z
1−(1−s)p
n+1

dz

)s

.



TRACE THEORY FOR GAUGE-COVARIANT SOBOLEV SPACES 13

Proof. For each x, y ∈ R
n, setting z = (x+y

2 , |x− y|), we have

(3.3) min{2, ‖KΓ‖∞|∆x,y,z|} ≤
√

2‖KΓ‖∞|∆x,y,z| ≤ |x− y|β1/2,

and thus Lemma 2.7 with (3.3) yields, with the identification x ∼= (x, 0), y ∼= (y, 0),

|U(x) −RΓ(x, y)U(y)|

≤ |U(x) −RΓ(x, z)U(z)| + |U(y) −RΓ(y, z)U(z)| + β1/2|U(z)||x − y|.
(3.4)

The gauge-covariant fundamental theorem of calculus, see Lemma 2.4, applied to (3.4)
yields

|U(x) −RΓ(x, y)U(y)| ≤

∫ 1

0
|DΓU((1 − t)z + tx))[x− z]| dt

+

∫ 1

0
|DΓU((1 − t)z + ty)[z − y]| dt

+ |U(z)||x − y|β1/2.

(3.5)

Since z = (x+y
2 , |x− y|), we have |x− z| = |y − z| ≤ C|x− y| for some positive constant

C > 1, and thus

(3.6) |U(x) −RΓ(x, y)U(y)|

≤ C|x− y|

(
∫ 1

0
|DΓU((1 − t)z + tx)| dt+

∫ 1

0
|DΓU((1 − t)z + tx)| dt + β1/2|U(z)|

)

.

Recalling that by Hölder’s inequality, we have for any measurable function f : [0, 1] →
[0,∞]

(
∫ 1

0
|f(t)| dt

)p

≤

(
∫ 1

0

1

t1−s
dt

)p−1 ∫ 1

0
t(1−s)(p−1)|f(t)|p dt

=
1

sp−1

∫ 1

0
t(1−s)(p−1)|f(t)|p dt

(3.7)

and that |a + b + c|p ≤ 3p−1(|a|p + |b|p + |c|p), raising (3.6) to the p and dividing by

|x− y|n−(1−s)p yields

|U(x) −RΓ(x, y)U(y)|p

|x− y|n+sp

≤ C

(
∫ 1

0
t(1−s)(p−1) |DΓU((1 − t

2)x+ t
2y,

t
2 |x− y|)|p

|x− y|n−(1−s)p
dt

+

∫ 1

0
t(1−s)(p−1) |DΓU((1 − t

2 )y + t
2x,

t
2 |x− y|)|p

|x− y|n−(1−s)p
dt+ βp/2 |U(x+y

2 , |x− y|)|p

|x− y|n−(1−s)p

)

.

(3.8)

The integral on the left-hand side of (3.8) with respect to x and y will now be estimated
by the integrals of the three terms on the right-hand side. For t ∈ (0, 1), we perform the
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change of variable η = (1 − t
2)x+ t

2y and ξ = t(x− y) which has a Jacobian of t−d and
we obtain

(3.9) t(1−s)(p−1)
∫

Rn

∫

Rn

|DΓU((1 − t
2)x+ t

2y,
t
2 |x− y|)|p

|x− y|n−(1−s)p
dxdy

=
1

t1−s

∫

Rn

∫

Rn

|DΓU(η, |ξ|)|p

|ξ|n−(1−s)p
dξ dη =

|Sn−1|

t1−s

∫

Rn

∫ +∞

0

|DΓU(η, r)|p

r1−(1−s)p
dr dη,

where the last equality follows from integration of radial functions. Since 0 < s < 1,
Tonelli’s theorem and (3.9) imply that there exists a constant C > 0 such that

(3.10)

∫

Rn

∫

Rn

∫ 1

0
t(1−s)(p−1) |DΓU((1 − t

2)x+ t
2y,

t
2 |x− y|)|p

|x− y|n−(1−s)p
dt dxdy

≤ C

∫

Rn

∫ +∞

0

|DΓU(x, r)|p

r1−(1−s)p
dr dx

holds, giving us the estimate for the first term of the right-hand side of (3.8). For the
second term of the right-hand side of (3.8) we obtain in a similar manner a constant
C > 0 such that

(3.11)

∫

Rn

∫

Rn

∫ 1

0
t(1−s)(p−1) |DΓU((1 − t

2)y + t
2x,

t
2 |x− y|)|p

|x− y|n−(1−s)p
dt dxdy

≤ C

∫

Rn

∫ +∞

0

|DΓU(x, r)|p

r1−(1−s)p
dr dx.

Finally for the last term of the right-hand side of (3.8), a computation as in (3.9) with
the change of variable η = x+y

2 and ξ = y − x as well as spherical coordinates yields

(3.12)

∫

Rn

∫

Rn

|U(x+y
2 , |x− y|)|p

|x− y|n−(1−s)p
dxdy = |Sn−1|

∫

Rn

∫ +∞

0

|U(η, r)|p

r1−(1−s)p
dr dη.

Integrating both sides of (3.8) with respect to x and y and using the estimates (3.10),
(3.11) and (3.12), we reach

|U(·, 0)|p
W s,p

Γ
q

(Rn,F )
≤ C

∫

R
n+1

+

|DΓU(z)|p + βp/2|U(z)|p

z
1−(1−s)p
n+1

dz

which is the announced estimate (3.1). The proof of the first part of Proposition 3.1 is
thus complete.

We now work towards (3.2). By the diamagnetic inequality (Lemma 2.1), we have
|D|U || ≤ |DΓU | almost everywhere in R

n+1
+ and

|U(x)| ≤
1

λ

∫ λ

0

(
∫ t

0
|DΓU(x, τ)| dτ + |U(x, t)|

)

dt

≤

∫ λ

0
|DΓU(x, t)| dt+

1

λ

∫ λ

0
|U(x, t)| dt.

(3.13)
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By Hölder’s inequality, we have
(

∫ λ

0
|DΓU(x, t)| dt

)p

≤

(
∫ λ

0

1

t
1−s p

p−1

dt

)p−1 ∫ +∞

0

|DΓU(x, t)|p

t1−(1−s)p
dt

=
(p− 1

sp

)p−1
λsp

∫ +∞

0

|DΓU(x, t)|p

t1−(1−s)p
dt

(3.14)

as well as

(3.15)

(

1

λ

∫ λ

0
|U(x, t)| dt

)p

≤
(p− 1

sp

)p−1 1

λ(1−s)p

∫ +∞

0

|U(x, t)|p

t1−(1−s)p
dt.

Injecting the estimates (3.14) and (3.15) into (3.13) and integrating, we obtain a constant
C > 0 such that

(3.16)

∫

Rn
|U(x)|p dx ≤ C

(

λsp
∫

R
n+1

+

|DΓU(z)|p

z
1−(1−s)p
n+1

dz +
1

λ(1−s)p

∫

R
n+1

+

|U(z)|p

z
1−(1−s)p
n+1

dz

)

.

