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TRACE THEORY FOR GAUGE-COVARIANT SOBOLEV SPACES

JEAN VAN SCHAFTINGEN AND LEON WINTER

ABSTRACT. The traces of gauge-covariant Sobolev spaces on a Riemannian vector bun-
dle for some connection are characterised as some gauge-covariant fractional Sobolev
spaces when the curvature of the connection is bounded. The constants in the trace
and extension theorems only depend on this curvature. When the connection is abelian,
one recovers known results for magnetic Sobolev spaces.

1. INTRODUCTION

A gauge-covariant Sobolev space W}(’p (M, &) on a smooth Riemannian vector bundle
£ above a smooth Riemannian manifold M endowed with a metric connection K is a
set of sections U: M — £ of € for which a weak covariant derivative DU satisfies a
condition of integrability. When the connection K is trivial, the gauge-covariant Sobolev
spaces coincide with their vector valued counterparts, the usual Sobolev spaces, thereby
generalising them. The space I/Vll(’2 (M, E) is the natural framework for scalar fields in
various Yang—Mills equations [8], including first-order Yang—Mills equations [18], coupled
boson Yang-Mills energies [29, §2] and Yang-Mills—Higgs energies for sections in a (non-
linear) bundle [2,7,16, 30,31, 36, 39].

In the study of boundary value problems in the calculus of variations and partial
differential equations it is natural to determine whether a reasonable meaning can be
given to boundary value of a Sobolev-type function, known as the trace of the function,
and, if so, what are all admissible boundary values and the associated estimates. For
the vector valued Sobolev space

WlP(Q,R™) = {u € LP(Q,R™) | u is weakly differentiable and / |DulP < —i—oo}.
Q

Gagliardo’s seminal trace theorem [13] (see also [1, Thm. 7.39; 9, Prop. 17.1; 21, Thm.
9.4; 23, §10.1.1 Thm. 1; 25; 35]) states that if 1 < p < 400 and if @ C R**! is a bounded
open domain with Lipschitz boundary, or if 2 = Rfrl = R" x (0,4+00) C R"!, then
there exists a unique linear, continuous and surjective operator, called the trace operator,

Tr: WHP(Q,R™) — WI—V/PP (90, R™)
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and a linear and continuous operator, known as the extension operator,
Ext: WI=V/PP(9Q, R™) — WLP(Q,R™)
such that Tr o Ext is the identity on the fractional Sobolev space

B m m u(x) —u(y)P
Wi-rr (90, R ):{u:@Q—>R ’ //$|fy),p_1+(diﬂan dxdy<+oo}.
)

The goal of the present work is to extend the trace theory to Riemannian vector
bundles. Let us first consider a trivial vector bundle E = R"*! x I above the half
space R%M = R™ x [0,+00) C R™"!, where F' = R™ is a Euclidean vector space (see
for example [19, Def. 6.42]). In this case, a covariant derivative can be expressed as
Dr = D + T where I': R?"! — Lin(R"*!, 0(F)) is called a connection form. In other

words one sets for every = € KT‘l and h € R+,
Dru(z)[h] = Du(z)[h] + T'(z)[h][u(x)].

The space o(F) is the Lie algebra associated to the group of isometries O(F); the ma-
trix representing I'(x) in an orthonormal basis of F' is skew-symmetric. This condition
ensures the inequality |D|u|| < |[Dpu| (Lemma 2.1).

In the case where dim F' = 2, identify F' = C, the connection form can be written
as I' = iA for A: Kﬁ“ — R which corresponds to the magnetic vector potential.
Gauge-covariant Sobolev spaces arise naturally in settings of quantum physics involving
magnetic fields where they are called magnetic Sobolev spaces [3; 14, Ch. 23; 32] and are
a central tool in the studies of non-linear Schréodinger equations which have been the
subject of extensive research [4,11,27].

Our first result generalises the recent work of Nguyen and the first author in which
they obtained a characterisation of the corresponding magnetic Sobolev spaces [28].

Theorem 1.1. Let n > 1 and 1 < p < 4o0. IfT € C’l(@Trl,Lin(R”H,o(F))) and
|Kr|loo < B, then there exists a positive constant C = C(n,p) > 0 depending only on n
and p such that

(i) For allU € C}R"' F)

(1.1) [U(-,0)] )+ BEIENUC0)] 2o en, )

Wp VPP (R R
S CUIVrUl @it Linre+1, ) + 51/2HU||LP(R1+1,F)),
(i) For all w € CLR", F), there exists U € CHR™', F) depending linearly on u
such that U(x,0) = u(z) on R and
(1.2) IVrUl e @ntt Linre+t, 7)) + ﬂ1/2HUHLP(R1+1,F)
~1)/2
< C(|U|Wr1‘;1/p(]R",F) + 5(]) % pHuHLP(R”,F))‘

The quantity Kp in Theorem 1.1 is the curvature 2-form of the connection induced
by I' and is defined as

Kr=dl'+T AT
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where dI' is the exterior derivative of I' and A denotes the wedge product of differential
forms; as explained in Section 2, for every x € Rfrl v,w € R™1,

Kr(z)[v,w] = dl'(z)[v,w] + I'(z)[v] AT (z)[w].

In the particular case where dim F' = 2 so that F' = C and o(F) = iR, writing I = i4,
we have I'(z)[v] AT'(z)[w] = (1A 1)(A(x) - v)(A(z) - w) = 0 and thus Kr = dI' and we
recover the condition of [28].

The characterisation of Theorem 1.1 relies on the fractional gauge-covariant Sobolev
space Wi P(R", F) defined for 1 <p < +00,0 < s < land T, € C°(R™, Lin(R", o(F))),
as the set of all functions u € LP(R"™, F') whose gauge-covariant Gagliardo seminorm

u(z) — RF”(wa y)u(y) )1/1)
1. WP (Rn Fy = dxd
(13) fu T, RE) (//R"XR” |z — y|rtop )

is finite, where R'"(x,7) denotes the parallel transport from y to = along the affine path
t €[0,1] = (1 —t)x + ty induced by I', with ' (z)[v] = I'(z,0)[v, 0].

An important feature of the statement of Theorem 1.1 is its gauge-invariance: if
I = ¢Dr(¢~ 1) for some local isometry ¢ € C*(R"™!, O(F)) which, in the context of
vector bundles, is called a gauge transformation, then

DF’(¢U) = ¢DFU7
K¢ = ¢Xr

and

R (2, y)(y)u(y) = d(z)R"" (z,y)u(y),

(see (2.4), (2.22), Lemma 2.3 and (2.30)), so that Theorem 1.1 is invariant under the
change U + ¢U, u + ¢u and I — ¢Dr (¢~ 1).

The proof of Theorem 1.1 follows essentially the strategy of estimating along paths
and extending through averaging that goes back to Gagliardo [13]. In order to deal with
the covariant derivative in the abelian case, it was necessary to introduce phase shifts
given by a path integral of the vector potential; even though those do not commute
along paths, the deviation from commutativity could be rewritten thanks to the Stokes
formula applied to the circulation of the vector potential in an integral of the curvature
that could be estimated [28]. In order to prove Theorem 1.1, we replace the phase
shifts obtained by integration by parallel transport; the deviance from commutativity is
estimated thanks to holonomy estimates from [6]. The estimate on the trace and the
construction of the extension are performed in Propositions 3.1 and 4.1 respectively.

By a density argument, see Section 5, we obtain the following characterisation of
traces for gauge-covariant Sobolev mappings on the half-space, generalising [28, Thm.
1.2] to the non-abelian case.

Theorem 1.2. Letn > 1 and 1 < p < +oo. IfT € CHR}M, Lin(R™, o(F))) and
|Kr||oo < +00, then there exists a unique continuous linear and surjective operator

Te: WP (R F) — WL V/PP(R™, F)
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called the trace operator, which satisfies TrU(-) = U(-,0) for all U € CYRM, F).
Furthermore, there exists a linear and continuous extension operator

Ext: W /PP(R", F) — WAP(RYH, F)

such that TroExt is the identity map on Wllu_l/p’p(R”,F) and the estimates (1.1) and
(1.2) of Theorem 1.1 with w ="TrU and U = Extu hold.

Finally, we obtain through a local trivialisation argument an analogue result when
M is a smooth compact Riemannian manifold with boundary OM and £ is a smooth
vector bundle above M endowed with a metric connection K. Precisely, we show that
the fractional gauge-covariant Sobolev space space Wll(_l/ PP(OM, &) consisting of all the
sections u € LP(OM, E) which satisfy

lu(z RaM(CU y)u(y)P
(1.4) / dlStaM TR dzdy < 400
(z,y)EOMXOM

dlstaM (%,y)<injgrq

is the trace space of the gauge-covariant Sobolev space W}gp (M, E). Here, distyry is the
distance on M, injy,, > 0 is the injectivity radius of M and Rg/\/l (x,y) is the parallel
transport (induced by the connection K) from y to x along a geodesic connecting the
points. For more details, see Section 6.

2. CONNECTION FORMS, COVARIANT DERIVATIVES AND TRANSPORT

2.1. Covariant derivatives. Given an open set  C R"*! and a finite dimensional Eu-
clidean vector space F' = R with inner product (+|-) and induced norm |- |, a connection
form I': © — Lin(R"*!, o(F)) induces a covariant derivative Dr = D + T' on Q defined
for any smooth function U: Q — F, x € Q and v € R"*! by

(2.1) DrU(z)[v] = DU (z)[v] + T'(z)[v]U ().
If U' = ¢U for a gauge transformation ¢ € C1(€2, O(F)), one computes

DRU(x) = D(é(x) 10" (2)) + D)) 0" ()
(2.2 — 6(x) DU (x) + (C(@)é(x) " + D(3(x)" )" (x)

— 6(2)"'DU"(2) + $(z) " (G@)T()6(x) ! + o(x)D($(2)" )T (@)

If we define a new connection form I': Q — Lin(R"*! o(F)) by
(2.3) I"=¢Dr(¢™!) = ¢D(¢™") + ¢'¢™ = —(Dg)¢~! + gL'y~
where ¢~ !(z) = ¢(x)~! € O(F) is the pointwise inverse of ¢(z) € O(F), the corre-

sponding covariant derivative Dpv given by (2.1) has the gauge-covariance property: if
= ¢U, then

(2.4) DU’ = ¢DpU.

