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Abstract

UNRAVELING the mysteries of life has fascinated humans for mil-
lenniums. The emergence of digital computers paved the way to
new imaging modalities able to measure properties and signals

coming from the inside of the body, without opening it. Computational
imaging (CI) was born. CI acquires digital observations that are often not
readily understandable (e.g., returning echoes in ultrasound scans). A re-
covery step is thus necessary to extract useful information. To solve the so-
called inverse problem, we resort to an optimization including knowledge
about the acquisition process (emission and collection processes, noise cor-
ruption, etc.) and the expected properties of the final estimate (e.g., piecewise-
smoothness).

In this thesis, we focus on two modalities designed to image cellular
processes in living organisms: positron emission tomography (PET) and
lensless endoscopy (LE). PET imaging is widely used to get information
about patient physiological activity. It suffers from blurring and high level
of noise. LE exploits fluorescence phenomenon to capture biological infor-
mation at a micrometer scale. A challenging task is to avoid tissue photo-
bleaching.

The dissertation addresses two inverse problems related to PET and LE.
First, we study the deblurring of reconstructed PET images polluted by a
high level of noise in non-blind and blind contexts. Then, we explore ac-
quisition and reconstruction strategies for LE that exploits nice properties
of the sensing operator to collect far less observations as in a traditional
scheme. This approach leads to both reduced acquisition time and light
exposure.
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1
Introduction

WHAT does the body look like from the inside? How does it work?
These questions are related to the structural and physiological
aspects of the human body. They have fascinated humans for

millenniums. Since the 4th century BC, physicians have acquired scien-
tific knowledge in this field mainly through animal dissection. During the
16th century, the Belgian anatomist André Vésale promoted observations
of human corpses [102]. Until the end of the 19th century, there was only
one way to observe the inside of a human body: opening it and looking
inside with naked eyes. It was pretty invasive. In 1895, the German physi-
cist Wilhelm Röntgen discovered X-rays. In the wake of this, he produced
the first image of anatomical structures (of his wife’s hand) acquired in a
non-invasive way using a planar radiograph [126].

Nowadays, imaging and exploring the human body for clinical pur-
poses is so common that every newborn already experienced at least one
imaging modality during its fetal development through ultrasound scans.
During their life, most people will encounter medical issues and will pos-
sibly undergo physical examinations relying on imaging techniques like
magnetic resonance imaging (MRI) or X-rays scanning.

These in vivo techniques do not provide the same nature of informa-
tion. They are traditionally divided into two families. Structural tech-
niques give access to specific characteristics of the tissues (e.g., attenuation
or reflective indices) while functional techniques observe specific physio-
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1 | Introduction

logical processes occurring in the body (e.g., blood flow, water diffusion or
glucose uptake) [116]. Each modality exploits the interaction of a specific
source of energy with the tissues. It captures specific information that is
mainly invisible to human eyes, e.g., hidden structures, signals out of the
range of visible light, cellular processes, etc. [129].

To the question What does the body look like from the inside?, we could thus
answer: it depends on the way you look at it.

1.1 Computational imaging
A better answer would probably be: it depends on the way the imaging de-
vice looks at it. Indeed, except for the conventional radiography, we cannot
directly interpret the digital data provided by most of the current imaging
techniques. For instance, ultrasound imaging captures information about
the tissue composition (through their reflection and transmission coeffi-
cients) but its measurements consist of reflected sound waves. In positron
emission tomography (PET), the accumulation of a radiotracer in the tis-
sues leads to the emission of pairs of photons later detected by the imaging
system. In this case, the signal of interest is a radiotracer density map (re-
lated to some biological process) and the acquired data are projections of
this map gathered in a sinogram. Most of the time, a post-processing of the
acquired data is necessary to recover an interpretable image. This makes
those modalities strongly dependent on computational techniques.

Computational imaging (CI) is not limited to a medical context. In many
other applications, imaging techniques allow us to go beyond the human
eyes perception. For instance, hyperspectral imaging captures images of
an object or a scene for a large number of wavelengths. Since it allows
an accurate characterization of the composition of the imaged quantity, it
would be useful in various real applications like chemistry or biology [47,
107, 133]. In astronomy, CI techniques are also used to recover blurry and
noisy images from telescopes [69] or to detect celestial objects like planets
or circumstellar disks [110].

CI can be described as a two-steps process (see Figure 1.1): an acquisi-
tion (or forward) step and a recovery step. First, an imaging device acquires
a digital signal containing the (possibly not readily understandable) ob-
servations of a quantity of interest. After the acquisition, this quantity is
recovered via computational methods. Unlike conventional imaging, the
acquisition step in CI requires a sampling strategy to capture information
that is then digitally represented. The emergence of compressive sensing
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Atte
nuation map Digital estimateObservations

Acquisition
step

Recovery
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� 0 Non-negativity of the
attenuation coefficients

Knowledge on the
structure of the image

Figure 1.1 Computed tomography (CT) imaging as an example of com-
putational imaging (CI). CT modality provides information about the at-
tenuation of the tissues. In 2D CT, the signal of interest is a map of the
attenuation coefficients of the tissues (left). The imaging device performs
transmission scans for several orientations of the X-rays source. The mea-
surements consist in 1D profiles that are gathered in a 2D sinogram (mid-
dle). Finally, a reconstruction algorithm is applied to recover a digital esti-
mate of the original attenuation map (right). It includes prior knowledge
on the structure or properties of the signal of interest (e.g., non-negativity).

(CS) theory in the last decades opened new perspectives for CI: CS-based
techniques aim at smartly designing both the acquisition device and the
recovery method in order to reduce the amount of collected data while
guaranteeing a good quality of the recovered estimate [33].

During the recovery step, we estimate the signal of interest from its
measurements. This so-called inverse problem depends on the considered
imaging process. For instance, denoising aims at removing the noise and
outliers introduced in the observed data [128], inpainting tries to estimate
the missing values in a signal [60], zooming consists in increasing the res-
olution of a signal, etc. [37, 60]. In this thesis, we focus on two estimation
problems in biomedial imaging, more precisely in nuclear medicine and
in fluorescence imaging. The first one is the deblurring of corrupted ob-
servations acquired with PET imaging (see Chapters 3 to 5). When the
blurring operator is assumed to be spatially invariant, we talk about de-
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1 | Introduction

convolution. The second estimation problem is the reconstruction of images
from CS measurements acquired with an ultrathin endoscope (see Chap-
ters 6 to 8).

Solving inverse problems faces two main challenges. First, we need
to mathematically formulate the problem, e.g., as a convex minimization
problem. It requires an accurate knowledge of the acquisition step, prefer-
entially approximated by a linear model. If this knowledge is unavailable,
the corresponding problem is said to be blind. We also need some prior
information on the signal of interest to be robust to distortion, noise or to
approximation errors introduced by the modeling of the acquisition step.
Second, we would like to solve the problem in a fast way with algorithms
providing guarantees of convergence.

Recent techniques based on neural networks can bypass the first afore-
mentioned challenge if they have access to a sufficiently large dataset dur-
ing their training phase (see, e.g., DeepPET in section 3.3 [85]). In this
thesis, we rather focus on a mathematical formulation of the estimation
problem based on the physics of the acquisition.

1.2 Imaging cellular processes
In the last decades, the increasing use of mouse models of disease in drug
development led to the emergence of a new family of imaging techniques
called molecular imaging [129]. Such techniques are able to image biologi-
cal processes. Among them, we distinguish two main categories: (i) non-
optical methods widely used in clinic (e.g., PET and single-photon emis-
sion computed tomography (SPECT)) and (ii) optical approaches based
on photonic methods that are still under research or only used for small
animals imaging (e.g., fluorescence molecular tomography or biolumines-
cence imaging) [109]. If suitable probes are available, modalities from both
categories are able to provide in vivo images of very specific dynamic in-
teractions occurring at the cellular scale, e.g., showing the distribution of a
drug and its target binding or allowing to observe the consequences of this
binding on the target expression [129].

But the interest of molecular imaging is not restricted to the drug re-
search area. In neuroscience, imaging neural activity in functionally con-
nected regions of the brain at cellular scale is a long sought-after goal. Opti-
cal microscopy techniques such as two-photon fluorescence imaging of cal-
cium activity—directly related to the propagation of the nerve impulses—
have offered remarkable insight into the functional mapping of brain cir-
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Technique Resolution Depth Acquisition time

MRI 10− 100 µm No limit Minutes-hours

PET 1− 2 mm No limit Minutes

SPECT 1− 2 mm No limit Minutes

FRI 2− 3 mm < 1 cm Seconds-minutes

FMT 1 mm < 10 cm Seconds-minutes

BLI A few millimeters A few centimeters Minutes

IM 1 µm < 400 µm Seconds-minutes

Table 1.1 Resolution, depth and acquisition time of the main molecular
imaging systems for small animals (adapted from [129]): magnetic reso-
nance imaging (MRI), positron emission tomography (PET), single-photon
emission computed tomography (SPECT), fluorescence reflectance imag-
ing (FRI), fluorescence-mediated molecular tomography (FMT), biolumi-
nescence imaging (BLI) and intravital microscopy (IM). Optical techniques
(FRI, FMT, BLI and IM) achieve high resolution but their imaging depth is
limited compared to non-optical techniques (MRI, PET, SPECT).

cuits [64]. In clinic, PET imaging is widely used to obtain information
about physiological processes in the patient body [16]. For instance, car-
diologists use PET scanners to measure the myocardial perfusion. Neu-
ropsychiatrists exploit this modality in the diagnosis of dementia or as an
aid to plan the surgery of patients suffering from epilepsy. Finally, oncolo-
gists resort to PET imaging to assess tumor growth and treatment efficiency
as well as for the follow-up of the patient after therapy [16].

The advantages of optical approaches based on microscopy over non-
optical ones are that they are cheaper, faster and readily available (e.g., they
do not require radionuclides) [129]. However, they suffer from physical
limitations. For instance, the scattering nature of brain tissue [146] has pre-
cluded the functional imaging at deep regions in the brain. This scattering
phenomenon is amplified in the case of freely behaving animals interact-
ing with their environment. Those physical limitations restrict either the
spatial resolution or the imaging depth of such modalities compared to
non-optical methods like MRI, PET or SPECT (see Table 1.1) [9, 109].

A solution to go beyond the depth limit of microscopy is to combine
one of these optical techniques (e.g., two-photon excited fluorescence mi-
croscopy) with a slightly invasive device playing the role of a waveguide.

| 5
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Figure 1.2 Current performances of molecular imaging devices for small
animals. The development of lensless endoscopes (LE) will allow a deep
imaging of biological processes at cellular scale (i.e., a spatial scale around
tens of micrometers). Figure drawn based on data from Table 1.1.

For instance, endomicroscopes, already used in clinical applications, use
a fiber bundle as waveguide [113, 149]. Recent developments in adaptive
optics, optical fibers and computational imaging techniques have opened
a new class of imaging systems called lensless endoscopes (LE) [9, 24, 42,
117]. In these implementations, a single fiber in combination with wave-
front shaping devices is employed as an ultrathin imaging system detect-
ing the photons emitted by fluorescence. The extreme miniaturization of
the imaging probe (diameter ≤ 200 µm) offers a minimally invasive route
to imaging processes at cellular scale, deep in freely moving animals (see
Figure 1.2).

Imaging challenges

The challenges encountered in PET and LE imaging share similarities driven
by the in vivo context of those biomedical modalities. The first one is the
reduction of exposure to the external agent necessary for the imaging pro-
cess. In PET imaging, this agent is the radiotracer. For health reasons, we
would like to minimize the dose injected into the patient body. In lens-
less endoscopy, this agent is the light. Fluorescent biological specimens
are subject to photo-bleaching which is an irreversible damage leading to
a complete loss of fluorescence due to an extended exposure to light. The
second goal is the reduction of the acquisition time, either to minimize the
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artifacts due to the patient’s movements or, again, to reduce the light ex-
posure during an acquisition with an LE. Those two challenges—specific
to in vivo imaging—come in addition to the ones mentioned in section 1.1
concerning the formulation and the solving of inverse problems.

In this dissertation, we address two inverse problems subject to those
additional constraints. First, we study the deconvolution of reconstructed
PET images corrupted by a high level of noise that results from the short
acquisition time and the low radioactive dose. Then, in the context of LE
imaging, we explore acquisition and reconstruction strategies based on CS
principles in order to reduce the number of measurements, directly related
to the acquisition time and the light exposure. The tools that we use are
general to a wide class of inverse problems but the mathematical formula-
tion of each estimation problem is very specific since it is deeply related to
the physics beyond the imaging process.

1.3 Contributions and outline
This thesis is divided into two parts: the first one concerns PET imaging
and the second one is dedicated to lensless endoscopy. In the first chapter
of each part, we describe the acquisition step of the imaging modality from
the physical phenomena to the collection of observations by the device (see
Chapters 3 and 6). Then, we propose a linear discrete forward model that
is used in the inverse problem formulation. In PET imaging, we study the
deconvolution problem in both a non-blind (see Chapter 4) and a blind (see
Chapter 5) framework. We first characterize the noise in PET images recon-
structed with linear algorithms and then, we formulate an inverse problem
that accounts for this statistics and that includes prior information on the
structure of the radiotracer density map. In LE imaging, the second chapter
of the part (Chapter 7) is dedicated to a statistical analysis of the speckles
which are used in Chapter 8 as illumination patterns. Chapter 8 presents
two acquisition strategies based on such illumination and relying on CS
principles as well as their associated reconstruction techniques. The CS
approach allows to reduce the number of measurements and consequently,
the light exposure and acquisition time.

The inverse problems corresponding to (blind) deconvolution and re-
construction from CS measurements are all expressed as regularized min-
imization problems, i.e., as estimation problems including extra informa-
tion on the signal to recover. In Chapter 2, we formally introduce the con-
cepts of forward model and inverse problem in the context of imaging.

| 7



1 | Introduction

Then, we explain how regularization can help to formulate a well-posed in-
verse problem. Finally, we present tools of convex optimization as well as
proximal algorithms designed to solve possibly non-smooth convex opti-
mization problems.

Positron emission tomography

In Chapter 3, after the description of the acquisition step and its discrete
approximation, we highlight some limitations of PET imaging. One of its
major drawbacks is its low spatial resolution (equivalently, its high imag-
ing scale, see Figure 1.2) compared to modalities like CT or MRI. It pre-
vents, for instance, its use to accurately delineate tumors and to perform
dose painting in radiotherapy. Indeed, even after tomographic reconstruc-
tion, PET images are still blurry and noisy. The following publication stud-
ies the deconvolution of synthetic images corrupted by Poisson noise. The
assumption of piecewise-smoothness of the estimate is encoded in the total
generalized variation (TGV) norm used as regularizer in the minimization
problem.

S. Guérit, L. Jacques, B. Macq, and J. A. Lee. “Post-reconstruction deconvolution
of PET images by total generalized variation regularization”. In: 23rd European
Signal Processing Conference (EUSIPCO). 2015

In the perspectives of this paper, we mention that we should further
investigate the nature of the noise after reconstruction in order to improve
the formulation of the inverse problem. In Chapter 4, we show that the
noise corruption in reconstructed PET images is far from being Poisso-
nian. Instead, we demonstrate that under weak assumptions, this noise
follows distribution showing two distinct behaviors: Gaussian and sub-
exponential. In this chapter, we formulate an inverse problem taking into
account this dual behavior. We validate our approach on PET images sim-
ulated with dPETSTEP software and on real PET data.

In Chapter 5, we assume that the blurring (or forward) operator con-
sidered as given in Chapter 4 is now unknown. The challenge is then
to simultaneously estimate the density map and the blurring kernel. In
collaboration with Adriana González, we show that a blind deconvolu-
tion technique similar to the one proposed in [71] can be applied to blind
PET deconvolution up to minor modifications. This technique requires the
knowledge of a region with constant activity in the patient body, typically
the bladder. Most of the time, PET images are acquired with a combined
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Contributions and outline | 1.3

PET/CT scanner. The high resolution structural image obtained with com-
puted tomography (CT) can be used to delineate such an organ.

S. Guérit, A. González, A. Bol, J. A. Lee, and L. Jacques. “Blind deconvolution of
PET images using anatomical priors”. In: the 3rd International Traveling Workshop
on Interactions between Sparse models and Technology (iTWIST). 2016

Chapter 5 is based on this first proof of concept. It extends it in two
directions: first, we replace the TV-norm by a TGV-norm in the minimiza-
tion problem to promote piecewise-smoothness of the final image. Then,
we validate the approach on simulated PET data instead of on synthetic
observations generated by a (too) simple forward model.

Lensless endoscopy

The second part of this dissertation is mainly based on the following pa-
pers. The first one has been submitted to SIAM Journal in Imaging Sciences
in March 2021,

S. Guérit, S. Sivankutty, J. A. Lee, H. Rigneault, and L. Jacques. “Compressive
lensless endoscopy with partial speckle scanning”. 2021

S. Guérit, S. Sivankutty, C. Scotté, J. A. Lee, H. Rigneault, and L. Jacques. “Com-
pressive sampling approach for image acquisition with lensless endoscope”. In:
the 4th International Traveling Workshop on Interactions between Sparse models and
Technology (iTWIST). 2018

In Chapter 6, we describe the acquisition process in fluorescence imag-
ing, from the illumination of the biological sample to the collection of the
emitted signal. We also present the raster scanning, which is the traditional
illumination and reconstruction scheme. It consists in scanning the sample
with a focused light beam. This scheme provides a short acquisition time
but is limited by a high sensitivity to perturbations during the calibration
step and a poor quality of the final image.

When we get rid of the aforementioned calibration step, the produced
light pattern is a speckle, i.e., a pattern with multiple bright grains and
dark regions. In Chapter 7, we study the possibility to estimate an im-
age from observations acquired with such illumination patterns by first
analyzing their statistical properties. We show that speckle fields follow
a sub-exponential distribution that makes them good candidates to build
efficient sensing operators.

| 9
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In Chapter 8, we then justify the possibility to estimate an image with
far fewer measurements compared to RS by establishing links with CS the-
ory. We propose a CS acquisition scheme based on speckle illumination
called partial speckle scanning (PSS). The first contribution of this chapter
consists in characterizing an accurate linear sensing model of PSS. In par-
ticular, we deduce its equivalent sensing matrix from the discrete forward
model derived in Chapter 6. The second contribution consists in optimiz-
ing the sampling trajectory parameters to get the best reconstruction qual-
ity for a given acquisition time or a prescribed number of measurements.

Other publications

For the sake of consistency, we did not include the following publications
in this document.

S. Guérit, L. Jacques, and J. A. Lee. “Image deconvolution by local order preser-
vation of pixels values”. In: 24th European Signal Processing Conference (EU-
SIPCO). 2016

M. Kirkove, S. Guérit, L. Jacques, C. Loffet, F. Languy, J.-F. Vandenrijt, and M.
Georges. “Determination of vibration amplitudes from binary phase patterns
obtained by phase-shifting time-averaged speckle shearing interferometry”. In:
Applied Optics 57.27 (2018), pp. 8065–8077

The first paper proposes a deconvolution method that involves a new
regularization term preserving local pixel value order relationships. In the
paper, we investigate the theoretical properties of the proposed regulariza-
tion and perform preliminary experiments on synthetic data. We could use
this kind of constraint in Chapter 5. This extra prior would, for instance,
assume that the pixel values of the kernel respect some ordering constraint,
e.g., a radial decay or a decay along one or several directions.

The second paper results from a collaboration with researchers in ULiège.
It proposes a processing method to identify vibration modes based on bi-
nary phase patterns in shearography. Our contribution lies in the two-steps
pre-processing of those binary patterns: (i) a phase rotation of the images
and (ii) a denoising assuming piecewise-constant images.
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2
Regularized inverse problems

The challenge, and art, in using convex optimization
is in recognising and formulating the problem.

S. Boyd and L. Vandenberghe

REGULARIZED inverse problems, and more generally, estimation prob-
lems, is a vast topic of research. Maybe a better title for this chapter
would be "Elements of regularized inverse problems in imaging".

Indeed, providing a complete overview of the field is obviously out of the
scope of this thesis. Instead, we will introduce some key concepts and tools
which are useful for the understanding of the following chapters.

The first question that arises when we talk of an inverse problem is:
what is the forward model that we would like to invert? As mentioned in
Chapter 1, medical imaging devices provide us with measurements (e.g.,
X-rays intensity, returning echoes, count of photons, etc.) that depend on
the physical process beyond the imaging modality. Those processes allow
us to capture information about physiological activity—mostly invisible to
the naked eye—occurring in the human body or about specific characteris-
tics of the tissues. Those signals of interest, e.g., organ perfusion, receptor
binding or tissue reflectivity, can be seen as the inputs of imaging systems
and the measurements as their outputs.

| 11



2 | Regularized inverse problems

The forward (or acquisition) model mathematically relates the signal of
interest f0 to the measurement y acquired by an imaging device,

y = Aξ( f0), (2.1)

whereAξ represents the mapping f0 7→ y. This mapping can contain some
randomness, indicated by ξ. Randomness can originate from the acquisi-
tion process but also from the intrinsic nature of the object of interest. In
the last case, we consider f0 as deterministic and representing a mean be-
havior. In this work, we assume that f0 is a 2D object restricted to the field
of view (FOV) of the device, denoted Ω ⊂ R2, i.e., f0 : Ω→ R.

Knowing exactly the mapping Aξ is impossible. Indeed, in addition to
its intrinsic randomness, the accurate computation could be too demand-
ing, e.g., if Aξ is non-linear. A solution consists in approximating the for-
ward mapping by a simpler model generally made of a deterministic op-
erator A (preferably linear) and a noise model accounting for all the noise
sources (both physical and computational). In this case, (2.1) becomes

y = D(A f0), (2.2)

where D represents the degradation or noise model.
Computational image processing works with digital signals, in a dis-

crete world. For this reason, we would like a discrete equivalent to (2.2).
We suppose that f0 can be represented in a finite set of N = n2 orthogonal
functions {ψi}N

i=1 over Ω, i.e., there exist coefficients { f0,i}N
i=1 such that

f0(x) ≈ ∑N
i=1 f0,iψi(x).

In this work, we select a naive pixel representation ψi(x) := ψ(x− xi) with
X := {xi}N

i=1 evenly sampling Ω on N locations and ψ(x) equals to 1/a2 if
x ∈ [−a/2, a/2]× [−a/2, a/2], and 0 otherwise. Assuming a square FOV,
its side length is na. The discrete equivalent to f0 is f 0 := ( f0,1, . . . , f0,N)

> ∈
RN , a vectorized version of the n× n discretized signal of interest.

We assume that A is a linear mapping and we define A ∈ RM×N as
its discrete equivalent which is commonly called forward operator or sensing
operator. Depending on the application, A can be a convolution operator, a
discrete Fourier transform, etc. The discrete forward model is then

y = D(A f 0), (2.3)

where y ∈ RM is a vector containing the M observations of f 0.
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2.1 What is an inverse problem?
Model (2.3) explains how the observations y of a quantity of interest f 0 are
generated. However, to interpret the data and visualize the information it
contains, we need to reconstruct f 0 from its measurements. This estimation
process requires a fine understanding of the acquisition model.

Given observations, we would like to invert the forward model to find
f 0, i.e., we would like to find the mapping y 7→ x. Finding such a mapping
by direct inversion of (2.3) is unrealistic in most situations. For instance,
this may be due to the randomness introduced by D or to the errors in-
troduced when we approximate Aξ by a deterministic, linear and discrete
mapping A and a corruption operator D.

A well-known solution to overcome this limitation is to find an estimate
f̂ for f 0 such that y ≈ A f̂ . We achieve this by minimizing a distance be-
tween the real observations, y, and the estimated ones, A f̂ . The definition
of a distance function is closely related to the concept of a norm.

Definition 2.1 (Norm) [27, p. 634] A function g : RN → R with dom g =

RN is called a norm if it satisfies the following conditions:

• g is non-negative: g(u) ≥ 0, for all u ∈ RN ;

• g is definite: g(u) = 0 only if u = 0;

• g is homogeneous: g(au) = |a|g(u), for all u ∈ RN and a ∈ R;

• g satisfies the triangle inequality: g(u + v) ≤ g(u) + g(v), for all u, v ∈
RN .

Definition 2.2 (Distance) [27, p. 634] The distance between two vectors u and
v is defined as the length of their difference,

dist(u, v) := ‖u− v‖,

where ‖ · ‖ represents any norm.

We write the following estimation problem,

f̂ := arg min
u∈RN

‖Au− y‖, (2.4)

or equivalently,
f̂ := arg min

u∈RN
‖Au− y‖2, (2.5)

| 13



2 | Regularized inverse problems

since a norm is always non-negative (see Definition 2.1). When we con-
sider the `2-norm, this last problem is called the least-squares minimization.
It is widely used in regression analysis, optimal control, data fitting, etc.
[27]. From a Bayesian point of view, it corresponds to the negative log-
likelihood of a Gaussian distribution (see Remark 2.1).

Objective functions of (2.4) and (2.5) are both convex, a highly desirable
property in optimization, since every norm on RN is convex [27].

Definition 2.3 (Convex set) [27, p. 22] A set Q is convex if the line segment
between any two points in Q lies in Q, i.e., if for any u, v ∈ Q and any θ with
0 ≤ θ ≤ 1, we have

θu + (1− θ)v ∈ Q.

Definition 2.4 (Convex function) [27, p. 67] A function g : RN → R is con-
vex if dom g is a convex set and if for all u, v ∈ dom g and any θ with 0 ≤ θ ≤ 1,
we have

g(θu + (1− θ)v) ≤ θg(u) + (1− θ)g(v).

Any convex function g has a unique global minimum. It is strongly
convex if it possesses a unique u? ∈ dom g such that g(u?) is the minimum.
The unicity of the solutions to (2.4) and (2.5) is directly related to the rank
of the forward operator A: if rank(A) = N (only possible if M ≥ N), there
exists a unique solution while if rank(A) < N, the problem admits several
minimizers. But even if rank(A) = N, a bad conditioning of A makes the
minimization problems highly sensitive to errors in y resulting for instance
in a noise amplification in the estimate. A small change in the observations
greatly impacts the estimate f̂ .

In many practical applications, problems (2.4) and (2.5) are thus con-
sidered as ill-posed due for instance to the presence of noise in the obser-
vations, to a badly conditioned sensing operator or to a number of mea-
surements M < N. Consequently, we cannot guarantee the uniqueness or
even the existence of a solution. Conversely, a well-posed problem was de-
fined in 1902 by Hadamard as a problem admitting a unique solution that
continuously depends on the observations [82, 83, 151].

In the next sections, we will focus on two key aspects of the estimation
of a signal from its observations, namely the formulation of a well-posed
inverse problem in section 2.2 and its computational solving in section 2.3.
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2.2 How to formulate a well-posed inverse problem?
To address the issue described in section 2.1 and reduce the set of pos-
sible solutions, a widely used method1 consists in adding extra objective
functions φi with i ∈ [I] in the minimization problem [27, 151]. Func-
tions φi encode prior knowledge on the structure of the object of interest
(e.g., small energy of the signal, non-negativity, sparsity of the coefficients
in some basis, etc. [27]). To solve the resulting multi-criterion problem,
a common form of regularization is to minimize the weighted sum of the
objective functions,

f̂ := arg min
u∈RN

dist(Au, y) +
I

∑
i=1

ρiφi(u), (2.6)

where ρi > 0 with i ∈ [I] are regularization parameters making the trade-off
between the data fidelity term and the regularization terms and not known
a priori (see subsection 2.3.2). By abuse of notation, we denote the data
fidelity term “dist” even when it is not a norm stricto sensu (e.g., the squared
`2-norm). The extra terms in the objective function encourage the estimate
to respect a certain prior model of the original image. In this thesis, we
restrict ourselfs to functions φi which are convex such that the objective
function of (2.6) is also convex [27, p. 79]. In the following sections, we
detail (i) the common functions used to enforce the consistency with the
observations and (ii) several possible priors and their associate functions.

Remark 2.1. In some cases, formulation (2.6) can be seen as a maximum a
posteriori probability (MAP) estimation problem. The Bayesian MAP esti-
mate of f 0 given observations y is

f̂ MAP := arg max
u∈RN

log py|u(u, y) + log pu(u), (2.7)

where p indicates a probability density function (pdf). From the Bayesian
perspective, f 0 is random while the classical point of view considers f 0
as deterministic. Both approaches are similar: they seek an estimator that
is close to f 0 in expectation and that has small deviation [76]. The nega-
tive log-likelihood of the observations in (2.7), reflecting the statistics of the
noise, can be associated with the data fidelity term in (2.6). For instance,
when the noise on the observations is Laplacian (resp. Gaussian), the cor-

1If the forward operator is ill-conditioned, another (or complementary) solution is to apply
preconditioning like in [37, 114, 115].
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responding distance function is the `1-norm (resp. squared `2-norm). The
second term in (2.7), related to the distribution of u, can be seen as a regu-
larization term penalizing the choices of u that are unlikely [27].

2.2.1 Data model

The data fidelity term mainly depends on the statistics of the noise cor-
rupting the observations. A widely used distance function is the squared
`2-norm [27, 53, 128], as in the least-squares problem,

dist(Au, y) = ‖Au− y‖2
2.

The popularity of this quadratic function is probably due to its differentia-
bility and the simple form of its gradient [27]. From a statistical perspec-
tive, this term is associated with the assumption of an i.i.d. Gaussian noise
on the data. A weighted version of this norm could also include non i.i.d.
possibly correlated Gaussian noise [27].

To deal with Poisson noise statistics, the squared `2-norm can still be
used but requires first a variance-stabilizing transform (VST) of the ob-
servations such as proposed by Anscombe [10, 54] or a Gaussian approx-
imation of the distribution [12]. We can also resort to the negative log-
likelihood of the Poisson distribution for the distance function, called the
Kullback-Leibler divergence [18, 118]. In this case, dist(Au, y) = KL(Au, y).

Definition 2.5 (Kullback-Leibler divergence) The Kullback-Leibler divergence
KL : RN → R is defined as

KL(u; y) =
N

∑
i=1

(u− y� f (u))i + r(y), (2.8)

where r(y) only depends on y, f is applied componentwise on vector with f (t) :=
log t if t > 0 and 0 otherwise and � denotes the elementwise product.

Another possible data fidelity term is the `1-norm,

dist(Au, y) = ‖Au− y‖1.

It used, for instance, to deal with noise having a heavy distribution tail
(e.g., Laplacian noise) or noise containing strong outliers like impulse noise
[37]. Unlike the squared `2-norm, its non-differentiability prevents the use
of gradient-based methods to solve the corresponding estimation problem.
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The three aforementioned data fidelity terms are only a small part of
the existing ones. For instance, we also mention the existence of fidelity
terms related to a Poisson-Gaussian noise model [41, 100], the β-divergence
that generalizes the squared `2-norm and the KL divergence [36] or a data
fidelity term designed for multiplicative noise [53].

2.2.2 Prior information

The first use of regularization goes back to the early 60’s. Tikhonov intro-
duced the regularization of the least-squares problem based on (2.5) with
a squared `2-norm [151], i.e.,

φi(u) = ‖u‖2
2.

He showed that if operator A is bounded, this minimization problem has
a unique solution given by a closed form expression [27]. This prior forces
the estimate to keep small values, i.e., to have a small energy. For instance,
it prevents the spurious variations in the estimate due to noise amplifica-
tion when A is badly conditioned.

In the following decades, researchers proposed and studied other regu-
larizers [56], e.g., terms promoting the smoothness of the estimate, a sparse
representation in some basis (e.g., wavelet basis), etc. We briefly introduce
some of those priors below, with an emphasis on the TV- and TGV-norms
that we extensively use in this thesis.

Belonging to a closed convex set
A first family of priors is the belonging of f 0 to a closed convex set Q,
either explicitly defined or described through inequality constraints. For
instance, a common assumption on f 0 is the non-negativity, i.e., Q = RN

+ .
Other priors are ordering constraints [78], bounds on the minimum and/or
maximum values of f 0, norm ball constraint, etc. [27]

These priors can be expressed as contraints but, to match the formu-
lation of (2.6), we consider the corresponding Lagrangian formulation. In
this case, the function φi corresponding to the prior u ∈ Q is the indicator
function of the closed non-empty convex set Q, defined as

ıQ(u) :=

{
0 if u ∈ Q
+∞ otherwise.

(2.9)

Notice that τıQ = ıQ for any τ > 0, by definition of the indicator function.
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Sparsity in some dictionary
Let Ψ ∈ RN×P be a dictionary, either complete (P = N) or redundant
(P > N) [142]. A signal u ∈ RN is said to be sparse in Ψ if it can be expressed
as the linear combination of only a few columns of Ψ, i.e., if

c = Ψ∗u

is a sparse vector.

Definition 2.6 (s-sparse signal) Let u ∈ RN . The vector u is said s-sparse if
it has only s non-zeros entries, i.e., if the cardinality of u is equal to s.

