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Chapter 1

Introduction

This thesis combines two statistical concepts: probabilistic graphical models and
distributed algorithms. This type of `divide and conquer' algorithms are becom-
ing increasingly popular these days due to new challenges in collecting datasets,
including security and privacy concerns, limited capacity of systems, and the pres-
ence of heterogeneous datasets from various locations. The broad scope of the
thesis is to contribute to the estimation and inferential tools for Gaussian graphi-
cal models in a distributed setting. Throughout this chapter, we commence with
an introduction to graphical models in Section 1.1, covering Markov properties and
Gaussian graphical models. We also review estimation methods such as graphical
Lasso and debiased graphical Lasso. In order to provide statistical inference for
graphical models, an introduction to hypothesis testing is presented in Section 1.2.
An overview of the motivation behind the distributed setting and the outline of
the thesis are provided in Sections 1.3 and 1.4, respectively. Finally, some notation
that is employed throughout the thesis is provided in Section 1.5.

1.1 Graphical models

Graphical models can be regarded as visual maps that help understanding complex
systems. They are used in statistics, machine learning and arti�cial intelligence,
and they show how di�erent units are connected and dependent on each other. By
representing the connections as edges in a graph, one can comprehend the overall
structure of a system. Graphical models are used in many areas, like language
processing, computer vision and decision-making. They are a valuable tool for
understanding and solving real-world problems. In this section, we provide an
introduction on graphical models, which is mostly retrieved from Lauritzen (1996),
Bühlmann and van de Geer (2011) and Hastie et al. (2015).

A graph as a mathematical object, may be de�ned as a pair G = (V, E), where
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Figure 1.1: An undirected graph with nodes {1, 2, 3, 4, 5, 6, 7}.

V is a set of nodes or vertices and E is a set of edges. The set of edges E is a subset
of V × V consisting of ordered pairs of distinct nodes. Each edge is associated
with a pair of nodes. Edges may in general be directed or undirected, but in
this thesis, we deal with graphs with undirected edges only. An undirected edge
between nodes a, b ∈ V is drawn if (a, b) ∈ E and (b, a) ∈ E . Figure 1.1, on the
left hand, presents an undirected graph with nodes V = {1, 2, 3, 4, 5, 6, 7} and edge
set E = {(1, 2), (1, 3), (2, 4), (2, 5), (3, 5), (3, 6), (4, 7), (5, 6), (5, 7), (6, 7)}. Note that
due to the de�nition of the undirected edge, both pairs (a, b) and (b, a) should be
included in the edge set E . However, for the sake of visual simplicity in this thesis,
the pair (b, a) which we consider equivalent to the pair (a, b) is not presented in
the edge set E . Undirected graphs are typically visualized by representing circles
or points as nodes, and lines as edges.

The neighbors or adjacency set of a node a in an undirected graph G are denoted
by adj(G, a) = {b ∈ V, b ̸= a; (a, b) ∈ E and (b, a) ∈ E}. For example, the
adjacency set of node 1 in Figure 1.1 is adj(G, 1) = {2, 3}. The right hand side of
Figure 1.1 represents the correponding matrix to the adjacency of all the nodes.
The grey blocks in each row present the neighbors of the corresponding node on
that line, and the white blocks correspond to the nodes that are not neighbors to
the speci�ed node on that line. In a graphical model with node set V = {1, . . . , p},
the nodes correspond to the index set of a collection of random variables

9Y = (Y 1, . . . , Y p)⊤ ∼ P,

where P is the probability distribution of 9Y. In this thesis, we denote a graph G
with its nodes and edges as G = (V, E). However, in some references (see Bühlmann
and van de Geer, 2011) the pair (G,P) is referred to as a graphical model, indicating
the probability distribution of the random variables associated to the graph.
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1.1.1 Markov properties for undirected graphs

Graphs can be used to represent conditional independence structures in the form
of Markov properties. Conditional independence between two random variables is
de�ned as follows.

De�nition 1.1.1. Random variables X and Y are conditionally independent given
the random variable Z if the conditional distribution of X given Y and Z is the
same as the conditional distribution of X given Z. One then writes X ⊥ Y | Z or
X ⊥P Y | Z if one wants to emphasize that independence depends on a speci�c
probability distribution P.

Markov properties associated with an undirected graph G are either pairwise or
global.

De�nition 1.1.2. An undirected graph G satis�es the pairwise Markov prop-

erty if for any pair of unconnected nodes (a, b) /∈ E , a ̸= b, we have

Y a ⊥ Y b | 9YV\{a,b},

where 9YV\{a,b} is the vector 9Y without elements Y a and Y b.

For example in Figure 1.1, the pairwise Markov property states that 1 ⊥ 5 |
{2, 3, 4, 6, 7} and 4 ⊥ 6 | {1, 2, 3, 5, 7}. Based on this de�nition, an undirected
graph G is a conditional independence graph, if the pairwise Markov property
holds. The global Markov property, which is de�ned below, is a stronger property.
To de�ne this property, we need a preliminary concept. A path is a sequence of
nodes {j1, . . . , jℓ} such that (ji, ji+1) ∈ E for i = 1, . . . , ℓ−1. For a triple of disjoint
sets A,B, C ∈ V, we say that C separates A and B if every path from j ∈ A to
k ∈ B contains a node in C.

De�nition 1.1.3. An undirected graph G satis�es the global Markov property

if for any triple of disjoint sets A,B, C such that C separates A and B, we have

9YA ⊥ 9YB | 9YC ,

where 9YA = {Y j ; j ∈ A}, and corresponding for 9YB and 9YC .

In general, the global Markov property implies the pairwise Markov property.
However, Lauritzen (1996) showed that the inverse holds for a large class of models
with positive and continuous density with respect to the Lebesgue measure. A
typical example of conditional independence graph is the Gaussian graphical model
which is explained in the sequel.
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1.1.2 Gaussian graphical models

A Gaussian graphical model (GGM) is a conditional independence graph with a
multivariate Gaussian distribution associated. Formally, let G = (V, E) be an undi-

rected graph with node set V and edge set E . A random vector 9Y = (Y 1, . . . , Y p)⊤

is said to satisfy the (undirected) Gaussian graphical model with graph G, if 9Y has
a multivariate Gaussian distribution Np(µ,Σ) with constant mean vector µ and a
positive de�nite p× p covariance matrix Σ, with density

f
9Y( 9y) =

1

(2π)p/2 det(Σ)1/2
exp {−1

2
( 9y − µ)⊤Σ−1( 9y − µ)}.

Since our primary interest is to estimate the graph structure, without loss of gen-
erality, we assume that the distribution has mean zero. However, there are some
cases for which the mean of the model is not constant. Sometimes the variables of
the graph are a�ected by some covariates. These models are known as covariate
adjusted Gaussian graphical models, and the e�ect of covariates is present
in the mean structure of the model. Formally, consider 9X = (X1, . . . , Xq)⊤ as a

q-dimensional vector of covariates. Conditionally on covariates 9X = 9x, we suppose
that 9Y | 9x ∼ NppΓ⊤

9x,Σq, where Γ is the q × p matrix of regression coe�cients.
This model is broadly investigated in Chapter 4.

As the multivariate Gaussian distribution has a positive and continuous density,
the pairwise and global Markov properties are equivalent for this graphical model.
It is shown in Lauritzen (1996) that the entries of the inverse covariance matrix
of the multivariate Gaussian distribution correspond to the edges of the graph.
Formally,

(a, b) /∈ E ⇔ Y a ⊥ Y b | 9YV\{a,b} ⇔ Σ−1
ab = 0,

where Σ−1
ab denotes the (a, b)-th entry of the inverse covariance matrix Σ. This

implies that the zero pattern of the inverse covariance matrix represents the struc-
ture of the graph. The inverse covariance matrix is referred to as the precision
or concentration matrix and it is denoted by Θ = Σ−1. The goal is to estimate
the precision matrix Θ in the setting where p≫ n, and then one can estimate the
structure of the graph.

The most natural candidate for an estimator of the precision matrix is the
inverse of the sample covariance matrix. However, when p≫ n, the sample covari-
ance matrix is singular with probability one. To allow for consistent estimation
in the setting p ≫ n, a sparsity assumption will be imposed on the model. In
general, if we have thousands of variables, the sparsity assumption expresses that
one random variable is dependent on a few other random variables, out of the
thousands of variables. For example, consider the health status of a person. The
sparsity assumption considers that the health status can be predicted based on
a few factors among several thousands biomarkers, which is more realistic than
considering a model where all the biomarkers would be informative to predict the
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state of health. For GGMs several works (see for example, Ravikumar et al., 2011;
Jankova and van de Geer, 2015) impose sparsity assumptions on the maximal node
degree, i.e., the number of non-zero entries per row of the precision matrix Θ. Im-
posing sparsity conditions on Θ has proven to be a useful strategy. For example,
suppose that d is the maximal node degree of the precision matrix Θ, which is
de�ned as

d := max
a∈V

#{b ∈ V, b ̸= a : Θab ̸= 0},

where #A is the cardinality of an arbitrary set A, and Θab is the (a, b)-th entry of
Θ. Imposing sparsity assumptions onΘ implies that the number of non-zero entries
per row of the precision matrix Θ cannot grow too fast with increasing p, and as
a result, there should be lots of zero entries in the precision matrix. In general,
there are two approaches for estimatingΘ: local (nodewise) methods (Meinshausen
and Bühlmann, 2006), and global methods (Yuan and Lin, 2007; Friedman et al.,
2008). For local methods, the procedure focuses on estimating the neighborhood
(or adjacency) set of each node in the underlying graphical model separately. For
global methods, the procedure involves maximizing a global likelihood function
which depends on Θ. In this thesis, we mostly focus on the second approach which
is known as graphical Lasso, and is described below. For a short description on
the method of nodewise Lasso, the reader can refer to Section 4.9.1.

1.1.3 Graphical Lasso

In this section, we review the problem of graph selection and the application of ℓ1-
regularized likelihood methods to address it. Suppose that we have n i.i.d. samples
9Y1, . . . , 9Yn from 9Y, where 9Y ∼ Np(0,Σ) with Θ = Σ−1, but the underlying
graph structure is unknown. To estimate the graph structure using data, we use
likelihood-based methods in conjunction with ℓ1-regularization. In the Gaussian
case, this approach leads to model selection based on a log-determinant convex
program with ℓ1-regularization. This problem is also known as (inverse) covariance
selection. Consider the rescaled negative log-likelihood function (up to a constant)
of the multivariate Gaussian distribution, which is of the form

ℓ(Θ) = trace(Σ̂Θ)− log det(Θ), (1.1.1)

where Σ̂ = 1
n

∑n
i=1

9Yi
9Y⊤
i is the sample (empirical) covariance matrix. The log-

determinant function is de�ned on the space of positive de�nite matrices as

log det(Θ) =

{∑p
j=1 log(Λj(Θ)); if Θ ≻ 0

−∞; otherwise,

where Λj(Θ) is the j-th eigenvalue of Θ and Θ ≻ 0 denotes that Θ is a positive
de�nite matrix of dimension p × p. The objective function (1.1.1) is an example
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of a log-determinant program, which is strictly convex, so its minimum must be
unique. Denote by Θ̂ the optimizer of (1.1.1).

