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Abstract

When designing and evaluating estimators, the mean squared error (MSE) is the most commonly
used generic statistical loss function because it captures the bias-variance tradeoff and allows
easy analytical and numerical treatment. However, MSE estimators are often applied to decision
problems for which the loss function is different, raising questions about how much value there
is in using a generic statistical loss function like the MSE rather than a decision loss function.
We elucidate this question through the lens of the portfolio selection problem by showing that
for several important portfolio rules, there is a positive linear relation between the MSE and
a portfolio-decision loss function. Moreover, shrinkage portfolio estimators derived under these
two loss functions are typically close to each other. Our findings highlight the economic value

of MSE to serve as a general-purpose statistical loss function in portfolio selection.
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1 Introduction

When evaluating and designing estimators, the decision-maker needs to select a loss function.
For that purpose, one can boil down the set of loss functions into two possible choices. The first
option, the most common and a standard in statistics, econometrics, and machine learning, is to
select a generic statistical loss function like the mean squared error (MSE), which we choose as a
representative benchmark. The MSE is appealing because it not only captures the bias-variance
tradeoff but also allows easy analytical and numerical treatment. Thus, by using a generic loss
function like the MSE, one expects to obtain estimators that are valuable for a wide range of
applications. The second option, as advocated by statistical decision theory (Berger, 1980), is to
select a loss function consistent with the specific decision problem to which the estimator will be
applied, i.e., a decision loss function. Decision loss functions have the benefit of delivering optimal
estimators for the problem of interest. However, they may be more challenging both analytically and
numerically than the MSE, formulating a specific decision loss function is not always trivial for
multifaceted problems, and the resulting estimators may not pertain to other applications.

In this context, the more generic MSE loss function actually offers greater flexibility for dealing
with decision-related tasks, even though it may be deemed as not directly related to the downstream
applications. In this paper, our objective is to investigate analytically and empirically how much
economic value MSE estimators carry relative to decision loss functions.!

We can expect that there is no unequivocal answer to this research question and that it depends
on the specific setting considered. Indeed, the current state of the question in the literature is mixed.
For example, the linear shrinkage method for estimating covariance matrices introduced by Ledoit
and Wolf (2003a,b, 2004) is based on the MSE loss function and is successful in a variety of
applications. At the same time, their recent nonlinear shrinkage method in Ledoit and Wolf (2017)
builds on a decision loss function for solving the portfolio selection problem and outperforms linear
shrinkage. Similarly, Butler and Kwon (2023) find that optimizing mean-variance portfolio weights
and predicting the necessary inputs in a single step using the predict-and-optimize framework

(Elmachtoub and Grigas, 2022) outperforms the standard decoupled approach. As another example,

'In the operations research and optimization literature, this objective relates to the predict-then-optimize frame-
work versus the predict-and-optimize one (Elmachtoub and Grigas, 2022). As Vanderschueren et al. (2022) clearly
explain in their abstract, “Predictive models are increasingly being used to optimize decision-making and minimize
costs. A conventional approach is predict-then-optimize: first, a predictive model is built; then, this model is used
to optimize decision-making. A drawback of this approach, however, is that it only incorporates costs in the second
stage. Conversely, the predict-and-optimize approach proposes learning a predictive model by directly minimizing the
cost of the downstream decision-making task.”



the calibration of option pricing models is historically based on the MSE (Bakshi et al., 1997), but
the models are then often evaluated using a loss function that reflects the model application, such
as pricing, hedging, or speculating. In this context, Christoffersen and Jacobs (2004) warn against
the inconsistency of using a loss function for estimating option pricing parameters that is different
from the one used for their evaluations. A further illustration is that at least since Fama and French
(1993), the asset pricing literature predominantly uses the MSE (or, equivalently, the regression R?)
for evaluating the accuracy of expected return estimates implied by asset pricing models. However,
Cenesizoglu and Timmermann (2012), Kelly et al. (2024), and Liu et al. (2024) suggest that the
MSE of expected return estimates is not always a good indicator of their economic value, and using
a decision loss function for estimating expected returns yields portfolios with larger Sharpe ratios.?
In general, the MSE and other generic statistical loss functions are at the foundation of regression
and machine learning methods, which are applied to countless problems.?

In this paper, we provide a formal analytical evaluation of the economic value of the MSE
loss function in the context of the important portfolio selection problem. We make three main
contributions to the literature. First, we link the MSE and decision loss functions for two fixed
portfolio rules: the sample mean-variance (SMV) portfolio with a risk-free asset and the fully
invested SMV portfolio. The sample global minimum-variance (GMV) portfolio, another important
portfolio rule, is a special case of the latter. The decision loss function we use for these portfolios
is the expected out-of-sample utility loss (Kan and Zhou, 2007; Kan et al., 2022), which nests the
expected out-of-sample variance loss (Frahm and Memmel, 2010; Bodnar et al., 2018) as a special
case. Although the MSE and decision loss functions are fundamentally different, they are both
minimized and equal to zero when the portfolio weights are estimated without error, so we can
expect some relation between the two. We formalize this intuition and demonstrate theoretically
that there is indeed a positive linear relation between the MSE and decision loss functions for the
two portfolio rules. That is, the MSE carries economic value. Moreover, the intercept in this linear
relation has a minor contribution, and thus, to a very good approximation, the MSE and decision

loss functions are simply proportional to each other.

2Cenesizoglu and Timmermann (2012) write the following in their abstract: “While there is generally a positive
correlation between a return prediction model’s out-of-sample statistical performance and its ability to add economic
value, the relation tends to be weak [...]” Similarly, Kelly et al. (2024, p.4) note that “the out-of-sample R? from a
prediction model is an incomplete measure of its economic value. A market timer can generate significant economic
profits even when the predictive R? is negative.”

3 As Elmachtoub and Grigas (2022) write in their abstract, “By and large, machine learning tools are intended to
minimize prediction error and do not account for how the predictions will be used in the downstream optimization
problem.”



Second, we compare optimal shrinkage portfolio estimators derived under the MSE and decision
loss functions. Specifically, we consider the shrinkage of the SMV portfolio toward the risk-free asset
as in Kan and Zhou (2007), and the shrinkage of the fully invested SMV portfolio toward the sample
GMYV portfolio as in Kan et al. (2022) and Lassance et al. (2024).4 In either case, we calibrate the
shrinkage intensities based on the MSE and decision loss functions. We show that although the
two loss functions do not deliver the same shrinkage intensities, these intensities are typically close
to each other. Therefore, although the MSE is unrelated to portfolio selection,® the theoretical
performance loss incurred by relying on the MSE to calibrate shrinkage portfolios is very small.
Interestingly, we also demonstrate that the MSE typically delivers a more intensive shrinkage than
the decision loss function and, thus, more conservative portfolios.

Third, we back our theoretical results with empirical evidence across several datasets. We in-
troduce empirical counterparts to the MSE and decision loss functions and show that the positive
linear relation between the two also holds in the data, in which our theoretical assumptions are
typically not fulfilled. Moreover, we compare the MSE-optimized and decision-optimized shrink-
age portfolios and find that they deliver similar out-of-sample performance, further confirming the
economic value of the generic MSE statistical loss function.

Our conclusions mirror similar ones in the risk-neutral world, i.e., under the Q probability mea-
sure. Specifically, Christoffersen and Jacobs (2004) argue for MSE as a general-purpose loss function
for option valuation, and later their conjecture is confirmed by Bams et al. (2009). What we do is the
counterpart of that in the real world, i.e., under the P probability measure, using portfolio selection
as the application rather than option valuation. As the authors show, MSE is a general-purpose
loss function in the Q world, and we demonstrate MSE is general-purpose in the P world.

