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Abstract

We revisit the area between the concentration and Lorenz curves (ABC) criterion for model
assessment in supervised learning. Insurance pricing is considered throughout the paper
to illustrate the concepts but the results apply to any other setting where the mean of a
response must be estimated from data. Building on the characterization of these curves, we
provide new equivalent formulations for the case where the ABC vanishes. First, we char-
acterize a vanishing ABC as the absence of correlation between pricing error and the ranks
induced by the candidate premiums, making the link with Gini and Co-Gini coefficients. In
both the discrete and continuous cases, we then show that a vanishing ABC corresponds to
global balance in a modified portfolio that overweights lower premium classes. These results
complement existing work on auto-calibration and contribute to a better understanding of
ABC as a diagnostic tool in insurance pricing and related applications.

Keywords: Insurance pricing, Lorenz curve, concentration curve, area between the curves.



1 Introduction and motivation

Consider a response Y of interest. It can be a discrete (e.g. count) or continuous random
variable. To explain the mean response, the analyst has at his or her disposal a set of features
X1,...,X, € x € RP gathered in the vector X. The aim is to evaluate the expected response
as accurately as possible, so that the target is the conditional expectation u(X) = E[Y|X]
of the response Y given the available information X. Here, (Y, X) is a generic observation,
taken at random from the population of interest.

The function « — p(x) = E[Y|X = ] is unknown to the analyst, and may exhibit a
complex behavior in @. This is why this function is approximated by a function & — m(x)
with a simpler structure. For instance, m(X) may be a monotonic function of a linear
combination of the components of X with Generalized Linear Models (GLMs). Typically,
m(z) = exp(8'x). The linear combination B'x is generally referred to as the score in
insurance. Once fitted on the training data, this produces estimates m(x) for u(x), or fitted

values. With GLMs, we simply have m(x) = exp(BT:v) where 3 is the maximum-likelihood
estimate of 3.

In general, m(:) can also be obtained with machine learning algorithms like random
forests or neural networks, for instance. The performance of m(-) that has been obtained
by minimizing the empirical loss on some training set can then be assessed on the basis of
an independent random sample {(V;, X;), i =1,2,...,n} following the same law as (Y, X).
This sample is called validation set. All formulas in the following are meant given the training
set, which means that the function @ — m(x) is considered as known. In the case of GLMs,
B is frozen at its estimation on the training set and treated as a known constant when m(-)
is applied to the validation set.

Provided the validation set comprises a large number of independent and identically
distributed pairs (Y;, X;), this allows us to perform calculations with a generic random
vector (Y, X)) distributed as the observations contained in the training set. This approach
is meaningful in applications where the analyst is in a data-rich situation.

As an illustration, we consider the problem of setting pure premiums in general insur-
ance. In that context, Y represents insurance losses (number or cost of claims, for instance)
and p(X) is the true pure premium that should be charged to a policyholder with individual
characteristics summarized in the vector X while m(X) is the actual pure premium charged
by the insurer as an approximation of u(X). By pure premium, actuaries mean the ex-
pected amount of benefits claimed by a given policyholder. Commercial premiums charged
to customers supplement pure premiums with a safety loading (corresponding to the cost
of capital ensuring solvency) as well as running expenses, intermediaries’ commissions and
taxes.

Throughout the paper, we assume that m(+) is unbiased in the sense

E[f(X)] = E[u(X)] = E[Y] = (L1)

where p denotes the unconditional mean response. Assumption (1.1) is referred to as global
balance in insurance. This is a minimal requirement as it requires that the premiums collected
from policyholders balance claim amounts at portfolio level, on average. The pricing error
arises when the insurer charges m(X) instead of p(X). Global balance (1.1) ensures that



the average pricing error is zero. At portfolio level, replacing p(X) with m(X) has no effect,
on average, but this induces possible undesirable premium transfers between policyholders
depending on their risk profile X.

