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Abstract

Let T be an n x n truncation of an (n+ «) X (n+«a) Haar distributed unitary matrix. We consider
the disk counting statistics of the eigenvalues of T. We prove that as n — +oo with « fixed, the
associated moment generating function enjoys asymptotics of the form

exp (Cln +C2 + 0(1)),

where the constants C7 and Cs are given in terms of the incomplete Gamma function. Our proof
uses the uniform asymptotics of the incomplete Beta function.
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1 Introduction

Let n € Ny, a > 0, and consider the joint probability measure

1 - o
7 T 12— =P L= 2P a2, |zl <1, (1.1)
TN 1<i<k<n j=1

where Z,, is the normalization constant. Note that the z;’s are constrained to lie in the unit disk
D:={z € C: |z| <1}. A main motivation for studying this point process stems from its connection
with random matrices: it is shown in [19] that for @ € Nsg, (1.1) is the law of the eigenvalues of an
n X n truncated unitary matrix 7', i.e. T is the upper-left n x n submatrix of a Haar distributed unitary
matrix of size (n + «) X (n + «). By rewriting (1.1) in the form

1 S TT .—nQ(=) 2 —o=Lin(1 - [2]?), if|z] <1,
' H |21 — 2j] He iId°z;, Q(z) == .
nlZ, 1<jeh<n =1 —+00, if |z| > 1,

we infer that for general @ > 0 (not necessarily o € N<g), (1.1) is also the law of a Coulomb gas with n
particles at inverse temperature 8 = 2 associated with the potential @ [11].

We emphasize that (1.1) is a probability measure only for v > 0. If @ = 0, the above matrix T is
an n x n Haar distributed unitary matrix, for which the n eigenvalues z1,...,z, lie exactly on the unit
circle according to the probability measure proportional to

H ‘Zk — Zj‘2 H d(gj, Zj = €i9j, Hj S [0,27’(’) (12)
j=1

1<j<k<n

As is well-known, the equilibrium measure associated with (1.2) is the uniform measure on the unit circle.
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Figure 1: Illustration of the point process (1.1) with n = 500 and o = 2 (left), « = 5 (middle) and
a = 10 (right). The unit circle is represented in red.

This work focuses on the point process (1.1) as n — 400 with a > 0 fixed. In this regime, Q(z) =
O(n~1) for any fixed z € D, and the associated equilibrium measure y is defined as the unique measure
minimizing the following energy functional

v Iy = // In ! v(d*2)v(d?w)

|2 = wl

among all Borel probability measures v supported on D. This problem is a so-called classical (or un-
weighted) electrostatics problem, and as such the support of y must be the boundary of D [16] (and this,
despite the fact that the point process (1.1) is two-dimensional). Because the density of (1.1) is invariant
under rotation, we conclude that p is the uniform measure on the unit circle OD.

In the language of random matrix theory, 9D is a “hard wall” of (1.1). For two-dimensional Coulomb
gases, it is a standard fact that along a hard wall the equilibrium measure is singular with respect to
the two-dimensional Lebesgue measure; moreover, a non-zero percentage of the points are expected to
accumulate (as n — +00) in a very small interface of width 1/n around the hard wall, see e.g. [16, 17, 3].
Following [3], we call this small interface “the hard edge regime”. A particular feature of (1.1) is that
the associated equilibrium measure p is purely singular (i.e. g has no absolutely continuous component
and faD dp = 1). Hence, for large n and « fixed, most of the points z1,..., 2, of (1.1) are expected to
lie in a 1/n-neighborhood of ID, see also Figure 1.

There already exists a fairly rich literature on truncated unitary matrices. For example, the conver-
gence of the distribution of the maximal modulus max; |z;| to the Weibull distribution has been studied
in [13, 14, 17], several characterizations in terms of Painlevé transcendents for expectations of powers of
the characteristic polynomial are established in [9], and results on the eigenvectors can be found in [10].
Also, besides (1.1), other two-dimensional point processes whose points are distributed within a narrow
interface (or “band”) have been considered, see e.g. [12, 2, 7]; however, the point processes considered
in these works only feature “soft edges”, and are thus very different from (1.1).

