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   2	
  

Abstract	
  23	
  

	
   Compensating	
  for	
  sensorimotor	
  noise	
  and	
  for	
  temporal	
  delays	
  has	
  been	
  identified	
  as	
  24	
  

major	
   functions	
   of	
   the	
   nervous	
   system.	
   However,	
   the	
   aspects	
   have	
   often	
   been	
   described	
  25	
  

separately	
   in	
   the	
   frameworks	
   of	
   optimal	
   cue	
   combination	
   or	
   motor	
   prediction	
   during	
  26	
  

movement	
   planning.	
   But	
   control	
   theoretic	
  models	
   suggest	
   that	
   these	
   two	
   operations	
   are	
  27	
  

performed	
   simultaneously,	
   and	
   mounting	
   evidence	
   supports	
   that	
   motor	
   commands	
   are	
  28	
  

based	
  on	
  sensory	
  predictions	
  rather	
  than	
  sensory	
  states.	
  In	
  this	
  paper	
  we	
  study	
  the	
  benefit	
  29	
  

of	
  state	
  estimation	
  for	
  predictive	
  sensorimotor	
  control.	
  More	
  precisely,	
  we	
  combine	
  explicit	
  30	
  

compensation	
   for	
   sensorimotor	
   delays	
   and	
   optimal	
   estimation	
   derived	
   in	
   the	
   context	
   of	
  31	
  

Kalman	
   filtering.	
   We	
   show,	
   based	
   on	
   simulations	
   of	
   human-­‐inspired	
   eye	
   and	
   arm	
  32	
  

movements,	
   that	
   filtering	
   sensory	
   predictions	
   improve	
   the	
   stability	
   margin	
   of	
   the	
   system	
  33	
  

against	
   prediction	
   errors	
   due	
   to	
   low-­‐dimensional	
   predictions,	
   or	
   to	
   errors	
   in	
   the	
   delay	
  34	
  

estimate.	
  These	
  simulations	
  also	
  highlight	
  that	
  prediction	
  errors	
  qualitatively	
  account	
  for	
  a	
  35	
  

broad	
  variety	
  of	
  movement	
  disorders	
  typically	
  associated	
  with	
  cerebellar	
  dysfunctions.	
  We	
  36	
  

suggest	
   that	
   adaptive	
   filtering	
   in	
   cerebellum,	
   instead	
   of	
   often-­‐assumed	
   feed-­‐forward	
  37	
  

predictions,	
  may	
  achieve	
  simple	
  compensation	
   for	
  sensorimotor	
  delays	
  and	
  support	
  stable	
  38	
  

closed-­‐loop	
  control	
  of	
  movements.	
  	
  39	
  

	
  40	
  

	
  41	
  

	
  42	
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   3	
  

Introduction	
  46	
  

	
   The	
  apparent	
  ease	
  with	
  which	
  we	
  perform	
  most	
  daily	
  tasks	
  masks	
  the	
  difficulties	
  of	
  47	
  

movement	
  control.	
  Even	
  simple	
  tasks	
  such	
  as	
  reaching	
  to	
  grasp	
  an	
  object,	
  or	
  performing	
  a	
  48	
  

saccade	
   towards	
   a	
   visual	
   stimulus,	
   are	
   supported	
   by	
   efficient	
   closed-­‐loop	
   neural	
   control.	
  49	
  

Several	
   challenges	
   arise	
   for	
   the	
   brain,	
   of	
  which	
   the	
   following	
   two	
  have	
   been	
   the	
   focus	
   of	
  50	
  

much	
   research	
   effort:	
   the	
   compensation	
   for	
   sensorimotor	
   delays	
   and	
   the	
   filtering	
   of	
  51	
  

sensorimotor	
   noise.	
   Although	
   these	
   two	
   functions	
   have	
   often	
   been	
   dissociated	
  52	
  

experimentally,	
   theoretical	
   considerations	
   and	
   recent	
   results	
   indicate	
   that	
   estimation	
   and	
  53	
  

prediction	
  are	
  performed	
  simultaneously	
  in	
  the	
  brain.	
  	
  54	
  

On	
  the	
  one	
  hand,	
  sensorimotor	
  delays	
  are	
  too	
  long	
  to	
  explain	
  skilful	
  motor	
  behaviour	
  55	
  

based	
  on	
  delayed-­‐feedback	
   control	
   only	
   (Crevecoeur	
  &	
   Scott,	
   2014;	
   Kawato,	
   1999),	
  which	
  56	
  

suggests	
   that	
   the	
   brain	
   uses	
   internal	
   models	
   and	
   predictions	
   (Miall	
   &	
   Wolpert,	
   1996;	
  57	
  

Wolpert	
   &	
   Ghahramani,	
   2000).	
   One	
   proposed	
   mechanism	
   for	
   predictive	
   control	
   was	
   the	
  58	
  

Smith	
   Predictor	
   (Miall,	
  Weir,	
  Wolpert,	
   &	
   Stein,	
   1993):	
   in	
   this	
   framework,	
   a	
   model	
   of	
   the	
  59	
  

biomechanical	
   system	
   is	
   used	
   to	
   predict	
   the	
   consequences	
   of	
  motor	
   commands	
   ahead	
   of	
  60	
  

sensory	
   feedback.	
   Movements	
   are	
   then	
   controlled	
   based	
   on	
   internal	
   estimates,	
   which	
  61	
  

removes	
   the	
   delay	
   from	
   the	
   feedback	
   loop	
   provided	
   that	
   the	
   internal	
   model	
   is	
   correct	
  62	
  

(Zhong,	
   2010).	
   One	
   difficulty	
  with	
   this	
   approach,	
   and	
  with	
   other	
   prediction	
   techniques,	
   is	
  63	
  

that	
  they	
  are	
  excessively	
  sensitive	
  to	
  model	
  errors,	
  such	
  that	
  an	
  arbitrarily	
  small	
  mismatch	
  in	
  64	
  

model	
   parameters	
   can	
   lead	
   to	
   unstable	
   closed-­‐loop	
   control	
   (Michiels	
   &	
   Niculescu,	
   2007;	
  65	
  

Mondié	
  &	
  Michiels,	
   2003).	
   Clearly,	
   assuming	
   that	
   the	
   brain	
   has	
   perfect	
   knowledge	
   of	
   the	
  66	
  

peripheral	
  motor	
   system	
   is	
   not	
   realistic.	
   Thus,	
   although	
   the	
   Smith	
   Predictor	
   captures	
   the	
  67	
  

principles	
  of	
  predictive	
  neural	
  control,	
   it	
   is	
  unlikely	
  to	
  be	
  implemented	
  in	
  neural	
  circuits	
  as	
  68	
  



	
   4	
  

such.	
   Another	
   compensatory	
   mechanism	
   must	
   be	
   at	
   play	
   to	
   mitigate	
   the	
   impact	
   of	
  69	
  

prediction	
  errors.	
  	
  70	
  

	
   On	
   the	
   other	
   hand,	
   with	
   regards	
   to	
   sensorimotor	
   noise,	
   a	
   wealth	
   of	
   research	
   has	
  71	
  

shown	
  that	
   the	
  brain	
  uses	
  near-­‐optimal	
  estimates	
  of	
  variables	
   such	
  as	
  hand	
   location	
  or	
  of	
  72	
  

forces	
   applied	
   to	
   the	
   limb,	
  obtained	
  by	
   combining	
  prior	
   knowledge	
  with	
  available	
   sensory	
  73	
  

information	
   in	
   a	
   statistically	
   efficient	
  manner	
   (Angelaki,	
   Gu,	
  &	
  DeAngelis,	
   2009;	
   Koerding,	
  74	
  

2007).	
  This	
  function	
  has	
  been	
  described	
  in	
  the	
  framework	
  of	
  Bayesian	
  statistics	
  in	
  numerous	
  75	
  

studies	
  on	
  perceptual	
  or	
  motor	
  decisions	
  (Wolpert	
  &	
  Landy,	
  2012),	
  but	
  also	
  and	
  importantly	
  76	
  

during	
   online	
   control	
   (Izawa	
   &	
   Shadmehr,	
   2008;	
   Kording	
   &	
   Wolpert,	
   2004;	
   Wolpert,	
  77	
  

Ghahramani,	
  &	
  Jordan,	
  1995).	
  While	
  these	
  previous	
  studies	
  highlighted	
  an	
  efficient	
  handling	
  78	
  

of	
   uncertainty	
   in	
   the	
   environment	
   and	
   in	
   the	
   nervous	
   system,	
   it	
   is	
   still	
   critical	
   to	
   take	
  79	
  

sensorimotor	
  delays	
  into	
  account	
  to	
  avoid	
  unstable	
  closed-­‐loop	
  control	
  (Crevecoeur	
  &	
  Scott,	
  80	
  

2013).	
  Consistent	
  with	
   this	
  hypothesis,	
   recent	
   results	
  have	
  shown	
  that	
   the	
  combination	
  of	
  81	
  

internal	
   priors	
   with	
   sensory	
   feedback	
   depends	
   not	
   only	
   on	
   the	
   variance	
   of	
   the	
   feedback	
  82	
  

signals,	
  but	
  also	
  on	
  their	
  temporal	
  delays	
  (Crevecoeur,	
  Munoz,	
  &	
  Scott,	
  2016).	
  	
  83	
  

	
   Thus,	
   predictive	
   control	
   requires	
   compensation	
   for	
   prediction	
   errors,	
   and	
   optimal	
  84	
  

estimation	
   must	
   include	
   a	
   compensation	
   for	
   temporal	
   delays.	
   In	
   theory,	
   an	
   optimal	
  85	
  

(Bayesian)	
   integration	
  of	
  prior	
  and	
  delayed	
  feedback	
   is	
  achieved	
  by	
  estimating	
  the	
  present	
  86	
  

and	
  past	
  states,	
  which	
  for	
  discrete	
  time	
  systems	
  can	
  be	
  achieved	
   in	
  an	
  augmented	
  system	
  87	
  

(Challa,	
  Evans,	
  &	
  Wang,	
  2003).	
  The	
  integration	
  of	
  multiple,	
  delayed	
  measurements	
  can	
  also	
  88	
  

be	
  optimally	
  integrated	
  using	
  the	
  same	
  approach.	
  However,	
  system	
  augmentation	
  is	
  suitable	
  89	
  

for	
  digital	
  control,	
  and	
  it	
  is	
  difficult	
  to	
  translate	
  it	
  to	
  continuous	
  time	
  systems,	
  or	
  to	
  systems	
  90	
  

for	
  which	
  present	
   and	
  past	
   estimates	
  may	
  not	
  be	
   jointly	
   available,	
   as	
   in	
   the	
   sensorimotor	
  91	
  

system.	
   In	
   such	
   case,	
   when	
   optimal	
   delay	
   compensation	
   cannot	
   be	
   achieved,	
   prediction	
  92	
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errors	
   unavoidably	
   occur	
   and	
   the	
   question	
   arises	
   as	
  whether	
   closed-­‐loop	
   control	
   remains	
  93	
  

feasible.	
  Here	
  we	
  investigate	
  this	
  question	
  in	
  theory	
  by	
  analyzing	
  the	
  impact	
  of	
  approximate	
  94	
  

delay	
   compensation	
   in	
   closed	
   loop	
   control	
  models	
   of	
   eye	
   and	
   arm	
  movements	
   subject	
   to	
  95	
  

multiplicative	
   noise	
   in	
   the	
   command	
   (Jones,	
  Hamilton,	
  &	
  Wolpert,	
   2002),	
   and	
   affected	
   by	
  96	
  

temporal	
  delays	
  compatible	
  with	
  each	
  motor	
  system.	
  	
  97	
  

A	
   seminal	
   study	
   by	
  Miall	
   and	
   colleagues	
   addressed	
   how	
   a	
  mismatch	
   between	
   the	
  98	
  

controller	
   and	
  plant	
   delays	
   impacted	
   the	
  behaviour	
  of	
   simple	
   systems	
   (Miall	
   et	
   al.,	
   1993),	
  99	
  

such	
  as	
   low	
  pass	
   filters	
   and	
   integrators	
   combined	
  with	
   single	
   gain	
   control.	
   This	
   study	
  also	
  100	
  

considered	
   relatively	
   long	
   delays	
   (≥150ms)	
   in	
   comparison	
   with	
   visual	
   (~100ms)	
   or	
  101	
  

somatosensory	
  delays	
   (~50ms	
   in	
   the	
  upper	
   limb)	
   (Scott,	
   2016).	
   In	
   addition,	
   this	
   formalism	
  102	
  

did	
   not	
   include	
   stochastic	
   disturbances	
   or	
   uncertainty	
   in	
   the	
   process,	
   which	
   is	
   known	
   to	
  103	
  

impact	
  planning	
  and	
  control	
  (Harris	
  &	
  Wolpert,	
  1998;	
  Todorov	
  &	
  Jordan,	
  2002).	
  To	
  address	
  104	
  

these	
  limitations,	
  we	
  revisit	
  the	
  problem	
  of	
  predictive	
  control	
  subject	
  to	
  prediction	
  errors	
  in	
  105	
  

stochastic	
   control	
   models	
   of	
   eye	
   and	
   arm	
   movements.	
   Our	
   approach	
   to	
   this	
   problem	
   is	
  106	
  

based	
   on	
   finite	
   spectrum	
   assignment	
   (FSA)	
   (Michiels	
   &	
   Niculescu,	
   2007;	
   Niculescu	
   &	
   Gu,	
  107	
  

2004),	
  which	
  in	
  the	
  context	
  of	
  linear	
  and	
  deterministic	
  systems	
  can	
  be	
  stabilised	
  by	
  using	
  a	
  108	
  

low-­‐pass	
   filter	
   (Mondié	
  &	
  Michiels,	
  2003).	
  Following	
  the	
  approach	
  of	
  Mondié	
  and	
  Michiels	
  109	
  

(Mondié	
  &	
  Michiels,	
   2003),	
  we	
   show	
   that	
   probabilistic	
   filtering	
   of	
   the	
   predicted	
   state	
   can	
  110	
  

compensate	
   for	
   prediction	
   errors,	
   including	
   errors	
   that	
   result	
   from	
   a	
   low-­‐dimensional	
  111	
  

approximation	
  of	
  the	
  system	
  dynamics,	
  or	
  from	
  a	
  delay	
  mismatch	
  between	
  the	
  observer	
  and	
  112	
  

the	
  true	
  system.	
  	
  113	
  

	
   Our	
  analyses	
  of	
  the	
  interplay	
  between	
  filtering	
  and	
  prediction	
  errors	
  provide	
  insights	
  114	
  

into	
   biologically	
   plausible	
   control	
  mechanisms.	
   Indeed,	
  we	
   show	
   that	
   delay	
   compensation	
  115	
  

may	
  be	
  performed	
  by	
  low-­‐pass	
  filtering	
  of	
  motor	
  commands	
  over	
  the	
  delay	
  interval	
  (such	
  as	
  116	
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a	
  moving	
  average),	
  which	
  is	
  easy	
  to	
  link	
  to	
  adaptive	
  filtering	
  in	
  neural	
  circuits.	
  Furthermore,	
  117	
  

we	
   illustrate	
   how	
   combining	
   priors	
   and	
   predictions	
   improves	
   the	
   stability	
   margin	
   of	
  118	
  

predictive	
  control,	
  and	
  how	
  errors	
   in	
  the	
  delay	
  generate	
  over-­‐	
  or	
  undershoots	
  qualitatively	
  119	
  

comparable	
   with	
   human	
   movements.	
   Thus,	
   approximate	
   delay	
   compensation	
   can	
   still	
  120	
  

generate	
  efficient	
  movements	
  in	
  human-­‐inspired	
  models.	
  In	
  addition,	
  this	
  approach	
  captures	
  121	
  

explicitly	
  the	
  influence	
  of	
  both	
  uncertainty	
  and	
  time	
  in	
  state	
  estimation,	
  which	
  represents	
  a	
  122	
  

useful	
   framework	
   for	
  modeling	
   the	
   impact	
  of	
   these	
  variables	
  during	
   sensorimotor	
   control.	
  123	
  

Finally,	
  we	
  found	
  that	
  prediction	
  errors	
  generated	
  a	
  wide	
  spectrum	
  of	
  movement	
  dysmetria	
  124	
  

that	
  typically	
  characterize	
  disorders	
  observed	
  in	
  disease,	
  and	
  in	
  particular	
  in	
  cerebellar	
  ataxia	
  125	
  

and	
   essential	
   tremor.	
   In	
   this	
   regard,	
   adaptive	
   filtering	
   for	
   stable	
   closed	
   loop	
   control	
  may	
  126	
  

describe	
  the	
  function	
  of	
  cerebellum	
  more	
  accurately	
  than	
  the	
  often-­‐assumed	
  feed-­‐forward	
  127	
  

predictions.	
  	
