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Abstract

This manuscript presents a derivative-free quadratic regularization method for
unconstrained minimization of a smooth function with Lipschitz continuous gradi-
ent. At each iteration, trial points are computed by minimizing a quadratic regulari-
zation of a local model of the objective function. The models are based on forward
finite-difference gradient approximations. By using a suitable acceptance condi-
tion for the trial points, the accuracy of the gradient approximations is dynamically
adjusted as a function of the regularization parameter used to control the stepsizes.
Worst-case evaluation complexity bounds are established for the new method. Spe-
cifically, for nonconvex problems, it is shown that the proposed method needs at
most C’)(ne‘2) function evaluations to generate an e-approximate stationary point,
where 7 is the problem dimension. For convex problems, an evaluation complexity
bound of O(ne™!) is obtained, which is reduced to O(nlog(e™")) under strong con-
vexity. Numerical results illustrating the performance of the proposed method are
also reported.

Keywords Derivative-free optimization - Black-box optimization - Zeroth-order
optimization - Worst-case complexity

1 Introduction

In many practical optimization problems, the gradients of the functions involved
are not readily available. Examples include computer-aided molecular design prob-
lems [22], aerodynamic shape optimization [9], tuning of algorithmic parameters
[3], model calibration [21], and optimization of cardiovascular geometries [13,
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20]. These problems can be addressed with Derivative-Free Optimization (DFO)
methods, i.e., methods that rely only on function evaluations (see. e.g., [2, 5, 11]).
Very often, the evaluation of the objective function is computationally expensive.
Therefore, one of the main concerns in DFO is the development of methods with
a low worst-case complexity in terms of function evaluations. In [8], a derivative-
free quadratic regularization method based on forward finite-difference gradient
approximations has been proposed for the unconstrained minimization of a function
f : R" - R (potentially nonconvex) with Lipschitz continuous gradient. At its kth
iteration, this method builds a forward finite-difference gradient approximation g,
attempting to satisfy an error bound of the form

llgx — VAl < Kg”xk — Xl

where {xk} is the sequence of iterates and x, > O is a certain constant. It was shown
that the referred method needs at most O ne‘z) function evaluations to find an €
-approximate stationary point, i.e., a point X such that || Vf(x)|| < e.

In the present manuscript, a new derivative-free quadratic regularization method
is presented. At its kth iteration, a trial point is computed by minimizing a quadratic
regularization of a local model of the objective function. This model is also defined
by a forward finite-difference gradient approximation g, but, in contrast to [8], the
new method builds g, attempting to satisfy an error bound of the form

llgx — VAN < Kkge, 60

By using an acceptance condition for the trial points derived from (1), the accuracy
of the gradient approximations is dynamically adjusted as a function of the regu-
larization parameter. It is shown that the proposed method needs at most (’)(ne‘z? to
find an e-approximate stationary point when the objective function is nonconvex." In
terms of n and ¢, this bound agrees with the bound established in [8]. However, the
use of (1) allows the derivation of additional complexity bounds under convexity.
For convex functions, it is shown that the new method needs at most (’)(ne‘l) func-
tion evaluations to find an e-approximate stationary point, while for strongly convex
functions, a bound of O(nlog(e™"))is obtained.

To the best of our knowledge, this is the first time that evaluation complexity
bounds with linear dependence in n are obtained for a deterministic DFO method in
the context of convex and strongly convex objective functions with Lipschitz con-
tinuous gradients?.

! In the context of nonconvex problems, evaluation complexity bounds of O(nze‘z) were obtained by
Vicente [23] and by Konecny and Richtarik [10] for direct search methods, and also by Garmanjani,
Jadice and Vicente [7] for a derivative-free trust-region method.

