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Introduction

Since its introduction in the 19th century, statistical physics has been
at the origin of many valuable insights on a vast array of topics. These
range from thermodynamics to condensed matter and astrophysics, and
even include the prediction of new states of matter [4]. Nowadays, its
realm of application has even extended past the frontiers of physics, and
has reached network systems, computer sciences and socio-economics
[5–7]. Statistical physics uses a probabilistic approach to understand the
properties of macroscopic systems from the interactions between their
microscopic constituents. While this pursuit might appear arduous, given
the typical complexity of fundamental interactions, statistical physicists
often resort to the use of models. These simplified versions of given
systems capture their essential features, while opening the way for exact
algebraic or analytic treatment. The most emblematic model of statistical
physics is arguably the Ising model, proposed in 1920 by Lenz to study
ferromagnetism.

The six-vertex model is another fascinating model of statistical physics,
initially introduced to investigate the thermodynamic properties of ice
[8–11]. Let us consider this model on the two-dimensional square lattice
(see the left of Figure 1). Its configurations result from the assignment of
arrows to each edge of the lattice (see the left of Figure 3). The arrows
can go left or right on horizontal edges, and up or down on vertical ones.
The ice rule states that, each vertex must possess two ingoing and two
outgoing arrows. This allows for only six possibilities, which gave the
model its name (see the left of Figure 2). Each allowed vertex is assigned
a statistical weight, which quantifies the likelihood of finding it in a
configuration. Then, the statistical weight of a configuration is the product
of the weights of the vertices within. The six-vertex model garnered
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2 Introduction

considerable attention from the statistical physics community [12], and
was later generalised into the eight-vertex model [13, 14]. The ice rule
was relaxed to a generalised ice rule, which led to the addition of two
admissible vertices (see the right of Figure 2). See Chapter 1 for detailed
definitions.

face

edge vertex site

Figure 1: Left: A 3× 5 two-dimensional square lattice, with examples
of face, edge and vertex. The lattice is referred to as ‘square’ due to the
shape of its faces. Right: A one-dimensional lattice with 5 sites.

O
H

H O
H

H OH
H

O H
H

OH H O
H

H

Figure 2: Left: Allowed vertices of the six-vertex model (bottom) with
the corresponding molecular arrangements of H2O (top). Right: The two
extra allowed vertices of the eight-vertex model.

The partition function is a fundamental object in statistical physics, as
many thermodynamic quantities can be derived from it. It is defined
as the sum over all configurations of their associated statistical weights.
The partition function naturally depends on the lattice considered and,
particularly, on boundary conditions. These specify how extremities of the
lattice relate to one another, and can be chosen open, (anti-)periodic,...
We keep their precise definitions for subsequent chapters. Given the
importance of the partition function, strategies were developed in order
to compute it [15]. Among them is the transfer-matrix approach, pioneered
by Kramers and Wannier for the Ising model [16,17]. The method allows
one to evaluate a partition function by solving the eigenvalue problem of
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the transfer matrix instead. Finding expressions for all transfer-matrix
eigenvalues and eigenvectors is a major part of the solution of a model. The
other important part is the computation of correlation functions. While
these can, in principle, be derived from the spectrum and eigenvectors,
in practice they often require the use of specific techniques [18,19].

A particular feature of the six- and eight-vertex models is that their
transfer matrices can be built from R-matrices that fulfil the so-called
Yang-Baxter equation [12]. This emblematic relation, named after the
independent works of Yang and Baxter [20,21], has become central to
the theory of integrability [12, 22], and to the development of the theory
of quantum groups [23–25]. We say that models are integrable if they
can be defined from R-matrices solutions to the Yang-Baxter equation.1

The R-matrices of the six- and eight-vertex models are such solutions,
expressed in terms of trigonometric and elliptic functions, respectively.
Thanks to this property, the models are also said to be trigonometric
and elliptic, respectively.

In the late sixties, the transfer-matrix approach led to the discovery
of a relation between vertex models and Heisenberg spin chains [9, 10,
12, 13, 27]. The latter are models of quantum magnetism defined on
a one-dimensional lattice (see the right of Figure 1). Their degrees of
freedom are spins, located at each site, which interact with their nearest
neighbours. Depending on the anisotropy of the interactions, the chains
might be called XYZ (completely anisotropic), XXZ (partially anisotropic)
or XXX (isotropic). Such systems are entirely described by an operator
named Hamiltonian. Baxter proved that the XXZ and XYZ spin-chain
Hamiltonians could be expressed in terms of the transfer matrices of the
six- and eight-vertex models, respectively [28,29]. These Hamiltonians
and related transfer matrices can thus be diagonalised simultaneously,
which provides an additional motivation for the study of their eigenvalue
problems.

Among the techniques developed to solve these problems, the one proposed
by Hans Bethe came to be a hallmark in the theory of integrable lattice
models [19]. In 1931, he put forward an Ansatz (i.e. an educated guess)
regarding the expression of the eigenstates of the XXX spin chain [30].

1Note, however, that there is no universally accepted definition of quantum integra-
bility [26].
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He formulated that they ought to be linear combinations of plane waves,
with coefficients fixed implicitly by a set of equations. The technique
came to be known as the coordinate Bethe Ansatz. In the late seventies,
the Leningrad School developed a new algebraic framework, the Quantum
Inverse Scattering Method (QISM) [31, 32]. The method revealed and
exploited the existence of operator algebras underlying integrable lattice
models, the Yang-Baxter algebras. This newfound structure allowed for
the systematic derivation of many properties of a given model, and their
generalisation to classes of models described by the same algebra [19,25,33].
The Bethe Ansatz was reworked within the QISM framework, and gave
rise to the algebraic Bethe Ansatz [22]. In this new variant, eigenstates can
be built from the action of an element of the Yang-Baxter algebra onto a
reference state. This technique proved immensely successful, notably in
the exact computation of correlation functions [18,34–42]. It, however,
still exhibits some limitations. Indeed, inherent to its nature as an Ansatz,
the completeness of its spectrum description has to be separately proven,
which often reveals to be a challenge [43, 44]. Moreover, the existence of
an appropriate reference state is not guaranteed [19].

The eight-vertex model and related XYZ spin chain suffered from this
last limitation. To overcome it, Baxter related it to another model of two-
dimensional statistical physics: the dynamical six-vertex model, equivalent
to the eight-vertex solid-on-solid model [45]. The relation, named vertex-
face correspondence, connects the R-matrices of both models by means
of an operator [45–47]. Baxter managed to solve the eight-vertex solid-
on-solid model via a Bethe Ansatz, and transposed his results back to
the eight-vertex model [45,48]. Takhtadzhan and Faddeev later built this
idea into a variant of the algebraic Bethe Ansatz, the generalised Bethe
Ansatz [32].

The Bethe Ansatz has gone through many such generalisations and
variants, each meant to cater to models or situations for which the
original version somehow fails. One particular variant that shall hold
our attention is Sklyanin’s functional Bethe Ansatz [49, 50]. His method
relies on the introduction of a new basis of the space of states, in which
the eigenvalue problem of the transfer matrix separates into a set of
independent lower-dimensional linear systems. Due to this feature, the
method is now known as quantum Separation of Variables. It has been
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successfully applied to a host of models, and keeps being an active area
of research to this day [51–62].

Some of the results brought by these techniques revealed surprising
connections between vertex models, their related spin chains, and combi-
natorics. The first significant evidence of this interplay appeared during
the search for the proof of the alternating sign matrix conjecture. Alter-
nating sign matrices (ASMs) are square matrices with entries 0,±1 such
that (i) the entries of each column or line sum up to 1 (ii) the non-zero
entries alternate in sign along each column and line. See the middle of
Figure 3 for an example. These combinatorial objects appeared in the
work of Mills, Robbins and Rumsey as they were studying an algorithm
for the evaluation of determinants due to Charles L. Dodgson, better
known as Lewis Carroll [63]. In 1982, the three authors proposed a now
famous conjecture stating that the number A(n) of n× n ASMs is given
by [64,65]

A(n) =
n−1∏
i=0

(3i+ 1)!
(n+ i)! . (0.1)

Despite the apparent simplicity of its formulation, the conjecture remained
an open question until 1995, when Zeilberger presented its first proof
[66]. Soon after, Kuperberg realised that this enumeration problem
had already been unknowingly studied by statistical physicists in the
context of integrable lattice models [67]. Indeed, there exists a one-to-one
correspondence between ASMs and configurations of the six-vertex model
on a specific domain [67,68]. In his alternative proof, Kuperberg obtained
the number A(n) from the partition function of this model, previously
computed by Izergin and Korepin via an induction technique [18,69]. For
a more detailed account of the fascinating story surrounding ASMs and
their enumerations, see [63].

In the following years, additional evidence of the interplay between
integrable lattice models and combinatorics were brought to light. For
instance, Razumov and Stroganov studied the XXZ spin chain with
periodic boundary conditions, an odd number of sites, and for a specific
value of its anisotropy parameter [70]. In the components of a special
eigenstate, they found integer sequences related to the enumeration of
ASMs and plane partitions. Motivated by these discoveries, Razumov and
Stroganov [71], and Bazhanov and Mangazeev [72,73], investigated the
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XYZ spin chain with periodic boundary conditions and an odd number of
sites. They identified a subfamily of its parameters, the combinatorial line,
for which similar intriguing connections to combinatorics appeared. Over
the years, this line was also found to be the stage of exciting relations
to topics such as elliptic functional equations [15, 74, 75], the Painlevé
VI equation [72, 76, 77], special polynomials [78–83], and supersymmetry
[84,85].

0 0 + 0

+ 0 − +

0 + 0 0

0 0 + 0





Figure 3: Left: A configuration of the six-vertex model on a 4× 4 square
lattice. Middle: A 4× 4 ASM with ±1 = ±. This ASM corresponds to
the configuration of the six-vertex model pictured on the left. Right: A
configuration of the forty-one-vertex model on a 4× 4 square lattice.

Following these developments, one was left to wonder whether other
integrable lattice models also showcased combinatorial phenomena. Nat-
ural candidates for investigations were higher-spin generalisations of
vertex models and spin chains. These models are defined by allowing the
degrees of freedom to take on a larger range of values. While the six-
and eight-vertex models are characterised as spin-1/2, thanks to the 2
types of arrows living on the lattice edges, their spin-ℓ/2 generalisations
possess ℓ+ 1 types of arrows instead, ℓ ∈ N∗. Allowed vertex configura-
tions are then still determined by the generalised ice rule. The spin-1
generalisations of the six- and eight-vertex models are called nineteen-
and forty-one-vertex models, respectively, thanks to their numbers of
allowed vertices. (See the right of Figure 3 for an example of configu-
ration.) From an algebraic standpoint, R-matrices that describe these
models can be built via a fusion procedure from the R-matrices of the
spin-1/2 models [86–89]. Through the transfer-matrix approach, one
also relates the spin-1 vertex models to spin-1 XXZ and XYZ chains,
respectively [90, 91]. Hagendorf and Morin-Duchesne investigated the
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nineteen-vertex model with quasi-periodic boundary conditions along
the horizontal direction [92]. For any system size, and no restriction
of anisotropy parameter, they found that components of special eigen-
vectors were related to weighted enumerations of symmetry classes of
ASMs. Moreover, conjectural work on the forty-one-vertex model hints
at promising properties as well [93].

The main goal of this thesis is to study the eight-vertex model and related
systems such as the dynamical six-vertex model, as well as their higher-spin
generalisations. In particular, we investigate special eigenvalues of their
transfer matrices with remarkably simple expressions, and their related
eigenspaces. Our work naturally leads to results for special eigenstates of
the related XYZ spin chains, and connections to combinatorics.

In Chapter 1, we introduce the eight-vertex model and its related XYZ
spin chain. We provide a description of these models both on the lattice,
and from an algebraic standpoint. Then, we discuss the combinatorial line,
where surprising relations to combinatorics are observed. This chapter
(significantly) expands the introduction of [1].

In Chapter 2, we consider the eight-vertex model with periodic boundary
conditions along the horizontal direction. On the combinatorial line,
and for an odd number of vertical lines, its transfer matrix possesses a
remarkably simple eigenvalue. Our goal is to investigate the corresponding
eigenspace. We compute several scalar products and components of the
basis vectors in terms of special polynomials introduced by Rosengren and
Zinn-Justin. The proofs of these results rely on the induction technique
due to Izergin and Korepin. This chapter contains the analysis initially
performed in [1].

In Chapter 3, we consider two higher-spin generalisations of the eight-
vertex model: the forty-one- and eighteen-vertex models. After describing
them on the lattice, we construct theirR-matrices via the fusion procedure.
We consider these models with quasi-periodic boundary conditions along
the horizontal direction, and define their transfer matrices. Incidentally,
these matrices commute, and can thus be diagonalised simultaneously.
Simple algebraic arguments allow us to show that they possess remarkably
simple eigenvalues. Furthermore, we introduce a spin-1 XYZ chain related
to the forty-one-vertex model, and prove that its Hamiltonian possesses
the eigenvalue E = 0. Lastly, we formulate conjectures regarding the
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degeneracy of this eigenvalue, and its position within the spectrum. This
chapter uses material from [3].

In Chapter 4, in order to solve the eigenvalue problem of the higher-spin
models, we follow Baxter’s idea and turn to dynamical vertex models
instead. In particular, we consider the dynamical ten-vertex model with
anti-periodic boundary conditions along the horizontal direction. We
build its R-matrix through the fusion procedure, and define its transfer
matrix. Following [45,58,59,94], we use the vertex-face correspondence
to relate it to that of the eighteen-vertex model with quasi-periodic
boundary conditions. This chapter uses material from [2,3].

In Chapter 5, we investigate the dynamical ten-vertex model with anti-
periodic boundary conditions. We apply the quantum Separation of
Variables technique in order to solve its eigenvalue problem. This leads
us to a complete characterisation of its spectrum and of its eigenvectors.
In particular, we compute one eigenvalue explicitly and show that it
possesses a remarkably simple form. We find an expression for a quadratic
sum rule involving its associated eigenvectors as a determinant formula.
Finally, we derive several properties of the eigenvectors that characterise
them implicitly. This chapter presents results from [2].

In Chapter 6, we combine the insights developed throughout previous
chapters in order to obtain results for the eighteen- and forty-one-vertex
models, and the spin-1 XYZ chain. For the vertex models, they follow
those obtained for the special eigenvectors of the dynamical ten-vertex
model. We find a quadratic sum rule as a determinant formula, and a
series of properties of the eigenvectors that characterise them implicitly.
For the spin-1 XYZ chain, we find an expression for the square norm of
the special eigenstate in terms of new special polynomials, generalisations
of Rosengren and Zinn-Justin’s. Their definitions follow from the uni-
formisation procedure of the determinant formula found in the vertex case.
They allow us to formulate several conjectures regarding components and
sum rules of the special eigenvectors. Moreover, they provide connections
to combinatorics. This chapter presents results from [3].
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Spin-1 XYZ 41V d19V
[91]

18V

Fu
sio

n
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9]

d10V
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sio

n
[9

5]

VF corresp.

8V

Fu
sio

n
[8

9]

d6V

Fu
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n
[9

5]

VF cor. [45, 94]
Spin-1/2 XYZ

[13,28,29]

Figure 4: The elliptic integrable models studied in this thesis, and the
relations between them. The 41V, 18V and 8V stand for the forty-one-,
eighteen- and eight-vertex models, respectively. The d19V, d10V and d6V
stand for the dynamical nineteen-, ten- and six-vertex models, respectively.
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Chapter 1

The eight-vertex model

Our story starts with a mundane albeit crucially important substance:
water. If you freeze water down to low temperatures, its molecules get
locked in the ordered structure of an ice crystal. However, many differ-
ent microscopic molecular arrangements lead to the same macroscopic
appearance. As a result, ice is said to still possess degrees of freedom,
and thus residual entropy. In 1935, Linus Pauling set out to investi-
gate this phenomenon. To this end, he formalised the rules governing
the positioning of H2O molecules within ice crystals [8]. Considering a
two-dimensional ice layer, his findings dictate that the oxygen atoms
arrange themselves as if on the vertices of a regular square lattice (see
the left of Figure 1.1). The hydrogen atoms are located between adjacent
oxygen atoms, on the edges of the lattice. Each oxygen atom is thus
surrounded by four hydrogen atoms: two attached to it via covalent bound
(relatively close), and two that belong to neighbouring H2O molecules
(further away). Incidentally, Slater reached similar conclusions regarding
KH2PO4 [96]. This structuring rule came to be known as the ice rule.
Recently, Algara-Siller et al. have reported the observation of a layer
of water that fulfilled the ice rule, sandwiched between two sheets of
graphene at room temperature [97].1

Pauling’s physical considerations were later formalised into models of
statistical physics: Square Ice, then the six-vertex (6V) model [9–11,27].

1Although the observation has, since then, been called into question [98].

11



12 Chapter 1. The eight-vertex model

In turn, these were generalised into the eight-vertex (8V) model [13, 14],
which shall be our main focus in Chapters 1 and 2.

This chapter is structured as follows: first, we describe the 6V and 8V
models on the lattice, starting from the ice rule. Second, we present the
algebraic formalism useful to the analysis of the 8V model. In particular,
we introduce two important operators, the R-matrix and the transfer
matrix. We state their main properties and symmetries. Then, we define
the XYZ spin chain, a statistical physics model of quantum magnetism.
We explain how this spin chain relates to the 8V model. Finally, we discuss
a subfamily of the parameters of the 8V model, for which surprising
relations to combinatorics are observed.

OH
H

OH H O
H

H O
H

H

OH
H

O
H

H OH H O
H

H

OH H O
H

H
O
H

H OH H

O
H

H OH H O H
H

O H
H

Figure 1.1: Left: A configuration of H2O molecules satisfying the ice
rule. Solid lines represent covalent bonds, dotted lines represent hydrogen
bonds. Right: The corresponding configuration of the 6V model.

1.1 Lattice formulation

1.1.1 The six-vertex model

We define this model on the two-dimensional square lattice. Its microscopic
degrees of freedom are spins located on each lattice edge. The spins
take the values ±1, and are depicted graphically as arrows through the
dictionary

1 : , , −1 : , . (1.1)

The interactions are local, and take place between the four spins surround-
ing a vertex. They are governed by the ice rule. In the arrow picture, this
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γα
δ

β

Figure 1.2: Vertex on the square lattice with α, β, γ, δ ∈ {±1} on its
edges. Throughout our work, we identify ↑=→= 1 and ↓=←= −1, as
prescribed by (1.1).

equates to requiring exactly two ingoing and two outgoing arrows around
each vertex. In the spin formulation, the ice rule around the vertex of
Figure 1.2 simply reads α + β = γ + δ. The rule results in six allowed
vertex configurations, simply refered to as vertices (see Figure 1.3). The
model takes its name after this feature. We associate a statistical weight
to each of the vertices. Then, the statistical weight of a configuration
on the lattice is the product of the weights of the vertices within. The
Square Ice model corresponds to w1 = . . . = w6, where all configurations
are equally probable.

O
H

H

w1

O
H

H

w2

OH
H

w3

O H
H

w4

OH H

w5

O
H

H

w6

Figure 1.3: Bottom: Allowed vertices of the 6V model and their statistical
weights. Top: Corresponding molecular arrangements. The arrows of
the 6V can be seen as electric dipoles pointing from the hydrogen atom
toward the oxygen atom to which it is covalently bound.

Over the years, the 6V model has garnered considerable attention [99].
Its study has been connected to the development of the theory of the
Yang-Baxter equation [12], Quantum Inverse Scattering Methods [18, 19],
quantum groups [24], . . .
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1.1.2 The eight-vertex model

In 1970, Sutherland [13], and Fan and Wu [14] proposed a generalisation
of the 6V model. They relaxed the ice rule to merely require that the
number of incoming and outcoming arrows around a vertex be even. In
the spin description, this generalised ice rule reads

α+ β ≡ γ + δ (mod 4). (1.2)

It results in eight allowed vertex configurations: the six ones of the 6V
model, plus an extra source and sink (see Figure 1.4). We assign to

w1 w3 w5 w7

w2 w4 w6 w8

Figure 1.4: Allowed vertices of the 8V
model, and their statistical weights. The
7-th and 8-th vertices are respectively a
source and a sink.

Figure 1.5: Configuration
of the zero-field 8V model
with weight a3b2c8d2.

each vertex a statistical weight. In this process, we impose spin-reversal
symmetry by assigning the same weight to vertices related by spin reversal,

w1 = w2 = a, w3 = w4 = b, w5 = w6 = c, w7 = w8 = d. (1.3)

This choice corresponds to the zero-field 8V model [12]. The term origi-
nates from the image of the arrows as electric dipoles (see Figure 1.3).
As for the 6V model, the weight of a configuration is the product of the
weights of the vertices within (see Figure 1.5).

Given a domain of the square lattice, the partition function is the weighted
sum over all configurations. It is given by

Z =
∑

C
anabnbcncdnd , (1.4)
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where the sum is over all allowed configurations C, and nj denotes the
number of vertices of type j in C, for j = a, b, c, d. The partition function
is a fundamental object in statistical physics as it gives access to many
thermodynamic quantities. For example, we obtain the free energy per
site in the limit of large systems through the logarithm of the partition
function. On a L×N lattice, this reads

f = − lim
N,L→∞

1
NL

lnZ. (1.5)

1.2 Algebraic formulation

1.2.1 Notations and conventions

The Hilbert space of a single spin-1/2 is C2. Its canonical basis vectors
are

|↑⟩ =
(

1
0

)
, |↓⟩ =

(
0
1

)
. (1.6)

Throughout our text, N denotes a positive integer. We consider the
tensor-product space

(C2)⊗N = C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
N

. (1.7)

Its canonical basis vectors are given by

|α⟩ = |α1 · · ·αN ⟩ = |α1⟩ ⊗ · · · ⊗ |αN ⟩, (1.8)

with αi ∈ {↑, ↓}, for each i = 1, . . . , N . We refer to the sequences
α = α1 · · ·αN as spin configurations. Each vector |ψ⟩ ∈ (C2)⊗N possesses
a decomposition in the basis

|ψ⟩ =
∑
α

ψα|α⟩. (1.9)

We refer to the numbers ψα in this expansion as the components of |ψ⟩.
Furthermore, for every vector |ϕ⟩ ∈ (C2)⊗N , we define a dual vector by
transposition ⟨ϕ| = |ϕ⟩t. The corresponding dual pairing is

⟨ϕ|ψ⟩ =
∑
α

ϕαψα. (1.10)
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When restricted to (R2)⊗N , this dual pairing defines a scalar product.
We denote by ||ψ||2 = ⟨ψ|ψ⟩ the square norm of a vector in this subspace.
For simplicity, we use the term ‘scalar product’ and ‘square norm’ even
for vectors outside this subspace.

We take the spin operators on C2 to be the usual Pauli matrices,

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (1.11)

For each i = 1, . . . , N , we denote by σa
i the a-th Pauli matrix acting on

the i-th factor C2 of (C2)⊗N ,

σa
i = I⊗ · · · ⊗ I︸ ︷︷ ︸

i−1

⊗σa ⊗ 1⊗ · · · ⊗ I︸ ︷︷ ︸
N−i

, a = 1, 2, 3, (1.12)

where I is the 2× 2 identity matrix. In terms of these operators, we define
the spin-parity operator P and the spin-reversal operator F as

P = (−1)N
N∏

i=1
σ3

i , F =
N∏

i=1
σ1

i . (1.13)

They obey the relation

FP = (−1)NPF. (1.14)

1.2.2 The R-matrix

The R-matrix is a linear operator R ∈ End
(
C2 ⊗ C2) that encodes the

weights of the model,

⟨γδ|R|αβ⟩ = γα
δ

β
, (1.15)

with α, β, γ, δ ∈ {±1}. By convention, diagrams as in (1.15) stand for
their evaluation in terms of statistical weights. In the basis {|↑↑⟩, |↑↓⟩,
|↓↑⟩, |↓↓⟩}, the R-matrix reads

R =


a 0 0 d

0 b c 0
0 c b 0
d 0 0 a

 . (1.16)
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We use a parameterisation of the vertex weights a, b, c, d in terms of Jacobi
theta functions (see Appendix A.1). The parameterisation depends on
the spectral parameter λ, the crossing parameter η and the elliptic nome
p = eiπω, Imω > 0. Up to an irrelevant overall factor, the weights are
given by

a(λ) = ϑ4(η, p2)ϑ1(λ+ η, p2)ϑ4(λ, p2), (1.17a)
b(λ) = ϑ4(η, p2)ϑ4(λ+ η, p2)ϑ1(λ, p2), (1.17b)
c(λ) = ϑ1(η, p2)ϑ4(λ+ η, p2)ϑ4(λ, p2), (1.17c)
d(λ) = ϑ1(η, p2)ϑ1(λ+ η, p2)ϑ1(λ, p2), (1.17d)

Here and in the following, we only write out the dependence of the vertex
weights on the spectral parameter λ, but not on η and p. For the purposes
of our analysis, we allow these parameters to be complex numbers, with
the constraint 2η ̸≡ 0 (modπ, πω).

The parameterisation implies that the R-matrix obeys the so-called
Yang-Baxter equation (YBE) [20, 100]. On C2 ⊗ C2 ⊗ C2, it reads

R12(λ− µ)R13(λ)R23(µ) = R23(µ)R13(λ)R12(λ− µ), (1.18)

where Rij(λ) denotes an R-matrix acting non-trivially on the i-th and
j-th factor of C2⊗C2⊗C2. This equation is at the center of the theory of
integrable systems. In this thesis, we consider that a model of statistical
physics is integrable if it can be defined from an R-matrix solution to the
YBE. Moreover, if this solution involves theta or elliptic functions, as in
(1.17), the model is characterised as elliptic.

In the limit p→ 0, after appropriate rescaling, the R-matrix (1.16) with
parameterisation (1.17) tends to the R-matrix of the 6V model. The latter
fulfils the YBE, and is expressed in terms of trigonometric functions. As a
result, both the limit p→ 0, and the 6V model are dubbed trigonometric.

Furthermore, we note that R(0) = ϑ4(0, p2)ϑ1(η, p2)ϑ4(η, p2)P , where P
is the permutation operator on C2 ⊗ C2, acting on the basis vectors as
P|α1α2⟩ = |α2α1⟩. We use it to define the Ř-matrix Ř(λ) = PR(λ). It
obeys the braid form of the Yang-Baxter equation

Ř12(λ− µ)Ř23(λ)Ř12(µ) = Ř23(µ)Ř12(λ)Ř23(λ− µ). (1.19)

Additionally, although not needed in our work, the YBEs possess a well-
known graphical interpretation in terms of scattering of particles [25,101].
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1.2.3 The transfer matrix

We now consider a square lattice with N vertical lines and periodic
boundary conditions along the horizontal direction. The transfer matrix
is an operator T ∈ End(C2)⊗N whose entries contain the statistical
weights of a row of the lattice. Take two basis vectors |α⟩ , |β⟩ ∈ (C2)⊗N ,
we have

⟨α|T |β⟩ =
∑

γ0,...,γN−1=±

α1

β1

α2

β2

α3

β3

αN

βN

· · ·γ0 γ1 γ2 γ0 . (1.20)

The transfer matrix can be defined in terms of the R-matrix (1.15) as

T = tr0R0N · · ·R02R01. (1.21)

In this expression, the R-matrices act on the tensor product C2⊗ (C2)⊗N .
The first factor C2 corresponds to the horizontal direction in (1.20), and is
called the auxiliary space. The trace in (1.21) is taken over this auxiliary
space.

In our analysis below, we work with the inhomogeneous 8V model. To
this end, we allow the weights (1.17) on the i-th vertical line of the lattice
to depend on an inhomogeneity parameter λi, i = 1, . . . , N . The transfer
matrix of the inhomogeneous eight-vertex model reads

T (λ) = tr0(R0N (λN − λ) · · ·R02(λ2 − λ)R01(λ1 − λ)). (1.22)

If λ1 = · · · = λN = 0, then we call the 8V model described by this
transfer matrix homogeneous.

The transfer matrices form a one-parameter family of commuting matrices.
The following statement is a consequence of the YBE (1.18) [12]. We use
the standard square bracket notation to denote the commutator of two
operators.

Proposition 1.2.1. For each λ, µ ∈ C. [T (λ), T (µ)] = 0.

The transfer matrix is diagonalisable for real λ, η, p and λ1 = · · · = λN = 0
[12]. Moreover, it is likely that this property still holds for λ1, . . . , λN

sufficiently close to 0. By Proposition 1.2.1, it is possible to choose transfer-
matrix eigenvectors independent of the spectral parameter λ [102].
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Figure 1.6: A 4× 15 square lattice with periodic boundary conditions in
the horizontal direction, and vertical extremities encoded in the vectors
|α⟩ = |↑ · · · ↑⟩ and |β⟩ = |↓ · · · ↓⟩.

Furthermore, the transfer matrix possesses two elementary symmetries:
it is invariant under spin reversal and preserves the spin parity. These
symmetries lead to the commutation relations

[T (λ), F ] = [T (λ), P ] = 0. (1.23)

We note that for odd N , the relations (1.14) and (1.23) imply that each
transfer-matrix eigenvalue has an even degeneracy.

Based on the interpretation (1.21), the transfer matrix proves to be a
useful tool for the evaluation of partition functions [12]. Let us consider a
L×N square lattice with periodic boundary conditions in the horizontal
direction, and vertical extremities encoded in the canonical basis vectors
|α⟩ , |β⟩ ∈ (C2)⊗N (see Figure 1.6). The partition function on this domain
simply reads

Z = ⟨α|T (λ)L|β⟩ . (1.24)

Let θ0, . . . , θm be the eigenvalues of T (λ), ordered such that |θ0| > . . . >

|θm|. We denote by gi ≥ 1 the degeneracy of θi, and Pi the projector onto
its corresponding eigenspace, i = 0, . . . ,m. The transfer matrix possesses
the spectral decomposition T (λ) = θ0P0 + . . .+ θmPm. This allows us to
rewrite the partition function as

Z =
m∑

i=0
θL

i ⟨α|Pi|β⟩ . (1.25)
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As an example, let us impose periodic boundary conditions in the vertical
direction as well. This amounts to working on a torus, and leads to the
simplification:

Ztorus =
∑
α

⟨α|T (λ)L|α⟩ = tr(T (λ)L) =
m∑

i=0
giθ

L
i . (1.26)

In the physical regime, where all vertex weights are real positive numbers,
an argument based on the Perron-Frobenius theorem ensures that θ0 is
real and positive [85]. In this case, we find the free energy per site

f torus = − lim
N,L→∞

1
NL

lnZ = − lim
N→∞

1
N

ln θ0. (1.27)

Therefore, one can find expressions for the partition function and the free
energy of the 8V model by solving the eigenvalue problem of its transfer
matrix.

1.3 The XYZ spin chain

Spin chains are one-dimensional models of quantum magnetism [103]. In
particular, the XYZ spin chain consists of a collection of spin-1/2 particles
on a line, with nearest-neighbour interactions (see Figure 1.7). Such a
chain with N spins is described by the Hamiltonian H ∈ End (C2)⊗N ,

H = −1
2

N∑
i=1

J4σ
1
i σ

1
i+1 + J3σ

2
i σ

2
i+1 + J2σ

3
i σ

3
i+1. (1.28)

Here, the real numbers Ji are anisotropy parameters, i = 2, 3, 4. One fixes
boundary conditions by specifying how the first and last spin interact with
each other. In our work below, we enforce periodic boundary conditions
with

σa
N+1 = σa

1 , a = 1, 2, 3. (1.29)

Other types of boundary conditions include twisted or quasi-periodic
boundary conditions, where σa

N+1 and σa
1 are related by conjugation with

a twist operator, and open boundary conditions, where the first and last
spin do not interact with each other.
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Figure 1.7: A configuration of a chain of 15 spin-1/2 particles with
periodic boundary conditions.

We note that the XYZ spin chain is a generalisation of the XXZ and
XXX spin chains, where the anisotropy parameters are restricted to
J4 = J3 ̸= J2 and J4 = J3 = J2, respectively. A common normalisation
for the XXZ model is J4 = J3 = 1, J2 = ∆ [12].

As defined in (1.28) and (1.29), the XYZ Hamiltonian is Hermitian,
and thus diagonalisable with real eigenvalues. Its diagonalisation is a
fundamental step in the analysis of the spin chain, as its energy spectrum
and eigenstates characterise the system and its time evolution. Among
the eigenstates, the one associated to the lowest energy eigenvalue is
called ground state, and is of particular interest [104].

Sutherland showed that the 8V transfer matrix commutes with the XYZ
Hamiltonian for a certain choice of anisotropy parameters [13]. To state
the property, we define

ζ = c(λ)d(λ)
a(λ)b(λ) =

(
ϑ1(η, p2)
ϑ4(η, p2)

)2

. (1.30)

Proposition 1.3.1. For the anisotropy parameters2

J2 = a(λ)2 + b(λ)2 − c(λ)2 − d(λ)2

2a(λ)b(λ)(1− ζ2) , J3 = 1
1 + ζ

, J4 = 1
1− ζ , (1.31)

the XYZ Hamiltonian commutes with the transfer matrix of the homoge-
neous 8V model, [

H, T (λ)|λ1,...,λN →0

]
= 0. (1.32)

This proposition indicates that the homogeneous 8V transfer matrix
and the XYZ Hamiltonian can be diagonalised simultaneously [102].
Furthermore, Baxter showed that the XYZ Hamiltonian with anisotropy

2An explicit evaluation shows that the expression of J2 is independent of λ.
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parameters (1.31) can be written as a logarithmic derivative of the 8V
transfer matrix [12,28,29]. Thus, solving the eigenvalue problem of the
8V transfer matrix provides results for that of the XYZ Hamiltonian as
well.

Finally, we note that in the trigonometric limit, Proposition 1.3.1 describes
the commutation between a XXZ Hamiltonian and the transfer matrix
of the 6V model.

1.4 Combinatorial properties

Vertex models and related spin chains have been found to possess remark-
able connections to combinatorial structures. A first observation along
this line was made on the XXZ spin chain. It was discovered that, for
an odd number of sites and for anisotropy ∆ = −1/2, the ground-state
eigenvalue has a surprisingly simple expression [105–107]. Razumov and
Stroganov examined the ground-state components for periodic boundary
conditions [70]. In them, they found integer sequences that enumerate
combinatorial objects such as alternating sign matrices (ASMs) and
plane partitions. Similar properties were uncovered for the twisted chain
with an even number of sites, and for the open chain with boundary
magnetic fields [108–110]. Henceforth, the choice ∆ = −1/2 was dubbed
a combinatorial point for the XXZ chain.

Following the developments of the trigonometric case, Razumov and
Stroganov [71] and Bazhanov and Mangazeev [72, 73] identified a combi-
natorial line in the space of parameters of the periodic XYZ spin chain,
and related 8V model. They analysed the ground-state components along
this line for an odd number of sites, and observed polynomials with
integer coefficients within. Connections have been made between these
polynomials and combinatorial objects [71–73,111]. Moreover, Hietala
recently established a combinatorial interpretation for some of them as
partition functions of the three-colour model [82,83]. Beyond combina-
torics, subsequent investigations of the 8V model on the combinatorial
line have revealed exciting relations to various topics in mathematical
physics. Examples include elliptic functional equations [15,74,75], the
Painlevé VI equation [72,76,77], and special polynomials [78–81]. The last
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example we mention is due to Hagendorf and Fendley. They discovered
that the Hamiltonian of the XYZ spin chain on its combinatorial line is
supersymmetric [84]. In broad terms, this means that it can be written
as the anticommutator of nilpotents operators called supercharges [112].

In this section, we present the main combinatorial objects that shall
appear in our work below. We state without proof some results regarding
their enumeration.

Alternating sign matrices An alternating sign matrix is a square
matrix with entries 0,±1 such that (i) the entries of each column or line
sum up to 1 (ii) the non-zero entries alternate in sign along each column
and line. See Figure 1.8 for the 3× 3 ASMs.

+ 0 0
0 + 0
0 0 +

 ,
+ 0 0

0 0 +
0 + 0

 ,
0 + 0

+ 0 0
0 0 +

 ,
0 + 0

0 0 +
+ 0 0

 ,
0 0 +

+ 0 0
0 + 0

 ,
0 0 +

0 + 0
+ 0 0

 ,
0 + 0

+ − +
0 + 0



Figure 1.8: The seven 3× 3 ASMs, with ± = ±1.

These combinatorial objects appeared in the work of Mills, Robbins and
Rumsey as a generalisation of permutation matrices [64, 65]. In 1983, the
authors formulated a famous conjecture regarding the number of n× n
ASMs. The conjecture generated a wide interest [63], and its proof was
finally achieved by Zeilberger in 1995 [66]. Let A(n) denote the number
of n× n ASMs, the now alternating sign theorem reads

A(n) =
n−1∏
i=0

(3i+ 1)!
(n+ i)! . (1.33)

Shortly after Zeilberger, Kuperberg proposed an alternative proof of
this result [67]. He formulated a bijection between the n × n ASMs
and the configurations of the 6V model on a n× n lattice with domain-
wall boundary conditions (DWBC) [67,68]. (See Figures 1.9 and 1.10.)
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Based on this relation, Kuperberg showed that the partition function of
the model, previously computed by Izergin and Korepin [18, 69], simply
enumerates ASMs. For a more detailed account of the dawn of ASMs
and the story behind the conjecture, see [63].

0 0 0 0 + −

Figure 1.9: Correspondence between vertices of the 6V model and ASM
entries.

0 + 0 0

+ − 0 +

0 0 + 0

0 + 0 0





Figure 1.10: Left: A 4 × 4 square lattice with DWBC. Right: ASM
corresponding to the 6V configuration of Figure 1.1.

Our work will lead us to several more general enumerations of ASMs.
Here below are two examples.

The first one is a refined enumeration. Following from its definition, an
ASM of size n must have a unique +1 in its first row. Let A(n, k) denote
the number of matrices for which this +1 is in column k. This number is
given by [113]

A(n, k) =
(n+k−2

n−1
)(2n−1−k

n−1
)(3n−2

n−1
) A(n). (1.34)

The second one is a weighted enumeration. Let t ∈ R≥0, we associate
a weight tk to any ASM with k negative entries. We define the t-
enumerations of ASMs A(n; t) as the weighted sum over all n× n ASMs.
For the examples of Figure 1.8, we find A(3; t) = 6 + t.
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Symmetry classes of ASMs Another interesting enumeration prob-
lem is that of classes of ASMs invariant under certain symmetries of the
square [114,115]. Eight such symmetry classes exist. Below, we present
the ones that appear in our work.

Vertically symmetric ASMs (VSASMs) are ASMs invariant under reflec-
tion around the vertical axis (see the left of Figure 1.11). In terms of its
entries, the ASM A = (aij)n

i,j=1 is vertically symmetric if

aij = ai(n+1−j), i, j = 1, . . . , n. (1.35)

VSAMs are exclusively odd-sized, as no ASM of even size can fulfil the
symmetry. The number of VSASMs of size 2ℓ+ 1 is [114]

AV(2ℓ+ 1) = 1
2ℓ

ℓ∏
i=1

(6i− 2)!(2i− 1)!
(4i− 1)!(4i− 2)! . (1.36)

Let us now consider their weighted enumeration. The negative entries of
symmetric ASMs form orbits under the action of the symmetry group.
The weight of such an ASM is then tk, where k now denotes the number of
orbits of negative entries. Practically, one can determine this number by
counting the −1s in a fundamental domain of the group action, excluding
those forced by symmetry (see the left of Figure 1.11). The t-enumeration
of vertically symmetric ASMs reads [92,116]

AV(2ℓ+ 1; t) =
ℓ−1
det

i,j=0

(
ℓ−1∑
k=0

(
i+ j + 1
i+ k + 1

)(
i+ k + 1
2k + 1

)
tk
)
. (1.37)

Half-turn symmetric ASMs (HTSASMs) are ASMs invariant under a
rotation of angle π. In terms of its entries, the ASM A = (aij)n

i,j=1 is a
HTSASM if

aij = a(n+1−i)(n+1−j), i, j = 1, . . . , n. (1.38)

See the right of Figure 1.11 for an example. Kuperberg found a deter-
minant formula for the t-enumeration of HTSASMs AHT(n; t) for even
n [114].

Diagonally and anti-diagonally symmetric ASMs (DADASMs) are ASMs
invariant under reflection around both diagonals. In terms of its entries,
the ASM A = (aij)n

i,j=1 is a DADASM if

aij = aji = a(n+1−j)(n+1−i), i, j = 1, . . . , n. (1.39)
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
0 0 + 0 0
+ 0 − 0 +
0 0 + 0 0
0 + − + 0
0 0 + 0 0





0 0 + 0 0 0
0 + − 0 + 0
0 0 + 0 − +
+ − 0 + 0 0
0 + 0 − + 0
0 0 0 + 0 0


Figure 1.11: Left: A 5× 5 VSASM with drawn symmetry axis. Its middle
column is fixed by symmetry, it thus possesses k = 0 orbit of negative
entries. Right: A 6× 6 HTSASM with k = 2 orbits of negative entries.
The dotted line delimits the fundamental domain of the symmetry action.

Note that each DADASM also fulfils (1.38), and is therefore also half-turn
symmetric. See the left of Figure 1.12 for an example. The number of
DADASMs of size 2ℓ+ 1 is [117]

ADAD(2ℓ+ 1) =
ℓ∏

i=0

(3i)!
(ℓ+ i)! . (1.40)

No equivalent formula appears to be known for the even size.

Lastly, ASMs with double U-turn boundary conditions (UUASMs) are
2ℓ×2ℓ matrices in which the successive pairs of rows and columns read in
a prescribed way form valid rows and columns of an ASM (see the right of
Figure 1.12). Precisely, for each k = 1, . . . , ℓ, reading the (2k−1)-th row
from left to right then the 2k-th one from right to left yields a valid row
of an ASM. The same goes for the (2k−1)-th column read from bottom
to top followed by the 2k-th from top to bottom. Although UUASMs are
not a class of ASMs invariant under symmetries of the square, they are
the generalisation of one [114].

We shall encounter weighted enumerations of UUASMs more general
than t-enumerations. Let y, z ∈ R≥0, we assign to an UUASM the
weight tkymzm′ , with k the number of negative entries, and m and m′

respectively the number of odd rows and columns with an odd number
of non-zero entries [92]. See the right of Figure 1.12 for an example.
Following Kuperberg’s notation, we denote by AUU(4ℓ; t, y, z) the (t, y, z)-



1.4. Combinatorial properties 27



0 0 + 0 0 0 0
0 + − 0 + 0 0
+ − 0 + − + 0
0 0 + − + 0 0
0 + − + 0 − +
0 0 + 0 − + 0
0 0 0 0 + 0 0




+ − 0 +
0 + 0 −
0 0 0 0
0 0 0 +


Figure 1.12: Left: A 7× 7 DADASM with drawn symmetry axis. Right:
A 4× 4 UUASM with k = 2 negative entries and respectively m = 1 and
m′ = 1 odd rows and columns with an odd number of non-zero entries.
The half-circular bridges represent the U-turns.

enumeration of 2ℓ× 2ℓ UUASMs. The quantity

A
(2)
UU(4ℓ; t, y, z) = AUU(4ℓ; t, y, z)

AV(2ℓ+ 1; t) (1.41)

is a polynomial in t, y and z given by [92,114]

A
(2)
UU(4ℓ; t, y, z) =

ℓ−1
det

i,j=0

(
ℓ−1∑
k=0

(t+ (1 + y)(1 + z))
(
i+ j

i+ k

)(
i+ k

2k

)
tk

×
(

(1+z)
(
i+ j

i+ k

)(
i+ k

2k + 1

)
+(1+y)

(
i+ j

i+ k + 1

)(
i+ k + 1
2k + 1

))
tk+1

)
.

(1.42)

Moreover, we shall also need

Ã
(2)
UU(4ℓ; t) = t−ℓA

(2)
UU(4ℓ; t, y = −1, z = −1), (1.43)

a polynomial given by the determinant formula [92]

Ã
(2)
UU(4ℓ; t) =

ℓ−1
det

i,j=0

(
ℓ−1∑
k=0

(
i+ j

i+ k

)(
i+ k

2k

)
tk
)
. (1.44)
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Chapter 2

Sum rules for the
supersymmetric eight-vertex
model

In this chapter, we pursue an investigation of the square lattice eight-
vertex model whose vertex weights a, b, c, d obey the relation

(a2 + ab)(b2 + ab) = (c2 + ab)(d2 + ab). (2.1)

This subfamily of weights corresponds to the combinatorial line discussed
in Section 1.4. We consider the model on a cylinder with N ⩾ 1 vertical
lines and periodic boundary conditions along the horizontal direction.
If the number of vertical lines N = 2n + 1, n ⩾ 0, is odd, then the
transfer matrix of the vertex model possesses the remarkably simple
double eigenvalue

Θn = (a+ b)2n+1. (2.2)

The existence of this eigenvalue was first conjectured by Stroganov [107].
Recently, Liénardy and Hagendorf proved this conjecture with the help of
supersymmetry techniques [84,85]. Because of the supersymmetry, we refer
to the case where the vertex weights obey (2.1) as the supersymmetric
eight-vertex model.

Our main objective is to investigate the eigenspace of Θn. Bazhanov
and Mangazeev [73], and Razumov and Stroganov [71] initiated this

29
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investigation by exploiting the fact that the eigenvectors of Θn are
the ground-state vectors of the Hamiltonian of a XYZ quantum spin
chain. They computed these vectors for small n with the help of exact
diagonalisation methods applied to the spin-chain Hamiltonian. This
computation led them to numerous conjectures on the eigenvectors,
providing explicit expressions for their components and for scalar products.
The latter are often referred to as sum rules. Subsequently, a rigorous
investigation of the eigenspace for general n was undertaken by Zinn-
Justin [111]. He considered a generalisation of the eigenvalue problem
for Θn to the inhomogeneous eight-vertex model. Based on only one
conjecture about its solution, he was able to derive one of the sum rules
that had been observed by Bazhanov and Mangazeev. In this chapter, we
use Zinn-Justin’s conjecture to investigate the eigenspace of Θn in further
detail. To this end, we apply a well-established induction technique due
to Izergin and Korepin [18, 69]. It allows us to derive explicit expressions
for several scalar products of an eigenvector of the transfer matrix of the
inhomogeneous eight-vertex model. From their homogeneous limits, we
deduce several new sum rules and exact expressions for the components
of the eigenvectors of Θn.

This chapter contains the analysis performed in [1], and is organised
as follows: in Section 2.1, we discuss a generalisation of the eigenvalue
problem for Θn to the inhomogeneous model and the properties of its
solution that follow from Zinn-Justin’s conjecture. In Section 2.2, we
introduce scalar products involving this solution as well as several solutions
to the boundary Yang-Baxter equation. We obtain exact expressions
for these scalar products in terms of the so-called elliptic Tsuchiya
determinant. In Section 2.3, we compute the homogeneous limit of these
expressions. We use them to derive and analyse several properties of the
eigenvectors of Θn. We present our conclusions in Section 2.4.

2.1 Eigenvalue problem

Unless stated otherwise, we consider throughout this chapter the case
where N = 2n+ 1, with n ⩾ 0 an integer, and

η = 2π/3. (2.3)
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For this value of the crossing parameter, the weights (1.17) obey the defin-
ing relation (2.1) of the supersymmetric eight-vertex model. Moreover,
the transfer matrix of the inhomogeneous model (1.22) is conjectured to
possess the double eigenvalue [71]

Θn(λ) =
2n+1∏
i=1

r(λi − λ), (2.4)

where
r(λ) = a(λ) + b(λ) = 1

2ϑ2(0)ϑ4(0, p2)ϑ1(η − λ). (2.5)

For the homogeneous model, where λ1 = · · · = λ2n+1 = 0, it reduces to
the eigenvalue Θn = (a + b)2n+1, whose existence has been rigorously
established [85].

The eigenvalue problem Since the transfer-matrix eigenvalue has
multiplicity 2, it is convenient to lift the degeneracy by imposing the
transformation property of the eigenvectors under spin reversal. We
consider the following eigenvalue problem

T (λ)|Ψ⟩ = Θn(λ)|Ψ⟩, F |Ψ⟩ = (−1)n|Ψ⟩, (2.6)

where |Ψ⟩ ∈ (C2)⊗(2n+1). For small n, it is possible to find non-trivial
solutions to this system of linear equations through a direct calculation.
For arbitrary n, however, their existence has, to our best knowledge, not
been rigorously established. The following conjecture postulates this
existence and characterises the corresponding space of solutions.

Conjecture 2.1.1 (Zinn-Justin [111]). The space of solutions to the
eigenvalue problem (2.6) is spanned by a vector

|Ψn⟩ = |Ψn(λ1, . . . , λ2n+1)⟩ ∈ (C2)⊗(2n+1), (2.7)

whose components are entire functions with respect to λi, for each i =
1, . . . , 2n + 1. They are generically non-vanishing and do not have a
common factor that depends on λ1, . . . , λ2n+1. Furthermore, the vector
obeys the relations

|Ψn(. . . , λi + 2πω, . . . )⟩ = p−4ne−2i
∑2n+1

j=1 (λi−λj)|Ψn(. . . , λi, . . . )⟩,

|Ψn(. . . , λi + π, . . . )⟩ =
2n+1∏

j=1,j ̸=i

σ3
j |Ψn(. . . , λi, . . . )⟩. (2.8)
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We assume that this conjecture holds and derive the main results of this
chapter from it.

Properties of the eigenvector Conjecture 2.1.1 implies several prop-
erties of the vector |Ψn⟩, which we frequently use in the following. We
recall them here in the form of four lemmas, whose proofs can be found
in [111]. The first lemma expresses the action of the Ř-matrix on the
vector.

Lemma 2.1.2 (Exchange relations). For n ⩾ 1 and each i = 1, . . . , 2n,
we have

Ři,i+1(λi+1 − λi)|Ψn(. . . , λi, λi+1, . . . )⟩
= r(λi+1 − λi)|Ψn(. . . , λi+1, λi, . . . )⟩. (2.9)

We note that the compatibility of the exchange relations follows from
the braid Yang-Baxter equation (1.19).

The second lemma describes the action of a local spin-reversal operator
on the eigenvector.

Lemma 2.1.3 (Local spin reversals). For each i = 1, . . . , 2n + 1, we
have

σ1
i |Ψn(. . . , λi, . . . )⟩

= (−p)ne−i
∑2n+1

j=1 (λj−λi)|Ψn(. . . , λi + πω, . . . )⟩. (2.10)

For the third lemma, we consider three inhomogeneity parameters λi, λj , λk

with 1 ⩽ i < j < k ⩽ 2n+ 1. We say that these parameters form a wheel
if they can be written as λi = x, λj = x + η, λk = x + 2η, for some x.
The so-called wheel condition asserts that the vector vanishes whenever a
wheel is formed.

Lemma 2.1.4 (Wheel condition). For n ⩾ 1 and all x, we have

|Ψn(. . . , x, . . . , x+ η, . . . , x+ 2η, . . . )⟩ = 0. (2.11)

The fourth lemma provides so-called reduction relations for the vector:
upon a specialisation of certain inhomogeneity parameters, |Ψn⟩ can be
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expressed in terms of |Ψn−1⟩. To state the reduction relations, we define
for each N ⩾ 1 and each 1 ⩽ i ⩽ N + 1 a linear operator

φi : (C2)⊗N → (C2)⊗(N+2). (2.12)

It acts on the basis vector labelled by α = α1 · · ·αN according to

φi|α⟩ = |α1 · · ·αi−1⟩ ⊗ |s⟩ ⊗ |αi · · ·αN ⟩, (2.13)

where
|s⟩ = |↑↓⟩ − |↓↑⟩. (2.14)

Lemma 2.1.5 (Reduction relations). For n ⩾ 1 and each i = 1, . . . , 2n,
we have

|Ψn(. . . , λi−1, λi, λi+1 = λi + η, λi+2 . . . )⟩ (2.15)

= Cn

 2n+1∏
j=1, j ̸=i,i+1

ϑ1(λi − λj − η)

φi|Ψn−1(. . . , λi−1, λi+2, . . . )⟩,

where Cn is independent of λ1, . . . , λ2n+1.

Normalisation The constant Cn in Lemma 2.1.5 depends on the
relative normalisation of the vectors. It is not fixed by Conjecture 2.1.1.
In the following, we choose

Cn = 1, (2.16)

for each n ⩾ 1. Furthermore, we define

|Ψ0⟩ = |↑⟩+ |↓⟩. (2.17)

These choices and the properties listed in Conjecture 2.1.1 completely
fix the vector |Ψn⟩ for each n ⩾ 0 [111]. For instance, for n = 1 its
components are

(Ψ1)↑↑↑ = ρ ϑ1(λ1−λ2+η, p2)ϑ1(λ2−λ3+η, p2)ϑ1(λ3−λ1+η, p2),
(Ψ1)↑↓↓ = ρ ϑ4(λ1−λ2+η, p2)ϑ1(λ2−λ3+η, p2)ϑ4(λ3−λ1+η, p2),
(Ψ1)↓↑↓ = ρ ϑ4(λ1−λ2+η, p2)ϑ4(λ2−λ3+η, p2)ϑ1(λ3−λ1+η, p2),
(Ψ1)↓↓↑ = ρ ϑ1(λ1−λ2+η, p2)ϑ4(λ2−λ3+η, p2)ϑ4(λ3−λ1+η, p2),

(2.18)

and

(Ψ1)↓↓↓ = −(Ψ1)↑↑↑, (Ψ1)↓↑↑ = −(Ψ1)↑↓↓, (Ψ1)↑↑↓ = −(Ψ1)↓↓↑, (2.19)
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where the overall factor is given by

ρ = 2
ϑ2(0)ϑ4(0, p2) . (2.20)

For n = 2, Hagendorf recently found an explicit formula for the compo-
nents by means of elliptic interpolation [118]. For n ≥ 3, the components
are considerably more complicated. An equivalent formula remains to be
found.

2.2 Scalar products

In this section, we compute several scalar products that involve the
transfer-matrix eigenvector |Ψn⟩. In Section 2.2.1, we define the scalar
products with the help of two solutions to the boundary Yang-Baxter
equation. In Section 2.2.2, we analyse their symmetry and analyticity
properties, and show that they obey a set of reduction relations. These
properties are sufficient to characterise the scalar products uniquely. In
Section 2.2.3, we find determinant formulas in terms of the so-called elliptic
Tsuchiya determinant that fulfil the same properties as the scalar products.
Using uniqueness and an inductive proof technique, we show that they
provide explicit expressions for the scalar products. In Section 2.2.4, we
recall a relation between elliptic Tsuchiya determinants and a family of
multivariable polynomials introduced by Zinn-Justin and Rosengren.

2.2.1 Definition

In its vector form, the boundary Yang-Baxter equation for the eight-vertex
model is given by

Ř12(x− y)Ř23(−x− y)|χ(x)⟩ ⊗ |χ(y)⟩
= Ř34(x− y)Ř23(−x− y)|χ(y)⟩ ⊗ |χ(x)⟩, (2.21)
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where |χ(x)⟩ ∈ C2 ⊗ C2.1 We consider the following two solutions of this
equation:

|χ(x)⟩ = ϑ1(x+ κ, p2)ϑ4(x− κ− η, p2)|↑↓⟩ (2.23a)
+ ϑ1(x− κ− η, p2)ϑ4(x+ κ, p2)|↓↑⟩,

|χ̄(x)⟩ = ϑ1(x+ κ, p2)ϑ1(x− κ− η, p2)|↑↑⟩ (2.23b)
+ ϑ4(x− κ− η, p2)ϑ4(x+ κ, p2)|↓↓⟩.

Here, κ is an arbitrary parameter. Both these solutions are specialisations
of the most general solution to the boundary Yang-Baxter equation for
the eight-vertex model found by Inami and Konno [120]. In the following
two lemmas, we list some useful properties of |χ(x)⟩ and |χ̄(x)⟩. They
follow from standard identities for Jacobi theta functions. It will be
convenient to define

g(x) = ϑ4(η + 2x, p2)
ϑ4(η − 2x, p2) , ḡ(x) = ϑ1(η + 2x, p2)

ϑ1(η − 2x, p2) . (2.24)

Lemma 2.2.1. We have the relations

Ř(2x)|χ(x)⟩ = g(x)r(2x)|χ(−x)⟩, (2.25)
Ř(2x)|χ̄(x)⟩ = ḡ(x)r(2x)|χ̄(−x)⟩. (2.26)

Lemma 2.2.2. We have the matrix elements

(⟨χ(x+ η)| ⊗ ⟨χ(x)|) Ř23(−2x− η) (|s⟩ ⊗ |s⟩)
r(−2x− η)

= ϑ2(0)2ϑ1(x− κ)ϑ1(x+ κ+ η)g(x)
2 , (2.27)

(⟨χ̄(x+ η)| ⊗ ⟨χ̄(x)|) Ř23(−2x− η) (|s⟩ ⊗ |s⟩)
r(−2x− η)

= ϑ2(0)2ϑ1(x− κ)ϑ1(x+ κ+ η)ḡ(x)
2 , (2.28)

where |s⟩ is the vector defined in (2.14).
1Traditionally, the boundary Yang-Baxter equation is presented in a matrix form

with solutions K(x) ∈ End(C2) [119],

R12(x − y)K1(x)R12(x + y)K2(y) = K2(y)R12(x + y)K1(x)R12(x − y). (2.22)

To each K-matrix K(x) corresponds a solution |χ(x)⟩ of the vector form (2.21), defined
as ⟨αβ|χ(x)⟩ = ⟨α|σ2K(x − η/2)|β⟩, for all α, β ∈ {±1}.
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For each n ⩾ 1, we use the two solutions of the boundary Yang-Baxter
equation to define the vectors

|ξn(x1, . . . , xn)⟩ =
(

n⊗
i=1
|χ(xi)⟩

)
⊗ |↑⟩, (2.29)

|ξ̄±
n (x1, . . . , xn)⟩ =

(
n⊗

i=1
|χ̄(xi)⟩

)
⊗ (|↑⟩ ± |↓⟩) . (2.30)

It will also be convenient to introduce

|ξ0⟩ = |↑⟩, |ξ̄±
0 ⟩ = |↑⟩ ± |↓⟩. (2.31)

Using these vectors, we define the scalar products

Zn(x1, . . . , xn) = ⟨ξn(x1, . . . , xn)|Ψn(x1,−x1, . . . , xn,−xn, 0)⟩, (2.32)
Z̄±

n (x1, . . . , xn) = ⟨ξ̄±
n (x1, . . . , xn)|Ψn(x1,−x1, . . . , xn,−xn, 0)⟩. (2.33)

In the following, we only write out their dependence on the inhomogeneity
parameters x1, . . . , xn if necessary.

It is straightforward to find Zn and Z̄±
n for n = 0 and n = 1. Using (2.17),

we obtain

Z0 = 1, Z̄+
0 = 2, Z̄−

0 = 0. (2.34)

Furthermore, we use the components (2.18) and (2.19), and find

Z1 = −ρ2 ϑ2(0)ϑ2(η − κ)ϑ4(η + 2x1, p
2)ϑ1(η + x1)ϑ1(η − x1), (2.35a)

Z̄+
1 = ρ ϑ4(0)ϑ4(η − κ)ϑ1(η + 2x1, p

2)ϑ3(η + x1)ϑ3(η − x1), (2.35b)
Z̄−

1 = ρ ϑ3(0)ϑ4(η − κ)ϑ1(η + 2x1, p
2)ϑ4(η + x1)ϑ4(η − x1), (2.35c)

where ρ is defined in (2.20).

2.2.2 Properties

In this section, we establish the properties of Zn and Z̄±
n that allow us

to find them for n ⩾ 2. The proofs of these properties are very similar
for Zn and Z̄±

n . Hence, we focus on Zn. If necessary, we indicate the
modifications to be made for Z̄±

n .
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Symmetry

Proposition 2.2.3. For n ⩾ 2, Zn and Z̄±
n are symmetric functions of

x1, . . . , xn.