Finally, optimising (3.16) with respect to λ > 0 yields a constant C > 0 such that
∫

Rn
|U(x)|p dx ≤ C

(
∫

R
n+1

+

|DΓU(z)|p

z
1−(1−s)p
n+1

dz

)1−s(∫

R
n+1

+

|U(z)|p

z
1−(1−s)p
n+1

dz

)s

which is (3.2) and thus concludes the proof of Proposition 3.1. �

Using the same arguments, we obtain a local variant of Proposition 3.1 which will be
used to transfer the result on a manifold with boundary in Section 6. Here and in what
follows, we denote by B(x, r) the n-dimensional ball centred in x ∈ R

n with radius r > 0.
When x = 0, we write Br = B(0, r).

Proposition 3.2. Let n ≥ 1, 0 < s < 1, 1 ≤ p < +∞ and 0 < R < +∞. There is a pos-
itive constant C = C(n, s, p) > 0 such that for each Γ ∈ C1(BR×[0, R],Lin(Rn+1, o(F ))),
β ≥ ‖KΓ‖∞ and U ∈ C1(BR × [0, R], F ),

∫

BR

∫

BR

|U(x) −RΓ(x, y)U(y)|p

|x− y|n+sp
dxdy ≤ C

∫

BR×(0,R)

|DΓU(z)|p + βp/2|U(z)|p

z
1−(1−s)p
n+1

dz.

4. Extension to the half-space

In this section, we establish Proposition 4.1 which, by taking s = 1 − 1
p , implies (ii)

in Theorem 1.1.

Proposition 4.1. Let n ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. There exists a positive
constant C = C(n, s, p) > 0 depending only on n, s and p such that for every Γ ∈
C1(Rn+1

+ ,Lin(Rn+1, o(F ))), β ≥ ‖KΓ‖∞ and u ∈ C1
c (Rn, F ) there exists

U ∈ C1
c (Rn+1

+ , F ) ∩C0
c (Rn+1

+ , F )

depending linearly on u and depending on β such that for all x ∈ R
n we have U(x, 0) =

u(x),

(4.1)

∫

R
n+1

+

|DΓU(z)|p

z
1−(1−s)p
n+1

dz ≤ C(|u|p
W s,p

Γ
q

(Rn,F )
+ βsp/2‖u‖pLp(Rn,F ))
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and

(4.2)

∫

R
n+1

+

|U(z)|p

z
1−(1−s)p
n+1

dz ≤
C

β(1−s)p/2
‖u‖pLp(Rn,F ).

Proof of Proposition 4.1. We fix a function ϕ ∈ C∞
c (Rn) such that

∫

Rn
ϕ(y) dy = 1 and ϕ = 0 on R

n \B(0, 1)(4.3)

and we define for every t ∈ (0,∞) the function ϕt : R
n → R for each y ∈ Rn by

ϕt(y) =
1

tn
ϕ

(y

t

)

.

We define the function V : Rn+1
+ → F for z = (z′, zn+1) ∈ R

n+1
+ by

V (z) = RΓ(z, z′)
(

(RΓ(z′, ·)u) ∗ ϕzn+1

)

(z′)

=
RΓ(z, z′)

znn+1

∫

Rn
RΓ(z′, x)u(x)ϕ

(z′ − x

zn+1

)

dx
(4.4)

and then U : Rn+1
+ → F by

(4.5) U(z) = e−βz2
n+1V (z).

We begin by showing that U takes the prescribed boundary value. Given x ∈ Rn ∼=
R
n × {0}, we have by Lebesgue’s dominated convergence theorem

lim
z→x

zn+1>0

U(z) = lim
z→x

zn+1>0

V (z)

= lim
z′→x
zn+1↓0

RΓ(z, z′)

∫

Rn
RΓ(z′, z′ − zn+1y)u(z′ − zn+1y)ϕ(y) dy = u(x),

by (4.3), since RΓ(x, x) = idF .
Since

(4.6)

∫

Rn

(
∫

Bzn+1
(z′)

|u|p
)

dz′ ≤ Cznn+1

∫

Rn
|u|p,

we also have
∫

Rn
|V (z′, zn+1)|p dz′ ≤ C

∫

Rn
|u|p.

so that

(4.7)

∫

Rn
|U(z′, zn+1)|p dz′ ≤ Ce−pβz2

n+1

∫

Rn
|u|p.

and
∫

Rn+1

|U(z′, zn+1)|p

z
1−(1−s)p
n+1

dz ≤ C

∫ ∞

0

e−pβt2

t1−(1−s)p
dt

∫

Rn
|u|p ≤

C ′

β(1−s)p/2

∫

Rn
|u|p.
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In order to estimate the derivative, we note that

DΓV (z) =
RΓ(z, z′)

zn+1
n+1

∫

Rn
RΓ(z′, y)u(y) Φ

(z′ − y

zn+1

)

dy

+
1

znn+1

∫

Rn
HΓ(z, y)u(y)ϕ

(z′ − y

zn+1

)

dy.

(4.8)

where Φ: Rn → Lin(Rn,R) is defined for y ∈ R
n and v = (v′, vn+1) ∈ R

n+1
+ by

Φ(y)[v] = Dϕ(y)[v′] − (Dϕ(y)[v′] + nϕ(y))vn+1,

and HΓ : Rn+1
+ × R

n → Lin(F,Lin(Rn, F )) is defined for every z ∈ R
n+1
+ and x ∈ R

n by

HΓ(z, x) = Dz((R
Γ(z, z′)RΓ(z′, x))) + Γ(z)RΓ(z, z′)RΓ(z′, x).

Rewriting the first term of the right-hand side of (4.8), thanks to the identity
∫

Rn Φ = 0,
as

∫

Rn
RΓ(z′, x)u(x) Φ

(z′ − x

zn+1

)

dx =

∫

Rn
(RΓ(z′, x)u(x) − u(z′)) Φ

(z′ − x

zn+1

)

dx,

we estimate it as
∣

∣

∣

∣

RΓ(z, z′)

zn+1
n+1

∫

Rn
RΓ(z′, x)u(x) Φ

(z′ − x

zn+1

)

dx

∣

∣

∣

∣

≤
1

zn+1
n+1

∫

Bzn+1
(z′)

|u(x) −RΓ(x, z′)u(z′)| dx.

(4.9)

Next, it follows from Lemma 2.5 and (2.36) that

|HΓ(z, y)[v]| ≤

∫ 1

0
|KΓ(z′, tzn)[(0, zn), (v′, tvn)]| dt

+

∫ 1

0
|KΓ((1 − t)y + tz′)[(z′ − y, 0), (v′, 0)]| dt

≤ Cβ|y − z||v|,

and thus, in view of (4.6),

(4.10)

∣

∣

∣

∣

1

znn+1

∫

Rn
HΓ(z, x)u(x)ϕ

(z′ − x

zn+1

)

dx

∣

∣

∣

∣

≤
Cβ

zn−1
n+1

∫

Bzn+1
(z′)

|u(x)| dx.