Lorenz and concentration curves are widely used as diagnostic tools in supervised learn-
ing, in particular in insurance pricing and risk modeling. For a detailed discussion of their
properties in the context of insurance, we refer the reader to Denuit et al. (2019) and the
references therein. For an exhaustive review of the properties of concentration and Lorenz
curves, as well as related notions like Gini dispersion and dependence measures, we refer the
interested reader to the book by Yitzhaki and Schechtman (2013). The area between the
two curves (ABC), introduced in Denuit et al. (2019), has recently emerged as a quantita-
tive diagnostic, which vanishes in the special case of unbiased and auto-calibrated predictors
(see, e.g., Denuit et al., 2024). The purpose of this paper is to investigate more thoroughly
the interpretation of a vanishing ABC for unbiased predictors, considering both discrete and
continuous cases.

The remainder of the paper is organized as follows. In Section 2, we recall the definition
of the Lorenz and concentration curves, as well as of the ABC criterion. Section 3 gives a
first characterization of a vanishing ABC in terms of pricing error. Section 4 shows that this
condition can also be interpreted as global balance (1.1) within a modified portfolio where
risk profiles are appropriately re-weighted.

2 The concentration curve, the Lorenz curve, and the
area between them

2.1 Concentration curve

The concentration curve of (X)) with respect to m(-) based on the information contained
in the vector X is defined as the function

o > CCH(X), (X)s] = LE[HONR(X) < Pl (@), o € (0,1)
where I[-] denotes the indicator function (equal to 1 if the event appearing within brackets
is realized and to 0 otherwise) and FTA;(IX) is the quantile function, or generalized inverse of
the distribution function Fj(x) of m(X).

Considering an insurance context, CC[u(X ), m(X); a] represents the proportion of the
total true pure premium that should be collected from policyholders who are actually charged
the a% lower premiums computed with m(-). Notice that the concentration curve does not
depend on the scale of m(-) in the sense that replacing it with any increasing transformation
(for instance, doubling m(-)) does not modify it. Only the ranking induced by m(-) matters
for the concentration curve.

In practice, we can replace the unknown (X)) with the response Y in the concentration
curve. Precisely, the following identity holds

CC[u(X), 7(X);a] = CCLY, (X); a] = iE[YI[m(X) <Filg @] @1



for every probability level ov. Formula (2.1) shows that we can equivalently replace the
unknown u(X) with the observed Y, which opens the door to estimation. Performances of
competing models are then evaluated with the help of the empirical counterpart to (2.1).

2.2 Lorenz curve

The Lorenz curve associated with m(X) is defined as the function

a s LC[M(X )] = CCO[M(X),m(X):a

, a€(0,1). (2.2)

Notice that the Lorenz curve only depends on m(X) and not on the response Y (beyond its
estimation on the validation set). In an insurance context, LC[m(X); a gives the percentage
of the total pure premium contributed by policyholders who are charged the lower a% actual
premiums computed with m(-).

Ideally, we should have LC[m/(X); o] = CClu(X), m(X); a] for all a. This implies that
m(-) is informative and measured on the correct scale, that is that pure premiums effectively
balance insurance losses. By (1.1), the identity can indeed be rewritten as

LC[m(X); a] = CClu(X), m(X); a] for all «
< E[(u(X) — m(X))I[(X) < Fgix) ()] = 0 for all a, (2.3)

which means that the pricing error p(X)—m(X) is on average 0 when considering every sub-
portfolio corresponding to the condition m(X) < Frg(lX)(a), that is, all those policyholders
who are charged the a% lower premiums with m(-).

Condition (2.3) is precisely related to the concept of auto-calibration. Recall that an
estimator m is said to be auto-calibrated if E[Y|m(X)] = m(X) almost surely (Kriiger and
Ziegel, 2021). Under the unbiasedness assumption (1.1), this definition is equivalent to the
equality between the Lorenz and concentration curves; see Denuit et al. (2024).

2.3 Area between the curves

The area between the curves, ABC in short, introduced in Denuit et al. (2019), is defined as
1
ABC[(X)] = / (CC[M(X), m(X); ] — LC[M(X); a])da. (2.4)
0

The idea is to make (2.3) operational through a single numerical value. In Denuit et al.
(2019) and Denuit et al. (2024), the concentration curve uniformly dominates the Lorenz
curve in the numerical illustrations. However, this dominance is not guaranteed to hold in
general. In fact, the ABC can be equal to zero even though the two curves do not coincide.
Local violations may occur, as shown next.