Natural images possess some intrinsic structure compared to signals
like noise. We assume that there exist dictionaries in which they have a
sparse representation or in which most of their coefficients is close to zero.
There exist several functions φi promoting sparsity. In this work, we only
consider the most widely used, namely the `1-norm,

φi(u) = ‖Ψ∗u‖1.

The priors promoting sparsity are barely used in this thesis. For this
reason, we refer the reader to [29, 142] for a comprehensive understanding
of sparsity in image processing.

Small total variation and small total generalized variation
Another possible assumption about the object of interest concerns its piece-
wise smoothness. The total variation (TV) and the total generalized variation
(TGV) of an image are both quantities related to the first or higher order
derivatives of this image. We first start by defining the discrete gradient
operator, the divergence operator and the symmetrized derivative operator.

Definition 2.7 (Discrete gradient operator) [79] The general discrete gradi-
ent operator∇ applicable to N × k tensor fields is defined as

∇ : RN×k → RN×2k, u 7→ (∇u) := (∇1u,∇2u),

with k ∈ N0 and ∇i ∈ RN×N the first spatial derivative of the tensor field in
direction ei, aligned with axis i of the 2D image.

In practice, discrete operators ∇1, ∇2 and their adjoints are approxi-
mated using forward and backward first-order finite differences with ho-
mogeneous Dirichlet boundary conditions, as described in [28]. When the
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object is located at the center of a field of view (FOV) with zero back-
ground, ∇1 and ∇2 can be expressed as convolution operators with ker-
nels (−1, 1, 0)> and (−1, 1, 0), respectively, and can be represented by cir-
culant matrices. The adjoint of∇ is equal to the negative of the divergence
operator, i.e.,∇∗ = −div.

Definition 2.8 (Divergence operator) [79] The divergence operator div is de-
fined as

div : RN×2k → RN×k, u = (u1, u2) 7→ (−∇∗1u1 −∇∗2u2).

Definition 2.9 (Lp,q-norm) Let u ∈ RN×k and ui ∈ Rk be the ith row of u.
The Lp,q-norm of u is defined as

‖u‖p,q :=
( N

∑
i=1
‖ui‖q

p

)1/q
.

Definition 2.10 (TV-norm) [37] The TV-norm of u ∈ RN is defined in a dis-
crete setting as the `1-norm of the gradient magnitude of u,

TV : RN → R, u 7→ TV(u) := ‖∇u‖2,1. (2.10)

The first use of the TV-norm dates back to early 90’s. Rudin et al. pro-
posed a denoising algorithm (i.e., A is the identity operator) based on the
minimization of a squared `2-norm (data fidelity term) and a TV-norm
(regularization term) [128]. In many applications, frameworks based on
TV are used to promote piecewise-constant images, i.e., sparsity in the gra-
dient domain [28]. However, as Knoll et al. [93] mentionned in the case of
magnetic resonance imaging (MRI), this regularization is not well adapted
to real images, e.g., due to the heterogeneous nature of the tissues. More-
over, as in any other imaging modality, the borders of the true object do
not perfectly match the pixel grid of the (discrete) reconstructed object.
Consequently, we generally observe staircasing artifacts in smooth areas
of images reconstructed with TV regularization [28, 93] (see Figure 2.1b).

To alleviate those limitations when working with real images, we can
resort to the TGV-norm. This norm was introduced by Bredies et al. in
2010 and can be considered as the generalization of TV to higher-order
image derivatives [28]. In this work, we only consider the second-order
TGV, denoted TGV2

α.
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(a) (b) (c)

Figure 2.1 (a) Observations corrupted by additive white Gaussian noise,
(b) estimate obtained after denoising with TV regularization, and (c) esti-
mate obtained after denoising with TGV2

α regularization. We observe an
absence of staircasing effects in (c) compared to (b).

Definition 2.11 (Symmetrized derivative operator) [79] The symmetrized deriva-
tive operator ε is

ε : RN×2 → RN×4, u 7→ ε(u) :=
1
2
((∇u) + (∇u)S23) ,

where S23 ∈ {0, 1}4×4 permutes the second and third columns of∇u.

Applying ε on the gradient of an image provides information about its
second derivative. The concept of symmetrized tensors is detailed in [28].

Definition 2.12 (TGV2
α-norm) [28] The TGV2

α-norm of u ∈ RN is defined in
a discrete setting as

TGV2
α : RN → R, u 7→ TGV2

α(u) := min
w∈RN×2

‖∇u−w‖2,1 + α‖ε(w)‖2,1,

(2.11)
where α > 0 is a parameter making a trade-off between the edge-preserving term
and the smoothness-promoting term.

Deriving TGV2
α(u) is not as easy as TV(u) because an additional minimiza-

tion problem has to be solved. The optimal value of w in (2.11) depends on
the features of image u. Locally, in smooth areas, w is close to∇u to give
more importance to the smoothness-promoting term. In regions near im-
age edges, w is close to 0 to preserve sharp edges like TV. These properties
make TGV2

α more adapted to real images than TV (see Figure 2.1c).
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2.3 How to solve such problems?
Since we do not require the distance function or the φi’s to be differentiable,
we cannot use methods relying on the gradient or the Hessian of the ob-
jective function to solve (2.6) (e.g., gradient descent method or Newton’s
method [27]). Instead, we resort to the family of proximal algorithms [111]
that can deal with the optimization of non-differentiable functions like the
`1-norm or the indicator functions of convex sets. The only requirement is
that each function in (2.6) must be lower semicontinuous in addition to con-
vex. For instance, the indicator function of a closed convex set defined in
(2.9) is not continuous but is still lower semicontinuous.

Definition 2.13 (Lower semicontinuous function) Let a function g : RN →
R ∪ {−∞,+∞}. A lower level set of g is defined as {u ∈ RN |g(u) ≤ t} for
t ∈ R. Function g is lower semicontinuous if and only if all its lower level sets
are closed.

The proximal algorithms are based on the notion of proximal operator
introduced in 1962 by Moreau [43, 105]. The main advantage of this class
of algorithms is that we do not need to compute the proximal operator of
the whole objective function: we only need the expression of the proximal
operators of each term in the sum. Some algorithms exploit the fact that
some terms may be differentiable (e.g., the proximal gradient method).

Definition 2.14 (Proximal operator) Let g be a lower semicontinuous convex
function from RN to R ∪ {+∞} such that {u ∈ RN |g(u) < +∞} is non-
empty. The proximal operator of g : RN → RN evaluated in ũ ∈ RN is unique
and defined as

proxg(ũ) := arg min
u∈RN

1
2
‖ũ− u‖2

2 + g(u).

A proximal operator can be interpreted as a minimizer of the function g
that stays close to ũ (see Figure 2.2). A lot of non-differentiable functions,
like the `1-norm or the indicator function, have a closed-form proximal
operator.

Functions in (2.6) possibly include linear operators in their expressions,
i.e., we can write φi(u) = φ′i(Liu). If the operator Li is semi-orthogonal and if
the proximal operator of φ′i is known, we can easily compute the proximal
operator of φi with Property 2.15.
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dom g boundary

ũ

u?

ũ

Figure 2.2 Illustration of the concept of proximal operator. Blue lines
indicate the level sets of g. The minimizer of g is u?.

Property 2.15 (Semi-orthogonal linear transform) [43, 111] Let g be a func-
tion as defined in Definition 2.14. If g(u) = h(Lu) where L ∈ RM×N is a
semi-orthogonal linear operator, i.e., LL∗ = νIdM with ν > 0, then

proxλg(ũ) = ũ + ν−1L∗(proxνλh(Lũ)− Lu).

When L is orthogonal, it reduces to

proxλg(ũ) = L∗proxνλh(Lũ).

We rewrite (2.6) in a way making those operators visible,

f̂ := arg min
u∈RN

G(u) +
L

∑
i=1

Fi(Liu), (2.12)

where Li ∈ RMi×N and functions G : RN → R, Fi : RMi → R are con-
vex lower semicontinuous functions for which the proximal operators are
known or can be computed in a fast way. Function G does not necessarly
correspond to the data fidelity term. In the following section, we describe
the proximal algorithms used in this thesis (or that could be used) based
on formulation (2.12).

2.3.1 Proximal algorithms

The algorithms described in this section aim at solving (2.12) for different
assumptions on functions G and Fi’s. For instance, the first two algorithms,
the proximal gradient (PG) method and the generalized forward-backward
(GFB) algorithm, assume that at least one term in the objective function is
differentiable. The alternating direction method of multipliers (ADMM)
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can deal with L > 1 but it requires (IdN + ∑L
i=1 L∗i Li) to be easily invert-

ible. The algorithm solving (2.12) with the weakest assumptions on the
functions and the operators is the generalized version of the Chambolle-
Pock (CP) primal-dual algorithm.

Proximal gradient method
The PG method, also known as the proximal forward-backward splitting
[44], assumes that L = 1, L1 = IdN and G is differentiable with a Lipschitz
continuous gradient.

Definition 2.16 (Lispschitz continuity) Function g : RN → R is Lipschitz
continuous if there exists a constant γ > 0 such that

‖g(u)− g(v)‖2 ≤ γ‖u− v‖2

for all u, v ∈ RN .

One iteration of the algorithm is made up of two steps: a forward gra-
dient step and a backward proximal step,

u(n) = proxµF1
(u(n−1) − µ∇G(u(n−1))), (2.13)

where µ > 0 is a step-size. Parameter µ must verify the following condition
to ensure the convergence of the method [111, section 4.2]: µ ∈ ]0, 2/γ],
where γ is the Lipschitz constant of ∇G. If γ is unknown, the parameter µ

can be chosen by a line search [111]. Moreover, the step-size can change at
each iteration. In this case, we replace µ by µ(n) in (2.13).

Finally, let us mention two special cases of this method: (i) when G
is the indicator function of a closed convex set, PG method reduces to a
projected gradient method and (ii) when G is a `1-norm, the method is
known as the iterative shrinkage/thresholding algorithm (ISTA), widely
used to solve inverse problems promoting sparsity of the estimate [17, 111].

Generalized forward-backward algorithm
The GFB algorithm is a generalization of the PG method able to handle
(2.12) with L ≥ 1. It was recently proposed by Raguet et al. [120]. As for
the PG method, it also assumes that G is differentiable with a Lipschitz
continuous gradient. In their formulation, Raguet et al. assume that Li =

IdN for all i ∈ [L] (see [120, Algorithm 1]).
Based on their work, we propose a formulation of the algorithm that

make explicitly appear the operators Li’s like in (2.12). It assumes that
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each operator is either semi-orthogonal or is such that (IdN + L∗i Li) is eas-
ily invertible. We order the functions Fi such that the first Lso ones have
semi-orthogonal operators and the last Linv ones have operators with the
property that (IdN + L∗i Li) can be easily inverted. For these last functions,
we introduce auxiliary variables vi = Liu ∈ RMi for i ∈ {Lso + 1, L}. The
projections onto these sets are denoted projLi

, again for i ∈ {Lso + 1, L}.
The steps are described in Algorithm 1.

Algorithm 1: Generalized forward-backward algorithm

initialization: choose λ, µ > 0; v1, v2, ωi ∈ ]0, 1[ for i ∈ [L] such
that v1 + v2 = 1 and ∑L

i=1 ωi = 1; z(0)i ∈ RN for i ∈ [L];

v(0)
i , p(0)

i , q(0)
i ∈ RMi for i ∈ {Lso + 1, L} and maxIter; set

u(0) = ∑L
i=1 ωizi;

for n = 1 to maxIter do
for i = 1 to Lso do

z(n)i = z(n−1)
i + λ(prox µ

ωi
Fi◦Li

(2u(n−1) − z(n−1)
i −

µ∇G(u(n−1)))− u(n−1));
end
for i = 1 to Lso do

p(n)
i = p(n−1)

i + λ(prox µ
v1

Fi
(2v(n−1) − p(n−1)

i )− v(n−1));

// Projection step

(z̃(n)i , p̃(n)
i ) =

projLi

(
2u(n−1) − z(n−1)

i − µ∇G(u(n−1)), 2v(n−1) − q(n−1)
i

)
;

z(n)Lso+i = z(n−1)
Lso+i + λ(z̃(n)i − u(n−1));

q(n)
i = q(n−1)

i + λ(p̃(n)
i − v(n−1));

v(n)
i = v1 p(n)

i + v2q(n)
i ;

end

u(n) = ∑L
i=1 ωiz

(n)
i ;

if the stopping criterion is satisfied then
break;

end
end

The proximal operators of Fi ◦ Li for i ∈ {1, Lso} are computed using
Property 2.15. To ensure the convergence of the algorithm, parameters λ
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and µ are chosen such that λ ∈ ]0, 1] and µ ∈ ]0, 2/γ[ where γ is the Lips-
chitz constant of ∇G [120]. GFB algorithm is very useful when the opera-
tors meet the aforementioned requirements. But in some cases, computing
the projections related to the use of auxiliary variables can turn out to be
very time consuming.

Alternating direction method of multipliers
ADMM, also called Douglas-Rachford splitting, can efficiently solve prob-
lem (2.12) for L ≥ 1 when (IdN + ∑L

i=1 L∗i Li)
−1 can be easily computed

for i ∈ [L]. As mentioned in [111], the main advantage of this method is
that each term in the objective function is handled separately by the use of
auxiliary variables (v in Algorithm 2). We detail the steps of ADMM for
L = 1 and L1 = IdN in Algorithm 2 and refer to [5] for a description of the
more general case.

Algorithm 2: Alternating direction method of multipliers

initialization: choose τ > 0, u(0) ∈ RN , v(0) ∈ RN , s(0) ∈ RN and
maxIter;

for n = 1 to maxIter do
u(n) = proxτG(v

(n−1) − s(n−1));
v(n) = proxτF1

(u(n) + s(n−1));

s(n) = s(n−1) + u(n) − v(n);
if the stopping criterion is satisfied then

break;
end

end

Chambolle-Pock primal-dual algorithm
In this work, we use a generalized version of the CP primal-dual algorithm
introduced in 2010 by Chambolle and Pock in their seminal paper [37]. The
original CP algorithm [37], described in Algorithm 3, is designed to solve
the following saddle-point problem

minimize
u∈RN

maximize
p∈RM

G(u) + 〈Lu, p〉 − F?(p), (2.14)

where L ∈ RM×N and p ∈ RM is a dual variable. Problem (2.14) is a
primal-dual formulation of the primal problem: minimizeu∈RN G(u) +
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F(Lu). Function F? : RM → R in (2.14) is the convex conjugate function
(also called the Legendre-Fenchel conjugate) of F.

Definition 2.17 (Convex conjugate function) [27] Let a function g : RN →
R ∪ {−∞,+∞}. The convex conjugate of g is g? : RN → R ∪ {−∞,+∞} and
is defined as

g?(p) = sup{p>u− g(u)|u ∈ RN}.

Algorithm 3: Chambolle-Pock primal-dual algorithm

initialization: choose τ, σ > 0, θ ∈ [0, 1], u(0) ∈ RN , p(0) ∈ RM and
maxIter, set ū(0) = u(0);

for n = 1 to maxIter do
p(n) = proxσF?(p(n−1) + σLū(n−1));
u(n) = proxτG(u

(n) − τL∗p(n));
ū(n) = u(n) + θ(u(n) − u(n−1));
if the stopping criterion is satisfied then

break;
end

end

In the rest of the thesis, parameter θ in Algorithm 3 is set to 1. The
algorithm convergence is guaranteed when the primal and dual step-sizes,
τ and σ, satisfy τσ‖L‖2

2 ≤ 1 [37] where ‖L‖2 is the `2 operator norm of L.

Definition 2.18 (`2 operator norm) [27] We define the `2 operator norm of
L ∈ RM×N as

‖L‖2 = sup{‖Lu‖2|‖u‖2 ≤ 1}.
If u 6= 0, an equivalent formulation is

‖L‖2 = sup
u 6=0

{‖Lu‖2

‖u‖2

}
=: σmax(L),

where σmax(L) is the largest singular value of matrix L. The following inequality
results from this second formulation,

‖Lu‖2 ≤ ‖L‖2‖u‖2.
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The `2 norm of the operator L, ‖L‖2, corresponds to its maximum sin-
gular value as mentioned in Definition 2.18. It is also equal to the square
root of the maximum eigenvalue of L∗L [27]. In practice, we compute the
maximum eigenvalue of L∗L using the power iteration [71].

The generalized CP (GCP) is appropriate when L > 1. It is derived in a
product space using duality principles [71]. It can deal with (2.12) by first
computing separately the proximal operators of F?

i ’s and then, averaging
them (see Algorithm 4).

Algorithm 4: Generalized Chambolle-Pock algorithm [71]

initialization: choose τ, σ > 0, θ ∈ [0, 1], u(0) ∈ RN , p(0)
i ∈ RMi for

i ∈ [L] and maxIter, set ū(0) = u(0);

for n = 1 to maxIter do
for i = 1 to L do

p(n)
i = proxσF?

i
(p(n−1)

i + σLiū(n−1));

end

u(n) = proxτG(u
(n) − τ

L ∑L
i=1 L∗i p(n)

i );
ū(n) = 2u(n) − u(n−1);
if the stopping criterion is satisfied then

break;
end

end

The GCP algorithm only requires computing the proximal operators of
G, the convex conjugates of each F?

i , as well as the adjoints of the opera-
tors Li’s. The following two properties are useful to compute proxF?

i
when

proxFi
is known.

Definition 2.19 (Moreau decomposition) [111] Let g be a function as defined
in Definition 2.14. In this case, the following relation, called the Moreau decom-
position, always holds

ũ = proxg(ũ) + proxg?(ũ).
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Property 2.20 (Affine transformation) [27] Let g : RN → R and a > 0, b ∈
R. The convex conjugate of h(u) = ag(u) + b is h?(p) = ag?(p/a) − b.
Suppose L ∈ RN×N is non-singular and b ∈ RN . Then, the conjugate of
h(u) = g(Lu + b) is

h?(p) = g?((L−1)>p)− b>(L−1)>p,

with dom h? = L>dom g?.

In the next section, we present a few criteria designed (i) to automat-
ically select the best value for the regularization parameter ρ (assuming
there is only one balancing parameter) and (ii) to stop the internal itera-
tions of the algorithms described below. Finally, in the (short) last section,
we define the criteria used in this thesis to assess the quality of the estimate.

2.3.2 Regularization parameter and stopping criterion

As brought up in section 2.2, the optimal values of parameters ρi are un-
known a priori. In this section, we consider problems similar to (2.6) but
restricted to the ones with only one2 regularization parameter ρ. Its opti-
mal value, ρ?, depends on the associated regularization term and on the
observations, directly related to the noise statistics.

Finding ρ? theoretically is in general impossible. Ideally, it must be
chosen such that the estimation error between f 0 and f̂ ρ is minimum, i.e.,

ρ? = arg min
ρ>0

dist( f̂ ρ, f 0),

where dist can be, for instance, a squared `2-norm. As aforementioned,
such a criterion is attractive but unrealistic: in real situations, we only have
access to f̂ ρ and y. There exist a lot of methods in the literature to select
a value for ρ, close to ρ?, e.g., discrepancy principle, Stein’s unbiased risk
estimate, generalized cross-validatory criterion, whiteness of the residual,
etc. [6, 18, 50, 99, 148]. A lot of criteria are based on the statistical properties
of the noise and require an accurate knowledge of its distribution and its
parameters (e.g., the variance of the noise) [25].

In the next section, we describe several criteria based on the residual as
well as a general principle that can be used to avoid overfitting of the data.

2The number of regularization terms L can still be ≥ 1 even if the problem involves only
one regularization parameter, e.g., if the problem includes one or several indicator functions.
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Criteria based on the residual
The residual r is defined as the difference between the observations and
the estimated observations, A f̂ ρ,

r := y− A f̂ ρ = A f 0 + nr − A f̂ ρ

= A( f 0 − f̂ ρ) + nr. (2.15)

Quantity r is a realization of the random vector R := Y − A f̂ ρ. The first
term in (2.15) includes the details lost during the estimation process and
the second one corresponds to the noise. For ρ = ρ?, we should have
f̂ ρ ≈ f 0 and a residual only containing the noise. Consequently, we also
expect the correlation of R to be similar to the one of Nr.

Discrepancy principle. The discrepancy principle is based on the knowl-
edge of the power of the noise, e.g., the variance of the noise when D in
(2.3) represents a corruption by an additive Gaussian noise. Intuitively,
this criterion assumes that the distance (defined according to the noise
model, see subsection 2.2.1) between A f 0 and y is well approximated by
a quantity possibly depending on the noise model, namely dist(A f 0, y) ≈
BD . The discrepancy principle consists in finding an estimate f̂ ρ such that

dist(A f̂ ρ, y) ≈ BD .
When the noise is assumed to be additive and Gaussian with variance

σ2, the Morozov discrepancy principle selects an estimate associated with
parameter ρ such that [18, 106]

‖A f̂ ρ − y‖2
2 ≈ σ2M.

A discrepancy principle for Poisson noise was proposed in 2010 by
Bertero et al. [18] and is given by

KL(A f̂ ρ, y) ≈ M
2

. (2.16)

Carlavan et al. adapted (2.16) to images with null background [35],

KL(A f̂ ρ, y) ≈ N0

2
,

where M = N, N0 ≤ N is the number of non-zero pixels and KL is the
Kullback-Leibler divergence defined in Definition 2.5.
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This criterion requires (i) to know the noise distribution and (ii) to esti-
mate its parameter(s) from the observations [25]. In real applications with
various sources of noise, those two requirements can be difficult to satisfy.

Whiteness of the residual. As for the discrepancy principle, we would
like to find a stopping criterion related to the statistical properties of the
residual (2.15). But here, we consider that we do not know precisely the
distribution of the noise as well as its second-order (and higher) moments.
We would like to avoid estimating such distribution or its parameters (e.g.,
the variance in the Gaussian case).

In 2013, Almeida and Figueiredo introduced a criterion based on the
spectral properties of the residual [6]. This approach is promising be-
cause it only needs minimal knowledge about the noise: if the noise on
the observations—represented by operator D in (2.3)—is additive and i.i.d.,
we could expect a residual that is spectrally white. A noise N ∈ RM is said
to be a white vector when two conditions are met:

EN = 0 and ΓN = σ2IdM,

where 0 < σ2 < +∞ is possibly unknown and ΓN is the diagonal auto-
correlation matrix of N. The second condition leads to a power spectral
density that is constant over all the frequencies.

In the ideal case, the residual would perfectly correspond to the real-
ization of the additive noise, nr = n in (2.15), i.e., to a realization of a white
vector. To assess if the residual has statistical properties close to those of a
white vector, Almeida et al. define the following whiteness measure for blind
and non-blind deblurring [6],

q( f̂ ρ) =
M

∑
i,j=1,i 6=j

(Γr)2
ij

σ2
r

, (2.17)

i.e., the sum of all the off-diagonal elements of the correlation matrix of the
residual. Matrix Γr is the empirical estimation of ΓR and σ2

r is the variance
of vector r. The best value for ρ is the one minimizing (2.17). Unfortunately,
f̂ ρ? = f 0 is not the unique minimizer of (2.17). Indeed, since f̂ ρ is estimated

from (and thus, depends on) y, the quantity A f̂ ρ could tend to match the
noisy data leading to a residual equal to zero. In this limit case, the entries
of Γr are all equal to zero, even the diagonal ones. This phenomenon is
known as data overfitting.

30 |



How to solve such problems? | 2.3

Cross-validation
Overfitting results from the use of the same observations for both the es-
timation of f 0 and the evaluation of the quality criterion. An idea, al-
ready exploited by Boufounos et al. and Ward [25, 161] in the context of
compressive sensing, is to use a technique based on cross-validation (CV)
principle—widely used in the machine learning community—to avoid this
pitfall. The observations y are divided into two distinct sets: an estimation
set and a validation set, much smaller than the first one.

More formally, we randomly split the vector of observations y into an
estimation vector yest and a validation vector yval, of sizes Mest and Mval =

M−Mest, respectively. To do so, we define two restriction operators Rest ∈
{0, 1}Mest×M and Rval ∈ {0, 1}Mval×M such that yest = Resty and yval =

Rvaly, respectively. With CV approach, estimation problem (2.6) becomes

f̂ ρ := arg min
u∈RN

dist(Rest Au, Resty) +
I

∑
i=1

ρiφi(u), (2.18)

and the residual used in the quality criterion q is

rval := Rval(y− A f̂ ρ).

The CV can be applied to any quality criterion, including the whiteness
criterion proposed by Almeida et al. [6]. As suggested by [25], we can also
use the squared `2-norm of the residual rval as the criterion for stopping the
internal iterations of the algorithms and selecting ρ,

q( f̂ ρ) = ‖Rval(y− A f̂ ρ‖2
2. (2.19)

This last criterion shares similarity with the discrepancy principle for ad-
ditive Gaussian noise. But unlike this one, (2.19) does not require any pa-
rameter estimation.

2.3.3 Quality of the estimate

In real applications, the (discretized) ground truth f 0 is obviously not avail-
able. However, when we perform in silico experiments, we often quantify
the quality of the estimate f̂ with respect to f 0, e.g., to compare the per-
formances of different numerical methods. There exist numerous quality
metrics or indices, e.g., signal-to-noise ratio (SNR), correlations coefficients,
mutual information, structural similarity index measure (SSIM), etc. [130,
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160] Even if they present some limitations (well explained in [159]), we use
the SNR and the increase in SNR in the simulations reported in this the-
sis. The SSIM would be more appropriate since it compares the structure,
independently of a change in contrast and luminance.

Definition 2.21 (Signal-to-noise ratio) The signal-to-noise ratio (SNR) between
an estimate û and its ground truth u is defined as

SNR(û, u) := 20 log10

( ‖û‖2

‖û− u‖2

)
.

Definition 2.22 (Increase in signal-to-noise ratio) Let z ∈ RN be a cor-
rupted version of signal u ∈ RN . Let û ∈ RN be an estimate of u built from
observations z. The increase in signal-to-noise ratio (ISNR) compares the SNR of
z with the SNR of û. It is defined as

ISNR(û, u, z) = 10 log10
‖z− u‖2

2
‖û− u‖2

2
.
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3
Basics of PET imaging

POSITRON emission tomography (PET) is one of the few medical imag-
ing modalities providing information about physiological activity
in the human body. Like for other nuclear imaging modalities, PET

requires the use of a radiotracer, i.e., a drug synthesized by the human body
(e.g., a glucose molecule) and labeled with a radionuclide. The observation
of a specific metabolic process depends on the chosen radiotracer. The
most frequent radiopharmaceuticals are 11C, 13N, 15O, and 18F, all short-
lived isotopes of elements already present in our organism [116]. Due to its
“long” half-life (about 110 min) and its versatility, 18F-fluorodeoxyglucose
(18F-FDG) is widely used for clinical applications.

In clinic, PET imaging is mainly used in cardiology (e.g., for coronary
angiography), neuropsychiatry (e.g., to help diagnose dementia) and on-
cology [16, chapter 1]. In radiotherapy, this modality permits to detect
cells with abnormally high metabolic activity like cancer cells. Combined
with structural imaging modalities, it has become essential for cancer di-
agnosis (e.g., lung cancer or lymphoma), treatment planning, assessment
of the tumor growth and of the patient’s response, and follow-up after the
end of the therapy [16, chapter 1]. This ability to assess the evolution of the
response of a living organism to a treatment is also exploited in research—
e.g., to study a new drug or new cancer therapies.

Computational scientists can design algorithms that will help the physi-
cians to interpret and exploit the information contained in PET images.
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(a) (b) (c)

Figure 3.1 Illustration of (a) a true annihilation coincidence detection
(ACD) occurring in a PET scanner (axial view), (b) a scattered ACD and
(c) a random ACD. On each subfigure, a blue filled circle indicates an an-
nihilation location. The emitted photons follow the blue trajectory and hit
the corresponding detectors. The dotted line indicates the line of response
associated with the event detection for the reconstruction.

Understanding the formation of PET images is then crucial to develop ap-
propriate image processing techniques. In this chapter, we first briefly re-
view the acquisition principle of PET modality in section 3.1. Then, in sub-
section 3.2.3, we describe a simplified continuous model underlying the
generation of observations in the projected domain. It integrates the main
phenomena having an impact on the quality of PET images—a low spatial
resolution and a high level of noise. Finally, in section 3.3, we point out the
imaging (and medical) challenges related to PET imaging such as accurate
organ delineation.

3.1 Acquisition principle
First of all, the patient must ingest, inhalate or receive an injection of a
drug labeled with a radionuclide. The radiotracer accumulates in tissues
while constantly emitting positrons. After a short travel (around 0.5 to
0.6 mm for 18F-FDG, see subsection 3.2.1), most of the positrons annihilate
with electrons. This results in the emission of two 511 keV photons with
anti-collinear trajectories (see Figure 3.1a). The simultaneous detection (in
a timing window of 6 to 12 ns) of two photons by the scanner detectors
is called a coincidence event or annihilation coincidence detection (ACD). From
this observation, we assume that the annihilation—and not necessarily the
positron emission—occurred somewhere along the line joining the two de-
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Figure 3.2 Tomographic acquisition of a quantity of interest f0. For each
discretized angle θ, the projection profile depends on τ and represents the
coincidence events profile in this particular direction.

tectors. This line is called line of response (LOR). The number of ACD is
stored for each pair of detectors, indexed by an angle θ and an affine pa-
rameter τ (see Figure 3.2). For θ fixed and τ varying, the resulting pro-
file of photon counts is called projection. The collection of projections is
called sinogram and can be seen as the discrete X-ray transform (or Radon
transform) of the radioactivity map. After several correction steps (e.g., to
correct attenuation or random coincidence events), linear or iterative algo-
rithms are used for the reconstruction [152].

In practice, the sinogram is far from being an ideal Radon transform
of the radioactivity map. Indeed, several phenomena are responsible for
degradation leading to (i) a low spatial resolution and (ii) a high level of
noise in the reconstructed map. The poor spatial resolution of PET images
is impacted by factors of four different origins [16, 97, 121]:

• the physics of the imaging modality (e.g., non-zero positron range and
imperfect collinearity of photons after annihilation with an electron);

• the device (e.g., detectors geometry, depth of interaction of the photon
in the detector, and stopping power of the crystal);

• the patient or the object (e.g., patient motion during the acquisition);

• the acquisition and reconstruction (e.g., sampling, rebinning, and pa-
rameters of the reconstruction algorithm).
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We observe in practice a high level of noise in the projection space. This
is mainly due to the low photon detection efficiency of the detectors and
to the limitation of the injected tracer dose for obvious radio-protective
reasons. Moreover, an ACD does not always result from the annihilation of
a positron along the considered LOR. Scattered and random coincidences
are also detected (see Figures 3.1b and 3.1c). If we do not correct them prior
to the reconstruction, we will get a reconstructed image with poor contrast,
e.g., due to a background haze [116].

3.2 From radiotracer uptake to projections
We consider a sample—either a synthetic phantom or a living organism—
that contains some biological compounds labeled with radionuclides. This
sample is placed inside a PET scan with radius R and 2D detectors of width
w. In this work, we only consider ACD in a transverse plane. Without
loss of generality, we assume that the sample is restricted to a 2D circu-
lar FOV, also called object space Ω ⊂ R2. A function f : Ω ×R → R+

associates a radiotracer concentration f (x, t) with each location x ∈ Ω
at time t. According to the radioactive decay law [116], we write f as
f (x, t) = f0(x)e−λt where λ is the decay constant specific to the chosen
radionuclide and f0 is the concentration map at t = 0. This map is implic-
itly related to the metabolic activity: in areas with high radioactivity, we
expect a high metabolic activity. Let us also define a discrete random field
s that associates each pair of detectors with a number of ACD collected
during acquisition time tacq.

This section aims at describing a mathematical model relating the con-
centration map ( f0) to the acquired data (s). First, we will describe the
emission model, i.e., the expression of the ACD flux resulting from the
radioactivity in the sample as a function of f0. Then, we will propose a
model for the flux collection by the scanner detectors leading to the mea-
sured quantity s. The final discrete model proposed in subsection 3.2.3
and based on subsections 3.2.1 and 3.2.2 only integrates the main factors
of degradation that affect the quality of the reconstructed image. Since
Chapters 4 and 5 concern post-reconstruction techniques, phenomena like
Compton scattering or random coincidences are not detailed because they
can be corrected before the reconstruction. For a comprehensive under-
standing of PET acquisition, we refer the reader to the books Positron emis-
sion tomography written by Bailey et al. [16] and Medical Imaging: Signals and
Systems written by Prince and Links [116].
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3.2.1 Emission model

As mentioned in section 3.1, radionuclides emit positrons that further an-
nihilate with electrons and emit pairs of photons. Let us define a function
ϕ : [0, π]× [−R, R]×R+ →N+. The ACD flux ϕ(θ, τ, t) is associated with
a LOR parameterized by θ and τ and is denoted Lθ,τ . The flux corresponds
to the number of simultaneous detections observed at the ends of this LOR
during the time window indexed by time t. Lθ,τ is defined as

Lθ,τ := {x ∈ Ω|1>θ x− τ = 0},

where 1θ ∈ S is defined as 1θ := (cos θ, sin θ) in the Cartesian coordinate
system.

