On the characteristic polynomial of the eigenvalue moduli of
random normal matrices

Sung-Soo Byun* and Christophe Charlier
May 21, 2024

Abstract

We study the characteristic polynomial p,(z) = ?:1(|Zj| — x) where the z; are drawn
from the Mittag-Leffler ensemble, i.e. a two-dimensional determinantal point process which
generalizes the Ginibre point process. We obtain precise large n asymptotics for the moment
generating function E[e% Im I pp (r) ga Re l“p"(’")L in the case where r is in the bulk, v € R and
a € N. This expectation involves an n x n determinant whose weight is supported on the whole
complex plane, is rotation-invariant, and has both jump- and root-type singularities along the
circle centered at 0 of radius 7. This “circular” root-type singularity differs from earlier works on
Fisher-Hartwig singularities, and surprisingly yields a new kind of ingredient in the asymptotics,
the so-called associated Hermite polynomials.

AMS SuBJECT CLASSIFICATION (2020): 41A60, 60B20, 60G55.
KEYWORDS: Jump- and root-type singularities along circles, Moment generating functions, Random matrix
theory, Asymptotic analysis.

1 Introduction and statement of results

The Mittag-Leffler ensemble with parameters b > 0 and a > —1 is the joint probability distribution

n
n!lZn H B H |zj|2ae_”‘zf‘2bd2zj, 21,...,2n €C, (1.1)
1<j<k<n j=1
where Z,, is the normalization constant. This determinantal point process can be realized as the eigen-
values of a random normal matrix M with distribution proportional to | det(M)|2ae’”tr((MM*)b)dM
[55]. The special case (b,a) = (1,0) also corresponds to the eigenvalue distribution of a Ginibre
matrix [44, 16], i.e. an n X n matrix with independent complex Gaussian entries with mean 0 and
variance .

Consider the characteristic polynomial p,(z) = H?:1(|zj| — x) of the process of the moduli
{lzjl}7=1- The main result of this work is a precise asymptotic formula as n — +oo for

E[@%Im Inpn (r) ya Re 1npn(r)], (1.2)

whereu € R,a € N:={0,1,...}, 7 € (0,077 ) are fixed, and In p,, () := In |p,, (r)|+7i #{z; : |zj| < r}.
The macroscopic large n behavior of the |z;| is described by the probability measure du(y) =
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2622~ 1dy, whose support is [0,b- 2] [58]; thus the condition that r € (0,b2) is fixed means
that we focus on “the bulk regime”. By definition, the expectation (1.2) is equal to D,,/Z,,, where

il vty = ([ atrs)
D, =— [ ... 2L — 2 w(z;)d*z; = det 22Z%w(z)d"z
nl o o H |2k J|31;[1 (J) J (C (2)

1<j<k<n

n—1
J;k=0
and the weight w is given by

w
w(z) = [oPre A w(|2), w@wzm—rw{“ Lren

1, ifx>r
Hence our results can also be seen as large n asymptotics for n x n determinants whose weight
is supported on C, rotation-invariant, has both jump- and root-type singularities along the circle
centered at 0 of radius r (which we will call “circular” jump- and root-type singularities), and a
“pointwise” root-type singularity at 0.

Since w is rotation-invariant, fC 2Zkw(2)d?z = 0 for j # k, and therefore

n—1 n 400
= 21PTw(2)d?z = (270)" v Ly (v)d. .
mgé| (2)d @)HA (v)d (1.3)

Over the past 50 years or so a lot of works have been done on structured determinants with
singularities, and we briefly pause here to review the literature. In their pioneering work [39], Fisher
and Hartwig made a conjecture for the asymptotics of large Toeplitz determinants when the weight
is supported on the unit circle and has root- and jump-type singularities—such singularities are now
called Fisher-Hartwig singularities. Many authors have contributed in proving this conjecture for
certain parameter ranges, among which Lenard [54], Widom [66], Basor [7], Béttcher and Silbermann
[13], and Ehrhardt [34]. A counterexample to the Fisher-Hartwig conjecture was found by Basor and
Tracy in [10], and the corrected conjecture was solved for general values of the parameters by Deift, Its
and Krasovsky [32]. The study of these singular determinants was motivated mainly from questions
arising in the Ising model and impenetrable bosons, see [9, 33] for more historical background. In
recent years, these determinants have also attracted considerable attention in the random matrix
community. One reason for that is the well-known work [46] of Keating and Snaith, where numerical
evidences were found of links between the characteristic polynomials of unitary and Hermitian random
matrices and the zeros of the Riemann zeta function on the critical line. Expectations of powers of the
absolute value of the characteristic polynomial of the Gaussian Unitary Ensemble, which are Hankel
determinants with a Gaussian weight on R and root-type singularities, were investigated in [14] and
their asymptotics were obtained by Garoni [43] for integer values of the parameters and by Krasovsky
[47] for the general case. This result was then generalized by Berestycki, Webb and Wong [11] for
one-cut regular ensembles. In a different direction, Its and Krasovsky in [45] obtained asymptotics
of Hankel determinants with a jump-type singularity and a Gaussian weight. Such determinants
provide information about the imaginary part of the log-characteristic polynomial of the Gaussian
Unitary Ensemble. The results [45, 11] have been generalized in [20] for general Fisher-Hartwig
singularities and one-cut regular ensembles. The case of one-cut regular ensembles with hard edges
was then treated in [24], and the multi-cut case in [25]. Strong results on Toeplitz determinants
with merging Fisher-Hartwig singularities are also available in the literature [28, 36]; these results
have been useful to prove a conjecture of [42] on “the moments of the moments” of the characteristic
polynomial of random unitary matrices, and [28] has also been used by Webb in [64] to establish a
connection between random matrix theory and Gaussian multiplicative chaos. There exists also a
vast literature on other structured determinants with Fisher-Hartwig singularities, see e.g. [29, 30]



for Fredholm determinants, [8, 40, 27] for Toeplitz+Hankel determinants, and [23] for a biorthogonal
generalization of Hankel determinants.

The literature on determinants associated with a singular weight supported on C is more limited.
For a =0, (1.2) is the moment generating function of the disk counting function

E[e% Im lnpn(r)] :E[eu#{zjﬂzjkr}}, (14)

and in this case w is discontinuous along a circle but has no circular root-type singularity. Counting
statistics of two-dimensional point processes have attracted a lot of interest in recent years [50, 19,
48, 49, 38, 35, 60, 61, 21, 1, 26]. The first two terms in the large n asymptotics of (1.4) were
derived in [19, 49]'. More precise asymptotics, including the third term of order 1, were obtained
n [38] for the Ginibre ensemble (i.e. (b,a) = (1,0))?, and the asymptotics of (1.4) including the
fourth term of order n~2 were then obtained in [21] for general b > 0 and a > —1. Several
works on determinants with pointwise root-type singularities in dimension two are also available
in the literature. In [5, 6, 51, 12, 52, 53, 18], the orthogonal polynomials for the planar Gaussian
weight perturbed with a finite number of pointwise root-type singularities have been studied, see
also [3] where microscopic properties of the associated point process have been analyzed. Building
on [5, 51], Webb and Wong in [65] obtained a precise asymptotic formula for E[e®Re "n(")] where
a € Cis fixed, Rea > =2, r < 1 and ¢, is the characteristic polynomial of a Ginibre matrix,
ie. gqn(z) = H;.L:l(zj — x) and the z; are drawn from (1.1) with (b, ) = (1,0). This expectation
involves a determinant with a single pointwise root-type singularity in the bulk. The case where r
is close to 1, which corresponds to the edge regime, was then investigated by Deano and Simm in
[31]. Determinants with two merging planar pointwise root-type singularities were also considered in
[31], and the asymptotics were found to involve some Painlevé transcendents. The regime where a
is proportional to n reveals a topological phase transition and was studied in [18]. (We also mention
that determinants with regular weights supported on C have recently been studied in [17, 2].)

Determinants with circular root-type singularities have not been considered before to our knowl-
edge. A main difficulty in the analysis of pointwise root-type singularities in dimension two stems
from the fact that they break the rotation-invariance of the weight (unless of course if they are lo-
cated at 0). The circular root-type singularities preserve the rotation-invariance of the weight, which
makes them simpler to analyze in this respect, but they also pose a series of new challenges, which we
discuss at the end of this section, and which we have been able to overcome only for integer values of
a. Interestingly, these circular root-type singularities also produce some associated Hermite polyno-
mials (see below for the definition) in the asymptotics. This came as a surprise to us and appears to
be completely new. There are of course many ezact formulas in random matrix theory which involve
the Hermite polynomials, but we are not aware of an earlier work where these polynomials show up
explicitly in the asymptotics of large determinants, let alone the associated Hermite polynomials (see
however [37] where Legendre polynomials appear in the asymptotics of the sine-kernel determinant
in a transition regime). For comparison, pointwise root-type singularities typically produce other
kinds of ingredients in the asymptotics, such as Barnes’ G-function (as was discovered by Basor [7]
in dimension one and by Webb and Wong [65] in dimension two), and circular jump-type singularities
involve the error function. We also mention that ensembles with circular root-type singularities have
been studied in [68, 59], and ensembles with “elliptic” root-type singularities in [56]. In [68, 56, 59],
the singularities are located at the hard edge and the focus was on the leading order behavior of the
kernel; in particular, the (associated) Hermite polynomials do not show up in these works.

1[19] considers counting statistics on more general domains (not only centered disks) for a class of determinantal
processes on a Kéahler manifold (which includes Ginibre), and [49] considers general “one-cut” rotation-invariant
potentials (including Mittag-Leffler).

2Some generalizations of the Ginibre point process (different from the Mittag-Leffler ensemble) and some hyperbolic
models have also been considered in [38].



The v-th associated Hermite polynomials {He,(:) :k=0,1,...} are defined recursively by

{He£”£1<x> = aHel (z) — (k+ v)He, (x), k> 1, (L5)

He(()u)(x) =1, Hely) () =z,

and satisfy the orthogonality relations [4]

+m v 17 d
/ He,(c)(m)Hee )(x)m = V27 (k + v)! ke, k,/=0,1,...

where D_, is the parabolic cylinder function (see e.g. [57, Chapter 12]). These polynomials are
explicitly given by

Lk/2] y y
(-1)¢ = dikr ., e |
P G VS A L g .
(v) ; 0k —20) 2¢ [dt] {e } . if =0,
Hek (CC) = Lk/2] ’ ’ N N (1.6)
3 (—1) 3 (h=Dw=1+D\ o oy
= (k=20 \ = JH e = )i (w — )12 ; > 1,

see [67, eq. (4.12)]. For v = 0, they reduce to the standard Hermite polynomials?, i.e. Hefﬁo) (x) =
Heg(z) for all k € N. We refer to [63] for basic properties of general associated polynomials, and to
[67] for a focus on the Hermite case.