Proof. We sketch the proof of the symmetry of Zn. It is sufficient to
prove that

Zn(. . . , xi, xi+1, . . . ) = Zn(. . . , xi+1, xi, . . . ), (2.36)

for each i = 1, . . . , n− 1. For i = 1, we find

Zn(x1, x2, . . . ) = ⟨ξn(x1, x2, . . . )|Ψn(x1,−x1, x2,−x2, . . . )⟩

= ⟨ξn(x1, x2, . . . )|
Ř23(−x2 − x1)Ř34(x2 − x1)
r(−x2 − x1)r(x2 − x1)

× |Ψn(x1, x2,−x2,−x1, . . . )⟩

= ⟨ξn(x2, x1, . . . )|
Ř23(−x2 − x1)Ř12(x2 − x1)
r(−x2 − x1)r(x2 − x1)

× |Ψn(x1, x2,−x2,−x1, . . . )⟩
= ⟨ξn(x2, x1, . . . )|Ψn(x2,−x2, x1,−x1, . . . )⟩
= Zn(x2, x1, . . . ). (2.37)

From the first to the second line, we used Lemma 2.1.2. The third line
is obtained by using the symmetry of the Ř-matrix and the boundary
Yang-Baxter equation (2.21). The fourth line is the result of another
application of Lemma 2.1.2. This establishes (2.36) for i = 1. The cases
where i = 2, . . . , n− 1 are straightforward generalisations.

Proposition 2.2.4. For each i = 1, . . . , n we have

ϑ4(η + 2xi, p
2)Zn(. . . ,−xi, . . . ) = ϑ4(η − 2xi, p

2)Zn(. . . , xi, . . . ),
ϑ1(η + 2xi, p

2)Z̄±
n (. . . ,−xi, . . . ) = ϑ1(η − 2xi, p

2)Z̄±
n (. . . , xi, . . . ).

Proof. We present the proof of the first relation. By Proposition 2.2.3, it
is sufficient to consider i = 1. We compute

Zn(− x1, . . . ) = ⟨ξn(−x1, . . . )|Ψn(−x1, x1, . . . )⟩ (2.38)

= ⟨ξn(x1, . . . )|
Ř12(2x1)
g(x1)r(2x1) |Ψn(−x1, x1, . . . )⟩ = g(−x1)Zn(x1, . . . ).
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From the first to the second line, we used Lemma 2.2.1 and the symmetry
of the Ř-matrix. The equality in the second line follows from Lemma 2.1.2
and the explicit expression of g(x), given above.

The proof of the second relation is similar.

Analyticity In the following, we use the concept of theta functions,
a class of pseudo-periodic functions of the complex plane. We refer the
reader to Appendix A.2, for their definition and main properties.

Proposition 2.2.5. For n ⩾ 1, Zn and Z̄±
n are theta functions of degree

2(n+ 1), nome p and norm π
2 + η

2 with respect to xi for each i = 1, . . . , n.

Proof. We focus on Zn. By Proposition 2.2.3, it is sufficient to establish
the statement for Zn as a function of x1. It follows from Conjecture 2.1.1
and from the definition of the vector |χ(x)⟩ that Zn is an entire function
of x1. To establish its pseudo-periodicity properties, we note that |χ(x)⟩
obeys the relations

|χ(x+ π)⟩ = σ3
1σ

3
1|χ(x)⟩, (2.39a)

|χ(x+ πω)⟩ = −p−1e−i(2x−η)σ1
1σ

1
2|χ(x)⟩. (2.39b)

Furthermore, it follows from Conjecture 2.1.1 and Lemma 2.1.3 that

|Ψn(x1 + π,−x1 − π, . . . )⟩ = σ3
1σ

3
2|Ψn(x1,−x1, . . . )⟩, (2.40a)

|Ψn(x1 + πω,−x1 − πω, . . . )⟩ = p−(2n+1)e−2(2n+1)ix1 (2.40b)
× σ1

1σ
1
2|Ψn(x1,−x1, . . . )⟩.

We combine (2.39) and (2.40) to obtain

Zn(x1 + π, . . . ) = ⟨ξn(x1 + π, . . . )|σ3
1σ

3
2|Ψn(x1,−x1, . . . )⟩ (2.41)

= Zn(x1, . . . ), (2.42)

and

Zn(x1 + πω, . . . ) = p−(2n+1)e−2(2n+1)ix1 (2.43)
× ⟨ξn(x1 + πω, . . . )|σ1

1σ
1
2|Ψn(x1,−x1, . . . )⟩

= p−2(n+1)e−2i(2(n+1)x1−(η/2+π/2))Zn(x1, . . . ). (2.44)

This ends the proof for Zn. The proof for Z̄±
n is similar.
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Zeroes and trivial factors In the next proposition, we identify certain
trivial zeroes of the scalar products Zn and Z̄±

n . It is practical to introduce
the abbreviations

β1 = η

2 , β2 = η

2 + π

2 , β3 = η

2 + π

2 + πω

2 , β4 = η

2 + πω

2 . (2.45)

Proposition 2.2.6. For n ⩾ 1 and each i = 1, . . . , n we have

Zn(. . . , xi = −β1, . . . ) = Zn(. . . , xi = β1, . . . ) = 0, (2.46)
Zn(. . . , xi = −β3, . . . ) = Zn(. . . , xi = −β4, . . . ) = 0, (2.47)
Z̄±

n (. . . , xi = −β1, . . . ) = Z̄±
n (. . . , xi = −β2, . . . ) = 0. (2.48)

Proof. By Proposition 2.2.3, it is sufficient to prove the proposition for
i = 1. We focus on the proof of (2.46). We note that

Zn(x1 = −β1, . . . )
=
〈
ξn
(η

2 , x2, . . . , xn
)
|Ψn

(
−η

2 ,
η
2 , x2,−x2, . . . , xn,−xn, 0

)〉
(2.49)

= ⟨ξn(η
2 , x2, . . . , xn)|

2n∏
j=1

σ3
j |Ψn(−η

2 ,
η
2 , x2,−x2, . . . , xn,−xn,

3η
2 )⟩.

The first, second and last arguments of |Ψn⟩ form a wheel. Lemma 2.1.4
implies that the vector vanishes identically. Hence, Zn(x1 = −β1, . . . ) = 0.
Furthermore, it follows from Proposition 2.2.4 that

ϑ4(2η, p2)Zn(x1 = −β1, . . . ) = ϑ4(0, p2)Zn(x1 = β1, . . . ). (2.50)

Since ϑ4(0, p2) is non-zero, we find that Zn(x1 = β1, . . . ) = 0. Hence, we
obtain (2.46) with i = 1.

Finally, we note that (2.47) and (2.48) directly follow from Proposi-
tion 2.2.4 and the known zeroes of the Jacobi theta functions.

We now use the knowledge of the zeroes to find trivial factors of the
scalar products. To this end, we use the factorisation property of theta
functions of Lemma A.2.2.

Proposition 2.2.7. For n ⩾ 1, we have

Zn =
(

n∏
i=1

ϑ4(η + 2xi, p
2)ϑ1(η + xi)ϑ1(η − xi)

)
Xn, (2.51)

Z̄±
n =

(
n∏

i=1
ϑ1(η + 2xi, p

2)
)
X̄±

n , (2.52)
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where Xn = Xn(x1, . . . , xn) and X̄±
n = X̄±

n (x1, . . . , xn) are even theta
functions of degree 2(n−1) and 2n, respectively, nome p and norm 0 with
respect to xi for each i = 1, . . . , n. For n ⩾ 2, Xn and X̄±

n are symmetric
functions in x1, . . . , xn.

Proof. We present the proof of (2.51). According to Proposition 2.2.5, Zn

is a theta function with respect to xi with degree 2(n+ 1), nome p and
norm t = π/2+η/2. By Proposition 2.2.6 it vanishes if xi = −β1,+β1,−β4
and −β3 + π + πω (where we used the pseudo-periodicity of the scalar
product). Hence, we may apply Lemma A.2.2 to write Zn as a product
of the trivial factors

ϑ1(xi + β1)ϑ1(xi − β1)ϑ1(xi + β4)ϑ1(xi + β3 − π − πω)
= Bϑ4(2xi + η, p2)ϑ1(η + xi)ϑ1(η − xi), (2.53)

where B = −ip−1/2ϑ4(0, p2), and a theta function with respect to xi

of degree 2(n − 1), nome p and norm t = 0. Since this holds for each
i = 1, . . . , n, we obtain the factorisation (2.51), absorbing a power of
the constant B into the definition of Xn. The symmetry of Xn for
n ⩾ 2 follows from Proposition 2.2.3 and the symmetry of the factorised
expression. Moreover, it follows from Proposition 2.2.4 that Xn is an
even function of each xi.

The proof of (2.52) is similar.

Henceforth, we analyse the properties of the functions Xn, X̄
±
n . For

coherence, we define

X0 = Z0 = 1, X̄+
0 = Z̄+

0 = 2, X̄−
0 = Z̄−

0 = 0. (2.54)

We note that for n = 1, the expressions (2.35) lead to

X1 = −ρ2ϑ2(0)ϑ2(η − κ), (2.55a)

X̄+
1 = ρϑ4(0)ϑ4(η − κ)ϑ3(η + x1)ϑ3(η − x1), (2.55b)

X̄−
1 = ρϑ3(0)ϑ3(η − κ)ϑ4(η + x1)ϑ4(η − x1), (2.55c)

where ρ is defined in (2.20).



2.2. Scalar products 41

Reduction relations The reduction relations for the vector |Ψn⟩, given
in Lemma 2.1.5, lead to reduction relations for the functions Xn and X̄±

n .
To state them, we define

F (x) = −ϑ2(x)ϑ2(x− η)
ϑ4(0, p2)2 ϑ1(x+ κ)ϑ1(κ− x+ η), (2.56)

F̄ (x) = ϑ3(x)ϑ3(x− η)ϑ4(x)ϑ4(x− η)
ϑ4(0, p2)2

× ϑ1(x+ η)2ϑ1(x+ κ)ϑ1(κ− x+ η). (2.57)

Proposition 2.2.8. For n ⩾ 2 and for each 2 ⩽ i ⩽ n, we have the
reduction relations

Xn
(
x1 = xi + η

2 , . . . , xi, . . . , xn
)

= F (xi)
n∏

j=2,j ̸=i

ϑ1(xi − xj + η)2ϑ1(xi + xj + η)2

×Xn−2(x2, . . . , xi−1, xi+1, . . . , xn), (2.58)

and

X̄±
n (x1 = xi + η

2 , . . . , xi, . . . , xn)

= F̄ (xi)
n∏

j=2,j ̸=i

ϑ1(xi − xj + η)2ϑ1(xi + xj + η)2

× X̄±
n−2(x2, . . . , xi−1, xi+1, . . . , xn). (2.59)

Proof. We focus on the proof of the reduction relations for Xn. To this
end, we abbreviate Z ′

n = Zn(x, x+ η, x3, . . . , xn). Using the definition of
Zn and Lemma 2.1.2, we may write

Z ′
n = ⟨ξn(x, x+ η, . . . )|Ř23(−2x− η)

r(−2x− η)
× |Ψn(x, x+ η,−x,−x− η, . . . )⟩. (2.60)

The first two arguments x, x+ η of the vector |Ψn⟩ allow us to apply the
reduction relation of Lemma 2.1.5. We obtain

Z ′
n = ϑ1(2x)ϑ1(2x− η)ϑ1(x− η)

n∏
i=3

ϑ1(x− xi − η)ϑ1(x+ xi − η)

× ⟨ξn(x, x+ η, . . . )|Ř23(−2x− η)
r(−2x− η) (|s⟩ ⊗ |Ψn−1(−x,−x− η, . . . )⟩) .
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Next, we use Ř(−η)|s⟩ = −2r(−η)|s⟩ to write

Z ′
n = ϑ1(2x)ϑ1(2x− η)ϑ1(x− η)

n∏
i=3

ϑ1(x− xi − η)ϑ1(x+ xi − η)

× ⟨ξn(x, x+ η, . . . )|Ř23(−2x− η)Ř12(−η)
−2r(−η)r(−2x− η)

× (|s⟩ ⊗ |Ψn−1(−x,−x− η, . . . )⟩) . (2.61)

With the help of the boundary Yang-Baxter equation (2.21) and the
symmetry of the Ř-matrix, we may write

Z ′
n =ϑ1(2x)ϑ1(2x− η)ϑ1(x− η)

n∏
i=3

ϑ1(x− xi − η)ϑ1(x+ xi − η)

× ⟨ξn(x+ η, x, . . . )|Ř23(−2x− η)Ř34(−η)
−2r(−η)r(−2x− η)

× (|s⟩ ⊗ |Ψn−1(−x,−x− η, . . . )⟩) (2.62)

=ϑ1(2x)ϑ1(2x− η)ϑ1(x− η)
n∏

i=3
ϑ1(x− xi − η)ϑ1(x+ xi − η)

× ⟨ξn(x+ η, x, . . . )| Ř23(−2x− η)
−2r(−2x− η)

× (|s⟩ ⊗ |Ψn−1(−x− η,−x, . . . )⟩) . (2.63)

The last equality follows from an application of Lemma 2.1.2. The
resulting expression suggests yet another application of Lemma 2.1.5. We
obtain

Z ′
n = ϑ1(2x)ϑ1(2x− η)ϑ1(x− η)2

n∏
i=3

ϑ1(x− xi − η)2ϑ1(x+ xi − η)2

× (⟨χ(x+ η)| ⊗ ⟨χ(x)|) Ř23(−2x− η)
2r(−2x− η) (|s⟩ ⊗ |s⟩)Zn−2(x3, . . . , xn).

The scalar product in the second line of this equality is given in Lem-
ma 2.2.2. From this scalar product and from the relation between Zn

and Xn, given in Proposition 2.2.7, we infer

Xn(x, x+η, x3, . . . , xn) = F (x−η/2)
n∏

i=3
ϑ1(x−xi−η)2ϑ1(x+xi−η)2

×Xn−2(x3, . . . , xn). (2.64)
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Finally, we set x = x2 + η/2 and obtain the reduction relation for Xn

with i = 2. For i = 3, . . . , n, it follows from the symmetry of Xn.

The proof of the reduction relations for X̄±
n is similar.

Proposition 2.2.9. For each n ⩾ 1, we have the reduction relations

Xn(β2, x2, . . . , xn) = (−1)nϑ2(κ− η)
ϑ4(0, p2) (2.65)

×
(

n−1∏
i=2

ϑ2(xi)2
)
Xn−1(x2, . . . , xn),

X̄±
n (β3, x2, . . . , xn) = p−n/2e−inη ϑ2(η)ϑ3(0)ϑ3(κ− η)

ϑ4(0, p2) (2.66)

×
(

n∏
i=2

ϑ3(xi)2
)
X̄∓

n−1(x2, . . . , xn),

X̄±
n (β4, x2, . . . , xn) = p−n/2e−inη ϑ2(η)ϑ4(0)ϑ4(κ− η)

ϑ4(0, p2) (2.67)

×
(

n∏
i=2

ϑ4(xi)2
)
X̄±

n−1(x2, . . . , xn).

Proof. We focus on the reduction relation for Xn. To this end, we consider
the vector |Ψn⟩ with arguments as set in (2.32). We choose x1 = −β2
and apply Lemma 2.1.5. This leads to

|Ψn(−β2, β2, x2,−x2, . . . , xn,−xn)⟩

= −ϑ2(0)
n∏

i=2
ϑ2(xi)2σ3

1|s⟩ ⊗ P |Ψn−1(x2,−x2, . . . , xn,−xn)⟩, (2.68)

where P is the spin-parity operator, defined in (1.13). We use this relation
and σ3

1σ
3
2|χ(x)⟩ = −|χ(x)⟩ to obtain

Zn(−β2, x2, . . . , xn) = (−1)n−1ϑ2(0)
n∏

i=2
ϑ2(xi)2

×
(
⟨χ(−β2)|σ3

1|s⟩
)
Zn−1(x2, . . . , xn). (2.69)

Next, we evaluate the matrix element ⟨χ(−β2)|σ3
1|s⟩ with the help of

⟨χ(x)|σ3
1|s⟩ = ⟨χ(x)| (|↑↓⟩+ |↓↑⟩) = ϑ2(κ− η)ϑ1(x+ η). (2.70)
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We find

Zn(−β2, x2, . . . , xn) = (−1)n−1ϑ2(0)ϑ2(η)ϑ2(κ− η)

×
n∏

i=2
ϑ2(xi)2Zn−1(x2, . . . , xn). (2.71)

We obtain (2.65) from this equality and the relation between Zn and Xn,
given in Proposition 2.2.7.

To prove the two reduction relations for X̄±
n , one needs to use Lemma 2.1.3

and the scalar products

⟨χ̄(x)|(|↓↓⟩ − |↑↑⟩) = ϑ4(κ− η)ϑ3(x+ η), (2.72)
⟨χ̄(x)|(|↓↓⟩+ |↑↑⟩) = ϑ3(κ− η)ϑ4(x+ η). (2.73)

The calculation is similar to the proof for Xn.

2.2.3 Determinants

In this section, we present our main results for the inhomogeneous
supersymmetric eight-vertex model. They provide explicit expressions for
the functions Xn and X̄±

n , and hence for the scalar products Zn and Z̄±
n .

These expressions are given in terms of the so-called elliptic Tsuchiya
determinant, which originally appeared as a partition function for the
SOS model [121].2

The elliptic Tsuchiya determinant Let us introduce

h(x, y) = ϑ1(x− y + η)ϑ1(x− y − η)ϑ1(x+ y + η)ϑ1(x+ y − η). (2.74)

We define H0 = 1 and, for each k ⩾ 1, the function

H2k(x1, . . . xk;xk+1, . . . , x2k)

=
∏k

i,j=1 h(xi, xj+k)
�(x1, . . . , xk)�(xk+1, . . . , x2k)

k
det

i,j=1

(
1

h(xi, xj+k)

)
, (2.75)

2See Chapter 4 for a description of SOS models.
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where
�(x1, . . . , xk) =

∏
1⩽i<j⩽k

ϑ1(xj − xi)ϑ1(xj + xi). (2.76)

For k ⩾ 1,H2k(x1, . . . xk;xk+1, . . . , x2k) is an even theta function of degree
2(k − 1) and norm 0 with respect to each xi, i = 1, . . . , 2k. Moreover,
it clearly is separately symmetric in x1, . . . , xk and xk+1, . . . , x2k. Less
obvious is that it is symmetric in all its variables [111]. Here, we present
a simple proof based on determinant condensation [63].

Proposition 2.2.10. For each k ⩾ 1, H2k(x1, . . . xk;xk+1, . . . , x2k) is a
symmetric function of x1, . . . , x2k.

Proof. The case k = 1 is trivial: we have H2(x1;x2) = 1, which is obviously
symmetric in x1 and x2. Therefore, we consider k ⩾ 2. Let A = (aij)k

i,j=1
be a matrix with akk ̸= 0. We have the condensation identity

detA = a
−(k−2)
kk

k−1
det

i,j=1

(
det

(
aij aik

akj akk

))
. (2.77)

We apply this identity to the determinant in (2.75), and obtain

H2k(x1, . . . , xk;xk+1, . . . , x2k) =
∏k−1

i,j=1 h(xi, xj+k)
�(x1, . . . , xk−1)�(xk+1, . . . , x2k−1)

×
k−1
det

i,j=1

(
H4(xi, xk;xj , x2k)

h(xi, xj+k)

)
. (2.78)

We note that

H4(xi, xk;xj , x2k)− H4(xi, x2k;xj , xk) (2.79)

= −ϑ1(3η)ϑ1(xi − xj)ϑ1(xi + xj)ϑ1(xk − x2k)ϑ1(xk + x2k)
ϑ1(η) .

The right-hand side vanishes since η = 2π/3. Therefore, we have

H4(xi, xk;xj , x2k) = H4(xi, x2k;xj , xk). (2.80)

Using (2.78), we conclude that H2k(x1, . . . , xk;xk+1, . . . , x2k) is symmet-
ric in xk and x2k. Since it is separately symmetric in x1, . . . , xk and
xk+1, . . . , x2k, it is symmetric in all its variables.
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To stress the symmetry of the function H2k(x1, . . . , xk;xk+1, . . . , x2k), we
omit the semicolon and simply write H2k(x1, . . . , x2k). Finally, we note
that in [111] the following reduction relation was established:

Lemma 2.2.11. For each k ⩾ 1 and each i = 2, . . . , 2k, we have

H2k(x1 = xi+ η
2 , . . . , xi, . . . , x2k) =

2k∏
j=2,j ̸=i

ϑ1(xi−xj +η)ϑ1(xi+xj +η)

× H2(k−1)(x2, . . . , xi−1, xi+1, . . . ). (2.81)

The functions Xn and X̄±
n Theorem A.2.5 provides a way to establish

the equality between two theta functions. We use this theorem to find an
explicit expression for Xn in terms of the elliptic Tsuchiya determinant.
To this end, we define for each k ⩾ 0 the functions

Y2k = (−1)k

ϑ4(0, p2)2k
H2k(x1, . . . , x2k) (2.82)

× H2(k+1)(x1 . . . , x2k, β2,
η
2 + κ),

Y2k+1 = (−1)k+1ϑ2(κ− η)
ϑ4(0, p2)2k+1 H2(k+1)(x1, . . . , x2k+1, β2) (2.83)

× H2(k+1)(x1 . . . , x2k+1,
η
2 + κ).

Lemma 2.2.12. The function Yn obeys the reduction relations of Xn

given in Propositions 2.2.8 and 2.2.9.

Proof. The proof is a straightforward calculation using Lemma 2.2.11.

Theorem 2.2.13. For each n ⩾ 0, we have Xn = Yn.

Proof. The proof is based on a standard induction argument that goes
back to Izergin and Korepin [18, 69]. We start by examining the base
cases n = 0 and n = 1. From the expressions given above, we find

Y0 = 1, Y1 = −ϑ2(κ− η)
ϑ4(0, p2) . (2.84)

They are equal to the expressions of X0 and X1, given in (2.54) and
(2.55), respectively.
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We now make the induction hypothesis that Xn = Yn for n = m and
n = m − 1, where m ⩾ 2 is some integer. For the induction step, we
consider Xm+1 and Ym+1 as functions of x1. By Proposition 2.2.7, Xm+1
is a theta function of degree 2m, nome p and norm 0. The same holds
for Ym+1, by the properties of the elliptic Tsuchiya determinant. By
Lemma 2.2.12 both functions obey the same reduction relations. For x1 =
±(xj±η/2), j = 2, . . . ,m+1, they allow us to express Xm+1 and Ym+1 in
terms of Xm−1 and Ym−1, respectively. Likewise, for x1 = ±β2, they lead
to expressions of Xm+1 and Ym+1 in terms of Xm and Ym respectively.
Using these expressions and the induction hypothesis, we conclude that
Xm+1 = Ym+1 for 4m+ 2 values of x1. We choose x2, . . . , xm+1 so that
they contain 2m independent values. By Theorem A.2.5, we conclude
that Xm+1 = Ym+1, and hence Xn = Yn for n = m+ 1 and n = m, which
ends the induction step. The theorem follows.

Next, we provide explicit expressions for the functions X̄±
n in terms of

the elliptic Tsuchyia determinant. For each k ⩾ 0, we define

Ȳ ±
2k = γ±

2kH2(k+1)(x1, . . . , x2k, 0, β4)H2(k+1)(x1, . . . , x2k,
η
2 + κ, β3)

+ δ±
2kH2(k+1)(x1, . . . , x2k, 0, β3)H2(k+1)(x1, . . . , x2k,

η
2 + κ, β4), (2.85)

and

Ȳ ±
2k+1 = γ±

2k+1H2(k+1)(x1, . . . , x2k+1, 0)
× H2(k+2)(x1, . . . , x2k+1,

η
2 + κ, β3, β4)

+ δ±
2k+1H2(k+1)(x1, . . . , x2k+1,

η
2 + κ)

× H2(k+2)(x1, . . . , x2k+1, 0, β3, β4). (2.86)

Here, the coefficients γ±
2k, γ

±
2k+1 and δ±

2k, δ
±
2k+1 are given by

γ±
2k =

(
pe−iη

ϑ4(0, p2)2

)k

γ±
0 , δ±

2k =
(

pe−iη

ϑ4(0, p2)2

)k

δ±
0 , (2.87)

γ±
2k+1 =

(
pe−iη

ϑ4(0, p2)2

)k

γ±
1 , δ±

2k+1 =
(

pe−iη

ϑ4(0, p2)2

)k

δ±
1 , (2.88)

where

γ+
0 = 2

(
ϑ3(0)ϑ4(κ− η)
ϑ2(0)ϑ1(κ− η)

)2
, δ+

0 = −2
(
ϑ4(0)ϑ3(κ− η)
ϑ2(0)ϑ1(κ− η)

)2
,

γ−
0 = −2ϑ3(0)ϑ4(0)ϑ3(κ− η)ϑ4(κ− η)

ϑ2(0)2ϑ1(κ− η)2 , δ−
0 = −γ−

0 .
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and

γ±
1 = pe−iηϑ4(0)

ϑ4(0, p2)ϑ4(κ− η)ϑ2(η)γ
±
0 , δ±

1 = pe−iηϑ4(κ− η)
ϑ4(0, p2)ϑ4(0)ϑ2(η)δ

±
0 .

Lemma 2.2.14. The functions Ȳ ±
n satisfy the reduction relations of X̄±

n

given in Propositions 2.2.8 and 2.2.9.

Proof. The proof is a straightforward calculation using Lemma 2.2.11.

Theorem 2.2.15. For each n ⩾ 0, we have Ȳ ±
n = X̄±

n .

Proof. As for Theorem 2.2.13, the proof is based on induction. Let us
check the base cases n = 0 and n = 1, using the explicit expressions given
above. For n = 0, we find

Ȳ +
0 = 2, Ȳ −

0 = 0. (2.89)

Furthermore, for n = 1, we obtain

Ȳ ±
1 = γ±

1 H4(x1,
η
2 + κ, β3, β4) + δ±

1 H4(x1, 0, β3, β4). (2.90)

We have [111]

H4(x, y, β3, β4) = p−1eiηϑ2(η)
ϑ2(0)

(
ϑ3(x+ η)ϑ3(x− η)ϑ4(y)2

+ ϑ4(x+ η)ϑ4(x− η)ϑ3(y)2
)
. (2.91)

We use this expression, together with the definition of γ±
1 , δ

±
1 , and find

Ȳ +
1 = 2ϑ4(0)ϑ4(κ− η)ϑ3(x1 − η)ϑ3(x1 + η)

ϑ2(0)ϑ4(0, p2) , (2.92)

Ȳ −
1 = 2ϑ3(0)ϑ3(κ− η)ϑ4(x1 + η)ϑ4(x1 − η)

ϑ2(0)ϑ4(0, p2) . (2.93)

We compare our findings with (2.54) and (2.55) and conclude that Ȳ ±
n =

X̄±
n for n = 0, 1.

Next, we make the induction hypothesis that X̄±
n = Ȳ ±

n for n = m and
n = m − 1, where m ⩾ 2 is some integer. For the induction step, we
essentially follow the proof of Theorem 2.2.13. The only differences are
(i) that we need to use Lemma 2.2.14 and (ii) that the degree of the theta
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functions is now 2(m+ 1). Nonetheless, we may choose x2, . . . , xm+1 to
find enough independent points for the application of Theorem A.2.5 to
be possible. It allows us to conclude that X̄±

m+1 = Ȳ ±
m+1. The induction

step follows, which ends the proof.

2.2.4 Polynomials

In this section, we recall the relation between the elliptic Tsuchiya
determinant and a family of polynomials introduced by Zinn-Justin and
Rosengren. Moreover, we discuss the properties of these polynomials that
are relevant to our forthcoming analysis of the scalar products. These
properties can either be found in or easily derived from [78–81,111], but
we prefer to include them here for completeness.

Definition and relation to the elliptic Tsuchiya determinant
Let us introduce

h(w,w′) = 1− (3 + ζ2)ww′ + (1− ζ2)ww′(w + w′). (2.94)

We define H0 = 1 and, for each k ⩾ 1, the function3

H2k(w1, . . . , w2k)

=
∏k

i,j=1 h(wi, wj+k)
∆(w1, . . . , wk)∆(wk+1, . . . , w2k)

k
det

i,j=1

(
1

h(wi, wj+k)

)
, (2.95)

where ∆(w1, . . . , wm) =
∏

1⩽i<j⩽m(wj − wi) denotes the Vandermonde
determinant in m variables. Clearly, H2k(w1, . . . , w2k) is a polynomial in
w1, . . . , w2k and ζ.

In the next proposition, we recall its relation to the elliptic Tsuchiya
determinant. To this end, we use the elliptic function

w(x) = ϑ4(η, p2)
ϑ4(0, p2)

ϑ1(x)2

ϑ1(x− η)ϑ1(x+ η) . (2.96)

Moreover, in the following we often use the parameterisation of ζ in terms
of the elliptic nome p provided in (1.30).

3We use Zinn-Justin’s notations. The polynomials H2k(w1, . . . , w2k) are related to
Rosengren’s polynomials T (x1, . . . , x2k) by a change of variables [78].
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Lemma 2.2.16. Let k ⩾ 1 and wi = w(xi) for each i = 1, . . . , 2k. If
(1.30) holds, then we have

H2k(x1, . . . , x2k) = f(x1, . . . , x2k)H2k(w1, . . . , w2k), (2.97)

where

f(x1, . . . , x2k) =
(

ϑ4(η, p2)
ϑ1(η)2ϑ4(0, p2)

)k(k−1)

×
2k∏

i=1
(ϑ1(xi + η)ϑ1(xi − η))k−1 . (2.98)

Proof. The key observations are the two relations

w(x)− w(y) = − ϑ4(η, p2)ϑ1(η)2ϑ1(x− y)ϑ1(x+ y)
ϑ4(0, p2)ϑ1(x− η)ϑ1(x+ η)ϑ1(y − η)ϑ1(y + η) ,

and

h(w(x), w(y)) = ϑ1(η)4h(x, y)
(ϑ1(x− η)ϑ1(x+ η)ϑ1(y − η)ϑ1(y + η))2 . (2.99)

They follow from standard identities between Jacobi theta functions. Us-
ing them together with the definition ofH2k(w1, . . . , w2k) and H2k(x1, . . . ,

x2k) leads to (2.97) and (2.98).

The symmetry of the elliptic Tsuchiya determinant implies that H2k(w1,

. . . , w2k) is a symmetric polynomial in w1, . . . , w2k for k ⩾ 1. In the
following, we use for each k ⩾ 1 and j = 1, . . . , 2k − 1 the abbreviation

H2k(w1, . . . , wj) ≡ H2k(w1, . . . , wj , 0, . . . , 0). (2.100)

Clearly, if j ⩾ 2 then H2k(w1, . . . , wj) is a symmetric polynomial in
w1, . . . , wj .

Determinant formulas We combine the determinant formula (2.78)
for the elliptic Tsuchiya determinant with Lemma 2.2.16. This leads to

H2k(w1, . . . , w2k) =
∏k−1

i,j=1 h(wi, wj+k)
∆(w1, . . . , wk−1)∆(wk+1, . . . , w2k−1)

×
k−1
det

i,j=1

(
H4(wi, wk, wj+k, w2k)

h(wi, wj+k)

)
, (2.101)
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for each k ⩾ 2, where

H4(w1, . . . , w4) = 3 + ζ2 + (ζ2 − 1)(w1 + w2 + w3 + w4

+ (ζ2 − 1)w1w2w3w4). (2.102)

The determinant formula (2.101) allows us to infer several properties of
the symmetric polynomial H2k(w1, . . . , w2k) for k > 2 from k = 2. For
instance, we easily find the degree of this polynomial with respect to
each of its variables.

Lemma 2.2.17. For each k ⩾ 1, H2k(w1, . . . , w2k) is a polynomial of
degree k − 1 in wi for each i = 1, . . . , 2k. Moreover, we have

lim
w2k−1→∞

w
−(k−1)
2k−1 H2k(w1, . . . , w2k−1, 0)

= (ζ2 − 1)k−1H2(k−1)(w1, . . . , w2(k−1)). (2.103)

Furthermore, (2.101) allows us to find a useful formula for H2k(w,w′) in
terms of a determinant of a matrix with polynomial entries in w,w′ and
ζ. Indeed, from the method of divided differences [122] we obtain:

Lemma 2.2.18. For each k ⩾ 2, we have

H2k(w,w′) =
k−2
det

i,j=0

(
H4(w,w′)ηi,j

+ (ζ2 − 1)
(
ηi−1,j + ηi,j−1 + (ζ2 − 1)ww′ηi−1,j−1

))
, (2.104)

where ηij is a polynomial in ζ with integer coefficients, given by

ηi,j =
min(i,j)∑

n=⌈ i+j
3 ⌉

n!(3 + ζ2)3n−(i+j)(ζ2 − 1)i+j−2n

(i− n)!(j − n)!(3n− (i+ j))! , (2.105)

if i, j ⩾ 0, and ηi,j = 0 if i < 0 or j < 0.

The formula given in this lemma is quite practical to explicitly compute
the polynomials H2k(w,w′) with Mathematica.
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Bilinear identities The polynomials H2k(w1, . . . , w2k) satisfy bilin-
ear identities. They follow from a Plücker relation and the well-known
Desnanot-Jacobi identity [63, 123], applied to the determinant in (2.95).

Lemma 2.2.19. For each k ⩾ 1 and all x, y, u, v, we have

(x− y)h(u, v)H2(k+1)(w1, . . . , x, y, v)H2k(w1, . . . , u)
+(y − u)h(x, v)H2(k+1)(w1, . . . , y, u, v)H2k(w1, . . . , x)
+(u− x)h(y, v)H2(k+1)(w1, . . . , u, x, v)H2k(w1, . . . , y) = 0,

(2.106)

and

(x− u)(y − v)H2(k+2)(w1, . . . , x, y, u, v)H2k(w1, . . . , w2k)
= h(x, v)h(y, u)H2(k+1)(w1, . . . , u, v)H2(k+1)(w1, . . . , x, y)
−h(x, y)h(u, v)H2(k+1)(w1, . . . , y, u)H2(k+1)(w1, . . . , x, v).

(2.107)

Fractional linear transformations Finally, the polynomial H2k(w1,

. . . , w2k) has a simple transformation behaviour under the fractional
linear transformation ζ → ζ ′, where

ζ ′ = ζ + 3
ζ − 1 . (2.108)

It follows from the property h(w,w′)|ζ→ζ′ = h(2w/(ζ − 1), 2w′/(ζ − 1)):

Lemma 2.2.20. For each k ⩾ 0, we have

H2k (w1, . . . , w2k)|ζ→ζ′ =
( 2
ζ − 1

)k(k−1)
H2k

( 2w1
ζ − 1 , . . . ,

2w2k

ζ − 1

)
.

2.3 The homogeneous limit

In this section, we consider the case where the inhomogeneity parameters
take the values λ1 = · · · = λ2n+1 = 0. This is commonly referred to as
the homogeneous limit. To study the homogeneous limit of the vector
|Ψn⟩, it is convenient to define

|ψn⟩ = Nn|Ψn(0, . . . , 0)⟩, |ψ̄n⟩ = NnP |Ψn(0, . . . , 0)⟩. (2.109)
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Here, Nn is a normalisation factor. We choose

Nn = (−1)⌊ n+1
2 ⌋

ϑ1(η)n2

(
ϑ4(0, p2)
ϑ4(η, p2)

)n(n+1)/2

. (2.110)

We shall see below that the vectors |ψn⟩ and |ψ̄n⟩ are non-vanishing.
Their definition thus implies that they are linearly independent. They
constitute a basis of the eigenspace of the eigenvalue Θn = (a+ b)2n+1 of
the transfer matrix of the homogeneous eight-vertex model [85].

The main goal of this section is to study the basis vectors |ψn⟩ and |ψ̄n⟩
with the help of the homogeneous limits of the scalar products Zn and Z̄±

n .
We compute these homogeneous limits in Section 2.3.1 and Section 2.3.2,
respectively. This computation allows us to obtain and analyse several
components of the basis vectors. In Section 2.3.3, we exploit the relation
between the eight-vertex model and the XYZ spin chain to compute
the sum of the components of the basis vectors. In Section 2.3.4, we
compare our results to several conjectures by Bazhanov and Mangazeev,
and Razumov and Stroganov.

2.3.1 The homogeneous limit of Zn

In this section, we compute the scalar product

Sn =
(
(⟨↑↓|+ µ⟨↓↑|)⊗n ⊗ ⟨↑|

)
|ψn⟩ (2.111)

from the homogeneous limit of Zn. The results of our computations
naturally depend on the elliptic nome p. We restrict our considerations
to real 0 < p < 1 and state our results in terms of the variable ζ, defined
in (1.30), and4

J2 = −1
2 , J3 = 1

1 + ζ
, J4 = 1

1− ζ . (2.112)

We have Jk = w(βk) for k = 2, 3, 4, where w(x) is defined in (2.96). We
note that the restriction of the range of the elliptic nome implies that
0 < ζ < 1.

We divide the section into three parts. First, we find a closed-form
expression for Sn in terms of the polynomials defined in Section 2.2.4.

4The parameters Ji correspond to the evaluation of (1.31) for η = 2π/3, i = 2, 3, 4.
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Second, we use this expression to compute and analyse the component
(ψn)↑↓···↑↓↑. Third, we evaluate the scalar product Sn in the so-called
trigonometric limit.

Closed-form expression

Theorem 2.3.1. For each k ⩾ 0, S2k and S2k+1 are polynomials in µ

and ζ, given by

S2k = (2µ)kH2kH2(k+1)(J2, µ̄), (2.113)
S2k+1 = (2µ)k(µ+ 1)H2(k+1)(J2)H2(k+1)(µ̄), (2.114)

where µ̄ = (µ− 1)2/(ζ2 − 1)µ.

Proof. The proof has two parts. In part 1, we establish the explicit
formulas for the scalar products. In part 2, we show that these expressions
yield polynomials in both µ and ζ.

Part 1: Explicit formulas. First, we evaluate the scalar product Zn for
x1 = · · · = xn = 0. Using (2.32), this evaluation leads to

Zn(0, . . . , 0) = (ϑ1(κ, p2)ϑ4(κ+ η, p2))n

×
(
(⟨↑↓|+ µ⟨↓↑|)⊗n ⊗ ⟨↑|

)
|Ψn(0, . . . , 0)⟩, (2.115)

where
µ = −ϑ4(κ, p2)ϑ1(κ+ η, p2)

ϑ1(κ, p2)ϑ4(κ+ η, p2) . (2.116)

We use Proposition 2.2.7 to write the left-hand side of (2.115) in terms
of Xn. Moreover, we use (2.109) and (2.111) to rewrite its right-hand
side in terms of Sn. Solving for the latter, we obtain

Sn =
(

ϑ4(η, p2)ϑ1(η)2

ϑ1(κ, p2)ϑ4(κ+ η, p2)

)n

NnXn(0, . . . , 0). (2.117)

Second, we replace Nn by its definition (2.110), and Xn by its explicit
expression in terms of the elliptic Tsuchiya determinant, given in Theo-
rem 2.2.13. This step requires to consider the cases n = 2k and n = 2k+1
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separately. We focus on the case n = 2k, where we obtain

S2k = 1
ϑ1(η)4k(k−1) (ϑ1(κ, p2)ϑ4(κ+ η, p2))2k

(
ϑ4(0, p2)
ϑ4(η, p2)

)(2k−1)k

× H2k(0, . . . , 0)H2(k+1)(0, . . . , β2,
η
2 + κ). (2.118)

We now use Lemma 2.2.16 to rewrite the Tsuchiya determinants in terms
of the polynomials of Section 2.2.4. After some algebra, we obtain

S2k =
(
ϑ1(κ+ η)ϑ1(κ)ϑ2(η)ϑ2(0)ϑ4(η, p2)
ϑ1(κ, p2)2ϑ4(κ+ η, p2)2ϑ4(0, p2)

)k

×H2kH2(k+1)(w(β2), w(κ+ η
2 )). (2.119)

Here, w = w(x) is the elliptic function defined in (2.96). Moreover, the
polynomials on the right-hand side of this equality implicitly depend on
ζ, which is given in terms of p by (1.30).

Third, we simplify (2.119) with the help of several classical identities
between the Jacobi theta functions. For the prefactor, we use

ϑ1(x)ϑ2(0) = 2ϑ1(x, p2)ϑ4(x, p2), (2.120)
ϑ2(η)ϑ4(η, p2) = 2ϑ2(0)ϑ4(0, p2), (2.121)

and the relation (2.116). Moreover, the arguments of the polynomial are
given by

w(β2) = J2, w(κ+ η
2 ) = µ̄. (2.122)

Applying these identities, we obtain (2.113).

The proof of (2.114) is similar.

Part 2: Polynomial nature. Lemma 2.2.18 implies that both H2k and
H2(k+1)(J2) are polynomials in ζ. Moreover, one checks that µH4(w, µ̄)
is a polynomial in w, µ and ζ. By Lemma 2.2.18, µkH2(k+1)(w, µ̄) is a
polynomial in w, µ, and ζ. Hence, both µkH2(k+1)(µ̄) and µkH2(k+1)(J2, µ̄)
are polynomials in µ and ζ. The polynomial nature of S2k and S2k+1
follows.

Finally, we comment on the parameterisation (2.116) used in this proof.
By the properties of the Jacobi theta functions, µ is a meromorphic
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function of κ for all 0 < p < 1. The pole structure of this function implies
that each real µ is the image of some 0 < κ < π under this mapping.
Hence, the statements of the theorem hold for all real µ. By analytic
continuation, they hold for all complex µ.

Components

Proposition 2.3.2. For each k ⩾ 0, we have the components

(ψ2k)↑↓···↑↓↑ = 2kH2kH2k(J2), (2.123)
(ψ2k+1)↑↓···↑↓↑ = 2kH2kH2(k+1)(J2). (2.124)

Proof. We present the proof of (2.123). For k = 0 it is trivial. Hence, we
consider k ⩾ 1. We have

(ψ2k)↑↓···↑↓↑ = S2k|µ=0 = 2kH2k lim
µ→0

µkH2(k+1)(J2, µ̄). (2.125)

We compute the limit on the right-hand side with the help of Lem-
ma 2.2.17, and find

lim
µ→0

µkH2(k+1)(J2, µ̄) = (ζ2 − 1)−k lim
µ̄→∞

µ̄−kH2(k+1)(J2, µ̄) = H2k(J2).

This result leads to (2.123). The derivation of (2.124) is similar.

This proposition implies that the component (ψn)↑↓···↑↓↑ is a polynomial
in the variable ζ with integer coefficients. We now compute the coefficients
of its lowest-order and highest-order term. To this end, we recall the
number A(n) of alternating sign matrices of size n given in (1.33). We
also need the number AV(2n+ 1) of vertically-symmetric alternating sign
matrices of size 2n + 1 given in (1.36). Additionally, in the following,
we frequently use the number N8(2n) of cyclically-symmetric transpose
complement plane partitions in a 2n× 2n× 2n cube [63,114]:

N8(2n) =
n−1∏
i=0

(3i+ 1)(6i)!(2i)!
(4i)!(4i+ 1)! . (2.126)

Proposition 2.3.3. For each k ⩾ 0, we have

(ψ2k)↑↓···↑↓↑ = A(2k) + · · ·+ 2ζk(2k−1), (2.127)

(ψ2k+1)↑↓···↑↓↑ = A(2k + 1) + · · ·+ ζk(2k+1), (2.128)

where · · · denotes intermediate powers of ζ.
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Proof. We compute the coefficients of the lowest-order term through the
evaluation of the components at ζ = 0. To this end, we use [111]

H2k|ζ=0 = AV(2k + 1) , H2k(J2)|ζ=0 = 21−k A(2k − 1)
AV(2k − 1) . (2.129)

Hence, we obtain

(ψ2k+1)↑↓···↑↓↑|ζ=0 = 2k H2k|ζ=0 H2(k+1)(J2)
∣∣∣
ζ=0

= A(2k + 1), (2.130)

(ψ2k)↑↓···↑↓↑|ζ=0 = 2k H2k|ζ=0 H2k(J2)|ζ=0 ,

= 2AV(2k + 1)A(2k − 1)
AV(2k − 1) = A(2k), (2.131)

where the last equality of the third line follows from Corollary 21 of [124].

To find the coefficients of the highest-order terms of the components,
we analyse the highest-order terms of H2k(w,w′) for fixed w,w′. For
k = 1 this analysis is trivial, since H2(w,w′) = 1. For k ⩾ 2, we use the
determinant formula of Lemma 2.2.18, and find

H2k(w,w′) = (1 + w + w′)(1 + w)k−2(1 + w′)k−2ζk(k−1) + . . . , (2.132)

where . . . denotes lower-order terms in ζ. Hence, we have

H2k = ζk(k−1) + . . . , H2k(J2) = 21−kζk(k−1) + . . . (2.133)

Using these results, the highest-order terms of the components follow
from the explicit expressions given above.

It follows from Propositions 2.3.2 and 2.3.3 that the components

(ψn)↑↓···↑↓↑, (ψ̄n)↑↓···↑↓↑ = (−1)n+1(ψn)↑↓···↑↓↑,

do not identically vanish. Hence, the vectors |ψn⟩, |ψ̄n⟩ do not identically
vanish, as was anticipated above. Their linear independence follows
from the fact that they are, by construction, eigenvectors of the spin-
reversal operator with different eigenvalues: F |ψn⟩ = (−1)n|ψn⟩, F |ψ̄n⟩ =
(−1)n+1|ψ̄n⟩.
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The trigonometric limit We now evaluate the scalar product Sn

for ζ → 0. This evaluation corresponds to the limit p → 0. After a
rescaling, the weights of the eight-vertex model tend, in this limit, to the
trigonometric weights of the six-vertex model at η = 2π/3. Hence, we
refer to it as the trigonometric limit. The trigonometric limit of Sn was
rigorously computed in [125] with the help of contour-integral formulas
for the components of the ground-state vectors of the XXZ chain at
∆ = −1/2. Here, we show that it also follows from Theorem 2.3.1 and a
few properties of Schur functions and symplectic characters.

Let k ⩾ 1 and λ = (λ1, . . . , λk) be a partition. We recall that the Schur
function sλ and the symplectic character χλ associated with λ are given
by

sλ(z1, . . . , zk) =
detk

i,j=1

(
z

λj+k−j
i

)
detk

i,j=1

(
zk−j

i

) , (2.134)

and

χλ(z1, . . . , zm) =
detk

i,j=1

(
z

λj+k−j+1
i − z−(λj+k−j+1)

i

)
detk

i,j=1

(
zk−j+1

i − z−(k−j+1)
i

) , (2.135)

respectively. Hereafter, we focus on the case where λ is given by the
double-staircase partition Yk = (⌊(k−i)/2⌋)k

i=1. For ζ = 0, the polynomial
H2k(w1, . . . , w2k) is related to a symplectic character associated with this
partition [111]. Through the parameterisation

w̄(z) = (z − 1)2

1 + z + z2 , (2.136)

one obtains the relation

H2k(w̄(z1), . . . , w̄(z2k))|ζ=0 = 3k(k−1)
2k∏

i=1

(
1 + zi + z−1

i

)−k+1

× χY2k
(z1, . . . , z2k), (2.137)

for each k ⩾ 1.

The next lemma provides particular factorisation properties of Schur
functions associated with the double-staircase partitions into symplec-
tic characters. It can be proven through elementary row and column
operations in the involved determinants [126].
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Lemma 2.3.4. Let ω̄ = eiπ/3 and k ⩾ 0 be an integer, then we have

sY4k+2(z1, . . . , z2k, z
−1
1 , . . . , z−1

2k , z, 1) = zk
2k∏

i=1

(
1 + zi + z−1

i

)
× χY2k+2(z1, . . . , z2k, z, ω̄)χY2k

(z1, . . . , z2k), (2.138)

and

sY4k+4(z1, . . . , z2k+1, z
−1
1 , . . . , z−1

2k+1, z, 1) = zk(1+z)
2k+1∏
i=1

(
1 + zi + z−1

i

)
× χY2k+2(z1, . . . , z2k+1, z)χY2k+2(z1, . . . , z2k+1, ω̄). (2.139)

We now compute the trigonometric limit of Sn. To this end, we recall
that an alternating sign matrix of size n has a unique +1 in its first row.
In Section 1.4, we denoted by A(n, k) the number of ASMs for which this
+1 is in column k. This number is given in (1.34).

Proposition 2.3.5. We have

Sn|ζ=0 =
n∑

k=0
A(n+ 1, k + 1)µk. (2.140)

Proof. We evaluate the expressions of Theorem 2.3.1 for ζ = 0 with the
help of (2.137). This evaluation yields

S2k|ζ=0 = 3−k(2k−1)(µ2 − µ+ 1)k

× χY2k
(1, . . . , 1)χY2(k+1)(1, . . . , 1, ω̄, z(µ)), (2.141)

S2k+1|ζ=0 = 3−k(2k+1)(µ+ 1)(µ2 − µ+ 1)k

× χY2(k+1)(1, . . . , 1, ω̄)χY2(k+1)(1, . . . , 1, z(µ)), (2.142)

for n = 2k and n = 2k + 1, respectively. Here, z(µ) = (ω̄ − µ)/(µω̄ − 1).

Next, we apply Lemma 2.3.4 and rewrite the products of symplectic
characters in terms of Schur functions. For both n = 2k and n = 2k + 1,
we obtain

Sn|ζ=0 = 3−n(n+1)/2(ω̄(1− ω̄µ))nsY2(n+1)(1, . . . , 1, z(µ)). (2.143)

Finally, we note that the Schur function on the right-hand side is a
specialisation of the partition function of a six-vertex model on an
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(n+ 1)× (n+ 1) square grid with domain-wall boundary conditions [115].
The model’s configurations are in bijection with the set of alternating
sign matrices of size n+ 1. This bijection leads to [63]

sY2(n+1)(1, . . . , 1, z(µ)) = 3n(n+1)/2

(ω̄(1− ω̄µ))n

n∑
k=0

A(n+ 1, k + 1)µk. (2.144)

The substitution of this expression into (2.143) ends the proof.

2.3.2 The homogeneous limit of Z̄±
n

In this section, we compute the scalar products

S̄±
n =

(
(⟨↑↑|+ ν⟨↓↓|)⊗n ⊗ (⟨↑| ± ⟨↓|)

)
|ψn⟩ (2.145)

from the homogeneous limit of Z̄±
n . As for the previous section, we divide

this one into three parts. First, we find closed-form expressions for S̄±
n .

Second, we use them to compute and analyse the components (ψn)↓···↓↓
and (ψn)↑···↑↓. Third, we evaluate the trigonometric limit of S̄±

n .

Closed-form expression We use the notation

ν̄ = (ν − ζ)(νζ − 1)
(ζ2 − 1)ν . (2.146)

Furthermore, for each ϵ, ϵ′ = ±, we define

cϵϵ′ = (ζ + ϵ)(ν + ϵ′), dϵ = ν(ζ + ϵ)2, d̄ϵ = ζ(ν + ϵ)2. (2.147)

Theorem 2.3.6. For each k ⩾ 1, the scalar products S̄±
2k and S̄±

2k+1 are
polynomials in ν and ζ, given by

S̄+
2k = νk

2(ν − ζ)(νζ − 1)
(
c2

+−H2(k+1)(J4)H2(k+1)(J3, ν̄)

− c2
−+H2(k+1)(J3)H2(k+1)(J4, ν̄)

)
, (2.148)

S̄−
2k = c+−c−+ν

k

2(ν − ζ)(νζ − 1)
(
H2(k+1)(J4)H2(k+1)(J3, ν̄)

−H2(k+1)(J3)H2(k+1)(J4, ν̄)
)
, (2.149)
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and

S̄+
2k+1 = c−−ν

k

2ζ(ν − ζ)(νζ − 1)
(
d+H2(k+1)H2(k+2)(J3, J4, ν̄)

− d̄+H2(k+1)(ν̄)H2(k+2)(J3, J4)
)
, (2.150)

S̄−
2k+1 = c++ν

k

2ζ(ν − ζ)(νζ − 1)
(
d−H2(k+1)H2(k+2)(J3, J4, ν̄)

− d̄−H2(k+1)(ν̄)H2(k+2)(J3, J4)
)
. (2.151)

Proof. The proof is similar to the proof of Theorem 2.3.1. We divide it
into two parts. The first part consists of establishing the explicit formulas
for the scalar products. In the second part, we show that they define
polynomials in ν and ζ.

Part 1: Explicit formulas. First, we evaluate the scalar products Z̄±
n for

λ1 = · · · = λ2n+1 = 0. Using (2.33), we find

Z±
n (0, . . . , 0) = (−ϑ1(κ, p2)ϑ1(κ+ η, p2))n

×
(
(⟨↑↑|+ ν⟨↓↓|)⊗n ⊗ (⟨↑| ± ⟨↓|)

)
|Ψn(0, . . . , 0)⟩, (2.152)

where
ν = −ϑ4(κ+ η, p2)ϑ4(κ, p2)

ϑ1(κ+ η, p2)ϑ1(κ, p2) . (2.153)

We use Proposition 2.2.7 to write the left-hand side of (2.152) in terms
of X̄±

n . Moreover, we use (2.109) and (2.145) to write the right-hand side
in terms of S̄±

n . Solving for the latter, we obtain

S̄±
n =

(
− ϑ1(η, p2)
ϑ1(κ, p2)ϑ1(κ+ η, p2)

)n

NnX̄
±
n (0, . . . , 0). (2.154)

Second, we replace Nn by its definition and X̄±
n by its explicit form in

terms of the elliptic Tsuchiya determinant, given in Theorem 2.2.15. This
step requires to consider the cases n = 2k and n = 2k + 1 separately. As
in the proof of Theorem 2.3.1, we present the details for n = 2k:

S̄±
2k = pke−2kiη

ϑ1(η)4k2

(
ϑ1(η, p2)

ϑ1(κ, p2)ϑ1(κ+ η, p2)ϑ4(0, p2)

)2k (
ϑ4(0, p2)
ϑ4(η, p2)

)k(2k+1)

×
(
γ±

0 H2(k+1)(0, . . . , 0, β4)H2(k+1)(0, . . . , 0, w(κ+ η
2 ), β3)

+ δ±
0 H2(k+1)(0, . . . , 0, β3)H2(k+1)(0, . . . , 0, w(κ+ η

2 ), β4)
)
. (2.155)
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We now rewrite the elliptic Tsuchiya determinants in terms of the poly-
nomials of Section 2.2.4, using Lemma 2.2.16, and find

S̄±
2k = νk(γ±

0 H2(k+1)(w(β4))H2(k+1)(w(β3), w(κ+ η
2 ))

+ δ±
0 H2(k+1)(w(β3))H2(k+1)(w(β4), w(κ+ η

2 ))
)
. (2.156)

We note that

w(β3) = J3, w(β4) = J4, w(κ+ η
2 ) = (ν − ζ)(ζν − 1)

(ζ2 − 1)ν = ν̄, (2.157)

and

γ+
0 =

c2
+−

2(ν − ζ)(νζ − 1) , δ+
0 = −

c2
−+

2(ν − ζ)(νζ − 1) , (2.158)

γ−
0 = c+−c−+

2(ν − ζ)(νζ − 1) , δ−
0 = − c+−c−+

2(ν − ζ)(νζ − 1) . (2.159)

These relations lead to the expressions for S̄±
2k given above. The derivation

of the expressions for S̄±
2k+1 is similar.

Part 2: Polynomial nature. We now show that S±
n is a polynomial in ν

and ζ, focussing on n = 2k. Using Lemma 2.2.18, it is straightforward to
show that H2(k+1)(Ji) and νkH2(k+1)(Ji, ν̄) are polynomials in ν and ζ

for both i = 3 and i = 4. Hence, S̄±
2k is a ratio of polynomials in ν and

ζ. Its denominator tends to zero if and only if ν → ζ or νζ → 1. The
numerator tends to zero in these limits, too. This is sufficient to conclude
that the ratio is a polynomial in both ν and ζ. The case n = 2k + 1 is
similar albeit slightly more technical.

Finally, we note that this proof relies on the meromorphic parameterisation
(2.153) of ν in terms of κ. Similarly to Theorem 2.3.1, one checks that,
under this parameterisation, any real ν has a point of its preimage in
0 < κ < π. Hence, the theorem holds for all real ν, and, by analytic
continuation, for all complex ν.

Components

Proposition 2.3.7. For each k ⩾ 0, we have

(ψ2k)↓···↓↓ = ζkH2kH2(k+1)(J3, J4), (2.160)
(ψ2k+1)↓···↓↓ = ζk+1H2(k+1)(J3)H2(k+1)(J4), (2.161)
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and

(ψ2k)↑···↑↓ = 1
2ζ

k
(
(1 + ζ)H2k(J3)H2(k+1)(J4) (2.162)

+ (1− ζ)H2k(J4)H2(k+1)(J3)
)
,

(ψ2k+1)↑···↑↓ = 1
2ζ

k
(
(1− ζ2)H2(k+1)H2(k+1)(J3, J4) (2.163)

+H2kH2(k+2)(J3, J4)
)
.

Proof. In terms of the scalar products S̄±
n , we have

(ψn)↓···↓↓ = (−1)n

2 ( S̄+
n

∣∣∣
ν=0

+ S̄−
n

∣∣∣
ν=0

), (2.164)

(ψn)↑···↑↓ = 1
2
(
S̄+

n

∣∣∣
ν=0
− S̄−

n

∣∣∣
ν=0

)
, (2.165)

where we used (ψn)↓···↓↓ = (−1)n(ψn)↑···↑↑ to obtain the first expres-
sion. We compute the scalar products using the explicit expressions of
Theorem 2.3.6. With the help of Lemma 2.2.17, we obtain

S̄+
2k

∣∣∣
ν=0

= ζk−1

2
(
(1 + ζ)2H2k(J3)H2(k+1)(J4) (2.166)

− (1− ζ)2H2k(J4)H2(k+1)(J3)
)
,

S̄−
2k

∣∣∣
ν=0

= ζk−1

2 (1− ζ2)
(
H2k(J3)H2(k+1)(J4) (2.167)

−H2k(J4)H2(k+1)(J3)
)
,

and

S̄+
2k+1

∣∣∣
ν=0

= ζk−1(1− ζ)
2

(
(1 + ζ)2H2(k+1)H2(k+1)(J3, J4) (2.168)

−H2kH2(k+2)(J3, J4)
)
,

S̄−
2k+1

∣∣∣
ν=0

= ζk−1(1 + ζ)
2

(
(1− ζ)2H2(k+1)H2(k+1)(J3, J4) (2.169)

−H2kH2(k+2)(J3, J4)
)
.
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For the components labelled by the polarised spin configuration, we thus
find

(ψ2k)↓···↓↓ = ζk−1

2
(
(ζ + 1)H2k(J3)H2(k+1)(J4) (2.170)

+ (ζ − 1)H2k(J4)H2(k+1)(J3)
)
,

(ψ2k+1)↓···↓↓ = ζk−1

2
(
H2kH2(k+2)(J3, J4) (2.171)

− (1− ζ2)H2(k+1)H2(k+1)(J3, J4)
)
,

for n = 2k and n = 2k + 1, respectively. We simplify these expressions
with the help of the bilinear identities of Lemma 2.2.19. Indeed, we rewrite
(2.170) by using (2.106) with w1, . . . , w2k−1 = 0 and x = J3, y = J4, u =
v = 0. To simplify (2.171), we use the identity (2.107), specialised to
w1, . . . , w2k = 0 and x = J3, y = J4, u = v = 0. These simplifications
lead to the expressions (2.160) and (2.161).

For the components labelled by the almost-polarised spin configuration,
the substitution yields (2.162) and (2.163).

It follows that the components (ψn)↓···↓↓ and (ψn)↑···↑↓ are polynomials
in ζ with integer coefficients. In the next proposition, we provide the
coefficients of their lowest-order and highest-order terms. They follow
from the evaluations [111]

H2(k+1)(J3, J4)
∣∣∣
ζ=0

= AV(2k + 1), (2.172a)

H2k(J3)|ζ=0 = H2k(J4)|ζ=0 = N8(2k), (2.172b)

and from Lemma 2.2.18, respectively.

Proposition 2.3.8. For each k ⩾ 0, we have

(ψ2k)↓···↓↓ = AV(2k + 1)2ζk + · · ·+ ζk(2k+1), (2.173)

(ψ2k+1)↓···↓↓ = N8(2k + 2)2ζk+1 + · · ·+ ζ(k+1)(2k+1), (2.174)

and, where · · · denotes intermediate powers of ζ, and

(ψ2k)↑···↑↓ = N8(2k)N8(2k + 2)ζk + · · · , (2.175)
(ψ2k+1)↑···↑↓ = AV(2k + 1)AV(2k + 3)ζk + · · · , (2.176)

where · · · denotes higher powers of ζ.
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The coefficient of the highest-order term of (ψn)↑···↑↓ is rather difficult to
compute. The reason is a non-trivial cancellation between several of the
leading powers of the two terms on the right-hand sides of (2.162) and
(2.163). For small n, we observe that the coefficient of the highest-order
term is given by the n-th Catalan number C(n) = 1

n+1
(2n

n

)
, but we have

no proof for arbitrary n.

