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Effect of grain size distribution on the shear band thickness evolution in
sand

H. RATTEZ∗, Y. SHI†, A. SAC-MORANE‡, T. KLAEYLE‡, B. MIELNICZUK∗ AND M. VEVEAKIS∗

Triaxial experiments have been conducted on granular materials presenting uniform, graded and fractal particle
distributions in order to investigate how the broadness of the distribution affects the phenomenon of strain
localization. The shear band thickness evolution is assessed by Digital Image Correlation (DIC) using 3 cameras
placed at different angles around a transparent triaxial cell. From the field of deformation, gaussian distributions
have enabled to fit the data satisfactorily and determine the shear band width evolution. The latter exhibits a rapid
decrease in the softening regime until reaching a residual value in all cases. In the conditions of the experiments,
it is shown that the residual shear band thickness scales with the mean grain size and the ratio between the two
increases with the broadness of the distribution. Samples with uniform distribution exhibit an average residual
thickness of ∼ 10D50, samples with graded distribution exhibit an average residual thickness of ∼ 12.5D50 and
samples with fractal distribution exhibit an average residual thickness of ∼ 17D50.
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INTRODUCTION
Strain localization is a pervasive phenomenon observed in
many materials characterized by a loss of homogeneity of
the field of deformation (Hill, 1962; Rudnicki and Rice,
1975; Vardoulakis and Sulem, 1995). In the particular case of
geomaterials, this feature often occurs in the form of shear5

bands observed experimentally (Desrues and Viggiani, 2004)
or on site (Sibson, 2003) accompanying the deformation of
retaining walls (Borja and Lai, 2002), footings (Siddiquee
et al., 1999), cavities (Pardoen and Collin, 2017), landslides
(Segui et al., 2019) or fault zones (Rattez et al., 2018c;10

Rattez and Veveakis, 2020). The characterization of the size
of the zone where most of the deformation concentrates is
therefore a key parameter to predict the mechanical behaviour
of geomaterials and model many applications involving
geomaterials. Indeed, strain localization is usually correlated15

with a strength weakening of the material.
Many experimental studies have focused on the observation

of strain localization using photogrammetry (Desrues and
Viggiani, 2004), strain markers (Rathbun and Marone, 2010;
Smith et al., 2015), X-ray microtomography coupled with20

digital volume correlation (Hall et al., 2010; Takano et al.,
2015; Desrues et al., 2018) or void ratio maps (Desrues et al.,
1996), microscopy on specimen’s slices (Smith et al., 2015),
and digital image correlation applied to pictures by digital
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cameras of the external surface of the specimen (Rechenmacher25

and Finno, 2004; Bhandari et al., 2012). These methods can
be sorted into two groups: (i) the observation of a variation
of a property like the porosity or a marker at the end of the
experiment, (ii) the assessement of the rate of deformation
by estimating how a local pattern identified on a picture or30

scan of the sample has moved compared to one taken at a
later stage. The latter methods allow obtaining an evolution
and a better estimation of the process of localization. Most
of the experimental results for strain localization in sands
were obtained for granular materials presenting a narrow35

grain size distribution (Roscoe, 1970; Scarpelli and Wood,
1982; Mühlhaus and Vardoulakis, 1987; Tatsuoka et al., 1990;
Viggiani et al., 2001; Desrues et al., 2018). However, the
phenomenon of grain breakage can affect the grain size
distribution when intergranular forces exceed the individual40

particle strength. This phenomenon can be observed for
relatively low stress for carbonate materials (Coop et al., 2004).
Several studies have focused on the evolution of particle size
distribution and it is commonly accepted that the distribution
tends toward a residual distribution that is called fractal,45

which exhibits a wide distribution of grain diameters (Sammis
et al., 1987; Einav, 2007; Rattez et al., 2019). Therefore, wide
distributions of particles are a common occurence in e.g., fault
zones, landslides or at the tip of piles during penetration and
in these applications strain localization is also an important50

phenomenon.
Moreover, the finite thickness of the localized zone cannot

be captured with the classical cauchy continuum framework
(Vardoulakis, 1985) and the methods that enable to regularize
this problem require the introduction of an internal length into55

the constitutive laws (Sulem et al., 2011; Papanicolopulos and

Prepared using GeotechAuth.cls [Version: 2019/11/27] 1



2 SHEAR BAND THICKNESS EVOLUTION IN SAND

Veveakis, 2011; Rattez et al., 2018a). Most of the existing
laboratory experiments and dicrete element simulations that
have been used to calibrate these constitutive descriptions
have been performed with a relatively narrow grain size60

distribution. In this case, the internal length of the enriched
continuum theory can be identified as the mean grain size D50