In classical statistics, it is known that Θ̂ converges to the true value as the
sample size n tends to in�nity and p stays �xed. However, in high-dimensional set-
tings, when p≫ n, the sample covariance matrix Σ̂ is not invertible, which implies
that the estimator for Θ obtained based on (1.1.1) does not exist. Hence, one must
consider certain constraints or regularized forms of MLE estimation. Moreover, as
explained in the previous sub-section, one may be interested in having a sparse
estimator of the precision matrix, and hence easier to interpret. To consider a
constraint which imposes sparsity, we add the ℓ1 o�-diagonal norm to the objective
function (1.1.1), and the optimization problem turns to

Θ̂ = arg min
Θ≻0

{trace(Σ̂Θ)− log det(Θ) + λ∥Θ∥1,off}, (1.1.2)

where ∥·∥1,off is the ℓ1 o�-diagonal norm of the matrix, de�ned as ∥Θ∥1,off=∑
a ̸=b|Θab|, and λ > 0 is a regularization (penalty) parameter. Problem (1.1.2) is

an example of a penalized log-determinant program, it is convex and its solution
is referred to as the graphical Lasso.

As the absolute value function is not di�erentiable in 0, the partial derivatives
route for solving (1.1.2) is not applicable. An alternative method to solve (1.1.2), is
to use the sub-di�erential equation, also known as the Karush-Kuhn-Tucker (KKT)
condition, which is of the form

Σ̂−Θ−1 + λΨ = 0, (1.1.3)

with the symmetric matrix Ψ having diagonal elements equal to zero, and for
a ̸= b, Ψab = sign(Θab) if Θab ̸= 0, and Ψab ∈ [−1, 1] if Θab = 0. This equation
is nothing else than the �rst derivative of (1.1.2), where the �rst derivative of the
absolute value function is replaced by its sub-di�erential. The most natural method
to solve (1.1.3), is the �rst-order block coordinate-descent approach, introduced by
d'Aspremont et al. (2008), and re�ned by Friedman et al. (2008). For more details
on the algorithm, the reader can refer to Friedman et al. (2008). Due to the ℓ1
penalty which is added to problem (1.1.2), the graphical Lasso estimator Θ̂ is
biased. To visualize this bias with a toy example, consider a random sample of
size n = 100000 from a p-dimensional Gaussian distribution Np(0,Σ) with p = 4.
The adjacency matrix and the corresponding graph structure are shown in Figure
1.2. It is observed that elements Θ12 and Θ13 have non-zero values, and the other
o�-diagonal entries are zero. To estimate Θ by the graphical Lasso method, we set
the regularization parameter to λ =

a
log(p)/n, which is of the same order as the

one introduced in Ravikumar et al. (2011), when providing statistical guarantees.
The histogram of Θ̂ab − Θab over R = 1000 di�erent repetitions is presented in
Figure 1.3 for 1 ≤ a ≤ b ≤ 4. The blue vertical lines are drawn at the empirical
mean values over 1000 repetitions, and the red lines are drawn at zero. If there is
no persisting bias, the blue line should coincide, or be close, to the red line. It is
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Figure 1.2: Visual representation of the adjacency matrix (on the left) and its
graph structure (on the right) with p = 4 nodes.

observed that for some entries there are large di�erences between blue and red lines,
which means that the empirical mean of Θ̂ab is not close to Θab, and so there is
some bias associated with this estimation procedure, due to the introduction of the
penalty. In the next sub-section, a debiased graphical Lasso estimator is introduced
to remove the bias associated with the penalty term.

1.1.4 Debiased graphical Lasso

To modify the graphical Lasso estimator and remove the bias term associated with
the penalty, Jankova and van de Geer (2015) proposed an estimator by inverting
the KKT condition (1.1.3). This estimator is of the form

Θ̂d = 2Θ̂− Θ̂Σ̂Θ̂, (1.1.4)

with Θ̂ the estimator obtained based on (1.1.2). The debiased estimator is also
known as the desparsi�ed graphical Lasso estimator, as the estimated matrix
is not sparse anymore. Jankova and van de Geer (2015) showed the pointwise
asymptotic normality of this estimator under certain conditions. Formally, for
every (a, b) ∈ V × V,

?
n(Θ̂d

ab −Θab)/σab = Zab + op(1), (1.1.5)

where Θ̂d
ab is the (a, b)-th entry of Θ̂

d, and Zab converges in distribution to N (0, 1).
To show a visualization of the asymptotic unbiasedness of this estimator, we con-
sidered the same toy example as in the previous sub-section, and we computed the
debiased estimates Θ̂d

ab for 1 ≤ a ≤ b ≤ 4. Figure 1.4 presents the histogram of
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Figure 1.3: Histogram of Θ̂ab−Θab corresponding to the pairs (a, b), 1 ≤ a ≤ b ≤ 4,
when n = 100000 and p = 4 over R = 1000 repetitions.

Θ̂d
ab −Θab over R = 1000 repetitions for 1 ≤ a ≤ b ≤ 4. Comparing it to Figure

1.3, it is observed that the bias drastically decreased, especially for the non-active
components (a pair (a, b) is called non-active if Θab = 0, and it is called active if
Θab ̸= 0) like Θ14 and Θ24, for which the empirical bias is quite close to zero.

The asymptotic normality can be used for testing and constructing con�dence
intervals within the classical framework. In this thesis, this asymptotic normality
is constructed in view of the distributed setting. Before describing the distributed
procedure, we provide a short description of the preliminaries of hypothesis testing
procedures, which are needed in this thesis, especially in Chapter 3.
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Figure 1.4: Histograms of Θ̂d
ab − Θab corresponding to the pairs 1 ≤ a ≤ b ≤ 4,

when n = 100000 and p = 4 over R = 10000 repetitions.

1.2 Hypothesis testing

Hypothesis testing is a statistical technique used to make inferences and draw
conclusions about a population based on a sample of data. It involves formulating
two competing hypotheses, denoted as the null hypothesis (H0) and the alternative
hypothesis (H1). These hypotheses are constructed based on the research question.
For example, consider the problem of testing whether Θab is equal to zero or not.
The simple null hypothesis represents the default assumption (in this example,
Θab = 0). It states that the partial correlation between variables corresponding
to nodes a and b is zero. The alternative hypothesis, represents the proposition
that contradicts the null hypothesis (in this example, Θab ̸= 0). It states that
the partial correlation between variables corresponding to the nodes a and b is not
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zero. Given the sample, one must choose between H0 or H1. This decision is built
based on a critical region.

A subset of the sample space for which H0 will be rejected is called rejection
region or critical region. The complement of the rejection region is called the
acceptance region. Typically, the critical region is speci�ed in terms of a test
statistic T ( 9Y1, 9Y2, . . . , 9Yn), a function of the sample. For example, in the pre-
cision matrix estimation, the test statistic can be constructed using the debiased
estimator Θ̂d, which is a function of the sample data. The procedure for construct-
ing the test statistic for the hypothesis test H0,ab : Θab = 0 versus H1,ab : Θab ̸= 0
using the debiased estimator is further explained in Chapter 3. Making a statisti-
cal decision always involves uncertainties, and thus making errors. There are two
types of errors in statistical testing that are of interest, which are brie�y explained
below.

De�nition 1.2.1. Type I error, also known as false positive, is the error of
rejecting a null hypothesis when it is actually true. In other words, this is the error
of accepting an alternative hypothesis when the results can be attributed to the
null.

Type I error occurs when one is observing a di�erence, while there is no di�er-
ence in reality. The probability of making a type I error for a test with rejection
region R( 9Y1, . . . , 9Yn) is P(R( 9Y1, . . . , 9Yn) | H0 is true), called signi�cance level,
and denoted as α.

De�nition 1.2.2. Type II error, also known as false negative, is the error of
not rejecting a null hypothesis when the alternative hypothesis is true. In other
words, this is the error of failing to conclude there is a di�erence when there actually
is one.

The probability of making a type II error for a test with rejection region
R( 9Y1, . . . , 9Yn) is 1 − P(R( 9Y1, . . . , 9Yn) | for a given alternative in H1), and is de-
noted as β. The power of the test is also de�ned as
P(R( 9Y1, . . . , 9Yn) | for a given alternative in H1).

1.2.1 Multiple hypothesis testing

The multiple hypothesis testing problem occurs when a number of individual hy-
pothesis tests are considered simultaneously to draw one single conclusion. For
example, in graphical models, suppose that we would like to test simultaneous hy-
potheses H0,ab : Θab = 0 versus H1,ab : Θab ̸= 0 for all 1 ≤ a < b ≤ p in order to
estimate the entire structure of the graph. In this case, if the signi�cance level for
a given test is α, the Family-Wise Error Rate (FWER) will increase as the number
of tests increases. More precisely, assuming all the tests are independent, ifM tests
are performed, the FWER will be given by 1− (1−α)M ≈Mα. Thus, in order to
retain the same overall rate of false positives in a series of multiple tests, the error
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rate for each individual test should be smaller. Intuitively, reducing the signi�cance
level for each test by the number of tests will result in an overall α which does not
exceed the desired limit. For example, to obtain the overall α of 0.05 with ten
tests, one requires the signi�cance level 0.05/10 = 0.005 for each test. This tech-
nique, known as Bonferroni correction, was �rst introduced by Holm (1979). He
presented a modi�ed version of the procedure called the Holm-Bonferroni method,
which provides a more powerful correction for controlling the error rate in multi-
ple hypothesis testing. Other multiple testing correction procedures could be also
used.

However, in large-scale multiple testing, the traditional Bonferroni correction
is too conservative. For example, for testing H0,ab : Θab = 0 vs H1,ab : Θab ̸= 0,
1 ≤ a < b ≤ p with p = 100, one has p(p − 1)/2 = 4950 tests, and by considering
α = 0.05, the signi�cance level for each test will be 0.05/4950 = 1.010101× 10−5,
which is too conservative. The test would make many false negative errors, resulting
in a low statistical power. In order to be able to identify as many signi�cant
comparisons as possible while still maintaining a low false positive rate, the False
Discovery Rate (FDR) control is proposed. In the next sub-section, an introduction
to the false discovery rate is provided, as it is needed in Chapter 3.

1.2.2 False discovery rate

For large-scale multiple testing one can control the false discovery rate instead of
imposing a Bonferroni correction. The false discovery rate, introduced by Ben-
jamini and Hochberg (1995), is the expected proportion of type I errors. In
testing H0,ab : Θab = 0 vs H1,ab : Θab ̸= 0, 1 ≤ a < b ≤ p, consider Ŝ as the set of
selected pairs (a, b) by a procedure. Formally,

FDR = E
�
#{(a, b) ∈ Ŝ : Θab = 0}

max{ŝ, 1}

�
, (1.2.1)

where ŝ is the cardinality of the set Ŝ. Equation (1.2.1) implies that the FDR is the
expected proportion of false discoveries among all discoveries, where a false discov-
ery occurs whenΘab is truly zero, but we estimate it as non-zero. The FDR control
is a less conservative approach than the traditional Bonferroni correction. Suppose
that there are 100 hypotheses to be tested. Then the FDR value of 0.05 means that
at most 5% of �declared� positive results are expected to be false positives, while the
Bonferroni-corrected testwise signi�cance level is 0.05/100 = 0.0005, which means
that at most 5% of results among �all results� would be falsely positive. As such,
the Bonferroni correction is more stringent as it signi�cantly reduces the chance
of making any false positives. The FDR control methods can typically be applied
via p-value thresholds, such as Benjamini-Hochberg (BH) procedure (Benjamini
and Hochberg, 1995). The BH procedure was shown to be able to control FDR
in independent or positive dependent cases for regression models (Benjamini and
Hochberg, 1995; Benjamini and Yekutieli, 2001). Afterwards, Barber and Candès
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(2015) originally proposed the knocko� method to control FDR for linear models.
This method constructs the knocko� variables as the covariates based on the orig-
inal variables to identify the truly crucial variables. Candès et al. (2018) and Fan
et al. (2019) further generalized it to high-dimensional nonlinear models. Another
approach relevant for this thesis for controlling the FDR, is constructing the test
statistics based on debiased estimators. These methods start from the regularized
estimator, use di�erent techniques to construct the debiased estimator, and then
draw statistical inferences on the asymptotic normality. In this line of research,
we can refer to Javanmard and Javadi (2019) and Cui et al. (2021), where the
authors used debiased estimators in high-dimensional linear and generalized linear
regression models to control FDR in hypothesis testing. A similar approach to con-
trol FDR in high-dimensional Gaussian graphical models is proposed in Chapter 3.
In the next section, a short motivation is provided for the distributed procedure,
which is an essential concept in this thesis.