Example 2.1. The difference between the concentration and Lorenz curves can be written

CC[u(X), m(X);a] — LC[M(X);a] = iE[(Y — (X)) (X)) < Fyh ()]
1

= 5 ElEYIR(X)] - A(0) I(X) < Fix ()]

If there exists o* € (0,1) such that 6(m) = E[Y|m
decreasing in m for m < F_ /o (a*), then d(m(X

X) = m] —m is non-positive and non-

NM(X) < Fylxy(@®)] and I[R(X) <

\_//—\

Fﬁ(x)( «)] are negatively correlated for all a € (0,1), since m — §(m)I[m < Fﬁ;(lx)(oz*)] is
non-decreasing in m and m — I[m < F A ( )] is non-increasing in m. Consequently, for

all « € (0,1), we have

Cov[d (A(XDIM(X) < Faly) ()] IM(X) < Faly ()]
= E[((X) I(X) < Fylhy (@) TR(X) < Faly ()]
—E[((X)IA(X) < Fal) (0" JEIR(X) < Faly(a)]

< 0,

so that we obtain

B[S((X)) I(X) < Fplyy (@) I(X) < Faly ()]
< EB@X)M(X) < Fabp (@)ELA(X) < Faly, ()]
< 0,

since §(m (X)) is non-positive for m(X) < Fﬁ:(lx)(oz*). Therefore, we have
CClu(X), m(X); a] <LC[M(X);a], for all a < ™.

The latter inequality may invert for some a > «a*, because E[6(m(X))] = 0 implies that
d(m(X)) must be non-negative for certain values of m(X) exceeding Ff;(lx)(a*)’ and

E[6((X)) I[(X) < Fyx ()]
= E[6(M(X)) I[AU(X) < F7ixy ()] + E[0(7(X)) I[F7ix (o) < (X)) < Frix(a)]],
for a > a*.
Under (1.1), we get
ABC[m(X)] = %/0 E[(Y — m(X)I[(X) < FZx)(a)]]da. (2.5)

This expression allows us the estimate the area between the curves, by substituting the
empirical counterparts to the concentration and Lorenz curves in the integral.



3 Vanishing area between the curves and pricing error

3.1 Continuous predictors

In this section, we assume that m(X) is a continuous random variable. This is typically the
case when the score has been produced by a Generalized Additive Model including continuous
features or by machine learning algorithms like random forests or neural networks.

The next result revisits the developments in Denuit et al. (2019), offering a re-statement
in terms of pricing error.

Proposition 3.1. Assume that m(X) is a continuous random variable and that (1.1) holds
true. Then, ABCIm(X)] = 0 is equivalent to require that the pricing error u(X) —m(X) is
uncorrelated with the rank induced by the actual premium m(-), that is,

ABCIR(X)] = 0 < Cov[u(X) — #(X), Fax (M(X)] = 0. (3.1)

Proof. The integrated Lorenz curve is equal to

/01 LC[M(X); ada = L) |:ﬁ”L(X) /Oll[ﬁz(X) < FTA;SX)(Q)]da]

—_

— —Cov [ﬁ’b(X), F,’ﬁ(x) (T/T\l(X))} .
The same reasoning applied to the concentration curve gives

/OCC[M(X),m(X);a]da = —BE[u(X)(1 — Fax)(M(X)))]

N = | =

%COV [,u(X), Fax) (m(X))] :

This ends the proof. O

Proposition 3.1 shows that a vanishing ABC is equivalent to the absence of correlation
between the pricing error and the ranks induced by the candidate premium. Stated otherwise,
there is no more information contained in these ranks about the pricing error.