The weak covariant derivative, also denoted by Dr, is defined analogously to (2.1): for
any weakly differentiable U € VVﬁ)’Cl (Q, F') with weak derivative DU, the weak covariant
derivative DpU: Q — Lin(R"*!, F) of U is given by

(2.5) DrU =DU +1T'U.
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The weak covariant derivative also satisfies the gauge-covariant property (2.4).
When T € L{ (Q, Lin(R™™, 0(F))), we define for 1 < p < 400 the first order gauge-
covariant Sobolev space

(2.6) W, F) = {U e Wi, F) | /Q|U|p +IDrUP < +oo}.

The gauge-covariant Sobolev space Wll’p (Q, F) forms a Banach space (and a Hilbert
space when p = 2) when endowed with the norm

1/p 1/p
0oy = (IO +DUP) = (101 + IPEU T g s )

The gauge-covariant Sobolev spaces Wll’p are gauge-invariant in the sense that if I is
given by (2.3), then WP = WP, To fix the ideas, the norm used on DpU(z) is here
and in what follows the Hilbert-Schmidt (or Frobenius) norm on Lin(R"*! F) [1, Def.
6.57],

DrU ()| = /tr(DrU(2)*DrU (x)).
Since
(2.7) (DFUl‘UQ) + (Ul‘DFUQ) = D(Ul‘UQ) + (FUl’UQ) + (Ul’PUQ),

the condition that I' is valued in the Lie algebra o(F') of the orthogonal group O(F)
is equivalent to the requirement that the associated covariant derivative Dr is a metric
connection (or compatible with the metric), that is, for all Uy, Uy € T/Vlicl(Q,F) (see for
example [33, §10.5])

D(U1|Us) = (DrUi|Us) + (U1|DrUs).

As a consequence we get the following inequality.

Lemma 2.1. Let T': Q — Lin(R**! o(F)) and let U € W,2X(Q, F). For almost all
x € Q and v € R, we have

IDIU[(z)[v]] < [DrU(z)[v]].

In the magnetic setting I' = iA, the above inequality is known as the diamagnetic
inequality [3, §5.3; 22, Thm. 7.21]. When I = 0 is trivial, Lemma 2.1 reduces to the well-
known inequality |D|U|| < |DU]| for vector-valued Sobolev functions (see for example [38,
Cor. 6.1.14]).

Proof of Lemma 2.1. Recall that |U| is weakly differentiable whenever U is and that for
almost all z € Q2

(U(2)[DU (z)[v])
(2:8) D|U(x)[v] = U ()]

if U(z) #0,

o

if U(xz) =0.
We have, since I'(z)[v] € o(F),
(U (@) DU (2)[v]) = (U(x) DU ()[v]) + (U(2)[T(2)[0]U(z))

(2.9) = (U(2)|DrU(z)[v)),
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and thus by the Cauchy-Schwarz inequality
(2.10) |(U(z) DU (z)[v])| < |U()|[DrU(z)[v]],
and the conclusion follows. (|

A direct consequence of Lemma 2.1 is that if U € Wé’p(Q,F), then |U| € W1P(Q,R)
and ||UHW1,p(Q P < I1Ulllw1r@mr)- In particular, it also implies the Sobolev-type em-
r ) ’

bedding WiP(Q, F) < L¥ (Q, F) if n+1 > p where £ =1 — L.

2.2. Parallel transport along paths. While the covariant derivative has the gauge-
covariance property (2.4), differences between values at points do not transform well.
Indeed, if z, y € Q and U’ = ¢U for a gauge transformation ¢, then

U'(x) = U'(y) = ¢(2)U(x) - ¢(y)U(y)
which cannot be rewritten as ¢(-)(U(x)—U(y)) unless ¢(z) = ¢(y). One thus has to work
with a parallel transport (or parallel displacement) with respect to the connection [15,
32,37].
When I' € C%(, Lin(R™"*!, 0(F))), any smooth path «: [0,1] — Q naturally induces
a parallel transport operator Ptg: [0,1] — O(F) which is defined as the solution of the
linear differential equation

{(PtE(t))’ + T ()OI PE () =0 for t € [0,1],
(2.11) - _
Pt,y(l) = idg.

The classical theory of linear differential equations ensures that Ptg is well-defined and
as smooth as data allows it to be.

In the particular case where F' = C and I' = iA, the parallel transport can be simply
computed through a path integral of the vector potential A

P = exp(~1 [ AG]dr ).

Lemma 2.2. If I' € C%Q,Lin(R*""! o(F))), v € C}([0,1],9) and t € [0,1], then
Ptl(t) € O(F).
Proof. Given v € F and defining f(t) = |Pt5(t)|2, we have
() = 2(Pty (1) (PL3)' (1))
= 2(Pt;,(t)| = D(v(t)[H()] P, (1)) = 0,

and the conclusion follows. O

(2.12)

We have the following gauge-covariance property for parallel transport.

Lemma 2.3. Let v: [0,1] — Q be absolutely continuous and let the connection form
I € C%Q,Lin(R"" o(F))). If p € CH(Q,O(F)) is a gauge transformation and if I" is
given by (2.3), then for all t € [0,1] one has

Pt (1) = ¢y (1)) Pty (H)(7(1))

where Ptg and Ptgl are defined by (2.11) with their respective connection forms.
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Proof. One verifies that t € [0, 1] — ¢(v(t)) Pt,l;(t)qﬁ(v(l))_l satisfies the same final value
problem (2.11) as Ptg/, and the conclusion follows by uniqueness of the solution. O

Lemma 2.3 implies that if U' = ¢U, then for any absolutely continuous path v: [0, 1] —
Q joining x = v(0) and y = (1), we have
U'(z) = PE(0)U'(y) = ¢(2)U (2) — ¢(x) Pt5,(0)6(y) ' e(»)U (v)
— 9(2)(U(x) — PLO)U(y).

With this notation at hand, we state a gauge-covariant equivalent of the fundamental
theorem of calculus, namely

Lemma 2.4. For everyy € C1([0,1],9Q) and every T' € C%(Q, Lin(R"*!, o(F))), we have

1
(2.14) U(v(1)) = Pt5(0) " U(+(0)) +/0 Pt.,(6) "' DrU (y(t))[5(1)] dt.
Lemma 2.4 is the counterpart of the magnetic fundamental theorem of calculus [28,
(2.6)].

Proof of Lemma 2.4. By the chain rule and the definition of the parallel transport (2.11),
we have, for all ¢ € [0,1]

g(Pt»l;(f)’lU(W(t))) =Pty (1) " T((0))[F(OIU (v(1) + P, (6) "' DU () [3(1)]

(2.15) dt
= Pt ()" DrU () [5(1)).

and the conclusion follows from the fundamental theorem of calculus. O

(2.13)

Based on the technique presented by Chanillo and the first author in [6], we obtain a
geometric formula for the derivative with respect to a parameter, namely
Lemma 2.5. Let T' € CY(Q, Lin(R"*!, o(F))). Let H € C*([0,1] x J,2) where J C R is
open and set vs = H(-,s) € C1([0,1],Q) for s € J. Then (t,s) € [0,1] x J Pt};s(t) €
CY([0,1] x J,O(F)) and, for all t € [0,1] and s € J,

a5 P, (0) + T (75(0))[575 (0)] Pt3,(0) — Pt (0)T (75(1)) [57s(1)]

210 - P (0) PEL, ()1 K (3 () [ (6, ()] PED, (1)
and

L PL(0) + D(75(0)) [4 7 (0)] PEE, (0) = PEL (0)0(75(1) 27 (1]
(2.17)

1
< [ e s @), 40l ar
The term Xr in Lemma 2.5 is the curvature of the covariant derivative Dr and is
defined for all z € Q, v, w € R**! by [6,15,32,37]
(2.18) Kr(z)[v,w] = dl'(z)[v,w] + T AT (z)[v, w]

where dT' is the exterior derivative of T' (seen as a o(F) valued form I' € AY(Q,0(F)))
and I' AT is the wedge product of o(F') valued forms. In other words,

(2.19)  Kr(2)[v, w] = DL(z)[v, w] = DL (z)[w, v] + T (z)[o]T'(2)[w] - T'(x){w]C(z)[],
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where

DT (2)[u, w] = % T+l

One can also write
(2:20) Kr(z)[v, w] = Dr(I'[w])(z)[v] — Dr(I'[v])(z)[w],

which shows that the curvature is related to the commutation of derivatives. Indeed,
one has

Dr(DrU|w])[v] = D*Ulv, w] + T'[w]DU [w] + Lw]L[w]U + DI'[v, w|U + T'[w]DU[v],
and thus
(2.21) Dr(DrU[w])[v] = Dp(DrUw])[w] = Kp[v, w]U.

If T is given by (2.3), then, by (2.4) and (2.21)

Kr+[v, w] = Drv(¢Dr (¢~ H)[w])[v] — Dr+(¢Dr(¢™")[v])[w]
(2.22) = ¢(Dr(Dr (¢~ ")[w])[v] — Dr(Dr(¢™H)[v])[w])
= ¢9<F[Uv w]¢717

that is, K = ¢J<F¢_1.

In the case of abelian gauge theories, such as for magnetic Sobolev spaces, the wedge
product I' AT = 0 vanishes, so that the curvature (2.18) is given by Xp = dI'. For
magnetic Sobolev spaces, where I' = 14, one has K;4 = idA so that the curvature is the
underlying magnetic field B = dA up to a constant factor i [22,28,32].