Only the polynomials {Hey, Heg) :k=0,1,...}, corresponding to v = 0 and v = 1, will appear
in our asymptotic formula. Our results can be presented in a unified way if we formally define Hey,
He,(:) for the first few negative k as follows:

He_1(z) :=0, He_s(x):=1, He_3(z) := —g, (1.7)

He(_li(ac) =0, [kHe,(CQQ(x)] = -1, [kHe,ilzg(m)}

k=0 "=

2
=z, [kHe,@Am)} S 1.

k=0 k=0 2

These definitions are consistent with the recurrence (1.5). For general a € N, we define

1 La/2] al xa—QS
Po.a(®) := inea(ix) = ; m?, (1.8)
=12, s o -
1 @ ;.\ (a—1—4)2 1 pa—1-2s

qo,a(x) == ia71Hea—1<m) = ; (jzo =) ) G-l > (1.9)

pLJ@::—ng+ﬂ@44w@hﬁ4@)—@a—lhmm4@)+gM—lXa—mpmhﬂ@),(Lm)

0,0(2) == = Sd0,001(2) ~ b(00.011(2) — (3~ Voo 1(2)] + 5 [ala ~ 1)@~ 2) qoas(2)]).
(1.11)

where the brackets in (1.11) emphasize that for the first values of a, one needs to use (1.7), namely

1, if a =0,
ago,a—1(z), ifa>1,
3There are ktwo commonly used Hermite polynomials in the literature, denoted Heg and Hy, and which are related
by Hy(x) = 22 Hen(v/2x). For us it is more convenient to work with Hey,.

[ago,a—1(2)] :




x? -1, ifa=0,
—x, ifa=1,

[a(a — 1)(a — 2)q0,a—3(x)] := ) (1.12)
2, if a =2,

ala —1)(a —2)qo,a—3(x), ifa>3.

To be concrete, the first polynomials are given by

4 ,
(p0.a()) ,_y = (Po.0(2), po.1(x), po.2(x), po.3(x), poa(z)) = (1, z, 2° +1, 2° + 3z, 2* + 62% + 3),

4

(z a0 = (0, 1, x, x2—|—2, x3+5x),

5 2 2 8 f
i 0= f(gq0,a+1(x))j:0 +b ( 2?4+ =, Sw, 227 + 3 —32% + 92, —4a* 4+ 822 + 16).

3 373

(20.0())
(pl,a x) )i 0= —(gpo,aﬂ(x))jzo +0b (O —2? +1,-22% 4+ 4z, —3z* + 622 + 5, —42® + 42> + 32x>,
((h a )

The large n asymptotics of E[eﬁ Im Inpn (r) ga Re lnpn(r)] are naturally described in terms of the
two functions

2

Go(y; u, @) := po.o(—V2y) ((l)a + euél)aerfc(y)) + go.a(—V2y) (" — (—l)a)(i;;?, (1.13)
G101 0) = pro(= V) ((=1)° + S e )+ a0 (119

where y € R, u € R, a € N, and erfc is the complementary error function

erfe(y \F/ e da. (1.15)

In the statement of our theorem, Gy appears inside a logarithm and in a denominator. It turns out

that Go(y;u,a) > 0 for all y € R, u € R and a € N. This fact is not obvious so we defer the proof to
Section 4, see Lemma 4.9.

Theorem 1.1. Letb >0, a > —1,7r € (O,b*ﬁ), u € R and a € N be fixed parameters. Asn — 400,

E |:€% Im lnpn('r-)ea Re lrlpn(’f'):| = exp (Cln + 02\/ﬁ + 03 + O(n_%b + (ln n)gn_;)>7 (116)

where

L
2b

Cy = /T (u +aln(r — y))du(y) + /b aln(y —r)du(y),
0 . r
= \/ibrb/ (ln Go(y; u,a) — aln(v2[y]) — ux(—c0) (y)> dy,

— 00

B 1 N a(l —a)
Cs =— <2+ > + (1f(br2b)71b)+

+oo 1 gl y u, CL
+ : +4b 1n(Go (y; 1, @) — UY(—oo
/ {\[ Go(y;u,a) Y o(y X( ,0)(3/))

a (2ab — a®)y
_ 5y(l +2b+ 8b1n(\/§|y|)) + 4(1“"192)} dy,

du(y) = 2b%y?*~1dy, and X(=00,0) (%) = 0 for y >0 and x(—00,0)(y) = 1 for y <O0.

(2+a—2b+4a)In ((br%)—% - 1)

=~ e



Remark 1.2. Fora =0, the next term in (1.16) is of order n~2 and was obtained explicitly in [21].
1

For a > 1, numerical simulations suggest that the O-term is in fact of order n=2 + n~2. This also

suggests that our estimate in (1.16) for the O-term is optimal for b > 4 and a > 1.

Outline of the proof of Theorem 1.1.

Let &, := ]E[e% Im In pn () ga Re ln”"(r)]. Our starting point is the following exact formula

n a a r a—k 2j+2a+k 2j+2a+k7nT2b
&, => In (Z <k> (=) Fﬁ(szm)) [1 +((—=1)%" — 1)7(“22;;22?%) )D (1.17)

kK
j=1 k=0 n=b 25

where (@, z) is the incomplete gamma function

v(d,z):/ ti= e~ dt.
0

Formula (1.17) can be derived using the facts that (1.1) is determinantal and that w is rotation-
invariant, see Lemma 2.1 below. For fixed j and a > 1, it is easy to see that the summand in (1.17)
contains a term proportional to n=%% in its large n asymptotics. This already explains why our
estimate for the error term in (1.16) contains n 2.

To obtain precise asymptotics for &,, up to and including the term Cj5 of order 1, we must take
into account each of the n terms in the sum (1.17) (they all contribute). As can be seen from (1.17),
this means that we need precise uniform asymptotics for v(a, z) as both z — +o00 and @ — +oc0 at
various different relative speeds. Fortunately, these asymptotics are available in the literature [62].
Following the approach of [41] (which was further developed in [21, 22]), we will split the sum (1.17)
in several parts,

In&, =5Sy+ 51+ S+ 53,

where Sy, £ =0, 1,2, 3 are given in (2.5)—(2.8). There is a critical transition in the large @ asymptotics
of (@, z) when z — +o0 is such that A = Z ~ 1. The sum S, is the hardest one and precisely
corresponds to this critical transition; it requires a “local analysis” involving the j-terms in (1.17)
for which b”;.% ~ 1.

We found that, quite surprisingly, circular root-type singularities are significantly more involved
to analyze than circular jump-type singularities. Let us highlight some of the reasons for that:

e The “global analysis” needed for Sy, S; and S3 requires some precise Riemann sum approxi-
mations for functions with singularities. For comparison, the analogue of Sy, S and Ss in [21]
in the case of pure circular jump-type singularities are straightforward to analyze, because the
corresponding Riemann sum approximations only involve constant functions.

e Huge cancellations occur in the “local analysis” of S. In fact, to obtain C3, we need to expand
up to the (a + 2)-th order the summand of the k-sum in (1.17). This is because, curiously,
the first a terms in the expansion cancel perfectly after summing over k. To treat the general
case a € N, this means that we need to expand various quantities to all orders. An important
technical obstacle is that the coefficients in these various expansions are not always readily
available in an explicit form; sometimes they can only be found recursively and involve heavy
combinatorics, see e.g. Lemma 4.5 and the all-order expansion of 7 in Lemma A.2. The analysis
of Sy is in fact the only part in the proof where solving the problem for general a € N is clearly
harder than solving the problem for a finite number of values of a, say a € {0,1,2,3,4}. This is
also the only place in the proof where the (associated) Hermite polynomials arise, see Lemmas
4.6 and 4.7.



Remark 1.3. For non-integer values of a, formula (1.17) does not hold and the connection with
the incomplete gamma function is lost (and therefore the strong results from [62] cannot be used
anymore). This is the main reason as to why we decided to restrict ourselves to a € N in this
work. For a ¢ N, the exact expression for &, involves hypergeometric functions that generalize the
incomplete gamma function. Also, because of the well-known relation Dy (z) = e’%Hek(z), keN
(see [57, eq 12.7.2]), it is tempting to conjecture that for the general case a € (—1,+00) the large n
asymptotics of &, involve the parabolic cylinder function. It would be very interesting to figure that
out in detail.

Outline of the paper. In Section 2, we prove (1.17), define the sums S;, j = 0,1,2,3, and
establish many useful lemmas. In Section 3, we obtain the large n asymptotics of Sy, S3 and S;.
The large n asymptotics of So are then obtained in Section 4. We finish the proof of Theorem 1.1 in
Section 5.

2 Preliminaries

This section contains the proof of (1.17) and the definitions of Sy,...,S5. We also establish here
various preliminary lemmas that will be used in Sections 3 and 4.

Lemma 2.1. Formula (1.17) holds for all n € N5 :={1,2,...}.

Proof. The partition function Z,, of the Mittag-Leffler ensemble is known to be

n
_n? 71+20¢nﬂ'n .
Zn=n"%n" "o EHF(%)’ (2.1)

j=1

see e.g. [21, eq. (1.23)]. Since &, = D,,/Zy,, it only remains to find a simplified exact expression for
D,,. Since a € N,

y2b —
w( ) — UZa nv " k oa
k) (—1)e kokra=k if o >,
k=0

n2 1420 TT n a —r)a—Fr . .
Dn n"5%n 2127 n | I ( ) ( )k (F(2j+221()1+k,) (( ])a Eu 1)7(23+22;1+k7m"2b)).

The claim now follows directly from (2.1), (2.2) and &, = D,,/Z,,. O

Throughout the paper, c and C denote positive constants which may change within a computation,
and In always denotes the principal branch of the logarithm.

Let M’ be a large integer independent of n, let € > 0 be a small constant independent of n, and
let M :=n&(Inn)~%. Define

b’I’LT2b 2b

J-=1e —als dp = 1 —al (2.3)




We choose € small enough so that

br2b < 1
1—¢ 1+¢€
Using (1.17), we divide In &,, into 4 parts
In&, =Sy + 51+ 55+ 53, (2.4)

with

so_ffm( : () (=r)*k D) [H((l)aeu1)v<2j+§5*k,nr%>D, 03

~ —~ k n% F(QJ;rb2a) F(2]+2a+k)
j-—1 a —k 2j+2a+k 2]+2a+k
a (_,r)a F( ) ’7( , TV
S1 = Z In ( < ) i zibza L+ ((=1)%" —1) 2 2a E) (2:6)
i Nioo \B/ o mm o TR J+ +
J+ a a—k T/ 2 F2a+k 2j+2a+k
a\ (=r)* P T(EE5) { ( ,nr? D
Sy = In ‘ - 1+ ((=1D)%" -1 2.7
= 2 (3 () S rmy e 0

(—T)a_k F( 2j+2a+k

si= S (3 (1) H>[<<>><()>]) 25)

n2o

In Sections 3 and 4, we will analyze these sums in order of increasing difficulty: first Sy, then Ss, then
S1, and finally S5. The sum Sy is straightforward to analyze, but S7, Sy and S3 are more involved
and require some preparation. This preparation is carried out in the next subsection.