(Mühlhaus and Vardoulakis, 1987; Ehlers and Scholz, 2007;
Veveakis et al., 2012, 2013; Rattez et al., 2018b). The above
considerations lead to the following open questions regarding65

the interplay between shear band thickness and grain size
distribution: (i) Is the shear band thickness only controlled by
D50 or does it depend upon the whole grain size distribution?
(ii) What is the role of very fine grains in the localization
process? (iii) What appropriate material length should be70

considered for very wide grain size distribution?
In an attempt to address these questions, triaxial experiments

have been conducted in this study on granular materials
presenting uniform, graded and fractal particle distributions.
The standard triaxial load path and the same initial void ratio,75

which are important factors for strain localization (Guo and
Zhao, 2014, 2016), have been considered for this campaign in
order to isolate the effect of the grain size distribution. Digital
Image Correlation applied on the pictures taken by 3 cameras
placed at different angles around a see-through triaxial cell has80

enabled to assses the field of deformation on the membrane
of the specimens. This simple methodology provides an
efficient tool to characterize the shear band evolution during
the mechanical tests performed on the specimens presenting
different particle size distributions. The experimental setup, the85

granular samples used and the methodology to estimate the
shear band thickness in this study are presented in the first part.
Then, the reproducibility of the method is shown, togeteher
with the results for the mechanical response and the shear band
evolutions obtained.90

EXPERIMENTAL SETUP
Standard triaxial experiments (with a Humboldt Masterloader
HM-3000 frame) have been conducted on dry sand for the
same confining pressure to observe the effect of the change
of grain size distribution on the shear band thickness. During
the samples preparation, a negative pressure was first applied95

to the latex membrane. The sand specimens were built by
successive layers, which were tamped to achieve a similar
weight of sand introduced in the different specimens and,
therefore, a similar void ratio and dry unit weight (1600 kg/m3

here). The specimens present dimensions of 70 mm for the100

diameter and 140 mm for the height. A constant confining
pressure of 275 kPa (40 PSI) is applied to all the specimens
with the cell filled with deaereted water. A constant axial strain
rate equal to 2 mm/min is applied vertically by the translation
of the bottom plate (see Fig. 1.a), which corresponds to an105

axial deformation (strain) rate of approximately 2.4×10−4 s−1.
This deformation rate has been chosen to allow enough time

between the pictures taken of the sample and for the tests
to not last too long. Moreover, at this range of pressure, a
silica sand loaded with a constant strain rate does not exhibit110

a dependency of the mechanical behavior with the strain rate
(Tatsuoka et al., 2002). The load is measured by a S-type
load cell (Humboldt HM-2300.100). The displacements are
retrieved from the displacement of the frame piston (which has
been calibrated beforehand with an LVDT). The top cap of the115

sample is a rotating type, which favors the occurence of one
shear band compared to a rigid top cap. No lubrification has
been applied to the sample, an effect that has been shown to
influence the experimental results (Zhao and Guo, 2015).

Three digital single-lens reflex cameras (Canon 4000D) have120

been placed 30 cm away from the transparent cell with an
angle of 90 degrees between them (see Fig. 1.b), in order
to have at least one camera that can capture the shear band
when localization is triggered. The software digiCamControl
has enabled to synchronize the three cameras and retrieve the125

pictures digitally every 30 seconds, which corresponds to a
total displacement of 1 mm applied to the sample between two
successive pictures.

Triaxial DIC setup
The field of incremental displacements is measured using130

image analysis and in particular DIC. For this methodology,
images of the specimen are captured during the mechanical test
at various stages of loading (every 30 s here). Then, the pictures
from the same point of view are analyzed using a numerical
correspondence technique to identify the most similar patterns135

between successive images (see Figure 2 for an example of a
picture and the field of vertical deformation associated). For this
method to be efficient, the patterns must remain approximately
constant between consecutive images and the local textural
information be unique, that is why a random speckle pattern140

has been applied onto the membrane with a black spray paint.
After accounting for possible errors in the image analysis (see
Appendix A), Normalized Cross-Correlation has been used,
which is a simple and fast method to correlate two images
(Haralick and Shapiro, 1992; Lewis, 1995). Other types of cross145

correlation have been developed (as well as other families of
pattern matching) to avoid limitations due to imaging scale,
rotation, and perspective distortions, but Normalized Cross-
Correlation is in common use in geotechnical applications and
performs well even for 3D applications like digital volume150

correlation of X-ray µCT scans (Andò, 2013).
In these tests, even though pictures are taken from three

angles, the image correlation is applied to the set of images
from only one camera that has enabled to obtain the clearest
view on the shear band. Moreover, the DIC is applied to a155

window at the center of the pictures (the red rectangle shown
in Figure 2. a) to avoid refraction effects that are important on
the sides of the sample (Bhandari et al., 2012), as also shown in
Appendix A, and to focus on a zone that is included inside the
specimen all along the test. This window is chosen indepedently160
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Fig. 1. Sketches of the (a) lateral and (b) top view of the experimental setup used to observe the shear band thickness during the triaxial
tests using three cameras positioned at different angles around the triaxial cell.