The identity (2.16) becomes the formula for the differentiation of line integrals con-
nected to the Reynolds transport formula and Kelvin’s circulation theorem (see for
example [12]),

228) & [ AGUE)HL0]d ~ AL O)E1.0)] + AGH1)E(V)
= [ aAGu ). 0), o]

Proof of Lemma 2.5. Since T' € C1(Q, Lin(R"*!, o(F))), the theory of ordinary differen-
tial equations with parameters ensures that (¢, s) — Ptgs (t) is C! and satisfies [17, Thm.
1.5.3]

(5 PE3,) () + D (s (8) [ (8)] 5 PE3, ()
(2.24) = — (DL (s () [575 (1), 4 (D] + T (v (D) [53 (0]) P3, (1),
4Pl (1) =0.
The final value problem (2.24) is a non-homogeneous linear differential equation and,

since Ptgs is an operator solution of the associated homogeneous linear differential equa-
tion, applying the variation of parameters formula for such equations [17, Thm. 2.3.1]
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yields
(2.25) 4Pt (0)

/ PAE (0) PHE (£) 1 (DI (7 (8)) [ 7 (1), 5 (8)] + D((0) [ 4 (1)]) PEE, (2) .

Since (PtF )~ = PtF (t) 71T (vs(¢))[¥s(t)], an integration by parts yields

[P0 P 0 T ) 4300 PE (1)

0)
= P2, (O)T (7 (1)) [ 75 (1)] = T(7(0)) [ 75(0)] Pt (0)
1

(2.26) + [ PO P (0 T OO (O] G (0) 7 (0] P, (0 e
1

- Pt5 (0)Pt5, (1) 'DL (s (1)) [ (1), §57s(0)] PES, (t) dt

/ PAE (0) Pt (1)~ T (7 (0) [y ()]0 () [35 (D) PED. () .

Injecting (2.26) into (2.25), we reach the conclusion (2.16) by the definition of curvature
(2.19). 0

In Lemma 2.5, the proof of the identity (2.16) remains valid for a general connection
I € CHQ, Lin(R™*! gI(F))) and the isometric character is only used to get (2.17).

2.3. Parallel transport along segments. Assuming now that Q C R"*! is convex,
given z, y € {1, we can consider the path

(2.27) Ve [0,1] = Q:it = (1 -t)x +ty
and define R': Q x Q — O(F) by

I r
(2.28) R (z,y) =Pt (0) € O(F),

the parallel transport from y to x along the affine path v, ,. In the particular case where
F2CandI' =iA, we have

. 1
(229)  RV(z,y) =¢ T'@¥)  where  TA(z,y) = / A((1 = t)z + ty)[z — y] dt.
0

It follows from Lemma 2.3 that if T” is given by (2.3), then
(2:30) R (z,y) 6(y) = é(x) R" (z,y).

By Lemma 2.4, we have

(2.31) U(y) — R" (z,y) U (x) = /OI[RF(m, (1—t)z +ty)] 'DrU((1 - t)x + ty)[y — z] dt,

and thus

1
232) U@ - R @yU) < [ DU - e+ ty)ly - o) d
Moreover,

(2.33) RY(z,z) = idp
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and, if the points x, y, z are colinear,
r r r :
(2.34) R (z,y)R (y,2)R (z,2) = idp.

If I C R is an interval and if s € I — (z5,ys) € Q is differentiable, it follows from
Lemma 2.5 applied to 75 = 75, 4, that

L RT (2, ) + T () [ B (10, 2) — BV (20, )T (1) 222

ds
1
(2.35) = / R (s, (1 = t)s + tys) Kr (1 — t)as + tys)[(1— ) b + ¢, ys — )
0
RU((1 = t)zs + tys, ys) dr,
and thus
d
| R (o) + Do) [42] R (s 55) = BY (s, )T () 4]
(2.36)

1
< / ‘IKT‘((l - t)xs + tys)[(l - t)% +ti13{:7ys - xs” dt.
0

2.4. Estimates of holonomy. When z,y,z are not colinear, there is no reason for
(2.34) to hold. It corresponds to the holonomy at x along a the triangle A, , . with
vertices x, y, z [15]. The next proposition controls how (2.34) fails, providing a piecewise
affine counterpart to the estimate in the smooth case [6].

Proposition 2.6. Let I' € CY(Q, Lin(R"*, o(F))). If Ayy. C Q, then
lidr — R (2,9) R (y, 2)R' (2, 2)| < | Krllzo(a, 2 [ Dag.cl-
Here we have set
K(x)|v,w
(2.37) ||9<pHLoo(Q) = sup sup M
zeQuweF ‘UHw’

Since X is skew-symmetric, we have by an orthogonalisation argument
(2.38) 1K (@) [v, w]| < | Kp|pee (0 |v A wl,
with [v Aw| = /[v]2Jw]? — (v]w)?2.

The norms on Lin(F, F') in Proposition 2.6 and (2.37) have to be the same and can
be any norm that is invariant under left- and right-composition with isometries of O(F).
We will use them for the operator norm; they also hold for the Hilbert—Schmidt norm.

In the abelian case where X = dI', Proposition 2.6 follows from Stokes’ theorem [6;
28, Lemma 2.1].

Proof of Proposition 2.6. For s € [0, 1], we set

Ts =, ys = sy + (1 —s)x and zg =sz+ (1 —s)z.
We note that
Ys — 2 = 5(y — 2), Ys — s = s(y — ), 25 — x5 = 5(z — x),
Lo, =0, Ly, =y—u, dos=z—2
We define

Wy = RF('IS? ys)RF(ySa ZS)RF(Zsa xs)a
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Y

Ys

r = Tg > > A

FiGURE 1. The intermediate points xg,ys,2s and the transport per-
formed by W, = RF(xs,ys)RF(ySa ZS)RF(ZS,:US),

and thus,

= (%Rr(x& Ys) — RF(xSa ys)I'(ys) [%%])RF(%’ ZS)RF(Z'S, Ts)

+ RF(xS? ys)(%RF(ys, zs) + I'(ys) [%%]Rr(ys, Zs) — RF(ySa 25)I(2s) [%ZS})RF(ZS, Ts)

d
+ RF(xs, ys)RF(ySa Zs) (_

TR (z,2) + D) [$2] R (2,20)),

and, since dd"fss = 0, we have

d d T R — I
’dSWS <‘(1SRF(xsays) (1'5)[%} F(xSays) Rr(x&ys) (ys)[(g{:]
(239) ’(]SRF(ySVZs) (ys)[(%iyss] F(ysazs) Rr(ysazs) (25)[%2;]
d . xT
dsRF(ZS,xs) + I'(2s) [(ii_sspzr(zs,:cs) - RF(zs,xS)I (zs) [Ciiss] )

Since x5 — ys, %xs and %ys are colinear, it follows then from (2.36) that the first term
on the right-hand side of (2.39) vanishes; the last one vanishes similarly. It remains thus
to estimate the middle term: by (2.36) we have

d 1
‘d—Ws < / |Kr((1 —t)sy+tsz+ (1 —s)z)[s(y — 2),(1 —t)y +tz — ]| dt
S 0

= s/ol\JCp((l —t)sy +tsz+ (1 —s)z)[y — z,y — x]| dt.
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By integration and (2.38), we deduce that
lidp — R (z,y)R" (y, 2)R" (2, )|

(2.40) < /01 s/olyﬂcp(a —t)sy+tsz+ (1 —s)z)ly — 2,y — «]| dtds

< ||3<F||L°°(Ax,y,z)|A:v,y,Z|

which proves the claim. O

We shall also need the following estimation for parallel transport along two paths
forming a triangle;

Lemma 2.7. Ifn > 1, U € CYRY F) and T € CY(RTH, Lin(R™, o(F))), then for

every z, y, z € R we have

|U(2) = R (2,9)U(y)| < [U(z) — R" (2, 2)U(2)| + [U(y) — R" (y. 2)U(2)|
+|U(2) | min{2, [|Xrloo| Az y.[ }-

In the abelian case, Lemma 2.7 follows essentially from the Stokes formula for circu-
lation integrals [28, Lemma 2.3].

Proof of Lemma 2.7. Since R' (v, w) € O(F) is an isometry for all v,w € R, we have
|U(a) — R" (2, y)U(y)]

< |U(x) = R"(z,2)U(2)| + |R" (2, 2)U(2) — R' (z,y)R" (y. 2)U (2)]
(2.41) +[RY(2,y)R" (y,2)U(2) — R" (2, y)U (y)|

= |U(x) = R" (2, 2)U(2)| + |U(2) = R" (z,2)R" (z,y)R" (y, 2)U (2)]

+ |U(z) — R (z, 2)U(2)].
We conclude by noting that
|U(2) = R" (2,9)R" (y,2)R" (2, 2)U (2)] < 2|U(2)],
and by Proposition 2.6
U(2) = R (2,9)R" (y, 2) R" (2, 2)U (2)] < U)K [loo] Aa 2. 0
3. TRACE ESTIMATES ON THE HALF-SPACE

We establish in this section Proposition 3.1 which, by taking s =1 — 1mphes (i) in
Theorem 1.1.

Proposition 3.1. Letn > 1,0 < s <1 and 1 < p < 4oo. There exists a positive
constant C = C(n,s,p) > 0 depending only on n, s and p such that for every I' €
CLR"H, Lin(R™,0(F))), B> |Kr|lew and U € CLRTH, F)

o) <C IDrU(2)P + 82U (2) P
wer@em) = T
+ n+1

(3.1) U, dz

and

[PrUE)P | 1= UEP L\
(3-2) ”U( )HLP R™,F) C(/nH 1—(1-s)p dz) (/ n+1 _1—(1—s)p dz) ’
RY Ry 2pid

“ntl
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Proof. For each x, y € R, setting z = (JCT—W, |z —y|), we have

(3-3) min{2, [KrloolAsy[} < /21K ool Any. 2| < o — ylB2,

and thus Lemma 2.7 with (3.3) yields, with the identification = = (x,0), y = (y,0),
(3.4) |U(2) — R (z,9)U (y)|

< |U(x) = R (2, 2)U(2)| + U (y) = B (y, 2)U (2)| + B'?|U (2) ] = y-

The gauge-covariant fundamental theorem of calculus, see Lemma 2.4, applied to (3.4)
yields

U) = R )V < [ IDrU( = )z + )l — ol

1
e + [ DU = 0z + ty) [z gl e
0
+ U - ]8>,
Since z = (¥, |z — y|), we have |z — 2| = |y — 2| < C|z — y| for some positive constant

C > 1, and thus
(3.6) [U(z) - R (z,9)U(y)|

< Clz - y[(/ol IDrU((1 — t)z + tz)|dt + /01 IDrU((1 —t)z + tz)| dt—i—,Bl/Q\U(z)]).