The trigonometric limit Finally, we compute the trigonometric
limit of S̄±

n . It yields simple polynomials in ν, in sharp contrast to
the trigonometric limit of Sn discussed above. Despite their simplicity,
we have not found them in the literature on the XXZ spin chain at
∆ = −1/2.

Proposition 2.3.9. For each k ⩾ 0, we have

S̄+
2k

∣∣∣
ζ=0

= 2AV(2k + 1)N8(2(k + 1))νk, S̄−
2k

∣∣∣
ζ=0

= 0, (2.177)

and
S̄±

2k+1

∣∣∣
ζ=0

= −AV(2k + 3)N8(2(k + 1))(ν ∓ 1)νk. (2.178)

Proof. We use (2.172) to evaluate the closed-form expressions found in
Theorem 2.3.6 for ζ = 0. The evaluation of S̄±

2k is straightforward and leads
to (2.177). The evaluation of S̄±

2k+1 leads, however, to a singular expression.
To compute it, we use the bilinear identity (2.106) of Lemma 2.2.19 with
w1 = · · · = w2k−1 = 0. Setting x = J3, y = J4, u = ν̄, v = 0, we obtain

H2(k+1)(J3, J4)H2k(ν̄) = 1
2ν
(
(1 + (1− ζ)ν + ν2)H2(k+1)(J4, ν̄)H2k(J3)

− (1− (1 + ζ)ν + ν2)H2(k+1)(J3, ν̄)H2k(J4)
)
. (2.179)

Likewise, setting x = J3, y = J4, u = 0, v = ν̄, we find

H2(k+1)(J3, J4, ν̄)H2k

= ζ

2ν2(ζ2 − 1)
(
(ν − 1)2(1 + (1− ζ)ν + ν2)H2(k+1)(J3, ν̄)H2k(J4)

− (ν + 1)2(1− (1 + ζ)ν + ν2)H2(k+1)(J4, ν̄)H2k(J3)
)
. (2.180)
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Applying these relations allows us to simplify the scalar products to

S̄+
2k+1 = νk−1(ν − 1)

2
(
(1 + ν2)H2(k+1)(J4)H2(k+2)(J3, ν̄)

− (1 + ν)2H2(k+1)(J3)H2(k+2)(J4, ν̄)
)
, (2.181)

and

S̄−
2k+1 = νk−1(ν + 1)

2
(
(1− ν)2H2(k+1)(J4)H2(k+2)(J3, ν̄)

− (1 + ν2)H2(k+1)(J3)H2(k+2)(J4, ν̄)
)
. (2.182)

These expressions are non-singular for ζ = 0. We evaluate them with the
help of (2.172), which leads to (2.178).

2.3.3 The sums of components

In this section, we compute the sum of the components of the vectors
|ψn⟩ and |ψ̄n⟩, given by

Σn =
∑
α

(ψn)α, Σ̄n =
∑
α

(ψ̄n)α, (2.183)

respectively. It is possible to find closed-form expressions for these sums
from the homogeneous limit of a scalar product for the inhomogeneous
supersymmetric eight-vertex model. To find these scalar products, one
needs to follow the strategy of Section 2.2, but with a different solution
to the boundary Yang-Baxter equation [127]. Here, we present a different
approach that exploits the relation between the eight-vertex model and
the XYZ spin chain.

XYZ spin chain and parameter range Recall the XYZ Hamiltonian
H ∈ End(C2)⊗N defined in Section 1.3. For η = 2π/3, its anisotropy
parameters Ji are given by (2.112), i = 2, 3, 4. Furthermore, we introduce

E0 = −(2n+ 1)(3 + ζ2)
4(1− ζ2) . (2.184)

The vectors |ψn⟩ and |ψ̄n⟩ span the one-dimensional spaces of solutions
of the eigenvalue problems

H|ψ⟩ = E0|ψ⟩, F |ψ⟩ = (−1)n|ψ⟩, (2.185)
H|ψ⟩ = E0|ψ⟩, F |ψ⟩ = (−1)n+1|ψ⟩, (2.186)
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where |ψ⟩ ∈ (C2)⊗(2n+1), respectively [85]. We note that the Hamiltonian’s
eigenvalue E0 has multiplicity 2. For 0 < ζ < 1 (and even −1 < ζ < 1),
it is its ground-state eigenvalue.

We now use the connection to the spin chain to characterise the vectors
as functions of ζ:

Lemma 2.3.10. The vectors |ψn⟩ and |ψ̄n⟩ are rational functions of ζ.

Proof. The space of the solution of the eigenvalue problem (2.185) is
one-dimensional. Hence, if one fixes one component of |ψ⟩ then all other
components follow from basic linear algebra. For the solution |ψn⟩, we
have shown in Propositions 2.3.2 and 2.3.3 that the component (ψn)↑↓···↑↓↑
is a non-vanishing polynomial in ζ. Since both H and E0 are rational
functions of ζ, all the components of |ψn⟩ are therefore rational in ζ. The
rationality of |ψ̄n⟩ follows from the relation |ψ̄n⟩ = P |ψn⟩.

This lemma allows us to consider the vectors |ψn⟩ and |ψ̄n⟩ not only as
rational functions on the interval 0 < ζ < 1 but on the real line, forgetting
about the initial parameterisation (1.30). We adopt this point of view in
the following and note that the vectors span the eigenspace of E0 for all
ζ. The following lemma gives the behaviour of |ψn⟩ for large ζ:

Lemma 2.3.11. As ζ →∞, we have

|ψn⟩ = ζn(n+1)/2 (|↓ · · · ↓⟩+ (−1)n|↑ · · · ↑⟩+ o(1)) . (2.187)

Proof. For ζ →∞, the eigenvalue problem (2.185) becomes

1
4

(2n+1∑
i=1

σ3
i σ

3
i+1

)
|ψ⟩ = 2n+ 1

4 |ψ⟩, F |ψ⟩ = (−1)n|ψ⟩. (2.188)

The space of its solutions is spanned by |ψ⟩ = |↓ · · · ↓⟩+ (−1)n|↑ · · · ↑⟩.
By Lemma 2.3.10, |ψn⟩ is a rational function of ζ. We conclude that there
are an integer dn and a complex number an such that

|ψn⟩ = anζ
dn (|↓ · · · ↓⟩+ (−1)n|↑ · · · ↑⟩+ o(1)) , (2.189)

It follows from Proposition 2.3.8 that an = 1 and dn = n(n+ 1)/2.
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The sums of components We now compute Σn and Σ̄n. Using the
spin-reversal properties F |ψn⟩ = (−1)n|ψn⟩ and F |ψ̄n⟩ = (−1)n+1|ψ̄n⟩,
we find the trivial results

Σ2k+1 = 0, Σ̄2k = 0, (2.190)

for each k ⩾ 0. We are going to show that Σ2k and Σ̄2k+1 are, however,
quite non-trivial. To this end, it will be useful to write them as follows:

Σn = 2n+1/2⟨↑ · · · ↑|U |ψn⟩, Σ̄n = 2n+1/2⟨↓ · · · ↓|U |ψn⟩. (2.191)

Here, U = 2−N/2∏N
j=1(1 + iσ2

j ) is an orthogonal operator on (C2)⊗N . In
the next lemma, we compute the action of U on the vector |ψn⟩ = |ψn(ζ)⟩.

Lemma 2.3.12. For each n ⩾ 0, we have

U |ψn(ζ)⟩ = Bn(ζ)
(
|ψn(ζ ′)⟩+ (−1)n+1|ψ̄n(ζ ′)⟩

)
, (2.192)

where ζ ′ = (ζ + 3)/(ζ − 1), and

Bn(ζ)2 = ∥ψn(ζ)∥2

2∥ψn(ζ ′)∥2 . (2.193)

Proof. First, we write H = H(ζ) and E0 = E0(ζ) for the XYZ Hamil-
tonian (1.28) and its special eigenvalue (2.184). One checks that they
satisfy the relations

H(ζ ′)U =
(
ζ − 1

2

)
UH(ζ), E0(ζ ′) =

(
ζ − 1

2

)
E0(ζ). (2.194)

It follows from these relations that U |ψn(ζ)⟩ is an eigenvector of the Hamil-
tonian H(ζ ′) associated to the eigenvalue E0(ζ ′). Since the corresponding
eigenspace is spanned by |ψn(ζ ′)⟩ and |ψ̄n(ζ ′)⟩, we may write

U |ψn(ζ)⟩ = Bn(ζ)|ψn(ζ ′)⟩+ B̄n(ζ)|ψ̄n(ζ ′)⟩, (2.195)

where Bn(ζ), B̄n(ζ) are coefficients.

Second, we compute the scalar product of both sides of this equality with
the basis vectors |↑ · · · ↑⟩ and |↓ · · · ↓⟩. Using (2.191), we find

Σn = 2n+1/2
(
Bn(ζ)ψn(ζ ′)↑···↑ + B̄n(ζ)ψ̄n(ζ ′)↑···↑

)
(2.196a)

= 2n+1/2(Bn(ζ)− B̄n(ζ))ψn(ζ ′)↑···↑, (2.196b)

Σ̄n = 2n+1/2
(
Bn(ζ)ψn(ζ ′)↑···↑ + B̄n(ζ)ψ̄n(ζ ′)↑···↑

)
(2.196c)

= 2n+1/2(Bn(ζ) + B̄n(ζ))ψn(ζ ′)↓···↓. (2.196d)
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Here, we applied the relations (ψ̄n)↑···↑ = −(ψn)↑···↑, (ψ̄n)↓···↓ = (ψn)↓···↓,
which straightforwardly follow from |ψ̄n⟩ = P |ψn⟩. We now combine
(2.190) with (2.196), and use the fact that the components labelled by
the polarised spin configurations do not identically vanish (which follows
from Proposition 2.3.8). This leads to

B̄2k(ζ) = −B2k(ζ), B̄2k+1(ζ) = B2k+1(ζ), (2.197)

for each k ⩾ 0. Hence, we obtain (2.192).

Third, we compute the scalar product of each side of (2.192) with itself.
Using the fact that U is orthogonal, as well as ⟨ψ̄n(ζ ′)|ψn(ζ ′)⟩ = 0 and
∥ψ̄n(ζ ′)∥2 = ∥ψn(ζ ′)∥2, we obtain (2.193).

It is clear from this lemma why we need the continuation of |ψn⟩ to
values of ζ outside the range 0 < ζ < 1. Indeed, if ζ is in this range
then −∞ < ζ ′ < −3. Moreover, the lemma shows that to find an
explicit formula for the sums of components we need the square norm of
the ground-state vector |ψn⟩. One of the main results of [111] are the
expressions

||ψ2k||2 = 22k+1H2kH2(k+1)(J2, J3) (2.198a)
H2(k+1)(J3, J4)H2(k+1)(J2, J4),

||ψ2k+1||2 = 22(k+1)H2(k+1)(J2)H2(k+1)(J3) (2.198b)
×H2(k+1)(J4)H2(k+2)(J2, J3, J4),

for each k ⩾ 0. We use them to obtain the following result:

Proposition 2.3.13. For each k ⩾ 0, we have

Σ2k = 2k+1(ζ + 3)kH2kH2(k+1)(J2, J3), (2.199)
Σ̄2k+1 = 2k+1(ζ + 3)k+1H2(k+1)(J2)H2(k+1)(J3). (2.200)

Proof. The scalar product of (2.192) and the basis vectors |↑ · · · ↑⟩ and
|↓ · · · ↓⟩ implies

Σ2k = 22k+3/2B2k(ζ)ψ2k(ζ ′)↓···↓, (2.201)

Σ̄2k+1 = 22k+5/2B2k+1(ζ)ψ2k+1(ζ ′)↓···↓. (2.202)
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To find these two expressions, we used (ψ̄n)↑···↑ = −(ψn)↑···↑, (ψ̄n)↓···↓ =
(ψn)↓···↓, as well as (ψ2k)↑···↑ = (ψ2k)↓···↓. We compute the coefficients
B2k(ζ) and B2k+1(ζ) in these expressions by applying the transformation
property of Lemma 2.2.20 to the square norms (2.198). We find

B2k(ζ) = b2k

21/2

(
ζ − 1

2

)k(2k+1)
, (2.203)

B2k+1(ζ) = b2k+1
21/2

(
ζ − 1

2

)(k+1)(2k+1)
, (2.204)

where b2k, b2k+1 = ±1 are signs that we fix below. Moreover, using
Lemma 2.2.20 and Proposition 2.3.7, we obtain

ψ2k(ζ ′)↓···↓ =
(
ζ + 3
ζ − 1

)k ( 2
ζ − 1

)2k2

H2kH2(k+1)(J2, J3), (2.205)

ψ2k+1(ζ ′)↓···↓ =
(
ζ + 3
ζ − 1

)k+1 ( 2
ζ − 1

)2k(k+1)
H2kH2(k+1)(J2, J3).

Hence, the sums of components are

Σ2k = b2k2k+1(ζ + 3)kH2kH2(k+1)(J2, J3), (2.206)
Σ̄2k+1 = b2k+12k+1(ζ + 3)k+1H2(k+1)(J2)H2(k+1)(J3). (2.207)

To find the signs b2k and b2k+1, we consider the limit ζ → ∞. On the
one hand, Lemma 2.2.18 implies

H2k = ζk(k−1)(1 + o(1)), H2k(J2) = 21−kζk(k−1)(1 + o(1)),

H2k(J3) = ζk(k−1)(1 + o(1)), H2k(J2, J3) = 21−kζk(k−1)(1 + o(1)),

and therefore

Σ2k = 2b2kζ
k(2k+1)(1 + o(1)), (2.208)

Σ̄2k+1 = 2b2k+1ζ
(k+1)(2k+1)(1 + o(1)). (2.209)

On the other hand, it follows from Lemma 2.3.11 that

Σ2k = 2ζk(2k+1)(1 + o(1)), Σ̄2k+1 = 2ζ(k+1)(2k+1)(1 + o(1)). (2.210)

We compare the coefficients of the leading terms and conclude that
b2k = b2k+1 = 1.
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Proposition 2.3.13 implies that the sums of components are polynomials
in the parameter ζ with integer coefficients. As for the components studied
in Sections 2.3.1 and 2.3.2, we compute the coefficients of its lowest-
and highest-order term. For the lowest-order term, we recall the number
ADAD(2n+ 1) of diagonally and anti-diagonally symmetric alternating
sign matrices of size 2n+ 1 given in (1.40).

Proposition 2.3.14. For each k ⩾ 0, we have

Σ2k = 2ADAD(4k + 1) + · · ·+ 2ζk(2k+1), (2.211)

Σ̄2k+1 = 2ADAD(4k + 3) + · · ·+ 2ζ(k+1)(2k+1). (2.212)

Proof. Both the coefficient and the exponent of the highest-order term
follow from (2.210). To find the coefficient of the lowest-order term, we
compute the sums of components for ζ = 0:

Σ2k|ζ=0 = 2k+13k H2k|ζ=0 H2(k+1)(J2, J3)
∣∣∣
ζ=0

, (2.213)

Σ̄2k+1
∣∣∣
ζ=0

= 2k+13k+1 H2(k+1)(J2)
∣∣∣
ζ=0

H2(k+1)(J3)
∣∣∣
ζ=0

. (2.214)

To evaluate these expressions, we need (2.129) and (2.172), as well as [111]

H2k(J2, J3)|ζ=0 = 2−kA
(2)
UU(4n; 1, 1, 1), (2.215)

where the numbers [114]

A
(2)
UU(4n; 1, 1, 1) = 22n

n∏
i=1

(6i− 1)(6i− 3)!
(2(n+ i))! (2.216)

appear in the enumeration of alternating sign matrices with two U -turn
boundaries (see Section 1.4). The final expression for the lowest-order
coefficient is a result of the combinatorial identities

ADAD(4k + 1) = 3kAV(2k + 1)A(2)
UU(4k; 1, 1, 1), (2.217)

ADAD(4k + 3) = 3k+1N8(2(k + 1))A(2k + 1)/AV(2k + 1). (2.218)

They follow, for example, from a factorisation of Schur functions into
symplectic and orthogonal characters discussed in [117].

We note that the lowest-order term also follows from a rigorous result on
the six-vertex model [128].
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2.3.4 Discussion

In this section, we consider the eigenvalue problem

H|ϕ⟩ = E0|ϕ⟩, P |ϕ⟩ = |ϕ⟩, |ϕ⟩ ∈ (C2)⊗(2n+1), (2.219)

for the XYZ Hamiltonian (1.28). Its space of solutions is one-dimensional
[85]. We work with the solution

|ϕn⟩ = 1
2
(
|ψn⟩+ |ψ̄n⟩

)
. (2.220)

Our goal is to compare our results for |ϕn⟩ to several conjectures by
Bazhanov and Mangazeev [73], and Razumov and Stroganov [71], on
their solutions, which we denote by |ϕBM

n ⟩ and |ϕRS
n ⟩, respectively. We

refer to these conjectures as BM-Conjectures and RS-Conjectures. The
comparison to our results suggests that |ϕBM

n ⟩ = |ϕRS
n ⟩ = |ϕn⟩, but this

conclusion remains non-rigorous (even if we admit Conjecture 2.1.1).
The main reason is that the normalisation conventions for |ϕBM

n ⟩ and
|ϕRS

n ⟩ differ from the one for |ϕn⟩. We recall the normalisation of |ϕn⟩
is implicitly fixed by (2.16) and (2.17), and by the homogeneous limit
(2.109) and (2.110). In the case of Bazhanov and Mangazeev’s work,
another reason is that the exact link between the families of polynomials
they use and ours is still lacking.

The BM-Conjectures The vector |ϕBM
n ⟩ is normalised so that its

components are polynomials in ζ without a common polynomial factor.
This fixes the vector up to an overall numerical factor. Its value is set by
the additional requirement

(ϕBM
2k )↑···↑︸︷︷︸

2k

↓···↓︸︷︷︸
2k+1

∣∣∣
ζ=0

= 1, (ϕBM
2k+1)↑···↑︸︷︷︸

2k+2

↓···↓︸︷︷︸
2k+1

∣∣∣
ζ=0

= 1. (2.221)

Bazhanov and Mangazeev formulate their conjectures on |ϕBM
n ⟩ in terms

of two families of polynomials sn(z), s̄n(z), where n ∈ Z, with integer
coefficients. These polynomials are solutions to a difference-differential
equation [73]. The polynomials sn(z) are conjectured to possess the
factorisation properties

s2k+1(y2) = c̄2k+1pk(y)pk(−y), (2.222a)
s2k(y2) = c̄2kp̄k+1(y)qk−1(y), (2.222b)
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for each k ∈ Z. Here, pk(y), qk(y) are polynomials with integer coefficients,
and c̄n are known constants. Moreover, we use the abbreviation

p̄k(y) =
(1 + 3y

2

)k(k−1)
p−k

(
y − 1
1 + 3y

)
. (2.223)

In his investigations of BM-Conjecture 1, Zinn-Justin [111] observed for
small k the relations

H2k = ζk(k−1)qk−1(ζ−1), (2.224a)

2k−1H2k(J2, J3, J4) = ζk(k−1)q−k(ζ−1), (2.224b)

and

H2k(J2) = ζk(k−1)p̄−k+1
(
ζ−1

)
, (2.224c)

H2k(J3/4) = ζk(k−1)pk−1
(
±ζ−1

)
, (2.224d)

2k−1H2k(J2, J3/4) = ζk(k−1)p−k

(
∓ζ−1

)
, (2.224e)

2k−1H2k(J3, J4) = ζk(k−1)p̄k(ζ−1). (2.224f)

We assume that they hold for arbitrary k, and use them to discuss
BM-Conjecture 2, 3 and 4.

BM-Conjecture 3 provides the explicit expression

(ϕBM
n )↓···↓ = ζn(n+1)/2sn(ζ−2) (2.225)

for the component labelled by a polarised spin configuration. Using
Proposition 2.3.7, we obtain the same component for the vector |ϕn⟩. For
each k ⩾ 0, we have

(ϕ2k)↓···↓ = ζkH2kH2(k+1)(J3, J4), (2.226)
(ϕ2k+1)↓···↓ = ζk+1H2(k+1)(J3)H2(k+1)(J4). (2.227)

From the factorisation properties (2.222), the relations (2.224), and
c̄2k+1 = 1, c̄2k = 2−k for k ⩾ 0 [73], we conclude that

(ϕBM
n )↓···↓ = (ϕn)↓···↓. (2.228)

Likewise, BM-Conjecture 4 gives an explicit expression for the component
labelled by an alternating spin configuration: for each k ⩾ 0,

(ϕBM
2k )↑↓···↑↓↓ = 2kζ2k(k−1)p̄−(k−1)(ζ−1)qk−1(ζ−1), (2.229a)

(ϕBM
2k+1)↑↑↓···↑↓ = 2kζ2k2

p̄−k(ζ−1)qk−1(ζ−1). (2.229b)
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Similarly, we infer from Proposition 2.3.2 (and from the invariance of
|ϕn⟩ under translations [85]) the components

(ϕ2k)↑↓···↑↓↓ = 2kH2kH2k(J2), (2.230)
(ϕ2k+1)↑↑↓···↑↓ = 2kH2kH2(k+1)(J2). (2.231)

We use (2.224) to compare these expressions to (2.229), and find

(ϕBM
2k )↑↓···↑↓↓ = (ϕ2k)↑↓···↑↓↓, (ϕBM

2k+1)↑↑↓···↑↓ = (ϕ2k+1)↑↑↓···↑↓. (2.232)

Since the space of solutions to the eigenvalue problem (2.219) is one-
dimensional, the equalities (2.228) and (2.232) suggest that |ϕBM

n ⟩ = |ϕn⟩.
A proof of this equality would imply that all the components of |ϕn⟩ are
polynomials in ζ. This proof is, however, beyond the scope of this thesis.
Nonetheless, it is interesting to explore the consequences of this equality.
In BM-Conjecture 2, Bazhanov and Mangazeev claim that(

ϕBM
n

)
↑···↑↓

= 1
2n+ 1ζ

n(n−1)/2s̄n(ζ−2). (2.233)

We obtain the corresponding component of |ϕn⟩ from Proposition 2.3.7.
For k ⩾ 0, we find

(ϕ2k)↑···↑↓ = 1
2ζ

k
(
(1 + ζ)H2k(J3)H2(k+1)(J4) (2.234)

+ (1− ζ)H2k(J4)H2(k+1)(J3)
)
,

(ϕ2k+1)↑···↑↓ = 1
2ζ

k
(
(1− ζ2)H2(k+1)H2(k+1)(J3, J4) (2.235)

+H2kH2(k+2)(J3, J4)
)
,

respectively. We match these expressions to (2.233) and find, for k ⩾ 0,

s̄2k(y2) = (4k + 1)
2y2k+1 ((1 + y)pk−1(y)pk(−y)− (1− y)pk−1(−y)pk(y)),

s̄2k+1(y2) = (4k + 3)
(2y2)k+1

(
(y2 − 1)qk(y)p̄k+1 (y) + 1

2qk−1(y)p̄k+2 (y)
)
.

These relations resemble the factorisations (2.222) for sn(y2). To our best
knowledge, they have not been reported in the literature.
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The RS-Conjectures The vector |ϕRS
n ⟩ is normalised so that its

components are polynomials in ζ without a common polynomial factor,
too.5 Razumov and Stroganov argue that this normalisation convention
implies that the component of highest degree is (ϕRS

n )↓···↓. According to
RS-Conjecture 4.2, its highest-order term is

(ϕRS
n )↓···↓ = anζ

n(n+1)/2 + · · · , (2.236)

where an is non-zero and · · · denotes lower-order terms. Razumov and
Stroganov consider an = 1, which fixes the remaining overall numerical
factor in their normalisation. By RS-Conjecture 4.4, this choice implies

(ϕRS
2k )↓···↓ = AV(2k + 1)2ζk + · · ·+ ζk(2k+1), (2.237)

(ϕRS
2k+1)↓···↓ = N8(2k + 2)2ζk+1 + · · ·+ ζ(k+1)(2k+1), (2.238)

Using Proposition 2.3.8, we find exactly the same expressions for the
components (ϕ2k)↓···↓ and (ϕ2k+1)↓···↓, which suggests (but does not prove)
the equality |ϕRS

n ⟩ = |ϕn⟩. Another property supporting this equality is
the sum rule∑

α

(ϕRS
n (ζ))α = 2−n(n−1)/2(ζ − 1)n(n+1)/2(ϕRS

n (ζ ′))↓···↓, (2.239)

where ζ ′ = (ζ + 3)/(ζ − 1), which is formulated in RS-Conjecture 5.2.
It, indeed, holds for |ϕn⟩ as well, which straightforwardly follows from
Proposition 2.3.13 and its proof.

2.4 Conclusion

In this chapter, we have investigated several scalar products involving
a particular eigenvector of the transfer matrix of the inhomogeneous
supersymmetric eight-vertex model with periodic boundary conditions.
We have found explicit expressions for them in terms of the elliptic
Tsuchiya determinant. In the homogeneous limit, they allowed us to
compute the scalar products Sn and S̄±

n involving the basis vectors
|ψn⟩, |ψ̄n⟩ of the eigenspace for the transfer-matrix eigenvalue Θn of the

5Razumov and Stroganov do not explicitly mention the absence of a common
polynomial factor, but this assumption appears to be implicit in their work.
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homogeneous eight-vertex model. Our main results are Theorems 2.3.1
and 2.3.6. They provide new and explicit expressions for these scalar
products in terms of special polynomials introduced by Zinn-Justin and
Rosengren. We have used them to compute several components of the
basis vectors, as well as the sum of their components, establish their
polynomial nature and compute their trigonometric limit.

We now discuss several open problems and generalisations of the present
work. First, our results assume that Conjecture 2.1.1 holds. The proof of
this conjecture remains a challenge, which would undoubtedly provide
even more insight into the properties of the eigenvector |Ψn⟩ and its
homogeneous limit. Second, the comparison of our results to the investiga-
tions of Bazhanov and Mangazeev [73], and Razumov and Stroganov [71],
strongly suggests that all the components of |ψn⟩ are polynomials in ζ

with integer coefficients. Proving the polynomial nature in ζ would be
a step forward to settling most (if not all) of their conjectures. Third,
we observe for small n that the integer coefficients of the powers of ζ
in a given component of |ψn⟩ all have the same sign. This observation
suggests that they could have a combinatorial meaning. We note that
Hietala has recently found a combinatorial interpretation of the polyno-
mials H2k, H2k(J3) and H2k(J4), in terms of a partition function of the
three-colour model [82,83]. Similar results for H2k(J2), H2k(Ji, Jj), . . .
remain to be found. Fourth, the results of this chapter suggest that an
exact finite-size computation of the emptiness or boundary emptiness
formation probability for the supersymmetric eight-vertex model could
be possible. In the trigonometric limit, these correlation functions are
known [128,129]. Recently, Hagendorf and Rosengren made progress in
this regard by computing nearest-neighbour correlation functions [77].
Finally, we mention that there is a conjecture for a simple eigenvalue of
the transfer matrix of the inhomogeneous supersymmetric eight-vertex
model with open boundary conditions [130]. A characterisation of its
eigenspace, similar to Conjecture 2.1.1, is still to be found.



Chapter 3

Higher-spin elliptic models

Recall that the microscopic degrees of freedom of vertex models are
labels, or spins, located on the lattice edges. So far, these spins have
taken the binary values ±1. It is this feature that characterises the 6V
and 8V models as spin-1/2 models. One natural way to generalise them
would be to allow the spins to take a broader range of values. Doing so
in a prescribed way leads to higher-spin vertex models. Let ℓ ∈ N∗, one
describes a spin-ℓ/2 vertex model on the lattice by considering spins in

{−ℓ,−ℓ+ 2, . . . , ℓ− 2, ℓ} . (3.1)

To fully define the model, one then has to assign statistical weights, as
prescribed by statistical mechanics.

In the algebraic formulation, the higher-spin vertex models can be con-
structed from R-matrices, solutions to the Yang-Baxter equation. The
fusion procedure offers a systematic way to build them, starting from a
spin-1/2 R-matrix [86–88].

To this day, higher-spin versions of elliptic integrable models remain less
understood than their trigonometric counterparts [54, 92, 93, 131–136]. In
this thesis, we shall be particularly interested in the spin-1 generalisation
of the 8V model, the forty-one-vertex (41V) model, as well as its related
spin-1 XYZ chain.

Throughout our study of the periodic eight-vertex model, we have come
across many intriguing properties. First, we witnessed the existence of

77
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a remarkably simple eigenvalue for its transfer matrix [85]. Second, we
noted that the related eigenvectors display surprising connections to
supersymmetry [84], and special polynomials related to combinatorics
[78–81,111]. The catch is: all these elegant features occur only for η = 2π/3,
and for odd system sizes N = 2n+ 1.

The question that naturally arises is: how do these properties generalise
to the 41V model? The work of [136] suggests that the quasi-periodic
41V transfer matrix could possess a remarkably simple eigenvalue for any
value of its crossing parameter and any system size. Moreover, Hagendorf
proved the supersymmetric nature of the associated eigenvector. In its
components, he also observed the polynomials H2m(w1, . . . , w2m), as
well as combinatorial properties [136]. Although promising, these initial
results are, for the most part, conjectural. Thus, one of our goals for
the remainder of this thesis is the rigorous analysis of the remarkable
eigenvalue of the quasi-periodic 41V model, and its related eigenspace.

Finally, it is worth pointing out that a similar investigation was successfully
performed on the trigonometric limit of the 41V model. Among other
results, Hagendorf and Morin-Duchesne established relations between
special eigenvectors of the quasi-periodic nineteen-vertex (19V) model
and generating functions of symmetry classes of ASMs [92].

The chapter is structured as follows: in Section 3.1, we get acquainted with
the two higher-spin vertex models that shall be our focus, the forty-one-
and eighteen-vertex models. After describing them on the lattice, we move
on to the construction of their R-matrices via the fusion procedure. We
consider these models with quasi-periodic boundary conditions along the
horizontal direction, and define their transfer matrices. Incidentally, the
matrices commute, and can thus be diagonalised simultaneously. Through
simple algebraic arguments, we show that they possess remarkably simple
eigenvalues. In Section 3.2, we introduce a spin-1 XYZ chain. We show
how its Hamiltonian relates to the transfer matrix of the 41V model.
Furthermore, we prove that it possesses the eigenvalue E = 0. Finally,
we provide conjectures regarding the degeneracy of this eigenvalue and
its position within the spectrum.
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3.1 The eighteen- and forty-one-vertex models

Higher-spin elliptic vertex models One can easily generalise the
definition of the 8V model of Section 1.1 in order to describe higher-spin
elliptic vertex models. Let ℓ ∈ N∗, to define the spin-ℓ/2 model, we allow
the spins located on each lattice edge to take values in

{−ℓ,−ℓ+ 2, . . . , ℓ− 2, ℓ} . (3.2)

The interactions remain local and governed by the generalised ice rule.
That means that, around a vertex

γα
δ

β

, (3.3)

the following relation holds:

α+ β ≡ γ + δ (mod 4), (3.4)

with α, β, γ, δ ∈ {−ℓ,−ℓ+ 2, . . . , ℓ− 2, ℓ}.

In the remainder of this thesis, we shall be particularly interested in
spin-1 models. For ℓ = 2, the ice rule allows for forty-one local vertex
configurations. Thus, the resulting model is called forty-one-vertex model.
Similarly to the 8V model, there exists a graphical representation for
vertices in terms of arrows. It follows from the dictionary

2 : , , 0 : , , −2 : , . (3.5)

See Figures 3.1 and 3.4 for examples.

Figure 3.1: A configuration of the
41V model

Figure 3.2: A configuration of the
18V model
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Mixed-spin vertex models One can generalise even further by con-
sidering hybrid models that use two different types of spin. Let m,n ∈ N∗,
we allow the spins on the horizontal, and vertical, edges to take values in

{−m, . . . ,m− 2,m} , and {−n, . . . , n− 2, n} , (3.6)

respectively. The generalised ice rule still applies. Clearly, for m = n,
one just gets back the spin-m/2 model as described above. In our work
below, we shall encounter the mixed-spin model with (m,n) = (1, 2). In
this case, eighteen possible local vertex configurations are allowed (see
Figure 3.3). The resulting model thus bears the name of eighteen-vertex
model. Figure 3.2 depicts an example of configuration of the 18V model.

3.1.1 Fusion of the eight-vertex model

The fusion procedure is a way to systematically build a family of R-
matrices, R(m,n)(λ) acting on Cm+1 ⊗ Cn+1, that fulfil the YBE [86,87]:

R
(m,n)
12 (λ12)R(m,p)

13 (λ13)R(n,p)
23 (λ23)

= R
(n,p)
23 (λ23)R(m,p)

13 (λ13)R(m,n)
12 (λ12), (3.7)

with m,n, p ∈ N∗. The construction relies on the existence of an elemen-
tary R-matrix, typically R(1,1)(λ), with appropriate degeneration points,
i.e. values of λ for which the matrix does not have maximal rank.

The goal of this section is to review the work of [89]. We choose our
elementary R-matrix to be that of the 8V model. We use the fusion
procedure to define the matrices R(1,2)(λ) and R(2,2)(λ) from it. These
matrices allow one to assign statistical weights to the vertices of the 18V
and 41V models described above.

We start this section with an explanation of our notations and conventions,
then we move on to the fusion procedure. Afterwards, we state some
useful properties and symmetries of the new R-matrices.

Notations and conventions The Hilbert space of a single spin-1 is
C3. We label the elements of its canonical basis as

|⇑⟩ =

1
0
0

 , |0⟩ =

0
1
0

 , |⇓⟩ =

0
0
1

 . (3.8)
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We refer to the tensor product space (C3)⊗N as the spin space. It possesses
the basis vectors

|α1 · · ·αN ⟩ = |α1⟩ ⊗ · · · ⊗ |αN ⟩ , αi ∈ {⇑, 0,⇓}, i = 1, . . . , N. (3.9)

To describe the interactions and properties of the models, we use the
following spin operators, obtained from the spin-1 representation of su(2):

s1 = 1√
2

0 1 0
1 0 1
0 1 0

 , s2 = 1√
2

0 −i 0
i 0 −i
0 i 0

 , s3 =

1 0 0
0 0 0
0 0 −1

 .
We also define the spin-1 twists,

Ω1 = −

0 0 1
0 1 0
1 0 0

 , Ω2 =

0 0 1
0 −1 0
1 0 0

 , Ω3 =

−1 0 0
0 1 0
0 0 −1

 .
(3.10)

We refer to Ω1,2,3 as the anti-diagonal, mixed and diagonal twist, respec-
tively. Furthermore, we denote by sa

i the operator sa, a = 1, 2, 3, acting
on the i-th factor C3 of the spin space,

sa
i = I⊗ · · · ⊗ I︸ ︷︷ ︸

i−1

⊗sa ⊗ I⊗ · · · ⊗ I︸ ︷︷ ︸
N−i

, i = 1, . . . , N. (3.11)

Finally, we follow the conventions of Appendix A.1 for the Jacobi theta
functions. In particular, we use the shorthand notations

ϑi(0) = ϑi, ϑi(z, p2) = ϑi(z|2ω) = ϑ̂i(z), ϑ̂i(0) = ϑ̂i, (3.12)

for i = 1, . . . , 4. Throughout our work, we often omit the computational
steps that rely on the application of identities between Jacobi theta
functions.

R-matrix of the 8V model We choose the elementary matrixR(1,1)(λ)
as the R-matrix of the 8V model. We opt for the following convention:

R(1,1)(λ) = ρR(λ), ρ = 2
ϑ2ϑ̂4

, (3.13)
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where R(λ) is as in (1.16). As a preliminary step to fusion, we describe
several useful properties of R(1,1)(λ).

First, we note that the R-matrix fulfils the YBE (3.7) for (m,n, p) =
(1, 1, 1). Second, it obeys the symmetry:

[R(1,1)
12 (λ), σa

1σ
a
2 ] = 0, a = 1, 2, 3. (3.14)

The third property is an essential ingredient for fusion. To state it, we
recall that C2 ⊗ C2 decomposes into a symmetric and an antisymmetric
subspace [137],

C2 ⊗ C2 = Sym(C2,C2)⊕ (C2 ∧ C2). (3.15)

We denote by P (1)± the projectors onto these respective subspaces. They
read

P (1)+ =


1 0 0 0
0 1

2
1
2 0

0 1
2

1
2 0

0 0 0 1

 , P (1)− = 1
2


0 0 0 0
0 1 −1 0
0 −1 1 0
0 0 0 0

 . (3.16)

For λ = ±η, the matrix R(1,1)(λ) becomes one of these projectors, up to
multiplication by an operator. The precise statement involves the two
parameters

X = ϑ̂1(2η)ϑ̂4(η)
ϑ̂1(η)ϑ̂4(2η)

, Y = ϑ̂1(η)ϑ̂1(2η)
ϑ̂4(η)ϑ̂4(2η)

. (3.17)

Proposition 3.1.1 (Degeneration points). We have

R(1,1)(η) = ϑ1(η)ϑ̂4(2η)
ϑ̂4

EP (1)+, R(1,1)(−η) = −2ϑ1(η)P (1)−, (3.18)

where

E =


X 0 0 Y

0 2 0 0
0 0 2 0
Y 0 0 X

 . (3.19)
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Fusion of the eight-vertex model We now construct R(1,2)(λ), using
R(1,1)(λ) as a building block. First, we examine the operator

P
(1)+
23 R

(1,1)
13 (λ+ η)R(1,1)

12 (λ). (3.20)

By the YBE (3.7), we find that it annihilates C2 ⊗ (C2 ∧ C2), while it
leaves C2 ⊗ Sym(C2,C2) invariant. Therefore, we restrict (3.20) to this
last subspace. To this end, we introduce the following matrix:

U =


1 0 0 0
0 α α 0
0 0 0 1
0 α −α 0

 , α2 = ϑ1(η)
ϑ1(2η) . (3.21)

The matrix U is the change of basis between the canonical basis of
C2 ⊗ C2, {|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩}, and the basis related to its symmetric
and antisymmetric subspaces,{

|↑↑⟩ , 1
2α(|↑↓⟩+ |↓↑⟩), |↓↓⟩ , 1

2α(|↑↓⟩ − |↓↑⟩)
}
. (3.22)

We choose the value (3.21) for α, as it simplifies some expressions below.
We also introduce the restriction matrix

Q =

1 0 0 0
0 1 0 0
0 0 1 0

 . (3.23)

We define the new R-matrix as

R(1,2)(λ) = ϑ1(λ+ η)−1Q23U23

× [P (1)+
23 R

(1,1)
13 (λ+ η)R(1,1)

12 (λ)]U−1
23 Q

t
23. (3.24)

In the basis {|↑⇑⟩ , |↑0⟩ , |↑↓⟩ , |↓⇑⟩ , |↓0⟩ , |↓↓⟩} of C2 ⊗ C3, it reads

R(1,2) = ρ

ϑ̂4



e 0 k 0 g 0
0 f 0 j 0 j̄

k̄ 0 ē 0 ḡ 0
0 ḡ 0 ē 0 k̄

j̄ 0 j 0 f 0
0 g 0 k 0 e


, (3.25)
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with

e(λ) = ϑ̂4(η)2ϑ̂1(λ+ 2η)ϑ̂4(λ), (3.26a)
f(λ) = ϑ̂4ϑ̂4(2η)ϑ̂1(λ+ η)ϑ̂4(λ+ η), (3.26b)
g(λ) = α−1ϑ̂1(η)ϑ̂4(η)ϑ̂1(λ)ϑ̂1(λ+ 2η), (3.26c)
j(λ) = αϑ̂4ϑ̂1(2η)ϑ̂4(λ+ η)2, (3.26d)
k(λ) = ϑ̂1(η)2ϑ̂1(λ+ 2η)ϑ̂4(λ). (3.26e)

We obtain ē, ḡ, j̄, k̄ from e, g, j, k, repectively, through the transformation
ϑ̂1(·)↔ ϑ̂4(·) applied to the λ-dependent Jacobi theta functions. This
R-matrix gives rise to a vertex model with eighteen allowed local configu-
rations (see Figure 3.3). We read the corresponding statistical weights in
the non-zero entries of R(1,2)(λ). One checks that this model is the 18V
model described above. Furthermore, the R-matrix R(1,2)(λ) fulfils the
YBE (3.7) with (m,n, p) = (1, 1, 2).

e kg jf

ē k̄ḡ j̄

Figure 3.3: Nine of the eighteen allowed vertices of the 18V model, and
their statistical weights. Dotted double lines correspond to the 0 spin
state of C3. Reversing the arrows of any depicted vertex gives another
allowed vertex of same weight.

We apply the fusion procedure a second time, and define

R(2,2)(λ) = Q12U12[P (1)+
12 R

(1,2)
13 (λ)R(1,2)

23 (λ− η)]U−1
12 Q

t
12. (3.27)
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In the basis {|⇑⇑⟩ , |⇑0⟩ , |⇑⇓⟩ , |0⇑⟩ , |00⟩ , |0⇓⟩ , |⇓⇑⟩ , |⇓0⟩ , |⇓⇓⟩} of C3 ⊗
C3, it reads

R(2,2) =
(
ρ

ϑ̂4

)2



G 0 A 0 B 0 A 0 H

0 F 0 C 0 C̄ 0 D 0
Ā 0 Ḡ 0 B̄ 0 H̄ 0 Ā

0 C 0 F 0 D 0 C̄ 0
I 0 Ī 0 E 0 Ī 0 I

0 C̄ 0 D 0 F 0 C 0
Ā 0 H̄ 0 B̄ 0 Ḡ 0 Ā

0 D 0 C̄ 0 C 0 F 0
H 0 A 0 B 0 A 0 G


, (3.28)

with

A(λ) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4ϑ̂4(η)ϑ̂1(λ)ϑ̂4(λ)2ϑ̂1(λ+ 2η), (3.29a)

B(λ) = α−2ϑ̂1(η)ϑ̂4ϑ̂4(η)ϑ̂4(2η)ϑ̂1(λ)2ϑ̂4(λ)ϑ̂1(λ+ 2η), (3.29b)

C(λ) = ϑ̂1(2η)ϑ̂2
4ϑ̂4(2η)ϑ̂4(λ)2ϑ̂1(λ+ η)ϑ̂4(λ+ η), (3.29c)

D(λ) = ϑ̂1(2η)2ϑ̂2
4ϑ̂1(λ)ϑ̂4(λ)ϑ̂1(λ+ η)ϑ̂4(λ+ η), (3.29d)

E(λ) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4ϑ̂4(η)
[
ϑ̂1(λ− η)ϑ̂1(λ+ η)3 (3.29e)

+ ϑ̂4(λ− η)ϑ̂4(λ+ η)3
]

+ F (λ),

F (λ) = ϑ̂2
4ϑ̂4(2η)2ϑ̂1(λ)ϑ̂4(λ)ϑ̂1(λ+ η)ϑ̂4(λ+ η), (3.29f)

G(λ) = ϑ̂4(λ)ϑ̂1(λ+ 2η)
[
ϑ̂1(η)4ϑ̂1(λ− η)ϑ̂4(λ+ η) (3.29g)

+ ϑ̂4(η)4ϑ̂1(λ+ η)ϑ̂4(λ− η)
]
,

H(λ) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4ϑ̂4(η)ϑ̂1(λ)3ϑ̂1(λ+ 2η), (3.29h)

I(λ) = α2[ϑ̂1(2η)ϑ̂4]2ϑ1(λ)
ϑ1(η)

[
ϑ̂1(η)2ϑ̂4(λ+ η)2 + ϑ̂4(η)2ϑ̂1(λ+ η)2

]
.

Similarly to the previous case, we obtain Ā, B̄, C̄, D̄, Ḡ, H̄, Ī from A,B,C,

D,G,H, I through the transformation ϑ̂1(·) ↔ ϑ̂4(·) applied to the λ-
dependent Jacobi theta functions. This R-matrix gives rise to a vertex
model with forty-one allowed local configurations (see Figure 3.4). We
read the corresponding statistical weights in the non-zero entries of
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R(2,2)(λ). This model is the 41V model described above. We check that
the R-matrix R(2,2)(λ) fulfils the YBE (3.7) with (m,n, p) = (1, 2, 2) and
(2, 2, 2).

A B C D E F

G H I

Figure 3.4: Thirteen of the forty-one allowed vertices of the 41V model
with their statistical weights. Reversing all the arrows of any depicted
vertex yields another allowed vertex of same weight. Reversing the vertical
arrows of a vertex of weight A,B,C,D,G,H, I yields another allowed
vertex of weight Ā, B̄, C̄, D̄, Ḡ, H̄, Ī, respectively.

Properties of the fused R-matrices The R-matrix of the 18V model
obeys the following symmetry:

[R(1,2)
12 (λ), σa

1Ωa
2] = 0, a = 1, 2, 3. (3.30)

It is possible to relate R(1,2)(λ) to its partial transposes. The property is
called crossing symmetry. To state it, we introduce the following matrix:

M =

−α
2Y 0 −α2X

0 1 0
−α2X 0 −α2Y

 , (3.31)

where X and Y are defined in (3.17).

Proposition 3.1.2. We have

R
(1,2)
12 (λ)t1 = −σ2

1R
(1,2)
12 (−λ− 2η)σ2

1, (3.32)

R
(1,2)
12 (λ)t2 = −M2R

(1,2)
12 (−λ− 2η)M−1

2 , (3.33)
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where tj denotes the transposition with respect to the j-th factor of C2⊗C3,
j = 1, 2.

Proposition 3.1.2 hints at the possibility of symmetrising R(1,2)(λ). Let
us define W ∈ End(C3) as

W =

β+ 0 β−
0 1 0
β− 0 β+

 , (3.34)

with

β± = α

√√√√ ϑ2(η)ϑ̂4

2ϑ2ϑ̂4(2η)

√ϑ4(η)
ϑ4

±

√
ϑ3(η)
ϑ3

 . (3.35)

This matrix fulfils the relation

W 2 = −MΩ2. (3.36)

Proposition 3.1.3. The matrix W2R
(1,2)
12 (λ)W−1

2 is symmetric.

Proof. The proposition follows from Proposition 3.1.2, (3.30), (3.36).

The product of two 18V R-matrices of specific arguments is proportional
to the identity operator.

Proposition 3.1.4 (Unitarity relation). We have1

R(1,2)(λ)R(1,2)(−λ− η) = −ϑ1(λ− η)ϑ1(λ+ 2η). (3.37)

The unitarity relation indicates that R(1,2)(λ) is invertible except at
λ ≡ −2η, η (modπ, πω).

The following lemma proves useful for establishing a relation between
the transfer matrices of the 18V and 41V models:

Lemma 3.1.5. We have

R
(1,2)
23 (λ)R(1,2)

13 (λ− η)P (1)−
12 = ϑ1(λ− η)ϑ1(λ+ 2η)P (1)−

12 . (3.38)
1The right-hand side of this equality is a multiple of the identity matrix on C2 ⊗C

3.
We often omit such identity matrices to lighten the notation.
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Proof. Let us set λ12 = −η in the YBE (3.7) with (m,n, p) = (1, 1, 2). By
Proposition 3.1.1, R(1,2)

23 (λ)R(1,2)
13 (λ− η) leaves (C2 ∧ C2)⊗ C3 invariant.

We determine the action on C3 through a direct computation, and obtain
(3.38).

We move on to the properties of the R-matrix of the 41V model. The
matrix fulfils the following symmetry:

[R(2,2)
12 (λ),Ωa

1Ωa
2] = 0, a = 1, 2, 3. (3.39)

The R-matrix also obeys a crossing symmetry.

Proposition 3.1.6. For each j = 1, 2, we have

R
(2,2)
12 (λ)tj = MjR

(2,2)
12 (−λ− η)M−1

j , (3.40)

where M is defined in (3.31).

Moreover, it can be symmetrised by a similarity transformation.

Proposition 3.1.7. The matrix W1W2R
(2,2)
12 (λ)W−1

1 W−1
2 is symmetric.

Proof. The proposition follows from Proposition 3.1.6, (3.36), (3.39).

Let P(2) denote the permutation operator on C3 ⊗ C3, i.e.

P(2) |αβ⟩ = |βα⟩ , ∀α, β ∈ {⇑, 0,⇓}. (3.41)

For λ = 0, R(2,2)(λ) is proportional to this permutation operator.

Proposition 3.1.8. We have

R(2,2)(0) = ϑ1(η)ϑ1(2η)P(2). (3.42)

Similarly to the previous case, the product of two 41V R-matrices of
specific arguments is proportional to the identity operator.

Lemma 3.1.9 (Unitarity relation). We have

R(2,2)(λ)R(2,2)(−λ) = ϑ1(λ+ η)ϑ1(λ− η)ϑ1(λ+ 2η)ϑ1(λ− 2η). (3.43)
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The unitarity relation implies that R(2,2)(λ) is invertible, except at λ ≡
±η,±2η (modπ, πω).

Let P (2)− denote the projector onto the subspace of C3 ⊗ C3 spanned by
the singlet

|s⟩ = |⇑⇓⟩ − |00⟩+ |⇓⇑⟩ . (3.44)

For λ = −η, the symmetrised R(2,2)(λ) is proportional to this projector.

Proposition 3.1.10. We have

W1W2R
(2,2)
12 (−η)W−1

1 W−1
2 = 3ϑ1(η)ϑ1(2η)P (2)−

12 . (3.45)

3.1.2 The transfer matrices

In our pursuits below, we work with inhomogeneous vertex models. To
this end, we introduce inhomogeneity parameters λi, i = 1, . . . , N . We
associate one to each factor C3 of the spin space. We refer to the limit
λ1 = . . . = λN = 0 as the homogeneous limit.

We define the monodromy matrix of the 18V model as

M0(λ0) =
↶
N∏

j=1
R

(1,2)
0j (λ0j) =

(
A(λ0) B(λ0)
C(λ0) D(λ0)

)
0
. (3.46)

Here, 0 labels the auxiliary space C2, first factor of the spin space.
Moreover, the ↶ over the product indicates a reversal of the product
order. The transfer matrix of the 18V model with quasi-periodic boundary
conditions is

T (1)(λ) = tr0 (iσ0M0(λ)) , (3.47)

where tr0 denotes the trace over the auxiliary space, and σ = σκ are the
Pauli matrices, κ = 1, 2, 3.

Similarly, the transfer matrix of the 41V model with quasi-periodic
boundary conditions is

T (2)(λ0) = tr0

Ω0

↶
N∏

j=1
R

(2,2)
0j (λ0j)

 , (3.48)
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where the auxiliary space is now C3, and Ω = Ωκ are the spin-1 twists
defined in (3.10), κ = 1, 2, 3.

In this section, we present a few properties of the transfer matrices,
mostly related to their diagonalisability. We follow with a short argument
proving the existence of remarkably simple eigenvalues for T (1)(λ) and
T (2)(λ).

Properties We define the functions

D(λ) =
N∏

j=1
ϑ1(λ− λj), A(λ) = D(λ+ 2η). (3.49)

Proposition 3.1.11. We have

M0(λ)σ2
0M0(λ− η)t0σ2

0 = A(λ)D(λ− η), (3.50)

where t0 denotes the transposition with respect to the auxiliary space.

The 18V transfer matrix fulfils the following symmetry, where we use the
standard curly bracket notation for the anticommutator of two operators:

Proposition 3.1.12. Let a = 1, 2, 3, a ̸= κ, we have[
T (1)(λ), (Ωκ)⊗N

]
= 0,

{
T (1)(λ), (Ωa)⊗N

}
= 0. (3.51)

Proof. The symmetry follows from (3.30), the cyclic property of the trace,
and σκσaσκ = −σa.

We deduce the equivalent symmetry for T (2)(λ) from (3.39).

Proposition 3.1.13. For each a = 1, 2, 3, we have[
T (2)(λ), (Ωa)⊗N

]
= 0. (3.52)

The two transfer matrices form a family of commuting matrices.

Proposition 3.1.14. For each m,n = 1, 2, we have

[T (m)(λ), T (n)(µ)] = 0. (3.53)
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Proof. We show (3.53) by using the YBE, the invertibility of R(m,n)(λ),
and the similarity invariance of the trace [138,139].

In the case where the transfer matrices are diagonalisable, Proposi-
tion 3.1.14 ensures that we can find a common eigenbasis of T (1)(λ) and
T (2)(λ), independent of their spectral parameter [102].

Next, we relate the transfer matrices to their transposes via a simi-
larity transformation. To this end, we highlight their dependence on
the inhomogeneity parameters λ = (λ1, . . . , λN ) by writing them as
arguments.

Proposition 3.1.15. For each m,n = 1, 2, m ̸= n, we have

T (m)(λ; λ)t = (−1)mNM⊗NT (m)(−λ− nη;−λ)(M−1)⊗N , (3.54)

with M as defined in (3.31).

Proof. The property (3.54) follows from Propositions 3.1.2 and 3.1.6.

From Proposition 3.1.15, we establish the diagonalisability of the transfer
matrices in a certain regime.

Proposition 3.1.16. For each m = 1, 2, real λ, η, p and λ1 = · · · =
λN = 0, the transfer matrix T (m)(λ) is unitarily diagonalisable.

Proof. In linear algebra, a matrix with complex-valued entries is said to
be normal if it commutes with its (complex) conjugate transpose. Normal
matrices are diagonalisable by means of a unitary transformation [102].
The idea of this proof is to show that, for λ1 = · · · = λN = 0, the
symmetrised version of T (m)(λ) is normal. We make the reasoning explicit
for m = 1, the other case is similar.

First, we consider Propositions 3.1.12 and 3.1.15, and the relation (3.36)
to obtain

(W⊗NT (1)(λ; λ)(W−1)⊗N )t

= (−1)κ+NW⊗NT (1)(−λ− 2η;−λ)(W−1)⊗N . (3.55)
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Using (3.55) with λ1 = · · · = λN = 0 and Proposition 3.1.14, we compute
the following commutation relation:

[W⊗NT (1)(λ; 0)(W−1)⊗N , (W⊗NT (1)(λ; 0)(W−1)⊗N )t]

= (−1)κ+NW⊗N [T (1)(λ; 0), T (1)(−λ− 2η; 0)](W−1)⊗N

= 0. (3.56)

This relation establishes that the symmetrised transfer matrix commutes
with its transpose for λ1 = · · · = λN = 0.

Second, for real λ, η, p and λi, i = 1, . . . , N , the entries of the symmetrised
transfer matrix are either real numbers (κ = 1, 3), or pure imaginary num-
bers (κ = 2). Moreover, from their definition in (3.35), one deduces that
β± are either real numbers, pure imaginary numbers, complex conjugates,
or opposite thereof. Respectively,W ∗ = W ,W ∗ = WΩ3,W ∗ = −WΩ1, or
W ∗ = −WΩ1Ω3. By Proposition 3.1.12, we deduce that the symmetrised
transfer matrix is equal to its complex conjugate, up to a sign. Therefore,
for λ1 = · · · = λN = 0, it is normal, and unitarily diagonalisable.

It is likely that Proposition 3.1.16 still holds for λ1, . . . , λN sufficiently
close to zero.

We now relate the two transfer matrices via the fusion relation.

Proposition 3.1.17. We have

T (1)(λ)T (1)(λ− η) = T (2)(λ) + A(λ)D(λ− η). (3.57)

Proof. Let us consider

T (1)(λ0)T (1)(λ0 − η) = tr00′

iσκ
0 iσκ

0′

↶
N∏

i=1
R

(1,2)
0i (λ0i)R(1,2)

0′i (λ0i − η)

 .
We insert the identity operator I00′ = P

(1)−
00′ + P

(1)+
00′ inside the trace

on the left. The linearity of the trace leads to two contributions, one
for each projector. First, we transform the term associated to P

(1)−
00′ .

The successive use of the cyclic property of the trace, Lemma 3.1.5, the
definitions (3.49), and the equality

tr00′

[
iσκ

0 iσκ
0′P

(1)−
00′

]
= 1, (3.58)
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yields the equality

tr00′

P (1)−
00′ iσκ

0 iσκ
0′

↶
N∏

i=1
R

(1,2)
0i (λ0i)R(1,2)

0′i (λ0i − η)


= A(λ0)D(λ0 − η). (3.59)

Second, we work on the term associated to P
(1)+
00′ . We observe that

[P (1)+
00′ , σκ

0σ
κ
0′ ] = 0. Moreover, by the YBE,

P
(1)+
00′ R

(1,2)
0i (λ)R(1,2)

0′i (λ− η) = P
(1)+
00′ R

(1,2)
0i (λ)R(1,2)

0′i (λ− η)P (1)+
00′ . (3.60)

We use this equation, along with the similarity invariance of the trace, to
rewrite

tr00′

P (1)+
00′ iσκ

0 iσκ
0′

↶
N∏

i=1
R

(1,2)
0i (λ0i)R(1,2)

0′i (λ0i − η)

 (3.61)

= tr00′

Q00′U00′ iσκ
0 iσκ

0′

↶
N∏

i=1
P

(1)+
00′ R

(1,2)
0i (λ0i)R(1,2)

0′i (λ0i − η)U−1
00′Q

t
00′

 ,
where Q and U are defined in (3.23) and (3.21), respectively. Next, the
definition of R(2,2)(λ) and the relation

QU (iσκ ⊗ iσκ) U−1Qt = Ωκ, (3.62)

lead to the equality

tr00′

P (1)+
00′ iσκ

0 iσκ
0′

↶
N∏

i=1
R

(1,2)
0i (λ0i)R(1,2)

0′i (λ0i − η)

 = T (2)(λ0). (3.63)

Combining (3.59) with (3.63) establishes the proposition.

Proposition 3.1.17 indicates that one can solve the eigenvalue problem of
T (2)(λ) by working on that of T (1)(λ) instead.

Simple eigenvalues We now use the properties derived above to prove
the existence of remarkably simple eigenvalues for the transfer matrices.
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Proposition 3.1.18. When diagonalisable, the transfer matrices T (1)(λ)
and T (2)(λ) possess the respective eigenvalues

θ(1)(λ) = 0, and θ(2)(λ) = −A(λ)D(λ− η). (3.64)

Proof. Let |ψ⟩ be an eigenvector of T (1)(λ) with eigenvalue θ(λ). By
Proposition 3.1.12, we have

T (1)(λ)(Ωa)⊗N |ψ⟩ = −θ(λ)(Ωa)⊗N |ψ⟩ , (3.65)

for each a = 1, 2, 3, a ̸= κ. Hence, −θ(λ) is an eigenvalue of the transfer
matrix as well. The number of non-zero eigenvalues is thus even. However,
dim(C3)⊗N = 3N is always odd. Therefore, θ(1)(λ) = 0 must be an
eigenvalue of T (1)(λ) with odd degeneracy. From Proposition 3.1.17,
we deduce that θ(2)(λ) = −A(λ)D(λ − η) must be an eigenvalue of
T (2)(λ).

Proposition 3.1.19. For each a = 1, 2, 3, a ̸= κ, and diagonalisable
transfer matrices, the non-zero part of the spectrum of T (2)(λ) restricted
to the subsectors where (Ωa)⊗N ≡ 1 and (Ωa)⊗N ≡ −1 coincide, including
degeneracies.

Proof. Let |ψ⟩ be an eigenvector of T (1)(λ) with eigenvalue θ(λ) ̸= 0. By
Proposition 3.1.12, (Ωa)⊗N |ψ⟩ is an eigenvector of T (1)(λ) with eigenvalue
−θ(λ) ̸= 0. From Proposition 3.1.17, we have that |ψ⟩ and (Ωa)⊗N |ψ⟩ are
both eigenvectors of T (2)(λ) with same eigenvalue. This is also the case
for the linear combination |ψ±⟩ = (1±(Ωa)⊗N ) |ψ⟩ /2. Moreover, the |ψ±⟩
belong to the eigenspaces of (Ωa)⊗N of eigenvalue ±1, respectively.