for each test and has usually dimensions of 80 mm vertically
and 60 mm horizontally. A reference distance is marked and
measured on the filled membrane before the test and is used to
calibrate the size of the pixels from the pictures. In the present
tests, the photographic resolution is about 0.02 mm/pixel. The165

window used for the digital correlation is then divided into a
regular mesh of squares between 25 and 40 elements in each
directions (depending on the grain size). The characteristic
patterns inside these squares is sought into the next picture
using the Normalized Cross-Correlation defined as:170

NCC(u, v) =

∑
x,y I1(x, y)I2(x− u, y − v)√∑

x,y I1(x, y)2
∑

x,y I2(x− u, y − v)2
(1)

where I1 and I2 are the two successive pictures n and
n+1 considered as matrices. x and y are the coordinates of
the images. u and v are the integer displacement values to
apply respectively to the x and y components of image I2.
The coordinates (u,v) that give the maximum of the cross-175

correlation function represent the best estimate of a subsets
displacement. Sometimes, this cross-correlation functions leads
to unrealistic displacements. These errors are tracked by
comparing the value at each point with the displacements
obtained at other points in a region surrounding the point. If180

this value is too different (four times more), the value of the
displacement obtained from the cross-correlation is replaced
by an interpolation from the displacements of the surrounding
nodes.

In order to estimate the size of the shear band, localization185

is traced from the profile of the maximum shear strain and
the increment of deformation field in the vertical direction

∆εyy is evaluated by calculating the ratio of the difference
of displacements between two successive points on the mesh
vertically and the distance between them (see Appendix B for190

a more detailed explanation and rationale of the calculations of
the different strain increments). This field of strain increment
(∆εyy) enables to obtain the same results for the shear band
thickness as the maximum shear strain or the volumetric strain
increments, but the data are generally cleaner that is why this195

field has been chosen in the following. Following this step,
three cuts of this variable along the x and y axes are considered
(horizontal and vertical) as shown in Figure 2b by picking
points (1,2 and 3 in Figure 2b) that are located on the shear
band. The least square methods is then used to interpolate the200

deformation field in these sections with a Gaussian equation 2,
as shown in Figure 2c (Gudehus and Nubel, 2004).

∆εyy(xi) = Kie
−(

xi−µi
σi

)2 (2)

where µi, σi and Ki are the expect value, the variance and
the amplitude of the gaussian distribution respectively. xi
corresponds to the coordinates along x and y depending on the205

direction of the cross-section. The variance σi corresponds to
the width halfway up the Gaussian, and therefore the full width
of the gaussian in one of the cut considered can be calculated
by (Rattez et al., 2018c):

wi = 2
√

2ln(2)σi (3)

The values of the width of the gaussian in the horizontal210

and vertical directions in the three cross-sections (as shown in
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Fig. 2. Digital image correlation applied to the triaxial test to
evaluate the shear band thickness evolution. a) Example of picture
taken from one of the camera at the end of a test showing a
shear band and the window (red), in which the DIC is applied.
b) Example of deformation increment field ∆εyy obtained for the
picture in a) showing the 3 points and the associated cross-sections
in the x and y directions used for the shear band width assessment.
c) Example of fitting by a gaussian function of the deformation
data for one cross-section. d) Schematic representation for the
calculation of the shear band thickness from the horizontal and
vertical cross-sections and the gaussian fitting.

Figure 2d) enable to assess the actual width of the shear band
w for a given cross-section from the relation:

w =
wx wy√
w2
x + w2

y

(4)

The final value of the shear band thickness for a given time
step is then calculated as the mean of the values obtained from215

the three points considered (Figure 2b). This value is validated
against the results of two other methods to ensure correctness
of the calculations, as explained in Appendix C.

Materials used
The sand used for the experiments is a standard sand used220

for concrete and is composed of silica round-shaped grains.
The samples tested in this study are shown in Figure 3,
which exhbits the cumulative percentage of finer particles as
a function of the grain size in logarithmic scale. The particle
size distribution of the initial sand corresponds to the sample225

referred as ”w3” in Figure 3 middle. This initial particle size
distribution is modified by adjusting the weight of particles
retrieved between two sieves following the ASTM standard
(ASTM D422) to obtain the different samples. Three sets of
materials have been tested in this paper. The four samples230

labeled ”uniform” are composed of particles obtained between
two consecutive sieves (or three in the particular case of u4) and
are therefore homogeneous in terms of grain diameters. They
are named u1 to u4 and u1 is the samples containing the largest
grains (see Figure 3 top). The five samples labeled ”graded”235

are obtained by modifying the initially graded by changing the
fractions of small and large particles from the initial sand in
order to create another graded sand with a different mean grain
size. These samples present a quite symmetrical distribution of
sizes for the larger and smaller particles compared to the mean240

grain size (in the logarithmic scale).
The last set of five different samples are called ”fractal”

(Figure 3 bottom). This term refers to distributions that
present a power law for the number of particles between two
consecutive sieves as a function of the mean grain diameter of245

these grains. The number of particles for a given sieve (and thus
for a given grain diameter calculated as the mean between the
two subsequent sieves) is obtained by assuming the particles to
have a spherical shape and the material density to be the same
for all the particles (2650 kg/m3). The ratio between the weight250

of sand retained by the sieve and the weight of a grain with
the diameter equal to the average between the mesh aperture of
sieve and the overlying sieve enables to obtain an estimation of
the number of particles.

