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Devwudfw
Zh h{soruh wkh frqvhtxhqfhv ri wkh dvvxpswlrqv xvhg lq prghuq fu|swrj0

udsk| zkhq dssolhg wr uhshdwhg jdphv zlwk sxeolf frppxqlfdwlrq1 Whfkql0
fdoo| vshdnlqj/ zh prgho djhqwv e| sro|qrpldo Wxulqj pdfklqhv dqg dvvxph
wkh h{lvwhqfh ri d wudsgrru ixqfwlrq1 Xqghu wkhvh frqglwlrqv/ zh suryh d Iron
Wkhruhp lq zklfk wkh 4�?4@ ohyho ri sod|huv kdv wr eh wdnhq lq fruuhodwhg
vwudwhjlhv lqvwhdg ri pl{hg vwudwhjlhv11

Nh|zrugv= uhshdwhg jdphv/ erxqghg udwlrqdolw|/ fruuhodwlrq/ Wxulqj pd0
fklqhv/ fu|swrjudsk|

M1H1O1 fodvvlilfdwlrq= F:5

� Wkh dxwkru lv yhu| judwhixo wr Qdwkdq Olqldo/ Mhdq0Iudqêrlv Phuwhqv dqg Mdftxhv
Vwhuq iru wkhlu dgylfhv dqg wr Jdhwdqr Eorlvh iru klv khosixo frpphqwv11

2FRUH/ 67 Yrlh gx urpdq sd|v/ Orxydlq0od0Qhxyh/ E0467;1 jrvvqhuCfruh1xfo1df1eh

Wklv wh{w suhvhqwv uhvhdufk uhvxowv ri wkh Ehojldq Surjudp rq Lqwhuxqlyhuvlw| Srohv

ri Dwwudfwlrq lqlwldwhg e| wkh Ehojldq Vwdwh/ Sulph Plqlvwhu*v R!fh/ Vflhqfh Srolf| Sur0
judpplqj1 Wkh vflhqwl�f uhvsrqvdelolw| lv dvvxphg e| wkh dxwkru1



4 Lqwurgxfwlrq
Erxqghg udwlrqdolw| prghov vwxg| wkh lpsolfdwlrqv ri wkh olplwhgqhvv ri wkh
udwlrqdolw| ri wkh djhqwv rq wkh rxwfrphv ri jdphv1 Prghuq fu|swrjudsk|/
zklfk �qgv pdq| dssolfdwlrqv lqwr hyhu|gd| olih/ uholhv rq wkh dvvxpswlrq
wkdw djhqw*v frpsxwdwlrqdo srzhuv duh olplwhg/ dqg uhsuhvhqwv wkhp e| sro|0
qrpldo Wxulqj pdfklqhv1 Zh h{soruh wkh frqvhtxhqfhv ri vxfk dq dvvxpswlrq
zkhq dssolhg wr uhshdwhg jdphv zlwk sxeolf frppxqlfdwlrq1

Fu|swrjudsk| ghdov zlwk vhfxulw| ri frppxqlfdwlrq1 Wkh fhqwudo sureohp
lv wkh rqh ri wzr djhqwv � dqg � zkr h{fkdqjh phvvdjhv zkloh � wulhv wr
vs| wkhp1 Xvxdoo|/ qr vhfxuh fkdqqho lv dvvxphg vr wkdw dq| phvvdjh fdq
eh lqwhufhswhg e| �1 Wr frxqwhu wklv/ � dqg � frgh wkhlu phvvdjhv vr wkdw
� fdqqrw xqghuvwdqg wkhp1 Wr vhqg wkh lqirupdwlrq % wr �/ � xvhv d nh|
&e wr hqfrgh % lqwr + ' &eE%� dqg vhqgv phvvdjh + wr �1 Diwhu uhfhlylqj +/
� xvhv d nh| &_ wr frpsxwh 5 ' &_E+�1 Wkh sdlu ri nh|v E&_c &e� lv fkrvhq
vxfk wkdw d�o 5 ' % iru doo % dqg d2o � fdqqrw jhw lqirupdwlrq rq % iurp wkh
nqrzohgjh ri + zlwkrxw srvvhvvlqj lqirupdwlrq rq &_1

Zh fdq glvwlqjxlvk wzr irupv ri fu|swrjudsk|= fodvvlfdo fu|swrjudsk|/
zklfk gdwhv edfn dw ohdvw wr wkh wlphv ri Mxolxv Févdu/ dqg prghuq fu|swrj0
udsk|/ zklfk zdv lqlwldwhg lq 4<:9 e| Gl!h dqg Khoopdq ^GK:9`1

Fodvvlfdo fu|swrjudsk| dvvxphv wkdw � dqg � vkduh vrph vhfuhw lqirupd0
wlrq ehiruh wkh| vwduw wr h{fkdqjh phvvdjhv1 Rqh fdq lpdjlqh wkdw wkh| zhuh
lq wkh vdph urrp zkhuh wkh| djuhhg rq d sdlu E&ec &_� zlwkrxw ehlqj vslhg
e| �1 Wkhvh nh|v fdq eh xvhg wr hqfrgh dqg ghfrgh phvvdjhv zkhq � dqg
� duh lq vhsdudwh orfdwlrqv1 Iru lqvwdqfh/ &_ dqg &e pd| eh iruphg ri wkh
vdph vhtxhqfh ri , doskdehw fkdudfwhuv1 Wr frgh d phvvdjh % frqvlvwlqj ri qr
pruh wkdq , doskdehw fkdudfwhuv/ � frqvwuxfwv + iurp % e| dgglqj +prgxor
59, wkh �0wk fkdudfwhu ri &e wr wkh �0wk fkdudfwhu ri %1 � fdq hdvlo| gr wkh
uhyhuvh rshudwlrq wr uhwulhyh %1 Dq xqiruwxqdwh frqvhtxhqfh ri Vkdqqrq*v lq0
irupdwlrq wkhru| wr vxfk fodvvlfdo fu|swrv|vwhpv lv wkdw wkh ohqjwk +ru pruh
suhflvho| wkh hqwurs|, ri % fdqqrw h{fhhg wkh ohqjwk ri wkh nh|v/ rwkhuzlvh
frqglwlrq d�o dqg d2o fdqqrw krog wrjhwkhu1 Wklv olplwdwlrq rq wkh vl}h ri %
fdq eh hdvlo| vhhq lq rxu h{dpsoh1

Lq prghuq fu|swrjudsk| � dqg � vkduh qr vhfuhw lqirupdwlrq ehiruh wkh|
frppxqlfdwh1 Lq w|slfdo prghuq fu|swrv|vwhpv/ � fkrrvhv &_/ frpsxwhv &e
iurp &_/ wkhq vhqgv &e wr � +ru glvfodlpv lw sxeolfo|,1 Phvvdjhv duh wkhq vhqw
iurp � wr � xvlqj wkh sdlu ri nh|v E&ec &_�1 Xvxdoo|/ wkhuh lv d rqh0wr0rqh
pdsslqj iurp &_ wr &e1 Vr/ rqh pd| zrqghu zk| lw lv wkdw � fdqqrw vlpso|
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frpsxwh &_ iurp &e/ dqg % iurp &_ dqg +1 Khuh lqwhuyhqhv wkh erxqghgqhvv
ri djhqw*v udwlrqdolw|1 Doo wkh frpsxwdwlrqv qhhghg e| � dqg � fdq eh grqh
lq uhdvrqdeoh wlph/ zkhuhdv frpsxwlqj &_ iurp &e zrxog wdnh djhv1 Iru
lqvwdqfh/ vrph fu|swrv|vwhpv xvhg lq hyhu|gd| olih duh vxfk wkdw rqh fdq
frpsxwh &e iurp &_/ + iurp &e dqg % iurp + dqg &_ lq ohvv wkdq d plqxwh
hdfk zlwk d shuvrqdo frpsxwhu/ zkhuhdv jhwwlqj &_ iurp &e zrxog wdnh pruh
wkdq d fhqwxu| xvlqj wkh ehvw nqrzq dojrulwkp rq wkh prvw srzhuixo h{lvwlqj
pdfklqhv1 Wkh ixqfwlrq xvhg e| � wr vhqg d phvvdjh wr� lv fdoohg d wudsgrru
ixqfwlrq= lw lv hdv| wr frpsxwh xvlqj &e/ exw kdug wr lqyhuvh zlwkrxw nqrzlqj
wkh wudsgrru lqirupdwlrq &_1