Combining (4.8), (4.9) and (4.10) with Jensen’s inequality, we get

|DΓV (z)|p ≤ C

(

1

zn+p
n+1

∫

Bzn+1
(z′)

|u(x) −RΓ(x, z′)u(z′)|p dx+
βp

zn−p
n+1

∫

Bzn+1
(z′)

|u(x)|p dx

)

and thus, by (4.6),
∫

Rn

|DΓV (z′, zn+1)|p

z
1−(1−s)p
n+1

dz′

≤ C

(
∫

Rn

∫

Bzn+1
(z′)

|u(x) −RΓ(x, z′)u(z′)|p

z1+n+sp
n+1

dy dz′ +
βp

z
1−(2−s)p
n+1

∫

Rn
|u|p

)

.

(4.11)
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By (4.5), we have

(4.12) |DΓU(z′, zn+1)| ≤ e−βz2
n+1(|DΓV (z′, zn+1)| + 2βzn+1|V (z′, zn+1)|),

and thus by (4.11) and (4.7), we have
∫

R
n+1

+

|DΓU(z′, zn+1)|

z
1−(1−s)p
n+1

dz

≤ C

∫ ∞

0
e−pβz2

n+1

(
∫

Rn

|DΓV (z′, zn+1)|p

z
1−(1−s)p
n+1

+
βp|U(z′, zn+1)|p

z
1−(2−s)p
n+1

dz′
)

dzn+1

≤ C ′
∫ ∞

0
e−pβt2

(
∫

Rn

∫

Bt(y)

|u(x) −RΓ(x, y)u(y)|p

t1+n+sp
dxdy +

∫

Rn

βp|u|p

t1−(2−s)p

)

dt.

(4.13)

In order to conclude, we note that
∫ ∞

|x−z′|

e−pβt2

t1+n+sp
dt ≤

C

|x− z′|n+sp

and
∫ ∞

0

e−pβt2

t1−(2−s)p
dt ≤

C

β(1− s
2

)p
. �

As for Proposition 3.1, we have a local variant of Proposition 4.1 which will be used
in Section 6 to transfer to result to manifolds with boundary.

Proposition 4.2. Let n ≥ 1, 0 < s < 1, 1 ≤ p < +∞ and 0 < R < +∞. If
Γ ∈ C1(BR × [0, R],Lin(Rn+1, o(F ))) and ‖KΓ‖L∞(B2R×[0,R]) + 1

R2 ≤ β < +∞, then

there exists a positive constant C = C(n, s, p) > 0 such that for all u ∈ C1(B2R, F ) there
exists

U ∈ C1(BR × (0, R), F ) ∩ C0(BR × [0, R], F )

depending linearly on u such that U(·, 0) = u(·) on BR,

∫

BR

∫ R

0

|DΓU(z)|p

z
1−(1−s)p
n+1

dz

≤ C
(

∫

B2R

∫

B2R

|u(x) −RΓ(x, y)u(y)|p

|x− y|n+sp
dxdy + βsp/2

∫

B2R

|U(x)|p dx
)

and
∫

BR

∫ R

0

|U(z)|p

z
1−(1−s)p
n+1

dz ≤
C

β(1−s)p/2

∫

B2R

|u(x)|p dx.

5. Characterisation of trace spaces on the half-space

We establish in this section the density of smooth and compactly supported functions
in the gauge-covariant Sobolev spaces on R

n+1
+ . Together with Theorem 1.1, Lemma 5.1

and Lemma 5.2 imply Theorem 1.2 in the introduction.
For α ∈ R, we define the first order weighted gauge-covariant Sobolev space

W 1,p
Γ,α(Rn+1

+ , F ) =
{

U ∈ W 1,1
loc (Rn+1

+ , F )
∣

∣

∣ ‖U‖
W 1,p

Γ,α(Rn+1

+
,F )

< +∞
}
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where

(5.1) ‖U‖W 1,p
Γ,α

(Rn+1

+
,F ) =

(

∫

R
n+1

+

(

|U(z)|p + |DU(z)|p
)

zαn+1 dz
)1/p

.

With this norm, the weighted space is a Banach space. The energies on the right-hand
side of Proposition 3.1 and the left-hand side of Proposition 4.1 are associated to the
weighted space for α = (1 − s)p− 1.

The density results presented in Lemmas 5.1 and 5.2 were established by Nguyen and
the first author in the scope of magnetic Sobolev spaces [28, §4] and directly carry over
to the general case.

Lemma 5.1. Let 1 ≤ p < +∞ and −1 < α < p− 1. If Γ ∈ L∞
loc(R

n+1
+ ,Lin(Rn+1, o(F ))),

then C∞
c (Rn+1

+ , F ) is dense in W 1,p
Γ,α(Rn+1

+ , F ).

Proof. Let χ ∈ C∞
c (Rn+1,R) such that 0 ≤ χ ≤ 1 and χ(x) = 1 for all |x| < 1. For all

λ > 0, we define χλ : Rn+1 → R, by setting for x ∈ Rn+1, χλ(x) = χ(x/λ). We then

compute, for U ∈ W 1,p
Γ,α(Rn+1

+ , F ),

DΓ(U − χλU) = −UDχλ + (1 − χλ)DΓU.

Therefore, we have

‖U − χλU‖p
W 1,p

Γ,α(Rn+1

+
,F )

≤ C

∫

Rn+1

(

(1 − χλ(x))p(|U(x)|p + |DΓU(x)|p) + |Dχλ(x)|p|U(x)|p
)

xαn+1 dx → 0

as λ → 0 since |Dχλ| ≤ C/λ for some constant C > 0. It follows that any function
in W 1,p

Γ,α(Rn+1
+ , F ) can be approximated by functions in W 1,p

Γ,α(Rn+1, F ) whose support is
bounded.

Since −1 < α < p − 1, any function in W 1,p
0,α(Rn+1, F ) can be extended by even re-

flection to the entire space Rn+1 and can be approximated in W 1,p
0,α(Rn+1, F ) by smooth

functions with bounded support [24, Lemma 2.4; 26, Lemma 8; 34, Cor. 2.1.5]. In partic-
ular, C∞

c (Rn+1
+ , F ) is dense in the trivial gauge-covariant Sobolev space W 1,p

0,α(Rn+1
+ , F )

by restricting smooth and compactly supported functions on R
n+1 to the half space.

Since Γ is locally bounded on R
n+1
+ , any function U ∈ W 1,p

Γ,α(Rn+1, F ) whose support is

bounded in R
n+1
+ is also in W 1,p

0,α(Rn+1, F ). In fact, for such a function U ∈ W 1,p
Γ,α(Rn+1

+ , F )
with bounded support, we have

‖U‖W 1,p
0,α(Rn+1,F ) ≤ (1 + ‖Γ‖L∞(suppU))‖U‖W 1,p

Γ,α
(Rn+1,F ).

