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Abstract

We study the asymptotic behavior of the eigenvalues of Gaussian perturbations of large
Hermitian random matrices for which the limiting eigenvalue density vanishes at a singular
interior point or vanishes faster than a square root at a singular edge point. First, we show
that the singular behavior propagates macroscopically for sufficiently small Gaussian per-
turbations, and we describe the macroscopic eigenvalue behavior for Gaussian perturbations
of critical size. Secondly, for sufficiently small Gaussian perturbations of unitary invariant
random matrices, we prove that the microscopic eigenvalue correlations near the singular
point are described by the same limiting kernel as in the unperturbed case. We also interpret
our results in terms of nonintersecting Brownian paths with random starting positions, and
we establish multi-time generalizations of the microscopic results.

1 Introduction and statement of results

1.1 Introduction

This paper deals with sums of n x n random matrices
X=X,=M++TH (1.1)

where 7 > 0, M = M, is a Hermitian random matrix, and H = H, is a properly scaled Gaussian
unitary ensemble (GUE) matrix independent of M, defined by the probability distribution on
the space of Hermitian matrices,
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e 3T ay, aH =1]dH; ] dReH;dIm Hy,
j=1 1<i<j<n

with Z$VE a normalizing constant. X, = M when 7 = 0, and otherwise is an additive Gaussian
perturbation of M. We are interested in the global and local statistics of eigenvalues of the
random matrices X in the limit where the size n of the matrices tends to infinity.

The eigenvalue distribution of /7H converges almost surely as n — oo, in the weak sense,
to the semi-circle law on the interval [—24/7,24/7], which we denote A;, defined as

A\ (s) = i\/ A1 — 52 ds, s € [—2v/T,2V/7].
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We consider Hermitian random matrices M = M,, in (1.1) whose eigenvalue distributions also
converge almost surely, in the weak sense, to some limiting distribution pg. We will be interested
in cases where the limiting distribution pg has a certain singular behavior at an interior point
or at an edge point of its support. The singular interior and edge points we consider correspond
to the ones that can occur in unitary invariant random matrix ensembles, see [19], and this will
be our main case of interest.

To describe the global limiting distribution of the eigenvalues of X as n — oo, we can rely on
general well-known results from free probability theory, see e.g. [1, 25| [32] [33], which imply that
the matrix X almost surely has a weak limiting eigenvalue distribution p,. The distribution pu,
is the free additive convolution

Hr = Ho H )\T (12)

of pp with the semi-circle law A\.. Relying on analytical techniques developed by Biane in [3]
(see [2,[12] for further development), we will show that the singular point propagates with 7, in
the sense that the distribution u, also has a singular point of the same type as g, as long as 7
is smaller than a certain critical value 7, > 0.

In our study of the local eigenvalue statistics, we assume additionally that M is taken from
a unitary invariant random matrix ensemble. Then the local eigenvalue statistics of M are de-
scribed by a limiting eigenvalue correlation kernel which depends on the nature of the singular
point, and which is built out of Painlevé functions. Using a double contour integral represen-
tation for the correlation kernel obtained in [I5], we will show that the same limiting kernel
describes the local eigenvalue statistics of X = X, for 0 < 7 < 7¢,. That is, the local statistics
are unchanged under small enough additive Gaussian perturbations. The limiting kernel comes
from a saddle point analysis of the double contour integral. To control the contributions away
from the saddle, we have to go to the details of the Riemann—Hilbert analysis of orthogonal
polynomials [19], which is the most technical part of the paper.

Gaussian perturbations of Hermitian matrices have an alternative interpretation in terms
of a model of Brownian paths which are conditioned not to intersect. Consider n particles in
Brownian motion with diffusion parameter n=1/2, starting at the eigenvalues a; < --- < a,, of a
Hermitian matrix M at time 0, and ending at fixed points b; < --- < b, at time 1. We condition
the paths z1(t) < - -+ < x,(t) such that they do not intersect for ¢t € (0,1), and we let the ending
points by, ...,b, tend to 0. Then the joint probability density function of z1(t) < --- < x,(t)
at time t € [0, 1) is the same as that of the eigenvalues A1(t) < --- < A, (¢) of the matrix

1-tM+VtA-DH = (1-t)X,, 1=——"1. (1.3)

This is true if M is a deterministic matrix, but we can also take M to be random, and define the
model of nonintersecting Brownian paths such that the initial distribution of z1(0) < -+ - < x,(0)
is the same as that of the eigenvalues of the random matrix M. Our results in the random matrix
setting will thus directly imply results for nonintersecting Brownian paths with random starting
positions, and the “propagation” behavior is more natural in this dynamical model. In addition
we will prove multi-time generalizations of those results.

Finally we remark that the sum of a GUE matrix and a unitary invariant random matrix is
equivalent to the two-matrix model with one quadratic potential, see [2I]. Thus the results of
this paper shed light on the study of the two-matrix model, which is a more robust model for
physical systems than the one-matrix model, but for which there are far fewer rigorous results.
Among the physical applications of the two-matrix model is the study of 2-d gravity, see e.g.
[20].



1.2 Propagation of singular behavior

We start by describing in a precise way the conditions we impose on the limiting distribution
o of the eigenvalues of the random Hermitian matrix M = M,,.

Assumption 1.1. The limiting eigenvalue distribution pg has a compact support with a con-
tinuous density 1.

Assumption 1.2. There exist * € supp(uo), co > 0, and an integer k > 1, such that for some
function h(s) which is analytic at s = x* with h(z*) = 1, we have either

(a) x* is an interior point of the support of py and

o(s) = cng(S — x*)%h(s), s € supp(po), (1.4)
or

(b) there exists € > 0 such that
bols) = {cgk+3/2(x* — )2 H12p(5),  for s € [aF — €, a7, 15)

0, for s € [z, 2% + €].

If we have we say that x* is a singular interior point with exponent 2k, and if we
have we say that z* is a singular right edge point with exponent 2k + 1/2. There is a
similar notion of singular left edge point for which completely analogous results hold. For ease
of presentation we only consider singular right edge points. We note that in case @, ¥ may
not be the rightmost edge of the support, since the support may be on several intervals, and z*
can be the right edge of any interval. See Remark [1.5(iv)|

These are the singular behaviors that can and do occur for eigenvalues of Hermitian matrices
M from a unitary ensemble

L v A,
Zn
where V : R — R is real analytic with sufficient growth at 4+oo, and Z,, is a normalizing
constant, see [I7, [18]. For now, M = M,, can be any random Hermitian matrix for which the
eigenvalue distribution converges as n — oo almost surely, weakly, to a measure pg satisfying
Assumptions [T.1] and

The first aim of the paper is to verify that the singular behaviors and persist for

random matrices X, = M + /7H defined by if 7 > 0 is smaller than the critical value

o [[ 21 o

Due to the higher order vanishing f of the density of pg at *, the integral in ([1.7)
indeed converges, and therefore 7., > 0. To prove the propagation of singular behavior, we
study the behavior near x* of the density of the free convolution p, given in . We will not
use the general definition of free convolution here, but rather its special analytic form when
applied to free convolution with a semi-circle law that is due to Biane [3]. Using this approach
we are able to prove that the singular behaviors and persist in the following precise
sense.

(1.6)



Theorem 1.3. Suppose g is a probability measure on R satisfying Assumptions [I.1] and [1.3.
Let 0 < 7 < 7¢r where T is given by (1.7) and denote

Cr = co- (1.8)

Then pr = po B A has a density ¥, with a singular point

xr=x"+ T/ dpio(s) (1.9)

x* — s

(a) Under Assumption |1.4(a), x% is an interior point of the support of pr and the density
U (s) satisfies

Po(s) = s — )R (14 O(s — x1)), as s — 2. (1.10)

(b) Under Assumption [1.4(b), x¥ is a right edge point of the support of pr and the density
V- (s) satisfies for some € > 0,

/2 x " N
bo(s) = {czw (2% — )21+ O((xh — 5)M?)), as s — (a%), 11)

o, for s € [z, x% + €].

TYT

We call (1.10) and (1.11]) the propagation of singular behavior under addition of a GUE
matrix. In the special case when the density vy is symmetric around z*, the propagation of
a singular interior point was already noted by Biane in [3, Proposition 6]. The exact order of
vanishing at =7 seems not to be in the literature. Part @ of Theorem is proved in Section

and part [(b)] is proved in Section [2.3.2]

1.3 Ciritical perturbations

For 7 = 7., the singular behavior does not persist. Several situations are possible, depending
on the nature of the singular point z* and the limiting distribution pg.

Theorem 1.4. Suppose pg is a probability measure on R which satisfies Assumptions[1.1] and

[1.3. Let 1o be given by (L.7)), and let h be as in (L4) or (LF), depending on the case. Then
Pree = po B Ar, has a density 1, with a singular point x3_ given by (1.9) with 7 = 7.

(a) Under Assumption|1.4(a), if * is a singular interior point with exponent 2k = 2 (that is,
k=1), we have

0
€os 3 * |1/2 x (1/2

mﬁ—xnr’ (1+O0(]s =27, 77)), ass— (27,)-,

Yro(s) =4 (1.12)
cr . 0 .

Sin 5 « %
3/2 332 |S_x1'cr’1/2<1+0(‘8_x‘l'cr’l/2))7 as s — (x;k'cr)-l-u

Tl ey \T

where v > 0 and 0 < 0 < 7 are given by (f stands for the Cauchy principal integral)

2
1
r2 = <][ }*L(S)ds> + 72, @ = arccot <][ }:(8) dS) € (0,m). (1.13)
supp(uo) ¥ 7 8 TJsupp(po) T~ — 8




(b)

(¢)

(d)

(¢)

Under Assumption|1.4(a), if x* is a singular interior point with exponent 2k and k > 2,
we let

g2 = / (j/ioxi))3 = cgkﬂ /Supp(uo)(s — ")k 31 (s)ds. (1.14)
If g2 > 0, then
Lw — 2k 204 0(s — 2 |Y?), ass — (zF)
2(7_0r92)k+]_/2 Ter Ter ’ Ter/ =0
Yralo) = 1 « (12 « (12 .
W\S—xm\ (L+O(]s —27,[77)), as s = (27, )+,

and if go < 0, we have
1

_ o |1/2 ok (12 X
3/2 1/2|s 2o [T+ O(]s — 2z [V7), as s — (% ),
w () TTer ‘92‘
Tcr S) =
cgkﬂ

s — a3 21+ 0(s — a3, V7)), as s (a3, )1

2(Ter|g2|)FH1/2

Under Assumption |1.4(a), if ©* is a singular interior point with exponent 2k, k > 2, and
g2 given by (1.14) is equal to zero, we let

dpio(s) 2I<:+1/ *\2k—4
7 :/* _c (s — *)25h(s)ds.
(s —a*)t 0 supp(po)

Then g3 > 0, and

V3

Vre, () = Tl/g‘s - $icr|l/3(1 +O(]s - xicr|l/3))> as s — a7 .
2Tt g3

Under Assumption |1.4(b), if x* is a singular right edge point with exponent 2k + 1/2, we
let
d
s [ L [ e s, (119
(s —a*) supp (ko)
where sgn(x) = 1,0, —1 depends on if x is positive, zero, or negative. If go < 0, then there
exists € > 0 such that

1
372 s —a* |12 (1+O0(s—2%.|%), ass— (z% ),

bra(s) = { T VIgel (1.16)

0, s € lay ,xr +e,
where « = 1/4 if k =1 and o = 1/2 otherwise.

Under Assumption|1.4(b), if x* is a singular right edge point with exponent 2k +1/2, and
g2 defined in (1.15)) is positive, then

62k+3/2
gl — 2l T A+ Ol — a7, 7). as s = (a3,)-
cr
’lil)Tcr (S) = 1

s — 23, [2(1+ O(]s —

3/2 a)v as s — (xf;cr)Jra

TTer /92

where once again o = 1/4 if k =1 and o = 1/2 otherwise.



The proof of parts @, @, and of Theorem is given in Section and the proof
of parts @ and @ is in Section m

Remark 1.5. (i) In part |(a)| of the above theorem, if fsupp(uo) h(s)/(z* — s)ds = 0, then
0 = 7/2 and the constants in front of the two square roots in (1.12]) are the same. This

happens if h(s) is symmetric about s = z*.
(ii) If £ > 2 and h(s) is symmetric about s = z*, then g» = 0 and part [(b)] does not occur.

(iii) If z* is the rightmost point of the support of g, then go < 0 where gs is defined by ((1.15)),
and we are in part @ Furthermore, by Lemma below, we have ¢ (s) = 0 for every

s > zy  in (1.16)).

(iv) Part @ can only happen if * is a right endpoint of an interval in the support, but there
are other intervals to the right of z* as well, since in such a situation it could happen that
g2 > 0. Then it could also happen that go = 0, but this situation is more delicate and we
do not investigate it here.

1.4 Unitary ensembles

For the next main result, concerning the local behavior of the eigenvalues of X = M + /7H,
we restrict to matrices M from the unitary ensemble (|1.6) with V' such that % — 400
as r — +o00, and with V real analytic on R. It is a basic fact from random matrix theory, see

e.g. [I7, 24], that the eigenvalues of M have the joint probability density function

n

T An@? [, An@) = [ (a5 — ). (1.17)

n j=1 1<i<j<n

This is a determinantal point process with correlation kernel

n—1
K (z,y) = e 2 VEVOIN "y (2)pjm(v), (1.18)
j=0
where p;,, 7 = 0,1,2,..., are the orthonormal polynomials for the weight e~V () on the real

line, i.e., p;, has degree j, positive leading coefficient, and

o0
/ Pin(@)prn(z)e™™ Odx = §; .. (1.19)
—0o0

The limiting eigenvalue distribution g exists almost surely [I] and is known as the equi-
librium measure. It is a compactly supported Borel probability measure that minimizes the
logarithmic energy in the external field V,

[0 2 duts)anto + [ vinauo, (1.20)

|s — ]

among all Borel probability measures on R.
Since V is real analytic, the equilibrium measure is supported on a finite union of intervals,
and the density 1y has the form
1 _
o(s) = - qy,(s)ds,
where gy : R — R is a real analytic function, and ¢, denotes the negative part of qy-, see [18]. If
V is a polynomial then gy is a polynomial as well. From this form of the density it follows that



the density is real analytic on the interior of each interval in the support. Generically, gy does
not vanish in the interior of each interval, and it has a simple zero at each of the endpoints of
the intervals which leads to square root vanishing of the density, see [29]. However, for certain
special potentials V' there can be a zero at an interior point, or a higher order zero at one of the
endpoints. Near such singular interior points or singular edge points [19] 29], the equilibrium
density takes the form or for some positive integer k.

For what follows it is convenient to express the quantities 7., and x, see and , in
terms of V. This can be done because of the following lemma, which we will prove in Section

Lemma 1.6. Suppose x* is a singular interior point with exponent 2k or a singular edge point
with exponent 2k + 1/2. Then for every l =1,2,...,2k, we have

V(l)(x*) _ _2(1 _ 1)! / m (1.21)

In particular we find from Lemma with [ =1 and [ = 2, and ((1.9)), (1.7)) that

ry=a" + %V’(w*), (1.22)
2

= , 1.23

T V() ( )

At non-singular points, the correlation kernel has the usual scaling limits from random
matrix theory, namely the sine kernel at non-singular interior points and the Airy kernel at non-
singular edge points, see [19]. The correlation kernel has non-trivial scaling limits at singular
points. We let

y=(k+1)7 (1.24)

with x the exponent of the singular point,
2k in case of a singular interior point,
2k +1/2 in case of a singular edge point.
Then the scaling limit takes the form

lim
n—o0 Ccon”’

KM (;,; + col;w“* + C;;ﬂ) = Ko (u, v) (1.25)
with a universal limiting kernel that only depends on the exponent x, and with ¢y as in
and . For a singular interior point with exponent k = 2, the kernel is related to the
Hastings—McLeod solution of the Painlevé II equation, see [5, [14], and in the case of a singular
edge point with k£ = 5/2, the limiting kernel is related to a special solution of the second
member of the Painlevé I hierarchy [16].