Wxulqj pdfklqhv lv wkh prgho ri frpsxwdwlrq frpprqo| xvhg e| frp0
sxwhu vflhqwlvwv1 Dffruglqj wr Fkxufk*v wkhvlv/ dq| dojrulwkp nqrzq fdq eh
uhsuhvhqwhg e| d Wxulqj pdfklqh1 Uhihuhqfhv ri jdphv sod|hg e| Wxulqj pd0
fklqhv gdwh edfn dw ohdvw wr Udelq ^Ude86`/ exw Elqpruh +^Elq;:`/ ^Elq;;`,
zdv wkh �uvw wr sursrvh Wxulqj pdfklqhv dv d prgho ri erxqghg udwlrqdolw|1
Vrph lpsolfdwlrqv ri Wxulqj pdfklqhv lqwr uhshdwhg jdphv zhuh wkhq vwxg0
lhg e| Dqghuolql dqg Vderxuldq ^DV<8`1 Zh ghihqg khuh wkh lghd wkdw qrw
rqo| vkrxog sod|hu*v vwudwhjlhv eh lpsohphqwdeoh e| vrph dojrulwkpv/ exw
dovr wkhvh dojrulwkpv vkrxog qrw wdnh d wrr orqj wlph iru wkhlu frpsxwdwlrqv1
Frqvlghu d Wxulqj wkdw lqsxwv wkh ghvfulswlrq ri d wdvn wr shuirup wrjhwkhu
zlwk vrph ghjuhh ri frpsoh{lw|1 Vxfk d pdfklqh lv fdoohg sro|qrpldo zkhq
wkh wlph qhhghg iru wkh frpsxwdwlrqv lv erxqghg e| vrph sro|qrpldo ri
wkh ghjuhh ri frpsoh{lw|1 Rwkhuzlvh lw lv fdoohg qrq sro|qrpldo1 Prghuq
fu|swrjudsk| dvvxphv wkdw djhqwv pxvw uhsuhvhqwhg e| sro|qrpldo Wxulqj
pdfklqhv11

Sureohpv wkdw fdqqrw eh vroyhg e| Wxulqj pdfklqhv duh fdoohg xqghflg0
deoh +qr dojrulwkp fdq vroyh wkhp,/ zkhuhdv wkrvh wkdw fdqqrw eh vroyhg e|
sro|qrpldo Wxulqj pdfklqhv duh fdoohg lqwudfwdeoh +wkh| uhtxluh wrr pxfk
frpsxwdwlrq lq sudfwlfh,1 E| olplwlqj sod|hu*v vwudwhjlhv wr sro|qrpldo Wxu0
lqj pdfklqhv/ zh vlpso| phdq wkdw wkh| duh qrw fdsdeoh ri shuiruplqj rs0
hudwlrqv wkdw zrxog wdnh rqh fhqwxu| wr frpsxwh e| d elj frpsxwhu1 Rq wkh
rwkhu kdqg/ zh eholhyh hdfk ri wkhp fdq xvh d frpprq krph frpsxwhu wr
khos klp wdnh klv ghflvlrqv1

Rxu pdlq uhvxow lv d �Iron Wkhruhp� lq zklfk wkh xvxdo 4�?4@ ohyho lq
pl{hg vwudwhjlhv lv uhsodfhg e| wkh 4�?4@ lq fruuhodwhg vwudwhjlhv1 Wkh nh|
lv wkdw dq| jurxs ri sod|huv fdq jhqhudwh sulydwh lqirupdwlrq wkurxjk sxeolf
phvvdjhv xvlqj d prghuq fu|swrv|vwhp1 Khqfh ghyldwruv fdq eh sxqlvkhg lq
fruuhodwhg vwudwhjlhv1 Zh vkdoo h{klelw sduwlfxodu vwudwhjlhv lq zklfk zkhq d
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sod|hu ghyldwhv/ dqrwkhu sod|hu lv ghvljqhg wr frruglqdwh wkh sxqlvkphqw1 Dw
hdfk wxuq/ wkh frruglqdwru gudzv d fruuhodwhg dfwlrq ri wkh sxqlvkhuv djdlqvw
wkh sxqlvkhg sod|hu1 D prghuq fu|swrv|vwhp lv wkhq xvhg wr wudqvplw wklv
sur�oh ri sxqlvklqj dfwlrqv wr hdfk ri wkh sxqlvkhuv1 Lw uhpdlqv wr suryh wkdw
wkh sxqlvkhg sod|hu fdqqrw jhw dq| lqirupdwlrq rq wklv sur�oh ri dfwlrqv iurp
wkh frppxqlfdwlrq ehwzhhq wkh frruglqdwru dqg hdfk ri wkh rwkhu sxqlvkhuv1
Wklv lv grqh e| h{whqglqj wkh qrwlrq ri d wudsgrru ixqfwlrqv +zklfk doorzv
vrph djhqw � wr vhqg d vhfuhw phvvdjh wr dqrwkhu sod|hu �, lqwr &0wudsgrru
ixqfwlrqv +zklfk doorz � wr vhqg d vhfuhw phvvdjh vhsdudwho| wr dq| jurxs
ri & rwkhu sod|huv,1 Surylqj wkdw dq| wudsgrru ixqfwlrq lv dovr d &0wudsgrru
ixqfwlrq lv wkh whfkqlfdo ohppd rq zklfk wkh surri ri rxu pdlq wkhruhp
uholhv1

Wr rxu nqrzohgjh/ wkh rqo| dssolfdwlrq vr idu ri prghuq fu|swrjudsk| wr
jdph wkhru| zdv grqh e| Xuedqr dqg Ylod ^XY<:`1 Wkh| h{klelw surwrfrov
wkurxjk zklfk wzr sod|huv fdq fruuhodwh wkurxjk qrlvhohvv frppxqlfdwlrq
+wklv sureohp lv riwhq uhihuuhg wr dv �whohskrqh frlq  lsslqj� ru �phqwdo
srnhu�,1 Dv rssrvhg wr wkhp/ wkh vwudwhjlhv zh h{klelw gr qrw uho| rq d
sduwlfxodu surwrfro +wkh ghyhorsphqw ri zklfk kdv ohg wr d kxjh olwhudwxuh
lq fu|swrjudsk|,/ exw rq wkh wkhruhwlfdo dvvxpswlrq ri wkh h{lvwhqfh ri d
wudsgrru ixqfwlrq1 Rxu dlp lv wkhq wr h{soruh vrph frqvhtxhqfhv ri prghuq
fu|swrjudsk| zkhq dssolhg wr wkh fodvvlfdo jdph wkhruhwlf prgho ri uhshdwhg
jdphv1

Iluvw/ zh lqwurgxfh d prgho iru uhshdwhg jdphv sod|hg e| sro|qrpldo
Wxulqj pdfklqhv lq Vhfwlrq 5 dqg Vhfwlrq 61 Zh suhvhqw wudsgrru ixqfwlrqv
Vhfwlrq 71 Rxu pdlq Wkhruhp lv vwdwhg dqg suryhg lq Vhfwlrq 8/ xvlqj d
jhqhudol}dwlrq ri wudsgrru ixqfwlrqv lqwr &0wudsgrru ixqfwlrqv1 Vhfwlrq 9
suhvhqwv dq h{whqvlrq wr vxejdph shuihfw htxloleuld1 Zh �qdoo| surylgh vrph
frqfoxglqj uhpdunv lq Vhfwlrq :1

5 Wxulqj pdfklqhv
D Wxulqj pdfklqh � zrunv zlwk vrph lqsxw wdshv/ d frpsxwdwlrq wdsh/ dqg
dq rxwsxw wdsh1 Hdfk wdsh lv glylghg lq dq lq�qlwh vwuhdp ri fhoov/ hdfk ri
zklfk pd| frqwdlq d v|pero1 Wdshv duh vfdqqhg e| wdsh khdgv/ zklfk fdq
uhdg wkh v|pero lq wkh fhoo fxuuhqwo| vfdqqhg/ dqg zulwh rq wkh frpsxwdwlrq
wdsh dqg rq wkh rxwsxw wdsh1 � lv frqwuroohg e| d �qlwh vwdwh frqwuro/ zklfk
rshudwhv lq glvfuhwh vwhsv1 Dw hdfk vwhs lw shuirupv wkuhh ixqfwlrqv lq d zd|
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ghshqghqw rq lwv fxuuhqw vwdwh dqg rq wkh wdsh v|perov fxuuhqwo| uhdg e|
wkh wdsh khdgv=

4 0 Sxw wkh xqlw frqwuro lq d qhz vwdwh1
5 0 Zulwh qhz v|perov lq wkh wdsh fhoov fxuuhqwo| vfdqqhg ri wkh frpsx0

wdwlrq wdsh dqg ri wkh rxwsxw wdsh/ uhsodflqj wkh v|perov douhdg| wkhuh1
6 0 Pryh hdfk wdsh khdg rqh fhoo wr wkh uljkw/ rqh fhoo wr wkh ohiw/ ru ohdyh

lw zkhuh lw lv1
Irupdoo|/ d Wxulqj pdfklqh � frqvlvwv ri=

� D �qlwh vhw ri lqsxw wdshv UA / d frpsxwdwlrq wdsh �A / dqg dq
rxwsxw wdsh �A 1 Wkh vhw ri wdshv lv A ' UA ^ i�Aj ^ i�Aj1