Since the space C∞
c (Rn+1

+ , F ) is dense W 1,p
0,α(Rn+1, F ), a function U ∈ W 1,p

Γ,α(Rn+1, F )
with bounded support can be approximated in W 1,p

0,α(Rn+1, F ) by C∞
c (Rn+1

+ , F ) functions.
Indeed, for a mapping U ∈ W 1,p

Γ,α(Rn+1, F ) with bounded support, we have

‖U‖W 1,p
Γ,α

(Rn+1,F ) ≤ (1 + ‖Γ‖L∞(suppU))‖U‖W 1,p
0,α(Rn+1,F ).

It follows that W 1,p
Γ,α(Rn+1, F ) functions with bounded support can be approximated in

the space W 1,p
Γ,α(Rn+1, F ) by smooth and compactly supported functions from the space

C∞
c (Rn+1

+ , F ). The conclusion follows by a diagonal argument. �

Regarding the fractional gauge-covariant Sobolev space W s,p
Γq

(Rn, F ), we have
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Lemma 5.2. Let 0 < s < 1 and 1 ≤ p < +∞. If Γq ∈ C0(Rn,Lin(Rn, o(F ))), then
C∞
c (Rn, F ) is dense in W s,p

Γq

(Rn, F ).

Proof. Consider χ ∈ C∞
c (Rn,R) such that 0 ≤ χ ≤ 1 and χ = 1 on the unit ball B1. For

λ > 0, we define χλ : Rn → R by χλ(x) = χ(x/λ). Let u ∈ W s,p
Γq

(Rn, F ). Then, for all
λ > 0 and for all x, y ∈ R

n, we have

(5.2) (1 − χλ(x))u(x) − (1 − χλ(y))RΓq(x, y)u(y)

=

(

1−
χλ(x) + χλ(y)

2

)

(u(x)−RΓq(x, y)u(y))−
χλ(x) − χλ(y)

2
(u(x)+RΓq(x, y)u(y)).

Furthermore, for all y ∈ Rn and λ > 0, we have

(5.3)

∫

Rn

|χλ(x) − χλ(y)|p

|x− y|n+sp
dx ≤

C

λsp

for some constant C > 0. It follows from (5.2) and (5.3) that, for every λ > 0,

(5.4) |χλu− u|pW s,p
Γ
q

(Rn,F )

≤ C

∫

Rn

∫

Rn

(

1 −
χλ(x) + χλ(y)

2

)p |u(x) −RΓq(x, y)u(y)|p

|x− y|n+sp
dy dx+ C ′

∫

Rn

|u(x)|p

λsp
dx,

where C, C ′ > 0 are two constants. We deduce from (5.4) and Lebesgue’s dominated
convergence theorem that

|u− χλu|W s,p
Γ
q

(Rn,F ) → 0, λ → +∞

which implies that ‖u − χλu‖W s,p
Γ
q

(Rn,F ) → 0 as λ → +∞. In other words, W s,p
Γq

(Rn, F )
functions with bounded support are dense in W s,p

Γq

(Rn, F ).
Since Γq is locally bounded on R

n, any function in W s,p
Γq

(Rn, F ) whose support is
bounded is also in the trivial fractional gauge-covariant Sobolev space W s,p

0 (Rn, F ) =
W s,p(Rn, F ). Indeed, if u ∈ Lp(Rn, F ) has bounded support, then, by the triangle
inequality, we have

(5.5)

∫

Rn

∫

Rn

∣

∣

∣

∣

|u(x) −RΓq(x, y)u(y)|p

|x− y|n+sp
−

|u(x) − u(y)|p

|x− y|n+sp

∣

∣

∣

∣

dxdy

≤ C

∫

Rn

∫

Rn

|u(x) −RΓq(x, y)u(y)|p

|x− y|n+sp
dxdy

≤ sup
y∈supp u

(
∫

Rn

|idF −RΓq(x, y)|p

|x− y|n+sp
dx

)
∫

Rn
|u(y)|p dy.

Since the parallel transport is an isometry, we have in the operator norm

(5.6) |idF −RΓq(x, y)| ≤ +|idF | + |RΓq(x, y)| = 2.

By (2.11), (2.28) and by the fundamental theorem of calculus, we have

|idF −RΓq(x, y)| =

∣

∣

∣

∣

∫ 1

0
−Γq((1 − t)x+ ty)[y − x]RΓq((1 − t)x+ ty, y) dt

∣

∣

∣

∣

≤ ‖Γq‖L∞([x,y])|x− y|.

(5.7)
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It follows from (5.6) and (5.7) that

(5.8) sup
y∈suppu

∫

Rn

|idF −RΓq(x, y)|p

|x− y|n+sp
dx

≤ C sup
y∈suppu

∫

Rn

min
{

1, |x− y|p‖Γq‖
p
L∞(supp u)

}

|x− y|n+sp
dx < +∞.

Combining (5.5) and (5.8), we deduce that if u ∈ Lp(Rn, F ) has compact support, then

u ∈ W s,p
Γq

(Rn, F ) ⇐⇒ u ∈ W s,p
0 (Rn, F ).

Since the set C∞(Rn, F ) is dense in W s,p(Rn, F ), see [21, Thm. 6.66], any function
u ∈ W s,p

Γq

(Rn, F ) can be approximated in W s,p
0 (Rn, F ) by functions with uniformly com-

pact support. Since Γq is locally bounded, the above calculation shows that the approxi-
mating sequence also converges in W s,p

Γq

(Rn, F ), and the conclusion follows by a diagonal
argument. �

Combining Propositions 3.1 and 4.1 together with Lemmas 5.1 and 5.2, we obtain the
non-abelian counterpart of [28, Thm. 4.3] which is the extension of the trace theorem for
weighted Sobolev spaces [35] (see also [21, §9.1; 25]) to the magnetic case. If 1 < p < +∞
and s = 1 − 1

p , Theorem 5.3 is Theorem 1.2 in the introduction.

Theorem 5.3. Let n ≥ 1, 0 < s < 1 and 1 ≤ p < +∞. If Γ ∈ C1(Rn+1,Lin(Rn+1, o(F ))
and if ‖KΓ‖∞ ≤ β, then there exists a trace mapping

Tr: W 1,p
Γ,(1−s)p−1(Rn+1, F ) → W s,p

Γq

(Rn, F )

and a positive constant C = C(n, s, p) depending only on n, s and p such that if U ∈
C1
c (Rn+1, F ), then TrU = U(·, 0) and for every U ∈ W 1,p

Γ,(1−s)p−1(Rn+1, F ), if u = TrU ,

|u|p
W s,p

Γ
q

(Rn,F )
+ βsp/2‖u‖pLp(Rn,F ) ≤ C

∫

R
n+1

+

|DΓU(z)|p + βp/2|U(z)|p

z
1−(1−s)p
n+1

dz.