1.3 Distributed settings

Consider Facebook's collection dataset which is over 200 terabytes of daily informa-
tion of users (Vagata and Wilfong, 2017). This huge dataset includes text messages
exchanged between users, user-uploaded photos, and the webpages visited by users.
Machine learning algorithms use this dataset to predict di�erent quantities such
as determining o�ine friendships between users (Curtiss et al., 2013), identifying
users in uploaded images (Taigman et al., 2014), and determining which advertise-
ments are e�ective for di�erent users (He et al., 2014). Developing algorithms that
can work on such a large scale is a crucial problem in today's machine learning
research.

Parallel algorithms are one of the solutions to these large scale problems, but
designing them is di�cult. Most of the parallel algorithms work well only for cer-
tain architectures. The simplest architecture is the shared memory model, which
corresponds to a typical desktop computer with multiple cores. Cores can com-
municate with each other without much delay. However, sometimes it is expensive
for processors to communicate with each other. In these cases, the distributed
algorithms are the alternatives.

In distributed algorithms, the dataset is too large to �t in the memory of a
single machine. So it is partitioned onto a cluster of machines connected by a
network. Frameworks such as Message Passing Interface, known as MPI, (Clarke
et al., 1994), MapReduce (Dean and Ghemawat, 2008) and Spark (Meng et al.,
2016) have been developed to help managing the communication. In a typical
distributed environment, all machines are located in the same physical location
enjoying high speed network connections. As such communication takes on the
order of milliseconds.

But some examples are more extreme. In some cases the dataset is not available
at a central location. For example, a major web search engine has to save its data
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on a range of platforms, storage units, and even geographical locations (Corbett
et al., 2013); cellphones as processors have limited and unstable network connec-
tivity, sometimes communication takes a long time, even hours or days; a supply
chain company, a government, and hospitals all have tremendous amount of data,
which are stored over di�erent agencies or areas. In some cases, it is costly or pro-
hibitive to transport all the data. For example, for hospital datasets, consider the
information on a rare disease, which is available only for some particular hospitals.
Only a small group of researchers can study that rare disease. Due to legal restric-
tions related to ethics, privacy and data protection, this rare disease information
cannot be shared with others. To tackle the above problems, federated learning

(McMahan et al., 2017) comes into play. In this method, sensitive datasets held
by clients, like hospitals or cellphones, do not leave their own boundaries. Instead,
each client trains using its own data, and only the updates are shared. Formally,
in a federated learning strategy, instead of transferring data from local processors,
summary of datasets (updates) are transferred. For example, consider K di�erent
locations with independent datasets. One common approach is to �rst obtain an
estimator at each local station θ̂k, k = 1, . . . ,K, and then transfer the local esti-
mates to the central station for aggregation. An interesting challenge is now how
to aggregate these statistics into one �nal summarizing statistic.

In distributed problems, local estimators can be aggregated using two primary
methods: the �simple average� and the �one-step estimator�. The latter method
combines the simple averaging estimator with Newton's method, generating a one-
step estimator. Various scenarios have been investigated, including sparse high-
dimensional estimation in linear regression, M-estimators, Bayesian frameworks,
situations where the number of machines increases as the sample size increases,
and many more. A comprehensive study of distributed statistical inference in
these settings was conducted by Jordan et al. (2018). Additionally, Chen and Xie
(2014), Lee et al. (2017) and Battey et al. (2018) focused on high-dimensional,
sparse parameter vector estimation using the penalized M-estimators. The one-
step method has been known for some time and has the advantage of making
a consistent estimator as e�cient as the maximum likelihood estimators or M-
estimators with just a single Newton-Raphson iteration. E�ciency here refers to
the relative e�ciency converging to one. For further details on the general one-step
approach, we refer to van der Vaart (2000). Examples of its application can be
found in Bickel (1975), Fan and Chen (1999), and Zou and Li (2008) among many
others.

1.4 Outline of the thesis

The objective of this thesis is to explore estimation and inference for Gaussian
graphical models when the dataset is distributed across several locations. As de-
scribed in the �rst part of this chapter, distributed algorithms are used when
aggregating all the data in one location is not feasible due to privacy concerns,
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and limited capacity of machines. This setup presents a natural problem where
datasets from di�erent locations may have di�erent sizes, resulting in an unbal-
anced distributed setting with di�erent sub-sample sizes. In this context, a key
question is:

Can one devise an algorithm for estimation and inference in Gaussian graphical
models under an unbalanced distributed setting that ensures the proposed aggregated
solution remains consistent and asymptotically e�cient, similar to the centralized
procedure that would be obtained if all the data were available at a central location?

To address this question, we explore di�erent scenarios. First, we consider a
zero-mean Gaussian graphical model and develop the estimation and inferential
tools within this family under the unbalanced distributed setting. Afterwards, we
delve into the performance of the proposed procedure by investigating the false
discovery rate under this setting. Consequently, we develop a procedure to control
the false discovery rate for the hypothesis tests related to the entries of the preci-
sion matrix. Finally, to broaden the scope of our results, we extend our study to a
non-zero Gaussian graphical model, where the mean of the model mean is a�ected
by some covariates. We thoroughly investigate the estimation and inference proce-
dures within this extended setting as well. As such, the outline of this thesis is as
follows.

The second chapter of this thesis delves into the estimation of Gaussian
graphical models in an unbalanced distributed framework. This chapter focuses
on providing an e�ective approach when dealing with heterogeneous machines or
datasets from di�erent sources with di�erent sizes, preventing aggregation onto a
single machine. The primary goal is to propose a novel aggregated estimator for
the precision matrix, substantiated by both theoretical and practical arguments.
This estimator is built based on the asymptotic distribution of the debiased estima-
tors using the sub-samples. Theoretical justi�cations are presented, outlining the
limit distribution and convergence rate of this estimator, especially under sparsity
conditions concerning the true precision matrix while controlling for the number of
machines involved. Additionally, a procedure for conducting statistical inference
is proposed. This chapter also includes a comprehensive simulation study and a
real-world data example to demonstrate the distributed estimator's performance,
which is found to be comparable to that of the non-distributed estimator utilizing
the full dataset.

The third chapter of this thesis introduces a novel multiple testing proce-
dure designed to address the issue of conditional dependence in Gaussian graphical
models. The aim of this study is to determine whether the conditional dependence
between variables is positive or negative. This chapter proposes the construction of
di�erent test statistics using debiased and distributed estimators within a multiple
testing framework. We demonstrate that the proposed procedure can e�ectively
control the directional false discovery rate asymptotically at a pre-de�ned level.
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This particular false discovery rate focuses on the sign of the estimation. Addition-
ally, this chapter highlights that, with mild conditions imposed on the non-zero
entries of the precision matrix, an asymptotic power of one can be achieved. The
theoretical results are further supported and validated through various simulation
scenarios and real data examples, which enable a comprehensive investigation of
the performance of the proposed procedure.

The fourth chapter of this thesis presents a novel distributed estimation and
inferential framework tailored for addressing sparse multivariate regression and
conditional Gaussian graphical models within the unbalanced splitting setting. In
this chapter, the focus is on scenarios where the number of covariates, responses,
and machines grow with the sample size, while still imposing sparsity constraints.
To handle this, we �rst propose debiased estimators for both the coe�cient matrix
and the precision matrix. Then, to construct the �nal aggregated estimator, we use
the same technique as in Chapter 2, which is based on the asymptotic distribution of
the debiased estimators using the sub-samples. Theoretical guarantees for the �nal
estimators are provided. As the number of machines increases with the sample size,
these aggregated estimators demonstrate e�ciency and asymptotic normality. This
indicates their potential to deliver robust and accurate results in such distributed
settings.

The �fth chapter of this thesis presents the implementation of the procedures
developed in Chapters 2-4 in R with our own package DistributedGGL. This
chapter provides documentation and illustration of the proposed methods in R

along with some examples.
The sixth chapter of this thesis summarizes the achievements and limitations

of this work. It also proposes several extensions and research perspectives, which
close the thesis.

1.5 Preliminary notation

For the reader's convenience, this section presents some notation that is used
throughout this thesis.

For two matrices A and B of dimensions m × n and p × q, we denote A ⊗ B
as the Kronecker product of A and B which is de�ned as a pm× qn block matrix
with AabB for the block (a, b), where Aab is the (a, b)-th element of matrix A,
a = 1, . . . ,m and b = 1, . . . , n. For two sequences {an;n ≥ 1} and {bn;n ≥ 1},
bn = O(an) if there exist positive numbers M0 and N0 such that | bnan

|≤ M0 for all
n ≥ N0. We write bn ≍ an if both bn = O(an) and an = O(bn) hold. Similarly,
for a random sequence {Yn;n ≥ 1}, we write Yn = Op(an) if for every ϵ > 0,
there exist �nite numbers M0 > 0 and N0 > 0 such that P(|Yn

an
|> M0) < ϵ for all

n ≥ N0. Furthermore, bn = o(an) if limn→∞
bn
an

= 0. In the case of a random

sequence {Yn;n ≥ 1}, we write Yn = op(an) if Yn

an

p−→ 0, as n → ∞, where the

notation
p−→ denotes convergence in probability. For a matrixA, we use the notation
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~A~∞ = maxa
∑

b|Aab| and ∥A∥∞= maxa,b|Aab| for the matrix and elementwise
ℓ∞ norms, respectively. The same symbol ∥x∥∞= maxb|xb| is used for the ℓ∞
norm of a vector x. Moreover, ∥A∥1=

∑
a,b|Aab| and ∥x∥1=

∑
b|xb| are used

for the ℓ1 norm of a matrix A and of a vector x, respectively. Finally, we use

∥A∥F=
b∑

a,b A
2
ab =

a
trace(AA⊤) for the Frobenius norm of a matrix and

∥x∥2=
a∑

b x
2
b for the ℓ2 norm of a vector x.



Chapter 2

Unbalanced distributed estimation and inference for

the precision matrix in Gaussian graphical models

This chapter studies the estimation of Gaussian graphical models in the unbal-
anced distributed framework. It provides an e�ective approach when the available
machines are of di�erent powers or when the existing dataset comes from di�erent
sources with di�erent sizes and cannot be aggregated on one single machine. In
this chapter, we propose a new aggregated estimator of the precision matrix and
justify such an approach by both theoretical and practical arguments. The limit
distribution and convergence rate for this estimator are provided under sparsity
conditions on the true precision matrix and controlling for the number of machines.
Furthermore, a procedure for performing statistical inference is proposed. On the
practical side, using a simulation study and a real data example, we show that the
performance of the distributed estimator is similar to that of the non-distributed
estimator that uses the full data. The content of this chapter is based on the paper

Nezakati, E. and E. Pircalabelu (2023). Unbalanced dis-
tributed estimation and inference for the precision matrix
in Gaussian graphical models. Statistics and Computing 33,
1�14.