% Evaluation complexity bounds of O(ne™!) and O(nlog(e™!)) (in the convex and strongly convex
cases, respectively) were established in [4, 18] for randomized DFO methods. They constitute upper
bounds for the number of function evaluations that the corresponding methods need to find X such that
E[f(x)] —f* < e, where f*is the optimal value of f(-)and E[X] denotes the expected value of a random
variable X. For deterministic direct search methods, bounds of O(n?e!) and O(n? log(e™!)) were estab-
lished in [6, 10].
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1.1 Contents

The manuscript is organized as follows. Sect. 2 contains the main preliminary
results. In Sect. 3, the new method is described and its worst-case complexity is ana-
lyzed. Finally, in Sect. 4, numerical results are reported.

1.2 Notation

The symbol || - || denotes the 2-norm for vectors or matrices (depending on the
context). The Euclidean inner product between x,y € R" is denoted by (x,y). For
j=12,...,n, e € R" is the j-th vector of the canonical basis of R". Given a € R,
|a]is the largest integer less than or equal to a.

2 Problem formulation and auxiliary results

The problem under consideration is the unconstrained minimization of a real-valued
function stated as

min f(x). ©)

The problem class is specified by the following assumptions®:

Al The gradient of fis L-Lipschitz continuous, i.e.,

IV/®) = V@Il < Llly —xll,  Vx,y € R

A2 There exists f,,, € R such that f(x) > f,,, for all x € R".

In the proposed method, given x € R”, trial points are computed by (approxi-
mately) minimizing quadratic models of the form

Mo0) i=f0) +(gy =0+ 2BO-0y-0)+ v =2 @3)

where g € R” is an approximation to Vf(x), B € R™" is a symmetric positive sem-
idefinite matrix, and ¢ > 0 is a regularization parameter.

The next lemma gives sufficient conditions under which an approximate mini-
mizer x* of M, ,(-) yields a decrease in the objective function that is at least of
(9(||x+ - x||2). This result is the basis of the step search procedure used in the pro-
posed method.

3 Assumptions Al and A2 are the usual assumptions for the analysis of first-order and derivative-free
methods (see, e.g., Section 1.2.3 of [16]). In particular, any twice continuously differentiable function
with uniformly bounded Hessian satisfies Al.
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Lemma 1 Suppose that Al holds. Given € > 0, let x € R" and g € R" be such that
IVf @Il > € and

lg = VF)ll < . @)

Moreover, given 0 € [0, 1), let xt € R" be a point such that
M, (") <f() and VM, (D)l < Oollx™ - x]l, (5)
for some o > 0. If
o >2[2L+3||B|l11 - 6)"", (6)
then

1-0
R e L & %)

Proof Assumption Al implies that
FO5) <G+ (V@5 = )+ =l

see, e.2., [2, Lemma 9.4] and its proof. Then, by the Cauchy—Schwarz inequality, the
first inequality in (5) and (4), one obtains

D) <f@) + (g, x" —x) + %(B(x+ —x),x" —x) + %Hx+ —x|)?

L_
&

(VA0 = g6 =) = Z(BOT =020 —x) +

= M, () + (V) - g3 =) = (B — 2,5 =)
(L-0o) ®

2
[l — x|l

(Bl +L =)
2
B||+L-
UB+L=0) e

Since || VF(x)|| > ¢, it follows from (4) that

<)+ V) = gllllx® —xIl + [+ — x||?

€
<f)+ gllx+ — x|l +

e <IVfOIl < 19/ = gll + lgll < < + gl

which implies that

el

57 4 2

Moreover, (3) and the second inequality in (5) imply that
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llgll < IVM, () + llg = VM, ()|
=[IVM, ) + I(B+ oD(x" = x)| (10)
< [0+ Do + IBII]llx* — x]|.

Now, combining (8), (9) and (10) it follows that

fty < oo+ 0D B ooy WBIEEZO0 o
)+ [(9+1)6+3”4B”+2L_20_]”)C+—X||2 (11
e LA A0
Using (11) and assuming that (6) holds, lead to
fo) - foty > WO Z GLEIBD 2y Q=00 2

4 8

O

The next lemma suggests a way to construct g such that (4) holds for ¢ suf-
ficiently large. This can be done using forward finite-differences with a carefully
selected stepsize parameter 2 > 0.