Let N(r) := #{z; : |z;] <r} € {0,1,...,n} be the random variable that counts the number of points
of (1.1) in the disk centered at 0 of radius r. The goal of this paper is to understand the large n behavior
of the multivariate moment generating function

]ELf[le“ij)} (1.3)

where m € Ny is arbitrary (but fixed), uy,...,u, € Rand r; < --- < 7. We consider the hard edge
regime, i.e. the radii r1,...,7, are merging near 1 at the critical speed 1 —r; < n=! (we also allow
rm = 1), see also Figure 2. More precisely, we define

to\1/2
r@:<1—ﬁ) , t> >t >0, (1.4)

Note that if ¢,, = 0, then r,, = 1 and trivially N(r,,) = n with probability one.
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Figure 2: Left: two circles (in black) merging near the unit circle (in red). Right: a zoom is taken
around . For both pictures, & = 10 and n = 500.

In Theorem 1.2 below, we prove that

E { H e“jN(”)} = exp (Cln +Cy+ 0(1))7 as n — 400,

Jj=1

and we give explicit expressions for the constants C; and Cs in terms of the following functions

Heo(x;t, @) =1+ Z(e“e —1)exp [ Z u]} Q(a, tex), (1.5)

=1 j=t+1
_, 1 o1 Ui l—a—tx
Golz;t,1) i = ————=— (e" —1)exp [ u} tore tet — — == (1.6)
Hole ) T 2 P 2

where © € (0,1], @ = (u1,...,Up) € C™, & = (t1,...,t,) is such that t; > ... > t,, > 0, [(a) :=

f0+oo s le~%ds is the Gamma function, and Q is the normalized incomplete Gamma function:

+oo
, I(a,z) := / s e ds. (1.7)
xT

Note that H,, is also well-defined at x = 0, while G, is well-defined at = 0 only for a > 1.

The statement of our main theorem involves In H,,, and the function H, also appears in the denom-
inator of (1.6). The following lemma implies that In#, and G, are well-defined and real-valued for
x € (0,1], @ = (u1,...,um) € R™ and t; > ... > t,, > 0. In this paper, In always denotes the principal
branch of the logarithm.

Lemma 1.1. H,(z;t,@) > 0 for all x € (0,1], @ = (u1,...,up) ER™, t; > ... > t,, >0.
Proof. Since

Ou, Ho(z:1,@) = e T TunQ(a, tyz) > 0,

it only remains to verify that Hea |y, =— oo > 0. Setting u; = —oo in (1.5) and rearranging the terms, we
find

Ha(l‘; t_; 'J)‘ulz—oo = [1 — Q(Oé, tmx)] + Z euz+...+um [Q(Oé, tel‘) _ Q(a, tg_lx)].

(=2

Recall that ¢t > ... > ¢, > 0 and x € (0,1]. Hence, since R 3 s — Q(«, s) decreases from 1 to 0, the m
terms in the above right-hand side are all > 0, which proves Ha|u,=—c0 > 0. O

Theorem 1.2. Let m € Nyg, a >0 and ty > --- > t,, > 0 be fized parameters. For n € Nsq, define

re = (1—%)1/2, {=1,...,m. (1.8)



Let N(r) == #{z; : |2;| <r} €{0,1,...,n} be the random variable that counts the number of points of
(1.1) in the disk centered at 0 of radius r. For any fived 1,...,z,m € R, there exists 6 > 0 such that

E { H 6“7'N(Tf)} = exp <C’1n +Cy+O(n~ e 1"%“‘”)), as n — 400 (1.9)
j=1
uniformly foruy € {z € C: |z — 1| < §},...,um € {2 € C: |z — 2| <}, where & := min{a, 1},

lo—1 =1ifa=1 and 14—1 = 0 otherwise, and

1
C’lz/ InHo (z; t, @) de,
0

InHo(1;t @) — PIHEETY
5 :

1
Go (T, ) dz +

0

(1.10)

In particular, since JE[H],I “JN(TJ)] is analytic in uy,...,uy, € C and is positive for uy,...,u, € R,
the asymptotic formula (1.9) combined with Cauchy’s formula implies that

264a

o 8fm{lnE[H e“jN(”)] - (C1n+ Cz)} = O(n~ 2¥a 4 la=tlun) asn — +oo,  (1.11)
j=1

n

forany k1,... kyn €N, and uy, ..., uy € R.

Let (N™)sg := {j = (j1,.--+jm) € N™ : ji 4 -+ + jm > 1}. For j € (N™)s, the joint cumulant

k7 = K3(r1, ..., rmin, ) of N(r1),...,N(rp,) is defined by

ulN(r1)+~<-+umN(rm)]

K = Rjyoi = 05 INE[e (1.12)

where Bf; ;=001 ...9)m and 0:=(0,...,0). For instance, we have
E[N(r)] = k1(r), Var[N(r)] = ka(r) = k1 (r,7), Cov[N(r1),N(r2)] = K(1,1)(r1,72).