Furthermore, there exists a linear continuous extension mapping

Ext: W s,p
Γq

(Rn, F ) → W 1,p
Γ,(1−s)p−1(Rn+1, F )

and a positive constant C = C(n, s, p) depending only on n, s and p such that Tr ◦ Ext
is the identity on W s,p

Γq

(Rn, F ) and such that for each u ∈ W s,p
Γq

(Rn, F ), if U = Extu,

∫

R
n+1

+

|DΓU(z)|p + βp/2|U(z)|p

z
1−(1−s)p
n+1

dz ≤ C
(

|u|p
W s,p

Γ
q

(Rn,F )
+ βsp/2‖U‖Lp(Rn,F )

)

.

6. Traces and extensions on a manifold

In this section we combine the results of the previous sections to characterise the traces
on the boundary of a Riemannian vector bundle. Following the strategy of [28, §6], we
consider local trivialising charts of E on which the local results on the trace and extension
(Propositions 3.2 and 4.2) are applicable and glue them back together. Throughout this
section, we consider a smooth and compact Riemannian manifold M with boundary
∂M.
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A smooth manifold E together with a smooth map πE : E → M is called a Riemannian
vector bundle above the smooth manifold M with the Euclidean space F as model fibre
whenever E is locally of the form M × F in the following sense. First, for each x ∈ M,
the fibre Ex = π−1

E ({x}) above each x is a closed submanifold of E and is endowed with
a Euclidean structure isometric to F . Next, there exists an open covering {Vα}α∈A of
M and smooth diffeomorphisms {ϕα : π−1

E (Vα) → Vα ×F}α∈A such that any restriction
to a fibre ϕα|Ex

: Ex → {x} ×F for x ∈ Vα is an isometry. Such a tuple (Vα, ϕα) is called
a local trivialisation or bundle chart of E .

Typical examples of Riemannian vector bundles include trivial bundles E = M×F as
well as the tangent bundle E = TM of a Riemannian manifold M or the normal bundle
of an embedded Riemannian manifold.

If (Vα, ϕα) and (Vβ , ϕβ) are two intersecting isometric trivialisations of a Riemannian
bundle E , that is, V = Vα ∩ Vβ 6= ∅, one can consider the change of trivialisation or
change of gauge ϕβ ◦ ϕ−1

α from Vα to Vβ . The smooth, fibre-wise linear and isometric
characteristics of the trivialisations ϕα and ϕβ imply that there exists a unique smooth
function φβ,α : V → O(F ) such that for all (x, v) ∈ V × F

(

ϕβ ◦ ϕ−1
α

)

(x, v) = (x, φβ,α(x)v).

The mapping φβ,α : V → O(F ) is called the gauge transformation from (Vα, ϕα) to
(Vβ , ϕβ). In the particular case of the tangent bundle TM of a Riemannian manifold M,
the gauge transformations are the differentials of the change of charts of the manifold
M. In settings of electromagnetism in quantum physics, these gauge transformations are
phase shifts and take the form eiθ : V → U(1) ∼= SO(2) for some smooth scalar function
θ : V → R.

A connection K on E is given by a covariant derivative DK , which is a differential
operator such that for every local trivialisation ϕ : π−1

E (V ) → V × F there is a unique
section Γ ∈ C(V,Lin(TM, o(F ))), called the connection form, such that one has

(6.1) ϕ(DKU) = DΓ(ϕ ◦ U) = D(ϕ ◦ U) + Γ(ϕ ◦ U).

If ϕ′ : π−1
E (V ) → V × F is another local trivialisation and Γ′ ∈ C(V,Lin(TM, o(F ))) is

the associated connection form, we should have the gauge-invariance

D(ϕ′ ◦ U) + Γ′(ϕ′ ◦ U) = (ϕ′ ◦ ϕ−1)(D(ϕ ◦ U) + Γ(ϕ ◦ U))

= D(ϕ′ ◦ U) +
(

(ϕ′ ◦ ϕ−1)Γ − D(ϕ′ ◦ ϕ−1)
)

(ϕ′ ◦ ϕ−1)−1(ϕ′ ◦ U).

This will be the case provided

Γ′ = (ϕ′ ◦ ϕ−1)Γ(ϕ′ ◦ ϕ−1)−1 − D(ϕ′ ◦ ϕ−1)(ϕ′ ◦ ϕ−1)−1,

that is, (2.3) holds with the gauge transformation φ = ϕ′ ◦ ϕ−1. The identity (6.1) still

holds for U belonging to the gauge-covariant Sobolev space W 1,p
K (M, E) defined as the

set of sections U ∈ W 1,1
loc (M, E) such that

∫

M
|DKU |p + |U |p < +∞.
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Remark 6.1. When E = R
n+1 × F is a trivial bundle and Γ represents the covariant

derivative in a global trivialisation, we have

W 1,p
K (Rn+1, E) = W 1,p

Γ (Rn+1, F )

where the right-hand side is the space considered in the previous sections and defined
by (2.6). △

If ψ : W ⊆ R
n+1
+ → Ω ⊂ M is a diffeomorphism and Ω a local trivialisation, the

associated connection form Γ can be pulled-back by ψ to obtain a connection form ψ∗Γ
on W which is defined by [15,19,20,32]

(6.2) ψ∗Γ(x)[·] = Γ(ψ(x)) ◦ Dψ(x)[·] ∈ Lin(Rn+1, o(F ))

for every x ∈ W . Similarly, when U ∈ W 1,p
Γ (Ω, F ), one can pull-back the weak covariant

derivative as

ψ∗(DΓU)(x) = (DΓU)(ψ(x)) ◦ Dψ(x).

and obtain (Lemma 6.2)

(6.3) Dψ∗Γ(U ◦ ψ) = ψ∗(DΓU)(x)

In view of (2.20) and (6.3), the pull-back is compatible with the curvature:

(6.4) Kψ∗Γ = ψ∗
KΓ,

where

(ψ∗
KΓ)(x)[v,w] = KΓ(ψ(x))[Dψ(x)[v],Dψ(x)[w]].

Also, since the pull-back acts on the domain side while gauge transformations work on
the target side, pull-backs and gauge transformations commute.

The following lemma implies that pulling-back the connection form or the weak co-
variant derivative yields the same result.

Lemma 6.2. Let W ⊂ R
n+1
+ be an open and bounded domain and let ψ : W → Ω be a

diffeomorphism. Then

U ◦ ψ ∈ W 1,p
ψ∗Γ(W,F ) ⇐⇒ U ∈ W 1,p

Γ (Ω, F )

and for almost every x ∈ W

Dψ∗Γ(U ◦ ψ)(x) = (ψ∗(DΓU))(x).

Consequently, for almost every x ∈ W ,

|DΓU(ψ(x))|

‖D(ψ−1)‖∞
≤ |Dψ∗Γ(U ◦ ψ)(x)| ≤ ‖Dψ‖∞|DΓU(ψ(x))|.