For k > 2 it seems that the nature of the limit has not been analyzed rigorously in the
mathematical literature, but there is strong evidence in the physical literature that in the case
of an interior critical point with x = 2k with £ > 2 the limiting kernel is related to a member
of the Painlevé II hierarchy [4], and in the case of an edge critical point with k = 2k 4+ 1/2
with & > 2 it is related to a higher order member of the Painlevé I hierarchy [8| [11], see also
[13]. For general k, existence of a kernel C,; such that holds can be proved in a rather
straightforward way using results from [19]. We will do this in Appendix and we show
moreover that holds not only for real values of u and v, but uniformly for v and v in
compact subsets of the complex plane. This fact will be important later on for the proof of our
main results. Our proof of does not reveal any integrable property of ICy.

7



Proposition 1.7. Foru and v in compact subsets of C, ([L.25)) holds uniformly for some limiting
kernel K (u,v), analytic in w and v, that only depends on the parameter k, and with ¢y as in

and (L.F)).

We will prove that the limiting kernel IC; also appears as the scaling limit for the eigenvalues
of X = M + /TH whenever T < 7¢;, which we will explain next.

1.5 Determinantal structure and double integral formula

First of all, it is known that the eigenvalues of X; = M +./7H are determinantal, see [9, 10} 26].
It is a much more recent result [I5] that there is a double integral formula for the new eigenvalue
correlation kernel in terms of the one for M, namely

KX (z,y;7)

+i00 e’}
/ &z / dw KM (2, w)e3 VOV @) 3 (=P -w-v)) (1 .96)

271'27

The result in [I5, Theorem 2.3] was formulated in the more general context of random
matrices M whose eigenvalues are a polynomial ensemble, which is a joint probability density

on R” of the form .

ZA”(;;;) det [fe-1(5)]} 1 -

for certain functions fy,..., fn—1. This is a determinantal point process with a kernel that can
be written as

KPE .’E y ij

where each p; is a polynomial of degree j and each g; belongs to the linear span of fo,..., fr—1.
The eigenvalue distribution (|1.17)) of a unitary ensemble can be put in this form, and the
polynomial kernel is related to the usual kernel (|1.18)) by

n—1
KB (a,y) = K) (2,y)e2VE V) = = VO N "y, (2)pjn(y), (1.27)
=0

and this combination appears in the integrand of . Note that KF®(z,w) is polynomial in
z, and so there is no problem to evaluate it for z on the imaginary axis, as we do in .

By analyticity we can move the contour for the z-integral in to any other vertical line
in the complex plane. It will be convenient for us to take the vertical line passing through the
singular point z*, and so we will work with

x* 4100 0
KX (2, yi7) = - / i / dw KM (2, w)e3(VO-V @) 2 (=P ~w-1)") (1 9g)

2MIT o —ino S

1.6 Propagation of local scaling limit

We are now ready to formulate our main result.

Theorem 1.8. Suppose that V is real analytic such that ﬁ — +00 as x — +oo. Suppose

that the equilibrium measure uo satisfies Assumptions [1.1] and [1.3 for some k = 2k or k =
2k +1/2. Let KX(z,y;7) be the kernel (1.28 (L.28) for the ezgenvalues of X = X; defined in (L1).



Let 1er, @£, ¢7, and ~y be as in (1.23), (1.22), (1.8), and (1.24). Then, for every T € (0,7e) and

n € N, there is a function H, : R — R such that

—Hyp (w;7)+Hn (v5T)
. € X * u * v, —
nh_I){)lo pap K; (xT + el + . Tﬂ,T) = Ku(u,v), (1.29)

T T

uniformly for u and v in compact subsets of R, with the same limiting kernel K., as in ((1.25)).

Remark 1.9. The gauge factor e~ Hn (@) +Hn(vi7) iy is irrelevant from a probabilistic point
of view, since it does not contribute to the determinants that define the correlation functions
of the determinantal point process. However, the precise formula of H,, may be of interest, and
it can be read off from the formula for ﬁn, which is derived in a multi-time context for
nonintersecting Brownian paths, see below. We have

PN ™ T
H,(u;7) = Hyp(u,t) — gv’(x*)% t= T
Taking note that ¢;(1 —t) = ¢, see (1.36)), we find from (4.16])
unl—y u2n1—2'y
H . — V/ * V// * O 1—3’Y
w(usT) = S5 = V'(@") + == V"(@") + 0 (')

as n — oo.

With some more effort we can expand the O-term and find an expansion with terms
ajuj n'~=J7 where the a; are constants that depend on ¢y, ¢, and derivatives of V' at z*. We
only need terms with 1 — jy > 0, i.e., j < 7!, since for 1 — jy < 0, the term n' =77 tends to
0 as n — oo and will not be important for the limit (1.29). Since v = 1/(k + 1) and x = 2k
or k = 2k + 1/2, we thus only need the terms up to j = 2k + 1, which means that H,, can be
taken to be a polynomial in u of degree < 2k + 1. For example, for kK = 2 we could take

2/3 2,1/3 3
V'(z*) + Ln “

1203

un

Hy(u;7) = V"(z*) + V" (x*).

2c; 4deger

1.7 Nonintersecting Brownian paths

We now turn to nonintersecting Brownian paths with confluent ending points, which can be
seen as a dynamical generalization of the eigenvalues of the sum of a Hermitian matrix with
a GUE matrix. Suppose zi(t),...,z,(t) are n particles in independent Brownian motion with
diffusion parameter n=1/2, starting at a; < --- < a, at time 0, and ending at b; < --- < b,
at time 1. We first condition the paths so that they do not intersect for ¢ € [0, 1], and then
we take the confluent limit where the ending points by,...,b, all tend to 0. We take the
starting points x1(0), ..., z,(0) random, following a certain probability distribution. We denote
the particles in this model of conditioned Brownian paths with random initial positions by
X(t) = (z1(t), ..., zn(t)).

We assume that the initial distribution of the paths, % S dz,(0), converges almost surely,
weakly, to a probability distribution pg which has a singular interior point or a singular edge
point x* satisfying Assumptions and

Since the joint probability distribution of X(¢) is the same as the one of the eigenvalues of
the random matrix (1 — ¢) X, with 7 = ﬁ (see Proposition , we can apply Theorem
and Theorem [1.4] to describe the limiting distribution of X(¢) if ¢ € [0, t¢;], with ¢., given by

Ter

ter = :
cr 1 —I—TCI.

(1.30)



with 7¢; as in . This implies that the limiting distribution, as n — oo, of the particles X(t)
at time t € (0, t.;) still has a singular point of the same type as pg. More precisely, the limiting
particle density of (1 —#)"1X(¢) behaves as in or with 7 = ;%;. This is against the
common intuition that the density of Brownian paths smooths out as time goes by. Moreover,
the propagation of singularity does not go beyond t.;, and this implies a phase transition.
Now we assume that the initial particles X(0) have the joint probability density function

, for some real analytic V' such that % — 400 as * — *oo. Then the eigenvalue
correlation kernel for the particles (1 —)~'X(t) is given by with 7 = £, hence we can
apply Theorem for t € (0,te), implying the propagation of the singular behavior of the
particles (1 —#)"1X(¢) on the local level.

From the nonintersecting condition, one can also derive that X(¢) is a multi-time determi-
nantal process on R x (0,1). The k-point correlation function Ry of this process evaluated at k

points (x;,t;), i =1,...,k is given as the determinant

k

Ry ((x1,t1), ..., (xg, tr)) = det (Kff(xl, xj;ti, tj))i,j:l ,

where the multi-time correlation kernel KX (z,v;t,t') is given by

EX (2,y;t,8) = —Lico G, yst,t') + KX (2,58, 1) (1.31)
where Ja 5 ) )
n _77,(2ny> + ne __ny
G x,y;t t) = e 2(—t) 20—t 2(1-¢) 1.32
n(@,y;t, 1) = (1.32)
and
. z*+ico 00 n nz—(1-t)2)2  ny—01—tHw)?
KX (zyit,t) = —— dz / dw KM (2, w)e3 V-V T mamn T war)
27T’L tt/ r* —100 —00
N (1.33)
Alternatively, using (T.27) we can write KX as
N n " Fico o0 n(a—(1=)2)2 _ n(y—(1—t)w)2
KX (z,y;t,t) = —— dz/ dw KPP (z,w)e” 20-0 A=t 1.34
" ( ) 2wV tt J e —ico —00 n ) ( )

The expressions and for the multi-time correlation kernel can be derived with
the help of the Eynard—Mehta theorem [22] [7]; they are proved in Appendix [Al Notice that if
t = t/, we recover the single-time correlation kernel up to the rescaling implied by .
Indeed it is straightforward to see that

1 x Y T T
KX ; = KX (z,y; 1.35
147 ”<1+T’1+r’1+7’1+7> n @y, (1.35)

with KX given in (1.28).

In analogy to the constants c; and z}, we define

-~ 1—t tCI‘ % * * t ! *
= = =(1-t =(1-t -V 1.36
= = g B = (- hele = (-0 V), (1.36)

with ¢; and z¥ as in (1.8)) and ([1.22), and ¢p as in Assumption

We now present the multi-time version of Theorem
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Theorem 1.10. Suppose that V is real analytic and such that % — 400 as x — Foo.

Suppose that the equilibrium measure ug satisfies Assumptions and|1.9. Let Kgf (x,y;t,t)
be the multi-time correlation kernel f for the particles in nonintersecting Brownian
motions X(t), and let KX and Gy be given by (L.33) and (1.32)), respectively. Suppose t,t' €
(0,ter). Then there is a function Hy(u;t) such that the following hold.

(a) For every u,v € R,

efﬁn(u;t)Jrﬁn(v;t’) ~ % u v ,
li K> zf+—,2, + ——;t,t' | = 1.
nl—golo mnv n <:Et + /C\t7’ﬂ ) xt + /C\t/nﬁ{ ’ ta > ICK (U, U) ( 37)
with the same limiting kernel IC,; as in (1.25)). The convergence is uniform for u and v in
compact subsets of R.

(b) Suppose t <t' and u # v. Then

o~ Hn(ust)+ Hn (vit')

lim T+
= n

n—00 veepn

and the convergence is uniform for (u,v) in a compact subset of R? away from the line
u = v. Furthermore, we have that

Uy v ,
=, Ty + =——;t,t' | =0, 1.38
emny’ Tt * cyn’ ) ( )

o~ Hn (uit)+Hy (vit') u v .
1_ A~k v /\*, . — _ 1
nl—>n<;10 /C\t/C\t/??fy Gn <xt * /C\tnly T F /C\t’nA/ ! ) (5(“ v)’ ( 39)

with 6(u — v) being the Dirac d-function, see also Remark|1.11]

The function Hy, is defined in (4.16).
By (1.35)), the kernel (1.28) can be recovered from the multi-time kernel (1.31) if we set

t =t = ;7=. Using this relation, one checks directly that Theorem is a consequence of
the more general Theorem The proof of Theorem [1.10}(a)|is in Section [4| and the proof of
Theorem [1.10{(b)|is in Section

Remark 1.11. The convergence in ((1.39) is in the weak sense. That is, if 0 <t < ¢’ < t., and

, efﬁn(u;t)+ﬁn(v;t’) ” v
. _ A~k A~k
Fo(u,v;t, t') = N G (xt + @n'thl + /c\mﬂ) , (1.40)
then
Fo(u,v;t,t') = 5(u —v)
means that

lim //Fn(u,v;t,t')gp(u, v)dudv = /cp(u,u)du

n—oo

holds for every continuous test function ¢ with compact support.

Remark 1.12. By (1.31]), the two parts|(a)| and [(b)] of Theorem yield
e—ﬁn(u;t)—&—ﬁn(v;t’) <

=N U, v
T; + /C}W’xtl + W§t7t/> = —Lictrd(u —v) + Ky(u,v). (1.41)

lim KX
n—00 vegepn? "

The limiting correlation kernel (1.41) implies that the limiting distribution of particles
around Zj, in the scale of O(n™7), does not change over the time ¢ € [0,%.) after centered
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at z; and scaled by ¢n?. The infinity of the limiting correlation kernel at positions u = v
seems to be an anomaly, but it is natural and necessary. Consider particles initially at time 0
distributed as a determinantal process with correlation kernel ICyx(u,v), and suppose they do
not move at all over all positive time ¢ > 0, then the particles are a multi-time determinan-
tal process, and the multi-time correlation kernel is given exactly by the right-hand side of
. In our nonintersecting Brownian motion model, the particles are not stationary, but the
fluctuation is at a scale smaller than n™7.

Remark 1.13. The Dirac d-function on the right-hand side of arises as a limit of Gaus-
sian distributions which are sharply peaked on the O(n~7) scale. To detect these Gaussian
fluctuations we can consider a finer scaling. Suppose now that u is fixed and that v depends on
n in such a way that the distance between u and v is of order n=1/2t7 as n — oo, say
B S
v=u-+ m
We assume for simplicity that v > 1/4, which is the case if the exponent « of the singular point
x* is smaller than 3, see . Then we obtain a different scaling limit if ¢ < ¢/, namely with

a Gaussian limiting kernel,
2

lim F, <§,’; o B 4 — bt (1.42)

_ S
n) = L i
n—o00 cth ct/n'y T vV 27T0't t ’
I

where the variance is given by

PN t—t
Jf’t/ =Gy (t —t) = At2 (R T
Ccr Cr

This follows from the proof of Theorem [L.1(J(b)] see (5.7)—(5.10) .

Remark 1.14. The probability distribution of having a path at position y at time ¢’ > ¢ given
that there is a path at position x at time ¢ is given in terms of the two-point correlation function
Ry by

Ry ((x,8); (y,1)) 1 KX (z,2;t,t) KX (z,y;t,t)
y: det X / X I
KX (2, 23t,t) KX (x,z;t,1) K (y,xt't) K (y,y;t,t)

n
If we scale x and y by setting, as in Remark

n

b U o s
r=2x =~ Y=y P =~ 179
t ey’ R T e

for some fixed s € R, we can use (1.42) and (1.37)—(1.38)) to conclude that, as n — oo, this
distribution converges to
2 2

~ S S

Cy\/N T 202 1 Sy
Le 2gt,t/ dy = — ¢ 20t,t/ ds‘
A 27TUt,t’ vV 27TUt,t’

The heuristic interpretation of this fact is as follows: if there is a path at position r =
7 +u/(¢nY) at time t, then it will be at position

~ U Ot/ —1/2 ~x U (' —t)(ta—t) 1 —1/2
=75+ —— + = o(n =I5+ = o(n
= +ct/n7+ct/n1/2X+ ( ) =1} +ct,m+\/ L apxt ( )

at time ' as n — oo if t < t' < to, where y is a standard Gaussian random variable. This
suggests that the path is approximated by a Brownian bridge [27, Section 5.6 B] between times
t and t., with the start 2 and the end 7} , and diffusion parameter n~1/2 that is the same as
the diffusion parameter of an individual Brownian path in the model. The rigorous justification
of the Brownian bridge approximation is out of the scope of the current paper.
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2 Proofs of Theorem [1.3] and Theorem [1.4!