The rest of the paper is organized as follows. In Section 2, we present our general definition of
the MSE and decision loss functions and how to establish the link between the two. In Section 3,
we define the portfolio selection problem with parameter uncertainty. In Section 4, we derive the
relation between the MSE and decision loss functions for several fixed portfolio rules. In Section 5,

we compare shrinkage portfolio estimators calibrated to the MSE and to the decision loss function,

4Shrinking portfolio weights is one among other existing methods to alleviate estimation risk such as shrinkage
of inputs (Ledoit and Wolf, 2017; Barroso and Saxena, 2021), robust optimization (El Ghaoui et al., 2003), robust
estimation (DeMiguel and Nogales, 2009), weight constraints (DeMiguel et al., 2009a; Yen, 2016), and principal and
independent component analysis (Zhao et al., 2019; Lassance et al., 2022).

5We demonstrate that the decision loss function corresponds to a more general MSE that uses the return covariance
matrix as a scaling matrix. Therefore, both the MSE and decision loss functions can be interpreted as a measure of
distance between the estimated and population portfolios. The difference is that the distance measure used by the
MSE is unrelated to the portfolio problem while that used by the decision loss is.



respectively. In Section 6, we derive unbiased estimators of the quantities involved in our optimal
shrinkage intensities. In Section 7, we provide empirical evidence supporting our theoretical findings.

Finally, Section 8 concludes. The proofs of all results are available in the appendix.

2 Definition of MSE and decision loss functions

Let 6 be an estimator of € RY obtained from an i.i.d. data sample drawn from a distribution D.

We define the MSE of 6 as follows.
Definition 1 The MSFE loss function for the estimator 0 of 0 is
Ma(0) =E[La(0 - 0)] =E[(0 - 0)" A0 - 0)] >0, (2.1)

where A € RNXN s a constant positive-definite scaling matriz, L(z) = x" Az is the A-norm of

the vector x, and the expectation is evaluated under the distribution D.

This definition extends the standard MSE that uses A = I, the identity matrix. The MSE is a

popular choice in statistics because it captures the bias-variance tradeoff. Specifically, we have
Ma(0) = La(E[0] — 6) + tr(AV]]]), (2.2)

where the first term is zero when the estimator is unbiased, and the second term is zero when the
estimator has zero variance.
Next, consider the case in which 8 solves a particular decision problem, i.e.,

0 = argmax P(z) (2.3)
zeC

for some performance measure P and constraint set C.5 We define the decision loss function for 6

as follows.

Definition 2 The decision loss function for the estimator becC of 0 = argmax P(z) is
zeC

Dp(0) = P(#) — E[P(0)] > 0, (2.4)

where the expectation is evaluated under the distribution D.

SFor instance, if § denotes the portfolio weights and P(-) is a mean-variance utility function, then the optimal 6
in Equation (2.3) is the mean-variance efficient portfolio in the set C.



Our objective in the specific portfolio selection problem is twofold. First, for a fixed estimator 0

A A

and a chosen matrix A, find a relation between M4 (0) and Dp(6), i.e., some function f such that
Ma(0) = f(Dp(D)). (2.5)

In other words, how proportional is the MSE to the decision loss function? Second, for a parame-
terized estimator 0(J), compare 8y = argming M 4(0(8)) with dp = argming Dp(0(0)) and evaluate

the increase in decision loss:
Ap(8(6)) = Dp(8(6m)) — Dp(8(5p)) = E[P(8(6p))] — E[P(8(5a))] = 0. (2.6)

Put differently, what is the cost of using a generic loss function like the MSE? If f in (2.5) is an
increasing function, and if Ap in (2.6) is small, then the MSE is a valuable loss function for the
decision problem of interest. Note that f being an increasing function and Ap being small do not

necessarily imply each other.

3 Portfolio selection problem

We now present the portfolio selection problem with parameter uncertainty, an important problem
in the finance literature (Jagannathan and Ma, 2003; Kan and Zhou, 2007; DeMiguel et al., 2009b;
Tu and Zhou, 2011; Ao et al., 2019; Kan et al., 2022; Barroso and Saxena, 2021). We start with

the simpler case in which the parameters are known.

3.1 Portfolio selection without parameter uncertainty

Let r € RN be a vector of excess returns on N > 2 assets with mean p and positive-definite
covariance matrix . The portfolio selection problem consists in finding an optimal portfolio w €
RY | where w; is the percentage of capital allocated to asset 4, according to a performance measure P
capturing some aspects of the distribution of the portfolio return w ' r. The performance measure P
we consider is the mean-variance utility,

7

Pw)=w'p— 5

w' Sw, (3.1)

where 7 > 0 is the risk-aversion coeflicient, which also comprises the portfolio-return variance as a
special case when v — co.

The mean-variance utility performance measure yields two portfolio rules of interest. The first



one is the mean-variance (MV) portfolio” that maximizes P(w) without any constraint, thus allow-
ing a risk-free asset,
e
Wy, = argmax P(w) = =X " pu. (3.2)
w Y
The performance delivered by wsy, is
p' ety

P(wy,) = 5

(3.3)

The second portfolio rule is the fully invested MV portfolio that maximizes P(w) under the
constraint w ' ¢ = 1 with ¢ a vector of ones,
Wy p = argmax P(w) = wy + wq, (3.4)
waw T 1=1

where wy is the global minimum-variance (GMV) portfolio,

PIY)
= 3.5
Wq LTZ_:[L’ ( )
and wy is the arbitrage portfolio that maximizes P(w) under the constraint w': = 0,
1
we = —Qu with Q=x""! (I — Lw;). (3.6)
Y
The performance delivered by w,, s is
v o\, #Qu
P(ung) = Pluy) + Plua) = (g~ 307) + et (3.7)

where g = ngu and o = ngEwg = 1/(:"X71). Note that the GMV portfolio w, is a special

case of the fully invested MV portfolio w,,f as v — oc.

3.2 Portfolio selection with parameter uncertainty

Now, in practice, 4 and ¥ are unknown, and thus, so are the optimal portfolios w,, and wy,f.
Therefore, we assume that we have an i.i.d. sample of returns of size T, (r1,...,rr), which gives

us the following sample estimators of u and X,

1 T
> (3.8)
t=1

ﬂ:

N

"Even when investors have preferences for higher-order moments, holding a mean-variance portfolio is often
preferable to holding the global-optimal portfolio due to estimation risk; see Simaan (2014), Khashanah et al. (2022),
and Lassance (2022).



. 1L R T
=23 e )~ i), (3.9)
t=1

where we assume T > N so that 3 is invertible. We make the following assumption about the

distribution D from which the sample returns are drawn.

Assumption 1 The i.i.d. sample of returns, (r1,...,r7), is drawn from a multivariate normal

distribution, D ~ N (u,X).

Assumption 1 is the common assumption made in the literature to study the out-of-sample
performance of estimated portfolios under estimation risk and in finite samples (Okhrin and Schmid,
2006; Kan and Zhou, 2007; Tu and Zhou, 2011; DeMiguel et al., 2015; Clark et al., 2022; Kan et al.,
2022; Lassance et al., 2023, 2024).

Under Assumption 1, we can show from Okhrin and Schmid (2006) that the sample unbiased
estimators of the optimal portfolios wy, and wp,; in (3.2) and (3.4) are

Wy = T_gfzi—lﬁ, (3.10)
> T-N-
LTS * T

1 A A A
W = Wy + 1 = Qi with Q:E*l(f_m;). (3.11)

We refer to @, and wy, s as the sample mean-variance (SMV) portfolio and the fully invested SMV
portfolio, respectively. In Section 4, we measure the degree of estimation errors in these estimates
using MSE and decision loss functions, and we relate the two loss functions together. Then, in
Section 5, we introduce shrinkage estimators of these portfolios and compare the optimal shrinkage

intensities under the MSE and decision loss functions, respectively.

4 Relating the MSE and decision loss functions

In the following proposition, we address the first objective outlined in Section 2 by relating the MSE
and decision loss functions for @, and @y, in (3.10)—(3.11). We consider two scaling matrices for
defining the MSE, A = ¥ and A = I. The decision loss functions Dp(ty,) and Dp (i) are known
as the expected out-of-sample utility loss in the portfolio selection literature (Kan and Zhou, 2007;
Tu and Zhou, 2011), which nests the expected out-of-sample variance loss (Frahm and Memmel,

2010; Bodnar et al., 2018) as a special case when v — oc.