2.1 Introduction

Precision matrix estimation plays an important role in statistical and machine
learning, especially in the framework of probabilistic graphical modeling. A large
body of literature studied the estimation problem of the precision matrix for Gaus-
sian graphical models. We refer to Meinshausen and Bühlmann (2006), Friedman
et al. (2008), Cai et al. (2011), Wang (2014) and Wang et al. (2016) among many
others for a treatment on the subject.
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Many datasets nowadays may be too large to �t and be read e�ciently into a
single ordinary machine. Moreover, sometimes datasets from di�erent sources are
private and due to security and privacy concerns, one is not allowed to aggregate all
the data at one location. For instance, in Federated machine learning (McMahan
et al., 2017), di�erent datasets with di�erent sizes are used for training across
multiple local machines without any exchanging and sharing. As such, estimation
of the precision matrix via decentralized, unbalanced machines is of contemporary
interest. Much attention in distributed estimation has focused on the setting where
the sample size n is large and most approaches propose splitting the observations
into K independent sub-samples that are analyzed in parallel. Once the analysis
is performed, estimates are combined together into a �nal estimate that is treated
as the �nal output of the method. In this chapter we focus on the case where the
number of variables p can grow with n, the total sample size, such that log p/nk →
0, where nk is the sample size at the level of the k-th machine with k = 1, . . . ,K.
As a consequence, a sparsity assumption is imposed on the true precision matrix
as a function of sub-sample sizes nk and p.

A wide range of literature studied combination methods for parallel estimators
in the context of linear, generalized linear models, kernel and Bayesian estimators,
see for instance Zhang et al. (2015), Lee et al. (2017), Battey et al. (2018), Xu et al.
(2019) and Xue and Liang (2019) among many others. Regarding the estimation of
the precision matrix, there is limited literature using parallel analysis. Arroyo and
Hou (2016) studied the problem of estimating the precision matrix for Gaussian
graphical models from a set of K balanced distributed sub-samples via a simple
average method. They performed an additional local thresholding step on each
machine, in order to obtain a sparse estimator. Wang and Cui (2021) proposed
a distributed estimator of the sparse precision matrix in Transelliptical graphi-
cal models by debiasing a D-trace Lasso-type estimator and then by applying a
hard threshold on the aggregated estimator which is obtained by simple averaging.
Nevertheless, in some recent approaches like Federated learning, when some of the
available machines are more powerful than others, it is not e�cient to distribute
a dataset on di�erent machines with equal sizes. Instead, one could place larger
datasets on the powerful machines and smaller datasets on the others. In this case,
one deals with unbalanced sub-samples and just taking a simple average is not an
optimal approach for aggregating estimators.

Meta-analysis is also a known method for combining summary statistics from
independent studies. Xie et al. (2011) and Liu et al. (2015) developed general
meta-analysis frameworks using con�dence distributions to combine multiple het-
erogeneous estimators derived from individual studies. Since splitting a dataset
incurs some e�ciency loss, deriving an upper bound on the number of machines is
of interest to illustrate the e�ciency of the model. Recently, Tang et al. (2020) de-
veloped a strategy using an aggregating method based on con�dence distributions
to combine debiased Lasso-type estimators in generalized linear models. In their
framework, the number of machines can also diverge with n. They showed that as



2.2. Preliminaries 19

K increases at the rate of O(n1/2−ϵ), ϵ ∈ (0, 1/2], the combined estimator achieves
the same estimation e�ciency as the centralized maximum likelihood estimator. In
this chapter, a pseudo likelihood function is constructed based on the asymptotic
distribution of the debiased estimators to aggregate the unbalanced estimators of
the precision matrix for Gaussian graphical models. An upper bound on K is de-
rived to guarantee the consistency and asymptotic normality of the estimator. It
is shown that this upper bound is of order O(n1/3/(d log(p))), which is a function
of the total sample size, the sparsity d and the number of variables, p. See Section
2.2 in this chapter for a de�nition of d.

The rest of the chapter is organized as follows. In Section 2.2, notation and
preliminaries are introduced. A methodology for performing distributed estimation
based on sub-samples is presented in Section 2.3. We continue in Section 2.4 by
proposing a �nal estimator that pools together separate estimators. Theoretical
properties of this estimator are also investigated in this section. In Section 2.5, the
performance of the estimator is evaluated at the hand of a controlled simulation
study and in Section 2.6, the performance on a real data set is illustrated. We close
with a discussion on the method and possible extensions in Section 2.7. Proofs of
the supporting lemmas and theorems, and more simulation results can be found in
the Appendix, at the end of the chapter.

2.2 Preliminaries

Consider a zero-mean random variable Y . This random variable is called sub-
Gaussian if there exists a constant γ such that Ep exp(tY )q ≤ exp(γ2t2/2) for all
t ∈ R. The bound on the moment generating function implies the tail bound
P(|Y |> y) ≤ 2 exp(−y2/2γ2) for all y > 0. Similarly, a zero-mean random vector
9Y = (Y 1, . . . , Y p)⊤ with covariance matrix Σ is sub-Gaussian if all normalized
components Y a/

?
Σaa, a = 1, . . . , p, are sub-Gaussian random variables with a

common parameter γ > 0, where by Σaa we denote the a-th diagonal element of
Σ. The model in this thesis is de�ned under the Gaussianity assumption, which is
a special case of sub-Gaussianity. In fact, a multivariate zero-mean Gaussian vec-
tor is a prime example of a sub-Gaussian random vector. Consider the Gaussian
graphical model, where a p-dimensional random vector 9Y = (Y 1, . . . , Y p)⊤ follows
a multivariate Gaussian distribution Np(0,Σ) with mean vector zero and covari-

ance matrix Σ. The components of 9Y correspond to the vertex set V = {1, . . . , p}
of an undirected graph G = (V, E), where the edge set E describes the conditional
dependence between every pair of components Y 1, . . . , Y p. A pair (a, b) is included
in the edge set E if and only if the variables Y a and Y b are dependent given all
remaining variables. Under the multivariate Gaussian distribution, a pair of vari-
ables is conditionally independent given all remaining variables if and only if the
corresponding entry in the precision matrix Θ = Σ−1 is zero. Elements of the
precision matrix may thus be interpreted as edge weights. Denote the maximum
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number of non-zero (active) o�-diagonal entries of Θ per row, i.e., the maximal
node degree, with d and the index set of non-zero o�-diagonal entries of Θ with S,
formally, S = {(a, b) ∈ V × V, a ̸= b : Θab ̸= 0}, having cardinality s. The set of
non-active components is denoted by Sc.

2.3 Distributed penalized estimation

In this section, we propose distributed estimators of the precision matrix Θ us-
ing only sub-sample information. First, denote the Hessian of the negative log-
likelihood function ℓ(Θ) ∝ trace(Σ̂kΘ) − log det(Θ), where Σ̂k = Y⊤

k Yk/nk
is the sample covariance based on the k-th sub-sample (properly de�ned later
in the section), evaluated at the true precision matrix Θ by H, which can be
shown to be H = Σ ⊗ Σ (see Ravikumar et al., 2011). By de�nition, H is a
p2 × p2 matrix indexed by the pair of elements from the vertex set, such that
H = [H(a,b),(c,d)], where (a, b), (c, d) ∈ V × V. Ravikumar et al. (2011) showed
that in the case of the multivariate Gaussian distribution, H(a,b),(c,d) is simpli-

�ed to H(a,b),(c,d) = CovpY aY b, Y cY dq. Let S = {S ∪ {(1, 1), (2, 2), . . . , (p, p)}}
with cardinality ϖ, which is equal to ϖ = s + p, and its complement set with
Sc. The following regularity assumptions (see for example, Ravikumar et al., 2011;
Jankova and van de Geer, 2015) are considered for the theoretical guarantees when
estimating Θ:

(A1) The irrepresentability condition holds for the true precision matrix Θ,

i.e., there exists α1 ∈ (0, 1] such that maxe∈Sc∥HeSpHSSq−1∥1≤ 1−α1, where
HSS ∈ Rϖ×ϖ is a sub-matrix of H whose rows and columns are indexed by
the elements of S. Moreover, e is a pair (a, b) ∈ Sc such that HeS is an
ϖ-dimensional column vector with elements He,(c,d), where (c, d) ∈ S.

Assumption (A1) is necessary and su�cient for the graphical Lasso estimator to
exhibit model selection consistency (Tropp, 2006; Zhao and Yu, 2006). In fact, it
limits the in�uence that the non-edge based variables (i.e., the pairs in Ŝc) can have
on the edge based variables (i.e., the pairs in Ŝ). For example, for the multivariate
Gaussian distribution, consider the zero-mean edge random variables

X(a,b) := Y aY b − E(Y aY b),

for all a, b ∈ {1, 2, . . . , p}. Then, H(a,b),(c,d) = EpX(a,b)X(c,d)q. De�ning XS :=
{X(a,b); (a, b) ∈ S}, the irrepresentability condition is of the form

maxe∈Sc∥E(XeX
⊤
S )E(XSX

⊤
S )−1∥1≤ 1− α1, which forces the requirement that the

edge based variables (i.e., X(a,b) that (a, b) ∈ S) should not be highly correlated
with the non-edge based variables (i.e., X(a,b) that (a, b) ∈ Sc). The reader can
refer to Ravikumar et al. (2011) for more details.
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(A2) The eigenvalues of the precision matrix Θ are bounded from above
and below, i.e., there exists a constant Λ ≥ 1 such that 1

Λ ≤ Λmin(Θ) ≤
Λmax(Θ) ≤ Λ, where Λmin(Θ) and Λmax(Θ) are the minimum and maximum
eigenvalues of Θ, respectively.

Assumption (A2) is needed to control the convergence rate of the debiased estima-
tor via controlling the magnitude of the elements of Θ, as well as to insure Θ is
invertible.