2.1 Free convolution with a semi-circle law

In [3], Biane describes how to calculate p, = pg B A; and its Cauchy transform,

GHT(Z)Z/d'UT(S), Imz > 0, (2.1)

z— S

from the knowledge of G,. By [3, Corollary 1], we can extend the domain of G, (z) continu-
ously to CT UR, and let
GMT (x) = yll)%l+ GMT (x + Zy)

By the regularity of p; shown in [3], particularly [3, Corollaries 4 and 5], the density of the
measure p,r can be recovered from its Cauchy transform by the formula

Ur() = T G, (1),

For all 7 > 0, let

yT(x):inf{y>O‘/%§1}, x €R. (2.2)

T

Then x — y,(z) is continuous [3, Lemma 2|, and
O ={z+iyeC" |y >y ()}

is the domain above the graph of y.. Biane [3, Lemma 4] shows that w — w + 7G,(w) is a
conformal map from €, onto C* that extends continuously to the closure. The boundary of €,
(which is the graph of y;) is mapped bijectively to the real axis. Furthermore, let F : Ct —Q,
be the inverse mapping. Then by [3, Proposition 2 and Corollary 2] E|

G, (2) = Gy (Fr(2)) and 9r(x) = —% Im G, (Fr(x)), forxzeR. (2.3)

In the situation of a singular point specified in Assumption [1.2{(a)[ or Assumption [1.2(b)|
and if 0 < 7 < 7¢;, it follows from (1.7) and (2.2) that

dpo(s 1
[ey=r

Thus y-(z*) = 0 and 2* belongs to the boundary of ;. It is mapped by w +— w + 7G, (w) to

z* +1G, (7)) = 2}

T

see (1.9). The inverse Fr maps z} back to * and then it is clear by (2.3) that

dpo(s)

x* — s

Gu, (xF) = Gy(z™) = / is real. (2.4)

Thus by (2.3)) the density of p, vanishes at x.
Under Assumption we have the following result.

n 3] Corollary 2], a negative sign is missing for p;(z).
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Lemma 2.1. If z* is the rightmost edge of the support of g, and 0 < 7 < 7¢y, then () =0
for all x > x7.

Proof. For 7 € (0, 7¢],

dpio(s) / dpo(s) _ 1 .
< =, 1 11
/(x—3)2< @ -2 =7 or all x > z¥,

which implies that y,(z) = 0 for all z > z*, and then the interval [z*,00) is part of the
boundary of ;. By the bijectivity of F}, we have that F; maps the interval [z}, co) bijectively
and continuously to [x*,00). Then it is clear that by (2.3)) and analogous to (2.4)),

G, (x) = Gu(Fr(x)) = Ff(/;())@? is real, for all x > z7.
We conclude that ¢, (x) = 0 for all x > z%. O

Below we establish the precise order of vanishing as given in ((1.10)) and (1.11]) for 0 < 7 < 7¢p,
and their critical counterparts as 7 = 7¢;.

2.2 Singular interior point
2.2.1 Preliminaries

We assume that z* is a singular interior point as in Assumption |1.2f(a)| and use the fact that the
density vg(s) is analytic near s = x*. This implies that G, as given by with 7 = 0 has
an analytic continuation into the lower half-plane in a neighborhood of z*, say for |w — z*| <
for some § > 0. We denote the analytic continuation also by G, and it is given by

Go(w) = / dpio(s) _ 2miho(w) for Imw < 0, |w — ™| < 0.

Let -
Go(w) = =Y gj(w — ") (2.5)
=0

be the power series expansion of G, around z*. Since 1)y vanishes to order 2k at x*, the
coefficients gg, ..., gor_1 are real and they are given by

dpo(s) 2k+1/ #\2k—j—1 :
g-:/*A:c (s —a*)* 77 h(s)ds, j=0,1,...,2k—1. (2.6)
! (s —a*)itt 0 supp (ko)

In particular

9o = *Guo(l‘*) = —— - > g1 = Tav (2-7)

see (1.7) and ([1.9)). The coefficient go; has a non-zero imaginary part and is given by

. dpio(s) 2k+1][ h(s) 2k+1
gor = lim L =cC —ds+c . 2.8)
y=0s ) (s — (z* +iy)) 2+t 0 supp(uo) § % ’ (

Using (|1.9) and (2.7)), and (2.5) we have the power series in a neighborhood of z*

Ter

w4 7G (W) =z + <1—T> (w—$*)—TZgj(w—x*)j. (2.9)
=2

14



2.2.2 Proof of Theorem [1.3{(a)|

We compute the expansion of Fr(z), which is the inverse function of w + TG, (w) as in (2.9),
under the condition 7 < 7¢;. Then w+7G,, (w) is analytic around z* with a non-zero derivative
at *, see (2.9), and thus has an analytic inverse locally near =} = 2* + 7G ,, (2*). The domain
of the local inverse function overlaps with that of F;, and in the common domain they coincide
due to their uniqueness.

It follows that F’. also has an analytic continuation from the upper half plane to a full
neighborhood of z¥, and we consider F: on this extended domain. We write the power series

T
for |z — z%| < € where € > 0 is small enough,

Fre) =o'+ fils - ) (210)
=1

with certain coefficients fi, fo,.... Plugging the expansion (2.10) of w = F.(z) into z = w +
7Go (), by ([Z3), we have

2k 2k 2k
* T V) *1
s-ar=(1-7) St =7 [; il — )
1 j= -1

as z — x7, and by comparing coefficients, this identity recursively yields identities for f;,

J
+0((z —zX)FY),  (2.11)

j=0,..., fop—1 in terms of go,...,g;. For instance, we find
-1
fi = <1 - T) =TT S (2.12)
Ter Ter — T
The next coefficients fo, ..., fop_1 are all real, since go, g1, . - . , gop_1 are real, but their precise

values are not of interest to us. The coefficient gof is not real by (2.8)), and as a result fo has
a non-zero imaginary part. Equating the coefficients of (z — 2*)%* on both sides of (2.11)) and
keeping only the imaginary part, we obtain the identity

.
0= <1 - 7_) (Im for,) — 7 (Im go) f2, (2.13)
cr
which by (2.8), (2.12)), and (1.8) leads to
- 2k+1
Im fop, =7 < = ) AL = ekl (2.14)
Ter — T

We next insert the expansion (2.10) for w = F;(z) back into (2.5) around z = z%. Then
G0 (Fr(2)) has a convergent power series in a neighborhood of z, say for |z — 23| < € with
some € > 0. By (2.1)) we obtain the expansion up to order (z — )%,

ol
J

2k 2k
Grur (2) = Gy (Fr(2)) = =D g [Z filz = ap)!| +O((= — 27)* ). (2.15)
=0 1=1

We now let s € R be in the interval (z% — €, 2% + €), and substitute z = s in (2.15). Since
the coefficients ¢1,...,926-1, fi1,-.-,for—1 are real, there are only two contributions on the
right-hand side of (2.15)) to the imaginary part up to order (s — z3)?*, and we have

T

I G, (s) = (=g Im for — f7* Imgap) (s — 25)* + O((s —ap)™), s —af,

which by [£7), @8), @12), and @I9) leads to

Im G, (s) = —mcaP (s — 2)?F + O((s — a2) %+, s =z}
Then by (2.3)) we obtain ((1.10)) and prove Theorem [L.3{(a)
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2.2.3 Proof of Theorem [1.4(a)}, [(b)]
We now assume 7 = 7¢;. Then, the series (2.9) becomes

00
w + 7_chTY,UJo (w) = x;k'cr — Ter Z gj(w - m*)j (216)
j=2

such that its first derivative at z* vanishes. We would like to extend F_ (#), the inverse function
of w+ 7;G o (w) from C* to Q. to a neighborhood of z% , as we did in Section But

Ter?
due to the vanishing of the first derivative, the inverse function of w + 7,.G, (w) is no longer
well defined locally in a neighborhood of zf,, although it still can be defined with a branch cut.
The behavior of the local inverse function (with a branch cut) depends on the first non-zero

term in the series in the right-hand side of ([2.16)).
If £ =1, we have by (12.§]),

h
g2 = cg][ (5) ds + Ticy. (2.17)
supp(

_ *
po) ST

Thus —7¢g2 is the first nonzero coefficient, and it has a negative imaginary part. This is our

Case @ and it corresponds to part @ of Theorem
If £ > 2, we have

go = c2kt1 / (s — )2 3n(s)ds. (2.18)
supp (o)
Generically g2 # 0, and —7¢.g2 is the first nonzero coefficient. This is Case @ and it corre-
sponds to part @ of the theorem. The difference with Case @ is that now gs is real.
But g2 could vanish, and it does so for instance if h is symmetric about z*. So besides Cases

@ and @ we have Case when go = 0, and —7¢.g3 is the first nonzero coefficient. Since
h(s) > 0 almost everywhere on supp(uo), we always have

g3 = okt /(s — ")k (s)ds > 0. (2.19)

For each of the three cases, we need the following result that generalizes the analytic inverse
function theorem:

Lemma 2.2. Let f(w) be an analytic function in a neighborhood of a, such that f(a) = b, the

derivatives f'(a) = f"(a) = --- = f™(a) = 0, and the m-th derivative f0™ (a) = mlc™ for
some ¢ # 0. Let € > 0 be small enough. Then on {z € C ||z —b| < em < arg(z —b) < 7}, there
exist m analytic functions ©o(2), 91(2),. .., om-1(z) defined by the Puiseur series

0i(z) = a+ ¢ LMz — p)t/m 4 ch,j(z —plm i=0,1,...,m—1,
=2

where we take the principal value for power functions, such that f(y;(z)) = z, and they are the
only functions that satisfy the condition.

Lemma is proved by an application of the usual analytic inverse function theorem, see
e.g. [30, Pages 105-106].

In what follows, when we consider the value of the function (2 — z_ )7 for z € (—o0, 2} ),
we take it as the continuation from C™.
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Case [(a)f Proof of Theorem [1.4f(a)] Note that Img, > 0 by (2.17), and in this case
we take the value of \/—go in the way that 37/2 < arg/—¢2 < 27. Using Lemma with
fw) =w+7:Gpy(w), a = *, b=z} and c = \/Tey/—g2, we have that for [z — \ < € and
—m < arg(z —x} ) < 7} where € > 0 is small enough, there exist analytic functlons

1) i
pi(z) =" + \/T(Tml/)—E(Z - a:icr)l/Q + ZZ; iz — :Uicr)m, j=0,1, (2.20)

such that f(¢;j(z)) = z. Since F, (z) is the inverse function of f(w) from C* to Q,_, it also
satisfies f(Fr,(2)) = z. It is not hard to check that in the common domain where |z — 27 | <€
and Imz > 0, F,_ (= ) agrees with ¢g(z) but not with ¢;(z). Thus Fr_ (z) can be extended to
be defined for [z — 2% | < € and —7 < arg(z — 2% ) < 7 by the formula of yy(z) in (2.20). We
assume this extensmn and use the Puiseux expansmn with j = 0 for Fr () around z}
By (2.3 , , and , we can then compute the local behavior of the density ¢ (s) as

5=y
) = 21w g (s =t )V 4 O - ).
" Vi .
where (s — J:jcr)l/Q is positive if s > x7  and is equal to i|s — xicr\l/Q if s <} . Since go and
g1 = 7" are real, we obtain

1 1
e, (s) = Im [ (s — gvicr)l/2 +O0(s — 7 ), 5= Ty . (2.21)
WTg/Q VvV 92

Writing g5 = —cgre_i , where r and 6 have values as in (1.13)), we finally obtain (1.12)). This
proves Theorem |1.4}(a)|

Case [(b)} Proof of Theorem [1.4(b)] Here g, is real by (2.18), and nonzero. We let \/—gs
be real and positive if g < 0, and be equal to —ig;/2 if go > 0. As in Case we use Lemma

with f(w) = w4 7e:G o (w), a = 2%, b = 2}, and ¢ = \/Ter\/—g2, and have that in a region
where |z — 2} | < eand —7 < arg(z — % ) < m where € > 0 is a small enough, ¢o(z) and ¢1(z2)
are well defined in such that f(¢;(z)) = z. By the same argument as in Case [(a)l we
can check that F. (z) agrees with ¢o(z) but not with ¢;(z). So we use the Puiseux expansion
(2.20) with j = 0 for Fr_ (z) around z7_

The proof now proceeds in a manner completely analogous to Case @ In equation
we replace w with the Puiseux expansion with j =0, i.e. w = po(z) = Fr,(z). Keeping
terms in the Puiseux expansion up to O((z — 2% )*), we have that as z — 2% with —7 <
arg(z —zy ) <m,

J
+ O((Z _ )(27{:-}—1)/2)'

Ter

2k—1

=T —Ter PR oz — a)!?
cr Zgj [F\/T.QQ( Cr) ; l,O( )

Similar to the coefﬁments in -, the coefficient ¢; o depends on go,93,...,g1+1, and can be
computed recursively.

First we consider the case that go < 0. Then (\/7ery/—g2) ' is real and positive. Since
92, - -, 92k—1 are all real, we have that ca, ..., cor—20 are all real, and we do not need their ex-
plicit expressions. Then analogous to , by comparing the imaginary part of the coefficients

of the (z — z%_)* term, we have

1 1 2k
0=—Ta|202——=Imcyp_10+ | ——— Im ,
c (92\/73\/_792 2k—1,0 <\/ﬁ\/—792) 92k>
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and obtain by (2.8)) ,

2k+1

Im C2k—1,0 = > 0. (2.22)

2k—1 2k+1
2 _TCI‘ gz +

Then using the Puiseux expansion (2.20) (with j = 0) of F;, (z), we have that as s — (2% ) _,
by ([2.3), (2.5), and (2.7).
1

Vr(8) = — p Im Gy (Fr, (5))
1

1
- “Im|—g—
Q0 |: 9 vV Ter/ —92
1
L )

3/2 Ter
7TTcr/ V=92
which is similar to (2.21). On the other hand, for s > 7} _, since g1,...,92x—1, €2,0,-- -, C2k—2,0
are all real, we have by (2.3)), (2.5), and ([2.22)

(s —a* Y2+ 0(s — z; )

Ter

1
VPr,(8) = — —Im G (Fre.(s))
1
= — —Im |~gieserols — 23,2+ O (s — 25, |
2k+1
_ Co—|s —xt FV2 4 o((s — 2 )b, s— (5,), -

2(_7-0r92)k:+1/2

Hence we proved the g2 < 0 part of Theorem [L.4{(b)|
The proof for go > 0 is nearly identical.

Case Proof of Theorem [1.4{(c)[ In Case|(c) we have by (2.9), as w — z*,

W+ TGy (w) = xicr — Tags(w — x*)g +O((w — x*)4),

where the coefficient —7.,g3 of (w — x*)3 is negative by (2.19). Using Lemma with f(w) =
W+ TG (w), a =%, b=12; and c = —(Terg2)'/3, we have that for z with |z — ry | < eand
—7 < arg(z — % ) < m where € > 0 is small enough, there exist analytic functions

e2Jmi/3

5z —ar )P ez —ar )P, =012, (2.23)

(p . Z — x* _——_—
j( ) (Terge) =

such that f(¢;(z)) = z. Since Fr (z) is the inverse function of f(z) from CT to €., it also
satisfies f(Fr,,(2)) = z. It is not hard to check that in the common domain where |z — 27 | <€
and Imz > 0, F, (z) agrees with @2(z) but not with ¢g(z) or ¢i(z). Thus F. (z) can be
extended to be defined for z in |z — 2} | < € and —7 < arg(z — 2} ) < 7 by the formula of

po(z) in (2.23).
Then by (2.3), (2.5)), and the Puiseux expansion of F;, we obtain that as s — x7_,

1 et /3 . i
w'rcr (5) = ; Im gO + gl (Tcrgg)1/3 (S - xTcr)l/S + O((S - xTcr)2/3)
L V3 Y O((s — )2,

4/3 1/3
277713/ g3/

Here we used the fact that gg is real, g = 7' and g3 > 0. Thus we have proven Theorem

) i
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2.3 Singular edge point
We now turn to the case of a singular right endpoint. We assume that z* is the point in

Assumption [1.2(b), and make use of the analyticity of h(x) at x*.