Lemma 2 Suppose that Al holds and assume that, given 0 € [0, 1), x* satisfies (5)
for some x € R" and o > 0. Moreover, suppose that ||Vf(x)|| > € for some € > 0,
and that the vector g in M, () is defined by

_ f+he) = f(0)

g = p , j=12...n (12)

with

2e
Soy/i (13)
If o satisfies (6) then the point x* satisfies (7). Moreover,

de

llgll > 5 (14)

O0<h<

Proof By Al, (12), (13) and (6),

L€<

Vi, L

€ 15
2 T 5 5 ()

V) —gll <

Then, in view of (15), (5) and (6), it follows from Lemma 1 that x* satisfies (7).
Finally, assume by contradiction that (14) is not true, i.e.,
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4e
gl < < (16)
In this case, (15) and (16) imply that
4e
VAU < IV —gll + Igll < 5 S+ 5 =6
which contradicts the assumption || Vf(x)|| > €. Thus, (14) also must be true. O

3 Derivative-free quadratic regularization method

The proposed method works as follows. At the beginning of the kth iteration, one
has an estimate x; for the solution of (2), a symmetric positive semidefinite matrix
B,,e> 0,6 €[0,1) and a regularization parameter o,. An approximation g, € R”"
for Vf(x;) is computed using forward finite-differences (as described in (12)) with
stepsize

2e
h, = .
Sak\/;

This calculation requires n + 1 evaluations of f(-) when k = 0 and n evaluations of
S(-)when k > 0. Once g, is obtained, a trial point x,j is computed as an approximate
solution of the auxiliary problem

min M, _ (y)

yeRn k0%
with Mxk,ok( -)defined in (3). If

(1 -0)o;

2
— 1l -l

lgell > 2 and pe - ) >

hold, then x} is accepted and the method sets x;,, = x]". Otherwise, the constant o,
is multiplied by two* until the corresponding point x is accepted. For the next itera-
tion, a new matrix B, is computed and the regularlzatlon parameter is updated.
This method is detailed below.

Algorithm 1. Derivative-Free Quadratic Regularization Method (DFQRM)

Step 0. Given x, € R", a symmetric positive semidefinite matrix B, € R™",
00> Opmin > 0,6>0,and 0 € [0, 1), setk :=0.

Step 1. Seti := 0.

Step 1.1. For

4 In fact, for the theoretical guarantees, any other factor bigger than one can be used.
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hy; = 2—6 (17)
526 )/n

compute g, ; € R" by

SOg + hy ie) — f(x)
s ’

L
B

el = j=12...n. (18)

Step 1.2. If

4e

Al > —
gl = 5 (19)

go to Step 1.3. Otherwise, seti := i+ 1l and go to Step 1.1.
Step 1.3. Consider the quadratic model

1 2ig
M, 2,0 1= 0 + (8iiny — Xi) + §<Bk()’ =X,y —X) + Tk”y —x

. D4
and compute an approximate solution X of the subproblem

}r,Ielg} Mxk’zio'k(y)’ (20)
such that
M, i () Sf0q)  and  [|[VM, 5, (501 < 020X, —x . (21)
Step 1.4. If
(1-6)2'cy)
o) = fif) 2 ——— g, = x5l (22)

holds, set iy, = i, g; = &, and go to Step 2. Otherwise, set i :=i+ I and go to Step
1.1.

Step 2. Set x;,; = er,ik’ Oy = Max {2ik_10'k, Omin } choose a symmetric positive
semidefinite matrix By, ; € R™", setk :=k + 1, and go to Step 1.

Remark 1 DFQRM described above is inspired by Algorithm 1 of [8]. They differ in
the choice of /; ; and in the acceptance conditions for x; .

The analysis of Algorithm 1 will be carried out with the following additional
assumption:

A3 There exists M > 0 such that||B, || < M for all k.
Thanks to A3 and the definition of oy, it is possible to obtain uniform lower and

upper bounds for a relevant portion of the sequence {ak} 40 Of regularization param-
eters, as demonstrated next. -
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Lemma 3 Suppose that Al and A3 hold and let {xk} be a sequence gener-
ated by Algorithm 1. Given ¢ > 0, let T(e) be the first iteration index such that
IV (pe)ll < €. Then

Omin < 0 < 2max {og, 2L+ 3M](1 —0)'} 1= 0, (23)

forallk € {0,...,T(e)}.