Corollary 1.3. Let m € Nug, j € (N™)sg, @« >0, and t; > -+ > t,, > 0 be fized. For n € N5y, define

{re}yy by (1.8).
(a) The joint cumulant k5 satisfies

)z = OLCH |+ OLCh| s+ O(n~F5a 4 lasthin) -y yoo (1.13)

n

where C1,Cs are as in Theorem 1.2 and & := min{«, 1}. In particular, for any 1 < { < k <m,

E[N(r¢)] = by (t)n + c1(te) + O(n~ 37 4 Lazilnn),

_ 24+ta nn
Val"[N(W)] = b(l,l)(tg,tz)n + 6(1,1)(15[,154) + O(n 2t %),
Cov(N(re), N(ry)) = b1 (te, ti)n + c11)(te, tr) + O(n~ 37a 4 Lasilnn)

n

as n — +oo, where

1
1-Q(a+1,t
bi(ty) = / Qla, tex)dr = Q(a, te) + a%, (1.14)
0
_ t? ' a—1_—tex l—a—tw Q(avtf) -1
c1(te) _F(a)/o % e 5 dx + 5 ,
and, for £ <k,
1
bayy(te te) = | Qla,tex) (1 — Q(a, tya))de, (1.15)
0
1 x ldx
ca(te, tr) = /0 { (@ — 1+ to)tde " Q(a, tyx) — (o — 1 + tox)tde " (1 — Q(a,th))} 5T(a)



1
+ iQ(Oé,té)(l — Q(a, ty)). (1.16)
(b) Assume furthermore that t,, > 0. As n — 400, the random variable (N1, ..., Np,), where

N(re) — bi(te)n

Ny = =1,...,m, (1.17)
b1 (te, te)n
convergences in distribution to a multivariate normal random variable of mean (0,...,0) whose covari-
ance matriz X is given by
b1 (te, t
E&kzzka (1’1)(Z k) 1<i<k<m.

Vb (e t)ba,n (e, tr) -

Remark 1.4. If t,, = 0, then bi(t;,) = 1 and ci(tn) = ba1)(tm, tm) = c,1)(tm,tm) = 0, which is
consistent with the fact that N(r,,) = n with probability 1. This is the reason why we required t,, > 0 in
Corollary 1.3 (b). The graphs of t — bi(t) and t — b 1)(t,t) are shown in Figure 8 for several values
of a.
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Figure 3:  The coefficients ¢ +— by(t) (left) and t — b ,1)(t,t) (right) for the indicated values of a.
(Recall from Corollary 1.3 that b1 (t)n and by 1)(,t)n are the leading terms in the large n asymptotics
of E[N((1 — £)1/2)] and Var[N((1 — £)/2)], respectively.)

Proof of Corollary 1.5. Assertion (a) (except for the second equality in (1.14)) is a direct consequence
of (1.11) and (1.12). The second equality in (1.14) is obtained using (1.7), Fubini’s theorem, and
Na+1)=al(a):

/Qoztgxda;—/dx/t eyyal (/ dy/ dx+/+oody/dx) ey

ty -y —y,,a—1
e Yy® e Yy - Qo+ 1,t)
——d +/ ———dy = a— +
te o Ta+n™" ), T v t Qo te)
. . . ivz
We now turn to the proof of (b). Using (1.9) with u, = o G and vy € R fixed, we get
E[ei 27:1 WNZ] = E[QZZ; WN(W)}e_ ZL=1 uebi (te)n
2a+a

_ C1@ntCa(@)+0(n” 2Fe) =3 7 wedu, Culas

as n — 400, where the dependence of C; and C; in @ has been made explicit. Since Cj|,_5 = 0 for
j=1,2 and uy = O(n~/2), we thus have

m N N _264a
[ iZ:zn:1 WNE] = 6% Zz,kzl ukuka“eaukCllﬁ:6n+0(‘u|3n+|“‘+n 2Fa)

L i tmin(¢,k) s bmax +o(1 ,
2 EZ R=1 o (teote) /o1, n) (o te) b1 (bmince.b) (em)+olt) - 6_% Zk=1 VeXig,k Uk

o i
as n — +oo. In other words, E[e’ Zhlwm] converges pointwise to e 2 2l VTR as n — +oo,
which implies Assertion (b) by Lévy’s continuity theorem. O



Comparison with other works on counting statistics. There has been a lot of interest recently
on counting statistics of two-dimensional point processes. We will not attempt to survey this literature
here, but refer the interested reader to [5] and the introduction of [1]. Our main goal in this subsection
is to compare Theorem 1.2 with the works [8, 3].