Remark 3.1. Due to their finite width, a pair of detectors is associated with
several LOR, called a fan of LOR. We will see how it affects the collected
observations in subsection 3.2.2.

Flux ϕ can be seen as the sum of three main sources of flux: ϕT , ϕS and
ϕR. Flux ϕT is related to the true coincidence events that actually occurred
along the considered LOR, ϕS accounts for the scattered coincidences and
ϕR represents the flux due to random coincidences. Function ϕ depends on
f and on the chosen LOR but also on the nature of the encountered tissues
and on instrumental parameters like detector efficiency. In this section, we
derive the expression of ϕT(θ, τ, t) at time t along Lθ,τ as a function of f ,
linear attenuation map µ : Ω → R+ and instrumental parameters. We
assume that µ is stationary, i.e., that there is no change in the nature or
position of the tissues during the acquisition process.

Let us assume that N0 annihilations occurred at location x0 ∈ Lθ,τ at
time t. The numbers of photons detected at each end of the LOR are [116]

N+( f 0, t) = N0e
−
∫
L+

θ,τ
µ(x;E)dx

N−( f 0, t) = N0e
−
∫
L−

θ,τ
µ(x;E)dx

,

where L+θ,τ and L−θ,τ are the shortest paths between x0 and each end of the
LOR, and E is the photon energy (511 keV). The exponential factors model
the attenuation due to tissues that the photons encounter on their way to
the outside of the patient. An ACD requires a simultaneous detection of
photons at each end of the LOR. If one of the two photons is absorbed, there
is no detection. Consequently, the average number of ACD Nav depends on
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the product of the attenuation factors and not anymore on the annihilation
origin x0,

Nav( f 0) = N0e−
∫

Ω δ(1>θ f−τ)µ(x;E)dx. (3.1)

The total number of ACD resulting from all the annihilation events that
occurred along Lθ,τ is given by the integral of (3.1) along this line,

ϕT(θ, τ, t) = e−λtcE(θ, τ)
∫

Ω
δ(1>θ f − τ) f0(x)dx,

where cE(θ, τ) := e−
∫

Ω δ(1>θ f−τ)µ(x;E)dx > 0 accounts for the tissue attenu-
ation along the considered LOR. An equivalent expression is

ϕT(θ, τ, t) = e−λtcE(θ, τ)R f0(θ, τ), (3.2)

where R f0 is the Radon transform of f0. However, this model of positron
emission is too ideal mainly for two reasons mentioned in section 3.1: (i)
the annihilation and the emission of the positron do not occur at the same
location and (ii) the two emitted photons are often not perfectly collinear.
Consequently, we do not observe line integrals of f0 but of a slightly differ-
ent quantity. We describe those two physical phenomena before adapting
expression (3.2).

Non-zero positron range. The radioactive decay that occurs in the pa-
tient body after radiotracer injection is responsible for the emission of par-
ticles α, β, and positrons. After emission, positrons have a non-zero initial
kinetic energy. This energy decreases as the positron travels and interacts
with the surrounding environment—e.g., via (in)elastic collisions or scat-
tering [16]. The distance covered by the particle before being at rest de-
pends both on the initial kinetic energy, i.e., on the radionuclide, and on
the nature of encountered tissues. In the case of 18F, the average range
of positron in water—a medium with properties similar to those of hu-
man tissues—is 0.5 to 0.6 mm with a maximum distance of 2.4 mm [16,
97]. Monte-Carlo simulations of positron trajectories made by Levin et al.
[97] show that the distribution of annihilation locations has an isotropic
“cusp-like” shape. The impact of surrounding tissues heterogeneity on the
trajectory is negligible for radionuclides with low energy such as 18F [3].
Based on this observation, the effect of non-zero positron range is well ap-
proximated by a convolution in the spatial domain with a 3D biexponential
kernel [97].
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Studies [3, 121] consider the effect of non-zero positron range on the
spatial resolution as negligible when the radiotracer is 18F. Levin et al. ob-
serve however that in the case of scanners with small FOV (around 20 cm)
and small detectors, this effect (independent of the scanner geometry) is
dominant along with detector size (see subsection 3.2.2) [97].

Non-collinearity. The combination and annihilation of a positron and an
electron at rest result in a radiation that generally consists in a pair of pho-
tons emitted in opposed directions. According to Bailey et al. [16], 65%
of the photons emitted in the water are not perfectly collinear. This mis-
alignement is due to the fact that the momentum is not always zero when
positron and electron combine. The phenomenon of non-collinearity can
be modeled by a convolution in the spatial domain with an isotropic Gaus-
sian kernel [97]. The effects of non-collinearity do not depend on the ra-
dionucleide and are rather influenced by the system geometry—e.g., FOV
and detectors sizes. This factor is dominant in large scanners (FOV diame-
ter around 80 cm) [97].

Considering those two phenomena, a better model for ϕT is

ϕT(θ, τ, t) = e−λtcE(θ, τ)R{h1 ∗ f0}(θ, τ), (3.3)

where h1 : R2 → R is a Gaussian kernel modeling the effects of non-zero
positron range and non-collinearity.

3.2.2 Collection model

The scanners used for PET imaging have a finite number of detectors.
Within the acquisition time tacq, each pair of detectors collects the fluxes
of a fan of LOR, acting like an operator of integration. Let us character-
ize each pair of detectors by the parameters of the LOR connecting their
centers, (θi, τj) with i, j ∈ [D]. Due to the circular geometry of the device,
angles θi are evenly sampled on [0, π] while radial variables τj are non-
uniformly sampled on [−R, R].

At time t, the collection by a pair of detectors (θi,τj) with sensitivity
ci,j can be modeled by an integral operator H2 applied to the total flux ϕ

followed by a sampling,

ci,j [H2 ϕ(θ, τ, t)]θ=θi
τ=τj

:= ci,j

[∫ R

−R
h2(τ, τ′)ϕ(θ, τ′, t)dτ′

]

θ=θi
τ=τj

.
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Figure 3.3 As we go away from the center of the field of view, (a) the
effective width of collection w′ = w

√
1− τ2/R2 of a detector pair (high-

lighted in blue) gets smaller and (b) the parallax error, due to the finite
depth of the detectors, gets larger. The dotted lines represent the lines of
response associated to this pair of detectors for a given angle θ.

Constant ci,j > 0 accounts among others for the detector efficiency and
effects due to the geometry or to the (a)synchronicity of the considered
detectors [16, chapter 5]. Kernel h2 represents the effects due to the scan-
ner and detector geometries. When |τ| increases, we observe two main
phenomena: (i) the effective width of collection w′ of a detector pair gets
smaller due to the circular geometry of the device and (ii) the finite depth
of the detectors leads to larger parallax errors (see Figure 3.3).

Within the acquisition duration tacq, a number si,j > 0 of ACD are col-
lected by the detectors pair (θi,τj). The randomness inherent to the disinte-
gration process combined with the discrete nature of the detection process
can be modeled by a Poisson random variable,

si,j ∼ P
(

ci,j

∫ tacq

0
[H2 ϕ(θ, τ, t)]θ=θi

τ=τj

dt

)
, (3.4)

where the collection of si,j with i, j ∈ [D] is called sinogram. This multi-
plicative noise is common when we deal with photon counting processes.
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Figure 3.4 Simplified representation of the (circularly symmetric) blur-
ring kernel h̃2 at different locations y of the field of view. In first approxi-
mation, h̃2 at each location can be seen as an anisotropic Gaussian kernel.

3.2.3 Discrete model for corrected projections

Before switching to a discrete framework, we first derive an alternate ex-
pression for H2 ϕT(θ, τ, t). Using (3.3) and Fubini’s theorem, we write

H2 ϕT(θ, τ, t) = e−λt
∫

Ω

∫ R

−R
h2(τ, τ′)cE(θ, τ′)δ(1>θ x− τ′)(h1 ∗ f0)(x)dτ′dx

≈ e−λtcE(θ, τ)
∫

Ω
h2(τ, 1>θ x)(h1 ∗ f0)(x)dx, (3.5)

where we assumed that cE is slowly varying inside the window defined
by h2 and is, in this case, well approximated by cE(θ, τ). Let us now write
h2(τ, 1>θ x) as the projection of a spatially variant kernel h̃2 in Ω [58],

h2(τ, 1>θ x) =
∫

Ω
δ(1>θ y− τ)h̃2(y, x)dy. (3.6)

h̃2 associates a function depending on x with each location y of the FOV.
Since kernel h2 does not depend on θ neither does h̃2. Consequently, h̃2 is
circularly symmetric, i.e., all the functions h̃2 located at y such that ‖y‖2 =

r ≤ R are identical up to a rotation θ (see Figure 3.4). Combining (3.5) and
(3.6) leads to

H2 ϕT(θ, τ, t) ≈ e−λtcE(θ, τ)
∫

Ω
δ(1>θ y− τ)

∫

Ω
h̃2(y, x)(h1 ∗ f0)(x)dx dy

= e−λtcE(θ, τ)
∫

Ω
δ(1>θ y− τ)H̃2{h1 ∗ f0}(y)dy

= e−λtcE(θ, τ)R
{

H̃2(h1 ∗ f0)
}
(θ, τ).
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Injecting this approximation in (3.4), we find

si,j ∼ P
(

ci,j

∫ tacq

0

[
e−λtcE(θ, τ)R

{
H̃2(h1 ∗ f0)

}
(θ, τ)

+ H2{ϕS + ϕR}(θ, τ, t)]θ=θi
τ=τj

dt

)
. (3.7)

Before the reconstruction, the sinogram usually undergoes different cor-
rections along with a possible rebinning [16, chapter 5]: the weights ci,j are
removed by normalization, the estimated counts of scattered and random
coincidences are subtracted, the decay factor depending on tacq is corrected
and finally, the tissue attenuation is compensated. This last correction is
based on a transmission scanner performed with a CT scan (monochro-
matic X-rays with energy equal to 511 keV). The CT projections are directly
related to cE and do not require a reconstruction. The expectation of cor-
rected si,j before rebinning is

Esc
i,j = R

{
H̃2(h1 ∗ f0)

}
(θi, τj). (3.8)

Due to data processing, sc
i,j is not a Poisson random variable anymore.

Some authors consider that random variable sc
i,j follows a shifted Poisson

distribution [16, chapter 4]. In Chapter 4, we show that corrected projec-
tions can be considered as sub-exponential random variables.

According to the framework described in Chapter 2, model (3.8) can be
turned into the following discrete representation,

Esc =RH̃2H1 f 0, (3.9)

where sc ∈ RM is the vector representation of the sinogram with M ≤ D2

(M = D2 when there is no rebinning),R : RN → RM is the discrete Radon
transform, H̃2 ∈ RN×N is a matrix close to a Toeplitz matrix but with
smoothly varying rows1, H1 ∈ RN×N is a circulant matrix, and f 0 ∈ RN is
the vector representation of the discretized radiotracer concentration.

Recently, Berthon et al. developed a “dynamic PET simulator via to-
mographic emission projection” (dPETSTEP). This software uses a matrix
representation of the imaging system to compute the projections of the ob-
ject of interest in a fast way [19, 84]. The matrix representation, described
in [19, p. 2], can be seen as the discrete equivalent to (3.7) with the extra

1 H̃2 is well approximated by a sparse operator in the wavelet domain [58].
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(a) CT scan (b) f 0 (c) tacq = 1 s (d) tacq = 60 s

Figure 3.5 Zoom on simulations of a transaxial slice of the XCAT phan-
tom [131] with dPETSTEP software: (a) attenuation map, (b) activity map,
(c) observations for tacq = 1 s and (d) observations for tacq = 60 s. Es-
timates are reconstructed from projections using filtered backprojection
(FBP) algorithm, implemented in the software.

assumption of a spatially invariant kernel h̃2. For a realistic scanner geom-
etry, dPETSTEP simulations of projections are around 55,000 times faster
than Monte Carlo simulations and the root mean square error (RMSE) be-
tween them differs only by 4% in average. In simulations of Chapters 4
and 5, we will use images reconstructed from projections generated by
dPETSTEP (see e.g., Figure 3.5).

3.3 Imaging challenges
One major drawback of PET images is their low spatial resolution caus-
ing for instance partial volume effects that prevent accurate delineation of
small organs or precise uptake value estimation [96]. Several factors in-
volved in this poor spatial resolution (see section 3.1) can be optimized
with the design of the scanner [97]. First, the detectors can be designed to
better detect scattered and random events, leading to a better correction of
the projections. Secondly, there is a trade-off to be found in the choice of
the depth of photon interaction in the crystal: a small depth limits the par-
allax error but reduces the detection efficiency at the same time. However,
no matter the quality of the acquisition devices and the algorithms, the res-
olution of PET imaging systems will always be limited by (i) the non-zero
positron range before annihilation, (ii) the imperfect collinearity between
emitted photons, and (iii) the (finite) detector size [97].

Analytical reconstruction methods such as filtered backprojection (FBP)—
a standard reconstruction algorithm in tomography—are based on the cen-
tral section theorem [16, chapter 4]. Even if they offer good reconstruction

| 45



3 | Basics of PET imaging

results, they are limited in the modeling of the degradation factors. Iter-
ative algorithms such as maximum-likelihood expectation maximization
(ML-EM) are powerful in the sense that they can include both the data
model (including the noise statistics) and information on the structure of
the radiotracer distribution. It requires however a good knowledge of the
forward model. In 2019, Häggström et al. proposed a new reconstruction
technique based on a deep convolutional network called DeepPET [85].
Their network reconstructs quantitative maps of radiotracer concentration
in a very short time compared to the aforementioned methods. Moreover,
an accurate knowledge of the forward model is not required since the opti-
mization of the network parameters is automated. The training is based on
more than 291,000 images. Whole-body images of patients were simulated
with the XCAT phantom [131] (see subsection 4.5.1 for a more detailed de-
scription of the phantom) and dPETSTEP was then used to get realistic
sinograms [84].

In the next two chapters, we present iterative algorithms designed to
improve PET images in a post-processing and possibly blind context. In
this case, observations vector y ∈ RN is the reconstructed image. Let G :
RM → RN be a reconstruction technique either linear (like FPB) or non-
linear (like ML-EM). Observations y are related to f 0 through

y = G(sc) ≈ H̃2H1 f 0. (3.10)

The proposed algorithms rely on the formulation of a minimization prob-
lem whose objective function includes several terms. A first term is related
to the acquisition model and the noise statistics. The next ones encode the
prior knowledge on the structure of the radioatracer concentration map
and, in Chapter 5, on the blurring operator.

Based on (3.10), we define the point spread function (PSF) of an imaging
device as the observation of an isolated (or point) source. In PET scanners,
the PSF is generally spatially variant and depends on the reconstruction
algorithm G. In Chapters 4 and 5, the assumption of a spatially invariant
PSF near the center of the FOV allows us to consider the deblurring of PET
images as a deconvolution process.
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deconvolution of PET images

IMPROVING the quality of PET images affected by low resolution and
high level of noise is a challenging task in nuclear medicine and ra-
diotherapy, as pointed out in section 3.3. In this chapter, we propose

a restoration method achieved after tomographic reconstruction and tar-
geting clinical situations where raw data are often not accessible. Our con-
tribution introduces the recently developed TGV2

α-norm to regularize the
inverse problem (see subsection 2.2.1) as well as a data fidelity term mixing
`1- and `2-norms to deal with the statistics of the noise. We stabilize this
procedure with additional image constraints such as positivity and pho-
tometry invariance. To validate the method, experiments are conducted
on both simulated data of XCAT phantom and real human PET images.

Context

A challenging step in radiotherapy treatment is the accurate delineation of
the tumor volume based on PET images [96]. Some methods rely on vi-
sual interpretation or on activity threshold determination but suffer from
methodological limitations [96]. The use of more complex segmentation al-
gorithms is impeded by the two main drawbacks of PET imaging pointed
out in section 3.1: low spatial resolution and high level of noise [155].
The first one is mainly due to the blur introduced by the random positron
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travel, the photon diffusion in the patient tissues before annihilation and
the large size of the scintillators required to detect high-energy photons
(see subsection 3.2.3). The resulting point spread function (PSF) of the PET
system is generally not uniform and can vary slightly in the field of view
(FOV). The latter, i.e., the noise in raw data, is due to low photon detection
efficiency of the detectors and the limitation of the injected tracer dose in
the patient body. The noise is Poissonian in the projection space, before
reconstruction.

Improving the quality of PET images is essential before applying more
advanced segmentation techniques. Deblurring and denoising can be ap-
plied either during the reconstruction process or in a post-processing phase.
The second approach is more appropriate for clinical use since the access
to raw data or to the reconstruction algorithm of the scanner is not al-
ways possible. After sinogram correction, images are reconstructed with
standard iterative 3D algorithms like ML-EM or its accelerated version,
ordered subset expectation maximization (OSEM) [152]. The statistics of
the noise corrupting those reconstructed images are not well characterized
[30, 36, 85]. An accurate, analytical, description of its distribution is in fact
impossible since many factors influence the final distribution (e.g., the pre-
corrections applied to the raw sinogram, the choice of the reconstruction
algorithm and its parameters, etc.). Some authors studied the noise distri-
bution for specific algorithms like FBP or OSEM or proposed to consider
a more general family of distributions, e.g., the Tweedie distributions [36].
However, nowadays a classical Gaussian filter is still the most widely used
tool in clinical denoising. Edge-preserving filters such as bilateral filters or
M-smoothers are also used but, like the Gaussian filter, they are generally
designed for additive noise [66]. For the deblurring step, classical decon-
volution algorithms like Van Cittert’s or Landweber’s [66] are used. Other
methods combine the denoising and deblurring steps, either in an itera-
tive algorithm like Lucy-Richardson [125] or by solving an optimization
problem [55, 68].

Contributions and outline

In this work, we choose the inverse problem approach in a post-processing
phase and propose a problem formulation specific to the restoration of PET
images. First, we theoretically show in section 4.2 that the noise statistics
in a PET image reconstructed with a linear algorithm is well character-
ized by a mixture of two tails—a Gaussian tail for small intensities and
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a sub-exponential tail for larger ones. Then, in section 4.3, we formulate
the convex optimization problem that assumes that the PSF of the scan-
ner is known. The objective function includes a Huber function as the
data fidelity term. This loss function can indeed deal with the “mixed”
behavior of the noise. It also introduces the TGV2

α-norm as a regularization
term [28] for PET deconvolution and considers specific properties of PET
physics such as positivity and photometry invariance. Finally, we validate
the deconvolution algorithm detailed in section 4.4 on PET images of the
XCAT phantom simulated with dPETSTEP software (see section 4.5). We
also show results obtained with our method on PET images of patients.

4.1 Discrete forward model and underlying assumptions
In this chapter, we work with the same notations as in Chapter 3. After
tomographic reconstruction G, the observed image y ∈ RN is associated
with f 0 ∈ RN through the forward model (3.10) rewritten as

y ≈ H f 0, (4.1)

where H ∈ RN×N is a blurring operator accounting for both the physical
and instrumental inaccuracies described in Chapter 3. Some assumptions
on H lead to a simpler model. In first approximation, the PSF near the
center of the FOV is uniform, Gaussian and isotropic in the 2D plane [66].
Consequently, blurred image y is assumed to result from the convolution
of the original image with a kernel h ∈ RN , the PSF of the scanner,

y ≈ h ∗ f 0. (4.2)

We make the assumption that the convolution kernel is known, either via
direct measurement of an isolated source located at the center of the FOV
or via the spec sheet of the considered imaging device. Operator H is the
block-circulant operator1 associated with kernel h.

In both (4.1) and (4.2), we use the approximation symbol ≈ to account
for the errors due for instance to the imperfect reconstruction, to the non
ideal modeling of h, and to the noise. In [79], we assumed that the obser-
vations are i.i.d. and follow a Poisson distribution. However, as explained
in the introduction, the distribution of the noise in the reconstructed PET

1To be accurate, H should be a block-Toeplitz operator. However, the assumption of a
block-circulant operator holds when the object to image and the PSF are small compared to
the size of the FOV. In this case, both operators lead to the same observations y.
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images is not well characterized. Unlike the Poisson statistics observed
in the raw sinogram, the post-reconstruction distribution depends on sev-
eral factors. For instance, the entries of the corrected sinogram (3.8) are
not Poisson distributed anymore. Furthermore, the reconstruction algo-
rithm mixes the random variables of the sinogram in an unknown manner.
With FBP, a Gaussian distribution seems to be a good fit for the noise while
with ML-EM, a Gamma distribution could be a better choice [36]. In the
next section, we show that when the reconstruction algorithm is linear, the
noise on each element of y is characterized by a sub-exponential distribution
[158], i.e.,

P{|yi − (h ∗ f 0)i| ≥ t} ≤ 2e−t/K1 ,

for all t ≥ 0 and K1 > 0.
The physics of PET imaging suggests two additional constraints to model

(4.1). The first property is the positivity since the original image f 0 repre-
sents a non-negative activity map in a phantom or e.g., the in vivo metabolic
activity. Hence,

f 0 � 0.

The second property is photometry invariance. Total photometry preserva-
tion means that the total photon counts in the original and observed im-
ages are approximately the same. This property is particularly valuable for
quantification aspects like the measurement of standardized uptake values
(SUV) [155],

N

∑
i=1

( f 0)i ≈
N

∑
i=1

yi.

4.2 Noise statistics
As explained in subsection 3.2.3, the discrete sinogram which contains the
observed projections of f 0 undergoes several correction steps before the
reconstruction. The corrected sinogram, sc, commonly writes [85]

sc
i,j =

si,j − νi,j

ςi,j
,

where νi,j < si,j represents the correction of random events and ςi,j > 0 is a
scaling factor that accounts, among others, for normalization, attenuation
and delay correction. We consider that the correction of the random events
is done in real-time, by counting the random ACD occurring during a de-
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layed time window [16, 163]. Consequently, νi,j is also a Poisson random
variable. If ςi,j is properly estimated from the projections and the transmis-
sion scan, the expectation of sc will be close to (3.9). We will then consider
Esc =R(H f 0).

In this section, we show that the noise on the observations reconstructed
from sc with a linear algorithm follows a sub-exponential distribution. In
other words, the residual (y−H f 0)i is the realization of a random variable
showing at least an exponential tail decay, i.e.,

P{|yi − (H f 0)i| ≥ t} ≤ C1e−t/K1 ,

for all t ≥ 0 and C1, K1 > 0. This decay will motivate the choice of the
data fidelity term in section 4.3. Our development is mainly based on the
theoretical work of Vershynin [158] on non-asymptotic behavior of random
variables and random matrices. It is divided into three statements:

1. A Poisson random variable is sub-exponential;

2. The difference of two Poisson random variables is sub-exponential;

3. If the reconstruction algorithm is linear, the noise on the resulting
observations follows a sub-exponential distribution.

We first give the definition of a sub-exponential random variable.

Proposition 4.1 [157, Proposition 2.7.1] Let X be a random variable. Then, the
following properties are equivalent. The parameters Ki > 0 appearing in these
properties differ from each other by at most an absolute constant factor.

1. The tails of X satisfy P{|X| ≥ t} ≤ C1e−t/K1 for all t ≥ 0.

2. The moments of X satisfy ‖X‖p = (E|X|p)1/p ≤ pK2 for all p ≥ 1.

3. The moment generating function of |X| is bounded at some point, i.e.,
Ee|X|/K3 ≤ C3.

Factor C1 in property 1 and upper bound C3 in property 3 can be any finite positive
value.

Definition 4.2 (Sub-exponential random variable) [158, Definition 5.13] A
random variable X that satisfies one of the equivalent properties of Proposition 4.1
is called a sub-exponential random variable. The sub-exponential norm of X,
denoted ‖X‖ψ1 , is defined to be the smallest parameter K2. In other words,

‖X‖ψ1 := sup
p≥1

p−1(E|X|p)1/p.
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Proposition 4.3 Let X be a random variable following a Poisson distribution of
parameter λ ≥ 0, i.e., X ∼ P(λ). Then, X is also a sub-exponential random
variable with a sub-exponential norm bounded by

‖X‖ψ1 ≤ 2C3

[
ln
(

1 +
ln C3

λ

)]−1
, (4.3)

with C3 > 1.

Proof. Random variable X is sub-exponential if one of the three properties
in Proposition 4.1 is satisfied. In this case, we check if the moment gener-
ating function (MGF) is bounded at some point, i.e., if there exists K3 ∈ R+

0
such that

Ee|X|/K3 ≤ C3. (4.4)

The MGF of Poisson random variable X with parameter λ is given by
EetX = eλ(et−1) [127]. Since such random variables are non-negative, ex-
pression (4.6) imposes

eλ(e1/K3−1) ≤ C3. (4.5)

This decreasing exponential function tends to 1 as K3 tends to infinity. Con-
sequently, for C3 > 1, there exist K3 values such that (4.6) is verified. X is a
sub-exponential random variable.

Since the function on the left-hand side of (4.5) is continuous and strictly
decreasing, the smallest K2 value such that (4.6) is verified satisfies

eλ(e1/K3−1) = C3.

Hence,

K3 =

[
ln
(

1 +
ln C3

λ

)]−1
,

with C3 > 1. Since K2 = 2C3K3 (see Appendix 4.A), an upper bound on
the sub-exponential norm is given by

‖X‖ψ1 ≤ 2C3

[
ln
(

1 +
ln C3

λ

)]−1
.

Regarding Proposition 4.3, the sub-exponential norm is roughly pro-
portional to λ, the parameter of the Poisson distribution. Indeed, as λ in-
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creases, the probability density function (pdf) of the distribution gets flat-
ter. ‖X‖ψ1 increases too as the decay rate of the bounding function (pro-
portional to 1/‖X‖ψ1 ) gets lower.

Proposition 4.4 Let X1 and X2 be independent random variables following a
Poisson distribution of parameters λ1 ≥ 0 and λ2 ≥ 0, respectively. Then, Y :=
(X1 − X2)/b with b > 0 is also a sub-exponential random variable.

Proof. According to Proposition 4.3, random variables X1 and X2 are sub-
exponential. Their MGFs are then bounded by C1 > 1 and C2 > 1, respec-
tively. Using the triangle inequality, the MGF of |Y| is also bounded,

E(e|X1−X2|/K3) ≤ E(e(|X1|+|X2|)/K3) ≤ C1C2,

for K3 > 0. Let K′3 := K3/b. We get

Ee|Y|/K′3 ≤ C1C2. (4.6)

Random variable Y is then sub-exponential.

From Proposition 4.4, we show that entries sc
i,j of the (non-negative)

corrected sinogram follow a sub-exponential distribution. Finally, the next
theorem allows us to characterize the distribution of the noise in PET im-
ages when the reconstruction algorithm G is linear, e.g., FBP.

Theorem 4.5 (from [157, Theorem 2.8.2]) Let X1, . . . , XN be independent, zero-
mean, sub-exponential random variables, and a = (a1, . . . , aN) ∈ RN . Then, for
every t ≥ 0, we have

P

{∣∣∣∣∣
N

∑
i=1

aiXi

∣∣∣∣∣ ≥ t

}
≤ 2 exp

[
−c min

(
t2

K2‖a‖2
2

,
t

K‖a‖∞

)]
, (4.7)

where K = maxi ‖Xi‖ψ1 and c > 0.

We denote G ∈ RN×M the linear algorithm that is used for the recon-
struction. Each pixel in the resulting PET image can be seen as a linear
combination of the noisy projections contained in sc, i.e., y = Gsc. As ex-
plained at the beginning of the section, we assume that Esc =R(H f 0).

Let us rewrite (4.7) for Xi = [sc −R(H f 0)]i which is a zero-mean sub-
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exponential random variable2,

P

{∣∣∣∣∣
M

∑
i=1

Gjisc
i −

M

∑
i=1

Gji[R(H f 0)]i

∣∣∣∣∣ ≥ t

}

≤ 2 exp

[
−c min

(
t2

K2‖Gj‖2
2

,
t

K‖Gj‖∞

)]
,

where Gji is the entry in the j-th row and i-th column of G and Gj ∈ RM

is the j-th row of G. If G is a good approximation of the inverse of the
discrete Radon transform, we have

M

∑
i=1

Gji[R(H f 0)]i ≈ (H f 0)j.

Hence,

|
M

∑
i=1

Gjisc
i −

M

∑
i=1

Gji[R(H f 0)]i| ≈ |yj − (H f 0)j|

corresponds to the deviation of observation j with respect to the original
value at pixel j. We get

P
{
|yj − (H f 0)j| ≥ t

}
≤ 2 exp

[
−c min

(
t2

K2‖Gj‖2
2

,
t

K‖Gj‖∞

)]
. (4.8)

Using ‖Gj‖∞ ≤ ‖Gj‖2, we propose an alternative expression for (4.8) sim-
ilar to [157, p. 37],

P
{
|yj − (H f 0)j| ≥ t

}
≤





2 exp(− ct2

K2‖Gj‖2
2
) if t ≤ 1

2 exp(− ct
K‖Gj‖2

) if t > 1.
(4.9)

Regarding (4.9), the distribution of the noise in the restored PET image has
a Gaussian behavior for small t but has a heavy tail—a sub-exponential
behavior—for larger values of t.

2As mentioned in [157], centering a random variable does not affect its sub-exponentiality.
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4.3 Inverse problem formulation
We are interested in finding an estimator f̂ of the original image f 0 from
observations y in (4.2). As explained in section 2.1, direct inversion is not
possible and unicity of the solution is not guaranteed. To address this is-
sue and reduce the set of possible solutions, we regularize the problem by
adding a penalty term φ in the objective function (see section 2.2),

minimize
u∈RN

dist(Hu, y) + ρφ(u),

subject to u � 0,
N

∑
i=1

ui ≈
N

∑
i=1

yi, (4.10)

where ρ > 0 is a regularization parameter. The two constraints come from
the physics-based properties described in section 4.1.

4.3.1 Data fidelity term

The first term in the objective function (4.10) is the data fidelity term. Min-
imizing this term encourages Hu to be close to observations y according to
a well chosen distance function. Usually, this function directly depends on
the noise statistics. If we consider a Bayesian framework (see section 2.2),
it coincides with the negative log-likelihood of the pdf of the noise.

In section 4.2, we showed that the noise on PET images reconstructed
with linear algorithms exhibits two different behaviors. For small values of
t in (4.9), the noise can be considered as Gaussian. For larger values of t, its
behavior is closer to the behavior of, for instance, a Laplace random vari-
able whose cumulative distribution function (CDF) presents the same ex-
ponential decay. We also adopt this noise model for images reconstructed
with iterative algorithms such as ML-EM and we validate its relevance in
section 4.5. To deal with this mixture of two tails, we propose the Huber
function as the data fidelity term, similarly to Pairet’s work [110].

Definition 4.6 (Huber function) [111, section 3.1] The Huber function hδ of
parameter δ > 0 is defined as the infimal convolution, denoted by �, of the
`1-norm with 1

2δ‖ · ‖2
2, i.e.,

hδ : RN → R, u 7→ hδ(u) :=
(
‖ · ‖1�

1
2δ
‖ · ‖2

2

)
(u)

= inf
w∈RN

(
‖w‖1 +

1
2δ
‖w− u‖2

2

)
. (4.11)
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−δ δ

u
|u|
hδ(u)

Figure 4.1 In 1D, Huber function with parameter δ (solid line) is a smooth
approximation of the absolute value (dashed line). For |u| < δ, its be-
haviour is quadratic. For |u| ≥ δ, it is a linear function.

For N = 1, it is given by

hδ(u) =

{
u2

2δ if |u| ≤ δ

|u| − δ
2 if |u| > δ.

Interestingly, the Huber function is the Moreau envelope of the `1-norm,
i.e., a continuously differentiable approximation of ‖ · ‖1 (see Figure 4.1).

Regarding (4.10), we define the distance function as

dist(Hu, y) = hδ(Hu− y), (4.12)

with an appropriate choice of δ regarding (4.9), e.g., δ = 1.
To validate this choice in section 4.5, we also look at additional data fi-

delity terms that refer to other noise distributions. Typically, we consider
Gaussian, Laplace and Poisson distributions. The negative log-likelihood
of their pdf corresponds to the squared `2-norm, the `1-norm and the Kullback-
Leibler (KL) divergence (see Definition 2.5), respectively. In [79], we con-
sidered this last statistics on synthetic data containing pure Poisson noise.