Proof. By the chain rule, we have for almost every x ∈ W

Dψ∗Γ(U ◦ ψ)(x) = DU(ψ(x)) + ψ∗Γ(x)U(ψ(x))

= DΓU(ψ(x)) ◦ Dψ(x) = ψ∗(DΓU)(x).
(6.5)

Since ψ is a diffeomorphism up to the boundary, it follows that

(6.6) |Dψ∗Γ(U ◦ ψ)(x)| ≤ ‖Dψ‖∞|DΓU(ψ(x))|
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and

|DΓU(ψ(x))| = |Dψ∗Γ(U ◦ ψ)(x) ◦ D(ψ−1)(ψ(x))|

≤ ‖D(ψ−1)‖∞|Dψ∗Γ(U ◦ ψ)(x)|.
(6.7)

The conclusion follows from (6.5), (6.6) and (6.7). �

In order to define the trace space, we consider a bundle E over ∂M and a diffeo-
morphism on its image ψ : V → ∂M such that E is trivial above ψ(V ). Then, given a
continuous connection Kq on E which is locally encoded in ψ(V ) by the connection form

Γq and given γ ∈ C1([0, 1], ψ(V )) we can consider the parallel transport Pt
ψ∗Γq

γ̃ (t) along

the path γ̃ = ψ−1 ◦ γ defined by (2.11). It turns out that this operator does not depend
on ψ.

Lemma 6.3. Let Ω ⊂ ∂M be a local trivialisation with a continuous connection form
Γq. If ψi : Vi → Ω, i = 1, 2, are two diffeomorphisms and γ ∈ C1([0, 1],Ω), then, for all
t ∈ [0, 1],

Pt
ψ∗

1
Γq

γ̃1
(t) = Pt

ψ∗
2

Γq

γ̃2
(t),

where γ̃i = ψ−1
i ◦ γ, i = 1, 2.

Proof. It suffices to observe that both operators satisfy the same final value problem,
and we conclude by uniqueness of the solution. This follows from the definition (2.11)
of parallel transport as well as the definition of pull-back (6.2). �

In view of Lemmas 2.3 and 6.3, Ptψ
∗Γq

γ̃ (t) induces a well-defined operator from Eγ(1)

to Eγ(t) that only depends on the connection Kq on ∂M. We denote this operator by

PtKq

γ (t). (Even though it will not be need in the sequel, it can be noted that PtKq

γ (t) can
then be defined beyond a local trivialisation.)

Since ∂M is a compact and smooth manifold by assumption, it has a positive injec-
tivity radius inj∂M > 0, and if x, y ∈ ∂M are such that dist∂N (x, y) < inj∂M, then
there exists a unique distance minimising geodesic ζx,y : [0, 1] → ∂M with ζx,y(0) = x
and ζx,y(1) = y, see [10, Ch. 13]. We then define in the spirit of (2.28)

(6.8) R
Kq

∂M(x, y) = Pt
Kq

ζx,y
(0),

the parallel transport from y to x along ζx,y.

Definition 6.4. Let n ≥ 1, let 1 ≤ p < +∞, let 0 < s < 1 and let M be an (n +
1)-dimensional smooth and compact manifold with boundary ∂M. Let E be a smooth
Riemannian vector bundle over ∂M and let Kq be a continuous metric connection on
E. We define the fractional gauge-covariant Sobolev space W s,p

Kq

(∂M, E) as the set of all

sections u ∈ Lp(∂M, E) such that the gauge-covariant Gagliardo seminorm

(6.9) |u|p
W s,p

K
q

(∂M,E)
=

∫∫

(x,y)∈∂M×∂M
dist∂M(x,y)<inj∂M

|u(x) −R
Kq

∂M(x, y)u(y)|p

dist∂M(x, y)n+sp
dxdy

is finite.
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We endow the space W s,p
Kq

(∂M, E) with the norm

‖u‖W s,p
K

q

(∂M,E) =
(

‖u‖pLp(∂M,E) + |u|p
W s,p

K
q

(∂M,E)

)1/p
.

A standard proof shows that this defines a Banach space.
On the other hand, if ψ : V → ∂M with V ⊆ Rn convex, we can consider for x, y ∈ V

Rψ
∗Γq(x, y) defined in (2.28). The corresponding gauge-covariant Gagliardo seminorms

with charts ψ : V → ∂M of the boundary are related in a non-local counterpart of the
equivariance under pull-back of covariant derivatives of Lemma 6.2.

Lemma 6.5. Let n ≥ 1, 1 ≤ p < +∞ and 0 < s < 1. Let V ⊂ Rn be open and
bounded and let ψ : V → ∂M be a diffeomorphism up to the boundary on its image such
that diam(ψ(V )) < inj∂M. If Γq ∈ C1(∂M,Lin(T (∂M), o(F ))), if V is convex and if
ψ(V ) is geodesically convex, then there exists a positive constant C such that for every
u ∈ Lp(ψ(V ), F ),

∫∫

ψ(V )×ψ(V )

|u(x) −R
Γq

∂M(x, y)u(y)|p

dist∂M(x, y)n+sp
dy dx

≤ C

(
∫∫

V×V

|u(ψ(v)) −Rψ
∗Γq(v,w)u(ψ(w))|p

|w − v|n+sp
dw dv

+ min{‖KΓq
‖p∞, ‖KΓq

‖sp/3
∞ }

∫

V
|u(ψ(v))|p dv

)

and

∫∫

V×V

|u(ψ(v)) −Rψ
∗Γq(v,w)u(ψ(w))|p

|w − v|n+sp
dw dv

≤ C

(
∫∫

ψ(V )×ψ(V )

|R
Γq

∂M(x, y)u(y) − u(x)|p

dist∂M(x, y)n+sp
dy dx

+ min{‖KΓq
‖p∞, ‖KΓq

‖sp/3
∞ }

∫

ψ(V )
|u(x)|p dx

)

.

The key tool to prove Lemma 6.5 is the following estimate comparing the two parallel
transport operators.

Lemma 6.6. Let n ≥ 1, let V ⊂ R
n be open and bounded and let ψ : V → ∂M be

a diffeomorphism up to the boundary on its image such that diam(ψ(V )) < inj∂M. If
Γq ∈ C1(∂M,Lin(Rn, o(F ))), if V is convex and if ψ(V ) is geodesically convex, then
there exists a positive constant C > 0 such that for all x, y ∈ V

|Rψ
∗Γq(x, y)R

Γq

∂M(ψ(y), ψ(x)) − idF | ≤ C min{2, ‖KΓq
‖L∞(ψ(V ))|x− y|3}.

Proof. Let ζ be the minimal geodesic in ∂M joining ψ(x) to ψ(y). We define

(6.10) γs(t) = (1 − s)((1 − t)x+ ty) + sψ−1(ζ(t)).
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Since ζ is a geodesic, γ1 = ψ−1 ◦ ζ satisfies the local geodesic equation

γ′′
1 (t) = Ξ(γ1(t))[γ′

1(t), γ′
1(t)]

where Ξ is a symmetric 2-form (defined with the Christofell symbols of coming from the
Riemannian metric M and the local chart ψ), see for example [10, Ch. 3]. Since geodesics
have constant speed proportional to the Euclidean distance between their endpoints, it
follows that there exists C > 0 such that

(6.11) |γ′′
1 (t)| ≤ C|x− y|2.