� Iru hdfk K 5 A / d �qlwh olvw ri v|perov 7K1 Wkh lqwhuvhfwlrq _K7K
frqwdlqv d v|pero r fdoohg wkh eodqn v|pero1

� D �qlwh olvw ri vwdwhv '/ ^f 5 ' lv wkh lqlwldo vwdwh/ dqg � 5 ' lv wkh
kdow vwdwh1

� D wudqvlwlrq ixqfwlrq/ zklfk lv d pdsslqj=

B G '��KMA7K $ '� �KMAiuc-c 7j � 7�A � 7�A

Wkdw lv/ iru vrph vwdwh ^ dqg iru vrph v|perov uhdg/ wkh vshfl�fdwlrq
ri d qhz vwdwh dqg/ iru hdfk wdsh/ d gluhfwlrq iru wkh fruuhvsrqglqj
khdg wkdw pd| eh ohiw +u,/ uljkw +-,/ ru vwdwlrqdu| +7,/ dqg iru wkh
frpsxwdwlrq wdsh dqg wkh rxwsxw wdsh/ d qhz v|pero wr eh zulwwhq rq
wkh wdsh1

Lqlwldoo|/ wkh pdfklqh lv lq vwdwh ^f/ doo khdgv duh srvlwlrqhg wr wkh ohiwprvw
vtxduhv ri wkhlu wdshv/ dqg hdfk wdsh K frqwdlqv d vwuhdp ri hohphqwv ri 7K1
Iurp dq lqlwldo frq�jxudwlrq/ wkh pdfklqh shuirupv d fhuwdlq qxpehu ri
rshudwlrqv/ dqg hyhqwxdoo| pd| uhdfk vwdwh �1

Lw lv qrw reylrxv iurp wkh suhylrxv gh�qlwlrq zkdw vrsklvwlfdwhg rshud0
wlrqv fdq eh shuiruphg e| wkhvh pdfklqhv/ zkdw ixqfwlrqv wkh| frxog frp0
sxwh/ ru zkdw vwudwhjlhv wkh| frxog sod| lq d jdph1 Dfwxdoo|/ hyhu| dojrulwkp
iru frpsxwdwlrq rqh pd| wklqn ri fdq eh lpsohphqwhg e| d Wxulqj pdfklqh1
Wklv uhvxow frqvwlwxwhv Fkxufk*v wkhvlv1

Qrwh wkdw lw lv |hw qrw wuxh wkdw dq| ixqfwlrq fdq eh frpsxwhg e| d
Wxulqj pdfklqh1 Udelq ^Ude86` vkrzv wkdw vrph zlq0orvh vhtxhqwldo jdphv
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Iljxuh 4= khdg dqg wdshv ri d Wxulqj pdfklqh

pd| kdyh qr htxloleuld li zh uhtxluh sod|hu*v vwudwhjlhv wr eh lpsohphqwhg e|
Wxulqj pdfklqhv1 Qhjdwlyh uhvxowv lq wkh vdph yhlq duh rewdlqhg e| Dqghuolql
^Dqg<3`1

Wkh prgho iru Wxulqj pdfklqhv zh suhvhqwhg lv qrw wkh rqo| srvvleoh1
Iru lqvwdqfh/ rqh frxog dvvxph vhyhudo frpsxwdwlrq wdshv/ ru doorz wkh wdshv
wr eh lq�qlwh lq erwk gluhfwlrqv/ ru doorz vhyhudo khdg wdshv rq hdfk wdsh1
Qhyhuwkhohvv/ doo wkhvh prghov zrxog eh htxlydohqw wr wklv rqh1 Iru pruh
ghwdlov rq wkh ydulrxv prghov ri Wxulqj pdfklqhv dqg wkhlu htxlydohqfh/ wkh
uhdghu lv uhihuuhg wr wkh errnv ri Ohzlv dqg Sdsdglplwulrx ^OS;4`/ ru Dkr/
Krsfuriw dqg Xoopdq ^DKX:7`1

514 Qrq ghwhuplqlvwlf Wxulqj pdfklqhv

Wxulqj pdfklqhv/ dv gh�qhg lq suhylrxv sdudjudsk/ gr qrw kdyh wkh srzhu
wr udqgrpl}h lq wkhlu frpsxwdwlrqv1 Zh fdoo wkhp ghwhuplqlvwlf Wxulqj pd0
fklqhv1 D suredelolvwlf Wxulqj pdfklqh lv gh�qhg wkh vdph zd| dv deryh
h{fhsw wkdw zh doorz iru vwrfkdvwlf wudqvlwlrq ixqfwlrqv B G ' � �KMA7K $
{E'� �KMAiuc-c 7j � 7�A � 7�A �1
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515 Ghjuhh ri frpsoh{lw|

Doo Wxulqj pdfklqhv frqvlghuhg kdyh dq lqsxw wdsh lq zklfk vrph lqwhjhu |/
fdoohg ghjuhh ri frpsoh{lw|/ lv frghg lq xqdu|1 Wklv wdsh frqwdlqv | wlphv
d jlyhq qrq0eodqn v|pero/ iroorzhg e| dq lq�qlwh vwuhdp ri eodqn v|perov1

516 Sro|qrpldo wlph Wxulqj pdfklqhv

Ohw �r ' E�rK�KMUA ghqrwh wkh vwuhdpv ri v|perov lqlwldoo| zulwwhq rq wkh lqsxw
wdshv ri d Wxulqj pdfklqh �1 Wkh qxpehu ri rshudwlrqv shuiruphg e| �
ehiruh lw uhdfkhv � li wkh lqlwldo vwdwh lv �r lv ghqrwhg ��E�c �r�1 Lw lv dq
lqwhjhu/ ru wdnhv wkh ydoxh 4 li � qhyhu kdowv1

Gh�qlwlrq 4 D Wxulqj pdfklqh � lv sro|qrpldoo| erxqghg li wkhuh h{0
lvwv d sro|qrpldo � vxfk wkdw=

;�r 5 UAc ��E�c �r� � � E|�

Li � lv qrq ghwhuplqlvwlf/ zh uhtxluh wklv lqhtxdolw| wr krog iru hdfk �r zlwk
suredelolw| rqh1

517 Wxulqj pdfklqhv zrunlqj lq vhulhv

Frqvlghu d vhulhv ri +srvvleo| suredelolvwlf, Wxulqj pdfklqhv��c�2c � � � c�?

vxfk wkdw �& lqsxwv | dqg %&3� 5 f&3�/ dqg rxwsxwv %& 5 f&1 Dvvxph wkdw
wkh vhw ff lv hqgrzhg zlwk suredelolw| Z1 Wkhq | dqg�& gh�qh d wudqvlwlrq
suredelolw| iurp f&3� wr f& +zklfk lv dfwxdoo| ghwhuplqlvwlf zkhqhyhu�& lv
vr,/ vr wkdw | Zc��c�2c � � � c�? gh�qh d suredelolw| �|cZc��c�2c���c�? rqff�
f� � � ��f?1 Zkhq qr frqixvlrq lv srvvleoh zh vkdoo vlpso| ghqrwh lw �|1

6 Wxulqj pdfklqhv sod|lqj uhshdwhg jdphv

614 Wkh rqh0vkrw jdph

� ' i�c � � � c �j lv wkh vhw ri sod|huv1 Iru dq| froohfwlrq ri vhwv E~���M� / ~
dqg ~3� uhsuhvhqw ��M�~

� dqg �� �'�~
�1 C ' EE����c }� lv d jdph lq zklfk

sod|hu �*v �qlwh vhw ri dfwlrqv lv ��/ dqg zlwk sd|r� ixqfwlrq } G � $ U-� 1
D pl{hg pryh iru sod|hu � lv d glvwulexwlrq ryhu ��/ hohphqw ri 7� ' {E���1
} lv pxowlolqhduo| h{whqghg wr 71
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Wkh vhw ri ihdvleoh sd|r�v lv 8 ' fr }E��1 Wkh 4�?4@ �� ri sod|hu � lv
wkh zruvw sd|r� sod|huv gl�huhqw iurp � fdq irufh � wr jhw zkhq xvlqj pl{hg
vwudwhjlhv=

�� ' 4�?
r3�M73�

4@ 
r�M7�

}�Er3�c r��

U- ' i% 5 U-� c;� %� � ��j ghqrwhv wkh vhw ri lqglylgxdoo| udwlrqdo
sd|r�v1

Wkh fruuhodwhg 4�?4@ �� ri � lv wkh zruvw sd|r� sod|huv gl�huhqw iurp
� fdq irufh � wr jhw zkhq xvlqj fruuhodwhg vwudwhjlhv1 Iurp wkh 4�?4@ 
wkhruhp/ lw lv dovr wkh ehvw � fdq jxdudqwhh djdlqvw wkh rwkhu sod|huv=