Recalling that by Holder’s inequality, we have for any measurable function f: [0,1] —

[0, 0]
1 p 1 p=1 1
. ([1rwlae) < ([ gsa) [0 Dpa
3.7
= Sp_l_l lt(l—S)(p—l)‘f(t)’p dt
0

and that |a + b+ c[P < 377 Y(|a|? + [bP + |c[P), raising (3.6) to the p and dividing by
|z — gy~ (179 yields
(3.8)
|U(x) — R (z,y)U(y)”
oy

t t t
< C /1 t(l—s)(p—l) |DFU((1 - §)‘T + §y’ §|‘T - y|)|p dt
: EENTRT

¢ t..t x4
+ /1 +(1=9)(p—1) IDrU((1 - 5)y + 5z, 5l —y|)|P dt + P/ U5 e —y)P ‘
0 |z — y|n—(=s)p |z — y|n—(=s)p

The integral on the left-hand side of (3.8) with respect to x and y will now be estimated
by the integrals of the three terms on the right-hand side. For ¢ € (0,1), we perform the
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change of variable n = (1 — £)z + Ly and ¢ = ¢(z — y) which has a Jacobian of t~¢ and
we obtain

DrU(( —
(3.9) t(1=s)(p=1) / / [Dp | )x|+(21y72’$ y)IP de dy
n Jon x —yln s)

D p n—1 +oo |D P
T | FU 77? |£| | d S | | FU "7’ )| d?” dn,
t n JRrn |£|n S gn—(-s)p n rl= T 1-(1-s)p

where the last equality follows from integration of radial functions. Since 0 < s < 1,
Tonelli’s theorem and (3.9) imply that there exists a constant C' > 0 such that

t t t

|z — y|n=O=ep
+oo p
<c/ / Drt@ )l 4 4.

rl= (15

holds, giving us the estimate for the first term of the right-hand side of (3.8). For the
second term of the right-hand side of (3.8) we obtain in a similar manner a constant
C > 0 such that

D U p

y\”
“+oo p
<C ’DFU 2L | N
n 1 S)p

Finally for the last term of the right-hand side of (3.8), a computation as in (3.9) with
the change of variable n = %y and £ = y — = as well as spherical coordinates yields

’U :v+y ’m_y‘)‘p n—1 ’U n,r
(3.12) // i edy = 8 y// 1(15 " drdn.

Integrating both sides of (3.8) with respect to x and y and using the estimates (3.10),
(3.11) and (3.12), we reach

DrU(2)[P + BP2|U(2) [P
0P [Dr
UG O,y < C /R - e dz

which is the announced estimate (3.1). The proof of the first part of Proposition 3.1 is
thus complete.

We now work towards (3.2). By the diamagnetic inequality (Lemma 2.1), we have
ID|U|| < |DrU| almost everywhere in R:™! and

(3.13) @)l < %/OA (/Ot\DFU(w,T)! dr + \U(m,t)\) dt

A 1 A
g/ \DFU(m,t)\dt—kX/ Uz, 1) dt.
0 0
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By Holder’s inequality, we have

A P A Peb oo DU (a, )P
(/0 \DFU(x,t)\dt) S (/0 mdt) /0 Wdt

(3.14)
_ (p — 1)p_1)\sp/+oo Wd
sp 0 tlf(lfs)p
as well as
1 A p p— 1\p—1 1 +oo |U($,t)|p
(3.15) <X [ 1w dt> <(7) s |y

Injecting the estimates (3.14) and (3.15) into (3.13) and integrating, we obtain a constant
C > 0 such that

(3.16) / U(z)Pdz < c(w / %dw (13) / ’ng_)‘}; dz).
Rn Ry gl AT it A

Finally, optimising (3.16) with respect to A > 0 yields a constant C' > 0 such that

D P 1-s D s
/ |U(x)|P dz < C(/n+1 7| II:((/;EZS))L dz) (/ . 7|1(igi)|s)p dz)
! Ry 2z Ry 2
which is (3.2) and thus concludes the proof of Proposition 3.1. O

Using the same arguments, we obtain a local variant of Proposition 3.1 which will be
used to transfer the result on a manifold with boundary in Section 6. Here and in what
follows, we denote by B(z, ) the n-dimensional ball centred in x € R™ with radius r > 0.
When z = 0, we write B, = B(0,r).

Proposition 3.2. Letn >1,0<s<1,1<p <400 and0 < R < +oc. There is a pos-
itive constant C' = C(n, s, p) > 0 such that for each T' € C1(Bg x [0, R], Lin(R""1 o(F))),
B> |Xr|lw and U € CY(Bg x [0, R], F),

_pT P D P p/2 P
[ [ PR, DUGIP + UG
Br JBRr |z — y|rtsp Brx(0,R) ZnJ_r(l o

4. EXTENSION TO THE HALF-SPACE

In this section, we establish Proposition 4.1 which, by taking s = 1 — %, implies (ii)
in Theorem 1.1.

Proposition 4.1. Letn > 1,0 < s <1 and 1 < p < 4oo. There exists a positive

constant C = C(n,s,p) > 0 depending only on n, s and p such that for every I' €

CY R, Lin(R™, o(F))), B> |Kr|leo and u € CLR™, F) there ewists
UeCHRT F)NCYRT, F)

depending linearly on u and depending on 3 such that for all x € R™ we have U(x,0) =

ul(z),
DrU ()P 5
(41) /Rn+1 m dZ S C(‘u’};{/;’ﬂ([gnf) + ﬁ p/QHUHIZ/p(Rn7F))
+ n+1 1"
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and

U(2)[” ¢ P
(42) /RK‘H W dz < ﬁ(l*s)p/2 HUHLP(Rn,F).

Proof of Proposition 4.1. We fix a function ¢ € CZ°(R™) such that
(4.3) / ely)dy =1 and =0 on R™\ B(0,1)

and we define for every ¢ € (0, 00) the function ¢;: R™ — R for each y € R™ by
Ly
ei(y) = tj@(;)-
We define the function V: R — F for 2 = (2, z,41) € R by
V(z) = RN (2, 2) (B' (2, )u) * 02,4,) (2)

(4.4) _ R(z2) R (¢, z)u(z) Sﬁ(z/ — x) dz

Zp41 R™ Zn+1

and then U: R — F by
(4.5) U(z) = e PV (2).

We begin by showing that U takes the prescribed boundary value. Given x € R™ =
R™ x {0}, we have by Lebesgue’s dominated convergence theorem
lim U(z) = lim V(z)
Z—T Z—T
Zn4+1>0 2Zn4+1>0

= lim RY(z,7) | RY(Z,% — znp1y) w(z — zni1y) o(y) dy = u(x),
P Rn
2n+140

by (4.3), since R (z,x) = idp.
Since

(4.6) / ) ( /B

we also have

) < Cay [ Jul
zn+1(zl) R™
/ |V(z’,zn+1)|pdz/§0/ ul?.
R» R™
so that
(4.7) / ]U(z/,zn+1)\pdz’§Ce_pﬁziﬂ/ |ulP.
R™ Rn

and

UG, 20l © e v C v
/Rnﬂ BT dz=C /0 A & /Rn‘“’ S G /Rn’“‘ :
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In order to estimate the derivative, we note that

_“F(Z, Z,) T/ 7 Z/—y
_— R (z s u 0] d
n+1 RN ( y) (y) ( Znil ) Y

DFV(Z) =
(4.8) Zn+1

1 2 —y
+ = [ H(z ) uly) o(—) dy.
Zp+1 JR™

where ®: R" — Lin(R",R) is defined for y € R" and v = (v/,vp41) € R by
©(y)[v] = Do(y)[v'] = (De(y)[v'] + ne(y) Jvnta,
and H': R x R™ — Lin(F, Lin(R", F)) is defined for every z € R7! and x € R” by
HT (2,2) = Da((RY (2, #)RY (+/,2))) + T(2) RY (2, #) RV (', 2).

Rewriting the first term of the right-hand side of (4.8), thanks to the identity [p. ® =0,
as

Zn+1

/

Z —x Z —x

RV () u(x) <I>( ) dz = /n(RF(z’, r)u(x) — u(2)) <I>( ) dz,

R™ Zn+1 Zn+1

we estimate it as

T ! I _
’%Jr’f) Rr(zl,x)u(x)Q)(z x)dx
n Zn
(4.9) B o
<— / lu(z) — R (z, 2 )u(z")| dz.
41 an+1(zl)

Next, it follows from Lemma 2.5 and (2.36) that
1
H )l < [ (20, 20), (o)l
0

1
+ [~ 0y + I - 9.0, 0]
0

< CB’:U - ZH’U‘7
and thus, in view of (4.6),
1 F— C

(4.10) — HF(z,m)u(x)ap(z x) dx‘ < n—_ﬁl lu(z)| dz.