2.3.1 Preliminaries

Similar to (2.6) and (2.8)) in Section we define

d ok (2k+1/2
9 :/“’0(8). :cg’“*?’/?/ &h(s)ds, j=0,1,...,2k
(s —a*)itt supp(io) (s —a*)it!

We have

1 1 ik: (w — a*)7 (w — 2*)2k+1
w—s x*¥—3s = (s —x*)itl ' (w — s)(s — z*)2k+L”

and then similar to ([2.5)), we find
2k ‘
Go(w) = =D gj(w — 2"y + F(w)(w — %), (2.24)
=0
with real coefficients g1, ..., gor and

dpo(s) 2%k -+3/2 / sgn(s — x*)h(s)
(w) / (w—s)(s — x*)2k+1 =) supp (o) (w—s)|s — m*|1/2 §

The expression (2.6 for g; (j = 0,...,2k — 1) continues to hold, and it generalizes to j = 2k.

Also ([2.7)) holds for gy and ¢;.
Since z* is a right endpoint of an interval of the support of pg and h is real analytic near

x* with h(x*) = 1, we find after a straightforward calculation that
cgk+3/27r
(w _ .1‘*)1/2

where (w — x*)'/2 has its branch cut on (—oco,z*) and we take the branch (w — z*)%/2 > 0 for
s € (x*,00). Although F(w) is defined on C, it can be extended to the region |w — z*| < &
and —7 < arg(w — x*) < 7, since for a small enough § > 0, (z*, z* 4 0) is not in the support of
to. On the branch cut z € (z* — §,2*), we have jump condition,

F(w) =— +0(1), asw — z¥,

lim F(z+iy) — lim F(x+ iy) = —2micgr 222
im F(x+iy) S (z +1iy) mic T

y—04
It follows that that F'(w) +7rc(2)k+3/ *h(w)/(w—2*)'/2 can be extended to a holomorphic function
in a neighborhood of z*. Then by (2.24), G,,(w) can be extended to |z — z*| < §, —7 <
arg(w — z*) < m, with the Puiseux expansion

2k 00
Grow) == giw—a"Y = > (gaplw—a VP4 giw=a'y),  (225)
=0 j=2k+1

where all the coefficients g; and g;_; /o are real, and by the assumption that h(z*) = 1,
2k+3/2; ; « 2k+3/2
ng—i—l/Z = 7TCO / h(l’ ) = 7TCO / . (226)
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Using (2.25)), (1.9)), and (2.7)), we obtain

w+ 717G (w) = T + (1 - T> (w — z¥)

Ter
2k . o . .
- TZgj(w —z*) -7 Z (gj,l/g(w — 2"V 4 gi(w — :c*)]) . (2.27)
j=2 j=2k+1

For the analysis in Sections and we define for |u| < §'/2, where § is the conver-
gence radius in ([2.25),

2k o)
G-(u) = 2 + (1 - T) u? — TZgquj -7 Z (gj_l/guzj_l + gquj) . (2.28)

-
cr j=2 j=2k+1

The convergence of ([2.25) implies the convergence of ([2.28). Then G (u) is an analytic function
in a neighborhood around 0, with

w+ TG (w) = G (Vw — ¥)

for |w — z*| < 6 and —7 < arg(w — z*) < 7. Since F;(z) : C;4 — Q. is the inverse mapping of
w4 7Gyy (w), we define the function

FT<Z) = (FT(Z) - x*)l/Qv (2’29)

and have that Fy(z), from C*t to {u € Ct | u? 4 2 € Q,}, is the inverse mapping of G.

2.3.2 Proof of Theorem [1.3|(b)|
Using Lemma with f(w) = Gr(w), a =0, b = 2%, and ¢ = (1 — 7/7;)"/?, we have that in

T
the region |z — z%| < €, m < arg(z — 2*7) < m where € > 0 is small enough, there exist analytic

functions

_1)J ©
oi(2) = Ao S e — a2, =0, (2.30)

V1 —=7T/Ter P

such that G, (p;(2)) = 2. Since F,(2), from C* to {u € C* | u? + 22 € Q,}, is the inverse
mapping of G, it is easily checked that in the common domain where |z—z%| < eand Imz > 0,
F-(z) agrees with ¢g(z) but not ¢1(z). Thus Fy(z) can be extended to be defined in |z —z%| < €
with m < arg(z — %) < 7 by the formula of ¢g(2) in (2.30), and we assume this extension below.

From the coefficients g; (and g;_1/5) of G in (2.28) we can derive the coefficients ¢; o of

©o(z) in (2.30)). Since all coefficients in the expansion of G, are real, we have that all co are
real. Since the coefficients of the u?*~! terms vanish for j = 1, ..., k, we have that co1,0 = 0 for

2k+3/2 4k+1

l=1,...,2k — 1. Then from the coeflicient = 7gor11/2 = —77¢ of u we have

4k+1
0 <1 T ) 2 1
=(1-— ) —F———cukt10— 79 —— ;
Ter m + 2k+1/2 m

and
T

2k-+3/2
Cak0 = %
4k,0 2(1 — 7 /Ter) 2FHL

(2.31)
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Taking the square of the expansion ([2.30)) of po(z) and the relation (2.29)), we can extend F;(z)
to |z — 2| <€, m < arg(z — x¥) <, and have its Puiseux expansion

2k 0
D=2+ filz—a) + Y (fH/Q(Z — a2 4 f(z — xi)l) . (2.32)
=1

1=2k+1

Then we have that all the coefficients of F-(z) in (2.32)) are real,

the same as (2.12)), and then by (2.31)),

2k+3/2
2k:+3/2< Ter ) /

C4k0—T7TCO - -
cr T

2
fokt12 = ﬁ

We now find, as s — (z%)_,

Yr(s) = = - TmGy(s) = — = Im Gy (F (5))

2%k 2%k 0 J
1 . o \
= > gjlm [Z fils =a)' + Y (fioapels —a) 2+ fi(s — xr)l)]
j=1 =1 1=2k+1
1 " " 2k+1/2 " 2.
g Im [fils = 27) + 0 (s = o))" 2w Os —az ity (239

1 2k+1/2 X X
= ;(91f2k+1/2 + gart1/2/1 / s — JUT’%H/Q +O(]s — 9«}’%“)

2k
_ 2k+3/2 Ter 872 *|2k+1/2 *|2k+1
= ¢ — |s — x| +O(|s — 27 |*").

Ter — T

Here we use that the Puiseux expansion of Go(Fr(z)) at z7 has the form ag + a1(z — z%) +
as(z — xi)2 +odagk(z — 5% +agpi 1 (2 — 22) P+ O((z — 22)?*1), and all the coefficients
ag, at, ..., 0k, azkH/Q are real. So we only need to compute the value of agy1/2, as in .
This gives us ((1.11) by -

On the other hand since all the coefficients of the Puiseux expansion for G, (w) are
real and all the coefficients of the Puiseux expansion for F;(z) are real, we have that with
small enough €, G, (s) = G, (Fr(s)) is real valued for s € (2}, 2% +€), and then ¢, (s) = 0, for
those s. Thus we complete the proof of Theorem [1.3(b)|

2.3.3 Proof of Theorem [1.4{(d)] @

If 7 = 7o, the coefficient of (w — z*) in vanishes. We still define G, (u) by (2.2§ -
with 7 = 7¢;, such that ga, ..., g2k, gokq1/2, - - . are real coefficients, while the coefﬁment for u?
vanishes.

We let (—g2)'/* and /=g be positive if go < 0, and let (—go)1/* = e~ /4y _1/4 and /—g2 =
—iy/g2 if g2 > 0. Usmg Lemmaw1th fw)=Gr(w),a=0,b=2* and ¢ = Tcr/4( g2)V/4,
we have analogous to (2.30), in a region |z — 2% | <€, 7 < arg(z — x%_) < m where € > 0 is
small enough, there ex1st analytlc functions

€j7ri/2 o0
pi(z) = W(z —ap WD agz—ar )V §=0,1,2,3, (2.34)
Ter =2
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such that f(¢;(2)) = 2.

Since function Fj. (z) defined in with 7 = 7, is the inverse mapping of G, from C*
to {u € CT | u? + 22 € Q. }, it is not hard to check that in the common domain |z — z%_| < €,
Imz > 0, Fy, (z) agrees with @ (z) but not ¢1(z), @2(2), ¢3(z). Thus F_ (z) can be extended to
be defined in |z — 2} | <€, m < arg(z — 2*7;) < 7™ where € > 0 is small enough by the formula
of ¢o(z) in (2.34), and we assume the extension below. We consider Case [(d)] that g» < 0 and
Case @ that go > 0 separately, and omit the discussion of the more delicate go = 0 case.

Case[(d)} Proof of Theorem [L.4](d)] We assume g < 0. Similar to the case when 7 < 7,
we can compute the coefficients ¢ for Fy,(z) = @o(z) in by the coefficients in (2.28).
More precisely, if £ > 1, then for j = 1,...,2k — 2, ¢250 and c2;41,0 depend on ¢2,93, ..., gj+2,
otherwise ¢;o depends on all g; with j < (I +3)/2. Since all the coefficients g; and g;_; /5 in
are real, we have that all ¢; ¢ are real, and cgj0 =0 for 5 =1,2,...,2k -2 if £ > 1. Thus
similar to ([2.32)), we can extend Fy (2) to |z —af | <€, 7 < arg(z — 2*7¢;) < m with a Puiseux
expansion

2k—1

L o V2 S fie—an )
=2

Fr (2)=2"4+ ——
T() Terv/ —92

o0
+ 3 (fraplz—an )P fiz =2, )?), (235)
=2k

and all the coefficients f; and f;_1/, are real. We now find, as s — (l‘j_cr)_,

9
T A/Tern/ —92
1

=——|s— |1/2+O(\s—xicr\a), where a:{

|S— * |1/2—|—O(’S—l’* |a)

:ETcr Ter

1
Vre(8) = — ;ImGTcr(s)

3/4 ifk=1,

3/2 Ter 1 otherwise.

TTer v/ —92
On the other hand, since all the coefficients of the Puiseux expansion ({2.25) for G, (w) are
real and all the coefficients of the Puiseux expansion (2.35)) for F.  (z) are real, we have that

with small enough €, G, (s) = Gy (Fr,(s)) is real valued for s € (2,25 + ¢), and then
.. (s) = 0 for those s. Thus we complete the proof of Theorem [L.4{(d)|

Case Proof of Theorem [1.4(e)] We assume go > 0. The computation of coefficients
co for Fr, (2) = ¢o(2) in is the same as in the go < 0 case. We have that if £ > 0, then
for j =1,2,...,2k — 2, cajo = 0, caj4+1,0 is a real number times e(2/+1)7m/4,

Then coeficient c4;_2,0 does not vanish. Using the Puiseux expansions for F,_.(2) = ¢o(2)
and G, (u) to compute G, (Fr.,(2)) = 2, and comparing the coefficient of (z — a:jcr)kﬂ/‘l, we
have

4k+1

3
0 4 1 c 1
= — Tar92 — 4k—2,0 | — Ter92k+1/2 | 70—
T(}r/4(_92)1/4 +1/ Tclr/4(—g2)1/4

B 4637”;/4 (_1)k’em'/4
= — TchZWCMc—Q,O - Tcr92k+1/2 k+1/4 k+1/4°
Ter 9o Ter 99

Then by ([2.26)), we have
mi(— 1)k
C4k—2,0 = ~3{/3 kil/3 "
Ak 1/2gl2c+1/2
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Then by (2.29), we have that F (2) can be extended to |z — 2} | <€, 7 <arg(z —x} ) <,
and have its Puiseux expansion

2k—1

Fr(z)=a"+ Y filz—ap)?+ > (fz_1/2(2 — )P fi( - x:)l/2) -
=1

=2k
We have that for [ = 1,...,2k — 1, f; is real if [ is even, and f; is purely imaginary if [ is odd.
Also we have

; i ; 2 /A 1)k
L= T3 1720 J2k-127 7 C4k—2,0 = k—1/4 k+3/4
Tcr/ 92/ 7-cr/ (_9)1/4 27¢r / 92+ /

As s — (:cf_cr)Jr, we have by

1 1 g1 * 11/2 T
re(8) = ——ImG, (5) = —————=|s — =}, + 0O (|s —z;
2.36
1 3/4 ifk=1
= —55—ls — 2} 24 0(js—a% |*), where a= /41 .’
7TTcr/ NS o °r 1 otherwise.
As s — (2% )_, we have similarly (a is defined in (2.36)))
1
chr(S) = ——Im GTcr (8)
T
1 2 2k—1 00 J
=13 g [Z fils =) 3 (i jals — a2)2 44 s — mi>l/2>]
j=1 1=1 1=2k
1 2k-+1/2
+ gl [fils =) 2+ O (s —a"))| T+ O(s — x| A1)
1 A %
=N Im(for—1/2(s — )N+ 0(s — 23 F)
2h+3/2
_ 0 ok k—1/4 ok
- 2(7-cr.92)k+3/4 |5 :'UT| + O(|S ‘TT| )
Thus we proved Theorem [1.4fe)|
3 Proof of Lemma [1.6]
Proof. The equilibrium measure pg satisfies for some constant ¢,
2/log |z — s|duo(s) = V(x)+ £ on the support of (3.1)

which is one of the Euler-Lagrange variational conditions for the minimization problem for
(1.20]), see [17, 131]. We define the g-function as

g(z) = /log(z — s)dpo(s). (3.2)
It has cuts on the intervals comprising the support of pg, and on these intervals it takes limiting

values from above and below the real line, which we denote ¢4 (z) and g_(z), respectively. Then
(3.1) implies that that g4 + g- = V + £ on the support of pg. It follows that V — g + £ is
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the analytic continuation of g across any interval in the support of po (recall that V' is real
analytic).
For every s that is interior to supp(uo) we have convergent power series

g(z) = J llS (z — ), +Imz >0
=0 ’
for z near s, with
gﬁ)(s) + gg)(s) =V W(s) for 1 > 1. (3.3)
Taking derivatives of (3.2)) we get
dpio(s)
® :ll!/ Fo 1> 1. 3.4
R S (3.4)

Since the density of po vanishes with an exponent 2k or 2k +1/2 at x*, we see by taking z — x*

in (1)

9P =gV ") = - - 1)!/%, 1<1< 2k (3.5)

We take the limit s — z* in (3.3) with [ > 2k and combining this with (3.5)), we obtain
([T21). 0

For future reference we note that the above proof shows that g(l)( ) = 1vO(@*) for 1 <

I <2k and

2 /(1) (0
o) = 9 0") + 23 Y a0 (e - o)

as z — ¢* from C*, uniformly for z in a full neighborhood of z*.