2.1 Useful lemmas
For £ € N:={0,1,...}, let

k=0
If k=¢=0in (2.9), then k* := 1 so that go(z) = (1 + 2)°.

ge(x) = y (Z) " k. (2.9)
1

Remark 2.2. The sequence {g,};> satisfies gor1(x) = zg)(x), £ € N. Solving this recurrence
relation using the initial value go(x) = (1 + x)* yields

oio - 3] [0+

which is an interesting alternative representation of gy.

)
t=Inx

The next lemma establishes yet another representation of gy.
Lemma 2.3. For { € Ny, we have

min({,a)

gola) = a(e + 1) 003 5(0,5)

Jj=1

| . i j
(a ij).wﬂfl(x +1)mine, (2.10)

where S(¢,j) is the Stirling number of the second kind, i.e. the number of partitions of {1,..., ¢}
into exactly j nonempty subsets. Furthermore,

ge(z) = O(x), asz — 0, {¢€ Ny, (2.11)
ge(x) = O(min{1, |z + 1|*7}), asx — —1, (eN. (2.12)



Remark 2.4. Since go(x) = (1 + x)*, (2.10) and (2.11) do not hold for ¢ = 0.
Proof. Let £ € N5 be fixed. By [57, eq. 26.8.10], we have

4
K=Y (k);S(4,4),  forallkeC, (2.13)

j=1

where (k); := k(k—1)(k—2)...(k —j+1) is the descending factorial. Substituting (2.13) in (2.9),
we obtain

a min(4,k) . min(¢,a) q )
alS(¢, j)x* alS(¢, j)a*
a@ =) Y. LIy s
poar B C 0L e DU e L C O Gl )L
min(¢,a) | a ) min(¢,a) '
= ) L a — ] k — . a. ] 1 a—j
j=1 S(E,J)(a—j)!kz_:j<k_j>x ; S(Z,J)(a_j)!x (x4 1),

which is (2.10). The expansions (2.11) and (2.12) for £ > 1 directly follows from (2.10), and (2.12)
for £ = 0 follows from go(z) = (1 + z)°. O

The sums Sp, So and S3 naturally involve the functions

za: (Z) (—r)“k<§) TR s b,

EQee () e

The next lemma collects some properties of ~,.

Lemma 2.5. Let £ € N. The function v, can be written as

L a
’r— %)b , if 0 =0,
Gl -G X G TG ) v
j=1
In particular,
ve(x) = (’)(557117)7 asz — 0, £¢& Ny, (2.16)
Ye(z) = O(min{1, |z — br?|*=1}), asx — br?, (€N (2.17)
Proof. Tt is easily checked that
ol (%)), >t
Ye(x) = o\
a 2b
ng(—(W) ), x € (0,br?).
The claim is now a straightforward consequence of Lemma 2.3. O



Lemma 2.6. Let k € N be fized. As j — +00,

I(22h) J % PQe
(220 ~ () (1 + Z ) (2.18)
2b
where
L Ey 2o+ k 2
k) = bt ( 20 B(sz)( ) = k™ 2.19
p2e(k) <€> ¢ 5% mz::lpze,m : (2.19)
(Zk?) = 25 %71)5,(£7”1), and B(k)( ) is the generalized Bernoulli* polynomial of degree ¢ defined

through the gemerating function

(et ) ZB t*, t] < 2. (2.20)

Remark 2.7. The degree 2¢ polynomial pay satisfies p2¢(0) = 0. This is consistent with the fact that
for k =0 the left-hand side of (2.18) is 1.
Remark 2.8. The notation “~” in (2.18) means that for any N € N, N > 1, we have

N e p z .
F(zjibza) - < ) < : N 1)), as j — +oo.
2b

We will use this notation repetitively in the paper.

Proof. The claim directly follows from [57, eq. 5.11.13]

7 as v — 400, p1,pe fixed.

['(v+p2 +p1) ~ Pt +Zoo (p1> Béif’1+1)(p1 +ps)
4

['(v+ p2) — v
O
Lemma 2.9. Asn — +oo,
(@) (=) TP DCEEEE) L 3 P2ty (§/m)
S~ (j/n)+ m= , 2.21
Z_:@ nE TgE) U Z (/)" (221)

uniformly for j € {j+ +1,...,n}. Furthermore, M' can be chosen sufficiently large (but fized) such
that the following holds: there exists C > 0 such that

za: (a)?‘a_k( 1)k F(W) {%(]/n) N v2(j/n) + (4o — 2b)y1(j/n) }’ < CW, (2.22)

k) nk T(EE) 85 nZ

k=0 2b

for all sufficiently large n and oll j € {M' +1,...,j_ —1}.

4Bél)(:c) is the classical Bernoulli polynomial of degree ¢, and Bé())(x) =zt

10



Proof. Since a is fixed, Lemma 2.6 implies that

5 () S (o () (- £). e

k=0 n 25 k=0

as j — +oo. Since j/n € (br? 1] for all j € {j. +1,...,n}, the expansion (2.21) directly follows
from (2.23) and the definition (2.14) of 4,. In the same way, but using now the definition (2.14) of
ye(z) for = € (0,br?), we infer that

a a ’I“aik k 2]+2a+k n
Z( ) ( ) F( M ) ]/n +Z m= 1p26m'7m(j/ )7 (224)

k=0 k n2 L(&57)

as j — +oo uniformly for n such that j/n € (0,br?"). The estimate (2.22) then follows from (2.24)
and the behavior (2.16). O

For the large n analysis of S3, 51,52, we will need to approximate various large sums of the form
> if () involving some functions f with singularities and some j’s for which £ is close to these
singularities; for this we will also rely on the following lemma from [22].

Lemma 2.10. ([22, Lemma 3.4]) Let A, ag, B, by be bounded function of n € {1,2,...}, such that
ay = An + ag and b, := Bn + by

are integers. Assume also that B — A is positive and remains bounded away from 0. Let f be a
function independent of n, and which is C*([min{%, A}, max{%, B}]) for alln € {1,2,...}. Then
as n — +0o, we have

j B — 2a0)f(A) + (14 2bo) f(B)
1 n/ fla da:—i— 0 5 0

N (—1 + 6ag — 6a3) f'(A) + (1 + 6by + 6b3) f'(B) N (—ag + 3ag — 2a3) f" (A) + (bo + 3b3 + 263 f""(B)

12n 12n?
bn—1
ma(f") +mp(f") | M ()

; o( e 3 M),
j=an

where, for a given function g continuous on [min{ %=, A}, max{ % . BY,

ma(g) := max l9(@)],  mp(g) = max l9()],
z€[min{ L, A} max{ <2, A}] z€[min{%2, B} max{’2 B}]

and for j € {an,...,by, — 1}, m; ,(g) == MAaX ¢ (i 41 lg(x)].

3 Global analysis: large n asymptotics of Sy, S5 and 5

As mentioned earlier, we will analyze the sums (2.5)—(2.8) in order of increasing difficulty: first Sy,
then S3, then S7, and finally Ss. In this section we focus on Sy, S3 and S;. We defer the analysis of
S5 to the next section.

Lemma 3.1. Asn — +oo,

So = M'In(r%") + O(n~).

11



Proof. Using (2.5) and Lemma A.1, we obtain

(—T)aik F( 2j4+2a+k

j=1 k=0 2b
M’ a _ 2j+2a+k
a (_1)k,ra keu ]_"( J ) B
=>» In ( ( ) ,, 20 + O(e™ ™), as n — +00.
LG e T

Since M’ is fixed, only the (k = 0)-terms contribute to order 1 in the large n asymptotics of Sp; the
other terms are O(n~ ). O

Recall that S, S5 are given by (2.6) and (2.8). Following the approach of [21, 22], we define

2b 2b 2b 2b
(ne) _ [ bnr B B bnr B (ne) _ | bnr B B bnr _
O _(1—6 a) {l—e QJ’ o~ _{l—i-e a—‘ (l+e “)p

and for j=1,...,nand k=0,1,...,a, we also define
jta bnr2b 20\, —1—1n)j)
= Aji= =\ =1 3.1
a; b ’ J j—’-Oé’ j ( J ) ()\]_1)2 ’ ( )
2j+2a+k bnr2t 200k —1—=InX;z)
= Ajjp i = ——— k= —1 3. D72 3.2
aj,k 2h ’ J.k j+0[+§7 M.k ( J,k ) ()\j,k_l)2 ( )

Lemma 3.2. Asn — 400,

L n,e _ 1 _ 1
sgn/lbam(@f)”’r>dx+a<2a+2ei )—1>1n<r<1—2e> % —r)+In(b~% )
br
=

Proof. Using (2.8) and Lemma A.2 (ii) with a and A replaced by a;; and A, respectively, where
je{j++1,...,n} and k € {0,...,a}, we obtain

¥
S

g

(_r)a_k F( 2j+2a+k¢

S5 = i In (Z (Z) = P(%ibza)) [1+((—1)ae“—1)(9(€_w)})7

Jj=j++1 k=0 2b

as n — +oo. It is easy to check from (3.2) that cin < ajr < cin, ca < |Ajr—1] < b and ¢z < 71?,1@ <
cs hold for some positive constants {c;,c;}3_,, for all n sufficiently large, for all j € {j; +1,...,n}
and for all k € {0,...,a}. Thus

Sy = Z In (za: (Z) (=) F(W)> +O(e™™),  asn — +oo. (3.3)

ko 2j+2c
j=j++1 k=0 nze F( 2b )

To complete the proof of this lemma, we need the following weaker version of (2.21):

a ae 2j+2a+k : ;
> (1) ) (i) + 22U Ga MG/ o2y

prt nz  D(2E2e) n 8bj/n

12



as n — +oo and simultaneously j € {j; + 1,...,n}. Note from (2.3) that j/n lies in (br?,1] and
remains bounded away from br?® as n — +oco and simultaneously j € {j; + 1,...,n}; in particular
Yo (j/n) remains bounded away from 0. Hence, by substituting the above expansion in (3.3) and
using (2.15) with ¢ = 0, 1,2, we obtain after a computation that

1
S3=So+-Ti+0(n™"),  Bei= Y fulj/n), =01, (3.4)
J=j++1
1
2\ %
fo(x) :=Invy(z) =aln ((b) — 7"),
1 L
(@) + o - Wm(z) (D) ( (m) % )
x) = = a+4a —2b)| — —(14+4a—2b)r ),
fite) 8bz 7o () 8bx((%)% —r)? ( 5 ( )
where we have also used that In(1 + z) = z + O(2?) as z — 0. From Lemma 2.10 (with 4 = liT_QZ,
ag=1—a— 05:“6), B =1 and by = 0), we infer that
1 (2a + 209 — 1) f2(22) + fo(1) .
5, = n/  fula)dz + = Lom™Y), =01,
br
=
as n — 4+o00. We then obtain the claim for Ss after a computation using the simplification
1 20\ — &
a l1-a 1-a (br#*)"= — 1
der = — — —2b+4a)ln | ———— | .
/b{_25 hi(z)de = ((br%)‘zlb SR T + (a—2b+4a)ln ((1 e 1))
O

The large n asymptotics of S7 are harder to obtain than those of S3. The main reason for it is
that Sp involves small j’s, and for such j’s the quantities v¢(j/n) have a singular behavior, see (2.16).
This is also the reason why the error term in Lemma 3.3 is more complicated than in Lemma 3.2.