�� ' 4�?
qM{E�3��

4@ 
r�M7�

Hq }
�E@3�c r�� +4,

' 4@ 
r�M7�

4�?
r3�M73�

}�Er3�c r�� +5,

zkhuh Hq lv wkh h{shfwdwlrq rshudwru xqghu q1 Zh vhohfw B3� 5 {E�3�� zkhuh
wkh plqlpxp lv dwwdlqhg lq +4, dqg r� xqghu zklfk wkh pd{lpxp lq +5, lv
dwwdlqhg1

�U- ' i% 5 U-� c ;� %� � ��j ghqrwhv wkh vhw ri fruuhodwhg lqglylgxdoo|
udwlrqdo sd|r�v1 Qrwh wkdw 73� fdq eh lghqwl�hg wr d vxevhw ri {E�3��/ vr
wkdw �� � ��/ dqg U- � �U-1

615 Uhshdwhg jdphv

Lq rxu prgho/ hdfk sod|hu*v vwudwhj| lv lpsohphqwhg e| d suredelolvwlf Wxulqj
pdfklqh �� zklfk kdv dffhvv wr wkh iroorzlqj wdshv=

� Wkh Wlph wdsh/ ghqrwhg Wlph>

� D vwdwh wdsh iru sod|hu �/ ghqrwhg Vwdwh+�,>

� �*v rxwsxw wdsh/ ghqrwhg Rxwsxw+�,>

� �*v rxwsxw wdsh iru � 9' �/ ghqrwhg Rxwsxw+�,1

Wlph lv wkh wdsh rq zklfk dw vwdjh | wkh qxpehu | lv frghg lq xqdu|1
Ehwzhhq dq| wzr vwdjhv ri wkh uhshdwhg jdph/ dq h{wud Wxulqj pdfklqh fdoohg

:



wkh forfn pdfklqh xsgdwhv Wlph1 Wkh lqwhjhu | dovr vhuyhv dv wkh ghjuhh iru
doo Wxulqj pdfklqhv1

Wkh vwdwh wdsh ri � frqwdlqv sulydwh lqirupdwlrq ri �/ rqo| � pd| uhdg ru
zulwh rq wklv wdsh1 Lw doorzv � wr nhhs wudfn ri vrph lqirupdwlrq rq wkh klvwru|
ri wkh jdph1 Wkhvh wdshv frqwdlq rqo| eodqn v|perov dw wkh ehjlqqlqj ri wkh
jdph1

Wkh rxwsxw wdshv duh xvhg e| wkh pdfklqhv wr ghfoduh wkhlu dfwlrqv dqg
wr dqqrxqfh wkhlu sxeolf phvvdjhv1 Zh dvvxph wkhuh duh d �{hg dqg �qlwh
qxpehu ri v|perov dw wkh ehjlqqlqj ri wkhvh wdshv xvhg wr frgh wkh dfwlrq/
dqg wkdw wkh uhvw ri wkh wdshv duh xvhg wr frgh wkh sxeolf phvvdjh1 Khqfh/
wkh vhw ri sxeolf phvvdjhv iru dq| sod|hu lv frxqwdeoh1

Vwdjh | ri wkh uhshdwhg jdph lv glylghg lq dq dfwlrq skdvh dqg dq revhu0
ydwlrq skdvh1 Hdfk sod|hu �uvw frpsxwhv klv dfwlrqv dqg phvvdjhv vhfuhwo|
gxulqj wkh dfwlrq skdvh1 Diwhu wklv/ dfwlrqv dqg phvvdjhv duh sxeolfo| re0
vhuyhg gxulqj wkh revhuydwlrq skdvh1 Wkhq/ qh{w vwdjh surfhhgv1

Gxulqj wkh dfwlrq skdvh ri vwdjh |/ wkh Wxulqj pdfklqh �� ri sod|hu �
pd| uhdg ru zulwh rq Rxwsxw+�,/ exw fdqqrw uhdg ru zulwh rq Rxwsxw+�, li
� 9' �1 Zkhq doo pdfklqhv kdyh hqghg wkh dfwlrq skdvh frphv wkh revhuydwlrq
skdvh1 Gxulqj wklv skdvh/ �� fdq uhdg Rxwsxw+�, iru doo �/ exw fdqqrw zulwh
rq Rxwsxw+�,1 Dw wkh hqg ri wkh revhuydwlrq skdvh/ wkh forfn pdfklqh zulwhv
|n � lqvwhdg ri | rq Wlph/ dqg vwdjh | n � vwduwv1

Wkh iroorzlqj wdeoh vxppdul}hv zklfk wdshv �� pd| uhdg +-, ru zulwh
rq +` , gxulqj wkh gl�huhqw skdvhv=

Dfwlrq Revhuydwlrq
Wlph - -
FW+�, -*` -*`
RW+�, -*` -

RW+� 9' �, � -

Zh zdqw wr hqvxuh wkdw wkh Wxulqj pdfklqhv xvhg e| wkh sod|huv kdow lq
d qxpehu ri rshudwlrqv wkdw grhv qrw lqfuhdvh wrr idvw zlwk wkh vwdjh ri wkh
uhshdwhg jdph/ dqg |hw doorz iru d zlgh vhw ri vwudwhjlhv1 Ohw ��� eh wkh vhw
ri sro|qrpldo Wxulqj pdfklqhv wkdw xvh wkh wdshv dv ghvfulehg deryh1

;



Dq| � 0wxsoh � ' E���� ri sro|qrpldo Wxulqj pdfklqhv lqgxfh iru hyhu|
| d suredelolw| ryhu wkh vhtxhqfhv ri dfwlrqv E@�c � � � c @|� ri ohqjwk | hqgrzhg
zlwk wkh glvfuhwh j0dojheudD|/ dqg wkxv d suredelolw| �� rq wkh sod|v E@|�| 5
�U� hqgrzhg zlwk wkh j�dojheud b|D|1 Ohw H� ghqrwhv wkh h{shfwdwlrq
rshudwru xqghu ��1 Wkh sd|r� lqgxfhg e| � lq C" lv wdnhq dv �}��E�� '
H�OE}?� iru vrph Edqdfk olplw O rq U-� 1

Zh vwxg| C��
" / wkh jdph zlwk vwudwhj| vhwv E����� dqg zlwk sd|r� ixqf0

wlrq �}��/ wrjhwkhu zlwk lwv vhw .�� ri htxloleulxp sd|r�v1

7 Wudsgrru ixqfwlrqv
Wudsgrru ixqfwlrqv/ dv lqwurgxfhg e| Gl!h dqg Khoopdq ^GK:9`/ duh ixqf0
wlrqv wkdw duh hdv| wr frpsxwh/ dqg iru zklfk lw lv frpsxwdwlrqdoo| lpsrv0
vleoh wr �qg dq lqyhuvh1 Rqo| wkurxjk wkh nqrzohgjh ri fhuwdlq wuds0grru
lqirupdwlrq fdq rqh hdvlo| frpsxwh wkh lqyhuvh1

Gh�qlwlrq 5 D wudsgrru ixqfwlrq A6 lv jlyhq e| d �qlwh vhw ri phvvdjhv
f hqgrzhg zlwk d suredelolw| Z zklfk lv qrw d Gludf pdvv dqg e| d idplo|
E�k#c�k,c�,c�#� ri ghwhuplqlvwlf sro|qrpldo Wxulqj pdfklqhv vxfk
wkdw=

� �k# rxwsxwv vrph &_/ fdoohg wkh ghfrglqj nh|1

� Iurp lqsxw &_/ �k, rxwsxwv &e/ fdoohg wkh ghflskhulqj nh|1

� Iurp % 5 f dqg &e/ �, rxwsxwv +1 Zh vd| wkdw �, hqflskhuv %
lqwr +1

� Iurp + dqg &_/ �# rxwsxwv % zlwk suredelolw| rqh1 +�# ghflskhuv
wkh frghg phvvdjh +1,

� Li � lv d sro|qrpldo suredelolvwlf Wxulqj pdfklqh wkdw rxwsxwv 5 5 f
iurp + dqg &e/ wkhq iru hyhu| %f 5 f vxfk wkdw ZE%f� : f=

*�4
|<"

�|E5 ' %fm% ' %f�� �|E5 ' %f� ' f

Wr wklv gh�qlwlrq fruuhvsrqgv wkh iroorzlqj vwru|=
Ere zdqwv wr vhqg wr Dolfh d phvvdjh %/ zklfk lv gudzq lq f dffruglqj

wr Z1 D wklug shuvrq/ Fdplood/ zdqwv wr nqrz %1 Wkhuh h{lvwv qr vhfxuh
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frppxqlfdwlrq fkdqqho ehwzhhq Dolfh dqg Ere/ vr Fdplood fdq olvwhq wr doo
ri wkhlu frqyhuvdwlrq1 Wkh xvh ri d wudsgrru ixqfwlrq doorzv Ere iru vhqglqj
sulydwh phvvdjhv wr Dolfh=