Proposition 1 Let Assumption 1 hold and T > N + 4. Then,

1. The decision loss function for the portfolio estimators Wy, and Wy, in (3.10)—(3.11) is

01N

Dp () = (1 — 1) P(wy,) + T (4.1)

o N . co N —1
Dp (i) = Dpliy) + Dp(tha) = gleo = 1)a5 + (2 = DP(wa) + 52—, (42)

where cyg = fofz_l, c = (T(ir;,{)&;]j&i)@, and co = % are larger than one.

2. When the scaling matrix A =X, the MSE and decision loss functions are equivalent. Specifi-
cally,

ME(wm) - *DP(wm% (4'3)

DP(Tmef)- (4.4)

3. When the scaling matrix A = I, the MSE and decision loss functions have a positive linear

relation. Specifically,

R 27 N T—N-2 K1
M () = —Dp (i) + ( - 1)72, (4.5)
. 2q . T—-—N-1 K
Miitnng) = Mildy) + My(e) = 2 Dpliiy) + (Fmgree—1) 5. (46)
where Mp(wg) = q(co — 1)03, T = %tr(Eil), qg= ﬁtr(@), and
k1=p NHET T, (4.7)
ko =" Q(Q —ql)p. (4.8)

Several comments are in order. First, Part 1 of Proposition 1 shows that the decision loss
functions increase with NV and decrease with T', as one would expect. Second, Part 2 of Proposition 1
shows that provided we define the MSE with a scaling matrix A = ¥, the MSE and decision loss
functions are equivalent, though with a scaling adjustment attributable to ~.

Third, Part 3 of Proposition 1 shows that in the more common definition of the MSE with
a scaling matrix A = I, there is a positive linear relation between the MSE and decision loss
functions, meaning that the MSE carries valuable economic content for the portfolio problem.
Figure 1 illustrates this positive relation, where we consider a sample size of either T' = 120 or 240

months and a risk-aversion coefficient v = 1. We calibrate (u, X)) to a dataset of monthly returns on



Figure 1: Positive linear relation between the MSE and decision loss functions
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Notes. This figure depicts the relation between the mean squared error (MSE) and decision loss functions for the sample mean-

variance portfolio (s in (3.10)) and the fully invested sample mean-variance portfolio (@, in (3.11)). The decision loss
function is the expected out-of-sample utility loss and is given by Dp(im) and Dp (W) in (4.1)—(4.2). The positive linear
relation between the MSE, My (wm) and M (W), and decision loss functions is given by (4.5)—(4.6). The left and right plots
consider a sample size of " = 120 and 240 months, respectively. In each plot, the blue crosses depict the relation for N going
from 2 to 100. We consider a risk-aversion coefficient v = 1 and we calibrate the mean and covariance matrix (i, X) to a dataset
of monthly returns on 25 portfolios of firms sorted on size and book-to-market spanning July 1963 to December 2023.

25 portfolios of firms sorted on size and book-to-market (25SBM) spanning July 1963 to December
2023. Then, we depict the relation between the MSE and decision loss functions for N increasing
from 2 to 100. We can clearly observe the positive linear relation and that both loss functions
increase with N and decrease with T'.

Fourth, the signs of the intercepts in the linear relations between the MSE and decision loss
functions in (4.5)—(4.6) depend on the signs of 1 and kg in (4.7)—(4.8), respectively.® It is important
to understand whether x; and ko tend to be positive or negative because, as we will show in
Section 5, they also control which of the MSE or decision loss functions delivers a more intensive
shrinkage of the SMV and fully invested SMV portfolios. In the next proposition, we show that
these two parameters are negative if the squared Sharpe ratios of the principal components (PCs)

form a decreasing sequence.

8Indeed, ¢ (T — N —2)/(T —2) — 1 and c2(T — N —1)/(T — 2) — 1 are both positive.

10



Proposition 2 Let s? = (v, 1)?/ (v, 2v;) be the squared Sharpe ratio of the ith PC of asset returns,
where v; is the ith eigenvector of the covariance matrix 3. Then, a sufficient condition under which
k1 <0 s that 5% > s% > > s?\,. The same condition also implies ko < 0 if, in addition, the first

eigenvector is constant, i.e., v = t/V N.

Kozak et al. (2020) explain that the non-existence of near-arbitrage opportunities in the market
implies that PCs should have decreasing Sharpe ratios. Discussing two classes of asset pricing
models, they write “To the extent it exists, mispricing then appears in the SDF mainly through
the risk prices of high-eigenvalue PCs. Thus, within both classes of asset pricing models, we would
expect Sharpe ratios to be increasing in the eigenvalue.” Regarding the additional condition that v
is constant, Kozak et al. (2018) make a similar assumption, which we can interpret as the market
explaining most of the variations in asset returns.

However, note that the squared Sharpe ratios of PCs forming a decreasing sequence is only a
sufficient condition for k1 < 0, and k9 < 0 if, in addition, v; is a constant. In all four equity datasets
we use in our empirical analysis, we observe that there is a strong enough factor structure for both
parameters to be mostly negative over time even if the s? are not exactly monotonically decreasing
and even if v is not exactly a constant vector; see Figure 5.

Finally, we find numerically that in the decomposition of the MSE of w,, and w0y, in (4.5)—(4.6),
the first term related to the decision loss function dominates the second term by several orders of
magnitude. For example, let T = 120, N = 25, v = 1, and (i, %) be calibrated to the 25SBM

dataset as above. Then, we have

K1

27 T—N-2
M () = = Dp(iy) + [ ——~—Z¢; — 1) — 1,666 — 3.235, 4.
1(iom) = —-Dp(i )+( — )72 666 — 3.235 (4.9)
2q T—-N-1 K9
My (w = —Dp(w —— ¢ —1)—= =1,551—-1. . 4.1
(Wi p) y p(wmf)+< T )72 ,55 980 (4.10)

Therefore, to a very good approximation, the MSE and decision loss functions are proportional to
each other. In unreported numerical results, we find that this result is highly robust to different
values of N, T, and (u, X).

5 MSE versus decision loss for shrinkage portfolios

We now address the second objective outlined in Section 2, which is to consider parametrized

estimators and to compare the optimal parameters found under the MSE and decision loss functions

11



as well as the increase in decision loss caused by the reliance on MSE. The two parametrized
estimators we consider are shrinkage portfolio estimators that shrink ,, and @, in (3.10)—(3.11)
to alleviate the estimation risk they are facing.

The first shrinkage estimator, studied by Kan and Zhou (2007), shrinks the SMV portfolio 0,

toward the risk-free asset,
Wy (0) = (1 — &) Wyy. (5.1)

The second shrinkage estimator, studied by Bodnar et al. (2022), Kan et al. (2022), and Lassance
et al. (2024), shrinks the fully invested SMV portfolio toward the sample GMV portfolio,

W (8) = (1 = 8) by + 6tby = g + (1 — 8)g. (5.2)

In the next proposition, we derive the optimal shrinkage intensities § under the MSE and
decision loss functions, and we evaluate Ap in (2.6), which tells us how much portfolio performance
we lose by calibrating § based on the MSE. Given Part 2 of Proposition 1, it is not difficult to show
that when the scaling matrix A = X in the MSE, the optimal shrinkage intensities under the MSE

and decision loss functions are the same. Therefore, we focus on the case A = 1.