3.2 The spin-1 XYZ chain

Like its lower-spin counterpart, the 41V model is related to a one-
dimensional integrable quantum spin chain. In this case, it is the spin-1
XYZ chain, first described by Fateev [91]. In this section, we are inter-
ested in solving the eigenvalue problem of its Hamiltonian. We present
preliminary our results in this regard. We prove the existence of the re-
markably simple eigenvalue E = 0. Furthermore, we examine the related
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eigenvector, which we conjecture to be the ground-state eigenvalue for
most system parameters.

In Section 3.2.1, we define the spin-1 XYZ Hamiltonian. We present
its relation to the 41V transfer matrix, and some of its symmetries.
In Section 3.2.2, we point out properties of its spectrum, including a
conjecture regarding the degeneracy of the eigenvalue E = 0 and its
position within the spectrum.

3.2.1 The Hamiltonian

Definition We study the Hamiltonian of a spin-1 XYZ chain [90,91]:

H =
N∑

i=1

∑
b=1,2,3

Jb

(
sb

is
b
i+1 +

(
sb

i

)2
+
(
sb

i+1

)2
)

−
∑

b,c=1,2,3
Abcs

b
is

c
is

b
i+1s

c
i+1. (3.66)

The anisotropy parameters Jb and Abc obey the relations

Abc = Acb, Abb = Jb, b, c = 1, 2, 3. (3.67)

We parameterise them in terms of two real parameters, denoted by X
and Y ,

J1 = 1 +XY, A12 = 1− Y 2, (3.68a)
J2 = 1−XY, A13 = (X − 1)(1 + Y ), (3.68b)
J3 = −1 + (X2 + Y 2)/2, A23 = (X − 1)(1− Y ). (3.68c)

The choices (3.67) and (3.68) make the spin chain integrable. We note
that the limit Y = 0 recovers the spin-1 XXZ chain [90,92].

We are interested in a spin chain with quasi-periodic boundary conditions.
We impose these by specifying how sb

N+1 relates to sb
1,

sb
N+1 = Ω1 s

b
1 Ω1, b = 1, 2, 3, (3.69)

with Ω = Ωκ, the spin-1 twists defined in (3.10), κ = 1, 2, 3.

We note that for real X,Y , and for each twist, the Hamiltonian is Hermi-
tian. It is thus diagonalisable with real eigenvalues.
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Relation to the 41V model In this paragraph, we express the spin-1
XYZ Hamiltonian as a logarithmic derivative of the transfer matrix of
the 41V model.

As a first step, we write the logarithmic derivative of the 41V transfer
matrix as a sum of local operators. We recall the definition Ř(2,2)(λ) =
P(2)R(2,2)(λ), with P(2) the permutation operator on C3 ⊗ C3.

Lemma 3.2.1. We have(
T (2)′(λ)T (2)(λ)−1

)∣∣∣ λ=0
λi=0

= (ϑ1(η)ϑ1(2η))−1
(

N−1∑
i=1

Ř
(2,2)′
ii+1 (0) + Ωκ

1Ř
(2,2)′
N1 (0)Ωκ

1

)
, (3.70)

where the ′ denotes the derivation with respect to λ.

Proof. First, we use Proposition 3.1.8 and the relation tr0 P(2)
0j = Ij to

compute(
T (2)(λ)−1

)∣∣∣ λ=0
λi=0

= (ϑ1(η)ϑ1(2η))−NP(2)
12 P

(2)
13 . . .P(2)

1N Ωκ
1 . (3.71)

Second, we use the product rule to derivate the transfer matrix. We
obtain(

T (2)′(λ)
)∣∣∣ λ=0

λi=0
= (ϑ1(η)ϑ1(2η))N−1

(
Ωκ

1R
(2,2)′
1N (0)P(2)

1N−1 . . .P
(2)
13 P

(2)
12

+
N−1∑
i=1

R
(2,2)′
ii+1 (0)Ωκ

1P
(2)
1N . . .P(2)

1i+1P
(2)
1i−1 . . .P

(2)
12

)
. (3.72)

We multiply (3.71) by (3.72), which yields (3.70).

As a second step, we rewrite the Hamiltonian as

H =
N−1∑
i=1

hii+1 + Ωκ
1hN1Ωκ

1 , (3.73)

where hii+1 is the Hamiltonian density

h =
∑

b=1,2,3
Jb

(
sb ⊗ sb +

(
sb ⊗ I

)2
+
(
I⊗ sb

)2
)

−
∑

b,c=1,2,3
Abcs

bsc ⊗ sbsc, (3.74)



3.2. The spin-1 XYZ chain 97

acting on sites i, i + 1. We then show that the symmetrised Ř(2,2)′(0)
commutes with the Hamiltonian density.

Lemma 3.2.2. For real η, p, and X,Y as defined in (3.17), we have,

(ϑ1(η)ϑ1(2η))−1W1W2Ř
(2,2)′
12 (0)W−1

1 W−1
2 = νh12(X,Y )− (ν − µ),

where

ν = ϑ̂′
1
ϑ̂4

ϑ̂4(2η)
ϑ̂1(2η)

, µ = ϑ̂′
4(2η)
ϑ̂4(2η)

. (3.75)

Proof. The proof relies on the explicit computation of the left- and
right-hand sides. We provide the entries of R(2,2)′(0) as a substep:

A′(0) = ϑ̂1(η)ϑ̂1(2η)2ϑ̂3
4ϑ̂4(η)ϑ̂′

1, Ā′(0) = 0, (3.76a)

B′(0) = 0, B̄′(0) = α−2ϑ̂1(η)ϑ̂3
4ϑ̂4(η)ϑ̂4(2η)2ϑ̂′

1, (3.76b)

C ′(0) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4
4ϑ̂4(η)ϑ̂4(2η)

(
ϑ′

1(η)
ϑ̂1(η)

+ ϑ̂′
4(η)
ϑ̂4(η)

)
, (3.76c)

C̄ ′(0) = 0, D′(0) = ϑ̂1(η)ϑ̂1(2η)2ϑ̂3
4ϑ̂4(η)ϑ̂′

1, (3.76d)

E′(0) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4
4ϑ̂4(η)ϑ̂′

4(2η) + F ′(0), (3.76e)

F ′(0) = ϑ̂1(η)ϑ̂3
4ϑ̂4(η)ϑ̂4(2η)2ϑ̂′

1, (3.76f)

G′(0) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4ϑ̂4(η)[ϑ̂1(η)4 + ϑ̂4(η)4]
(
ϑ̂′

1(η)
ϑ̂1(η)

− ϑ̂′
4(η)
ϑ̂4(η)

)

+ ϑ̂1(η)ϑ̂4
4ϑ̂4(η)ϑ̂4(2η)ϑ̂′

1(2η), (3.76g)

Ḡ′(0) = −ϑ̂1(η)ϑ̂3
4ϑ̂4(η)ϑ̂4(2η)2ϑ̂′

1, (3.76h)

H ′(0) = 0, H̄ ′(0) = ϑ̂1(η)ϑ̂1(2η)ϑ̂4
4ϑ̂4(η)ϑ̂′

4(2η), (3.76i)

I ′(0) = 2α2ϑ̂1(η)ϑ̂1(2η)2ϑ̂3
4ϑ̂4(η)ϑ̂′

1, (3.76j)

Ī ′(0) = α2 ϑ̂1(2η)2ϑ̂3
4

ϑ̂1(η)ϑ̂4(η)

[
ϑ̂1(η)4 + ϑ̂4(η)4

]
ϑ̂′

1. (3.76k)

The rest of the computation is straightforward albeit tedious.
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Finally, Lemmas 3.2.1 and 3.2.2 lead to the following:

Proposition 3.2.3. For real η, p, and X,Y as defined in (3.17), we
have,

W⊗N
(
T (2)′(λ)T (2)(λ)−1

)∣∣∣ λ=0
λi=0

(W−1)⊗N = νH −N(ν − µ), (3.77)

where W and ν, µ are defined in (3.34) and (3.75), respectively.

Proposition 3.2.3 indicates that it is possible to solve the eigenvalue
problem of the spin-1 XYZ Hamiltonian by considering that of the 41V
(or 18V) transfer matrix instead.

Symmetries The XYZ Hamiltonian enjoys several symmetry properties
useful to our work. We detail them in this paragraph. The first one is a
Z2 symmetry.

Proposition 3.2.4. For each a = 1, 2, 3, we have

[H, (Ωa)⊗N ] = 0. (3.78)

To state the second symmetry, we define Ea = exp(iπsa/2), a = 1, 2, 3.
This unitary operator implements a rotation of angle π/2 in the single
spin space C3. We now show that the conjugation of the Hamiltonian with
(Ea)⊗N changes its twist and its parameters X, Y . The transformations
on the parameters are

φ1(X,Y ) =
(2 +X − Y

X + Y
,
2−X + Y

X + Y

)
, (3.79a)

φ2(X,Y ) =
(2 +X + Y

X − Y
,
−2 +X + Y

X − Y

)
, (3.79b)

φ3(X,Y ) = (X,−Y ) . (3.79c)

We also define the functions

f1(X,Y ) = (X + Y )2

4 , f2(X,Y ) = (X − Y )2

4 , f3(X,Y ) = 1. (3.80)

We highlight the dependence of the Hamiltonian on the parameters X,Y
and the twist Ωκ, by writing H = Hκ(X,Y ), κ = 1, 2, 3.
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Proposition 3.2.5. For each a, b = 1, 2, 3, we have

(Eb)⊗NHa(X,Y )((Eb)−1)⊗N = fb(X,Y )Hc(φb(X,Y )), (3.81)

where either a = b = c, or {a, b, c} = {1, 2, 3}.

Proof. We recall the rewriting of the Hamiltonian in terms of the Hamil-
tonian density h = h(X,Y ) (3.73). First, we check through direct com-
putation the transformation:

(Eb)⊗2h(X,Y )((Eb)−1)⊗2 = fb(X,Y )h(φb(X,Y )). (3.82)

Second, we consider the commutation relation EbΩa(Eb)−1 = Ωc, where
c is defined as in the statement of the proposition. With these two
considerations, we establish:

(Eb)⊗2(I⊗ Ωa)h(X,Y )(I⊗ Ωa)((Eb)−1)⊗2

= fb(X,Y )(I⊗ Ωc)h(φb(X,Y ))(I⊗ Ωc). (3.83)

We combine the decomposition (3.73) with (3.82) and (3.83) to obtain
(3.81).

We introduce a fourth unitary transformation

E0 = 1√
2

 eiπ/4 0 e−iπ/4

0
√

2 0
e−iπ/4 0 eiπ/4

 . (3.84)

In the next proposition, we show that the conjugation of the Hamiltonian
with (E0)⊗N exchanges the X,Y parameters, with φ0(X,Y ) = (Y,X).

Proposition 3.2.6. For each a = 1, 2, 3, we have

(E0)⊗NHa(X,Y )((E0)−1)⊗N = Ha(φ0(X,Y )). (3.85)

Proof. The transformation (3.85) follows from

(E0)⊗2h(X,Y )((E0)−1)⊗2 = h(φ0(X,Y )), (3.86)

and the commutation relation ΩaE0 = E0Ωa, for a = 1, 2, 3.
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The set {φi}3i=0 generates a group of point transformations on the XY -
plane. We define the fundamental domain

∆ =
{

(X,Y ) ∈ R2
∣∣∣ 0 ≤ X ≤ 2, 0 ≤ Y ≤ min(X, 2−X)

}
. (3.87)

Elementary geometric arguments lead to:

Lemma 3.2.7. The image of ∆ under the group generated by {φi}3i=0 is
R

2.

Therefore, Lemma 3.2.7 presents us with two options to simplify our
investigation of the eigenvalue problem of H. First, we can study the
Hamiltonian with (X,Y ) ∈ ∆ for the three twists. We obtain any result
outside this domain from Propositions 3.2.5 and 3.2.6. Second, we can
consider the Hamiltonian for all values of X,Y ∈ R but focus on a single
twist. We obtain results for the other twists from Proposition 3.2.5.

Moreover, we observe that the fundamental domain ∆ is in the image of
the parameterisation of X,Y (3.17).

Conjecture 3.2.8. The application

[0, π/2]× [0, 1]→ ∆, (η, p) 7→ (X,Y ), (3.88)

is a surjection. Here, ∆ is (3.87) and X,Y are as in (3.17).

3.2.2 The spectrum

We start the analysis of the spectrum with the existence of a remarkably
simple eigenvalue.

Theorem 3.2.9. The Hamiltonian H possesses the eigenvalue E = 0.

Proof. We exploit the relation between the Hamiltonian and the 41V
transfer matrix. By Propositions 3.1.14, 3.1.16 and 3.1.18, for values
of λ, η, p and λ1, . . . , λN for which the transfer matrix is diagonalisable,
there exists a non-zero |ψR⟩ independent of λ such that

T (2)(λ) |ψR⟩ = θ(2)(λ) |ψR⟩ . (3.89)
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For λ ̸≡ −2η, η (modπ, πω), |ψR⟩ is also an eigenvector of T (2)′(λ) and
T (2)(λ)−1 with eigenvalue θ(2)′(λ) and θ(2)(λ)−1, respectively. We compute

θ(2)′(λ)
θ(2)(λ)

∣∣∣∣∣ λ=0
λi=0

= −N(ν − µ). (3.90)

By Proposition 3.2.3, we deduce that W⊗N |ψR⟩
∣∣∣
λi=0

is an eigenvector
of H with eigenvalue E = 0, for X,Y as in (3.17). By Conjecture 3.2.8,
this holds for all X,Y ∈ R.

Now, we turn to the non-zero part of the spectrum. The Z2 symmetries of
Proposition 3.2.4 indicate that it is possible to diagonalise the Hamiltonian
in eigenspaces of the Z2 operators.

Proposition 3.2.10. For each a = 1, 2, 3, with a ̸= κ, the non-zero part
of the spectrum of H restricted to the subsectors where (Ωa)⊗N ≡ 1 and
(Ωa)⊗N ≡ −1 coincide, including degeneracies.

Proof. The proposition follows from Propositions 3.1.19 and 3.2.3 and
the commutation relation [W,Ωb] = 0, b = 1, 2, 3.

Next, using Mathematica, we investigated the spectrum of the Hamil-
tonian with diagonal twist. We considered system sizes N = 1, 2, . . . , 5,
for several fixed values of Y ∈ [0, 10]. In Figure 3.5, see examples for
N = 3 and Y = 1/2, 3/2. Based on our observations, we formulate the
next conjecture, which generalises a conjecture issued for the spin-1 XXZ
chain by Hagendorf and Morin-Duchesne [92].

Conjecture 3.2.11. For each N = 2n, and X,Y ∈ R, E = 0 is the
ground-state eigenvalue of the Hamiltonian with diagonal twist. It is
non-degenerate except for (X,Y ) = (0, 0), where it has degeneracy N + 1.

For each N = 2n+ 1, n ≥ 1, and X2 + Y 2 ≥ 2 or X2 = Y 2, E = 0 is
the ground-state eigenvalue of the Hamiltonian with diagonal twist. In
the rest of the XY -plane, it is the energy of the first excited state. The
eigenvalue is non-degenerate except in the two following cases:

(i) for (X,Y ) = (0, 0), its degeneracy is 2N + 1;
(ii) for X2 = Y 2 or X2 + Y 2 = 2, its degeneracy is 3.
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Figure 3.5: Spectrum of the Hamiltonian with diagonal twist for size
N = 3, with fixed values of Y . On the left, Y = 1/2, on the right, Y = 3/2.
On the bottom, magnification of the spectrum for E ∈ [−0.2, 0.2].
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Figure 3.6: Degeneracies observed for the E = 0 eigenvalue of the
Hamiltonian with diagonal twist in the XY -plane. In the coloured region,
E = 0 appears to be the ground-state eigenvalue. In the white region, it
appears to be the energy of the first excited state.

Figure 3.6 provides a graphical summary of Conjecture 3.2.11.

The equivalent of Conjecture 3.2.11 for the anti-diagonal and mixed twists
follows from Proposition 3.2.5.



Chapter 4

Dynamical vertex models

Historically, the elliptic integrable models that we have described so far
have been more difficult to treat within the QISM framework than their
trigonometric counterparts. For instance, the 8V model has notoriously
eluded the algebraic Bethe Ansatz, as it lacks the global reference state
necessary for its application [19].

To overcome this issue, Baxter related the 8V model to another model of
statistical physics, the eight-vertex solid-on-solid (8VSOS) model [45, 48].
The latter belongs to the class of interaction-round-a-face (IRF), or face
models [101]. Its configurations are the assignment of real numbers, called
heights, to each face of the square lattice. Its interactions are local, and
take place between the four faces surrounding each vertex. The 8VSOS
model has the advantage of being more readily accessible to the standard
techniques of integrability. The relation between 8V and 8VSOS models
was dubbed vertex-IRF or vertex-face correspondence. Thanks to this
correspondence, Baxter managed to compute the eigenvectors of the
periodic 8V model, for an even number of vertical lines N = 2n. His
proofs relied on the Bethe Ansatz analysis of the 8VSOS model [45,48].

Many investigations around the 8V and 8VSOS models followed in the
wake of Baxter’s work [131,132,135,140], most often under the need of
some constraints. For instance, Takhtadzhan and Faddeev developped
the generalised Bethe Ansatz [32,133,134]. This Bethe Ansatz variant
integrated the idea of the vertex-face correspondence as a built-in feature
to systematically find a family of valid reference states. Their technique

103
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has been effective on the 8V model for periodic boundary conditions
and N = 2n. Another example of constrained cases for which exact
computations could be performed are height-restricted SOS models.
These include the restricted SOS (RSOS) or ABF models, and cyclic SOS
(CSOS) models, which have notably found connections to conformal field
theory [141–146].

Furthermore, the 8VSOS model was shown to be equivalent to a dynamical
six-vertex (d6V) model [45–47]. It could therefore be studied using the
algebraic formalism of vertex models [12, 18, 19, 147]. Namely, it was
associated to an R-matrix, solution to a dynamical Yang-Baxter equation
[46,148]. Since we use this vertex formalism in our work below, we favour
the terminology dynamical six-vertex model.

Recently, Niccoli, Terras and Levy-Bencheton have successfully applied
Sklyanin’s quantum Separation of Variables (qSoV) method to analyse the
d6V model with anti-periodic boundary conditions [58, 59, 94]. Using the
vertex-face correspondence, they managed to characterise the complete
set of eigenvalues and eigenvectors of the 8V model under several (quasi-)
periodic boundary conditions. In particular, their results included the
case of periodic boundary conditions with odd system sizes N = 2n+ 1,
which had long resisted other methods.

In Chapters 4 and 5, we investigate a dynamical nineteen-vertex (d19V)
model, with the objective of transposing our findings back to the 41V and
18V models. The vertex weights of the d19V model are defined through
a solution to the dynamical Yang-Baxter equation. This solution can
be obtained by applying the fusion procedure to the d6V model [89].
The fusion procedure naturally leads to an intermediate dynamical ten-
vertex (d10V) model, which will be at the core of our investigation. We
consider the transfer matrices of both models with anti-periodic boundary
conditions along the horizontal direction. For these boundary conditions,
the two transfer matrices mutually commute. In Chapter 5, we generalise
Niccoli and Terras’ qSoV approach in order to characterise their spectra
and compute their common eigenvectors [58,59,94].

The goal of this chapter is twofold. On the one hand, we introduce the
models, and lay the foundations necessary to our qSoV analysis. On the
other hand, we describe the vertex-face correspondence between the d10V
and the 18V models. Here is the structure we follow: we begin Section 4.1
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with a review of the d6V model and its algebraic description. Moreover,
we recall how to apply the fusion procedure to this model, which allows
us to construct the vertex weights of the d10V and d19V models. In
particular, we discuss in detail the properties of the monodromy matrix
of the d10V as an operator on the spin-dynamical space. The latter
is an infinite-dimensional Z-graded space. On one of its subspaces, we
construct a family of commuting transfer matrices for both the d10V and
the d19V model with anti-periodic boundary conditions. In Section 4.2,
we present the vertex-face correspondence between the 8V and d6V
models. We apply the fusion procedure to find its equivalent for the
higher-spin models of Chapters 3 and 4. Lastly, we use it to relate the
transfer matrices of the d10V and 18V models.

4.1 Dynamical ten- and nineteen-vertex models

The purpose of this section is to recall the definition of the dynamical ten
and nineteen-vertex models. Section 4.1.1 is a reminder of the dynamical
six-vertex model. In particular, its algebraic description allows us to
introduce key notations and conventions we use throughout the chapter.
In Section 4.1.2, we apply the fusion procedure to the d6V model to
construct the R-matrices of the d10V and d19V models, whose properties
we analyse in some detail. Section 4.1.3 introduces the so-called dynamical
space, which allows us to define the monodromy matrix of the ten-vertex
model. We devote much of the section to the study of their properties,
which will be crucial to our qSoV analysis of Chapter 5. We define these
transfer matrices and analyse their properties in Section 4.1.4.

4.1.1 The dynamical six-vertex model

Lattice formulation The dynamical six-vertex model is equivalent to
the eight-vertex solid-on-solid model [45–47]. The latter belongs to the
class of interaction-round-a-face (IRF), or face models.1 We consider this
face model on the square lattice. Its configurations are the assignment of
real numbers, called heights, to each face of the lattice. The interactions

1See [101] for a very pedagogical introduction.
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are local. They are controlled by the rule that heights on two adjacent
faces t, t′ differ by a fixed step value η > 0,

|t− t′| = η. (4.1)

We refer to the collection of heights on the four adjacent faces surrounding
any given vertex as a local height configuration. Fixing the height in
the upper left corner to t, the rule (4.1) allows for six local height
configurations (see Figure 4.1). We associate a statistical weight to
each of them, which typically depends on t [45, 101]. The weight of a
configuration is the product of the statistical weights of the local height
configurations within it.

a b c a b̄ c̄

t t+η

t+2ηt+η

t t−η

t−2ηt−η

t t+η

tt+η

t t+η

tt−η

t t−η

tt−η

t t−η

tt+η

Figure 4.1: Local height configurations of the 8VSOS model and their
statistical weights.

Baxter noticed that the condition (4.1) allows one to map each local
configuration of the 8VSOS to a vertex of the six-vertex (6V) model [45].
The mapping is constructed by moving clockwise around a vertex. If the
height increases from one face to the next, the edge in between is assigned
an outgoing arrow. Conversely, if the height decreases, the edge is assigned
an ingoing arrow. See Figure 4.2 with α, β, γ, δ ∈ {±1} for a graphical
depiction. The resulting vertex configurations can be read on Figure 4.3.
This correspondence is a bijection, provided that we keep track of one
height, which we choose on the upper-left face. The resulting six-vertex
model is called dynamical because of the possible height-dependence of
the vertex weights. We depict an example of 8VSOS configuration and
its d6V image in Figure 4.4.

Finally, note that (4.1) implies that all heights belong in ℓ0 + ηZ. Here,
ℓ0 is a reference height, which we allow to be complex. We will set its
value below.
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t t′

ℓ ℓ′
γα

δ

β

t′ = t+ ηδ,

ℓ′ = t+ η(δ + γ) = t+ η(α+ β),
ℓ = t+ ηα.

Figure 4.2: Correspondence between local height configurations and
vertices. The coherence between the two values for ℓ′ enforces the ice
rule, α+ β = δ + γ.

a b c a b̄ c̄

t t+η

t+2ηt+η

t t+η

tt+η

t t+η

tt−η

t t−η

t−2ηt−η

t t−η

tt−η

t t−η

tt+η

Figure 4.3: Local configurations of the d6V model and their statistical
weights. In grey, equivalent local height configurations of the 8VSOS.

0 1 2 3 2 1

1 2 1 2 1 0

2 1 2 1 0 −1

3 2 1 0 −1 −2

t

Figure 4.4: Left: A configuration of the 8VSOS model in terms of face
labels. The height associated to a label a is t + aη. Right: The corre-
sponding configuration of the d6V model.

Algebraic description The correspondence between the local height
configurations and the vertex configurations of the six-vertex model,
decorated by a height, allows us to work with the algebraic description
that is customary to vertex models [12,18,19,147]. To this end, we follow
the notations and conventions presented in Section 1.2.1.
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We encode the statistical weights of the d6V model in an R-matrix. In
the basis {|↑↑⟩ , |↑↓⟩ , |↓↑⟩ , |↓↓⟩} of C2 ⊗ C2, it reads

R(1,1) =


a 0 0 0
0 b c 0
0 c̄ b̄ 0
0 0 0 a

 . (4.2)

We express the weights a, b, b̄, c, c̄ in terms of the Jacobi theta function
ϑ1(λ) = ϑ1(λ, p).2 Our parameterisation depends on the spectral parame-
ter λ, the height parameter t, the crossing parameter η, the elliptic nome
p = eiπω, and y ∈ {0, 1}. Throughout, we allow all the parameters to be
complex numbers, with the constraints

t ̸≡ 0 (modπ, πω), 2η ̸≡ 0 (modπ, πω), Imω > 0. (4.3)

The parameterisation is

a(λ) = ϑ1(λ+ η), ā(λ) = a(λ), (4.4a)

b(λ|t) = eiyηϑ1(λ)ϑ1(t+ η)
ϑ1(t) , b̄(λ|t) = e−iyηϑ1(λ)ϑ1(t− η)

ϑ1(t) , (4.4b)

c(λ|t) = eiyλϑ1(η)ϑ1(t+ λ)
ϑ1(t) , c̄(λ|t) = e−iyλϑ1(η)ϑ1(t− λ)

ϑ1(t) , (4.4c)

Note that, by the parity of the Jacobi theta functions, the weights
b̄(λ|t), c̄(λ|t) follow from b(λ|t), c(λ|t) through the substitution t →
−t, y→ −y. Throughout, we write R(1,1) = R(1,1)(λ|t).

Properties of the R-matrix In this section, we provide several useful
properties of the R-matrix. To this end, we introduce some notations.
First, recall that, in the standard tensor-leg notation, we write

R(1,1)
i,i+1(λ|t) = I⊗(i−1) ⊗ R(1,1)(λ|t)⊗ I⊗(N−i−1), (4.5)

for the action of R(1,1)(λ|t) on the factors i and i + 1 of (C2)⊗N , i =
1, . . . , N−1. Second, let p± = (I±σ3)/2 be the projectors on the canonical
basis vectors of C2. We write

R(1,1)
12 (λ|t+ ησ3

3) = R(1,1)
12 (λ|t+ η)p+

3 + R(1,1)
12 (λ|t− η)p−

3 (4.6)
2See Appendix A.1 for definitions and useful properties. Throughout our text, we

often omit substeps of computations that involve identities between Jacobi theta
functions.
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for the action of the R-matrix on the first two factors of C2 ⊗ C2 ⊗ C2,
with a dynamical shift of the height parameter that depends on the third
factor.

The R-matrix R(1,1)(λ|t) fulfils the dynamical Yang-Baxter equation
(dYBE) on C2 ⊗ C2 ⊗ C2 [45, 46,148].

Proposition 4.1.1 (Dynamical Yang-Baxter equation). We have,

R(1,1)
12 (λ12|t+ ησ3

3)R(1,1)
13 (λ13|t)R(1,1)

23 (λ23|t+ ησ3
1)

= R(1,1)
23 (λ23|t)R(1,1)

13 (λ13|t+ ησ3
2)R(1,1)

12 (λ12|t), (4.7)

where λij = λi − λj, for all i, j = 1, 2, 3.

The dynamical Yang-Baxter relation is one of the key properties of the
parameterisation (4.4), and plays a central role in the analysis of the d6V
model. In addition, the R-matrix possesses several important properties.
We state them without proof and refer the reader to [58, 59, 101] for
details.

Proposition 4.1.2. The R-matrix commutes with the total spin operator
of C2 ⊗ C2,

[R(1,1)
12 (λ|t), σ3

1 + σ3
2] = 0. (4.8)

Moreover, it possesses the following pseudo-periodicity properties :

R(1,1)
12 (λ|t+ π) = R(1,1)

12 (λ|t), (4.9a)

R(1,1)
12 (λ|t+ yπω) = σ1

1σ
1
2R(1,1)

12 (λ|−t)σ1
1σ

1
2. (4.9b)

We denote by P(1) the permutation operator on C2 ⊗ C2, i.e.

P(1) |αβ⟩ = |βα⟩ ∀α, β ∈ {↑, ↓}. (4.10)

It allows us to define

R(1,1)
21 (λ|t) = P(1)

12 R(1,1)
12 (λ|t)P(1)

12 . (4.11)

Proposition 4.1.3 (Unitarity relation). We have3

R(1,1)
12 (λ|t)R(1,1)

21 (−λ|t) = ϑ1(η − λ)ϑ1(η + λ). (4.12)
3The right-hand side of this equality is a multiple of the identity matrix on C2 ⊗C

2.
We often omit such identity matrices to lighten the notation.
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The unitarity relation implies that the R-matrix is invertible, except at λ ≡
±η (modπ, πω). We examine its behaviour at these values. To this end,
we recall the decomposition of C2⊗C2 into symmetric and antisymmetric
subspaces (3.15). For λ = ±η, the matrix R(1,1)(λ|t) becomes one of the
projectors P (1)± (3.16), up to a multiplication by a diagonal operator.

Proposition 4.1.4. We have

R(1,1)(0|t) = ϑ1(η)P(1), (4.13)

and

R(1,1)(−η|t) = −2P (1)−c(ησ3
1|t), R(1,1)(η|t) = G(t)P (1)+, (4.14)

where c(λ|t) is defined in (4.4), and

G(t) = diag
(
ϑ1(2η), 2b(η|t), 2b̄(η|t), ϑ1(2η)

)
. (4.15)

4.1.2 Fusion of the dynamical six-vertex model

In this section, we apply the fusion procedure to the R-matrix of the d6V
model [86, 88, 89, 95, 135], which allows us to define the R-matrices of the
d10V and d19V models. We discuss some of their key properties, such as
the dynamical Yang-Baxter equations, symmetry, and pseudo-periodicity.
They will be of great importance in our forthcoming analysis. We conclude
the section with a short discussion on the trigonometric limits of the
R-matrices, establishing a link with previous work.

The dynamical ten-vertex model We construct the R-matrix of the
d10V model through the fusion of the R-matrix of the d6V model [95]. Let
us recall some of its key steps. We specialise the dynamical Yang-Baxter
equation of Proposition 4.1.1 to λ12 = λ, λ13 = λ+ η, λ23 = η and use
Proposition 4.1.4, which allows us to write

P
(1)+
23 R(1,1)

13 (λ+ η|t+ ησ3
2)R(1,1)

12 (λ|t)

= G23(t)−1R(1,1)
12 (λ|t+ ησ3

3)R(1,1)
13 (λ+ η|t)G23(t+ ησ3

1)P (1)+
23 . (4.16)

It follows that the projector P (1)−
23 annihilates the operator

R123(λ|t) = P
(1)+
23 R(1,1)

13 (λ+ η|t+ ησ3
2)R(1,1)

12 (λ|t), (4.17)
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both from the right and the left. Hence, it can be seen as an operator on
C2 ⊗ Sym(C2,C2). As a function of λ, its entries are theta functions that
vanish at λ = −η (see Appendix A.2). Indeed, by Proposition 4.1.4, we
have

R123(−η|t) = −2ϑ1(η)P (1)+
23 P13P

(1)−
12 c(ησ3

1|t)

= 2ϑ1(η)P (1)+
23 P

(1)−
23 P13c(ησ3

1|t) = 0 (4.18)

Hence, by the factorisation properties of theta functions, R123(λ|t) is the
product of ϑ1(λ+ η) and an operator on C2⊗Sym(C2,C2), whose entries
are theta functions, too. Motivated by this observation, we define

R(1,2)
1(23)(λ|t) = U23R123(λ|t)U−1

23
ϑ1(λ+ η) , (4.19)

where U is the change of basis defined in (3.21). We may identify the
basis vectors of the symmetric subspace with the canonical basis vectors
of C3, and thus consider R(1,2)

1(23)(λ|t) as an operator on C2⊗C3. Its matrix
representation with respect to the canonical basis follows from

R(1,2)(λ|t) = Q23R(1,2)
1(23)(λ|t)Q

t
23, (4.20)

where Q is the matrix defined in (3.23).

Explicitly, in the basis {|↑⇑⟩ , |↑0⟩ , |↑⇓⟩ , |↓⇑⟩ , |↓0⟩ , |↓⇓⟩} of C2⊗C3, the
fused R-matrix reads

R(1,2) =



e 0 0 0 0 0
0 f 0 j 0 0
0 0 h 0 g 0
0 ḡ 0 h̄ 0 0
0 0 j̄ 0 f̄ 0
0 0 0 0 0 e


, (4.21)

with

e(λ) = ϑ1(2η + λ), (4.22a)

f(λ|t) = eiηyϑ1(λ+ η)ϑ1(t+ 2η)
ϑ1(t+ η) , (4.22b)

g(λ|t) = ei(η+λ)yϑ1(η)
α

ϑ1(λ+ t)
ϑ1(t− η) , (4.22c)
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h(λ|t) = e2iηyϑ1(λ)ϑ1(t+ η)
ϑ1(t− η) , (4.22d)

j(λ|t) = eiλyαϑ1(2η)ϑ1(t+ λ+ η)
ϑ1(t+ η) . (4.22e)

As previously, ḡ(λ|t), h̄(λ|t), j̄(λ|t) follow from g(λ|t), h(λ|t), j(λ|t), respec-
tively, through the transformations t→ −t and y→ −y.

The R-matrix R(1,2)(λ|t) possesses ten entries that are not identically zero.
We interpret them as the weights of the vertex configurations, decorated
with a height t, of the dynamical ten-vertex model. In these configurations,
the horizontal edges carry spin-1/2 labels, whereas the vertical edges
carry spin-1 labels. Around the generic vertex of Figure 4.2, that means
α, γ ∈ {±1}, and β, δ ∈ {0,±2}. Graphical representations in terms of
arrows follow from the dictionaries (1.1) and (3.5), and can be read on
Figure 4.5.

e f g h j

t t+2η

t+3ηt+η

t t

t+ηt+η

t t−2η

t−ηt−η

t t−2η

t−ηt+η

t t

t+ηt−η

e f̄ ḡ h̄ j̄

t t−2η

t−3ηt−η

t t

t−ηt−η

t t+2η

t+ηt+η

t t+2η

t+ηt−η

t t

t−ηt+η

Figure 4.5: Local configurations of the d10V model and their statistical
weights. In grey, equivalent formulation as local height configurations of
a face model.

We note that this model still fulfils the ice rule. Indeed, for each decorated
vertex of the d10V, the relation α+ β = γ + δ holds. Furthermore, the
decorated vertices are in bijection with the local height configurations of a
face model (see Figure 4.2). For this model, the possible height differences
between two vertically adjacent faces are ±η. For two horizontally-
adjacent faces, they are 0,±2η. Figure 4.6 illustrates the correspondence
between a height configuration of this face model and a dynamical vertex
configuration.
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0 −2 0 0 −2 −4

1 −1 −1 −1 −3 −5

2 0 −2 −2 −4 −6

3 1 −1 −3 −5 −7

t

Figure 4.6: Left: A configuration of the face model in terms of face labels.
The height associated to a label a is t+ aη. Right: The corresponding
configuration of the d10V model.

The dynamical nineteen-vertex model A second application of
the fusion procedure allows us to construct another R-matrix, which is a
linear operator on C3 ⊗ C3,

R(2,2)(λ|t) = Q12U12

× [P (1)+
12 R(1,2)

13 (λ|t)R(1,2)
23 (λ− η|t+ ησ3

1)] U−1
12 Q

t
12. (4.23)

Explicitly, in the basis {|⇑⇑⟩ , |⇑0⟩ , |⇑⇓⟩ , |0⇑⟩ , |00⟩ , |0⇓⟩ , |⇓⇑⟩ , |⇓0⟩ , |⇓⇓⟩}
of C3 ⊗ C3, the fused R-matrix reads

R(2,2) =



p1 0 0 0 0 0 0 0 0
0 p2 0 p3 0 0 0 0 0
0 0 p4 0 p5 0 p6 0 0
0 p7 0 p8 0 0 0 0 0
0 0 p9 0 p10 0 p̄9 0 0
0 0 0 0 0 p̄8 0 p̄7 0
0 0 p̄6 0 p̄5 0 p̄4 0 0
0 0 0 0 0 p̄3 0 p̄2 0
0 0 0 0 0 0 0 0 p1


, (4.24)

with

p1(λ) = ϑ1(λ+ η)ϑ1(λ+ 2η), (4.25a)

p2(λ|t) = e2iyη ϑ1(λ)ϑ1(λ+ η)ϑ1(t+ 3η)
ϑ1(t+ η) , (4.25b)

p3(λ|t) = eiyλϑ1(2η)ϑ1(λ+ η)ϑ1(t+ λ+ η)
ϑ1(t+ η) , (4.25c)

p4(λ|t) = e4iyη ϑ1(λ)ϑ1(λ− η)ϑ1(t+ η)ϑ1(t+ 2η)
ϑ1(t)ϑ1(t− η) , (4.25d)
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p5(λ|t) = eiy(λ+2η)ϑ1(η)
α2

ϑ1(λ)ϑ1(t+ λ)ϑ1(t+ η)
ϑ1(t)ϑ1(t− η) , (4.25e)

p6(λ|t) = e2iyλϑ1(η)ϑ1(2η)ϑ1(t+ λ)ϑ1(t+ λ− η)
ϑ1(t)ϑ1(t− η) , (4.25f)

p7(λ|t) = e−iyλϑ1(2η)ϑ1(λ+ η)ϑ1(t− λ+ η)
ϑ1(t+ η) , (4.25g)

p8λ|t) = e−2iyη ϑ1(λ)ϑ1(λ+ η)ϑ1(t− η)
ϑ1(t+ η) , (4.25h)

p9(λ|t) = e−iy(λ−2η)α2ϑ1(2η)2

ϑ1(η)
ϑ1(λ)ϑ1(t− λ)ϑ1(t+ 2η)

ϑ1(t+ η)ϑ1(t− η) , (4.25i)

and lastly,

p10(λ|t) = 1
2ϑ1(t)ϑ1(t+ η)ϑ1(t− η)
× (ϑ1(η)ϑ1(2η)[ϑ1(t+ λ)ϑ1(t+ η)ϑ1(t− λ− η)

+ ϑ1(t− λ)ϑ1(t− η)ϑ1(t+ λ+ η)] + ϑ1(λ)ϑ1(λ+ η)
× [ϑ1(t− 2η)ϑ1(t+ η)2 + ϑ1(t+ 2η)ϑ1(t− η)2]). (4.25j)

As previously, the expression for p̄i(λ|t) follows from pi(λ|t) through the
transformations t→ −t and y→ −y, for each i = 1, . . . , 10.

The R-matrix R(2,2)(λ|t) possesses nineteen entries that are not identically
zero. Their interpretation as local vertex configurations, decorated with
a height t, naturally leads to the dynamical nineteen-vertex model on the
square lattice. For this model, the horizontal and vertical edges carry the
spin-1 labels 0,±2. We represent them graphically as oriented double
lines or unoriented dotted double lines according to (3.5), see Figure 4.7.

From Figure 4.2, with α, β, γ, δ ∈ {0,±2}, we see that the ice rule
α+ β = γ + δ holds for the decorated vertices of the d19V. Moreover, it
allows one to identify the dynamical nineteen-vertex model with a face
model in which the possible height differences between adjacent faces are
0,±2η.

Properties of the fused R-matrices We now provide several proper-
ties of the R-matrices R(1,2)(λ|t) and R(2,2)(λ|t) that will be important in
our analysis of the d10V and d19V models. To this end, we generalise
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Figure 4.7: Local configurations of the d19V model and their statistical
weights. In grey, equivalent formulation as local height configurations of
a face model.

the notation (4.6) for the action of R-matrices with a dynamical shift of
their height parameter t. On C2 ⊗ C3 ⊗ C3, we write

R(1,2)
12 (λ|t+ 2ηs3

3) = R(1,2)
12 (λ|t+ 2η)p̄+

3

+ R(1,2)
12 (λ|t)p̄0

3 + R(1,2)
12 (λ|t− 2η)p̄−

3 , (4.26)

where

p̄+ = diag(1, 0, 0), p̄0 = diag(0, 1, 0), p̄− = diag(0, 0, 1). (4.27)

We use the same notation for the action of R(2,2)(λ|t) with a dynamical
shift, as well as for other operators.

Proposition 4.1.5 (Dynamical Yang-Baxter equations). We have

R(1,1)
12 (λ12|t+ 2ηs3

3)R(1,2)
13 (λ13|t)R(1,2)

23 (λ23|t+ ησ3
1)

= R(1,2)
23 (λ23|t)R(1,2)

13 (λ13|t+ ησ3
2)R(1,1)

12 (λ12|t), (4.28)
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on C2 ⊗ C2 ⊗ C3, and

R(1,2)
12 (λ12|t+ 2ηs3

3)R(1,2)
13 (λ13|t)R(2,2)

23 (λ23|t+ ησ3
1)

= R(2,2)
23 (λ23|t)R(1,2)

13 (λ13|t+ 2ηs3
2)R(1,2)

12 (λ12|t), (4.29)

on C2 ⊗ C3 ⊗ C3.

Proof. The proof of both (4.28) and (4.29) follows from the dynamical
Yang-Baxter equation for the d6V model, given in Proposition 4.1.1, and
the fusion procedure. We only sketch the proof of (4.28).

First, by Propositions 4.1.1 and 4.1.2, we have the following relation on
C2 ⊗ C2 ⊗ C2 ⊗ C2:

R(1,1)
12 (λ12|t+ η(σ3

3 + σ3
4))R(1,1)

13 (λ13 + η|t+ ησ3
4)R(1,1)

14 (λ14|t) (4.30)

× R(1,1)
23 (λ23 + η|t+ η(σ3

1 + σ3
4))R(1,1)

24 (λ24|t+ ησ3
1)

= R(1,1)
23 (λ23 + η|t+ ησ3

4)R(1,1)
24 (λ24|t)

× R(1,1)
13 (λ13 + η|t+ η(σ3

2 + σ3
4))R(1,1)

14 (λ14|t+ ησ3
2)R(1,1)

12 (λ12|t).

We set λ4 = λ3 in this equality, multiply both sides from the left by P (1)+
34 ,

and use (4.19) to obtain the following relation on C2⊗C2⊗ Sym(C2,C2):

R(1,1)
12 (λ12|t+ η(σ3

3 + σ3
4))R(1,2)

1(34)(λ13|t)R(1,2)
2(34)(λ23|t+ ησ3

1)

= R(1,2)
2(34)(λ23|t)R(1,2)

1(34)(λ13|t+ ησ3
2)R(1,1)

12 (λ12|t). (4.31)

It remains to use (4.20), and

Q34U34(σ3
3 + σ3

4)U−1
34 Q

t
34 = 2s3, (4.32)

to express this equality as a relation on C2 ⊗ C2 ⊗ C3.

The following commutation relations follow immediately from the matrix
representations of R(1,2)(λ|t) and R(2,2)(λ|t), given in (4.22) and (4.25):

Proposition 4.1.6. We have

[R(1,2)
12 (λ|t), σ3

1 + 2s3
2] = 0, [R(1,2)

12 (λ|t), σ3
1Ω3

2] = 0, (4.33a)

[R(2,2)
12 (λ|t), s3

1 + s3
2] = 0, [R(2,2)

12 (λ|t),Ω3
1Ω3

2] = 0, (4.33b)
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and the pseudo-periodicity properties

R(1,2)(λ|t+ π) = R(1,2)(λ|t), (4.34a)

R(1,2)(λ|t+ yπω) = σ1
1Ω1

2R(1,2)(λ| − t)σ1
1Ω1

2. (4.34b)

We now address the analyticity and pseudo-periodicity properties of
R(1,2)(λ|t). Both are a straightforward consequence of the properties of the
Jacobi theta functions (see Appendix A.1, in particular Proposition A.1.2).

Proposition 4.1.7 (Pseudo-periodicity and analyticity). The matrix
R(1,2)(λ|t) is an entire function of λ.4 Moreover, it fulfils

R(1,2)
12 (λ+ π|t) = −(σ3

1)y R(1,2)
12 (λ|t) (σ3

1)y, (4.35)

R(1,2)
12 (λ+ πω|t) = −p−1e−2iλe−2iη(1+σ3

1s3
2)pyσ3

1/2e−itσ3
1 (4.36)

× R(1,2)
12 (λ|t) eitσ3

1p−yσ3
1/2.

We use the permutation operator P(2) of C3 ⊗ C3 to define

R(2,2)
21 (λ|t) = P(2)

12 R(2,2)
12 (λ|t)P(2)

12 . (4.37)

Proposition 4.1.8 (Unitarity relation). We have

R(2,2)
12 (λ|t)R(2,2)

21 (−λ|t) = ϑ1(λ+2η)ϑ1(λ+η)ϑ1(λ−η)ϑ1(λ−2η). (4.38)

The unitarity relation implies that R(2,2)(λ|t) is invertible, except at
λ ≡ ±η,±2η (modπ, πω). As for the d6V model, it is interesting to
examine the behaviour of the R-matrix at these values. We focus on
λ = −η, where the R-matrix has rank one. To this end, recall P (2)−, the
projector onto the subspace of C3 ⊗ C3 spanned by the singlet state

|s⟩ = |⇑⇓⟩ − |00⟩+ |⇓⇑⟩ . (4.39)

The following proposition straightforwardly follows from (4.25).

Proposition 4.1.9. We have

R(2,2)(−η|t) = 3ϑ1(2η) c(ηs3
1|t)P (2)−d(ηs3

1|t), (4.40)

where c(λ|t) is defined in (4.4), and

d(λ|t) = e3iyλϑ1(t+ 2λ)
ϑ1(t− λ) . (4.41)

4Throughout, the analyticity properties stated for matrices or vectors are understood
to hold for each entry individually.
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The trigonometric limit The dynamical six-, ten- and nineteen-vertex
models defined above are commonly referred to as elliptic, as their weights
are defined in terms of Jacobi theta functions (which can be thought of
as the building blocks of elliptic functions).

For an appropriate choice of reference height ℓ0, which we will specify in
Section 4.1.4, taking the limit ω → i∞ yields trigonometric models [59].
For y = 0, the limit yields the trigonometric dynamical six-, ten- and
nineteen-vertex models. Conversely, for y = 1, we obtain the corresponding
trigonometric non-dynamical models, which allows us to connect the
present work with [92,93]. In the following proposition, we provide the
limit for the weights of the dynamical ten-vertex model:

Proposition 4.1.10. Let y = 1 and t = t′ + πω/2, where t′ is a fixed
complex number, then

lim
ω→i∞

1
2e−iπω/4e(λ) = sin(λ+ 2η) (4.42a)

and

lim
ω→i∞

1
2e−iπω/4f(λ|t) = lim

ω→i∞

1
2e−iπω/4f̄(λ|t) = sin(λ+ η), (4.42b)

lim
ω→i∞

1
2e−iπω/4g(λ|t) = lim

ω→i∞

1
2e−iπω/4ḡ(λ|t) = 1

β
sin η, (4.42c)

lim
ω→i∞

1
2e−iπω/4h(λ|t) = lim

ω→i∞

1
2e−iπω/4h̄(λ|t) = sinλ, (4.42d)

lim
ω→i∞

1
2e−iπω/4j(λ|t) = lim

ω→i∞

1
2e−iπω/4̄j(λ|t) = β sin 2η, (4.42e)

where
β2 = sin η

sin 2η . (4.43)

Proof. From Proposition A.1.3, we have the identity

ϑ1(λ+ πω/2) = ie−i(λ+πω/4)ϑ4(λ), (4.44)

and from Definition A.1.1, we have the limits

lim
ω→i∞

1
2e−iπω/4ϑ1(λ) = sinλ, lim

ω→i∞
ϑ4(λ) = 1. (4.45)

The proposition follows from applying them to the vertex weights.
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4.1.3 The monodromy matrix

In this section, we define and analyse the monodromy matrix of the
inhomogeneous d10V model, which is one of the focal points of this chapter
and the next. The monodromy matrix takes the height dependence of the
vertex weights into account. We closely follow [58, 59, 94], and implement
this dependence through the definition of the monodromy matrix as an
operator on the spin-dynamical space, which is an infinite-dimensional
vector space. We study the properties of the monodromy matrix in
great detail. First, we establish several algebraic relations between its
operator entries, issued from the Yang-Baxter algebra associated with the
d6V R-matrix. Second, we analyse their behaviour under the exchange
of inhomogeneity parameters, examine their analyticity and pseudo-
periodicity properties, and discuss a recursive structure. We conclude the
section with a note on graphical calculus.

The spin-dynamical spaces In Section 4.1.2, we have been considering
the R-matrices only as operators on tensor products of C2 or C3. We now
extend our algebraic description to take the model heights into account.
We introduce height states |t⟩, for all t ∈ ℓ0 + ηZ, with ℓ0 the reference
height discussed in Section 4.1.1. The dual height states are given by ⟨k|,
for all k ∈ ℓ0 + ηZ. We name the spaces that they span the dynamical
space and its dual, respectively. They are formally defined as the following
infinite-dimensional vector spaces:

D0 =
⊕
j∈Z

C|ℓ0 + jη⟩, D∗
0 =

⊕
j∈Z

C⟨ℓ0 + jη|. (4.46)

The dual pairing of D∗
0 and D0 is the bilinear form defined through

⟨k|t⟩ = δk,t. (4.47)

We introduce dynamical operators, τ and T±
τ . The operator τ is diagonal

on the height states,

τ |t⟩ = t |t⟩ , ⟨k| τ = k ⟨k| . (4.48)

The operators T±
τ act as ladder operators on the height states,

T±
τ |t⟩ = |t∓ η⟩ , ⟨k|T±

τ = ⟨k ± η| . (4.49)
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From (4.48) and (4.49), we deduce the following commutation relation:

T±
τ τ = (τ ± η)T±

τ . (4.50)

Moreover, the dynamical operators commute with all spin operators.
Below, we consider the spin-dynamical space and its dual,

DN = (C3)⊗N ⊗ D0, D∗
N = (C3)⊗N∗ ⊗ D∗

0. (4.51)

The canonical basis elements of these spaces are respectively given by
the tensor products between canonical basis elements of (the dual of)
(C3)⊗N , and (dual) height states.

Finally, we note that the actions of operators given in this chapter
naturally generalise to the spin-dynamical space. As an example, we show
how using this space allows us to implement the heights in our evaluation
of the vertex weights of the d10V model. We consider the vertex at the
right of figure 4.2, with α, γ ∈ {±1} and β, δ ∈ {0,±2}. Algebraically,
the corresponding vertex weight is

⟨γδ| ⊗ ⟨t| R(1,2)
12 (λ|τ)T σ3

1
τ |αβ⟩ ⊗ |ℓ⟩

= ⟨γδ| ⊗ ⟨t| R(1,2)
12 (λ|t) |αβ⟩ ⊗ |ℓ− ηα⟩ , (4.52)

where we used (4.49) and (4.48). We thus see that (4.47) now enforces
ℓ = t+ ηα.

The monodromy matrix Let us introduce the operators

Sj =
j∑

k=1
s3

k, j = 1, . . . , N, (4.53)

and S0 = 0. In particular, S = SN denotes the total spin operator on
(C3)⊗N .

In our analysis below, we work with the inhomogeneous d10V model. For
this purpose, we introduce inhomogeneity parameters λ1, . . . , λN ∈ C,
each associated to a factor of the tensor product (C3)⊗N . For all λ0 ∈ C,
we define the following operator on C2 ⊗ (C3)⊗N :

M0(λ0|t) =
↶
N∏

j=1
R(1,2)

0j

(
λ0j

∣∣∣t+ 2ηSj−1
)
, (4.54)
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where λ0j = λ0−λj , j = 1, . . . , N , and the curved arrow over the product
indicates a reversal of the product order. Moreover, the 0 subscripts label
the auxiliary space C2.

It is common to consider M0(λ|t) as a 2× 2 matrix in the auxiliary space,
with entries acting on (C3)⊗N . We write this matrix representation as
follows:

M0(λ|t) =
(

A(λ|t) B(λ|t)
C(λ|t) D(λ|t)

)
0
. (4.55)

The monodromy matrix of the inhomogeneous d10V model is the linear
operator M0(λ) on C2 ⊗ DN , defined as

M0(λ) = M0(λ|τ)T σ3
0

τ . (4.56)

As for M0(λ|t), it will be useful to consider the matrix representation
with respect to the auxiliary space,

M0(λ) =
(
A(λ) B(λ)
C(λ) D(λ)

)
0

=
(

A(λ|τ)T+
τ B(λ|τ)T−

τ

C(λ|τ)T+
τ D(λ|τ)T−

τ

)
0
. (4.57)

The entries A(λ),B(λ), C(λ) and D(λ) are operators on DN and D∗
N . We

refer to them as monodromy-matrix entries. Together, they constitute a
representation of the dynamical Yang-Baxter algebra, an operator algebra
associated to the elliptic quantum group Eτ,γ(sl2) [47,149]. We devote the
remainder of this section to the study of the properties of the monodromy
matrix and its entries.

Algebraic relations We now derive commutations relations between
the monodromy-matrix entries. These algebraic relations follow from an
application of the dYBE (4.28) to a product of monodromy matrices.

Proposition 4.1.11. We have

R(1,1)
00′ (λ00′ |τ + 2ηS)M0(λ0)M0′(λ0′)

=M0′(λ0′)M0(λ0)R(1,1)
00′ (λ00′ |τ) (4.58)

on C2⊗C2⊗DN , where 0 and 0′ are the labels of the first and the second
factor C2, respectively.
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Proof. By (4.28) and (4.55), we have

R(1,1)
00′ (λ00′ |τ + 2ηS)M0(λ0|τ + ησ3

0′)M0′(λ0′ |τ)

= M0′(λ0′ |τ)M0(λ0|τ + ησ3
0)R(1,1)

00′ (λ00′ |τ). (4.59)

We multiply both sides of this equality on the right by T σ3
0

τ T
σ3

0′
τ . Using

the fact that

R(1,1)
00′ (λ|τ)T σ3

0
τ T

σ3
0′

τ = T
σ3

0
τ T

σ3
0′

τ R(1,1)
00′ (λ|τ), (4.60)

which, crucially, follows from the height-independence of the weight a(λ),
we obtain (4.58).

Writing out the matrix representations of both sides of (4.59), with respect
to the factor C2 ⊗ C2 of the two auxiliary spaces, straightforwardly leads
to sixteen relations between the monodromy-matrix entries. In the next
proposition, we gather the relations that will be important in the following.

Proposition 4.1.12. Let µ1, µ2 be complex numbers and µ12 = µ1 − µ2,
then

[A(µ1),A(µ2)] = [B(µ1),B(µ2)] = 0, (4.61)
[C(µ1), C(µ2)] = [D(µ1),D(µ2)] = 0, (4.62)

and

b̄(µ12|τ + 2ηS)C(µ1)A(µ2) = A(µ2)C(µ1)a(µ12) (4.63)
− c̄(µ12|τ + 2ηS)A(µ1)C(µ2),

b(µ12|τ + 2ηS)A(µ1)C(µ2) = C(µ2)A(µ1)a(µ12) (4.64)
− c(µ12|τ + 2ηS)C(µ1)A(µ2),

D(µ2)C(µ1)b(µ12|τ) = a(µ12)C(µ1)D(µ2) (4.65)
− C(µ2)D(µ1)c̄(µ12|τ),

C(µ2)D(µ1)b̄(µ12|τ) = a(µ12)D(µ1)C(µ2) (4.66)
−D(µ2)C(µ1)c(µ12|τ),

Furthermore, we have

b(µ12|τ)B(µ2)C(µ1) = b̄(µ12|τ + 2ηS)C(µ1)B(µ2)
+ c̄(µ12|τ + 2ηS)A(µ1)D(µ2)−A(µ2)D(µ1)c̄(µ12|τ), (4.67)
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and

C(µ2)B(µ1)b̄(µ12|τ) = b(µ12|τ + 2ηS)B(µ1)C(µ2)
+ c(µ12|τ + 2ηS)D(µ1)A(µ2)−D(µ2)A(µ1)c(µ12|τ). (4.68)

Since we study a particular representation of the dynamical Yang-Baxter
algebra, additional relations hold that do not immediately follow from
Proposition 4.1.11. Some of them follow from the so-called inversion
formula, which relates the monodromy matrix and its transpose (with
respect to the auxiliary space).

Proposition 4.1.13 (Inversion formula). We have

M0(λ) σ2
0M0(λ− η)t0σ2

0 = e−2iyηSϑ1(τ)
ϑ1(τ + 2ηS) A(λ)D(λ− η), (4.69)

where A(λ), D(λ) are defined in (3.49), and t0 denotes the transposition
with respect to the auxiliary space.

Proof. We relegate the proof of this formula to Section 4.A. It is based on
a similar formula for the monodromy matrix of the dynamical six-vertex
model, whose combination with the fusion procedure allows us to establish
(4.69).

Writing out the inversion formula for the entries of the monodromy matrix
allows us to compute the so-called quantum determinant detqM0(λ) of
the dynamical Yang-Baxter algebra [47,149] for the representation that
we consider. This quantum determinant is defined as

detqM(λ)

= ϑ1(τ + 2ηS)
ϑ1(τ) e2iyηS (A(λ)D(λ− η)− B(λ)C(λ− η)) , (4.70a)

= ϑ1(τ + 2ηS)
ϑ1(τ) e2iyηS (D(λ)A(λ− η)− C(λ)B(λ− η)) . (4.70b)

The equality of the two expressions for the quantum determinant follows
from the algebraic relations of Proposition 4.1.11. They also imply that
the quantum determinant belongs to the center of the dynamical Yang-
Baxter algebra. In the representation that we consider, it acts as a
multiple of the identity matrix.
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Corollary 4.1.14 (Quantum determinant relation). We have

detqM(λ) = A(λ)D(λ− η). (4.71)

Exchange relation We will need an additional algebraic relation that
involves the monodromy-matrix entry C(λ). To this end, we define the
Ř-matrix of the d19V model

Ř(2,2)(λ|t) = P(2)R(2,2)(λ|t). (4.72)

The multiplication of the monodromy matrix by this operator allows
one to swap two of its inhomogeneity parameters. We sometimes need
to exclude certain singular choices for these parameters, or treat them
separately. To this end, the following terminology will be useful:

Definition 4.1.15. We call the inhomogeneity parameters λ1, . . . , λN

generic if
λij − ηh ̸≡ 0 (modπ, πω), (4.73)

for all 1 ⩽ i < j ⩽ N and h ∈ Z.

Throughout, the inhomogeneity parameters are generic unless stated
otherwise.

We now prove the exchange relations for the monodromy matrix. To this
end, we writeM0(λ0) =M0(λ0;λ1, . . . , λN ) to stress the dependence on
the inhomogeneity parameters.

Proposition 4.1.16 (Exchange relations). For each i = 1, . . . , N , we
have

Ř(2,2)
i,i+1

(
λi,i+1

∣∣∣τ + 2ηSi−1
)
M0(λ0; · · ·λi, λi+1 · · · )

=M0(λ0; · · ·λi+1, λi · · · )Ř(2,2)
i,i+1

(
λi,i+1

∣∣∣τ + 2ηSi−1
)
. (4.74)

Proof. We consider the left-hand side of (4.74) and use (4.54) and (4.56)
to replace the monodromy matrix by a product of R-matrices, multiplied
on the right by the dynamical shift operator. The Ř-matrix commutes
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with the N − i− 1 leftmost factors of the product of R-matrices. Hence,
we move it to the right of their product and encounter the term

Ř(2,2)
i,i+1

(
λi,i+1

∣∣∣τ + 2ηSi−1
)

R(1,2)
0,i+1

(
λ0,i+1

∣∣∣τ + 2ηSi
)

× R(1,2)
0,i

(
λ0,i

∣∣∣τ + 2ηSi−1
)
. (4.75)

By Proposition 4.1.5, this term is equal to

R(1,2)
0,i+1

(
λ0,i

∣∣∣τ + 2ηSi
)

R(1,2)
0,i

(
λ0,i+1

∣∣∣τ + 2ηSi−1
)

× Ř(2,2)
i,i+1

(
λi,i+1

∣∣∣τ + 2ηSi−1 + ησ3
0

)
. (4.76)

The remaining i− 1 factors of the product of R-matrices commute with
the Ř-matrix, too, thanks to Proposition 4.1.6. Moving the Ř-matrix to
their right, we encounter the term

Ř(2,2)
i,i+1

(
λi,i+1

∣∣∣τ + 2ηSi−1 + ησ3
0

)
T

σ3
0

τ = T
σ3

0
τ Ř(2,2)

i,i+1

(
λi,i+1

∣∣∣τ + 2ηSi−1
)
,

where we applied (4.50). Using again (4.54) and (4.56), we note that
commuting the Ř-matrix to the right yields the monodromy matrix with
λi and λi+1 exchanged, which leads to the right-hand side of (4.74).