Lemma 3.3. Asn — +o00,
b2b n
1+4€ x 2b
Slzn/ <u+aln <T<b) )dxM’ln(rae“)
0
1

n —(u+alnr) + (29@’6) —1-2a)(u+aln(r—r(l+e¢)"2)
2

a a—1 —ﬁ —ﬁ 1
+4<(1+6)21b_1+(a—2b+4a)1n(1—(1+6) ))-1—0(71 +n )

Proof. Lemma A.2 (i) implies that for any ¢ > 0 there exist A = A(¢’),C = C(¢’) > 0 such that

u,'r,2
|v1£<(1l;2)) — 1| <Ce 72 foralla> A, forall A = £ € [1 + ¢, +00], and where 7 is given by (A.1). Let

us take ¢ = § and choose M’ so large that a; = ”TO‘ > A(5) forall je {M'"+1,...,51, - —1}. Thus

13



as n — +o0o. From a direct analysis of (3.2), we infer that aj7k7732',k decreases as j increases from
M'+1toj_ —1,and ajyknf-’ . decreases also as k increases from 0 to a. Therefore

2 , 2
AT @j_—175_ 1

5 2 5 > cn, forall j € {M'+1,...,5_ —1},

for a small enough ¢ > 0. Thus

j_—1

a a—k k u 2j+2a+k
a\ r*F(=1)fe" T(F5) _
S1 = g In ( E < ) - AL + O(e™ M), as n — +0o. (3.5)
J=M/+1 o \k nz INEE=

Substituting (2.22) in (3.5) and using (2.15) with ¢ = 0,1, 2, we obtain

jo—1

~ 1~ 1 ~ 1~ 1
Sl 220+21+O(n_2 Z (j/n)%_2> 2204-*214-0(11_% +n_1),
n ) n
j=M'+1
B i--1 _ j-—1 B S\ F
Som Y R B X aGm. R@euran(e-(5)7) @0
Jj=M’+1 j=M’'+1

as n — 400, where f; is given by (3.4). Note that fi(z) ~ cz® ' as z — 0; thus f; blows up at 0

if b > 1. Using now Lemma 2.10 (with A = M7/, ap=1 B = ?’f: and by = 0" — 1 — a), we get

br2b

SN S TR S RS R 1t S I

o fo(z)dz + 3 —l—@(n‘ﬁ —l—n_l)’

ﬁzl:/, fl(ac)dac—l—(’)(n_ﬁ +n” )

n

as n — 4oo. Furthermore, by a direct analysis of ﬁ) and f1,

n

fO(M ) =u+alnr+O(n~7),

br2b
1+e a a—1 1 1
r)dr=-( —— + (a — 2b + 4« ln<1f 1+62b)>+0n2b,
A i (1- (49 (v )
br2b br2b
Tte ~ Tte ~ , 1
n/ fo(a:)dx:n/ fo(@)dz — (u+alnr)M' + O(n"27),
o 0
as n — +00. The claim follows after substituting the above expansions in (3.6). O

4 Large n asymptotics of S

It remains to obtain the large n asymptotics of Se, which was defined in (2.7). For this, let us split
S5 in three pieces,

Sy =SV + 8% + 88,
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where
(—T)a_k F( 2j+20¢+k)

o 3 u(E ()

A EL k=0 nz %)

o (2j+22a+k,n7’2b)
1+ ((—1)%" — 1) 7 F(2]?+22?+k) D (4.1)

for v=1,2,3, A; is given by (3.1), and
I := [1%,1*%), I := [1f%,1+%], I3 := (1+\/»,1+e}

Equivalently, the above sums can be rewritten using

g-—1 9+ J+
)LD D DD D DD IR (42)
j:)\jefg Jj=j— j:/\jEIz Jj=g— j:)\jell j=g++1

where g_ := [f_’iﬁ —al, g+ := le:”M — «a. We also define 0(_n’M),93_"’M) €[0,1) by
Vi v

oM g ( bnr? a) { bnr?t a-‘ ( bnr?? a)
- I M M - M)
1+ v 14 f 1+ N

(n,M) bnr2b bnr2b bnr2b
Oy =\~ ) o=\ @) |7 ¢
Vn vn vn

Note that the sums Sél) and Sé?’) each contain a number of elements proportional to n, while Sf)
contains roughly M./n elements.
4.1 Global analysis: large n asymptotics of S(l) and 5(3)

We first treat 521), 523). These sums are delicate to analyze because they involve the asymptotics of
7v(a, z) in the regime a — 400, 2 — +00, when A = £ is close to 1 but not very close (more precisely,
Ael—el-— \]‘}) (1+ f71+€])

Lemma 4.1. Asn — +o0,

br2b

W awm (BT 21 20y |\, ala—1)b
Sy n/br% an((b> r)dm—l—{abr A +1)+ Wi

20+ 29(’“M) -1

ab(3 — 5a + 2a?) 272 4 a M
2b(2h — 1 + 8bIn(2L 2 29“‘ M) _
+ar ( 8+ n(”))M2+ a+ aln(
1—2a — 209 1—a)(1+2
#aln <r(1—e)_2lb —r) Z{( a4 é b) + (a — 2b+ 4a) In(2b)

|~

+(1_16)_§b_1+(a—2b+4a)1n((1—6)_2”— )}J“O(J\\Z;Jer/lﬁnn)'

Remark 4.2. Since M = né(ln n)’%, the O-term above is small as n — +o00.
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Remark 4.3. The above asymptotics are of the form
Sél) = E%E)n + EéM)\/ﬁln n+ EgM)\/ﬁ + E?EH’M) Inn+ Eén’e’M) +o(1).

This may seem a bit counter intuitive as the asymptotics of Theorem 1.1 only contain terms pro-
portional to n, \/n and 1. In fact, remarkable cancellations will occur in the asymptotics of Sél)

5'52) + Ség) ; in particular ESM) and E’én’M)
asymptotics of 552) and 553), and we will show in Lemma 4.12 below that the large n asymptotics of

So = S + 88 4+ 83 are of the form Sy = C\9n + Cov/n + C™ +0(1).

will get perfectly canceled by other terms in the large n

Proof. By (4.1) and Lemma A.2, Sél) admits the following exact formula

-5 (S () e

K

JiA;EILL k=0 nzb
a_ u ]' a;

X {1 + ((=1)%e" — 1)(261‘&1(77]-71“/ 2"“) Rajﬁk(nj)k)>:|),

where 7, 5 and a; j are given by (3.2). Since [; = [1 —¢,1 — %),

ik =Xk — 1+ 0((N\x —1)?) < %HQ(MQ) as 1 — +oo,

26 M
_njk\/a]k/ = n]k\/gn;:k r + O ), as n — 400,

uniformly for j € {j: A\; € I} and k € {0,1,...,a}. Also, M = n¥(Inn)~%, and thus, by (A.2),

_22u? e 1 ™ e
Ra; () = O™ 1) = 0(e™™), serfe(=mixy/ %) = 0(e™™),

as n — 4o0 uniformly for j € {j : A\; € I} and k € {0,1,...,a}, and (using also (4.2))

i In (Z (Z) (_T);_k FSZEZZ:?)) +0™),  asn— 4oo. (4.3)

j=g4+1 k=0 ne

In the same way as for (2.21), we obtain

a a—k 2]+2a+k
a (_T) F( ) 11324 me(]/n)
- Yo (j/n) + (4.4)
kZ:o (k) n% F(2];rb2 ) Z
as n — +oo uniformly for j € {g+ + 1,...,j+}. However, unlike for S5, the first subleading term

(corresponding to ¢ = 1) is not sufficient for our purpose; we also need the coefficients of p, which
are given by (see (2.19))

k(k — 2b)B<1+2b> (2a + k) _ (k — 2b) (8 + 3(k + 4a)* — 2b(7k + 240)) '

k) = 4.5
pa(k) 8 2 3840° (45)
The reason as to why we need py can be seen as follows. The sum on the left-hand side of (4.4)
appears inside In in (4.3). Since In(yg + B) = Invg + In(1 + B/~), what is relevant is to estimate

the asymptotics series of (4.4) divided by 7o(j/n). Lemma 2.5 implies

Wil‘; = O(min{|z — br®|=% |z — br®*|7*}) = O(|z — br?®|~ min{a’é})7 as  — br?l. (4.6)
YolZ
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Using the definitions of j; and g+ (see (2.3) and (4.2)), we see that for j € {g+ +1,...,7+}, j/n lies
in (br2* 1] and g /n — br?" is of order % as n — +oo. Therefore, for £ =1,2,...,

Z St P /1) _ O( Z |j/n—br2b|—min{av”}>:@<ﬁ>, (4.7)

it (5/n) nt WES

Jj=g++1 Jj=g++1

as n — +oo uniformly for j € {g4++1,...,74+}. Since M = ns (In n)_%, only the terms corresponding
to £ > 3 in (4.4) (i.e. the terms associated with pg,ps,...) will give an error in the asymptotics of

SV Substituting (4.4)-(4.5) in (4.3) and using (2.15) (with ¢ = 0,1,2,3,4), (2.17) and (4.7), we
obtain

1
s =20 + —x( + 2“&(9(%) (4.8)

as n — 400, where

J+
S feli/m),  €=0,1,2,

J=g++1

fo and fi are as in (3.4), and f5 is defined by

1 a
fa(z) := { — 16b(b* — 6bar + 6a%) —LF— + 12(3b* — 8bar + 4a?) +
384b2 22 (%)21b —_r (a(%)zlb —’I”)2
1 1 1
xz\26 (,2(x E_|_ 1—-3 ) 2b 2
iy DT+ 30 1)
(a(3) 1)
L 3 1 L
N LRSI T RN B
1
(@(5)F ' :
Using Lemma 2.10 (with 4 = 117_%, ag=1-a—-0"" B= % and by = —a — 8"9), we get
N
= (20 + 208" — 1) fo ({50 ) + (1 — 20— 264 fo (=) .
2 =5 fo(z)dz + a
0 pr2o_ 70 2 M\/n
1_ L
Vn
br2? by2b
1) 1—e 1 1 o) 1 [1=< 1
521 = /br’zb f ( )dz+O<M2> EEQ = E br2b f ( )dl‘+0 M4 (410)
Ve -V

as n — +oo. To obtain the above error terms, we also used (4.6), (2.15), and in particular that
br2b n br2b n br2b n?
i(izg) o) wliZzg)=olm) #lig)=oln)
vn vn vn

as n — +o00. Using the asymptotics of fy, fi and f» near x = br?® with & > br?®, namely