4 Proof of Theorem [1.10|(a)|

This section is devoted to the proof of part @ of Theorem m

4.1 Splitting of the double integral

We start from the double integral representation (1.33]) of I?ff Taking a fixed but large enough
R > 0, we decompose the double integral (1.33)) as follows. Let

Yloc = line segment from x* —iRn~" to " +iRn~ ",
Drest = (1?* + ZR) \ EIOC)

and denote the integrand in (1.33)) for I?Z((m,y;t,t’) by f(z,w;xz,y;t,t"). Define

z*+Rn~"
K z,y;t,t dz/ dwf(z,w;z,y;t,t), 4.1
nloc( ) 27?“/* S o Rn— ( ) ( )

RE, (2, y:1,1) = [ dwf(swz,yt ), (42)
1 2TV tt! Srest R\(z*—Rn=7,z*+Rn~"7)

~ n

R¥(,y51,1) = [ o] dwf(swz,ytt),  (43)
2 2mivtt! Yo R\(z*—Rn=7,z*+Rn~")

~x ¥ 4+Rn~7
K> (z,y;t,t / / dwf(z,w;z,y;t,t 4.4
n3(@,ys ) = o \F - f( Yt t). (4.4)

*—Rn—7
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Then we have the decomposition
KT)L{ (1’, Y; t’ t/) - KT)L(,IOC (.I', Y; t? t ) + Kn rest (x7 Y; t, t/) )

where
3

Kifrest z,y;t,t') Z H(x,yst,t).

We prove the following result:

Proposition 4.1. Fiz a compact set K C R and let u,v € K. Let ¢ and T} be as in (|1.36]
and let R > 1 be sufficiently large. Then there exists H,(u;t) such that the following hold.

(a) We have

Sk

U, v ,
i + Acimthl + Any;t,t) = Kx(u,v),

lim K
n—00 Ve nY ™

uniformly for u,v € K, and

e~ Hnlut)+Ha(vit) _
loc

(b) there ezists a constant ¢ = cg > 0 such that

—Hp(uwt)+H (v;t") ~x u v ’
€ (uit) i ‘ nrest(xt+A ,yvxt’+/\ ,y»t7t

e (4.5)
o cpyn '

for n sufficiently large.

Recall that v < 1/3, so that 1 — 2y > 0. Then it is clear that (1.37) and thus Theorem
1.10(a)| immediately follow from Proposition

4.2 Proof of Proposition |4.1}(a)|

We write

=Ty +—.
) s eon?
After a change of variables £ = con?(z — z*), n = ¢on”(w — x*), we obtain from (4.1f), (1.33)

and ([1.36)) that

K’I?L(,IOC (.737 Y; ta t/)

. u
=T + =,
cn”

nl—7 icoR coR 1 D, (&,u;t)
/ a [ dn— K (x*+5 o+ 1 ) ¢ (4.6)

? 41 0
27”\/»00 —icoR —coR €0 con” con? ) e®n(nvit)

uluit) = SV (ac + 0‘57) + ) <tvl(x*) T t)g)Q. (4.7)

on 2t(1—t 2 cnY con”

where

The proof is based on a saddle point analysis of (4.6]) and (4.7)).
Applying a Taylor expansion of V' at x* up to the second order in (4.7) and using (1.23)

and ((1.36)), we obtain

= Py T ez T el
(6 uit) = SV(a )+8(1_t)V(a:) +2Et(1_t)V(x )+4c0a(1—t)v (")
n1—2'y

2 1-3
S (= 0 IR, (48)
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where the remainder R,, is

Ry6) =" (v (x + -8 ) V) - V)= — Ve =5 ) L)

2
2 con” con? 2c5n=Y

Then R, is an analytic function in a neighorbood of ¢ = 0 that grows with n, with a Taylor

expansion
LR VR (%) ¢h
rio -3 1
k=3 0
In particular,
V" (x* 3
R, (&) = 1(; >73 + O(n77eY as n — 0o, (4.11)
€

uniformly ¢ in compact subsets of C. The first four terms on the right of (4.8 . ) do not depend
on ¢ and they will contribute to the gauge factor Hn, see - ) below.

Because of (4.8 - ) the saddle point equation 8(;}% = 0 has a solution at a value close to u. We
denote it by s, (u,t) and it is such that

nl—?’y

teoCr (sn(u,t) —u) +n' VR (sn(u, 1)) = 0. (4.12)

From (4.10)), (4.11)) and (4.12)), we find that

eV (2*
MUQ + O(n~u?) as n — oo. (4.13)

t)=u—
Sn(ua ) U dcon?

Then we have

1-2~ 1—-2v

n n Lo~
pic, (€~ w0 TR = S (€= () + 0T RS t) (414)

where
~ nY nY )
Rn(&u,t) = Ru() + = (sn(u,t) —u)(€ =) = 5= (sn(u, t) — )" (4.15)

0Ct coC
We define
~ tn unt=7 unl=2v ~
Hn t — ! *\ 2 ! * 1 * 1*3’7 - n t t .

(4.16)
Then by (E6), (), T, (E15) and (ET6) we obtain
—ﬁ"(u;t)—&-f]n (v;t")
e ~
Vet Kiﬁoc (2338,

icoR coR 1 M g n
d KX 2"+ ——, 2%+ )
2772\/ 'cov/ CiCyr /ZCOR —coR nCom " < con” con”

nl—27 nl—27 5\ e =37 W, (€ust)
X exp < — (f — Sn(u,t))Q — — (77 — Sn('U,t/)) > m, (417)

QtCOCt 2t,COCt/
where R R
\I/n(éau; t) = Rn(f,u,t) - Rn(sn(uﬂt)7u7t)' (4'18)
It is obvious that 5T
9¢ E=sn(ust)
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because of the choice of sy, (u,t) as the saddle point of ®,,, see (4.12)) and (4.15). In addition by
(4.18), (4.15) and (4.10), we have

82\Iln o _ V”/(.CU*)

sz =& =5 £+0(n77¢%) (4.20)

as n — oo, uniformly for £ in compacts.
We assume R is large enough, so that

coR > 3max(|ul, [v]).

Then, if n is large enough, the interval [—cyoR, coR] contains the saddle point s, (v,t") for the n-

integral in (4.17)), see (4.13]). In addition, by analyticity, the £-integral in (4.17)) can be deformed
to a path of descent passing through the saddle s, (u,t).

It follows from (4.19)) and (4.20) that there exists C' > 0 such that
T (€ ust)] < C€ = snlu,1)?, [Un(n,0;t)] < Cn = snlv,1))?,

for all n € [—coR, coR] and all £ on the (new) path of integration. Furthermore, by Proposition
the rescaled kernel in tends to Kk (&, m) as n — oo, uniformly for £ and 1 in compacts.
Then by a standard saddle point approximation, we conclude that has the same limit as
Ky (sn(u,t), sn(v,t')) as n — oo, which is Kx(u, v) because of (4.13). This completes the proof

of Proposition |4.1a)|
4.3 Proof of Proposition [4.1{(b)|

4.3.1 Preliminaries: deformation of the w-contour

We first take a closer look at the correlation kernel KM for the eigenvalues of the unitary invari-
ant random matrix M, see ([1.18)) . Because of the Christoffel-Darboux formula for orthogonal
polynomials we can write

(V(2)+V(y)) Hn—l,n Pn.n (w)pn—l,n (y) - pn—l,n (x)pn,n (y)

Rn,n r—y

KM(z,y)=e2

where k;, is the leading coefficient of p; ,, for j = n —1,n. The kernel can be further expressed

as
-5V (@)+V(y)
M _ ez -1
K ) = g N V() (421)

where Y;, : C\ R — C?*2 is given by

’i;}z /Oo pn,n(s)e_nv(s)

Hr_z,}mpn,n@) o ds
Y(z) = R (4.22)

00
. Pn—1n(S)€E
_QFZKn—l,npn—l,n(z) _’in—l,n/ z n( ) ds
e 5—z

The right-hand side of only involves entries in the first column of Y;,, which are polyno-
mials and can thus be evaluated at real points x and y without ambiguity. The matrix-valued
function Y;, is the solution of the Riemann—Hilbert problem for orthogonal polynomials [17} 23].

An alternative expression of K (z,y), and equivalently of KF'F(x,v), is derived in [I5)
Formula (3.20)] in the following way. As a consequence of the jump condition satisfied by Y,
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1 ean(ac)
0 1
above (4) and from below (—), we have that

Vo) () = ) ) = Vi) ()

for w € R. Using this in (1.27) and (4.21)), we obtain the formula
KPB(z,w) = KM (2, w)e3 (VE-V(@)
_1 B O
— (0 )Y, '(2) (Ynr(w) = Yo (w)) (1>

©2mi(z — w)
gl (I Yas @)y = [ @Yo ()],,), (4.23)
which holds for z € C and w € R.

Our strategy is to deform the contour for the w-integral in and into the complex
plane, and then utilize the asymptotic results from the Riemann—Hilbert analysis for
from [19]. The deformation of contours is somewhat similar to the “opening of the lens” step
in the Deift—Zhou nonlinear steepest descent method for Riemann—Hilbert problems. It enables
us to move certain integrals from the real line, where the integrands are oscillatory, to contours
in the complex plane where the integrands are small as n — oco.

Let I'j, j = 1,2,3,4, denote the four half rays from 2* = Rn™" that make angles £7/6 with
the positive or negative real axis, namely

I'={w e C|arglw— (z*+ Rn"")] = 6;}, j=1,2,34,

forz e R, Y, 1(z) =Y, —(x) < >, where Y}, 1 (x) denote the boundary values from

with 6, = 7/6, 6y = 57/6, 03 = —57/6, 64 = —m /6, and the + sign is positive for j = 1,4
and negative for j = 2,3. All contours I'; are oriented from left to right. See Figure [I| for an
illustration.

Iy
5+ Rn™"7

F3 1—‘4

- ~

Figure 1: The shape and orientation of I'; (7 = 1,2, 3,4).

We also put
I'= (—Fl) U (—Fz) UT's UTy, (4.24)

where the negative sign means the orientation of the contour is reversed.

Using (4.23)), for z € C\ [z* + Rn™7, +00), we have

00 PE _n(y=(1—t)w)?
/ K, " (z,w)e 20=t) dw
x*+Rn—"
1 o0 1 ny—(1-tHw)?
= —— -1 2t/ (1—t/
=5 T w [Yn (z)Yn,Jr(w)b’ze Y-t dw
x*+Rn—"

1 o0 1 _n(y=(1-tHw)?

270 Jpr y gp—v 2 — W ;
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and by analyticity we are allowed to deform contours. Since the two entries of the second
column of Y, (w) are O(w™") as w — oo (this follows from the orthogonality relations), we can
move the first integral to I'y and the second integral to I'y. We similarly can consider the above
integral with (—oo,z* — Rn~7) as the interval of integration, and deform the integral to I'o UT's.
Then integrating over z € Yt Or 2z € Xioe, We have for j = 1,2, see , , and ,

n(z—(1—-t)2)2  n(y—(1—t)w)?

_I(Z)Yn(w)]22e 2t(1—t)  2t/(1-t))

)

KXi(w,yst,t) =

27r')
(4.25)
where X, = Yot for j =1 and X, = X, for j = 2. Next, by (4.4]) and (4.23)), we can write
KXyt 1) = Koy (g5, t) — KX (2, 951, 1),

where
I?Z(:ai(x, y; t, t,)

/ / T YV (o) Yo ()], , ¢TI
— Py ’iw e — t —t .
271'2 \/7 Yrest x*—Rn=7Y z—w " " 22

(4.26)

4.3.2 Proof of Proposition 4.1|(b)|

In the paper [19], the Riemann—Hilbert steepest descent method of Deift and Zhou was used to
obtain large n asymptotics for Y,,. This asymptotic analysis was completed also in situations
where the equilibrium measure g has singular points, but without explicit construction of local
parametrices near the singular points; only their existence was proved. Nevertheless, we can

use the results from [19] to obtain an upper bound for [V, !(2)Y,(w)] 5 9> Which we will need to

estimate and (4.26)). Note that (4.2 contains the (2 1)-entry of Y, 1(2)Y,,(w) while we
are now mterested in the (2,2)-entry, which appears in and ( -

Lemma 4.2. Let V be real analytic and such that ; ) y — too asx — +oo. Let x* be a

V(z
og(1+|z|
stngular interior or edge point with exponent k and ’y (k+1)~"L. Then there exists a constant
C > 0 such that for large enough n, we have the inequality

‘[Y_I(Z)Y"(w)b 2‘ < OnY |eM9(z)—g(w))

, (4.27)

forall z € x* +iR and w € TU (z* — Rn™ Y, 2* + Rn™7) with I' given by (4.24)), and g is defined
in (3.2). Forwe (z* — Rn™7,2* 4+ Rn™7), Y, (w) in (4.27)) is understood as either Y, (w) or
Y, —(w), with g(w) meaning g+(w) accordingly.

Because it is rather technical, the proof of Lemma is postponed to Appendix [B]
The factor n” on the right-hand side of (4.27)) is relevant only for the case of an edge point,
and it could be dropped for the case of a singular interior point, see and (B.7).

From (4.27)) we conclude that

’[Y‘l(z)Yn(w)]m‘ <Cn”|e"

<g<z)—g+(x*>>‘ . ‘e—n@(w)—mx*))‘ .

Using Lemma and the observation that |z — w| > Rn™" on the relevant integration
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contours in (4.25)) and (4.26)), we obtain the estimates

~ Cnlt2y
‘Kz(,l(xvy;t)tl) < 2\/>R nrest( )Jn,rest(y)v
2
- Cn1+2'y
’KZ(,Q(:E’y;t?t/) < 9 2\/7R nloc( )Jn,rcst(y)7
s
- Cnl-i—?’y
’Kr)f,&(%y;t,t/) 9 2\/>R nrest( )Jn,loc(y)a
i

where

Ino(x) = /2<>

exp (1 [o2) ~ 91(a7) + “”:?M d2], © =loc or rest(d.28)

2(1
) = [ oo (= o)~ g0 07) + UL L] (1.29

hiww) = [ e (-0 [Regs ()~ Regute) + Lo 0= Y. (a0

x*—Rn~" 275’(1 — t/)

In (4.30) we note that Regy(x) = Reg_(x) if x € R. Combining (4.25) and (4.26]), we have
that

‘I}'r)zfrest (33 y;t t/) <
Cnlt2y
22Vt R

The proof of (4.5) now relies on good estimates for I, 1oc(2), In rest (), Intoc(¥), Inrest(y). It
suffices to have the following lemma, whose proof is given in Section 4.3.3

(| nrest( )Jn,rest(y)‘ + ‘In,loc(x)t]n,rest(y)’ +2 |In,rest($)<]n,loc(y)‘ ) (431)

Lemma 4.3. Let u,v be in a compact subset of R, and let x,y depend on u,v by

y =T+ —. (4.32)

x=1I + 5
Cy1

/C\t’l’L’Y ’

Then there exist constants ci1,co > 0 that do not depend on n or R such that the following
inequalities hold for n and R large enough,

m‘V’(x*)2 nt=V (2¥)

log I < 1-2~ 2 4.
og n,loc(x) > (1 — t) (1 — t)Ct u+n cau-, ( 33)
ntV'(x*)?  nlmV (2
108 I rest () < (1(_,5; 50 _f)q)wnl (e’ — e R?), (4.34)
nt’V’(:z:* 2 1 'yvl( *)

log Jy10c(y) < — v+ n' " ew?, (4.35)

)

81—#)  2(1—t)en

ntlvl(x*)Q n' V! (z*) 1-2v/.. .2 2

— — o R?). 4.36
si—v) 2=t " (10" = 2 %) (4.36)

Assuming Lemma we can estimate from (4.31)),

IN

10g Jn,rest (y)

— e8(1-t(-t)
T2Vt R
u ()
(1—0E 200—t)ew

u ACRITEY o=t _ypeye
‘Kmest<;‘+6tm t,+ tt)‘_

X exp [nl_ﬂ/’(:ﬁ*) <2

> + 017 ey (u? +v?) — R?)| . (4.37)
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Furthermore, from (4.16)), we obtain that

. nt nl—'yvl($*) nl—}yvl!(x*) B

Hn ) = 1/ %\2 2 1-3v
wt)=sa=p" ) T 508 “ T ama g ¢ T

R nt' nl—'yvl(x*) n1—2'yv//(x*)

Hn 't/ — 7‘// *\ 2 2 O 1-3v
W) =gV @V 30 U T ama—na, O

as n — 0o, uniformly for u, v in a compact set, where we use the fact that R, (u;t) and R, (v;t)
are bounded as n — oo, see (4.9)).