Notice that the area below the Lorenz curve is closely related to an indicator of variability,
referred to as Gini coefficient in the literature. To see this, consider two risk profiles X and
X' taken at random from the population of insured individuals, so that X and X' are
independent and identically distributed. Recall that the Gini coefficient of dispersion of
m(X) is defined as

Gini[(X)] = SE[l(X)  (X')]}



The larger the expected absolute difference appearing in the Gini coefficient, the finer the
risk classification induced by m(+) in the sense that the absolute difference in the premiums
m(X) and m(X") charged to two policyholders taken at random from the insurance portfolio
gets larger on average. Stated otherwise, premiums charged to different policyholders differ
on average to a larger extent. Now,

E[m(X) —m(X] = E[gax{ﬁ%(X)ﬁ(X’)}] - E[miniﬁ%(X)ﬁ(X’)}]
= /0 (1 — (Fﬁ(X)(m))2>dm — /0 <1 — an(x)(m)> dm
= 2/000 Fm(x)(m)(l — Ffﬁ(x)(m))dm.

Integration by parts then gives

B[7(X) — (X)) = 4(E[m<X>Fm<x><m<X>)]—%EWXH)

— 4Cov[M(X), Fax (M(X))]

so that we recover the covariance appearing in the integral of the Lorenz curve as well as the
classical identities

Cini[(X)] = 2Cov [(X), Frix) (A(X))] = 1 (1 ) /0 LC[ﬁz(X);a]da) |

This covariance thus appears to be an indicator of dispersion of the premiums obtained with
The covariance representation of the Gini coefficient of dispersion opens the door to its
extension into a dependence measure. This leads to the Co-Gini coefficient defined as

CoGini[p(X), M(X)] = 2Cov [1(X), Frx) (M(X))].

The Co-Gini coefficient is related to the integral of the concentration curve, as it can be seen
from the proof of Proposition 3.1. Co-Gini coefficient measures the information contained in
the ranks induced by the candidate premium about the true pure premium. The equivalent
condition (3.1) can then be re-stated as the equality between Gini and Co-Gini coefficients.

3.2 Discrete predictors

Assume that m(X) takes only K < oo distinct finite values m; < ... < mg such that
Prim(X) =my] =pr >0 forall k =1,..., K. This is typically the case when the score has
been produced by a GLM integrating discrete features, or by a single regression tree. Let

TW = E[(Y - m(X)I[A(X) <myl], k=1,..., K, with 7" = 0.
Then, (2.5) can be expressed as
| X
ABCm(X)] = == Y pTW. (3.2)
BY] ;

6



Remark 3.2. Notice that under unbiasedness E[Y] = E[m(X)], E[Y]JABC[m(X)] corre-
sponds to the unscaled version ABC°[m(X)] defined in Wiithrich (2025), while our ex-

pression for ABC°[m(X)] deduced from (3.2) does not exactly correspond to the expression
for ABC°[m(X)] given in Wiithrich (2025).

4 Vanishing area between the curves and portfolio re-
weighting

4.1 Continuous predictors

We know from (3.1) that ABC[m(X)] = 0 is equivalent to the absence of correlation between
the pricing error p(X) — m(X) and the rank Fx)(m(X)). In this section, we establish a
second equivalence with global balance in an hypothetical portfolio where every risk profile
receives a new relative weight. This is precisely stated next.

Proposition 4.1. Assume that m(X) is a continuous random variable and that (1.1) holds
true. Let (Y*, X™) be such that

faxn(m) = 2fmx)(m) (1 = Fax)(m)), m >0,

and B[Y|m(X) =m] = E[Y*|m(X™) = m|. Then,
ABCI(X)] = 0 = E[Y*] = B [m(X")]. (4.1)
Proof. First,
Bn(X*)] = 2 /O o0 () (1 = ooy (m))dm
= 2E[m(X)(1 - Fax)(m(X)))].
Moreover
BO7] = [ B = m] e (m)aim

= 2 [TEYIRX) = m] ) (L~ Faom)m

= 2 /OOO E[Y[m(X) = m] facx)(m) (1 — Fax)(m))dm

= 2B[B[Y[R(X)] (1~ Fagx (M(X))) .