In [8], the following Mittag-Leffler ensemble is considered:

n

1A H |z — 2| H |zj\2a67"‘zj|2bd2zj, 21,...,2n € C, (1.18)
M2\ <jkan j=1
where b > 0 and a > —1 are parameters of the model. The associated equilibrium measure pM"

supported on the disk {|z| < b_le} and given by MY (d?z) = §|z|2b_2d22. Note that ™M is absolutely
continuous with respect to the Lebesgue measure d?z (this contrasts with the equilibrium measure u of
(1.1), which is purely singular). Let m € N5, r € (O,bfﬁ), §1,...,5m € R, a > —1and b > 0 be fixed
parameters such that s; < ... < §,,. The main result of [8] is the large n asymptotics of the m-point
moment generating function of the disk counting statistics of (1.18) when the radii are merging either in

1 1
the bulk, i.e. 7y = r(l + :bf\/ﬁi) 2 for all £ € {1,...,m}, or at the soft edge, i.e. 7y = b= (1 + \/%%) 2
for all £ € {1,...,m}. In both cases, it is shown in [8] that

]EML{He“JN(Tj)} = exp <D1n+ Dy+/n + D3 + \/—f + O(( n:) )), as n — +oo,
j=1

and the constants D1,..., D, are determined explicitly. The constant D; is particularly simple; for
example, in the bulk regime it is given by D; = f|z|<r uME(d?2) Do Uy = br2b >jy uj. The constant
D5 is more complicated and given by -

+o0 m
\/ibrb/ (ln HME (25, @) — X (—o0,0)(T) Zt@) dx, for the bulk regime,

D2 = 0 - m =t
\/%/ <ln HME (235, 10) — Z uj)dx, for the soft edge regime,
o =
where x(—oo,0)(2) = 1 if 2 < 0 and x(—oo,0)(2) = 0 otherwise, § := (s1,...,5,), and
HML (13, ) = i ) ex zm: | erfe(z — s¢)
= p Uj |
=1 j=t+1

We find it curious that the above function has the same structure as the function H,, in (1.5); namely,
they are both of the form

L4 (e l)exp[ > u]}Xg(;zz) (1.19)
=1 J=0+1

where Xy(z) := Q(a, tez) in the present paper and X,(x) := erfc(z — s¢)/2 in [8]. Note also that
e H, already appears in the leading constant C;, while HM" appears in Do,

e t1,...,t, are dilation parameters of Xy, in the sense that they appear in the multiplicative form
“tex” in Q(a, tex), while s1,...,8,, are translation parameters of Xy, in the sense that they appear
in the additive form “x — s,” in erfc(x — s¢) /2.

Let 0 < p < b~ be fixed. The following point process was considered in [3]:

1 n
— I =z P [T llPeem= a2z, 20 <o, (1.20)
2y | ilken j=1
The only (but important) difference between the point processes (1.18) and (1.20) is that in (1.20) the
1
points are constrained to lie in the disk {|z| < p}. Because p < b~ 25, the circle {|z| = p} is a hard wall

of (1.20) and it is shown in [3] that the associated equilibrium measure pM* is given by

ML(d2 ) /Lreg (d2 )+ H’smg(dz )



db

db
2.\ . 9p2,.2b—1
,ureg L(d?z) == 20%r**~Lar 5

:usmg(d2 ) *Cﬂé ( )dr7 (121)

1
n] and ¢, := f|2|>p pME(d?z) = fpb P op2p2-1gr = 1 — bp?. For the

where z = re??, r > 0, 0 € (-,
i
hard edge regime ry = p(1 — £)2" with t; > -+ > t,,, > 0, it is proved in [3] that

m E E
EME [ 11 eua-Nm)} = exp <E1n + Eylnn+ Es + \/—% + O(n‘5)>, as n — +00, (1.22)

j=1

where Ey = fl <p fhreg (d%2) x 32T uj + fblp% In M (2; ¢, @)dx with

HML( — Z eXp|: Z uj:| 67%(Ifbp2};)'
J=L0+1

This function is also in the form (1.19), with X,(z) = e~ F @b = Q(1, b( — bp??)). Tt is also
interesting to note the presence of the term EsInn in (1.22), while in (1.9) there i 15 no term proportional
to Inn. We believe the reason for this is that u}" has a non-trivial component urcg which is absolutely
continuous with respect to d?z, while the equilibrium measure p of (1.1) is purely singular. This belief
is supported by the following fact: when p — 0, the measure MI,;/IL becomes purely singular (because
¢, = 1), and Es — 0 (as can be easily checked from [3, Theorem 1.3]).