1-2b 1—2b)(x — bT2b
fo(z) = alog(x — brzb) + alog(5p) + a( 4?)27“2(’ ) + O((x — brzb)z),
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_ 2,.2b _
fix) = <;(:17 1)5:2;;2 + G(Z(x be:;f)a) +O(1),

_ 902 hAy4b
a(3 — 5a + 2a*)b*r £ O((x — b)),

fg(l‘) = - 4(.’[ _ bTQb)4
we obtain
b2t Mr M
=aln| ——= — 4.11
wlg) = on(as) o (7). 1)
v
n fo(z)dx = n/ fo(z)dz +/n aerbM<1 +1In (n)) + abr®® M? In (n)
brz}& br2b rM M
v
ar®® M?(—1 + 2b+ 8bIn(2b)) M3Inn
o @) 4.12
* 8 (M%) 2
br2b
1< ala — 1)by/n a{(l—a)(1—|—2b) 1-a ( )
x)dr = + - + a—2b+4a)ln
/lbrzhbl fil=) 2M 4 2 ()% —1 ~ "\ gy
v
f(a—2b+40)In((1—€)" 2% —1) b +0 M (4.13)
vn)’
br2b
1 [ ab(3 — ba + 2a?)\/n 1
) R LG e Dy v R G Ve | (4.14)
o
as n — +o0o. Substituting (4.11)—(4.14) in (4.10) and then in (4.8), we obtain the claim after another
long but direct computation. O
Lemma 4.4. Asn — +o0,
(3) _ or®? 2\ % % 2by/n ala—1)b
Sy /+b [u—i—aln(r—(b) >}dm+{br M(aln(m)+a—u>+m
ab(3 — 5a + 2a?) Vit (a2 4 20(_"’M)71—2a+g( Copae) ) (M
1272003 B ¢ 2 2 “) P\
20(q — 2ab + 8bu + 8abIn( L 29 M) _ 1 _9
(a = 2ab + 8bu + Babln(gp)) o | 20 5 a(u-f—aln(;b))

g
+”26Y2—2"W(u+a1n(r—r(1+g) %)>+ {(“‘1)é1+2b) (@ — 2b+ 4a) In(2b)

)18+ 2ee)

JH

1—
—l——al —(a—2b+4a)ln (1
1—(14¢) =
Proof. By (4.1) and Lemma A.2,
a—k T/ 20+20+k
3) _ (=r)* * D=5
- 5 w3 () ST

Jix;€I3 k=0
1 (e = 0 (Gerte(- %) ~ o)) | ).
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Because I3 = (14 %7 1+ €], we have

ik = Ajk —1+(9(()\j,k—1)2) > %4—(’)(%2)7 as n — 0o,
= Mk @jk/2 < _A\/I/%b —i—(’)(MTfL), as n — 0o,

uniformly for j € {j : \; € I3} and k € {1,...,a}. Since M = né(lnn)*é, we get

_r2bym2 _ne 1 aj) _r2bym2 _ne
Ruy () = O =35) = 0(e™), Lerte(=nu /%) =1~ 0(c==#%) =1 - 0(c™™),

as n — 400 uniformly for j € {j : \; € I3} and k € {1,...,a}, and thus

) g-—1 a a_k(_l) u F(2J+2a+k) )
S =" m(Z () . z )+0<e-"°>, (4.15)
J=i- o \F nz F(g];z? )

where we have also used (4.2). By (2.24),

Za: (Z) ra_k; L FeS) {70 (j/n) + Z = e 1p” Mm(j/n) } (4.16)

= - I\(Qj;-bQ(Jz)
as n — +oo uniformly for j € {j_,...,g— — 1}. Using Lemma 2.5, (4.6) and the definitions (2.3),
(4.2) of j_ and g_, we infer that (4.7) holds also as n — 400 uniformly for j € {j_,...,g- — 1}.
Hence, substituting (4.16) in (4.15) and using (2.15) (with £ =0,1,2,3,4), (2.17) and (4.7), we get
3 3 1o 3 vn

7 =57 + -5 + 2( = (9(M5 (4.17)
as n — 400, where

g——1 g-—1

5= 3" foli/m), 2P =3 fli/m), =12,
J=j- J=j_

fo is given by (3.6), f1 is given by (3.4), and f, is given by (4.9).
Using Lemma 2.10 (with A = r? ap = ol — a, B= llfi and by = e a), we get
NG

1+ J
n,e)\ 7 b n, s 2b

o . (1420 —2009) fo(47) + (2070 — 1 —2a)fo(%) .

_ N =
x —n/ Fol)da + : +0(Mﬁ),

br2b

1 3) 1+% 1 1 (3) 1 \F 1
521 = [, fi(z)dz + O 72 ) EEQ = o f2( )dz + O i) (4.18)

TFe TTe

as n — 4o00. Furthermore, a long but straightforward analysis of fo, f1 and f> shows that

~ br2b Mr M
= In{—~= — 4.1
W(itag) = em (i) <o (75) o)
e br® 2/ M
n | Ve fo(x)dx = n/ folz)dx + \/ﬁbT%M(aqualn (n)) + abr?* M? 1In <>
bl’f: — rM \/’ﬁ
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r2M?(a — 2ab+ Sbu + SabIn()) +@<M3 lnn) (4.20)

8

1+%fl(x)dx:a(a—l)b\/ﬁ+j{(a—1)(1+2b)+ l-a +<a_2b+4a>1n<

br2b 2M 2 1— () 2bf>

—(a—2b+4a)In (1(1+e)§b>}+o(yﬁ), (4.21)
1/+% o — 8 = 50+ 20) i ( ) )
),

n Jor2 12r26 013

1+e

Substituting (4.19)—(4.22) in (4.18) and then in (4.17), we obtain the claim after another long but
direct computation. O

4.2 Local analysis: large n asymptotics of SSZ)

Our next goal is to obtain the large n asymptotics of Sf). This is the most technical part of the
proof of Theorem 1.1. As mentioned in the introduction, a major obstacle in the asymptotic analysis
of 552) is that, in order to treat the general case a € N, we need to expand various quantities to
all orders. Lemma 4.5 below provides a general scheme to compute the coefficients appearing in
these expansions in a recursive way. These coefficients are not all readily available in explicit forms,
however only a few of those will really matter for us. Lemmas 4.6 and 4.7 establish some non-trivial
identities between those relevant coefficients and the (associated) Hermite polynomials. The large n

asymptotics of 552) are then obtained in Lemma 4.11.
Let us define

Mj,k = \/ﬁ()\j,k_l); k:e{l,...,m}, jE{j:)\jEIQ}:{g,,...,g+}, (4.23
M; :==+vn(\; — 1), je{i:Njelht={g9-,...,9+} (4.24)

Since I =[1 — f 1+ \F] and )\; is decreasing in j, we have —-M < M, < ... < M, < M. Note

from (3.1)-(3.2) that A;x is close to A; for large n, and from (4.23)—(4.24) that M j is close to M;
for large n. For convenience, for j € {g,7 ..., g+ }, we also define

= Mt Ak (4.25)

=gkt \[ \[ MNj.ks
Also, by (4.1) and Lemma A.2, we have

where a; 5 and 7, are given in (3.

2).
) kr(2j+2a+k>
1= 5 (3 ()5S T

JiXj €Lz 2 2

x [1 F((=1)%% — 1) <erfc(nj7k\/§) - Raj,k(nj,k)ﬂ ) (4.26)

The next lemma provides the asymptotics of =; ; and of the summand of the k-sum in (4.26) as

n — +oo uniformly for j € {j : \; € Ly} ={g—,...,9+}
Lemma 4.5. Let k € {0,1,...,a} be fized. As n — +oo and uniformly for j € {g—,...,g9+}, we
have
e s M LR )
n% F(2]+2a ’fL2 ) .
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o0 L(¢+1)/2] d kmM£+l—2m

= —forma m=0
ik~ Eppmli= ) S ——, (4.28)
=1
IV]2 2b
— 30— 1 2m (2) m P
1 . 1 M;rb ¢ ) kM
ferfc(—nj M/%T”“) ~ ferf(:(— 7 ) S Z ~ %, 02 - G.m.p 2 (4.29)
2 ’ 2 V2 V2 nz2
M2p2b
30— 2m 3 m
Ry (i) ~ ——— JQ ZZ’” o oo imh N (4.30)
aj,k\"1], 3\/%Tb\/>e - ’]’L% ) .
1 F(2j+22;¢+k)[ 1 : < A/(M
——5s— | L+ ((—1)%" = 1) (erfe(njvk\/a]i) — Ry, . (njk )} ~ 7k
nz T(2L22) 2 2 aik ;)
(4.31)

for some qézl ,qELP,qET)np,qér),lp,dg’m € C, qé}é)o =1, q(()?’())0 := 1, where aj, n; 1 are given in
(3.2), and the .Ag s are defined by

(=1)%e* —1 < rb:c)
Ao(x; k) =1+ ——erfc| — — |, 4.32
0('r ) 2 T \@ ( )
T
(—1)“8“‘ -1 Tbl‘ (1)
Ag(z; k) = (1 + ——erfc| — — Ay .k a?
2 V2 n;p; bm.p
e_rm’Tz? ¢ 3¢—1-2m W
4
+((—1)% " —1 EmaP 4> 1. 4.33
i MDY (4.33)
Fort>1, m=0andp=0,...,¢, qglzlp = 0. The other coefficients {qe mp} are given by
¢ ¢ Le/2] A X
(1) pmop _ L (o) gotd) (kN (5= 25 o2
S S alhmer = 3 e (P )R () (25 ) (434
m=1 p=0 s=0

and the coefficients {qup j—o can be found by equaling the terms of the same order in n in the
following formal power series

Zm 023f 1-2m (2) kmMjp +00 2@/2

Z s —forma
Z — b ZTHW 1 (MrP) (Shepmalyt, (4.35)
=1 =1
4 30— 2m (3 m )P +00 o0/2
m= m j 2 =
ZZ —0 2p= o™ :_3rb\/ﬁ<z o Hee(Mr") (E55m )(Z ZJ’“) (4.36)
=0 ne =0 =0 a;;”
£ 3t—1-2m (1) pm P
(4) LM P — m= 121} Oqémp Mj
ISP IETRRT RS (B
) sz 0236 1-2m Zm’pkmMp sz 023€ 2m ’pkmMJI_? (4 37)
ng 3be n% ’ ’

{=1

where the ¢;’s are defined recursively as in (A.3).