The fractal dimension (F) is defined by N(D) = DF , where255

N is number of particles of diameter D (Sammis et al., 1987).
The concept of fractal dimension is based on the notion of
self-similarity. An object, or a figure, can be defined as self-
similar if it looks essentially identical at all scales it is observed
or, in other words, if it can be divided in a certain number260

of parts which are similar to the original one. In the case
of granular materials, it was first observed that fault zones’
samples reveal a remarkable degree of self-similarity for the
grain size distribution (Sammis et al., 1987; Turcotte, 1989).
The authors have found the fractal dimension to be around265

1.60 in two-dimensional cross-section, corresponding to a
dimension of 2.60 in three dimensions. On the basis of these
observations, they have proposed a comminution model, for the
mechanical processes that generate fault gouges. Self-similarity
results from repeated tensile splitting of grains and the fact that270

the splitting probability depends largely on the relative size of
nearest neighbors: during the fragmentation process, the direct
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Fig. 3. Cumulative particle size distributions for the (top) uniform,
(middle) graded, (bottom) fractal samples used in this study.

contact between two particles of near equal size will result in
the tensile breakup of one of the two. However, a large particle
surrounded by smaller particles has a a larger coordination275

number, which induces a cushion effect (McDowell et al., 1996)
and makes them more resistive to crushing. This topological
effect leads to a final state of the particle size distribution, for
which the fragmentation process is inhibited (Einav, 2007). The
material exhibits a particle distribution in which particles of the280

same size are geometrically separated from each other. Such a
spatial organization repeats itself at each scale, providing a self-
similar grain size distribution and a fractal dimension of 2.58,
independently of the initial size distribution of the particles
(Sammis et al., 1987). In the present study, the process of285

breakage is assumed to be negligible as a silica sand composed
of strong particles is used and confined with a low confining
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Fig. 4. Number of particles for 1 kg of sand as function of the
grain diameter for the fractal samples. The points represent the
experimental data obtained from sieves. The lines represent an
interpolation of the experimental data using a power law with an
exponent equal to the fractal number.

pressure (Karimpour and Lade, 2010) even though particle
distributions that result from this mechanism are used. Thus,
the aim of this study is to look at the effect of a non-evolving290

particle distribution on the process of strain localization and
isolate this effect.

The number of particles for 1 kg of sand as a function of the
grain diameter is shown in Figure 4, together with fitting by a
power law. The number of particles for a given sieve (and thus295

for a given grain diameter calculated as the mean between the
two subsequent sieves) is obtained by assuming the particles
to have a spherical shape and the material density to be the
same for all the particles (2650 kg/m3). The ratio between
the weight of sand retained by the sieve and the weight of a300

grain with the diameter equal to the average between the mesh
aperture of sieve and the overlying sieve enables to obtain an
estimation of the number of particles. The samples presenting
a power law exponent different from 2.6 are also called fractal
by extrapolation even though they are not self-similar.305

RESULTS AND DISCUSSIONS
In this section, the results obtained for the triaxial tests are
presented in terms of load-displacement, shear band thickness
evolution and residual shear band size.

Mechanical results
In Figure 5, the load-displacement response for the different310

particle size distributions tested is reported. All the specimens
exhibit a similar behavior before reaching the peak. For the
uniform, graded and fractal distributions, the value of the peak
load decreases with the size of the grains. The largest peak is
observed for u4 with a mean grain size D50 of 0.3 mm and the315

smallest peak is observed for u1, w1 and the fractal number
1.8 with a D50 of 1.05, 0.95 and 0.96 mm respectively. The
softening of the load after the peak tends to be less important
with the increase of D50, and almost vanishes for the samples
u1, w1 and the fractal number 1.8.320

Prepared using GeotechAuth.cls



6 SHEAR BAND THICKNESS EVOLUTION IN SAND

Although the linear part and the peak are mostly reproducible
(see Figure 7), the softening branch is sensitive to the
number of shear bands developing, thereby inducing small
randomness in the post-peak behavior. In general, it is observed
that the presence of more than one shear bands induces a325

less pronounced softening branch, as explained in Bésuelle
et al. (2006). It should be noted that the results shown here
correspond to tests for which one dominant shear band could
be identified and measured. Tests for which multiple shear
banding was more pronounced were discarded. Moreover, the330

axial displacement applied to the sample at the peak presents an
increase with the mean grain size. Finally, the broadness of the
distribution does not influence the shear strength and softening
behavior of the samples, at least in the range of the tested D50

and distributions considered. A similar influence of the grain335

size has been observed by Harehdasht et al. (2017) for drained
triaxial experiments performed on glass beads and Péribonka
sand.