Proof The proof is done using induction over k. Notice that (23) holds for k = 0.
Assume that T'(¢) > 1 and that (23) is true for some k € {0, ..., T(¢) — 1}. It follows
from Step 2 of Algorithm 1 that

Ot = max {247 oy, 0 | = Oy (24)
Moreover,
270y < Oy (29)
Indeed, if i, = 0, it follows from the induction assumption that
2ilg, = 10'k < 0} < Opax-
2
Suppose that i, > 1. Then, assuming that (25) is false one would get

i—1
2% 6 > Opax

> 2[2L +3|IB,ll](1 - 6)7",

where the last inequality is due to A3. Moreover, by the definition of T'(e),
[IVf(x,)]| > e. In this case, by Lemma 2, inequality (22) would have been satisfied
fori < i, — 1, contradicting the definition of i,. Thus, in view of (24) and (25),

— ip—1 —
Omin < Op+1 = Max {2 O O-min} < max {Gmax’ o-min} = Omax>

which concludes the proof. O
The next lemma establishes a lower bound of (’)(lIVf (xk)||2) for the difference

fOx) = f(eyy) for k=0,...,T(e) — 1. Later, it will be crucial to establish upper

bounds for T'(e).

Lemma 4 Suppose that Al and A3 hold and let {xk} be a sequence gener-

ated by Algorithm 1. Given ¢ > 0, let T(e) be the first iteration index such that

||Vf(xT(€))” <e. IfT(e) 2 1, then

1
f(xk)—f(xk+1)2Z—CfIIVf(xk)IIZ, for k=0,..,7()~1, (26)

where
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81[2(9+1)+M¢7

. min 2 _—1
x 320 max {o-max,L mm} 27
with o,,,, is defined in (23).
Proof Givenk € {0,...,T(e) — 1}, it follows from (17), (18), Al and (19) that
n Le L
Vf(x,) — < h, = - < .
IV ) — gl < 2 % 5o, ~ 8op, llgxll
Consequently,
L+ 8o,
IVFEIN < 1TV G — giell + gl < 8— llgll-
Ok+1
Thus,
B9 ) vpel < g,
L+ 8 et f (g 8k (28)
In view of Lemma 3,
M = (Mo-mm) Omin < (Mo-r;iln)o-k+l' (29)
Then, combining the second inequality in (21) with (29) and A3, it follows that
gl < Ilgx + By + 2ik°'kl)(xk+1 = xpll + 1B, + zikak])(ka = xpll
< IVM, 0 DI+ (B + 200 1 = Xl .
< (200341 + 20441 + M)llxiy — x|l
< 20+ D)+ Mo, o llxe: — xll-
Combining (28) and (30) it follows that
81V (x)ll
1oy — X1l = [ (3D

200+ 1)+ Mol |(L+86,,))

The rest of the proof is divided in two cases.
Caselo; | > L.
In this case, (22), (31), Lemma 3 and (27), imply that
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2(1 - 0)o
f(xk) _f(xk+1) > Tmllxk+l - )Ck”2
S 2(1 = 0)oyy, 82Vl
2
8 [20 + 1) + Mol 179262,
16(1 -6
> =0 yvpep
81[2(0 + 1) + Mo | |6,a
1 2
>
2 s IvfGol.

that is, (26) holds.
Casello, | <L.
In this case, it follows from (22), (31), Lemma 3 and (27) that

21 - 6)
Fe) —fGogy) = %“xlﬁl = x 17

, 20 -0)0,, 82 VF(xII?
- 8 [26 + 1) + Mo-! |*9212
16(1 — 0)o,.,,

> IVfGell?
81[20 + 1)+ Mo ! |12 T
1
> EHVf(xk)HZ,
that is, (26) also holds. O
Remark2 By (31) and Lemma 3, if
X —xll <€ (32)

then

[20 + 1) + Mo |(L+80,,,,)

3 e = O(e).

