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Abstract. Feedback optimization has evolved as an important con-
trol approach for optimizing dynamical systems, particularly in terms
of steady-state performance objectives. Traditional feedback optimiza-
tion methods are primarily reliant on centralized systems and controller
structures, which suffer from scalability and privacy issues for large-scale
applications. This extended abstract investigates a distributed feedback
optimization framework in which each agent updates its local control
state by averaging inputs from neighboring agents and performing a lo-
cal negative gradient step. Assuming convexity and smoothness of the
cost, we show that this control technique converges to a fixed point. Fur-
ther, under the weaker assumption of restricted strong convexity of the
cost function, we prove that the algorithm achieves linear convergence to
a vicinity of the optimal point, with the neighborhood size contingent on
the chosen stepsize. Simulation results support the theoretical findings.
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1 Introduction

Optimal steady-state regulation seeks to govern dynamical systems to reach opti-
mal points described by an optimization problem [1]. Traditional techniques split
planning and control, with the optimization problem solved offline to determine
optimal states that guide controllers. This approach implies that disturbances
are known in advance, allowing for accurate optimization. However, in practice,
disturbances are frequently unknown, and the primary purpose is to preserve
optimality despite these uncertainties. As a result, standard batch optimization
strategies fail [2] when disturbances are not precisely known or change during
the optimization process.

Recent studies have concentrated on optimal steady-state control problems
in a centralized framework. Feedback optimization controllers are well-known
for their potential to regulate systems to optimal steady-state conditions while
rejecting constant [3] or time-varying disturbances [4], [5]. These controllers con-
vert numerical optimization algorithms into feedback controllers, updating con-
trol inputs based on inexact gradients from real-time observations rather than
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precise plant models or disturbance information. This versatility enables feed-
back optimization to manage a variety of conditions. However, centralized meth-
ods encounter scalability and privacy concerns in large-scale systems. Our work
differs from the existing literature by focusing on optimal steady-state control
in a distributed, multi-agent architecture, which is consistent with distributed
optimization research. Previous work has used distributed gradient descent al-
gorithms [7], [8], and diminishing stepsizes [9] to ensure convergence. Related
research focuses on distributed optimization of nonlinear systems [14], which
typically separates optimization and tracking control, as well as approaches that
use inexact gradients to approximate sensitivity matrices [15]. See also [10]–[13].

This work makes three key contributions. First, we propose a distributed
architecture and a control algorithm for optimal steady-state regulation. Our al-
gorithm, inspired by distributed optimization, combines gradient descent with a
consensus operation to simultaneously solve the optimization problem and reach
an agreement among agents. Second, we prove the convergence of the controller-
system state to a fixed point. Our technical analysis provides guidelines for
selecting a sufficiently small controller stepsize to ensure system convergence.
Third, we establish an explicit bound for the control error. Specifically, under
restricted strong convexity assumptions, the controller state converges linearly
to a neighborhood of the optimal point. The size of this neighborhood, as shown
in previous literature [8], depends on the chosen stepsize. Exact convergence is
unattainable because distributed controllers must balance moving towards the
minimum gradient and maintaining the agreement with other controllers.

The rest of the document is ordered as follows. Section 2 formalizes the
problem of distributed optimal steady-state regulation, while Section 3 shows
the proposed controller and gives the work’s two primary contributions, the con-
vergence analysis and the proposed controller’s error bounds. Section 4 provides
numerical simulations to validate our findings, and Section 5 concludes the pa-
per.

2 Preliminaries

In this section, we discuss the notation used in the document. Also, we define
the problem and system structure.

Notation. For a symmetric matrix W , we denote its eigenvalues by λ1(W ) ≥
λ2(W ) ≥ · · · ≥ λn(W ). We assume that the mixing matrix W = [wij ] is
symmetric and doubly stochastic. For x ∈ IRn1 and z ∈ IRn2 , we denote by
col(x, z) ∈ IRn1+n2 their column concatenation. The eigenvalues of W are real
and sorted in a nonincreasing order 1 = λ1(W ) ≥ λ2(W ) ≥ · · · ≥ λn(W )>− 1.
Let the second-largest eigenvalue magnitude of W be:

β := max{|λ2(W )|, |λn(W )|}. (1)
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Problem Setting. We consider a distributed system with N subsystems, Vx =
{1, ..., N}. The physical couplings between interacting subsystems are described
using a graph called system graph (see Fig. 1), Gx = (Vx, Ex) where Ex ⊆ Vx ×
Vx. Each subsystem i ∈ V has a local state xk

i ∈ IRni , that updates for k ∈
ZZ ≥ 0. Also, we assume that the local controllers have access to global output
measurements of the system state as follows,

xk+1
i =

∑
j∈Ni

Aijx
k
j +Biu

k
i + Eiwi, (2)

yk =

N∑
i=1

Cix
k
i +Diu

k
i , (3)

where Ni is the set of neighbors of i, uk
i ∈ IRmi is the local control input, Aij ∈

IRni×nj , Bi ∈ IRni×mi , Ci ∈ IRp×ni , and Di ∈ IRp×mi . We have wi ∈ IRri with
Ei ∈ IRni×ri as a model of constant unknown disturbance acting on subsystem
i. We define n :=

∑
i ni, m :=

∑
i mi,, and r :=

∑
i ri.