The exchange relations are instrumental in proving a host of properties
that involve the inhomogeneity parameters. As a first application, we use
them to establish the vanishing of a triple-product of monodromy-matrix
entries.

Proposition 4.1.17. For each j = 1, . . . , N , we have

C(λj)C(λj − η)C(λj − 2η) = 0. (4.77)

Proof. First, we examine the case j = N . We expand the product of
operators C according to their definition. The resulting expression contains
the factor

(⟨↓↓↓|00′0′′ ⊗ I)R(1,2)
0N

(
0
∣∣∣τ + 2ηSN−1

)
R(1,2)

0′N

(
−η

∣∣∣τ + 2ηSN−1 + η
)

× R(1,2)
0′′N

(
−2η

∣∣∣τ + 2ηSN−1 + 2η
)

= 0, (4.78)

which follows from a direct computation.
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Second, we combine this result with the exchange relations to prove (4.77)
for j = 1, . . . , N − 1. We write C(λ0) = C(λ0;λ1, . . . , λN ) to stress the
dependence on the inhomogeneity parameters. Using Proposition 4.1.16,
we find

↶
N−1∏
k=j

Ř(2,2)
k,k+1

(
λj,k+1

∣∣∣τ + 2ηSk−1
)
C(λj)C(λj − η)C(λj − 2η)

= C(λj ; · · ·λN , λj)C(λj − η; · · ·λN , λj)C(λj − 2η; · · ·λN , λj)

×

↶
N−1∏
k=j

Ř(2,2)
k,k+1

(
λj,k+1

∣∣∣τ + 2ηSk−1
)
. (4.79)

From the case j = N studied above, the right-hand side vanishes. Hence,
we obtain

↶
N−1∏
j=i

Ř(2,2)
j,j+1

(
λi,j+1

∣∣∣τ + 2ηSj−1
)
C(λi)C(λi − η)C(λi − 2η) = 0 (4.80)

The product of Ř-matrices on the left-hand side is invertible by Propo-
sition 4.1.8, for generic inhomogeneity parameters. By continuity, this
implies (4.77) for j = 1, . . . , N − 1 and arbitrary inhomogeneity parame-
ters.

Analyticity and pseudo-periodicity We now investigate the an-
alyticity and pseudo-periodicity properties of the monodromy matrix.
First, we characterise the monodromy matrix as a function of its spectral
parameter. To simplify our presentation, we will often attribute a property
to the monodromy matrix (or its entries) if this property holds for all its
matrix elements with respect to the canonical basis of C2 ⊗ DN (or DN ).

Proposition 4.1.18. The monodromy matrixM(λ) is an entire function
of the spectral parameter λ. Moreover, it fulfils

M0(λ+ π) = (−1)N (σ3
0)yM0(λ)(σ3

0)y, (4.81)

M0(λ+ πω) = (−p−1e−2i(λ+η))N e2i
∑N

j=1 λjpyσ3
0/2e−i(τ+2ηS)σ3

0 (4.82)

×M0(λ)eiτσ3
0p−yσ3

0/2e−iη.
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Proof. The analyticity follows from Proposition 4.1.7 and the definition
of M(λ). For the pseudo-periodicity, we apply Proposition 4.1.7 to each
R-matrix in the definition (4.54). It yields

M0(λ+ π|t) = (−1)N (σ3
0)yM0(λ|t)(σ3

0)y, (4.83)

M0(λ+ πω|t) = (−p−1e−2i(λ+η))N e2i
∑N

j=1 λjpyσ3
0/2e−i(t+2ηS)σ3

0

×M0(λ|t)eitσ3
0p−yσ3

0/2. (4.84)

The proposition follows from the commutation relation (4.50).

Corollary 4.1.19. The monodromy-matrix entries B(λ) and C(λ) are
entire functions of the spectral parameter λ. Moreover, they fulfil

B(λ+ π) = (−1)N+yB(λ), (4.85)

B(λ+ πω) = py(−p−1e−2i(λ+η))N e2i
∑N

j=1 λj e−2iSτB(λ), (4.86)

C(λ+ π) = (−1)N+yC(λ), (4.87)

C(λ+ πω) = p−y(−p−1e−2i(λ+η))N e2i
∑N

j=1 λj e2iSτC(λ). (4.88)

Furthermore, we characterise M(λ) as a function of the inhomogeneity
parameters. To this end, we introduce the following operators:

Γj = e2i(τ+2ηSj−1)s3
j +2iη(s3

j )2
p−ys3

j , j = 1, . . . , N. (4.89)

Proposition 4.1.20. The monodromy matrixM(λ) is an entire function
of each inhomogeneity parameter. Moreover, for each i = 1, . . . , N , it
fulfils

M0(λ0)|λi→λi+π = −(Ω3
i )yM0(λ0)(Ω3

i )y, (4.90a)

M0(λ0)|λi→λi+πω = −p−1e2i(λ0i+η) (Γi)−1M0(λ0) Γi. (4.90b)

Proof. The only dependence of the monodromy matrix on the inho-
mogeneity parameter λi appears in the R(1,2)

0i (λ0i|τ + 2ηSi−1) in (4.54).
The analyticity follows directly from Proposition 4.1.7. For the pseudo-
periodicity, we focus on the proof of (4.90b). The reasoning behind (4.90a)
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is similar. We consider

M0(λ0)|λi→λi+πω =
↶
N∏

j=i+1
R(1,2)

0j

(
λ0j

∣∣∣τ + 2ηSj−1
)

× R(1,2)
0i (λ0i − πω|τ + 2ηSi−1)

↶
i−1∏
j=1

R(1,2)
0j

(
λ0j

∣∣∣τ + 2ηSj−1
)
T

σ3
0

τ . (4.91)

Propositions 4.1.6 and 4.1.7 allow us to rewrite the factor involving
R(1,2)

0i (λ|t) as

R(1,2)
0i (λ0j − πω|τ ′)

= −p−1e2i(λ0i+η)(Γi)−1 R(1,2)
0i (λ0i|τ ′) Γie2iησ3

0s3
i , (4.92)

where τ ′ = τ + ηSi−1. Next, we commute (Γi)−1 and Γie2iησ3
0s3

i to the left
and right of the products of R-matrices in (4.91), respectively. Finally,
using (4.50), we obtain (4.90b).

Recursive structure In (4.54) and (4.56), we defined M0(λ|t) and
M0(λ) as operators acting on C2 ⊗ (C3)⊗N and C2 ⊗ DN , respectively.
Let us highlight the size of these spaces by writing N as superscript on
the operators and their entries. Moreover, we denote by MN−1

0 (λ)⊗ I
the natural embedding of MN−1

0 (λ) into End(C2 ⊗ DN ) that acts like
the identity on the N -th factor of (C3)⊗N . This notation naturally
carries over to the monodromy-matrix entries. The following proposition
expresses AN (λ) = A(λ) and CN (λ) = C(λ) in terms of AN−1(λ)⊗ I and
CN−1(λ)⊗ I:

Lemma 4.1.21. For each N ≥ 2, we have the following decompositions:

AN (λ0) = A1
N (λ0N |τ + 2ηSN−1)(AN−1(λ0)⊗ I) (4.93)

+ B1
N (λ0N |τ + 2ηSN−1)(CN−1(λ0)⊗ I),

CN (λ0) = C1
N (λ0N |τ + 2ηSN−1)(AN−1(λ0)⊗ I) (4.94)

+ D1
N (λ0N |τ + 2ηSN−1)(CN−1(λ0)⊗ I),

Proof. We focus on the proof of (4.93). The same logic applies for (4.94).
Using (4.54) and (4.56), we write

MN
0 (λ0) = R(1,2)

0N (λ0N |τ + 2ηSN−1)(MN−1
0 (λ0)⊗ I). (4.95)
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We consider the monodromy-matrix entry

AN (λ0) = ⟨↑|0M
N
0 (λ0) |↑⟩0 (4.96)

= ⟨↑|0 R(1,2)
0N (λ0N |τ + 2ηSN−1)(MN−1

0 (λ0)⊗ I) |↑⟩0 . (4.97)

Inserting I = |↑⟩0 ⟨↑|0 + |↓⟩0 ⟨↓|0 right after the R-matrix in (4.97), we get

AN (λ0) = ⟨↑|0 R(1,2)
0N (λ0N |τ + 2ηSN−1) |↑⟩0 (⟨↑|0M

N−1
0 (λ0) |↑⟩0 ⊗ I)

+ ⟨↑|0 R(1,2)
0N (λ0N |τ + 2ηSN−1) |↓⟩0 (⟨↓|0M

N−1
0 (λ0) |↑⟩0 ⊗ I). (4.98)

Finally, we evaluate the various matrix elements of the right-hand side
with the help of (4.54) and (4.56).

Diagrammatic calculus Below, we sometimes resort to graphical
arguments. This common technique in the theory of planar lattice models
provides a convenient way to visualise and manipulate algebraic expres-
sions. The building blocks of our graphical expressions are the R-matrices.
Recall that the d10V R-matrix is an operator on C2 ⊗ C3. We represent
it as

R(1,2)(λ− µ|t) = λ

µ

t
. (4.99)

The single line represents the space C2, and the double line the space
C3. Assigning orientations to vertex edges corresponds to evaluating a
matrix element of the R-matrix. For instance, we have

j(λ− µ|t) = ⟨↑0| R(1,2)(λ− µ|t) |↓⇑⟩ = λ

µ

t

. (4.100)

When combining R-matrices, any inner edge without an arrow obeys an
implicit summation rule: the diagram corresponds to the sum over all
orientations of this edge. Let us take the graphical representation of the
operator C as an example,

C(λ) =

λ1 λ2 λN

λ

τ

· · · =
∑

α1,...,
αN−1=±

λ1 λ2 λN

λ α1 α2

τ

· · · .
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The elements of the spin-dynamical space and its dual are respectively
represented as

|00⇓⇓⟩ ⊗ |t⟩ =
t

, (4.101)

⟨⇑⇑0⇓| ⊗ ⟨k| =
k

. (4.102)

Lastly, the right-to-left order of application in dual pairings translates to
diagrams drawn from bottom to top. Here is an example:

⟨⇑0⇑⇓| B(µ3)A(µ2)C(µ1) |00⇓⇓⟩ =

τ
µ3

µ2

λ1 λ2 λ2 λ3

µ1

. (4.103)

4.1.4 The transfer matrix

In this section, we define the transfer matrices of the inhomogeneous
d10V and d19V models with anti-periodic boundary conditions. For this
purpose, we view the spin-dynamical space and its dual as Z-graded vector
spaces. We analyse the transfer matrices on the subspaces of homogeneous
elements of degree 0. In particular, on these subspaces, we establish the
existence of an infinite family of commuting transfer matrices. Moreover,
we establish the so-called fusion relations, which connects the transfer
matrices of the two models.

Spin-dynamical space decomposition Recall that the definition of
the dynamical vertex models involves a reference height ℓ0, that we have
not used so far. Below, we focus on the case where

ℓ0 = xπ2 + yπω2 , (4.104)
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with
(x, y) ∈ {(1, 0), (0, 1), (1, 1)}. (4.105)

The integer y explicitly appears in the weights of the R-matrices of the
dynamical ten- and nineteen-vertex models. Conversely, x only occurs
through the action of certain operators, such as the entries of the mon-
odromy matrix, on the spin-dynamical space or its dual.5 The limitation
to (4.105) guarantees that the height parameter of any vertex weight
always respects the constraint (4.3), which implies that the vertex weights
are always well-defined.

Following [58,59,94], we introduce the operator

Sτ = τ + ηS. (4.106)

on DN and D∗
N . This operator is diagonalisable, with eigenvalues

rη + x π
2 + y πω

2 , ∀ r ∈ Z. (4.107)

We denote by D
(r)
N the corresponding eigenspace, and by D

(r)∗
N its dual.

The elements of their canonical basis are respectively given by

|α⟩ ⊗ |tα,r⟩ , ⟨α| ⊗ ⟨tα,r| , α ∈ {⇑, 0,⇓}N , (4.108)

where
tα,r = η(r − sα) + x π

2 + y πω
2 , (4.109)

and sα is the magnetisation of α, defined through S|α⟩ = sα|α⟩. The
space DN is a direct sum of the eigenspaces of Sτ ,

DN =
⊕
r∈Z

D
(r)
N D∗

N =
⊕
r∈Z

D
(r)∗
N . (4.110)

Thus, we can think of DN and its dual as Z-graded vector spaces, with the
integer r playing the role of the grading of the homogeneous subspaces.
We now study the action of the monodromy-matrix entries on these
subspaces. To this end, we use the following lemma:

5Studying this action reveals that the pair (x, y) can be thought of as the charac-
teristics of certain theta functions. We will, however, not develop this point of view in
this chapter.
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Lemma 4.1.22. We have the commutation relations

[A(λ), S] = 0, [B(λ), S] = B(λ), (4.111a)
[C(λ), S] = −C(λ), [D(λ), S] = 0, (4.111b)

and

[A(λ), Sτ ] = ηA(λ), [B(λ), Sτ ] = 0, (4.112a)
[C(λ), Sτ ] = 0, [D(λ), Sτ ] = −ηD(λ). (4.112b)

Proof. By Proposition 4.1.6, (4.54) and (4.56), we have the commutation
relation

[M0(λ), σ3
0 + 2S] = 0. (4.113)

We obtain (4.111) by writing out this relation for the monodromy-matrix
entries. Moreover, the relations (4.112) follow from (4.111) and

[A(λ), τ ] = ηA(λ), [B(λ), τ ] = −ηB(λ), (4.114)
[C(λ), τ ] = ηC(λ), [D(λ), S] = −ηD(λ), (4.115)

which are a straightforward consequence of (4.50).

An immediate consequence of this lemma is:

Corollary 4.1.23. For each r ∈ Z, we have

A(λ)D(r)
N ⊂ D

(r+1)
N , B(λ)D(r)

N ⊂ D
(r)
N , (4.116)

C(λ)D(r)
N ⊂ D

(r)
N , D(λ)D(r)

N ⊂ D
(r−1)
N , (4.117)

and

D
(r)∗
N A(λ) ⊂ D

(r−1)∗
N , D

(r)∗
N B(λ) ⊂ D

(r)∗
N , (4.118)

D
(r)∗
N C(λ) ⊂ D

(r)∗
N , D

(r)∗
N D(λ) ⊂ D

(r+1)∗
N . (4.119)

The transfer matrix The transfer matrix of the inhomogeneous
dynamical ten-vertex model with anti-periodic boundary conditions is
the linear operator T (λ) on DN defined by

T (λ) = tr0
(
σ1

0M0(λ)
)

= B(λ) + C(λ), (4.120)
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where tr0 denotes the trace over the auxiliary space. By Corollary 4.1.23,
the transfer matrix preserves the homogeneous subspaces of DN and D∗

N .
Its action on D

(0)
N and D

(0)∗
N is particularly interesting. We now discuss

several important properties of the transfer matrix on these subspaces.
First, we establish that the d10V transfer matrix defines a one-parameter
family of commuting operators on these subspaces.

Proposition 4.1.24. For all λ, λ′, we have the commutation relation

[T (λ), T (λ′)] = 0 (4.121)

on D
(0)
N and D

(0)∗
N .

Proof. By (4.120), we have

T (λ0)T (λ0′) = tr00′

(
σ1

0σ
1
0′M0(λ0)M0′(λ0′)

)
. (4.122)

Let λ00′ ̸≡ ±η (modπ, πω). We use Proposition 4.1.11, as well as the
invertibility of the R-matrix of the d6V model, inferred from Proposi-
tion 4.1.3, to get

T (λ0)T (λ0′) = tr00′

(
σ1

0σ
1
0′R(1,1)

00′ (λ00′ |τ + 2ηS)−1

×M0′(λ0′)M0(λ0)R(1,1)
00′ (λ00′ |τ)

)
. (4.123)

The cyclic property of the trace allows us to move the rightmost R-matrix
to the left of the trace. By (4.60), its height parameter stays unchanged,

T (λ0)T (λ0′) = tr00′

(
R(1,1)

00′ (λ00′ |τ)σ1
0σ

1
0′R(1,1)

00′ (λ00′ |τ + 2ηS)−1

×M0′(λ0′)M0(λ0)
)
. (4.124)

Using the symmetries of Proposition 4.1.2, we obtain

T (λ0)T (λ0′) = tr00′

(
σ1

0σ
1
0′R(1,1)

00′ (λ00′ | − τ + xπ + yπω)

× R(1,1)
00′ (λ00′ |τ + 2ηS)−1M0′(λ0′)M0(λ0)

)
. (4.125)

Note that on D
(0)∗
N , we may replace τ + 2ηS = −τ + xπ+ yπω. Therefore,

we have T (λ0)T (λ0′) = T (λ0′)T (λ0) on D
(0)∗
N . By continuity, the com-

mutation relation holds for λ00′ ≡ ±η (modπ, πω), as well. Moreover, it
also holds on D

(0)
N by duality.
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Second, we characterise T (λ) as a theta function of the spectral parameter.

Lemma 4.1.25. The operator eiyλT (λ), restricted to D
(0)
N or D(0)∗

N , is a
theta function in λ of order N , nome p, and norm

∑N
j=1(λj−η)+x π

2 +y πω
2 .

Proof. By Corollary 4.1.19, the transfer matrix is an entire function of λ.
Moreover, we obtain the following pseudo-periodicity relations:

eiyλT (λ)
∣∣∣
λ→λ+π

= (−1)N eiyλT (λ), (4.126)

eiyλT (λ)
∣∣∣
λ→λ+πω

= (−1)N eiyλp−N+ye−2i
∑N

j=1(λ+η−λj) (4.127)

×
(
pye−2iSτB(λ) + p−ye2iSτC(λ)

)
.

To simplify the second equality, we note that Sτ commutes with B(λ) and
C(λ) by Lemma 4.1.22. Hence, on D

(0)
N , we may replace Sτ by x π

2 + y πω
2 .

The second pseudo-periodicity (4.127) simplifies to

eiyλT (λ)
∣∣∣
λ→λ+πω

= (−1)N+xp−N+ye−2i
∑N

j=1(λ+η−λj)eiyλT (λ). (4.128)

The proposition follows from (4.126), (4.128) and Definition A.2.1.

Third, we examine a spin-reversal symmetry of the transfer matrix. The
spin-reversal operator F on (C3)⊗N is

F = (−1)N (Ω1)⊗N . (4.129)

Its generalisation to the spin-dynamical space is

Fτ = FT−2S
τ . (4.130)

We find that Fτ preserves D(0)
N and D

(0)∗
N .

Lemma 4.1.26. We have

FτB(λ) = C(λ)Fτ , FτC(λ) = B(λ)Fτ , (4.131)

on D
(0)
N and D

(0)∗
N .

Proof. Since F 2
τ = I on D

(0)
N , it is sufficient to prove the first equality.



4.1. Dynamical ten- and nineteen-vertex models 135

First, we compute

C(λ)F = C(λ|τ)T+
τ F = ⟨↓|0 M0(λ|τ) |↑⟩0 FT

+
τ (4.132)

= ⟨↑|0 σ
1
0M0(λ|τ)σ1

0F |↓⟩0 T
+
τ . (4.133)

Using the symmetry properties of Proposition 4.1.6 and the defini-
tion (4.54), it is straightforward to establish the commutation relation
M0(λ|τ)σ1

0F = σ1
0FM0(λ| − τ + xπ + yπω), which yields

C(λ)F = F ⟨↑|0 M0(λ| − τ + xπ + yπω) |↓⟩0 T
+
τ (4.134)

= FB(λ| − τ + xπ + yπω)T+
τ . (4.135)

Second, let α ∈ {⇑, 0,⇓}N . We use the following shorthand notation for
the elements of the canonical basis of D(0)

N :

|e(0)
α ⟩ = |α⟩ ⊗ |tα,0⟩ . (4.136)

We examine the action

C(λ)Fτ |e(0)
α ⟩ = C(λ|τ)FT−2S+1

τ |e(0)
α ⟩ (4.137)

= FB(λ| − τ + xπ + yπω)T−2S+1
τ |e(0)

α ⟩ , (4.138)

where the last equality follows from (4.135). Moreover, by (4.50), we have

C(λ)Fτ |e(0)
α ⟩ = FB(λ| − τ + xπ + yπω)T−2sα+1

τ |e(0)
α ⟩

= FT−2(sα−1)
τ B(λ| − τ − 2η(sα − 1) + xπ + yπω)T−

τ |e(0)
α ⟩ . (4.139)

Since τT−
τ |e

(0)
α ⟩ = (tα,0 + η)T−

τ |e
(0)
α ⟩ and, crucially, tα,0 = −ηsα + x π

2 +
y πω

2 , we may rewrite this expression as

C(λ)Fτ |e(0)
α ⟩ = FT−2(sα−1)

τ B(λ|tα,0 + η)T−
τ |e(0)

α ⟩

= FT−2(sα−1)
τ B(λ|τ)T−

τ |e(0)
α ⟩ = FT−2(sα−1)

τ B(λ) |e(0)
α ⟩ . (4.140)

By Lemma 4.1.22, we may replace the action of T−2(sα−1)
τ by T−2S

τ , which
yields

C(λ)Fτ |e(0)
α ⟩ = FτB(λ) |e(0)

α ⟩ . (4.141)

This equality holds for any spin configuration α, which proves FτB(λ) =
C(λ)Fτ on D

(0)
N . On D

(0)∗
N , it follows by duality.

The spin-reversal symmetry of the transfer matrix follows straightfor-
wardly from the previous lemma.

Proposition 4.1.27. We have [T (λ), Fτ ] = 0, on D
(0)
N and D

(0)∗
N .
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The fusion relation We now show how to obtain the transfer matrix
of the d19V model from that of the d10V. This property allows us to
focus our analysis on the d10V model. We use the superscripts (1) and
(2) to distinguish between quantities of the d10V and d19V models,
respectively.

By analogy with (4.54) and (4.56), we define the monodromy matrix of
the inhomogeneous d19V model as the following operator on C3 ⊗ DN :

M(2)(λ) =
( ↶

N∏
j=1

R(2,2)
0j

(
λ0j

∣∣∣τ + 2ηSj−1
))

T
2s3

0
τ . (4.142)

Here, the auxiliary space labelled by 0 is the space C3. The transfer
matrix of the inhomogeneous d19V model with anti-periodic boundary
conditions is defined as

T (2)(λ) = − tr0
(
Ω1

0M
(2)
0 (λ)

)
. (4.143)

We now write this transfer matrix in terms of the T (λ) = T (1)(λ).

Proposition 4.1.28 (Fusion relation). We have the identity

T (2)(λ) = T (1)(λ)T (1)(λ− η) + A(λ)D(λ− η)e−2iyηSϑ1(τ)
ϑ1(τ + 2ηS) . (4.144)

Proof. Using the identity I = P (1)+ + P (1)−, we may write

T (1)(λ0)T (1)(λ0 − η) = O+(λ0) +O−(λ0) (4.145)

with the two terms

O±(λ0) = tr00′

(
σ1

0σ
1
0′P

(1)±
00′ M(1)

0 (λ0)M(1)
0′ (λ0 − η)

)
. (4.146)

We treat these two terms separately.

First, it follows from (4.50), (4.54), (4.56), and the symmetry properties
of Proposition 4.1.6, that

O+(λ0) = tr00′

(
σ1

0σ
1
0′P

(1)+
00′

↶
N∏

j=1

(
R(1,2)

0j (λ0j |τ + 2ηSj−1)

× R(1,2)
0′j (λ0j − η|τ + 2ηSj−1 + σ3

0)
)
T

σ3
0+σ3

0′
τ

)
. (4.147)
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As a straightforward consequence of Propositions 4.1.4 and 4.1.5, we
have, for each j = 1, . . . , N ,

P
(1)+
00′ R(1,2)

0j (λ0j |t)R(1,2)
0′j (λ0j − η|t+ ησ3

0)

= P
(1)+
00′ R(1,2)

0j (λ0j |t)R(1,2)
0′j (λ0j − η|t+ ησ3

0)P (1)+
00′ . (4.148)

Using this identity, we rewrite

O+(λ0) = tr00′

(
σ1

0σ
1
0′

↶
N∏

j=1

(
P

(1)+
00′ R(1,2)

0j (λ0j |τ + 2ηSj−1)

× R(1,2)
0′j (λ0j − η|τ + 2ηSj−1 + σ3

0)
)
T

σ3
0+σ3

0′
τ

)
. (4.149)

Moreover, from (4.148), and the commutation [σ1
0σ

1
0′ , P

(1)+
00′ ] = 0, the

operator inside the trace in (4.149) trivially vanishes on (C2 ∧ C2)⊗ DN

and its dual. This property and the similarity invariance of the trace
allows us to write

O+(λ0) = tr00′

(
Q00′U00′σ1

0σ
1
0′U−1

00′Q
t
00′

×
↶
N∏

j=1

(
Q00′U00′P

(1)+
00′ R(1,2)

0j (λ0j |τ + 2ηSj−1)

× R(1,2)
0′j (λ0j − η|τ + 2ηSj−1 + σ3

0)U−1
00′Q

t
00′

)
×Q00′U00′T

σ3
0+σ3

0′
τ U−1

00′Q
t
00′

)
, (4.150)

where Q and U are defined in (3.23) and (3.21), respectively. Using (4.23)
and the identities

Q00′U00′σ1
0σ

1
0′U−1

00′Q
t
00′ = −Ω1, (4.151)

Q00′U00′(σ3
0 + σ3

0′)U−1
00′Q

t
00′ = 2s3, (4.152)

leads to
O+(λ0) = T (2)(λ0). (4.153)

Second, a direct computation reveals

O−(λ0) = −1
2(A(λ0)D(λ0 − η)− B(λ)C(λ0 − η)

+D(λ0)A(λ0 − η)− C(λ0)B(λ0 − η)).
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On the right-hand side, we recognise, up to a factor, the quantum determi-
nant (4.70) of the dynamical Yang-Baxter algebra. Using Corollary 4.1.14,
we find

O−(λ0) = −A(λ0)D(λ0 − η)e−2iyηSϑ1(τ)
ϑ1(τ + 2ηS) , (4.154)

which ends the proof.

4.2 Vertex-face correspondence

In order to compute the partition function of the 8V model, Baxter
related it to the 8VSOS model by means of intertwining vectors [45].
This relation later came to be known as the vertex-IRF transformation
or vertex-face correspondence [47,89]. In the description of the 8VSOS as
a dynamical vertex model, the transformation relies on an operator to
connect the R-matrices of the 8V and d6V models [32, 46, 47]. In this
section, we present this vertex-face correspondence. Then, we apply the
fusion procedure to generalise it to the higher-spin models of Chapters 3
and 4. Finally, we use it to relate the anti-periodic d10V transfer matrix
to the quasi-periodic 18V transfer matrix.

Let us define the matrix [94]

V (1)(λ|t) =
(
ϑ̂2(−λ+ t) ϑ̂2(λ+ t)
ϑ̂3(−λ+ t) ϑ̂3(λ+ t)

)
eiy(t−λσ3)/2. (4.155)

This matrix allows us to formulate the vertex-face correspondence [45–47]:

Proposition 4.2.1. We have

R
(1,1)
12 (λ12)V (1)

1 (λ1|t)V (1)
2 (λ2|t+ ησ3

1)

= V
(1)

2 (λ2|t)V (1)
1 (λ1|t+ ησ3

2)R(1,1)
12 (λ12|t). (4.156)

We show that for generic values of its arguments, V (1)(λ|t) is invertible.

Proposition 4.2.2. For each λ, t ̸≡ 0 (modπ, πω), the matrix V (1)(λ|t)
is invertible.

Proof. By the addition formula of the Jacobi theta functions (A.12),
we compute detV (1)(λ|t) = eiytϑ1(λ)ϑ1(t), which is non-zero for all
λ, t ̸≡ 0 (modπ, πω).
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Given the parity and pseudo-periodicity properties of Jacobi theta func-
tions, the matrix V (1)(λ|t) obeys:

Lemma 4.2.3. We have

V (1)(λ| − t) = V (1)(λ|t)σ1e−iy(t+λσ3), (4.157)

V (1)(λ|t+ xπ + yπω) = (−1)yi(iσ1)y(iσ3)xV (1)(λ|t)e−iy(t−λσ3). (4.158)

To derive the vertex-face correspondence relating the R-matrices of the
18V and d10V models, we need the following result, obtained from two
consecutive applications of Proposition 4.2.1:

Lemma 4.2.4. We have

R
(1,1)
12 (λ12)R(1,1)

13 (λ13)V (1)
1 (λ1|t)V (1)

3 (λ3|t+ ησ3
1)V (1)

2 (λ2|t+ η(σ3
1 +σ3

3))

= V
(1)

3 (λ3|t)V (1)
2 (λ2|t+ ησ3

3)V (1)
1 (λ1|t+ η(σ3

2 + σ3
3))

× R(1,1)
12 (λ12|t+ ησ3

3)R(1,1)
13 (λ13|t). (4.159)

4.2.1 Fusion of the vertex-face correspondence

We apply the fusion procedure described in Section 4.1.2 to V (1)(λ|t) in
order to build its spin-1 generalisation. It reads

V (2)(λ|t) = Q12U12[P (1)+
12 V

(1)
1 (λ|t)V (1)

2 (λ− η|t+ ησ3
1)]U−1

12 Q
t
12, (4.160)

with U and Q as in (3.21) and (3.23). A direct computation involving
identities between Jacobi theta functions leads to the explicit expression:

V (2)(λ|t) =ϑ̂2(t−λ)ϑ̂2(t−λ+2η) α−1ϑ̂2(t−λ)ϑ̂2(t+λ) ϑ̂2(t+λ)ϑ̂2(t+λ−2η)
αϑ2(η)ϑ2(t−λ+η) ϑ2(t)ϑ2(λ) αϑ2(η)ϑ2(t+λ−η)
ϑ̂3(t−λ)ϑ̂3(t−λ+2η) α−1ϑ̂3(t−λ)ϑ̂3(t+λ) ϑ̂3(t+λ)ϑ̂3(t+λ−2η)


× eiy(t+(η−λ)s3). (4.161)

This matrix allows us to formulate the vertex-face correspondence between
the R-matrices of the 18V and d10V models.
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Proposition 4.2.5. We have

R
(1,2)
12 (λ12)V (1)

1 (λ1|t)V (2)
2 (λ2|t+ ησ3

1)

= V
(2)

2 (λ2|t)V (1)
1 (λ1|t+ 2ηs3

2)R(1,2)
12 (λ12|t). (4.162)

Proof. To prove the statement, we apply transformations to (4.159)
until the definitions of R(1,2)(λ12) and R(1,2)(λ12|t) appear. We specialise
(4.159) to λ3 = λ2 − η, and multiply it by R(1,1)

23 (η|t+ ησz
1) on the right,

R
(1,1)
12 (λ12)R(1,1)

13 (λ12 + η)V1(λ1|t)

× [V (1)
3 (λ2 − η|t+ ησ3

1)V (1)
2 (λ2|t+ η(σ3

1 + σ3
3))R(1,1)

23 (η|t+ ησ3
1)]

= V
(1)

3 (λ3|t)V (1)
2 (λ2|t+ ησ3

3)V (1)
1 (λ1|t+ η(σ3

2 + σ3
3))

× [R(1,1)
12 (λ12|t+ ησ3

3)R(1,1)
13 (λ13|t)R(1,1)

23 (η|t+ ησ3
1)]. (4.163)

We denote by XL and XR the left- and right-hand sides of (4.163), respec-
tively. First, we work on XL. We apply the vertex-face correspondence
(4.156) on the bracketed product, then the YBE. We obtain

XL = [R(1,1)
23 (η)R(1,1)

13 (λ12 + η)R(1,1)
12 (λ12)]V (1)

1 (λ1|t)

× [P (1)+
23 V

(1)
2 (λ2|t+ ησ3

1)V (1)
3 (λ2 − η|t+ η(σ3

1 + σ3
2))]. (4.164)

Second, we work on XR. We apply the dYBE on the bracketed product.
Then, we use (4.8) to commmute R(1,1)

23 (η|t) to the left of V (1)
1 (λ1|t +

η(σ3
2 + σ3

3)). Lastly, we use the vertex-face correspondence (4.156) to get

XR = [R(1,1)
23 (η)V (1)

2 (λ2|t)V (1)
3 (λ2 − η|t+ ησ3

2)]V (1)
1 (λ1|t+ η(σ3

2 + σ3
3))

× [P (1)+
23 R(1,1)

13 (λ12 + η|t+ ησ3
2)R(1,1)

12 (λ12|t)]. (4.165)

By Proposition 3.1.1, and the definitions (3.25) and (4.160), we find

ϑ̂4

ϑ1(η)ϑ̂4(2η)
Q23U23E

−1
23 XLU

−1
23 Q

t
23

= R
(1,2)
12 (λ12)V (1)

1 (λ1|t)V (2)
2 (λ2|t+ ησ3

1). (4.166)

We apply the same transformations on the right-hand side. We use
Proposition 3.1.1, the definitions (4.21) and (4.160) and the relation

Q12U12(σ3
1 + σ3

2)U−1
12 Q

t
12 = 2s3. (4.167)
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We obtain

ϑ̂4

ϑ1(η)ϑ̂4(2η)
Q23U23E

−1
23 XRU

−1
23 Q

t
23

= V
(2)

2 (λ2|t)V (1)
1 (λ1|t+ 2ηs3

2)R(1,2)
12 (λ12|t). (4.168)

Finally, equating (4.166) and (4.168) yields (4.162).

We define

V (2)
q (t) =

N∏
j=1

V
(2)

j (λj |t+ 2ηSj−1). (4.169)

This operator V (2)
q allows us to formulate the vertex-face correspondence

relating the monodromy matrices of the 18V and d10V models.

Proposition 4.2.6. We have

M0(λ)V (1)
0 (λ|t)V (2)

q (t+ ησ3
0) = V (2)

q (t)V (1)
0 (λ|t+ 2ηS)M0(λ|t). (4.170)

Proof. The relation follows from N successive applications of Proposi-
tion 4.2.5.

One can reproduce the reasoning of Proposition 4.2.5, starting from
(4.170) for N = 2, to derive the fused vertex-face correspondence.

Proposition 4.2.7. We have

R
(2,2)
12 (λ12)V (2)

1 (λ1|t)V (2)
2 (λ2|t+ 2ηs3

1)

= V
(2)

2 (λ2|t)V (2)
1 (λ1|t+ 2ηs3

2)R(2,2)
12 (λ12|t). (4.171)

To conclude this subsection, we state analyticity and pseudo-periodicity
properties for V (2)(λ|t) and V

(2)
q (t).

Proposition 4.2.8. The matrix V (2)(λ|t) is an entire function of λ.
Moreover, it obeys the following pseudo-periodicity relations:

V (2)(λ+ π|t) = −Ω3V (2)(λ|t)(Ω3)y, (4.172a)

V (2)(λ+ πω|t) = −p−1e−2iλΩ1V (2)(λ|t)e2its3+2iη(s3)2
p−ys3

. (4.172b)
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From the previous proposition, we deduce analyticity and pseudo-periodi-
city properties for V (2)

q (t).

Proposition 4.2.9. The matrix V (2)
q (t) is an entire function of each in-

homogeneity parameter. Moreover, for i = 1, . . . , N , it obeys the following
pseudo-periodicity relations:

V (2)
q (t)

∣∣∣
λi=λi+π

= −Ω3
iV

(2)
q (t)(Ω3

i )y,

V (2)
q (t)

∣∣∣
λi=λi+πω

= −p−1e−2iλiΩ1
iV

(2)
q (t)e2i(t+2ηSi−1)s3

i +2iη(s3
i )2
p−ys3

i .

Moreover, V (2)
q (t) possesses an exchange relation, deduced from Proposi-

tion 4.2.7:

Proposition 4.2.10. For each i = 1, . . . , N − 1, we have

Ř
(2,2)
i,i+1(λi,i+1)V (2)

q (t) = V (2)
q (t)

∣∣∣
λi↔λi+1

Ř(2,2)
i,i+1(λi,i+1|t+ 2ηSi−1). (4.174)

4.2.2 Relation between transfer matrices

Let us introduce a projector P : DN → (C3)⊗N such that for each
|α⟩ ⊗ |t⟩ ∈ DN ,

P |α⟩ ⊗ |t⟩ = |α⟩ . (4.175)

Naturally, we have
PT±

τ = P. (4.176)

Moreover, when restricted to D
(0)
N , P is an isomorphism. We define an

operator Vq ∈ End(C3)⊗N such that, restricted to the subspace D(0)
N , we

have
PV (2)

q (τ) = VqP. (4.177)

On each element |α⟩ of the canonical basis of (C3)⊗N , the operator acts
as

Vq |α⟩ = V (2)
q (tα,0) |α⟩ , (4.178)

with tα,0 as defined in (4.109).

The following assumption is essential to establish that the restriction of
VqP to D(0)

N is invertible. In turn, this operator proves useful in relating
the eigenvalue problems of the transfer matrices of the anti-periodic d10V
and the quasi-periodic 18V models.
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Assumption 4.2.11. The operator Vq is an automorphism of (C3)⊗N .

The main obstacle to proving this assumption resides in the non-local
nature of the operator Vq, brought on by the Sj−1 in (4.169) and by the
dependence on tα,0 in (4.178). Note that an inductive argument for the
spin-1/2 equivalent of Assumption 4.2.11 was presented in [94]. However,
its rigorous adaptation to the present case has revealed to be a challenge.
We assume that Assumption 4.2.11 holds throughout the remainder of
our work.

The operator VqP relates the anti-periodic d10V transfer matrix T (λ)
to the quasi-periodic 18V transfer matrix T (1)(λ). Each choice of the
parameters (x, y) corresponds to a choice of boundary conditions for the
vertex model. To reflect this relation, we re-label the twists of (3.47) and
(3.48) in terms of (x, y) as

iσ = (iσ1)y(iσ3)x, Ω = (Ω1)y(Ω3)x. (4.179)

The twists (4.179) for (x, y) = (0, 1), (1, 1), (1, 0) are equal to iσκ, Ωκ,
with κ = 1, 2, 3, respectively.

Proposition 4.2.12. In the subspace D(0)
N , we have

T (1)(λ)VqP = (−1)1+y i VqPT (λ). (4.180)

Proof. We use Propositions 3.1.11 and 4.1.13 to rewrite Proposition 4.2.6
as

V
(1)

0 (λ+ η|τ)V (2)
q (τ + ησ3

0)T σ3
0

τ σ2
0M0(λ)t0σ2

0
ϑ1(τ + 2ηS)

ϑ1(τ) e2iηS

= σ2
0M0(λ)t0σ2

0V
(2)

q (τ)V (1)
0 (λ+ η|τ + 2ηS). (4.181)

The idea behind this proof is to apply algebraic operations to this equation,
until the definitions of T (1)(λ) and T (λ) appear. First, due to (A.4), we
note that on D

(0)
N ,

ϑ1(τ + 2ηS)
ϑ1(τ) e2iηS = 1. (4.182)

We thus remove this operator from (4.181). Second, by Lemma 4.2.3, we
have

V (1)(λ| − τ + xπ + yπω) = (−1)yi(iσ1)y(iσ3)xV (1)(λ|τ)σ1. (4.183)
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We use this relation on the matrix V (1)
0 (λ+ η|τ) in the left-hand side of

(4.181), and obtain

V
(1)

0 (λ+ η| − τ + xπ + yπω)σ1
0V

(2)
q (τ + ησ3

0)T σ3
0

τ σ2
0M0(λ)t0σ2

0

= (−1)yi(iσ1)y(iσ3)xσ2
0M0(λ)t0σ2

0V
(2)

q (τ)V (1)
0 (λ+ η|τ + 2ηS). (4.184)

By Proposition 4.2.2, the matrix V
(1)

0 (λ + η|τ + 2ηS) is invertible in
C2 ⊗ D

(0)
N for λ ̸≡ −η (modπ, πω). Indeed, the canonical basis of D(0)

N

is an eigenbasis of τ + 2ηS with eigenvalues in x π
2 + yπω

2 + [−N,N ]η.
Therefore, the evaluation of τ + 2ηS on the basis is never congruent to
0 (modπ, πω). We multiply (4.184) on the right by V (1)

0 (λ+η|τ+2ηS)−1,
then take its trace with respect to the auxiliary space,

tr0
(
V

(1)
0 (λ+ η| − τ + xπ + yπω)σ1

0V
(2)

q (τ + ησ3
0)

× T σ3
0

τ σ2
0M0(λ)t0σ2

0V
(1)

0 (λ+ η|τ + 2ηS)−1
)

= (−1)yi tr0
(
(iσ1

0)y(iσ3
0)xσ2

0M0(λ)t0σ2
0

)
V (2)

q (τ). (4.185)

Let us denote by XL andXR the left- and right-hand sides of this equation,
respectively. We work on them separately, starting with XR. Using the
similarity and transposition invariance of the trace, and the commutation
relations of Pauli matrices, we find

XR = (−1)yi tr0
(
σ2

0(iσ1
0)y(iσ3

0)xσ2
0M0(λ)t0

)
V (2)

q (τ), (4.186)

= (−1)xi tr0
(
((iσ1

0)y(iσ3
0)x)t0M0(λ)

)
V (2)

q (τ), (4.187)

= (−1)1+yiT (1)(λ)V (2)
q (τ). (4.188)

We apply P to the left of the expression. By (4.177), this yields

PXR = (−1)1+yiT (1)(λ)VqP. (4.189)

We now turn our attention to XL. A direct computation reveals that the
quantity

T
σ3

0
τ σ2

0M0(λ)t0σ2
0 =

(
D(λ|τ + η) −B(λ|τ + η)
−C(λ|τ − η) A(λ|τ − η)

)
0

(4.190)

does not involve the operators T±
τ . Moreover, in D

(0)
N , τ + 2ηS = −τ +

xπ + yπω. These remarks, along with the cyclic property of the trace,
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allow us to simplify the operators V (1) in XL. It becomes

XL = tr0

(
σ1

0T
σ3

0
τ V (2)

q (τ)σ2
0M0(λ)t0σ2

0

)
, (4.191)

where we used (4.50). We apply P to the left of the expression. The
properties (4.176) and (4.177), the similarity and transposition invariance
of the trace, and the commutation relations of Pauli matrices lead to

PXL = VqP tr0
(
(σ2

0σ
1
0σ

2
0)t0M0(λ)

)
= −VqPT (λ). (4.192)

Equating PXL to PXR establishes (4.180) for λ ̸≡ −η (modπ, πω). By
continuity, the relation holds for all λ ∈ C.

By Assumption 4.2.11, we have the following result:

Proposition 4.2.13. We have

T (1)(λ) = (−1)1+y i VqPT (λ)[VqP]−1. (4.193)

This last proposition indicates that we can solve the eigenvalue problem
of the quasi-periodic 18V transfer matrix by considering that of the
anti-periodic d10V transfer matrix instead.

4.A Inversion formulas

In this appendix, we provide a proof for the inversion formula of Proposi-
tion 4.1.13. First, we state and prove a similar inversion formula for the
d6V model. Then, we apply the fusion procedure to it in order to obtain
that of the d10V model.

For the dynamical six-vertex model Let us introduce the operators
Λj as

Λj =
j∑

k=1
σ3

k, j = 1, . . . , N, (4.194)

and Λ0 = 0. In particular, Λ = ΛN is the total spin operator on (C2)⊗N .
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We define the monodromy matrix of the d6V model as

M̃0(λ) = M̃0(λ|τ)T σ3
0

τ , M̃0(λ0|t) =
↶
N∏

j=1
R(1,1)

0j

(
λ0j

∣∣∣t+ ηΛj−1
)
.

(4.195)
This matrix possesses an inversion formula [58, 59], which implicitely
relates its inverse to its transpose with respect to the auxiliary space.

Proposition 4.A.1. We have

M̃0(λ) σ2
0M̃0(λ− η)t0σ2

0 = e−iyηΛϑ1(τ)
ϑ1(τ + ηΛ) A(λ− η)D(λ− η). (4.196)

Elements of its proof can be found in [58, 101]. In this appendix, we
expose the full reasoning. The first intermediate result is the crossing
symmetry of the R-matrix of the d6V model, which we obtain through
direct computation. Recall the notation

R(1,1)
10 (λ|t) = P(1)

01 R(1,1)
01 (λ|t)P(1)

01 . (4.197)

Proposition 4.A.2. We have

R(1,1)
10 (λ|τ) = −T σ3

0
τ σ2

0

(
R(1,1)

01 (−λ− η|τ)T σ3
0
)t0

σ2
0

× eiyησ3
1ϑ1(τ + ησ3

1)
ϑ1(τ) . (4.198)

Another useful equality relates the transpose of the monodromy matrix
to a product of transposed R-matrices.

Lemma 4.A.3. We have

T
−σ3

0
τ M̃0(λ0)t0 =

N∏
j=1

T
−σ3

0
τ

(
R(1,1)

0j

(
λ0j

∣∣∣τ + ηΛj−1
)
T

σ3
0

τ

)t0

. (4.199)

Proof. We proceed by induction on system size N . We start the proof
with two preliminary considerations. First, we recall the projectors on
the canonical basis vectors of C2,

p± = 1
2(I± σ3). (4.200)
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For any A ∈ End(C2), the decomposition of the identity as I = p+ + p−,
and (4.50), allow us to write

A0(τ + ησ3
1) =

∑
ε=± p

ε
1A0(τ + ηε), (4.201a)

T
−σ3

0
τ (A0(τ)T σ3

0
τ )t0 =

∑
ε=± p

ε
0A0(τ − ηε)t0 . (4.201b)

Second, we recall some useful commutation relations. One checks that
the following equalities hold:

[(R(1,1)
12 (λ|t))t1 , σ3

1 − σ3
2] = 0, [(R(1,1)

12 (λ|t))t1 , σ3
1σ

3
2] = 0, (4.202)

where the second one follows from the first one. From these, we deduce
that

[(R(1,1)
12 (λ|t))t1 , pδ

1p
ε
2] = 0, ∀ δ, ε ∈ {+,−}, δ ̸= ε, (4.203a)

[(R(1,1)
12 (λ|t))t1 , p+

1 p
+
2 + p−

1 p
−
2 ] = 0. (4.203b)

We now move on to the inductive proof. For N = 1, the definition of
M̃0(λ) ensures that (4.199) holds. Let us assume that the equality holds
for N = L− 1, with L ≥ 2. We decompose

L∏
j=1

T
−σ3

0
τ

(
R(1,1)

0j

(
λ0j

∣∣∣τ + ηΛj−1
)
T

σ3
0

τ

)t0

(4.204)

= T
−σ3

0
τ

(
R(1,1)

01 (λ01|τ)T σ3
0

τ

)t0

T
−σ3

0
τ

(
M̃0,2···L(λ0|τ + ησ3

1)T σ3
0

τ

)t0

,

where M̃0,2···L(λ|t) is the size-(L−1) monodromy matrix that acts non-
trivially on the auxiliary space 0, and the factors of C2 of the spin space
labelled by 2, 3, · · · , L.

We apply the decompositions (4.201) to the right-hand side of (4.204).
This yields∑

γ,δ,ε=±
pγ

0 R(1,1)
01 (λ01|τ − ηγ)t0 pδ

0p
ε
1 M̃0,2···L(λ0|τ + η(ε− δ))t0 . (4.205)

We note that for δ = ε = ±, the summands multiplying the projectors pδ
0p

ε
1

have the same expression. By virtue of (4.203), we can therefore commute
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the projectors pδ
0p

ε
1 to the left of the R-matrix for all δ, ε ∈ {+,−}. After

simplication, (4.205) becomes∑
δ,ε=±

pδ
0p

ε
1 R(1,1)

01 (λ01|τ − ηδ)t0M̃0,2···L(λ0|τ + η(ε− δ))t0 . (4.206)

By property of the transposition, and (4.201), this expression equals
T

−σ3
0

τ M̃0(λ0)t0 , which concludes the proof.

Proof of Proposition 4.A.1. Proposition 4.1.3 establishes

↶
N∏

j=1
R(1,1)

0j

(
λ0j

∣∣∣τ + ηΛj−1
) N∏

j=1
R(1,1)

j0

(
−λ0j

∣∣∣τ + ηΛj−1
)

= (−1)N A(λ− η)D(λ− η). (4.207)

We recognise the definition (4.195) and use Proposition 4.A.2 on the
elements of the rightmost product. We obtain

M̃0(λ0)T−σ3
0

τ

N∏
j=1

T
σ3

0
τ σ2

0

(
R(1,1)

0j

(
λ0j − η

∣∣∣τ + ηΛj−1
)
T

σ3
0

τ

)t0

σ2
0

= e−iyηΛϑ1(τ)
ϑ1(τ + ηΛ) A(λ− η)D(λ− η). (4.208)

Finally, the property σ2
0 T

σ3
0

τ σ2
0 = T

−σ3
0

τ , along with Lemma 4.A.3, lead
to (4.199).

For the dynamical ten-vertex model We now prove the inversion
formula for the d10V model. To this end, we apply the fusion procedure
to the inversion formula of the d6V model.

Proof of Proposition 4.1.13. Let us consider (4.196) for system size 2N ,
and with spectral and inhomogeneity parameters specialised to

λ = λ′
0, λ2i−1 = λ′

i, λ2i = λ′
i − η, i = 1, . . . , N. (4.209)
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We denote by XL and XR the left- and right-hand sides of the equation,
respectively. The left-hand side is

XL =
↶
N∏

j=1
R(1,1)

0,2j

(
λ′

0j + η
∣∣∣τ + ηΛ2j−1

)
R(1,1)

0,2j−1

(
λ′

0j

∣∣∣τ + ηΛ2(j−1)
)
T

σ3
0

τ

× σ2
0

( ↶
N∏

j=1
R(1,1)

0,2j

(
λ′

0j

∣∣∣τ + ηΛ2j−1
)

× R(1,1)
0,2j−1

(
λ′

0j − η
∣∣∣τ + ηΛ2(j−1)

)
T

σ3
0

τ

)t0

σ2
0. (4.210)

We multiply it on the left by P (1)+
2N,2N−1 · · ·P

(1)+
21 . We observe that, for all

t ∈ C, the operator

P
(1)+
2i,2i−1R(1,1)

0,2i

(
λ′

0i + η
∣∣∣t+ ησ3

2i−1

)
R(1,1)

0,2i−1
(
λ′

0i |t) (4.211)

leaves invariant the left symmetric subspace of the 2i and (2i−1)-th factors
C2 in the spin space. Moreover, the projector obeys the commutation
relation

[P (1)+
2i,2i−1, σ

3
2i + σ3

2i−1] = 0. (4.212)

Therefore, the expression of P (1)+
2N,2N−1 · · ·P

(1)+
21 XL corresponds to (4.210),

with an extra operator P (1)+
2j,2j−1 on the left of the j-th factor of both

products. We conjugate with the appropriate change of basis (3.21) and
restriction operator (3.23), and find[∏↶

N
j=1Q2j,2j−1U2j,2j−1P

(1)+
2j,2j−1

]
XL

[∏N
j=1 U

−1
2j,2j−1Q

t
2j,2j−1

]
= D(λ′

0)D(λ′
0 + η)M0(λ′

0) σ2
0M0(λ′

0 − η)t0σ2
0, (4.213)

where we used (4.167). We reproduce all these operations on the right-
hand side. We obtain[∏↶

N
j=1Q2j,2j−1U2j,2j−1P

(1)+
2j,2j−1

]
XR

[∏N
j=1 U

−1
2j,2j−1Q

t
2j,2j−1

]
= e−2iyηSϑ1(τ)
ϑ1(τ + 2ηS) A(λ′

0)D(λ′
0)D(λ′

0 + η)D(λ′
0 − η). (4.214)

The simplication of (4.213) and (4.214) allows us to reach (4.69).



150 Chapter 4. Dynamical vertex models



Chapter 5

Dynamical ten-vertex model
via quantum Separation of
Variables

Separation of Variables (SoV) is a solving technique that has kept its
relevance throughout the ages [150,151]. At its core is a simple concept:
the reduction of a multidimensional problem to a series of one-dimensional
ones [50]. One of its noteworthy successes occurred in the context of
Liouville-classical integrability, where SoV was used to greatly simplify
the Hamilton-Jacobi equations of certain systems [152]. Ultimately, this
inspired Gutzwiller [153], and then notably Sklyanin to apply the idea
to the realm of quantum integrability [49, 50]. This new version was
originally devised as a type of Bethe Ansatz, the functional Bethe Ansatz.
The technique later came to be known as quantum Separation of Variables
(qSoV), and has stayed an active topic of research ever since [51–59].

The strategy behind the qSoV approach1 relies on the introduction of a
new basis of the space of states, the qSoV basis. In this basis, the eigenvalue
problem of the transfer matrix reduces to a set of lower-dimensional linear
systems. Solving them leads to a complete (albeit implicit) description
of the spectrum and eigenvectors. On the one hand, eigenvalues are
characterised as a certain class of functions that fulfil a set of discrete

1We provide here a brief symptomatic description, for a more complete review, see
for example [154].
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equations. On the other hand, the entries of the eigenvectors in the qSoV
basis are shown to possess a factorised form.

The qSoV approach presents some advantages compared to the algebraic
Bethe Ansatz (ABA). The first advantage is that qSoV has been success-
fully applied to models where the ABA could not, notably because of the
lack of an appropriate reference state. Examples include the anti-periodic
spin-1/2 XXX and XXZ spin chains [51, 52], and higher-spin general-
isations [53, 54]. Additionally, Maillet and Niccoli recently proposed a
variant of qSoV, meant to broaden its scope of application to higher-rank
models [55]. The second advantage is that qSoV provides a complete
characterisation of the spectrum and eigenvectors as an inherent feature.
In contrast, in the ABA, the proof of the completeness of the spectrum
description is often an issue [19]. Finally, the qSoV approach has proven
effective at obtaining determinant formulas for scalar products of separate
states2, and for form factors3 [51–53, 59]. These quantities have been
used as stepping stones in the computation of correlation functions [155].

Another type of models where qSoV was successfully applied are solid-on-
solid, or dynamical vertex models [56–59]. In this chapter, we follow [58,59],
and exploit qSoV to investigate the eigenvalue problem of the transfer
matrix of the anti-periodic d10V model. We now detail the steps that we
take in order to solve this problem.

In Section 5.1, we introduce a set of vectors, defined from the repeated
action of the monodromy-matrix entry C(λ) on reference states.4 We
call them qSoV states. We derive a number of properties for these states,
notably the action of monodromy-matrix entries on them, and the dual
pairing between any two states. This last result allows us to prove that
the qSoV states form a basis of the space of states.

In Section 5.2, we consider the eigenvalue problem of the anti-periodic
d10V transfer matrix. Its solution follows the qSoV program described
above. In particular, we compute one eigenvalue explicitly and show

2Separate states are a class of vectors with factorised components in the qSoV basis,
which includes the eigenvectors of the transfer matrix.

3Form factors are matrix elements of local operators in the eigenbasis of the transfer
matrix.

4The qSoV approach also makes use of reference states, not to be confused with
those required by the ABA.
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that it possesses a remarkably simple form. We find an expression for a
quadratic sum rule involving its associated eigenvectors as a determinant
formula. Finally, we exploit the qSoV formulation and derive a series of
properties of these special eigenvectors that characterise them implicitly.

5.1 The qSoV basis

We begin our investigation in Section 5.1.1 with the definition of the left
and right qSoV states. In Section 5.1.2, we examine the actions of the
monodromy-matrix entries on the qSoV states. These are relatively simple
compared to the actions on the canonical basis vectors. In Section 5.1.3,
we compute a formula for the dual pairing between any left and right qSoV
states. From it we deduce the main result of this section: for each integer
r, certain subsets of the right and left qSoV states form a basis of the
subspace D(r)

N and its dual, respectively. The purpose of Section 5.1.4 is to
analyse the qSoV states as functions of the inhomogeneity parameters. In
particular, we discuss their pseudo-periodicity and analyticity properties,
and establish exchange and reduction relations.

5.1.1 Left and right qSoV states

Bold letters of the Latin alphabet h,k stand for elements of {0, 1, 2}N , un-
less stated otherwise. We write h = (h1, · · · , hN ), and use the conventions
0 = (0, · · · , 0) and 2 = (2, · · · , 2).

We consider the following right and left reference states:

∥2, r⟩⟩ = |⇓ · · · ⇓⟩ ⊗ |t2,r⟩ , (5.1a)
⟨⟨0, r∥ = ⟨⇑ · · · ⇑| ⊗ ⟨t0,r| , (5.1b)

with

th,r = η(r − sh) + x π
2 + y πω

2 , sh =
N∑

j=1
(1− hj). (5.2)

They belong in D
(r)
N and its dual, respectively.
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We build the qSoV states through the repeated action of the monodromy-
matrix entry C(λ) on the two reference states. In order for them to be
well-defined, it is crucial that the inhomogeneity parameters be generic,
as defined in Definition 4.1.15.

Definition 5.1.1. For each h ∈ {0, 1, 2}N and r ∈ Z, we define the right
and left qSoV states respectively as5

∥h, r⟩⟩ =
[

N∏
j=1

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

]
∥2, r⟩⟩, (5.3)

⟨⟨h, r∥ = ⟨⟨0, r∥
[

N∏
j=1

hj−1∏
h=0

C(λj − ηh)
D(λj − η(h+ 1))

]
, (5.4)

where D(λ) is defined in (3.49).

The qSoV states are eigenvectors of both S and τ . This property follows
from the definition of the monodromy matrix and the reference states, as
well as from Lemma 4.1.22.

Proposition 5.1.2. We have

τ∥h, r⟩⟩ = th,r∥h, r⟩⟩, ⟨⟨h, r∥τ = th,r⟨⟨h, r∥, (5.5a)
S∥h, r⟩⟩ = sh∥h, r⟩⟩, ⟨⟨h, r∥S = sh⟨⟨h, r∥. (5.5b)

Combining this proposition with the definition of Sτ , we immediately
obtain:

Corollary 5.1.3. We have ∥h, r⟩⟩ ∈ D(r)
N and ⟨⟨h, r∥ ∈ D(r)∗

N .

5.1.2 Action of the monodromy-matrix entries

We now examine the actions of the monodromy-matrix entries B(λ), C(λ)
and D(λ) on the left and right qSoV states ⟨⟨h, r∥ and ∥h, r⟩⟩. We find that
D(λ) acts as a shift operator on the r, while it leaves the h unchanged.
Conversely, B(λ) and C(λ) act as weighted sums of shift operators on the
h, while the r remains unchanged. The proofs of these results are often
similar for the left and right qSoV states. Hence, we only present them
for the right qSoV states. If necessary, we point out the modifications for
the left qSoV states.

5We follow the convention that products over empty sets evaluate to 1, i.e.∏1
h=2 f(h) =

∏−1
h=0 f(h) = 1.
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Action on the reference states Before addressing the general case,
we start with preliminary results regarding the reference states. Recall
that we write N as superscript on the monodromy-matrix entries to stress
that they are operators on DN . In the next proposition, we evaluate the
actions of AL(λ)⊗ I⊗(N−L), BL(λ)⊗ I⊗(N−L), and DL(λ)⊗ I⊗(N−L) on
the reference states, L = 1, . . . , N . These operators are the respective
natural embeddings of AL(λ), BL(λ), DL(λ) into End(DN ) that act like
the identity on the last (N−L) factors of (C3)N . It will also be convenient
to introduce

DL(λ) =
L∏

j=1
ϑ1(λ− λj), AL(λ) = DL(λ+ 2η). (5.6)

Note that DN (λ) = D(λ) and AN (λ) = A(λ), as defined in (3.49).