This implies that for some constant cs > 0, and for n large enough,

- ﬁ[n(u;t) + ﬁn(’u; t/) < mvl(x*)Q

u (%

— !V (2%) (2(1 — e 21 —t)ey

) + c3n' T (u? 4+ 0?).

Combining this with (4.37) we get

—Hn(u t)+Hn(v t')

i R L
= / =
n,rest t CtTL'Y’ t ct/n’Y’ ’
142y
4CTZ en1’27((c1+03)(u2+v2)702R2)

~ 12Vt'R

Taking R large enough (namely such that caR? > (c1 + c3)(u? + v?), which we can do since
¢1,¢2,c3 do not depend on R, while u and v are restricted to a compact), we obtain for
some ¢ > 0.

This completes the proof of Proposition pending the proofs of Lemma and
As already said, the proof of Lemma is in Appendix [B] We end this section with the proof
of Lemma

4.3.3 Proof of Lemma [4.3]

In this section, we assume that u, v are real numbers in a compact subset of R, and x,y depend

on u,v by ([E32).

Estimates on I, ), and I, ;est.  We take z = 2™ 4 i with real ¢ > 0. Then by the definition
(3.2) of the g-function, we have

Reg(z® +1i¢) = /log |z* + i — u|duo(w)

with derivative

d Cdpo(u dpo(u) ¢
ferests' -0 = [ i <o [t -

see ([L.7). Thus after integration

2
Relg(a® +i0) — g ()] < >\ (>0,

Py )
2Ter
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First we consider I, rest defined in (4.28)), and prove (4.34]). We note that g(z) = g(2), so we
only need to consider the integral in (4.28) on Y5t N C4, and have

log I, rest(l‘) = log (2 /+Oo e”Re{g(x*+iC)—g+(m*)+2t(ft)(x—(l—t)x*—i(l—t)(f]d()
7 Rn—"

2
n t u © nlot l-terye2
< *V/ * — 1 o\ 7% ter )C d 1 2
<ty (570 ) Tlon [ e ¢ +log
ntV'(x*)? oV (2%) nl=2v  mdot_loter)e
_ i 241 T AC 4 log 2.
81—t 21—t " Tan—pa2" " Og/Rn_we ¢ +log

Note that ¢ < te; so that 1t — % > (. Then it is straightforward to obtain (4.34)) if we take
1 Ll—t  1—te

c1 > -2 and ¢y < i(Tt — tctr ).

Next we consider I, joc, also defined in (4.28)), and prove (4.33). By the argument above,

with the integral domain in (4.38]) changed from (Rn™7,+o00) to (0, Rn~7), we find

ntV'(z*)2  nl=7V(z%) nt=2 B amt dteryeo
log I, < 1 2Vt e d¢ +log 2.
0g I loc () < Sa—1) + T u+2t(1—t)E§u —i—og/o e ¢+log

This gives (4.33)), provided again that ¢; > — and n is large enough.

1
2t(1—t)c;

Estimates on J,, 1. and J;, rest.  As in the estimates on I, 1oc and I, rest, We only need to
consider w € C,.

Lemma 4.4. Let either w = z* + Rn~7 + re™/% or w = 2* — Rn~" + re®™/6. For n large
enough, there exists C > 0 such that for all r > 0,

Re f(w) > —Cn™37,  where f(w) = g(w) — g4 (z*) —

(4.39)

Proof. 1f z* is a singular interior point, then the Taylor expansion of G(w) = ¢’(w) is given in
(2.5), and if z* is a singular right edge point, then the Puiseux expansion of G(w) = ¢'(w) is
given in (2.25)). In both cases, we have that for w € C; and w — x*,

g * g * *
TP LV O((w—a)). (440)

Furthermore, by the formulas ([2.7) and ((1.22)) for the values of gy and g;, we have

g(w) = g+(z*) — go(w — 2%)

fw)=-Lw-a" P +0((w-2a")"),  w-a’,
and for sufficiently small € > 0, Lemma is proved for r € (0, ¢), by direct calculation.

For r > €, we need to prove with w defined by w = a*+re™/04+§ or w = x*+re®™/6 4,
and with § = Rn™7. Given R > 0, if n is sufficiently large, then § can be taken arbitrarily
small. Since f(z* +7e™/% +68) and f(a* + re®™/6 — §) depend continuously on 4, it is sufficient
to prove @ for § = 0.

By (3.2), (L.21), and (1.23),
X ok _ e%)2
f(w)Z/[10g<1—w x>+w - +<w ) dpo(w).

u— x* u—x*  2(u—ax*)?
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Note that arg ¥=%_ ¢ {+Z,+27} for u € R. Since po is a positive measure, it is therefore

u—zx*
enough to prove that

5 2
argv € {ig,ig} = Re [log(l—v)—i—’u—i—v2 > 0. (4.41)
in order to obtain (4.39).
Putting v = re?, where 6 € {£5, j:%”}, we have
v? 1 9 2
Re |log (1 —v) + v+ 51 =5 log (1 + 7% — 2rcos ) + rcos(d) + 5 cos(26), (4.42)

which is zero for r = 0 and which has an r-derivative

7.2

1472+ 2rcosé

Since § € {+Z,+27}, we have cos(20) = 1/2, and (£.43) reduces to WZTCOSQ) which is
> (0. Thus (4.42)) increases if § = argw € {£7/6,+£57/6} and r = |w| increases. Then (4.41)) is

proved, and this completes the proof of the lemma. O

(cosB(1 — 2cos(20)) + rcos(260)) . (4.43)

Because of Lemma we find for w € 'y U Ty,

Re[o(0) ~ 010") + g0 (1= )0)?
(* w— x* 2
> Re [V (2 )(w —z¥) — ( o7 ) + 2t’(11— 7 (y — (1 —tHw)?| —Cn™>.

By ([1.22) and the expression (4.32)) for y, it is straightforward to check that the right-hand side
of this expression is equal to

N AT VN 2LV ()2
2\ tert! con? 8(1—1)
n=YV' (x*) n=2
+ nNa VT 5= /
2(1 —t)ep 2¢;, (ter — t/)

v? — COn™3. (4.44)

For w € Ty, we have Re(w — (z* + Rn™7))? = |w — (z* + Rn~7)|* and one may check that

o \2
w—x* —
con”

1
= Slw— (2" + Rn ™)) +

—_ )2 _
coR —v) 200R vw—w*—ﬁ)

Re 2.2
con7 con” ny

= Re [(w — 2" —Rn)? + (

—v)? —
(C()R 1)) \/§COR v ’w o Rn_,y’

c&n?v con”
1 _ cR—v\? (coR—v)?
== —(z*4+ Rn™" 3 7
5 <w (z*+Rn" )|+ V3 o ) 26221

for w € I'y.
Substituting this in (4.44)), we obtain that for w € T’y

coR—v>2

ll—t’)(y -(1- t’)w)ﬂ > ey <|w — (&" + R )| + NG o

Re [g(u) = 94(0") + 7
V! (x*)? V' (x*) . (coR — v)? B n=2
81 —t) 20— thamn ' a2 202 (ter — ')

v — COn™, (4.45)
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. 4/
with ¢4 = t4ctr f, .

We obtain from (4.45), for 7 =1,2,3,4,

log/
I

_ntlvl($*)2 nl—yvl(x*)

~n(g(w) =g+ (£*)+ g7y (y= (1 )w)? _ ;
8(1—t) 2(1—t)ey

e

|dw]| <

2 coR—v\2
coR —v _ _ —neq (Jw—(z*+Rn~7)|4+/302 —
+C47( 5 ) n'=? + esv’nt 27+10g/ e i (o= IHVELT) |dw| + Cn'~37,
i) I
with ¢5 = =——
262 (ter—t') "

2
By direct computation, the logarithm of the integral is bounded by —3cyn'=27 (COIC%T_“) for
R large enough, and we obtain for n and R large enough,

AV AV 1—y1/1 (4o
log/ ‘dw‘_<_ntV(a:) n V(m))
I

o~ 0(0) =4 (5) + g7 (v = (1=D)w)?

S1—t) 20-they

R—\2
< —2¢ynt™ <COU> + 50?7 + Ol < 1T (0? — o R?),  (4.46)
co

for suitable constants ¢1, co depending on ¢’ but not on R or n.
A similar argument gives the estimate (4.46|) with I'; replaced by I';. Then by the complex
conjugate invariance of the integrand on the right-hand side of (4.29)), we prove (4.36)).

Finally, we prove (4.35)). By (4.40), we have for w € R and w — z*,

* 1 2
Regi(w) —Regy(2") + m(y — (1 =tw)
1
* *\2 / 2 *\3

= —go(w — z%) — - — (y—(1— - .

o0 =) = g (w = 2" + g (= (L= ) + Ol(w =)

By (4.32)), the right-hand side is equal to
t/vl(x*)Q n—»yv/(m*) n—27

1 [t —t 2
~ (= Re|lw—2"— Y +
2 tert! con”

as w — x*. By (4.30]), this implies

ntlvl(l,*)2 nl—yvl(m*) n1—2y 9 1
log J < — — — O(n'=37),
og n,loc(y) > 8(1 — t/) 2(1 — t/)Ct/ v+ 2/6\?,(tcr — t,)v + (n )

as n — 0o, and (4.35)) follows.

5 Proof of Theorem [1.10|(b)]

Let us recall the precise definition of the function I/—\In(u7 t) appearing on the left-hand side of

(1.38) and (1.39). It was introduced in (4.16) as

~ tn unt=" uinl=2v
Hn t — V/ *\2 ! *
wt)=3sa=p" ) T ma=p" ) maa =y

_ 2 _*\3
S(L—t) 20 —t)ey . 20(ta—t)" +O((w=a"))

V" (#*) +n' " Ry (sn(u, t), u, t)
(5.1)
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where s, (u, t) satisfies, see (4.12)) and (4.13]),

N t/\ V/// *
sn(u,t) = u —tegan™ "Ry (sp(u,t)) = u — 0754(36)11_”%2 + O(n~ut) (5.2)
€0

as n — oo, with

i =" (v (o

as in (4.9)), and

2
o *\ !/ * S o 2 * S
con7> Viz) - Vi= )COn’Y Vil )20(2)7127)

T (s t) — u)2. (5.3)

2tcoct

o)

n(sn(u,t),u, t) = Ry(sp(u,t)) +

see (4.15]).
We first look at the expression in the exponential factor of Gy, see (1.32), which can be
written as

(2 —y? a7 v 1 17 T\
_2(t/—t)+2(1—t)_2(1—t’)__2(t’—t)<$\/1_t_y\/1_t/>' (5.4)

If we set, as in Theorem [1.10

P =T+ —
t cn nv’ y t ct/nV’

and use ((1.36)) and (5.4]), we obtain after some calculations

oy 2y
2 —t)  2(1—t) 2(1-t)
e = B L
20 =1 \(-tan  (1=t)am 21— -1)
= t'—t 1 p* V'(z") U v
= — mv (z )2+ o ((1—75)@ - (1—t’)5t/) (5.5)

1 (1—8)(1—t) u v 2
n?r  2(t' —t) (1-tyee (A—tey)
We can further rewrite this using the formula - for Et, Et/ and the fact that V”éx*) = _lto

tcr
(which follows from and (1.30)). Then and ( give us that

_ (33 — y)2 + a? _ yQ _ ﬁn(ua t) - ﬁn(v;tl)
200 —t)  2(1—t) 21—-¢)  n n
n=? (u—v)?

2 —t) G
Hence by (1.32)), (1.40) and (5.6),

£/ _nl2v u—v)2 ~ ~
F (u v: " t) \/Zl 2y 2d$’t1 ( ) enl_s'y(Rn(Sn(’l),t/),vytl)fRn(Sn(U,t)”u,t))7 (57)
2moy t/

with
ory = (t' — t)ecy. (5.8)

35



From (5.7) and the fact that v = 1/(k + 1) < 1/3, it is clear that F,(u,v;¢,t') — 0 as n — oo
whenever ¢’ > t and u # v. This proves ((1.38).

Furthermore, it is a standard fact that

1—2v
N nl-2vy —& (u—v)?
o e v =6(u—wv), (5.9)

lim

N—00 4/ 27r0-t7t/

in the weak distributional sense. The Gaussian factor is concentrated in the region where

lu —v| < n~Y2+7+e for any € > 0. By ([@.11)), (#.13) and (5.3), the leading order behavior of
Ry, (sn(u,t),u,t) is equal to

V/// (x* )

12¢3
If v =1/3 or 2/7 (so that kK =2 or 5/2), (5.9) and ([5.10)) are enough to directly prove

lim F,(u,v;t,t') = §(u —v), (5.11)
n—oo

Ry(sn(u,t),u,t) = ud + O(nTu?) as n — oo. (5.10)

which gives us ((1.39). However for smaller v (recall by (1.24) that v = 1/(k + 1) < 1/3), the
limit (4.11)) is not enough to conclude ({5.11]) and a more refined analysis is needed.
To analyze F),(u,v;t,t') for general v, we first note that by (5.3)) and (5.2))

difzn(sn(u,t),u,t) - —tn—i(sn(u,t) ) = R (sn(u, 1)) (5.12)
U CoCt

and thus, for any fixed v,

d((u—v)2 P )Zu—v_sn(u,t)—u‘

+n "Ry (sp(u,t),u,t)

du 202 t, af’ v teolr
)2 ~ )
Hence, for n large enough, the minimum of u (Za;}) +n YRy, (sn(u,t),u,t) is assumed, not

t,t!
at u = v, but at a nearby point v}, that is such that

Uh =0+ (s (Vi 1) — ) = v — Yoty R (0 (v, ). (5.13)

Note that v} depends analytically on v, and v} = v+ O(n~7) as n — oo.
We then have by (/5.7

1—2~
A ml1—2y - u—v’)?2
!y e T s, )

Fn(u,v;t,t/) = \/ﬂio-e t,t! (& (514)
!
with
Qn(u,v;t,t') = ﬁn(sn(v,t'),v,t’) — ﬁn(sn(u,t), u, t)

n’ n
~ 5,2 (v —v)* = ——(u—v;) (v, —v). (5.15)

Oty Ot

By definition of v}, we have
0

;if( ot t) =0 (5.16)



and it is also easy to see from ([5.15]) and (5.10|) that

82@71 . d2 N V’”(QZ*)

. AN o

u? + O(n~"u?), (5.17)

as n — oo. However, it is not at all obvious that ), = 0 on the locus u = v,. We state this
fact as a separate lemma.