Shear band evolution
The mechanical tests that have been performed in this study340

have enabled to obtain the stress-strain response of the samples
together with the evolution of the shear band thickness. In
Figure 6, an example is shown of the stress-strain response
obtained for a sample presenting a uniform distribution and a
mean grain size D50=0.7 mm (sample u2). In Figure 6b, the345

fields of deformation obtained at different stages of the tests
are also represented. The triggering of localization is observed
when the material nears its peak value for the shear strength
at stage 2. However, the fitting with the gaussian function
presented in the previous section does not enable to capture350

this nucleation as the deformations are still distributed into the
sample, which makes it difficult to distinguish this triggering
from the noise in the deformation data. Precise observations
with X-ray tomography scans realized at different stages
of loading coupled with digital volume correlation enable355

to obtain a better insight into the beginning of localization
(Desrues et al., 2018). Desrues et al. (2018) could observe
numerous planar regions of localization concurrently active
just before the peak stress, and for accurate identification of
the onset of localization such approaches should be preferred.360

Because of their radiographic nature and accuracy, these
observations take more time and are more complicated in terms
of post-processing than the the methodology presented here,
which can be realtively easily applied to a large number of
tests, when the determination of the post-onset evolution of365

localization is of interest.
In the softening phase, the deformation localizes in a thinner

zone. The shear band size has been captured just before stage 3
(Figure 6a), when the localization into one band becomes clear
on the map of the deformation increment field ∆εyy . The shear370

band thickness tends to a steady value at the end of the softening
phase. The representations of ∆εyy at stage 5 and stage 6 show
clearly that the shear band size is not evolving, it is just shifted
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Fig. 5. Load-displacement responses obtained for (top) uniform
distribution; (middle) graded; (bottom) fractal distribution
samples.

toward the left due to the vertical motion of the piston that
moves the specimen compared to the window where the DIC375

is applied, which is maintained at the same position.
In Figure 7, several samples presenting a uniform

distribution and a mean grain size D50=0.7 mm (distribution
u2) have been tested to evaluate the reproducibility of the
results. Both the load-displacement reponse and the shear380

band thickness evolution have a similar behavior between
the different tests. In particular, all the samples reach a
residual shear band thickness between 21 and 23 mm of axial
displacement applied to the sample. Moreover, the residual
shear band thickness calculated as the mean of the values once385

the plateau is reached lie between 6.4 and 8.1 mm, with the
latter obtained for u3c, which is the only one presenting slightly
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Fig. 6. Results obtained for the uniform sample u2 showing a)
the stress-strain response of the sample together with shear band
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stages of loading indicated in a) showing the evolution of the shear
band.

larger values compared to the other tests. Note that all the
results presented in the following have been reproduced by at
least two independent experiments, with minimal deviations390

among them and one selected case for each sample is shown.
In Figure 8, the shear band thickness evolution obtained for

the different samples is plotted. All the samples showcase a
decrease of the shear band thickness before attaining a steady
state value. The smoother evolution curves of the shear band395

size are obtained for the uniform samples, as compared to the
fractal and graded samples. It is observed that the larger the
mean grain size is, the more displacement is required for the
shear band to appear and reach a steady state. This is due to the
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Fig. 7. Results for the load-displacement response (top) and
the shear band thickness evolution (bottom) for the sample u2
repeated several times to estimate the resproducibility of the
results.

shifting in terms of displacement of the maximum of the shear400

stress for the larger grains (as shown in Figure 5). In the case of
u1, the decrease of the shear band thickness is happening after
the softening phase, which is not very pronounced, because
the sample exhibits barreling before a shear band appears. It
can also be noticed that the smaller the D50 is, the smaller405

the residual shear band size gets. The graded sample w2 does
not follow this trend, it displays a late decrease and presents a
residual shear band width in between w4 and w5. However, the
repeated tests for w2 were noisier but seem to indicate that the
residual shear band size should be larger (at least larger than410

the one for w4). Moreover, the sample with a fractal dimension
2.0 showcases a smaller residual thickness than F=2.2, but this
difference remains quite close.

Residual shear band thickness
In Figure 9, the results for the residual shear band thickness415

calculated as the mean of the residual thickness values are
presented for the uniform, graded and fractal distributions
as a function of the mean grain size. The different markers
correspond to the different types of distributions and the dashed
lines are the median values of the ratio of the residual size to420

D50 calculated for the uniform, graded and fractal distributions
independently. The residual shear band sizes for the uniform
distributions show a value very close to 10×D50 for all cases
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Fig. 8. Shear band thickness evolution as a function of the
displacements obtained for (top) uniform distribution; (middle)
graded; (bottom) fractal distribution samples.