By the fundamental theorem of calculus and integration by parts, we obtain

γ1(t) − γ0(t) = γ1(t) − ((1 − t)x+ ty)

= (1 − t)

∫ t

0
γ′

1(τ) dτ − t

∫ 1

t
γ′

1(τ) dτ

= −
(

(1 − t)

∫ t

0
τγ′′

1 (τ) dτ + t

∫ 1

t
(1 − τ)γ′′

1 (τ) dτ
)

,

and therefore, using (6.11), we have

∣

∣

dγs

ds (t)
∣

∣ ≤
(

(1 − t)

∫ t

0
τ dτ + t

∫ 1

t
(1 − τ) dτ

)

‖γ′′
1 ‖L∞

= t(1−t)
2 ‖γ′′

1 ‖L∞ ≤ C|x− y|2.

We note that γ0 = γx,y whereas γ1 = ψ−1 ◦ ζ, γs(0) = x and γs(1) = y. By Lemma 2.5,
we have

∣

∣

∣

d
ds PtΓ

γs
(0)

∣

∣

∣ ≤

∫ 1

0
|KΓ(γs(τ))[γ′

s(τ), d
dsγs(τ)]| dτ ≤ C‖KΓq

‖L∞(ψ(V ))|x− y|3,

and the conclusion follows. �

We are now ready to characterise traces and extensions of gauge-covariant Sobolev
spaces for a Riemannian vector bundle E which has a smooth and compact Riemannian
manifold M with boundary ∂M and interior M as base space and is endowed with a C1

connection K. Under this assumption on K, and thus the connection form Γ encoding K
on a trivialisation Ω ⊂ M, the gauge-covariant Sobolev space W 1,p

K (M, E) is the same
as the usual vector valued Sobolev space W 1,p(M, F ) since the connection form Γ is
bounded on any trivialisation. Therefore, the usual trace theorem applies and yields a
linear and continuous trace operator

Tr : W 1,p
K (M, E) → W 1−1/p(∂M, F ).

However, the norm estimates are not gauge-invariant, and the trace space should depend
on the connection K in a gauge-invariant manner. The results that follow achieve this
enhanced characterisation.

We obtain the following estimates on the traces of gauge-covariant Sobolev spaces,
generalising the particular case of [28, Prop. 6.4] regarding magnetic Sobolev spaces. In
this and the following proof, we denote by C positive constants independent of Γ, u or
U .
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Proposition 6.7. Let n ≥ 1, let 1 ≤ p < +∞ and let M be a smooth and compact
Riemannian manifold of dimension n + 1 with boundary ∂M. Let E be a Riemannian
vector bundle with model fibre F and base space M. If E is endowed with a metric C1

connection K with curvature KK satisfying ‖KK‖∞ ≤ β, then there exists a constant

C = C(M, p) > 0 depending only on M and p such that for all U ∈ W 1,p
K (M, E) we

have, with u = TrU ,

∫∫

(x,y)∈∂M×∂M
dist∂M(x,y)<inj∂M

|u(x) −R
Kq

∂M(x, y)u(y)|p

dist∂M(x, y)n+p−1
dxdy ≤ C

∫

M
|DKU(x)|p + (1 + βp/2)|U(x)|p dx.

Here and in what follows, we define on the boundary ∂M the C1 connection Kq locally
encoded by the connection form Γq as the restriction of Γ to π−1

E (∂M), or equivalenty,
as the pull-back by the inclusion map from ∂M to M.

Proof of Proposition 6.7. Since smooth sections C∞(M, E) are dense in W 1,p(M, F ) =

W 1,p
K (M, E), see for example [5, Cor. 9.8], we may assume U ∈ C∞(M, F ). By the

divergence theorem and Lemma 2.1, we have

(6.12)

∫

∂Ω
|U(x)|p dx ≤ C

(
∫

Ω
|DΓU(x)|p + |U(x)|p dx

)1/p(∫

Ω
|U(x)|p dx

)1−1/p

for any local trivialisation Ω ⊂ M. Since ∂M is smooth and compact, there exists a
finite number of maps, say j ∈ {1, . . . , k},

ψj : B1 × [0, 1) → M

that are diffeomorphisms on their image up to the boundary such that E is trivial over
ψj(B1 × [0, 1)),

ψj(B1 × {0}) = ψj(B1 × [0, 1)) ∩ ∂M,

∂M ⊂
k

⋃

j=1

ψj(B1/2 × {0})

and, for every j ∈ {1, . . . , k}, ψj(B1 × {0}) is geodesically convex with

diam(ψj(B1 × {0})) < inj∂M.

Since the vector bundle E is trivial over ψj(B1 × [0, 1)), there exists a connection form
Γj ∈ C1

(

ψj(B1 × [0, 1)),Lin(TM, o(F ))
)

such that DK = DΓj on ψj(B1 × [0, 1)). In

virtue of Proposition 3.2 with s = 1 − 1
p , we have, for j ∈ {1, . . . , k},

(6.13)

∫

B1

∫

B1

|u(ψj(x, 0)) −Rψ
∗
j Γjq(x, y)u(ψj(y, 0))|p

|x− y|n+p−1
dxdy

≤ C

∫∫

B1×(0,1)
|Dψ∗

j Γjq
(U ◦ ψj)(z)|

p + βp/2|(U ◦ ψj)(z)|
p dz.
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Since β is an arbitrary upper bound on ‖KK‖∞, we may assume without loss of generality
that β ≥ 1. Lemma 6.2 and Lemma 6.5 then imply together with (6.13) that

(6.14)

∫∫

ψj(B1×{0})×ψj(B1×{0})

|u(x) −R
Γjq

∂M(x, y)u(y)|p

dist∂M(x, y)n+p−1
dxdy

≤ C

(
∫

ψj(B1×(0,1))

|DΓjU(x)|p + βp/2|U(x)|p dx+ β(p−1)/3
∫

ψj(B1×{0})

|u(x)|p dx

)

.

Since β(p−1)/3 ≤ β(p−1)/2, using (6.12) and Young’s inequality we obtain

(6.15) β
p−1

3

∫

ψj (B1×{0})

|u(x)|p dx ≤ C

∫

ψj(B1×(0,1))

|DΓjU(x)|p + (1 + βp/2)|U(x)|p dx.

The conclusion follows by summing over j ∈ {1, . . . , k} and combining the estimate (6.14)
with the estimate (6.15). �

Regarding extensions, we have the following result generalising its analogue for mag-
netic Sobolev spaces [28, Prop. 6.5].