Consider now an i.i.d. sample of size n from 9Y and suppose that it is di-
vided randomly into K non-overlapping sub-samples each with size nk for the
k-th sub-sample, k = 1, . . . ,K, such that nk/n → ck ∈ (0, 1) as nk → ∞, and

limK→∞
∑K

k=1 ck = 1. Denote n† = min1≤k≤K nk. Consider 9Yl,k = (Y 1
l,k, . . . , Y

p
l,k)

⊤

, l = 1, . . . , nk, and denote the k-th sub-sample in matrix form asYk = r 9Y1,k, 9Y2,k,

. . . , 9Ynk,ks⊤, which is of dimension nk × p and obtained by appending column vec-

tors 9Y1,k, . . . , 9Ynk,k one after another and then transposing. By splitting the sam-
ple data into K disjoint sub-samples, one can analyze each sub-sample per machine
in parallel. The goal is to estimate the structure of the graph G, or equivalently,
�nd the zero pattern of Θ, by combining K estimators, each obtained using a par-
ticular sub-sample. The usual assumption in this context is that the underlying
graph is sparse, which means that a certain bound is imposed on the maximum
node degree of the precision matrix. Due to the relation between the graph edges
and the entries of the precision matrix in Gaussian graphical models, this sparsity
re�ects that the related graph has a rather low number of edges. To impose this
sparsity condition on the estimation, one common approach is to add an ℓ1 penalty
to the negative log-likelihood function. This kind of regularization e�ectively forces
some of the elements of Θ to zero, thus resulting in sparse solutions. There exists
a wide variety of methods making use of ℓ1 regularization, see for example Fried-
man et al. (2008), Hsieh et al. (2014), Cai et al. (2016), etc. For each sub-matrix
Yk (k = 1, . . . ,K), the graphical Lasso estimator Θ̂k, de�ned by Friedman et al.
(2008), is the solution to the optimization problem

Θ̂k = arg min
Θ∈Sp

++

{
tracepΣ̂kΘq− log det(Θ) + λk∥Θ∥1,o�

}
, (2.3.1)

where λk > 0 is the penalty term, Σ̂k = Y⊤
k Yk/nk is the sample covariance based

on the k-th sub-sample, ∥·∥1,o� is the ℓ1 o�-diagonal penalty of the matrix de�ned
as ∥Θ∥1,o�=

∑
a̸=b|Θab|, the quantity Θab is the (a, b)-th element of Θ and Sp

++

is the space of positive de�nite matrices of dimension p × p. The graphical Lasso
estimator (2.3.1) is biased due to the ℓ1 penalty which is added to the negative
log-likelihood function. This estimator satis�es the Karush-Kuhn-Tucker (KKT)
condition (see for example, Ravikumar et al., 2011) as Σ̂k − Θ̂−1

k + λkD̂k = 0,

where the matrix D̂k belongs to the sub-di�erential of the o�-diagonal norm ∥·∥1,o�
evaluated at Θ̂k. Jankova and van de Geer (2015) proposed the debiased graphical
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Lasso estimator to correct the bias, which for our setting can be constructed using
the k-th sub-sample as

Θ̂d
k = 2Θ̂k − Θ̂kΣ̂kΘ̂k. (2.3.2)

This debiased estimator has the appealing property that each entry of the matrix
is asymptotically normal and one can easily construct con�dence intervals for the
entries of Θ. It has been shown in Jankova and van de Geer (2015) that for every
(a, b) ∈ V × V,

?
nk(Θ̂

d
ab,k −Θab)/σab =

?
nk{ΘWkΘ}ab/σab +

?
nkRab,k/σab, (2.3.3)

where Θ̂d
ab,k and Rab,k are the (a, b)-th element of Θ̂d

k and of a remainder term,

called Rk, respectively, and Wk = Σ̂k−Σ. Moreover, σ2
ab = ΘaaΘbb+Θ2

ab, under
the multivariate Gaussian distribution. Theorem 1 of Jankova and van de Geer
(2015) guarantees that under assumptions (A1) and (A2), with tuning parameter
λk ≍

a
log(p)/nk and under the sparsity condition d3/2 = op?nk/(C log(p))q with

C = max

{
κH
α2
1

,
κ2H

α
9/8
1

n
−1/4
k (log(p))1/8,

max{κΣκH, κ3Σκ2H}3/2

α
3/2
1

(nk log(p))
−1/4

}
,

the random sequence
?
nk{ΘWkΘ}ab/σab converges weakly to N (0, 1), where

κΣ := ~Σ~∞, κH := ~pHSSq−1~∞ and α1 is de�ned in (A1). Moreover, the
elementwise ℓ∞ norm of Rk is of order

∥Rk∥∞ = Op

�
1

α2
1

κH max {d3/2 log(p)/nk,
1

α1
κHd

2(log(p)/nk)
3/2}



, (2.3.4)

and by letting 1/α1 = O(1), κΣ = O(1), κH = O(1), under the mentioned sparsity
condition, Rab,k is op(1/

?
nk). Furthermore, it follows that the convergence rate

of the debiased estimator Θ̂d
k is of order

∥Θ̂d
k −Θ∥∞= Op

�
max {d

a
log(p)/nk, 1/α

2
1κHd

3/2 log(p)/nk,

1/α3
1κ

2
Hd

2(log(p)/nk)
3/2}



, (2.3.5)

where under the above bounds on κΣ, κH and 1/α1, it simpli�es to

∥Θ̂d
k −Θ∥∞ = Op

�
max {d

a
log(p)/nk, d

3/2 log(p)/nk, d
2(log(p)/nk)

3/2}


.

(2.3.6)

A consistent estimator for σ2
ab based on the k-th sub-sample can be also con-

structed using Lemma 2 of Jankova and van de Geer (2015) as σ̂2
ab,k = Θ̂aa,kΘ̂bb,k+

Θ̂2
ab,k. This estimator will be further used in Section 2.4, where we leverage the

asymptotic distribution of each Θ̂d
k (k = 1, . . . ,K) from (2.3.3) to construct the

aggregated estimator using K estimators from the sub-samples.
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2.4 Combined estimator across the sub-samples

The results in the previous section are provided at the level of the k-th sub-sample,
k = 1, . . . ,K. To construct a more reliable estimator, we aggregate estimators
drawn from di�erent distributed locations. There are multiple ways to aggregate
these K estimators into a combined estimator. In this chapter, due to the asymp-
totic normal distribution of the local estimators, we derive the �nal aggregated
estimator by maximizing a pseudo log-likelihood function, which is constructed
using the asymptotic normal density of local estimators constructed based on the
sub-samples. Consider ∆ as a general parameter of interest, for example Θab in
this chapter, and ∆̂k as the k-th estimator based on the k-th sub-sample with
variance σ2 and denote its consistent estimator by σ̂2

k which is also derived based

on the k-th sub-sample. Consider the asymptotic normal density of ∆̂k at point ιk
as f̂k(ιk | ∆, σ̂k), where the variance σ2 is replaced by its consistent estimator σ̂2

k.
By maximizing the pseudo log-likelihood function constructed as

l(∆) = log

� K∏
k=1

f̂k(ιk | ∆, σ̂k)



∝
K∑

k=1

(−nk/2)(ιk −∆)2/σ̂2
k,

with respect to ∆, the �nal aggregated estimator is of the form

∆̃owAvg =
1∑K

k=1
nk

σ̂2
k

×
K∑

k=1

nk
σ̂2
k

∆̂k, (2.4.1)

where the subscript �owAvg� stands for the optimally weighted average. We call this
estimator an �optimally weighted average�, as it is obtained using a maximization
problem. As it is shown in Claeskens et al. (2016), when K is �xed, a convex
combination of K estimators ∆̂1, . . . , ∆̂K is of the form ∆̃c = w⊤∆̂, where ∆̂ =
(∆̂1, . . . , ∆̂K)⊤ and w = (w1, . . . , wK)⊤ is the vector of weights satisfying the

constraint
∑K

k=1 wk = 1. When the covariance between every two estimators is
zero, the optimal weight for the k-th estimator in this convex combination is of the

form wk =
1/σ2

k∑K
k=1 1/σ2

k

, where σ2
k is the variance of the k-th estimator. This result

can be also encountered in portfolio theory, where the same weights are used to
�nd the global minimum variance portfolio. The reader can refer to Kempf and
Memmel (2006) and Golosnoy et al. (2022) among many other references for more
details. In the distributed setting, when the sub-samples are equal (balanced case),
our proposed estimator simpli�es to the optimal weights convex combination, where
we substitute the variance σ2

k with its consistent estimator σ̂2
k, as it is unknown

in practice. Substituting the debiased estimator Θ̂d
k in (2.4.1), one can aggregate

distributed estimators of the precision matrix from the sub-samples into the �nal
combined estimator Θ̃owAvg. Note that if the variance σ

2 is known, then replacing

σ̂2
k by σ2 simpli�es the aggregated estimator ∆̃owAvg to two special cases. In the



24 Chapter 2. Distributed estimation and inference in GGMs

case of unbalanced sub-samples, ∆̃owAvg is simpli�ed to the sample size weighted
average estimator

∆̃wAvg =

K∑
k=1

nk
n
∆̂k, (2.4.2)

where �wAvg� stands for the weighted average proportional to the sub-sample sizes.
Similarly to the optimally weighted average estimator, by substituting the debiased
estimator Θ̂d

k in (2.4.2), the weighted average aggregated estimator of Θ can be

constructed and is denoted by Θ̃wAvg. Moreover, if the sub-samples are also bal-

anced (i.e., n1 = n2 = . . . = nK), ∆̃owAvg further simpli�es to the simple average
estimator

∆̃sAvg =
1

K

K∑
k=1

∆̂k, (2.4.3)

where �sAvg� stands for the simple average. By the same argument as for the opti-
mally weighted and sample size weighted averages, the simple average estimator of
Θ can be constructed and denoted by Θ̃sAvg. As an example of applying a simple
average estimator for penalized regression models, the reader can refer to Battey
et al. (2018) which studied distributed parameter estimation methods for penalized
regression models and established the asymptotic oracle property of the averaged
debiased estimators. However, from a �nite sample perspective, the simple aver-
age estimator tends to underperform severely for unbalanced settings, as it will be
shown in Section 2.5. The weighted average proportional to the sub-sample sizes
is slightly more adapted as it accounts for the unbalanced setting by weighting
according to the size of the samples on each machine. Note that as the variances
of the estimators are unknown in practice, in the sequel, the special cases (2.4.2)
and (2.4.3) are considered as general simple and weighted average estimators with
unknown variances and their asymptotic distribution as well as the asymptotic dis-
tribution of the optimally weighted average estimator are investigated in Theorem
2.4.2 as n† and K both grow with the sample size n, where we remind the reader
that n† = min1≤k≤K nk.

Using (2.3.2), by considering the consistent estimator σ̂2
ab,k for σ2

ab, the aggre-
gated estimator for the (a, b)-th element of Θ, (a, b) ∈ V × V, is of the form

Θ̃ab,owAvg =
1∑K

k=1
nk

σ̂2
ab,k

×
K∑

k=1

nk
σ̂2
ab,k

Θ̂d
ab,k. (2.4.4)

This estimator behaves like a weighted average where the weights are a function
of sub-sample size nk and estimated variance σ̂2

ab,k, constructed as in Jankova and
van de Geer (2015), based on each sub-sample. Using (2.3.3) and (2.4.4), it can be
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shown that gffe K∑
k=1

nk
σ̂2
ab,k

�
Θ̃ab,owAvg −Θab



= Wab,† +Rab,†, (2.4.5)

where

Wab,† =

gffe ∑K
k=1 nk/σ

2
ab∑K

k=1 nk/σ̂
2
ab,k

×
K∑

k=1

nk∑
l=1

σab?
nσ̂2

ab,k

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)

and

Rab,† =

gffe ∑K
k=1 nk/σ

2
ab∑K

k=1 nk/σ̂
2
ab,k

K∑
k=1

nkσab?
nσ̂2

ab,k

Rab,k,

where Θa is the a-th column of Θ and 9Yl,k = (Y 1
l,k, . . . , Y

p
l,k)

⊤ as in Section 2.3.
In words, it represents the p-dimensional vector of variables corresponding to the
l-th unit from the k-th sub-sample. Moreover, for the wAvg estimator, denoted by
Θ̃ab,wAvg, and the sAvg estimator, denoted by Θ̃ab,sAvg, it can be shown that

?
nKb∑K

k=1 σ̂
2
ab,k

(Θ̃ab,wAvg −Θab) = W′
ab,† +R′

ab,†, (2.4.6)

and

K3/2b
(
∑K

k=1 σ̂
2
ab,k)(

∑K
k=1 1/nk)

(Θ̃ab,sAvg −Θab) = W′′
ab,† +R′′

ab,†, (2.4.7)

where

W′
ab,† =

?
Kb

n
∑K

k=1 σ̂
2
ab,k

K∑
k=1

nk∑
l=1

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab),

W′′
ab,† =

?
Kb

(
∑K

k=1 σ̂
2
ab,k)(

∑K
k=1 1/nk)

K∑
k=1

nk∑
l=1

1

nk
(Θ⊤

a
9Yl,k

9Y⊤
l,kΘb −Θab),

R′
ab,† =

?
Kb

n
∑K

k=1 σ̂
2
ab,k

K∑
k=1

nkRab,k,

R′′
ab,† =

?
Kb

(
∑K

k=1 σ̂
2
ab,k)(

∑K
k=1 1/nk)

K∑
k=1

Rab,k.
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In the following, it is assumed that the precision matrix Θ satis�es the irrepre-
sentability condition (A1) with a constant α1 ∈ (0, 1], where 1/α1 = O(1), and the
bounded eigenvalues condition (A2). The quantities κΣ, κH are also considered
bounded as κΣ = O(1) and κH = O(1), respectively. Lemma 2.4.1 shows that by
considering upper bounds on K, the remainder terms Rab,†, R

′
ab,† and R′′

ab,† are
negligible. Moreover, Theorem 2.4.2 states that the terms Wab,†, W

′
ab,† and W′′

ab,†
converge weakly to N (0, 1) as K and n† grow.