Proposition 3 Let Assumption 1 hold and T > N + 4. Then,

1. The optimal shrinkage intensities under the decision loss function for the shrinkage estimators

Wi (0) and Wy, () in (5.1)(5.2) are

_ . . B Dp (i)
Om,D = arg;mn Dp (i, (9)) = Dr(dn) + P’ (5.3)
B . R B Dp (i)
Smf.D = argmin Dp(thm(8)) = oo (ws TP (5.4)

which are both between zero and one and independent of v. Moreover, the decision loss deliv-

ered by these optimal shrinkage intensities is

DP(UA)m((Sm,D)) = 5m7DP(wm)7 (55)

Dp(Wmf(dmsp)) = Dp(ig) + dmy,pP(wa). (5.6)

2. The optimal shrinkage intensities under the MSE loss function with a scaling matric A = 1

12



are

‘ R M ()
5m = M m 6 = n ’ 57
a1 = argmin (W (0)) M () + L1 (wm) >0

. X Mi(g)
_— M o(5)) = ’ 5.8
M arg;nln (W (6)) M;i(wa) + Li(wg) >

which are both between zero and one and independent of v. Moreover, the MSE delivered by

these optimal shrinkage intensities is

My (W (0m,p1)) = O, pr L (W), (5.9)

M (g (dmgp,aa)) = Mir(g) + g Lr(wa). (5.10)

. The signs of 0m,p — Om,m and Omp,p — Omypn are equal to those of k1 and ko in (4.7)—(4.8),

respectively.

. Under the approzimation M(W,) ~ %Dp(ﬁ)m) and Mr(Wpy) ~ 2T‘ij(@Dmf) discussed in

Section 4, the shrinkage intensities minimizing the MSE are approximately

2yDp () K1/T

OmM ™ D i) + (/) Lrwm) . OmP (1 T Do) + (12 /T)L[(wm)>’ (5-11)
. 2y D) . ) ko)
oM S Do) + (/D Li(wa) P <1 29 Dp(ig) + (Vz/q)Ll(wa)) (5:12)

. The increase in decision loss due to relying on the MSE loss function instead of the decision

loss function to optimize the shrinkage intensities is

AP(wm(‘S)) = DP(wm((Sm,M)) - DP(UAJm(‘Sm,D))

= (5m,D — 5m,M)2[Dp(UA)m) + P(’U)m)], (5.13)
AP(wmf(é)) = DP(wmf(émf,M)) - DP(wmf((smf,D))
— (B0 = Fmpan) 1D (i) + Pluw,)] (5.14)

A first observation is that the optimal shrinkage intensities in Parts 1 and 2 of Proposition 3 take

a natural expression. When they minimize the decision loss in (5.3)—(5.4), they increase with the

decision loss of the portfolio that is shrunk, and they decrease with the performance inefficiency of

the portfolio we shrink toward. A similar intuition holds for the shrinkage intensities that minimize

the MSE in (5.7)—(5.8), which increase with the MSE of the portfolio that is shrunk and decrease

with the MSE of the portfolio we shrink toward.
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Figure 2: Shrinkage intensities under the MSE and decision loss functions
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Notes. This figure depicts the shrinkage intensities that minimize the mean squared error (MSE) and decision loss functions for

the shrinkage estimators of the sample mean-variance portfolio (0, (6) in (5.1)) and the fully invested sample mean-variance
portfolio (W, f(d) in (5.2)). The shrinkage intensities that minimize the MSE are (0,01, 9 g,asr) in (5.7)—(5.8) and those that
minimize the decision loss are (0., p,0mf,p) in (5.3)—(5.4). The left and right plots consider a sample size of T' = 120 and 240
months, respectively. The number of assets N varies from 2 to 100. We calibrate the mean and covariance matrix (i, X) to a
dataset of monthly returns on 25 portfolios of firms sorted on size and book-to-market spanning July 1963 to December 2023.

Another result, in Part 3 of Proposition 3, is that although the MSE and decision loss functions
for the SMV portfolio and the fully invested SMV portfolio are linearly related to one another, as
shown in Part 3 of Proposition 1, the optimal shrinkage intensity to apply to these portfolios is not
the same under the two loss functions. In particular, the sign of 6,, p — d,, as is equal to that of x1,
and the sign of 0., p — 6 y,0s is equal to that of kg, respectively. As discussed in Section 4, k1 and
ko are typically negative, which implies that 6., ;s > 0y, p and 6,01 > Oimyp D, ie., we typically
shrink more intensively under the MSE loss function than the decision loss objective. In that sense,
the MSE leads to more conservative portfolio decisions.

Then, to address the second objective outlined in Section 2, we need to assess how close are the
shrinkage intensities minimizing the decision loss and the MSE and what is the increase in decision
loss due to relying on the MSE. These two points are covered in Parts 4 and 5 of Proposition 3.
Concerning the comparison of shrinkage intensities, how close they are under the MSE and decision
loss functions depends respectively on how small k1 is relative to 7 and how small ko is relative

to g, as shown by (5.11)—(5.12). The answer to this question is an empirical exercise because it
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Figure 3: Increase in decision loss due to calibrating shrinkage estimators with the MSE
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Notes. This figure depicts the decision loss function for the shrinkage estimators of the sample mean-variance portfolio (@Wm (6) in
(5.1)) and the fully invested sample mean-variance portfolio (#,,¢(d) in (5.2)). The shrinkage intensities minimize either the
MSE, (8,015 0mf,n) in (5.7)—(5.8), or the decision loss, (0m,D,dmys,p) in (5.3)-(5.4). The increase in decision loss due to using
(0,01 Oy, r) instead of (8y,,p,0my,p) is given by Ap(m(5)) and Ap (W, f(8)) in (5.13)—(5.14). The left and right plots
consider a sample size of T' = 120 and 240 months, respectively. The number of assets N varies from 2 to 100. We calibrate the
mean and covariance matrix (i, X) to a dataset of monthly returns on 25 portfolios of firms sorted on size and book-to-market
spanning July 1963 to December 2023.

depends on (i, X). In the empirical analysis of Section 7, we consistently observe across datasets
that the differences between (8, p, 0mr,p) in (5.3)—(5.4) and (6,01, Ompar) in (5.7)—(5.8) are small.
We illustrate this in Figure 2 using a similar setting to that in Figure 1. When T" = 120 and 240
while IV varies from 2 to 100, the differences 6,, 77 — 0, p and 6y, .07 — O p,p do not go beyond 0.1,
and thus, remain small.

Finally, the increase in decision loss due to relying on the MSE loss function is given by
Ap(p,(0)) in (5.13) and Ap(pr(d)) in (5.14), which we expect to be small because the dif-
ferences 0,01 — Om,p and Oy, p0r — Omyp,p are generally small, as discussed above. Figure 3 de-
picts all three terms in Ap(,(0)) = Dp(Wm(dm,nm)) — Dp(Wm(6m,p)) and in Ap(m,f(0)) =
Dp (Wt (6mf,nr)) — Dp(Wms(dmy,p)) using a similar setting to that in Figures 1 and 2. We observe
that the Ap’s are very close to zero. That is, calibrating shrinkage estimators with the MSE instead
of the decision loss function barely makes any difference in portfolio performance, and thus, the

MSE contains economic value for the portfolio problem.
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6 Estimation of optimal shrinkage intensities

The shrinkage intensities proposed in the previous section are oracle, i.e., infeasible to implement
in practice, because they depend on the population parameters (u,Y). As a result, we propose
feasible estimators of the shrinkage intensities in this section. In particular, we now show how to
estimate the shrinkage intensities (0, p,0myf,p) that minimize the decision loss, given by Part 1
of Proposition 3, and the shrinkage intensities (8,07, dmyf,07) that minimize the MSE, given by
Part 2 of Proposition 3. Note that d,, p requires estimating (Dp (), P(Wm)), émf,p requires
(Dp(q), P(wa)), Om, ar requires (My(dm,), Li(wn,)), and 6y, f, 0 requires (My(q), L1(wy)). In this

regard, we derive unbiased estimators of these eight quantities in the next proposition.