   	
  128	
  



	
   7	
  

Results	
  129	
  

	
   We	
   first	
   present	
   the	
   problem	
   definition	
   and	
   provide	
   the	
   derivation	
   of	
   the	
   control	
  130	
  

algorithm.	
   The	
   section	
   continues	
   with	
   an	
   illustration	
   based	
   on	
   a	
   Langevin	
   process,	
   which	
  131	
  

shows	
   analytically	
   how	
   the	
  model	
   captures	
   the	
   dependency	
   of	
   the	
   optimal	
   filter	
   on	
   both	
  132	
  

signal	
  variances	
  and	
  temporal	
  delays.	
  We	
  then	
   illustrate	
  the	
  performance	
  of	
   the	
  algorithm	
  133	
  

on	
  bio-­‐inspired	
  models	
  of	
  eye	
  and	
  upper-­‐limb	
  movements	
  to	
   investigate	
  the	
  robustness	
  of	
  134	
  

this	
  control	
  algorithm	
  against	
  prediction	
  errors.	
  	
  135	
  

	
  136	
  

Model	
  137	
  

Definitions	
  and	
  Assumptions	
  138	
  

We	
   consider	
   a	
   class	
   of	
   linear-­‐time-­‐invariant	
   stochastic	
   processes	
   suitable	
   for	
  139	
  

modeling	
   simple	
   systems	
   such	
   as	
   the	
   control	
   of	
   a	
   single	
   joint,	
   or	
   the	
   control	
   of	
   eye	
  140	
  

movements.	
   Let	
  𝑊(𝑡)	
  represent	
   a	
  𝑝-­‐dimensional	
   Wiener	
   process	
   with	
   unit	
   variance.	
   The	
  141	
  

class	
  of	
  systems	
  considered	
  is	
  as	
  follows:	
  142	
  

	
  143	
  

𝑑𝑥 𝑡 = 𝐴𝑥 𝑡 + 𝐵𝑢(𝑡) 𝑑𝑡 + 𝛼(𝑡)𝑑𝑊,	
   	
   	
   (1)	
  144	
  

𝑦 𝑡 = 𝑥 𝑡 − 𝛿𝑡 + 𝜎(𝑡),	
   	
   	
   	
   	
   (2)	
  145	
  

	
  146	
  

where	
  𝑥(𝑡) ∈ ℝ!	
  is	
  the	
  state	
  vector,	
  𝑢(𝑡) ∈ ℝ!	
  is	
  the	
  control	
  input,	
  and	
  the	
  matrices	
  𝐴	
  and	
  147	
  

𝐵 	
  are	
   known,	
   constant,	
   and	
   of	
   appropriate	
   dimension.	
   The	
   function	
  𝛼(𝑡) 	
  is	
   a	
   𝑛×𝑝 -­‐148	
  

dimensional,	
   real-­‐valued	
   function	
   multiplying	
   the	
   instantaneous	
   variation	
   of	
  𝑊(𝑡) .	
   We	
  149	
  

assume	
  that	
  𝛼(𝑡)	
  behaves	
  sufficiently	
  well	
  so	
  that	
  the	
  noise	
  disturbances	
  exist	
  for	
  all	
  sample	
  150	
  

paths,	
  and	
  have	
  finite	
  variance	
  over	
  𝛿𝑡.	
  The	
  derivation	
  below	
  is	
  valid	
  for	
  any	
  such	
  function	
  151	
  

𝛼(𝑡).	
   In	
  particular,	
  we	
  will	
   allow	
  𝛼(𝑡)	
  to	
  depend	
  on	
   the	
   control	
   function,	
  𝑢(𝑡),	
   in	
  order	
   to	
  152	
  



	
   8	
  

capture	
   the	
   property	
   of	
   sensorimotor	
   systems	
   that	
   the	
   intensity	
   of	
  motor	
   noise	
   increases	
  153	
  

with	
  the	
  motor	
  commands	
  (Harris	
  &	
  Wolpert,	
  1998;	
  Jones	
  et	
  al.,	
  2002)	
  (i.e.	
  signal-­‐dependent	
  154	
  

noise,	
  see	
  also	
  Methods	
  for	
  more	
  details,	
  Eqn.	
  22).	
  	
  155	
  

	
   The	
   variable	
  𝜎(𝑡)	
  represents	
   a	
  𝑛-­‐dimensional	
   zero-­‐mean	
   Gaussian	
   random	
   variable	
  156	
  

with	
   covariance	
  Σ.	
   Thus	
   Eqn.	
   (2)	
   expresses	
   that	
   the	
   current	
   sensory	
   feedback	
   and	
   the	
  157	
  

delayed	
  state	
  (𝑦(𝑡),	
  and	
  𝑥 𝑡 − 𝛿𝑡 ,	
  respectively)	
  have	
  joint	
  Gaussian	
  distribution.	
  Finally,	
  we	
  158	
  

assume	
  without	
  loss	
  of	
  generality	
  that	
  Σ	
  is	
  positive	
  definite.	
  	
  159	
  

The	
   problem	
   consists	
   in	
   deriving	
   a	
   feedback	
   controller	
   that	
  minimizes	
   a	
   quadratic	
  160	
  

cost-­‐function.	
   This	
   problem	
   can	
   be	
   solved	
   using	
   Linear	
   Quadratic	
   Gaussian	
   control	
   (LQG)	
  161	
  

(Astrom,	
  1970;	
  Phillis,	
  1985;	
  Todorov,	
  2005),	
  which	
  gives	
  a	
  control	
   law	
  of	
   the	
   form	
  𝑢 𝑡 =162	
  

𝐿(𝑡)𝑥(𝑡),	
  where	
  𝑥(𝑡)	
  is	
  an	
  estimate	
  of	
  the	
  present	
  state	
  of	
  the	
  system.	
  The	
  challenge	
  is	
  to	
  163	
  

derive	
  the	
  optimal	
  estimate	
  in	
  the	
  presence	
  of	
  noise	
  and	
  measurement	
  delays.	
  	
  164	
  

	
  165	
  

Optimal	
  solution	
  based	
  on	
  System	
  Augmentation	
  166	
  

	
   System	
   augmentation	
   reduces	
   the	
   delayed	
   system	
   to	
   the	
   non-­‐delayed	
   case	
   and	
  167	
  

allows	
   standard	
   solution	
   derived	
   in	
   the	
   context	
   of	
   stochastic	
   optimal	
   control	
   (Fridman,	
  168	
  

2014).	
   In	
   practice,	
   the	
   system	
   is	
   discretized	
   and	
  a	
  novel	
   state	
   vector	
   is	
   defined	
  as	
   follows	
  169	
  

(Crevecoeur	
   &	
   Scott,	
   2013;	
   Crevecoeur,	
   Sepulchre,	
   Thonnard,	
   &	
   Lefevre,	
   2011;	
   Todorov,	
  170	
  

2005):	
  171	
  

	
  172	
  

𝑧! = [𝑥!! , 𝑥!!!! ,… , 𝑥!!!! ]!,	
  	
  	
   	
   	
   	
   (3)	
  173	
  

	
  174	
  

with	
   the	
   subscript	
   𝑡 	
  representing	
   the	
   time	
   step.	
   Each	
   time	
   step	
   corresponds	
   to	
   a	
  175	
  

discretization	
  interval	
  of	
  𝑑𝑡	
  and	
  the	
  parameter	
  ℎ	
  represents	
  the	
  delay	
  expressed	
  in	
  number	
  176	
  



	
   9	
  

of	
  time	
  steps,	
  that	
  is	
  ℎ𝑑𝑡 = 𝛿𝑡.	
  Thus	
  the	
  size	
  of	
  the	
  augmented	
  state	
  corresponds	
  to	
  the	
  size	
  177	
  

of	
  the	
  state	
  multiplied	
  by	
  the	
  number	
  of	
  discrete	
  steps	
  in	
  the	
  delay	
  interval.	
  	
  178	
  

This	
   approach	
   allows	
   optimal	
   compensation	
   for	
   temporal	
   delays;	
   however,	
   it	
   is	
  179	
  

clearly	
  an	
  artificial	
  technique	
  that	
  is	
  suitable	
  for	
  digital	
  applications.	
  First,	
  it	
  is	
  based	
  on	
  the	
  180	
  

key	
  assumption	
  that	
  the	
  delay	
  is	
  fixed	
  and	
  known,	
  which	
  is	
  not	
  desirable	
   in	
  this	
  context	
  as	
  181	
  

we	
  are	
   interested	
   in	
  how	
  the	
  nervous	
  system	
  can	
  handle	
  errors	
   in	
  the	
  prediction	
  or	
   in	
  the	
  182	
  

estimate	
   of	
   the	
   delay.	
   In	
   addition,	
   the	
   delay	
   compensation	
   is	
   performed	
   by	
   updating	
   the	
  183	
  

time	
  series	
  included	
  in	
  𝑧!	
  through	
  the	
  block-­‐structure	
  of	
  the	
  state	
  estimator,	
  which	
  requires	
  184	
  

storing	
   present	
   and	
   past	
   estimates.	
   In	
   this	
   study,	
  we	
   investigate	
   the	
   impact	
   of	
   prediction	
  185	
  

error	
   that	
   may	
   arise	
   from	
   approximate	
   representation	
   of	
   the	
   dynamics	
   during	
   the	
   delay	
  186	
  

interval	
  or	
  from	
  errors	
  in	
  the	
  estimate	
  of	
  the	
  delay.	
  Thus,	
  we	
  derive	
  a	
  near-­‐optimal	
  closed-­‐187	
  

loop	
  controller,	
  which	
  allows	
  manipulating	
  the	
  delay	
  compensation	
  directly.	
  It	
  is	
  built	
  on	
  the	
  188	
  

insight	
   that	
   system	
   augmentation	
   by	
   design	
   achieves	
   extrapolation	
   of	
   delayed	
   sensory	
  189	
  

information	
   to	
   the	
   present.	
   Our	
   proposed	
   approach	
   is	
   thus	
   based	
   on	
   an	
   explicit	
  190	
  

extrapolation	
  of	
  the	
  state	
  measurements.	
  191	
  

	
  192	
  

Filtering	
  over	
  Predictions	
  193	
  

	
   Here	
   we	
   derive	
   an	
   estimator	
   that	
   extrapolates	
   the	
   current	
   sensory	
   feedback	
  194	
  

explicitly,	
   prior	
   to	
   performing	
   optimal	
   state	
   estimation.	
   Our	
   approach	
   is	
   based	
   on	
   the	
  195	
  

premise	
  that,	
  for	
  deterministic	
  systems,	
  low-­‐pass	
  filtering	
  of	
  the	
  predicted	
  state	
  is	
  known	
  to	
  196	
  

stabilize	
  predictive	
  control	
  against	
  prediction	
  errors	
  (Mondié	
  &	
  Michiels,	
  2003;	
  Niculescu	
  &	
  197	
  

Gu,	
  2004).	
  We	
  thus	
  derive	
  a	
  similar	
  estimate	
  in	
  the	
  context	
  of	
  stochastic	
  processes,	
  and	
  use	
  198	
  

the	
  statistics	
  of	
  the	
  predicted	
  state	
  to	
  design	
  an	
  optimal	
  filter	
  (Kalman	
  filter),	
  and	
  mitigate	
  199	
  

the	
  impact	
  of	
  prediction	
  errors.	
  200	
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   The	
   current	
   state	
   measurement	
   must	
   first	
   be	
   extrapolated,	
   which	
   is	
   obtained	
   by	
  201	
  

solving	
  a	
  boundary	
  value	
  problem	
  with	
  uncertainty	
  in	
  the	
  initial	
  condition.	
  Defining	
  𝑀 𝑡 =202	
  

𝑒!",	
  the	
  unknown	
  solution	
  of	
  Eqn.	
  (1)	
  over	
  the	
  delay	
  interval	
  with	
  initial	
  condition	
  𝑥(𝑡 − 𝛿𝑡)	
  203	
  

is	
  given	
  by:	
  204	
  

	
  205	
  

𝑥 𝑡 = 𝑀 𝛿𝑡 𝑥 𝑡 − 𝛿𝑡 + 𝑀(𝑡 − 𝑠)𝐵𝑢(𝑠)𝑑𝑠
!

!!!"
+ 𝑀(𝑡 − 𝑠)𝛼(𝑠)𝑑𝑊

!

!!!"
.	
  

(4)  206	
  

The	
  extrapolation	
  of	
  the	
  delayed	
  state	
  measurement	
  computed	
  by	
  the	
  controller	
  is	
  given	
  by	
  207	
  

the	
  following	
  expression,	
  which	
  takes	
  into	
  account	
  that	
  the	
  third	
  term	
  in	
  Equation	
  (4)	
  is	
  zero	
  208	
  

on	
  average:	
  209	
  

	
  	
  	
  210	
  

𝑥 𝑡|𝑦 := 𝑀 𝛿𝑡 𝑦 𝑡 + 𝑀(𝑡 − 𝑠)𝐵𝑢(𝑠)𝑑𝑠
!

!!!"
.	
  

(5)	
  211	
  

It	
  is	
  easy	
  to	
  rewrite	
  the	
  extrapolation	
  as	
  a	
  function	
  of	
  the	
  true	
  state,	
  which	
  directly	
  gives	
  the	
  212	
  

extrapolation	
  error,	
  𝑒(𝑡):	
  213	
  

	
  214	
  

𝑥 𝑡 𝑦 = 𝑥 𝑡 + 𝑒(𝑡),	
  	
  	
   	
   	
   	
   	
   	
   	
   	
   	
  215	
  

	
   	
  	
  	
  	
  	
  (6)	
  216	
  

𝑒 𝑡 = 𝑀 𝛿𝑡 𝜎 𝑡 − 𝑀 𝑡 − 𝑠 𝛼 𝑠 𝑑𝑊.
!

!!!"
	
  

	
  (7)	
  217	
  

Thus,	
  the	
  extrapolation	
  error	
  is	
  Gaussian	
  with	
  zero-­‐mean,	
  and	
  variance,	
  𝑉(𝑒(𝑡))	
  given	
  by:	
  218	
  

	
  219	
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𝑉 𝑒 𝑡 =   𝑀(𝛿𝑡)Σ𝑀(𝛿𝑡)! + 𝑀(𝑡 − 𝑠)𝛼(𝑠)𝛼(𝑠)!𝑀(𝑡 − 𝑠)!𝑑𝑠
!

!!!"
.	
  

(8)	
  220	
  

	
   Note	
  that	
  the	
  cross	
  products	
  of	
  𝜎(𝑡)	
  and	
  𝑑𝑊	
  are	
  zero	
  on	
  average,	
  and	
  the	
  expected	
  221	
  

value	
  of	
  𝑑𝑊!	
  is	
  by	
  definition	
  equal	
  to	
  𝑑𝑡.	
  The	
  variance	
  of	
  𝑒(𝑡)	
  has	
  two	
  terms:	
  the	
  first	
  term	
  222	
  

captures	
   the	
   uncertainty	
   associated	
   with	
   the	
   measurement	
   used	
   as	
   an	
   initial	
   condition.	
  223	
  

Indeed,	
   it	
   expresses	
   how	
   the	
   measurement	
   noise	
  𝜎 𝑡 	
  propagates	
   through	
   the	
   systems’	
  224	
  

unforced	
  dynamics	
  over	
  𝛿𝑡.	
  It	
  is	
  worth	
  mentioning	
  that	
  the	
  uncertainty	
  associated	
  with	
  𝜎 𝑡 	
  225	
  

either	
  decays	
  exponentially,	
   remains	
   constant	
  or	
   increases	
   in	
   the	
  dimensions	
   in	
  which	
   the	
  226	
  

matrix	
  𝐴	
  has	
   negative,	
   zero	
   or	
   positive	
   eigenvalues,	
   respectively.	
   The	
   second	
   term	
   is	
   the	
  227	
  

variance	
   induced	
   by	
   the	
   process	
   noise,	
   and	
   thus	
   it	
   is	
   a	
   function	
   of	
   the	
   system	
   dynamics	
  228	
  

captured	
  in	
  𝑀(. ),	
  and	
  dependent	
  on	
  	
  of	
  𝛼(𝑡).	
  229	
  

	
   We	
   can	
   now	
   derive	
   a	
   minimum-­‐variance	
   linear	
   estimate,	
   by	
   using	
   𝑥(𝑡|𝑦) 	
  as	
  230	
  

measurement	
   instead	
   of	
  𝑦(𝑡)	
  and	
   applying	
   the	
   following	
   well-­‐known	
   result	
   (Anderson	
   &	
  231	
  

Moore,	
  1979):	
  let	
  𝑋	
  and	
  𝑌	
  have	
  joint	
  Gaussian	
  distribution	
  defined	
  as:	
  232	
  

𝑋
𝑌 ~𝒩

𝜇!
𝜇! , Σ!! Σ!"