A transition regime between the hard edge and the bulk was also considered in [3]. This regime is
called “the semi-hard edge regime” and corresponds to the case when the radii are at a distance of order

1
1/4/n from the hard edge. More precisely, for r, = p(l + ;)/bisfl) 2 with 57 < -+ < 5, < 0, we have

; F Inn)*
EhML|:H eujN(’”j):| = exp <F1n + Fov/n + Fs + 747 T O((Il1’7)>)7
j=1

where Fy = fl <o firag (dP2) X200 wy = bp 2T uj and

+o0 m
By :\@bpb/ (hlﬂﬁﬁL(w;iU) X(=o00,0) (T Z“J)

j=1
with
“ “ erfe(x — sy)
MLy/... _ , ¢/
o (w5, 0) = Z Jop { Z u]] erfc(z)
j=0+1
The function HML is also in the form (1.19), with X,(z) = %&j‘) The above discussion is summarized
in Table 4.
Point process Regime E { H e“jN(”j)} as n — 400 X(x) Ref
(1.1) Hard edge exp (Cin+Cs + O(n~ e W)) Q(a,tgz) | Theorem 1.2
Bulk & (Inn)? eI‘fC(.’b — 5@)
(1.18) Soft edge exp (Din + Day/n+ Dy + 22 +O( )] 5 [8]
(1.20) Hard edge exp (Exn+ ExInn + E; + £+ =+ O(n~s )) e~ % @=br™) [3]
fo(z —
(1.20) Semi-hard edge | exp (Fin + Foy/n+ F3 + £+ T+ O((ln n)” ) a C(;U( )56) [3]
erfc(z

Table 4: Comparison of our main result with results from [8, 3].



2 Preliminaries

Let &, := E[[[;~; e“N")], and define

1, if x > ry.

w(z)=(1- 2P (=),  w@) :=H{ew’ o <, (2.1)
=1

By rewriting [, <, |2k — 2% as the product of two Vandermonde determinants, and then using
standard algebraic manipulations, we get

2 2
En = iz / /D |2k — 2] jl;[lw(zj)d z

1<j<k<n

1 n—1
7 det </ 27w (z)d2z> . (2.2)
n D 4,k=0

Since w is rotation-invariant, only the diagonal elements in (2.2) are non-zero. Indeed, after writing
z=uwxe? x>0,0 c[0,27) and integrating over 6, we find

1 W11 [ 2j—1
En = Z—n(27r) ]1:[1/0 2 w(x)dx. (2.3)

In the same way, we have Z,, = (2m)" []}_, fol 229711 — 2%)*~1dz (see also (2.14) below). Substituting
this identity and (2.1) in (2.3), we then find

&l_Hfo a1 —a?)* w(z )dl". (2.4)

fo 22-1(1 — 22)o1dg

j=1

It will be convenient for us to rewrite w (defined in (2.1)) as follows:

_1 1, 2.5
w(z) +Zwe [0,r)\Z eim 1, ifl=m (2:5)

( ) {euz+~-+um — €UZ+1+"'+u1n’ if £ <m,
Wy =
=1

Using (2.5) in (2.4) yields the following expression for In &,,:

n m
Ing&, = Z In (1 + ngFn7j7g>, (2.6)
j=1 =1

ol ) B ja)

n,j,l = X - . ) ]Zla , 1, Ezla Ly (27)
’ fol 2211 — x2)~ldx B(j, )
where B(j, @) is the Beta function
1 .
. i _ INGIN (!