Zpy1 JR? Zn+1 Zp41 Y Bzpyq (2)
Combining (4.8), (4.9) and (4.10) with Jensen’s inequality, we get

1 P
PVEP <0 [ Ju) - R P de+ o [ ju@)p de)
Zn—i—l an+l(zl) Zn+1 an+l(zl)

and thus, by (4.6),

IDrV (s zad)I”
n lf(lfs)p
ZnJrl
(4.11)

<),

|u(z) — RY (x, 2" )u(2)|? / P / )
dydz' + —— ul? ).
) Zl+n+sp Yy Zrlljr(ffs)p Rn ‘ ’

EC n+1
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By (4.5), we have
(412)  DrU(, znp)l < €t (DEV(, 2 4+ 28241V (2 2n) ),
and thus by (4.11) and (4.7), we have
[ el
Rn+1

L= (1=s)p
n+1
% —pB22 IDeV (2 zng) P | BPIU(Z 2ng1) P
(413) < C/ e PP </n (=) + R dz') dzp41
z +1 “n+1
I P D p
A e — R (z,y)u(y)| BPlu|
<C / (/"/Bt(y tl+n+sp drdy + Rrn t1—(2—s)p dt

In order to conclude, we note that
et . 0
|z—2| t1+n+sp — |,I _ Z/|n+sp

00 g pBt? C
/0 t1—(2—s)p dt < B3P’ -

and

As for Proposition 3.1, we have a local variant of Proposition 4.1 which will be used
in Section 6 to transfer to result to manifolds with boundary.

Proposition 4.2. Letn > 1, 0 < s < 1,1 < p < 400 and 0 < R < 4o0. If
I' € CY(Bg x [0,R],Lin(R"*, o(F))) and || Kr|lre(Bynxjo.r) + 7z < B < 400, then
there exists a positive constant C' = C(n,s,p) > 0 such that for allu € C'(Bag, F) there
exists

UeCYBgrx(0,R),F)NnC°Bg x [0,R], F)
depending linearly on u such that U(-,0) = u(-) on Bg,

/ /R |DrU(2)
Br 1 s)p

— R (2, y)u(y)|P 5
dz dy + g/ / U(z)P dz
/B2R /BQR |x - |n+8p B2R| ( )| )

C
- p
/BR/ = (1 a9 42 < o /Bmlu(:c)l da.

5. CHARACTERISATION OF TRACE SPACES ON THE HALF-SPACE

and

We establish in this section the density of smooth and compactly supported functions
in the gauge-covariant Sobolev spaces on E’frﬂ. Together with Theorem 1.1, Lemma 5.1
and Lemma 5.2 imply Theorem 1.2 in the introduction.

For a € R, we define the first order weighted gauge-covariant Sobolev space

Lp /= 1,1,
an(RTl’F) = {U € Wi (R7+L+17F) ‘ |’U“W;v§(ﬁi+1,F) < +OO}
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where
5.1 U - U+ DU, d2) "
(5.1) | ”erjﬁ(@i“ﬂ = (/n+1(| (2)[P + DU (2)IP) 21 Z) :

With this norm, the weighted space is a Banach space. The energies on the right-hand
side of Proposition 3.1 and the left-hand side of Proposition 4.1 are associated to the
weighted space for « = (1 — s)p — 1.

The density results presented in Lemmas 5.1 and 5.2 were established by Nguyen and
the first author in the scope of magnetic Sobolev spaces [28, §4] and directly carry over
to the general case.

Lemma 5.1. Let 1 <p < 400 and —1 < a < p—1. IfT € LS (R Lin(R™, o(F))),
then C2°(R™, F) is dense in WP (R F).

Proof. Let x € C2°(R""! R) such that 0 < xy < 1 and x(x) = 1 for all |x| < 1. For all
A > 0, we define xy: R""' — R, by setting for z € R**! x\(x) = x(z/)\). We then
compute, for U € WF’p (R F),

Dr(U —xx\U) = =UDx + (1 — x»)DrU.

Therefore, we have

<c / (1 = @) (U @) + DU @)P) + [Dxa(@)FIU @) )ity de = 0

as A — 0 since |Dy,| < C/AX for some constant C' > 0. It follows that any function
in WF’p (R"Jrl F) can be approximated by functions in Wr; 1 P(R™*1, F) whose support is
bounded.

Since —1 < a < p — 1, any function in W, ’p(]R"‘H F) can be extended by even re-
flection to the entire space R"*! and can be approx1mated in W, 1P (R"H F) by smooth
functions with bounded support [24, Lemma 2.4; 26, Lemma §&; 34 Cor. 2.1. 5] In partic-
ular, C°(R ! F) is dense in the trivial gauge-covariant Sobolev space W, 1P PR F)
by restricting smooth and compactly supported functions on Rt to the half space.

Since I' is locally bounded on ]R"'H any function U € W, 1P P(R™*1, F') whose support is
bounded in R” is also in W, 1P (]R"‘H F). In fact, for such a ‘function U € I/VF PRI F)
with bounded support, we have

H(]”VV1 PRLE) S (1 + ”F”LOO (suppU) )HU”Wl P (Rt FY-

Since the space C’C’O(]R”le F) is dense W, ’p(R"H F), a function U € W, ’p(R"‘H F)
with bounded support can be approx1mated in W, 1P PR F) by C° (]R"le ) F) functions.
Indeed, for a mapping U € Wp’ 1P (]R"‘H F) with bounded support, we have

1Ulwre @1,y < (14 T 2o supp o) 1U lwdor @1, -

It follows that Wr Lp (R"H F) functions with bounded support can be approximated in
the space Wp Lp (R”“ F) by smooth and compactly supported functions from the space
cx (R"'H F) The conclusion follows by a diagonal argument. U

Regarding the fractional gauge-covariant Sobolev space WD’Ip (R™, F'), we have
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Lemma 5.2. Let 0 < s < 1 and 1 < p < +oo. If T, € C°(R™, Lin(R", 0(F))), then
C(R", F) is dense in WpP(R", F).

Proof. Consider x € C°(R™,R) such that 0 < y <1 and x = 1 on the unit ball By. For
A >0, we define x: R" — R by xa(z) = x(z/A). Let u € WpP(R™, F). Then, for all
A > 0 and for all x, y € R™, we have

(5:2) (1— xa(e))u(e) — (1 — o) B (2. p)uly)
= (1= 200N (40 R puty) - LT () 4 R g,

2 2
Furthermore, for all y € R™ and A > 0, we have
— p C
R
for some constant C' > 0. It follows from (5.2) and (5.3) that, for every A > 0,

(54) |X)\u - u|€{/S’P(Rn F)

<C/n/n< z) + xa(y )>p!u(x)—RF'(m,y)U(y)!p dydx+C”/ u(z)[P dz,

2 o=yl T

where C, C’ > 0 are two constants. We deduce from (5.4) and Lebesgue’s dominated
convergence theorem that

lu — X)\u|Ws,p(Rn7F) -0, A—+o00

which implies that [lu — xxullw;: ?(ReF) 0 as A — +oc. In other words, Wp*(R™, F)
functions with bounded support are dense in W2P(R", F).

Since I', is locally bounded on R", any functlon in W2P(R™, F) whose support is
bounded is also in the trivial fractlonal gauge-covariant Sobolev space WyP(R", F) =
WP(R", F). Indeed, if u € LP(R", F) has bounded support, then, by the triangle
inequality, we have

lu(z) — RO (z, p)uy)|P |u(z) — u(y)[P
(5-5) /n/n |$— |n+sp - |£C— |n+sp dz dy
— R (z, y)u(y)|P
<C/n/n oyl dz dy
lidp — R (2, y)[”
< sup (/ dx)/ u P du.
YESUpp u n ’1- — y’n-i-sp - ‘ (y)’ Yy

Since the parallel transport is an isometry, we have in the operator norm
(5.6) lidp — R"(z,y)] < +lidp| + |RY (2,y)] = 2.
By (2.11), (2.28) and by the fundamental theorem of calculus, we have

(5.7) lidp — R""(2,y)| = ‘/01 —T((1 = )z + ty)[y — 2]R" (1 — ) + ty,y) dt‘

< Il poe (g — yl-
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It follows from (5.6) and (5.7) that

d _ RFH p
(5.8)  sup / lidr (z,9) d
yE€supp u JR™ ]m - y\”*‘”’
<C sup / min{l, ‘.%' — y’p”ru”iw(suppu)} dz < +o0.
© yesuppu JR® |z — y|ntsp

Combining (5.5) and (5.8), we deduce that if u € LP(R", F) has compact support, then
ue WP(R", F) <= ue WyPR", F).

Since the set C*°(R", F') is dense in W*P(R™, F), see [21, Thm. 6.66], any function
u € WiP(R", ) can be approximated in W (R", F') by functions with uniformly com-
pact support. Since I'; is locally bounded, the above calculation shows that the approxi-
mating sequence also converges in Wffl"p (R™, F'), and the conclusion follows by a diagonal
argument. U

Combining Propositions 3.1 and 4.1 together with Lemmas 5.1 and 5.2, we obtain the
non-abelian counterpart of [28, Thm. 4.3] which is the extension of the trace theorem for
weighted Sobolev spaces [35] (see also [21, §9.1; 25]) to the magnetic case. If 1 < p < 400
and s =1— %, Theorem 5.3 is Theorem 1.2 in the introduction.