Lemma 5.1. We have

sp(vi,t) = sp(v,t) (5.18)
and
Qn(vi, vt t') = 0. (5.19)
Proof. We recall that by ([5.2)
sn(v,t') = v —t'cgcyn™ "R}, (sp(v,t')) (5.20)
sp(vi t) = vh — tegen VR, (sp(vi, 1))
=v— (0152,75' +teper)n YR, (sp (v, 1)) (5.21)

where we used (5.13]). From the explicit formulas for aft/, and ¢, see (5.8)) and (1.36)), we get
o2, +tcocy = t'cocy. Inserting this in (5.21)), we obtain

sp(vi t) = v —t'coepn TR, (sn (v, 1)),
and combining this with (5.20)),
sp(vit) — sp(v,t') = =t coepn™ V(R (sn(vi, 1) — R (sp(v,t')). (5.22)

Due to (#.10) we have R/, (¢) = O(£2) as ¢ — 0, uniformly in n. The mapping & + t'cocyn ™" R} (€)
is therefore a contraction on some interval around £ = 0. If v is close enough to zero then v and
vy are in this interval, and it follows from that s, (v},t) = sp(v,t’) for v in some interval
around v = 0. By analytic continuation the identity holds for all v. This proves .

_ Ifv=0then v}, = 0 as well and it can be checked from (4.13) and (4.15)) that s,(0,¢) = 0 and
R,(0,0,t) = 0, and therefore @,, = 0. Thus to establish (5.19)) it will be enough to prove that
d%Qn(v,’f” v;t,t") = 0, where we have to recall that v depends on v. Since 6(%1 (vi vt t') =0,

we have by (5:15), (5:12) and (.13)

d
2y @n(vn, vt ) =

oQy,
ov

= R\ (su(v,t) + 3~ (v} —0)
tt

= R}, (sn(v, 1) — Ry (sn(vi, 1)),

(v vyt t)

ny» v

and this is zero because of (5.18)). O

We continue with the proof of ((1.39). Suppose u and v are in a compact set K. Suppose
© is a continuous function of two variables with support in K x K. Then it is a standard fact
that

1—2~
. vVnl=2v _7;02 (u—vy,)?
lim e t,t!

R u, v)dudy = w, u)du, 5.23
Jm plu,0)dudv = [ plu,u) (5.23)
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since v}, — v as n — oo.

We conclude from (5.19)), (5.16|) and (5.17) that
|Qn(u,v;t,t)| < Cx(u — vF)? (5.24)

for some constant C'x > 0, which depends on K, but is independent of n. Then it is rather
straightforward to check that inclusion of the factor en' ~ @n(wvitt) in the double integral will
not affect the limit .

Indeed, the double integral in is concentrated on the region where |u—uv*| < n~1/2+47/3
as n — oo. In this region we have from that n'=37|Q, (u, v;t,t')| < Cxgn~/? and therefore

e Rnuitt) — 1 4 O(n~/3)

as n — oo, uniformly for u,v € K with |u — v’| < n~1/2+41/3,
On the other hand if |u — v}| > n~1/2+%/3 then by (5.24)

en1*37Qn(u,v;t,t’) < e—Cn1’27(u—v;‘1)2 < e—C’n27/3

for some constant C' > 0. Thus the contribution of the region where |u — v}| > n~1/2+41/3
remains negligible as n — 0o, also if we include the factor e @n(wvitt) in the double integral

in (5.23)). It follows that

1i Vnl=2v // -
1m —— &
n—oo 1/27ro't’t,

Then we obtain ((1.39)) from ((1.40)), (5.14)), and ([5.25)), which completes the proof of Theorem
1. 10((b)

1—2~
7;02 (u—vy;)?
t,t!

e"liSVQ"(“’”;t’t/)go(u, v)dudv = /gp(u,u)du. (5.25)

A Correlation kernel for nonintersecting Brownian motions

First we consider the one-time distribution function of the nonintersecting Brownian motion
model defined in Section and give a proof of the following proposition.

Proposition A.1. Let X(t),t € [0, 1], consist of n nonintersecting Brownian paths with con-
fluent ending points 0 at t = 1 and with the marginal distribution at t = 0 the same as
the eigenvalues of a Hermitian n X n matrix M. The joint probability density function of
X(t) = (z1(t),...,zn(t)) at time t € [0,1) is the same as the one of the eigenvalues of
(L—t)M + \/t(1 —t)H. This is true for a deterministic or random Hermitian matriz M.

Proof. By a well-known result in the GUE with external source (see [6}[9, 26]), for a fixed matrix
M with eigenvalues a1 < az < -+ < ay,, the density function of the eigenvalues of M + /7H is
given by

na2
n/QHn _TT] . n 2
n — (& na;Tr n nzk
P(zy,....2,) = J=1 A, (z)det (e T Al
(1) = s, (o) O ( >j,k1kH1€ o A

where Ay, (2) = [[;<;< j<,,(¥j —2:), and similarly for A, (a). If M is random and the eigenvalues
have a distribution v (a1, ...,a,), then the joint probability density function of the eigenvalues
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of M + /TH is given by

2
naj

2T

P(xy,...,xpn) = MICISIE / An(a) det <e

na;Tp
T

n
)j,kzl dv(ay,...,ap)

n ’ﬂI2
< An(a) [[e =, (A2)
k=1

if the measure v is such that the integral exists.

On the other hand, suppose that particles z1(¢),. .., 2, (t) in independent Brownian bridges
with diffusion parameter n=/2 are placed at positions a; < ag < --- < a, at the initial time
t = 0, and their ending positions at time ¢t = 1 are by < --- < b,. By the Karlin—-McGregor
theorem [28], one can compute the probability that the Brownian paths do not intersect, which
is given by

2 32

nbp—a)2\ " n N n(aJnLJ)
P, = det ( v e~ e > = <£> ’ H e * det (e"b"’“j)n )
V2 2m e Gk=1

J,k=1

If we only consider the nonintersecting Brownian paths, the joint probability density function
of the particles at time ¢ € (0,1) is

n(z 7a-)2 n n(zp—b )2 "
P(xy,...,z,) = idet ﬁe*# det Le— ()
1, s bn
Fn V2mt Jk=1 2m(1— 1) .
n ’I’L/2 n n(l—t)a? n _ nzi n _ ntbl2
= e~ 2t e 2t(1-t) e 20—t
i) e Lo

nwpb; n
det [ e 1T-7
na;ry k’,lzl

n

x det (e t )
. bra.\ "
jk=1 det (e" k“])j’kzl

Now we take the limit where b; — 0 for all j = 1,...,n. We use the fact that

n(n—1)

n ¢ 2
I () JAn(b) = T An(a).
bjlino det (¢ kl=1 /An(d) H?;ol 4! ()

This implies that

1 An(r) o Dy ok najTg\m
P(z1,...,x,) = He 2 He 2t(1-1) det(e t )

. 5
j=1 k=1 k=1

for some constant Cy,(¢) depending on n and ¢ but not on the starting points. After the rescaling
x> (1 — t)xy, this is the same as (A.1)) if we set 7 = L. If the initial positions a; = z;(0)
are random with distribution v(aq,...,ay), the joint probability density function of the non-

colliding particles at time ¢ becomes

P( ) 1 / 1 n n(l—t)a? d na;TE \ N d ( )
T1y.oyTp) = e 2 et(e t > v(ay,...,a
Y Out) ) An(a) e k=1 "
x Ap(z) H e -0
k=1
which becomes (|A.2]) after the rescaling xj — (1 — t)x) and after setting 7 = ﬁ O
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Now we consider the multi-time distribution and the proof of formulas ((1.31)—(1.34)), which
are a generalization of [I5, Theorem 2.3].

Proposition A.2. Let X(t),t € [0,1], consist of n nonintersecting Brownian paths with con-
fluent ending points 0 at t = 1 and with the marginal distribution

1 n

Z—nAn(a)2 H eV day .. day, (A.3)
7=1
of the random starting points a1 < --- < an. Let m € N and fir 0 < t; < --- <ty < 1. The
multi-time correlation kernel K, (x,y;t,t") for the particles X(t1), X(t2), ..., X(tm) s given by

@30 (3.

Proof. First consider the Brownian paths with diffusion parameter n=1/2, starting at a1 < - - - <

an and ending at by < --- < b,. If we require that the Brownian paths are nonintersecting, then

similar to the single-time density, the density of the particles at times t1 < to < -+ < t,,, € (0,1)
k) (k)

(@i,

is, if we write ) = , T

1 n n(ef-ap?\ "
PN, 72M) = —det —e 2
P, 21ty )
Jyk=1

n(z<m) b)2
m— m " o 20-tm)
et (W a1, ) - det(Wy (0", ’”det< w-t )

)

where )
_ _n(y—=)
Wilz,y) = L ¢ iea—w
27T(ti+1 — tl')
Letting b; — 0, using a similar calculation as for the single-time density, we have that the
multi-time density function at times t; < ty < --- < t,, € (0, 1) of the particles is given by

a2 N (1)y2 (H\ "
. . 1 1 n _n(l tl)aj _n(z ) rLajzlc
pEW, ... 2m) = H e H e 21 det “

for ¢=1,...,m—1.

Cun(ti, ..., tm) Ap(a)

Jj=1 k=1 Jk=1
n(w(m>)2
X det(Wl(xg-l),wf))) e det(Wm_l(xg-m_l), x,(c H e 20—tm)
for some constant Cy,(t1,...,t,) not depending on the a;’s

If we let the initial positions aq, ..., a, be random with distribution (A.3)), then the density
of the particles at times ¢ < ta < --- <t,, € (0,1) is given by

—=(1 =(m 1
PEY,....2™) = Cr(ti, ... tm)Zn
n n(a»—z(l))2
X / H —V(45) det ( 2t > day ...day
foo<a1<~~-<an<oo j=1 k=1
n(z(m))2
X det(Wl(acél),:z:}f)))---det(Wm_l(avg-m_l),gU/,(c e 20—tm) |
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Now using the Andréief formula, we have

n 1) _, 2
e ) 2 2 _M
/ Ay (a) H e V(@) +nai/2 qeg [ e 2t day - -day,
—oo<a] < < ap <o 7,k=1

j=1
o0 . 5 n(z](cl)fa)2 n
= det / a? eV @)tna® /2T g )
- jk=1

and
pzW 7)) = 1 det ( / 1 nVia)ytna/2, w da) n
e Cn(tiy. .. tn)Zn . .
x det(Wi(z; i, (2))) : --det(Wmfl(é-m_l),x(m) z(™) H e 7;(?( t,)j

Then by elementary linear operations, we can rewrite this as

1

), 2®))...
Cr(t1, - tm) o))

PN, 2y = det(¢;(2\")) det(W (x

a
x et (Wr—1 (V" ™)) det (v («\™)),

where

n(:r—a)2

n * —nV(a)+na -
(lsj(.’B) = \/\2/71_;1;1/_ pj—l(a)e V(a)+ 2/26 2t da’

Vn Fico n(e—(1—tm)s)? AP e
() = . (s)e Zm(A—tm) (s | e 20—tm)
wﬂ( ) \/mz </;@oo p] 1( ) m m > ™y

p;j(x) = pjn(x) are the orthogonal polynomials defined in (1.19), and Cj,(¢1,...,ty) is a nor-
malization constant. Below we apply the Eynard-Mehta theorem [22] to write down the
correlation kernel for 7V, ... (™). First we define preliminary notations. Let the operator

@ : L?(R) — £%(n) be
(/f¢1 /f¢ndx>,

and let the operator ¥ : £2(n) — L%(R) be

n

U((v1,..vn)") =) vethi().

k=1

We interpret W}, as the kernel of an integral operator from L?(R) to L?(R), and also use it to
represent the integral operator itself by abuse of notation. Then we define the operators

WiWi+1 e Wj_l for i < 7,

z WiWiyg1--- Wiy fori < j,
W[i =491 for i =3, and W[z’ i) = +1 j—1 orz' j
| > 7 7 0 for i > j.

0 for ¢ > j,
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We also define the operator M : £2(n) — £%(n) as
M = oWy )V,

which is represented by the n x n matrix
M;; = / - di(x1)Wi(x1,22) -+ Win—1(Xm—1, Tm)Vj (T )dxy - - - dTp,.
R'fﬂ
Then the correlation kernel KX(z,y;t;,t;) for 1), ... 0™ is given by (see [22, [7]),
X g 4y — X (o 7 X _ -1
Kn (x, Y; ti, t]) = Kn (a:, Y; ti, tj) - W[Lj) and Kn (a:, Y; ti, tj) = W[ljm)\I/M (DW[I,j)'

The correlation kernel is only defined up to multiplication with a factor of the form %, and

it will be convenient for us to work with such a modified representation of the kernel, namely

% o eZ1-1) o o eZ(1—1;) .
Ko (@, yiti ty) = Kb (@, ysto t) ——— Wiy and Ko (@,yiti t)) = ———Wjim) UM @W]y ).
e20-15) e2-t5)

It is straightforward to compute that if ¢ < j, then
o \/ﬁ 7n(zfy>_2
W. . 1-7 — W .. :U, e L. ilc. Q(tg7t1>’
[7’7])< y) [7/7])( y) 27r(tj . tz)
which is equivalent to Gy (z,y;t,t') in (1.32) with ¢t = ¢; and ¢’ = t;.

The operator ®W/; ;) is from L*(R) to £%(n), and is represented by an n-dimensional column
operator. Its [-th component is, analogous to Q) in [I5, Formula (2.7)],

(BWiy () = / i)Wy (4, 2)dy

n —x 2
_ [T ([T — ¥ (a)bna? /2~ "0 VR
pi—1(a)e e da e dy
—0 \/271'751 —0 271'(75]‘*151)

n(y—x 2
_ > —nV(a)+na?/2 \/ﬁ ee —n(yia)Q \/ﬁ _2((tJ- - t)l)
= pi—1(a)e N e 1 T C )e J dy | da
1 J—o00 Tl — 11
o0 'rL(zfa)2
B o / pl—l(a)e_”v(“)+"“2/26_ i da.
— 0o

\/ 27t

—00

Similarly, the operator Wi; ,,)¥ is from £*(n) to L*(R), and is represented by an n-dimensional
row vector. Its I-th component is, analogous to Py in [15, Formula (2.6)],

(Wijm)¥)i()
- / Wiy (2, )21 (4)dy

S _ "(w*y)z ~+ico n(y—(1—t )3)2 ny?
n n Y m _ Y
/ Le 2(tm—t;) L </ pi_1(s)e 2tm0—tm) d5> e 20—tm) dy
—c0 /27 (bt — tj) V27tmt \J oo
_ n—y)? n(y—(1—tm)s)? y?
2(tm—t;) vn e gtm(ktm) 6*2(1@%) dy ds

/:O pls) /Z ¢27r<\t/ji—w V2l

\/ﬁ “+100 n(:c—(l—tj)s)2 _ na
_ : / p171(8)6 265,(0-) g | e 201
\/ 27thZ —ico
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The matrix M is the identity matrix, since analogous to [15, Formulas (3.8) and (3.9)],

M; ), = /_oo G () (Wi m) ¥ )k (x)da

n o o v 22 _n(zfa)Q
2mit1 oo \J—oo

Fioo n(@—(1-t1)s)? __na?
X / pr—1(s)e 2010-1) ds | e 20-t)dx
—100

n ) S8 _n(:zf(lftl)a)2
 2mi / / pj1(a)e™V @e” R0 " da
2mit1 J_ oo \J oo
+i0o n(z—(1—t1)s)2
X </ pr—1(s)e 2010t ds) dx

—100

=0k,

after a straightforward calculation in which we use the orthogonality relation ((1.19)).
So finally we arrive at the formula,

nCL‘Q

301—¢;,) n—1 +ioco n(z—(1—t;)s)> na?