Therefore, E[Y*] = E[m(X™)] if, and only if,

E[A(X) (1 = Faox)(f(X)))] = E[E[Y]R(X)] (1 = Fax) (M(X)))]
& E[m(X)(1 - Fax)(m(X)))] =E[Y (1 - Faux)(m(X)))]
& E[m(X) Faox) (m(X))] = E[u(X) Faox) (m(X))]
& Cov[m(X), Fax)(m(X))] = Cov | n(X), Fax) (M(X))]
since E[m(X)] = E[Y] by (1.1). This ends the proof. O
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The proof of the equivalence (4.1) provides us with another interpretation of the condition
ABC[m(X)] = 0 in terms of global balance under a quota-share policy condition. Consider
a portfolio where the indemnity paid by the insurer for a loss amount Y is reduced to
Y Fix)(m(X)). Then, the premium is also proportionally reduced by the same factor. In
this setting, a policyholder with a larger premium m(X) is indemnified to a larger extent,
in relative terms. From the proof of Proposition 4.1, we see that

ABC[M(X)] = 0 & E[m(X) Fax)(m(X))] = E[Y Fax) (m(X))]

which corresponds to global balance in this quota-share adjusted portfolio. This ensures
that expected premiums E[m/(X)Fyx)(m(X))] match expected claims E[Y Fy, x)(m(X))].
Notice that the same interpretation holds by replacing Fi,x)(m (X)) with 1 — Fs,x)(m(X))
thanks to (1.1), meaning that policyholders with larger m(X) are indemnified to a lesser
extent.

The next result reveals the way the portfolio is re-weighted.

Property 4.2. (1) m(X") is smaller than m(X) in the likelihood ratio order, that is,
the ratio frmx)(m)/ famx=(m) of their respective probability density functions is non-
decreasing in m.

(it) m(X™) is distributed as min{m(X"),m(X)} where X and X' are independent and
tdentically distributed.

Proof. The result stated under (i) directly follows from

faxy(m) 1

Faen(m) — 2(1 = Fax)(m))

which is non-decreasing in m. To get (ii), notice that the probability density function of
min{m(X"),m(X)} is obtained from

—% Pr[min{fﬁ(X/),ffL(X)} > m] = —%(1 — Fm(x)(m))2 = 2(1 — Fm(X)(m))fm(X)(m)

which is indeed fs(x+)(m). This ends the proof. O

Property 4.2 shows that the hypothetical portfolio where global balance must hold puts
more weight on the risk profiles with smaller premiums m(-).

4.2 Discrete predictors

It turns out that the condition ABC[m(X)] = 0 is also equivalent to require global balance
in an hypothetical portfolio where the relative weight of each risk profile has been modified.
This is precisely stated next.

Proposition 4.3. Define ap =0, a; = Zi:l pp forj=1....K—1,

K
. o (L= ap-1)px B
P—E (1_@k71)pkandpk_Ta k=1,...,

k=1



Then,

ABCI(X)] =0« Y piE[Y|m(X) =

Proof. Let

S® = B[(Y — m(X)I[m(X)

We have T%) = 25:1 S, Then

ABC[(X)]

Now, let

R® = BY|m(X

Since S® = R®p, we get from (4.3) that

ABC[(X)]

The announced result (4.2) then follows from From (4.4).

K
k=1 k=1
=my)], k=1,...,K.
1 K k
_ P S)
Bl 27 2
1 K K
_ (4)
=) PeS
Y] 2 2
1 K
= — ) (1-aq;_1)sY (4.3)
ElY] Z -
)=y —my, k=1,... K.
1 K
- 1 — (k)
E[Y] ;( Qg 1)ka
P
_ prR® (4.4)
E[Y]; ‘
O

Equation (4.2) expresses global balance in an hypothetical portfolio with a modified
composition, in the sense that the relative weight pj, of risk class k is replaced with pj. The
next result studies these modified weights. It can be seen as the discrete counterpart to

Property 4.2.

Property 4.4.

(1) (py) is smaller than (pg) in the sense of the likelihood ratio order, that

is, the ratio pg/p; is non-decreasing in k.