B,a::/ I 1=y ldy = o, 2.8
(4, @) Oy( y)* T dy TG 1 o) (2.8)

and B(v, j, «) is the incomplete Beta function
B.jia)i= [ o/l (1 =)y (29

0

Many properties of these functions are stated e.g. in [15, Sections 5.12 and 8.17]. It is also convenient
for us to consider the normalized incomplete Beta function, which is given by

, B(v, j, @)
I(v,j,a) i= ———=, 2.10
(v, 4, @) B(.0) (2.10)
so that F, ;= I(r?, j, ).
Hence, to analyze the right-hand side of (2.6), we need the asymptotics of I(v, j, ) when (v—1) < n=!
and simultaneously j € {1,...,n} and « fixed. The large n behavior of I(r2, j, a) depends crucially on



whether j remains bounded or not as n — +00. We will therefore split the sum (2.6) in two parts as
follows

%_1 m n m
InE, =S+, where Sp= ) In <1 + szFn,M) Si=> In <1 + Zan,j,g>,
j=1 =1 =1 =1

and M :=n([—2%-])"! < n7s is a new parameter such that N 3 n/M — 400 as n — +00. (A more

naive choice f071lr M would be M = n/M' where M’ is large but fixed, but this choice does not yleld a

good control over certain error terms in the proof. The precise reason as to why we choose M = nra
is technical and will become apparent at the end of Section 3.)

The following lemma establishes an exact identity that will be useful to handle the sum Sy, i.e. to
obtain the large n asymptotics of F;, j, when j is “not very large”.

Lemma 2.1. Let j € Nyg, @ >0 and v € [0,1]. Then we have the exact identity
i—1
1—UO‘J j—1\ (1 —v)?
I(v,j,a) =1— T
(v dr) B(j,a) pz:% ( ) a+p

Proof. The statement follows from [15 eqs 8.17.4 and 8.17.7]. We also provide a short proof here for
convenience. Substituting 7! Z ( 1) (J;I)(l — )P in (2.10) yields

Cor()) [ aee

Ji(j_1> a+tp (1_”>a§(_1>p(j;1)m>.

p=0 p=0

]—1
I(v,j,a

Replacing v by 1 above yields 1 = Z ( )( Dk , and the claim follows. O

Ja)

To analyze S7, we will use the uniform asymptotics of the incomplete Beta function (this is the main
novelty of the proof, as earlier works such as [8, 3] on the Mittag-Leffler ensemble rely instead on the
uniform asymptotics of the incomplete gamma function). The following lemma is due to Temme [18,
Section 11.3.3.1] (this result can also be found in e.g. [15, Section 8.18(ii)]).

Lemma 2.2 (Temme [18]). Let N € N5g. As j — +oo with o > 0 fized,

I(v,j,a) = WdoFo(l + kzl Z‘;F’; + O(j—N))

uniformly for v in compact subsets of (0,1]. The coefficients Fy, = Fj(v, j, ) are defined by

k—1 —jln(vt kE—1)In(v=!
B, = ta—j)p kD) e s (2.11)
J J
with the initial assignments
_ Lo a—jh(™) (In(v™"))*v?
Fy=3j°Q(a, jln(v™1h)), = - Fo+ - , 2.12
0 ( (v™)) 1 ; 0 o) (212)

where Q is defined in (1.7) and the coefficients dy, = di (v, @) are defined through the generating function

(1 t6t>a_ = di(t —In(v™))" (2.13)
k=0

In particular,

() e (e



Remark 2.3. (Determinants with circular root-type singularities.) Note from (2.2) that &, can be seen
as a ratio of two determinants. The determinant on the numerator involves w, and this weight has a
root-type singularity along the unit circle (i.e. along the hard edge). Other determinants with circular
root-type singularities have been considered in [/]; however, the singularities in [4] lie in the bulk, and
the asymptotics of the corresponding determinants involve the so-called associated Hermite polynomials
(this contrasts drastically with the asymptotics of &,,, which are given in Theorem 1.2).

Remark 2.4. (Partition function.) Asymptotic expansions of partition functions of two-dimensional
point processes are a classical topic of interest, see e.g. [5, Section 5.3]. For rotation-invariant (and
determinantal) ensembles with soft edges, precise formulas up to and including the term of order 1 have
been obtained in the recent work [6]. The class of ensembles considered in [0] includes (1.1) when « is
proportional to n, see [6, Section 4.2]. As mentioned earlier, for « fized, the ensemble (1.1) has a hard
edge and is therefore not considered in [6]. As a minor aside, we compute here the partition function of
(1.1) with « fized using a similar formula as (2.3). As in (2.3) (but with w(u) replaced by (1 — |u|>)*~1),
we get