Proposition 4 Let Assumption 1 hold and T > N +4. Then, the unbiased estimators of Dp(iyy,),
Dp(a), P(wm), P(wa), My(Wm), Mr(q), Li(wm), Li(w,) are

Dp(iy,) = (Cl_l)(T_NQ;TQ)'aTil'a—’—Na (6.1)
Dp(wa):(@—n(T—N—%; AA+(N—1)7 62)
~ T—-N-2p" S 'i—N
P(wm) = ( 2);} S (6.3)
Plug) = T=N=DE Q= (V2D (6.4)
W) = T i G0 ATE ), (6
Wi0) = T T Qi+ e (@14 700, (6.6)
Erfun) = T2 sy TP 2200 eaT8 ), (60)
Eifuwg) = S NI g T @+ 1700, (65)

Note that the unbiased estimators of P(wp,), P(w,), L1(wy,), and Lr(w,) can turn negative
even though the population value is always positive. Therefore, we estimate the optimal shrinkage
intensities in Proposition 3 by plugging the unbiased estimators in Proposition 4 and taking the

positive part of the unbiased estimators of P(wy,), P(wg), L1(wn,), and Ly(w,). This gives

Dp (i)

dm,p = = - : (6.9)
Dp () + max(P(wy,),0)

) Do,

Smf.p = = plta) (6.10)

Dp(thg) + max(P(w,),0)’
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M (i)

Omt = = 2 , (6.11)
Mi(y,) + max(Ly(wy,),0)
Smfas = = 1(0a) . (6.12)

M (q) 4+ max(Li(wg), 0)
We conclude this section with the following corollary of Proposition 4, in which we derive
unbiased estimators of the parameters k1 and ko in (4.7)-(4.8). This result will be useful for the

empirical analysis of Section 7.

Corollary 1 Let Assumption 1 hold and T > N + 4. Then, the unbiased estimators of k1 and Ko
in (4.7)—(4.8) are

N(T—N—=2)(T~N—4)4+2T—-2) 1o 5. (T—2)(T—N-2)

N _9. Sy AT -1 A~
(6.13)

R N-1)T-N-1)(T-N=-3)+2(T'—2) .1 45. T-2)(T—-N-1 AVATA

1) ) ) 42T -2) o0, (-2 ) eV

(N -1)17? (N —1)1?

7 Empirical evidence

We now study the relation between the MSE and decision loss functions for the SMV portfolio, the

fully invested SMV portfolio, and their shrinkage estimators.

7.1 Data

We consider four datasets of monthly stock returns grouped according to firm characteristics and
industries, which we download from Kenneth French’s website. The first dataset is composed of 25
portfolios of stocks sorted on size and book-to-market (25SBM). The second dataset is composed
of 25 portfolios of stocks sorted on book-to-market and operating profitability (25BMOP). The
third dataset is composed of 25 portfolios of stocks sorted on operating profitability and invest-
ment (250PINV). The fourth and last dataset is composed of 30 portfolios of stocks grouped into
industries (30IND). The time period for each dataset spans July 1963 to December 2023. These
datasets use a rather small N of 25 or 30, but we can easily vary the magnitude of estimation risk

by changing the sample size T
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7.2 Empirical MSE and decision loss functions for SMV portfolios

Our first objective is to relate empirical counterparts to the MSE and decision loss functions for
the SMV portfolio w,, and the fully invested SMV portfolio ,,r. We construct the empirical
counterparts as follows. Let 7 be the total number of months in the dataset, i.e., 7 = 726. We take
as the population mean and covariance matrix of asset returns, p and 3, the sample mean and

covariance matrix computed on the whole sample, i.e.,

n = % ZT: T'm, (71)
m=1

=25 = W) ). (72)
m=1

Then, we fix a sample size T and construct 7 — T + 1 portfolio weight vectors using rolling windows.

Specifically, let fi; and 3, be the sample mean and covariance matrix computed from months t—7+1

to t,
1 t
fi=g > T (7.3)
m=t—T+1
. 1 ¢
So= Y (rm— ) —A), (7.4)
m=t—T-+1

such that the 7 — T 4+ 1 SMV and fully invested SMV portfolios are

. T—N-—-2,_4.
’lUmﬂt = th 1/14&, t = T, - ,T, (75)
S T-N-1.
W = —= + Gy, t=1T,...,T, 7.6
mf,t LTE;lL ")/T Qt/’[/t ( )

where Q; = ;71 — 370871 /(0TS 1). Finally, the empirical decision loss function for 1, and

ﬁ)mf is

A 1 T
Dp’emp(wm) = P(wm) — 7__71_‘—1_1 Z P(wm7t), (77)

1

_ P(w 7.8
r—T+1 (wmf,t)7 ( )

=T

DP,emp(wmf) = P(wmf) -

~+

where P(wy,) and P(w,s) are given by (3.3) and (3.7), and the MSE loss function is

1 T .
= T+l t:ZTLI(wm,t — W), (7.9)

Ml,emp (UA)m)
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Figure 4: Empirical relation between the MSE and decision loss functions
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Notes. This figure depicts the relation between the empirical mean squared error (MSE) and decision loss functions for the sample
mean-variance portfolio, @, in (3.10), and the fully invested sample mean-variance portfolio, @,y in (3.11). The empirical
decision loss function is the average out-of-sample utility loss and is given by Dp emp(Wm) and Dp emp(Wiy) in (7.7)—(7.8).
The empirical MSE, M7 cmp(Wm) and My, emp (W), is given by (7.9)—(7.10). In each plot, the blue crosses depict the relation
for wm, and the red crosses for 1, s, with the sample size T' varying between 60 and 300 months. We consider a risk-aversion
coefficient v = 1. The four datasets span July 1963 to December 2023 and are described in Section 7.1.

1 T
———— > Li(mfs — Winp)- (7.10)
T—T+1 =

MI,emp(’lf)mf) -

In Figure 4, we depict the relation between the empirical MSE and decision loss functions for
each of the four datasets, a risk-aversion coefficient v = 1, and a sample size that varies from 7" = 60
to 300. In line with the theoretical predictions from Proposition 1, we observe that the relation

between the two loss functions is positive and essentially linear.

7.3 Comparison of empirical shrinkage portfolios

Our second objective in this empirical analysis is to compare the empirical decision loss of the
shrinkage portfolios 0,,(0) in (5.1) and Wy, () in (5.1) for which the shrinkage intensity § minimizes
either the decision loss or the MSE.

In Proposition 3, we show that the signs of d,, p — d;n,pr and dp,r.p — 0y, are equal to those

of k1 and kg in (4.7)-(4.8), respectively. To evaluate these signs, we use the unbiased estimators of
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Figure 5: Empirical unbiased estimates of x; and ko over time
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Notes. This figure depicts the unbiased empirical estimates of k1 and k2 in (6.13)—(6.14) using rolling windows of size T' = 240
months. The horizontal lines depict the average value across all rolling windows. We consider a risk-aversion coefficient v = 1.
The four datasets span July 1963 to December 2023 and are described in Section 7.1. As shown in Part 3 of Proposition 1, a
negative sign of k1 (k2) means that the mean squared error loss function delivers a larger shrinkage intensity d in the shrinkage
portfolio W (8) in (5.1) (W, r(d) in (5.2)) than that under the decision loss function.

k1 and ko in Corollary 1. Specifically, using rolling windows of size T' as in Section 7.2, we obtain
T—T+1 estimates &1 ¢ and kg, by plugging (fi, $5) from (7.3)~(7.4) into (6.13)—(6.14). In Figure 5,
we depict A1, and Aoy across the four datasets for a sample size of 7' = 240 months. We find that
both A1+ and A2 are negative in most rolling windows, which implies that the MSE loss function
generally delivers a more intensive degree of shrinkage than the decision loss function.