4.3.2 Regularization term

The second term in (4.10) is the regularization term promoting the respect
of the a priori knowledge on the activity map structure. In this work, we
consider a regularization term that forces the image to have a small TGV2

α-
norm, i.e., to be piecewise-smooth. As explained in subsection 2.2.1, this
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penality is more adapted than TV to natural images, including PET medical
images. With TGV2

α regularization3, the constrained convex optimization
problem reads

minimize
u∈RN ,

w∈RN×2

dist(Hu, y) + ρ‖∇u−w‖2,1 + αρ‖ε(w)‖2,1,

subject to u � 0,
N

∑
i=1

ui =
N

∑
i=1

yi. (4.13)

4.4 Numerical implementation
In this section, we describe how we numerically solve (4.13). To fit the
framework described in subsection 2.3.1, we replace (4.13) with an equiv-
alent, unconstrained, optimization problem with a unique optimization
variable z. Let Q be the set of images satisfying the property of photom-
etry invariance, i.e., Q := {u ∈ RN |1>u = 1>y}. We substitue the two
constraints enforcing u to belong to the sets RN

+ and Q with two indicator
functions ıRN

+
and ıQ. They equal zero if u belongs to the convex sets and

+∞ otherwise. Equation (4.13) becomes

ẑ ∈ arg min
z∈RN×3

dist(HRuz, y) + ρ‖(∇Ru − Rw)z‖2,1

+ αρ‖ε(Rwz)‖2,1 + ıRN
+
(Ruz) + ıQ(Ruz), (4.14)

where z := (u, w), Ru and Rw are restriction operators keeping only the
first column of z and the last two columns of z, respectively [71]. Estimated
image f̂ is given by Ruẑ. The convolution of the image with the blurring
kernel is modeled by a circulant operator H, easily applied to Ruz via a fast
Fourier transform (FFT). A circulant operator assumes periodic boundaries
in the original image. In our case, this assumption holds because (i) the
object of interest is far enough from the borders of the FOV compared to
the size of the blurring kernel and (ii) the background activity is zero. If
this assumption does not hold, undesired border effects can be avoided
using a “padding” method, e.g., the one presented by Almeida et al. [5].

The presence of the two indicator functions in (4.14) leads to a nons-
mooth in addition to a non-differentiable objective function. The use of

3The value α = 2 is used in practice [93].
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a proximal algorithm, e.g., the generalized Chambolle-Pock (GCP) algo-
rithm, is appropriate (see subsection 2.3.1). A compact formulation of
(4.14) matching the notation of (2.12) is given by

ẑ ∈ arg min
z∈RN×3

F1(HRuz) + F2((∇Ru − Rw)z) + F3(ε(Rwz)) + G(z), (4.15)

with straightforward definitions of F1, F2, F3 and G from (4.14).

4.4.1 Proximal operators of primal and dual functions

The implementation of GCP requires the proximal operator of primal func-
tion G as well as those of dual functions F?

1 , F?
2 and F?

3 . The proximal oper-
ator of ıRN

+
+ ıQ is given by a combination of positivity (max) and photom-

etry invariance (average) proximal operators [111]. Since Ru is tight frame,
i.e., RuR∗u = IdN , we use the property of semi-orthogonal transform to
compute the proximal operator of G [43, Table 10.1],

proxτG(z̃) = z̃ + R∗u[max(Ruz̃, 0)− 1
N

N

∑
i=1

(max(Ruz̃, 0))− y)i − Ruz̃],

(4.16)
where τ is the primal step-size in GCP algorithm.

Functions F2 and F3 are L2,1-norms. By conjugation, F?
2 and F?

3 are in-
dicator functions [111, section 6.5]. Their proximal operators are projec-
tion operators onto the convex sets Q2 := {q̃ ∈ RN×2|‖q̃‖2,∞ ≤ ρ} and
Q3 := {r̃ ∈ RN×4|‖r̃‖2,∞ ≤ αρ}. They do not depend on the dual step-size
σ (see section 2.3). Norm ‖ · ‖2,∞ is defined as

‖q̃‖2,∞ := max
i∈[N]

‖q̃i‖2,

with q̃i ∈ R2 the ith row of q̃.

The proximal operator of F?
1 depends on the choice of the data fidelity

term. We focus on Huber function but we also consider other terms as
mentioned in subsection 4.3.1. When F1 is the Huber function of parameter
δ > 0, the proximal operator of F?

1 is given by

proxσF?
1
(p̃) = PB∞

(
p̃− σy
1 + σδ

)
, (4.17)

where PB∞ is the projection on the unit ball of the `∞-norm, i.e., a box.
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PB∞(p̃) is applied componentwise on p̃,

PB∞( p̃i) :=
p̃i

max(| p̃i|, 1)
.

The details of the computation—based on the fact that the infimal convo-
lution is dual to addition [111]—are in Appendix 4.B.

Let us now mention the proximal operators of the alternative data fi-
delity terms. First, when F1 is the squared `2-norm, proxσF?

1
is given by

proxσF?
1
(p̃) =

p̃− σy
1 + σ

.

When the data fidelity term is the `1-norm, proxσF?
1

is a projection operator

onto the convex set Q1 := {p̃ ∈ RN |‖p̃− σy‖∞ ≤ 1}. Notice that when
δ → 0, (4.17) tends to the the proximal operator of the conjugate of the
`1-norm, that is coherent with the definition of the Huber function.

Finally, when the data fidelity term is the KL divergence (see Defini-
tion 2.5), i.e., the negative log-likelihood of the Poisson distribution, the
proximal operator of F?

1 is, for each component i of p̃ ∈ RN [11],

proxσF?
1
( p̃i) =





1
2

(
p̃i + 1−

√
( p̃i − 1)2 + 4σyi

)
if yi 6= 0

1 otherwise.

4.4.2 Operators and their adjoints

The operator associated with F1 is L1 = HRu : RN×3 → RN and its adjoint
is R∗u H∗. The adjoint of a restriction operator is a zero-padding operator.
The operator associated with F2 is L2 = (∇Ru−Rw) : RN×3 → RN×2 and
its adjoint is given by (−R∗u ◦ div− R∗w) where the adjoint of the discrete
gradient is given by the negative of the divergence (see Definition 2.8).
Finally, the operator associated with F3 is L3 = (ε ◦ Rw) : RN×3 → RN×4.
The adjoint operator is (−R∗w ◦ div).

4.4.3 Parameters choice and stopping criterion

The algorithm for the deconvolution of PET images with TGV regulariza-
tion is summarized in Algorithm 5. Variables p ∈ RN , q ∈ RN×2 and
r ∈ RN×4 are the dual variables (see subsection 2.3.1). To ensure the con-
vergence of CP algorithm, we set τ = σ = 0.9/‖L‖2 with ‖L‖2 defined in
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Figure 4.2 Left: mean SNR (over 10 trials) of a deconvolved image (with
`1-norm as data fidelity term) of XCAT phantom as a function of ρ for three
quality criteria q: SNR (solid black line), whiteness (dashed black line) and
squared `2-norm of the residual (dotted black line). Quality function q is
used both as stopping criterion for CP algorithm and as selection crite-
rion for parameter ρ. Right: mean value of the criteria (over 10 trials) as a
function of ρ. Blue lines correspond to the aforementioned criteria. Even
with cross validation, neither the whiteness or the squared `2-norm of the
residual succeeds to efficiently stop the internal iterations of CP algorithm
(height of the dashed and dotted black curves with respect to the SNR one).
Moreover, they also fail to find the value of ρ maximizing the SNR. The
chosen value—corresponding to a minimal value of the criterion—is in-
dicated by a filled circle. Projections were simulated with dPETSTEP for
tacq = 5 s and reconstructed with FBP.

p. 27. The maximum number of internal iterations maxIter of the CP algo-
rithm is equal to 5000. However, if the quality q of the estimate is strictly
monotonously decreasing during qit = 200 iterations, internal iterations
stop and the estimate with the best quality is selected.

As mentioned earlier in this chapter, the noise statistics is unknown and
likely not white. For this reason, the criteria presented in subsection 2.3.2
in combination with CV fail to (i) provide an efficient stopping criterion for
CP algorithm and (ii) select an appropriate value for parameter ρ (see Fig-
ure 4.2). Until we find a better criterion, we use the SNR as quality criterion
q in the simulations. The initialization of the estimate is a null vector of size
N. For k > 1, the initial guess of the algorithm is given by the previous es-
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timate f̂ ρ(k−1) . Since we have no idea about the order of magnitude of ρ, we

first run Algorithm 5 for 20 iterations on ρ with ρ(1) = 1010 and β = 0.1.
The iteration providing the best estimate according to the SNR criterion is
denoted k?. We run again Algorithm 5 with ρ

(1)
new = ρ(k

?−1), βnew = 0.8 and
a number of iterations maxIterRho equal to dlog (β2)/ log βnewe such that
the last value of ρnew is close to ρ(k

?+1).
For the real experiments, internal iterations of CP algorithm stop when

the relative error between two consecutive estimates goes beyond a user-
defined threshold Th. In the experiments of this chapter, we set the thresh-
old to 10−4. We select the best regularization parameter by visual inspec-
tion. This lack for an efficient criterion is discussed in Chapter 9.

4.5 Experiments
In this section, we compare the proposed algorithm for different data fi-
delity terms (Huber function, `1, `2 and KL as described in section 4.3). We
test different values for δ, the parameter of the Huber function (see Defini-
tion 4.6). We show that the Huber function with an appropriate choice for
δ gives the best results in terms of SNR, no matter the reconstruction algo-
rithm (FBP or OSEM). Data consist of simulated PET images of the XCAT
phantom as well as experimental images collected from patients.

In both cases—simulated and experimental data—we compare the re-
sults of the proposed approach to a standard deblurring algorithm, the
Lucy-Richardson (LR) deconvolution algorithm. This iterative deblurring
technique was proposed independently by Leon Lucy and William Richard-
son [125] in the early seventies. The main iteration of the original LR de-
convolution algorithm is

u(n+1) = u(n) �
(

H∗y
max(Hu(n), ε)

)
, (4.18)

where � denotes the elementwise multiplication and ε is a small positive
scalar needed to avoid division by zero. The Matlab implementation of this
algorithm slightly differs from (4.18) due to some pre-processing of the im-
age and the addition of a non-negativity constraint. We use this implemen-
tation in our experiments for state-of-the-art comparison. Several authors
proposed other modified versions of this algorithm which are able, e.g.,
to incorporate prior information on the image, to include wavelet-based
denoising or to deal with a blind deconvolution framework [26, 63, 118].
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Algorithm 5: TGV denoising and deblurring of PET images
input : a noisy and blurry image y
output: a restored image f̂

1 initialization: z(0) = z̄(0) = 0N×3, p(0) = 0N , q(0) = 0N×2,
r(0) = 0N×4, ρ = ρ(1);

2 for k = 1 to maxIterRho do
3 qit = 0;
4 for n = 1 to maxIter do
5 p(n) = proxσF?

1
(p(n−1) + σL1z̄(n−1));

6 q(n) = proxσF?
2
(q(n−1) + σL2z̄(n−1));

7 r(n) = proxσF?
3
(r(n−1) + σL3z̄(n−1));

8 z(n) = proxτG(z
(n) − τ

3 (L∗1 p(n−1) + L∗2q(n−1) + L∗3r(n−1));
9 z̄(n) = 2z(n) − z(n−1);

10 if q(Ruz(n)) > q(Ruz(n−1)) then
11 ẑ = z(n);
12 qit = 0;
13 else
14 qit = qit + 1;
15 end
16 if n = maxIter or qit > 200 then
17 ẑ = z(n);
18 break;
19 end
20 end
21 f̂ ρ(k) = Ruẑ;
22 if k 6= maxIterRho then
23 ρ(k+1) = βρ(k);
24 z(0) = ẑ;
25 end
26 end
27 choose k? such that q( f̂ ρ(k

?)) ≥ q( f̂ ρ(k)) for all k;

28 f̂ = f̂ ρ(k
?) ;
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4.5.1 Synthetic data

Synthetic data is essential as a first step to validate the proposed approach
and to quantitatively compare the different formulations. In this work, we
use the second version of the 4D extended cardiac-torso (XCAT) phantom
developed by Paul Segars and his team at Duke University Medical Center
[131]4. XCAT phantom includes thousands of highly detailed anatomi-
cal structures. Each of them is modeled by nonuniform rational B-spline
(NURBS) and can be scaled or parameterized according to the user prefer-
ences. This phantom, designed for multimodality imaging, is very promis-
ing for research (including clinical research). Indeed, we can simulate a
highly heterogeneous population of healthy people or of people with ab-
normalities like lesions or tumors.

In this work, we use the default XCAT female adult without heart or
respiratory motion. The size of the whole body phantom is 350× 350× 850
voxels with a voxel size equal to 0.2 mm× 0.2 mm× 0.2 mm. We generate
two 3D maps (see Figure 4.3): (i) the attenuation map (CT scan) for an
energy equal to 511 keV and (ii) the activity map. For the activity map, we
set values for normal organs that are of the order of the SUV available in
the literature [87, 122, 164]. Our aim is to simulate a plausible PET image
and not to perfectly mimic a true 18F-FDG distribution.

Prior to the simulations, we extract transaxial slices from attenuation
and activity maps of the XCAT phantom. Then, we simulate 350 × 350
PET slices with dPETSTEP software with the parameters listed in Table 4.1.
They correspond to the GE Discovery 690 PET/CT scanner described in
[19]. The software simulate 10 different acquisition durations, i.e., 10 lev-
els of noise, from 1 to 10,000 s and take into account the radiotracer decay
(6600 s for 18F-FDG). Images are reconstructed without PSF correction ei-
ther with FBP or iteratively with OSEM (20 iterations and 24 subsets). For
algorithmic purposes, observations y (reconstructed images) are normal-
ized by their `1-norm directly related to the total activity injected in the
phantom.

To estimate the 2D blurring kernel, we run dPETSTEP for an isolated
radioactive source located at the center of the FOV. We set the acquisition
time to 106 s to assume a noiseless acquisition. We apply (4.18) and Al-
gorithm 5 to the normalized simulated images using the estimated kernel.
The quality of deconvolved images f̂ is quantified with the signal-to-noise
ratio (SNR) (see Definition 2.21).

4I am grateful to Prof. Segars for giving me free access to this amazing phantom.
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Figure 4.3 Coronal (above) and transaxial (below) slices of the XCAT
average female phantom [131]: attenuation map (left) and activity map
(right). The location of the transaxial (resp. coronal) slice is indicated by
a white line on the coronal (resp. transaxial) slice. Coronal and transaxial
slices of the activity map do not share the same intensity scale.
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Table 4.1 Parameters used for simulations with dPETSTEP software.

FOV diameter 700 mm
Gantry diameter 810 mm
# Radial bins 381
# Angular bins 288
2D system PSF (FWHM) 4.9 mm
System sensitivity 33.4 cps/kBq
Total activity 10.63 MBq
Scatter fraction 0.37
Random fraction 0.07

Results

The results of the simulations are visible on Figures 4.4 to 4.7 for PET im-
ages reconstructed with both FBP and OSEM algorithms. In both cases, we
observe that the Huber function (see Figures 4.4 and 4.6) provides good
restoration results when its parameter δ is smaller or equal to 100 with a
maximum for δ = 10−2. When δ → 0, the behavior of the corresponding
curves tends to the one of the `1-norm (see Figures 4.5 and 4.7), as expected
from the definition of the Huber function (see Definition 4.6). The poor
quality of images deconvolved with a large parameter may be explained
by the fact that the Huber function gets flatter as δ increases: the errors are
less penalized and, in the limit, are not penalized at all. With FBP, such
images seem blurred while with OSEM, they look rather noisy.

For FBP, the results obtained with the other data fidelity terms are of
similar quality (see Figure 4.5). The `1-norm outperforms the other ones
and reaches the best SNR achieved by the Huber function. Visually, the tex-
tures of the organs in the image estimated using the `1-norm seem smoother
than those obtained with the squared `2-norm or the LR algorithm (which
only assumes non-negativity). For an acquisition time equal to 1 s, none of
those methods manage to recover the tiny structures present in Figure 4.3.
KL divergence gives satisfactory results but the restoration is around four
times slower compared to the ones based on the other data fidelity terms.

In the case of iterative OSEM algorithm, the best data fidelity term in
Figure 4.7 is the squared `2-norm. Like the `1-norm for FBP, it also reaches
the maximum SNR achieved by the Huber function with δ ∈ {10−2, 100}.
We observe less artifacts in the flat regions of the images estimated with
the squared `2-norm and the Huber function (δ = 100) than in the images
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Figure 4.4 Synthetic data (FBP): Huber function. Above: mean SNR
(over 10 trials) of the deconvolved XCAT phantom versus the acquisition
time. The fidelity term is the Huber function, considered for different pa-
rameters δ from δ = 10−10 to δ = 102. The (very thin) light areas around the
curves represent the standard deviation. The observations were generated
with dPETSTEP software and FBP reconstruction. The simulation parame-
ters are described in section 4.5 and Table 4.1. Below: zoom on the ground
truth, the observations and the estimate of f 0 obtained for tacq = 1 s and
δ ∈ {10−2, 102}. The images share the same intensity scale as the ones of
Figure 4.5.
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Figure 4.5 Synthetic data (FBP): comparison of fidelity terms. Above:
mean SNR (over 10 trials) of the deconvolved XCAT phantom versus the
acquisition time. Three different data fidelity terms (`1-norm, squared `2-
norm and KL divergence) were considered for comparison along with the
LR algorithm (4.18). The (very thin) light areas around the curves represent
the standard deviation. The observations were generated with dPETSTEP
software and FBP reconstruction. The simulation parameters are described
in section 4.5 and Table 4.1. Below: zoom on estimates of f 0 obtained for
tacq = 1 s. The images share the same intensity scale as the ones of Fig-
ure 4.4.
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Figure 4.6 Synthetic data (OSEM): Huber function. Above: mean SNR
(over 10 trials) of the deconvolved XCAT phantom versus the acquisition
time. The fidelity term is the Huber function, considered for different pa-
rameters δ from δ = 10−10 to δ = 102. The (very thin) light areas around
the curves represent the standard deviation. The observations were gen-
erated with dPETSTEP software and OSEM reconstruction. The simula-
tion parameters are described in section 4.5 and Table 4.1. Below: zoom
on the observations and the estimates of f 0 obtained for tacq = 1 s and
δ ∈ {100, 102}. The images share the same intensity scale as the ones of
Figure 4.7.
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Figure 4.7 Synthetic data (OSEM): comparison of fidelity terms. Above:
mean SNR (over 10 trials) of the deconvolved XCAT phantom versus the
acquisition time. Three different data fidelity terms (`1-norm, squared `2-
norm and KL divergence) were considered for comparison along with the
LR algorithm (4.18). The (very thin) light areas around the curves repre-
sent the standard deviation. The observations were generated with dPET-
STEP software and OSEM reconstruction. The simulation parameters are
described in section 4.5 and Table 4.1. Below: estimates of f 0 obtained for
tacq = 1 s. The images share the same intensity scale as the ones of Fig-
ure 4.6.
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obtained with a `1-norm data fidelity term of with LR algorithm.
In both cases, linear and iterative algorithms, solving (4.13) with the

Huber function gives the best results. However, it requires to properly
tune the parameter δ. If such a search is not possible, the `1-norm and the
squared `2-norm are proper substitutes. Further research could investigate
if such a behavior, i.e., a `1-norm for linear reconstruction algorithms and
a squared `2-norm for iterative algorithms, generalizes.

We observe on the images sharp edges with smooth areas. Unfortu-
nately, the XCAT phantom has uniform activity in all the anatomical struc-
tures. Consequently, we cannot measure the ability of the TGV regulariza-
tion to restore tissue texture compared to a classical TV regularization. The
introduction of tissue heterogeneity in the XCAT phantom is under work
[23] and could be exploited in a future work.

4.5.2 Experimental data

We tested the deconvolution methods described in this chapter on a dataset
of real PET images of patients with pharyngolaryngeal squamous cell car-
cinoma. The reader will find detailed explanations about the experimental
setup and the acquisition parameters in [45]. Patients were injected with
185-370 MBq of 18F-FDG and imaged 50 minutes post-injection for 20 min-
utes on a Siemens ECAT EXACT HR+ scanner (Siemens/CTI, Knoxville,
TN). After sinogram correction, images were reconstructed with the FBP
algorithm. The size of the reconstructed volume is 128× 128× 47 and the
voxel size is 2.2 mm× 2.2 mm× 3.12 mm. The PSF was measured experi-
mentally with a line source perpendicular to the axial slices in a diffusing
material (water). In first approximation, the PSF at 100 mm from the center
of the FOV was Gaussian and isotropic with 6 mm of FWHM.

Equation (4.18) and Algorithm 5 were used to deblur 128× 128 transax-
ial slices of the PET volumes, normalized like described in subsection 4.5.1.
We used a 2D isotropic Gaussian kernel with FWHM equal to 6 mm as PSF
for the deblurring algorithm. Unlike described in Algorithm 5, we select
the value of the regularization parameter by visual inspection. Since there
is no original image available, main results consist of a visual comparison
between the images deconvolved with the different data fidelity terms.

Results
Figure 4.8 shows the results of the patient slice deconvolution. As expected
from the simulations, the image deblurred with LR has a poor quality and
a lot of artifacts. The estimates obtained with the Huber function and the
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Observations y Huber (δ = 10−2)
ρ = 0.031

`1-norm
ρ = 0.156

Lucy-Richardson `2-norm
ρ = 3.125× 10−4

KL divergence
ρ = 0.031

Figure 4.8 Estimates of a patient slice (A13). Patient slice was decon-
volved from observations y with either (4.18) (LR) or Algorithm 5 with dif-
ferent data fidelity terms (Huber function, `1-norm, squared `2-norm and
KL divergence). The estimates obtained with Algorithm 5 share the same
intensity scale. Image owner: UCLouvain, Center of Molecular Imaging,
Radiotherapy, and Oncology (MIRO) [45].

`2-norm are similar. Their background are smoother than the ones of KL
divergence or `1-norm. Among the four data fidelity terms, KL divergence
seems to give the worst estimate: in addition to the “noisy” body back-
ground, the tumor edges seem less sharp compared to the other images.
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Appendix 4.A Relationship between K2 and K3

This appendix details the relationship between K2 and K3 constants in
Proposition 4.1, namely K2 = 2C3K3. The proof is based on [157, p. 32].

Proof. Let X be a random variable. We assume that Ee|X|/K3 ≤ C3, with
C3 > 1. We will derive a bound on the moments of X. First, we show that
∀x ∈ R,

|x| ≤ ex + e−x.

Indeed, from Taylor series of the exponential function, the following in-
equalities hold

x ≤ ex − 1 ≤ ex, x ≥ 0 and − x ≤ e−x − 1 ≤ e−x, x < 0.

Since e−x > 0 (resp. ex > 0) for all x ∈ R, we add this term on the right-
hand side of the inequality for x ≥ 0 (resp. x < 0).

x ≤ ex + e−x, x ≥ 0 and − x ≤ e−x + ex, x < 0.

Combining those inequalities, we get |x| ≤ ex + e−x. Let p > 0. Hence,

|x|
p
≤ ex/p + e−x/p ≤

(
ex + e−x)1/p ,

where the last inequality holds again because ex and e−x take only positive
values. Rearranging the inequality leads to

|x| ≤ p
(
ex + e−x)1/p . (4.19)

Now, we replace x in (4.19) by random variable X and we express the
expectation of |X|p,

E|X|p ≤ pp(EeX + Ee−X).

Similarly, by a simple change of variable,

E|X|p ≤ (pK3)
p(EeX/K3 + Ee−X/K3).

Since Ee|X|/K3 ≤ C3 with C3 > 1, we finally find

(E|X|p)1/p ≤ pK3(2C3)
1/p ≤ p(2C3K3), ∀p > 0. (4.20)
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Appendix 4.B Proximal operator of the convex conjugate
of the Huber function

Function F1 in (4.15) is a shifted Huber function with parameter δ,

F1(u) = hδ(u− y) =
(
‖ · ‖1�

1
2δ
‖ · ‖2

2

)
(u− y).

In this appendix, we derive the proximal operator of the convex conjugate
of F1 given by proxσF?

1
(p̃) = PB∞

(
p̃−σy
1+σδ

)
.

Proof. First, we compute the convex conjugate of hδ,

h?δ(p) =
(
‖ · ‖1�

1
2δ
‖ · ‖2

2

)?

(p) (infimal convolution is dual to addition)

= ıB∞(p) +
δ

2
‖p‖2

2, (4.21)

since the dual function of a norm is the indicator function of dual norm
unit ball B (here, the `∞-norm). The second term is obtained knowing that
( 1

2‖p‖2
2)

? = ‖ 1
2 p‖2

2 and applying Property 2.20 [27]. Using again Prop-
erty 2.20, the convex conjugate of F1 is given by

F?
1 (p) = h?δ(p) + y>p.

The proximal operator of F?
1 is

proxσF?
1
(p̃) = arg min

p

1
2
‖p̃− p‖2

2 + ıB∞(p) +
σδ

2
‖p‖2

2 + σy>p

= arg min
p∈B∞

‖p̃− p‖2
2 + σδ‖p‖2

2 + 2σy>p

= arg min
p∈B∞

(1 + σδ)‖p‖2
2 + 2(σy− p̃)>p + r1(p̃, y)

= arg min
p∈B∞

‖
√

1 + σδp +
σy− p̃√

1 + σδ
‖2

2 + r2(p̃, y),

where r1 and r2 are functions that do not depend on the optimization vari-
able p. Since `2-norms are convex, we can first find p minimizing this
quantity and then, project it onto the convex set B∞. Hence,

proxσF?
1
(p̃) = PB∞

(
p̃− σy
1 + σδ

)
.
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5
Blind deconvolution of PET

images using anatomical prior

THE design of PET scanners can vary greatly between manufacturers
and models and so do their imaging properties like, for instance,
the point spread function (PSF). Measuring the PSF of a scanner

with an isolated radioactive source requires a specific setup as well as the
access to the scanner. In post-reconstruction restoration methods, the blur-
ring function is often approximated by a spatially invariant Gaussian PSF
characterized by a full width at half maximum (FWHM) given in the spec
sheet of the device. Restoration of images acquired in the context of a
multicentric study (with centralization of the reconstructed data) is then
challenging: the raw data are not always accessible and the PSF cannot
be directly measured. This context motivates the development of blind de-
convolution (BD) techniques to jointly estimate the PSF and the PET image.

In this chapter, we propose a general BD technique that restores a low
resolution blurry image using information from data acquired with an-
other, high resolution, imaging modality. For instance, in a situation re-
quiring whole body imaging, the bladder provides the method with an
uniform radiotracer activity region, delineated based on high resolution
images. We validate the proposed method on synthetic and actual phan-
toms. The results show the relevance of the BD approach, particularly use-
ful when the device and/or the raw data are not accessible.
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Context

In 1975, Stockham et al. employed the term blind deconvolution for the first
time to characterize the task of estimating both the image and the blurring
kernel from corrupted observations [144]. We encounter BD problem in
many applications such as speech signal processing [144], estimation of
complex blurred images [46], astronomy [70], medical imaging [101, 103],
etc. Blind can also qualify other restoration or reconstruction techniques
where several signals are unknown, e.g., blind source separation [39, 150],
blind reconstruction of PET images [98] or blind fluorescence imaging [20].

The BD problem is severly ill-posed since in general, only a few infor-
mation on the observed image and on the imaging system is available [94].
Some authors use simple inverse filtering [15] to solve this problem. But
most of the time, an iterative algorithm is used for the deconvolution: it
alternates between the image and filter estimations. However, even if they
provide satisfactory results, those algorithms lack of guarantees of conver-
gence, stability, robustness to noise, etc. [15].

Stockham et al. point out the importance of including “distinguishing
characteristics” of both signals in the deconvolution method but to keep
them as simple as possible to address to a broad class of applications. Prior
knowledge on the image can be as simple as non-negativity or known sup-
port [46, 63] but can also concern the image structure, e.g., sparsity in some
wavelet basis or sparse edges [4, 5, 70]. Some work consider weak assump-
tions on the blurring operator such as a small support or non-negativity [4,
144] while others assume a parametric PSF to reduce the number of un-
knowns to estimate [94, 101, 103]. This last approach considerably reduces
the search space but is sensitive to errors in the PSF model [7].

Anatomical information can be useful to regularize such an ill-posed
problem. For instance, Sroubek et al. developed a “structural TV” prior
built from the anatomical images to regularize the (non-blind) reconstruc-
tion of PET images [141]. Due to its perfect dilution in the kidneys, 18F-
FDG uniformly accumulates in the patient bladder with high concentration
(see Figure 5.1) [16]. This organ can be accurately delineated by physicists
or by segmentation algorithms based on high resolution structural images.
This provides a strong prior information that can be used to regularize the
BD problem: inside this region, the intensity of the restored image must
be constant (i.e., the gradient is zero). González et al. used a similar prior
for BD of astronomical images with a celestial transit [70]. Indeed, when
a celestial body of known diameter moves in front of the sun, its extreme
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(a) (b)

Figure 5.1 (a) Transaxial and (b) coronal PET images of a patient. Activity
in the bladder is high and uniform. Source: Cliniques universitaires St-Luc.

ultraviolet emission is zero. In their work, the PSF is directly inferred from
the observations without assuming a parametric model.

Contributions and outline

Following [70], we propose a BD framework to jointly estimate the PSF and
the PET image using anatomical information provided by another imag-
ing modality, e.g., a transmission scan obtained by computed tomography
(CT) [77]. We assume that the radiotracer concentration is uniform in some
regions in the body, e.g., in the bladder. Our method does not assume
any parametric model for the blurring kernel and only relies on weak as-
sumptions such as spatial invariance or non-negativity. The proposed BD
method is general and can be applied to any restoration problem where a
region of uniform intensity is known.

Like in Chapter 4, we start by describing the discrete model relating
the observations to the object of interest, in this case the radiotracer activ-
ity map. We mention some properties of both the activity map and the
blurring kernel. Then, in section 5.2, we formulate the biconvex optimiza-
tion problem and we detail the constraints encoding the prior information
on the image and the kernel, including the knowledge provided by the CT
images. Like in [70], we solve this problem by using the alternating mini-
mization algorithm presented in section 5.3. Each subproblem is solved in-
dependently with proximal algorithms. Finally, in section 5.4, we present
the experiments conducted on both synthetic and experimental data.
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5.1 Discrete forward model
In this chapter, we keep the same notations as in Chapters 3 and 4. More-
over, our next developments rely on the discrete forward model proposed
in section 4.1, i.e.,

y ≈ H f 0, (5.1)

where observations y reconstructed from the projections are corrupted by
a noise with unknown distribution. If the reconstruction algorithm is lin-
ear, we showed in section 4.2 that the noise distribution is characterized
by a double tail—Gaussian and sub-exponential. Unlike in Chapter 4, we
now assume that the blurring operator H is unknown. We only consider
weak assumptions on this operator, namely that H (i) preserves the pho-
ton counts, (ii) is non-negative, (iii) is linear and (iv) is spatially invariant
over the whole field of view (FOV). This last feature allows us to write (5.1)
as the discrete convolution product between a kernel h ∈ RN , considered
as the scanner PSF, and f 0,

y ≈ h ∗ f 0, (5.2)

Like in Chapter 4, the physics of the imaging modality suggests to in-
clude several additional constraints on f 0 and h in (5.2). First, the PET
image represents the distribution of a non-negative radiotracer activity in
the patient body, i.e.,

f 0 � 0.

Moreover, activity f 0 is observed through a counting process. Observa-
tions y are consequently also non-negative.

Secondly, by definition, the PSF is the impulse response of the device,
i.e., the observation of a point source. It follows that

h � 0. (5.3)

Finally, the last two constraints come from the property of photometry
invariance mentioned in section 4.1. The original image satisfies ∑N

i=1( f 0)i =

∑N
i=1 yi. We also enforce this flux preservation by constraining the PSF to

verifiy 1>Nh = 1 that is equivalent to an unitary `1-norm since h is non-
negative. We express the combination of this last constraint and (5.3) by
forcing h to belong to the probability simplex (PS) convex set [111],

PS = {u ∈ RN |u � 0, 1>Nu = 1}. (5.4)
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5.2 Inverse problem formulation
We aim at finding the best estimators f̂ and ĥ of the original image f 0
and the original filter h using observations y and the knowledge of the
forward model given by (5.2). This inverse problem can be expressed as a
minimization problem with two optimization variables, u and v,

minimize
u,v∈RN

1
2
‖v ∗ u− y‖2

2, (5.5)

where we consider the squared `2-norm as the data fidelity term. This
choice is motivated by (i) the results of subsection 4.5.1, especially when
iterative algorithms are used to reconstruct PET images, and (ii) the need
for a C1 function. This last requirement is one of the conditions ensuring
that the alternating algorithm (presented in the following subsection 5.3.1)
converges to a critical point of the objective function (5.8) [14]. The Huber
function would be more polyvalent regarding the reconstruction algorithm
but its performance strongly depends on the choice of its parameter δ, not
studied in this blind context.

This naive minimization of a distance function leads to an ill-posed as
explained in section 2.1. Solving such a deconvolution problem is known
to amplify some high frequencies, which typically causes Gibbs ringing
artifacts to appear. When we work in a blind context, ill-posedness is also
related to the fact that we cannot distinguish f̂ from ĥ1 or that we could
obtain the trivial solution, i.e., f̂ = y and ĥ is the Kronecker delta.

Like in Chapter 4, we address this issue by regularizing the problem,
i.e., by adding extra information on the objects to estimate (see section 2.1).
The following two sections describe the prior information that we consider
(or not) for both the image and the filter.