Equations (2), and (3) can be written in compact form as

xk+1 = Axk +Buk + Ew,
yk = Cxk +Duk,

(4)

where xk = (xk
1 , . . . , x

k
N ) ∈ IRn, uk = (uk

1 , . . . , u
k
N ) ∈ IRm, and w = (w1, . . . , wN ) ∈

IRr are the vectors of states, inputs, and disturbances, respectively. Also, A =
[Aij ], B = [Bij ], E = [Eij ], C = [C1, . . . , CN ], and D = [D1, . . . , DN ], and are
block matrices. In what follows, we denote

G := G(1) = C(I −A)−1B +D,
H := H(1) = C(I −A)−1E,

(5)

which are the steady-state transfer functions from u to y and from w to y,
respectively.

We assume the following for the system (4).

Assumption 1. The system (4) is asymptotically stable, i.e., given Q ≻ 0, we
let P ≻ 0 be such that ATPA − P = −Q. Furthermore, (4) is controllable and
observable.

If A is not Schur stable, it can be pre-stabilized by standard static state
feedback methods. At steady-state, x, u, and y have constant values due to the
constant disturbance w as

yss = Guss +Hw.

This study examines a control problem in which a group of controllers coop-
erates to optimize the system at steady-state:

min
u∈IRm

N∑
i=1

Φi(u,Gu+Hw), (6)
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Fig. 1. Distributed system architecture considered in this work (cf. (2)). Each local
controller actuates the corresponding subsystem (green lines), by using global feedback
information (red lines), see (9).

where Φi is supposed to be private and only known to agent i. Solutions to
optimization (6) cannot be found explicitly because of the unknown variable w.
We consider the following assumptions on the optimization problem.

Assumption 2. For all i, (u, y) 7→ Φi(u, y) is proper closed convex, lower
bounded, and Lipschitz differentiable with constant LΦi

.

By defining ΠT := [Im, GT ], this assumption guarantees that there exists LΦ

such that

||ΠT (∇Φ(u, y)−∇Φ(u′, y′))|| ≤ LΦ||col(u, y)− col(u′, y′)||, (7)

for all y, y′ ∈ IRn and u, u′ ∈ IRm. Also, we define the set of optimizers of (6) by
A∗ := {(u∗, x∗) : (u∗, x∗) is a first-order optimizer of (6)}. We assume that this
set is closed and nonempty. Also, we denote the compact form of costs as

Φ(u, y) :=

N∑
i=1

Φi(u, y).

To represent the collaborative characteristics of the controllers, we will use
an undirected graph called the control graph (see Fig. 1) with Gu = (Vu, Eu)
where Vu = Vx and Eu ⊆ Vu × Vu. To compute a control law cooperatively, two
agents must be connected via a communication link in Eu. A graph is connected
if there is a path between two nodes. We make the following assumption on the
control graph.

Assumption 3. The graph Gu is connected. Therefore, there exists weight ma-
trix W = [wij ] ∈ IRn×n associated with the communication graph which is a
symmetric and doubly stochastic matrix (see (1)).
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3 Methodology and Analysis

A centralized solution to the steady-state regulation problem (6) has been stud-
ied in [6], as well as continuous-time counterparts [3], [4], [5]. In [6], the authors
present a gradient-type controller:

uk+1 = uk − η∇Φ(uk, yk), (8)

where η > 0 is the scalar stepsize. The controller (8) uses a gradient-type itera-
tion to solve the optimization (6). It replaces the true gradient ΠT∇Φ(uk, Guk+
Hw) with a measurement-based version ΠT∇Φ(uk, yk), eliminating the require-
ment to measure w.

Implementing (8) needs centralized knowledge of the gradients {∇Φi}i∈Vu
,

which is not feasible in our scenario as each Φi is known only locally. We propose
a distributed version of (8) for our control architecture. Our proposed method
involves each agent i ∈ Vu maintaining a local copy of uk

(i) ∈ IRm and updating
it as needed. We have

uk+1
(i) =

N∑
j=1

wiju
k
(j) − ηΠT∇Φi(u

k
(i), y

k). (9)

To update its local state u(i), each agent i in this control model takes two steps:

(i) it computes a weighted average of the states of its neighbors
∑n

j=1 wiju
k
(j)

in order to find a consensus, and (ii) it applies −ΠT∇Φi(u
k
(i), y

k) to decrease

Φi(u
k
(i), y

k). We note that this control law is distributed in the sense that, instead

of requiring knowledge of all gradients {∇Φi}i∈Vu , each agent i simply needs to
know the local ∇Φi. Note that each agent needs to know the steady-state map
i.e., G, and measure the global output feedback signal yk. Future work will focus
on generalizing the approach to include local output feedback signals.