Lemma 2.4.1. Suppose that Θ̂k (k = 1, . . . ,K) is the solution to the optimization
problem (2.3.1) with tuning parameter λk ≍

a
log(p)/nk and consider Θ̃ab,owAvg,

Θ̃ab,wAvg and Θ̃ab,sAvg as the optimally weighted, sample size weighted and simple
average estimators. Then for every pair (a, b) ∈ V × V, a ̸= b,

a) the remainder term |Rab,†| of the owAvg estimator grows at the rate

|Rab,†|= Op

�
K/

?
nmax {d3/2 log(p), d2(log(p))3/2/?n†}



, (2.4.8)

which is op(1) as long as K and the maximum node degree of Θ grow at
the rates of K = Opn1/3/(d log(p))q and d3/2 = op?n†/log(p)q, respectively.
Moreover, the remainder term |R′

ab,†| of the wAvg estimator grows at the
same rate as (2.4.8),

b) the remainder term |R′′
ab,†| of the sAvg estimator grows at the rate

|R′′
ab,†|= Op

�?
Knmax {d3/2 log(p)/n†, d

2(log(p)/n†)
3/2}



, (2.4.9)

which is op(1) as long as K and the maximum node degree of Θ grow at the

rates of K = Opn4/3† /nq and d3/2 = opn1/3† /log(p)q, respectively.
The proof is given in Appendix 2.8.1
Theorem 2.4.2 below shows the asymptotic unbiasedness and normality of the

optimally weighted, sample size weighted, and simple averages estimators. As such,
one can easily construct con�dence intervals and statistical tests based on them.

Theorem 2.4.2. Under the assumptions of Lemma 2.4.1,

a) for the owAvg estimator in (2.4.5), we have Wab,†
d−→ N (0, 1).

b) for the wAvg estimator in (2.4.6), we have W′
ab,†

d−→ N (0, 1).

c) for the sAvg estimator in (2.4.7), we have W′′
ab,†

d−→ N (0, 1).

The proof is given in Appendix 2.8.2.
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Remark 2.1. Based on the asymptotic distribution of the distributed estimators
from Theorem 2.4.2, one can construct inferential procedures. Accordingly, the
(1− α)100% asymptotic con�dence interval for Θab using the optimally weighted,
sample size weighted and simple average estimators can be constructed as

Θ̃ab,owAvg ± Φ−1(1− α/2)/

gffe K∑
k=1

nk/σ̂2
ab,k,

Θ̃ab,wAvg ± Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
ab,k)/(nK),

Θ̃ab,sAvg ± Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
ab,k)(

K∑
k=1

1/nk)/K3,

where Φ−1(1−α/2) is the (1−α/2)-th quantile of the standard normal distribution.
Moreover, the rejection region at level α for the hypothesis test H0,ab : Θab = 0
(which indicates that there is no edge between nodes corresponding to Y a and Y b)
vs H1,ab : Θab ̸= 0 can be constructed as

|Θ̃ab,owAvg| > Φ−1(1− α/2)/

gffe K∑
k=1

nk/σ̂2
ab,k,

|Θ̃ab,wAvg| > Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
ab,k)/(nK),

|Θ̃ab,sAvg| > Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
ab,k)(

K∑
k=1

1/nk)/K3,

using the optimally weighted, sample size weighted and simple average estimators,
respectively.

The coverage probabilities and the length of the con�dence intervals are inves-
tigated via a simulation study further in Section 2.5.

Theorem 2.4.3 provides the convergence rate of the optimally weighted estima-
tor Θ̃owAvg with respect to the elementwise ℓ∞ norm.

Theorem 2.4.3. Under assumptions (A1) and (A2) with 1/α1 = O(1), κΣ =
O(1), κH = O(1), the maximal distance of the distributed estimator Θ̃owAvg from
the true precision matrix Θ is of order

∥Θ̃owAvg −Θ∥∞

= Op

�
Kmax {d

a
log(p)/n, d3/2 log(p)/n, d2(log(p))3/2/(n

?
n†)}



. (2.4.10)
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Moreover, under the sparsity condition d3/2 = o(
?
n†/log(p)) and K = Opn1/3/

(d log(p))q, the estimator Θ̃owAvg is consistent for Θ.

The proof is given in Appendix 2.8.3. By considering the convergence rate
(2.3.5) for the centralized full estimator with size n, and comparing it with (2.4.10),
it is observed that as long as K is not too large, the distributed estimator exhibits
a similar statistical error to the full one, and it can approximate the full estimator
properly.

Remark 2.2. When the true precision matrix is block diagonal with M blocks,
the quantities κΣ and κH are tractable. Consider d′m as the size of block Θm,
m = 1, . . . ,M , and the maximum row degree of Θ as d := maxm=1,...,M d′m. Then
due to the relation between the matrix ℓ∞ norm and the spectral norm, and the
fact that d′m ≤ d,

κΣ = max
m=1,...,M

~(Θm)−1~∞ ≤
?
d max
m=1,...,M

∥(Θm)−1∥2,

where ∥·∥2 is the spectral norm of a matrix de�ned as ∥A∥2=
a
Λmax(A⊤A) for

an arbitrary real valued matrix A and Λmax(A
⊤A) is the maximum eigenvalue

of A⊤A. Based on the fact that the eigenvalues of Σ are the inverses of the
eigenvalues of Θ and using assumption (A2), it is deduced that κΣ = O(

?
d). The

same argument can be made for κH and it holds that κH = O(d). Then, using
(2.3.5), the convergence rate of Θ̃owAvg simpli�es to

∥Θ̃owAvg −Θ∥∞

= Op

�
Kmax {d

a
log(p)/n, d5/2 log(p)/n, d4(log(p))3/2/(n

?
n†)}



(2.4.11)

and considering the sparsity condition d5/2 = o(
?
n†/log(p)) and K = Opn1/3/

(d log(p))q, the consistency of Θ̃owAvg follows directly.

Note that the convergence rate (2.4.11) is valid only for the entries of the block
diagonals in the case when the block structures are known. In practice however,
the block structures are unknown and as such, in the simulation part of Section
2.5 corresponding to the block diagonal data generating process, the errors and
con�dence intervals are computed for all elements of the matrix.

2.5 Simulation study

In this section, we illustrate the performance of the proposed distributed estimator
with a simulation study. To conduct the simulation, we set the total sample size
n = 50000 as �xed and changed K = 5, 10 and 20. To show the performance of the
distributed estimator in the unbalanced setting, we considered the following data
splitting procedure.
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Suppose that among all available machines, two of them are powerful. The
�rst one is the most powerful and (55−K)% of the dataset is distributed on this
machine. The second one is less powerful than the �rst one and (60−K)% of the
remaining dataset is distributed on this one. The remaining dataset is distributed
roughly equally on the remaining machines. To compare the performance of the
distributed estimator, we considered the following competitors:

1) (Full) A debiased estimator based on the non-distributed, full data given by
the debiased graphical Lasso (the estimator of Jankova and van de Geer,
2015), denoted by Θ̂F .

2) (sAvg) An estimator based on splitting data and averaging directly the debi-
ased graphical Lasso estimators from each machine i.e., Θ̃sAvg.

3) (wAvg) An estimator based on splitting data and taking the sample size
weighted average of the debiased graphical Lasso estimators from each ma-
chine, i.e., Θ̃wAvg.

4) (Top1) The most powerful machine which takes (55 − K)% of the dataset.
Since estimation on each machine is consistent and asymptotically normal,
investigating the performance of the �rst machine which takes most of the
dataset is relevant.

5) (Thresholded I) The thresholded distributed estimator introduced by Arroyo
and Hou (2016), which is a sparse estimator built by thresholding debiased
estimators. To obtain this estimator, a hard threshold ρ is applied on the
debiased estimator (2.3.2) on the k-th sub-sample, such that for every (a, b) ∈
V × V, a ̸= b,

Θ̂d,ρ
ab,k = Θ̂d

ab,kI(|Θ̂d
ab,k|> ρσ̂ab,k),

where I(·) is the indicator function and σ̂2
ab,k = Θ̂aa,kΘ̂bb,k + Θ̂2

ab,k, the con-
structed estimator of Jankova and van de Geer (2015) based on the k-th sub-
sample. The �nal aggregated estimator of Arroyo and Hou (2016) is proposed

by taking a simple average over K machines, i.e., Θ̂D
ab =

1
K

∑K
k=1 Θ̂

d,ρ
ab,k, and

then applying the �nal hard threshold τ on Θ̂D
ab for every (a, b) ∈ V×V, a ̸= b,

such that Θ̂D,τ
ab = Θ̂D

abI(|Θ̂D
ab|> τσ̂ab), where σ̂

2
ab =

1
K

∑K
k=1 σ̂

2
ab,k.

6) (Thresholded II) The thresholded estimator of Wang and Cui (2021), which
is proposed for Transelliptical graphical models. The Transelliptical family,
de�ned by Liu et al. (2012), is an extension of the nonparanormal family
proposed by Liu et al. (2010). Just as the nonparanormal extends the normal
by transforming the variables using univariate functions, the transelliptical
extends the elliptical family in the same way. The estimator of Wang and Cui
(2021) is constructed by obtaining the nonparametric Kendall's τ statistic
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Figure 2.1: Visual representation of three Θ matrices and their graph structures
for p = 1000 nodes. From left to right: random, block diagonal with 10 blocks and
tridiagonal.

as the correlation matrix estimator in each sub-sample and then plugging
it into the Lasso D-trace optimization procedure (Zhang and Zou, 2014).
By debiasing these estimators in the sub-samples and then taking a simple
average over all debiased estimators, the aggregated estimator is constructed.
A hard threshold is applied on this estimator to get the �nal aggregated sparse
estimator.

A comparison with the full estimator reveals how much the performance deteri-
orates due to splitting the data, while a comparison with the weighted and simple
average estimators has the purpose to evaluate if indeed the proposed estimator is
better equipped to tackle unbalanced settings due to a more appropriate weighting.
A comparison with the Top1 estimator has the purpose to evaluate if the remaining
(K−1) machines which account for (45+K)% of the original data are still able to
produce informative estimators even though they receive low amounts of data. For
the data generating process, we �xed the number of variables (nodes) to p = 1000
and the samples are generated from a multivariate normal distribution Np(0,Σ)
such that Θ = Σ−1 is graph structured and has the following sparse structures:

• random with probability of connection 0.05;

• block diagonal with 10 blocks and 0.2 as the probability of connection in each
block;

• chain or tridiagonal with 1 on the diagonal and 0.2 on the upper and lower
diagonals.