Σ!" Σ!!
,	
  

then	
  the	
  conditional	
  distribution	
  of	
  𝑋	
  given	
  𝑌	
  is	
  Gaussian	
  and	
  is	
  given	
  by:	
  233	
  

𝑋|𝑌~𝒩 𝜇!|! , Σ!|! ,	
  

𝜇!|! =   𝜇! + Σ!"! Σ!!!! 𝑌 − 𝜇! ,	
  

Σ!|! = Σ!! − Σ!"Σ!!!!Σ!" .	
  

	
  234	
  

	
   The	
  optimal	
  filter	
  over	
  the	
  predicted	
  state	
  is	
  thus	
  obtained	
  by	
  applying	
  this	
  result	
  to	
  235	
  

calculate	
  the	
  posterior	
  distribution	
  of	
  the	
  next	
  estimate	
  given	
  the	
  current	
  estimate	
  and	
  the	
  236	
  

extrapolated	
  measurement	
  (Eqns.	
  6	
  and	
  7).	
  The	
  whole	
  estimation	
  algorithm	
  is	
  as	
  follows:	
  237	
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1. The	
  initial	
  state	
  estimate	
  is	
  assumed	
  to	
  have	
  known	
  Gaussian	
  distribution:	
  238	
  

	
  𝑥 0 ~𝒩 𝑥!, Σ! .	
  239	
  

2. The	
  true	
  state	
  trajectory	
  over	
  a	
  small	
  discretization	
  interval	
  of	
  𝑑𝑡	
  is:	
  240	
  

𝑥 𝑡 + 𝑑𝑡 =   𝐴!𝑥 𝑡 + 𝐵!𝑢 𝑡 + 𝜉!,	
  	
   	
   	
   	
   	
   	
   (9)	
  241	
  

where	
  𝐴! ≔ 𝑀(𝑑𝑡),	
  𝐵! ≔ 𝑀(𝑠)𝑑𝑠!"
! 𝐵,	
   and	
  𝜉! = 𝛼(𝑡)𝑑𝑊.	
  With	
   this	
   definition,	
  242	
  

we	
  have	
  that	
  𝜉!~𝒩(0,𝛼(𝑡)𝛼(𝑡)!𝑑𝑡).	
  243	
  

3. The	
   one-­‐step	
   prediction	
   of	
   the	
   state	
   at	
   the	
   next	
   time	
   step	
   is	
   computed	
   by	
  244	
  

simulating	
  the	
  system	
  dynamics	
  over	
  one	
  time	
  interval	
  of	
  𝑑𝑡:	
  245	
  

𝑥! 𝑡 + 𝑑𝑡 = 𝐴!𝑥 𝑡 + 𝐵!𝑢(𝑡).	
  246	
  

4. The	
  extrapolation	
  of	
  sensory	
  signals	
  𝑥(𝑡|𝑦)	
  and	
  its	
  covariance	
  matrix	
  𝑉(𝑒(𝑡))	
  247	
  

are	
  computed	
  through	
  Eqns.	
  5	
  and	
  8.	
  248	
  

5. Finally,	
   we	
   use	
   the	
   expression	
   of	
   the	
   conditional	
   distribution	
   of	
   Gaussian	
  249	
  

random	
  variables	
  given	
  above	
  to	
  combine	
  the	
  one-­‐step	
  prediction	
  (𝑥!(𝑡 + 𝑑𝑡))	
  with	
  250	
  

the	
  extrapolated	
  state	
  (𝑥(𝑡|𝑦)),	
  which	
  gives	
  the	
  following	
  recurrence	
  and	
  completes	
  251	
  

the	
  definition	
  of	
  the	
  estimation	
  algorithm:	
  252	
  

	
  253	
  

Σ! 0 = Σ!,	
   	
   	
   	
   	
   	
   	
   	
   	
   (10)	
  254	
  

𝐾 𝑡 = 𝐴!Σ!(𝑡) Σ! 𝑡 + 𝑉(𝑒(𝑡)) !!,	
   	
   	
   	
   	
   	
   (11)	
  255	
  

𝑥 𝑡 + 𝑑𝑡 = 𝑥! 𝑡 + 𝑑𝑡 + 𝐾 𝑡 𝑥 𝑡 𝑦 − 𝑥 𝑡 ,	
   	
   	
   	
   (12)	
  256	
  

Σ! 𝑡 + 𝑑𝑡 = 𝐴!Σ! 𝑡 𝐴!! + 𝐸 𝜉!𝜉!! − 𝐾(𝑡)Σ!(𝑡)𝐴!! .	
   	
   	
   	
   (13)	
  257	
  

	
  258	
  

	
   Observe	
  that	
  the	
  filter	
  is	
  well	
  defined	
  because	
  Σ	
  is	
  positive	
  definite	
  from	
  assumptions	
  259	
  

and	
  Σ!(𝑡)	
  is	
   non-­‐negative,	
   hence	
  𝑉(𝑒(𝑡))	
  is	
   also	
   positive	
   definite.	
   This	
   can	
   be	
   verified	
   by	
  260	
  

expanding	
   Eqn.	
   13	
   and	
   using	
   the	
   identity	
   that	
  Σ! + 𝑉 𝑒 > Σ! 	
  in	
   the	
   sense	
   of	
   Loewner	
  261	
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ordering.	
  Thus	
  the	
  matrix	
  inverted	
  in	
  Eqn.	
  11	
  is	
  positive	
  definite.	
  Observe	
  also	
  that	
  this	
  filter	
  262	
  

is	
  equivalent	
  to	
  a	
  standard	
  Kalman	
  filter	
  when	
  there	
  is	
  no	
  delay,	
  as	
  Eqn.	
  (5)	
  computed	
  when	
  263	
  

𝛿𝑡 = 0	
  gives	
  𝑥 𝑡 𝑦 = 𝑦(𝑡).	
   It	
   is	
   thus	
   a	
   natural	
   extension	
   of	
   the	
   Kalman	
   filter	
   to	
   systems	
  264	
  

subject	
  to	
  measurement	
  delays.	
  	
  265	
  

The	
  filter	
  defined	
  above	
  is	
  based	
  on	
  a	
  prediction	
  of	
  the	
  state	
  for	
  simplicity	
  (FSA),	
  as	
  266	
  

we	
   consider	
   a	
   state-­‐feedback	
   controller.	
   The	
   difference	
   between	
   FSA	
   and	
   the	
   Smith	
  267	
  

Predictor	
  is	
  that	
  FSA	
  predicts	
  the	
  state	
  of	
  the	
  system,	
  whereas	
  the	
  Smith	
  Predictor	
  predicts	
  268	
  

the	
  output	
  signal,	
  which	
  can	
  be	
  a	
  linear	
  function	
  of	
  the	
  state.	
  With	
  the	
  output	
  signal	
  of	
  Eqn.	
  269	
  

2,	
   these	
   two	
   approaches	
   are	
   identical	
   in	
   the	
   context	
   of	
   this	
   paper.	
  When	
   a	
  more	
   general	
  270	
  

output	
   equation	
   of	
   the	
   form	
  𝑦! 𝑡 = 𝐻𝑥 𝑡 − 𝛿𝑡 + 𝜎(𝑡)	
  is	
   considered,	
   it	
   is	
   necessary	
   to	
  271	
  

reconstruct	
  the	
  state	
  vector	
  at	
  𝑡 − 𝛿𝑡	
  with	
  an	
  observer	
  prior	
  to	
  the	
  extrapolation	
  step	
  (Eqn.	
  272	
  

5).	
  Note	
  that	
  such	
  observer	
  need	
  not	
  be	
  optimal	
  to	
  derive	
  the	
  filter	
  above,	
  provided	
  that	
  its	
  273	
  

output	
  corresponds	
  to	
  Eqn.	
  2	
  as	
  is	
  the	
  case	
  for	
  general	
  observers.	
  	
  274	
  

	
  	
  275	
  

Optimal	
  Control	
  276	
  

	
   Thus	
  far	
  we	
  have	
  derived	
  an	
  optimal	
  filter	
  for	
  the	
  predicted	
  state,	
  assuming	
  that	
  the	
  277	
  

control	
   function,	
  𝑢(𝑡) ,	
   was	
   known.	
   We	
   now	
   derive	
   the	
   optimal	
   controller	
   separately	
  278	
  

assuming	
   that	
   an	
  optimal	
   estimate	
  of	
   the	
   state	
   is	
   available	
   through	
   the	
   recurrence	
   above	
  279	
  

(Eqns.	
   10	
   to	
   13).	
   It	
   is	
   important	
   to	
   emphasize	
   that	
   this	
   approach	
   is	
   based	
   on	
   a	
   heuristic	
  280	
  

assumption	
   that	
   the	
   separation	
   principle	
   applied,	
   allowing	
   us	
   to	
   solve	
   the	
   estimation	
   and	
  281	
  

control	
   problems	
   independently.	
   However,	
   this	
   assumption	
   is	
   not	
   true	
   in	
   general.	
   For	
  282	
  

instance,	
   when	
   considering	
   multiplicative	
   noise	
   as	
   in	
   sensorimotor	
   systems	
   (e.g.	
  𝛼 𝑡 ∝283	
  

𝑢(𝑡)),	
   the	
  optimal	
  control	
  and	
  optimal	
   filter	
  depend	
  on	
  each	
  other.	
   In	
   the	
   linear	
  case,	
   the	
  284	
  

estimator	
  and	
  controller	
  can	
  numerically	
  be	
  approximated	
  by	
  iterating	
  the	
  sequence	
  of	
  non-­‐285	
  



	
   14	
  

adaptive	
   Kalman	
   gains	
   and	
   control	
   gains	
   until	
   convergence	
   (Phillis,	
   1985;	
   Todorov,	
   2005).	
  286	
  

Our	
   approach	
   is	
   based	
   on	
   first	
   deriving	
   the	
   control	
   gains	
   as	
   if	
   the	
   separation	
   principle	
  287	
  

applied,	
   and	
   then	
   optimizing	
   the	
   Kalman	
   gains	
   relative	
   to	
   the	
   ongoing	
   control	
   function	
   in	
  288	
  

each	
   simulation	
   run	
   through	
   the	
   time-­‐varying	
  𝑉(𝑒(𝑡)) .	
   Thus,	
   our	
   approach	
   is	
   globally	
  289	
  

suboptimal	
   for	
   linear	
   systems	
   but	
   we	
   show	
   in	
   the	
   next	
   section	
   that	
   the	
   loss	
   is	
   not	
  290	
  

substantial.	
   The	
   advantages	
   are	
   that	
   it	
   allows	
   adapting	
   the	
   estimate	
   online	
   following	
  291	
  

modeled	
   but	
   unexpected	
   disturbances	
   without	
   re-­‐calculating	
   the	
   control	
   and	
   estimation	
  292	
  

gains.	
  It	
  also	
  handles	
  general	
  noise	
  functions	
  captured	
  in	
  𝛼(𝑡).	
  	
  293	
  

	
   We	
   consider	
   a	
   finite-­‐horizon	
   control	
   problem	
   that	
   consists	
   in	
   minimizing	
   a	
   cost-­‐294	
  

function	
  of	
  the	
  following	
  form	
  (expressed	
  here	
  in	
  discrete	
  time):	
  295	
  

	
  296	
  

𝐽 𝑥,𝑢 = 𝐸 𝑥!!𝑄!𝑥! + 𝑥!!𝑄!𝑥! + 𝑢!!𝑅!𝑢!!!!
!!! ,	
  	
   	
   	
   	
   (14)	
  297	
  

	
  298	
  

where	
  𝑁 	
  is	
   the	
   time	
   horizon	
   in	
   number	
   of	
   time	
   steps,	
  𝑄! 	
  and	
  𝑅! 	
  are	
   non-­‐negative	
   and	
  299	
  

positive	
   definite	
   cost	
   matrices,	
   respectively,	
   and	
  𝐸[. ]	
  denotes	
   the	
   expected	
   value	
   of	
   the	
  300	
  

argument.	
   Assuming	
   additive	
   noise,	
   an	
   optimal	
   controller	
   that	
   minimizes	
  𝐽(𝑥,𝑢)	
  can	
   be	
  301	
  

obtained	
  in	
  the	
  framework	
  of	
  stochastic	
  optimal	
  control	
  as	
  follows	
  (Astrom,	
  1970;	
  Todorov,	
  302	
  

2005):	
  303	
  

	
  304	
  

𝑢 𝑡 = − 𝑅 + 𝐵!𝑆 𝑡 + 𝑑𝑡 𝐵!! !!𝐵!!𝑆(𝑡 + 𝑑𝑡)𝐴𝑥(𝑡).	
   	
   	
   	
   (15)	
  305	
  

	
  306	
  

The	
  matrices	
  𝑆(𝑡)	
  are	
   computed	
  offline	
   through	
   a	
   backward-­‐time	
   recurrence	
   starting	
  with	
  307	
  

𝑆 𝑁𝑑𝑡 = 𝑄!	
  (see	
  e.g.	
  (Todorov,	
  2005)	
  for	
  details).	
  308	
  

	
  309	
  



	
   15	
  

Low-­‐dimensional	
  Approximation	
  and	
  Implementation	
  310	
  

The	
  adaptive	
  filter	
  defined	
  in	
  Equations	
  10-­‐13	
  is	
  infinite	
  dimensional	
  because,	
  in	
  the	
  311	
  

estimate	
  𝑥(𝑡|𝑦)	
  defined	
   by	
   Eqn.	
   5,	
  𝑢(𝑡)	
  is	
   integrated	
   over	
  𝛿𝑡,	
   and	
   the	
   infinite	
   dimensional	
  312	
  

property	
   of	
   the	
   integral	
   comes	
   from	
   the	
   fact	
   that	
   it	
   is	
   defined	
   on	
   a	
   space	
   of	
   continuous	
  313	
  

functions.	
  In	
  order	
  to	
  handle	
  a	
  low-­‐dimensional	
  estimator	
  design,	
  the	
  extrapolation	
  must	
  be	
  314	
  

replaced	
  by	
  a	
  finite-­‐dimensional	
  approximation	
  of	
  the	
  integral,	
  or	
  quadrature	
  rule.	
  One	
  such	
  315	
  

rule	
   can	
   be	
   obtained	
   by	
   dividing	
   the	
   delay	
   interval	
   of	
  𝛿𝑡	
  into	
  ℎ	
  subintervals	
   of	
  𝑑𝑡,	
   and	
   by	
  316	
  

summing	
   over	
   each	
   time	
   step	
   of	
  𝑑𝑡 	
  used	
   in	
   the	
   computer	
   simulation.	
   This	
   approach	
  317	
  

corresponds	
  to	
  the	
  following	
  quadrature	
  rule:	
  318	
  

	
  319	
  

𝑥 𝑡 𝑦 = 𝑀 𝛿𝑡 𝑦 𝑡 + 𝑀(𝑡 − 𝑘𝑑𝑡)𝐵𝑢(𝑘𝑑𝑡)𝑑𝑡!
!!! ,	
   	
   	
   	
   (16)	
  320	
  

	
  321	
  

using	
   ℎ = 𝛿𝑡/𝑑𝑡 	
  (see	
   Methods	
   for	
   numerical	
   values).	
   Observe	
   that	
   in	
   principle	
   this	
  322	
  

quadrature	
   rule	
   has	
   the	
   same	
  dimension	
   as	
   the	
   system	
   augmentation	
   technique	
   (Eqn.	
   3),	
  323	
  

because	
  we	
  used	
  the	
  same	
  discretization	
  step,	
  and	
  the	
  number	
  of	
  steps	
   in	
  the	
  quadrature	
  324	
  

rule	
   corresponds	
   to	
   the	
   number	
   of	
   states	
   used	
   in	
   the	
   augmentation	
   technique.	
   Thus,	
   the	
  325	
  

number	
   of	
   operations	
   in	
   Eqn.	
   16	
   and	
   the	
   number	
   of	
   operations	
   involved	
   in	
   the	
  326	
  

augmentation	
  technique	
  both	
  scale	
  with	
  the	
  dimension	
  of	
  the	
  state	
  and	
  with	
  the	
  number	
  of	
  327	
  

time	
  steps	
  during	
  the	
  delay	
  interval.	
  	