(the dashed line has a slope of 10.3). In comparison in the case
of the graded samples, the values are scattered and the ratios425

of the residual shear band thickness to the D50 lie between
9×D50 (for w2) and 16×D50. The median value of the
ratio is 12.5, which is larger than the uniform distributions.
Finally, for the fractal distributions the residual shear band
thickness scales satisfactorily with the D50 despite the fact430

that a different fractal dimension imply a different broadness
of the distribution, and the median value for this scaling is
16.7×D50, significantly larger than for uniform samples.

The scaling of the residual shear band thickness with the
mean grain size confirms previous studies on the subject435

(Roscoe, 1970; Scarpelli and Wood, 1982; Mühlhaus and
Vardoulakis, 1987; Tatsuoka et al., 1990) and shows that this
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Fig. 9. Residual shear band thicknesswr obtained for the uniform,
graded and fractal distributions as a function of the mean
grain size (points) and the interpolation by a linear function
for each distribution (dashed lines). The blue line (median of
uniform distributions) corresponds to wr = 10.3×D50, the red
line (median of graded distributions) to wr = 12.5×D50 and the
green line (median of fractal distributions) to wr = 16.7×D50.

observation seems to hold for wider distributions like fractal
distributions in the conditions of the experiments presented
here.440

Upon calculation of the dependence of the ratio of the shear
band thickness to D50 on the coefficient of uniformity Cu =

D60/D10, shown in Fig. 10, a linear scaling of this ratio is
obtained with Cu. As Cu increases from around 1 (uniform
distributions), through graded distributions (Cu ∼ 2− 4) to445

well graded fractal distributions (Cu > 4), the shear band
thickness passes from 10×D50, all the way to 16.7×D50.
This transition implies that broader distributions tend to admit
thicker shear bands. Such a response could stem from the fact
that in the case of broad distributions, like the fractal ones, the450

morphology of the forces network between particles is more
ramified compared to a narrower distribution as shown in Mair
and Hazzard (2007). In that study, Mair and Hazzard (2007)
have performed three dimensional discrete element simulations
on different granular size distribution (from narrow to fractal455

2.6) and show that granular media with wide size distribution
present more distributed tree- or sheet-like force networks that
have significant out-of-plane linkage and appear to enjoy a
wider spread of orientations. This effect would tend to enlarge
the shear band thickness and explain the larger scaling observed460

here. However, in their simulations, Mair and Hazzard (2007)
did not observe any strain localization, and for this reason
further analyses of the force networks developing in the shear
bands with dicrete element methods or X ray CT-scanner,
would be required to verify this hypothesis.465

Another hypothesis for explaining why broader distributions
would admit thicker shear bands relies on a suggestion of
Wichtmann and Triantafyllidis (2013). In that study, Wicht-
mann and Triantafyllidis (2013) argued that in polydisperse
materials parts of the smaller grains with weak contacts will470

probably show a rolling contact behavior, since the small grains
will act as a kind of lubricant for the larger grains. In this case,
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Fig. 10. Ratio of the residual shear band thickness hr obtained for
the uniform, graded and fractal distributions and the mean grain
size as a function of the coefficient of uniformity Cu.

the rolling mechanism induce larger non-local interactions
between the grains compared to intergranular sliding and tends
to enlarge the thickness of the shear band (Papanicolopulos and475

Veveakis, 2011).

CONCLUSIONS
In this study, standard triaxial experiments have been conducted
on dry sand to investigate the influence of the particle size
and the particle distribution on the shear band thickness at low
confinement.480

The field of deformation obtained from the displacements
of elementary cells identified on the membrane of the sample
has been fitted by a gaussian distribution, which has enabled
to observe the evolution of the shear band thickness. This
methodology is not accurate enough to observe precisely the485

beginning of localization. However, it enables to capture the
shear band thickness evolution once a band starts to develop
sufficiently and relate it to the stress-strain response and the
initial particle size ditribution. This information is important
for models aiming at describing the localization in geomaterials490

and can allow them to compare their results with the stress-
strain and the shear band thickness evolution.

The shear band thickness exhibits a rapid decrease until
reaching a residual value at the end of the stress softening
regime or for larger displacements depending if some barreling495

is triggered before the localization. It is observed that the
residual shear band thickness scales with the mean grain size
satisfactorily for the uniform and fractal distributions in the
conditions of the experiments presented here. The ratio of
the residual shear band thickness to the mean grain size D50500

exhibits a value around 10 for uniform distributions and 17 for
fractal distributions.

All these results enable to give an insight into the questions
raised in the introduction: (i) The residual shear band thickness
scales with the mean grain size but this scaling depends505

on the coefficient of uniformity of the distribution. (ii) The
addition of fine grains causes an increase of the wideness of

the grain size distribution and leads the shear band to achieve
thicker values, presumably due to wider force chain networks
and/or significant rolling induced by the smaller particles. (iii)510

The mean grain size and coefficient of uniformity should be
considered as parameters in models aiming at capturing strain
localization.
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APPENDIX A: INFLUENCE OF OPTICAL EFFECTS ON
THE MEASUREMENTS
The source of errors for the calculation of the strain field and
the shear band thickness in terms of imaging and digital image
correlation can be of four types:520

• Distortion of the images due to the camera lens.
• Geometrical effects due to the cylindrical shape of the

samples in the triaxial test.
• Refractions at the interfaces of the plexiglas and the

water inside the confining chamber that induce a525

magnifying effect on the images.
• Error in the cross correlation analysis for a subset

between two subsequent images.