The corresponding graph structures are shown in Figure 2.1 for illustration. In
this study, the tuning parameter λk in the graphical Lasso algorithm has been set
to λk = λ =

a
log(p)/n for all simulation settings like in Jankova and van de
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Geer (2015) except for the tridiagonal case. Due to the high sparsity of the pre-
cision matrix in the tridiagonal structure, we increased slightly the regularization
parameter to λk =

a
log(p)/nk. Moreover, λk =

a
log(p)/nk for the thresholded

estimator of Wang and Cui (2021) was used to get comparable results with the
other competitors. Alternatively, λk can be chosen by K-fold cross validation in
each sub-sample. The �nal threshold τ for the estimator of Arroyo and Hou (2016)
has been set to τ =

a
log(p)/n as the authors proposed this value for the theo-

retical guarantees. Moreover, as they showed a communication bandwidth of size
B ≍ p2−c, where 0 < c ≤ 1 is a constant, is enough to select the correct set of
entries, we considered B = 10p and 50p. To select the best threshold ρ, we con-
sidered 200 candidate values from the interval (0.001, 0.25) and we chose the value
of ρ for which the absolute di�erence between the number of active components
estimated and the bandwidth B is minimum. Furthermore, the hard threshold of
Wang and Cui (2021) has been set to 5

a
log(p)/n to ensure comparable results

with the other estimators. All simulation results are calculated as averages over
R = 500 di�erent repetitions.

To compare the performance of the estimators, we used the Frobenius norm,
elementwise and matrix ℓ∞ norms between the estimated precision matrix for each
competitor and the true precision matrix. The results are presented in Table 2.1 for
the Frobenius norm via the simulation setting explained above and it is observed
that the performance of the proposed estimator is similar to that of the non-
distributed, full estimator in terms of Frobenius norm. The results for the two
other norms lead to similar conclusions and are presented in Appendix B. The
proposed norm is computed for the active set S, which corresponds to the edges
of graph, and the non-active set Sc, separately. By increasing K from 5 to 20, the
norm of the distributed estimator does not increase much and the di�erences are
negligible. This suggests that by splitting observations in combination with the
proposed aggregation, one might not lose much information. On the other hand,
for the sAvg estimator, by increasing K the norm increases substantially, which
suggests that it is highly sensitive to K, as opposed to the distributed estimator
we propose. The wAvg estimator is better performing than sAvg. However, its
performance is not as satisfactory as that of the optimally weighted estimator and
it gets far from the full estimator with increasing K. As observed from Table
2.1, the Frobenius norm of Top1 is much larger than that of the centralized full
estimator. Moreover, it provides a worse performance compared to the proposed
estimator. As such, by considering just the �rst machine with the largest amount
of data and disregarding the remaining machines one loses more information as this
strategy does not provide an accurate estimate. The results of the Thresholded I
with bandwidth B = 50p and the Thresholded II are also reported in this table.
The Frobenius norm for these estimators on the active set increases considerably
with increasing K. However, since these estimators are sparse, their errors on the
non-active set are much smaller than those of the (non-sparse) proposed estimators.
Moreover, it seems that the Thresholded I works better than the Thresholded II
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Table 2.1: Average and standard deviation (between parentheses) of the Frobenius
norm over 500 repetitions on the active and non-active sets, for the proposed esti-
mator and six competitors when n = 50000 and p = 1000. Three di�erent graph
structures are considered.

Active set Non-active set
K K

1 5 10 20 1 5 10 20
Full 1.83 6.14

(.01) (.01)
owAvg 1.85 1.77 2.05 6.19 6.40 6.86

(.01) (.01) (.01) (.01) (.01) (.01)

R
a
n
d
o
m Top1 2.43 2.55 2.86 8.67 9.14 10.37

(.01) (.01) (.01) (.01) (.01) (.02)
sAvg 2.40 3.34 5.67 8.55 11.03 12.25

(.01) (.02) (.02) (.01) (.02) (.01)
wAvg 1.85 1.78 2.47 6.19 6.46 7.19

(.01) (.01) (.01) (.01) (.01) (.01)
Thresholded I 3.48 5.50 6.39 0.20 0.58 0.31

(.03) (.04) (.03) (.02) (.02) (.02)
Thresholded II 3.18 4.65 5.84 0.10 1.22 3.90

(.01) (.02) (.02) (.05) (.04) (.04)

Full 1.37 6.11
(.01) (.01)

owAvg 1.34 1.26 1.84 6.16 6.37 6.82
(.01) (.01) (.01) (.01) (.01) (.01)

B
lo
ck

d
ia
g
. Top1 1.71 1.77 1.95 8.63 9.10 10.32

(.02) (.02) (.02) (.01) (.01) (.02)
sAvg 1.62 2.89 6.14 8.51 10.99 12.20

(.01) (.02) (.02) (.01) (.01) (.01)
wAvg 1.34 1.30 2.50 6.17 6.43 7.16

(.01) (.01) (.01) (.01) (.01) (.01)
Thresholded I 1.62 2.90 5.82 0.95 1.01 0.67

(.01) (.02) (.02) (.02) (.02) (.03)
Thresholded II 3.41 5.29 6.83 0.52 2.48 5.02

(.02) (.02) (.02) (.04) (.03) (.02)

Full 0.21 5.07
(.00) (.01)

owAvg 0.22 0.21 0.21 4.85 4.73 4.54
(.01) (.01) (.01) (.01) (.01) (.01)

T
ri
d
ia
g
. Top1 0.30 0.31 0.36 7.04 7.40 8.32

(.01) (.01) (.01) (.01) (.01) (.01)
sAvg 0.29 0.31 0.33 6.21 6.63 5.92

(.01) (.01) (.01) (.01) (.01) (.01)
wAvg 0.22 0.21 0.21 4.86 4.76 4.60

(.01) (.01) (.01) (.01) (.01) (.01)
Thresholded I 0.29 0.31 0.33 1.21 1.07 0.50

(.01) (.01) (.01) (.01) (.01) (.01)
Thresholded II 0.82 0.82 0.80 0.00 0.00 0.00

(.01) (.01) (.01) (.00) (.00) (.00)
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Figure 2.2: Histograms of the normalized full and distributed estimators corre-
sponding to pair (a, b) = (1, 3) on the top row and (a, b) = (1, 10) on the bottom
row for the random graph structure when n = 50000, p = 1000 and the number
of machines is K = 5, 10 or 20. The light and dark gray histograms present the
histograms of the normalized full and distributed estimators, respectively. The
density of the standard normal distribution is also presented.

on the non-active set in random and block diagonal structures, especially with the
smaller �nal threshold that we considered. However, the results for this estimator
are dependent on the bandwidth to be used. The results with B = 10p were
much worse than the reported ones and they are not mentioned in the table. This
behavior holds on both the active and the non-active sets for all three structures of
Θ and points to the importance of accurately choosing the extra tuning parameters
for this competitor.

In addition to error norms, comparing the asymptotic distribution and infer-
ential properties of the proposed estimator with those of the competitors is of
interest. To this end, histograms of the normalized full and distributed estimators
are reported in Figure 2.2 for the random structure. The light gray histograms
correspond to the normalized full estimator and the dark ones correspond to the
proposed estimator. The normalized form of the full estimator is obtained using
the technique proposed in Jankova and van de Geer (2015) as

?
npΘ̂F

ab−Θabq/σ̂ab,
where Θ̂F

ab is the (a, b)-th element of Θ̂F , while the normalized distributed estima-

tor is obtained as
b∑K

k=1 nk/σ̂
2
ab,kpΘ̃ab,owAvg −Θabq. As an illustrative example,

the �gures are reported for (a, b) = (1, 3) and (1, 10) although similar conclusions
hold also for other couples (a, b) ∈ V ×V. We conclude that both distributions are
close to the reference N (0, 1).

The coverage probability and the lengths of the con�dence intervals are also
obtained for the proposed estimator and competitors at signi�cance level α = .05
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Table 2.2: Average coverage probability and average length of the con�dence inter-
val over 500 repetitions for the proposed estimator and competitors when n = 50000
and p = 1000 for random and block diagonal graphs.

Avg.Cov Avg.Len

K K
1 5 10 20 1 5 10 20

A
ct
iv
e
se
t Full .92 .03

owAvg .91 .93 .90 .03 .03 .03
Top1 .93 .93 .94 .04 .04 .05

R
a
n
d
o
m

sAvg .93 .89 .62 .04 .05 .05
wAvg .92 .95 .88 .03 .03 .03

N
o
n
-a
ct
iv
e

se
t

Full .97 .03
owAvg .97 .97 .97 .03 .03 .03
Top1 .97 .97 .97 .04 .04 .05
sAvg .97 .96 .95 .04 .05 .05
wAvg .97 .98 .98 .03 .03 .03

A
ct
iv
e
se
t Full .85 .03

owAvg .86 .89 .72 .03 .03 .03
Top1 .90 .90 .91 .04 .04 .05

B
lo
ck

d
ia
g
.

sAvg .91 .72 .24 .04 .05 .05
wAvg .87 .90 .60 .03 .03 .03

N
o
n
-a
ct
iv
e

se
t

Full .97 .03
owAvg .97 .97 .96 .03 .03 .03
Top1 .97 .97 .97 .04 .04 .04
sAvg .96 .96 .95 .04 .04 .05
wAvg .97 .97 .98 .03 .03 .03

except for the thresholded estimators which are not asymptotically normally dis-
tributed. To this end, we estimated the coverage probability of the con�dence inter-
vals by computing their empirical version. The empirical probability that the true

value Θab is included in the con�dence interval is de�ned as P̂ab =
#{Θab∈CIab,r}

R ,
where R is the number of simulation repetitions, CIab,r is the con�dence interval for
Θab at the r-th repetition, and # denotes the number of times that Θab belongs to
the con�dence interval. After obtaining P̂ab for all (a, b) ∈ V ×V, the average cov-
erage probability on the active set S was obtained as Avg.CovS = 1

s

∑
(a,b)∈S P̂ab,

where s is the number of active components. Similar computations have been im-
plemented for obtaining the estimated coverage probability over the non-active set
Sc.

The obtained results are reported in Table 2.2 for the random and block diagonal
structures. The results of tridiagonal were close to the random one and they
are reported in Appendix B. The proposed estimator performs similarly to the



2.5. Simulation study 35

50
10

0
15

0
20

0

T
im

e(
se

co
nd

s)

1 5 10 20 1 5 10 20 1 5 10 20 1 5 10 20

●

●

●

●

●
●

●

●

●

●

●

●

●

●

●

●

● Random
Tridiag.
Block diag.

K
n 50000 100000 150000 200000

Figure 2.3: Running time in seconds for the full and proposed estimator for the
random graph structure, when p = 1000. The regularization parameter for the
distributed estimator is considered as λk =

a
log(p)/nk.

non-distributed one on both the active and the non-active sets, as the coverage
probabilities are close to the nominal level of 95%. Moreover, the average lengths
are relatively low and are stable with increasing K. The coverage probability of
Top1 is also close to the nominal level, but its length is slightly larger than the
length of the full and of the distributed estimator. The coverage probability for
sAvg on the active set is low and it gets worse with increasing K. Moreover, the
length of its con�dence interval gets larger with increasing K. The performance of
wAvg is generally better than that of sAvg, but it is still worse than the performance
of the distributed estimator.