  328	
  

We	
  may	
  reduce	
  the	
  dimension	
  of	
   the	
  approximation	
  by	
  considering	
  that	
   the	
  motor	
  329	
  

command	
   is	
   constant	
   over	
   𝛿𝑡 ,	
   and	
   define	
  𝐵! ≔    𝑀(𝑡 − 𝑘𝑑𝑡)𝐵!
!!! .	
   This	
   yields	
   the	
  330	
  

following	
  one-­‐step	
  approximation	
  of	
  𝑥 𝑡 𝑦 :	
  331	
  

	
  332	
  

𝑥 𝑡 𝑦 ≅ 𝑀 𝛿𝑡 𝑦 𝑡 + 𝐵!𝑢!.	
  	
   	
   	
   	
   	
   	
   	
   (17)	
  333	
  



	
   16	
  

	
  	
  334	
  

The	
  variable	
  𝑢!	
  is	
  a	
  constant	
  approximating	
  the	
  control	
  function	
  𝑢(𝑠)	
  for	
  𝑡 − 𝛿𝑡 ≤ 𝑠 ≤ 𝑡.	
  We	
  335	
  

use	
   the	
   average	
   of	
   the	
   control	
   function,	
   that	
   is	
  𝑢! = 𝛿𝑡 !! 𝑢(𝑠)𝑑𝑠!
!!!" ,	
   which	
   is	
   also	
  336	
  

infinite-­‐dimensional	
  in	
  principle	
  for	
  continuous	
  time	
  models,	
  but	
  easier	
  to	
  approximate	
  than	
  337	
  

Eqn.	
  5	
  in	
  neural	
  circuits	
  through	
  low-­‐pass	
  filtering	
  or	
  leaky-­‐integrators	
  with	
  appropriate	
  time	
  338	
  

constants.	
  	
  339	
  

Thus	
  far,	
  our	
  developments	
  consisted	
  in	
  replacing	
  the	
  augmentation	
  technique	
  by	
  an	
  340	
  

explicit	
   extrapolation	
   of	
   the	
   state	
  measurement.	
   The	
   dimensionality	
   of	
   the	
   augmentation	
  341	
  

corresponds	
  to	
  the	
  number	
  of	
  time	
  steps	
  in	
  the	
  quadrature	
  rule	
  presented	
  in	
  Eqn.	
  16	
  when	
  342	
  

the	
   same	
   discretization	
   step	
   is	
   used.	
   Importantly,	
   this	
   dimension	
   can	
   be	
   reduced	
   by	
  343	
  

approximating	
   the	
   sum	
   in	
   Eqn.	
   16	
   in	
   one	
   step,	
   which	
   can	
   be	
   done	
   in	
   theory,	
   and	
  344	
  

approximated	
   in	
   practice	
   with	
   a	
   summary	
   version	
   of	
  𝑢(𝑠) ,	
   for	
  𝑡 − 𝛿𝑡 ≤ 𝑠 ≤ 𝑡 	
  s.	
   These	
  345	
  

expressions	
  will	
  allow	
  us	
  to	
  investigate	
  the	
  robustness	
  of	
  the	
  closed-­‐loop	
  controller	
  against	
  346	
  

extrapolation	
  errors.	
  In	
  addition,	
  we	
  will	
  also	
  investigate	
  the	
  robustness	
  against	
  an	
  error	
  in	
  347	
  

the	
   internal	
   estimate	
   of	
   the	
   delay	
   by	
   assuming	
   that	
   the	
   controller	
   uses	
  𝛿𝑡 ≠ 𝛿𝑡,	
   which	
  348	
  

impacts	
  the	
  estimate	
  in	
  Eqn.	
  17	
  through	
  the	
  matrices	
  𝑀(𝛿𝑡)	
  and	
  𝐵!.	
  349	
  

	
   We	
  will	
  show	
  that	
  the	
  state	
  estimator	
  defined	
  in	
  Eqns.	
  10-­‐13	
  combined	
  with	
  the	
  low-­‐350	
  

dimensional	
  quadrature	
  rule	
  given	
  in	
  Eqn.	
  17	
  constitutes	
  a	
  good	
  candidate	
  model	
  of	
  neural	
  351	
  

compensation	
   for	
  sensorimotor	
  delays.	
   Indeed,	
   this	
  algorithm	
  only	
   involves	
  multiplications	
  352	
  

of	
  matrices	
  and	
  vectors,	
  along	
  with	
  an	
  operation	
  that	
  approximates	
  𝑢(𝑠)	
  over	
  𝑡 − 𝛿𝑡 ≤ 𝑠 ≤353	
  

𝑡.	
  A	
   schematic	
  block	
   representation	
  of	
   this	
  estimator	
   is	
   shown	
   in	
  Fig.	
  1.	
  The	
   inputs	
   to	
   this	
  354	
  

pathway	
  consist	
  of	
  the	
  motor	
  command,	
  available	
  through	
  the	
  corollary	
  discharge,	
  the	
  state	
  355	
  

estimate,	
  and	
  the	
  sensory	
  feedback,	
  which	
  are	
  all	
  available	
  in	
  the	
  brain	
  (Shadmehr,	
  Smith,	
  &	
  356	
  

Krakauer,	
  2010;	
  Wolpert,	
  Diedrichsen,	
  &	
  Flanagan,	
  2011;	
  Wurtz,	
  2008).	
  The	
  operations	
  are	
  357	
  



	
   17	
  

matrix-­‐vector	
   multiplications	
   and	
   additions,	
   plus	
   the	
   averaging,	
   or	
   low-­‐pass	
   filtering,	
  358	
  

represented	
   by	
   the	
   rectangular	
   box.	
   The	
   remaining	
   computational	
   operations	
   consist	
   in	
  359	
  

adjusting	
  𝐾	
  over	
  time	
  as	
  a	
  function	
  of	
  𝑢(𝑡)	
  according	
  to	
  Eqns.	
  11	
  and	
  13.	
  In	
  order	
  to	
  validate	
  360	
  

this	
   schematic	
  pathway	
   for	
   studying	
   the	
   impact	
  of	
  prediction	
  errors	
  during	
  motor	
   control,	
  361	
  

we	
  must	
   show	
  that	
   it	
  generates	
  behaviours	
  compatible	
  with	
  biological	
  movements.	
  This	
   is	
  362	
  

done	
  in	
  the	
  next	
  section.	
  	
  	
  363	
  

	
  364	
  

(Insert	
  Fig.	
  1	
  about	
  here)	
  365	
  

	
  366	
  

Applications	
  367	
  

Langevin	
  Process	
  368	
  

	
   To	
  provide	
  intuition	
  about	
  how	
  dynamics,	
  variance	
  and	
  delays	
  impact	
  the	
  uncertainty	
  369	
  

about	
   the	
   prediction	
   (Eqn.	
   5),	
   we	
   begin	
   this	
   section	
   with	
   a	
   scalar	
   example,	
   for	
   which	
   an	
  370	
  

analytical	
  expression	
  can	
  be	
  derived,	
  showing	
  in	
  a	
  simple	
  formula	
  how	
  delay	
  compensation	
  371	
  

impacts	
  state	
  estimation	
  when	
  uncertainty	
  about	
  the	
  delay	
  interval	
  is	
  considered.	
  Langevin’s	
  372	
  

equation	
  describes	
  the	
  velocity	
  of	
  a	
  particle	
  subject	
  to	
  random	
  disturbing	
  forces	
  and	
  against	
  373	
  

a	
   frictional	
   damping	
   force.	
   The	
   scalar	
   stochastic	
   differential	
   equation	
   for	
   the	
   one-­‐374	
  

dimensional	
  velocity	
  is:	
  375	
  

	
  376	
  

𝑑𝑥 = −𝐺𝑥𝑑𝑡 + 𝛼𝑑𝑊,	
  	
  	
  	
  	
   	
   	
   	
   	
   (18)	
  377	
  

	
  378	
  

where	
  𝐺 > 0	
  represents	
   the	
   viscous	
   constant	
   and	
  𝛼	
  is	
   the	
   intensity	
   of	
   the	
   process	
   noise	
  379	
  

capturing	
  the	
  random	
  perturbations.	
  The	
  state	
  measurement	
  is	
  defined	
  as	
  in	
  Eqn	
  2.	
  Because	
  380	
  



	
   18	
  

𝛼 	
  and	
  Σ 	
  are	
   constant	
   in	
   this	
   example,	
   the	
   variance	
   of	
   the	
   extrapolation	
   error	
   is	
   also	
  381	
  

constant.	
  We	
  call	
  it	
  𝑉!.	
  This	
  variance	
  can	
  be	
  written,	
  after	
  rearranging	
  terms,	
  as	
  follows:	
  382	
  

	
  383	
  

𝑉! =   
!!

!!
+ Σ− !!

!!
𝑒!!!"# .	
  	
   	
   	
   	
   	
   (19)	
  384	
  

	
  385	
  

	
   It	
  can	
  be	
  observed	
  that	
  𝑉! 	
  is	
  equal	
  to	
  Σ	
  when	
  𝛿𝑡 = 0,	
  and	
  it	
  is	
  asymptotically	
  equal	
  to	
  386	
  

𝛼! 2𝐺 	
  as	
  𝛿𝑡 → +∞ .	
   Thus,	
  𝑉! 	
  increases,	
   remains	
   constant	
   or	
   decreases	
   with	
   the	
   delay,	
  387	
  

dependent	
   on	
   whether	
  Σ	
  is	
   smaller	
   than,	
   equal	
   or	
   greater	
   than	
  𝛼! 2𝐺.	
   The	
   fact	
   that	
   the	
  388	
  

extrapolation	
   variance	
   decreases	
   over	
   time	
   when	
  Σ > 𝛼! 2𝐺 	
  is	
   counter-­‐intuitive	
   as	
   it	
  389	
  

suggests	
   that	
   the	
   extrapolation	
   becomes	
  more	
   reliable	
   with	
   longer	
   delays.	
   This	
   is	
   true	
   in	
  390	
  

principle,	
   however	
   the	
   reason	
   why	
   the	
   extrapolation	
   becomes	
   more	
   reliable	
   is	
   simply	
  391	
  

because	
  it	
  tends	
  to	
  0	
  due	
  to	
  the	
  stable	
  dynamics.	
  As	
  a	
  consequence,	
  the	
  true	
  state	
  and	
  the	
  392	
  

estimate	
  converge	
  to	
  0.	
  In	
  any	
  case,	
  even	
  when	
  Σ > 𝛼! 2𝐺,	
   it	
  is	
  always	
  useful	
  to	
  integrate	
  393	
  

measurements	
   of	
   the	
   state	
   in	
   the	
   state	
   estimator	
   because	
  𝑥(𝑡|𝑦)	
  and	
  𝑥(𝑡)	
  are	
   correlated	
  394	
  

(see	
  Eqn.	
  6),	
  and	
  thus	
  the	
  projection	
  of	
  𝑥(𝑡)	
  onto	
  the	
  linear	
  space	
  generated	
  by	
  𝑥(𝑡|𝑦)	
  will	
  395	
  

always	
  decrease	
  the	
  estimation	
  error.	
  	
  396	
  

	
  397	
  

Simulation	
  of	
  Human	
  Movements	
  398	
  

	
   We	
  now	
  present	
  simulations	
  of	
  saccadic	
  eye	
  movements	
  and	
  single	
  joint	
  reaching	
  of	
  399	
  

the	
   upper	
   limb	
  with	
  mechanical	
   perturbations.	
   These	
   examples	
  were	
   chosen	
   because	
   the	
  400	
  

biomechanical	
  plant	
  can	
  be	
  approximated	
  in	
  a	
  linear	
  model,	
  and	
  thus	
  correspond	
  to	
  the	
  class	
  401	
  

of	
   stochastic	
   processes	
   defined	
   in	
   Eqn.	
   1.	
   The	
   extrapolation	
   was	
   based	
   on	
   the	
   two	
   rules	
  402	
  

given	
  in	
  Eqns.	
  16	
  and	
  17.	
  We	
  then	
  varied	
  the	
  delay	
  parameters	
  used	
  in	
  the	
  estimation	
  (𝛿𝑡),	
  403	
  



	
   19	
  

without	
   varying	
   the	
   true	
  delay,	
   in	
   order	
   to	
   investigate	
  numerically	
   the	
   sensitivity	
   of	
   these	
  404	
  

control	
  models	
  to	
  this	
  parameter.	
  405	
  

	
   Eye	
  movements	
  are	
  of	
  particular	
  interest	
  as	
  the	
  visual	
  system	
  is	
  affected	
  by	
  relatively	
  406	
  

long	
  delays,	
  and	
  the	
  eyeball	
  has	
  low	
  inertia.	
  Thus,	
  close-­‐loop	
  control	
  of	
  the	
  oculomotor	
  plant	
  407	
  

is	
   challenging,	
   and	
   likely	
   more	
   sensitive	
   to	
   model	
   errors	
   than	
   other	
   motor	
   systems.	
   The	
  408	
  

simulations	
   shown	
  below	
  use	
  𝛿𝑡 = 100ms	
   for	
   the	
   oculomotor	
   system,	
   and	
  𝛿𝑡 = 50ms	
   for	
  409	
  

the	
  upper	
  limb.	
  For	
  the	
  visual	
  system,	
  this	
  delay	
  is	
  based	
  on	
  the	
  latency	
  of	
  reflexive	
  saccades	
  410	
  

(Munoz	
  &	
  Everling,	
  2004).	
  For	
  the	
  upper	
  limb,	
  the	
  delay	
  of	
  50ms	
  corresponds	
  to	
  long-­‐latency	
  411	
  

feedback	
   supported	
   by	
   a	
   pathway	
   through	
   cortex	
   (Scott,	
   2016).	
   Details	
   about	
   the	
  models	
  412	
  

and	
  parameters	
  can	
  be	
  found	
  in	
  the	
  Methods	
  section.	
  	
  413	
  

	
   We	
  first	
  evaluate	
  the	
  performance	
  of	
  the	
  algorithm	
  derived	
  above	
  by	
  comparing	
  the	
  414	
  

results	
   with	
   those	
   obtained	
   in	
   the	
   extended	
   LQG	
   framework	
   with	
   system	
   augmentation	
  415	
  

(Todorov,	
  2005)	
  in	
  order	
  to	
  quantify	
  how	
  it	
  departs	
  from	
  the	
  augmentation	
  technique	
  (Eqn.	
  416	
  

3).	
   When	
   the	
   prediction	
   is	
   performed	
   with	
   the	
   high-­‐dimensional	
   quadrature	
   rule,	
   which	
  417	
  

corresponds	
  to	
  the	
  dimension	
  of	
  an	
  estimator	
  obtained	
  with	
  state	
  augmentation	
  (Eqn.	
  16),	
  418	
  

the	
  average	
  behaviours	
  of	
  the	
  two	
  control	
  algorithms	
  are	
  almost	
  indistinguishable	
  (Figure	
  2	
  419	
  

a,	
   black	
   and	
  blue	
   traces).	
   The	
  difference	
   can	
  be	
  observed	
   in	
   the	
  peak	
  positional	
   variance,	
  420	
  

where	
  an	
   increase	
  of	
  ~10%	
  can	
  be	
  noticed.	
  The	
  positional	
  variance	
   then	
  recovered	
  similar	
  421	
  

values	
   as	
   in	
   the	
   case	
   of	
   extended	
   LQG	
   near	
   the	
   end	
   of	
   the	
   simulation	
   (Fig.	
   2b).	
  We	
   also	
  422	
  

measured	
  the	
  cost	
  for	
  each	
  trajectory	
  and	
  found	
  an	
  average	
  increase	
  of	
  <10%	
  in	
  comparison	
  423	
  

with	
  the	
  measured	
  and	
  predicted	
  expected	
  costs	
  from	
  extended	
  LQG.	
  This	
  result	
  is	
  expected	
  424	
  

because	
   our	
   controller	
   uses	
   slightly	
   greater	
   control	
   signals,	
   which	
   in	
   turn	
   induces	
   more	
  425	
  

variability	
  across	
  simulations	
  due	
  to	
  signal-­‐dependent	
  noise.	
  	