41 Dolfh slfnv d ghfrglqj nh|/ &_1

51 Dolfh sxeolfo| dqqrxqfhv &e/ frpsxwhg iurp &_1

61 Ere sxeolfo| dqqrxqfhv +/ frpsxwhg iurp &e dqg %1

71 Dolfh frpsxwhv % iurp + dqg &_1

Wkh h{lvwhqfh ri sro|qrpldoo| erxqghg Wxulqj pdfklqhv �k,/ �k#/
�,/�# hqvxuh wkdw wkh frpsxwdwlrqv wkdw kdyh wr eh grqh e| Dolfh dqg e|
Ere duh qrw wrr kdug1 Odvw frqglwlrq ri wkh gh�qlwlrq hqvxuhv wkdw Fdplood
kdv qr hdv| zd| wr jxhvv % iurp khu lqirupdwlrq +&e dqg +,1

Uhpdun 714

Wkhuh dozd|v h{lvwv dq Wxulqj pdfklqh � wkdw frpsxwhv % iurp &e dqg
+ zlwk suredelolw| rqh1 Wkh sulqflsoh lv wr wu| doo wkh gl�huhqw srvvleoh
frpelqdwlrqv ri %/ &e/ dqg &_ xqwlo % lv irxqg1 Wkh lpsruwdqw srlqw lv wkdw�
zrxog wdnh idu pruh rshudwlrqv wr frpsxwh % wkdq zkdw �k#c�k,c�,
dqg �# qhhg zkhq wkh ghjuhh ri frpsoh{lw| lqfuhdvhv1

Uhpdun 715

Dvvxph wkhuh h{lvwv d wudsgrru ixqfwlrq iru vrph �qlwh vhw f hqgrzhg zlwk
suredelolw| Z1 Wkhq/ e| dsso|lqj wkh wudsgrru ixqfwlrq wzr wlphv lqghshq0
ghqwo|/ zh jhw wkh h{lvwhqfh ri d wudsgrru ixqfwlrq iru wkh vhw ri phvvdjhv
f �f hqgrzhg zlwk suredelolw| Z � Z1

Uhpdun 716

Li A6 lv d wudsgrru ixqfwlrq zlwk wkh suredelolw| rq f ehlqj Z/ dqg li Z� lv d
suredelolw| rq f wkdw lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Z/ wkhq A6 lv
dovr d wudsgrru ixqfwlrq zkhq wkh suredelolw| rqf lv Z�1 Zkhq uhihuulqj wr d
wudsgrru ixqfwlrq/ wkh suredelolw| Z rq f zloo jhqhudoo| uhpdlq xqvshfl�hg1

Uhpdun 717

43



Wkh h{lvwhqfh ri d wudsgrru ixqfwlrq lv d frpprq dvvxpswlrq lq fu|swrj0
udsk|/ exw kdv qhyhu ehhq suryhg pdwkhpdwlfdoo|1 Dvvxph wkhuh h{lvwv d
wudsgrru ixqfwlrq iru d vhw ri phvvdjhv f hqgrzhg zlwk vrph suredelolw| Z/
wkhq wkh wzr odvw uhpdunv vkrz wkh h{lvwhqfh ri d wudsgrru ixqfwlrq iru dq|
�qlwh vhw ri phvvdjhv hqgrzhg zlwk dq| suredelolw|1

714 H{dpsoh/ wkh UVD fu|swrv|vwhp

Lq 4<::/ Ulyhvw/ Vkdplu dqg Dgohpdq ^UVD:;` sursrvhg wkh iroorzlqj v|vwhp
iru sxeolf fu|swrjudsk|=

Wkh ghflskhulqj nh| &_ frqvlvwv ri wzr odujh sulph qxpehuv R dqg ^/
wrjhwkhu zlwk d udqgrp qxpehu � � e � R^1 Wkh hqflskhulqj nh| lv wkh sdlu
? ' ER^c e�1 Wr hqflskhu vrph phvvdjh � � % � R^/ rqh frpsxwhv + � %e d?o1
Wr ghflskhu +/ rqh �uvw �qgv dq lqyhuvh _ ri e prgxor )E?� ' ER� ��E^� ��/
zkhuh ) uhsuhvhqwv wkh Hxohu ixqfwlrq1 Iurp hohphqwdu| qxpehu wkhru|/ rqh
kdv=

+_ � %_e � %&)E?�n� � % d?o

Wr �qg % iurp +/ ? dqg e/ qr vroxwlrq lv nqrzq exw idfwrulqj ?/ zklfk lv
d kdug sureohp1 Wkh ghjuhh ri frpsoh{lw| lv wkh qxpehu ri gljlwv ri R dqg ^1

8 Pdlq uhvxow
Wkhruhp 4 Li =+l,wkhuh h{lvwv d wudsgrru ixqfwlrq/ dqg

+ll, Wkhuh h{lvwv � 5 8 _ �U- vxfk wkdw iru hyhu| sod|hu �/ �� : ��/
wkhq wkh forvxuh ri .�� lv 8 _ �U-1

Surri= Dq| htxloleulxp sd|r� ehorqjv wr 8 1 Iru � 5 U/ frqvlghu dq Wxulqj
pdfklqh sod|v lqghshqghqwo| dq dfwlrq @�| glvwulexwhg dffruglqj wr r

� dw vwdjh
|1 Wklv jxdudqwhhv �� wr sod|hu � lq C��

" 1 Khqfh .�� � �U-1
Wr suryh wkh frqyhuvh lqfoxvlrq/ zh frqvlghu d �{hg � 5 8 _ �U-/ dqg

# : f1 Dvvxpswlrq +ll, surylghv wkh h{lvwhqfh ri d udwlrqdo edu|fhqwhu
� ri hohphqwv lq }E�� +� '

S
@M� R@}E@� zlwk R@ qrqqhjdwlyh udwlrqdo dqgS

@M� R@ ' �, vxfk wkdw �� : �� dqg m�� � ��m 	 # iru hyhu| �1 Zh vkdoo suryh
wkdw � lv dq htxloleulxp sd|r� ri C��

" 1

� Iluvw/ zh vhohfw d ghwhuplqlvwlf sro|qrpldo Wxulqj pdfklqh wkdw rxwsxwv
shulrglfdoo| hohphqwv @| 5 � dffruglqj wr wkh iuhtxhqflhv ER@�1
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� Iru hdfk �/ zh vhohfw d suredelolvwlf sro|qrpldo Wxulqj pdfklqh wkdw
gudzv K3�| 5 �3� lqghshqghqwo| dffruglqj wr B3�1

� Zh �{ d wudsgrru ixqfwlrq E�k#c�k,c�,c�#� iru wkh vhw ri
phvvdjhv � hqgrzhg zlwk dq| suredelolw| zlwk ixoo vxssruw1

� Iru hdfk �/ @�f 5 �� uhsuhvhqwv d sxuh ehvw uhvsrqvh wr B3�1

� Iru hdfk �/ SE�� lv dq hohphqw ri � � i�j/ dqg �E�� uhsuhvhqwv wkh vhw
� � i�c SE��j1

Zh vkdoo suryh wkdw wkh iroorzlqj vwudwhjlhv irup d Qdvk htxloleulxp ri
C��
" lqgxflqj sd|r� �=
PS= Sod| 7@| dw vwdjh |1 Li � ghyldwhv iurp PS dw vwdjh |f/ jr wr � E��
� E��= Sod|hu SE�� vhuyhv dv d frruglqdwru wr sxqlvk �1

Dw hyhu| vwdjh | � |f n �/ hdfk sod|hu � 5 �E�� sxeolfo| vhqgv d hqflskhulqj
nh|/ &e�|n21 Wkh vwdjh diwhu/ SE�� gudzv d � � �0wxsoh ri dfwlrqv K3�|n2 wr eh
sod|hg dw vwdjh | n 2 dffruglqj wr B3�1 Iru doo � 5 �E��/ SE�� frghv K3�|n2 zlwk
&_�|n2 dqg dqqrxqfhv wkh uhvxow sxeolfo|1 Grlqj wklv/ doo sod|huv exw � duh
lqiruphg diwhu vwdjh |n � ri wkh sur�oh ri dfwlrqv K3�|n2 wr eh sod|hg dw vwdjh
|n 21

Pruh suhflvho|=

� Dw vwdjh | � |f n �/ hdfk sod|hu � 5 �E�� xvhv �k# wr frpsxwh
&_�|n2/ wkhq xvhv �k, wr rxwsxw &e�|n2 iurp &_�|n2/ dqg dqqrxqfhv
&e�|n2 sxeolfo|1