Theorem 5.3. Letn >1,0<s<1and1<p< +oo. IfT' € CH R}, Lin(R"*! o(F))
and if || Krlleo < B, then there exists a trace mapping

Tr: W7 N s (R F) - WEP(R™, F)

and a positive constant C = C(n, s,p) depending only on n, s and p such that if U €

CHR"Y F), then TrU = U(-,0) and for every U € WF (—s)p— I(R"H,F), ifu="TrU,

sp/2 IDrU ()P + BP/2|U(2) [P
gy 07l ) < C [y = iy ds
n+

Furthermore, there exists a linear continuous extension mapping

Ext: Wi P(R", )—>WF’€’1 O LR R

and a positive constant C = C(n, s,p) depending only on n, s and p such that Tr o Ext
is the identity on WpP(R™, F) and such that for each u € WRP(R", F), if U = Extu,

DrU(2)|P + BP/2|U (2 .
/Rn+1| ( )|1 =n | ( )| dZ<C(|U|p SP]RRF 5p/2||UHLP(]R",F))-

Zn+1

6. TRACES AND EXTENSIONS ON A MANIFOLD

In this section we combine the results of the previous sections to characterise the traces
on the boundary of a Riemannian vector bundle. Following the strategy of [28, §6], we
consider local trivialising charts of £ on which the local results on the trace and extension
(Propositions 3.2 and 4.2) are applicable and glue them back together. Throughout this
section, we consider a smooth and compact Riemannian manifold M with boundary

oM.
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A smooth manifold £ together with a smooth map ng: & — M is called a Riemannian
vector bundle above the smooth manifold M with the Euclidean space F' as model fibre
whenever £ is locally of the form M x F' in the following sense. First, for each x € M,
the fibre &, = 7z *({x}) above each x is a closed submanifold of £ and is endowed with
a Euclidean structure isometric to F'. Next, there exists an open covering {V,}aeca of
M and smooth diffeomorphisms {p, : wgl(Va) — Vo X F}aea such that any restriction
to a fibre ), : & — {2} x F for x € V,, is an isometry. Such a tuple (V4 o) is called
a local trivialisation or bundle chart of €.

Typical examples of Riemannian vector bundles include trivial bundles £ = M X F' as
well as the tangent bundle £ = T'M of a Riemannian manifold M or the normal bundle
of an embedded Riemannian manifold.

If (Va, ¢a) and (V3, @) are two intersecting isometric trivialisations of a Riemannian
bundle &, that is, V' = V, N V3 # &, one can consider the change of trivialisation or
change of gauge @g o o' from V, to V3. The smooth, fibre-wise linear and isometric
characteristics of the trivialisations ¢, and g imply that there exists a unique smooth
function ¢go: V — O(F) such that for all (z,v) € V x F

(eg o @) (@,v) = (z,¢p.0(x)).

The mapping ¢go: V — O(F) is called the gauge transformation from (Vi,¢s) to
(V3,¢3). In the particular case of the tangent bundle 7'M of a Riemannian manifold M,
the gauge transformations are the differentials of the change of charts of the manifold
M. In settings of electromagnetism in quantum physics, these gauge transformations are
phase shifts and take the form el?: V — U(1) & SO(2) for some smooth scalar function
0:V —R.

A connection K on £ is given by a covariant derivative Dy, which is a differential
operator such that for every local trivialisation ¢: ng(V) — V' x F there is a unique
section I' € C(V, Lin(T'M, 0(F'))), called the connection form, such that one has

(6.1) ©(DgU) =Dr(poU) =D(polU)+T(pol).

If ¢ ng(V) — V x F' is another local trivialisation and IV € C(V,Lin(T M, o(F))) is
the associated connection form, we should have the gauge-invariance

D(¢ o U)+T'(¢/ o U) = (¢ 0o )(D(p o U) + T(p 0 U))
=D(¢ oU) + (¢ o )T =D(¢' oo™ ")) (¢ 0o ) (¢ 0 V).
This will be the case provided
I'= (¢ op (¢ o)1 =D(¢ o )¢ o),

that is, (2.3) holds with the gauge transformation ¢ = ¢’ o p~!. The identity (6.1) still
holds for U belonging to the gauge-covariant Sobolev space W}gp (M, E) defined as the
set of sections U € W' (M, &) such that

/ IDUP 4+ |UP < +o0.
M
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Remark 6.1. When £ = R"! x F is a trivial bundle and T' represents the covariant
derivative in a global trivialisation, we have

Wil (R, €) = WP (R F)
where the right-hand side is the space considered in the previous sections and defined

by (2.6). A

If : W C R:ﬁ“ — Q C M is a diffeomorphism and €2 a local trivialisation, the
associated connection form I' can be pulled-back by i to obtain a connection form *I’
on W which is defined by [15, 19,20, 32]

(6.2) ¢ (2)[] = T(¥(x)) o Dy(2)[] € Lin(R™*', o(F))

for every x € W. Similarly, when U € WI}’p (Q, F'), one can pull-back the weak covariant
derivative as

¢*(DrU)(z) = (DrU)(¥(z)) o DY(x).
and obtain (Lemma 6.2)

(6.3) Dy (U o) = ¢*(DrU)(x)

In view of (2.20) and (6.3), the pull-back is compatible with the curvature:
(6.4) Kyt = YK,

where

(¥*Krp)(2)[v, w] = K (¥ (2))[DY(2)[v], DY ()[w]].
Also, since the pull-back acts on the domain side while gauge transformations work on
the target side, pull-backs and gauge transformations commute.
The following lemma implies that pulling-back the connection form or the weak co-
variant derivative yields the same result.

Lemma 6.2. Let W C ]Ri“ be an open and bounded domain and let p: W — Q be a
diffeomorphism. Then

Uotp € W (W, F) <= Ue WP (QF)
and for almost every x € W
Dy (U 0 9)(z) = (¢*(DrU))(x).

Consequently, for almost every x € W,

[DrU (¥ (x))]

D)
Proof. By the chain rule, we have for almost every x € W
Dy-p(U e ¥)(x) = DU (¢(x)) + ¢ T (2)U(¢(x))

= DrU(¢(x)) o D(x) = ¢*(DrU)(x).
Since 9 is a diffeomorphism up to the boundary, it follows that
(6.6) [Dy+r(U 0 9)(@)| < [IDY|oc[DrU (4 (x))|

< [Dysr(U o ¥)(z)| < [[DY|[o [DrU (¢(2))].

(6.5)
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and
6.7) IDrU (4(2))] = Dy-r(U 0 ¢)(z) o D) (¥(x))|
' < D@Dy (U 0 ¥)()].
The conclusion follows from (6.5), (6.6) and (6.7). O

In order to define the trace space, we consider a bundle £ over OM and a diffeo-
morphism on its image ©: V' — dM such that £ is trivial above ¢ (V). Then, given a
continuous connection K on £ which is locally encoded in (V') by the connection form
I, and given v € C*([0,1],%(V)) we can consider the parallel transport Pt?r”(t) along
the path 4 = ¢~! o~y defined by (2.11). It turns out that this operator does not depend
on .

Lemma 6.3. Let 2 C OM be a local trivialisation with a continuous connection form
T Ifi: Vi = Q,i=1,2, are two diffeomorphisms and v € C1([0,1],9), then, for all
t e [0,1],

Pt () = Pe22t (1),

where 7; = 1)1

(2

ovy,1=1, 2.

Proof. 1t suffices to observe that both operators satisfy the same final value problem,
and we conclude by uniqueness of the solution. This follows from the definition (2.11)
of parallel transport as well as the definition of pull-back (6.2). O

In view of Lemmas 2.3 and 6.3, Ptg*r”(t) induces a well-defined operator from &, )
to &, that only depends on the connection K, on 9M. We denote this operator by

Ptff”(t). (Even though it will not be need in the sequel, it can be noted that Ptff”(t) can
then be defined beyond a local trivialisation.)

Since M is a compact and smooth manifold by assumption, it has a positive injec-
tivity radius injyr, > 0, and if z, y € OM are such that distgy(x,y) < injgn,, then
there exists a unique distance minimising geodesic (;: [0,1] — OM with (;,(0) = z
and (;4(1) =y, see [10, Ch. 13]. We then define in the spirit of (2.28)

KH
(6.8) RBM(JU y) =Pt (0),
the parallel transport from y to x along (.

Definition 6.4. Let n > 1, let 1 < p < 400, let 0 < s < 1 and let M be an (n +
1)-dimensional smooth and compact manifold with boundary OM. Let € be a smooth
Riemannian vector bundle over OM and let K, be a continuous metric connection on
E. We define the fractional gauge-covariant Sobolev space Wls(f) (OM,E) as the set of all
sections u € LP(OM,E) such that the gauge-covariant Gagliardo seminorm

KH p
dlbtaM T y)"+5p
(2,y)€IMxIM
distg aq (,y) <injgay

(6.9)

p _
|“|w;gf(am,5) -

is finite.
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We endow the space Wg"(OM, £) with the norm

» 1/p
lullwzromey = (lulfrore + lulfy SPW)) -

A standard proof shows that this defines a Banach space.

On the other hand, if ¢b: V — M with V' C R" convex, we can consider for z,y € V
RY"Ti(z,y) defined in (2.28). The corresponding gauge-covariant Gagliardo seminorms
with charts ¢: V' — 0M of the boundary are related in a non-local counterpart of the
equivariance under pull-back of covariant derivatives of Lemma 6.2.

Lemma 6.5. Letn > 1, 1 < p < 400 and 0 < s < 1. Let V C R™ be open and
bounded and let p: V — OM be a diffeomorphism up to the boundary on its image such
that diam((V)) < injgae. If T, € CHOM,Lin(T(OM),0(F))), if V is convex and if
(V') is geodesically convex, then there exists a positive constant C such that for every

u € Lp(l/f(V)aF),

P
dlbtaM T y)”+3p

P(V)xyp(
u(y(v)) — RY" (v, wyu(sh(w)) [P
§C< / o — ojrrep dwdv
VxV
+minfKr 12 1% 127} [ futo )P do)
/ Juy Rw BT (0 wuOF 4, g,
’nJrsp

VxV

dlbtaM T y)"+5p
Y(V)xp(V)

i [ 150, 12°) [ (P ds ).

The key tool to prove Lemma 6.5 is the following estimate comparing the two parallel
transport operators.