Then, we evaluate the empirical decision loss of the estimated shrinkage portfolios wm(Sm)
and wmf(émf), where 4, and 3mf are designed to minimize either the MSE (SmM and 3mf,M)
or the decision loss (&n p and Smﬁ p). We follow the standard approach in the literature (e.g.,
DeMiguel et al. (2009b), Kan et al. (2022)) by constructing a series of out-of-sample returns using
rolling windows of past data. Specifically, let 7 be the total number of months in the dataset, i.e.,
7 = 726, and T be a chosen sample size. Then, we estimate the portfolio and shrinkage intensity
at time ¢, wm,t(sm,t) and wmf7t(3mf7t), using returns from month ¢ — T + 1 to ¢t. The estimated
shrinkage intensities 3m7t and Smf,t are obtained by plugging (i, ;) in (7.3)—(7.4) into (6.9)-

A

(6.12). Then, the out-of-sample portfolio return at time ¢ + 1 is 7441 = ﬁ)m,t(ém,t)TrtH and
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Figure 6: Empirical decision loss of shrinkage portfolios
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Notes. This figure depicts the empirical decision loss of estimated shrinkage portfolios that are designed to minimize either the
mean squared error (MSE), ﬁ)m(gm,M) and Wy, f (5mf,M)7 or the decision loss function, wm(Sm,D) and Wy, f (SmﬁD). The
shrinkage intensities are estimated using (6.9)—(6.12). The empirical decision loss function is the average out-of-sample utility
loss and is given by Dp, cpmp(Wim (8m)) and Dp emp(Wmf (Smf)) in (7.11)—(7.12). In each plot, the sample size T varies between
60 and 300 months. We consider a risk-aversion coefficient v = 1. The four datasets span July 1963 to December 2023 and are
described in Section 7.1.

Tmfit1 = Wi f’t(gm f7t)T'I"t+1. Finally, the empirical decision loss function is given by
DP,emp(wm(Sm)) = P('U)m) - (Fm — ;/0'72n>, (711)
A 2 - 2
Dt Gn)) = Plmg) = (7mg = 3% ). (7.12)

= _ 1 T 2 _ 1 T = \2 EE = 2
where 7, = —7 Y i1 Tmts Op = 727 2i=741("m,t — Tm)”, and similarly for 7,y and Ot and

P(wy,) and P(w,y,f) are obtained by letting the population mean p and covariance matrix ¥ be
computed on the out-of-sample period from month 7'+ 1 to 7. This way of evaluating the empirical
decision loss function is not the same as that for the SMV portfolios in Section 7.2. In particular,
u and ¥ in Section 7.2 are fixed and obtained from the whole sample of returns to obtain empirical
MSE and decision loss functions that mirror their theoretical counterparts for which p and X are
fixed. In contrast, in this section, p and ¥ vary with the out-of-sample period considered and thus
also with the sample size T', so as to mirror what investors can implement in real time and thus

can gain with the shrinkage portfolios.
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In Figure 6, we depict the empirical decision loss of the shrinkage portfolios that minimize

A A

the MSE, Dp emp(Wm (0m,ar)) and Dp erp(Wim(0ms,ar)), and those that minimize the decision loss,
Dp7emp(’[f}m((§m7 p)) and D p,em/p(ﬁ;m(gm +.D)), for each of the four datasets, a risk-aversion coefficient
v = 1, and a sample size that varies from 7" = 60 to 300. We first observe that the shrinkage
portfolios deliver decision losses significantly smaller than those delivered when we do not apply
shrinkage in Figure 4. Then, concerning the comparison of different shrinkage portfolios, the results
are overall consistent with those in Figure 3 in which the shrinkage intensities are known without
error and returns follow an i.i.d. multivariate normal distribution. In particular, the shrinkage
intensities that minimize the MSE, Sm M and 3mf7 M, deliver a similar decision loss than that
delivered by the shrinkage intensities that minimize the decision loss, Sm p and 6, 7l p.? This gives

empirical evidence that the MSE contains valuable economic content for the purpose of designing

shrinkage portfolio estimators.

8 Conclusion

Which loss function should we use when designing estimators? Ideally, one would identify a decision
loss function corresponding to the economic decision problem the estimator is meant to solve.
However, this identification may not be an easy task, the resulting loss function may be challenging
to handle numerically and analytically, and the estimator may not be applicable to other problems.
This renders generic statistical loss functions, like the MSE, an appealing alternative because they
can be applied widely and are easy to handle. And indeed, the MSE is at the foundation of regression
and machine learning methods. The pending question is whether the MSE carries economic value,
i.e., delivers estimators that perform well for the decision problem of interest.

We analyze this question for the portfolio selection problem in a setting where both the MSE
and a decision loss function—the expected out-of-sample utility loss—can be derived analytically
and thus be compared to one another. We begin by comparing the MSE and decision loss functions
for fixed mean-variance portfolio rules and find a positive linear relation between the two loss
functions. We then compare the MSE and decision loss functions for designing optimal shrinkage
portfolio estimators. We find that the shrinkage intensities implied by the two loss functions are
close to one another and verify empirically that the shrinkage portfolios under both loss functions

offer a similar decision loss.

9The decision losses in Figure 6 do not uniformly decrease with the sample size T because returns are not i.i.d.
and because the out-of-sample period is different as we vary T'.
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Remarkably, the comparison between the two loss functions is driven by a single parameter:
either k1 in (4.7) for the case with a risk-free asset or kg in (4.8) for the fully invested case. If
these parameters equal zero, then the MSE and decision loss functions are proportional to each
other and deliver the same optimal shrinkage intensities. We derive a sufficient condition under
which k1 and ko are negative, which is that the Sharpe ratios of principal components form a
decreasing sequence. We show empirically that the unbiased estimators of k1 and 9 that we derive
are generally negative over time. This negative sign indicates that the MSE loss function delivers
a more intensive degree of shrinkage, i.e., more conservative shrinkage portfolios.

Overall, our results suggest that the MSE carries economic value for portfolio selection. More
generally, we aim to motivate researchers to pay more attention to the implications of their choice
of loss functions in their estimation tasks and to show how these can be studied systematically.

We envision several avenues for future research. One can investigate other types of portfolio
strategies, such as machine learning algorithms using decision loss functions as in Liu et al. (2024).
It is also of interest to compare loss functions applied to the inputs of portfolio strategies instead
of the portfolio weights themselves. For example, when shrinking the sample covariance matrix
toward the identity matrix, what is the difference between calibrating the shrinkage intensity based
on the MSE as in Ledoit and Wolf (2004) or based on the expected out-of-sample performance loss
of the portfolio that will use this shrinkage covariance matrix estimator? Finally, we find a linear
relation between the MSE and decision loss functions because they are both quadratic functions of
portfolio weights. However, DeMiguel and Nogales (2009) recommend using robust alternatives to
the MSE loss function in portfolio selection that do not grow as fast as the square function, such as
the Huber’s loss function. Thus, future research can investigate the relation between such robust
loss functions and decision loss functions, which will imply a nonlinear relation. Exploring this link
with robust statistical loss functions would also help inspire more robust decision loss functions

than the standard expected out-of-sample utility loss.

A Proofs of results

In this appendix, we provide the proofs of Propositions 1 to (4) as well as Corollary 1. Throughout
the proofs, we use the covariance matrix of the unbiased SMV portfolio @y, in (3.10) and fully

invested SMV portfolio W, in (3.10). From Javed et al. (2021, Corollary 2.2), the covariance
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matrix of ,, under Assumption 1 exists if T > N + 4 and is given by

. c1 (2vP(wp,) 1 ) _1 (T —N -2 > T
m)] = =S| ———"+ = |2 ————«c1 — 1 wyw,. Al
Vliy,] 72< T_9 +T + T A Wi Wy, (A.1)

From Okhrin and Schmid (2006, Theorem 1), the covariance matrix of ,,; under Assumption 1

exists if T'> N + 3 and is given by

V[wmf] = V[wg] + V]g], (A.2)
where
A o
V] = 77— 7@ (A.3)
1 €2 (27P(ws) 1 r-N-1 T
V[wa] = ? (H + T)Q + (HCQ 1) Wa W, - <A4)