Proposition 5.1.4. For each L = 1, . . . , N , and t ∈ ℓ0 + ηZ, we have(
AL(λ)⊗ I⊗(N−L)

)
|⇓ · · · ⇓⟩ ⊗ |t⟩ = e2iyηL ϑ1(t)

ϑ1(t− 2ηL) (5.7)

×DL(λ) |⇓ · · · ⇓⟩ ⊗ |t− η⟩ ,(
BL(λ)⊗ I⊗(N−L)

)
|⇓ · · · ⇓⟩ ⊗ |t⟩ = 0, (5.8)(

DL(λ)⊗ I⊗(N−L)
)
|⇓ · · · ⇓⟩ ⊗ |t⟩ = AL(λ) |⇓ · · · ⇓⟩ ⊗ |t+ η⟩ , (5.9)

and

⟨⇑ · · · ⇑| ⊗ ⟨t|
(
AL(λ)⊗ I⊗(N−L)

)
= AL(λ) ⟨⇑ · · · ⇑| ⊗ ⟨t+ η| , (5.10)

⟨⇑ · · · ⇑| ⊗ ⟨t|
(
BL(λ)⊗ I⊗(N−L)

)
= 0, (5.11)

⟨⇑ · · · ⇑| ⊗ ⟨t|
(
DL(λ)⊗ I⊗(N−L)

)
= e−2iyηL ϑ1(t− η)

ϑ1(t+ η(2L− 1)) (5.12)

×DL(λ) ⟨⇑ · · · ⇑| ⊗ ⟨t− η| .

Proof. We focus on the proof of (5.7). The reasoning behind the other
identities is similar. Graphically, we have(
AL(λ0)⊗ I⊗(N−L)

)
|⇓ · · · ⇓⟩ ⊗ |t⟩

= λ0

λ1 · · · λL
· · · λN

· · · · · ·
t

. (5.13)
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The ice rule forces the first L vertices on the left to be of type h. Thus,
the only non-zero entry of (5.13) reads

λ0

λ1 · · · λL
· · · λN

· · · · · ·
t−η

t

=
L∏

j=1
h(λ0j |t−η(2j−1)). (5.14)

Using (4.22), the product on the right-hand side simplifies to

L∏
j=1

h(λ0j |t− η(2j − 1)) = e2iyηL ϑ1(t)
ϑ1(t− 2ηL)DL(λ), (5.15)

which establishes (5.7).

Action on the qSoV states We study the action of D(λ) on the qSoV
states ∥h, r⟩⟩ and ⟨⟨h, r∥. It acts by shifting the parameter r.

Proposition 5.1.5. We have

D(λ)∥h, r⟩⟩ = dh,r+1(λ)∥h, r + 1⟩⟩, (5.16)
⟨⟨h, r∥D(λ) = dh,r−1(λ)⟨⟨h, r − 1∥, (5.17)

where

dh,r(λ) = e−iyη(N+sh)ϑ1(th,r)
ϑ1(t2,r)

N∏
j=1

ϑ1(λ− λj + ηhj). (5.18)

Proof. The proof is based on a standard technique of the Quantum
Inverse Scattering Method [19]. Its idea is to explicitly write out the
qSoV state, using Definition 5.1.1, and commute D(λ) to the right of the
product of operators C. After this commutation, we use Proposition 5.1.4
to compute the action of D(λ) on the reference state.

By Proposition 4.1.12, the commutation of D(λ) and C(µ) is a linear
combination of C(λ)D(µ) and C(µ)D(λ). This property allows us to
identify three possible contributions to the action of D(λ) on the qSoV
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state:

D(λ)∥h, r⟩⟩ =
(
Xh

[
N∏

j=1

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

]
D(λ)

+
N∑

k=1
Yh,k

[
N∏

j=1
j ̸=k

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

]( C(λk − η)
D(λk − η)

)1−hk

C(λ)D(λk − 2η)
D(λk − 2η)

+
N∑

k=1
Ȳh,k

[
N∏

j=1
j ̸=k

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

]
C(λ) C(λk − 2η)

D(λk − 2η)
D(λk − η)
D(λk − η)

)
∥2, r⟩⟩.

Here, Xh, Yh,k and Ȳh,k are computable coefficients, well-defined for
generic inhomogeneity parameters. We now analyse each contribution
individually.

The second contribution in the sum trivially cancels. Indeed, we show
that the factor D(λk − 2η)∥2, r⟩⟩ = 0, by Proposition 5.1.4, and since
A(λk − 2η) = 0, for each k = 1, . . . , N .

The third contribution never occurs, i.e. Ȳh,k = 0. For hk = 1, 2, the claim
is clear. For hk = 0, we deduce the cancellation from the commutation
sequence necessary to obtain such a term. We start from the following
rewriting, due to Proposition 4.1.12:

D(λ)∥h, r⟩⟩ = D(λ) C(λk − η)
D(λk − η)

C(λk − 2η)
D(λk − 2η)

×
[

N∏
j=1
j ̸=k

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

]
∥2, r⟩⟩. (5.19)

First, we need to commute D(λ) to the right of C(λk−η) while exchanging
their arguments. Second, we need to pass the operator D(λk − η) to the
right of C(λk−2η) while keeping their respective arguments. However, we
see from (4.66) that this last commutation is impossible, since a(−η) = 0.

Therefore, the first contribution is the only one that remains. From (4.50)
and Proposition 4.1.12, we compute the coefficient

Xh = e−iyη(N+sh)ϑ1(th,r + η)
ϑ1(t2,r + η)

∏N
j=1 ϑ1(λ− λj + ηhj)

A(λ) . (5.20)
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Using Proposition 5.1.4, we find

D(λ)∥h, r⟩⟩ = XhA(λ)∥h, r + 1⟩⟩ = dh,r+1(λ)∥h, r + 1⟩⟩, (5.21)

which establishes (5.16).

We now consider C(λ) and B(λ). They act on the qSoV states ∥h, r⟩⟩ and
⟨⟨h, r∥ as weighted sums of shift operators on the h. For each i = 1, . . . , N ,
we define T±

i : ZN → ZN as

T±
i (h1, · · · , hi, · · · , hN ) = (h1, · · · , hi ± 1, · · · , hN ). (5.22)

We note that T±
i does not preserve {0, 1, 2}N . By convention, we set

∥k, r⟩⟩ = 0 and ⟨⟨k, r∥ = 0 for each k ∈ ZN\{0, 1, 2}N .

Proposition 5.1.6. We have

C(λ)∥h, r⟩⟩ =
N∑

j=1
e−iy(λ−λj+ηhj)ϑ1(−λ+ λj − ηhj + th,r)

ϑ1(th,r) (5.23)

×
∏
k ̸=j

ϑ1(λ− λk + ηhk)
ϑ1(λjk − ηhjk) D(λj − ηhj)∥T−

j h, r⟩⟩,

⟨⟨h, r∥C(λ) =
N∑

j=1
e−iy(λ−λj+ηhj)ϑ1(−λ+ λj − ηhj + th,r)

ϑ1(th,r) (5.24)

×
∏
k ̸=j

ϑ1(λ− λk + ηhk)
ϑ1(λjk − ηhjk) D(λj − η(hj + 1))⟨⟨T+

j h, r∥,

where hjk = hj − hk.

Proposition 5.1.7. We have

B(λ)∥h, r⟩⟩ =
N∑

j=1
e−iy(λ−λj+ηhj)ϑ1(−λ+ λj − ηhj + th,−r)

ϑ1(th,−r) (5.25)

×
∏
k ̸=j

ϑ1(λ− λk + ηhk)
ϑ1(λjk − ηhjk) AT +

j h,r(λj − ηhj)∥T+
j h, r⟩⟩,

⟨⟨h, r∥B(λ) =
N∑

j=1
e−iy(λ−λj+ηhj)ϑ1(−λ+ λj − ηhj + th,−r)

ϑ1(th,−r) (5.26)

×
∏
k ̸=j

ϑ1(λ− λk + ηhk)
ϑ1(λjk − ηhjk) AT −

j h,r(λj − η(hj − 1))⟨⟨T−
j h, r∥,
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where
Ah,r(λ) = −e2iηyr ϑ1(th,r)

ϑ1(th,−r)A(λ). (5.27)

To prove Propositions 5.1.6 and 5.1.7, we characterise the actions of B(λ)
and C(λ) on the qSoV states as theta functions of the spectral parameter
λ (see Appendix A.2).

Lemma 5.1.8. The vectors

eiyλC(λ)∥h, r⟩⟩ and eiyλ⟨⟨h, r∥C(λ)

are theta functions in λ of degree N , nome p, and norm
∑N

j=1 λj + t0,r.
The vectors

e−iyλB(λ)∥h, r⟩⟩ and e−iyλ⟨⟨h, r∥B(λ)

are theta functions in λ of degree N , nome p, and norm
∑N

j=1 λj − t2,r.

Proof. The lemma straightforwardly follows from the definition of theta
functions A.2.1, Corollaries 4.1.19 and 5.1.3 and Lemma 4.1.22.

By Proposition A.2.4, we can interpolate the vectors

eiyλC(λ)∥h, r⟩⟩, eiyλ⟨⟨h, r∥C(λ), e−iyλB(λ)∥h, r⟩⟩, e−iyλ⟨⟨h, r∥B(λ),

provided that we know their expressions at N independent values of λ.
Here, we select these values in terms of the qSoV state on which the
operators act. They are given by

λ = λj − ηhj , j = 1, . . . , N. (5.28)

These points are independent in the sense of Definition A.2.3. Indeed, for
generic inhomogeneity parameters, we check

λij − ηhij ̸≡ 0 (modπ, πω),
N∑

i=1
λi − ηhi ̸≡ t (modπ, πω), (5.29)

with t =
∑N

j=1 λj + t0,r or
∑N

j=1 λj − t2,r. The non-congruence on the
right-hand side crucially follows from (4.3) and (4.105).

The purpose of the two following lemmas is to explicitly compute the
actions of B(λ) and C(λ) at the specific values (5.28).
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Lemma 5.1.9. For each j = 1, . . . , N , we have

C(λj − ηhj)∥h, r⟩⟩ = D(λj − ηhj)∥T−
j h, r⟩⟩ (5.30)

⟨⟨h, r∥C(λj − ηhj) = D(λj − η(hj + 1))⟨⟨T+
j h, r∥. (5.31)

Proof. For hj = 1, 2, the equality (5.30) straightforwardly follows from
Definition 5.1.1 and the commutativity of the operators C, as established
in Proposition 4.1.12. For hj = 0, we find

C(λj)∥h, r⟩⟩ = C(λj)C(λj − η)C(λj − 2η)
D(λj − η)D(λj − 2η)

×
[

N∏
k=1
k ̸=j

1∏
h=hk

C(λk − η(h+ 1))
D(λk − η(h+ 1))

]
∥2, r⟩⟩. (5.32)

The triple product of operators C in the prefactor vanishes by Proposi-
tion 4.1.17, which concludes the proof of (5.30).

Lemma 5.1.10. For each j = 1, . . . , N , we have

B(λj − ηhj)∥h, r⟩⟩ = AT +
j h,r(λj − ηhj)∥T+

j h, r⟩⟩, (5.33)

⟨⟨h, r∥B(λj − ηhj) = AT −
j h,r(λj − η(hj − 1))⟨⟨T−

j h, r∥. (5.34)

Proof. We examine the three possible values hj = 0, 1, 2 separately, using
QISM arguments.

First, we consider hj = 2. By Proposition 5.1.4, we have

B(λj − 2η)∥2, r⟩⟩ = 0. (5.35)

For h ̸= 2, let i = 1, . . . , N be the largest integer such that hi ̸= 2. By
Lemma 5.1.9, we have

B(λj − 2η)∥h, r⟩⟩ = B(λj − 2η) C(λi − η(hi + 1))
D(λi − η(hi + 1))∥T

+
i h, r⟩⟩. (5.36)

We commute B(λj − 2η) right of C(λi − η(hi + 1)) in this expression. By
Proposition 4.1.12, we identify three possible contributions,

B(λj − 2η)∥h, r⟩⟩ =
(
XC(λi − η(hi + 1))B(λj − 2η)
+ YA(λi − η(hi + 1))D(λj − 2η) (5.37)
+ ȲA(λj − 2η)D(λi − η(hi + 1))

)
∥T+

i h, r⟩⟩,
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where X,Y, Ȳ are computable coefficients, well-defined for generic in-
homogeneity parameters. By Proposition 5.1.5, the two last terms are
proportional to dT +

i h,r+1(λj − 2η) = 0, and dT +
i h,r+1(λi − η(hi + 1)) = 0,

respectively, so that

B(λj − 2η)∥h, r⟩⟩ = XC(λi − η(hi + 1))B(λj − 2η)∥T+
i h, r⟩⟩. (5.38)

We iterate this equation and obtain

B(λj − 2η)∥h, r⟩⟩ = X̄

[
N∏

k=1

1∏
h=hk

C(λk − η(h+ 1))
D(λk − η(h+ 1))

]
B(λj − 2η)∥2, r⟩⟩,

where X̄ is another computable coefficient. Using (5.35), we find B(λj −
2η)∥h, r⟩⟩ = 0, which establishes (5.33) for hj = 2.

Second,we consider hj = 1. As above, we use Lemma 5.1.9 to rewrite

B(λj − η)∥h, r⟩⟩ = B(λj − η) C(λj − 2η)
D(λj − 2η)∥T

+
j h, r⟩⟩. (5.39)

The quantum determinant relation of Corollary 4.1.14 allows us to write

B(λj − η)C(λj − 2η) = A(λj − η)D(λj − 2η)

−A(λj − η)D(λj − 2η)e−2iyηSϑ1(τ)
ϑ1(τ + 2ηS) . (5.40)

By Proposition 5.1.5, the action of the first term of the right-hand side
of this equality vanishes on ∥T+

j h, r⟩⟩:

D(λj − 2η)∥T+
j h, r⟩⟩ = dT +

j h,r+1(λj − 2η)∥T+
j h, r⟩⟩ = 0. (5.41)

Only the action of the second term of (5.40) remains. We find

B(λj − η)∥h, r⟩⟩ = −A(λj − η)
e

−2iyηs
T +

j
h
ϑ1

(
tT +

j h,r

)
ϑ1

(
tT +

j h,r + 2ηsT +
j h

)∥T+
j h, r⟩⟩, (5.42)

where we used Proposition 5.1.2. Further simplifications follow from
the pseudo-periodicity of the Jacobi theta functions and the identity
th,r + 2ηsh = −th,−r + xπ + yπω, which is an immediate consequence of
(5.2). These simplifications lead to (5.33) with hj = 1.

Finally, the proof for hj = 0, albeit more involved, follows the same lines
as for hj = 1.
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Proof of Propositions 5.1.6 and 5.1.7. The propositions follow from the
elliptic interpolation of the vectors

eiyλC(λ)∥h, r⟩⟩, eiyλ⟨⟨h, r∥C(λ), e−iyλB(λ)∥h, r⟩⟩, e−iyλ⟨⟨h, r∥B(λ),

based on their values at the points λ = λj − ηhj , j = 1, . . . , N , provided
by Lemmas 5.1.9 and 5.1.10.

5.1.3 Dual pairings

We now establish a formula for the dual pairings between left and right
qSoV states. We proceed by induction. The first step is computing the
dual pairing for a simple choice of qSoV states.

Lemma 5.1.11. We have ⟨⟨2, r∥2, r⟩⟩ = 1.

Proof. We compute the dual pairing with the help of graphical arguments.
To this end, we first evaluate a partition function of the d10V model on
a 2N ×N rectangle with domain-wall boundary conditions:

WN (t) =

. . .

. . .

. . .

. . .

...
...

...

λ1−η

λN−1

λN−η

λN

λ1 λN−1 λN

t

. (5.43)

We show that WN (t) obeys a simple recurrence relation that we solve
explicitly.

To understand the mechanism that leads to this recurrence relation, we
first consider N = 1. For this base case, the configuration of the only
two vertices is uniquely determined by the ice rule and the boundary
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conditions. The partition function is

W1(t) =

t

λ1

λ1−η

λ1
= ḡ(0|t− 2η)̄j(−η|t− η) = ϑ1(η)ϑ1(2η), (5.44)

where the last equality follows from (4.22).

We now examine the case N ⩾ 2. By the ice rule, the vertex in the
upper-right corner is either of type ḡ or h̄, with a weight ḡ(0|t − 2η)
or h̄(0|t − 2η), respectively. By (4.22), we have h̄(0|t − 2η) = 0, which
implies that the upper-right vertex is frozen to type ḡ. By the ice rule,
the vertex just below can be either of type j̄ or f̄, with a weight j̄(−η|t−η)
or f̄(−η|t− η), respectively. By (4.22), we have f̄(−η|t− η) = 0, which
implies that the vertex is frozen to type j̄:

WN (t) =

. . .

. . .

. . .

. . .

...
...

...

λ1−η

λN−1

λN−η

λN

λ1 λN−1 λN

t

. (5.45)

Hence, the configuration of the two vertices in the upper-right corner is
frozen to the unique configuration contributing to the partition function
for N = 1. Given this configuration, the remaining vertices along the
rightmost vertical line and the two upper horizontal lines are frozen to
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type e by the ice rule:

WN (t) =

. . .

. . .

. . .

. . .

...
...

...

λ1−η

λN−1

λN−η

λN

λ1 λN−1 λN

t

. (5.46)

We may, thus, ‘peel off’ the two upper horizontal lines and the rightmost
vertical line and replace them with the product of their vertex weights.
Thus, we obtain

WN (t) = ḡ(0|t− 2η)̄j(−η|t− η)

N−1∏
j=1

e(λNj)e(λNj − η)



×

N−1∏
j=1

e(λjN )e(λjN − η)


. . .

. . .

...
...

λ1−η

λN−1

λ1 λN−1

t

. (5.47)

On the right-hand side of this equality, we recognise the graphical repre-
sentation of WN−1(t). Hence, upon evaluation of the vertex weights with
the help of (4.22), we obtain the recurrence relation

WN (t) = ϑ1(η)ϑ1(2η)

N−1∏
j=1

ϑ1(λNj + 2η)ϑ1(λNj + η)


×

N−1∏
j=1

ϑ1(λjN + 2η)ϑ1(λjN + η)

WN−1(t). (5.48)

Using the initial condition W1(t) = ϑ1(η)ϑ1(2η), the unique solution to
the recurrence relation reads

WN (t) =
N∏

j=1
D(λj − η)D(λj − 2η), (5.49)
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where D(λ) is defined in (3.49).

Finally, we combine Definition 5.1.1 with the graphical representations
of Section 4.1.3 to identify

⟨⟨2, r∥2, r⟩⟩ =
⟨⟨0, r∥

∏N
j=1 C(λj)C(λj − η)∥2, r⟩⟩∏N

j=1 D(λj − η)D(λj − 2η)
, (5.50)

= WN (t2,r)∏N
j=1 D(λj − η)D(λj − 2η)

. (5.51)

The lemma follows from this equality and (5.49).

We now establish a closed-form expression for the dual pairing of qSoV
states. To this end, we use the notation

δh,h̃ =
N∏

i=1
δhi,h′

i
, (5.52)

for all h, h̃ ∈ {0, 1, 2}N .

Proposition 5.1.12. We have

⟨⟨h, r∥h̃, r̃⟩⟩ = δh,h̃δr,r̃ eiyη(N+sh)ϑ1(t2,r)
ϑ1(th,r)

∏
1≤i<j≤N

ϑ1(λij)
ϑ1(λij − ηhij) . (5.53)

Proof. First, we show that ⟨⟨h, r∥h̃, r̃⟩⟩ = 0 if h ̸= h̃ or r ̸= r̃. By
Corollary 5.1.3, ⟨⟨h, r∥ and ∥h̃, r̃⟩⟩ are left and right eigenvectors of Sτ

with eigenvalues rη + x π
2 + y πω

2 and r̃η + x π
2 + y πω

2 , respectively. Hence,
their dual pairing vanishes if r ≠ r̃. Furthermore, using Proposition 5.1.5,
we consider the quantity,

⟨⟨h, r + 1∥D(λ)∥h̃, r⟩⟩ = dh,r(λ)⟨⟨h, r + 1∥h̃, r + 1⟩⟩ (5.54a)
= dh̃,r+1(λ)⟨⟨h, r∥h̃, r⟩⟩. (5.54b)

The only dependence in λ of the right-hand sides of (5.54) is featured in the
prefactors dh,r(λ) and dh̃,r+1(λ). If h ̸= h̃, there exists i = 1, . . . , N such
that hi ̸= h̃i. We evaluate (5.54) with λ = λi−ηhi. Since dh,r(λi−ηhi) = 0,
we find

0 = dh̃,r+1(λi − ηhi)⟨⟨h, r∥h̃, r⟩⟩. (5.55)
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One checks that the prefactor dh̃,r+1(λi − ηhi) is non-zero for generic
inhomogeneity parameters, which implies ⟨⟨h, r∥h̃, r⟩⟩ = 0, for h ̸= h̃.

Second, we compute the dual pairing ⟨⟨h, r∥h, r⟩⟩. For h = 2, we have
⟨⟨2, r∥2, r⟩⟩ = 1 by Lemma 5.1.11. Hence, we consider h ̸= 2. Let
i = 1, . . . , N be such that hi < 2, by Lemma 5.1.9, we have

⟨⟨h, r∥C(λi−ηhi)∥T+
i h, r⟩⟩ = D(λi−η(hi +1))⟨⟨T+

i h, r∥T+
i h, r⟩⟩. (5.56)

Similarly, by Proposition 5.1.6, we obtain

⟨⟨h, r∥C(λi−ηhi)∥T+
i h, r⟩⟩ = e−iyη ϑ1(th,r)

ϑ1(tT +
i h,r)

N∏
k=1
k ̸=a

ϑ1(λik − ηhik)
ϑ1(λik − η(hik + 1))

×D(λi − η(hi + 1))⟨⟨h, r∥h, r⟩⟩. (5.57)

We note that the prefactors of the dual pairings on the right-hand sides
of these evaluations never vanish (nor diverge) for generic inhomogeneity
parameters. Thus, upon equating the right-hand sides, we obtain the
recurrence relation:

⟨⟨h, r∥h, r⟩⟩ = eiyη
ϑ1(tT +

i h,r)
ϑ1(th,r)

N∏
k=1
k ̸=i

ϑ1(λik − η(hik + 1))
ϑ1(λik − ηhik)

× ⟨⟨T+
i h, r∥T+

i h, r⟩⟩. (5.58)

The iteration of this equality allows us to obtain any dual pairing for
h ̸= 2 from the base case ⟨⟨2, r∥2, r⟩⟩ = 1, provided by Lemma 5.1.11.

Beside the reference states (5.1), the components of the qSoV states with
respect to the canonical basis are, in general, rather involved (even for
simple choices of h, as we shall see below). Nonetheless, the dual partners
of the reference states take a simple form:

Proposition 5.1.13. We have

∥0, r⟩⟩ = e2iyηN ϑ1(t2,r)
ϑ1(t0,r) |⇑ · · · ⇑⟩ ⊗ |t0,r⟩ , (5.59a)

⟨⟨2, r∥ = ⟨⇓ · · · ⇓| ⊗ ⟨t2,r| . (5.59b)
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Proof. By Proposition 5.1.2, we have

∥0, r⟩⟩ = µ |⇑ · · · ⇑⟩ ⊗ |t0,r⟩ , (5.60)
⟨⟨2, r∥ = ξ ⟨⇓ · · · ⇓| ⊗ ⟨t2,r| , (5.61)

where ξ, µ are complex numbers. Using Proposition 5.1.12, and the explicit
form (5.1) of the reference states, we evaluate

ξ = ⟨⟨2, r∥(|⇓ · · · ⇓⟩ ⊗ |t2,r⟩) = ⟨⟨2, r∥2, r⟩⟩ = 1, (5.62)

µ = (⟨⇑ · · · ⇑| ⊗ ⟨t0,r|)∥0, r⟩⟩ = ⟨⟨0, r∥0, r⟩⟩ = e2iyηN ϑ1(t2,r)
ϑ1(t0,r) . (5.63)

The proposition follows from these evaluations.

Bases of the spin-dynamical spaces We show that the qSoV states
form bases of the eigenspaces of Sτ .

Proposition 5.1.14. The sets {∥h, r⟩⟩}h∈{0,1,2}N and {⟨⟨h, r∥}h∈{0,1,2}N

form bases of D(r)
N and D

(r)∗
N , respectively.

Proof. Note that, by Proposition 5.1.2, {∥h, r⟩⟩}h∈{0,1,2}N is a subset of
D

(r)
N . First, we show that it is linearly independent. Let us assume the

opposite, that there exists a set of complex numbers {ch}h∈{0,1,2}N such
that ∑

h∈{0,1,2}N

ch∥h, r⟩⟩ = 0. (5.64)

For each k ∈ {0, 1, 2}N , we consider the dual pairing of ⟨⟨k, r∥ with (5.64).
By Proposition 5.1.12, we obtain

eiyη(N+sk)ϑ1(t2,r)
ϑ1(tk,r)

 ∏
1≤i<j≤N

ϑ1(λij)
ϑ1(λij − ηkij)

 ck = 0. (5.65)

In this equality, the prefactor of ck never vanishes for generic inhomo-
geneity parameters. Hence, ck = 0, which proves the linear independence.

Second, the cardinality of {∥h, r⟩⟩}h∈{0,1,2}N matches the dimension of
D

(r)
N . We deduce that it is a basis of the subspace.
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It follows from Proposition 5.1.12 that the identity operator on D
(r)
N

decomposes as
I =

∑
h∈{0,1,2,}N

∥h, r⟩⟩⟨⟨h, r∥
⟨⟨h, r∥h, r⟩⟩

, (5.66)

where ⟨⟨h, r∥h, r⟩⟩ is given by Proposition 5.1.12.

5.1.4 Properties

In this section, we present several properties of the qSoV states. First,
we derive their pseudo-periodicity and exchange relations, based on the
corresponding relations for C(λ). Second, we study their analyticity and
pole structure. Finally, we find that the specialisation of inhomogeneity
parameters of the qSoV states leads to reduction relations. In Section 5.2.3,
these properties of the qSoV states give rise to analogous ones for special
eigenvectors of the anti-periodic d10V transfer matrix.

Pseudo-periodicity Corollary 4.1.19 and Proposition 4.1.20 allows us
to establish pseudo-periodicity properties for the qSoV basis states with
respect to their inhomogeneity parameters.

Proposition 5.1.15. For i = 1, . . . , N , we have

∥h, r⟩⟩
∣∣
λi→λi+π

= (−1)y(1−hi)(Ω3
i )y∥h, r⟩⟩, (5.67)

∥h, r⟩⟩
∣∣
λi→λi+πω

= (−1)x(1−hi)e−2iη(N+1−2i)

× e2iηr(1−hi)e2iη
∑N

j=1 hij (Γi)−1∥h, r⟩⟩, (5.68)

and

⟨⟨h, r∥
∣∣
λi→λi+π

= (−1)−y(1−hi)⟨⟨h, r∥(Ω3
i )y, (5.69)

⟨⟨h, r∥
∣∣
λi→λi+πω

= (−1)−x(1−hi)e2iη(N+1−2i)

× e−2iηr(1−hi)e−4iη
∑N

j=1 hij ⟨⟨h, r∥Γi, (5.70)

where Γi is defined in (4.89).

Proof. We focus on the shift λi → λi + πω for the right qSoV states.
The reasoning for the other cases is similar. We examine the definition
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(5.3). By means of Corollary 4.1.19 and Proposition 4.1.20, we apply the
transformation λi → λi + πω to each factor of the product. We identify
two different types of contribution, for j ̸= i and h = 0, 1, they are

C(λj − η(h+ 1))
D(λj − η(h+ 1))

∣∣∣∣∣
λi→λi+πω

= e2iη(Γi)−1 C(λj − η(h+ 1))
D(λj − η(h+ 1)) Γi, (5.71a)

C(λi − η(h+ 1))
D(λi − η(h+ 1))

∣∣∣∣
λi→λi+πω

= p−ye−2iη(N−1)e2iSτ (5.71b)

× (Γi)−1 C(λi − η(h+ 1))
D(λi − η(h+ 1)) Γi,

where we inferred the behaviour of D(λ) from Proposition A.1.2. Given
Lemma 4.1.22, and [Sτ ,Γi] = 0, we have

∥h, r⟩⟩
∣∣
λi→λi+πω

= (p−ye2iSτ )(2−hi)e2iη
∑N

j=1 hij (Γi)−1

×

 N∏
j=1

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

Γi∥2, r⟩⟩. (5.72)

We compute explicitly Γi∥2, r⟩⟩ = (−1)xe−2iη(r+N+1−2i)∥2, r⟩⟩. Lastly,
Proposition 5.1.2 leads to (5.68).

The dual pairing ⟨⟨h, r∥h, r⟩⟩ also possesses pseudo-periodicity relations
with respect to the inhomogeneity parameters. We deduce them from
the explicit formula of Proposition 5.1.12 and the pseudo-periodicity of
Jacobi theta functions of Proposition A.1.2.

Proposition 5.1.16. For i = 1, . . . , N , we have

⟨⟨h, r∥h, r⟩⟩
∣∣
λi→λi+π

= ⟨⟨h, r∥h, r⟩⟩, (5.73)

⟨⟨h, r∥h, r⟩⟩
∣∣
λi→λi+πω

= e−2iη
∑N

j=1 hij ⟨⟨h, r∥h, r⟩⟩. (5.74)

Exchange relation We use Proposition 4.1.16 to establish an exchange
relation for the qSoV states. The multiplication of the qSoV state ∥h, r⟩⟩
by an appropriate Ř-matrix swaps two of its inhomogeneity parameters
and the corresponding entries of h.
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Proposition 5.1.17. For i = 1, . . . , N − 1, we have

Ř(2,2)
i,i+1(λi,i+1|τ + 2ηSi−1)∥h, r⟩⟩

= ϑ1(λi,i+1 + η)ϑ1(λi,i+1 + 2η)
(
∥h, r⟩⟩

∣∣∣∣λi↔λi+1
hi↔hi+1

)
, (5.75)

and

⟨⟨h, r∥Ř(2,2)
i,i+1(λi+1,i|τ + 2ηSi−1)

= ϑ1(λi+1,i + η)ϑ1(λi+1,i + 2η)
(
⟨⟨h, r∥

∣∣∣∣λi↔λi+1
hi↔hi+1

)
. (5.76)

Proof. Using the exchange relation of Proposition 4.1.16 and Defini-
tion 5.1.1, we obtain

Ř(2,2)
i,i+1(λi,i+1|τ + 2ηSi−1)∥h, r⟩⟩

=

 N∏
j=1

1∏
h=hj

C(λj − η(h+ 1); · · ·λi+1, λi · · · )
D(λj − η(h+ 1))


× Ř(2,2)

i,i+1(λi,i+1|τ + 2ηSi−1)∥2, r⟩⟩, (5.77)

where we highlighted the dependence on the inhomogeneity parameters
by writing them as arguments. A straightforward calculation yields

Ř(2,2)
i,i+1(λi,i+1|τ + 2ηSi−1)∥2, r⟩⟩

= ϑ1(λi,i+1 + η)ϑ1(λi,i+1 + 2η)∥2, r⟩⟩. (5.78)

Next, we inspect the product in (5.77). For j ̸= i, i + 1, we note that
the factors do not depend on hi and hi+1. Moreover, D(λj − η(h+ 1)) is
invariant under the exchange λi ↔ λi+1. For j = i, i+ 1, the following
product equality is straightforward:

N∏
j=i,i+1

1∏
h=hj

C(λj − η(h+ 1); · · ·λi+1, λi · · · )
D(λj − η(h+ 1))

=
N∏

j=i,i+1

1∏
h=hj

C(λj − η(h+ 1))
D(λj − η(h+ 1))

∣∣∣∣∣∣λi↔λi+1
hi↔hi+1

. (5.79)

Combining (5.77), (5.78) and (5.79), we obtain (5.75).
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Analyticity In this paragraph, we examine the analyticity properties
of the qSoV states ∥h, r⟩⟩, ⟨⟨h, r∥, for h ∈ {0, 2}N . The reason why we
focus on this subset becomes clear in Section 5.2. As a first step, we
compute explicitly the elements

∥2 · · · 220, r⟩⟩, ∥2 · · · 202, r⟩⟩, ∥2 · · · 200, r⟩⟩, (5.80)

and
⟨⟨0 · · · 002, r∥, ⟨⟨0 · · · 020, r∥, ⟨⟨0 · · · 022, r∥. (5.81)

As these calculations prove somewhat involved, we relegate them to
the appendix in Section 5.A. From the definition 5.1.1, we know that
inhomogeneity parameters always appear in qSoV states through the
differences λij . The elements (5.80) and (5.81) allow us to probe for poles
in λN−1,N . As a second step, we extend the characterisation to poles in
λij , with the help of the exchange relations.

Proposition 5.1.18. For each h ∈ {0, 2}N , and 1 ≤ i < j ≤ N , the qSoV
state ∥h, r⟩⟩ is an entire function of λij if and only if (hi, hj) ̸= (0, 2).
For (hi, hj) = (0, 2), ∥h, r⟩⟩ possesses simple poles at λij = η, 2η.

Proof. First, we consider i = N − 1. By Proposition 5.A.1, the states
∥2 · · · 220, r⟩⟩ and ∥2 · · · 200, r⟩⟩ do not depend on the inhomogeneity
parameters. Consequently, they do not possess poles in λN−1,N . More-
over, the state ∥2 · · · 202, r⟩⟩ possesses two simple poles at λN−1,N =
η, 2η. Furthermore, from Definition 5.1.1, we can build any ∥h, r⟩⟩,
with h ∈ {0, 2}N , from the application of operators C on ∥2 · · · 222, r⟩⟩,
∥2 · · · 220, r⟩⟩, ∥2 · · · 202, r⟩⟩ or ∥2 · · · 200, r⟩⟩. This construction process
does not add extra dependence on λN−1,N .

Second, we consider 1 ≤ i < j ≤ N . We use Proposition 5.1.17 to relate

∥h, r⟩⟩ =
N−1∏
k=j

Ř(2,2)
k,k+1

(
λk+1,j

∣∣∣τ + 2ηSk−1
)

ϑ1(λk+1,j + η)ϑ1(λk+1,j + 2η) (5.82)

×
j−2∏
ℓ=i

Ř(2,2)
ℓ,ℓ+1

(
λℓ+1,i

∣∣∣τ + 2ηSℓ−1
)

ϑ1(λℓ+1,i + η)ϑ1(λℓ+1,i + 2η)

×
N−2∏

m=j−1

Ř(2,2)
m,m+1

(
λm+2,i

∣∣τ + 2ηSm−1 )
ϑ1(λm+2,i + η)ϑ1(λm+2,i + 2η)
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×∥ · · ·hi−1hi+1 · · ·hj−1hj+1 · · ·hNhihj , r⟩⟩
∣∣∣∣∣ λN−1→λi, λN →λj

λk→λk+2, k=j−1,··· ,N−2
λk→λk+1, k=i,··· ,j−2

.

On the one hand, we note that the products in (5.82) bear no dependence
on λij . On the other hand, from the first part of this proof, we know
the pole structure in λij of the state on the right-hand side of (5.82).
We thus deduce that ∥h, r⟩⟩ is an entire function of λij if and only if
(hi, hj) ̸= (0, 2). For (hi, hj) = (0, 2), ∥h, r⟩⟩ possesses simple poles in
λij = η, 2η.

Proposition 5.1.19. For each h ∈ {0, 2}N , and 1 ≤ i < j ≤ N , the
qSoV state ⟨⟨h, r∥ is an entire function of λij if and only if hi = hj.
For (hi, hj) = (0, 2), ⟨⟨h, r∥ possesses simple poles in λij = −η,−2η.
For (hi, hj) = (2, 0), ⟨⟨h, r∥ possesses simple poles in λij = η, 2η.

Proof. The proof works similarly as the previous one. Proposition 5.A.8
provides the poles structure of the qSoV states (5.81) with respect to
λN−1,N .

Reduction Reduction relations relate a quantity of the size-N model
to its lower-size version. They occur through the specialisation of inhomo-
geneity parameter(s) [1,69,111,128]. The analyticity properties discussed
in the previous section give rise to such relations for the qSoV states. To
state them, we introduce for each N ≥ 1 and i = 1, . . . , N + 1 the linear
operator

Ξi : (C3)⊗N → (C3)⊗(N+2), (5.83)

defined for each element |α1 · · ·αN ⟩ of the canonical basis of (C3)⊗N as

Ξi |α1 · · ·αN ⟩ = |α1 · · ·αi−1⟩ ⊗ |s⟩ ⊗ |αi · · ·αN ⟩ , (5.84)

with |s⟩ = |⇑⇓⟩ − |00⟩+ |⇓⇑⟩, the singlet of C3 ⊗ C3.
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Proposition 5.1.20. For N > 2, we have

lim
λN →λN−1−η

ϑ1(λN−1,N − η)∥h1 · · ·hN , r⟩⟩

= −δ2,hN
δ0,hN−1eiyη(2(N+sh)+4r−1)ϑ1(2η)

ϑ1(η)
ϑ1(t2,r)ϑ1(t2,r − η)

ϑ1(th,−r + η)ϑ1(th,−r − η)

×
N−2∏
j=1

ϑ1(λjN−1 − η(hj − 2))ϑ1(λjN−1 − η(hj − 1))
ϑ1(λjN−1)ϑ1(λjN−1 − η)

× c
(
ηs3

N

∣∣∣τ + 2ηSN−2
)

ΞN−1 ∥h1 · · ·hN−2, r⟩⟩. (5.85)

For N = 2, the relation still applies, provided that one replaces the vector
ΞN−1∥h1 · · ·hN−2, r⟩⟩ with |s⟩ ⊗ |t1,r⟩ in the last line.

Before proving Proposition 5.1.20, we present several necessary interme-
diary results. The first element that we need is the computation of a
residue-like quantity, which follows from Proposition 5.A.1.

Lemma 5.1.21. For N ≥ 2, we have

lim
λN →λN−1−η

ϑ1(λN−1,N − η)∥2 · · · 2hN−1hN , r⟩⟩

= −δ2,hN
δ0,hN−1eiyη(4N−5)ϑ1(2η)

ϑ1(η)
ϑ1(t2,r)ϑ1(t2,r − η)

ϑ1(t0,r + η)ϑ1(t0,r + 3η)
× c(ηs3

N |τ + 2ηSN−2) |⇓ · · · ⇓⟩ ⊗ |s⟩ ⊗ |t2,r − 2η⟩ . (5.86)

Using Definition 5.1.1, we find

lim
λN →λN−1−η

ϑ1(λN−1,N − η)∥h1 · · ·hN , r⟩⟩

= −δ2,hN
δ0,hN−1eiyη(4N−5)ϑ1(2η)

ϑ1(η)
ϑ1(t2,r)ϑ1(t2,r − η)

ϑ1(t0,r + η)ϑ1(t0,r + 3η)

×
N−2∏
j=1

1∏
h=hj

CN (λj − η(h+ 1))
DN (λj − η(h+ 1))

∣∣∣∣∣∣
λN →λN−1−η

c(ηs3
N |τ + 2ηSN−2)

× |⇓ · · · ⇓⟩ ⊗ |s⟩ ⊗ |t2,r − 2η⟩ . (5.87)

The second element required for the proof of Proposition 5.1.20 is under-
standing how

CN (λ0; · · · , λN−1, λN−1 − η)
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acts on the state (5.86). Specifically, we study its action on the (N−1)-th
and N -th factors C3 of the spin space. To this end, we consider the
decomposition

MN
0 (λ0)

∣∣∣
λN →λN−1−η

= R(1,2)
0N

(
λ0N−1 + η

∣∣∣τ + 2ηSN−2 + 2ηs3
N−1

)
× R(1,2)

0N−1

(
λ0N−1

∣∣∣τ + 2ηSN−2
) (
MN−2

0 (λ0)⊗ I⊗2
)
. (5.88)

We find that the product of R-matrices that appears in this expression
fulfils the following property:

Lemma 5.1.22. For all t ∈ C, we have

R(1,2)
0N

(
λ0N−1 + η

∣∣∣t+ 2ηs3
N−1

)
R(1,2)

0N−1(λ0N−1 |t) c(ηs3
N |t+ησ3

0) |s⟩N−1,N

= E0(λ0N−1|t)c(ηs3
N |t) |s⟩N−1,N , (5.89)

with

E(λ|t) = e2iyησ3
ϑ1(λ)ϑ1(λ+ 3η) ϑ1(t)ϑ1(t+ 2ησ3)

ϑ1(t+ η)ϑ1(t− η) . (5.90)

Proof. Using the fused dYBE (4.29), we have

R(1,2)
0N

(
λ0N−1 + η

∣∣∣t+ 2ηs3
N−1

)
R(1,2)

0N−1 (λ0N−1 |t) R(2,2)
NN−1(−η|t+ ησ3

0)

= R(2,2)
NN−1(−η|t)R(1,2)

0N−1

(
λ0N−1

∣∣∣t+ 2ηs3
N−1

)
R(1,2)

0N (λ0N−1 + η |t) .

From Proposition 4.1.9, we obtain

c(ηs3
N |t)−1R(1,2)

0N

(
λ0N−1 + η

∣∣∣t+ 2ηs3
N−1

)
(5.91)

× R(1,2)
0N−1 (λ0N−1 |t) c

(
ηs3

N

∣∣∣t+ ησ3
0

)
P

(2)−
NN−1

= P
(2)−
NN−1d(ηs3

N |t)R
(1,2)
0N−1

(
λ0N−1

∣∣∣t+ 2ηs3
N−1

)
× R(1,2)

0N (λ0N−1 + η |t) d(ηs3
N |t+ ησ3

0)−1.

We note that P (2)−
NN−1 = P

(2)−
N−1,N . From (5.91), we deduce that there

exists an operator E ∈ End(C2) which fulfils (5.89). We obtain the
entries of E by computing the dual pairings of (5.89) with ⟨⇑⇓|N−1,N

and ⟨⇓⇑|N−1,N .

Lemma 5.1.22 allows us to compute the action of CN (λ0; · · · , λN−1 − η)
on (5.86).
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Lemma 5.1.23. For τ̃ = τ + 2ηSN−2, we have

CN (λ0)
∣∣∣
λN →λN−1−η

c(ηs3
N |τ̃) |s⟩N−1,N

= e−2iyηϑ1(λ0N−1)ϑ1(λ0N−1 + 3η)c(ηs3
N |τ̃) |s⟩N−1,N

× ϑ1(τ̃)ϑ1(τ̃ − 2η)
ϑ1(τ̃ + η)ϑ1(τ̃ − η)

(
CN−2(λ0)⊗ I⊗2

)
. (5.92)

Proof. We recall CN (λ0) = ⟨↓|0MN
0 (λ0) |↑⟩0, then use the decomposition

(5.88) on the monodromy matrix,

CN (λ0)
∣∣∣
λN →λN−1−η

c(ηs3
N |τ̃) |s⟩N−1,N

= ⟨↓|0 R(1,2)
0N

(
λ0N−1 + η

∣∣∣τ̃ + 2ηs3
N−1

)
R(1,2)

0N−1 (λ0N−1 |τ̃ )

×
(
MN−2

0 (λ0)⊗ I⊗2
)

c(ηs3
N |τ̃) |↑⟩0 |s⟩N−1,N . (5.93)

By (4.50) and (4.113), the following commutation holds:(
MN−2

0 (λ0)⊗ I⊗2
)

c(ηs3
N |τ̃) = c(ηs3

N |τ̃ + ησ3
0)
(
MN−2

0 (λ0)⊗ I⊗2
)
.

We apply it to (5.93). Then, we use Lemma 5.1.22, which leaves us with
(5.92).

Proof of Proposition 5.1.20. We go back to equation (5.87), and examine
the quantity

N−2∏
j=1

1∏
h=hj

CN (λj − η(h+ 1))
DN (λj − η(h+ 1))

∣∣∣∣∣∣
λN →λN−1−η

× c
(
ηs3

N

∣∣∣τ + 2ηSN−2
)
|⇓ · · · ⇓⟩ ⊗ |s⟩ ⊗ |t2,r − 2η⟩ . (5.94)

Lemma 5.1.23 allows us to rewrite it as

c(ηs3
N |τ̃)

[
N−2∏
j=1

1∏
h=hj

e−2iyη ϑ1(λjN−1 − η(h− 2))
ϑ1(λjN−1 − ηh)

ϑ1(τ̃)ϑ1(τ̃ − 2η)
ϑ1(τ̃ + η)ϑ1(τ̃ − η)

×
(
CN−2(λj − η(h+ 1))
DN−2(λj − η(h+ 1)) ⊗ I

⊗2
)]
|⇓ · · · ⇓⟩ ⊗ |s⟩ ⊗ |t2,r − 2η⟩ , (5.95)
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with τ̃ = τ + 2ηSN−2. The scalar factors in (5.95) simplify to

N−2∏
j=1

1∏
h=hj

e−2iyη ϑ1(λjN−1 − η(h− 2))
ϑ1(λjN−1 − ηh)

= e−2iyηL
N−2∏
j=1

ϑ1(λjN−1 − η(hj − 1))ϑ1(λjN−1 − η(hj − 2))
ϑ1(λjN−1)ϑ1(λjN−1 − η) , (5.96)

where L =
∑N−2

k=1 (2− hk) is the total number of factors in the product
in (5.95). On the other hand, to deal with the operator factors, we need
to commute the terms

G(τ̃) = ϑ1(τ̃)ϑ1(τ̃ − 2η)
ϑ1(τ̃ + η)ϑ1(τ̃ − η) (5.97)

to the right of all the operators CN−2 in (5.95). The process requires the
relation [

CN (λ), τ + 2ηSN
]

= −ηCN (λ), (5.98)

issued from Lemma 4.1.22. From this commutation, we write

N−2∏
j=1

1∏
h=hj

G(τ̃)
(
CN−2(λj − η(h+ 1))
DN−2(λj − η(h+ 1)) ⊗ I

⊗2
)

=
N−2∏
j=1

1∏
h=hj

(
CN−2(λj − η(h+ 1))
DN−2(λj − η(h+ 1)) ⊗ I

⊗2
)

L∏
j=1

G(τ̃ + ηj). (5.99)

The product of G on the right-hand side is telescoping. We find

L∏
j=1

G(τ̃ + ηj) = ϑ1(τ̃ + η)ϑ1(τ̃ − η)
ϑ1(τ̃ + η(L+ 1))ϑ1(τ̃ + η(L− 1)) . (5.100)

The last step of the proof consists in applying (5.100) to the vector in
(5.95). We note

(τ + 2ηSN−2) |⇓ · · · ⇓⟩ ⊗ I⊗2 ⊗ |t2,r − 2η⟩
= (t0,r + 2η) |⇓ · · · ⇓⟩ ⊗ I⊗2 ⊗ |t2,r − 2η⟩ . (5.101)
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Moreover, for hN−1 = 0 and hN = 2, we have L = N − 2 + sh. This
remark, along with (A.4) and the definition (5.2) lead to

N−2+sh∏
j=1

G (τ̃ + ηj) |⇓ · · · ⇓⟩ ⊗ I⊗2 ⊗ |t2,r − 2η⟩

= e4iyη(r+sh) ϑ1(t0,r + η)ϑ1(t0,r + 3η)
ϑ1(th,−r + η)ϑ1(th,−r − η)
× |⇓ · · · ⇓⟩ ⊗ I⊗2 ⊗ |t2,r − 2η⟩ . (5.102)

To conclude the proof, we combine and simplify the expressions (5.87),
(5.96) and (5.102).

Parallel to Proposition 5.1.20, the left qSoV states also possess a reduction
relation. However, in this case, the reduction does not arise from a residue-
like quantity at a pole. Indeed, the state ⟨⟨h1 . . . hN−220, r∥ is analytic in
λN = λN+1 + η, but still reduces when specialised to this point.

Proposition 5.1.24. For N > 2, we have

⟨⟨h1 . . . hN−220, r∥
∣∣∣∣
λN =λN+1+η

= eiyη(3−2(N+sh)−4r) ϑ1(η)
ϑ1(3η)

× ϑ1(th,−r + η)ϑ1(th,−r − η)
ϑ1(t2,r − η)ϑ1(t2,r − 2η)

DN−2(λN−1 + η)DN−2(λN−1 + 2η)
DN−2(λN−1 − η)

×
N−2∏
j=1

ϑ1(λN−1,j − η(hj − 1))
ϑ1(λN−1,j + η(hj + 1))ϑ1(λN−1,j + 2η(hj − 1))

× ⟨⟨h1 · · ·hN−2, r∥(ΞN−1)td
(
ηs3

N−1

∣∣∣τ + 2ηSN−2
)
, (5.103)

where d(λ|t) is defined in (4.41).

For N = 2, the relation still applies, provided that one replaces the vector
⟨⟨h1 · · ·hN−2, r∥(ΞN−1)t with ⟨s| ⊗ ⟨t1,r| in the last line.

The proof of Proposition 5.1.24 is similar to that of Proposition 5.1.20.

To conclude this section, we remark that it is possible to state the
right and left reduction relations for the specialisations λi → λi−1 ∓ η,
i = 2, . . . , N , respectively. One achieves this generalisation by applying
Proposition 5.1.17 to Propositions 5.1.20 and 5.1.24.
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5.2 The eigenvalue problem

In this section, we determine the spectrum and the common eigenvectors
of the family of anti-periodic d10V transfer matrices, restricted to the
subspace D

(0)
N . The eigenvalue problem consists in finding θ(λ) and

non-zero |φR⟩ such that

T (λ) |φR⟩ = θ(λ) |φR⟩ , ∀λ ∈ C. (5.104)

Since the spectra of T (λ) and its transpose coincide, we also seek non-zero
⟨φL| such that

⟨φL| T (λ) = ⟨φL| θ(λ), ∀λ ∈ C. (5.105)

We refer to |φR⟩ and ⟨φL| as the right and left eigenvectors, respectively.

This section is structured as follows: first, using qSoV techniques, we
characterise the spectrum of T (λ). We express the eigenvalues in terms
of theta functions, solutions to a discrete set of equations. Next, we
construct the associated left and right eigenvectors. We show them to be
unique, up to normalisation.

Second, we find that one eigenvalue possesses a particularly simple
expression. We compute explicitly the associated eigenvectors. We proceed
by stating some of their properties. These include pseudo-periodicity,
exchange and reduction relations.

Finally, we consider a quadratic sum rule involving the explicit eigenvec-
tors. We find an expression for it as a determinant formula.

Below, we assume that any vector belongs to D(0)
N , while any dual vector

belongs to its dual. We also adopt the shorthand notations ∥h⟩⟩ = ∥h, 0⟩⟩,
⟨⟨h∥ = ⟨⟨h, 0∥, and th = th,0.

5.2.1 Solutions

We start the section by addressing two preliminary considerations. First,
we show that there exists at least one common eigenvector.

Proposition 5.2.1. The one-parameter family of anti-periodic d10V
transfer matrices possesses at least one common eigenvector.
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Proof. Let z1, . . . , zN be independent complex numbers in the sense of
Definition A.2.3. By Proposition 4.1.24, the restriction of {T (zi)}Ni=1to
D

(0)
N is a finite set of commuting operators. Burnside’s theorem on matrix

algebras ensures that there exists at least one common eigenvector of
this set [156,157]. By Lemma 4.1.25 and Proposition A.2.4, this common
eigenvector must be an eigenvector of T (λ), for all λ ∈ C.

Second, any eigenvalue θ(λ) must share the same analyticity and pseudo-
periodicity properties with respect to λ as T (λ). We infer these properties
from Lemma 4.1.25:

Lemma 5.2.2. Let θ(λ) be an eigenvalue of T (λ), then eiyλθ(λ) is a
theta function in λ of degree N , nome p, and norm

∑N
j=1 λj + t0.

As a result of the previous lemma, it is possible to write any eigenvalue
as an interpolated form, which yields expressions as in [59, 94]. By
Proposition A.2.4, for all h ∈ {0, 1, 2}N , we can interpolate eiyλθ(λ) from
its specialisations to λ = λj − ηhj , j = 1, . . . , N . We obtain

θ(λ) =
N∑

j=1
e−iy(λ−λj+ηhj)θ(λj − ηhj)ϑ1(−λ+ λj − ηhj + th)

ϑ1(th)

×
∏
k ̸=j

ϑ1(λ− λk + ηhk)
ϑ1(λjk − ηhjk) . (5.106)

We now begin the characterisation of the spectrum of T (λ).

Theorem 5.2.3. The spectrum of T (λ) coincides with the set of θ(λ)
that fulfil the two following conditions:

(i) eiyλθ(λ) is a theta function in λ of degree N , nome p, and norm∑N
j=1 λj + t0,

(ii) the following discrete set of equations is satisfied:

θ(λj)θ(λj − η)θ(λj − 2η) + θ(λj)A(λj − η)D(λj − 2η)
+ θ(λj − 2η)A(λj)D(λj − η) = 0, j = 1, . . . , N. (5.107)

Moreover, the right and left eigenvectors associated to the eigenvalue θ(λ)
are unique, up to normalisation.
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Proof. We consider the eigenvalue problem for the left eigenvectors, then
point out the modifications needed for the right ones.

Let θ(λ) be an eigenvalue of T (λ). By Lemma 5.2.2, it automatically
fulfils condition (i). We now show that it also obeys condition (ii). By
hypothesis, there exists ⟨φL| ≠ 0, solution to the eigenvalue problem
(5.105). By Proposition 5.1.14, we know that {∥h⟩⟩}h∈{0,1,2}N is a basis
of the subspace D(0)

N . The equation (5.105) is therefore equivalent to

⟨φL| T (λ)∥h⟩⟩ = ⟨φL| (B(λ) + C(λ))∥h⟩⟩ = θ(λ)⟨φL∥h⟩⟩, (5.108)

for all h ∈ {0, 1, 2}N . By Lemma 4.1.25, and Lemma 5.2.2, we know that
both sides of (5.108) are characterised in terms of a theta function of
degree N , and of same nome and norm. Theorem A.2.5 states that it is
sufficient that (5.108) holds for N independent values of λ in order for
it to hold for all λ ∈ C. We thus consider the equation at the specific
points λ = λj − ηhj , j = 1, . . . , N . By Lemmas 5.1.9 and 5.1.10, we get

−A(λj − ηhj)⟨φL∥T+
j h⟩⟩+ D(λj − ηhj)⟨φL∥T−

j h⟩⟩

= θ(λj − ηhj)⟨φL∥h⟩⟩. (5.109)

We evaluate (5.109) for hj = 0, 1, 2. Thanks to the cancellations A(λj −
2η) = D(λj) = 0, we obtain the following system of equations: θ(λj) A(λj) 0
−D(λj − η) θ(λj − η) A(λj − η)

0 −D(λj − 2η) θ(λj − 2η)


⟨φ

L∥ · · ·hj = 0 · · ·⟩⟩
⟨φL∥ · · ·hj = 1 · · ·⟩⟩
⟨φL∥ · · ·hj = 2 · · ·⟩⟩

 = 0.

(5.110)
We denote by Q the matrix on the left of this equation. This linear system
possesses a non-zero solution if and only if

det Q = θ(λj)θ(λj − η)θ(λj − 2η) + θ(λj)A(λj − η)D(λj − 2η)
+ θ(λj − 2η)A(λj)D(λj − η) = 0. (5.111)

This establishes (ii).

Furthermore, the determinant of the (3, 1)-minor of Q is given by

det
k=1,2
ℓ=2,3

(Q)kℓ = A(λj)A(λj − η), (5.112)
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and is non-zero for generic inhomogeneity parameters. This non-cancelling
minor indicates that Q is a rank-2 matrix, which makes the solutions to
(5.110) unique, up to a normalisation factor.

Let us now assume that θ(λ) fulfils conditions (i) and (ii). Since θ(λ)
obeys (i), we show through similar arguments as above that the eigenvalue
problem is equivalent to (5.110), for j = 1, . . . , N . Condition (ii) then
ensures that each system possesses a non-zero solution. The rank of Q
makes the solutions unique, up to a factor. Therefore, there exists a non-
zero ⟨φL|, solution to the eigenvalue problem, unique up to normalisation.
This argument concludes the proof for the left eigenvectors.

The reasoning for the right eigenvectors is similar. In both directions of
implication, we find that the eigenvalue problem (5.104) is equivalent to

Qt

⟨⟨· · ·hj = 0 · · · ∥φR⟩
⟨⟨· · ·hj = 1 · · · ∥φR⟩
⟨⟨· · ·hj = 2 · · · ∥φR⟩

 = 0, j = 1, . . . , N. (5.113)

We note that det Qt = det Q and rank Qt = rank Q, which allows us to
reach the same conclusions as for the left eigenvectors.

Theorem 5.2.4. Let θ(λ) be an eigenvalue of T (λ). The associated right
and left eigenspaces are respectively spanned by

|φR⟩ =
∑

h∈{0,1,2}N

 N∏
j=1

(−1)hj
q(hj)

j

q(0)
j

hj−1∏
k=0

A(λj − ηk)
D(λj − η(k + 1))

 ∥h⟩⟩
⟨⟨h∥h⟩⟩

,

⟨φL| =
∑

h∈{0,1,2}N

 N∏
j=1

q(hj)
j

 ⟨⟨h∥
⟨⟨h∥h⟩⟩

,

where ⟨⟨h∥h⟩⟩ is expressed in (5.53) and the coefficients q(h)
j are defined

as

q(0)
j =

(
A(λj − η)
D(λj − η) + θ(λj − η)θ(λj − 2η)

D(λj − η)D(λj − 2η)

)
, (5.114a)

q(1)
j = θ(λj − 2η)

D(λj − 2η) , q(2)
j = 1. (5.114b)

Proof. We start the proof with the explicit construction of the left eigen-
vector ⟨φL|. We fix the normalisation by imposing ⟨φL∥2⟩⟩ = 1. The
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system (5.110) provides recurrence relations for the eigenvector compo-
nents,

⟨φL∥ · · ·hj = h · · ·⟩⟩ = q(h)
j ⟨φ

L∥ · · ·hj = 2 · · ·⟩⟩, h = 0, 1, 2, (5.115)

with the proportionality coefficients q(h)
j defined in (5.114). We note that

q(0)
j ̸= 0. Indeed, assuming otherwise, (5.110) forces q(1)

j = 0 and q(2)
j = 0,

which is a contradiction. Successive applications of (5.115) to the base
case ⟨φL∥2⟩⟩ = 1 lead to the following expression for the components:

⟨φL∥h⟩⟩ =
N∏

j=1
q(hj)

j . (5.116)

Lastly, we obtain the complete expression for the left eigenvector from
the decomposition of the identity operator (5.66).

We move on to the construction of the right eigenvector. Here, we decide
to fix the normalisation by imposing ⟨⟨0∥φR⟩ = 1. The system (5.113)
provides us with recurrence relations for the eigenvector components,

⟨⟨· · ·hj = h · · · ∥φR⟩ = q̃(h)
j ⟨⟨· · ·hj = 0 · · · ∥φR⟩, h = 0, 1, 2, (5.117)

where the proportionality coefficients q̃(h)
j fulfil

Qt.
(
q̃(0)

j q̃(1)
j q̃(2)

j

)t
= 0,

with q̃(0)
j = 1, to match the normalisation. We now express the q̃(h)

j in
terms of their counterparts q(h)

j . To this end, we note that Q is related to
its transpose by a conjugation with a diagonal matrix,

Qt = W−1QW, (5.118)

where

W = diag
(

1,−D(λj − η)
A(λj) ,

D(λj − η)D(λj − 2η)
A(λj)A(λj − η)

)
. (5.119)

Since Q.
(
q(0)

j q(1)
j q(2)

j

)t
= 0, we deduce

q̃(h)
j = (−1)h

q(h)
j

q(0)
j

h−1∏
k=0

A(λj − ηk)
D(λj − η(k + 1)) . (5.120)
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Similarly to the previous case, the eigenvector components are given by

⟨⟨h∥φR⟩ =
N∏

j=1
q̃(hj)

j . (5.121)

Finally, the decomposition (5.66) leads to the expression for the right
eigenvector, which concludes the proof.