In the following, these four sources of errors for the
calculations of the deformation fields and shear band thickness530

are discussed and their effects are quantified.
The optical parameters of the cameras used for the image

analysis have been calibrated using the Camera Calibration
Toolbox for MATLAB (Bouguet, 2008). Pictures of a planar
checkerboard with known dimensions are taken with the535

cameras at different positions and orientations, keeping the
camera stationary. The set of pictures enables to calculate the
parameters of the cameras and then correct the images. In the
present case, the difference between the inital and corrected
images is very small (modification of a few pixels on the side540

of the picture), therefore the distortion is negligible.
To take into account the cylindrical shape of the samples and

the refraction in the displacements and distances calculations,
the approach of (Bhandari et al., 2012) is followed. First, a
ray tracing method is applied to determine the locations of545

equidistant points on a planar image tangent to the outer cell
wall and perpendicular to the optical axis of the camera are
located on the surface of the specimen. The rays originate from
the pinhole of the camera, pass through the points on the planar
image, are refracted at the interface air-plexiglas and plexiglas-550

water before reaching the surface of the specimen (see Figure
11). As the rays close to the optical axis of the camera are
not refracted and reach the specimen almost perpendicularly,
the distances in this region of the image are similar to the
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Fig. 12. Scaling factors for the displacements and distances
calculated on the images of the cameras in the: a. vertical direction,
b. horizontal direction (with and without refraction).

distances on the specimen. However, further from the optical555

axis, the curvature of the specimen and the refraction induce
variations in the distances between adjacent points of the planar
image compared to the real distance on the surface of the
specimen. Thus, scaling factors (horizontal Sh and vertical Sv)
must be applied to components of displacement vectors and the560

coordinates at the measurement points determined using the
digital image correlation technique as explained in (Bhandari
et al., 2012). The scaling factors are defined by the ratio of
the spacing of measurement points on the specimen surface by
the spacing of measurement points on the image plane and it565

is refered to Bhandari et al. (2012) for more details on their
calculations.

In Figures 12a and 12b, the evolution of the vertical and
horizontal scaling factors with the distance on the planar image
respectively is shown. The scaling factors are calculated for570
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Fig. 13. Comparison for the evolution of the shear band thickness
with displacement for the specimen u2 considering or not the
horizontal scaling factor for the distances and displacements.

only one fourth of the image as the rest can be determined by
symmetry, using a spacing of 0.5 mm between the points on
the planar image. The zero in the x and y axes in Figure 12
correspond therefore to the center of the planar image and the
position of the optical axis of the camera. It can be observed that575

the vertical scaling factor is negligible as the ratio of vertical
distances of the planar images compared to the the distances on
the specimen differ of 0.1 % at maximum. For the horizontal
scaling factor, the refraction tends to decrease the effect of the
cylindrical shape of the samples by reducing the scaling factor.580

in Figure 12 b, the limit of the window used to perform the cross
correlation analysis between subsequent images is represented
and a scaling factor of almost 1.4 is obtained at the edge of this
window.

The horizontal scaling factor has been used to correct585

the values of the displacements obtained from the digital
image correlation and the distances between the points in the
horizontal direction for the sample u2. In Figure 13, it is
shown the comparison between the evolution of the shear band
thickness calculated with and without considering the scaling590

factor as a function of the vertical displacement. Despite the
non negligible value of the horizontal scaling factor on the
edges of the window of correlation, the fact that cross-sections
are used here in which the shear band is located closer to the
center of the image than to the edge (the optical center is located595

at 0.03m on the x-axis of the map of the deformation field) leads
to a negligible effect of this factor on the shear band thickness
calculations. The error due to the refraction and the cylindral
shape is around 3 % for the shear band thickness and is thus
neglected in this paper.600

It is to be noted that the experiments have been performed
with membranes of 2 different thicknesses (0.012 and 0.025)
and the results were identical. Therefore, it can be concluded
that the distortion of the membrane is not significantly affecting
the results.605

Finally, the increment of displacements between two images
is calulated using maximum of the correlation function defined
in Equation 1, but the noise on the images can lead to local
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maxima and displacements that are unrealistic. This effect
appears mostly on the edge of the window where the image610

resolution presents a lower quality. In order to remove some of
these errors in the map of increment of displacement field, they
are located by comparing local displacements to the average
norm of the displacements. If a single vector of displacement
has a norm much larger than the average value and larger615

than its neighbors, it is replaced by an average value of
displacements from the neighboring points (without including
other points presenting an error).