� Dw vwdjh | � |fn2/ SE�� gudzv K3�|n� 5 �3� dffruglqj wr B3�1 Wkhq/ iru doo
� 5 �E��/ SE�� xvhv �, wr frpsxwh +�|n� iurp &_�|n� dqg EK3�|n�c @

�
f� 5 �1

Wkh sxeolf phvvdjh ri SE�� lv wkh � � 20wxsoh ri phvvdjhv E+�|n���M�E��1

� Dw vwdjh | � |fn�/ hdfk sod|hu � 5 �E�� xvhv �# wr frpsxwh K3�| iurp
&_�| dqg +�| / dqg sod|v K�| 1 Sod|hu SE�� sod|v K

SE��
| 1

� Dw hyhu| vwdjh | � |f n �/ sod|hu � vhqgv qr phvvdjh dqg sod|v @f1

Qh{w wdeoh vkrzv sod|huv � 9' �*v dfwlrqv dqg phvvdjhv dw vwdjh |=
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� 5 �E�� SE��

Phvvdjh &e�|n2 E+�|n���M�E��

Dfwlrq @�| @
SE��
|

Wkh Wxulqj pdfklqhv gh�qhg deryh duh sro|qrpldo vlqfh dw hdfk wxuq/
wkh| xvh d �qlwh qxpehu ri wlphv rqh ri d �qlwh qxpehu ri sro|qrpldo Wxulqj
pdfklqhv1

Wkh rqo| lqirupdwlrq qhhghg wr sod| dw vwdjh | duh wkh phvvdjhv h{fkdqjhg
lq wkh wzr suhylrxv wxuqv/ dqg zkhwkhu vrph sod|hu ghyldwhg lq wkh sdvw1 Wkh
Vwdwh wdshv duh xvhg wr nhhs wudfn ri wklv lqirupdwlrq1

Wr suryh wkdw wkhuh wkhvh vwudwhjlhv irup dq htxloleulxp/ lw lv hqrxjk
wr suryh wkdw iru dq| sro|qrpldo Wxulqj pdfklqh �� 5 ���/ wkh olplw lq
wkh vhqvh ri O ri wkh dyhudjh sd|r�v iru sod|hu � lqgxfhg e| �� dqg e| wkh
vwudwhjlhv lq � E�� lv ohvv wkdq ��1

Wr gr wklv/ zh qhhg wr suryh wkdw lq � E��/ sod|hu � fdqqrw jxhvv wkh
dfwlrqv ri sod|huv lq �E�� iurp wkhlu phvvdjhv1 Li wkhuh duh wkuhh sod|huv/
wklv lv d gluhfw frqvhtxhqfh ri wkh gh�qwlrq ri d wudsgrru ixqfwlrq1 Zlwk
pruh wkdw wkuhh sod|huv/ zh jhqhudol}h wkh qrwlrq ri d wudsgrru ixqfwlrq lq
wkh qh{w vxevhfwlrq1 Wkhq/ zh vkrz wkdw d sxqlvkhg sod|hu fdqqrw jhw pruh
wkdw klv 4�?4@ lq fruuhodwhg vwudwhjlhv djdlqvw wkh deryh vwudwhjlhv/ zklfk
frpsohwhv wkh surri ri Wkhruhp 41

814 &0wudsgrru ixqfwlrqv

Ohw & eh d srvlwlyh lqwhjhu dqg A6 ' E�k#c�k,c�,c�#� eh d
wudsgrru ixqfwlrq iru vrph vhw ri phvvdjhv f hqgrzhg zlwk suredelolw| Z1
&_�c � � � c &_& uhsuhvhqw & lqghshqghqw rxwsxwv ri �k#/ dqg &e�c � � � c &e& duh
frpsxwhg vhsdudwho| iurp &_�c � � � c &_& e| �k,1 Iurp % 5 f gudzq df0
fruglqj wr Z dqg iurp &e�c � � � c &e&/ �, frpsxwhv +�c � � � c +&1

Gh�qlwlrq 6 A6 lv d &0wudsgrru ixqfwlrq li iru hyhu| suredelolvwlf sro|0
qrpldo Wxulqj pdfklqh wkdw rxwsxwv 5 5 f iurp &e�c � � � c &e&c +�c � � � c +& dqg
iru hyhu| %f 5 f=

*�4
|<"

�|E5 ' %fm% ' %f�� �|E5 ' %f� ' f
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D &0wudsgrru ixqfwlrq lv wkhuhiruh d wudsgrru ixqfwlrq vxfk wkdw dq rxw0
vlghu fdqqrw jhw lqirupdwlrq rq d phvvdjh e| revhuylqj lw ehlqj frghg &
wlphv1

Sursrvlwlrq 5 Hyhu| wudsgrru ixqfwlrq lv d &0wudsgrru ixqfwlrq iru doo &1

Zh vwduw wr suryh d ohppd rq wudsgrru ixqfwlrqv=

Ohppd 6 Iru hyhu| suredelolvwlf sro|qrpldo Wxulqj pdfklqh � wkdw rxw0
sxwv 5 iurp &e� dqg +�/ iru doo E%fc %�c %2� 5 f� vxfk wkdw ZE%���ZE%2� : f=

*�4
|<"

�|E5 ' %fm% ' %��� �|E5 ' %fm% ' %2� ' f

Surri= Iurp �/ zh gh�qh wkh suredelolvwlf sro|qrpldo Wxulqj pdfklqh
�� wkdw lqsxwv &e� dqg +� dqg=

� Frpsxwhv 5 xvlqj �1

� Rxwsxwv 5� ' %� li 5 ' %f/ 5� ' %f rwkhuzlvh1

Vlqfh A6 lv d wudsgrru ixqfwlrq=

*�4
|<"

�|E5
� ' %�m% ' %��� �|E5

� ' %�� ' f

zklfk zulwhv=
*�4
|<"

�|E5 ' %fm% ' %��� �|E5 ' %f� ' f

Dsso|lqj wkh vdph surfhgxuh djdlq zlwk %2 uhsodflqj %� jlyhv=

*�4
|<"

�|E5 ' %fm% ' %2�� �|E5 ' %f� ' f

Khqfh wkh uhvxow1
Qrz/ frqvlghu d suredelolvwlf sro|qrpldo Wxulqj pdfklqh� wkdw rxwsxwv

5 5 f iurp &e�c � � � c &e&/ +�c � � � c +&1 Iurp �/ dqg iru E7%�c � � � c 7%&� 5 f&/ zh
gh�qh wkh suredelolvwlf Wxulqj pdfklqh 7� +zklfk ghshqgv rq 7%�c � � � c 7%&,
wkdw=

� Frpsxwhv &_
�
c � � � c &_

&
xvlqj & wlphv �k#

� Frpsxwhv &e
�
c � � � c &e

&
iurp &_

�
c � � � c &_

&
xvlqj & wlphv �k,
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� Frpsxwhv 7+�c � � � c 7+& iurp 7%�c � � � c 7%& dqg &e
�
c � � � c &e

&
xvlqj & wlphv�,

� Rxwsxwv 75 ' 75E7%�c � � � c 7%&� iurp 7+�c � � � c 7+&/ &e
�
c � � � c &e

&
xvlqj �1

Jlyhq %f 5 f vxfk wkdw ZE%f� : f/ zh ghqrwh s|E7%�c � � � 7%&� ' �|E75 ' %f�1

Ohppd 7 Dvvxph ZE7%�� � � � ZE7%&� : f dqg ZE7%
��� � � � ZE7%

�&� : f/ wkhq=

*�4
|<"

s|E7%
�c � � � 7%&�� s|E7%

��c � � � 7%
�&� ' f

Surri= Lw lv hqrxjk wr suryh wkdw iru dq| � � R � &/ li
ZE7%�� � � � ZE7%&��ZE7%

�R� : f=

*�4
|<"

s|E7%
�c � � � 7%&�� s|E7%

�c � � � c 7%R3�c 7%
�Rc 7%Rn�c � � � c 7%&� ' f

Wr nhhs qrwdwlrqv vlpsoh zh suryh lw iru R ' �1 Iurp 7%2c � � � c 7%&/ zh gh�qh
7�� +ghshqglqj rq 7%2c � � � c 7%&, dv wkh sro|qrpldo Wxulqj pdfklqh wkdw lqsxwv
&e� dqg +�/ dqg=

� Frpsxwhv &_
2
c � � � c &_

&
xvlqj & � � wlphv �k#

� Frpsxwhv &e
2
c � � � c &e

&
iurp &_

2
c � � � c &_

&
xvlqj & � � wlphv �k,

� Frpsxwhv 7+2c � � � c 7+& iurp 7%2c � � � c 7%& dqg &e
2
c � � � c &e

&
xvlqj &� � wlphv

�,

� Rxwsxwv 75� ' 75�E7%2c � � � c 7%&� iurp +�c 7+2 � � � c 7+&/ &e�c � � � c &e
&
xvlqj � 1