(11) If X' is an independent copy of X then

. Prlmin{@(X"),m(X)} = my] + Prln(X’) = m(X)

DPg

1+ Pr[m(X) = m(X)]

Proof. Ttem (i) follows from the fact that the ratio

*

P_ P
i 1 — g

9



is non-decreasing in k. Turning to (ii),

Pr min{m(X"),m(X)} =my] = Pr[m(X") =my, m(X) > my]

so that we have

pk(l — ak_l) = Pr [’I/?\”L(X,) = ﬁzk,ﬁl(X) 2 ﬁzk]

_ Pr[min{m( N, m(X)} = my] + Pr[m(X') = m(X) = my]

B 2
Thus, we get

. 1+ Pr[m(X’) = m(X)]
p = )
2
and hence
. _ Pr [min{m(X"), m(X)} = my] + Pr[m(X’) = m(X) = my)]
Pe = 1+ Prf(X) = m(X)] ’

which ends the proof. O

Property 4.4 shows that the hypothetical portfolio where (4.2) expresses global balance
over-weights risk classes with smaller pure premiums compared to the initial portfolio.

5 Numerical illustrations

We present two numerical examples, one with a continuous predictor and one with a discrete
predictor, illustrating how the equivalent characterizations of a vanishing ABC apply.

5.1 Continuous predictor
Model specification. Assume that the fitted pure premium
m(X) ~ Unif(0, 1),
so that its distribution function satisfies
Frx)(m) =m, m € [0, 1].
We specify the conditional mean of the response given the fitted pure premium as

E[Y|m(X)] = m(X) + a((X) — 0.5) + b((X) —0.5)°, (5.1)

10



where a and b are real constants. This specification allows for departures from auto-
calibration while remaining analytically tractable.

Unbiasedness. Since m(X) ~ Unif(0, 1),
E[m(X)—-05] =0, E[(M(X)-0.5)?% =0.
Hence, from (5.1),

E[Y] =E[m(X)]+aE[m(X) - 0.5] + bE[(M(X) — 0.5)°] = E[m(X)] = 0.5.
Therefore, the unbiasedness (global balance) condition (1.1) holds for all values of a and b.
Vanishing ABC via the covariance characterization. Define

g(m(X)) = E[Y[m(X)]

as the conditional mean given the fitted pure premium. Recall that u(X) = E[Y|X] and
that the pricing error is u(X) — m(X). By the tower property,

E[u(X)|m(X)] = EEN[X]|m(X)] = g(m(X)),

so that
(X).

=)

E[u(X) - m(X) [m(X)] = g((X)) -
According to Proposition 3.1,
ABC[M(X)] = 0 ¢ Cov[u(X) — (X), Fa) ((X))] = 0.

In the present setting,
Fax) (X)) = i(X).

Using again the tower property together with unbiasedness,
Cov [j(X) = M(X), m(X)] = Cov[g(M(X)) — m(X), m(X)].

Since m(X') ~ Unif(0, 1), a direct calculation gives

~ ,\ ~ a b
Cov[g(M(X)) — m(X),m(X)] = — + —. (5.2)
12 80
Therefore, according to Proposition 3.1, the ABC vanishes if and only if
a b
B + 30" 0. (5.3)

Choice of parameters. To obtain a concrete numerical illustration, we choose
a = 0.03, b= —0.2, (5.4)

which satisfy the above condition (5.3). For this choice, the function m — g(m) is increasing
on [0, 1] and remains strictly positive, with

g(0) =0.01, g(1) =0.99.

11



Lorenz and concentration curves do not coincide. The Lorenz and concentration
curves differ since g(m) # m.
The Lorenz curve associated with m(X) is

LC[m(X);a] = — =a? ae (0,1).

By the tower property,

Bu(X)T#(X) < a]] = B[g((X)IA(X) < o]

Since E[Y] = 0.5, the concentration curve is
CClp(X), (X0l =2 [ glm)dm,  a€ (0.1)
0

Using (5.1), we obtain

N a —5a’ +10a? + 44a + 1

Hence,

CClu(X), m(X); a] — LC[M(X); o] = _afa— 1)(5?0 —5a + 1)‘

The difference changes sign on (0, 1), so the two curves cross, yet
1
| (cclnx).m(X):a] - Lf@(X);al) da =0,
0

which shows that ABC[m(X)] = 0, as predicted by Proposition 3.1.