5.2.1 Priors on the radiotracer density map

In addition to the non-negativity constraint inherent to the photon emis-
sion process, we add two extra information on f 0.

Structure. The first prior concerns the intrinsic structure of natural im-
ages. The choice of an appropriate basis (e.g., Fourier, wavelets, curvelets,

1Since the convolution product is commutative.
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etc.) to represent the image leads to interesting properties such as spar-
sity (see subsection 2.2.1). In this work and like in Chapter 4, we assume
that the TGV2

α-norm of the original image is small, i.e., the image is well
represented by piecewise linear areas.

Region with uniform intensity. As mentioned in the introduction, one of
the contributions of this chapter is to use anatomical information contained
in a CT scan as extra knowledge to solve the inverse problem. In the case of
real clinical images, the radiotracer activity in some organs, e.g., the blad-
der, is uniform. The background activity, assumed to be zero, can also be
seen as an area with constant activity. Nuclear physicists can accurately
delineate such areas based on high resolution CT images. Mathematically,
let Ωc be the set of pixels where the radioactivity is constant. The image
gradient must, in this case, belong to the set QΩc of signals with zero in-
tensity in Ωc, i.e., QΩc := {u ∈ RN×2|ui = 0, ∀i ∈ Ωc} where ui ∈ R2 is
the ith row of ui. In PET images, Ωc contains the pixels that represent the
patient’s bladder or the background.

5.2.2 Priors on the blurring kernel

As explained in the introduction, we would like to be as naive as possible
about the shape of the PSF such that the method can be applied to any
PET scanner (even to other imaging modalities). To this end, we do not
use a parametric model for h: we just formulate the weak and nonspecific
constraint expressed by (5.4).

Another weak prior—not considered in this work—is the limited sup-
port of the PSF compared to the size of the FOV [4, 70]. In [4], the au-
thors only consider this prior to be as agnostic as possible about h. We
could also consider stronger assumptions on the structure of the PSF, e.g., a
sparse representation in some wavelet (redundant) basis or a decay along
one or several directions (or more generally, the respect of some ordering
between the pixels [78]). The assumption of a radial decay is quite general
to the family of blurring operators, as defined by Escande et al. [57].

5.2.3 Formulation of the blind deconvolution inverse problem

Now, we add the constraints and the priors described in section 5.1 and sub-
sections 5.2.1 and 5.2.2 into (5.5). The formulation of the BD inverse prob-
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lem writes

minimize
u,v∈RN

1
2
‖v ∗ u− y‖2

2 + ρTGV2
α(u),

subject to u � 0,
N

∑
i=1

ui =
N

∑
i=1

yi, ∇u ∈ QΩc , v ∈ PS , (5.6)

where the positive regularization parameter ρ controls the trade-off be-
tween the data fidelity term and the regularization one.

5.2.4 Validation using non-blind deconvolution

Once the PSF has been estimated using the BD scheme (5.6), we would like
to assess its quality. In the context of real acquisitions, we cannot compare
the estimate to the (unknown) ground truth filter. However, we know that
a “good” filter should be able to restore the uniform radioactivity in the
bladder (or, similarly, uniform activity in the background). The validation
framework is the following: (i) we deconvolve several images acquired
with the same device using the estimate ĥ (in a non-blind framework),
without enforcing uniform intensity in Ωc, and (ii) we check if the region
that corresponds to the bladder has a TV-norm close to zero. The non-blind
deconvolution (NBD) formulation is

minimize
u∈RN

1
2
‖ĥ ∗ u− y‖2

2 + ρTGV2
α(u),

subject to u � 0,
N

∑
i=1

ui =
N

∑
i=1

yi. (5.7)

We highlight the fact that the NBD formulation must be solved for one
or several blurred images y that have not been used in (5.6) for the PSF
estimation. Minimization problem (5.7) is identical to (4.13) in Chapter 4.

5.3 Numerical implementation

In this section, we detail how we numerically solve the BD minimization
(5.6). We refer the reader to section 4.4 for the solving of (5.7).
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We first rewrite (5.6) as an unconstrained minimization problem,

( f̂ BD, ĥ) ∈ arg min
u,v∈RN

M(u, v) := arg min
u,v∈RN

1
2
‖v ∗ u− y‖2

2 + ρTGV2
α(u)

+ ıRN
+
(u) + ıQ(u) + ıQΩc

(∇u) + ıPS (v), (5.8)

where the indicator functions encode the constraints on u and v. The set
Q—related to the photometry invariance—is defined in section 4.4.

We cannot solve (5.8) using classical tools from convex optimization
since the problem is non-convex with respect to both u and v. However,
the problem is biconvex, i.e., the objective function is convex over u when
v is fixed and vice versa. Even without guarantee of convergence, such
problems are often solved using algorithms alternating between two steps:
(i) minimization over u for v fixed and (ii) minimization over v for u fixed.

5.3.1 Alternating minimization algorithm

The alternating minimization algorithm that we use to solve (5.8) has been
proposed by Attouch et al. [14] and has already been used for BD in the
context of astronomical imaging [70]. The algorithm is the following:





f̂
(m)
BD := arg min

u∈RN
M(u, ĥ

(m−1)
) + $

(m)
u
2 ‖u− f̂

(m−1)
BD ‖2

2

ĥ
(m) := arg min

v∈RN
M( f̂

(m)
BD , v) + $

(m)
v
2 ‖v− ĥ

(m−1)‖2
2,

(5.9)

where the `2-norms enforce the current estimates to stay close to the pre-
vious ones. Parameters $

(m)
u and $

(m)
v are non-negative scalars called cost-

to-move parameters. Algorithm (5.9) does not guarantee the convergence
to the global optimum of M. However, if the objective function satisfies
some mild conditions and if the sequences of the estimates are bounded,
Theorem 9 in [13] provides a guarantee of convergence to a fixed point of
M. Based on Adriana’s González’s proof [69, Appendix 5.B], we know that
M satisfies the conditions formulated in [13]. Moreover, the sequences of
estimates are bounded:

• The sequence { f̂
(m)
BD } is bounded: f̂

(m)
BD � 0 as enforced by the non-

negativity constraint and f̂
(m)
BD � ‖y‖∞1N due to the photometry in-

variance constraint.
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• The sequence {ĥ(m)} is bounded: ĥ
(m) � 0 and ĥ

(m) � 1N since ĥ
(m)

belongs to the probability simplex PS .

Like in (4.14), the presence of non-differentiable terms inM (the indi-
cator functions and the `1-norms) makes the subproblems in (5.9) difficult
to solve with only gradient-based methods. The first subproblem is solved
using the generalized Chambolle-Pock (GCP) algorithm described in sub-
section 2.3.1. In [77], we used the alternating direction method of multipli-
ers (ADMM) generalized to objective functions involving more than two
terms [62, 111] to solve a similar problem but involving TV regularization.
We could also use ADMM here but the GCP formulation is more straight-
forward when we deal with TGV regularization. The second subproblem
is solved with the proximal gradient (PG) algorithm (see subsection 2.3.1)
since it involves two differentiable functions and one indicator function.

In the next sections, we describe the ingredients (proximal operators,
gradients, operators, etc.) needed to solve each subproblem. Finally, in
subsection 5.3.4, we explain how we choose the values of the parameters
(including the cost-to-move parameters) and how we stop the internal it-
erations of both algorithms.

5.3.2 Estimating the image with GCP

To fit the framework described in subsection 2.3.1, we express the first sub-
problem in (5.9) as a sum of one primal and several dual functions,

ẑ ∈ arg min
z∈RN×3

F1(Ĥ(m−1)Ruz) + F2((∇Ru − Rw)z) + F3(ε(Rwz))

+ F4(∇Ruz) + F5(Ruz) + G(z), (5.10)

where Ĥ(m−1) ∈ RN×N is the convolution operator corresponding to the

estimated kernel ĥ
(m−1)

. Function F1 is the data fidelity term, F1 = 0.5‖ ·
−y‖2

2. Functions F2 and F3 are related to the TGV2
α-norm: F2 = ρ‖ · ‖2,1

and F3 = αρ‖ · ‖2,1. Function F4 is the indicator function on the convex
set QΩc . F5 corresponds to the `2-norm introduced by Attouch et al., F5 =

0.5$
(m)
u ‖ ·− f̂

(m−1)
BD ‖2

2. Finally, the primal function is G = (ıRN
+
+ ıQ) ◦ Ru.

The image estimate is given by f̂
(m)
BD = Ruẑ.
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Proximal operators of primal and dual functions
Like in the previous chapter, the use of GCP requires the knowledge of
the proximal operators of the primal function G and the dual functions
F?

1 , F?
2 , F?

3 , F?
4 and F?

5 .
The proximal operator of the primal function, which combines the pro-

jections onto the convex sets RN
+ and Q, is given by (4.16) in Chapter 4.

The proximal operator of the conjugate of the data fidelity term F1 is
given by

proxσF?
1
(p̃) =

p̃− σy
1 + σ

,

where σ > 0 is the dual step-size in GCP algorithm. The proximal operator
of F?

5 is similar since F5 is also a squared `2-norm,

proxσF?
5
(p̃) =

p̃− σ f̂
(m−1)
BD

1 + σ/$
(m)
u

.

Like in section 4.4, functions F2 and F3 are `1-norms. The proximal
operators of their conjugates are projection operators onto the convex sets
Q2 := {q̃ ∈ RN×2|‖q̃‖2,∞ ≤ ρ} and Q3 := {r̃ ∈ RN×4|‖r̃‖2,∞ ≤ αρ}.

The proximal operator of F4 is the projection operator onto the convex
set QΩc defined in subsection 5.2.1. Using the Moreau decomposition (see
Definition 2.19), the proximal operator of F?

4 is also a projection operator,

proxσF?
4
(q̃i) =

{
q̃i if i ∈ Ωc

0 otherwise,

where q̃i ∈ R2 is the ith row of q̃ ∈ RN×2.

Operators and their adjoints

The operator associated with F1 in (5.10) is L1 = Ĥ(m−1)Ru : RN×3 →
RN and its adjoint is R∗uĤ∗(m−1). The operators associated with F2 and F3
are identical to the ones defined in subsection 4.4.2. Finally, L4 = ∇Ru :
RN×3 → RN×2 and L5 = Ru : RN×3 → RN are the operators associated
with F4 and F5. Their adjoints are (− R∗u ◦ div) and R∗u, respectively.

5.3.3 Estimating the filter with PG

The second subproblem of (5.9) is solved with the PG method. Since the
non-differentiable term is the indicator function of a convex set, PG algo-
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rithm reduces to a projected gradient method [111] whose iteration is

v(n) = PPS
(

v(n−1) − µ(m) F̂∗(m)
BD (F̂(m)

BD v(n−1) − y)

−µ(m)$
(m)
h (v(n−1) − ĥ

(m−1)
)
)

, (5.11)

where PPS is the projection onto PS , µ(m) > 0 is the step-size of the gra-

dient descent and F̂(m)
BD ∈ RN×N is the circulant matrix corresponding to

f̂
(m)
BD .

The projection of v ∈ RN onto the probability simplex is given by [111]

PPS (v) = max(v− ν1N , 0N),

for some ν ∈ R. By definition, PPS (v) must satisfy 1>NPPS (v) = 1. We
use bisection method [27] to find ν? such that 1>N max(v− ν?1N , 0N) = 1.

5.3.4 Parameters choice and stopping criterion

The algorithm for the blind deconvolution of PET images with TGV regu-
larization is summarized in Algorithm 6. For the non-blind deconvolution
problem, i.e., the filter validation, we use Algorithm 5 with the appropriate
data fidelity term (function F1 is the squared `2-norm).

The step-sizes σ and τ of the CP algorithm are set as described in sub-
section 4.4.3. The step-size of the gradient descent in the second subprob-
lem, µ(m), must verify the following condition [111]: µ(m) ∈ ]0, 1/γ(m)]

where γ(m) is the Lipschitz constant of the gradient of the differentiable
terms in the objective function (see Appendix 5.A). It is given by

γ(m) = ‖F̂∗(m)
BD F̂(m)

BD + $
(m)
v IdN‖2.

In Algorithm 6, we choose µ(m) = 1/γ(m).
The cost-to-move parameters, $

(m)
u and $

(m)
v must be bounded to en-

sure the convergence of (5.9). They are initialized with the value of the
regularization parameter ρ. Then, for m > 1, $

(m)
u = κu$

(m−1)
u and $

(m)
v =

κv$
(m−1)
v . In this work, we consider κu = κv = 0.75. If the maximum

number of iterations of the alternating algorithm maxIterAlt is finite, the
sequences of $

(m)
u and $

(m)
v are bounded. We set maxIterAlt to 10.
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Algorithm 6: Blind deconvolution of PET images
input : a noisy and blurry image y
output: a restored image f̂ BD and an estimated filter ĥ

1 initialization: z(0) = 0N×3, v(0) = 0N , f̂
(0)
BD = ĥ

(0)
= 0N , ρ = ρ(1);

2 For k = 1 to maxIterRho do
3 $

(1)
u = $

(1)
v = ρ(k);

4 for m = 1 to maxIterAlt do

// Image estimation
5 Compute ẑ using Algorithm 5 (and its initialization), lines 3

to 20 extended to five dual functions;

6 f̂
(m)
BD = Ruẑ;

// Filter estimation
7 qit = 0;

8 µ(m) = 1/‖F̂∗(m)
BD F̂(m)

BD + $
(m)
v IdN‖2;

9 for n = 1 to maxIter do

10 Grad = F̂∗(m)
BD (F̂(m)

BD v(n−1) − y) + $
(m)
h (v(n−1) − ĥ

(m−1)
);

11 v(n) = PPS
(

v(n−1) − µ(m)Grad
)

;

12 if q(v(n)) > q(v(n−1)) then

13 ĥ
(m)

= v(n);
14 qit = 0;
15 else
16 qit = qit + 1;
17 end
18 if n = maxIter or qit > 200 then

19 ĥ
(m)

= v(n);
20 break;
21 end
22 end
23 if m 6= maxIterAlt then
24 $

(m+1)
u = κu$

(m)
u ;

25 $
(m+1)
h = κh$

(m)
h ;

26 end
27 end
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Algorithm 6: Blind deconvolution of PET images (continued)

choose m? such that q(ĥ
(m?)

) ≥ q(ĥ
(m)

) for all m;

f̂ BD,ρ(k) = f̂
(m?)
BD ;

ĥρ(k) = ĥ
(m?)

;
if k 6= maxIterRho then

ρ(k+1) = βρ(k);
z(0) = ẑ;

v(0) = ĥ
(m)

;
end

end
choose k? such that q(ĥρ(k)) ≥ q(ĥρ(k)) for all k;

f̂ BD = f̂ BD,ρ(k?) ;

ĥ = ĥρ(k
?) ;

We set the maximum number of internal iterations maxIter (both for
GCP and PG algorithms) to 5000. Internal iterations stop after qit = 200 it-
erations of non-increasing quality of the estimate or when n reaches maxIter.
Like in Chapter 4, the noise statistics is unknown and likely not white. For
the reason detailed in subsection 4.4.3, we use the SNR as quality criterion
q in the simulations. The initialization of the estimates is a null vector of
size N. For k > 1, the initial guesses of the algorithm are given by the pre-
vious estimates f̂ BD,ρ(k−1) and ĥρ(k−1) . Similarly to subsection 4.4.3, we first

run Algorithm 6 for 20 iterations on ρ with ρ(1) = 1010 and β = 0.1. The
iteration providing the best estimate for h according to the SNR criterion2

is denoted k?. We run again Algorithm 6 with ρ
(1)
new = ρ(k

?−1), βnew = 0.8
and a number of iterations maxIterRho equal to dlog (β2)/ log βnewe such
that the last value of ρnew is close to ρ(k

?+1).
For the BD of real data, internal iterations of both GCP and PG algo-

rithms stop when the relative error between two successive estimates goes
beyond a threshold Th set to 10−4. We select the best regularization param-
eter by visual inspection.

2Ideally, the quality criterion must take into account both f̂ BD,ρ(k) and ĥ
ρ(k) like the criteria

based on the residual (see subsection 2.3.2).
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.
B

Ωc

erosion dilation

Figure 5.2 Illustration of the two main tools in morphological image pro-
cessing: (middle) erosion and (right) dilation. Figures inspired from [139].

5.4 Experiments
In this last section, we present the results of studies conducted on synthetic
and experimental data. They aim at (i) validating the BD framework (5.6)
as well as its numerical implementation and (ii) measuring the influence of
an accurate (or not) delineation of the region Ωc. Every study includes the
following two steps: (i) estimation of f 0,BD and h via blind deconvolution,
and (ii) estimation of f 0,NBD via non-blind deconvolution, using kernel ĥ.

In simulations, the quality of f̂ BD and f̂ NBD is measured with the in-
crease in signal-to-noise ratio (ISNR) (see Definition 2.22). The quality of ĥ
is measured with the signal-to-noise ratio (SNR) (see Definition 2.21).

5.4.1 Delineation of Ωc

A crucial pre-processing step in our BD framework is the determination of
the region Ωc, i.e., a region with uniform activity in f 0,BD. As explained in
subsection 5.2.1, this area is delineated based on high resolution anatomi-
cal images which are subsequently downsampled to match the resolution
of PET images. Since we work in a discrete setting with finite forward
differences, some boundaries of Ωc must be discarded. To this end, we
consider a binary image b with bi = 1 if i ∈ Ωc and 0 otherwise. We first
apply erosion on b by structuring element (0, 1, 1) to obtain the mask for
∇1. Then, we apply erosion on b with (0, 1, 1)> to get the mask for∇2.

Definition 5.1 (Erosion) [139] The erosion of a set Ωc by a structuring element
B is defined as the set of indices i such that B is included in Ωc when its origin is
located at i, i.e., {i|Bi ⊆ Ωc} (see Figure 5.2).

To uniformly increase (resp. decrease) the size of Ωc, e.g., to study how
the accuracy of the delineation impacts the quality of the estimated PSF, we
apply dilation (resp. erosion) by structuring elements (1, 1, 1) and (1, 1, 1)>.
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(a) (b) (c)

Figure 5.3 (a) Phantom with cylindrical holes corresponding to f 0,BD and
f 0,NBD, (b) observations simulated with dPETSTEP for tacq = 10 s (see sub-
section 5.4.2), and (c) binary mask b corresponding to Ωc (only used for
blind deconvolution).

Definition 5.2 (Dilation) [139] The dilation of a set Ωc by a structuring ele-
ment B is defined as the set of indices i such that B hits Ωc when its origin is
located at i, i.e., {i|Bi ∩Ωc 6= {}} (see Figure 5.2).

Erosion and dilation are the main tools in morphological image pro-
cessing [139] (see Figure 5.2).

5.4.2 Synthetic data

The first study is carried out on simulations of a phantom with cylindri-
cal holes of known diameters and filled with the same 18F-FDG activity
concentration (see Figure 5.3a). Its purposes are multiple. First, we com-
pare the quality of f̂ 0,NBD obtained using ĥ with the one obtained using the
true kernel h. Second, we investigate the robustness of the method to an
inaccurate delineation of Ωc.

In this case, f 0,BD and f 0,NBD correspond to the same image. We gener-
ate independent observations for the BD and the NBD steps, as explained
in subsection 5.2.4, using dPETSTEP and the parameters listed in Table 4.1
(see Figure 5.3b). The reconstruction is performed with OSEM algorithm
(20 iterations and 24 subsets) to be coherent with the choice of the data fi-
delity term made in section 5.2. Like in subsection 4.5.1, the reconstructed
blurred images y are normalized by their `1-norm. We estimate the ground
truth of the 2D blurring kernel by running dPETSTEP for an isolated ra-
dioactive source located at the center of the FOV (see Figure 5.5). The ac-
quisition time is set to 106 s to assume a noiseless acquisition.
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In Chapter 4, the use of the attenuation map was restricted to the sim-
ulation of PET images. Here, it is employed to delineate the region with
uniform activity, Ωc. After this delineation step, we pre-process the binary
image b containing Ωc as explained in subsection 5.4.1 (see Figure 5.3c).
From this binary image, we also generate two additional masks using di-
lation (Ωc,larger) and erosion (Ωc,smaller) by (1, 1, 1) and (1, 1, 1)>.

Finally, we apply the two steps mentioned above. We estimate f 0,BD
and h using Algorithm 6 with each of the three (pre-processed) binary
masks: Ωc, Ωc,larger and Ωc,smaller. Then, we solve the NBD problem with
an adapted version of Algorithm 5 for each of the three estimated filters
(denoted ĥ, ĥlarger and ĥsmaller) and for the true blurring kernel h.

Results
Figures 5.4 and 5.5 present the results of the simulations. In Figure 5.4,
we see that the quality of both the estimated PSF ĥ and the corresponding
f̂ NBD increases as the acquisition time tacq gets longer. When the size of
the region with uniform intensity used in BD is overestimated, the SNR of
the estimated PSF ĥlarger reaches a plateau, here around 15 dB. The corre-
sponding estimate f̂ larger also suffers from the poor quality of ĥlarger. In
contrast, the use of Ωc,smaller leads to a quality similar to the one obtained
when the entire region of uniform intensity, Ωc, is used in the minimiza-
tion problem. This is not surprising since the zero-gradient assumption is
still valid in this smaller region. In Figure 5.5, we can visually assess the
quality of the estimated PSFs. Due to a high level of noise in the simulated
data, even the true PSF is not able to recover the flat area present in f 0,NBD.
The biggest variations are observed in the profile obtained with ĥsmaller.

5.4.3 Experimental data

Two experimental datasets were acquired to test the framework proposed
in this chapter. Both of them include PET images. The first dataset also
contains structural CT scans unlike the second one. Hopefully, the geom-
etry of the phantom in the second dataset is perfectly known. It allows us
to accurately define the region with uniform activity.

Phantom with cylindrical holes acquired on a human PET/CT scanner
The first one consists in observations of a phantom with cylindrical holes
of known diameters filled with 18F-FDG activity (1 mCi/100 mL). PET and
CT images were acquired on a Philips GEMINI-TF PET/CT scanner with
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f̂ NBD with ĥlarger
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Figure 5.4 Simulations: quality of f̂ NBD and ĥ. Above: mean ISNR
(over 10 trials) of the deconvolved phantom f 0,NBD versus the acquisition
time. The estimates are recovered in a non-blind deconvolution frame-
work (NBD). The PSF used for the NBD is either the true PSF (h) or one of
the PSFs estimated via blind deconvolution (ĥ, ĥlarger or ĥsmaller). Below:
mean SNR (over 10 trials) of the three estimated PSFs versus the acquisition
time. The light areas around the curves represent the standard deviation.
The observations were generated with dPETSTEP software. The simula-
tion parameters are described in section 4.5 and Table 4.1.
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Figure 5.5 Simulations: estimates of f 0,NBD and h. The 64 × 64 esti-
mates are recovered in a non-blind deconvolution (NBD) framework from
observations generated with dPETSTEP software for tacq = 10 s. The sim-
ulation parameters are described in section 4.5 and Table 4.1. The PSF used
for the NBD is either the true PSF (h) or one of the PSFs estimated via blind
deconvolution (ĥ, ĥlarger or ĥsmaller). Above: the 1D profiles correspond to
sections of the observations and the ground truth (blue lines) and of the
estimates (black lines). The location of the section is indicated by white
horizontal lines in the figures below. The PSFs share the same intensity
scale so do the estimates.
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(a) (b) (c)

Figure 5.6 (a) Observation of a real phantom with cylindrical holes ac-
quired on a combined PET/CT scanner (tacq = 900 s), (b) CT image of the
phantom obtained on the same combined PET/CT scanner as (a), with the
delineation of Ωc in blue, and (c) binary mask extracted from (b).

an acquisition time of 900 s (see Figures 5.6a and 5.6b). The pixel size in
the transaxial slices of PET volume is 2 mm × 2 mm. The images were
cropped to 64× 64. We also imaged a needle filled with the same radio-
tracer (3 mCi/mL). The needle observation, denoted hneedle, can be seen as
a ground truth for the PSF (see Figure 5.7). For the restoration, we consider
that Ωc is made of the four largest disks in the CT image (see Figure 5.6c).

In this study, we compare the estimate of the PSF obtained with our BD
scheme with hneedle as well as the quality of their respective estimates in
the NBD framework solved with an adapted version of Algorithm 5.

Figure 5.7 presents the results on this first dataset. The estimates f̂ NBD
obtained with hneedle and ĥ, respectively, show a flat profile in the area
where we expect uniform radioactivity. The main difference lies in the
amplitudes of the restored image: the estimate obtained with hneedle shows
a higher activity in the four biggest holes.

Spherical phantoms acquired on a small animals PET scanner
The last study is conducted on spherical phantoms imaged in a PET scan-
ner for small animals. We used two spheres of known internal diame-
ter (10 mm and 24.8 mm) filled with uniform 18F-FDG activity concentra-
tion (1 mCi/100 mL and 2.14 mCi/100 mL). Phantoms were located at the
center of the FOV (12.8 cm × 12 cm) of a Philips MOSAIC small animal
PET scanner. The acquisition time of 3D images was 600 s. After recon-
struction with the iterative algorithm 3D-RAMLA, the original image size
was 128 × 128 × 120 voxels, cropped to 64 × 64 × 64. The voxel size is
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Figure 5.7 Experiments: estimates of f 0,NBD and h. The 64 × 64 esti-
mates are recovered in a non-blind deconvolution (NBD) framework from
observations acquired as described in subsection 5.4.3. The PSF used for
NBD is either the experimental PSF (hneedle) or the PSF estimated via blind
deconvolution (ĥ). Above: the 1D profiles correspond to sections of the
observations (blue line) and of the estimates (black lines). The location of
the section is indicated by white lines in the figures below. The PSFs share
the same intensity scale so do the estimates.

1 mm× 1 mm× 1 mm. In this work, we only consider 2D transaxial slices.

The images of the smallest sphere are used for BD (see Figure 5.8a) and
the ones of the biggest sphere are employed for validation (see Figure 5.8c).
In the BD framework, region Ωc corresponds to the entire sphere, delin-
eated based on the knowledge of its internal diameter. This diameter is not
an exact multiple of the pixel size. Regarding the results of simulations in
subsection 5.4.2, we select a slightly smaller region for Ωc (see Figure 5.8b).

Like for the first dataset, we use Algorithm 6 to estimate the filter and
then, we validate it using a modified version of Algorithm 5. For com-
parison, we also deconvolve the NBD observation, i.e., the imaged small
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(a) (b) (c)

Figure 5.8 (a) Observations of a small sphere acquired on a small animals
PET scanner (tacq = 600 s) and used for blind deconvolution, (b) binary
mask extracted from (a), and (c) observations of a big sphere acquired like
(a) and used for non-blind deconvolution.

sphere, with a Gaussian filter hG whose the FWHM is equal to 2.7 mm [88].
In Figure 5.9, we observe the absence of a flat curve corresponding to

the uniform activity in the sphere. Interestingly, we already see in the ob-
servations that the activity seems to be lower at the center of the sphere
(see Figure 5.8c). Experimentally, we do not know how to justify this since
the spheres were filled with uniform activity concentration. We also notice
that the edges of the spheres are only a little bit sharper after the NBD but
that there is still activity spitting out of the phantom. One possible expla-
nation is related to the assumption that we made about spatial invariance
of the PSF. The true PSF near the edges of the sphere spreads probably
more compared to the Gaussian or the estimated ones.
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Figure 5.9 Experiments: estimates of f 0,NBD and h. The 64 × 64 esti-
mates are recovered in a non-blind deconvolution (NBD) framework from
observations acquired as described in subsection 5.4.3. The PSF used for
NBD is either a Gaussian PSF with a FWHM equal to 2.7 mm (hG) or the
PSF estimated via blind deconvolution (ĥ). Above: the 1D profiles corre-
spond to sections of the observations (blue line) and of the estimates (black
lines). The location of the section is indicated by white lines in the figures
below. The PSFs share the same intensity scale so do the estimates.
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Appendix 5.A Lipschitz constant in the PSF estimation
In this appendix, we compute the Lispschitz constant of the gradient of the
differentiable terms in the objective function corresponding to the blurring
kernel estimation (see (5.9)). The objective function is given by

1
2
‖F̂∗(m)

BD v− y‖2
2 +

$
(m)
v
2
‖v− ĥ

(m)‖2
2 + ıPS (v) =: Λ(v) + ıPS (v).

The gradient of Λ is

∇Λ(v) = F̂∗(m)
BD (F̂(m)

BD v− y) + $
(m)
h (v− ĥ

(m)
).

Let us check that ∇Λ is Lipschitz continuous with constant γ(m) > 0
(see Definition 2.16),

‖∇Λ(u)−∇Λ(v)‖2 = ‖F̂∗(m)
BD F̂(m)

BD (u− v) + $
(m)
v (u− v)‖2

= ‖(F̂∗(m)
BD F̂(m)

BD + $
(m)
v )(u− v)‖2

≤ ‖F̂∗(m)
BD F̂(m)

BD + $
(m)
v ‖2‖u− v‖2,

where the last inequality results from Definition 2.18. Consequently,

γ(m) = ‖F̂∗(m)
BD F̂(m)

BD + $
(m)
v ‖2.
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6
Basics of lensless endoscopy

AS mentioned in Chapter 1, the lensless endoscope (LE) is a promis-
ing device to acquire in vivo biological images at a cellular scale.
In addition to its high resolution, the tiny size of the probe (diam-

eter around 175 µm) allows a deep exploration of the tissues.

Andresen et al. define a LE as “a long waveguide, without any addi-
tional elements attached, capable of acquiring a multiphoton image of an
object located at its tip” [9]. Particularly, when employed in conjunction
with wavefront shaping devices such as liquid crystal spatial light modu-
lators (SLM), fiber-based LE offers the ability to focus a light beam and scan
the sample volume with no access to the distal end of the fiber. The main
characteristic of LE compared to a conventional endoscope or an endomi-
croscope is the absence of optics or moving parts at their distal end [149].
It enables the design of ultrathin devices potentially capable to explore a
new range of organs at depths unreachable in microscopy.

In this chapter, we first describe the main components of the entire de-
vice in section 6.1. Then, in section 6.2, we detail the linear mathematical
model underlying the light collection by the fiber when we illuminate the
biological sample with any light pattern. Finally, in section 6.3, we describe
the traditional illumination scheme, called raster scanning, its reconstruc-
tion technique and the associated design and imaging challenges.
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Figure 6.1 Lensless endoscope principle in raster scanning mode (i.e., the
light beam is shaped to focus on one point). Excitation signal is red and
backscattered fluorescence signal is blue. Source: Institut Fresnel.

6.1 LE components
As illustrated in Figure 6.1, an LE consists of four main parts: a wavefront
shaper, an optics part, a waveguide and a light detector. The role of the
wavefront shaper is to appropriately shape the light beam to get specific
illumination patterns at the distal end of the waveguide. The optics part is
made of mirrors and lenses. It is used to focus the light from the wavefront
shaper into the optical waveguide. In the context of lensless endoscopy
where we are looking for a flexible device, the waveguide is a single op-
tical fiber: it can be either a multicore fiber (MCF) or a multimode fiber
(MMF). Its role is to carry the excitation signal to the biological sample and
then to collect and guide the backscattered signal to an optical detector.
Image is finally reconstructed either in a straightforward way (when a sin-
gle pixel photodetector is used) or using more complex techniques based
for instance on optical phase conjugation [135].

The LE considered in this work is designed as follows. The wavefront
shaper is made of a liquid crystal SLM combined with a pair of galvano-
metric scan mirrors. The waveguide is a MCF with a section diameter of
about 175 µm. In its inner part made of silica, 120 single mode cores con-
veying the excitation signal are arranged in a Fermat’s golden spiral shape
(see Figure 6.2a). Several cores arrangements were studied in the liter-
ature, both deterministic and stochastic (e.g., pseudo-random or hexago-
nal arrangements). After calibration, Fermat’s arrangement shows a low
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(a) (b) (c)

Figure 6.2 (a) Zoom on single mode cores arrangement in a Fermat’s
golden spiral shape, (b) simulated focused light beam (brightened for visu-
alization purpose) and (c) one of the simulated speckle patterns obtained
without fiber calibration. Images were simulated for a Fermat’s golden spi-
ral fiber core arrangement with J = 120, D = 113 µm and 3σc = 3.2 µm.
Experiment parameters are λ = 1 µm, z = 500 µm, and a = 2 µm (see
section 7.1 for the parameter definitions).

side lobes level (the dim ring in Figure 6.2b) and a very good contrast be-
tween the intensities of the central peak and the side lobes [138]. The first
cladding is surrounded by an outer part made of air holes. This double
cladding allows the entire silica surface to efficiently collect the backscat-
tered fluorescent signal in the same way as a multimode waveguide. As a
result, the excitation and the collection processes are decoupled [9]. Col-
lected light is finally measured by a single pixel detector.

The considered LE presents two important features: it is robust to fiber
bending [154] and, more importantly, it exhibits a memory effect that allows
to scan the output illumination pattern by simply adding a phase tilt at
the MCF entrance [149] (see section 7.3). The second acquisition strategy
described in Chapter 8 mainly relies on this key property.