We apply (9) to control the system (4). We use the following notations of
stacked vectors, uk

(1:N) := col(uk
(1), u

k
(2), . . . , u

k
(N)) ∈ IRmn for the rest of the

document. In vector form, the system (4) controlled by (9) can be written as

xk+1 = Axk +BSuk
(1:N) + Ew, (10)

yk = Cxk +DSuk
(1:N), (11)

uk+1
(i) =

∑
j∈Ni

wiju
k
(j) − ηΠT∇Φi(u

k
(i), y

k), i ∈ Vu, (12)

where S ∈ IRm×mn is given by:

S = diag([Im1
, 0, . . .], [0, Im2

, 0, . . .], . . . [0, . . . , 0, Imn
]).

Theorem 1 (Convergence of the state sequence). Let Assumptions 1-2
hold, W be such that β < 1, and the stepsize η ≤ η̄ := min{η1, η2, η3}, where

η1 = 1−2µ+λn(W )
LΦ

,

η2 = µ
λ1(P )L2

h

,

η3 = µλn(Q)
L2
Φ
4 +L2

h
(||ATP ||2+λn(Q)λ1(P ))+LhLΦ||ATP ||

,
(13)
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with µ an arbitrary constant, 0 < µ ≤ 1 − (1−λn(W ))+ηLΦ

2 , and Lh = ||(I −
A)−1BS||. Then, the sequences xk, uk

(i) generated by (10)-(12) converge.

We will prove the claim in Tehorem 1 by using La Salle’s Invariance Princi-
ple in [16]. Theorem 1 demonstrates that with a sufficiently small stepsize η, the
sequences of system states xk and controller states uk

(i) converge asymptotically
to a fixed point. This convergence is not straightforward because the proposed
controller (10)-(12) incorporates both a consensus step and a gradient step simul-
taneously. Improperly choosing η can cause oscillations or convergence failure.
The upper bounds η1, η2, η3 depend on various system parameters (4) and the
optimization problem (6). Notably, the imposed bounds on µ ensure that η̄ > 0
is well-defined.

Furthermore in [16], we derive an error bound on local agent states. Specifi-
cally, we show that the local agent states converge geometrically until reaching a
neighborhood of the optimal solution. Also, by choosing the proper parameters,

reaching to O
(

η
1−β

)
-neighborhood of the solution set is guaranteed.

4 Simulation Results

In this section, we present our numerical results. We consider a system with
three agents, where the A, B, and C matrices are randomly generated from a

normal distribution. For A, we generate a network of N agents with N(N−1)
2 κ

edges chosen uniformly at random, where N = 3 and κ = 0.5. We set ni = 1, ∀i,
so that n = N. The control layer network uses the same setting, with the mixing
matrix W chosen to be symmetric and doubly stochastic. We ensure that the
graph Gu is connected. We apply our proposed algorithm (10)-(12) to this setup
and evaluate its performance.

We apply (10)-(12) to the problem

min
u∈IRm

1

2

(
||u||2R + ||Gu+Hw − yref ||2Q

)
, (14)

where Q = Im, R = 0.001Ip, and yref = 0.5Ip. Notice that the cost function in
(14) is strongly convex in this case.

Fig. 2(a) illustrates the convergence of the error ēk for two different step-
sizes. The error decreases linearly until reaching an O(η)-neighborhood, with a
smaller η resulting in slower convergence. Fig. 2(b) and 2(c) show that the system
outputs reach the desired output, confirming the effectiveness of the proposed
algorithm.

5 Conclusions

We suggested a distributed controller that can solve optimal steady-state reg-
ulation problems while rejecting constant disturbances. This distributed archi-
tecture expands effectively with the system size while maintaining the privacy
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(a) Comparison of the proposed decentralized algo-
rithm for the problem (14) with different fixed step-
sizes.

(b) Outputs of the system with η = 2× 10−3.

(c) Outputs of the system with η = 5× 10−3.

Fig. 2. Error ēk = 1
N

∑N

i=1
uk
(i) − u∗k and outputs of the proposed decentralized algo-

rithm with different stepsizes, where u∗k = ProjA∗( 1
N

∑N

i=1
uk
(i))

of individual cost functions. Under the convexity and smoothness assumptions,
we established that the controller state converges. Under restricted strong con-
vexity assumptions, we showed that the controller converges geometrically to a
neighborhood of the optimal solution, consistent with existing distributed opti-
mization literature [14]. Our work paves the way for future research, including
scenarios with local output feedback signals, algorithms ensuring exact conver-
gence, the study of constrained optimization objectives, and generalization to
nonlinear systems.
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