ZGn+1)G(1 + «)
Gn+1+a)

n—1 1 n
Zn = (2m)" ] /0 u? (1= u?)*du = 7" [[ B(j,a) = 7"T() , (2.14)
j=0

j=1
where for the last identity we have used the functional equation for the Barnes G-function to write

HF(j+a):Cw. (2.15)

Using the expansions (see [15, Egs. 5.17.5 and 5.11.8])

22 z2(z4+1) 1 , 1 9
InG(z+1) = vy +zInT(z+1) — <2 + 12) Inz+¢'(-1) - 3 +0(z77),
1— 2
InT(z+h)=(z+h—31)Inz—2+ 3 In(27) + 1= 6h + 6h7 +0(z7%), (2.16)

122
as z — +oo for any fized h € C, we then get

2
7, = exp (— anlnn+ (a+In(xl(a))n — % Inn+InG(l+a)— %IH(QTF) + O(nl)), as n — +oo.

3 Proof of Theorem 1.2

As mentioned in Section 2, it is convenient to split the sum (2.6) into two parts:

In&, = So+ S, (3.1)
where
-1 m n il
So= Y In (1 + wan,j,@>, Si=)Y I <1 + Zan,ﬁg), (3.2)
=1 =1 =% =1

and M == n([—2-1])"! < n7s . Define also Q := %1+ +um_ We first obtain the large n asymptotics of
n2+a

Sp using Lemma 2.1. Let T := >_,", wets.
Lemma 3.1. Let x1,...,x,m € R be fivzed. There exists § > 0 such that

TO n . TO (X—-2417_+C) n + n + M
QT2+ o) Mt QT(1+a) 2 M« M?2+e - Mit2e o M )7

SO:<%—1)an—

as n — +oo, uniformly foruy € {z € C: |z —x1| <d},...,um €{z €C: |z — x| <0}
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Proof. Let K :=n/M — 1. Recalling that F,, j, = I(r?,j,«) and ro = (1 — %£)1/2 and using Lemma 2.1,
we infer that

o Jj—1 j -1 tp to nfocflj
Fig=1——*%t —1)P . _q_ 4 +(9< >7 3.3
=1 G 2V U ) et = a5 (33)

as n — +oo uniformly for j € {1,...,K} and ¢ € {1,...,m}. Using (2.16), we infer that B(j,a) =
O(j~%) as j — +oo with « fixed, so that the error term in (3.3) can be replaced by O((j/n)**!). Hence,
since 1 + ZT:l Wy = QUL um Q,

S —Zln (1+Zw{1—naBUa)+o(( )HQ)D Zm (Q— ng()+0<(j)l+a>)'

The O-term after the first equality is clearly independent of uy, ..., u,,, and therefore the O-term after
the second equality is uniform for vy € {z € C: |z —x1| <}, ..., um € {z € C: |z — x| < J}, for any
fixed § > 0. We can (and do) choose § > 0 sufficiently small such that € remains bounded away from
(00,0l forug € {z€C:|z—x1| <0},...,um €{2 € C: |z — x| <}, so that

K

032 (0 o2 (7))
Furthermore,
()" 4 (0)) =o((5) e k(5)*). o

The above O-term can also be written as O( g5+ + %2 ), and thus

K
n To 1 n n
SO_<M_1>IHQ_aQnajz_;B(j,a)+O<M2+a+M1+20‘>’ as n — +o00. (3.4)

By (2.8) and the functional relation I'(z + 1) = 2I'(z),

KI‘(j+a) " fita—1
> 55 - Sromg 2 (501Y) (85

i=1 i=1 A
We now use the so-called “parallel summation formula” ZJK 01 (JJ;O“) = (K +“) to find
ZK: 1 KT(1+K+a) 1
=~ B rl+K)I'(a) 1+a

This formula can easily be expanded as K = {7 — 1 — o0 using (2.16):

K

1 1 1 n  (14+a)(a—2) M

ne 2 Mo (1+ a)l(a) {M * ) +0(3) 1 (36)
Substituting (3.6) in (3.4) yields the claim. O

We now turn to the analysis of S;. We will rely on Lemma 2.2, as well as on the following Riemann
sum approximation lemma (whose proof is omitted).