5.2.2 An explicit solution

Proposition 5.2.3 provides us with a complete, but implicit, characterisa-
tion of the spectrum of T (λ). We now focus on an explicit example of
an eigenvalue with a simple expression. Aside from its simplicity, this
eigenvalue and its associated eigenvectors are related to the remarkable
eigenvectors of the higher-spin elliptic models of Chapter 3, as we demon-
strate in Chapter 6. The following proposition presents the eigenvalue
and its associated left and right eigenvectors:

Theorem 5.2.5. The transfer matrix T (λ) possesses the eigenvalue
θ(λ) = 0. Moreover, the associated right and left eigenvectors, unique up
to normalisation, are given by

|φR⟩ =
∑

h∈{0,2}N

 N∏
j,k=1

ϑ1(λjk − 2η(1− hj))
ϑ1(λjk − 2η)

 ∥h⟩⟩
⟨⟨h∥h⟩⟩

, (5.122a)

⟨φL| =
∑

h∈{0,2}N

 N∏
j,k=1

ϑ1(λjk − η(hj − 1))
ϑ1(λjk − η)

 ⟨⟨h∥
⟨⟨h∥h⟩⟩

. (5.122b)

Proof. We check that θ(λ) = 0 fulfils the two conditions of Theorem 5.2.3.
It is therefore an eigenvalue of T (λ). We consider Theorem 5.2.4 for
θ(λ) = 0. The left and right proportionality coefficients respectively
simplify to

q(h)
j = A(λj − η(h+ 1))

D(λj − η) , (5.123)

(−1)h
q(h)

j

q(0)
j

h−1∏
k=0

A(λj − ηk)
D(λj − η(k + 1)) = D(λj − 2η(1− h))

D(λj − 2η) . (5.124)
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In particular, we have q(1)
j = 0. From (5.116) and (5.121), we deduce the

following systematic cancellations:

⟨⟨h∥φR⟩ = 0 = ⟨φL∥h⟩⟩, ∀h ∈ {0, 1, 2}N\{0, 2}N . (5.125)

Lastly, we reach (5.122) by replacing A(λ) and D(λ) by their definitions.

As an immediate consequence of Proposition 4.1.28, we find that the
special eigenvectors are eigenvectors of the transfer matrix of the d19V
model, as well.

Corollary 5.2.6. We have

T (2)(λ)|φR⟩ = A(λ)D(λ− η)|φR⟩, (5.126)

⟨φL|T (2)(λ) = A(λ)D(λ− η)⟨φL|. (5.127)

Small sizes We explicitly compute the special eigenvectors for N = 1, 2,
using Mathematica. In the canonical basis of the spin-dynamical space,
we have the decomposition

|φR⟩ =
∑

α∈{⇑,0,⇓}N

(φR)α |α⟩ ⊗ |tα⟩ , (5.128)

⟨φL| =
∑

α∈{⇑,0,⇓}N

(φL)α ⟨α| ⊗ ⟨tα| . (5.129)

We refer to (φR)α and (φL)α as the components of the special eigenvectors
in the canonical basis. For N = 1, the non-zero components of the
eigenvectors are

(φR)⇑ = 1, (φL)⇑ = −1, (5.130a)
(φR)⇓ = −1, (φL)⇓ = 1. (5.130b)
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For N = 2, the non-zero components of the eigenvectors are

(φR)⇑⇑ = 1, (φL)⇑⇑ = 1,

(φR)⇑⇓ = −ϑ1(λ12 + η)
ϑ1(λ12 − η) , (φL)⇑⇓ = −ϑ1(λ12 − η)

ϑ1(λ12 + η) ,

(φR)00 = −ϑ1(2η)ϑa(0)
ϑa(η)2

ϑa(λ12)
ϑ1(λ12 − η) , (φL)00 = −ϑ1(2η)

ϑa(2η)
ϑa(λ12)

ϑ1(λ12 + η) ,

(φR)⇓⇑ = −ϑ1(λ12 + η)
ϑ1(λ12 − η) , (φL)⇓⇑ = −ϑ1(λ12 − η)

ϑ1(λ12 + η) ,

(φR)⇓⇓ = 1, (φL)⇓⇓ = 1,

where a = 3 + x − y.

5.2.3 Properties of the special eigenvectors

In principle, Theorem 5.2.5 allows us to compute the special eigenvectors
explicitly. Unfortunately, this computation becomes rather involved for
N ⩾ 3. The purpose of this section is to present several properties of
the special eigenvectors that characterise them implicitly. These include
their behaviour under spin-parity and spin-reversal transformations, their
pseudo-periodicity properties with respect to the inhomogeneity parame-
ters, a set of exchange and reduction relations, and a conjecture regarding
their analyticity properties with respect to the inhomogeneity parameters.

The implicit characterisation presented in this section mirrors that of
the special eigenvectors of the supersymmetric 8V model of Section 2.1.
As such, it opens the door to new types of analysis for the d10V model.
First, we expect it to help construct the special eigenvectors by recursion
in N . Second, the characterisation makes possible the use of induction
techniques à la Izergin and Korepin. These could allow the computation
of special eigenvectors components and sum rules [1, 111], emptiness
formation probabilities [128,129],. . .

Spin-parity and spin-reversal symmetry

Proposition 5.2.7. We have

(−1)S |φR⟩ = (−1)N |φR⟩, ⟨φL|(−1)S = (−1)N ⟨φL|. (5.131)
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Proof. By Definition 5.1.1 and Proposition 5.1.2, we have

(−1)S∥h⟩⟩ = (−1)N∥h⟩⟩, ⟨⟨h∥(−1)S = (−1)N ⟨⟨h∥, (5.132)

for each h ∈ {0, 2}N . The proposition straightforwardly follows from
these equalities and the definitions (5.122).

For the symmetry under spin reversal, we need the following lemma:

Lemma 5.2.8. We have

(φR)⇑···⇑ = 1, (φR)⇓···⇓ = (−1)N , (5.133)

and

(φL)⇑···⇑ = (−1)N , (φL)⇓···⇓ = 1. (5.134)

Proof. Using the simple form of the reference states (5.1) and their duals
(5.59) (with r = 0), we obtain

(φR)⇑···⇑ = (⟨⇑ · · · ⇑| ⊗ ⟨t0|) |φR⟩ = ⟨⟨0∥φR⟩ = 1, (5.135)
(φR)⇓···⇓ = (⟨⇓ · · · ⇓| ⊗ ⟨t2|) |φR⟩ = ⟨⟨2∥φR⟩ = (−1)N , (5.136)

which proves (5.133). The components (5.134) follow along the same
lines.

Proposition 5.2.9. We have

F |φR⟩ = (−1)NT−2S
τ |φR⟩, ⟨φL|F = (−1)N ⟨φL|T−2S

τ . (5.137)

Proof. By Proposition 4.1.27, T (λ) commutes with the operator Fτ =
FT−2S

τ on D
(0)
N . Hence, since the eigenspace spanned by |φR⟩ is one-

dimensional, there must exists µ ∈ C such that

FT−2S
τ |φR⟩ = µ|φR⟩. (5.138)

Using ⟨⟨0∥ = ⟨⟨2∥FT−2S
τ , we infer

(φR)⇑···⇑ = ⟨⟨0∥φR⟩ = ⟨⟨2∥FT−2S
τ |φR⟩ = µ⟨⟨2∥φR⟩ = µ(φR)⇓···⇓,

which yields µ = (−1)N by Lemma 5.2.8.
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Pseudo-periodicity We now establish that ⟨φR| and |φL⟩ possess
pseudo-periodicity relations with respect to the inhomogeneity parame-
ters.

Proposition 5.2.10. For each i = 1, . . . , N , we have

|φR⟩
∣∣∣
λi→λi+π

= (−Ω3
i )y |φR⟩ , (5.139a)

|φR⟩
∣∣∣
λi→λi+πω

= (−1)xe−2iη(N+1−2i)(Γi)−1 |φR⟩ , (5.139b)

⟨φL|
∣∣∣
λi→λi+π

= ⟨φL| (−Ω3
i )y, (5.139c)

⟨φL|
∣∣∣
λi→λi+πω

= (−1)xe2iη(N+1−2i) ⟨φL|Γi, (5.139d)

with Γi as defined in (4.89).

Proof. We focus on the shift λi → λi + πω for the right eigenvector. The
reasoning behind the other cases is similar. We use the decomposition
of the special eigenvector provided in Theorem 5.2.5. We consider each
summand separately and inspect the behaviour of their factors under
λi → λi + πω. From Proposition A.1.2, we compute the effect on the
components of the eigenvector in the qSOV basis. It reads

⟨⟨h, 0∥φR⟩
∣∣∣
λi→λi+πω

= e−4iη
∑N

j=1 hij ⟨⟨h, 0∥φR⟩. (5.140)

We combine this expression with Propositions 5.1.15 and 5.1.16 and
deduce that the shift acts on each summand of (5.122a) identically. We
express the final result in (5.139d).

Exchange The special eigenvectors obey exchange relations directly
inferred from those obeyed by the qSoV states. The multiplication of
the eigenvectors by an appropriate Ř-matrix allows to swap two of their
inhomogeneity parameters.

Proposition 5.2.11. For each i = 1, . . . , N − 1, we have

Ř(2,2)
i,i+1(λi,i+1|τ + 2ηSi−1) |φR⟩

= ϑ1(λi,i+1 + η)ϑ1(λi,i+1 + 2η) |φR⟩
∣∣∣∣
λi↔λi+1

, (5.141a)
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and

⟨φL| Ř(2,2)
i,i+1(λi+1,i|τ + 2ηSi−1)

= ϑ1(λi+1,i + η)ϑ1(λi+1,i + 2η) ⟨φL|
∣∣∣∣
λi↔λi+1

. (5.141b)

Proof. We use the decomposition of the special eigenvectors provided
in Theorem 5.2.5. From the explicit formulas for the components, and
Proposition 5.1.12, we note that the quantities ⟨⟨h∥φR⟩, ⟨φL∥h⟩⟩ and
⟨⟨h∥h⟩⟩ are invariant under the simultaneous transformations λi ↔ λi+1,
hi ↔ hi+1. Therefore, Proposition 5.1.17 leads to (5.141).

Reduction The special eigenvectors obey reduction relations. To state
them, we denote by |φR

N ⟩ = |φR⟩ and ⟨φL
N | = ⟨φL|, respectively, the right

and left eigenvectors of T (λ) in D
(0)
N . By convention, we set |φR

0 ⟩ = 1 and
⟨φL

0 | = 1.

Proposition 5.2.12. For N ≥ 2, we have

lim
λN →λN−1−η

ϑ1(λN−1,N − η) |φR
N ⟩ = −ϑ1(t2 − η)ϑ1(t2 − 2η)ϑ1(2η)

ϑ1(η)

×
N−2∏
j=1

ϑ1(λN−1,j − 2η)
ϑ1(λN−1,j)

e−iyη(3−2(N+SN−2))
ϑ1(τ + η)ϑ1(τ − η)

× c
(
ηs3

N

∣∣∣τ + 2ηSN−2
)

ΞN−1 |φR
N−2⟩ , (5.142)

and

lim
λN →λN−1+η

ϑ1(λNN−1 − η) ⟨φL
N | = −

e−iyη(2N−1)ϑ1(2η)
ϑ1(t2)ϑ1(t2 − η)

×
N−2∏
j=1

ϑ1(λN−1,j + 2η)
ϑ1(λN−1,j) ⟨φL

N−2| (ΞN−1)td
(
ηs3

N−1

∣∣∣τ + 2ηSN−2
)

× ϑ1(τ + η)ϑ1(τ − η)e−2iyηSN−2
, (5.143)

with c(λ|t) and d(λ|t) defined in (4.4) and (4.41), respectively.

Proof. We recall the decomposition of the special eigenvector provided in
Theorem 5.2.5. Each summand is composed of three factors: a qSoV state
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∥h⟩⟩, an eigenvector component ⟨⟨h∥φR
N ⟩, and a dual pairing ⟨⟨h∥h⟩⟩. We

individually examine how these behave in the limit λN → λN−1 − η.

By Proposition 5.1.20, ∥h⟩⟩ possesses a reduction relation in the limit.
Moreover, this limit cancels unless hN−1 = 0 and hN = 2.

By Theorem 5.2.5, ⟨⟨h∥φR
N ⟩ is analytic and non-zero in λN = λN−1 − η,

for all h ∈ {0, 2}N . We compute

⟨⟨h1 · · ·hN−202∥φR
N ⟩
∣∣
λN =λN−1−η

= ϑ1(η)
ϑ1(3η)

(
N−2∏
j=1

ϑ1(λN−1,j − η(2hj − 1))
ϑ1(λN−1,j + 2η)

ϑ1(λN−1,j − 2η(hj − 1))
ϑ1(λN−1,j − 3η)

)
× ⟨⟨h1 · · ·hN−2∥φR

N−2⟩. (5.144)

By Proposition 5.1.12, ⟨⟨h∥h⟩⟩ is analytic and non-zero in λN = λN−1−η,
for all h ∈ {0, 2}N . In particular, we find

⟨⟨h1 · · ·hN−202∥h1 · · ·hN−202⟩⟩
∣∣
λN =λN−1−η

= e2iyη ϑ1(η)ϑ1(t2)
ϑ1(3η)ϑ1(t2 − 2η)

×
N−2∏
j=1

ϑ1(λN−1,j)ϑ1(λN−1,j − η)
ϑ1(λN−1,j + ηhj)ϑ1(λN−1,j + η(hj − 3))

× ⟨⟨h1 · · ·hN−2∥h1 · · ·hN−2⟩⟩. (5.145)

Combining Proposition 5.1.20 with (5.144) and (5.145), we obtain

lim
λN →λN−1−η

ϑ1(λN−1,N − η)∥h⟩⟩⟨⟨h∥φ
R
N ⟩

⟨⟨h∥h⟩⟩

= −δ2,hN
δ0,hN−1eiyη(2(N+sh)−3)ϑ1(2η)

ϑ1(η)
ϑ1(t2 − η)ϑ1(t2 − 2η)
ϑ1(th + η)ϑ1(th − η)

×
N−2∏
j=1

ϑ1(λN−1,j − 2η)
ϑ1(λN−1,j) c

(
ηs3

N

∣∣∣τ + 2ηSN−2
)

ΞN−1

× ∥h1 · · ·hN−2⟩⟩
⟨⟨h1 · · ·hN−2∥φR

N−2⟩
⟨⟨h1 · · ·hN−2∥h1 · · ·hN−2⟩⟩

. (5.146)

We swap sh for SN−2 and th for τ in (5.146). As a result, the same
operator multiplies each summand of (5.122a) in the limit. We factor
this operator out of the sum, and obtain (5.142).
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Analyticity One can deduce analyticity properties for each element in
the decomposition of the special eigenvectors from Propositions 5.1.12,
5.1.18 and 5.1.19. Based on this, and on our investigation of the eigenvec-
tors for small sizes, we formulate a conjecture regarding their analyticity.

Conjecture 5.2.13. The vectors∏
1≤i<j≤N

ϑ1(λij − η) |φR⟩ ,
∏

1≤i<j≤N

ϑ1(λji − η) ⟨φL| , (5.147)

are entire functions of the inhomogeneity parameters λi, i = 1, . . . , N .

This conjecture is essential to complete the implicit characterisation of
the special eigenvectors of the d10V model.

5.2.4 Quadratic sum rule

We discuss a sum rule involving the special eigenvectors of the anti-
periodic d10V transfer matrix,

Z(ξ;λ1, . . . , λN ) = ⟨φL|ξS |φR⟩ . (5.148)

We express the quantity as a determinant formula. The proof generalises a
corresponding result obtained for the ten- and nineteen-vertex models [92].
In Chapter 6, we relate this sum rule to the square norm of the conjectured
ground state of the spin-1 XYZ chain.

Theorem 5.2.14. For each ξ ∈ C, we have

Z(ξ;λ1, . . . , λN ) = e−iyηN

ϑ1(t2)ϑ1(t1)N−1

∏N
i,j=1 ϑ1(λij + η)∏

1≤i<j≤N ϑ1(λij)ϑ1(λji)

×
N

det
i,j=1

[
ϑ1(λij − η + t1)
ϑ1(λij − η) e−iyηξ − ϑ1(λij + η + t1)

ϑ1(λij + η) eiyηξ−1
]
. (5.149)

Proof. Our proof follows the strategy of [92, Proposition 4.1], while
adapting it to the specificities of Jacobi theta functions. We use (5.5) as
well as (5.53), and obtain

Z(ξ;λ1, . . . , λN ) =
∑

h∈{0,1,2}N

ξsh
⟨φL∥h⟩⟩⟨⟨h∥φR⟩
⟨⟨h∥h⟩⟩

. (5.150)



5.2. The eigenvalue problem 191

From Theorem 5.2.5 and Proposition 5.1.12, we write

Z(ξ;λ1, . . . , λN ) =
∑

h∈{0,2}N

ξshe−iyη(N+sh)ϑ1(th)
ϑ1(t2)

∏
1≤i<j≤N

ϑ1(λij − ηhij)
ϑ1(λij)

×
N∏

i,j=1

ϑ1(λij − η(hi − 1))
ϑ1(λij − η)

ϑ1(λij − 2η(1− hi))
ϑ1(λij − 2η) . (5.151)

For i ̸= j, hi, hj = 0, 2, the following equality holds:

ϑ1(λij − ηhij)ϑ1(λij − 2η(1− hi))ϑ1(λji − 2η(1− hj))
= ϑ1(λij + ηhij)ϑ1(λij + 2η)ϑ1(λji + 2η). (5.152)

It allows us to simplify the terms of the sum (5.151),

Z(ξ;λ1, . . . , λN ) =
∑

h∈{0,2}N

ξsh(−1)(N−sh)/2e−iyη(N+sh)ϑ1(th)
ϑ1(t2)

×
∏

1≤i<j≤N

ϑ1(λij + ηhij)
ϑ1(λij)

N∏
i,j=1

ϑ1(λij − η(hi − 1))
ϑ1(λij − η) . (5.153)

We use the Frobenius determinant formula of Proposition A.1.4, spe-
cialised to xi = λi + ηhi, yi = λi + η, for i = 1, . . . , N and ρ = t1,

N
det

i,j=1

[
ϑ1(λij + η(hi − 1) + t1)
ϑ1(λij + η(hi − 1))ϑ1(t1)

]

= ϑ1(t1 − ηsh)
ϑ1(t1)

∏
1≤i<j≤N ϑ1(λij + ηhij)ϑ1(λji)∏

i,j ϑ1(λij + η(hi − 1)) . (5.154)

We also note that th = t1 − ηsh. These observations help us rewrite
(5.153) as

Z(ξ;λ1, . . . , λN ) =
∑

h∈{0,2}N

e−2iyηN

ϑ1(t2)ϑ1(t1)N−1

∏
1≤i<j≤N

1
ϑ1(λij)ϑ1(λji)

×
N∏

i,j=1

ϑ1(λij − η(hi − 1))ϑ1(λij + η(hi − 1))
ϑ1(λij − η)

×
N

det
i,j=1

[
(−1)hi/2eiyηhiξ1−hi

ϑ1(λij + η(hi − 1) + t1)
ϑ1(λij + η(hi − 1))

]
. (5.155)
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We notice that for h ∈ {0, 2}N ,

N∏
i,j=1

ϑ1(λij − η(hi − 1))ϑ1(λij + η(hi − 1))
ϑ1(λij − η) =

N∏
i,j=1

ϑ1(λij + η). (5.156)

In each summand of (5.155), the factors multiplying the determinant are
thus independent of h. We factor them out of the sum.

To conclude the proof, we sum the determinants. This is equivalent to
performing elementary row operations and leads to (5.149).

5.A Explicit qSoV states

In this appendix, we present the explicit computation of the qSoV states
(5.80) and (5.80). These are essential elements to establish the analyticity
properties of Propositions 5.1.18 and 5.1.19.

Right qSoV states We begin our analysis with the explicit computation
of the right qSoV states

∥2 · · · 220, r⟩⟩, ∥2 · · · 202, r⟩⟩, ∥2 · · · 200, r⟩⟩. (5.157)

Proposition 5.A.1. We have

∥2 · · · 220, r⟩⟩ = e2iyη(2N−1)ϑ1(t2,r)ϑ1(t2,r − η)
ϑ1(t0,r)ϑ1(t0,r + η)

× |⇓ · · · ⇓⇑⟩ ⊗ |t2,r − 2η⟩ , (5.158)

∥2 · · · 200, r⟩⟩ = e4iyη(2N−3)
3∏

j=0

ϑ1(t2,r − jη)
ϑ1(t0,r + jη)

× |⇓ · · · ⇓⇑⇑⟩ ⊗ |t2,r − 4η⟩ , (5.159)

∥2 · · · 202, r⟩⟩ = e−iy(λN−1,N −4η(N−1))ϑ1(t2,r)ϑ1(t2,r − η)
ϑ1(λN−1,N − η)ϑ1(λN−1,N − 2η)
×
(
X⇑⇓ |⇓ · · · ⇓⇑⇓⟩+X00 |⇓ · · · ⇓00⟩

+X⇓⇑ |⇓ · · · ⇓⇓⇑⟩
)
⊗ |t2,r − 2η⟩ , (5.160)
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where

X⇑⇓ = eiy(λN−1,N −2η)ϑ1(λN−1,N )ϑ1(λN−1,N + η)
ϑ1(t0,r + 2η)ϑ1(t0,r + 3η) , (5.161a)

X00 = α2ϑ1(2η)2

ϑ1(η)
ϑ1(λN−1,N )ϑ1(λN−1,N − t0,r − 2η)

ϑ1(t0,r + η)2ϑ1(t0,r + 3η) , (5.161b)

X⇓⇑ = e−iy(λN−1,N −2η)ϑ1(η)ϑ1(2η) (5.161c)

× ϑ1(λN−1,N − t0,r − η)ϑ1(λN−1,N − t0,r − 2η)
ϑ1(t0,r)ϑ1(t0,r + η)2ϑ1(t0,r + 2η) .

We proceed by successively applying the operators C as prescribed by
(5.3). The following lemma is the stepping stone which leads to the
intermediary results ∥2 · · · 221, r⟩⟩ and ∥2 · · · 212, r⟩⟩.

Lemma 5.A.2. We have

CN (λ0)
DN (λ0)∥2, r⟩⟩ = −αe−iy(λ0N −2η(N−1)) (5.162)

× ϑ1(2η)ϑ1(t2,r)ϑ1(λ0N − t0,r)
ϑ1(t0,r)ϑ1(t0,r + 2η)ϑ1(λ0N ) |⇓ · · · ⇓0⟩ ⊗ |t2,r − η⟩

+ ϑ1(λ0N + 2η)
ϑ1(λ0N )

(
CN−1(λ0)
DN−1(λ0) ⊗ I

)
|⇓ · · · ⇓⇓⟩ ⊗ |t2,r⟩ .

Proof. The lemma follows from Lemma 4.1.21 and Proposition 5.1.4.

For λ0 = λN − 2η, the second term in (5.162) trivially cancels. This leads
to the following expression for ∥2 · · · 221, r⟩⟩:

Lemma 5.A.3. We have

∥2 · · · 221, r⟩⟩ = −αe2iyηN ϑ1(t2,r)
ϑ1(t0,r) |⇓ · · · ⇓0⟩ ⊗ |t2,r − η⟩ . (5.163)

To obtain ∥2 · · · 220, r⟩⟩ and ∥2 · · · 200, r⟩⟩, we successively apply the
appropriate monodromy-matrix entries C(λ) on (5.163). Then, we use
Lemma 4.1.21. Each time, the choice of the spectral parameter of C(λ)
leads to only one remaining term. The results of these computations are,
in sequence, (5.158), Lemma 5.A.4 and (5.159).
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Lemma 5.A.4. We have

∥2 · · · 210, r⟩⟩ = −αe6iyη(N−1)
2∏

j=0

ϑ1(t2,r − jη)
ϑ1(t0,r + jη)

× |⇓ · · · ⇓0⇑⟩ ⊗ |t2,r − 3η⟩ . (5.164)

Proof. We apply CN (λN−1−2η)
DN (λN−1−2η) to the state in (5.158). By Lemma 4.1.21,

it becomes

CN (λN−1 − 2η)
DN (λN−1 − 2η) |⇓ · · · ⇓⇑⟩ ⊗ |t2,r − 2η⟩

=
h̄
(
λN−1,N − 2η

∣∣∣τ + 2ηSN−1
)

ϑ1(λN−1,N − 2η)

(
CN−1(λN−1 − 2η)
DN−1(λN−1 − 2η) ⊗ I

)
× |⇓ · · · ⇓⇓⇑⟩ ⊗ |t2,r − 2η⟩ . (5.165)

A second application of Lemma 4.1.21 yields(
CN−1(λN−1 − 2η)
DN−1(λN−1 − 2η) ⊗ I

)
|⇓ · · · ⇓⇓⇑⟩ ⊗ |t2,r − 2η⟩

= −
j̄
(
−2η

∣∣∣τ + 2ηSN−2
)

ϑ1(2η)

(
AN−2(λN−1 − 2η)
DN−2(λN−1 − 2η) ⊗ I

⊗2
)

× |⇓ · · · ⇓0⇑⟩ ⊗ |t2,r − 2η⟩ . (5.166)

Proposition 5.1.4 informs us on the effect of AN−2(λN−1− 2η) in (5.166).
We gather the coefficients from (5.158), (5.165) and (5.166). Simplifying
them with the help of definition (5.2) leads to (5.164).

The same reasoning as in Lemma 5.A.4 leads to (5.159).

We now turn to the computation of ∥2 · · · 202, r⟩⟩. Looking back to
Lemma 5.A.2, we realise that the choice λ0 = λN−1 − 2η produces two
non-zero terms.
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Lemma 5.A.5. We have

∥2 · · · 212, r⟩⟩ = −αe2iyηN ϑ1(t2,r)
ϑ1(t0,r + 2η)

1
ϑ1(λN−1,N − 2η)

×
(

e−iyλN−1,N
ϑ1(2η)
ϑ1(t0,r)ϑ1(λN−1,N − t0,r − 2η) |⇓ · · · ⇓⇓0⟩

+ e−2iyηϑ1(λN−1,N ) |⇓ · · · ⇓0⇓⟩
)
⊗ |t2,r − η⟩ . (5.167)

To obtain ∥2 · · · 202, r⟩⟩, we apply the appropriate C(λ) to both terms in
(5.167). The computation requires, once more, the use of Lemma 4.1.21
and Proposition 5.1.4.

Lemma 5.A.6. We have

CN (λN−1 − η)
DN (λN−1 − η) |⇓ · · · ⇓⇓0⟩ ⊗ |t2,r − η⟩

= (W⇓⇑ |⇓ · · · ⇓⇓⇑⟩+W00 |⇓ · · · ⇓00⟩)⊗ |t2,r − 2η⟩

+W⇓0

(
CN−2(λN−1 − η)
DN−2(λN−1 − η) ⊗ I

⊗2
)
|⇓ · · · ⇓⇓0⟩ ⊗ |t2,r − η⟩ , (5.168)

with

W⇓⇑ = −e−iyλN−1,N e2iyη(N−1)ϑ1(η)ϑ1(t2,r − η)
αϑ1(t0,r + η)2 (5.169a)

× ϑ1(λN−1,N − t0,r − η)
ϑ1(λN−1,N − η) ,

W00 = −αe2iyη(N−2)ϑ1(2η)
ϑ1(η)

ϑ1(t2,r − η)ϑ1(t0,r)ϑ1(t0,r + 2η)
ϑ1(t0,r + η)2ϑ1(t0,r + 3η) (5.169b)

× ϑ1(λN−1,N )
ϑ1(λN−1,N − η) ,

W⇓0 = −e−iyη ϑ1(t0,r)
ϑ1(t0,r + η)

ϑ1(λN−1,N )
ϑ1(λN−1,N − η) . (5.169c)
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Lemma 5.A.7. We have

CN (λN−1 − η)
DN (λN−1 − η) |⇓ · · · ⇓0⇓⟩ ⊗ |t2,r − η⟩

= −e2iyη(N−2)

α

ϑ1(t2,r − η)
ϑ1(t0,r + 3η)

ϑ1(λN−1,N + η)
ϑ1(λN−1,N − η) |⇓ · · · ⇓⇑⇓⟩ ⊗ |t2,r − 2η⟩

+ e−iy(λN−1,N −η) ϑ1(2η)
ϑ1(t0,r + η)

ϑ1(λN−1,N − t0,r − 2η)
ϑ1(λN−1,N − η)

×
(
CN−2(λN−1 − η)
DN−2(λN−1 − η) ⊗ I

⊗2
)
|⇓ · · · ⇓⇓0⟩ ⊗ |t2,r − η⟩ . (5.170)

Combining Lemmas 5.A.5 to 5.A.7 establishes (5.160).

Left qSoV states We now turn to the computation of the left qSoV
states

⟨⟨0 · · · 002, r∥, ⟨⟨0 · · · 020, r∥, ⟨⟨0 · · · 022, r∥. (5.171)

We proceed similarly to the previous case, by successive application of
operators C on the reference state ⟨⟨0, r∥.

Proposition 5.A.8. We have

⟨⟨0 · · · 002, r∥ =
2∏

a=1

DN−1(λN + aη)
DN−1(λN − aη) ⟨⇑ · · · ⇑⇑⇓| ⊗ ⟨t0,r + 2η| , (5.172)

⟨⟨0 · · · 022, r∥ =
N∏

k=N−1

2∏
a=1

DN−2(λk + aη)
DN−2(λk − aη) (5.173)

× ⟨⇑ · · · ⇑⇓⇓| ⊗ ⟨t0,r + 4η| ,

and

⟨⟨0 · · · 020, r∥ = e−iy(λN−1,N +2η)

ϑ1(t2,r − η)ϑ1(t2,r − 2η) (5.174)

× 1
ϑ1(λN−1,N − η)ϑ1(λN−1,N − 2η)

2∏
a=1

DN−2(λN−1 + aη)
DN−2(λN−1 − aη)

×
(
Y⇑⇓ ⟨⇑ · · · ⇑⇑⇓|+ Y00 ⟨⇑ · · · ⇑00|+ Y⇓⇑ ⟨⇑ · · · ⇑⇓⇑|

)
⊗ ⟨t0,r + 2η| ,
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where

Y⇑⇓ = e−iy(λN−1,N −2η)ϑ1(η)ϑ1(2η)ϑ1(λN−1,N − t2,r + η) (5.175a)
× ϑ1(λN−1,N − t2,r + 2η),

Y00 = −ϑ1(η)
α2 ϑ1(t2,r − 3η)ϑ1(λN−1,N )ϑ1(λN−1,N − t2,r + 2η),

(5.175b)

Y⇓⇑ = eiy(λN−1,N −2η)ϑ1(t2,r − 3η)ϑ1(t2,r − 4η) (5.175c)
× ϑ1(λN−1,N )ϑ1(λN−1,N − η).

The following lemma allows us to obtain the intermediary elements
⟨⟨0 · · · 001, r∥ and ⟨⟨0 · · · 010, r∥:

Lemma 5.A.9. We have

⟨⟨0, r∥ CN (λ0)
DN (λ0 − η)

= −e−iy(λ0N +η)

α

ϑ1(η)ϑ1(λ0N − t2,r + 2η)
ϑ1(t2,r − η)ϑ1(λ0N − η)

× DN−1(λ0 + 2η)
DN−1(λ0 − η) ⟨⇑ · · · ⇑0| ⊗ ⟨t0,r + η|

+ e−2iyη ϑ1(t2,r − 3η)ϑ1(λ0N )
ϑ1(t2,r − η)ϑ1(λ0N − η)

× ⟨⇑ · · · ⇑⇑| ⊗ ⟨t0,r|
(
CN−1(λ0)

DN−1(λ0 − η) ⊗ I
)
. (5.176)

For λ0 = λN , the second term in (5.176) trivially cancels. This leads to
the following expression (5.177) for ⟨⟨0 · · · 001, r∥:

⟨⟨0 · · · 001, r∥ = −e−iyη

α

ϑ1(t2,r − 2η)
ϑ1(t2,r − η)

DN−1(λN + 2η)
DN−1(λN − η)
× ⟨⇑ · · · ⇑0| ⊗ ⟨t0,r + η| . (5.177)

Next, we apply the appropriate operators C on ⟨⟨0 · · · 001, r∥ to obtain
⟨⟨0 · · · 002, r∥, ⟨⟨0 · · · 012, r∥ and ⟨⟨0 · · · 022, r∥. For each of these states,
the specialisation of the spectral parameter in C(λ) gives rise to a single
non-zero term. The results of these computations are (5.172), (5.173),
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and

⟨⟨0 · · · 012, r∥ = −e−iyη

α

ϑ1(t2,r − 2η)
ϑ1(t2,r − η)

DN−1(λN + 2η)
DN−1(λN − η)

DN−2(λN + η)
DN−2(λN − 2η)

× DN−2(λN−1 + 2η)
DN−2(λN−1 − η) ⟨⇑ · · · ⇑0⇓| ⊗ ⟨t0,r + 3η| . (5.178)

We now consider (5.176) with λ0 = λN−1, and obtain

⟨⟨0 · · · 010, r∥ = − 1
αϑ1(t2,r − η)ϑ1(λN−1,N − η)

DN−2(λN−1 + 2η)
DN−2(λN−1 − η)

×
(
−e−iy(λN−1,N +η)ϑ1(2η)ϑ1(λN−1,N − t2,r + 2η) ⟨⇑ · · · ⇑⇑0|

+ e−3iyηϑ1(t2,r − 4η)ϑ1(λN−1,N ) ⟨⇑ · · · ⇑0⇑|
)
⊗ ⟨t0,r + η| . (5.179)

To reach ⟨⟨0 · · · 020, r∥, we apply one last operator C to the two vectors
in (5.179). We present intermediary results in the following lemma:

Lemma 5.A.10. We have

⟨⇑ · · · ⇑0⇑| ⊗ ⟨t0,r + η| C
N (λN−1 − η)

DN (λN−1 − 2η)

= −αe−iyη ϑ1(t2,r − 3η)
ϑ1(t2,r − 2η)

ϑ1(λN−1,N − η)
ϑ1(λN−1,N − 2η)

× DN−2(λN−1 + η)
DN−2(λN−1 − 2η) ⟨⇑ · · · ⇑⇓⇑| ⊗ ⟨t0,r + 2η|

+ e−iy(λN−1,N +η)ϑ1(η)ϑ1(t2,r − 3η)
ϑ1(t2,r − 2η)2

ϑ1(λN−1,N − t2,r + 2η)
ϑ1(λN−1,N − 2η)

× ⟨⇑ · · · ⇑⇑0| ⊗ ⟨t0,r + η|
(
CN−2(λN−1 − η)

DN−2(λN−1 − 2η) ⊗ I
⊗2
)
, (5.180)

and

⟨⇑ · · · ⇑⇑0| ⊗ ⟨t0,r + η| C
N (λN−1 − η)

DN (λN−1 − 2η)

= ϑ1(η)
ϑ1(t2,r − 2η)ϑ1(λN−1,N − 2η)

DN−2(λN−1 + η)
DN−2(λN−1 − 2η)

×
(
W̃⇑⇓ ⟨⇑ · · · ⇑⇑⇓|+ W̃00 ⟨⇑ · · · ⇑00|

)
⊗ ⟨t0,r + 2η|

+ W̃⇑0 ⟨⇑ · · · ⇑⇑0| ⊗ ⟨t0,r + η|
(
CN−2(λN−1 − η)

DN−2(λN−1 − 2η) ⊗ I
⊗2
)
, (5.181)
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with

W̃⇑⇓ = αe−iy(λN−1,N −η)ϑ1(λN−1,N − t2,r + η), (5.182a)

W̃00 = −e−iyη ϑ1(t2,r − 3η)ϑ1(λN−1,N )
αϑ1(2η) , (5.182b)

W̃⇑0 = e−3iyη ϑ1(η)
ϑ1(2η)

ϑ1(t2,r − 3η)ϑ1(t2,r − 4η)
ϑ1(t2,r − 2η)2

× ϑ1(λN−1,N )
ϑ1(λN−1,N − 2η) . (5.182c)

Finally, (5.179) and Lemma 5.A.10 lead to (5.174).
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Chapter 6

Special eigenvectors of
higher-spin models

In this chapter, we pursue the investigation of special eigenvectors of the
18V and 41V models, and the related spin-1 XYZ chain. We recall that,
in Chapter 3, simple algebraic arguments established the existence of
eigenvectors of the 18V and 41V transfer matrices with remarkably simple
eigenvalues. To examine them further, in Chapter 4, we related the transfer
matrix of the 18V model to that of the d10V model. Then, in Chapter 5,
we solved the eigenvalue problem of the latter via qSoV techniques. We
now exploit these relations and results to define the special eigenvectors
of the 18V and 41V models. Through these definitions, we derive a
number of properties that characterise the special eigenvectors implicitly.
These include symmetry properties, exchange and reduction relations,
and pseudo-periodicity properties with respect to the inhomogeneity
parameters, as well as a conjecture regarding their analyticity with
respect to the inhomogeneity parameters. Additionally, we compute a
quadratic sum rule involving them in terms of a determinant formula.
Taking the homogeneous limit of the special eigenvectors allows us to
define a zero-energy eigenstate of the spin-1 XYZ chain. We obtain a
symmetry property of this last vector, as well as a closed-form expression
for its square norm.

We start our investigation with preliminary work on the sum rule of
Theorem 5.2.14. Indeed, its elliptic determinant expression tends to
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not be the most convenient to manipulate, especially when taking the
homogeneous limit. We thus proceed to its uniformisation. Through
this procedure, we find an elliptic parameterisation that expresses the
determinant formula in terms of polynomials. We study several properties
of these polynomials, and find that they are generalisations of those
introduced by Zinn-Justin and Rosengren [78–81,111].

This chapter is structured as follows: in Section 6.1, we proceed to the
uniformisation of the determinant formula of Theorem 5.2.14. We analyse
the properties of the resulting polynomials. In Section 6.2, we present
results for the special eigenvectors of the 18V, 41V models and the spin-1
XYZ chain. We conclude the chapter with some research perspectives
related to the present work.

6.1 Uniformisation of an elliptic determinant

The goal of this section is to study the quantity

Z(ξ = 1; λ) = ⟨φL|φR⟩ , (6.1)

where ⟨φL| and |φR⟩ are the left and right special eigenvectors of the
d10V transfer matrix, as defined in Theorem 5.2.5. In Chapter 5, we used
qSoV techniques to find an explicit expression for Z(ξ; λ). The expression
depends on the inhomogeneity parameters λ = (λ1, . . . , λN ) and

(x, y) ∈ {(1, 0), (1, 1), (0, 1)}. (6.2)

Here, we prefer to label these three choices by a single integer

a ∈ {2, 3, 4}. (6.3)

The correspondence between the labels is

(x, y) (1,0) (1,1) (0,1)
a 2 3 4

. (6.4)
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Using this correspondence and Proposition A.1.3, we infer from Theo-
rem 5.2.14 the explicit expression

Z(ξ; λ) = Z
(a)
N (ξ; λ) = 1

ϑN−1
a ϑa(Nη)

∏N
i,j=1 ϑ1(λij + η)∏

1⩽i<j⩽N ϑ1(λij)ϑ1(λji)

×
N

det
i,j=1

(
ϑa(λij − η)
ϑ1(λij − η)ξ −

ϑa(λij + η)
ϑ1(λij + η)ξ

−1
)
, (6.5)

where λij = λi − λj . In Section 6.2, we find an interpretation for Z(ξ =
1; λ) as a quadratic sum rule for the special eigenvectors of the 41V and
18V models. Moreover, we relate the homogeneous limit Z(ξ = 1; 0) to
the square norm of a zero-energy eigenstate of the spin-1 XYZ chain. To
make this last process easier, we now proceed to the uniformisation of
the determinant formula of Z(ξ = 1; λ).

Generalisation We consider the generalisation

Υ(a)
N (λ; µ) =

∏N
i,j=1 ϑ1(λi − µj + η)ϑ1(λi − µj − η)∏

1⩽i<j⩽N ϑ1(λij)ϑ1(µji)

×
N

det
i,j=1

f (a)(λi − µj), (6.6)

where
f (a)(λ) = ϑa(λ− η)

ϑ1(λ− η) −
ϑa(λ+ η)
ϑ1(λ+ η) . (6.7)

Clearly, we have

Z
(a)
N (ξ = 1; λ) = Υ(a)

N (λ; λ)
ϑN−1

a ϑa(Nη)
∏N

i,j=1 ϑ1(λij − η)
. (6.8)

Moreover, by convention, we set Z(a)
0 = Υ(a)

0 = 1.

6.1.1 Modular and factorisation properties

Modular properties We begin our analysis by showing that the three
functions Υ(a)

N (λ; µ) transform into one another under the action of
the modular group. The modular group is the group of fractional linear
transformations of the upper complex plane of the form

ω 7→ aω + b

cω + d
, (6.9)
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where a, b, c, d are integers obeying ad − bc = 1. Each of them is a
composition of the following shift and inversion [158]:

T : ω 7→ ω + 1, S : ω 7→ − 1
ω
. (6.10)

Thus, T and S are generators of the modular group. We often refer to
them and their compositions as the modular transformations. We specify
their actions on the Jacobi theta functions in Appendix A.1.3.

We consider the actions of T and S on Υ(a)
N (λ; µ) = Υ(a)

N (λ; µ; η|ω):

(TΥ(a)
N )(λ; µ) = Υ(a)

N (λ; µ; η|ω + 1), (6.11)

(SΥ(a)
N )(λ; µ) = Υ(a)

N (λ/ω; µ/ω; η/ω| − 1/ω). (6.12)

Lemma 6.1.1. We have

(TΥ(2)
N )(λ; µ) = eiπN(N+1)/4Υ(2)

N (λ; µ), (6.13)

(TΥ(3)
N )(λ; µ) = eiπN2/4Υ(4)

N (λ; µ), (6.14)

(TΥ(4)
N )(λ; µ) = eiπN2/4Υ(3)

N (λ; µ), (6.15)

and

(SΥ(2)
N )(λ; µ) = cN (λ; µ)Υ(4)

N (λ; µ), (6.16)

(SΥ(3)
N )(λ; µ) = cN (λ; µ)Υ(3)

N (λ; µ), (6.17)

(SΥ(4)
N )(λ; µ) = cN (λ; µ)Υ(2)

N (λ; µ), (6.18)

where

cN (λ; µ) = iN2
AN(N+1)e2i(Nη)2/πω

× exp

 i
πω

2
N∑

i,j=1
(λi − µj)2 −

∑
1⩽i<j⩽N

(
λ2

ij + µ2
ij

) , (6.19)

and A = (−iω)1/2.

Proof. The proof is a straightforward calculation, based on the transfor-
mation behaviour (A.30) and (A.31) of the Jacobi theta functions under
modular transformations.
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Half-specialisation and factorisation By Lemma 6.1.1, we may
restrict our analysis of Υ(a)

N (λ; µ) to a = 2, and recover the cases a = 3, 4
through modular transformations. In this and the following sections, we
use the simplified notations

f(λ) = f (2)(λ), ΥN (λ; µ) = Υ(2)
N (λ; µ). (6.20)

A first step towards the uniformisation of ΥN (λ; µ) is to half-specialise
the arguments λ and µ. Let n ⩾ 0 be an integer and x = (x1, . . . , xn)
and y = (y1, . . . , yn) be n-tuples of complex numbers. (If n = 0, x = ()
is just the empty list by convention.) We denote by

(x,y) = (x1, . . . , xn, y1, . . . , yn) (6.21)

their concatenation. We use the same notation for the concatenation
of lists with an unequal number of elements. Moreover, we omit the
parentheses of the concatenation when it appears as an argument of a
function.

For N = 2n, the half-specialisation amounts to setting the arguments of
ΥN (λ; µ) to

λ = (x,−x), µ = (y,−y). (6.22)

For N = 2n+ 1, the half-specialisation is

λ = (x,−x, 0), µ = (y,−y, 0). (6.23)

Following Kuperberg [114], we show that ΥN (λ; µ) factorises when
its arguments are half-specialised. We write the factors in terms of
determinant formulas that involve three functions. To define them, we
use the shorthand notation:

ϑi(x± y) = ϑi(x+ y)ϑi(x− y), i = 1, . . . , 4. (6.24)

The three functions are

h(x, y) = ϑ1(x− y ± η)ϑ1(x+ y ± η), (6.25)

and

g(x, y) = ϑ3(x− y)ϑ4(x− y)ϑ1(x+ y ± η)
+ ϑ3(x+ y)ϑ4(x+ y)ϑ1(x− y ± η), (6.26)

ḡ(x, y) = ϑ3(x− y)ϑ4(x− y)ϑ1(x+ y ± η)
− ϑ3(x+ y)ϑ4(x+ y)ϑ1(x− y ± η). (6.27)
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We define Ξ0 = Ξ̄0 = 1, and for n ≥ 1,

Ξ2n(x; y) =
∏n

i,j=1 h(xi, yj)
�(x)�(y)

n
det

i,j=1

(
g(xi, yj)
h(xi, yj)

)
, (6.28)

Ξ̄2n(x; y) =
∏n

i,j=1 h(xi, yj)
�̄(x)�̄(y)

n
det

i,j=1

(
ḡ(xi, yj)
h(xi, yj)

)
. (6.29)

Here,

�(x) =
∏

1⩽i<j⩽n

ϑ1(xj ± xi), �̄(x) = �(x)
n∏

i=1
ϑ1(2xi) (6.30)

are theta-function generalisations of the classical Weyl denominators of
type Dn and Cn, respectively [63].

Proposition 6.1.2. For each n ≥ 0, we have

Υ2n(x,−x; y,−y) = (−1)nΛ2nΞ2n(x; y)Ξ̄2n(x; y), (6.31)

Υ2n+1(x,−x, 0; y,−y, 0) = (−1)n+1Λ2n+1

2ϑ1(η)2 (6.32)

× Ξ2(n+1)(x, 0; y, 0)Ξ̄2n(x,y),

where
Λ = 2ϑ1(η)ϑ2(η)

ϑ3ϑ4
. (6.33)

Proof. First, we consider Υ2n(λ; µ) with the half-specialisation (6.22).
We evaluate ∏

1⩽i<j⩽2n

ϑ1(λi − λj) = (−1)n(n−1)/2�(x)�̄(x), (6.34)

∏
1⩽i<j⩽2n

ϑ1(µj − µi) = (−1)n(n+1)/2�(y)�̄(y), (6.35)

and
2n∏

i,j=1
ϑ1(λi − µj ± η) =

 n∏
i,j=1

h(xi, yj)

2

. (6.36)

These evaluations suggest that we consider the ratio

Υ̂2n(x; y) = (−1)n�(x)�(y)�̄(x)�̄(y)Υ2n(x,−x; y,−y)(∏n
i,j=1 h(xi, yj)

)2 . (6.37)
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Since f(λ) is an even function of λ, Υ̂2n(x; y) is the determinant of a
block matrix:

Υ̂2n(x; y) = det
(
An(x; y) Bn(x; y)
Bn(x; y) An(x; y)

)
. (6.38)

The blocks are given by

An(x; y) = (f(xi − yi))n
i,j=1, Bn(x; y) = (f(xi + yi))n

i,j=1. (6.39)

We exploit the symmetry of the block matrix in (6.38) to block-diagonalise
it with the help of the 2n× 2n orthogonal matrix

U = 1√
2

(
1n 1n

−1n 1n

)
, (6.40)

where 1n denotes the n× n identity matrix. Indeed, we have

U t

(
An(x; y) Bn(x; y)
Bn(x; y) An(x; y)

)
U

=
(
An(x; y)−Bn(x; y) 0

0 An(x; y) +Bn(x; y)

)
. (6.41)

Taking the determinant on both sides of this equality, we obtain

Υ̂2n(x; y) = det(An(x; y)−Bn(x; y))
× det(An(x; y) +Bn(x; y)). (6.42)

The substitution of this expression into (6.37) and the identities

An(x; y) +Bn(x; y) = Λ
(
g(xi, yj)
h(xi, yj)

)n

i,j=1
, (6.43a)

An(x; y)−Bn(x; y) = Λ
(
ḡ(xi, yj)
h(xi, yj)

)n

i,j=1
, (6.43b)

lead to the factorisation (6.31).

Second, we consider Υ2n+1(λ; µ) with the half-specialisation (6.23). We
have ∏

1⩽i<j⩽2n+1
ϑ1(λi − λj) = (−1)n(n+1)/2�(x, 0)�̄(x), (6.44)

∏
1⩽i<j⩽2n+1

ϑ1(µj − µi) = (−1)n(n−1)/2�(y, 0)�̄(y), (6.45)
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and ∏
1⩽i<j⩽2n+1

ϑ1(λi − µj ± η)

= − 1
ϑ1(η)2

 n∏
i,j=1

h(xi, yj)

( n∏
i=1

h(xi, 0)h(0, yi)
)
h(0, 0). (6.46)

Hence, it is natural to analyse the ratio

Υ̂2n+1(x; y) = (−1)n+1ϑ1(η)2�(x, 0)�(y, 0)�̄(x)�̄(y)(∏n
i,j=1 h(xi, yj)

)2
(
∏n

i=1 h(xi, 0)h(0, yi))h(0, 0)

×Υ2n+1(x,−x, 0; y,−y, 0). (6.47)

It is given by the determinant of a block matrix, too:

Υ̂2n+1(x; y) = det

 An(x; y) Bn(x; y) f(x)t

Bn(x; y) An(x; y) f(x)t

f(y) f(y) f(0)

 . (6.48)

Here, f(x) = (f(x1), . . . , f(xn)) and f(y) = (f(y1), . . . , f(yn)). Next, we
define the orthogonal block matrix

Û = 1√
2

 1n 1n 0

−1n 1n 0

0 0
√

2

 . (6.49)

We have the identity

Û t

 An(x; y) Bn(x; y) f(x)t

Bn(x; y) An(x; y) f(x)t

f(y) f(y) f(0)

 Û

=

 An(x; y)−Bn(x; y) 0 0t

0 An(x; y) +Bn(x; y)
√

2f(x)t

0
√

2f(y) f(0)

 . (6.50)

Taking the determinant on both sides of this equality leads to

Υ̂2n+1(x,y) = det(An(x; y)−Bn(x; y))

× det
(
An(x; y) +Bn(x; y)

√
2f(x)t

√
2f(y) f(0)

)
. (6.51)
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Furthermore, we note that

det
(
An(x; y) +Bn(x; y)

√
2f(x)t

√
2f(y) f(0)

)

= 1
2 det

(
An(x; y) +Bn(x; y) 2f(x)t

2f(y) 2f(0)

)
. (6.52)

On the right-hand side, we recognise the determinant of the (n+1)×(n+1)
matrix An+1(x, 0; y, 0) +Bn+1(x, 0; y, 0):

Υ̂2n+1(x,y) = 1
2 det(An(x; y)−Bn(x; y))

× det(An+1(x, 0; y, 0) +Bn+1(x, 0; y, 0)). (6.53)

The factorisation (6.32) follows from the substitution of this expression
into (6.47) and the identities (6.43).

6.1.2 Uniformisation variables

Let
w(x) = ϑ3(η)ϑ4(η)

ϑ3ϑ4

ϑ1(x)2

ϑ1(x− η)ϑ1(x+ η) . (6.54)

We shall express the functions Ξ2n(x; y), Ξ̄2n(x; y) in terms of two multi-
variate polynomials G2n(w; w′), Ḡ2n(w; w′), where

w = (w(x1), . . . , w(xn)), w′ = (w(y1), . . . , w(yn)). (6.55)

The polynomials G2n(w; w′), Ḡ2n(w; w′) also depend polynomially on
the X,Y parameters defined in (3.17). We refer to the change of variables
from x,y, η, ω to w,w′, X, Y as uniformisation, and to w,w′, X, Y as
the uniformisation variables.

As preliminary steps toward uniformisation, we discuss several properties
of w(x) and X,Y . These properties include the evaluations of w(x)
at special points and the behaviour of w(x) and X,Y under modular
transformations.
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Evaluation at special points

Lemma 6.1.3. We have

w(x)− w(y) = −ϑ3(η)ϑ4(η)
ϑ3ϑ4

ϑ1(η)2ϑ1(x± y)
ϑ1(x± η)ϑ1(y ± η) . (6.56)

Proof. The proof is a straightforward application of Weierstrass’ identity
for the Jacobi theta functions (A.9).

In the next two lemmas, we evaluate w(x) at special points. First, we
focus on the half-periods

γ1 = 0, γ2 = π

2 , γ3 = π

2 + πω

2 , γ4 = πω

2 . (6.57)

Lemma 6.1.4. We have

w(γ1) = 0, w(γ2) = 4
X2 − Y 2 , (6.58)

w(γ3) = X + Y

X − Y
, w(γ4) = X − Y

X + Y
. (6.59)

Proof. The equality w(γ1) = 0 is immediate. For i = 2, 3, 4, we use the
transformations of the Jacobi theta functions under half-period shifts of
Proposition A.1.3 to obtain

w(γi) = ϑ3(η)ϑ4(η)
ϑ3ϑ4

(
ϑi

ϑi(η)

)2
. (6.60)

Using Lemma A.1.5, it is straightforward to write these expressions in
terms of X + Y and X − Y .

Next, we consider the shifted half-periods

β1 = η, β2 = π

2 + η, γ3 = π

2 + πω

2 + η, γ4 = πω

2 + η. (6.61)

Lemma 6.1.5. We have

w(β1) =∞, w(β2) = X2 − Y 2

2(X2 + Y 2 − 2) , (6.62)

w(β3) = X − Y
(X + Y )(1−XY ) , w(β4) = X + Y

(X − Y )(1 +XY ) . (6.63)
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Proof. The equality w(β1) = ∞ is immediate. To evaluate w(βi), i =
2, 3, 4, we note that

w(x)w(x+ η) =
(
ϑ3(η)ϑ4(η)

ϑ3ϑ4

)2 ϑ1(x)ϑ1(x+ η)
ϑ1(x− η)ϑ1(x+ 2η) . (6.64)

Setting x = γi, we find

w(γi)w(βi) =
(
ϑ3(η)ϑ4(η)

ϑ3ϑ4

)2 ϑi

ϑi(2η) . (6.65)

We use Lemma 6.1.4 and the identities given in Lemma A.1.6 to express
the left-hand and the right-hand sides, respectively, in terms of X and
Y .

Modular properties The uniformisation variables w(x), X, Y have a
simple transformation behaviour under the action of the modular group:

Lemma 6.1.6. We have

TX = X, TY = −Y, (6.66)

SX = X + Y + 2
X − Y

, SY = X + Y − 2
X − Y

, (6.67)

and

(Tw)(x) = w(x), (Sw)(x) = X − Y
2 w(x). (6.68)

Proof. Combining Lemma A.1.5 and the transformation properties of
the Jacobi theta functions (A.30) and (A.31), we find

T (X + Y ) = T

(2ϑ3ϑ2(η)
ϑ2ϑ3(η)

)
= 2ϑ4ϑ2(η)

ϑ2ϑ4(η) = X − Y, (6.69)

T (X − Y ) = T

(2ϑ4ϑ2(η)
ϑ2ϑ4(η)

)
= 2ϑ3ϑ2(η)

ϑ2ϑ3(η) = X + Y. (6.70)

Likewise, we have

S(X + Y ) = S

(2ϑ3ϑ2(η)
ϑ2ϑ3(η)

)
= 2ϑ3ϑ4(η)

ϑ4ϑ3(η) = 2(X + Y )
X − Y

, (6.71)

S(X − Y ) = S

(2ϑ4ϑ2(η)
ϑ2ϑ4(η)

)
= 2ϑ2ϑ4(η)

ϑ4ϑ2(η) = 4
X − Y

. (6.72)

Taking linear combinations of these equalities leads to (6.66). The proof
of (6.68) is similar.
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6.1.3 Uniformisation of Ξn, Ξ̄n

We now address the problem of the uniformisation of Ξn, Ξ̄n. To this end,
we note that w(x) is an even elliptic function with periods π, πω and
simple poles at x ≡ ±η (modπ, πω). By classical theory, it generates the
field of even elliptic functions with these periods [158]. In particular, each
elliptic function of x with poles at x ≡ ±η (modπ, πω) is a polynomial
in w(x).

Auxiliary functions The first step of the uniformisation is to express
h(x, y), g(x, y) and g(x, y) in terms of the polynomials

h(w,w′) = 1− (X2 + Y 2 + 2)ww′

+ (X2 − Y 2)ww′(w + w′) + (1−X2)(1− Y 2)w2w′2, (6.73)

and

g(w,w′) = 1− 1
2(X2 + Y 2 − 2)ww′, (6.74)

ḡ(w,w′) = X2 + Y 2 − (X2 − Y 2)(w + w′)
+ (X2 + Y 2 − 2X2Y 2)ww′. (6.75)

Lemma 6.1.7. We have

h(x, y) = ((ϑ1(x± η)ϑ1(y ± η))2

ϑ1(η)4 h(w(x), w(y)). (6.76)

Proof. We consider the function

ĥ(x, y) = ϑ1(η)4h(x, y)
(ϑ1(x± η)ϑ1(y ± η))2 . (6.77)

With respect to both x and y, it is an even elliptic function with poles
of order 2 at x, y ≡ ±η (modπ, πω). Hence, it can be written as a
quadratic polynomial in both w(x) and w(y). Using the symmetry under
the exchange of x, y, we find

ĥ(x, y) = a0+a1w(x)w(y)+a2(w(x)+w(y))+a3w(x)w(y)(w(x)+w(y))
+ a4(w(x) + w(y))2 + a5w(x)2w(y)2. (6.78)
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The coefficients ai, i = 1, . . . , 5, are independent of x, y. We determine
them through specialisations of x, y. First, setting y = 0, we find

1 = a0 + a2w(x) + a4w(x)2. (6.79)

A series expansion of the right-hand side in x leads to

a0 = 1, a2 = 0, a4 = 0. (6.80)

Second, we observe that h(x, x+ η) = 0. Hence, we obtain

0 = 1 + a1w(x)w(x+ η) + a3w(x)w(x+ η)(w(x) + w(x+ η))
+ a5w(x)2w(x+ η)2. (6.81)

The specialisations x = γi, i = 2, . . . , 4, lead to a system of linear
equations for a1, a3, a5 whose coefficients are rational functions in X,Y

by Lemmas 6.1.4 and 6.1.5. Solving this system is straightforward and
yields

a1 = −(2 +X2 +Y 2), a3 = X2−Y 2, a5 = (1−X2)(1−Y 2). (6.82)

The substitution of (6.80) and (6.82) into (6.78) leads to ĥ(x, y) =
h(w(x), w(y)). The lemma follows from this equality and (6.77).

Lemma 6.1.8. We have

g(x, y) = −2ϑ3(x)ϑ4(x)ϑ3(y)ϑ4(y)
ϑ1(η)2ϑ3ϑ4

× ϑ1(x± η)ϑ1(y ± η)g(w(x), w(y)) (6.83)

and

ḡ(x, y) =
(
ϑ3(η)ϑ4(η)
ϑ1(η)ϑ2(η)

)2 ϑ1(x)ϑ2(x)ϑ1(y)ϑ2(y)
ϑ1(η)2ϑ3ϑ4

× ϑ1(x± η)ϑ1(y ± η)ḡ(w(x), w(y)). (6.84)

Proof. We focus on the proof of (6.84), as the other one is similar.

First, one checks that ḡ(x, γ1) = ḡ(x, γ2) = 0. Using the factorisation
properties of theta functions, we may write

ḡ(x, y) = ϑ1(x)ϑ2(x)ϑ1(y)ϑ2(y)Ḡ(x, y), (6.85)



214 Chapter 6. Special eigenvectors of higher-spin models

where Ḡ(x, y) is an even theta functions of order 2 with respect to x and
y, obeying Ḡ(x, y) = Ḡ(y, x). Using (6.27) and the duplication formulas
(A.8), we obtain the specialisation

Ḡ(x, x+ η) = 4ϑ3(η)ϑ4(η)
(ϑ2ϑ3ϑ4)2 ϑ3(x)ϑ4(x)ϑ3(x+ η)ϑ4(x+ η). (6.86)

In particular, we find

Ḡ(γ3, β3) = Ḡ(γ4, β4) = 0, Ḡ(γ1, β1) = 4(ϑ3(η)ϑ4(η))2

ϑ2
2ϑ3ϑ4

, (6.87)

which we use below.