6.2 From illumination to photon collection
In this section, we first describe the fluorescence phenomenon, i.e., the
physical process underlying the generation of observations in lensless en-
doscopy. Secondly, we describe the model of photons collection by the
MCF. Then, based on those previous models, we propose a discrete for-
ward model explaining how the observations are related to the original
fluorophore density map.
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We consider a sample—either a synthetic phantom or a very thin slice
of an ex vivo biological sample—containing some molecules of interest that
have been tagged with fluorescent dyes. For the sake of simplicity, we
assume that this sample is restricted to a 2D field of view (FOV), also called
object space Ω ⊂ R2. A function f0 : Ω×R→ R+ associates a fluorophore
density f0(x, t) with each location x ∈ Ω at time instant t.

During the acquisition process, this continuous density map is turned
into a finite set of observations, each of them being related to a particular
configuration of the sensing device, i.e., to a particular illumination pattern.
Most of the time, the interpretation of the observations is not straightfor-
ward and a reconstruction process is necessary. In this case, we try to es-
timate the quantity of interest based on the acquired data. This inverse
problem can be mathematically expressed as a minimization problem (see
section 8.1). The formulation of the objective function to optimize requires
a good knowledge (and modeling) of (i) the physics beyond the acquisition
and (ii) the detection process.

6.2.1 Fluorescence model

Fluorescent molecules possibly absorb light and emit photons under illu-
mination by a light pattern with static intensity S. The observed and mea-
sured photon flux ϕ : Ω×R→ R depends on the intensity of the incident
light but also on the fluorophore density f0. In this section, we derive the
expression of the photon flux ϕ(x, t) at time t emitted by the fluorophores
located at x ∈ Ω as a function of f0, S and physical parameters. In the next
section, we will relate this expression to the measurements obtained with
the optical device.

The main phenomena controlling the number of emitted photons are
singlet state and triplet state saturations, photo-bleaching, and background
fluorescence [153].

Singlet state saturation. If light intensity S(x) is high enough, i.e., if the
energy of incident photons is sufficient to bring an electron to an upper
state, fluorophores absorb light. Due to this absorption, some molecules
reach the excited singlet state S before progressively returning to the ground
state. During this last process, some of them emit photons by fluorescence.

Triplet state saturation. Not all the fluorophores in the excited singlet
state return to the ground state. Some of them cross to the excited triplet
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state T at constant rate kisc [140, 153]. The lifetime in T state is three
to six orders of magnitude bigger than the excited singlet state lifetime.
Molecules are then trapped in this state during microseconds to millisec-
onds and the photon emission decays substantially.

Photo-bleaching. Photo-bleaching is an irreversible photochemical dam-
age caused when the biological specimen is exposed to light. The photo-
bleached fluorophores permanently lose their ability to fluoresce. It occurs
when the molecules are either in the singlet or in the triplet excited state.
The rate constant depends on the incident light intensity, the number of
excitation cycles, the environment, etc. As mentioned by Song et al. [140],
the time scale of this process is of microseconds to minutes.

Background fluorescence. The background photon flux comes from two
main sources: scattering and autofluorescence [153]. Rayleigh scattering
can be efficiently blocked by optical filters and spontaneous Raman scat-
tering is negligible since it is orders of magnitude weaker than the photon
flux of interest. Autofluorescence arises from endogenous fluorophores ab-
sorbing and emitting photons in a frequency spectrum similar to those of
the exogenous fluorescent probes but having higher saturation level [153].
The photon flux ϕb(x, t) induced by the background fluorescence in x is
then assumed to be proportional to the illumination intensity S(x).

In the context of LE, we formulate the following assumptions about the
illumination duration and intensity, both tunable acquisition parameters:
(i) illumination duration tacq is short compared to the time needed to reach
triplet excited steady state but long enough for singlet excited state to reach
steady state, and (ii) intensity S at each x is low and, consequently, far from
the saturation level. The first assumption allows us to consider only singlet
excited state saturation and its corresponding flux (see Appendix 6.A for
computation details) but also to expect no molecules displacement during
the acquisition and to neglect the photo-bleaching of the sample. Those
last two considerations make fluorophore density f0 time invariant over
the acquisition duration. The photon flux at location x is then given by

ϕ(x) ≈ Qekd
σS(x)

σS(x) + kd
f0(x),

where quantum yield Qe characterizes the efficiency of the emission pro-
cess, kd is the constant rate associated to the return to the ground state,
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and σ is a parameter depending on laser wavelength λ and on the cho-
sen dye [38, 153]. Taking into account the second assumption, typically
S(x)� kd/σ, the photon flux depends linearly on the product of S(x) and
f0(x),

ϕ(x) ≈ QeσS(x) f0(x). (6.1)

6.2.2 Photon collection model

Within the acquisition duration tacq, the LE collects a non-negative number
of photons Y, a fraction of those emitted by the sample. Neglecting for
now any signal-independent noise term (e.g., thermal or readout noise),
this quantity is a Poisson random variable whose mean is

EY =
∫

Ω

∫ tacq

0
c0 (ϕ(x) + ϕb(x)) dt dx, (6.2)

where ϕ and ϕb are the direct and the background photon fluxes generated
by the object, and 0 < c0 < 1 is a constant accounting for the fraction of
photons captured by the LE. In this work, we assume no sensitivity atten-
uation of the light collection closer to the periphery of the FOV (i.e., c0 does
not depend on x). This assumption relies on the large collection numerical
aperture (NA) of the fiber (NA = 0.5) (see section 8.4).

6.2.3 Forward model and its discrete representation

Using (6.1) and (6.2), the continuous forward model relating the photon
count Y to f0 is

Y ∼ P
(∫

Ω
S(x)[c1 f0(x) + c2]dx

)
, (6.3)

with constants c1, c2 > 0 depending on parameters c0, Qe, σ and tacq. In this
study, we are interested in the relative contrast between different regions
of the object space Ω. Recovering f0 up to a scaling factor and an offset is
adequate. Defining f := c1 f0 + c2, model (6.3) becomes

Y ∼ P
(∫

Ω
S(x) f (x)dx

)
. (6.4)

We simplify (6.4) by turning it into a discrete representation as explained
in section 2.1. Combined with the corruption of any signal-independent
noise sources (e.g., electronic and readout noise) appearing in the measure-
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ment process, the discrete version of continuous model (6.4) is then

Y ∼ P(s> f ) +N (0, σ2),

where s := (s1, . . . , sN)
> and f := ( f1, . . . , fN)

>. All extra noise sources
are modeled as a Gaussian noise with variance σ2.

In practice, we do not collect only one but M observations yi with i ∈
[M], i.e., M realizations of Y. Those distinct observations result from the
illumination of the biological specimen with M (discretized) patterns sj
gathered in matrix S := (s1, . . . , sM). We assume that we work in high
photon counting regime where the Poisson noise is negligible compared to
other noise sources. We then compactly represent the sensing model as

y = S> f + n, (6.5)

where n := (n1, . . . , nM)> contains M independent realizations of the noise.
To get observations y of collected photons, we need to set up an acqui-

sition strategy. Each strategy is defined by the choice of (i) the illumina-
tion patterns sj, j ∈ [M] and (ii) the number M of acquired observations.
In section 8.3, we propose two acquisition frameworks and we detail the
corresponding sensing matrices. Hereafter, we explain the traditional ac-
quisition strategy and we highlight its limitations.

6.3 Traditional acquisition principle
We usually resort to raster scanning (RS) to acquire images with an LE [117,
137]. A similar strategy is used in laser scanning confocal microscopy. RS
consists in scanning the FOV with a focused light beam (see Figure 6.2b) by
applying a phase tilt at the MCF entrance. The focused beam follows a tra-
jectory Ωtr ⊂ Ω made of evenly spaced parallel lines (see Figure 6.3). For
each discrete position pi ∈ Ωtr that belongs to the pixel grid X (see sec-
tion 2.1), the fluorescence signal emitted by the biological sample travels
back in the optical fiber and is measured by the single pixel detector. The
number of observations is directly related to the total length of the trajec-
tory and its sampling rate, i.e., to the tunable parameters of the experiment.

The main advantage of this scanning method is that, for high photon
counting regime, the reconstruction is trivial for basic inspection of the ob-
servations. Each measure can be associated with a specific scanning posi-
tion and then, with a pixel location in the reconstructed image. An estimate
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Ω

p1Ωtr

pN

Figure 6.3 Raster scanning with a focused light beam. The focused spot
scans each discrete position pi ∈ Ωtr ⊂ Ω with i ∈ [N]. The solid gray line
represents the scanning trajectory Ωtr. Black dots represent positions pi’s.

of f (pi) is given by
f̂ (pi) = yi ≈ f (pi). (6.6)

In other words, we consider that matrix S in (6.5) is well approximated
by the identity operator over the FOV specified by {pi : i ∈ [M]}. How-
ever, even with a fiber arrangement optimized to produce point-like light
beams (like Fermat’s golden spiral shape [138]), distant side lobes in the
light pattern (see Figure 6.2b) still limit the accuracy of this approximation.

This scanning technique requires a preliminary calibration of the SLM
to generate a focused beam at the MCF output: specific sequences of prox-
imal wavefronts are optimized to compensate the intrinsic mode scram-
bling in fibers and focus the light on specific positions of the FOV. This
optimization needs an accurate estimation of the transmission matrix that
relates the proximal wavefronts to the distal ones assuming that the fiber
acts like a linear system.

6.4 Current challenges
RS acquisition provides fast image reconstruction but at the cost of some
drawbacks, for instance: (i) the SLM needs to be calibrated to get a focused
beam, (ii) imperfections of the focused beam are not corrected, and (iii) it
is necessary to collect as many observations as the number of pixels in the
discrete representation of the image. This last point forces the RS trajectory
to visit each point of the pixel grid, or conversely, imposes a resolution of
the final image directly related to the distance between two consecutive
observations. These considerations highlight constraints on the usage of
LE in realistic situations: (i) the device is sensitive to perturbations during
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the calibration and imaging and (ii) the slow update rates of conventional
SLMs limit the imaging speed [8]. This last challenge can be partly over-
come by the use of scan mirrors (e.g., galvanometric mirrors) combined
with a fiber with a memory effect.

Hence, the core question of the second part of this thesis is the follow-
ing: can we achieve accurate image reconstruction compared to RS us-
ing less measurements while keeping a short acquisition time? Without
SLM calibration, the observed illumination pattern is a speckle, a pattern
with multiple bright grains of light and dark regions with no well-defined
global peak (see Figure 7.1a). Such a pattern results from the interference of
multiple coherent light beams produced by each single mode cores when
they are configured with arbitrary phases. It is similar to the pattern ob-
served when laser light is reflected from or transmitted through an ob-
ject or diffuser that is rough on the scale of the laser wavelength [74]. In
some applications, e.g., using coherent light like conventional holography
or synthetic-aperture radar imaging, the presence of a speckle pattern is
considered as an issue and methods were developed to suppress it or at
least to minimize its effects [74]. But in some other imaging modalities, its
random structure is appealing as it makes LE closer to recent compressive
sensing and computational imaging procedures, e.g., indirectly observing
images with random sensing strategies [24, 33, 51, 117].

In Chapter 7, we mathematically introduce the formation of a speckle
and its statistical properties, in a non-asymptotical framework. We show
that despite their granular structure, an appropriate choice of the recon-
struction parameters makes them good candidates to build efficient sens-
ing matrices. In Chapter 8, we propose two acquisition strategies that rely
on speckle illumination and that we validate through simulations and re-
construction of experimental data.
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Appendix 6.A Fluorescence model
In this appendix, we detail the computation of the photon flux at steady-
state when considering singlet state saturation and triplet state saturation.

Singlet state saturation

If light intensity is high enough, i.e., if the energy of incident photons is
sufficient to bring an electron to an upper state, fluorophores will absorb
light with rate constant ka defined as

ka = σS(x) ∝ εS(x),

where σ is the attenuation cross-section and ε is the decadic molar atten-
uation coefficient depending on laser wavelength λ and on the chosen
probe [38, 153]. Molecules in the ground state S0 reach an excited sin-
glet state S of higher energy due to this absorption. They return then to
their first state with a rate constant kd by either emitting fluorescence or
internal conversion. At each time instant t, a proportion pS (t) ∈ [0,1] of
fluorophores is in the excited singlet state. Temporal evolution of pS (t) is
given by

dpS (t)
dt

= ka[1− pS (t)]− kd pS (t), (6.7)

and considering pS (0) = 0, we get

pS (t) =
ka

ka + kd

(
1− e−(ka+kd)t

)
.

At steady-state, this proportion is equal to

p̃S =
ka

ka + kd
=

σS(x)
σS(x) + kd

.

We observe that p̃S saturates at 1 when S(x) increases, as expected. Among
all excited molecules returning to the ground state, only some of them will
actually emit photons by fluorescence. The efficiency of this process is
characterized by the emission quantum yield denoted by Qe. The photon
flux in x is finally given by

ϕ(x, t) = Qekd p̃S f0(x, t)

= Qekd
σS(x)

σS(x) + kd
f0(x, t). (6.8)
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Triplet state saturation

All of the fluorophores in the excited singlet state do not return to the
ground state as explained in the previous section. Some of them cross to
the excited triplet state T with a constant rate kisc (intersystem crossing) [140,
153]. For fluorescein, rate kisc � kd [140]. The lifetime in T state is three
to six orders of magnitude bigger than the excited singlet state lifetime.
Molecules are then trapped in this state during microseconds to millisec-
onds and the photon emission decays substantially. Expression (6.7) be-
comes

dpS (t)
dt

= ka pS0(t)− kd pS (t)− kisc pS (t), (6.9)

with pS0(t) + pS (t) + pT (t) = 1. Considering the steady-state proportions
p̃S0 , p̃S and p̃T , the photon flux at x at time t is [140]

ϕ(x, t) = Qekd
σS(x)k1

k1(σS(x) + kd + kisc) + σS(x)kisc
f0(x, t),

where k1 is the rate constant for decay from triplet excited state to ground
state. Since the lifetime in T state is long, this rate is very low.
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The fascinating speckle

phenomenon

THE astrophysical community discovered the speckle phenomenon
at the end of the 19th century while observing stars with telescopes
under different atmospheric conditions [59]. It was brought in the

spotlight only a few decades after with the laser invention in the early 60’s.
In 1962 and 1963, several authors reported the observation of a granular
pattern when the (coherent) light of a laser is scattered from a surface that
is rough at the wavelength scale, e.g., a piece of paper [75, 95]. The rough-
ness of the surface introduces relative delays between the different scat-
tered components leading to interferences on a distant observation plane.
Goodman established the first basic statistical properties of this particular
speckle structure in 1963 [73, 75]. Since then, a lot of research in this field
has been and is still conducted. For a comprehensive book on the topic, we
recommend Speckle phenomena in optics: theory and applications [74].

Before going into the details of acquisition strategies in Chapter 8, let us
have a close look at the mathematics beyond the speckle formation in sec-
tion 7.1. In the case of the lensless endoscope (LE) described in section 6.1,
the spatial light modulator (SLM) plays the role of a rough surface or a
diffuser by randomly modifying the phase of the excitation signal in each
core. We study the main statistical properties of the resulting light pattern
in section 7.2. Our main contribution is to show that the non-asymptotical
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behavior of the tail of the speckle distribution is sub-exponential. The
characterization of the speckle properties is essential to design appropriate
sensing models. It will also bring useful insight on the spatial resolution
we can hope to recover after imaging. Finally, in section 7.3, we mathemat-
ically explain the memory effect that is exploited in Chapter 8.

7.1 Speckle formation
Let us consider a laser beam of wavelength λ injected into a multicore fiber
(MCF) with J cores. We denote by {qj}

J
j=1 ⊂ R2 the J core locations in the

2D fiber endface Z0. With each core j, we associate a complex amplitude
αj representing the random delay introduced by the SLM. We assume i.i.d.
delays. The field emitted by a single core is well described by its complex
amplitude multiplied by a narrow envelope U0. The field U0 is approx-
imately Gaussian with a maximum amplitude equal to 1 and a standard
deviation σc that depends on the laser wavelength. The standard devia-
tion is related to mode-field diameter d through d = 2.35× σc [137].

The 2D speckle pattern is the intensity of the electromagnetic field Ez
propagated on a plane Z parallel to Z0 at a distance z > 0. Fourier optics
tells us that, at each location x ∈ Z ⊂ R2, Ez is obtained via the angular
spectrum (AS) representation1 [72],

Ez(x) = (E0 ∗ Hz)(x), (7.1)

where E0 is the electromagnetic field emanating from the MCF endface,

E0(x) = [U0 ∗
J

∑
j=1

αjδ(·− qj)](x), (7.2)

and Hz is the inverse Fourier transform of the AS propagator defined as

Ĥz(k) = exp(−iz
√

k2 − ‖k‖2
2), (7.3)

with k = 2π/λ and k = (kx, ky)> is the 2D-coordinate in the reciprocal
space of x. Let Uz := U0 ∗ Hz, the speckle pattern S on plane Z is therefore

S(x) := |Ez(x)|2 =
∣∣

J

∑
j=1

αjUz(x− qj)
∣∣2. (7.4)

1Assuming optical field in homogeneous, isotropic, linear and source-free medium [72].
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Remark 7.1 (Focused illumination). It is possible to create deterministic illu-
mination patterns that do not present the speckle granular structure. Such
an example is depicted in Figure 6.2b where we observe an illumination
pattern focused on a narrow spot. This pattern, achieved for a Fermat’s
golden spiral core arrangement, is used for RS (see section 6.3). In this
case, the complex amplitudes in (7.4) are set to 1 after a convenient calibra-
tion of the optical system [136]. This particular configuration ensures that
all the components of the electromagnetic field constructively interfere in
the origin of Z . The expression of the light pattern focused at 0 in Z is

Sfoc(x) := |
J

∑
j=1

Uz(x− qj)|2. (7.5)

Equation (7.4) can be simplified with the far-field assumption. This as-
sumption considers that the illumination pattern is far from Z0, i.e., z �
kD2 with D the diameter of the MCF endface. In this case, the Fraun-
hofer approximation holds [72]. Combined with the paraxial approxima-
tion which supposes small incidence angles with respect to the optical axis,
we express Ez as a modulated scaling of the Fourier transform Ê0 [48, 72]
(the full development is in Appendix 7.A),

Ez(x) ≈ − e−ikz

iλz
e−

ik‖x‖22
2z Ê0

(
− kx

z

)
. (7.6)

Therefore, using (7.2) and the convolution theorem, the far-field approxi-
mation of S reads

S(x) ≈ 1
(λz)2

∣∣∣Û0

(
− kx

z

) ∣∣∣
2∣∣∣

J

∑
j=1

αje
ikq>j x

z

∣∣∣
2
, (7.7)

where the first factor is deterministic and the second one is random.

7.2 Statistical properties of speckles
Without loss of generality, we assume that |αj| = 1 and that the phases fol-
low a uniform distribution on [0, 2π], i.e., αj ∼i.i.d. exp (iU ([0, 2π])). This
configuration can be reached by properly shaping the laser beam. Indeed,
due to the low coupling between the MCF cores, the phase of these ampli-
tudes is strongly correlated with the phase of the light injected in the cores
at the proximal end [9].
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(a) (b) (c)

Figure 7.1 (a) One of the simulated speckle patterns obtained without
fiber calibration, (b) mean speckle field S̄ and (c) the residual field corre-
sponding to (a). Images were simulated for a Fermat’s golden spiral fiber
core arrangement with J = 120, D = 113 µm and 3σc = 3.2 µm. Experi-
ment parameters are λ = 1 µm, z = 500 µm, and a = 2 µm.

7.2.1 First- and second-order statistical properties

The intensity of S at location x is a random variable. Since E{αjα
∗
k} = δjk,

the mean speckle field S̄ is given by

S̄(x) := ES(x) =
J

∑
j=1
|Uz(x− qj)|2 = [|Uz|2 ∗AF](x), (7.8)

where AF(x) := ∑J
j=1 δ(x− qj) is the array factor (AF) related to the spatial

arrangement of the cores. The mean field only depends on wavelength
λ, the size of the cores and distance z (all included in |Uz|2) as well as
the cores arrangement. Figure 7.1b represents S̄ for a Fermat’s spiral core
arrangement. Regarding (7.7) and since Eαj = 0, an approximation for the
mean speckle field is

S̄(x) ≈ J
(λz)2

∣∣Û0

(
− kx

z

) ∣∣2. (7.9)

We define the residual field R̃ such that R̃(x) := (S(x)− S̄(x))/S̄(x) and
we write S(x) as

S(x) = S̄(x)
(
1 + R̃(x)

)
, (7.10)

where S̄(x)R̃(x) represents the variations of S(x) around its mean. Those
variations result from the (constructive and destructive) interferences be-
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tween the individual fields emitted by the cores.

As shown by (7.10), S̄ acts like a vignetting window while the ran-
domness of the speckle field S comes from the residual field R̃ (see Fig-
ure 7.1). This field exhibits a spatial granular structure indicating that, for
two points x, x + τ close to each other, the two random variables R̃(x) and
R̃(x + τ) are correlated. We show hereinafter that such a correlation exists
as soon as ‖τ‖2 . λz/D—the average size of a speckle grain scales like
O(λz/D). This is achieved by studying the second-order statistics of the
residual field R̃, i.e., the autocorrelation ΓR̃ defined as

ΓR̃(x, x + τ) := E(R̃(x)R̃∗(x + τ)), (7.11)

with τ := (τx, τy)>. Using approximations (7.7) and (7.9) to express R̃,

R̃(x) ≈ 1
J

∣∣∣
J

∑
j=1

αje
ikq>j x

z

∣∣∣
2
− 1,

and remembering that E{αjα
∗
k α∗l αm} = δjkδlm + δjlδkm − δjklm, we find

ΓR̃(x, x + τ) ≈ 1
J2

J

∑
j,k,l,m=1

E{αjα
∗
k α∗l αm}e

ik(qj−qk)
>x

z e−
ik(ql−qm)>(x+τ)

z − 1

≈ 1
J2

J

∑
j,l=1

1 +
1
J2

J

∑
j,k=1

e−
ik(qj−qk)

>τ

z − 1
J2

J

∑
j=1

1− 1

=
1
J2

∣∣∣F
( J

∑
j=1

δ(·− qj)
)[
− kτ

z

]∣∣∣
2
− 1

J

=
1
J2

∣∣∣F (AF)
[
− kτ

z

]∣∣∣
2
− 1

J
≈ ΓR̃(τ). (7.12)

With the use of Fraunhofer approximation, this quantity does not depend
on x anymore. Interestingly, the autocorrelation—and consequently the
speckle size—is directly related to the Fourier transform of the array factor.

When we are far from Z0, an MCF with almost uniformly distributed
core locations can be seen as a circular spot with diameter D and area A,

1
J

J

∑
j=1

δ(x− qj) ≈
1
A

disk
(

2‖x‖2

D

)
=

{
1/A if ‖x‖2 ≤ D/2

0 otherwise
. (7.13)
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Figure 7.2 Autocorrelation of the residual field R̃ for three cases: (i) using
Fraunhofer approximation (solid line), (ii) using Fraunhofer approxima-
tion and assumption of a circular aperture (dashed blue line), and (iii) by
empirically computing the mean (over 25 trials) autocorrelation based on
1,000 realizations of R̃ (dotted line). The cores arrangement is a Fermat’s
golden spiral with J = 120 cores, diameter D = 113 µm and 3σc = 3.2 µm.
Experiment parameters are λ = 1 µm, z = 500 µm, and a = 2 µm.

The Fourier transform of this function is the jinc function with unit value
at the origin [72, 74]. Expression (7.12) becomes

ΓR̃(τ) ≈
∣∣∣2
(πD

λz
τ
)−1

J1

(πD
λz

τ
)∣∣∣

2
− 1

J
, (7.14)

where τ := ‖τ‖2, k = 2π/λ and J1 is the first-order Bessel function of the
first kind. Following [74], we define the average area of a speckle grain as

As :=
∫∫ ∞

−∞
ΓR̃(τ)/ΓR̃(0)dτ,

with ΓR̃(0) = 1− 1/J. For a circular aperture as considered above, As is
obtained via Parseval’s identity and the average radius is r :=

√
As/π,

As =
(λz)2

π(D/2)2 and r =
λz

π(D/2)
. (7.15)

We thus get r ∝ λz/D. For the parameters of the simulation in Figure 7.2,
the radius of a speckle grain is 2.8 µm.
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Remark 7.2. Quantities (7.14) and (7.15) are easily computable since they
only depend on the experiment parameters J, D, λ and z. Figure 7.2 shows
ΓR̃ as a function of τ (with τ = τe1 and e1 the unit vector aligned with the
horizontal axis of the 2D image) obtained with Fraunhofer approximation
and the stronger assumption of a circular spot. Mean empirical estimations
of ΓR̃ based on 1,000 realizations of the residual field are also displayed for
x = 0. Both theoretical approximations explain well the main peak of the
autocorrelation, which is similar to the peak observed when the light beam
is focused (see Figure 6.2b). Even if distant side lobes are absent with the
circular aperture assumption, (7.14) still provides a reliable closed form
expression for the radius of a speckle grain.

Remark 7.3. With the Fraunhofer approximation, (7.5) becomes

Sfoc(x) ≈ 1
(λz)2 |Û0F [AF]|2

(
− kx

z

)

≈ S̄(x)(JΓR̃(x) + 1).

Interestingly, Sfoc(x) is also vignetted and is directly related to the autocor-
relation of the speckles.

7.2.2 Tail of the distribution

In [74], Goodman derives the probability density function (pdf) of a speckle
with a large number of phasors (corresponding to the cores in our case).
The use of the central limit theorem leads to an intensity S(x) distributed
according to an exponential law [74, chapter 3]. This is valid in the asymp-
totic case when the number of cores tends to infinity. In this section, we
show that the (non-asymptotic) distribution of S(x) is sub-exponential.

Figure 7.3 shows an empirical approximation of the pdf of S(0) based
on the generation of 10,000 discretized speckle patterns of size 128× 128.
The shapes of the histograms for other locations x are similar: we observe
an exponential decay of the approximated pdf.

Proposition 7.1 Let S(x) be the intensity of a speckle pattern at location x in
the field of view as defined in (7.4). The modulus of the complex amplitudes αj’s
is equal to 1 and their phases follow a uniform distribution on [0, 2π]. Then,
S(x) is a sub-exponential random variable as defined in Definition 4.2 with a
sub-exponential norm bounded by the mean intensity, i.e.,

‖S(x)‖ψ1 ≤ S̄(x). (7.16)
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Figure 7.3 Estimation of the probability density function (pdf) of S(0)
based on the simulation of 10,000 speckle patterns of size 128× 128. They
were generated for a Fermat’s spiral core arrangement (J = 120) and the
following parameters: λ = 1 µm, z = 500 µm, 3σc = 3.2 µm and a = 2 µm.
Both figures show the same data but with a logarithmic scale for the y axis
of the right graph. We observe an exponential decay of the estimated pdf.

Proof. According to Proposition 4.1, a random variable is sub-exponential
if the moments of the distribution are bounded, i.e., if there exists K2 ∈ R+

0
such that (E|S(x)|p)1/p ≤ pK2 is satisfied for all p ≥ 1. The moments of
|S(x)| = S(x) (since S(x) ≥ 0) are given by

ES(x)p = E(
J

∑
j,k=1

αjα
∗
k Uz(x− qj)U

∗
z (x− qk))

p

=
J

∑
j1,...,jp=1
k1,...,kp=1

E{αj1 α∗k1
. . . αjp α∗kp

}Uz(x− qj1)U
∗
z (x− qk1

) . . .

Uz(x− qjp
)U∗z (x− qkp

).

Since Eαj = 0 and E{αjα
∗
k} = δjk, expectation E{αj1 α∗k1

. . . αjp α∗kp
} is

non-zero when each complex amplitude can be associated with its com-
plex conjugate. For instance, the terms of the sum satisfying j1 = k1, j2 =

k2, . . . jp = kp are non-zero. There are p! combinations of the indices that
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lead to E{α∗j1 αk1 . . . α∗jp
αkp} = 1. We then have

ES(x)p ≤ p!
J

∑
j1,...,jp=1

|Uz(x− qj1)|
2 . . . |Uz(x− qjp

)|2 = p!S̄(x)p ≤ ppS̄(x)p.

The first inequality comes from the fact that some (non-negative) terms
of the sum are considered multiple times (e.g., the term corresponding to
j1 = j2 = · · · = jp). Finally,

(E|S(x)|p)1/p ≤ pS̄(x),

for all p ≥ 1. The random variable S(x) is consequently sub-exponential.
A bound on its sub-exponential norm is given by

‖S(x)‖ψ1 = sup
p≥1

p−1(E|S(x)|p)1/p ≤ S̄(x). (7.17)

An alternative proof2 showing that ‖S(x)‖ψ1 . S̄(x) (. instead of ≤) is
based on the fact that |αj| is bounded (see Appendix 7.B or [80]).

Proposition 7.2 Following Proposition 7.1, R̃(x) is a zero-mean sub-exponential
random variable with a sub-exponential norm bounded by 1.

Proof. The proof for the mean is straightforward. Since S(x) ≥ 0 and
S̄(x) > 0, R̃(x) = S(x)/S̄(x)− 1 is then lower and upper bounded by

−1 ≤ R̃(x) < S(x)/S̄(x).

The moments of |R̃(x)| are bounded by

E|R̃(x)|p < max(1, ES(x)p/S̄(x)p)

≤ max(1, pp) = pp, (from Proposition 7.1)

for all p ≥ 1. Finally, (E|R̃(x)|p)1/p < p.

Proposition 7.2 informs us that the tail of the distribution of R̃(x) de-
creases exponentially fast with a threshold s ≥ 0, i.e., for some universal
constants C, c > 0,

P
(∣∣R̃(x)

∣∣ ≥ s
)
≤ Ce−cs.

2Credit to Laurent Jacques for it.
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Figure 7.4 Estimation of P
(∣∣R̃(0)

∣∣ ≥ s
)

as a function of s based on the
simulation of 10,000 speckle patterns of size 128 × 128. The fiber cores
arrangement is a Fermat’s spiral with J = 120, D = 113 µm and 3σc =
3.2 µm. Experiment parameters are λ = 1 µm, z = 500 µm, and a = 2 µm.
We do observe an exponential decay of the tail of the distribution (s ≥ 1).

Figure 7.4 shows an empirical approximation of P(|R̃(0)| ≥ s) as a
function of s based on the generation of 10,000 discretized speckle patterns
of size 128× 128. For s ≥ 1 (corresponding to the tail), we do observe an
exponential decay of the distribution.

7.3 Translation of an illumination pattern
One of the key properties of the MCF considered in this work is the low
coupling between its J cores, i.e., its memory effect. It expresses the fact that
the phase of the light emitted from jth core is roughly the same as the phase
of the input light up to a constant term depending on intrinsic properties of
the core [9]. A small change in the incident angle of the incoming light re-
sults in the same change in the phase of the output wavefront, and further
in a translation of the illumination pattern (see Figure 7.5).

In this section, we explain how and under which conditions a modu-
lation of the electric field in plane Z0, using for instance a galvanometer
mirror, leads to a shift of the observed pattern in plane Z . In particular,
we can translate the residual field R̃ defined in (7.10) within the intensity
vignetting imposed by the mean speckle field S̄.

Let us apply a phase ramp θ>x to the complex amplitudes αj’s with
θ = (θx, θy)> the relative tilt imposed by the scan mirror. The new electro-
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(a) (b) (c)

Figure 7.5 (a) Initial speckle pattern in Z , (b) zoom on phase tilts applied
on each complex amplitude and (c) the resulting shifted speckle in Z . Im-
ages were simulated for a Fermat’s spiral cores arrangement with J = 120,
D = 113 µm and 3σc = 3.2 µm. Experiment parameters are λ = 1 µm,
z = 500 µm, and a = 2 µm.

magnetic field Ẽ0 and its Fourier spectrum ˆ̃E0 are given by

Ẽ0(x) = [U0 ∗ eiθ>·
J

∑
j=1

αjδ(·− qj)](x) and ˆ̃E0(k) = Û0(k)
J

∑
j=1

αje
−iq>j (k−θ).

The far-field approximation (7.7) for speckle S̃ writes in this case

S̃(x) ≈ 1
(λz)2

∣∣∣Û0

(
− kx

z

)∣∣∣
2∣∣∣

J

∑
j=1

αje
ik
z q>j (x+ z

k θ)
∣∣∣
2

(7.18)

= S̄(x)
[
1 + R̃

(
x +

zθ

k

)]
. (7.19)

Thus, provided that ‖x‖2 � z and z � kD2, a non-zero tilt θ induces
a shift −zθ/k of the residual field, but the vignetting window remains un-
changed. This effect is valid for any configuration of the complex ampli-
tudes whether it is random or deterministic.