Vlqfh A6 lv d wudsgrru ixqfwlrq/ iurp Ohppd 6 zh kdyh=

*�4
|<"

�|E75
� ' %fm% ' 7%��� �|E75

� ' %fm% ' 7%
�&� ' f

Revhuylqj wkdw �|E75
� ' %fm% ' 7%�� ' s|E7%

�c � � � 7%&� dqg �|E75
� ' %fm% ' 7%

��� '
s|E7%

��c 7%2c � � � c 7%&� wkhq jlyhv wkh uhvxow1
Surri ri Sursrvlwlrq 5=

Frqvlghu %f dqg %� vxfk wkdw ZE%f��ZE%�� : f/ dqg dsso| Ohppd 7 wr 7%� '
7%2 � � � ' 7%& ' %f/ 7%

�� ' 7%
�2 � � � ' 7%

�& ' %�1 Rqh jhwv=

*�4
|<"

�|E5 ' %fm% ' %f�� �|E5 ' %fm% ' %�� ' f
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Dv zh kdyh
�|E5 ' %f� '

[

%�Mf

ZE%���|E5 ' %fm% ' %��

wklv lpsolhv
*�4
|<"

�|E5 ' %fm% ' %f�� �|E5 ' %f� ' f

Fruroodu| 8 Iru dq| vhw �/ iru dq| suredelolvwlf sro|qrpldo Wxulqj pdfklqh
�� dqg wkdw rxwsxwv K 5 � iurp +�c � � � c +& dqg &e�c � � � c &e&/ iru hyhu| %f 5
f dqg Kf lq �=

*�4
|<"

�|EK ' Kfm% ' %f�� �|EK ' Kf� ' f

Surri= Wkh surri lv lghqwlfdo wr wkh surri ri Ohppd 6/ h{fhsw wkdw wkh
wudsgrru ixqfwlrq lv uhsodfhg e| d &0wudsgrru ixqfwlrq1

Fruroodu| 9 Iru hyhu| �qlwh vhw �/ iru hyhu| pdsslqj � G f�� $ U- dqg
iru hyhu| suredelolvwlf sro|qrpldo Wxulqj pdfklqh wkdw rxwsxwv K 5 � iurp
&e�c � � � c &e&/ +�c � � � c +&=

*�4
|<"

H|�E%fc K� � 4@ 
KfM�

H|�E%fc Kf�

zkhuh H| ghqrwhv wkh h{shfwdwlrq rshudwru xqghu �|1
Surri= Il{ 0 : f/ wkhuh h{lvwv |f vxfk wkdw iru doo | � |f/ Kf 5 � dqg

%f 5 f=
m�|EK ' Kfm% ' %f�� �|EK ' Kf�m � 0

Ohw dovr � eh d erxqg ri � rq f ��1 Wkhq

H|�E%c K� '
[

%f

[

Kf

�|E% ' %f��|EK ' Kfm% ' %f��E%fc Kf�

� [

%f

[

Kf

�|E% ' %f��|EK ' Kf��E%fc Kf� n 0�

� [

Kf

�|EK ' Kf�4@ 
K�

[

%f

�|E% ' %f��E%fc K�� n 0�

� 4@ 
K�

H|�E%c K�� n 0�

zklfk suryhv wkh fruroodu|1
Zlwk � ' ��/ f ' �3�/ dqg � ' }�/ Fruroodu| 9 lpsolhv wkdw d sod|hu

� zkr lv olplwhg wr vwudwhjlhv lq ��� fdqqrw jhw pruh wkdq �� djdlqvw wkh
vwudwhjlhv gh�qhg lq � E��1 Wklv frpsohwhv wkh surri ri Wkhruhp 41
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9 Vxejdph shuihfw htxloleuld
Lq rughu wr h{whqg rxu uhvxow wr vxejdph shuihfw htxloleuld/ rqh �uvw qhhgv wr
surylgh d gh�qlwlrq ri d vxejdph htxloleulxp iru jdphv sod|hg e| sro|qr0
pldo Wxulqj pdfklqhv1 Wkh vwdqgdug gh�qlwlrq ri vxejdph shuihfwlrq dvnv
wkdw vwudwhjlhv irup dq htxloleulxp ri wkh uhpdlqlqj jdph zkdwhyhu wkh sdvw
klvwru|1 Lq rxu prgho/ wkh sulydwh klvwru| wdshv duh xvhg wr nhhs wudfn ri
klvwrulfdo lqirupdwlrq iru hdfk djhqw1 +Wkhvh wdshv pd| eh gl�huhqw dprqj
wkh djhqwv vr vwulfwo| vshdnlqj/ qr frpprq nqrzohgjh vhwv pd| h{lvw1, Dv0
vxph ��| uhsuhvhqwv wkh vwuhdp ri v|perov rq wkh sulydwh klvwru| ri Wxulqj
pdfklqh �� dw wkh ehjlqqlqj ri vwdjh |1 Jlyhq | dqg d idplo| ri sulydwh
klvwrulhv �| ' E��|�� dw vwdjh |/ dq| idplo| ri sro|qrpldo Wxulqj pdfklqhv
�

�

'E�
���� lqgxfhv d suredelolw| rq ixwxuh dfwlrqv/ dqg wkxv wkh h{shfwhg

olplw ri frqwlqxdwlrq sd|r�v �}���| E��� lv zhoo gh�qhg dv lq Vhfwlrq 6151 Zh
fdoo � d vxejdph shuihfw htxloleulxp ri C��

" zkhq � lv d Qdvk htxloleulxp
ri wkh jdph zlwk vwudwhj| vsdfhv E����� dqg sd|r� ixqfwlrq �}���|

iru hyhu|
| dqg hyhu| �|1 Ohw .

��� eh wkh vhw ri sd|r�v lq C��
" lqgxfhg e| vxejdph

shuihfw htxloleuld1 Qrwh wkdw rxu gh�qlwlrq ri vxejdph shuihfwlrq lv vrph0
krz vwurqjhu wkdq wkh xvxdo rqh vlqfh wkh sulydwh klvwrulhv ri gl�huhqw sod|huv
qhhg qrw eh frqvlvwhqw rqh zlwk wkh rwkhu1

Wkhruhp : Li =+l,wkhuh h{lvwv d wudsgrru ixqfwlrq/ dqg
+ll, Wkhuh h{lvwv � 5 8 _ �U- vxfk wkdw iru hyhu| sod|hu �/ �� : ��/
wkhq wkh forvxuh ri .

��� lv 8 _�U-1

Zh suryh wklv uhvxow e| prgli|lqj wkh vwudwhjlhv gh�qhg lq Vhfwlrq 8/ lq
vxfk d zd| wkdw wkh| gh�qh vxejdph shuihfw htxloleuld1

Iluvw/ dv lv wkh surri ri wkh shuihfw �Iron Wkhruhp� zlwkrxw glvfrxqwlqj
gxh wr Dxpdqq dqg Vkdsoh| ^DV<7` dqg Uxelqvwhlq ^Uxe::`/ zh pxvw dvvxph
wkdw sxqlvkphqw skdvhv duh �qlwh exw ri orqjhu dqg orqjhu ohqjwkv1 Vr/ li d
sod|hu ghyldwhv dw vwdjh � / klv sxqlvkphqw skdvh odvwv xqwlo shulrg 2� 1 Qr
ghyldwlrq fdq eh sur�wdeoh lq wkh orqj uxq/ exw vwloo hdfk sxqlvkphqw skdvh
kdv d �qlwh gxudwlrq vr wkdw qr sxqlvkhu kdv lqfhqwlyhv wr ghyldwh iurp wkh
sxqlvkphqw skdvh1

Vhfrqg/ vlqfh sulydwh klvwru| wdshv pd| qrw eh frqvlvwhqw zlwk hdfk rwkhu/
zh pxvw ghflgh ri d uxoh vr wkdw sod|huv fdq djuhh wr iroorz wkh vdph htxl0
oleulxp sdwk1 Rwkhuzlvh sod|huv frxog sxqlvk rqh dqrwkhu iruhyhu1
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� Lq fdvh wkhuh duh dw ohdvw wkuhh sod|hu= dw hdfk vwdjh | sod|huv dqqrxqfhv
zkr ghyldwhg odvw dqg dw zkdw vwdjh dffruglqj wr klv sulydwh klvwru|1
D pdmrulw| uxoh lv wkhq dssolhg wr wkhvh phvvdjhv1 Li d pdmrulw| vd|v
vrph sod|hu � ghyldwhg dw vwdjh � dqg li | � 2� / wkhq � lv sxqlvkhg xqwlo
vwdjh 2� 1 Rwkhuzlvh wkh Pdlq Sdwk lv sod|hg1

� Lq fdvh wkhuh duh wzr sod|huv= sod|huv pdnh sxeolf dqqrxqfphqwv dv lq
wkh suhylrxv fdvh1