Proof. By (3.1) and (4.24), we have j + o = fi’" We conclude that the left-hand side of (4.27) is

=2
(1)

£,m,p

independent of «, and thus the coefficients q do not depend on «. For a = 0, using (2.18), we
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get

1 L3R5 Nr,ﬁf e B<1+%>(5); AN
nz T(3) — (r2v)e\ ¢ )t 2b/ nt n
+oo k +o0 k
_— 1 <%>B(1+2"b)(k)1 <£2b> ;
— (r2v)ye\ ¢ )t 2b/ nt —~ s ns
+oo r£/2] k k
1 o5 k. k S — —
_ .k 26 | glitas) (7) 26\ 2| L
" E_O[; (rzb)3<s) 3 20/ \l—2s)"7 ns’

and (4.27), (4.34) follow. By (4.2

(@)
~

E-k— Mjrb _ nr2b()\,k_1) )\jk*l*hl)\j,k o /’I’LTQbJrfCl(,l)(A'k—l)s
V2 " Ajk(Age —1)2 =

as n — +oo uniformly for j € {g_,..., g4}, for some {asl)} C C that are independent of j and
k. The all-order expansion (4.28) now follows from

. R ) B ‘ +o0 [y
e (e G (im0 520) 35 ) 0 307 - B

where [A; )¢ is given by

Ny 1\ (s+1
X — - s (—23
inle Z <Qbr2b> (Z — 2s> REMG

s=[(£=1)/3]
Using that
1d* 1 d-t 1)
2 gt eHel) = — = re T = (\/% 25 He, (VI e, (EN, (4.38)

and Hey(z) = (—1)“He,(—z), we infer that

1\/12 .2b

Mj?“b _ 1 Mij - = 26/2

%erfe(—ﬁ—k:j’k)Nierﬂ:(_ 7 )_em Z u

——He,_ 1(Mr) ik

as n — +oo uniformly for j € {g_,...,g4+}. To verify (4.29), it is thus enough to show (4.35). For
this purpose, note that by (4.28), we have

(4.39)

+o0 ZL(erl /2] dem kmMjs+12m)Z +oo ZL(:Be)/zj den kmM;H,Qm

—formal\¢ __
= (X . -

s=1 s=/

for some coefficients {dgzn} C C. Inserting this expansion and (1.6) in the right-hand side of (4.35),
we obtain

092 100+ 572 L(s+£)/2] d([) kmMs—i-K 2m
2 ’_‘ Orma 2 Z/!r
i =—Hey—1 (Mr®) (Ekopmaty NE:E: lejwr) =0 oy
=1 {=1 s={
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+§ JFZOO 25/2 g B 1 L(fi/ﬂ (_1)q (Mj’rb)g_l_gq ZJ:,EZBE)/ZJ dgzn kmM;-i-Z—Qm
q'(¢ —1—2q)! 24 ns/2 ’

(=1 s=/4 q=0

Rearranging the summations in the right-hand side of this equation, we obtain (4.35).
We now turn to the proof of (4.30) and (4.36). By (A.2), we have

e*%aj,wik = ce(n,k)

é b
V2Tajk =5 Gk

Ra;, (njx) ~ as n — 400,

uniformly for j € {g_,...,g+}. Using again (4.38), we get
) M2 2b 400 =l
1
eTEURE v em T Y 242 Hey (M) g;k'
=0

Combining these expansions yields

1 7M]2r2b too 25/2 = Cg(T]] k)
Var© (Z g HedMy77)= ”“><Z = )

=0 =0 Qj g

Raj,k (nj,k) ~

Therefore, by (4.28), to prove (4.30) it is enough to show (4.36). The first term (inside the left
parenthesis) on the right-hand side of (4.36) can be expanded in a similar way as (4.35). On the
other hand, the second term (inside the right parenthesis) can be expanded using that the ¢;’s (which
are defined below (A.2)) are smooth, and the expansions

7,”,Zb k +oo ZMZ
amk = 71 MJ + ? —_— + nr 2b Z n[/z , (440)
+ 2 po
+o00o s
iokle
Mjik ~ Z bs( Nk — Z by (Z nZ/Q ) (4.41)
s=1 s=1 =1

where the coefficients {b,}7>) C C are independent of j and k. Combining all of the above, we
obtain the desired asymptotic expansion (4.36).
Finally, (4.31), (4.32), (4.33) and (4.37) are direct consequences of (4.27)—(4.30). O

Lemma 4.6. The following relations hold

(26)°r( a'ana,p(;) = po.a(®), (4.42)

a+1
a a T
(20)7 1D (1)) qufll wo(35)

- —ab<p07a+1(x) +(1 - 3a)poai(x) + g(a —1)(a— 2)p07a,3(x)), (4.43)
where poqo(x) is given by (1.8).
Proof. It follows from (4.34) that
La/2]

ey el () = v 3 (] [ () () (5]

s=

‘ra72s.

k=0
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For each s € {0,..., %]}, the polynomial k — B(H?b)( )(zb) (oo gb) is of the form Y;_ ¢(k/b)",

where ¢,...,¢, € (C are independent of b. Thanks to the prefactor (2b)%, the above expression is
thus independent of b. Replacing b by 1 5 yields
z 'L e B\ (s k
(2b)%r2( a'qu}%)p(—) = (-1)° ZO =] [Bng)(k)(s) (a_%)] ety
By (2.20),
B = (DY () | = (- e ) )

is a polynomial in k of degree s, and

<k>(s—k>:(—1)“(ka_s+782—(Ga—3>5+“2_“ka—1—s+.,.) (4.46)

s/ \a—2s sl(a — 2s)! 2

is a polynomial in k of degree a — s. Combining (4.45) and (4.46), we obtain

A e ()]

k=0 - sl(a — 2s)128”
and now (4.42) follows directly from the right-most expression of pg, in (1.8). Now we turn to the
proof of (4.43). In a similar way as (4.44), using (4.34),

(2b)@+1p(a+Db alzqa—i-lap( )

=2b(-1)¢ L(aim [%} ) {Bng)(k) (i) (a Jf 1_f 23)}

s=0

From (4.45) and (4.46) with a replaced by a + 1, we get

{%} “ {Bguz&(k) <I;> <a j 1’_’“ 28)} (=1)%ttal 2052 —2(9a 4 7)s + 3a(a + 1)

xa+1—23-

k=0

o Sla+1—2s)128 6 ;
and thus
(2b)a+1 (a+1)b )%al Z (1) ( T ) b L(agi/ﬂ a! (20s% —2(9a + 7)s + 3a(a + 1)) xo+1=2s
qa+1 a,p - 3 ar sl(a . 28)' 5 .

Finally, the expression (4.43) follows from the manipulation

L(a+1)/2]

Z al (208> — 2(9a + 7)s + 3a(a + 1)) z¢+1 =28
=0 sl(a+1—2s)! 2s
[(a—1)/2]

10s 4+ 3(1 — 3a) 1%
= 3apo,at+1(z) + a! Z sl(a—1—2s)! 2
0 ’ '

s=

L(a_l)/2j 10 xa7172s
= 3ap0.4 1- o !
Bpoan () 43001 =30 man(a) o ; (s5-Dlla—1-25) 20

= 3apo,at+1(z) + 3a(l — 3a) po,a—1(z) + dala — 1)(a — 2) po,a—3(x).
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Lemma 4.7. The following relations hold

P
(2brb)a+1( a+1 a —+ 1 Z an atl p( ) = q07a+1(x), (4.47)

a+2

(2b7" a+1 )"al Z qa+1 a,p( )

)
= —b(a a1 () + (1= 30)[ago.0 1 ()] + lala — 1)@~ ava s(x)]),  (4.43)
where qo,o(2), [ago,a—1(x)] and [a(a — 1)(a — 2)qo,a—3(x)] are given by (1.9) and (1.12).
Remark 4.8. The degree of the polynomial in the right-hand side of (4.48) is given by

2 ifa=0,

a ifa>1.
In particular, q((ﬁgl’a’aﬂ = qf;i)l’a,aJrz =0.
Proof. Let us ﬁrst rewrite the sums on the left-hand sides of (4.47) and (4.48) in terms of the
coefficients {qe o q(z) }. By (4.37),

Em,p’qup

S5 e, e

a+1 3a+2—-2m a {
m=0 p=0

Z Z qt(z4+)1 m,pkmxp = Z
= = s=0
a+1—s3(a+1—s)—1-2m 1 a—s 3(a—s)—2m
{ Z Z q((llefs,m p - 7[, Z q,(f’) s mmkmx”} } .

m=0 p=0

Equaling the coefficients of k%! and of k® gives the identities

a a—s
4 2
E qg-zl,a+1,pxp = E { E qs s,px X { § qé-&l—s,a—&-l—s,pxp}} (449)
p=0 p=0

and
a+2 a s a—s
4 1 2
PRI z{z{z}}
s=1 (p=0 p=0
a—s+2 ( ) 1 a—s ( )
2 3
_ Z { Z qs s p(E { Z qa+1 s,a— s,p - ﬁ qas,as,pxp} } (450)
p=0

It remains to simplify the right-hand sides of (4.49) and (4.50). Sums of the form Z;ZO qg}s),pxp and

> =0 qg_lmwp were already simplified in (4.42) and (4.43). Also, by (4.35),

1 (2) T\P ! 28/2H 1rd —formal\s 4.51
;oqfvap(rb) =2 e vl ]| OV o

where [(Ego}gmal)s]z is the coefficient of the term of order n~%

’ in the asymptotic series (Eg.‘?,gmal)s,
Using (4.28), we infer that

%[d%]e {[(”ﬁf’;ﬁmal) }4 ’kzo —Souds,,  s=1,...,L (4.52)
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Also, a direct computation using (4.25) shows that

1 5(rb M;)? 1 (kEM; 53 _
= = k J b - J *7bM3 2b 10) 1 4.53
ok 2\/§brb\/ﬁ{ T VAU A A A (n™") (4.53)
as n — +oo uniformly for j € {g_,...,g+}. In particular, di ; = 2\[1) - and thus, by (4.51)-(4.52),
-— 2\ 11
2
Zqéyg’l’(ﬁ) = (Qb,r.b)[ EHeg_l(.’I}), 4 > 1. (454)
p=0 ’

Combining (4.49) with (1.8), (4.42) and (4.54) yields

a a ! T \P a ‘L fa+1 s .
(26r) (=) @+ DU a8 () = (1) ( : )zHesux)Heas(x).
p=0 s=0

Using the functional equation (see e.g. [67, eq.(9.6)])

: 1
E:(w+>ﬁH%u@H%S@0—WH¢Wm) aeN, (4.55)
S
s=0

we obtain the desired identity (4.47). It remains to simplify the right-hand side of (4.50) (with x
replaced by -7) and to prove (4.48). In view of (4.42), (4.43) and (4.54), it only remains to evaluate
explicitly sums of the forms

142

qug’p( ) and 11,263 ( ) 0> 0. (4.56)

For the first sum, we use (4.35) to get

quwm( - :%ifﬂes_l<x);[di]g[[(”g?;mal) Jes] | .00 (45T)

— k=0,M;— &

A direct computation using (4.28) shows that

0, if1<s<(-2,
l[iﬁ[(gfmmal)sh ” - ndiPdse,  ifs=1-1,
2 Ldk 3.k +1 2o ﬁ%dﬁldzl, 50,
(C+1) 5 d ydrg, ifs=0+1,

and by (4.25) and (4.53),

1 P 5r0 PR doo = 1
2v/2brt’ RO 2L 6yt P2 94 ap2h

Substituting the above in (4.57), for £ > 0 we get

di1 =

0+2
L 15, ¢ o —1)
unlm( ) Wﬂ( Heg(z) + 5 2 Hep1 () — = Hee—z(x)),
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1 522 + 20 o
= Qe B Hey(z) +

fl)
6

Heg_z(l‘):| : (4.58)

where He_5(z) = He_1(z) = 0, and for the second line we have used the three-term recurrence
relation (1.5) of Hey.