~ n e J mem U Ths) __nz*

KX(:U yitite) = § { / pi_1(s)e %0-1)  Jg | e 20-%)

n \" IV - 2 -1
2ny/bitel oty 1= \J—iso

o0 n(y—w)?
2 _nly—w)”
< st T gy
—0o0

'n.(z—(l—tj)s)2

4ioco 2t (1—t;)

—1
n o0 - e
- d d E ( B B —nV(w)
2m\/ttgt /_ioo ° /_OO v (lO pr-a(s)p-a(we n(y—(1—ty)w)2

e 2tp(1—tg)
'n.(zf(lftj)s)2
+i00 2t (1—t5)

n
PN /m

e

n(y—(1—tg)w)2’
e 2tp(—ty)

ds/ dw KXE (s, w)

which is equivalent to (1.34) with ¢ = ¢; and ¢’ = t;. Thus we prove Proposition

O]

B Summary of the Riemann—Hilbert analysis for unitary en-

sembles and proofs of Proposition and Lemma [4.2

In this appendix we prove Proposition and Lemma as consequences of the analysis in
[19]. We discuss the singular interior point case and the singular edge point case separately, and
we consider only the singular right edge point case. Note that although in both Proposition
and Lemma the singular point x* may not be the unique one, for the sake of notational
simplicity we prove them only in the case that x* is the unique singular point, either in the
interior or at a right edge. If other singular points exist, we just need to construct more local
parametrices and the matrix R(z) = I + O(n™°) with ¢ depending on all singular points, see

the discussion in the end of [I9] Section 5]. All other arguments do not change.

Following the notations in [19, Figure 1.1], we assume that the support of the equilibrium

measure g is J = [bg,a1] U--- U [by,an+1], where —0o < by < a1 < -+ < by < an41 < 00.
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B.1 Singular interior point case

We assume as in [I9) Section 5.2] that 2* = 2 € (bj_1,a;) C J is the only singular point, and
that it has exponent k.

The strategy in [19] is as follows. First the matrix-valued function Y;,(z) defined in
(the same as Y (z) defined in [I9, Formula (2.2) and Formulas (1.86)—(1.88)]) is transformed into
M (z) by [19, Formula (1.89)], and then to M™(z) by [19, Formulas (1.101)-(1.103)]. These
transformations are given explicitly in terms of the equilibrium measure pg and the g-function
defined in (3:2). M(Y(z) satisfies a Riemann-Hilbert problem (RHP) with jump contour %(2)
[19] Figures 1.5 and 5.3], which divides the complex plane into (N + 1) lenses and upper and
lower outer infinite regions, as shown schematically in Figure

bj* De,bj_l De,f €,a; De,bj €,aj541

Figure 2: The schematic shape of the contour Figure 3: The schematic shape of the contours
»®. Dea; Dep,_, and D ;.

Next, one constructs the global parametrix M) (z) on C with discontinuity on R\ .J.
M(OO)(z) is uniformly bounded on C\ (ngl Dc o, UDcyp, ), where D4, and Dy, , are suffi-
ciently small discs with radius e and centered at a;, b;_ respectively, as shown in Figure 3| Note
that in Figure |3| we also show a small disc D, ; centered at 2. M ()(2) is uniformly bounded
in Dz, although discontinuous on D.: NR. In all the (2N + 3) small discs, one constructs a
local parametrix, denoted all by M), (z) (as in [19, Formula (4.29)]). The construction of M,(z)
in Deq, and D¢j, | can be carried out explicitly by Airy functions [19, Formulas (4.76), (4.92),
(4.102)], while the construction of M (z) in D, ; is given in an implicit way [19, Formula (5.90)].

In the final step the matrix R(z) is defined as

R(z) = {M(l)(,z)]w("o)(;:)_1 for z o'uts'ide the c?iscs (B.1)
M(l)(z)Mp(z) 1 for z inside the discs,

and it can be shown to satisfy R(z) = I + O(n~") uniformly on C, where v = (k + 1)~! as in
(1.24]). The asymptotics of Y;, are then obtained by inverting the explicit transformations from
Y = M MW(2) = R.

B.1.1 Proof of Proposition (singular interior point case)

Proof. Let u,v be complex numbers in a compact set, and x,y are expressed by them as in
, with z* = 2. First we prove the Proposition under the assumption that both u,v are in
C4, and that z,y are outside of the two lenses connecting to Z. Then by [19, Formulas (5.90),
(1.89) and (1.101)], we have

[Yﬁl(y)yn(x)bl — Mg(@)+g(y)—E=¢)

x [ My(cw) ™ (7T MO () Riy) B MO ()e 77 ) M (@), o (B2)

~

where ¢ is defined in [19, Formula (5.22)], M,(z) is defined by the RHP [19, Formulas (5.13)-
(5.15)], and the mapping z — ((z) is defined in [19, Formula (5.23)]. Noting that ¢ is a
purely imaginary number, M()(z), M(*)(z)~1 and d%M(OO)(z) are uniformly bounded in a
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neighborhood of Z, and y — z = O(n™7), we have as n — oo that
e~ 503 () (y)*lR(y)*lR(x)M(oo) (x)e%é% =I+0(n")
uniform in w,v. On the other hand, by the definition of the mapping ((z), we haveE|
C(x) = (2my)u+O0(n™"), n — oo, (B.3)

uniform in u, and a similar expansion holds for {(y). We conclude that

YV () Yal@)], = "I~ [0 (2m9)0) 7 W, (27y)w)| (14 O(™)), (B.A4)

)
)

where the O(n™7) term is uniform in u,v as n — oo.
At last we note that by the definition of ¢, the Euler-Lagrange variational condition ([3.1)
and the Taylor expansion (2.5)) of ¢/(z) at 2* = 2 (where G, (w) = ¢'(w)), we have

~

{4+ ¢
2

n <V(:1:) —g(x) — ) = Ty 4+ 0(n™7), (B.5)

uniformly in u as n — oo, and a similar approximation holds for V(y) — g(y) — (¢ + ¢)/2. By
and , we have that the left-hand side of that is expressed by converges
to a limit function in u,v as n — oo, as long as u # v. But the condition u # v can be
easily removed by the analyticity of the functions. Thus we prove Proposition for a singular
interior point in case x and y are in the upper half plane and outside of the lenses.

If z or y are inside one of the lenses, or in C_, we compare the jump conditions of the RHPs
for Yy, M), M,, and Mp, we find that still holds, if we replace Mp(z) by the function
M,(2), which is an analytic function on C that agrees with M,(z) in a sector containing iR,
and is the analytic continuation of Mp(z) in that sector. Thus Proposition for a singular
interior point is proved for u, v in any compact subset of C. O

B.1.2 Proof of Lemma for a singular interior point

Proof. We only need to consider the case that z,w € C4, since Y,,(2) = Y,,(z). We note that
det Y,,(2) = 1, so the entries of ¥;,(z)~! are expressed in terms of the entries of Y,(2) in a very
simple way. It suffices to show that for any z € C4 on z* + iR,

‘[Yn(z)hJ‘ < C e ’ ‘[Yn(z)b,l‘ < C e~ ) (B.6)
and for any w € C4 on I' or the interval (z* — Rn™7,2* + Rn™"7),
[Waw)],o| < CJe@0) | a(w)lyo| < € e, (B.7)

where Y, (w) means Y;, 1 (w) if w € (2 — Rn™7,2 4+ Rn~7). In this proof we identify «* with 2.

First, if z € 2+ 4R is out of the disc D, ;, then it is in the outer infinite region and outside
of any lens, so by the argument in [19, Paragraph below the proof of Theorem 5.8] and [19,
Formulas (1.89) and (1.101)],

Yo(2) = e 93 R(2) M) (2)en0()=5)s, (B.8)

2Here and later several calculations depend on the relation between the density of o, which is denoted by
U(z) in [19] and h(z) in our paper, and the function R}‘_/2 (z)h(z) defined in [19]. But in [I9] the relations are
stated twice, in [I9, Formulas (1.6) and (3.6)], and they differ by a constant multiple. We use [19, Formula (3.6)].
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and follows, since both M(*)(z) and R(z) are uniformly bounded. If w € TU((—Rn~"7, 2+
Rn™7) is out of the disc D, ;, then w is in the outer infinite region and outside of any lens, so
holds with z replaced by w, and follows.

Next, if z € 2 4 4R is in the semi-disc D, ; N C,, then since z is outside of the two lenses
connecting to z, by [19, Formulas (5.90), (1.89) and (1.101)] we have

You(2) = €2 T R(2) M) (2)es 73 N, (¢ (2))e™ % 73en(9(2)=5)o3. (B.9)

where ¢, Mp and ((z) are the same as in @ . By the properties that ¢ is purely imaginary
and Mp is uniformly bounded, we find that @ follows from . Similarly, if w € T'U
(2—Rn™7,2+ Rn™7) is in the semi-disc D, ; U C,, then we can deform the lenses so that w is
outside of the two lenses connecting to Z as long as |w — 2| > 2Rn~7. In this case, holds
with z replaced by w, and follows.

Additionally, if w e TU(2—Rn™", 24+ Rn~7), w is in the semi-disc D, ; NC4, and |w — 2| <
2Rn~7, then by comparing the jump conditions of the RHPs for Y, M), M, and Mp, like we
do in the proof of Proposition (singular interior point~case) above, we have that holds
if 2 is replaced by w and M), is replaced by the function M,(z), which is an analytic function on
C that agrees with M,(2) in a sector containing iR, and is the analytic continuation of M,(z)
in that sector. Since by (B.3)), ((w) = O(1) as n — oo for our w, we have that M,(¢(w)) is

bounded, and follows.

O]

B.2 Singular right-edge point case

We assume as in [19, Section 5.3] that a; is the only singular point with exponent s, which is
denoted by z* in the main body of the paper.

The strategy in [19] is parallel to the singular interior point case and we briefly repeat
it, highlighting the differences. Y, (z) is transformed to M(z), and then to MM (2). M1 (z)
satisfies a RHP with jump contour () [I9, Figure 1.5], which divides the complex plane into
N lenses and the upper and lower outer infinite regions.

Next, the construction of the global parametrix M(*)(z) is the same as before. The con-
struction of M,(2) in Do, withk=1,...,7—1,5+1,...,N and D¢y, , withk=1,..., N are
carried out explicitly in terms of Airy functions as before, while the construction of M,(z) in
D,q; is given in a more implicit way [19, Formula (5.159)]. Finally the matrix R(z) is defined
as in (B:I)), and it can be shown to satisfy R(z) = I + O(n~7/2) as n — oo uniformly on C,
where again v = (k + 1)~!. Reversing all of the explicit matrix transformations again gives
asymptotic formulas for Y;,(z).

B.2.1 Proof of Proposition for a singular right-edge point

Proof. Let u,v be complex numbers in a compact set, and let z,y be as in ([1.25)), with z* = a;.
First we prove the proposition under the assumption that  and y are in the upper half plane
and outside of the lens connected to a;. Then by [19, Formulas (5.159), (1.89) and (1.101)], we
have

¥ W) Yal@)],, = 9010 [ () (L)~ Bl) ™ R() L) p(C(w))]
(B.10)
where ; is the constant defined in [I9, Formula (1.20)], the mapping z — ((z) is defined in
[19] Formula (5.95)], and the matrix valued function L is defined in [19, Proof of Theorem 5.8].

1) = e [e# I (L) 1) erteeanin]
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and M, is defined by the RHP [I9, Formulas (5.99)-(5.106)]. By the definition of the mapping
¢(z), we have
C(x) = (277) u 4+ O(n~ Y/ 2+, as n — 0o

uniform in u, and similarly for {(y) in terms of v. By the argument in [19, Proof of Theorem
5.8], L(z) is analytic in D, and det(L(z)) = 1. Then for u,v in a compact subset of C, direct
computation yields

L(z) = 0Ly + n= 2Ly + O™/, asn — oo,
where Ly, L1 are constant matrices, and a similar result for L(y). Then we have
L(y) 'R(y)'R(z)L(z) = I+ O(n/?),  asn— o,

uniform in w,v. We conclude that

Yo ) Yal@)],,, = €090~ [0, (2my)70) ™ AL, ((2709)w)] (14 0(77),
(B.11)

)

where the O((n~7/2)) term is uniform in u,v as n — co.
By the Euler-Lagrange variational condition (3.1)) and the Puiseux expansion (2.24]) of ¢'(2)
at * = a; (where G, (w) = ¢'(w)), we have

9y
2

n (V(x) —g(x) > = myu™ + O(n™7), as n — 09, (B.12)
uniformly in u, and a similar approximation holds for V(y) — g(y) — (¢ +1i€2;)/2. By and
, we have that the left-hand side of that is expressed by converges to a limit
function in u,v as n — oo, as long as u # v. But the condition u # v can be easily removed by
the analyticity of the functions. Thus we prove Proposition for a singular right-edge point
in case x and y are outside of the lens, and in the upper half-plane.

For general z and y we use [19, Formula (5.91)] for the formula of M, (x), M,(y) if z or y lies
in C_. We still obtain with M, (z) replaced by the M,(z) which is defined by analytic
continuation of M,(z) from the sector containing iR .

Thus Proposition [I.7) for a singular right-edge point is proved for u, v in any compact subset
of C. O

B.2.2 Proof of Lemma for a singular right-edge point

Proof. As in the singular interior point case, it suffices to consider z,w € C,, and show that
for any z on x* + iR,

’[Yn(z)]l’l‘ < Cn"? ||| ‘[Yn(z)b’l‘ < Cn/? e"(g(z)*g)’, (B.13)
and for any w on I" or the interval (z* — Rn™7,z* + Rn™7),
‘[Yn(w)]w’ < o e*nﬁq(w%ﬂ‘, ‘[yn(w)]m] < o e*"9<w>‘, (B.14)

where Y;,(w) means Y;, 1 (w) if w € (z* — Rn™7,2* + Rn™"). Note that in this proof we identify
x* with a;.

First, if 2 € a; +iR or w € T'U (a; — Rn™",a; + Rn™") is outside of the disc D ,;, by
and the same argument as in the singular interior point case, both (B.13)) and (B.14) hold.
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Next, if z € a;j + R is in the semi-disc D,; N C4, then since z is outside of the lens
connecting to a;, by [19, Formulas (5.159), (1.89) and (1.101)] we have

Yo(2) = € ¥ R(2)L(2) My (¢ (2) e FHoaen(9(2) =5, (B.15)

where €, L, Mp and ((z) are the same as in (B.10). From the definition of L, we know
that L(z) = O(n?/*) if z € Deq;- Also we have ((z) = O(n?) for z € Dcg4;. Then from
the RHP satisfied to Mp, especially the boundary condition [I9, Formula (5.105)], we have
that M,(¢(z)) = O(n?/*). Thus we find that follows from (B.15)). Similarly, if w €
I'U(a; — Rn™,a; + Rn™") is in the semi-disc D4, UC4, then we can deform the lenses such
that w is outside of the lens connecting to a; unless |w — a;| < 2Rn™". In this case,
holds with z replaced by w, and follows.

Additionally, if w € T'U (a; — Rn™7,a; + Rn™7), w is in the semi-disc D¢,; N Cy, and
|lw — aj| < 2Rn™7, then by comparing the jump conditions of the RHPs for Y, MO, M,
and Mp, like we do in the proof of the singular interior point case in Section we have that
holds if z is replaced by w and Mp is replaced by the function Mp(z), which is an analytic
function on C that agrees with Mp(z) in a sector containing iR, and is the analytic continuation
of My,(z) in that sector. Since the estimates of L(z) still holds and M, (¢(w)) = O(1) as n — oo
if |lw — aj] < 2Rn™7, we also find that holds. O
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