IVF Il <

Thus, condition (32) is a reasonable stopping criterion for Algorithm 1.

In view of Lemma 4, complexity bounds can be obtained for Algorithm 1
under different scenarios. The next theorem gives an iteration complexity bound
of 0(6‘2) for Algorithm 1 applied to a possibly nonconvex problem. Its proof is
based on the analysis of the gradient method presented at Section 1.2.3 of [16].

Theorem 1 Suppose that A1-A3 hold and let {xk} be a sequence generated by Algo-

rithm 1. Given € > 0, let T(e) be the first iteration index such that ||Vf(xp)|l < €. If
T(e) > 1, then
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2C,(FGx) = fi)]

k=0,.r.I.1,iTr%e)—1 IVf Il < 7S : (33)
where Cy is defined in (27). Consequently,
T(e) < 2C;(f(Xg) = fipm)e > (34)
Proof By Lemma 4,
FO) = fG) = m= IVFGIE, for k=0,...T@—-1. (5

26

Summing up these inequalities and using A2, one obtains

T(e)-1

1 2
ac, ]; V@I < FO0) = fiows

which implies that (33) holds. Finally, combining (33) and the definition of T'(¢), it
follows that (34) is true. O

Remark 3 More specifically, Theorem 1 gives a complexity bound of (’)(Cfe‘z) itera-
tions. In general, it follows from (27) and (23) that C, = O(L?). However, if L is
known, one could take o,;, = L and B, = 0 for all k. In this case, the corresponding
constant C; depends linearly on L, and the complexity bound given by Theorem 1
reduces to O(Le™2).

Consider the additional assumption:

A4 f : R" - Risconvex and the sublevel set
Li(xg) = {x €R" 1 f(x) <f(xp)}

is compact.

The next theorem gives an iteration complexity bound of O(E‘_l) for Algorithm 1
applied to a convex problem. Its proof is inspired by the proof of Theorem 2.1.14
in [16], and by a reasoning described in [15].

Theorem 2 Suppose that Al, A3 and A4 hold and let {xk} be a sequence gen-
erated by Algorithm 1. Given € > 0, let T(e) be the first iteration index such that
IVfCere)ll < €. IfT(e) > 2, then

. v 2C,D,
< —
min _ INFOOll < —

k=0.... (e) (36)

where s(e) = |T(€)/2], C; is defined in (27) and
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Dy= sup |lx—x"|,
xeL/-(xo)

with x* being a minimizer of f( ). Consequently,

T(e) < 2s(e) + 1 <4CiDye™" + 1.

(37

(38)

Proof Since [,f(xo) is compact (by A4) and f(-) is continuous, it follows that f(-)
has a minimizer x* and D, < 4+o0. In view of (35), we have x;, € [,f(xo) for all

k€ {0,...,2s(¢) — 1}, and so
lx, —x*|| <Dy, Vke{0,...,2s(e) — 1}.

Then, it follows from the convexity of f( - ) that

19l = LT o a1,

0

Combining (35) and (39) one obtains
1 .
ﬂmrﬁuﬂozquéﬂ@yfu»{ k=0,...,2s(e) — 1.

Define

1 .

O = @(f(xk) —f(x)).

Then, given j € {1,...,2s(e) — 1}, it follows from (40) that
Sk =S 265, k=0,....],

and so

Eaall )

% 0
Oket O OO 8

=1, k=0,....j— L

Ll S}

Summing up these inequalities it follows that

11 .
-~ - = ZJ?
5 &
which gives 6; < 1/j. Thus,

26,0y
f(xj)—f(x*) < T, vjie{l,...,2s(e) — 1}.