A.1 Proof of Proposition 1

Part 1. The decision loss function for ,, is

Dp(tm) = P(wm) = E[P(dn)] = P(wn) — E[@,u] + %E[w;mm], (A.5)

where
E[dy, 1] = wypt = 2P (wn), (A.6)
B[,y Stb,] = w, w4 tr(V[id,]2) = ¢ (ip(wm) + ,;J;T) (A7)

which yields Equation (4.1). Then, the decision loss function for @, s is

Dp(im) = P(wny) = E[P(in)] = 1y = 205 + P(wa) = Elio], ] + Sy, Sivmg),  (A8)
where
[y, 11] = Wy pit = pig + 2P(wa), (A.9)
N . ) ) 2 1 N-1
B[y, X0y ] = Wy, p XWin g + tr(V[iyp]X) = cooy + c2 ;P(wa) + ET ) (A.10)
where we use tr(QY) = N — 1, which yields Equation (4.2).
Part 2. The MSE of @, with a scaling matrix A =X is
. . 2 cg N
My (i) = tr(V][io]E) = (e — 1);P(wm) + 712?, (A.11)
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which is equal to %Dp(ﬁ)m). Similarly, the MSE of 0,y with A =3 is

N N 2 ca N—1
Ms(tf) = tr(V[iy,f]E) = (co — 1)o2 + (cz — 1);P(wa) + TZT (A.12)
which is equal to %DP(’lf)mf).
Part 3. The MSE of ,, with a scaling matrix A = [ is
R R TN (2vP(w,,) 1 T—-—N-2 p'E72y

which is equal to Equation (4.5) with Dp(w,,) given by (4.1). Similarly, the MSE of b, with
A=1is

My (Wmyg) = tr(V[dy,y])

) Gea(N = 1) (M(wa) 1 ) (T ~N-1 > WTQu
= —1)o? — —occ— 1 Al4
q(co — 1oy + 2 T tp7)7t T 5 2 ( )

which is equal to Equation (4.6) with Dp(t,,s) given by (4.2). This completes the proof.

A.2 Proof of Proposition 2

Consider the eigenvalue decomposition of the inverse covariance matrix, ¥~' = VA~V where
V = [v1, ve, ..., vy]| is the matrix of eigenvectors and A = diag(A1, A2, ..., An) is the diagonal
matrix of eigenvalues, where \y > Ay > -+ > Ay and Ay > 0 because X is assumed positive

definite. Then, we can show that k1 /7, which has the same sign as that of k1, is given by

2 N
fi_lzN i= 13/)\ Z 2 (A.15)
T 111/)\ i=1

Similarly, under the condition v; = ¢/ V/N, we can show that
Q=371 - viv] ) = Vdiag(0,1/22,1/s, .., 1/Ax)V T, (A.16)

and thus, Ko/, which has the same sign as that of ks, is given by

S Y T an
(j 21/A =2 .

We can see that k2/q has a similar expression to that for k1 /7. In particular, the sufficient condition

we derive under which 1 < 0 is also sufficient for ke < 0, provided that v; = ¢/vV N
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Therefore, we now prove that /7 <0 if s% > s% > > s?\,. We have

N—1/.2
K1 Z':1 (87, i)/ 2
— =N= sy — —1)s
7 SAEETRY Z N
(oo ) HNNZ‘H( k)]
i=1 Sim L/ I A Zé‘vz_f 3? — (N = 1)s}y
(Y e [_H N/(N-1)
- J SN N
j=1 i=1 1/ Ai
N-1 1 1 Ni:l 1{ , N1
— —< (N = 1)s7 — s} ] (A.18)
o N 1 12 (N —1)s% i N j=1 !

We clearly have ZN ! 8]2 — (N —1)s% > 0if s? > s3 > ... > s%.. Moreover,

NSNS YA - (N =D A
N—-12N 1/x (—1>Z£V:11/Ai -

where the inequality holds because \; > Ao > --- > Ay. Therefore, k1 /7 in (A.18) can be bounded

—1+ 0, (A.19)

above as

Now, we can show that

(N—l)sZ—Z;Vlls]2 1 +]\]_1 (N —2)s? —E;V:_fs? (A21)
Zj\[1252 (N—-2)s%_, N-2 —22 13 2 (N-2)s%_,’

which is equal to —1 when i = N — 1. Therefore, inequality (A.20) becomes

N—2
f@_lSN/]E]N—l)<ZS?_ )
T > /A i
| N-2 4 1 N_1N=24 (N —2)s? — N252
S =
Te = M N-1 o N ] 15— (N —2)s3_,

We clearly have ZN_l s7 2 (N— z)sN L > 0ifs? > s3> > S%V_l’ and moreover, Nl_2 11'\52%_

m < 0. Thus, we obtain the inequality

M < W [Nf); ((N _9)? — Nf s§>] . (A.23)

1

<



We have that (N—Q)SZZ—Z;-V:]Q S?, i=1,..., N—2,is decreasing with the index i if s? > s3 > ... >

s3;_o. Therefore, the sum between brackets in (A.23) is lower than the case when all eigenvalues

are equal to the largest one, A1. That is, we have

ki NJ(N —2) N=2 =
e S & (- B ) <o o

J=1

where the last inequality holds because Zf\;z ;\/:—12 sj2~ = (N -2) Zi]i_f s2. This completes the

proof.
A.3 Proof of Proposition 3
Part 1. Given the expression for E[@,), 1] in (A.6) and E[d,],Y0,,] in (A.7), we have

DP(wm((s)) = P(wm) - ]E[wm(é)]

= P(wn) — (1= 0)Eliu] + 2 (1= 0)%Eldy, D)
— P(wn) — 21— §)P(wm) + (1 — 6)2c1 (P(wm) + ;fy?f)
= 5?P(wy,) + (1 = 8)2Dp (i), (A.25)

where Dp (1) is given by (4.1). Given (A.25), it is easy to show that d,, p minimizing Dp (0, (9))
is given by (5.3), and that plugging 6,, p into (A.25) gives (5.5). Turning to @, s, we have similarly
that given the expression for E[w;l;fu] in (A.9) and E[w;fzuvmf] in (A.10),

Dp(nf(0)) = P(wpf) — E[tms()]

i " A Yl o~ A N N
=y — 503 + P(w,) — E[w;,u +(1- (5)w2,u} + §E{w;Ew9 +(1— 5)211);211),1}
= 1ty = 305+ P(wa) = 1 +2(1 = ) P(w,)]
Y eno? + (1 — 6)2 UV—I)}
+ 500, + (1—9)%c (P(wa) + 3y T
_7 2, 2 2 .
= D (eg — 1)02 + 62P(wa) + (1 — ) Dp(ia), (A.26)

2

where Dp(,) is given by (4.2). Given (A.26), it is easy to show that d,,,p minimizing D p(,¢(9))
is given by (5.4), and that plugging 6,7 p into (A.26) gives (5.6). Finally, 6,, p and ,,¢,p are both
between zero and one and independent of v because P(wy,), P(w,), Dp (i), and Dp(i,) are all

positive and proportional to 1/(27).
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Part 2. Given that w,, is unbiased, we have
M (0 (6)) = 62L1(wm) + (1 — )2 M (i), (A.27)

where M (y,) is given by (4.5). Given (A.27), it is easy to show that 0, ps minimizing M (@, (9))
is given by (5.7), and that plugging d,, a7 into (A.27) gives (5.9). Turning to Wy, ¢, we have similarly

that because w,,s is unbiased,
Mi (g (8)) = 6°Li(wa) + Mi(idy) + (1 — 6)° M), (A.28)

where M (1) and My (w,) are given by (4.6). Given (A.28), it is easy to show that d,,7 a7 minimizing
M (wp(6)) is given by (5.8), and that plugging d,,¢ s into (A.28) gives (5.10). Finally, 6,, 3 and
dmg,m are both between zero and one and independent of v because Li(wpm), Lr(wa), Mr(y,), and

M (1,) are all positive and proportional to 1/~2.