Lemma 6.6. Let n > 1, let V. C R™ be open and bounded and let p: V. — OM be
a diffeomorphism up to the boundary on its image such that diam((V)) < injong. If
I, € CHOM,Lin(R™, 0(F))), if V is conver and if (V) is geodesically conver, then
there exists a positive constant C > 0 such that for all x, y € V

[RY™T (&, 9) Ry (), ¥ (2)) = idp| < Cmin2, [ Kr, ||yl — oI’}
Proof. Let ¢ be the minimal geodesic in M joining 1 (z) to 1 (y). We define
(6.10) Ys(t) = (1= s)((1 = t)z + ty) + s~ (((L)).
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Since ¢ is a geodesic, 1 = 1! o ( satisfies the local geodesic equation

V() = Z(Mn ) ), 1)

where E is a symmetric 2-form (defined with the Christofell symbols of coming from the
Riemannian metric M and the local chart v), see for example [10, Ch. 3]. Since geodesics
have constant speed proportional to the Euclidean distance between their endpoints, it
follows that there exists C' > 0 such that

(6.11) M (®)] < Claz —y|*.
By the fundamental theorem of calculus and integration by parts, we obtain

Y1(t) —v0(t) = 7(t) = (1 =)z + ty)

t 1
= (=1 [ mar =t [ Ar)ar
1

_ _((1 — 1) /Ot ™y (t)dr + t/t (1 —7)v (1) dT),

and therefore, using (6.11), we have

t 1
e < (=0 [ rar+t [a=r)dr) Il
= 00|} | < Cl — gl

We note that v9 = 7z, whereas 71 = ¢! 0 ¢, 75(0) = z and v5(1) = y. By Lemma 2.5,
we have

1
AP0 < [ e OuERA, () dr < O, o= wiryle = of,

and the conclusion follows. O

We are now ready to characterise traces and extensions of gauge-covariant Sobolev
spaces for a Riemannian vector bundle £ which has a smooth and compact Riemannian
manifold M with boundary OM and interior M as base space and is endowed with a C!
connection K. Under this assumption on K, and thus the connection form I' encoding K
on a trivialisation 2 C M, the gauge-covariant Sobolev space W}(’p (M, €E) is the same
as the usual vector valued Sobolev space W1P(M, F) since the connection form I' is
bounded on any trivialisation. Therefore, the usual trace theorem applies and yields a
linear and continuous trace operator

Tr: WiP(M,€) = WIVP(OM, F).

However, the norm estimates are not gauge-invariant, and the trace space should depend
on the connection K in a gauge-invariant manner. The results that follow achieve this
enhanced characterisation.

We obtain the following estimates on the traces of gauge-covariant Sobolev spaces,
generalising the particular case of [28, Prop. 6.4] regarding magnetic Sobolev spaces. In
this and the following proof, we denote by C' positive constants independent of I'; u or

U.
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Proposition 6.7. Let n > 1, let 1 < p < +o0o and let M be a smooth and compact
Riemannian manifold of dimension n + 1 with boundary OM. Let € be a Riemannian
vector bundle with model fibre F and base space M. If € is endowed with a metric C*
connection K with curvature Kg satisfying ||Ki|lco < B, then there exists a constant
C = C(M,p) > 0 depending only on M and p such that for all U € WII(’p(M,g) we
have, with uw="Tr U,

[u(x) = Rpjiy (@, y)uly) P /
< D Py(1 p/2 Pde.
/ dlbtaMﬂ:y)"“’ r—dedy<C M’ gU@)[P + 1+ pP9)|U () do
(2,y) EOMxOM

disto s (z,y) <injg g

Here and in what follows, we define on the boundary 9M the C! connection K, locally
encoded by the connection form I',, as the restriction of I' to 775_1((%\/[), or equivalenty,
as the pull-back by the inclusion map from oM to M.

Proof of Proposition 6.7. Since smooth sections C*°(M, ) are dense in WIP(M, F) =
Wll(’p(./\/l,é'), see for example [5, Cor. 9.8], we may assume U € C*°(M,F). By the
divergence theorem and Lemma 2.1, we have

(6.12) /6 W@ dr < c( /Q DDLU ()P + U ()| dx)l/p ( /Q U ()P dx)l_l/p

for any local trivialisation 2 C M. Since OM is smooth and compact, there exists a
finite number of maps, say j € {1,...,k},

1/}]‘: B x [0,1) - M
that are diffeomorphisms on their image up to the boundary such that £ is trivial over
¥;(B1 x [0,1)),
i (Br x {0}) = ¢;(B1 x [0,1)) N OM,
k
OM C |J v;(Bijs x {0})

j=1

and, for every j € {1,...,k}, ¥;(B1 x {0}) is geodesically convex with
diam(tp;(B1 x {0})) < injyu-

Since the vector bundle € is trivial over (B x [0, 1)), there exists a connection form
I; € CH(yj(By x [0,1)),Lin(TM, o(F ))) such that Dg = Dr; on ¢;(B; x [0,1)). In
virtue of Proposition 3.2 with s =1 — p we have, for j € {1,...,k},

u(yp;(x — RY T (2 ) u(a; P
(6.13) /B/B\ (¥;(,0)) ’R (. )u; .0 o

€T — y‘nerfl

- C//BlX(o,l) [Dysr,, (U 0 ) ()P + B72|(U 045)(2)]" .
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Since f3 is an arbitrary upper bound on || X k||, we may assume without loss of generality
that 5 > 1. Lemma 6.2 and Lemma 6.5 then imply together with (6.13) that

Ju(x) — Ryhy (2, y)uly) P
.14 dx d
(6.14) / dlS‘CaM z, )l o
15 (B1x{0})x;(B1x{0})

<o [P u@P + e U@ e+ 578 [lu@)p do).

¥;(B1x(0,1)) ¥;(B1x{0})
Since fP—1/3 < gp=1/2 ysing (6.12) and Young’s inequality we obtain
(6.15) 35 [lute)rde < C [IPr,U@)P + (1 + #7307 da.
¥;(B1x{0}) ¥;(B1%(0,1))
The conclusion follows by summing over j € {1,...,k} and combining the estimate (6.14)
with the estimate (6.15). O

Regarding extensions, we have the following result generalising its analogue for mag-
netic Sobolev spaces [28, Prop. 6.5].

Proposition 6.8. Let n > 1, let 1 < p < +0o and let M be a smooth and compact
Riemannian manifold of dimension n + 1 with boundary OM and interior M. Let £
be a Riemannian vector bundle with model fibre F and base space M. If £ is endowed
with a metric C' connection K with curvature Xx satisfying | Kk |leo < B, then there
exists a constant C = C(M,p) > 0 depending only on M and p such that for all

Wll(” l/p’p(aM,E), there exists U € WP (M, E) N CY M, E) such that TrU = u,

/M DU ()P dz < C< // |u(z) — RaM(ﬂf y)u(y)? dy dz

dlStBM ('Ia y)ner !
(,y) EDMxOM

distg g (@,y)<injgaq

(r-1)/2 .
+ (148 )/W\u(m)y dx)
and

[ w@rar< 555 [ ju@p

Proof. Since OM is smooth and compact, there exists a finite number of maps, say
j € {L---ak}’
¢jl B x [0,1) - M

that are diffeomorphisms on their image up to the boundary such that £ is trivial over
¥;(B1 x [0,1)),
i (Br x {0}) =¢(B1 x [0,1)) N OM,

k
OM C [ j(Byyz x {0})

J=1
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and, for every j € {1,...,k}, ¥;(B1 x {0}) is geodesically convex with

diam(¢(B; x {0})) < injyay-
Moreover, there exists a collection of smooth functions {77]} _, C C®°(M,R) such that
for all j € {1,...,k}

suppn; C ¥;(By/2 x [0,1/2])
and Z?Zl n; =1 on M.

In virtue of Proposition 4.2 with s =1 — l, for every j € {1,...,k}, there exists
Uj € Ww* (B1/2N10,1/2],€) NC'(Byy % [0,1/2],€)

such that TrU; = uov; on By x {0} and furthermore U; satisfies

1
(6.16) / /2 ‘Dw%p,Uj(.%',t)’p dtdm
By s J0O s

[u(e;(x,0)) = RV (@, y)u(t; (y,0))[”
< C’(/B1 /B1 J J dx dy

|$ _ y|n+p*1

#8007 [ Ju(uy (e, 0 do)

1

and, assuming without loss of generality that 5 > 1,

1
(6.17) [ [P, ui@rds < c [ e v)w0p da.
By2 J0 7 B
Applying Lemma 6.2 and Lemma 6.5 to (6.16) and (6.17), we obtain
(6.18) / D, (U; 0 957 )(@) P da
;(B1/2x[0,1/2])
jule) — B p)ul)l? -
< p—1)/2 / >
< C( / dlStaM 2, g1 dzdy + 8 |u(x)| dx
5 (B1x{0})x1; (B1x{0}) ;j(B1x{0})
and
(6.19) /|Uj(g;)|p de<C /|u(x)|p dz.
¥;(B1/2%[0,1/2]) ¥ (B1x{0})

We define on M
k

By the Leibniz rule for covariant derivatives we have

k
(6.20) DU = ((Ujo v ")Dn; + 1Dk (Uj o 1)).
j=1
The conclusion follows from (6.18), (6.19) and (6.20). O



(1]

TRACE THEORY FOR GAUGE-COVARIANT SOBOLEV SPACES 30

REFERENCES

R. Adams and J. Fournier, Sobolev spaces, 2nd ed., Pure and Applied Mathematics, vol. 140, Elsevier,
New York, 2003. 11, 5

W. Ai, C. Song, and M. Zhu, The boundary value problem for Yang-Mills-Higgs fields, Calc. Var.
Partial Differential Equations 58 (2019), no. 4, Paper No. 157, 37, do0i:10.1007/s00526-019-1587-z.
0!