  426	
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   Comparing	
   the	
   two	
   techniques,	
   the	
   augmentation	
   reduces	
   the	
   system	
   to	
   the	
   non-­‐427	
  

delayed	
   case	
   but	
   in	
   this	
   context,	
   the	
   presence	
   of	
   signal	
   dependent	
   noise	
   requires	
  428	
  

approximate	
   solutions.	
   In	
   contrast	
   the	
   explicit	
   delay	
   compensation	
   provides	
   an	
   exact	
  429	
  

filtering	
   solution	
   to	
   a	
   modified	
   problem	
   and	
   for	
   a	
   given	
   control	
   law.	
   In	
   particular,	
   the	
  430	
  

analyses	
   in	
   Figure	
   2	
   shows	
   that	
   for	
   behaviors	
   considered	
   in	
   this	
   study,	
   the	
   simulation	
  431	
  

obtained	
  for	
  both	
  controllers	
  are	
  very	
  close,	
  and	
  thus	
  the	
  filter	
  developed	
  in	
  Eqns.	
  10-­‐13	
  is	
  432	
  

valid	
  and	
  suitable	
  for	
  studying	
  approximate	
  delay	
  compensation	
  in	
  biological	
  control.	
  433	
  

	
   The	
  impact	
  of	
  the	
  low-­‐dimensional	
  quadrature	
  rule	
  is	
  also	
  shown	
  in	
  Fig.	
  2.	
  The	
  main	
  434	
  

effect	
   is	
   a	
   reduction	
   in	
   the	
   control	
   gain,	
   followed	
   by	
   larger	
   target	
   overshoot	
   for	
   the	
   eye	
  435	
  

trajectory	
  (Fig.	
  2a,	
  red).	
  The	
  consequence	
  is	
  that	
  the	
  traces	
  become	
  less	
  variable	
  across	
  trials	
  436	
  

due	
   to	
   reduced	
   signal	
   dependent	
   noise,	
   whereas	
   the	
   average	
   cost	
   displays	
   a	
   ~3-­‐fold	
  437	
  

increase.	
  We	
   verified	
   that	
   the	
   results	
   were	
   similar	
   for	
   the	
   reaching	
   task	
   (simulations	
   not	
  438	
  

shown).	
  Note	
  that	
  our	
  goal	
  is	
  not	
  to	
  establish	
  a	
  novel	
  control	
  model	
  for	
  which	
  solutions	
  are	
  439	
  

available	
  (Bar-­‐Shalom,	
  Huimin,	
  &	
  Mahendra,	
  2004;	
  Challa	
  et	
  al.,	
  2003;	
  Choi,	
  Choi,	
  &	
  Chung,	
  440	
  

2012;	
   Todorov,	
   2005),	
   but	
   to	
   investigate	
   the	
   impact	
   of	
   extrapolation	
   errors	
   as	
   well	
   as	
   of	
  441	
  

errors	
   in	
   the	
   estimate	
   of	
   the	
   delay.	
   To	
   this	
   aim,	
   we	
   use	
   below	
   the	
   low-­‐dimensional	
  442	
  

quadrature	
   rule	
   (Eqn.	
   17),	
   and	
   modify	
   the	
   delay	
   parameter	
   used	
   by	
   the	
   controller	
   to	
  443	
  

compute	
  the	
  extrapolation.	
  444	
  

	
  445	
  

(Insert	
  Fig	
  2	
  about	
  here)	
  446	
  

	
  447	
  

Figure	
  3a	
  illustrates	
  the	
  impact	
  of	
  an	
  error	
  in	
  the	
  internal	
  estimate	
  of	
  the	
  delay.	
  The	
  448	
  

different	
  traces	
  were	
  averaged	
  across	
  50	
  simulation	
  runs	
  with	
  an	
  estimate	
  of	
  the	
  delay	
  (𝛿𝑡)	
  449	
  

that	
  was	
  -­‐30%	
  or	
  +50%	
  of	
  the	
  true	
  delay	
  chosen	
  for	
  illustration	
  (left	
  and	
  right,	
  respectively).	
  450	
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Simulations	
  are	
  shown	
  with	
  the	
  closed	
  loop	
  controller	
  using	
  sensory	
  predictions	
  only	
  (gray,	
  451	
  

𝑥! = 𝑥(𝑡|𝑦)),	
  and	
  sensory	
  predictions	
  with	
  filtering	
  (black,	
  𝑥!	
  from	
  Eqn.	
  12)	
  to	
  highlight	
  how	
  452	
  

filtering	
   reduces	
   the	
   impact	
   of	
   prediction	
   errors.	
   It	
   is	
   noticeable	
   that	
   varying	
   this	
   single	
  453	
  

parameter	
   generates	
   different	
   behaviours	
   dependent	
   on	
   whether	
   the	
   delay	
   is	
   over-­‐	
   or	
  454	
  

under-­‐estimated.	
  In	
  the	
  case	
  of	
  under	
  estimation	
  (left),	
  the	
  estimated	
  trajectory	
  is	
  ahead	
  of	
  455	
  

the	
  true	
  trajectory,	
  leading	
  to	
  overshoots	
  and	
  oscillations	
  in	
  the	
  eye	
  angle.	
  In	
  contrast,	
  when	
  456	
  

the	
  delay	
  is	
  over	
  estimated,	
  the	
  controller	
  generates	
  trajectories	
  that	
  fall	
  short	
  of	
  the	
  target,	
  457	
  

and	
   gradually	
   catch	
   up	
   over	
   time.	
   Qualitatively,	
   the	
   simulation	
   of	
   a	
   pursuit	
   movement	
  458	
  

displays	
   similar	
   properties,	
   although	
   the	
   impact	
   of	
   errors	
   is	
   not	
   as	
   important	
   as	
   during	
  459	
  

saccades	
  because	
  the	
  pursuit	
  task	
  uses	
  lower	
  control	
  gains	
  than	
  saccadic	
  movements.	
  	
  460	
  

	
  461	
  

(Insert	
  Fig.	
  3	
  about	
  here)	
  462	
  

	
  463	
  

	
   To	
   quantify	
   the	
   oscillatory	
   behaviour	
   in	
   the	
   simulations,	
   we	
   extracted	
   the	
   ratio	
  464	
  

between	
   the	
   first	
   and	
   second	
   peak	
   velocity	
   based	
   on	
   the	
   fact	
   that	
   the	
   eye	
   plant	
   was	
   a	
  465	
  

second	
  order	
  model	
  (Fig.	
  3b).	
  It	
  can	
  be	
  observed	
  that	
  the	
  filtering	
  limits	
  the	
  amplitude	
  of	
  the	
  466	
  

oscillations,	
  which	
  reproduces	
  the	
  results	
  previously	
  established	
  by	
  Mondié	
  and	
  Michiels	
  in	
  467	
  

the	
  context	
  of	
  stochastic	
  control	
   (Mondié	
  &	
  Michiels,	
  2003).	
   In	
   this	
   reference,	
   the	
  authors	
  468	
  

showed	
   that	
   filtering	
   mitigates	
   the	
   impact	
   of	
   prediction	
   errors	
   induced	
   by	
   a	
   quadrature.	
  469	
  

Here	
  we	
  directly	
  apply	
   this	
   result	
   to	
   stochastic	
  processes,	
  and	
  show	
  that	
  prediction	
  errors	
  470	
  

induced	
  by	
  an	
  approximated	
  extrapolation	
  can	
  also	
  be	
  stabilized.	
  In	
  principle	
  it	
  is	
  clear	
  that	
  471	
  

filtering	
  can	
  only	
   improve	
   the	
  controller,	
   thus	
   the	
   important	
  and	
  novel	
  observation	
   is	
   that	
  472	
  

closed	
   loop	
  control	
  can	
  be	
  stabilized	
   for	
  a	
   relatively	
  broad	
  range	
  of	
  delay	
  errors	
   in	
  human	
  473	
  

inspired	
  models	
  of	
  eye	
  and	
  arm	
  movements	
  .	
  474	
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We	
   also	
   observed	
   that	
   the	
  main	
   frequency	
   of	
   the	
   oscillations	
  was	
   lower	
  when	
   the	
  475	
  

filter	
  was	
  applied,	
  and	
  the	
  difference	
  was	
  consistent	
  across	
  over	
  or	
  under	
  estimation	
  of	
  the	
  476	
  

delay	
  (average	
  reduction	
  oscillation	
  frequency	
  of	
  25%).	
  It	
  is	
  also	
  noticeable	
  that	
  it	
  is	
  possible	
  477	
  

to	
  minimize	
  the	
  amplitude	
  of	
  the	
  oscillations	
  by	
  using	
  an	
  approximation	
  of	
  the	
  delay	
  (black	
  478	
  

arrow,	
   Fig.	
   3b),	
   thus	
   the	
   delay	
   estimate	
   and	
   the	
   low-­‐dimensional	
   approximation	
   can	
   be	
  479	
  

tuned	
  together	
  to	
  achieve	
  efficient	
  closed-­‐loop	
  control.	
  Together	
  these	
  results	
  highlight	
  that	
  480	
  

applying	
   the	
   filter	
  on	
  approximate	
  predictions	
   improves	
   the	
  stability	
  margin	
  of	
   the	
  closed-­‐481	
  

loop	
  controller.	
  	
  482	
  

In	
  theory,	
  Eqn.	
  19	
  captures	
  analytically	
  (in	
  the	
  simplest	
  case)	
  the	
   interplay	
  between	
  483	
  

the	
  noise	
  properties	
  of	
  the	
  process	
  and	
  the	
  delay	
  for	
  estimating	
  its	
  state.	
  In	
  the	
  simulation	
  484	
  

presented,	
  we	
  concentrated	
  on	
  predictions	
  errors	
  induced	
  by	
  the	
  delay	
  while	
  assuming	
  that	
  485	
  

the	
  noise	
  parameters	
  were	
  fixed.	
  Interestingly	
  the	
  noise	
  properties	
  have	
  different	
  effects	
  on	
  486	
  

the	
  simulations.	
  To	
  observe	
  this	
  we	
  scaled	
  the	
  motor	
  and	
  sensory	
  noise	
  matrices	
  by	
  a	
  factor	
  487	
  

of	
  0.5	
  and	
  2	
  for	
  the	
  saccade	
  task,	
  with	
  a	
  delay	
  error	
  of	
  𝛿𝑡/𝛿𝑡 = 0.6.	
  In	
  this	
  range,	
  changes	
  in	
  488	
  

motor	
   noise	
   impacted	
   the	
   variability	
   of	
   trajectories	
   and	
   estimates	
   without	
   impacting	
   the	
  489	
  

closed	
   loop	
   dynamics	
   substantially.	
   In	
   contrast,	
   increasing	
   the	
   sensory	
   noise	
   reduced	
   the	
  490	
  

gain	
   of	
   the	
   prediction	
   error	
   in	
   the	
   Kalman	
   filter,	
   which	
   tended	
   to	
   reduce	
   the	
   oscillations	
  491	
  

induced	
  by	
  the	
  prediction	
  error	
  (simulations	
  not	
  shown).	
  A	
  theoretical	
  account	
  of	
  the	
  impact	
  492	
  

of	
   errors	
   in	
   the	
   noise	
   covariance	
   matrices	
   on	
   state	
   estimation	
   can	
   be	
   found	
   elsewhere	
  493	
  

(Heffes,	
  1966;	
  Nishimura,	
  1966).	
  	
  494	
  

Simulations	
  of	
  upper	
  limb	
  control	
  are	
  shown	
  in	
  Fig.	
  4,	
  and	
  emphasize	
  similar	
  results.	
  495	
  

Because	
   the	
   delay	
   is	
   shorter	
   and	
   the	
   limb	
   has	
   higher	
   inertia,	
   the	
   impact	
   of	
   using	
   a	
   low-­‐496	
  

dimensional	
   quadrature	
   rule	
  was	
   hardly	
   visible	
   (Eqn.	
   16).	
   Figure	
   4	
   illustrates	
   the	
   effect	
   of	
  497	
  

filtering	
  by	
  comparing	
  trajectories	
  with	
  or	
  without	
   filtering	
   for	
  20deg	
  reaching	
  movements	
  498	
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with	
   a	
   perturbation	
   pulse	
   applied	
   during	
  movement	
   (-­‐1Nm	
   applied	
   for	
   100ms,	
   the	
   onset	
  499	
  

time	
   is	
   represented	
   with	
   the	
   black	
   arrow).	
   The	
   simulations	
   were	
   generated	
   with	
   varying	
  500	
  

levels	
  of	
  delay	
  error.	
  When	
  the	
  delay	
  is	
  over	
  estimated	
  (𝛿𝑡 > 𝛿𝑡),	
  the	
  extrapolation	
  is	
  larger	
  501	
  

than	
   the	
   true	
   state,	
   and	
   the	
   overestimation	
   in	
   turn	
   reduces	
   the	
   control	
   gain.	
   This	
   effect	
  502	
  

results	
  in	
  shallower	
  movements	
  with	
  slow	
  corrections	
  that	
  do	
  not	
  oscillate	
  until	
  large	
  errors	
  503	
  

are	
  considered	
   (simulations	
  not	
  shown).	
  Thus,	
   the	
  analysis	
   in	
  Fig.	
  4	
  concentrated	
  on	
  delay	
  504	
  

underestimation,	
  which	
  has	
  more	
  impact	
  on	
  control.	
  	
  505	
  

In	
  this	
  situation,	
  when	
  the	
  true	
  delay	
  is	
  underestimated	
  (𝛿𝑡 < 𝛿𝑡),	
  the	
  system	
  starts	
  506	
  

oscillating	
   because	
   the	
   extrapolated	
   state	
   is	
   behind	
   the	
   true	
   state,	
   and	
   the	
   controller	
  507	
  

erroneously	
  increases	
  the	
  control	
  gain.	
  An	
  example	
  is	
  given	
  in	
  Fig.	
  4a	
  for	
  a	
  value	
  of	
  the	
  delay	
  508	
  

estimate	
   chosen	
   such	
   that	
   the	
   control	
   based	
   on	
   the	
   predicted	
   state	
   only	
   is	
   unstable,	
  509	
  

whereas	
   the	
   filtered	
   prediction	
   with	
   the	
   same	
   delay	
   error	
   is	
   still	
   stable	
   due	
   to	
   a	
   larger	
  510	
  

stability	
   margin.	
   The	
   amplitude	
   of	
   the	
   oscillations	
   with	
   or	
   without	
   filtering	
   for	
   delay	
  511	
  

underestimation	
  is	
  shown	
  in	
  Fig.	
  4b.	
  	
  512	
  

	
  513	
  

(Insert	
  Fig.	
  4	
  about	
  here)	
  514	
  

	
  515	
  

To	
   investigate	
   the	
  model	
   properties	
   in	
  more	
   detail,	
   we	
   sought	
   to	
   characterize	
   the	
  516	
  

oscillations	
   across	
   a	
   range	
  of	
   loading	
   conditions.	
   This	
   simulation	
  was	
   clearly	
  motivated	
  by	
  517	
  

the	
   variety	
   of	
   tremor	
   types	
   across	
   clinical	
   conditions	
   (physiologic,	
   essential,	
   etc.),	
   and	
  we	
  518	
  

were	
   interested	
   to	
   see	
   if	
   the	
   model	
   could	
   provide	
   insight	
   into	
   the	
   origin	
   of	
   any	
   kind	
   of	
  519	
  

tremor.	
  We	
  simulated	
  a	
  posture	
  task	
  in	
  which	
  the	
  controller	
  had	
  to	
  maintain	
  the	
  limb	
  at	
  the	
  520	
  

origin	
  angle	
  (𝜃 = 0),	
  and	
  applied	
  a	
  small	
  pulse	
  at	
  the	
  beginning	
  of	
  the	
  simulation	
  (Fig.	
  5a).	
  521	
  

We	
  focused	
  again	
  on	
  delay	
  underestimation	
  as	
   it	
  evoked	
  clearer	
  oscillations	
  and	
  had	
  more	
  522	
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impact	
  on	
  control,	
  but	
   in	
  biological	
  control	
   it	
   is	
   clear	
   that	
  both	
  over	
  and	
  under	
  estimation	
  523	
  

may	
  occur.	
   These	
   simulations	
  were	
   computed	
  with	
   a	
   relative	
  delay	
  error	
  of	
   20%,	
   in	
   three	
  524	
  

distinct	
  conditions	
  of	
  limb	
  inertia	
  (𝐼   =   0.1	
  Kgm2,	
  and	
  ±20%).	
  For	
  a	
  limb	
  of	
  2.5Kg	
  such	
  as	
  the	
  525	
  

wrist	
   and	
   hand,	
   a	
   change	
   of	
   20%	
   corresponds	
   to	
   a	
   loading	
   of	
   500g,	
   as	
   used	
   in	
   previous	
  526	
  

reports	
  on	
  tremor	
  (Elble,	
  1986).	
  Interestingly,	
  we	
  found	
  that	
  the	
  peak	
  in	
  the	
  power	
  spectral	
  527	
  

density	
  was	
   relatively	
   invariant	
   (<1Hz	
   difference)	
   across	
   the	
   three	
   loading	
   conditions	
   (Fig.	
  528	
  

5b).	
  The	
  peaks	
  occurred	
  also	
  at	
  the	
  same	
  frequency	
  when	
  we	
  varied	
  the	
  delay	
  error	
  (Fig.	
  5c).	
  529	
  

This	
  is	
  due	
  to	
  the	
  fact	
  that	
  the	
  system	
  remains	
  a	
  delayed	
  system	
  with	
  a	
  term	
  corresponding	
  530	
  

to	
  the	
  true	
  delay	
  for	
  any	
  (including	
  arbitrarily	
  small)	
  delay	
  error	
  (Michiels	
  &	
  Niculescu,	
  2007).	
  531	
  

Qualitative	
  similarities	
  with	
  essential	
  tremor	
  are	
  discussed	
  below.	
  	