In particular, for j = s(e), it follows from (41) and (35) that
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2 2s(e)—1
2CfD0 . .
o 20 =) = floa) =0+ D () = f k)
k=s(€)
2s(e)—1 2s(e)—1
> k_Z o) = 1) 2 55 2, IVl
=s(e€) T k=s(e)
s(e) . 2
> — .
276, poyemin IVl
Therefore,
2D2
. 2 ¢ 0
o min IVFGxll™ < TR

which gives (36). By the definition of T'(¢), the left-hand side in (36) is bigger than
€. Then, it follows that s(e) < 2CfD0€‘1. Finally, using the definition of s(e), one
concludes that (38) is true. O

Now, instead of A4, consider the assumption:

A5 f: R" > Ris u-strongly convex, that is, for all x,y € R" and for all « € [0, 1],

1 —
fla+ (= ) < af() + (1 = ()~ LDy

The next theorem gives an iteration complexity bound of O(log(e‘l)) for Algo-
rithm 1 applied to a strongly convex function.” Its proof is a direct consequence of
(35) and the Polyak—Lojasiewics (PL) inequality [12, 19] satisfied by strongly con-
vex functions.

Theorem 3 Suppose that Al, A3 and A5 hold, and let {xk} be a sequence gener-
ated by Algorithm 1. Given ¢ > 0, let T(¢) be the first iteration index such that
IV/Cere)ll < €. IfT(e) 2 1, then

IV G < /2C,(F o) —f(x*))(l - g) L k=0 T@O-1, @)
!

where C; is defined in (27) and x* is the minimizer of f(-). Consequently,

T(e)<1+—2 log <\/2cf(f(x0) — fe))e! )

log(1-£
‘ ¢ G ‘

(43)

SIf assumptions Al and A5 hold, then 4 < L. Since L < Cf, under these two assumptions it follows that
é—‘ € (0, 1).
7
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Proof Let k € {0,...,T(e) — 1}. By A5, f(-) satisfies the PL inequality (see, e.g.,
Section 4.2 of [17]):

VAN = 2u(f(x) — F(x5)). (44)

Combining (35) and (44) one gets

(Fo) =) = (FOrg) = F () = f0) = f(xp) 2 Cﬂ(f(xk) —f(x),
f
which gives

JO) = () < <1 - g) (fO) —f(x9).
f

Therefore,

k
FOo) —f(x) < <1 - g) (fxp) =f(x),  k=0,....,T(e). (45)
f

Now, combining (35) and (45), it follows that

k
IVAGOI? < 2Cf< ) () =f(x"),  k=0,....T(e) - 1,

i

G
which gives (42). Finally, applying (42) for k = T(e) — 1 and using the inequality
IV Cere)—Il > €, it follows that (43) holds. O

The next lemma gives an upper bound for the total number of function evalua-
tions that Algorithm 1 performs until it finds an e-approximate stationary point of
the objective function. Its proof is an adaptation of the proof of Corollary 1 in [8].

Lemma5 Suppose that Al and A3 hold. Let T(€) be the first iteration index such that
IVf(xpe))ll < € and let FE(e) be the total number of function evaluations performed
by Algorithm 1 up to the (T(e) — 1)th iteration. Then,

FE(e) < 1+ (n+ D[2 +2T(€) + log,(0,,,) — logy(0p)]

where 0., is defined in (23).

Proof The number of function evaluations performed at the kth iteration of Algo-
rithm 1 is bounded from above by 1 + (n + 1)(i;, + 1) if k = 0, and by (n + 1)(i; + 1)
when k > 0. Since o, = 2/ !5, it follows that

(n+ D@+ 1) = (n+ D[2 +logy(oy,) — log,(5))].

Therefore,
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T(e)-1
FE@€) <1+ ). (n+D(ix + 1) = 1+ (n+ D[2T(e) +10g,(07)) — logy(0y))]
k=0
< 1+ (n+ D[2T(e) + 10g,(0,na0) — 10g5(0¢)]

where the last inequality is due to Lemma 3. O

The theorem below combines the previous results and establishes worst-case
evaluation complexity bounds for Algorithm 1.

Theorem 4 Suppose that Al and A3 hold, and let FE(e) be defined as in Lemma 5.
Then

O(ne‘z), if A2 holds (f is nonconvex),
FE(e) <4 O(ne™!), if A4 holds (f is convex), (46)
O(nlog (e7')), if A5 holds (f is strongly convex).