A. A. Balinsky, W. D. Evans, and R. T. Lewis, The analysis and geometry of Hardy’s inequality,
Universitext, Springer, New York, 2015. 12, 5

D. Bonheure, M. Nys, and J. Van Schaftingen, Properties of groundstates of nonlinear Schrédinger
equations under a weak constant magnetic field, J. Math. Pures Appl. 124 (2019), 123-168,
doi:10.1016/j.matpur.2018.05.007. 12

H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Universitext,
Springer, London, 2011, doi:10.1007/978-0-387-70914-7. 127

S. Chanillo and J. Van Schaftingen, Estimates of the amplitude of holonomies by the curvature
of a connection on a bundle, Pure Appl. Funct. Anal. 5 (2020), no. 4, 891-897, available at
http://wuw.yokohamapublishers.jp/online2/oppafa/vol5/p891.html. 13, 7, 10

B. Chen and C. Song, Isolated singularities of Yang-Mills-Higgs fields on surfaces, Int. Math. Res.
Not. IMRN 1 (2021), 551-581, doi:10.1093/imrn/rnaa030. 11

Y. Choquet-Bruhat and D. Christodoulou, Ezistence of global solutions of the Yang-Mills, Higgs
and spinor field equations in 3 + 1 dimensions, Ann. Sci. Ecole Norm. Sup. (4) 14 (1981), no. 4,
481-506 (1982). 11

E. DiBenedetto, Real analysis, 2nd ed., Birkhduser Advanced Texts: Basler Lehrbiicher,
Birkhéuser/Springer, New York, 2016, doi:10.1007/978-1-4939-4005-9. 11

M. do Carmo, Riemannian geometry, Mathematics: Theory & Applications, Birkh&user, Boston,
1992. 124, 26

M. Esteban and P.-L. Lions, Stationary Solutions of Nonlinear Schriodinger Equations with
an External Magnetic Field, Progr. Nonlinear Differential Equations Appl. 1 (1989), 401-449,
doi:10.1007/978-1-4615-9828-2_ 18. 12

H. Flanders, Differentiation under the integral sign, Amer. Math. Monthly 80 (1973), 615-627,
doi:10.2307/2319163. 18

E. Gagliardo, Caratterizzazioni delle tracce sulla frontiera relative ad alcune classi di funzioni in n
variabili, Rend. Sem. Mat. Univ. 27 (1957), 284-305 (Italian). 11, 3

B. C. Hall, Quantum Theory for Mathematicians, Graduate Texts in Mathematics, vol. 267, Springer,
London, 2013. 12

Sho. Kobayashi and Ka. Nomizu, Foundations of Differential Geometry: volume I, Tracts in Math-
ematics, vol. 15, Interscience Publishers, London, 1963. 16, 7, 10, 23

J. Jost, E. KeBler, R. Wu, and M. Zhu, Geometric analysis of the Yang-Mills-Higgs-Dirac model, J.
Geom. Phys. 182 (2022), Paper No. 104669, 24, do0i:10.1016/j.geomphys.2022.104669. 11

Q. Kong, A Short Course in Ordinary Differential Equations, 1st ed., Universitext, Springer, Cham,
2014. 18

J. Krieger and J. Sterbenz, Global regularity for the Yang-Mills equations on high di-
mensional Minkowski space, Mem. Amer. Math. Soc. 223 (2013), no. 1047, vi+99,
doi:10.1090/S0065-9266-2012-00566-1. 11

J. M. Lee, Manifolds and Differential Geometry, Graduate Studies in Mathematics, vol. 104, Amer-
ican Mathematical Society, Rhode Island, 2009. 12, 23

J. M. Lee, Introduction to smooth manifolds, 2nd ed., Graduate Texts in Mathematics, vol. 218,
Springer, London, New-York, 2012, doi:10.1007/978-1-4419-9982-5. 123

G. Leoni, A first course in Fractional Sobolev spaces, Graduate Studies in Mathematics, vol. 229,
American Mathematical Society, Providence, R.I., 2023. 11, 21

E. H. Lieb and M. Loss, Analysis, 2nd ed., Graduate Studies in Mathematics, vol. 14, American
Mathematical Society, Providence, R.I., 2001. 15, 8


https://doi.org/10.1007/s00526-019-1587-z
https://doi.org/10.1016/j.matpur.2018.05.007
https://doi.org/10.1007/978-0-387-70914-7
http://www.yokohamapublishers.jp/online2/oppafa/vol5/p891.html
https://doi.org/10.1093/imrn/rnaa030
https://doi.org/10.1007/978-1-4939-4005-9
https://doi.org/10.1007/978-1-4615-9828-2_18
https://doi.org/10.2307/2319163
https://doi.org/10.1016/j.geomphys.2022.104669
https://doi.org/10.1090/S0065-9266-2012-00566-1
https://doi.org/10.1007/978-1-4419-9982-5

TRACE THEORY FOR GAUGE-COVARIANT SOBOLEV SPACES 31

[23] V. Maz’ya, Sobolev spaces with applications to elliptic partial differential equations, Second, revised
and augmented edition, Grundlehren der Mathematischen Wissenschaften, vol. 342, Springer, Hei-
delberg, 2011, doi:10.1007/978-3-642-15564-2. 11

[24] N. Miller, Weighted Sobolev spaces and pseudodifferential operators with smooth symbols, Trans.
Amer. Math. Soc. 269 (1982), 91-109, doi:10.1016/j.na.2014.10.027. 119

[25] P. Mironescu and E. Russ, Traces of weighted Sobolev spaces. Old and new, Nonlinear Anal. 119
(2015), 354-381, doi:10.1090/S0002-9947-1982-0637030-4. 11, 21

[26] B. Muckenhoupt and R. Wheeden, On the dual of weighted H' of the half-space, Stud. Math. 63
(1978), no. 1, 5779, doi:10.4064/sm-63-1-57-79. 119

[27] H.-M. Nguyen, A. Pinamonti, M. Squassina, and E. Vecchi, New characterizations of magnetic
Sobolev spaces, Adv. Nonlinear Anal. 7 (2018), no. 2, 227-245, doi:10.1515/anona-2017-0239. 12

[28] H.-M. Nguyen and J. Van Schaftingen, Characterization of the traces on the boundary of functions
in magnetic Sobolev spaces, Adv. Math. 371 (2020), 107246, doi:10.1016/j.aim.2020.107246. 12, 3,
7, 8,10, 12, 19, 21, 26, 28

[29] T. H. Parker, Gauge theories on four-dimensional Riemannian manifolds, Comm. Math. Phys. 85
(1982), no. 4, 563-602, doi:10.1007/BF01403505. 11

[30] A. Pigati and D. Stern, Minimal submanifolds from the abelian Higgs model, Invent. Math. 223
(2021), no. 3, 1027-1095, doi:10.1007/s00222-020-01000-6. 11

[31] C. Song, Convergence of Yang-Mills-Higgs fields, Math. Ann. 366 (2016), no. 1-2, 167-217,
doi:10.1007/s00208-015-1321-x. 11

[32] S. B. Sontz, Principal bundles: The classical case, Universitext, Springer, New York, 2015. 12, 6, 7,
8, 23

[33] L. W. Tu, Differential geometry: connections, curvature, and characteristic Classes, Graduate Texts
in Mathematics, vol. 275, Springer, Cham, 2017. 15

[34] B. O. Tureson, Nonlinear Potential Theory and Weighted Sobolev Spaces, 1st ed., Lecture Notes in
Mathematics, vol. 1736, Springer Berlin, Heidelberg, 2000, doi:10.1007/BFb0103908. 119

[35] S. V. Uspenskil, Imbedding theorems for classes with weights, Trudy Mat. Inst. Steklov. 60 (1961),
282-303 (Russian); English transl., Am. Math. Soc. Transl. 87 (1970), 121-145. 11, 21

[36] D. Wei, S. Yang, and P. Yu, On the Global Dynamics of Yang—Mills—Higgs Fquations, Comm. Math.
Phys. 405 (2024), no. 1, 4, doi:10.1007/s00220-023-04881-9. MR4690630 11

[37] C. Wendl, Introduction to Bundles and Connections, in preparation (version of December 2016),
available at https://www.mathematik.hu-berlin.de/~wendl/Winter2016/DiffGeol/. 16, 7

[38] M. Willem, Functional analysis: Fundamentals and applications, Cornerstones, Birkhduser, New-
York, 2013, doi:10.1007/978-1-4614-7004-5. 15

[39] X. Zhang, Compactness theorems for coupled Yang-Mills fields, J. Math. Anal. Appl. 298 (2004),
no. 1, 261-278, doi:10.1016/j.jmaa.2004.04.057. 11

(J. Van Schaftingen) UNIVERSITE CATHOLIQUE DE LOUVAIN, INSTITUT DE RECHERCHE EN MATHE-
MATIQUE ET PHYSIQUE, CHEMIN DU CYCLOTRON 2 BTE L7.01.01, 1348 LOUVAIN-LA-NEUVE, BELGIUM
Email address: Jean.VanSchaftingen@uclouvain.be

(L. Winter) UNIVERSITE CATHOLIQUE DE LOUVAIN, INSTITUT DE RECHERCHE EN MATHEMATIQUE
ET PHYSIQUE, CHEMIN DU CYCLOTRON 2 BTE L7.01.01, 1348 LOUVAIN-LA-NEUVE, BELGIUM
Email address: Leon.Winter@uclouvain.be


https://doi.org/10.1007/978-3-642-15564-2
https://doi.org/10.1016/j.na.2014.10.027
https://doi.org/10.1090/S0002-9947-1982-0637030-4
https://doi.org/10.4064/sm-63-1-57-79
https://doi.org/10.1515/anona-2017-0239
https://doi.org/10.1016/j.aim.2020.107246
https://doi.org/10.1007/BF01403505
https://doi.org/10.1007/s00222-020-01000-6
https://doi.org/10.1007/s00208-015-1321-x
https://doi.org/10.1007/BFb0103908
https://doi.org/10.1007/s00220-023-04881-9
https://www.mathematik.hu-berlin.de/~wendl/Winter2016/DiffGeo1/
https://doi.org/10.1007/978-1-4614-7004-5
https://doi.org/10.1016/j.jmaa.2004.04.057

	1. Introduction
	2. Connection forms, covariant derivatives and transport
	2.1. Covariant derivatives
	2.2. Parallel transport along paths
	2.3. Parallel transport along segments
	2.4. Estimates of holonomy

	3. Trace estimates on the half-space
	4. Extension to the half-space
	5. Characterisation of trace spaces on the half-space
	6. Traces and extensions on a manifold
	References