� Li qr sod|hu vd|v d sxqlvkphqw vkrxog wdnh sodfh wkh Pdlq Sdwk
jrhv rq1

� Li rqh sod|hu vd|v d sxqlvkphqw skdvh vkrxog wdnh sodfh xqwlo vwdjh
2� dqg wkh rwkhu vd|v qr sxqlvkphqw vkrxog wdnh sodfh/ wkhq hdfk
sod|hu sod|v d 4�?4@ vwudwhj| djdlqvw wkh rwkhu xqwlo vwdjh 2� 1

� Li rqh sod|hu vd|v d sxqlvkphqw skdvh vkrxog wdnh sodfh xqwlo
vwdjh 2� � zkloh wkh rwkhu vd|v d sxqlvkphqw vkrxog wdnh sodfh
xqwlo vwdjh 2� 2/ wkhq hdfk sod|hu sod|v d 4�?4@ vwudwhj| xqwlo
4@ E2� �c 2� 2�1

Zlwk dw ohdvw wkuhh sod|huv/ qr sod|hu fdq sur�wdeo| fkhdw e| pdnlqj
d idnh dqqrxqfphqw vlqfh d pdmrulw| uxoh dssolhv1 Zlwk wzr sod|huv/ wkh
sxqlvkphqwv duh ghvljqhg vr wkdw qr sod|hu fdq dyrlg ehlqj sxqlvkhg li kh
ghyldwhg lq wkh sdvw qru fdq kh jdlq e| suhwhqglqj wkh rwkhu vkrxog eh
sxqlvkhg vlqfh sxqlvkphqwv duh uhflsurfdo1

: Frqfoxglqj uhpdunv
Zh kdyh h{soruhg vrph frqvhtxhqfhv ri prghuq fu|swrjudsk| wr d prgho
ri lq�qlwho| uhshdwhg jdphv zlwkrxw glvfrxqwlqj1 Rxu pdlq uhvxow vwdwhv
wkdw li sxeolf frppxqlfdwlrq lv doorzhg dqg li zh fdq dsso| wkh dvvxpswlrqv
ri prghuq fu|swrjudsk|/ wkhq wkh htxloleulxp sd|r�v ri wkh jdph duh wkh
fruuhodwhg htxloleulxp sd|r�v ri wkh xvxdo uhshdwhg jdph1

Iluvw/ qrwh wkdw qr htxlydohqw uhvxow frxog krog lq d �qlwho| uhshdwhg
jdph ru lq dq lq�qlwho| uhshdwhg jdph zlwk glvfrxqwlqj1 Dfwxdoo|/ li zh �{
vwudwhjlhv iru sod|huv � 9' � dqg d �qlwh krul}rq ?/ wkhuh h{lvwv d sro|qr0
pldo Wxulqj pdfklqh iru sod|hu � wkdw doorzv klp wr ghihqg klv 4�?4@ lq
pl{hg vwudwhjlhv gxulqj wkh ? �uvw vwdjhv ri wkh jdph1 Wkh uhdvrq iru wklv lv
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wkdw wkh olplwdwlrq rq wkh frpsxwdwlrq srzhu lv rqo| h�hfwlyh zkhq ? whqgv
wr 41 Wkhuhiruh/ lq�qlwho| uhshdwhg jdphv zlwk qr glvfrxqwlqj vhhp wkh
dssursuldwh iudphzrun wr prgho sod|huv xvlqj prghuq fu|swrjudsk|1

Zh dvvxphg wkdw doo sod|huv kdyh dffhvv wr d sxeolf frppxqlfdwlrq gh0
ylfh1 D pdlq h{whqvlrq zrxog eh wr suryh d vlplodu uhvxow lq zklfk doo wkh
fruuhodwlrq zrxog jr wkurxjk wkh dfwlrqv sod|hg lq wkh jdph1 Ru htxlydohqwo|/
rqh fdq dvvxph wkdw wkh vhwv ri phvvdjhv duh �qlwh lqvwhdg ri frxqwdeoh khuh1
Wkh prvw qdwxudo zd| wr suryh vxfk d uhvxow lv wr glylgh sxqlvkphqw skdvhv
lqwr frppxqlfdwlrq skdvhv dqg dfwlrq skdvhv1 Wkhq/ wkh pdmru gl!fxow|
lv wr nhhs wkh vl}h ri wkh iruphu vpdoo frpsduhg wr wkh vl}h ri wkh odwwhu1
Iru wklv sxusrvh/ svhxgr0udqgrp jhqhudwruv/ zklfk doorz wr frqvwuxfw d orqj
vhtxhqfh ri qxpehuv wkdw orrn udqgrp iurp d uhodwlyho| vpdoo vhhg vhhp wr
eh wkh dghtxdwh wrro1

Rxu pdlq uhvxow vkrzv wkdw frruglqdwlrq ehwzhhq dq| vxejurxs ri wkh
sod|huv pd| dulvh hyhq zkhq wkh rqo| frppxqlfdwlrq dydlodeoh lv sxeolf frp0
pxqlfdwlrq1 Wklv whqgv wr vwuhqjwkhq wkh lghd wkdw fruuhodwhg htxloleuld pd|
dulvh lq jhqhudo vhwxsv/ hyhq zlwkrxw sulydwh vljqdov ru zkhq qr sulydwh frp0
pxqlfdwlrq fkdqqhov duh dydlodeoh1

Uhihuhqfhv
^DKX:7` D1 Y1 Dkr/ M1 H1 Krsfuriw/ dqg M1 G1 Xoopdq1 Wkh ghvljq dqg

dqdo|vlv ri frpsxwhu dojrulwkp1 Dgglvrq0Zhvoh|/ Uhdglqj/ PD/
4<:71

^Dqg<3` O1 Dqghuolql1 Vrph qrwhv rq Fkxufk*v wkhvlv dqg wkh wkhru| ri
jdphv1 Wkhru| dqg Ghflvlrq/ 5<=4<�85/ 4<<31

^DV<7` U1M1 Dxpdqq dqg O1V1 Vkdsoh|1 Orqj0whup frpshwlwlrq�D jdph
wkhruhwlf dqdo|vlv1 Lq Q1 Phjlggr/ hglwru/ Hvvd|v rq jdph wkhru|/
sdjhv 4�481 Vsulqjhu0Yhuodj/ Qhz0\run/ 4<<71

^DV<8` O1 Dqghuolql dqg K1 Vderxuldq1 Frrshudwlrq dqg h�hfwlyh frp0
sxwdelolw|1 Hfrqrphwulfd/ 96=466:�469</ 4<<81

^Elq;:` N1J1 Elqpruh1 Prgholqj udwlrqdo sod|huv � sduw L1 Hfrqrplfv dqg
Sklorvrsk|/ 6=4:<�547/ 4<;:1
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^Elq;;` N1J1 Elqpruh1 Prgholqj udwlrqdo sod|huv � sduw LL1 Hfrqrplfv dqg
Sklorvrsk|/ 7=<�88/ 4<;;1

^GK:9` Z1 Gl!h dqg H1 Khoopdq1 Qhz gluhfwlrqv lq fu|swrjudsk|1 Lq LHHH
wudqvdfwlrqv rq lqirupdwlrq wkhru|/ yroxph LW055/ sdjhv 977�987/
4<:91

^OS;4` K1 U1 Ohzlv dqg F1 K1 Sdsdglplwulrx1 Hohphqwv ri wkh wkhru| ri
frpsxwdwlrq1 Suhqwlfh0Kdoo/ 4<;41

^Ude86` R1 Udelq1 H�hfwlyh frpsxwdelolw| ri zlqqlqj vwudwhjlhv1 Lq Frqwul0
exwlrqv wr wkh wkhru| ri jdphv/ yroxph 6 ri Dqqdov ri Pdwkhpdwl0
fdo Vwxglhv/ sdjhv 47:�48:1 Sulqfhwrq= Sulqfhwrq Xqlyhuvlw| Suhvv/
4<861

^UVD:;` U1 O1 Ulyhvw/ D1 Vkdplu/ dqg O1 Dgohpdq1 D phwkrg iru rewdlqlqj
gljlwdo vljqdwxuhv dqg sxeolf0nh| fu|swrv|vwhpv1 Frppxqlfdwlrqv
ri wkh DFP/ 54+5,=453�459/ 4<:;1

^Uxe::` D1 Uxelqvwhlq1 Htxloleulxp lq vxshujdphv1 Fhqwhu iru Uhvhdufk lq
Pdwkhpdwlfdo Hfrqrplfv dqg Jdph Wkhru|/ Uhvhdufk Phprudq0
gxp 58/ 4<::1

^XY<:` D1 Xuedqr dqg M1 H1 Ylod1 Suh0sod| frppxqlfdwlrq dqg frruglqd0
wlrq lq wzr0sod|hu jdphv1 kdqgrxw/ 4<<:1

53