Proof Let T(¢) be defined as in Lemma 5. By Theorems 1, 2 and 3,

O(e7?), if A2 holds,
T(e) <4 O(e7!), if A4 holds, A7)
O(log (e7')),  if A5 holds.

Then, combining Lemma 5 and (47), it follows that (46) is true. O

4 Numerical experiments

To investigate the practical performance of Algorithm 1, numerical experiments
were carried out considering the following MATLAB implementations:

e DFQRM: Algorithm 1 with 6, = 1072, 6, = 1, ¢ = 107, = 0 and B, updated
by

T T
Yiy, Bysis, By .
_ Bk+T—k—T—k, lfSZyk>O,
By = S Yk S, Bysy

By, otherwise,

with By =1, s =x —x, and y, = g(x;.,;) — g(x;), where g(x;) =g, and
8(x4 1) is the approximation to Vf(x,, ) obtained by forward finite-differences
withh = h; .

e FDBFGS: the code described in Section 5 of [8].
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Fig. 1 Data profiles for the
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e DS: an implementation of the simplified direct search method in [10] with
a=10,c=10"and D = {¢;|i=1,...,n}.

In the first experiment, the three codes were applied to the set of 102 problems from
the Andrei’s collection [1]. For each problem, four choices of the dimension n and
two choices of starting points were considered, resulting in 816 instances. Specifi-
cally, the experiments were performed with n = 6, 12,24,48 and x, = 10°x, s =0, 1,
where X is the starting point provided in [1]. For each problem, a budget of 4900
function evaluations was allowed to each code (i.e., at least 100 simplex gradients).
Figure 1 shows the data profiles [14].% As it can be seen, DFQRM is sligthly supe-
rior than FDBFGS, with both codes solving more problems than DS using the same
budget of function evaluations.

In the second experiment the codes were applied to £,-regularized logistic regres-
sion problems of the form

0] 0 0 0] K2
min /() : ; (6" tog(e, (™) + (1 = b log(1 — ¢, ()] + Z Il
where {(a@ b} CR"x {0,1} is the dataset (with @}’ =1 for i=1,...,m),
cla):=1/(1+e G ~}) is the logistic model, and u > 0 is the regularlzatlon param-
eter. When u > 0, then f,(-) is p-strongly convex. Experiments were performed
with ten datasets’ and two choices of u (u € {0,10}). For each u, the following
starting points were tested for all datasets:

W=-1-1..-1], A®=[00..0]" and P =[11..1],

6 The data profiles were generated using the code data_profile.m freely available in the website https://
www.mcs.anl.gov/~more/dfo/.

7 Namely, the datasets Iris, Breast Cancer Wisconsin, Wine, Sonar, Phishing, Iono-
sphere, Diabetes, Musk, Seeds, Bank Note Authentication, freely available in the web-
site http://archive.ics.uci.edu/ml/index.php.
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Fig. 2 Data profiles for the ——— DFORM
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resulting in 30 instances (dataset, starting point) with dimensions ranging from 5
to 61. As it can be seen in Fig. 2, for both choices of y, DFQRM outperformed DS
by a large margin. Moreover, DFQRM was significantly better than FDBFGS in the
case 4 = 0 (convex problems), while it was slightly better than FDBFGS in the case
u = 10 (strongly convex problems).

5 Conclusion

This manuscript presented a derivative-free quadratic regularization method for
smooth unconstrained optimization in which finite-difference gradient approxima-
tions are employed. The accuracy of the gradient approximations and the regulari-
zation parameter are jointly adjusted by using an acceptance condition for the trial
steps that forces { f (xk)} to be a decreasing sequence. For the class of differentiable
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functions of n variables that have Lipschitz continuous gradient, evaluation com-
plexity bounds of O(ne=?), O(ne~') and O(nlog(e™")) were proved for the non-
convex, the convex, and the strongly convex cases, respectively. Numerical results
suggest that the new method compares favorably with the simplified direct search
method from [10], and that it is competitive with the derivative-free method recently
proposed in [8].
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