In this chapter, we analyzed the statistical properties of a speckle ran-
dom field including its non-asymptotical distribution. In Chapter 8, this
preliminary work will justify the possibility to estimate an image from ob-
servations acquired via speckle illumination, by establishing links with the
compressive sensing theory. We will exploit the memory effect described
in section 7.3 in one of the sensing strategies described in the next chapter.
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Appendix 7.A Fraunhofer approximation
In the far-field, it is common to use the paraxial approximation which as-
sumes only small incidence angles with respect to the optical axis [72]. In

this case, ‖k‖2
2 � k2 and

√
k2 − ‖k‖2

2 is well approximated by its first-order
Taylor expansion, √

k2 − ‖k‖2
2 ≈

k− ‖k‖2
2

2k
.

Regarding this last expression, an approximation for (7.3) is

Ĥz(k) ≈ e
−iz
(

k− ‖k‖
2
2

2k

)

.

The inverse Fourier transform of Ĥz is given by

Hz(x) ≈ − e−ikz

iλz
e−

ik‖x‖22
2z . (7.20)

Introducing (7.20) in (7.1) leads to the Fresnel diffraction formula [48],

Ez(x) ≈ − e−ikz

iλz
e−

ik‖x‖22
2z

∫∫ ∞

−∞
E0(x′)e

ikx>x′
z e−

i‖x′‖22
2z dx′

= − e−ikz

iλz
e−

ik‖x‖22
2z F

(
E0e−

i‖·‖22
2z

)(
− kx

z

)
.

Moreover, if we assume z� k‖x′‖2
2,max with ‖x′‖2

2,max the maximum value
of ‖x′‖2

2 such that E0(x′) 6= 0, we get the Fraunhofer approximation [48]3,

Ez(x) ≈ − e−ikz

iλz
e−

ik‖x‖22
2z Ê0

(
− kx

z

)
.

Appendix 7.B Alternative proof for the sub-exponentiality
of speckle fields

Following [157, 158], a sub-exponential (or sub-Gaussian) random variable
X ∈ C is characterized by a finite sub-exponential (resp. sub-Gaussian)
norm ‖X‖ψ1 (resp. ‖X‖ψ2 ) defined by

‖X‖ψp := supq≥1 q−1/p(E|X|q)1/q, p ∈ {1, 2}. (7.21)

3In the context of LE, we assume z� kD2 with D the diameter of the MCF distal end.
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For instance, Gaussian and Laplacian random variables have finite sub-
Gaussian and sub-exponential norms, respectively. For a bounded random
variable both norms are finite, i.e., if |X| ≤ C, then ‖X‖ψp ≤ C for p ∈
{1, 2}. For our complex amplitudes, ‖αj‖ψ1 ≤ 1 and ‖αj‖ψ2 ≤ 1 for j ∈ [J].

These norms are totally equivalent to characterize the tail distribution
of their random variables. In fact, for p ∈ {1, 2}, the norm K := ‖X‖ψp is
finite if and only if the tail distribution of X satisfies P{|X| ≥ t} ≤ 2e−ctp/Kp

for all t ≥ 0, for some universal constant c > 0. This is similar to the known
tail distributions of Gaussian or Laplacian random variables for p = 2 and
p = 1, respectively.

Proposition 7.3 Given a location x and J i.i.d. complex random amplitudes
{αj, j ∈ [J]} with unit modulus gathered in α := (α1, . . . , αJ), both the speckle
intensity S(x) and the residual field R̃(x) are sub-exponential, and

‖S(x)‖ψ1 . S̄(x) and ‖R̃(x)‖ψ1 . 1. (7.22)

Proof. Defining u(x) :=
(
Uz(x− q1), · · · , Uz(x− qJ)

)∗ ∈ CJ , we can rewrite
(7.4) as S(x) = |〈α, u(x)〉|2. From [158, Lemma 5.14], ‖X‖2

ψ2
≤ ‖X2‖ψ1 ≤

2‖X‖2
ψ2

, therefore,

‖|〈α, u(x)〉|2‖ψ1 ≤ 2‖〈α, u(x)〉‖2
ψ2

.

Moreover, from [158, Lemma 5.9], for J i.i.d. sub-Gaussian random vari-
ables Xj, we have the approximate rotation invariance ‖∑J

j=1 Xj‖2
ψ2
. ∑J

j=1 ‖Xj‖2
ψ2

.

For Xj := αju∗j (x), 〈α, u(x)〉 = ∑J
j=1 Xj, using ‖αj‖ψ2 ≤ 1 and the fact that

‖ · ‖ψ2 is a norm, this property involves that

‖〈α, u(x)〉‖2
ψ2
.

J

∑
j=1
‖Xj‖2

ψ2
=

J

∑
j=1
‖αj‖2

ψ2
|uj(x)|2 ≤

J

∑
j=1
|uj(x)|2 = S̄(x),

which proves the first inequality in (7.22). Regarding the second inequality,
since ‖ · ‖ψ1 is a norm, it respects the triangular inequality, and from (7.10),
we get

‖R̃(x)‖ψ1 = ‖S̄(x)−1(S(x)− S̄(x))‖ψ1

≤ ‖S̄(x)−1S(x)‖ψ1 + 1 = S̄(x)−1‖S(x)‖ψ1 + 1 . 1.
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8
Compressive acquisition schemes

in lensless endoscopy

IN this chapter, we investigate an acquisition strategy for lensless endo-
scopes (LE) based on compressive sensing (CS). Conversely to most
optical microscopy techniques that rely on active illumination, our ap-

proach uses speckle illumination as previously mentioned in section 6.4.
Consequently, it does not require to focus the excitation light beam on the
observed sample. The goal is to reduce the acquisition time (e.g., to pre-
serve the biological sample of photo-bleaching) while achieving good re-
construction quality.

Context

Back to 1996, Bolshtyansky et al. studied an acquisition scheme very simi-
lar to ours [22] but involving a single multimode fiber (MMF). Pseudother-
mal ghost imaging also relies on a similar approach but uses a rotating dif-
fuser to generate speckle patterns [90]. Speckles have also been extensively
used to perform super-resolution fluorescence microscopy, most often in
a blind context [91, 104, 108]. Such techniques (e.g., structured illumina-
tion microscopy or super-resolution optical fluctuation imaging) allow to
go beyond the diffraction limit and are then able to image structures at
a sub-cellular scale. To compensate the fact that the patterns may be un-
known, some works exploit the statistical properties of the speckles [91,
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108] or consider weak assumptions on the original fluorophores distribu-
tion [104]. Bertolotti et al. studied a blind framework where the diffuser
is completely opaque and prevents access to both the sample and the gen-
erated speckle [20]. To cover up this inaccessibility, they exploit the mem-
ory effect described in section 7.3. The vector of measurements can then
be seen as a convolution product between the (unknown) speckle and the
original image. In speckle scanning microscopy, Stasio et al. also took ad-
vantage of this effect with a multicore fiber (MCF) [143]. Except in super-
resolution, the fluorescence signal in the aforementioned applications is
measured with a single-pixel detector (or a similar device). The image of
interest is estimated via a weighted sum of the speckle patterns [22], via
the correlations of the observation vector with the illumination patterns
[90, 132] or via the autocorrelation of the measurement vector [20, 143].

While the above-mentioned works consider a number of measurements
M at least equal to the number of pixels in the final image, several authors
reported the development of compressive optical imaging techniques re-
quiring far fewer observations. These techniques are based on the seminal
work of Candès et al. and Donoho on compressive sensing [33, 49]. The
pseudo-randomness of the speckles and their easy generation make them
interesting to build efficient sensing matrices. Katz et al. proposed a proof
of concept for CS approach to pseudothermal ghost imaging including in-
formation about the image structure in the reconstruction algorithm [90].
A compressive approach was used in super-resolution microscopy [112]
where the authors reach higher resolution by using saturated illumination
with speckle patterns. CS was also exploited in experimental setups in-
volving an MCF and/or an MMF, e.g., in fluorescence microscopy [34, 134],
optical photoacoustic [34] or microendoscopy [40]. Authors assume small
total variation [134] or sparsity in some wavelet basis [40] as prior infor-
mation on the image structure. In these three works, speckles patterns are
recorded. This recording can be seen as a calibration step. As mentioned by
[34], this step is simpler than conventional calibration via wavefront shap-
ing since it only requires to measure the speckles intensities while beam-
forming requires field measurements before the experiment.

Remark 8.1. Most of these works do not provide theoretical links with the
CS theory, e.g., bounds on the number of measurements or properties of
the sensing matrix. One counterexample is for instance the work of Val-
ley et al.. In [156], they study the CS acquisition of sparse gigahertz-band
signals with an MMF. The core of their paper is to empirically character-
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ize the speckle-based sensing matrix. They compare it to an ideal sub-
Gaussian sensing matrix through three features: the ability to recover dif-
ferent sparse signals, the coherence of the matrix, and the presence of a
sharp phase transition.

Contributions and outline

The literature covered in the previous section shows that speckle illumi-
nation seems to be a promising way to face one of the main constraints
preventing the use of LE: it removes the need for interferometric stability
and costly calibration step before each acquisition, and it can possibly be
used in a blind context. Experimental studies show that sensing matrices
based on speckles patterns are valid candidates to acquire measurements
in a compressive framework while still providing good reconstruction re-
sults. In fluorescence imaging, more than a low number of measurements,
a short acquisition time is highly desirable to preserve the biological sam-
ple of photo-bleaching (see section 6.2). Such acquisition strategies would
allow for high-speed imaging in a realistic setting. If the MCF fiber has a
low coupling between the cores, the acquisition time can be substantially
reduced by exploiting the memory effect of the MCF thanks to scan mirrors
(e.g., galvanometric mirrors). According to Andresen et al., only strategies
exploiting this effect will be able to satisfy the speed and resolution re-
quirements for in vivo imaging, as moving such mirrors is much faster than
changing an SLM configuration [9].

In this chapter, we study a novel acquisition strategy named partial
speckle scanning (PSS). It combines elements of CS with the specific proper-
ties of the considered LE, namely its robustness to spatial and temporal distor-
tion, its extremely low coupling between the cores of the fiber, and its memory
effect. In particular, we generate only P ≤ M distinct speckles and we shift
each of them MP = M/P ≤ M times (see section 7.3), thus achieving a
partial scanning of the object, to acquire a total of M = PMP observations.
For P = M, we observe the sample with M different speckle illuminations
while if P = 1, a unique speckle pattern is shifted M times.

The contribution of this chapter consists in designing and validating the
acquisition strategy described above. It also includes the optimization of
the sampling parameters (number of measurements M, MP, shift induced
by the mirrors, etc.) in order to get the best reconstruction quality (e.g., for
a given acquisition time).
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The chapter is structured as follows. In section 8.1, we present a more
general estimation problem compared to the raster scanning (RS) (see sec-
tion 6.3). We formulate the imaging process as the solving of an inverse
problem, i.e., the minimization of an objective function made of a data fi-
delity term combined with regularizing priors on the expected fluorophore
density map. A reconstruction based on this formulation can deal with a
wide range of sensing matrices (i.e., the light beam does not require a cali-
bratione) and a number of observations M � N. We detail the algorithm
to solve this inverse problem in section 8.2. The above-mentioned acqui-
sition strategy (PSS), its formulation as inverse problem and the results of
the simulations are presented in section 8.3. Finally, section 8.4 presents the
experimental setup designed to compare different acquisition strategies on
real fluorescent samples.

8.1 Inverse problem formulation
From observed data y, we would like to estimate the original fluorescent
response f of the sample, that is, we would like to invert the forward model
given by (6.5) for a general sensing matrix S>. As explained in section 2.2,
the corresponding least-squares problem is often ill-posed mainly due to the
noise corruption on the measurements but also because S> is not necessar-
ily well conditioned, e.g., if the number of observations M is smaller than
the number of pixels N. Instead, we consider the following regularized
and constrained minimization problem,

minimize
u∈RN

dist(S>u, y) + ρφ(u),

subject to u � 0, (8.1)

where ρ > 0 is a regularization parameter balancing between the data fi-
delity term and the regularization term, denoted by φ. The choice of a
squared `2-norm as the distance function between S>u and y is justified
by the Gaussian assumption on the noise in (6.5). The constraint encodes
the non-negativity of the original fluorophore density map, f � 0, that is
implicit from the physics of fluorescence emission (see subsection 6.2.1).

Image structure. We assume that f is made of smooth areas separated
by sharp boundaries (possibly corresponding to tissue interfaces or cellu-
lar membranes). This prior, encoded in function φ, corresponds either to
the minimization of the TV-norm [128] or the TGV2

α-norm [28, 93] (see sub-
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section 2.2.2). Promoting a small TV-norm leads to piecewise constant im-
ages and is then well suited for the synthetic data used in the simulations.
As for TGV, it can be seen as a generalization of TV to higher-order im-
age derivatives. Minimizing the TGV2

α-norm leads to piecewise linear esti-
mates where parameter α > 0 mades a trade-off between edge-preserving
and smoothness-promoting terms (as suggested by [93], we set α = 2).
TGV2

α is better suited for fluorescent samples used for the experiments or
when we estimate a vignetted map.

The constraint in (8.1) can be replaced by adding a convex indicator
function on the set RN

+ in the objective function. It is equal to zero if the
constraint is satisfied and to +∞ otherwise. The non-smooth convex esti-
mation problems—with TV and TGV2

α regularizations—finally write,

f̂ ∈ arg min
u∈RN

1
2
‖S>u− y‖2

2 + ρ‖∇u‖2,1 + ıRN
+
(u), (TV) (8.2)

f̂ ∈ arg min
u∈RN ,,

w∈RN×2

1
2
‖S>u− y‖2

2 + ρ‖∇u−w‖2,1 (TGV) (8.3)

+ αρ‖ε(w)‖2,1 + ıRN
+
(u).

8.2 Numerical implementation
Like in section 4.4 for the deconvolution of PET images, we solve (8.2) and
(8.3) with a generalized version of the Chambolle-Pock (GCP) primal-dual
algorithm [37, 71]. This flexible algorithm allows for composing convex
functions with linear operators in the minimization (see section 2.3).

A compact formulation of (8.2) matching the notation of (2.12) is

f̂ ∈ arg min
u∈RN

F1(S>u) + F2(∇u) + GTV(u), (8.4)

with GTV = ıRN
+

, F1 = 0.5‖ · −y‖2
2 and F2 = ρ‖ · ‖2,1.

When the regularization term is the TGV2
α-norm, a compact formula-

tion for (8.3), similar to (4.15), is given by

ẑ ∈ arg min
z∈RN×3

F1(S>Ruz) + F2((∇Ru − Rw)z) + F3(ε(Rwz)) + GTGV(z),

(8.5)
where we replaced u and w by a unique optimization variable z := (u, w)

like in section 4.4. Operators Ru and Rw are the same restriction operators
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as in section 4.4. The first one keeps the first column of z and the second
one keeps the last two columns of z. The estimated map is f̂ = Ruẑ. In this
case, GTGV = ıRN

+
◦ Ru, F1 = 0.5‖ · −y‖2

2, F2 = ρ‖ · ‖2,1 and F3 = αρ‖ · ‖2,1.

8.2.1 Proximal operators of primal and dual functions

The GCP algorithm only requires computing the proximal operators of
GTV, GTGV and of the Legendre-Fenchel conjugates of F1, F2 (and possibly
F3), as well as the adjoints of the operators, described in the next section.

The proximal operator of function GTV is the projection onto R+,

proxτGTV
(ũ) = max(ũ, 0),

where τ > 0 is the primal step-size in GCP algorithm. The proximal op-
erator of GTGV is proxτGTGV

(z̃) = z̃ + R∗u(proxτGTV
(Ruz̃)− Ruz̃), using the

property of semi-orthogonal linear transform (see Property 2.15).
The proximal operator of F?

1 is given by

proxσF?
1
(p̃) =

p̃− σy
1 + σ

,

where σ > 0 is the dual step-size in GCP algorithm.
Exactly like in section 4.4, functions F2 and F3 are `1-norms. The proxi-

mal operators of their conjugates are projection operators onto the convex
sets Q2 := {q̃ ∈ RN×2|‖q̃‖2,∞ ≤ ρ} and Q3 := {r̃ ∈ RN×4|‖r̃‖2,∞ ≤ αρ}.

8.2.2 Operators and their adjoints

The operator associated with F1 in (8.4) (resp. (8.5)) is L1 = S> : RN → RM

(resp. L1 = S>Ru : RN×3 → RM) and its adjoint is S (resp. R∗uS). In (8.4),
the operator associated with F2 is L2 = ∇ : RN → RN×2 and its adjoint is
given by∇∗ = −div (see Definition 2.8). The operators associated with F2
and F3 in (8.5) are the same as those defined in subsection 4.4.2.

8.2.3 Regularization parameter and stopping criterion

As brought up earlier, the optimal value of parameter ρ in (8.2) and (8.3)
is unknown a priori. We select a value for ρ based on the optimization of
a quality criterion (see subsection 2.3.2). Following Boufounos and Ward
[25, 161], we apply cross-validation (CV) principle to avoid the overfitting
of noisy observations during the estimation process (see subsection 2.3.2).
The set of M measurements is randomly divided into two subsets. The first
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one contains Mest observations (yest) and is used for the image estimation.
The second one contains Mval = M − Mest measurements (yval) and is
used to determine when to stop the iterative algorithm and/or to select
the regularization parameter. In [161], Ward shows that provided a sensing
operator S> satisfying the RIP, we can choose Mval � Mest.

With a CV approach, estimation problems (8.2) and (8.3) become

f̂ ∈ arg min
u∈RN

1
2
‖Rest(S>u− y)‖2

2 + ρ‖∇u‖2,1 + ıRN
+
(u), (TV) (8.6)

f̂ ∈ arg min
u∈RN ,

w∈RN×2

1
2
‖Rest(S>u− y)‖2

2 + ρ‖∇u−w‖2,1 (TGV) (8.7)

+ αρ‖ε(w)‖2,1 + ıRN
+
(u).

where Rest ∈ {0, 1}Mest×M is a restriction operator such that yest = Resty.
The proximal operator of F?

1 becomes

proxσF?
1
(p̃) =

p̃− σResty
1 + σ

,

and L1 = RestS> in (8.4) and L1 = RestS>Ru in (8.5).
As in [25], we use the squared `2-norm of the residual to evaluate the

quality of the estimate f̂ . This is defined by

q( f̂ ) := ‖Rval(S
> f̂ − y)‖2

2,

where Rval ∈ {0, 1}Mval×M is a restriction operator keeping only Mval =

M−Mest entries of a vector of size M and such that yval = Rvaly. Quality
function q is used, first, to stop the GCP algorithm when q reaches a mini-
mum, and second, to select an appropriate value for ρ. This last operation
is done by solving (8.6) and (8.7) for K values of ρ and ρk∗ is considered as
the best choice if q( f̂ ρk∗

) ≤ q( f̂ ρk
), for all k ∈ [K] (see Figure 8.1).

The algorithm for the reconstruction of images acquired with LE is
summarized in Algorithm 7, for TV regularization. We solve (8.7) with
Algorithm 5 with p(0) = 0Mest and the prox and operators defined above.

We choose the step-sizes σ and τ in GCP in the same way as we did
in subsection 4.4.3. The maximum number of internal iterations maxIter
is also equal to 5000. Internal iterations stop after qit = 200 iterations of
non-increasing quality of the estimate, q(u(n)), or when n reaches maxIter.

The initialization of the estimate is a null vector of size N. For k > 1,
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Figure 8.1 Mean WSNR (over 10 trials) of a restored USAF target as a
function of ρ for two quality criteria q (black lines): WSNR (see (8.13)) and
squared `2-norm of the residual. The blue lines represent the mean value
of the criteria as a function of ρ. The chosen values—corresponding to a
minimal value of the criterion—are indicated by a filled circle. The value
selected by the norm of the residual is identical to the one selected by the
(unrealistic) WSNR criterion. Observations were generated according to
(6.5) with the SI strategy and M/N = 0.3 (see subsection 8.3.2).

the initial guess of the algorithm is given by the previous estimate f̂ ρ(k−1) .
The maximum number of iterations on ρ is 20. For CV, we set Mval = 256.
In the simulations (see subsections 8.3.2 and 8.3.3), the initial value of the
regularization parameter is ρ(1) = 10 and β = 0.5. In the experiments
(see subsection 8.4.2), ρ(1) = 2500 for standard USAF transmission target,
ρ(1) = 104 for the fluorescent beads, and β = 0.8. In the experiments, we
select the best regularization parameter by visual inspection.

8.3 Acquisition strategies based on CS
In this section, we describe how the LE forward model (6.5) can follow a
CS scheme [33], i.e., how we can capture and reconstruct images from a
number of measurements M < N. Such CS frameworks also aim at re-
moving the beamforming calibration of the RS method by using speckle
illumination. We thus consider a sensing model where the patterns com-
posing S ∈ RN×M

+ are associated with M random configurations {αk}M
k=1

of the MCF complex amplitudes.
In CS theory, the success of the estimation of a signal of interest mainly

depends on the ability of the sensing matrix to capture information about
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Algorithm 7: TV reconstruction of observations acquired with LE
input : observations y obtained after illumination of the sample by

light patterns (deterministic or random)
output: a restored image f̂

initialization: u(0) = ū(0) = 0N , p(0) = 0Mest , q(0) = 0N×2,
τ = σ = 0.9/‖L‖2, ρ = ρ(1);

for k = 1 to maxIterRho do
qit = 0;
for n = 1 to maxIter do

p(n) = proxσF?
1
(p(n−1) + σRestS>ū(n−1));

q(n) = proxσF?
2
(q(n−1) + σ∇ū(n−1));

u(n) = proxτG(u
(n) − τ(SR∗est p(n−1) − div[q(n−1)]));

ū(n) = 2u(n) − u(n−1);
if q(u(n)) > q(u(n−1)) then

f̂ ρ(k) = u(n);
qit = 0;

else
qit = qit + 1;

end
if n = maxIter or qit > 200 then

f̂ ρ(k) = u(n);
break;

end
end
if k 6= maxIterRho then

ρ(k+1) = βρ(k);
end

end
choose k? such that q( f̂ ρ(k

?)) ≥ q( f̂ ρ(k)) for all k;

f̂ = f̂ ρ(k
?) ;
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this signal during the acquisition process [123]. This theory offers tools to
study the recovery of low-complexity signals (such as sparse images in a
given basis) when the number of observations is much smaller than the
number of pixels in the final image, e.g., the restricted isometry property
(RIP) and the null space property [33]. But as mentioned in [52, 123, 147],
those two properties are difficult to verify directly (e.g., for deterministic
matrices) without extra assumptions on the sensing matrix. Most of the
existing theoretical work in CS theory is about random matrices with zero-
mean i.i.d. row entries, or random partial Fourier sampling. For instance,
the behavior of a reconstruction based on observations acquired with sub-
Gaussian or Bernoulli measurement matrices has been extensively studied
from a theoretical point of view [33, 89]. However, those zero-mean ran-
dom matrices with i.i.d. entries are too ideal for real-life applications where
the physics often limits the choice of the sensing operator [52, 123].

In our case, the rows of S> in (6.5) correspond to the discrete represen-
tation of the illumination patterns. By definition, their entries are positive
random variables with positive mean. Moreover, the rows exhibit some
structure—they are correlated—mainly due to the spatial arrangement of
the cores (see subsection 7.2.1).

In the following section, we introduce a slightly modified version of the
acquisition model (6.5) including a zero-mean sensing matrix. In subsec-
tions 8.3.2 and 8.3.3, we study two compressive acquisition strategies for
LE. We show how to make them, at least partially, compatible with CS the-
ory. The first strategy, called speckle imaging (SI), observes the object with M
distinct speckle patterns generated by M i.i.d. configurations {αk}M

k=1. The
second, called partial speckle scanning (PSS), adopts a structured CS strategy:
while observing the object, only a fraction of the M speckles are generated
randomly, and the others consist of shifted copies of the first ones.

8.3.1 Debiased forward model

Using expression (7.10), we write the sensing matrix S> as

S> = (1M1>N +
√

MΦ̃)S̄, (8.8)

where S̄ := diag(s̄) ∈ RN×N with s̄ := (s̄1, . . . , s̄N)
> the positive coeffi-

cients of the discrete representation of the mean speckle field S̄, and where
Φ̃ := (r̃1, . . . , r̃M)>/

√
M ∈ RM×N is a zero-mean sub-exponential random

matrix containing the M discretized residual fields R̃j, j ∈ [M], as defined
in Proposition 7.2. The sub-exponential norm of its entries is bounded by
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1/
√

M. Its row entries are not independent of each other as expected from
the autocorrelation of r̃, ΓR̃, that is the discrete representation of ΓR̃.

Following [119, 145] and using (6.5) and (8.8), we consider the debiased
forward model,

ydeb := y− 1M1>N S̄ f =
√

MΦ̃S̄ f + n, (8.9)

where Φ̃ = (S>S̄−1 − 1M1>N)/
√

M. Quantity 1M1>N S̄ f is deterministic but
unknown. In practice, when M is large enough, averaging observations yi
provides a good estimate of the (identical) entries of this vector,

1
M

M

∑
i=1

yi =
1
M

M

∑
i=1

(s>i f + ni) ≈ s̄> f = 1>N S̄ f ,

where we assumed Eni = 0 ∀i ∈ [M]. Model (8.9) is then replaced by

ỹ := y− 1
M

1M1>My =
√

MΦ̃S̄ f + ñ, (8.10)

where ñ ∈ RM = n + 1M1>N S̄ f − 1
M 1M1>My. The variance of each ñi is

equal to (1 + 1
M )σ2 and tends to the variance of ni for M large.

The modified minimization problems (8.6) and (8.7) read

f̂ ∈ arg min
u∈RN

1
2
‖Rest(

√
MΦ̃S̄u− ỹ)‖2

2 + ρ‖∇u‖2,1 + ıRN
+
(u), (TV)

(8.11)

f̂ ∈ arg min
u∈RN ,

w∈RN×2

1
2
‖Rest(

√
MΦ̃S̄u− ỹ)‖2

2 + ρ‖∇u−w‖2,1 (TGV)

(8.12)+ αρ‖ε(w)‖2,1 + ıRN
+
(u).

and the quality criterion is

q̃( f̂ ) := ‖Rval(
√

MΦS̄ f̂ − ỹ)‖2
2.

We can still use Algorithm 7 for the reconstruction: we only need to replace
S> by

√
MΦ̃S̄ and y by ỹ.

In the following sections, we use the physical model (6.5) to simulate
the data. For the reconstruction process, we consider the debiased obser-
vations ỹ and the associated sensing matrix Φ̃. As explained in subsec-
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tion 8.3.2, this choice leads to a quality of the final estimate similar to the
one obtained with the biased model but achieved with a much shorter re-
construction time.

8.3.2 Speckle imaging

The first strategy (SI) acquires M observations by successively illuminat-
ing the biological sample with M different unstructured light patterns sj,
each obtained from a random configuration of the SLM. Since we are in a
compressive framework, the number of observations is much smaller than
the number of pixels in the final image, i.e., M� N.

Adamczak et al. showed that zero-mean sub-exponential matrices with
i.i.d. entries satisfy the RIP with high probability when normalized by

√
M

[2]. They also demonstrated that robust reconstruction of s-sparse vectors
can be achieved via `1-minimization or greedy methods when the number
of (possibly noisy) measurements is M = O(s ln2 (N/s)). Foucart et al.
showed that such matrices also satisfy a modified version of the RIP based
on the `1-norm [65]. They propose a recovery algorithm able to recover
s-sparse vectors with M in O(s ln (N/s)).

In our case, the sensing operator Φ̃ is a zero-mean sub-exponential ran-
dom matrix which contains M realizations of the normalized random vari-
able R̃(xi). The rows of Φ̃ are independent as each illumination pattern is
used for collecting one single observation. Unfortunately, the analysis of
the autocorrelation of R̃ made in subsection 7.2.1 shows the entries of each
row are (locally) correlated. It makes sense since only J parameters—the J
random phases of the complex amplitudes α1, . . . , αJ—are used to generate
a (discretized) speckle pattern of size N � J. Therefore, we cannot readily
use the results of [2, 65]. The existence of the above-mentioned correlations
does not prevent to satisfy the RIP. After all, random partial Fourier sens-
ing matrices, made of M randomly sampled rows of a Fourier matrix, do
present such correlations but respect the RIP under certain conditions [33].
Studying if our sensing matrix satisfies the RIP is an open question.

If we want to get closer to columns independency for Φ̃, i.e., if we want
to decrease the size of the speckle grains r ∝ λz/D, we can either decrease
the distance z between the distal end of the fiber and the object (while still
keeping the far-field regime valid) or increase D when designing the MCF.
The pixel resolution a used to discretize f can be adjusted to the speckle
grain size λz/D since a higher resolution cannot be achieved. We will
follow this procedure in section 8.4 for actual LE fluorescence imaging.
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(a) (b) (c)

Figure 8.2 (a) 128× 128 ground truth f of standard USAF transmission
target. (b) Vignetted ground truth S̄ f . (c) Acquisition with RS strategy as
explained in section 6.3. Observations were generated according to (6.5)
with focused illumination pattern (SNR of Φ f equal to 40 dB). The maxi-
mum intensity of the RS image is around three times lower than the one of
the ground truth.

Simulations
We simulate observations y of 128× 128 USAF transmission target f (see
Figure 8.2a) according to (6.5) for M/N ∈ {0.1, 0.2, . . . , 1}. Since synthetic
USAF transmission target is piecewise constant, we choose TV regulariza-
tion. We thus reconstruct estimates of f by first solving the original inverse
problem (8.6) with (Φ, y) and then the debiased model (8.11) with (Φ̃, ỹ).
For comparison, we also simulate RS observations and measurements ac-
quired with an ideal zero-mean Gaussian matrix ΦG.

The quality of an estimate û is often measured with the signal-to-noise
ratio (SNR) (see Definition 2.21). In our case, the vignetting S̄, intrinsic to
the acquisition process, leads to a loss of information on the borders of the
field of view (FOV). We would like a quality metric giving less weight to
the pixels that are located far from the center of the FOV. We introduce the
weighted SNR (WSNR),

WSNR(û, u) := SNR(S̄û, S̄u). (8.13)

For each value of M/N above, M observations of f are generated ac-
cording to model (6.5). The variance of the noise, σ2, is set such that the
SNR of Φ f is equal to 40 dB. For all the experiments, the illumination
patterns were generated for a Fermat’s spiral core arrangement (J = 120
cores and diameter D = 113 µm) and the following parameters: λ = 1 µm,
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Figure 8.3 SI strategies. Above: mean WSNR (over 10 trials) of the re-
stored USAF target versus M/N for three SI strategies: (i) acquisition and
reconstruction with (Φ, y) (dashed line), (ii) acquisition with Φ and re-
construction with (Φ̃, ỹ) (solid line), and (iii) acquisition and reconstruc-
tion with ideal sensing matrix ΦG (dotted line). The gray areas represent
the standard deviations. Synthetic observations were generated according
to (6.5) (SNR of Φ f equal to 40 dB). Below: estimates of f obtained for
M/N = 0.3. They all share the same intensity scale.

z = 500 µm, 3σc = 3.2 µm and a = 2 µm. We perform the reconstruction
with Algorithm 7 and the parameters described in subsection 8.2.3.

Comparison results

Simulation results are visible on Figure 8.3. Estimates of the fluorophore
density map obtained with SI methods have a better quality compared to
the estimate obtained with RS (WSNR equal to 1.68 dB with optimal nor-
malization, see Figure 8.2c). However, unlike RS, SI requires to store M
speckles patterns needed for the reconstruction.

Acquisition and reconstruction with Gaussian sensing matrix outper-
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forms the other two frameworks involving speckle illumination. While
unrealistic, such a Gaussian framework is useful as it sets an upper bound
on the achievable reconstruction quality of LE imaging. For instance, it
shows that the CS regime, where enough measurements are collected to
ensure a reconstruction quality close to the measurement SNR of 40 dB,
starts around M/N = 0.3 after a sharp transition in the curve. After this
value, a further increase in the number of measurements does not lead
to a significant gain in WSNR. The same behavior is observed for the re-
constructions based on speckle acquisition even if the change in the curve
rate is less outstanding. WSNR of images reconstructed with (Φ̃, ỹ) is sim-
ilar to the one obtained for a reconstruction performed with (Φ, y), de-
spite the extra noise introduced in the debiased model. However, we ob-
served significantly shorter reconstruction times for the debiased model
when M/N ≤ 0.7. We also noticed that, while the reconstruction with
(Φ, y) fails when we do not constraint the estimate to be non-negative, the
debiased model performs almost as well without enforcing the positivity
of the map (see Appendix 8.A). In the rest fo the paper, all reconstructions
are performed with the debiased model.

8.3.3 Partial speckle scanning

SI strategy offers good reconstruction results but requires a long acquisi-
tion time. Unlike RS that can resort to scan mirrors to decrease the acqui-
sition duration (see section 6.3), SI acquisition requires to change the SLM
configuration for each observation. The rate of the SLM used in our setup
is 1/60 s [86, see DVI frame rate] while the rate of galvanometric mirrors
is around 1,000 times higher [32].