Now we turn to the problem of simplifying the second sum in (4.56). Let us write

\/ﬁ(ff(”)) -y

. nfé? as n — +o0o
=0 @y =0

for some {e,};5 C C. By (4.36),

1 1 2m/2 —Iorma
g - 4] {eﬁze@ 5z_fﬂem<x>[[< = L s

e S ey () [ e [

l—q
ce-s [g] [ |
s=1m=1 = \a/ Ldk dk k=0,M;—
(4.59)
Long but direct calculations using (4.39), (4.40) and (4.41) show that
d 4
T s =0,
[dk} sl

for 620,0§5§€,q21+v_8}

{d%cr q{[(ﬁﬁmal) ]5} k=0 0,

1
for z21,1gsge,1gmgs,qgv_wJ

5 .
This means that for ¢ > 1, the only term that contributes in (4.59) corresponds to m = s = £ and
q = 0. Thus, for any ¢ > 0, we have

s Lo = e 5] [

Eformal)€]€:| ‘ .
Gk k=0, M — &

A direct computation shows that eg = —3—7{1,. Using also (4.52), we get

¢
1 @) (T\P 1 1 1
30 2)"‘&&13(7@) = gWEHGZWL £=0. (4.60)
p:
Using (4.58) and (4.60), for £ > 0 we obtain
Z%Jrlzp( ) unm( )
B 1 1 522 +2(e—1) oe—1)
- (Qb)erb(ul)@[ 6 Hey(z) + 6 Heé—z(l')] (4.61)

Combining (4.50) with (4.42), (4.43) and (4.61), we obtain after some calculations that

(2001 a'zqa+1,a,p( o ——3{2(—1)“(32) (@) Heums(2) +5(0) |, (162)
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where

D0,a+1(x) = 3apga+1(z) + 3a(l — 3a) po.a—1(z) + bala — 1)(a — 2) po,a—3(z), (4.63)
5q(x) = (-1 Z (Z) i*Heg (i) [(5332 +2(a—s—1))He,s(z) + (a — s)(a — s — 1)Hes—s—2(x)|.
= (4.64)

The polynomial s, can actually be considerably simplified. Indeed, since

He, (z) = [dﬂem%}

T , 1°He, (ix) = [%] ) {efzwg]

)
t=0 t=0

we have

2;) <Z> i*He;(ix)Heq—s(x) = [%r {1} ‘t:o = {(1) i Z ; (1)’ (4.65)

s=

i <a> (a—s)(a—s—1)i"He,(iz)Heq——2(z)

s=0 $
=ala—1) f (a - 2>i5He (i) Hew s o(z) = 4> Ta=20 66
B —\ s ° 2 0 ifa#t2,

and using also the recurrence relation (1.5) we get

a

5 (Z) (a— s)i*He, (iz)He, ()

s=0

r ifa=1,

a—1
-1
= aZis <a 5 )Hes(ix) (mHea,s,l(x) —(a—s— 1)Hea,s,2(:c)) =4¢-2 ifa=2, (4.67)
=0 0  otherwise.

Using (4.65), (4.66) and (4.67) to simplify s,, we finally obtain

5202 -2 ifa=0,

—2x ifa=1,
sa(®) =4 _, ifa=2
0 if a > 3.

Let us now simplify the sum in (4.62). First, substituting the definitions (4.63) and (1.8), we rewrite
it as

S (s “ 1) Bos () Heu_y(x) = Ay + As + Ay, (4.68)

where

A=y (L)) vitesiatie, (o),

s=2
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Ag = =3(-1)¢ z“: (s i 1) (s—1) (3(8 —-2)+ 2) " *He, _o(ix)He,_(z),

Az :=5(-1)" Z ( “ )(s —1)(s — 2)(s — 3)i°Hes_4(iz)He,_s(x).

s—1
s=4

To simplify A;, we first establish two formulas. Using (4.65) and (“T") = (%) + (,,) in (4.55), we
infer that

- a \ . ) i* He(M (iz), if a > 1,
> (S B 1)1 He; (iz)He,—s(z) = {07 a0 (4.69)

s=1

Also, using the recurrence (1.5) together with (4.65),

a ; (z - D i*He, (iz)Hea—s(2) = a z::l <Z B 1) i (ixHes_l(im) (s l)Hes_Q(ix))Hea_s(x)

—z, ifa=1,
=42 if a =2, (4.70)

0, otherwise.

For Ay, we use (“2) = (,%,) — (“Z]) together with (4.69) and (4.70), and find

s—2 s—1
a =3z ifa=1,
a—1)\ ., .
A = 3(—1)“a2 (S B 2) i*Hes(iz)He,—s(7) = 3aqoar1(z) + 4 —6  ifa =2, (4.71)
s=2 0 otherwise.

Similarly, by (4.55) and (4.69),

Ay = 3(—1)° Z [3a(a —1) (Z - ;) +2a <“ - ;)}iszHes_g(i:z:)Hea_s(as)

s=2 o s
-3 ifa=0,
= 3(1—3a) [ago.a1(z)] +{ 18 ifa=2, (4.72)

0 otherwise.

Simplifying As is a simpler task as it only relies on (4.55), namely

a—4 i
a—3\. . 0, if a € {0,1,2}
Az =5(-1)° -1 -2 “He, Heq—q-s =
3 =>5(—1)%(a —1)(a ); ( . >z es(ix)Heq—4—s(x) {Ba(a ~1)(a—2)go.a_3(z), ifa>3
5(1 —2?), ifa=0,
5x ifa=1
=5 —1)(a—2)q0.a ’ ’ 4.73
o =Dfa=Aavas@]+ 77 0T (473)
0, otherwise.

Therefore, by (4.68), (4.71), (4.72) and (4.73), we have
S (4 )o@ Hen (o)
s—1)""
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=3aqo,q+1(z) +3(1 — 3a)[aqo,a—1(x)] + 5[ala — 1)(a — 2) go,a—3(x)] — 54 (). (4.74)
Now (4.48) directly follows from (4.62) and (4.74), which completes the proof. O

In the large n asymptotics of Sf), which are obtained in Lemma 4.11 below, the function
Go(y; u,a), defined in (1.13), will appear inside a logarithm and in a denominator. The next lemma
ensures that this function is positive for relevant values of the parameters.

Lemma 4.9. The function Go(y;u,a) given in (1.13) is positive for ally € R, u € R, and a € N.

Proof. Let us write

2

ool i= (1) [pna(—V20 =5 — ooV .
Go.1(4-0) = P (—V2g)este) + 2a0.o(—V20)
Then by (1.13), we have
G5 4,@) = oy, ) + 5 Gos (1), (4.75)
Using the definitions (1.8), (1.9), we obtain
Po.ar1(®) = (a+Dpoa(®), @5 aq1(2) = (@ +1)g0,a(2) + 2G0,0+1(2) = Po,at1(). (4.76)

The first identity in (4.76) is well-known and easy to prove. The second one follows from two
known identities, namely the differentiation rule (He,(:)) () = (E+ V)He(”) () — VHefcufll)(x) and

the recurrence relation He!” 1)( ) = xHe,(CV) (x) — VHeg'fl )(x), see e.g. [67, egs (6.3) and (6.6)]. It

k41
follows from (4.76) that

d d
@Q0,0(ya a—+ 1) = \/5(& + l)go,O(ya (1)7 diyg(),l(ya a—+ 1) = _\/i(a + 1)g0,1(y7 (1). (477)
Let us now show that

go,l(yﬂl) > 07 Yy € R? (478)

Go.1(y,a) = \/ze?”2 (\/;yl!)aﬂ (1 + O(yiQ)), as y — +oo. (4.79)

We shall prove (4.78) and (4.79) by induction on a. For a = 0, we have G 1(y,0) = erfc(y) and
(4.78), (4.79) follow. Assume now that (4.78) and (4.79) hold for a given a. By combining (4.77)
with (4.79), we infer that (4.79) also holds with a replaced by a + 1; in particular Gy 1(y,a+ 1) > 0
for all sufficiently large y > 0. Also, by (4.77) and (4.78), the function Gy 1(y,a + 1) is decreasing for
y € R. Since Go1(y,a+ 1) > 0 for all sufficiently large y > 0, we conclude that Gy 1(y,a + 1) > 0 for
all y e R.

The proof that G o(y,a) > 0 for all y € R is similar, so we omit it.

The statement of the lemma now readily follows from (4.75). O

Recall from (3.1) and (4.24) that M; = /n()\; — 1) with A; := bnr?®/(j + ). To obtain the
large n asymptotics of 52 , we need the followmg lemma from [22] to approximate sums of the form
>_; h(M;) (by contrast, Lemma 2.10 approximates sums of the form >, f(j/n)).
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Lemma 4.10. ([22, Lemma 3.11]) Let h € C3(R). As n — +o0, we have

g+ M M 1 " 1 "

3" h(M;) = br? / h(t)dt v/m — 2br2 / th(t)dt + (2 — ™ )>h(M) + (2 — ol ))h(—M)

=9~ -M -M

L 3br2b/M 2hitydt + (= + G G VA7) S W Sl O Sl VAV GO V)

Jn ey 12 2 br2b 12 2 br2b
1 & _ N . i
+0 (W > ((1 + [ M) @0 (R) + (14 M3 )@ (h') + (14 | M;|)m; 0 (R7) + mj,n(h"')>> ;
Jj=g-+1
where, for h € C(R) and j € {g_ +1,...,9:}, mjn(h) = MaX,e(a,, M, 4] |h(z)|.
Lemma 4.11. As n — +o0o, we have
M 9(”7M) 9(”%]”) -1
Sé2) = —abr®*M+y/nlnn + b7‘2b\/ﬁ/ ho(t)dt + a— i 2+ Inn
-M
M 3
+ br2b/ (ha(t) — 2tho(t))dt + (1 - 0(_"’M))h0(M) + <1 - efr"’M)>h0(M) + O(M In n>
u 2 2 NG
where
Ho(z) = re-at G (_ rbiu a) (4.80)
0 = (zb)a 0 \/57 ) ’ .
ho(z) :=In (Ho(z)), (4.81)

a—(14a)b 1
r
hl(x) =

r’x
— - —=; 4.82
20)a T Ho(x) gl( ﬁ““) (482)
and the functions Gy and Gy are given by (1.13) and (1.14).