Part 3. Given the relation between the MSE and decision loss function for @, in (4.5), we have

Om.D — Om. M = Dp (i) _ %Dp(ﬁ)m) t (TZFJX2_261 B 1)%
m, m, - A = N —N— K
DP(wm) + (wm) %Dp(wm) + (TTJX2 201 - 1)7% + L[(wm)
N 27 N T—N-2 K1
< Dp () {’pr(wm) + (T261 — 1) 2 + L[(wm)]
. 27 . T—N-2 K1
— (D) + Plw))| D) + (g —er = 1) 5]
27 T—-N-2 K

= Dp(tm) ( L1(wm) — P(wm)> - ( g 1) ﬁp(wm). (A.29)

Given that Li(wp,) — %P(wm) = k1/7%, we have

T—-N-2
T -2

K
SmD — Om.as 7; [Dp(wm> - (

c1 — 1>P(wm)] _ r1c1t N <P(wm) 1

T -2 QVT)’ (A.30)

whose sign is equal to that of 1. The proof is similar for the case d,,¢,p — dm -

Part 4. When M () ~ %Dp(uﬁm), the shrinkage intensity d,, as in (5.7) is approximately given
by

27 ~ N
5m M~ Sm M = 3% 7})P(wm) = AQ'YDP(me .
MM = 2 T+ Liam)  2Dp () + (027 Eilm)

(A.31)

The ratio Sm,M/émp is

Smn  29[Dp(m) + P(wn))
bm,p  29Dp(m) + (v2/7)Li(wm)
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(0 24[Dp(i) + Plwn)]
=1 <1 2y Dp (i) + <72/7>L1<wm>)
Hl/%

=1- ~ - , A.32
23 Dp(m) + (/)L {wo) A3
which corresponds to Equation (5.11). The proof is similar for Equation (5.12).
Part 5. Given the expression for Dp (i, (9)) in (A.25), we have
Ap(@m(8)) = (O = Om.p) P(win) + [(1 = dnar)? = (1= 8,0) | Dp(@m)
= (8,01 = O, D)[DP (W) + P(wm)] + 2(6m,0 — Gm,1) Dp (). (A.33)
Now, Equation (5.13) follows because
Ap(Wm(0)) = (dm,p — 5m,M)2[DP(1Dm) + P(wm)]
= 2(6m,m — 0m,D)(Om,p[Dp(m) + P(wm)] — Dp(m))
=0, (A.34)

where the last equality holds because 6, p = Dp(s,)/[Dp(m)+ P(wy,)]. The proof is similar for
Equation (5.13), and this completes the proof.

A.4 Proof of Proposition 4

Here we give the proof for the unbiased estimators of Dp (), P(wn,), M1 (), and L;(wy,). The
proof for the unbiased estimators of Dp(wg), P(wg), M(1,), and Li(w,) follows from a similar
reasoning, and these estimators admit similar formulas as those for the unbiased estimators of
Dp (), P(wm), Mi(m), and Li(wp,) with 371 replaced by Q and N by N — 1.

The unbiased estimators of Dp(w,) and P(wy,) in (6.1) and (6.4) follow from the definition of
Dp(ty,) and P(wy,) in (3.3) and (4.1) and the expectation of 2" %71/ available in Kan and Zhou
(2007), i.e.,

E[fﬁi*lﬂ] - % (;ﬁxlu + ];) (A.35)
which implies that the unbiased estimator of u X1y is

E [(T —~N-2)p 81— N]
T

=u' 27 (A.36)
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Then, to find the unbiased estimator of My (w,,), we write it from (A.13) as

C1
T—-2

T—-N-2

»h+ 75

My (i) = — Etr(

2 tr(XHp S+ (

c1 — 1> MTE_Q;L]. (A.37)

We now derive unbiased estimators of tr(X~1), tr(X ™1 £y, and " ¥ ~2p. First, using the fact

that E[21] = ~—1—¥%~1 the unbiased estimator of tr(X1) is
T-N—2
T—-N-2 .
E[Ttr(E_l)} = tr(E_l). (A.38)

Second, the expectation of the plug-in estimator of tr(X~H)u' Sy is
N N N 1 N A
B[S 2] = pTE[w(E)8 7+ Sor (SRS S ). (A.39)
T
Using Equations (84)—(85) in Hillier and Kan (2024), we have

A

E[tr(S71)5]

T2 2 _ _ 2272
:(T—N—2)2[<1+(T—N—2)(T—N—4)>tr(z HE 1+T_N_4]- (A.40)
Therefore, (A.39) becomes
2
E{tr@_l)fz_lﬂ} T (T- g —2)? Kl " (T — N — 2)2(T - N-— 4)>tr(2_1)“T2_1”
2u"S % (N 2T — 2) -
+T—N—4+<T+T(T—N—2)(T—N—4)>tr(z 1)]' (A.41)

That is, we have

(T—N—-2?2 | Te_ 1. 2u U N 2(T —2) _
E[ g )AE l‘u_T—N—4_<T+T(T—N—2)(T—N—4)>tr(z 1)1
2
:<1+(T—N—2)(T—N—4)

)tr(zl);ﬁzlu. (A.42)
Replacing 1" £ 72 by (A.48) below, we find that

ATST -

(T—N-22 « 1 .7Ta1. 2(T—N-2)

tr<z—1>] = (5=,
(A.43)

which, after replacing tr(X~!) by its unbiased estimator in (A.38), means that the unbiased esti-
mator of tr(X ™Sy is

- N(T-N-2 -
ﬂTEfZ[L _ ( )tr(zl)‘|

T2

(T-N-22 . | .7Te1. 20T-N-2)
E[TQtr(Z I)MTZ 1M—T
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=tr(X " Hp' 2 (A.44)
Third, the expectation of the plug-in estimator of ' X2y is
~ 1 ~
ATe—2-] _ Trle—2 1 -2
E[iT$7%0] = E[S }u+1¢(EEP:}). (A.45)
Using Equations (84)—(85) in Hillier and Kan (2024), we have

. T2 L, tr(zhHE!
E[% Z}Z(T—N—Q)(T—N—AL)FQ—FT—N—Q]' (4.46)

Therefore, (A.45) becomes

E[ATE—Q Aj| o T2 TE—Q + 1( Tz—l + H)tr(E_l)}
== r-~N—ayo-n~n-—g' = PN\ = T '
(A.47)
That is, we have
T—N-2)(T—N—-4) +o_o. 1 _ T—-2 _ _
E{( 1)1(2 )HTE *h— T_N_2<MTZ Y+ T>t1"(2 1)} =S,
(A.48)

which, after replacing tr(X ') and tr(X~1)u " £ 4 by their unbiased estimators in (A.38) and (A.44),

respectively, means that the unbiased estimator of p' 72y is

(T—N-2)(T-N—-4)+2 1o 5. T-N-=2
T2 prET - ————

E T2

tr(S (142" S0 | = 22 (A.49)

Plugging the unbiased estimators of tr(X 1), tr(X ™ )u"S 1y, and " X2 in (A.38), (A.44), and
(A.49) into (A.37) yields the desired unbiased estimator of Mj(iy,) in (6.5).
Finally, the unbiased estimator of Lj(wy,) = u' X 2u/v? in (6.7) directly follows from (A.49),

which completes the proof.

A.5 Proof of Corollary 1

Just like for the proof of Proposition 4, we focus on deriving the unbiased estimator of k1. The proof
for the unbiased estimator of ko follows a similar reasoning, and this estimator admits a similar
formula to that for the unbiased estimator of x; with £~ replaced by Q and N by N — 1. From

its definition in (4.7), k1 depends on p and X as

_ 1 _ _
Ki=pu' N 2 — Ntr(E D' . (A.50)
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Therefore, we can obtain an unbiased estimator of x; by replacing p' X2y and tr(X ™) S u

by their unbiased estimators in (A.44) and (A.49). This gives

. T-N-2)(IT'-N-4)+4+2 ta_9. T-N-2  ~_ T A
K/lz( )(T2 ) MTZ QM_Ttr(E 1)(1+MTE I/J/)
L[(T-N=22 o 2T-N-2 ;o, NT-N-2) .,
N Ttr(Z I M—TME M—Ttr@ )|

(A.51)

which simplifies to the desired result in (6.13), and this completes the proof.
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