Proposition 6.8. Let n ≥ 1, let 1 ≤ p < +∞ and let M be a smooth and compact
Riemannian manifold of dimension n + 1 with boundary ∂M and interior M. Let E
be a Riemannian vector bundle with model fibre F and base space M. If E is endowed
with a metric C1 connection K with curvature KK satisfying ‖KK‖∞ ≤ β, then there
exists a constant C = C(M, p) > 0 depending only on M and p such that for all

u ∈ W
1−1/p,p
Kq

(∂M, E), there exists U ∈ W 1,p
K (M, E) ∩C1(M, E) such that TrU = u,

∫

M
|DU(x)|p dx ≤ C

(
∫∫

(x,y)∈∂M×∂M
dist∂M(x,y)<inj∂M

|u(x) −R
Kq

∂M(x, y)u(y)|p

dist∂M(x, y)n+p−1
dy dx

+ (1 + β(p−1)/2)

∫

∂M
|u(x)|p dx

)

and
∫

M
|U(x)|p dx ≤

C

1 + βp/2

∫

∂M
|u(x)|p dx.

Proof. Since ∂M is smooth and compact, there exists a finite number of maps, say
j ∈ {1, . . . , k},

ψj : B1 × [0, 1) → M

that are diffeomorphisms on their image up to the boundary such that E is trivial over
ψj(B1 × [0, 1)),

ψj(B1 × {0}) = ψ(B1 × [0, 1)) ∩ ∂M,

∂M ⊂
k

⋃

j=1

ψj(B1/2 × {0})
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and, for every j ∈ {1, . . . , k}, ψj(B1 × {0}) is geodesically convex with

diam(ψ(B1 × {0})) < inj∂M.

Moreover, there exists a collection of smooth functions {ηj}
k
j=1 ⊂ C∞(M,R) such that

for all j ∈ {1, . . . , k}

suppηj ⊂ ψj(B1/2 × [0, 1/2])

and
∑k
j=1 ηj = 1 on M.

In virtue of Proposition 4.2 with s = 1 − 1
p , for every j ∈ {1, . . . , k}, there exists

Uj ∈ W 1,p
ψ∗

j Γj
(B1/2 ∩ [0, 1/2], E) ∩ C1(B1/2 × [0, 1/2], E)

such that TrUj = u ◦ ψj on B1/2 × {0} and furthermore Uj satisfies

(6.16)

∫

B1/2

∫ 1

2

0
|Dψ∗

j Γj
Uj(x, t)|

p dt dx

≤ C

(
∫

B1

∫

B1

|u(ψj(x, 0)) −Rψ
∗
j Γjq(x, y)u(ψj(y, 0))|p

|x− y|n+p−1
dxdy

+ β(p−1)/2
∫

B1

|u(ψj(x, 0))|p dx

)

and, assuming without loss of generality that β ≥ 1,

(6.17)

∫

B1/2

∫ 1

2

0
|Dψ∗

j Γjq
Uj(x)|p dx ≤ C

∫

B1

|(u ◦ ψ)(x, 0)|p dx.

Applying Lemma 6.2 and Lemma 6.5 to (6.16) and (6.17), we obtain

(6.18)

∫

ψj(B1/2×[0,1/2])

|DΓj (Uj ◦ ψ−1
j )(x)|p dx

≤ C

(
∫∫

ψj(B1×{0})×ψj (B1×{0})

|u(x) −R
Γjq

∂M(x, y)u(y)|p

dist∂M(x, y)n+p−1
dxdy + β(p−1)/2

∫

ψj(B1×{0})

|u(x)| dx

)

and

(6.19)

∫

ψj(B1/2×[0,1/2])

|Uj(x)|p dx ≤ C

∫

ψj(B1×{0})

|u(x)|p dx.

We define on M

U =
k

∑

j=1

ηj(Uj ◦ ψ−1
j ).

By the Leibniz rule for covariant derivatives we have

(6.20) DKU =
k

∑

j=1

((Uj ◦ ψ−1)Dηj + ηjDK(Uj ◦ ψ−1
j )).

The conclusion follows from (6.18), (6.19) and (6.20). �
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[35] S. V. Uspenskĭı, Imbedding theorems for classes with weights, Trudy Mat. Inst. Steklov. 60 (1961),

282–303 (Russian); English transl., Am. Math. Soc. Transl. 87 (1970), 121–145. ↑1, 21
[36] D. Wei, S. Yang, and P. Yu, On the Global Dynamics of Yang–Mills–Higgs Equations, Comm. Math.

Phys. 405 (2024), no. 1, 4, doi:10.1007/s00220-023-04881-9. MR4690630 ↑1
[37] C. Wendl, Introduction to Bundles and Connections, in preparation (version of December 2016),

available at https://www.mathematik.hu-berlin.de/~wendl/Winter2016/DiffGeo1/. ↑6, 7
[38] M. Willem, Functional analysis: Fundamentals and applications, Cornerstones, Birkhäuser, New-

York, 2013, doi:10.1007/978-1-4614-7004-5. ↑5
[39] X. Zhang, Compactness theorems for coupled Yang-Mills fields, J. Math. Anal. Appl. 298 (2004),

no. 1, 261–278, doi:10.1016/j.jmaa.2004.04.057. ↑1

(J. Van Schaftingen) Université catholique de Louvain, Institut de Recherche en Mathé-

matique et Physique, Chemin du Cyclotron 2 bte L7.01.01, 1348 Louvain-la-Neuve, Belgium

Email address: Jean.VanSchaftingen@uclouvain.be

(L. Winter) Université catholique de Louvain, Institut de Recherche en Mathématique

et Physique, Chemin du Cyclotron 2 bte L7.01.01, 1348 Louvain-la-Neuve, Belgium

Email address: Leon.Winter@uclouvain.be

https://doi.org/10.1007/978-3-642-15564-2
https://doi.org/10.1016/j.na.2014.10.027
https://doi.org/10.1090/S0002-9947-1982-0637030-4
https://doi.org/10.4064/sm-63-1-57-79
https://doi.org/10.1515/anona-2017-0239
https://doi.org/10.1016/j.aim.2020.107246
https://doi.org/10.1007/BF01403505
https://doi.org/10.1007/s00222-020-01000-6
https://doi.org/10.1007/s00208-015-1321-x
https://doi.org/10.1007/BFb0103908
https://doi.org/10.1007/s00220-023-04881-9
https://www.mathematik.hu-berlin.de/~wendl/Winter2016/DiffGeo1/
https://doi.org/10.1007/978-1-4614-7004-5
https://doi.org/10.1016/j.jmaa.2004.04.057

	1. Introduction
	2. Connection forms, covariant derivatives and transport
	2.1. Covariant derivatives
	2.2. Parallel transport along paths
	2.3. Parallel transport along segments
	2.4. Estimates of holonomy

	3. Trace estimates on the half-space
	4. Extension to the half-space
	5. Characterisation of trace spaces on the half-space
	6. Traces and extensions on a manifold
	References