Proof. Recall the formula (4.26) for 5’52)7 namely

a

- 3 w30 (1) e

7y 271 2a
JixjE€l2 k=0 nz F( 2b )

< Ju e - (ente(omay%) - Ry n))] ) s

Recall also that for all j € {j : \; € I>}, we have 1—
The expansion (4.31) implies that

- —r)*= 2jt2atk . . y
,;) <Z) ( n)% i Fﬁ(%}:)) {1 + (=) — 1) <;erfc(—77j,k\/@)—R%(m’k))] - %,
(4.84)

M
Vvn

<oy =t <14 2L and —M < M; < M.

8

&~
I
o

Bi(z;a) = (Z) (=1)* Fre Ay (s k). (4.85)

k=0
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It turns out that the first a terms in the expansion (4.84) are 0, i.e.
Bo(;a) =Bi(5a)=... = Ba_1(5a0) = 0. (4.86)
To prove this, we use [57, eq 26.8.6], i.e
> (Z) (1) *kt =a!'S(t,a), (acN,
k=0

where we recall that S(¢,a) is the Stirling number of the second kind. In particular,

a 0 if ¢ < a,

Z (Z) (—1)**k" =< al if ¢ = a, (4.87)

k=0 (a+10a/2 ifl=a+1.
Since k — Ay(x; k) is a polynomial of degree ¢ by (4.33), the identities (4.86) directly follow from

(4.85).
Let us now compute B, (x;a) and B,11(x;a). By (4.33), (4.85) and (4.87), we have

Ba(z;a) = r° ((1)“ + eu_é_l)aerfc( i})) )al anlgwxp

a u a €
+ e — (=1)9) f )al Z ql) ot (4.88)
and
ev — (—1)° rba s, a+1
Boti(z;a) =r° ((‘Ua + 2€rfc< f)) )“al Z (qa+1 a.p %qgﬁl a+1,p)xp
_szzz a+2
afu ay € @) ala+1) g~ (@
+r (6 - (_1) ) \/T a‘(z qa+1 a,p P 2 qa—i—l,a—f—l,p‘rp : (489)

p=0
More generally, for £ > 1, we have

a+t+tl a+t+t

Bﬁz(x;a):r“((—l)uWerfc(—%))(—l)aa! S Y, Sma)e

m=max(a,1) p=0

r2bm2 a+t 3(a+£)—1—2m

(et — (—1)1) S 5 (-1 Z Z 08y S (m, a)a?. (4.90)
Let us define
= T;a z):=In T T) = 73,1“(:6;&)
H()(l') = Ba( ) )7 hO( ) =1 (HO( ))7 hl( ) . Ba(l‘;a) .

By combining (4.88) and (4.89) with Lemmas 4.6 and 4.7, we obtain after simplifications that the
functions Ho(z) and hi(x) can be written as in (4.80) and (4.82).

Since the case a = 0 was already done in [20], from here on we focus on the more complicated
case a > 1. We note the following important facts:
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(i) By Lemma 4.9, Ho(z) > 0 for all x € R.

)
(if) By (4.80) and (4.81), ho(z) grows logarithmically at +cc.
(iii) By (4.80) and (4.82), hy(x) grows linearly at +oo.

)

By (4.90) and (4.88), 2250 — O(a) as 2 — 0.

(iv
(Another reason as to why the case a = 0 is significantly simpler than the case a > 1 stems from the
fact that for a = 0, the function hg(z) remains bounded, and furthermore hq(x) becomes exponen-
tially small as © — 400.)

After substituting (4.84) in (4.83), we obtain

9k, +
S8 = lnn Z 145® 4 L5 +o< 3 M2> (4.91)
] 9— f j 9k, —
where
) 9+ ) 9+
58 =3 ho(My), B = > ha(My)
Jj=g- Jj=g—

The O-term in (4.91) is O( Also, by Lemma 4.10,

)

g+ (n,M (n,M) 3
0 0 —1 M
—%mn E 1 =—abr®* My/nlnn+ a— + 04 1nn+(’)<lnn),

Jj=g- 2 v
M
=br?*/n / ho(t) dt — 2br% / t ho(t) dt
1 (n,M) M3Ilnn
— =6 ho(M ho(
+ (2 - ) o(M) + ( ) of ( N DA
1 @ % /M M3 1 L 9 M3
—X7 =b hi(t)dt + O , — M:=0(— ),
N BCCE S Sy n 2o 7
as n — 4+o0o0. We now obtain the claim after a computation. O

4.3 Asymptotics of 5,
We are now in a position to compute the large n asymptotics of Ss.

Lemma 4.12. Asn — +o0o,

_ . _ M3
Sy = C'n + Cov/n+ CM9 + o( Inn + ﬁ)

NG M5
where

2b L br2? e
,\ br 2b - )\ 20
o = ut+aln|r—|{— dzr + aln (| — —r )dz, (4.92)

1 br2b br2b b
1+e

-~ +m ~
Cy = br? / ho(t) dt, (4.93)
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_ 1+ 20 — 20
C?()"*C) =—au+ —i_af (u +aln (r —r(1+ 6)_21b)>

1 - 20 — 260"
#aln (r(l — e)*ﬁ — r)

1— 1— 1—€)"3 —1
+a{ a — + Cf —|—(a—2b—|—4a)1n((6)1)}
41-(1+¢)2 (I—e)72 —1 1—(1+e)

+o0o 2
% B a r|t| ~ (2ab—a®)t
+br /_OO {hl(t) 2tho(t) + m (1 +2b+8bIn <2b t 4 2utX (0,00)(t) (15 17) dt.

Here

ho(x) = ho(x) —aln (7'2|i;7|) — UX(0,00) ()

and hg, h1 are given in the statement of Lemma 4.11.

Proof. Combining Lemmas 4.1, 4.4 and 4.11 yields

(e ~ -~ ~N(n ~N(n,e MS
Sy = O + M minn + CM /i + G M Inn + CF ”M)—i-O(flnn—i—A\Zi
n

as n — +o0o, where é{e) is given by (4.92). After short (but remarkable) simplifications, we obtain
GQ(M) = 6';,(6’M) = 0. The quantity aéM) is given by

M
"(M) _ 2bM 9 1 271) 2 — a(a — 1)b _ ab(a B 1)(20’ B 3) 2b/
el ( o (rM e Ty TEOVERE IR

) . (4.94)

Using the definition (4.81) of hg, we verify that

r|t ala—1 ala —1)(2a — 3 _
ho(t) =aln <2|7b|) + uX (0,00 (t) + érthQ) _al 47212154 ) +0O@t7%), ast—4oo, (4.95)

from which we conclude
ééM)fzég\/ﬁ—i—O(]\\Z?;), as n — 400,
where Cs is given by (4.93). The quantity agn,e,M) in (4.94) is given by

e 1 ~ 1 b clnd) 4 @
Gilmen) _ (2 B 9(_n,kf)>cé,1\{[) n <2 B t()SZL,M)> D 4 Gl 4 O,

where
. v ~ Y
C?()Al/[) = ho(M)—u—a]n L , C?()AQ/[) — ho(—M)—aln r ’
’ 2 ’ 2
A 1+ 2a — 20" . 1 — 20 — 29 1
o = LY o2 <u+aln(7"—'r(1+e)2b)>_|_O‘Q-i-aln<r(1_€)2b_r)

1— 1— 1—e) 2% —1
—au—i—a{ a +— + i —|—(a—2b—|—40z)ln<§(6))}7

1+€)’ﬁ
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M

-M

cshp :br2b{uM2+ / (hl(t)—cho(t))dt}.

It readily follows from (4.95) that

~ 1 ~ 1
) = (’)(W) Cih) = O<W> as n — 400,

We also verify from (4.81), (4.82), (4.95), and

P1,a(®) a aa+2b(1 — 2a) s
: =—(1+2)r— ——————= +
Po.a(2) 2( +2b)x B - +O(x™7), as x — +oo
that
a T|t] 2ab — a? _3
—2 — 2142 T (RALLL I PP 2ab —a”
ha(t) — 2tho(t) 4b< +2b+8bIn ( % ))t utx(0.00) (1) + g5, + O(?)

as t — +o0o. We conclude that

+oo 2
Cia) = br® -2 () yop s (1 2 _ (2ab—a")t.
e = by /_ ) {hl(t) tho(t)+4b< 20800 (51 ) )+ 2utno. () = g i |
+O(M™2), as n — oo,

and the claim follows. O

5 Proof of Theorem 1.1

By combining (2.4) with Lemmas 3.1, 3.2, 3.3 and 4.12, we obtain

M3 .
InE, =S+ S1+ 92+ S5 =Cin+ Cov/n+C3+ O —1nn+ﬁ+n—% ,
vn MP

as n — +oo. Here we obtain the constants C7, Cy and C3 of (1.16) after a long computation
1 1
using (1.13)—(1.14), a change of variables, and simplifying. Since M = ns(Inn)~ %, the error term is

O(n*% + (In n)%n*é) which finishes the proof of Theorem 1.1.

A Uniform asymptotics of the incomplete gamma function

In this section, we collect some known asymptotic formulas for v(a, z) that are useful for us.

Lemma A.1. (Taken from [57, formula 8.11.2]). Let a > 0 be fixred. As z — +o0,
(@, z) =T(a) + O(e”%).
Lemma A.2. (Taken from [62, Section 11.2.4]). For a >0 and z > 0, we have

e

T = Jetelon /a2~ Bal). Raln) = [ e gy

21 J_
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where erfc is defined in (1.15), g(u) = -+

2(t—1—1Int)

A= VST

, n=0W=-1) u=—i(t—1) (A.1)

Q| W

where sign(n) = sign(A — 1), and sign(u) = sign(Imt) with t € £ = {5e" : —7 < 0 < 7} and
u € R (in particular u = —i(t — 1) + O((t — 1)?) as t — 1). Furthermore,

Z ch;7) as a — 400 (A.2)

uniformly for z € [0,00), where all coefficients c;j(n) are bounded functions of n € R (i.e. bounded
for A € [0,00)) and given by

1 1 1d v
_ _ = = . > .
“=ENT1 T, @ ndnc]—l(nH o izl (A.3)

where the v; are the Stirling coefficients

(—1)! [ % <1 22 >J’+%}
;= 3 .
7205 [da2 \ 22 — In(1 + ) 20

The first few ¢; are co(n) = 75 — % and
= L 1 1 1
c1(n _773 ()\,1)3 ()\71)2 12(}\71)a
am=-24 Sy O B 1 1
=T T s T = 1)F T 12(00— 1) T 12(0—1)2 T 288(A — 1)

1 15 35 105 7 49 1 139

)= 7~ o1 1P I —1F 1 =1 288017 2880\ 1) | 51800 1)

In particular, the following hold:
(i) Let 6 > 0 be fized, and let z = A\a. As a — +oo, uniformly for A > 1+,

@, 2) = T(@)(1 + 0@ ).

(i) Let z = Aa. As @ — +oo, uniformly for A in compact subsets of (0,1),
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