  532	
  

Importantly,	
   we	
   found	
   that	
   for	
   all	
   simulated	
   tasks,	
   the	
   compensation	
   for	
  533	
  

sensorimotor	
  delays	
  was	
  necessary.	
  Indeed,	
  using	
  𝛿𝑡 = 0	
  corresponds	
  to	
  a	
  situation	
  in	
  which	
  534	
  

the	
   sensory	
   feedback	
   (Fig.	
   1,	
  𝑦(𝑡))	
   is	
   directly	
   compared	
   to	
   the	
   one	
   step-­‐prediction	
   of	
   the	
  535	
  

next	
  state	
  (𝑥!(𝑡 + 𝑑𝑡))	
  without	
  any	
  delay	
  compensation	
  (red	
  box	
  in	
  Fig.	
  1).	
   In	
  this	
  case,	
  all	
  536	
  

simulations	
   displayed	
   unstable	
   oscillations	
   that	
   increased	
   in	
   amplitude	
   over	
   time	
   and	
  537	
  

eventually	
   diverged	
   towards	
   infinity.	
   This	
   was	
   even	
   observed	
   for	
   simulations	
   of	
   reaching	
  538	
  

movements,	
  despite	
  the	
  fact	
  that	
  the	
  upper	
   limb	
   is	
   less	
  prone	
  to	
   instability	
  due	
  to	
  shorter	
  539	
  

delays	
  and	
  higher	
  inertia.	
  These	
  results	
  suggest	
  that	
  it	
  is	
  necessary	
  to	
  compensate	
  for	
  delays	
  540	
  

when	
  combining	
  priors	
  and	
  feedback.	
  Alternative	
  control	
  models	
  are	
  thus	
  constrained	
  by	
  the	
  541	
  

fact	
  that	
  combining	
  priors	
  and	
  feedback	
  without	
  delay	
  compensation	
  may	
  lead	
  to	
  unstable	
  542	
  

closed	
   loop	
  control.	
  Previous	
  work	
   shows	
   that	
   it	
   is	
  possible	
   to	
  use	
  delayed	
  state-­‐feedback	
  543	
  

control	
  to	
  model	
  human	
  motor	
  corrections	
  (Crevecoeur	
  &	
  Scott,	
  2014).	
  However,	
  since	
  there	
  544	
  

is	
   evidence	
   of	
   continuous	
   state	
   feedback	
   control	
   and	
   of	
   the	
   existence	
   of	
   internal	
   priors	
  545	
  

supporting	
  motor	
  responses	
  (Crevecoeur	
  &	
  Scott,	
  2013;	
  Crevecoeur	
  &	
  Kurtzer,	
  2018),	
  these	
  546	
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control	
  models	
  are	
  not	
  suitable	
  to	
  describe	
  the	
  neural	
  mechanisms	
  underlying	
  long-­‐latency	
  547	
  

responses	
  to	
  mechanical	
  perturbations.	
  	
  548	
  

Finally,	
  we	
  observed	
  that	
  the	
  approach	
  presented	
  above	
  could	
  provide	
  a	
  heuristic	
  for	
  549	
  

combining	
   asynchronous	
   and	
   delayed	
  measurements	
   of	
   the	
   process,	
   such	
   as	
  when	
   vision	
  550	
  

and	
   proprioception	
   must	
   be	
   combined	
   (Crevecoeur	
   et	
   al.,	
   2016).	
   This	
   problem	
   can	
   in	
  551	
  

principle	
   be	
   solved	
   based	
   on	
   system	
   augmentation	
   (Challa	
   et	
   al.,	
   2003),	
   which	
   allows	
  552	
  

updating	
   the	
   posterior	
   distribution	
   of	
   the	
   present	
   and	
   previous	
   states	
   when	
   a	
   novel	
   but	
  553	
  

delayed	
   measurement	
   becomes	
   available.	
   Here	
   we	
   sought	
   to	
   test	
   whether	
   independent	
  554	
  

extrapolations	
  of	
  two	
  measurements	
  could	
  be	
  combined	
  with	
  the	
  filter	
  defined	
  above.	
  Such	
  555	
  

independent	
   extrapolation	
   is	
   sub-­‐optimal	
   in	
   theory	
   because	
   it	
   does	
   not	
   correct	
  556	
  

simultaneously	
  the	
  present	
  and	
  previous	
  estimates.	
  However	
  it	
  is	
  relevant	
  in	
  the	
  context	
  of	
  557	
  

sensorimotor	
   control	
   because	
   it	
   remains	
   unclear	
   when	
   or	
   how	
   sensory	
   information	
   from	
  558	
  

distinct	
  modalities	
  are	
   combined	
   in	
   the	
  neural	
   feedback	
  controller	
   (Oostwoud	
  Wijdenes	
  &	
  559	
  

Medendorp,	
   2017).	
   Thus,	
   it	
   is	
   interesting	
   to	
   ask	
  whether	
   suboptimal	
   delay	
   compensation	
  560	
  

may	
  approach	
  the	
  optimal	
  solution.	
  	
  561	
  

More	
  precisely,	
  we	
  consider	
  that	
  the	
  measurement	
  vector	
  is:	
  562	
  

𝑦 𝑡 = 𝑥(𝑡 − 𝛿𝑡!)
𝑥(𝑡 − 𝛿𝑡!)

+ 𝜎!(𝑡)
𝜎!(𝑡)

,	
   	
   	
   	
   	
   	
   	
   (20)	
  563	
  

which,	
   after	
   extrapolation	
  of	
   each	
  measurement	
   and	
   considering	
   Eqns.	
   7	
   and	
  8,	
   gives	
   the	
  564	
  

following	
  measurement	
  signal	
  (𝐼!	
  is	
  the	
  identity	
  matrix	
  of	
  size	
  𝑛):	
  	
  565	
  

𝑥 𝑡 𝑦!,𝑦! = 𝐼!
𝐼!

𝑥 𝑡 + 𝑒! 𝑡
𝑒! 𝑡

,	
   	
   	
   	
   	
   	
   (21)	
  566	
  

with	
  𝑒! 	
  and	
  𝑒! 	
  corresponding	
   to	
   each	
   measurement,	
   and	
   the	
   filtering	
   can	
   be	
   performed	
  567	
  

following	
   standard	
   procedures.	
   It	
   should	
   be	
   emphasized	
   that	
   the	
   noise	
   terms	
   are	
   not	
  568	
  

independent,	
  because	
  assuming	
  that	
  𝛿𝑡! > 𝛿𝑡!,	
  the	
  two	
  extrapolations	
  are	
  performed	
  over	
  569	
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a	
   common	
   interval	
   from	
  𝑡 − 𝛿𝑡! 	
  to	
  𝑡,	
   during	
   which	
   the	
   same	
   process	
   noises	
   affect	
   the	
  570	
  

dynamics.	
  Using	
  Eqn.	
  8,	
  we	
  have:	
  571	
  

𝐸[ 𝑒!, 𝑒!]! 𝑒!, 𝑒! =    𝑀!Σ!𝑀!
! + 𝐼(𝑡 − 𝛿𝑡!, 𝑡) 𝐼(𝑡 − 𝛿𝑡!, 𝑡)

𝐼(𝑡 − 𝛿𝑡!, 𝑡) 𝑀!Σ!𝑀!
! + 𝐼(𝑡 − 𝛿𝑡!, 𝑡)

,	
   (22)	
  572	
  

where	
  𝑀! ∶=𝑀(𝛿𝑡!),	
  and:	
  573	
  

𝐼 𝑢, 𝑣 ∶= 𝑀(𝑡 − 𝑠)𝛼(𝑠)𝛼(𝑠)!𝑀(𝑡 − 𝑠)!𝑑𝑠!
! .	
   	
   	
   	
   	
   (23)	
  574	
  

	
   Using	
   the	
  measurement	
   signal	
   from	
  Eqn.	
  21	
   captures	
   the	
   fact	
   that	
   the	
   latency	
  and	
  575	
  

gain	
  of	
   feedback	
   responses	
   to	
  perturbations	
  are	
   similar	
  with	
  or	
  without	
   the	
  most	
  delayed	
  576	
  

measurement,	
  whereas	
  the	
  positional	
  variance	
  across	
  simulations	
  is	
  reduced	
  in	
  the	
  case	
  of	
  577	
  

combined	
  measurements.	
  Such	
  behaviour	
  was	
  observed	
  when	
  participants	
  were	
  instructed	
  578	
  

to	
   track	
   visually	
   the	
   motion	
   of	
   their	
   hand	
   while	
   their	
   arm	
   was	
   mechanically	
   perturbed	
  579	
  

(Crevecoeur	
   et	
   al.,	
   2016).	
   This	
   latter	
   study	
   reported	
   similar	
   response	
   latency	
   but	
   reduced	
  580	
  

estimation	
   variance,	
   which	
   cannot	
   be	
   captured	
   if	
   the	
   different	
   sensor	
   signals	
   are	
   linearly	
  581	
  

combined	
  without	
   taking	
   their	
   respective	
  delays	
   into	
  account.	
  However,	
  we	
  observed	
   that	
  582	
  

this	
   independent	
  extrapolation	
  process	
  was	
  numerically	
   fragile	
  and,	
  with	
  a	
   low	
  quadrature	
  583	
  

rule	
   and	
   the	
   parameters	
   considered,	
   occasionally	
   yielded	
   unstable	
   trajectories.	
   The	
  584	
  

conditions	
  under	
  which	
  approximate	
  predictions	
  in	
  the	
  form	
  of	
  Eqn.	
  17	
  can	
  stabilise	
  control	
  585	
  

with	
  multiple	
  measurements	
  delays	
  should	
  provide	
  informative	
  constraints	
  on	
  the	
  accuracy	
  586	
  

of	
  neural	
  representations	
  associated	
  with	
  eye-­‐hand	
  coordination.	
  	
  	
  587	
  

	
   To	
  summarize,	
  we	
  have	
  shown	
  that	
  combining	
  prediction	
  with	
  optimal	
   filtering	
  can	
  588	
  

capture	
  closed-­‐loop	
  control	
  of	
  human-­‐inspired	
  models	
  of	
  eye	
  and	
  upper-­‐limb	
  movements.	
  In	
  589	
  

this	
   context,	
  we	
   have	
   highlighted	
   that	
   sensory	
   prediction	
   errors	
   arising	
  when	
   the	
   process	
  590	
  

integral	
   is	
   approximated	
   over	
   the	
   delay	
   interval,	
   or	
  when	
   the	
   delay	
   is	
   not	
   known	
   exactly,	
  591	
  

generated	
  movement	
  over	
  or	
  undershoots	
  that	
  can	
  be	
  partially	
  mitigated	
  by	
  the	
  application	
  592	
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of	
   a	
   filter	
   that	
   considers	
   the	
   noise	
   properties	
   of	
   the	
   extrapolation	
   and	
   of	
   the	
   process	
  593	
  

dynamics.	
  Thus,	
  combining	
  priors	
  with	
  predictions	
  about	
  movement	
  outcome	
  improves	
  the	
  594	
  

stability	
  margin	
  of	
  the	
  closed-­‐loop	
  controller.	
  595	
  

	
  596	
  

	
   	
  597	
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Discussion	
  598	
  

	
   We	
  have	
   studied	
   the	
   interplay	
   between	
   sensory	
   prediction	
   and	
   state	
   estimation	
   in	
  599	
  

human-­‐inspired	
   models	
   of	
   the	
   eye	
   and	
   upper-­‐limb	
   movements.	
   The	
   presence	
   of	
  600	
  

sensorimotor	
   delays	
   motivated	
   the	
   hypothesis	
   that	
   the	
   nervous	
   system	
   uses	
   predictions	
  601	
  

(Miall	
  et	
  al.,	
  1993),	
  often	
  expressed	
  as	
  feed-­‐forward	
  control	
  (Kawato,	
  1999).	
  However,	
  even	
  602	
  

with	
  predicted	
   feedback	
   in	
   the	
   case	
  of	
   the	
  Smith	
  predictor,	
  or	
  with	
  predicted	
   state	
   in	
   the	
  603	
  

case	
  of	
  FSA,	
  the	
  system	
  remains	
  a	
  closed-­‐loop	
  system,	
  and	
  delays	
  remain	
  problematic	
  when	
  604	
  

the	
  prediction	
  is	
  not	
  perfect.	
  The	
  delay	
  compensation	
  involves	
  two	
  filtering	
  operations.	
  The	
  605	
  

first	
   operation	
   is	
   the	
   weighting	
   of	
   one-­‐step	
   predictions	
   with	
   the	
   extrapolated	
   state	
  606	
  

measurement,	
   which	
   takes	
   the	
   form	
   of	
   a	
   standard	
   Kalman	
   filter	
   (Eqn.	
   12).	
   The	
   second	
  607	
  

filtering	
  operation	
  is	
  the	
  computation	
  of	
  the	
  extrapolated	
  state	
  measurement	
  𝑥(𝑡|𝑦),	
  which	
  608	
  

in	
  theory	
  requires	
  integrating	
  the	
  system	
  dynamics	
  over	
  the	
  delay	
  interval	
  (Eqn.	
  5),	
  but	
  can	
  609	
  

be	
   approximated	
   with	
   a	
   moving	
   average	
   of	
   the	
   control	
   function	
   as	
   in	
   Eqn.	
   17,	
   or	
   other	
  610	
  

classes	
   of	
   filters.	
   We	
   have	
   illustrated	
   based	
   on	
   simulations	
   that	
   an	
   approximate	
  611	
  

extrapolation	
   can	
   still	
   generate	
  movements	
   compatible	
   with	
   human	
  movements,	
   and	
   we	
  612	
  

have	
  highlighted	
  how	
  the	
  Kalman	
  filter	
  reduces	
  the	
  impact	
  of	
  prediction	
  errors	
  by	
  improving	
  613	
  

the	
   stability	
   margin.	
   Thus,	
   in	
   addition	
   to	
   reducing	
   uncertainty	
   for	
   perception,	
   optimal	
  614	
  

estimation	
  also	
  critically	
  improves	
  the	
  stability	
  margin	
  of	
  predictive	
  neural	
  control.	
  	