We propose a hybrid acquisition framework, called partial speckle scan-
ning (PSS), which combines advantages of both techniques while keeping
a high reconstruction quality. The proposed acquisition scheme strongly
relies on two properties of the LE considered in this work: (i) we are able
to easily generate speckles by randomly programming the SLM and (ii) we
can exploit the MCF memory effect.

The PSS strategy acquires M observations but unlike the SI strategy, it
collects MP ≤ M observations with the same SLM configuration before
changing it. For a fixed configuration, different tilts are applied to the in-
put wavefront with the scan mirrors. This results in shifted copies of the
original pattern as described in section 7.3.
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Mathematically, given a set of P = M/MP
1 complex amplitudes {αj}P

j=1

randomly generated as in the SI model, and MP mirror tilts {θl}MP
l=1, the PSS

sensing matrix Φ̃ used in model (8.10) corresponds to

Φ̃ = [Φ̃
>
1 , · · · , Φ̃

>
P ]
>, with Φ̃

>
j = [r̃(0)j , r̃(1)j , · · · , r̃(MP−1)

j ]>, (8.14)

where r̃(l)j is the discrete representation of the shifted residual field for each
j ∈ [P], l ∈ [MP]. We denote δ the shift between two consecutive speckle
patterns r̃(l)j , r̃(l+1)

j in Z , i.e., δ := z/k(θl − θl+1).
In this work, we consider a single line scanning mode, i.e., shifts are

applied to the speckle patterns in only one (arbitrary) direction. Line scan-
ning is fast and accurate because it only needs the rotation of one scan
mirror.

When designing the PSS framework, the adjustment of the shift δ be-
tween two illumination faces two competing effects. First, if δ is too small
compared to the size of a speckle grain, model (8.14) introduces a lot of
redundant information, i.e., correlations, between neighboring rows of the
sensing matrix. Moreover, in addition to the column dependency men-
tioned in subsection 8.3.2, our sensing matrix further deviates from an
ideal uncorrelated sub-exponential random matrix. Second, if we approx-
imate Φ̃ by a block-circulant matrix (e.g., to store less patterns), δ must be
small enough such that approximation (7.19) still holds. This imposes us
to respect the paraxial approximation for all translation steps, i.e., we must
have MPδ � z. Note that, while there exist sensing constructions based
on subsampled random circulant matrices defined from sub-Gaussian ran-
dom filters [52, 123], there are no known constructions for sub-exponential
random filters. Despite this absence, our simulations below confirm that
the PSS sensing compares favorably to the SI and the Gaussian schemes.

An advantage of the PSS scheme is that its scanning time tacq is reduced
compared to SI for the same number of measurements. Having a short
acquisition time is highly desirable when working with biological samples
subject to photo-bleaching (see subsection 6.2.1). Acquisition time is

tacq = tgalva (γdM/MPe+ M− dM/MPe) ,

where 1/tgalva is the scan mirror rate and γ := tSLM/tgalva with 1/tSLM the
SLM frame rate. If tSLM is large compared to tgalva, i.e., if γ is large, for a

1In practice, we do not require M to be a multiple of MP. In all generality, P = dM/MPe.
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fixed M, tacq can be kept small if we keep the number of distinct speckle
patterns P small. In our setup, γ ≈ 103.

Simulations
The first simulation aims to choose an appropriate shift δ between two
consecutive speckles. We simulate M observations y of the 128× 128 USAF
transmission target f for M/N = 0.3. MP = 2 observations are acquired
before changing the configuration of the SLM. The shift δ is sequentially
set to values in {0, 1, 2, 3, 4, 6, 8, 10} [µm]. For each of them, we reconstruct
estimates f̂ of f solving the debiased model (8.11) with (Φ̃, ỹ). Exactly like
for the SI strategy, we consider the TV-norm as the regularization term.

We also conduct a second simulation where we compare the PSS strate-
gies for different values of MP. We simulate and reconstruct observations
as described in the previous paragraph but with fixed value of δ (chosen
according to the result of the first experiment), for M/N ∈ {0.1, 0.2, . . . , 1}
and MP ∈ {1, 2, 4, 8, 16, 32, 64}. The value MP = 1 corresponds to the SI
strategy. We generate observations according to (6.5) with σ2 such that the
SNR of Φ f is equal to 40 dB. The speckles are generated for a Fermat’s spi-
ral core arrangement (J = 120 cores and diameter D = 113 µm) and the
following parameters: λ = 1 µm, z = 500 µm, 3σc = 3.2 µm and a = 2 µm.
The time tSLM is set to 100 ms, i.e., slightly higher than the time given in the
spec sheet [86], and tgalva is set to 100 µs [32].

We perform the reconstruction of both simulations like for the SI strat-
egy, i.e., with Algorithm 7 and the parameters described in subsection 8.2.3.

Results
Results of Figure 8.4 suggest to consider a shift δ ≥ 4 µm. In this case, the
spatial correlation between shifted patterns (related to the autocorrelation
of field R̃ and to the speckle grain) is close to zero and the quality of the
estimate is similar to the one obtained with the SI strategy.

Figure 8.5 shows the results of the second experiment performed with
δ = 4 µm. Regarding Figure 8.4 and the choice of δ, it is not surprising to
observe a reconstruction quality similar for all MP values at fixed M/N.
However, even if the reconstruction quality is similar for a given M/N
ratio, we are more interested in considering the quality obtained for a fixed
acquisition time tacq. To minimize the photo-bleaching of the biological
sample, we would like tacq as small as possible while keeping high WSNR.
In this case, the best choice is the PSS strategy with MP = 64: we achieve
high WSNR (around 17 dB) with an acquisition time around 30 s.
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Figure 8.4 PSS strategy: choice of δ. (Left) Mean WSNR (over 25 tri-
als) of the restored USAF target versus the shift between two consecutive
replicas of the same speckle. The gray area represents the standard devia-
tion. Synthetic observations were generated according to (6.5) (SNR of Φ f
equal to 40 dB). Each illumination pattern was used twice and M/N = 0.3.
(Right) Theoretical autocorrelation of the residual field R̃ defined in (7.12)
as a function of |τ| (extracted from Figure 7.2).

Remark 8.2 (Approximation of the sensing matrix). Up to now, the proposed
PSS strategy only decreases the acquisition time. Compared to SI for the
same number of measurements, the number of speckles to be recorded to
form the sensing matrix is identical. Moreover, the reconstruction time
is similar between SI and PSS since the complexity (in O(MN)) of the
matrix-vector product involving Φ̃ is not optimized. By considering the
translation rule (7.19), this can be potentially improved by approximating
Φ̃ with a block-Toeplitz matrix Φ̃app. Then, each matrix-vector product
involving this new matrix can benefit from the FFT and the complexity
is then reduced to O(N log N). The previous storage of M speckle pat-
terns is reduced to dM/MPe patterns. We test this matrix approximation
in Figure 8.6. This figure is the same as Figure 8.5 but for a reconstruc-
tion performed with Φ̃app. As expected, when MP increases, ‖θMP‖2 takes
bigger values and the paraxial approximation is less respected. The error
made by approximation (7.19) increases. This leads to a decrease in the re-
construction quality. However, for MP ≤ 16, the reconstruction quality is
still similar to the one of the SI strategy (around 15 dB). Therefore, in this
approximation of Φ̃ by Φ̃app, one must find a trade-off between a fast ac-
quisition time and the quality of the produced estimate. We therefore only
consider the original matrix Φ̃ in our following experiments.
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Figure 8.5 PSS strategy. Above: mean WSNR (over 10 trials) of the re-
stored USAF target image versus M/N. Middle: same data as above but
expressed as a function of tacq instead of the M/N ratio. Synthetic ob-
servations were generated according to (6.5) (SNR of Φ f equal to 40 dB).
The number MP of replicas of the same (shifted) speckle pattern belongs to
{1, 2, 4, 8, 16, 32, 64} and the shift δ between replicas is 4 µm. Below: esti-
mates of f obtained for MP ∈ {8, 16, 64} and tacq ≈ 20 s. The PSS strategy
with MP = 1 corresponds to the SI strategy (see Figure 8.3). Estimates
share the same intensity scale.
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Figure 8.6 PSS approximated strategy. Above: mean WSNR (over 10 tri-
als) of the restored USAF target image versus M/N. Middle: same data as
above but expressed as a function of tacq instead of the M/N ratio. Syn-
thetic observations were generated according to (6.5) (SNR of Φ f equal to
40 dB). The number MP of replicas of the same (shifted) speckle pattern
belongs to {1, 2, 4, 8, 16, 32, 64} and the shift δ between replicas is 4 µm.
Sensing matrix Φ̃ was approximated by a block-circulant operator Φ̃app
(instead of a block-Toepliz operator since the FOV is limited) for the re-
construction. Below: estimates of f obtained for MP ∈ {8, 16, 64} and
tacq ≈ 20 s. The PSS strategy with MP = 1 corresponds to the SI strategy
(see Figure 8.3). Estimates share the same intensity scale.
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Obj Obj
MCF

Laser

SLM CCD

PMT

Spectral filters

z

Biological sample

Figure 8.7 Simplified view of the experimental setup used to characterize
the performance of the CS-based acquisition strategies. Relay optics (Obj)
image the spatial light modulator (SLM) to the proximal endface of the
multicore fiber (MCF). An imaging system with two channels is placed at
a distance z of the MCF distal end. The main purpose of the first channel is
to image the speckle patterns with a charge-coupled device (CCD) sensor.
The second channel is dedicated to observations collection through a single
pixel detector or photomultiplier tube (PMT).

8.4 Fluoresence imaging experiments
In this last section, we apply the SI and PSS methods to an actual LE in the
context of fluorescence imaging. We first describe the experimental setup,
material and methods, before explaining how these sensing strategies can
improve the quality of the reconstructed images compared to the RS tech-
nique.

8.4.1 Experimental setup

A simplified view of the experimental setup is presented in Figure 8.7 and
described below in functional blocks.

Spatial light modulator. A continous wave laser operating at 491 nm
(Cobolt lasers, Sweden) is expanded and impinges upon a liquid crystal
SLM (X10468-03, Hamamatsu, Japan). A set of relay optics, depicted by a
single lens and objectives Obj in Figure 8.7, images the SLM to the proximal
endface of the MCF. In order to maximize the injection of the light beams
into the individual cores, a convex lenslet array whose centers are matched
to the individual cores is displayed on the SLM. This results in a beamlet
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array which is efficiently coupled into the MCF and whose relative phases
can be tuned independently with the SLM.

Multicore fiber. Imaging through the MCF is analogous to phased arrays
for beamforming where the relative phases between the cores (antennae)
can be calibrated and tuned to generate and shift a focused beam. The
cores of these fibers are single mode at the operating wavelength and ex-
hibit an inter-core coupling term less than 20 dB [138]. These factors have
two important advantages: (i) operations such as RS or defocusing can be
performed with conventional optical elements at the distal end, and (ii)
the resulting speckle patterns are highly resilient to external perturbations
both thermal and mechanical (except for a global shift). These are signifi-
cant advantages over single multimode fiber (MMF) where the significant
off-diagonal coupling terms preclude stability and fast imaging with con-
ventional optical elements. For a more comprehensive discussion of the
imaging properties of the golden spiral MCFs, we refer the reader to [138].

Generation of the speckle patterns. Multiple illumination patterns are
generated a few hundred microns away from the distal end as a combina-
tion of (i) randomizing the relative phase of the injected beamlets into the
MCF resulting in a speckle pattern at the distal end of the fiber, and (ii)
translations of the speckle pattern with a global tilt of the beamlets.

Calibration and imaging. The distal end of the MCF is placed at the fo-
cal plane of a second imaging system with two channels: one imaging the
distal end onto the camera (CCD) and a second one detecting the signal
of interest (PMT). The first channel serves for the recording of the sens-
ing matrix, the visual inspection of the samples and the generation of an
image close to the ground truth. The sensing matrix is populated by ac-
quiring a multi-exposure image of each speckle pattern and fusing them
to generate a synthetic high-dynamic range. The second channel employs
a single pixel detector (PMT) (H7240-50, Hamamatsu, Japan) upon which
the signal is detected. In the following experiments, the sample is either a
standard USAF transmission target or fluorescent beads. In either case, we
operate in a high photon count regime as assumed in section 6.2.

In the interest of maximum flexibility, we employ the SLM to function
as a series of optical components such as a microlens array to maximize
the coupling into the fiber, and as a galvanometric scanner. This also al-
lows us to test and compare between the proposed imaging scheme and
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USAF #1 USAF #2 Mean speckle field

Figure 8.8 Estimates of USAF ground truth. Images of standard USAF
transmission target. They are estimated using the first channel of the imag-
ing system (see Figure 8.7). The CCD sensor acquires M images of the
product between a speckle and density map f . Their average divided by
the mean speckle field (Gaussian fit estimated from the M light patterns)
leads to the estimated ground truths.

conventional RS techniques. However, for the speckle illumination based
compressive imaging proposed in the paper, the SLM can be replaced with
conventional optical elements such as microlens arrays, mirror scanners
and thin diffusers as in our earlier works [8].

8.4.2 Material and methods

The samples used for the experiments are either the standard USAF trans-
mission target (see Figure 8.8) or or 5 µm fluorescent Beads. The USAF sam-
ple itself is not fluorescent: it is a layer of metal deposited on glass where
the features (the bars) are transparent. To make it fluorescent, we apply a
layer of highlighter on top of it. We use the setup depicted in Figure 8.7 and
described in subsection 8.4.1 with a Fermat’s golden spiral MCF containing
J = 118 cores and with standard deviation σc = 0.8 µm (or, equivalently,
d = 1.9 µm). The distance between the endface of the fiber and the sample
plane is z = 500 µm.

Acquisition and reconstruction
In all experiments, the data acquisition follows those two steps: (i) we
record the speckle patterns with the CCD sensor to build and store the
sensing matrix Φ (pixel size equal to 2.2 µm), and (ii) we illuminate the
sample with M speckles and measure the signal on the single pixel de-
tector. Light patterns are either all different from each other (SI strategy)
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or shifted versions of each other (PSS strategies) due to the application of
global tilt terms on the SLM (δ = 1.1 µm).

The first experiment was designed to compare the SI and PSS strategies:
M = 4096 measurements of Beads #3 sample were acquired for MP = 1
(SI) and then MP = 64 (PSS). The second experiment acquired M = 4096
observations of two different parts of the USAF target (see Figure 8.8) with
MP = 64. Finally, M = 4096 observations of three other Beads samples
were acquired with MP = 64.

Unlike the number of observations M that is an acquisition parameter,
the number of pixels N of the estimate (or equivalently, the pixel size a) can
be chosen after the acquisition process. Ideally, a should match the diffrac-
tion limited point spread function of the device, i.e., the speckle grain size.
In this case, we can take full advantage of the CS-friendly statistical prop-
erties of the sensing matrix and we avoid spurious correlations in the esti-
mate. For the considered experimental parameters, the average grain size
is r ≈ 3.5 µm (see subsection 7.2.1). We thus set the pixel size a = r, and
select N = 80× 80 for USAF samples and N = 160× 160 for Beads samples
(the original sizes are 128× 128 and 256× 256, respectively).

We solve a problem slightly different from (8.12) giving better results,

̂̄S f ∈ arg min
u∈RN ,

w∈RN×2

1
2
‖Rest(

√
MΦ̃u− ỹ)‖2

2 + ρ‖∇u−w‖2,1

+ αρ‖ε(w)‖2,1 + ıRN
+
(u), (8.15)

i.e., we estimate the vignetted fluorophore density map S̄ f instead of f . The
regularization term is the TGV2

α-norm. Indeed, this norm promotes piece-
wise linear images and is thus well adapted to our piecewise constant im-
ages multiplied by the smooth vignetting s̄. As for the simulations, we
perform the reconstruction as described in subsection 8.2.3.

8.4.3 Results

Reconstruction results are visible in Figures 8.9 to 8.11. As expected, the SI
strategy provides a better estimate for Beads #3 sample: beads are better
resolved and there are less artifacts in the background. However, this qual-
ity is obtained at the cost of an acquisition time 60 times longer compared
to the PSS strategy. Middle and right images are again obtained with two
different strategies (PSS and SI) but the same acquisition time tacq = 6.8 s.
In this case, the SI strategy fails to reconstruct the beads.

150 |



Fluoresence imaging experiments | 8.4

SI
M = 4096

tacq = 409.6 s

PSS
M = 4096
tacq = 6.8 s

SI
M = 68

tacq = 6.8 s

Figure 8.9 Vignetted estimates of Beads #3 sample. Left and middle
images are obtained with two different acquisition strategies (SI and PSS)
but the same number of observations M (ρ = 860 and ρ = 690). Middle
and right images are again obtained with two different strategies (PSS and
SI) but the same acquisition time tacq = 6.8 s. Left and middle estimates
share the same intensity scale. The intensity of the right estimate is 50
times lower compared to the other two images.

#1
ρ = 440

#2
ρ = 440

#4
ρ = 100

Figure 8.10 Vignetted estimates of Beads samples (#1, #2 and #4). All
the 160 × 160 estimates are reconstructed from M = 4096 observations
acquired with the PSS strategy (MP = 64). It corresponds to M/N = 0.16.
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#1

ρ = 420 ρ = 1024 ρ = 1280

#2

ρ = 655
M/N = 0.3

ρ = 1280
M/N = 0.5

ρ = 1600
M/N = 0.64

Figure 8.11 Vignetted estimates of USAF samples with PSS strategy. All
the 80× 80 estimates are reconstructed from M = 4096 observations (cor-
responding to M/N = 0.64) acquired with the PSS strategy (MP = 64).
The estimates of each sample share the same intensity scale.

For USAF samples and Beads #1, #2 and #4, we performed the image
reconstruction from the observations acquired with PSS strategy for M/N
ratios in {0.3, 0.5, 0.64} (see Figures 8.10 and 8.11). We note that in order
to minimize photo-bleaching, we keep the incident laser power extremely
low (few 100 s of µW over the entire FOV). This precludes us from acquir-
ing ground truth fluorescence images of the beads since the sensitivity of a
standard camera is much lower than the single pixel detector.
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Appendix 8.A Inverse problem without the non-negativity
constraint

Figure 8.12 is similar to Figure 8.3 but is obtained when we do not enforce
the non-negativity of the estimate. In this case, we observe that the perfor-
mance of the biased model is worse than the one of the debiased model.
Even if the debiased model leads to negative values in the final image, the
edges of the lines and the numbers are sharper (see, e.g., the number 2).
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Rec. with (Φ, y) Rec. with (Φ̃, ỹ) ΦG

Figure 8.12 SI strategies without non-negativity constraint. Above:
mean WSNR (over 10 trials) of the restored USAF target versus M/N for
three SI strategies: (i) acquisition and reconstruction with (Φ, y) (dashed
line), (ii) acquisition with Φ and reconstruction with (Φ̃, ỹ) (solid line), and
(iii) acquisition and reconstruction with ideal sensing matrix ΦG (dotted
line). The gray areas represent the standard deviations. Synthetic observa-
tions were generated according to (6.5) (SNR of Φ f equal to 40 dB). Below:
estimates obtained for M/N = 0.3. They share the same intensity scale.
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Summary and perspectives

Don’t adventures ever have an end? I suppose not.
Someone else always has to carry on the story.

Bilbo Baggins

SEVERAL challenges were presented in Chapters 1, 3 and 6. This last
chapter sums up how they were tackled. As the journey is not fin-
ished, we propose some directions for the next steps of this research.

9.1 The thesis in a nutshell
Chapter 2 introduced regularized inverse problems as well as important
tools in convex optimization used throughout the thesis. Chapter 3 and
Chapter 6 presented the general framework of PET and LE acquisition, re-
spectively. They do not included contributions but they highlight imaging
challenges related to each modality and are necessary in the formulation
of the inverse problems. In the following, we thus focus on Chapters 4, 5,
7 and 8.

Positron emission tomography

In Chapter 4, we investigated the nature of the noise in PET images. First,
we showed that under weak hypotheses on the sinogram correction, the
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noise on the projections, before the reconstruction, is well characterized by
a sub-exponential distribution. Assuming a linear (unknown) reconstruc-
tion algorithm, we demonstrated that the distribution of the noise in PET
images has two behaviors. Around zero, the noise behaves like a Gaussian
random variable but the tail of the distribution is sub-exponential.

Based on this, we proposed a formulation for the estimation problem
that includes a data fidelity term showing this same dual behavior, namely
the Huber function. Its change of behavior is controlled by a parameter δ

(see Figure 4.1, p. 56). We regularized the inverse problem with a TGV2
α-

norm that promotes the piecewise-smoothness of the estimate. The criteria
described in subsection 2.3.2 failed to efficiently stop the internal iterations
of the GCP algorithm and to select an appropriate regularization param-
eter (see Figure 4.2, p. 60). For this reason, we used a criterion involving
the original image. Even if unrealistic, it provides an upper bound on the
quality that we can expect with another criterion.

The simulations showed that the Huber function, for an appropriate
choice of the parameter δ, performs as well as the `1-norm (resp. squared
`2-norm) when the linear FBP (resp. iterative OSEM) algorithm is used for
the reconstruction (see Figures 4.4 to 4.7, pp. 66-69). The Huber function
is polyvalent regarding the type of the reconstruction algorithm (linear or
iterative) but it requires a possibly costly estimation of its parameter δ. In
this chapter, we did not develop a rule to automatically set the parameter.
In practical applications, where the ground truth is not available, it may
bthus e better to choose the `1-norm or the squared `2-norm as the data
fidelity term, depending on the nature of the reconstruction algorithm.

Chapter 5 extends Chapter 4 to a situation where the blurring opera-
tor is unknown, i.e., to a blind context. Following [71], we formulated an
inverse problem integrating prior information on both the image and the
PSF. Unlike many works in the literature that deal with parametric mod-
els for the point spread function (PSF), we only considered weak priors on
the PSF, namely its non-negativity and its flux preservation. We also in-
cluded the knowledge of a region with uniform activity, in order to avoid
the trivial solution or shifted estimates [71, 77].

Under the hypothesis of a spatially invariant kernel, we solved this
new non-smooth and biconvex minimization problem using an alternat-
ing proximal algorithm. Simulations show the importance of an accurate
delineation of the region with uniform activity (see Figure 5.4, p. 91). The
results obtained on experimental data are encouraging: in the first dataset,
the recovered PSF is close to the one measured experimentally with a nee-
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dle. The activity in the main hole of the restored image is flat (see Fig-
ure 5.7, p. 94).

Lensless endoscopy

In Chapter 8, we proposed new sensing methods to image fluorescent sam-
ples in the context of lensless endoscopy. The two acquisition strategies
are based on speckle illumination, namely speckle imaging (SI) and par-
tial speckle scanning (PSS). Our work relies on showing that these speckles
are random fields following a sub-exponential distribution (see Chapter 7).
After normalization and discretization, they are good candidates to build
efficient sensing matrices in a compressive framework [2].

The use of speckle illumination to collect observations raises a lot of
challenges with regard to the design of the fiber, to the acquisition strategy
and to the reconstruction scheme.

First, the arrangement of the single mode cores must be optimized to
achieve narrow autocorrelation of the speckle field (see subsection 7.2.1),
i.e., a grain size as small as possible, and to minimize the magnitude of the
side lobes. Fermat’s golden spiral shape shows a low side lobes level and
a very good contrast between the intensities of the central peak and the
side lobes [138]. A small grain size combined with an appropriate choice
of the resolution of the final image leads to a sensing matrix with nearly
independent columns, a desirable property in compressed sensing.

Then, the acquisition strategy must be thought to minimize the acqui-
sition time. This is necessary to avoid as far as possible the loss of fluores-
cence of the sample and to reach a frame rate suitable for in vivo imaging of
cellular processes (e.g., the propagation of nerve impulses). The SI strategy
offers good reconstruction quality for far fewer measurements compared
to raster scanning (RS) (see Figure 8.3, p. 140). However, the corresponding
acquisition time is unrealistic for real biological applications. We overcome
this limitation using the PSS strategy which exploits the memory effect of
the multicore fiber (MCF) via the use of scan mirrors. Their response rate is
around 1,000 times higher compared to a change of the spatial light mod-
ulator (SLM) configuration. With an appropriate speckle shift δ (see Fig-
ure 8.4, p. 144), we reach a reconstruction quality similar to that of SI (see
Figure 8.5, p. 145).

Finally, the reconstruction scheme must encode prior information on
the structure of the fluorophore density map. We proposed a debiased
formulation including the minimization of TV or TGV2

α-norm. We showed
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that the sensing matrix can be approximated by a block-circulant matrix
to reduce the number of stored patterns. When a same (shifted) speckle is
used MP ≤ 16 times, the reconstruction quality is still close to the one of SI
(see Figure 8.6, p. 146).

9.2 Perspectives for future work
The work presented in this document is only a small increment to the ex-
isting research in PET and LE imaging. In this section, we would like to
mention some interesting directions for future work. Regarding Figure 1.1,
we can mainly act on two aspects: the acquisition step and/or the recovery
step. The first one is directly related to the sampling strategy implemented
to acquire observations. The second one includes the formulation of the
inverse problems—based on the knowledge of a forward model—as well
as the reconstruction scheme.

Positron emission tomography

In this work, we focused on PET imaging in a post-processing phase. From
this perspective, we can only act on the second step in Figure 1.1, i.e., the
recovery step.

A first improvement, and not the least, would be to consider a spatially
varying blurring operator in the deconvolution problem. As shown in [1]
and due to circular symmetry of the blurring kernel (see subsection 3.2.3),
the PSF can be considered as isotropic only at the center of the field of view
(FOV): as we move away from it, the difference between the radial and the
tangential full width at half maximum (FWHM) of the PSF increases (e.g.,
in a Siemens ECAT EXACT HR+ scanner, at 100 mm of the center, the ra-
dial FWHM is around 7 mm and the tangential FWHM is around 5 mm).
There exist several approaches to deal with such varying operators, e.g.,
the use of diffeomorphisms and convolutions, separable approximations
of the blurring kernel and its spatial variations, approximation of the blur-
ring operator by a diagonal operator using wavelets or Gabor transforms,
the use of windowed convolutions, etc. [57]. A few years ago, several
authors proposed to approximate such an operator by a sparse matrix in
the wavelet domain allowing in this way a fast matrix-vector product [57,
58, 162]. In a blind framework, this sparse representation could also be
used as a prior on the blurring operator. Recent work makes use of trendy
neural networks to learn the blurring operator expressed as an alternating
product of diagonal and block-circulant matrices [31].
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From a computational point of view, several improvements can be con-
sidered. First, we would like to select a value for the parameter of the Hu-
ber function based, for instance, on the blurry observed image. Second, we
would like to find a criterion to stop the internal iterations of the deconvo-
lution algorithm and to select the regularization parameter. This criterion
will depend, for instance, on the distribution of the residual rather than
on the ground truth—like our (unrealistic) criterion. This automatic selec-
tion of the final estimate is particularly necessary in the post-processing of
real PET images. Third, we could extend Algorithms 5 and 6 to 3D PET
volumes. This extension is quite straightforward since it basically only re-
quires to modify our implementation of TGV2

α. The challenge in this case
will be to develop fast methods able to deal with the dramatic increase in
the size of the optimization variable, especially when TGV2

α is used.
Finally, it would be interesting to perform more comparisons with other

(blind) deconvolution techniques. For instance, DeepPET combined to
dPETSTEP for the training part seems to be very promising to reconstruct
and deblur PET images in one single step [84, 85]. A main advantage of the
deep convolutional networks is that they get rid of the formulation step re-
quired when we solve inverse problems via minimization; they learn the
forward model from their training set.

Lensless endoscopy

The first research direction for LE imaging concerns the acquisition step
and more specifically, the sampling scheme. In Chapter 8, we only consid-
ered line scanning for the PSS strategy. However, if we use two scan mir-
rors, other scanning trajectories could be considered to further minimize
the number of measurements compared to traditional RS. If the mirrors are
driven parallely, there would be no increase in the acquisition time. In this
case, we could perform speckle scanning in a way similar to RS: a single
speckle would scan M ≤ N positions in the FOV. In addition, recent ad-
vances in ultrafast scanners employing acousto-optic deflectors [124] and
resonant galvanometers [8, 61] will serve to speed up the acquisitions both
in the case of focused or speckle illumination. Faster SLM such as digital
micromirror devices [67] and deformable mirrors [21] could also provide a
massive speedup to SI, at the cost of experimental integration.

The 2D setup presented in this work is quite unrealistic for real in vivo
imaging: (i) in practice, the LE will be required to image 3D volumes and
(ii) we will not have access to the fiber endface to image the speckle pattern.
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Regarding those challenges, we would like to highlight two interesting re-
search directions. The first one is the design of a 3D acquisition and recon-
struction framework. One of the challenges will be to deal with the depth
dependency of the speckle autocorrelation [112] and with the scattering in-
duced by the non-homogeneous propagation medium. The second one is
the study of blind imaging taking advantage of the memory effect like in
[20, 143]. In this case, the estimation is based on the autocorrelations of the
measurements vector and of the discretized speckle field (known a priori).
Another solution to deal with the inaccessibility to the fiber endface would
be to perform a single initial calibration of the field (like in RS) and then,
to compute it. Given the high resilience of the fiber to bending, this would
alleviate the tedious calibration of multiple intensity patterns.

Developping speckle imaging in LE seems to be promising to further
bring this new technology towards in vivo applications.
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Acronyms, notations and
quantities

Acronyms

ACD Annihilation coincidence detection

ADMM Alternating direction method of multipliers

AF Array factor

BD Blind deconvolution

BLI Bioluminescence imaging

CCB Compulsory coffee break

CCD Charge-coupled device

CDF Cumulative distribution function

CI Computational imaging

CP Chambolle-Pock

CS Compressive sensing

CT Computed tomography

CV Cross-validation

DGN Dolphin game night

dPETSTEP Dynamic PET simulator via tomographic emission projection
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? | Acronyms, notations and quantities

F-FDG F-fluorodeoxyglucose

FBP Filtered backprojection

FFT Fast Fourier transform

FMT Fluorescence-mediated molecular tomography

FOV Field of view

FRI Fluorescence reflectance imaging

FWHM Full width at half maximum

GCP Generalized Chambolle-Pock

GFB Generalized forward-backward

IM Intravital microscopy

ISNR Increase in signal-to-noise ratio

ISTA Iterative shrinkage/thresholding algorithm

KL Kullback-Leibler

LE Lensless endoscope

LOR Line of response

LR Lucy-Richardson

MAP Maximum a posteriori probability

MCF Multicore fiber

MGF Moment generating function

ML-EM Maximum-likelihood expectation maximization

MMF Multimode fiber

MRI Magnetic resonance imaging

NBD Non-blind deconvolution

OSEM Ordered subset expectation maximization

pdf Probability density function
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PET Positron emission tomography

PG Proximal gradient

PMT Photomultiplier tube

PS Probability simplex

PSF Point spread function

PSS Partial speckle scanning

RIP Restricted isometry property

RMSE Root mean square error

RS Raster scanning

SI Speckle Imaging

SLM Spatial light modulator

SNR Signal-to-noise ratio

SPECT Single-photon emission computed tomography

SSIM Structural similarity index measure

SUV Standardized uptake values

TGV Total generalized variation

TV Total variation

VST Variance-stabilizing transform

WSNR Weighted signal-to-noise ratio

XCAT phantom Extended cardiac-torso phantom

Notations and conventions

‖u‖p `p-norm or p-norm of a vector u ∈ RN

‖u‖p,q Lp,q-norm of u ∈ RN×k

[N] Set of the N first integers, i.e., [N] = {1, . . . , N}

u Vector in RN
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? | Acronyms, notations and quantities

u> Transpose of vector u

g? Conjugate function of g

� Elementwise product

L Matrix in RM×N

L∗ Adjoint of operator L

‖L‖2 `2 operator norm of L

σmax (L) Largest singular value of matrix L

E Expectation operator

ΓN Correlation matrix of random vector N

ıQ Indicator function of the closed non-empty convex set Q

Quantities

f0 Signal of interest

f 0 Discrete representation of f0

f̂ Estimate of f 0

f̂ ρ Estimate of f 0 with explicit dependency to parameter ρ

y Vector of observations in RM

Aξ Continuous forward mapping f0 7→ y

A Deterministic part of Aξ

A Operator in RM×N , discrete equivalent to A

ρ Regularization parameter

Ω 2D Field of view

D Degradation operator

N Number of pixels in the final image

M Number of observations

180 |



Acronyms, notations and quantities | ?

a Pixel size

∇ Gradient operator

∇ Discrete gradient operator

div Divergence operator

ε Symmetrized derivative operator

proxλg Proximal operator of the function λg with λ > 0

IdN Identity matrix of size N × N

γ Lipschitz constant of ∇G in PG method

µ Step-size in PG method

τ Primal step-size in CP algorithm

σ Dual step-size in CP algorithm

q Quality criterion

R Restriction operator with entries in {0, 1}
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