Re-weighted portfolio. The density of the re-weighted fitted pure premium m(X™) defined
in Proposition 4.1 is
f{ﬁ(X*)(m) = 2(1 — m), m &€ [0, 1],

which coincides with the density of min{m(X),m(X’)} for an independent copy X'. This
re-weighting assigns relatively more mass to smaller fitted pure premiums.

Let p*(X™) = E[Y*| X "] denote the conditional mean in the re-weighted portfolio. By
construction,

E[Y*|m(X") = m] = E[Y|m(X) = m] = g(m).
The tower property yields

E[p(X")] = E[E[Y*|m(X7)]] = E[g(m(X7))].
By definition, global balance in the re-weighted portfolio means
B[ (X7)] = E[m(X™)].

12



Combining these two relations, we see that global balance in the re-weighted portfolio is
equivalent to
E[g(i(X")] = E[(X "))

Finally,
Elg(m(X")) —m(X™)] = —2Cov[g(M(X)) — m(X),m(X)] =0
by (5.2) and (5.4), so that
E[p"(X7)] = E[m(X™)].
Thus, global balance holds in this re-weighted portfolio, as predicted by Proposition 4.1.

5.2 Discrete predictor

We now consider a simple discrete example with a finite number of premium classes. It
illustrates the discrete formulas derived in Section 3.2 and the re-weighted portfolio charac-
terization in Section 4.2.

Model specification. Assume that the fitted pure premium m(X) can take only three
distinct values
'f/\ll < 'f/\lg < 'f/\lg,

with
(my, Mg, m3) = (0.6,1.0,1.4),
and that
Prim(X) = my] = pr, k=123,
with

(P1, 2, p3) = (0.2,0.5,0.3).

The true class-wise conditional means are taken as
M = E[Y|ﬁ1(X) = ﬁ’Lk], k= 1, 2,3,

with
(:ula 2, MS) = (%7 }Tléa %) ~ (080()’ 0888a 1453)

The ordering of fitted premiums and true means is consistent:
my < mo <mz and pup < g < 3.
The associated class-wise deviations are
R® = 1, — my, k=123,

that is,
(R, RO, RO) = (1,4t ) ~ (0.200, ~0.112,0.053).

50 125775
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Unbiasedness and vanishing ABC. Recall that the individual-level pricing error is
w(X) — m(X), with u(X) = E[Y|X]. At the class level, the average deviation is R*) =
He — M.

First, global balance holds:

= Zpkfﬁk =1.04= Zpk,uk = E[u(X)] = E[Y].
k=1 k=1

Define, as in Section 4.2,
S® =E[(Y — m(X)I[m(X) = )] = prRW, k=1,2,3,
and .
T® = B[(Y —m(X)I[M(X) <mg)] =Y SY, k=123
For the above specification,
(M, 5@ §®) = (i,—i %) ~ (0.040, —0.056, 0.016),

and
(10, 7, 70) = (%, ~%,0) ~ (0.040,-0.016,0).

Re-weighted portfolio. Let
ag = 0, a; =p; = 0.2, az =p1+p2 =0.7,

and
& (1 — ag—1)px
pr=> (1—ap1)pr =069,  pj= —
This yields
01 05.05) = (22,19, 4) ~ (029,0.58,0.13).
Compared to the original distribution (0.2,0.5,0.3), the re-weighted portfolio puts relatively
more mass on lower premium classes, in agreement with Property 4.4.
Equation (4.2) states that vanishing ABC is equivalent to global balance under these

modified weights:
Z PRE[Y[m(X Z Pim.

14



In the present example,

3
. .~ 323
Zpk,uk = Zpkmk VTS ~ 0.936.
=1

This discrete example mirrors the conclusions of the continuous case. A vanishing ABC does
not imply auto-calibration at the class level, since the deviations R*) are non-zero. Instead,
it reflects exact global balance in a suitably re-weighted portfolio that over-emphasizes lower
premium classes, as characterized by Property 4.4.
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