Lemma 3.2. Let A = A(n), B = B(n) be bounded functions of n € {1,2,...}, such that
an = An and b, := Bn

are integers. Assume also that B — A is positive and remains bounded away from 0 as n — +oo. Let f

be a function independent of n, which is C*([A, B]) for alln € {1,2,...}. Then as n — 400, we have
b B ’ / by —1 "

j f(A) + f(B) f'(A) + f'(B) ;. (")

30t w [ e+ BRI o HALIE 7 ) s

Jj=an

where, for a given function g continuous on [A, B] and j € {an, ..., by—1}, mjn(g) :=max i s+ [g(2)].
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Lemma 3.3. For any fized x1,...,T, € R, there exists § > 0 such that

! 1 To ()+1nQ
Sl—n{/o fo(l‘)dﬂﬁ—Mth—FQF( 9 Ma+1} /f1 Ydx + ————

(2—0&)1—0 L—FO n + n 1+M1 °‘+la:11nM
C 20T (a+ 1) Me M1t+2e - pf2ta n ’
as n — +oo uniformly foru; € {z € C: |z —x1| <0},...,um €{2 € C: |z — x| <5}, where 14— =1
if a =1 and 1,—1 = 0 otherwise, and
El(f)
=In(1+ X% = 3.8
foltr) == (1 + Bo(x). h(o)i= s, (35
m a M —tyrpax
oz e "ty 1 —a—tx
T) = ngQ(a,tga:), ¥ (x) = . [z:;wg o) 5 . (3.9)

Proof. By Lemma 2.2, since n/M — 400, we have

I'(j+ ) k(17 Q) Fy (17, 4, @) 4
Fojo=—2 2 do(r2, a)Fo(r2,j,0)( 1
NN () o(rf, ) Fo(rf, j, JFZ do(12, &) Fo (12, 4, @) +0(™)

as n — +o0 uniformly for £ € {1,...,m} and j € {{},...,n}. Moreover, using (2.11), (2.12), (2.13) and
(2.16), we get

(j/n)> et/ ™M¢ 1 — a — tyj/n 1 (j/n)*
T(a) ) +0( (j/n)2)

uniformly for £ € {1,...,m} and j € {{},...,n}. Hence, for small enough ¢ > 0,

In (1 T inn,jO — foli/n) + w FO(HYNY s oo, (30)

Fyje = Qla,tej/n) + as n — 400,

2 2
2 w2 (j/n)
uniformly for j € {{7,...,n} and uy € {z € C: |z — 21| < 0},...,um € {z € C: [z — x,,] < J}. Note
that

1 z": (G/m)* _ (9(1 + M +1a_11nM>
2 .

n

Furthermore, by Lemma 3.2 with A = ﬁ, B=1,

1 -1 -«
Z folj/n) 777,/ o (z)da:JrfO(M ;*f‘)(l) +O(M - “), (3.11)
LS nim= [ aarro( M, (312)

where, to estimate the O-terms, we have used n=!fj(A) <n~-tA*"! = (’)(M:a ), n L fL(B) = O(n™1),
nlf1(A) Sn7tAel = O(M:a), and n=1f1(B) = O(n~1). Also, using (3.8)—(3.9), as n — oo we get

1 1
n To n n n
n Ve fO(x)dx - n/o fo(x)dx - Mlnﬂ—i_ QF(O(—Fz) M1l+o +O<M1+2a + M2+a)’
_ To 1 1 1
M YH=mhQ—- ———— —
Jo(M) == o T M“+O(M1+a +M2a>’

1
- To(l-a) 1 1 1
[ R - / fayde = et 3w + O (3pra + 3
Substituting the above in (3.11)—(3.12) and then in (3.10) yields
- j 1+ M 4+1,1InM
Z f1(ZL/n)+O( + +14=11n )

n

Sy = Z fo(3/n) +

Jj=

gl
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To f()+an
_n{/ fo(x)de — — anJrQF( +2)M“+1} /f1 Ydx + ——————

 (2-a)To 1 L_n +1+M1 4+ 1g—1 In M
20T (a + 1) M Mi+2a T pp2ta n

Proof of Theorem 1.2. Combining Lemmas 3.1 and 3.3 yields

1 1+ M- 4+1,1InM
e, —n/fo dx+/f1 L o) = DQ+(9( n_,_n 1t tlam1m )

2 M1+2a M2+a n

The above O-term can be rewritten as

)

o n Ml_d +1a:1 In M
M1+a+d n

N . . 2
where & = min{e, 1}. Since M < n?+=, we have

n Mt-a 2a+a
= X X n 2o
Mltota n

which finishes the proof of Theorem 1.2. O
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