APPENDIX B: INFLUENCE OF THE DIFFERENT STRAIN
FIELDS ON THE SHEAR BAND THICKNESS
CALCULATION
In this Appendix, the method to calculate the vertical,
volumetric and shear strain fields presented and all of them620

are used to calculate the shear band thickness and their results
compared.

From the vector of increment of displacement obtained for
each points of the discretized image, the increment of strain
tensor in two dimensions can be calculated following the small625

strain theory:

∆ε(x, y) =

[
∂u
∂x

1
2 (∂u∂y + ∂v

∂x )
1
2 (∂u∂y + ∂v

∂x ) ∂v
∂y

]
(5)

where u and v are the horizontal and vertical components of
the increment of displacement vector respectively. The partial
derivatives are approximated by a forward difference. The
principal strain increments are therefore (Bhandari et al., 2012):

∆ε1 =
1

2
(∆εxx + ∆εyy +

√
(∆εxx −∆εyy)2 + ∆ε2xy) (6)

∆ε3 =
1

2
(∆εxx + ∆εyy −

√
(∆εxx −∆εyy)2 + ∆ε2xy) (7)

which enables to calculate the maximum shear strain increment
and the volumetric strain increment (assuming that the radial
strain increment is equal to the hoop strain increment):

∆γmax = ∆ε1 −∆ε3 (8)

∆εv = ∆ε1 + 2∆ε3 (9)

In Figure 14, maps are shown of the displacement increment,
the axial strain increment ∆εyy , the maximum shear strain
increment and the volumetric strain increment for the uniform
sample u2 at four different time steps (refered in Figure 6)630

to illustrate how the process of localization can be captured
by the different fields. For this sample, the shear band
thickness is assessed using the three cross-sections and the
fitting with a gaussian distribution. An example of distribution
for a given time step and a given cross section along the635

vertical axis is shown in Figure 15. For the three fields
of deformation, the distributions exhibit a similar width,
but different amplitudes. The evolution of the shear band

thicknesses can be assessed from the axial, volumetric and
maximum shear strain increments during the test. In Figure 16,640

it is shown that the evolution of the shear band size does not
depend on the field of deformation chosen to calculate it.

APPENDIX C: SHEAR BAND THICKNESS EVALUATION
WITH A THRESHOLD
Another method has been used to evaluate the shear band
thickness. This method relies on defining a threshold value and
is therefore more in the paradigm of the shear band seen as a645

thin layer that is bounded by two parallel material discontinuity
surfaces of the incremental displacement gradient as described
in Hill (1962). The material discontinuity surfaces are the shear-
band boundaries and their distance can be defined as the shear
band thickness (Vardoulakis and Sulem, 1995).650

By defining a threshold value (here chosen as one fifth of
the maximum strain), the increment of deformation map can be
converted into a binary image, in which the points above this
value are given the value 1 and the points below the value 0.
After this segmentation of the strain field for each time step, the655

morphological algorithm is used to find the minimum rectangle
surrounding the zone containing only values 1. An example of
the box obtained on top of the map of increment of axial strain
is shown in Figure 17. From the distance between the two edges
of the rectangle, the shear band thickness can be calculated. The660

results obtained from this method called the ”box method” in
terms of evolution of the shear band thickness for sample u2
is shown in Figure 18. This method enables to obtain a shear
band thickness evolution with displacements in agreement with
the fitting of a gaussian distribution used in this paper. However,665

it is more difficult to capture the onset of localization, when the
shear band is not completely formed with this method as at this
stage the deformations in the specimen are still quite spread.
Moreover, the Box method depends strongly on the threshold
value chosen and, therefore of the user, which makes it difficult670

to use and makes the results reproducible. It is also more subject
to local error in the deformation as small variations of the values
of the deformation close to the interface can make the values
at those points to be or not inside the interface between the
two regions and modify significantly the shear band thickness675

calculated.
The same residual shear band thicknesses obtained from

these methods (the gaussian fitting and the box method) have
been compared to visual estimations of the shear band size at
the end of the tests and confirm the results obtained from the680

calculations by digital image correlation on the deformation of
the membrane.

Prepared using GeotechAuth.cls



12 SHEAR BAND THICKNESS EVOLUTION IN SAND

0 0.02 0.04 0.06
x

0

0.01

0.02

0.03

0.04

0.05

0.06

y

0 0.02 0.04 0.06
x

0

0.01

0.02

0.03

0.04

0.05

0.06

y

0 0.02 0.04 0.06
x

0

0.01

0.02

0.03

0.04

0.05

0.06

y

0 0.02 0.04 0.06
x

0

0.01

0.02

0.03

0.04

0.05

0.06

y

increment of displacement

Axial strain increment Δεyy

Maximum shear strain increment Δγmax

Volumetric strain increment Δεv

2 3 4 5

2 3 4 5

2 3 4 5

2 3 4 5

2 3 4 5

(%)

(%)

(%)

Fig. 14. Comparison of displacement and deformation fields of sample u2 at different time step.
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