  615	
  

	
   Our	
   approach	
   was	
   mainly	
   motivated	
   by	
   evidence	
   that	
   the	
   nervous	
   system	
  616	
  

extrapolates	
  sensory	
  signals	
  to	
  adjust	
  motor	
  commands	
  to	
  the	
  expected	
  instantaneous	
  state	
  617	
  

of	
   the	
   body	
   or	
   environment.	
   Evidence	
   for	
   internal	
   predictions	
   during	
   visual	
   tracking	
   is	
  618	
  

widespread.	
   Indeed,	
   previous	
   studies	
   showed	
   that	
   both	
   sensory	
   and	
   extra-­‐retinal	
  619	
  

information	
  about	
  the	
  eye	
  and	
  target	
  trajectories	
  are	
  used	
  during	
  online	
  tracking	
  (Bennett,	
  620	
  

de	
   Xivry,	
   Barnes,	
   &	
   Lefevre,	
   2007;	
   Blohm,	
   Missal,	
   &	
   Lefevre,	
   2005;	
   de	
   Brouwer,	
   Yuksel,	
  621	
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Blohm,	
   Missal,	
   &	
   Lefevre,	
   2002),	
   or	
   when	
   anticipating	
   future	
   events	
   such	
   as	
   trajectories	
  622	
  

following	
  collisions	
   (Badler,	
  Lefevre,	
  &	
  Missal,	
  2010).	
  This	
  hypothesis	
  also	
  accounts	
   for	
   the	
  623	
  

perceptual	
   loss	
   that	
   occurs	
   around	
   the	
   time	
   of	
   saccades,	
   suggesting	
   that	
   sensory	
  624	
  

extrapolation	
  is	
  an	
  important	
  component	
  of	
  visual	
  processing	
  (Crevecoeur	
  &	
  Kording,	
  2017).	
  625	
  

Regarding	
  upper-­‐limb	
  motor	
  control,	
  the	
  same	
  hypothesis	
  accounted	
  for	
  the	
  use	
  of	
  priors	
  in	
  626	
  

motor	
   responses	
   to	
   perturbations	
   of	
   distinct	
   profiles	
   (Crevecoeur	
   &	
   Scott,	
   2013).	
   In	
   this	
  627	
  

reference,	
   long-­‐latency	
   responses	
   (~50ms	
   in	
   the	
   upper	
   limb)	
   depended	
   on	
   the	
   expected	
  628	
  

profile,	
   which	
   is	
   compatible	
   with	
   an	
   extrapolation	
   of	
   the	
   sensed	
   perturbation-­‐related	
  629	
  

motion.	
  Thus,	
  we	
   included	
  the	
  extrapolation	
  of	
  sensory	
   information	
  explicitly	
   in	
  the	
  model	
  630	
  

to	
  account	
  for	
  this	
  function	
  of	
  the	
  nervous	
  system	
  (Eqn.	
  5).	
  631	
  

	
   A	
   clear	
   limitation	
   of	
   our	
   developments	
   is	
   that	
   we	
   focused	
   on	
   linear	
   systems.	
   Of	
  632	
  

course,	
  the	
  neuro-­‐musculoskeletal	
  system	
  is	
  non-­‐linear.	
  Mathematical	
  challenges	
  aside,	
  the	
  633	
  

algorithm	
   proposed	
   above	
   is	
   in	
   principle	
   also	
   applicable	
   to	
   nonlinear	
   models	
   of	
   the	
  634	
  

sensorimotor	
  system.	
  An	
  interesting	
  question	
  for	
  future	
  studies	
  is	
  to	
  investigate	
  whether	
  or	
  635	
  

how	
   much	
   filtering	
   tolerates	
   prediction	
   errors	
   that	
   arise	
   when	
   one	
   ignores	
   the	
   non-­‐636	
  

linearities	
  of	
  the	
  biomechanical	
  plant.	
  637	
  

	
   In	
  spite	
  of	
  its	
  simplicity,	
  a	
  compelling	
  aspect	
  of	
  the	
  model	
  is	
  that	
  it	
  captured	
  a	
  broad	
  638	
  

spectrum	
  of	
  motor	
  disorders	
  by	
  varying	
  a	
  single	
  parameter.	
  Indeed,	
  assuming	
  that	
  the	
  delay	
  639	
  

compensation	
   mechanisms	
   are	
   similar	
   for	
   eye	
   and	
   limb	
   movements,	
   then	
   movement	
  640	
  

dysmetria,	
   including	
  hyper-­‐	
  and	
  hypometria,	
  nystagmus,	
  oscillations,	
  and	
   limb	
   tremor,	
   can	
  641	
  

be	
  explained	
  by	
  assuming	
  that	
  the	
  estimated	
  delay	
  is	
  not	
  equal	
  to	
  the	
  true	
  delay.	
  In	
  practice,	
  642	
  

such	
   error	
   simply	
   comes	
   down	
   to	
   an	
   inaccurate	
   calibration	
   of	
   the	
   averaging	
   or	
   filtering	
  643	
  

operation	
  that	
  extrapolates	
  the	
  sensory	
  feedback	
  (Fig.	
  1,	
  red	
  box).	
  	
  	
  644	
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   Regarding	
   the	
   neural	
   basis	
   of	
   the	
   delay	
   compensation,	
   cerebellum	
   has	
   often	
   been	
  645	
  

associated	
  with	
  motor	
  predictions	
  and	
  state	
  estimation	
  (Bastian,	
  2011;	
  Kawato,	
  1999;	
  Miall,	
  646	
  

Christensen,	
   Cain,	
   &	
   Stanley,	
   2007;	
   Miall	
   et	
   al.,	
   1993;	
   Wolpert,	
   Miall,	
   &	
   Kawato).	
   What	
  647	
  

reminds	
   one	
   of	
   cerebellum	
   again	
   in	
   the	
   context	
   of	
   this	
   paper	
   is	
   that,	
   qualitatively,	
   the	
  648	
  

dysmetria	
  obtained	
  by	
  varying	
  the	
   internal	
  estimate	
  of	
  the	
  delay	
  has	
  been	
  associated	
  with	
  649	
  

cerebellar	
   ataxia	
   in	
   clinical	
   populations,	
   or	
   following	
   inactivation	
   through	
   cooling	
  650	
  

experiments	
   performed	
   with	
   non-­‐human	
   primates	
   (NHPs)	
   (Bodranghien	
   et	
   al.,	
   2016;	
   J.	
  651	
  

Diedrichsen	
   &	
   Bastian,	
   2014;	
   Mackay	
   &	
   Murphy,	
   1979).	
   Regarding	
   the	
   control	
   of	
   eye	
  652	
  

movements,	
   saccadic	
   dysmetria	
   as	
   well	
   as	
   nystagmus	
   were	
   reported	
   in	
   cerebellar	
   ataxia	
  653	
  

(Gomez	
  et	
  al.,	
  1997;	
  Leech,	
  Gresty,	
  Hess,	
  &	
  Rudge,	
  1977;	
  Zee,	
  Yee,	
  Cogan,	
  Robinson,	
  &	
  Engel,	
  654	
  

1976).	
   This	
   is	
   consistent	
   with	
   the	
   idea	
   that	
   a	
   wrong	
   estimate	
   of	
   the	
   delay	
   in	
   cerebellum	
  655	
  

alters	
   saccade	
   amplitudes	
   through	
   its	
   involvement	
   in	
   the	
   online	
   control	
   of	
   saccades	
  656	
  

(Kheradmand	
  &	
  Zee,	
  2011),	
  which	
  in	
  turn	
  generates	
  movement	
  errors	
  and	
  oscillations.	
  	
  657	
  

	
   Turning	
   to	
   the	
  control	
  of	
   the	
  upper	
   limb	
  movements,	
  oscillations	
  were	
  observed	
   in	
  658	
  

cerebellar	
   patients	
   following	
   reaching	
  movements	
   (Diener,	
   Hore,	
   Ivry,	
   &	
   Dichgans,	
   1993),	
  659	
  

similar	
  to	
  those	
  reproduced	
  in	
  Fig.	
  4.	
  Qualitatively,	
  similar	
  oscillations	
  were	
  documented	
  in	
  660	
  

NHPs	
   following	
   inactivation	
   of	
   cerebellum	
   (Flament,	
   Vilis,	
   &	
  Hore,	
   1984;	
   Hore	
  &	
   Flament,	
  661	
  

1988;	
   Hore	
   &	
   Vilis,	
   1984).	
   As	
   well,	
   a	
   range	
   of	
   deficits	
   including	
   hyper-­‐	
   and	
   hypometria	
  662	
  

characterized	
  goal-­‐directed	
   reaching	
   in	
   cerebellar	
  patients	
   (Bhanpuri,	
  Okamura,	
  &	
  Bastian,	
  663	
  

2014),	
  a	
  deficit	
  that	
  could	
  be	
  reproduced	
  here	
  by	
  varying	
  the	
  estimated	
  delay.	
  	
  664	
  

Of	
  course,	
  other	
  parameters	
  may	
  generate	
  undershoots	
  or	
  oscillations	
  in	
  movements	
  665	
  

such	
  as	
  errors	
  in	
  the	
  parameters	
  of	
  the	
  internal	
  models	
  (eye	
  or	
  limb	
  inertia,	
  viscous	
  forces,	
  666	
  

etc.),	
   and	
   it	
   is	
   difficult	
   to	
   derive	
   predictions	
   that	
   are	
   specific	
   to	
   the	
   compensation	
   of	
  667	
  

sensorimotor	
  delays,	
  and	
  not	
  to	
  other	
  sources	
  of	
  errors.	
  We	
  focused	
  here	
  on	
  approximate	
  668	
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delay	
  compensation	
  and	
  thus	
  highlighted	
  that	
  errors	
   in	
  this	
  parameter	
  can	
  also	
  potentially	
  669	
  

generate	
  movement	
  disorders.	
  670	
  

To	
  investigate	
  further	
  the	
  nature	
  of	
  oscillations	
  induced	
  in	
  this	
  model,	
  we	
  simulated	
  a	
  671	
  

posture	
  task	
  and	
  extracted	
  the	
  main	
  frequency	
  following	
  small	
  perturbation	
  pulses	
  (Fig.	
  5).	
  672	
  

Interestingly,	
   we	
   found	
   a	
   main	
   frequency	
   of	
   ~4Hz,	
   that	
   was	
   invariant	
   across	
   loading	
  673	
  

conditions	
   and	
   errors	
   in	
   the	
   delay.	
   This	
   result	
   bears	
   a	
   striking	
   similarity	
   with	
   previously	
  674	
  

documented	
  cases	
  of	
  essential	
  tremor,	
  associated	
  with	
  main	
  frequencies	
  in	
  the	
  range	
  [4-­‐8]	
  675	
  

Hz,	
   and	
   independent	
   of	
   loading	
   (Elble,	
   2003,	
   2013).	
   These	
   observations	
   pointed	
   to	
   a	
  676	
  

neurogenic	
  source	
  of	
  essential	
  tremor	
  that	
  involves	
  a	
  cortico-­‐cerebellar	
   loop	
  (Muthuraman	
  677	
  

et	
  al.,	
  2018).	
  Thus,	
  poor	
  delay	
  compensation	
  captures	
  oscillations	
  of	
  the	
  closed-­‐loop	
  system	
  678	
  

at	
  a	
  frequency	
  determined	
  by	
  the	
  fixed	
  and	
  true	
  delay,	
  and	
  relatively	
  insensitive	
  to	
  loading	
  679	
  

or	
  internal	
  errors.	
  In	
  this	
  view,	
  it	
  is	
  not	
  clear	
  that	
  any	
  brain	
  region	
  could	
  be	
  unambiguously	
  680	
  

identified	
  as	
  the	
  source	
  of	
  oscillations	
  in	
  essential	
  tremor,	
  because	
  the	
  error	
  can	
  be	
  small	
  but	
  681	
  

the	
  details	
  of	
  processing	
  can	
  make	
  the	
  closed-­‐loop	
  system	
  oscillate.	
  	
  682	
  

	
   This	
  framework	
  is	
  also	
  consistent	
  with	
  the	
  role	
  of	
  cerebellum	
  in	
  coordinating	
  multiple	
  683	
  

effectors	
   (Bastian,	
  Martin,	
   Keating,	
  &	
   Thach,	
   1996;	
   Bo,	
   Block,	
   Clark,	
  &	
  Bastian,	
   2008;	
   Jorn	
  684	
  

Diedrichsen,	
   Criscimagna-­‐Hemminger,	
   &	
   Shadmehr,	
   2007),	
   as	
   un-­‐coordinated	
  movements	
  685	
  

can	
  also	
  arise	
  from	
  errors	
  in	
  the	
  estimated	
  delay.	
  Assuming	
  that	
  cerebellum	
  hosts	
  a	
  pathway	
  686	
  

similar	
  to	
  that	
  of	
  Fig.	
  1,	
  then	
  all	
  of	
  these	
  motor	
  dysfunctions	
  can	
  be	
  explained	
  by	
  inaccurate	
  687	
  

tuning	
  of	
  the	
  sensory	
  extrapolation,	
  corresponding	
  in	
  principle	
  to	
  an	
  error	
  in	
  the	
  estimate	
  of	
  688	
  

the	
  delay,	
  or	
  equivalently	
  to	
  an	
  estimate	
  that	
  is	
  not	
  adjusted	
  to	
  the	
  true	
  difference	
  between	
  689	
  

the	
  sensory	
  feedback	
  and	
  the	
  current	
  state	
  of	
  the	
  body.	
  	
  690	
  

	
   Finally,	
   a	
   strength	
  of	
   the	
  model	
   is	
   that	
   the	
   low	
  pass	
  or	
   averaging	
  operation	
   that	
   is	
  691	
  

required	
   to	
   compensate	
   for	
   the	
   delay	
   may	
   be	
   directly	
   linked	
   to	
   the	
   adaptive	
   filtering	
  692	
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performed	
  in	
  cerebellar	
  microcircuits	
  (Dean,	
  Porrill,	
  Ekerot,	
  &	
  Jorntell,	
  2010).	
  Thus,	
  adaptive	
  693	
  

filtering	
  of	
  sensory	
  extrapolations	
  may	
  achieve	
  delay	
  compensation	
  and	
  support	
  predictive	
  694	
  

motor	
   control.	
   The	
  model	
   also	
   suggests	
   that	
   the	
   time	
   constants	
   of	
   the	
   adaptive	
   filters	
   in	
  695	
  

cerebellum	
  should	
  be	
  related	
  to	
  the	
  temporal	
  delay	
  and	
  to	
  the	
  mechanical	
  properties	
  of	
  the	
  696	
  

associated	
  motor	
   systems	
   (Eqn.	
  17).	
   To	
   conclude,	
  we	
   suggest	
   that	
  errors	
   in	
   the	
  estimated	
  697	
  

delays,	
  or	
  a	
  poor	
   tuning	
  of	
   the	
   filtering	
  operation	
   required	
   in	
   the	
  extrapolation	
  of	
   sensory	
  698	
  

feedback,	
  may	
  constitute	
   the	
  underlying	
  cause	
  of	
   the	
  wide	
  variety	
  of	
  movement	
  disorders	
  699	
  

generally	
  associated	
  with	
  cerebellar	
  dysfunctions.	
  	
  700	
  

	
   	
  701	
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Methods	
  702	
  

Continuous	
  time	
  Models	
  703	
  

The	
  continuous-­‐time	
  state-­‐space	
  representation	
  of	
  the	
  eye	
  dynamics	
  was	
  a	
  second-­‐704	
  

order	
  model	
  defined	
  as	
  follows:	
  705	
  

	
  706	
  

𝑥!
𝑥!

= 0 1
−1/(𝜏!𝜏!) −(𝜏! + 𝜏!)/(𝜏!𝜏!)

𝑥!
𝑥! + 0

1/(𝜏!𝜏!)
𝑢.	
   	
   	
   (20)	
  707	
  

	
  708	
  

The	
   state	
   variables	
  𝑥!	
  and	
  𝑥!	
  represent	
   the	
   eye	
   angle	
   and	
   velocity,	
   respectively,	
  𝑢	
  is	
   the	
  709	
  

motor	
  command,	
  and	
  the	
  dot	
  operator	
  represents	
  the	
  time	
  derivative.	
  The	
  time	
  constants	
  710	
  

used	
   in	
   the	
  model	
  were	
  based	
  on	
  previous	
  modeling	
  work	
   (Robinson,	
  Gordon,	
  &	
  Gordon,	
  711	
  

1986):	
   we	
   used	
  𝜏! = 224𝑚𝑠	
  and	
  𝜏! = 13𝑚𝑠.	
   The	
   explicit	
   dependency	
   of	
  𝑥	
  and	
  𝑢	
  on	
   time	
  712	
  

was	
  omitted	
  for	
  clarity.	
  	
  713	
  

	
   For	
  the	
  upper	
  limb,	
  the	
  continuous-­‐time	
  differential	
  equation	
  was:	
  714	
  

𝜃
𝜃
𝑇
=

0 1 0
0 −𝐺/𝐼 1/𝐼
0 0 −1/𝜏

𝜃
𝜃
𝑇
+

0
0
1/𝜏

𝑢,	
  	
  	
   	
   	
   	
   	
   (21)	
  715	
  

with	
  𝜃	
  being	
   the	
   joint	
   angle	
   and	
  𝑇	
  is	
   the	
   muscle	
   force.	
   The	
   parameters	
   were	
   taken	
   from	
  716	
  

previous	
   experimental	
   testing	
   (Brown,	
   Cheng,	
   &	
   Loeb,	
   1999;	
   Crevecoeur	
   &	
   Scott,	
   2014):	
  717	
  

𝐺   =   0.14  𝑁𝑚𝑠 	
  (velocity-­‐dependent	
   term	
   capturing	
   viscous	
   forces	
   in	
   muscles);	
   𝐼   =718	
  

  0.1  𝐾𝑔𝑚!	
  (limb	
  inertia);	
  and	
  𝜏 = 60𝑚𝑠	
  (muscle	
  time	
  constant).	
  719	
  

	
   The	
  two	
  models	
  were	
  augmented	
  with	
  the	
  target	
   location.	
  The	
  state	
  vector	
   for	
   the	
  720	
  

upper	
   limb	
   was	
   further	
   augmented	
   with	
   an	
   external	
   torque	
   ( 𝑇! )	
   representing	
   the	
  721	
  

perturbation	
  applied	
  to	
  the	
   limb.	
  This	
  external	
  torque	
   is	
  assumed	
  to	
  follow	
  step	
  functions,	
  722	
  

that	
   is	
  𝑇! = 0 .	
   This	
   assumption	
   is	
   necessary	
   to	
   reproduce	
   responses	
   to	
   perturbations	
  723	
  

following	
  a	
  step-­‐function,	
  as	
  it	
  must	
  be	
  estimated	
  to	
  generate	
  active	
  compensation	
  for	
  the	
  724	
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sustained	
   load	
  applied	
  to	
  the	
   limb.	
   It	
   is	
  also	
  compatible	
  with	
  the	
  behavioural	
  observations	
  725	
  

that	
   internal	
   priors	
   about	
   the	
   perturbation	
   profile	
   influence	
   long-­‐latency	
   responses	
  726	
  

(Crevecoeur	
  &	
  Scott,	
  2013).	
  	