Second, one checks that the ratio
ϑ1(η)4Ḡ(x, y)

ϑ1(x± η)ϑ1(y ± η) (6.88)

is an even elliptic function in both x and y, with simple poles at x, y ≡
±η (modπ, πω). Using its symmetry under the exchange of x and y, we
write

ϑ1(η)4Ḡ(x, y)
ϑ1(x± η)ϑ1(y ± η) = ā0 + ā1w(x)w(y) + ā2(w(x) + w(y)). (6.89)

The coefficients ā0, ā1, ā2 are independent of x and y. To find these
coefficients, we set y = x+ η and obtain

ϑ1(η)4Ḡ(x, x+ η)
ϑ1(x± η)ϑ1(x)ϑ1(x+ 2η)

= ā0 + ā1w(x)w(x+ η) + ā2(w(x) + w(x+ η)). (6.90)

Setting x = γ3, γ4, the left-hand side of this equality vanishes by (6.87).
We thus obtain two linear equations for ā0, ā1, ā2. We express their
coefficients in terms of X,Y , using Lemmas 6.1.4 and 6.1.5. Solving for
ā0 and ā2 yields

ā0 = −X
2 + Y 2

X2 − Y 2 ā1, ā1 = X2 + Y 2 − 2X2Y 2

X2 − Y 2 ā2. (6.91)

To find ā2, we note that both sides of (6.90) have a simple pole at x = 0.
Hence, the corresponding residues must be equal. Using (6.87), we find

ā2 = −4ϑ3(η)ϑ4(η)
ϑ2

2
= − 1

ϑ3ϑ4

(
ϑ3(η)ϑ4(η)
ϑ2(η)

)2
(X2 − Y 2). (6.92)

The coefficients (6.91) and (6.92) determine Ḡ(x, y) in terms of g(w(x),
w(y)). The expression (6.84) follows from (6.85).
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Uniformisation Let us define G0 = Ḡ0 = 1, and for n ≥ 1,

G2n(w; w′) =
∏n

i,j=1 h(wi, w
′
j)∏

1⩽i<j⩽n(wi − wj)(w′
i − w′

j)
n

det
i,j=1

(
g(wi, w

′
j)

h(wi, w′
j)

)
, (6.93)

Ḡ2n(w; w′) =
∏n

i,j=1 h(wi, w
′
j)∏

1⩽i<j⩽n(wi − wj)(w′
i − w′

j)
n

det
i,j=1

(
ḡ(wi, w

′
j)

h(wi, w′
j)

)
. (6.94)

Both G2n(w; w′) and Ḡ2n(w; w′) are polynomials in w,w′ and X,Y .
Clearly, they are separately symmetric in w and w′.

We now use Lemmas 6.1.7 and 6.1.8 to express the functions Ξn(x; y),
Ξ̄n(x; y) in terms of G2n(w; w′) and Ḡ2n(w; w′).

Proposition 6.1.9. Let n ⩾ 0 be an integer, and wi = w(xi), w′
i = w(yi),

i = 1, . . . , n, then

Ξ2n(x; y) = 1
ϑ1(η)2n2

(
− 2
ϑ3ϑ4

)n (ϑ3(η)ϑ4(η)
ϑ3ϑ4

)n(n−1)
(6.95)

×
(

n∏
i=1

(ϑ1(xi ± η)ϑ1(yi ± η))n ϑ3(xi)ϑ4(xi)ϑ3(yi)ϑ4(yi)
)
G2n(w; w′),

and

Ξ̄2n(x; y) = 1
ϑ1(η)2n2

(
ϑ2

2ϑ3ϑ4
4

)n (
ϑ3(η)ϑ4(η)

ϑ3ϑ4

)n(n−1)
(6.96)

×
(
ϑ3(η)ϑ4(η)
ϑ1(η)ϑ2(η)

)2n
(

n∏
i=1

(ϑ1(xi ± η)ϑ1(yi ± η))n

ϑ3(xi)ϑ4(xi)ϑ3(yi)ϑ4(yi)

)
Ḡ2n(w; w′).

Proof. The proof is a calculation, which we present for (6.96). First, we
note that the difference property of Lemma 6.1.3 leads to

�̄(x) = 1
ϑ1(η)n(n−1)

(
− ϑ3ϑ4
ϑ3(η)ϑ4(η)

)n(n−1)/2

×
n∏

i=1

(
ϑ1(xi ± η)n−1ϑ1(2xi)

) ∏
1⩽i<j⩽n

(wj − wi). (6.97)

We combine this equality with Lemma 6.1.7 and obtain∏n
i,j=1 h(xi, yj)
�̄(x)�̄(y)

= 1
ϑ1(η)2n(n+1)

(
ϑ3(η)ϑ4(η)

ϑ3ϑ4

)n(n−1)
(6.98)

×
n∏

i=1

ϑ1(xi ± η)n+1ϑ1(yi ± η)n+1

ϑ1(2xi)ϑ1(2yi)

∏n
i,j=1 h(wi, w

′
j)∏

1⩽i<j⩽n(wj − wi)(w′
j − w′

i)
.
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Second, by Lemmas 6.1.7 and 6.1.8, we find

n
det

i,j=1

(
ḡ(xi, yj)
h(xi, yj)

)
=
(
ϑ3(η)ϑ4(η)
ϑ2(η)

)2n ( 1
ϑ3ϑ4

)n

×
n∏

i=1

ϑ1(xi)ϑ2(xi)ϑ1(yi)ϑ2(yi)
ϑ1(xi ± η)ϑ1(yi ± η)

n
det

i,j=1

(
g(wi, w

′
j)

h(wi, w′
j)

)
. (6.99)

The relation (6.96) follows from (6.98), (6.99) and the duplication identity
(A.8).

6.1.4 Uniformisation of Υ(a)
N

Propositions 6.1.2 and 6.1.9 complete the uniformisation of

Υ(a)
2n (x,−x; y,−y) and Υ(a)

2n+1(x,−x, 0; y,−y, 0), (6.100)

for a = 2. We now turn to the uniformisation of these functions for the
cases a = 3, 4. To this end, we apply modular transformations to Υ(2)

N , as
prescribed by Lemma 6.1.1. We introduce the notations

(X(2), Y (2)) = (X,Y ), (6.101a)

(X(3), Y (3)) = TS(X,Y ), (6.101b)

(X(4), Y (4)) = S(X,Y ), (6.101c)

where T, S are the generators of the modular group (6.10). The explicit
expressions of (6.101) follow from Lemma 6.1.6. We apply the same
modular transformations to

G2n(w; w′) = G2n

(
w; w′;X(2), Y (2)

)
, (6.102)

Ḡ2n(w; w′) = Ḡ2n

(
w; w′;X(2), Y (2)

)
. (6.103)

Lemma 6.1.10. We have

(TSG2n)(w; w′) = G2n

(
X + Y

2 w; X + Y

2 w′;X(3), Y (3)
)
, (6.104a)

(TSḠ2n)(w; w′) = Ḡ2n

(
X + Y

2 w; X + Y

2 w′;X(3), Y (3)
)
, (6.104b)

(SG2n)(w; w′) = G2n

(
X − Y

2 w; X − Y2 w′;X(4), Y (4)
)
, (6.104c)

(SḠ2n)(w; w′) = Ḡ2n

(
X − Y

2 w; X − Y2 w′;X(4), Y (4)
)
. (6.104d)
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From their expressions, it is clear that the functions (6.104) are poly-
nomials in w and w′. Additionally, direct examination reveals that, for
n ≥ 2, they are rational functions of X,Y .

We define

G
(2)
2n (w; w′) = G2n

(
w; w′) , Ḡ

(2)
2n (w; w′) = Ḡ2n

(
w; w′) , (6.105)

and

G
(3)
2n (w; w′) =

(
X + Y

2

)n(n−1)
(TSG2n)(w; w′), (6.106a)

Ḡ
(3)
2n (w; w′) =

(
X + Y

2

)n(n+1)
(TSḠ2n)(w; w′), (6.106b)

G
(4)
2n (w; w′) =

(
X − Y

2

)n(n−1)
(SG2n)(w; w′), (6.106c)

Ḡ
(4)
2n (w; w′) =

(
X − Y

2

)n(n+1)
(SḠ2n)(w; w′). (6.106d)

The prefactors in (6.106) ensure that G(a)
2n (w; w′) and Ḡ

(a)
2n (w; w′) are

polynomials in X, Y of minimal degree, for a = 3, 4.

Proposition 6.1.11. Let n ⩾ 0 be an integer, and wi = w(xi), w′
i =

w(yi), i = 1, . . . , n, then

Υ(a)
2n (x,−x; y,−y) = 2nϑ2n

a

ϑ1(η)4n2

(
ϑ3(η)ϑ4(η)

ϑ3ϑ4

)2n2

(6.107)

×
(

n∏
i=1

ϑ1(xi ± η)ϑ1(yi ± η)
)2n

G
(a)
2n (w; w′)Ḡ(a)

2n (w; w′),

and

Υ(a)
2n+1(x,−x, 0; y,−y, 0) = 2n+1ϑa(η)ϑ2n

a

ϑ1(η)4n2−1

(
ϑ3(η)ϑ4(η)

ϑ3ϑ4

)2n(n+1)

×
(

n∏
i=1

ϑ1(xi ± η)ϑ1(yi ± η)
)2n+1

G
(a)
2(n+1)(w, 0; w′, 0)Ḡ(a)

2n (w; w′).

Proof. For a = 2, the proposition follows from Propositions 6.1.2 and 6.1.9.
The cases a = 3, 4 follow from a = 2 and the transformation proper-
ties under the action of the generators of the modular group, given in
Lemmas 6.1.1, 6.1.6 and 6.1.10.
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6.1.5 Properties of G2n, Ḡ2n

In this section, we discuss several properties of the polynomials G2n(w; w′)
and Ḡ2n(w; w′). First, we present a condition under which they are
symmetric in all of their variables. Second, by examining the limit X =
1, Y = ζ, we find that the polynomials are generalisations of those
of Rosengren and Zinn-Justin, introduced in Section 2.2.4. Third, we
investigate the homogeneous limit of the polynomials. Finally, we relate
their trigonometric limit Y = 0 to weighted enumerations of symmetry
classes of ASMs.

Symmetry As previously mentioned, it is clear from their definition
that both G2n(w; w′) and Ḡ2n(w; w′) are separately symmetric in w

and w′. In this paragraph, we study the conditions under which the
polynomials are symmetric in all of their variables. The techniques that
we implement mirror those of Section 2.2.4.

First, we present an alternate definition for G2n(w; w′) and Ḡ2n(w; w′)
based on determinant condensation [63].

Lemma 6.1.12. For each n ⩾ 2, and P2n = G2n, Ḡ2n, we have

P2n(w; w′) = 1
p(wn, w′

n)n−2

∏n−1
i,j=1 h(wi, w

′
j)∏

1⩽i<j⩽n−1(wj − wi)(w′
j − w′

i)

×
n−1
det

i,j=1

(
P4(wi, wn;w′

j , w
′
n)

h(wi, w′
j)

)
. (6.108)

Proof. We focus on the proof for G2n(w; w′). Let us consider the con-
densation identity (2.77) for A = (g(wi, w

′
j)/h(wi, w

′
j))n

i,j=1. An explicit
calculation yields

det

aij ain

anj ann

 =
(wn − wi)(w′

n − w′
j)

h(wi, w′
n)h(wn, w′

j)h(wn, w′
n)
G4(wi, wn;w′

j , w
′
n)

h(wi, w′
j) ,
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and, therefore,

n
det

i,j=1

(
g(wi, w

′
j)

h(wi, w′
j)

)
= 1
g(wn, w′

n)n−2 (6.109)

×
∏n−1

i=1 (wn − wi)(w′
n − w′

i)
h(wn, w′

n)
∏n−1

i=1 h(wi, w′
n)h(wn, w′

i)
n−1
det

i,j=1

(
G4(wi, wn;w′

j , w
′
n)

h(wi, w′
j)

)
.

We insert this expression into (6.93). Simplifying the prefactors leads to
(6.108).

Second, Lemma 6.1.12 allows us to infer a symmetry property ofG2n(w; w′)
and Ḡ2n(w; w′) from their expressions for n = 2.

Proposition 6.1.13. For each n ⩾ 1, and X2 = 1 or Y 2 = 1, the
polynomials G2n(w; w′) and Ḡ2n(w; w′) are symmetric in w,w′.

Proof. We focus on the proof of the symmetry of G2n(w; w′). For n = 1,
the proposition trivially holds since G2(w;w′) = g(w,w′) = g(w′, w). For
n ⩾ 2, we use that G2n(w; w′) is separately symmetric in w and w′. To
establish the full symmetry, it is sufficient to show that it is invariant
under the exchange of wn and w′

n. This invariance holds for n = 2, since

G4(w1, w2;w′
1, w

′
2)−G4(w1, w

′
2;w2, w

′
1) (6.110)

= (1−X2)(1− Y 2)(w1 − w′
1)(w2 − w′

2)g(w1, w
′
2)g(w′

1, w2) = 0.

For n > 2, the invariance follows from Lemma 6.1.12.

Relation to the polynomials of Rosengren and Zinn-Justin We
now consider the case

X = 1, Y = ζ, (6.111)

and show that G2n(w; w′) and Ḡ2n(w; w′) are specialisations of the
symmetric polynomials H2n(w,w′) introduced in Section 2.2.4.

By Proposition 6.1.13, for the choice (6.111), G2n(w; w′) and Ḡ2n(w; w′)
are symmetric polynomials in w,w′. Their building blocks are

h(w,w′) = 1− (ζ2 + 3)ww′ − (ζ2 − 1)ww′(w + w′) (6.112)



220 Chapter 6. Special eigenvectors of higher-spin models

and

g(w,w′) = 1− 1
2(ζ2 − 1)ww′, (6.113)

ḡ(w,w′) = ζ2 + 1 + (ζ2 − 1)(w + w′ + ww′). (6.114)

To express the relation between G2n(w; w′) and Ḡ2n(w; w′) and H2n(w,
w′), we recall the notations

J2 = −1
2 , J3 = 1

1 + ζ
, J4 = 1

1− ζ . (6.115)

Proposition 6.1.14. For X = 1, Y = ζ, we have

G2n(w1, . . . , wn−1, 0; w′) = H2n(w1, . . . , wn−1, J2,w
′), (6.116)

Ḡ2n(w; w′) = H2(n+1)(w, J3,w
′, J4). (6.117)

Proof. It is straightforward to check (6.116) and (6.117) for n = 0, 1 and
n = 0, respectively. Then, by explicit calculation, we find

G4(w1, 0;w′
1, w

′
2) = H4(w1, J2, w

′
1, w2), (6.118)

ḡ(w1, w
′
1) = H4(w1, J3, w

′
1, J4). (6.119)

The proposition follows from these equalities and Lemma 6.1.12.

Homogeneous limit The homogeneous limit is achieved by setting
all inhomogeneity parameters to zero. Here, given the parameterisation
(6.54), this limit corresponds to

w = w′ = 0 = (0, . . . , 0). (6.120)

For this choice, G2n(w; w′) and Ḡ2n(w; w′) become polynomials in X,Y .
Table 6.1 provides these polynomials for n = 1, 2, 3.

The examples of Table 6.1 suggest that 2n−1G2n(0; 0) and Ḡ2n(0; 0) have
positive integer coefficients. The positivity hints at a possible relation to
combinatorics, similar to what Hietala found for the H2n(w,w′) [82, 83].
For our case, however, such a relation remains to be discovered. Note
also that establishing the positivity in itself is not a trivial task. Indeed,
this question is still open, even for X = 1, Y = ζ [82, 83].
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n 2n−1G2n(0; 0)

1 1

2 X2 + Y 2 + 6

3 X6 +12X4 +70X2 +X4Y 2 +28X2Y 2 +X2Y 4 +70Y 2 +12Y 4 +
Y 6 + 60

n Ḡ2n(0; 0)

1 X2 + Y 2

2 X6 + 2X4 +X4Y 2 + 8X2Y 2 +X2Y 4 + 2Y 4 + Y 6

3 X12 + 6X10 + X10Y 2 + 13X8 + 16X8Y 2 + X8Y 4 + 6X6 +
82X6Y 2 +30X6Y 4 +54X4Y 2 +2X6Y 6 +90X4Y 4 +54X2Y 4 +
30X4Y 6 +82X2Y 6 +6Y 6 +X4Y 8 +16X2Y 8 +13Y 8 +X2Y 10 +
6Y 10 + Y 12

Table 6.1: The homogeneous limits of the polynomials 2n−1G2n(w; w′)
and Ḡ2n(w; w′) for n = 1, 2, 3.

The trigonometric limit In the trigonometric case Y = 0, exact
computations for sizes up to n = 4, and preliminary analytical work seem
to indicate that G(a)

2n (0; 0) and Ḡ
(a)
2n (0; 0) reduce to polynomials that

appear in the weighted enumeration of ASMs (see Section 1.4). These
polynomials possess explicit determinant formulas [114,116].

The case a = 2. We begin our discussion with the polynomials

G2n(0; 0;X,Y = 0), Ḡ2n(0; 0;X,Y = 0). (6.121)

To this end, we recall the t-enumerations of N ×N ASMs A(N ; t), and of
(2n+1)× (2n+1) vertically-symmetric ASMs AV(2n+ 1; t), introduced
in Section 1.4. We also need the polynomials ÃV(2n; t), defined through
the following factorisations [114]:

A(2n; t) = 2AV(2n+ 1; t)ÃV(2n; t), (6.122a)
A(2n+ 1; t) = AV(2n+ 1; t)ÃV(2n+ 2; t). (6.122b)
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Conjecture 6.1.15. We have

2n−1G2n(0; 0;X,Y = 0) = ÃV(2n;X2), (6.123)
Ḡ2n(0; 0;X,Y = 0) = X2nAV(2n+ 1;X2). (6.124)

Note that the trigonometric case Y = 0 can be realised by taking the limit
ω → i∞ or, alternatively, p→ 0. Incidentally, the Jacobi theta functions
have known series expansions in this limit (see Definition A.1.1). One
could therefore prove Conjecture 6.1.15 by considering the leading terms
in the serie expansions of Ξ2n(0; 0), Ξ̄2n(0; 0) for p→ 0, in relation to
Proposition 6.1.9. We expect this computation to require the use of the
method of divided differences, as performed in [92]. The method should
lead to determinant formulas forG2n(0; 0;X,Y = 0) and Ḡ2n(0; 0;X,Y =
0), to be compared to those of ÃV(2n; t) and AV(2n + 1; t) found in
litterature [114,116].

Assuming that Conjecture 6.1.15 holds, and combining it with (6.122)
leads to the following result, useful for analysing the normalisation of
the special eigenvector of the spin-1 XYZ Hamiltonian with the diagonal
twist:

Proposition 6.1.16. Assuming that Conjecture 6.1.15 holds, we have

2nG2n(0; 0;X, 0)Ḡ2n(0; 0;X, 0) = X2nA(2n;X2), (6.125)
2nG2(n+1)(0; 0;X, 0)Ḡ2n(0; 0;X, 0) = X2nA(2n+ 1;X2). (6.126)

The cases a = 3, 4. We continue our discussion with the polynomials

G
(a)
2n (0,0;X,Y = 0), Ḡ

(a)
2n (0,0;X,Y = 0), a = 3, 4. (6.127)

We formulate a conjecture regarding their expression. We write it in
terms of the polynomials A(2)

UU(4n; t, y, z) and Ã(2)
UU(4n; t) defined in (1.42)

and (1.44), respectively. Recall that both of them appear in the weighted
enumeration of double U-turn ASMs.

Conjecture 6.1.17. For a = 3, 4, we have

G
(a)
2n (0; 0) = Ã

(2)
UU(4n;X2), 2nḠ

(a)
2n (0; 0) = A

(2)
UU(4n;X2, 1, 1). (6.128)
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The G(a)
2n (w,w′;X,Y ), Ḡ(a)

2n (w,w′;X,Y ) are defined in terms of modular
transformations of G2n(w,w′;X,Y ) and Ḡ2n(w,w′;X,Y ). The proof
of Conjecture 6.1.17 is expected to follow the same lines as for Con-
jecture 6.1.15. The first step is to apply the modular transformations
to Ξ2n(x; y) and Ξ̄2n(x; y). The second step consists in extracting the
leading terms in their series expansion with respect to p, for p→ 0.

Let AHT(2n; t) be the t-enumeration of 2n × 2n half-turn symmetric
ASMs, as defined in Section 1.4. Kuperberg has established the following
factorisations [114]:

AHT(4n; t)
A(2n; t) = A

(2)
UU(4n; t, 1, 1)Ã(2)

UU(4n; t), (6.129a)

AHT(4n+ 2; t)
A(2n+ 1; t) = 2A(2)

UU(4n; t, 1, 1)Ã(2)
UU(4n+ 4; t). (6.129b)

Assuming that Conjecture 6.1.17 holds, and combining it with these
factorisations leads to the following result, useful for analysing the nor-
malisation of the special eigenvector of the spin-1 XYZ Hamiltonian with
the anti-diagonal and the mixed twist:

Proposition 6.1.18. For a = 3, 4, assuming that Conjecture 6.1.17
holds, we have

2nG
(a)
2n (0; 0)Ḡ(a)

2n (0; 0) = AHT(4n;X2)
A(2n;X2) , (6.130)

2n+1G
(a)
2(n+1)(0; 0)Ḡ(a)

2n (0; 0) = AHT(4n+ 2;X2)
A(2n+ 1;X2) . (6.131)

6.2 Special eigenvectors

In Chapter 3, we proved the existence of eigenvectors of the 18V and 41V
transfer matrices with remarkably simple eigenvalues. In the homogeneous
limit, these are related to zero-energy eigenstates of the spin-1 XYZ chain.

In this section, we exploit the relations between higher-spin elliptic models
uncovered in Chapters 3 and 4 (see Figure 6.1 for a graphical summary).
Doing so allows us to transpose the results obtained in Chapter 5 for
the d10V model, to define the special eigenvectors of the 18V and 41V
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models. Through these definitions, we derive a number of properties that
characterise the special eigenvectors implicitly. These include symmetry
properties, exchange and reduction relations, and pseudo-periodicity
properties with respect to the inhomogeneity parameters, as well as a
conjecture regarding their analyticity with respect to the inhomogeneity
parameters. These properties are of particular interest, as they pave
the way for the analysis of the special eigenvectors via induction-style
methods, such as that of Izergin and Korepin (see Chapter 2). Additionally,
we compute a quadratic sum rule involving the special eigenvectors in
terms of a determinant formula. Then, based on Proposition 3.2.3, we
define a zero-energy eigenstate of the spin-1 XYZ chain. Notably, we
express its square norm in terms of the polynomials G2n(w; w′) and
Ḡ2n(w; w′).

Spin-1 XYZ 41V d19V
Prop. 3.2.3

[91]

18V

Pr
op

.3
.1

.1
7

Fu
sio

n
[8

9]

d10V

Pr
op

.4
.1

.2
8

Fu
sio

n
[9

5]
Prop. 4.2.13
VF corresp.

8V

Fu
sio

n
[8

9]

d6V

Fu
sio

n
[9

5]

VF corresp. [45,94]
Spin-1/2 XYZ

Prop. 1.3.1
[13,28,29]

Figure 6.1: Summary of the relations between the elliptic integrable
models studied in this thesis.
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6.2.1 Eighteen- and forty-one-vertex models

We define the vectors

|ψR⟩ =
N∏

i=1
ϑ1(λi)−1 ∏

1≤i<j≤N

ϑ1(λij − η)VqP |φR⟩ , (6.132a)

⟨ψL| =
N∏

i=1
ϑ1(λi)

∏
1≤i<j≤N

ϑ1(λji − η) ⟨φL| [VqP]−1, (6.132b)

where ⟨φL| and |φR⟩ are the eigenvectors of the d10V transfer matrix
defined in Theorem 5.2.5, and VqP is the vertex-face transformation
(4.177).

Proposition 6.2.1. The vectors |ψR⟩, ⟨ψL| are eigenvectors of T (1)(λ)
and T (2)(λ), with eigenvalues

θ(1)(λ) = 0, and θ(2)(λ) = −A(λ)D(λ− η), (6.133)

respectively. Moreover, these eigenvectors are unique, up to normalisation.

Proof. First, by Proposition 4.2.13, |ψR⟩ and ⟨ψL| are eigenvectors of
T (1)(λ) with eigenvalue θ(1)(λ) = 0. By Proposition 3.1.17, |ψR⟩ and ⟨ψL|
are eigenvectors of T (2)(λ) with eigenvalue θ(2)(λ) = −A(λ)D(λ− η).

Second, from Theorem 5.2.5 and Assumption 4.2.11, the eigenspace
associated to θ(1)(λ) must be one-dimensional. To prove that it is also
the case for θ(2)(λ), let assume that there exists |ψ̃R⟩ such that

T (2)(λ) |ψ̃R⟩ = θ(2)(λ) |ψ̃R⟩ , and T (1)(λ− η) |ψ̃R⟩ ≠ 0. (6.134)

By Proposition 3.1.17, we have T (1)(λ)T (1)(λ−η) |ψ̃R⟩ = 0. By uniqueness
of the special eigenvectors of T (1)(λ), we deduce that there exists a non-
zero ξ such that T (1)(λ − η) |ψ̃R⟩ = ξ |ψR⟩. We consider the following
dual pairing:

⟨ψL|T (1)(λ− η)|ψ̃R⟩ = 0 = ξ ⟨ψL|ψR⟩ . (6.135)

From (6.132) and Theorem 5.2.14, one deduces that ⟨ψL|ψR⟩ ≠ 0 for
generic inhomogeneity parameters. Therefore, ξ = 0, which is a contra-
diction.
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We make the following conjecture regarding the analyticity of the special
eigenvectors:

Conjecture 6.2.2. The vectors |ψR⟩ and ⟨ψL| are entire functions of
the inhomogeneity parameters λi, i = 1, . . . , N .

This conjecture ensures the regularity of the homogeneous limit of the
special eigenvectors.

Small size We now provide explicit expressions for |ψR⟩ and ⟨ψL| for
N = 1. We base our computations on (5.130), and the explicit expression
of the vertex-face correspondence.

For the diagonal twist, (x, y) = (1, 0), the eigenvectors are

|ψR⟩ = 2αϑ2(η)(0 1 0)t, (6.136a)
⟨ψL| = −(αϑ2(η))−1(0 1 0). (6.136b)

For the mixed twist, (x, y) = (1, 1), the eigenvectors are

|ψR⟩ = p1/4ϑ3(η)(1 0 1)t, (6.136c)

⟨ψL| = −(p−1/4ϑ3(η))−1(1 0 1). (6.136d)

For the anti-diagonal twist, (x, y) = (0, 1), the eigenvectors are

|ψR⟩ = p1/4ϑ4(η)(1 0 − 1)t, (6.136e)

⟨ψL| = −(p−1/4ϑ4(η))−1(1 0 − 1). (6.136f)

Properties The eigenvectors obey the following pseudo-periodicity
properties:

Proposition 6.2.3. For each i = 1, . . . , N , we have

|ψR⟩
∣∣∣
λi→λi+π

= (−1)N−1+yΩ3
i |ψR⟩ , (6.137a)

|ψR⟩
∣∣∣
λi→λi+πω

= (−1)x(−p−1e−2iλi)N−1
N∏

j=1
j ̸=i

e2iλj Ω1
i |ψR⟩ , (6.137b)
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and

⟨ψL|
∣∣∣
λi→λi+π

= (−1)N−1+y ⟨ψL|Ω3
i , (6.138a)

⟨ψL|
∣∣∣
λi→λi+πω

= (−1)x(−p−1e−2iλi)N−1
N∏

j=1
j ̸=i

e2iλj ⟨ψL|Ω1
i . (6.138b)

Proof. The proposition follows from Propositions 4.2.9 and 5.2.10, and
(4.178).

Next, the eigenvectors fulfil exchange relations.

Proposition 6.2.4. For each i = 1, . . . , N − 1, we have

Ř(2,2)
i,i+1(λi,i+1) |ψR⟩ = −ϑ1(λi,i+1 − η)ϑ1(λi,i+1 + 2η) |ψR⟩

∣∣∣
λi↔λi+1

,

⟨ψL| Ř(2,2)
i,i+1(λi+1,i) = −ϑ1(λi+1,i − η)ϑ1(λi+1,i + 2η) ⟨ψL|

∣∣∣
λi↔λi+1

.

Proof. From Proposition 4.2.10 and (4.177), we find

Ř
(2,2)
i,i+1(λi,i+1)VqP = Vq|λi↔λi+1

PŘ(2,2)
i,i+1(λi,i+1|τ + 2ηSi−1). (6.139)

The proposition follows from Proposition 5.2.11, along with (6.139) and
(4.177).

We state a reduction relation obeyed by |ψR⟩ = |ψR
N ⟩ and ⟨ψL| = ⟨ψL

N |.
By convention, we set |ψR

0 ⟩ = 1 and ⟨ψL
0 | = 1.

Proposition 6.2.5. For N ≥ 2, we have

|ψR
N ⟩
∣∣∣
λN →λN−1−η

= −e2iyt2e−3iyηϑ1(t2 − η)ϑ1(t2 − 2η) ϑ̂4ϑ1(2η)
ϑ̂4(2η)

×
N−2∏
j=1

ϑ1(λjN−1 − η)ϑ1(λjN−1 + 2η)W−1
N−1W

−1
N ΞN−1 |ψR

N−2⟩ , (6.140)

and

⟨ψL
N |
∣∣∣
λN →λN−1+η

= − e−2iyt2eiyη

ϑ1(t2)ϑ1(t2 − η)
ϑ̂4(2η)ϑ1(2η)

ϑ̂4
(6.141)

×
N−2∏
j=1

ϑ1(λN−1,j − η)ϑ1(λN−1,j + 2η) ⟨ψL
N−2| (ΞN−1)tWN−1WN ,

with W defined in (3.34), and ΞN−1 in (5.84).
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The proof of Proposition 6.2.5 requires the intermediary result:

Lemma 6.2.6. We have

V
(2)

1 (λ|t)V (2)
2 (λ− η|t+ 2ηs3

1)c(ηs3
2|t) |s⟩ (6.142)

= e2ity ϑ̂4ϑ1(η)
ϑ̂4(2η)

ϑ1(λ)ϑ1(λ− η)ϑ(t+ η)ϑ1(t− η)W−1
1 W−1

2 |s⟩ .

Proof. We consider the following specialised version of Proposition 4.2.7:

V
(2)

1 (λ|t)V (2)
2 (λ− η|t+ 2ηs3

1)R(2,2)
21 (−η|t)

= R
(2,2)
21 (−η)V (2)

2 (λ− η|t)V (2)
1 (λ|t+ 2ηs3

2). (6.143)

We use Propositions 3.1.10 and 4.1.9 on this equation, and obtain

V
(2)

1 (λ|t)V (2)
2 (λ− η|t+ 2ηs3

1)c(ηs3
2|t)P

(2)−
12 (6.144)

= ϑ1(η)W−1
1 W−1

2 P
(2)−
12 W2W1V

(2)
2 (λ− η|t)V (2)

1 (λ|t+ 2ηs3
2)d(ηs3

2|t)−1.

From (6.144), we deduce that the vector on the left-hand side of (6.142)
belongs to the subspace spanned by W−1

1 W−1
2 |s⟩. To find the proportion-

ality factor between the two vectors, we compute the following component
explicitly:

⟨00|V (2)
1 (λ|t)V (2)

2 (λ− η|t+ 2ηs3
1)c(ηs3

2|t) |s⟩

= −e2ity ϑ̂4ϑ1(η)
ϑ̂4(2η)

ϑ1(λ)ϑ1(λ− η)ϑ(t+ η)ϑ1(t− η). (6.145)

This expression and ⟨00|W−1
1 W−1

2 |s⟩ = −1 lead to (6.142).

Proof of Proposition 6.2.5. We focus on the proof of (6.140), as the other
case is similar. The idea is to apply the operator(

N∏
i=1

ϑ1(λi)−1 ∏
1≤i<j≤N

(i,j)̸=(N−1,N)

ϑ1(λij − η)VqP
)∣∣∣∣∣

λN →λN−1+η

(6.146)

to the left of (5.142). We explicitly compute the action of this operator
on the (N−1)-th and N -th factors C3 of the spin space. Using (4.177)
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and (4.169), we rewrite

VqP|λN →λN−1+η = P
N−2∏
j=1

V
(2)

j (λj |τ + 2ηSj−1)

× V (2)
N−1(λN−1|τ̃)V (2)

N (λN−1 − η|τ̃ + 2ηs3
N−1), (6.147)

where τ̃ = τ + 2ηSN−2. Then, we use Lemma 6.2.6 to compute the
quantity:

V
(2)

N−1(λN−1|τ̃)V (2)
N (λN−1 − η|τ̃ + 2ηs3

N−1)c
(
ηs3

N |τ̃
)

ΞN−1 |φR
N−2⟩

= ϑ̂4ϑ1(η)
ϑ̂4(2η)

ϑ1(λN−1)ϑ1(λN−1 − η)e2iτ̃yϑ(τ̃ + η)ϑ1(τ̃ − η)

×W−1
N−1W

−1
N ΞN−1 |φR

N−2⟩ . (6.148)

We recall that, in D
(0)
N−2, τ̃ = τ + 2ηSN−2 = −τ + xπ + yπω. We use

this relation and (A.4) to simplify the remaining τ̃ -dependent factors in
(6.148). Finally, we consider the complete expression of (6.146) acting on
the left of (5.142), simplify, and recognise the definition of |ψR

N−2⟩.

The eigenvectors fulfil a Z2 symmetry.

Proposition 6.2.7. We have

(Ω)⊗N |ψR⟩ = |ψR⟩ , ⟨ψL| (Ω)⊗N = ⟨ψL| , (6.149a)
(Ωb)⊗N |ψR⟩ = (−1)N |ψR⟩ , ⟨ψL| (Ωb)⊗N = (−1)N ⟨ψL| , (6.149b)

with Ω the twist (4.179), and b ∈ {1, 2, 3}, such that Ωb ̸= Ω.

Proof. By Propositions 3.1.12 and 6.2.1, for each c = 1, 2, 3, there exists
ξ ∈ C such that

(Ωc)⊗N |ψR⟩ = ξ |ψR⟩ . (6.150)

Given ((Ωc)⊗N )2 = I, we must have ξ = ±1. Moreover, since ξ takes
discrete values, by continuity of the eigenvector with respect to the
spectral parameters, ξ must be independent of the spectral parameters.

To prove (6.149), we proceed by induction on the system size. We establish
the base case N = 1 from the explicit expressions of the eigenvectors



230 Chapter 6. Special eigenvectors of higher-spin models

provided in (6.136). For N = 2, we consider Proposition 6.2.5, and the
relation

(ΩcW−1)⊗2 |s⟩ = (W−1)⊗2 |s⟩ . (6.151)

Let us assume that (6.149) holds for size N − 2. Then, we apply (Ωc)⊗N

to Proposition 6.2.5. The relation (6.151) establishes (6.149) for size
N .

Sum rule Based on (6.132) and Theorem 5.2.14, we find the following
sum rule for the dual pairing of the special eigenvectors:

Proposition 6.2.8. We have

⟨ψL|ψR⟩ =
∏

1≤i<j≤N

ϑ1(λij − η)ϑ1(λji − η)Z(ξ = 1; λ), (6.152)

where Z(ξ; λ) is the elliptic determinant of Theorem 5.2.14.

Relation between right and left eigenvector In Proposition 3.1.15,
we express the 18V and 41V transfer matrices in terms of their transposes.
This result allows us to find an explicit relation between the eigenvectors
|ψR⟩ and ⟨ψL|.

Proposition 6.2.9. There exists FN ∈ C such that

⟨ψL| = FN |ψR⟩t
∣∣∣λi→−λi,
i=1,...,N

M⊗N , (6.153)

with M the matrix defined in (3.31).

Proof. The proposition follows from Proposition 3.1.15 and the uniqueness
of the eigenvectors.

We make the following assumption:

Assumption 6.2.10. FN is independent of the inhomogeneity parame-
ters.

Note that the computation of appropriate components of ⟨ψL| and |ψR⟩
would establish Assumption 6.2.10. This, however, goes beyond the scope
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of this work. In Section 6.3, we indicate how one could perform this
calculation.

We find an explicit expression for FN .

Proposition 6.2.11. We have

FN = (−1)(x+y)Np−yN/2
(
ϑ̂4(2η)
ϑ̂4

)N

ϑaϑa(Nη)
N∏

j=0
ϑa(jη)−2, (6.154)

with the label a as in (6.4).

Proof. To prove the proposition, we proceed by induction on the system
size. We deduce a recurrence relation for FN from Propositions 6.2.5
and 6.2.9, and the simplification

e4iy(t2−η)ϑ1(t2)ϑ1(t2 − η)2ϑ1(t2 − 2η)
= pyϑa(Nη)ϑa((N − 1)η)2ϑa((N − 2)η). (6.155)

For N ≥ 3, it reads

FN =
(
ϑ̂4(2η)
ϑ̂4

)2

p−y
[
ϑa(Nη)ϑa((N − 1)η)2ϑa((N − 2)η)

]−1
FN−2.

(6.156)
We establish the base case for the odd system sizes from the explicit
eigenvectors (6.136). We find

F1 = ϑ̂4(2η)
ϑ̂4

(−1)x+yp−y/2 [ϑaϑa(η)]−1 . (6.157)

For the even system sizes, we use Proposition 6.2.5 for N = 2 and (6.155).
We obtain

F2 =
(
ϑ̂4(2η)
ϑ̂4

)2

p−y
[
ϑaϑa(η)2ϑa(2η)

]−1
. (6.158)

The recurrence (6.156) with the base cases (6.157) and (6.158) lead to
(6.154).
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6.2.2 Spin-1 XYZ chain

We define the vector

|ϕ⟩ = NN (W )⊗N |ψR⟩
∣∣∣
λ1,...,λN →0

, (6.159)

where W is the matrix defined in (3.34), and NN is a normalisation factor
given by

N2n = ϑ1(η)−n(2n−1)p−yn/2
(

ϑ̂4

ϑ̂4(2η)

)n(n−1) 2n−1∏
j=0

ϑa(jη)−1, (6.160a)

N2n+1 = ϵaϑ1(η)−n(2n+1)p−y(2n+1)/4

×
√

ϑa

ϑa(η)

(
ϑ̂4

ϑ̂4(2η)

)n2−1/2 2n∏
j=0

ϑa(jη)−1, (6.160b)

with a as in (6.4) and ϵ2 = 2−1/2, ϵ3,4 = 1. Conjecture 6.2.2 ensures that
the vector |ϕ⟩ is well-defined.

We use Proposition 3.2.3, to show that |ϕ⟩ is a zero-energy eigenvector of
the spin-1 XYZ Hamiltonian.

Proposition 6.2.12. The vector |ϕ⟩ is an eigenvector of H with eigen-
value E = 0.

Properties The eigenvector obeys a Z2 symmetry.

Proposition 6.2.13. We have

(Ω)⊗N |ϕ⟩ = |ϕ⟩ , (Ωb)⊗N |ϕ⟩ = (−1)N |ϕ⟩ . (6.161)

with Ω the twist (4.179), and b ∈ {1, 2, 3}, such that Ωb ̸= Ω.

Proof. The statement follows from Proposition 6.2.7, the definition
(6.159), and the commutation relation [Ωc,W ] = 0, for c = 1, 2, 3.

Sum rule We express the square norm of the zero-energy eigenvec-
tor |ϕ⟩ in terms of the polynomials G(a)

2n (w; w′), Ḡ(a)
2n (w; w′) defined in

Section 6.1.4.
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Theorem 6.2.14. We have

⟨ϕ2n|ϕ2n⟩ = 2nG
(a)
2n (0; 0)Ḡ(a)

2n (0; 0), (6.162)

⟨ϕ2n+1|ϕ2n+1⟩ = 2nεaG
(a)
2(n+1)(0; 0)Ḡ(a)

2n (0; 0), (6.163)

with ε2 = 1, ε3,4 = 2.

The proof of Theorem 6.2.14 requires the following lemma:

Lemma 6.2.15. We have

⟨ϕ|ϕ⟩ = (−1)N(1+x+y)F−1
N N

2
Nϑ1(η)N(N−1)Z(ξ = 1; 0), (6.164)

with Z(ξ; λ) the elliptic determinant of Theorem 5.2.14, and FN and NN

as defined in (6.154) and (6.160), respectively.

Proof. We take the homogeneous limit λ1 = . . . = λN = 0 of Proposi-
tion 6.2.8, and obtain

⟨ψL|ψR⟩
∣∣∣
λ1,...,λN →0

= ϑ1(η)N(N−1)Z(ξ = 1; 0). (6.165)

By Conjecture 6.2.2, the homogeneous limits of |ψR⟩ and ⟨ψL| exist. We
relate these vectors to |ϕ⟩ and ⟨ϕ|, respectively. For the right eigenvector,
we use the definition (6.159). For the left eigenvector, we successively
consider Proposition 6.2.9, (6.159) and (3.36). We find:

⟨ψL|
∣∣∣
λ1,...,λN →0

= FN |ψR⟩t
∣∣∣
λ1,...,λN →0

M⊗N , (6.166)

= FNN−1
N |ϕ⟩t (W−1M)⊗N , (6.167)

= (−1)NFNN−1
N ⟨ϕ| (WΩ2)⊗N . (6.168)

Then, the commutation relation [W,Ω2] = 0 and Proposition 6.2.13 lead
to (6.164).

Proof of Theorem 6.2.14. The theorem follows from Lemma 6.2.15, Propo-
sition 6.1.11, and (6.8).

In the trigonometric limit Y = 0, Hagendorf and Morin-Duchesne showed
that the square norms of the zero-energy eigenvectors become polynomials
that appear in weighted enumerations of symmetry classes of ASMs
[92]. Here, we obtain a similar relation, issued from Propositions 6.1.16
and 6.1.18.
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Proposition 6.2.16. For the diagonal twist, we have

∥ϕN∥2
∣∣∣
Y =0

= X2⌊N/2⌋A(N ;X2), (6.169)

with A(N ; t) as defined in (6.122).

For the anti-diagonal and mixed twist, we have

∥ϕN∥2
∣∣∣
Y =0

= AHT(2N ;X2)
A(N ;X2) , (6.170)

with AHT(2N ; t) as defined in (6.129).

Additional conjectures We state our results and observations for
the Hamiltonian with diagonal twist. We obtain their equivalents for
the other twists from Proposition 3.2.6. First, the simple symmetries of
Proposition 6.2.13 lead to some cancelling components and sum rules.

Proposition 6.2.17. For the diagonal twist, we have

⟨⇑ · · · ⇑ |ϕ2n+1⟩ = ⟨⇓ · · · ⇓ |ϕ2n+1⟩ = 0, (6.171)

(⟨⇑| ± ⟨⇓|)⊗(2n+1) |ϕ2n+1⟩ = 0. (6.172)

Second, we used Mathematica to diagonalise symbolically the Hamilto-
nian with diagonal twist for small system sizes. To this end, we considered
the eigenvalue problem on subspaces invariant under twisted transla-
tion [159,160]. Taking into account the Z2 symmetries of Proposition 3.2.4,
we managed to compute the zero-energy eigenvector for sizes up to N = 5.
Our observations support the following conjectures:

Conjecture 6.2.18. The components of |ϕ⟩ are co-prime polynomials in
X,Y with rational coefficients.

Conjecture 6.2.19. For the diagonal twist, up to multiplication by a
sign, we observe the components:

⟨0 · · · 0|ϕ2n+1⟩ = Ḡ2n(0; 0), (6.173)
⟨0 · · · 0|ϕ2n⟩ = 0, (6.174)

⟨⇑ · · · ⇑|ϕ2n⟩ = ⟨⇓ · · · ⇓|ϕ2n⟩ = Y nG2n(0; 0), (6.175)

and the sum rule:

(⟨⇑| ± ⟨⇓|)⊗2n |ϕ2n⟩ = 2n(Y ∓X)nG2n(0; 0). (6.176)



6.3. Conclusion and outlook 235

6.3 Conclusion and outlook

In this chapter, we investigated the eigenvalue problem of the transfer
matrices of the inhomogeneous 41V and 18V models with quasi-periodic
boundary conditions along the horizontal direction. In particular, we
examined the eigenvectors associated to the remarkably simple eigenvalues
found in Chapter 3. We provided a formula for them, and established
that they are unique, up to normalisation. We also presented several
properties of the special eigenvectors that characterise them implicitly.
These include symmetry properties, exchange and reduction relations,
their pseudo-periodicity properties with respect to the inhomogeneity
parameters, as well as a conjecture regarding their analyticity with respect
to the inhomogeneity parameters. Furthermore, we computed a quadratic
sum rule involving them in terms of a determinant formula. In the
homogeneous limit, we used the eigenvectors to define a zero-energy
eigenstate of the spin-1 XYZ chain. We had conjectured the latter to be a
ground state for most values of the anisotropy parameters, in Chapter 3.
We examined its square norm, and found a closed-form expression for it
in terms of new special polynomials, generalisations of those of Rosengren
and Zinn-Justin. Additionally, we used these polynomials to formulate
several conjectures regarding components and sum rules of the zero-energy
eigenstates.

We now discuss some related research perspectives. First, we reflect on
the implicit characterisation that we found for the special eigenvectors of
the inhomogeneous 18V and 41V models. This characterisation is akin
to that of the special eigenvector of the supersymmetric 8V model in
Section 2.1. As such, it paves the way for a number of future analyses. We
expect these properties to help construct the eigenvectors by recursion on
the system size, similar to what Hagendorf did for the supersymmetric 8V
model [118]. More importantly, one could reproduce the Izergin-Korepin
technique of Chapter 2 in order to compute sum rules or components of
the special eigenvectors. This would require the development of the theory
of the boundary Yang-Baxter equation for spin-1 models. If successful,
the computation of appropriate components would establish the relation
between left and right special eigenvectors, and thus prove Assump-
tion 6.2.10. Second, the results of this chapter rely on several conjectures
or assumptions, notably Assumption 4.2.11 and Conjecture 6.2.2. The
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proof of these remains a challenge but would undoubtedly bring about a
better understanding of the special eigenvectors. Finally, the introduction
of the polynomials G2n(w; w′), Ḡ2n(w; w′) brings forward a number of
interesting questions. For example, we observed that 2n−1G2n(0; 0) and
Ḡ2n(0; 0) are polynomials in X, Y with positive integer coefficients. This
suggests a possible combinatorial interpretation, similar to what Hietala
found in the limit X = 0, Y = ζ [82, 83]. Moreover, several properties
established in this limit have yet to be generalised. Indeed, differential
recurrence relations such as in [111], or a determinant formula equivalent
to Lemma 2.2.18 remain to be found. These would provide a more direct
way of computing the new polynomials explicitly.



Appendix A

Theta functions

In this appendix, we recall some elements of the theory of (Jacobi) theta
functions essential to our work above. Throughout, we consider an integer
n ≥ 0, the elliptic nome p = eiπω, with ω ∈ C such that Imω > 0, and
complex numbers z, t. We write pz for the expression eizπω.

A.1 Jacobi theta functions

In this section, we mostly follow [161,162], and expose some key properties
of the Jacobi theta functions.

A.1.1 Definition and properties

Definition A.1.1. The Jacobi theta functions are

ϑ1(z, p) = ϑ1(z|ω) = 2
∞∑

n=0
(−1)np(n+1/2)2 sin(2n+ 1)z, (A.1a)

ϑ2(z, p) = ϑ2(z|ω) = 2
∞∑

n=0
p(n+1/2)2 cos(2n+ 1)z, (A.1b)

ϑ3(z, p) = ϑ3(z|ω) = 1 + 2
∞∑

n=1
pn2 cos 2nz, (A.1c)

ϑ4(z, p) = ϑ4(z|ω) = 1 + 2
∞∑

n=1
(−1)npn2 cos 2nz. (A.1d)

237
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The Jacobi theta functions are entire functions. Here, and in the main
text, we often omit the dependence on the parameters p or ω, and write
ϑi(z) = ϑi(z, p) = ϑi(z|ω). Moreover, to keep expressions from becoming
overly cumbersome, we sometimes resort to the shorthand notations

ϑi(0) = ϑi, ϑi(z, p2) = ϑi(z|2ω) = ϑ̂i(z), ϑ̂i(0) = ϑ̂i, (A.2)

for i = 1, . . . , 4.

We deduce several key features of the Jacobi theta functions from Defini-
tion A.1.1. First, ϑ1(z) is odd and ϑ2(z), ϑ3(z), ϑ4(z) are even functions
of z. Second, the Jacobi theta functions are pseudo-periodic in π and πω:

Proposition A.1.2. We have

i 1 2 3 4

ϑi(z + π)/ϑi(z) −1 −1 1 1

ϑi(z + πω)/ϑi(z) −N N N −N

(A.3)

with N = p−1e−2iz.

In particular, for all (x, y) ∈ {0, 1}2, we have the transformation

ϑ1(z + xπ + yπω) = (−1)x+yp−ye−2iyzϑ1(z). (A.4)

In the following, we refer to π, πω as periods and to π/2, πω/2 as half-
periods. Shifting arguments by half-periods allows us to relate the four
Jacobi theta functions.

Proposition A.1.3. We have

ϑ1(z)= −ϑ2(z + 1
2π)=−iMϑ3(z + 1

2π + 1
2πω)=−iMϑ4(z + 1

2πω),

ϑ2(z)= Mϑ3(z + 1
2πω)= Mϑ4(z + 1

2π + 1
2πω)= ϑ1(z + 1

2π),

ϑ3(z)= ϑ4(z + 1
2π)= Mϑ1(z + 1

2π + 1
2πω)= Mϑ2(z + 1

2πω),

ϑ4(z)=−iMϑ1(z + 1
2πω)= iMϑ2(z + 1

2π + 1
2πω)= ϑ3(z + 1

2π),

with M = p1/4eiz.
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The Jacobi theta functions also have the following infinite-product form
[161,162]:

ϑ1(z) = 2p1/4 sin z
∞∏

n=1

(
1− p2n

) (
1− e2izp2n

) (
1− e−2izp2n

)
, (A.5a)

ϑ2(z) = 2p1/4 cos z
∞∏

n=1

(
1− p2n

) (
1 + e2izp2n

) (
1 + e−2izp2n

)
, (A.5b)

ϑ3(z) =
∞∏

n=1

(
1− p2n

) (
1 + e2izp2n−1

) (
1 + e−2izp2n−1

)
, (A.5c)

ϑ4(z) =
∞∏

n=1

(
1− p2n

) (
1− e2izp2n−1

) (
1− e−2izp2n−1

)
. (A.5d)

A.1.2 Identities

The Jacobi theta functions obey a large number of identities [161–163].
Throughout our work, we often omit the intermediate steps of our com-
putations that involve these identities. We nevertheless consider a few of
them here, which we use in our text explicitly. First, several relations be-
tween products of Jacobi theta functions follow from the infinite-product
formulas. For instance, we have

ϑ1(z|2ω)ϑ4(z|2ω)
ϑ1(z) = ϑ2(z|2ω)ϑ3(z|2ω)

ϑ2(z) = 1
2ϑ2(0), (A.6)

and
ϑ1(z)ϑ2(z)
ϑ1(2z|2ω) = ϑ3(z)ϑ4(z)

ϑ4(2z|2ω) = ϑ4(0|2ω). (A.7)

Combining (A.6) and (A.7), we obtain the duplication formula for ϑ1(z):

ϑ1(2z) = 2ϑ1(z)ϑ2(z)ϑ3(z)ϑ4(z)
ϑ2(0)ϑ3(0)ϑ4(0) . (A.8)

Second, another source of relations between the Jacobi theta functions is
Weierstrass’ identity:

ϑ1(z1 + z2)ϑ1(z1 − z2)ϑ1(z3 + z4)ϑ1(z3 − z4)
−ϑ1(z1 + z3)ϑ1(z1 − z3)ϑ1(z2 + z4)ϑ1(z2 − z4)
+ϑ1(z1 + z4)ϑ1(z1 − z4)ϑ1(z2 + z3)ϑ1(z2 − z3) = 0. (A.9)
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The specialisation of z3, z4 to half-periods leads to the addition formulas

ϑ1(x+ y)ϑ1(x− y)ϑ4(0)2 = ϑ1(x)2ϑ4(y)2 − ϑ4(x)2ϑ1(y)2, (A.10)
ϑ4(x+ y)ϑ4(x− y)ϑ4(0)2 = ϑ4(x)2ϑ4(y)2 − ϑ1(x)2ϑ1(y)2. (A.11)

Moreover, combining similar specialisations with the product identities
(A.6) or (A.7) leads to

ϑ1(x)ϑ1(y) = ϑ3(x+ y|2ω)ϑ2(x− y|2ω)
− ϑ2(x+ y|2ω)ϑ3(x− y|2ω), (A.12)

ϑ1(x)ϑ2(y) = ϑ1(x+ y|2ω)ϑ4(x− y|2ω)
+ ϑ4(x+ y|2ω)ϑ1(x− y|2ω), (A.13)

ϑ4(x)ϑ3(y) = ϑ4(x+ y|2ω)ϑ4(x− y|2ω)
+ ϑ1(x+ y|2ω)ϑ1(x− y|2ω). (A.14)

Finally, we recall the following Frobenius determinant identity [164,165]:

Proposition A.1.4. Let x1, . . . , xN , y1, . . . , yN , ρ ∈ C such that

ρ ̸≡ 0 (modπ, πω), xi − yj ̸≡ 0 (modπ, πω), i, j = 1, . . . N, (A.15)

we have

n
det

i,j=1

[
ϑ1(xi − yj + ρ)
ϑ1(xi − yj)ϑ1(ρ)

]

=
ϑ1(
∑n

j=1(xj − yj) + ρ)
ϑ1(ρ)

∏
1⩽i<j⩽n ϑ1(xij)ϑ1(yji)∏n

i,j=1 ϑ1(xi − yj) , (A.16)

where xij = xi − xj, yij = yi − yj.

Identities involving X, Y In the next two lemmas, we use the identi-
ties above to simplify certain expressions involving the parameters X
and Y , defined in (3.17).

Lemma A.1.5. We have

X + Y = 2ϑ2(η)ϑ3(0)
ϑ3(η)ϑ2(0) , X − Y = 2ϑ2(η)ϑ4(0)

ϑ4(η)ϑ2(0) , (A.17)

and
X2 − Y 2 =

(
ϑ3(0)ϑ4(0)
ϑ3(η)ϑ4(η)

)(2ϑ2(η)
ϑ2(0)

)2
. (A.18)
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Proof. Using (3.17), we find

X ± Y = ϑ1(2η|2ω)
ϑ4(2η|2ω)ϑ1(η|2ω)ϑ4(η|2ω)

(
ϑ4(η|2ω)2 ± ϑ1(η|2ω)2

)
. (A.19)

Using (A.6) and (A.7) with z = η, we obtain

ϑ1(2η|2ω)
ϑ4(2η|2ω)ϑ1(η|2ω)ϑ4(η|2ω) = 2ϑ2(η)

ϑ2(0)ϑ3(η)ϑ4(η) . (A.20)

Finally, the specialisations x = η, y = 0 and x = 0, y = η in (A.14) lead
to

ϑ4(η|2ω)2 + ϑ1(η|2ω)2 = ϑ4(η)ϑ3(0), (A.21a)
ϑ4(η|2ω)2 − ϑ1(η|2ω)2 = ϑ3(η)ϑ4(0). (A.21b)

The expressions in (A.17) follow from the substitution of (A.20) and
(A.21) into (A.19). The relation (A.18) is an easy consequence of these
expressions.

Lemma A.1.6. We have

1−XY =
(
ϑ3(0)ϑ4(0)
ϑ3(η)ϑ4(η)

)2 ϑ3(2η)
ϑ3(0) , (A.22a)

1 +XY =
(
ϑ3(0)ϑ4(0)
ϑ3(η)ϑ4(η)

)2 ϑ4(2η)
ϑ4(0) , (A.22b)

and
X2 + Y 2 − 2 =

(
ϑ3(0)ϑ4(0)
ϑ3(η)ϑ4(η)

)2 2ϑ2(2η)
ϑ2(0) . (A.23)

Proof. The definition (3.17) leads to

1−XY =
(
ϑ4(0|2ω)
ϑ4(2η|2ω)

)2 ϑ4(2η|2ω)2 − ϑ1(2η|2ω)2

ϑ4(0|2ω)2 , (A.24)

1 +XY =
(
ϑ4(0|2ω)
ϑ4(2η|2ω)

)2 ϑ4(2η|2ω)2 + ϑ1(2η|2ω)2

ϑ4(0|2ω)2 (A.25)

We simplify the right-hand sides with the help of (A.21), with η replaced
by 2η, and (A.7), with z = 0. This simplification yields (A.22).
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Moreover, using specialising (A.10) and (A.11) to x = 2η, y = η, we
obtain

X2 − 1 =
(
ϑ4(0|2ω)
ϑ4(2η|2ω)

)2 ϑ1(3η|2ω)
ϑ1(η|2ω) , (A.26)

Y 2 − 1 = −
(
ϑ4(0|2ω)
ϑ4(2η|2ω)

)2 ϑ4(3η|2ω)
ϑ4(η|2ω) . (A.27)

Hence, we obtain

X2 + Y 2 − 2 =
(
ϑ4(0|2ω)
ϑ4(2η|2ω)

)2 ϑ1(3η|2ω)ϑ4(η|2ω)− ϑ4(3η|2ω)ϑ1(η|2ω)
ϑ1(η|2ω)ϑ4(η|2ω) .

By (A.13) with x = η and y = 2η, we have

ϑ1(3η|2ω)ϑ4(η|2ω)− ϑ4(3η|2ω)ϑ1(η|2ω) = ϑ1(η)ϑ2(2η). (A.28)

We combine this result with the duplication formula (A.7), with z = η,
and reach (A.23).

A.1.3 Modular properties

Let T, S denote the generators of the modular group. Their action on the
Jacobi theta functions is defined as

(Tϑi)(z) = ϑi(z|ω + 1), (Sϑi)(z) = ϑi(z/ω| − 1/ω), (A.29)

for each i = 1, . . . , 4. We infer from Definition A.1.1 the transformations

(Tϑ1)(z) = eiπ/4ϑ1(z), (Tϑ2)(z) = eiπ/4ϑ2(z), (A.30a)
(Tϑ3)(z) = ϑ4(z), (Tϑ4)(z) = ϑ3(z). (A.30b)

Moreover, by [161, Section 21.51], we have

(Sϑ1)(z) = iAeiz2/(πω)ϑ1(z), (Sϑ2)(z) = Aeiz2/(πω)ϑ4(z) (A.31a)

(Sϑ3)(z) = Aeiz2/(πω)ϑ3(z), (Sϑ4)(z) = Aeiz2/(πω)ϑ2(z). (A.31b)

where A = (−iω)1/2.



A.2. Theta functions 243

A.2 Theta functions

Parallel to elliptic functions, theta functions generalise the concept of
periodic functions to the complex plane. We use the following definition
[166,167]:

Definition A.2.1. A theta function of degree n, nome p and norm t is
an entire function f with the pseudo-periodicity properties

f(λ+ π) = (−1)nf(λ), f(λ+ πω) = (−p)−ne−2i(nλ−t)f(λ). (A.32)

The norm is defined up to integer multiples of π. The resulting ambiguity
is, however, not important for our considerations. A simple (non-trivial)
example of a theta function of degree n = 1, nome p and norm t is
f(λ) = ϑ1(λ− t).

Theta functions enjoy factorisation properties similar to those of polyno-
mials. For example, the following lemma stems from standard complex
analysis [121,158]:

Lemma A.2.2. Let f be a theta function of degree n ⩾ 1, nome p and
norm t. Let ξ be a complex number such that f(ξ) = 0, then there exists
a theta function g of degree n− 1, nome p and norm t− ξ such that

f(λ) = ϑ1(λ− ξ)g(λ). (A.33)

Definition A.2.3. We say that the points z1, . . . , zn ∈ C are independent
if they obey

zi − zj ̸≡ 0 (modπ, πω), ∀ i, j = 1, . . . , N, (A.34)
and z1 + . . .+ zn − t ̸≡ 0 (modπ, πω). (A.35)

Another key feature of theta functions is that any theta function of degree
n ⩾ 1 can be interpolated from its value at n independent points [56].

Proposition A.2.4. Let f be a theta function of degree n ⩾ 1, nome p
and norm t, and z1, . . . , zn ∈ C be independent points, we have

f(λ) =
n∑

j=1

ϑ1(t−
∑n

k=1 zk + zj − λ)
ϑ1(t−

∑n
k=1 zk)

n∏
k=1
k ̸=j

ϑ1(λ− zk)
ϑ1(zj − zk)f(zj). (A.36)
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As a consequence of Proposition A.2.4, any two theta functions of same
degree n ≥ 1, nome and norm, whose values match in n independent
points must be identical [166].

Theorem A.2.5. Let f, g be theta functions of degree n ⩾ 1, nome p
and norm t. If there are n independent complex numbers z1, . . . , zn such
that f(zi) = g(zi) for each i = 1, . . . , n, then f = g.
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