  727	
  

	
  728	
  

Delays	
  and	
  Noise	
  Parameters	
  729	
  

Each	
  state-­‐space	
  representation	
  was	
  transformed	
  into	
  a	
  discrete	
  time	
  control	
  system	
  730	
  

following	
  Eqns.	
  1,	
  2	
  and	
  9,	
  with	
  discretization	
  step	
  of	
  𝑑𝑡   =	
  5𝑚𝑠.	
  Thus	
  for	
  the	
  model	
  of	
  the	
  731	
  

eye	
   plant,	
   the	
   delay	
   of	
  100𝑚𝑠	
  corresponded	
   to	
  ℎ = 20	
  time	
   steps,	
   whereas	
   the	
   delay	
   of	
  732	
  

50𝑚𝑠	
  for	
   the	
   upper	
   limb	
   corresponded	
   to	
  ℎ   =   10	
  time	
   steps.	
   We	
   then	
   considered	
   the	
  733	
  

presence	
   of	
   signal-­‐dependent	
   noise	
   as	
   observed	
   in	
   the	
   sensorimotor	
   system	
   (Harris	
   &	
  734	
  

Wolpert,	
   1998),	
   such	
   that	
   the	
   function	
  𝛼(𝑡)	
  was	
   proportional	
   to	
   the	
   control	
   input,	
  𝑢!.	
  We	
  735	
  

used	
  the	
  following	
  noise	
  expression:	
  736	
  

𝜉! = 𝛼!𝐵!𝑢(𝑡)𝜀!,! + 𝛼!𝐵!𝜀!,!,	
  	
  	
   	
   	
   	
   	
   	
   	
   (22)	
  737	
  

with	
  𝛼! = 0.08	
  or	
  0.006	
  for	
   the	
   oculomotor	
   system	
   or	
   upper	
   limb	
   system,	
   respectively;	
  738	
  

𝛼! = 0.03	
  or	
  0.003;	
   and	
  𝜀!,!	
  are	
   independent	
   Gaussian	
   random	
   variables	
   with	
   zero	
   mean	
  739	
  

and	
   unit	
   variance.	
   For	
   the	
   sensory	
   noise,	
  we	
   used	
  𝜎(𝑡) ∼𝒩(0, Σ)	
  at	
   each	
   time	
   step	
  with	
  740	
  

Σ = 0.003×𝐼!! 	
  or	
  0.001×𝐼!! 	
  for	
   the	
   oculomotor	
   or	
   upper	
   limb	
   system	
   respectively	
   (𝐼!" 	
  741	
  

represents	
  the	
  identity	
  matrix	
  of	
  appropriate	
  dimensions).	
  	
  742	
  

For	
  the	
  upper-­‐limb	
  control	
  system,	
  we	
  added	
  a	
  prediction	
  noise	
  that	
  affects	
  the	
  one-­‐743	
  

step	
  prediction	
  𝑥!(𝑡 + 𝑑𝑡),	
  without	
  affecting	
  the	
  process	
  dynamics.	
  This	
  prediction	
  noise	
  is	
  744	
  

required	
   by	
   the	
   presence	
   of	
   an	
   external	
   torque	
   (𝑇!)	
   that	
   is	
   not	
   controllable	
   through	
   the	
  745	
  

change	
  in	
  control	
  𝑢!.	
  Since	
  there	
  is	
  no	
  process	
  noise	
  affecting	
  this	
  variable,	
  and	
  because	
  it	
  is	
  746	
  

not	
   controllable,	
   it	
   is	
   necessary	
   to	
   consider	
   that	
   there	
   is	
   uncertainty	
   about	
   this	
   variable	
  747	
  

through	
   the	
   internal	
   estimate	
   to	
   allow	
   the	
   estimator	
   to	
   track	
   possible	
   changes	
   in	
   this	
  748	
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variable	
   due	
   to	
   external	
   disturbances.	
   This	
   prediction	
   noise	
   was	
   assumed	
   to	
   follow	
   a	
  749	
  

Gaussian	
  distribution	
  with	
  zero	
  mean	
  and	
  covariance	
  matrix	
  set	
  to	
  0.001	
  times	
  the	
  identity	
  750	
  

matrix	
  of	
  the	
  same	
  dimension	
  as	
  the	
  state	
  vector.	
  	
  751	
  

These	
  parameters	
  were	
  adjusted	
  manually	
  so	
  that	
  the	
  simulations	
  were	
  numerically	
  752	
  

well	
  conditioned.	
  Indeed,	
  numerical	
  errors	
  can	
  propagate	
  through	
  the	
  recursions	
  (Eqns.	
  10-­‐753	
  

13),	
  leading	
  to	
  bad	
  conditioning	
  of	
  the	
  matrix	
  being	
  inverted	
  even	
  if	
  it	
  is	
  mathematically	
  well	
  754	
  

defined.	
   These	
   noise	
   parameters	
   have	
   an	
   impact	
   on	
   the	
   variability	
   of	
   the	
   trajectories.	
   In	
  755	
  

principle	
   the	
   stability	
  margin	
  may	
  depend	
  on	
   the	
  noise	
  parameters,	
   but	
   the	
   improvement	
  756	
  

obtained	
  with	
   filtering	
   should	
  not	
  depend	
  on	
   these	
  values.	
  A	
   thorough	
  characterization	
  of	
  757	
  

the	
   relationship	
   between	
   the	
   noise	
   parameters	
   and	
   the	
   stability	
   radius	
   relative	
   to	
   the	
  758	
  

estimated	
  delay	
  is	
  an	
  interesting	
  question	
  for	
  prospective	
  work.	
  	
  759	
  

	
  760	
  

Cost	
  Functions	
  761	
  

	
   The	
   cost	
   function	
   for	
   all	
   simulations	
   corresponded	
   to	
  Eqn.	
   14.	
  We	
  used	
  𝑅   =   10!!	
  762	
  

and	
  𝑅 = 10!!	
  for	
  the	
  oculomotor	
  and	
  upper	
  limb	
  systems,	
  respectively.	
  For	
  the	
  simulations	
  763	
  

of	
   the	
  oculomotor	
   system,	
   the	
  cost	
   function	
  always	
  consisted	
   in	
  penalizing	
  deviation	
   from	
  764	
  

the	
  target:	
  765	
  

𝑥(𝑡)!𝑄𝑥(𝑡) = 𝑐 𝑥!(𝑡)− 𝑥!∗ !,	
  	
  	
   	
   	
   	
   	
   	
   	
   (23)	
  	
  	
  766	
  

where	
  𝑥!∗ 	
  is	
   the	
   target	
   angle	
   and	
  𝑐 	
  is	
   a	
   parameter	
   equal	
   to	
  100 	
  during	
   fixation	
   and	
  0	
  767	
  

otherwise.	
   Saccades	
   were	
   simulated	
   by	
   considering	
   two	
   fixation	
   periods	
   separated	
   by	
   an	
  768	
  

interval	
  of	
  50ms	
  without	
  any	
  penalty	
  on	
  the	
  state	
  (𝑐 = 0).	
  The	
  pursuit	
  task	
  was	
  simulated	
  as	
  769	
  

a	
   fixation	
  task	
  with	
  a	
  sudden	
   jump	
   in	
  the	
  target	
  position	
  and	
  velocity	
  occurring	
  during	
  the	
  770	
  

simulation	
  run.	
  	
  771	
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   For	
  the	
  reaching	
  task	
  (Fig.	
  4),	
  we	
  considered	
  a	
  cost	
   function	
  similar	
  to	
  Eqn.	
  23	
  with	
  772	
  

𝑐 = 1	
  for	
  300𝑚𝑠	
  following	
  the	
  movement	
  time,	
  during	
  which	
  𝑐	
  was	
  set	
  to	
  0.	
  The	
  movement	
  773	
  

times	
   for	
   the	
   reaching	
  movements	
   represented	
   in	
   Figs.	
   4	
  was	
   set	
   to	
  500𝑚𝑠.	
   The	
   posture	
  774	
  

task	
  (Fig.	
  5)	
  was	
  simulated	
  with	
  a	
  target	
  angle	
  of	
  0	
  for	
  800𝑚𝑠,	
  and	
  no	
  movement	
  time.	
  The	
  775	
  

external	
  perturbation	
  was	
  generated	
  during	
  each	
  simulation	
  run	
  as	
  a	
  force	
  pulse.	
  The	
  pulse	
  776	
  

amplitude	
  was	
  -­‐2Nm	
  for	
  the	
  reaching	
  task	
  and	
  and	
  -­‐0.5N	
  for	
  the	
  posture	
  task.	
  In	
  each	
  case	
  777	
  

the	
  force	
  pulse	
  was	
  applied	
  for	
  100𝑚𝑠.	
  	
  778	
  

	
  779	
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Figures	
  and	
  Legends	
  780	
  

	
  781	
  

Figure	
   1.	
   Model	
   pathway	
   for	
   delay	
   compensation	
   in	
   sensorimotor	
   control	
   based	
   on	
   the	
  782	
  

algebraic	
  operation	
  associated	
  with	
  state	
  estimation.	
  The	
  blue	
  symbols	
  refer	
  to	
  the	
  variables	
  783	
  

and	
   matrices	
   as	
   defined	
   in	
   the	
   text.	
   The	
   explicit	
   dependencies	
   of	
  𝑀	
  on	
  𝛿𝑡,	
   and	
   of	
  𝐾	
  on	
  𝑡	
  784	
  

were	
   omitted	
   for	
   clarity.	
   The	
   rectangle	
   represents	
   a	
   low-­‐pass	
   filter,	
   or	
   leaky	
   integrator,	
  785	
  

which	
  approximate	
  𝑢(𝑠)	
  for	
  	
  𝑡 − 𝛿𝑡 ≤ 𝑠 ≤ 𝑡.	
  	
  786	
  

	
  787	
  

	
  788	
  

	
  789	
  

Figure	
   2.	
   a.	
   Simulated	
   eye	
   trajectories	
   with	
   the	
   extended	
   LQG	
   based	
   on	
   system	
  790	
  

augmentation	
   (black),	
   or	
   with	
   the	
   proposed	
   adaptive	
   filter	
   with	
   high-­‐	
   (blue)	
   or	
   low-­‐791	
  

dimensional	
   (red)	
   quadrature	
   rules	
   (Eqns.	
   16	
   and	
   17,	
   respectively).	
   The	
   cost-­‐function	
  792	
  

consisted	
  of	
  two	
  fixation	
  intervals	
  separated	
  by	
  a	
  50ms	
  window	
  for	
  movement	
  without	
  any	
  793	
  

penalty	
  on	
  the	
  state	
  (see	
  Methods	
  for	
  details	
  about	
  the	
  simulations).	
  b.	
  Positional	
  variance	
  794	
  

as	
  a	
  function	
  of	
  time	
  for	
  the	
  three	
  control	
  models	
  with	
  the	
  same	
  color	
  code	
  as	
  in	
  panel	
  a.	
  All	
  795	
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traces	
  were	
  normalised	
  to	
   the	
  peak	
  positional	
  variance	
  of	
   the	
  blue	
   trace.	
  e.	
  Expected	
  cost	
  796	
  

from	
  the	
  extended	
  LQG	
  control	
  model,	
  and	
  distribution	
  of	
  cost	
  calculated	
  for	
  500	
  simulation	
  797	
  

runs.	
  Observe	
   that	
   the	
   low	
  dimensional	
   quadrature	
   rule	
   generates	
   inaccurate	
  movements	
  798	
  

with	
  higher	
  cost,	
  but	
  lower	
  positional	
  variance.	
  	
  799	
  

	
  800	
  

	
  801	
  

	
  802	
  

Figure	
   3.	
   a.	
   Simulation	
   of	
   saccadic	
   eye	
   movements	
   with	
   delay	
   under-­‐	
   (left)	
   or	
   over-­‐803	
  

estimation	
  (right).	
  The	
  curves	
  represent	
  the	
  eye	
  position	
  and	
  the	
  black/gray	
  display	
  refers	
  to	
  804	
  

the	
   estimation	
   algorithm	
   that	
   was	
   used.	
   The	
   estimation	
   was	
   either	
   the	
   predicted	
   state	
  805	
  

(𝑥(𝑡|𝑦),	
   gray),	
   or	
   the	
   filtered	
   prediction	
   (black).	
   Observe	
   that	
   oscillation	
   amplitude	
   and	
  806	
  

frequency	
   increase	
   without	
   filtering.	
   b.	
   Quantification	
   of	
   oscillation	
   amplitudes	
   with	
   or	
  807	
  

without	
  filtering	
  based	
  on	
  the	
  simulated	
  eye	
  velocity.	
  	
  808	
  

	
  809	
  

Figure 3
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  810	
  

	
  811	
  

Figure	
  4.	
   a.	
  Same	
  as	
  Figure	
  3	
  for	
  simulated	
  reaching	
  control	
  of	
  upper	
   limb.	
  A	
  perturbation	
  812	
  

load	
  (force	
  pulse:	
  -­‐2Nm	
  applied	
  for	
  100ms)	
  was	
  applied	
  to	
  the	
  limb	
  at	
  the	
  moment	
  indicated	
  813	
  

by	
   the	
   black	
   arrow	
   to	
   highlight	
   closed-­‐loop	
   control	
   properties.	
   b.	
   Quantification	
   of	
   the	
  814	
  

oscillation	
   amplitude	
   based	
   on	
   the	
   joint	
   torque.	
   Delay	
   over-­‐estimation	
   generated	
   slower	
  815	
  

movements	
  with	
  shallower	
  velocity	
  peaks,	
  and	
  oscillatory	
  behaviors	
  were	
  observed	
  again	
  for	
  816	
  

large	
  estimation	
  errors	
  (𝛿𝑡  ~2.5𝛿𝑡,	
  simulations	
  not	
  shown).	
  	
  	
  817	
  

	
  818	
  

	
  819	
  

	
  820	
  

Figure	
   5.	
   a.	
   Simulations	
   of	
   movement	
   oscillations	
   in	
   three	
   distinct	
   loading	
   conditions	
  821	
  

following	
  pulses	
  of	
  0.5Nm	
  applied	
  in	
  the	
  beginning	
  of	
  the	
  simulated	
  task.	
  The	
  cost	
  function	
  822	
  

penalized	
  deviation	
  from	
  the	
  origin	
  angle	
  throughout	
  the	
  time	
  horizon.	
  The	
  limb	
  inertia	
  was:	
  823	
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𝐼   =   0.08 	
  (black),	
   𝐼   =   0.1 	
  (blue),	
   and	
   𝐼 = 0.12 	
  (red)	
   [Kgm2].	
   The	
   simulations	
   were	
  824	
  

generated	
   with	
   a	
   delay	
   error	
   of	
   20%:	
  𝛿𝑡 = 0.8𝛿𝑡 .	
   	
   b.	
   Power	
   spectral	
   density	
   of	
   the	
  825	
  

acceleration	
  signals	
  in	
  each	
  loading	
  condition	
  with	
  similar	
  color	
  code	
  as	
  in	
  Panel	
  a.	
  The	
  traces	
  826	
  

peaked	
   on	
   average	
   at	
   4.3Hz	
   and	
   the	
   gray	
   rectangle	
   highlights	
   that	
   there	
   is	
   less	
   than	
   1Hz	
  827	
  

change	
   across	
   conditions	
   for	
   the	
   peak	
   frequency.	
   The	
   vertical	
   arrow	
   is	
   aligned	
   with	
   the	
  828	
  

average	
   main	
   frequency.	
   c.	
   Power	
   spectral	
   density	
   of	
   the	
   acceleration	
   traces	
   for	
   a	
   fixed	
  829	
  

loading	
   condition	
   (𝐼   =   0.1	
  [Kgm2])	
   across	
  distinct	
   values	
  of	
  delay	
  error:	
  𝛿𝑡/𝛿𝑡	
  took	
   values	
  830	
  

0.6	
  (solid	
  black),	
  0.7	
  (solid	
  gray),	
  0.8	
  (dashed	
  black)	
  and	
  0.9	
  (dashed	
  gray).	
  	
  	
  	
  	
  	
  831	
  

	
  832	
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