Another quantity which is important to keep track of, is the running time. In
this chapter, the running time is de�ned as the sum of the maximum time among
all parallel jobs and the time to combine the results. These results are shown
in Figure 2.3 for the three graph structures. The symbols for the case K = 1
represent the full estimator for di�erent sample sizes ranging from n = 50000 to
200000 and the remaining symbols represent the distributed estimator for di�erent
sample sizes and K = 5, 10, 20. For any �xed sample size, the computation time of
the distributed estimator is less than the full one and as expected it decreases with
increasing K. This behavior is the same for all three graph structures and shows
the e�ciency of the proposed estimator in terms of computation time.

In the last part of the simulation study, we investigated the e�ect of the machine
with the smallest sample size on the aggregated estimator. The estimator that we
have proposed is a weighted average of the local estimators, where the weight for

the k-th estimator is of the form wab,k =
nk/σ̂

2
ab,k∑K

k=1 nk/σ̂2
ab,k

, k = 1, . . . ,K, for every
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Table 2.3: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets in three di�erent
scenarios.

Active set Non-active set
K K

1 2 1 2
scenario I .4521 1.3620

(.0269) (.0183)
scenario II .4492 1.3603

(.0260) (.0180)
scenario III .4418 1.3597

(.0268) (.0185)

pair (a, b) ∈ V × V, a ̸= b. If the sub-sample size is too small, the estimated
weight assigned to the corresponding estimator will also be very small, and the
estimator with the smallest sample size will not have a large e�ect on the �nal
aggregated estimator. To see this, we considered a simulation study with three
di�erent scenarios:

I) a full dataset with sample size n = 10000 on one machine;

II) the same dataset as in scenario I, but with 10 additional data points on the
second machine;

III) the same dataset as in scenario I, but with 100 additional data points on the
second machine.

To generate the model, a random graph structure is considered with p = 100
nodes and 0.05 as the probability of connection between every pair of nodes. We
expect that the performance of the aggregated estimator improves by increasing
the number of data points. To this end, we compared the Frobenius norm between
the estimated and the true precision matrices in three mentioned scenarios. The
results are provided in Table 2.3 as the averages over 500 repetitions. From Table
2.3 it is observed that by increasing n the Frobenius norm decreases on both the
active and non-active sets.

Moreover, to investigate the inferential properties, the coverage probability and
the length of the con�dence intervals are compared for the three mentioned sce-
narios and presented in Table 2.4. It is observed that the coverage probabilities
and the length of the con�dence intervals are the same in all three scenarios, which
con�rms the good performance of the proposed estimator.

To investigate more about the behavior of the distributed estimator when one
adds the second machine with a few data points, we presented the estimated weights
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Table 2.4: Average coverage probability and average length of the con�dence in-
terval over 500 repetitions for the proposed estimator in three di�erent scenarios.

Avg.Cov Avg.Len
K K

1 2 1 2
scenario I .90 .07

Active set scenario II .90 .07
scenario III .91 .07
scenario I .97 .06

Non-active set scenario II .97 .06
scenario III .97 .06

in scenarios II and III in Figure 2.4 for the �rst and the second machine. They are
of the form

wab,1 =
n1/σ̂

2
ab,1

n1/σ̂2
ab,1 + n2/σ̂2

ab,2

, wab,2 =
n2/σ̂

2
ab,2

n1/σ̂2
ab,1 + n2/σ̂2

ab,2

,

for the (a, b)-th element, (a, b) ∈ V × V, a ̸= b. As it is observed in Figure 2.4
for scenario II, when we assign only 10 data points to the second machine, the
estimated weights for the corresponding estimator are very small, almost zero, and
the estimated weights corresponding to the �rst machine are close to one. As
such, the estimated weights assigned to the second machine are too small and this
estimator does not have a large e�ect on the �nal aggregated estimator. As it is
observed in scenario III, by increasing the number of data points on the second
machine, the estimated weights corresponding to this machine increase and so the
corresponding estimator has a larger e�ect on the aggregated estimator. As such,
even adding a machine with a few data points does not ruin the performance of
the aggregated estimator.

2.6 Real data example

To explore the performance of our proposed estimator on real data, we used the
publicly available �4 university web-pages� dataset which was collected in January
1997 by the World Wide Knowledge Base project of the CMU text learning group.
The original dataset had been pre-processed by standard text mining methods
and it is available in Cardoso-Cachopo (2007). This dataset contains web-pages
collected from computer science departments of four US universities Cornell, Texas,
Washington and Wisconsin for seven categories: student, faculty, sta�, department,
course, project and other. The �other� category is a collection of web-pages that



38 Chapter 2. Distributed estimation and inference in GGMs

1st machine

0.980

0.985

0.990

0.995

1.000

1 20 40 60 80 100

1
20

40
60

80
10

0

2nd machine

0.000

0.005

0.010

0.015

0.020

1 20 40 60 80 100

1
20

40
60

80
10

0

scenario II

1st machine

0.980

0.985

0.990

0.995

1.000

1 20 40 60 80 100

1
20

40
60

80
10

0

2nd machine

0.000

0.005

0.010

0.015

0.020

1 20 40 60 80 100

1
20

40
60

80
10

0

scenario III

Figure 2.4: Estimated weights for the distributed estimator in scenario II (top row)
and III (bottom row) for the �rst (left panels) and second (right panels) machines.
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Table 2.5: Signi�cant and common edges between four competitors and the esti-
mator using the full dataset. For all methods a Bonferroni correction is applied.

Signi�cant edges Common edges
with Full

K K
1 3 4 5 3 4 5

Full 1072
owAvg 855 835 818 811 789 751
Top1 569 561 569 482 477 478
sAvg 720 547 418 646 478 360
wAvg 821 671 515 783 657 512

were not considered in the six main categories. In this study, we considered the four
largest categories which are student, faculty, course and project containing 1641,
1124, 930 and 504 web-pages, respectively. To calculate the term-document matrix
Y, we used the log-entropy weighting method of Dumais (1991) which was also
implemented in Guo et al. (2011). The �nal dataset contains n = 4199 web-pages
as the observations and 7686 distinct terms as variables. We considered p = 500
terms with the highest log-entropy weights for the analysis.

We compared next Top1, sAvg, wAvg, the proposed distributed estimator with
K = 3, 4, 5 and the debiased full estimator. The splitting setting is considered the
same as for the simulation study. For all procedures λ =

a
log(p)/n, α = 5% and

a Bonferroni correction is applied for multiple testing. The rejection region for
the non-distributed estimator (that uses the full data) of Jankova and van de Geer
(2015) is de�ned as |Θ̂F

ab|> Φ−1(1 − α
p(p−1) )σ̂ab/

?
n with Bonferroni correction.

The obtained results are presented in Table 2.5. Relative to the competitors, there
are more common edges between the graphs estimated by the distributed estimator
and the full one, while the least similar competitor is sAvg. By increasing K, the
number of common edges tends to decrease for all competitors (except for Top1)
due to the loss of information by splitting data on more machines.

The �rst ten terms with the highest node degrees based on the considered
estimators are presented in Figure 2.5. The term �course� is identi�ed as the
term with the highest node degree by all estimators except Top1 and sAvg when
K = 5. Moreover, some terms like �parallel� and �faculty� are common among all
estimators. Additionally, the sparse graphical Lasso estimator is considered as a
competitor and with this method we identi�ed 18228 edges suggesting that many
estimated edges might in fact be false positive edges.

Afterwards, to investigate the performance of the estimators for completely in-
dependent variables, we permuted randomly sample data for each variable, thus
breaking up the correlation structure in order to construct a dataset with mutu-
ally independent variables. As such, all the o�-diagonal elements of the precision
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Figure 2.5: The �rst 10 terms with the highest node degrees, identi�ed by di�erent
estimators.

matrix should be estimated as zero. By implementing separately the debiased esti-
mator using the full data, the Top1, the wAvg and the distributed estimator with
K = 3, 4, 5 machines on this randomly permuted dataset, we identi�ed zero sig-
ni�cant edges which con�rms this assertion. However, by implementing the sparse
graphical Lasso estimator on this independent dataset we identi�ed 1647 edges
which con�rms the large amount of false positive edges that are identi�ed by this
procedure. Also, sAvg identi�ed wrongly between 2 and 19 false positive edges,
which con�rms the weak performance of this estimator.

2.7 Conclusion and discussion

In this chapter, we proposed a new distributed estimator of the precision matrix in
the Gaussian graphical models framework. The estimator is constructed to tackle
an unbalanced split of the sample data as input. To improve misaligned selection
of non-zero estimated entries on di�erent sub-samples, a bias correction was per-
formed in each sub-sample. This bias correction procedure provides asymptotic
normality of the estimators and helps to perform inference. An alternative ap-
proach to the debiasing procedure is selective inference, where one �rst selects a
model, and then conditioning on the selected model estimates the parameters of
the model. The reader can refer to Candès and Tao (2007) and Javanmard and
Montanari (2013) among many others for more details on this procedure. Each
of these two procedures has its own pros and cons. The target for the debiased
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graphical Lasso procedure is Θ (the entries in the true model) rather than ΘŜ

(the entries in the selected model Ŝ). These two models are not the same un-
less Ŝ happens to contain all non-zero entries of Θ. Although inference for Θ is
appealing, it requires assumptions about the correctness of the model and spar-
sity of Θ. Moreover, the debiased graphical Lasso does not perform any model
selection, which is a disadvantage especially when there are thousands variables
in high-dimensional settings. In contrast, the selective inference approach relies
heavily on the speci�c selection methodology which is used before inference. This
limits the applicability of post-selection inference in practice. All coverage proba-
bilities and con�dence intervals are obtained by conditioning on the event that Ŝ
is selected, i.e., Ŝ = S. On the other hand, it is shown in Ravikumar et al. (2011)
that under the irrepresentability condition, the model Ŝ selected by the graphical
Lasso satis�es Ŝ ⊆ S with high probability. Moreover, under a beta-min condition
on the entries of the true precision matrix Θ, the graphical Lasso implies exact
variable selection, i.e., Ŝ = S, with high probability. As such, the post-selection
inference based on the graphical Lasso needs a beta-min condition. However, the
debiased approach of Jankova and van de Geer (2015) does not need any beta-min
condition. The advantage of the debiased graphical Lasso to post-model selection
is in the situations when the entries of the precision matrix are small but non-zero
and thus the beta-min type condition, which guarantees exact variable selection,
is violated.

As it was mentioned, the debiased estimators in the sub-samples enjoy asymp-
totic normality. To aggregate estimators from the sub-samples, a pseudo log-
likelihood function was constructed using their asymptotic normal density, and
the �nal distributed estimator was built by maximizing this function. Statistical
guarantees for the distributed estimator were provided. Its tractable limit distri-
bution was derived and it was shown that under the sparsity condition d3/2 =
o(
?
n†/log(p)) and the upper bound K = O(n1/3/(d log(p))), for the number of

machines, it follows an asymptotic normal distribution. Moreover, the convergence
rate of this consistent estimator was provided. The �nite sample performance
was evaluated with a simulation study where it was observed that the estimator
produced competitive results relative to a non-distributed estimator that uses the
entire data. Since we perform estimation by distributing the computational load
across multiple machines, not surprisingly the computational time comparison fa-
vors our novel estimator. Moreover, this estimator performed substantially better
than the naive, average-based estimators in terms of accuracy. It was also observed
that the coverage probability of the distributed estimator is close to that of the
non-distributed estimator. This points to the fact that in practice, performing dis-
tributed estimation across multiple machines in our unbalanced framework induces
a minimal loss in performance relative to models using all the data in a centralized
location, which might not be feasible in practice.
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2.8 Appendix A: Proofs

2.8.1 Proof of Lemma 2.4.1

a) First, we show that

c ∑K
k=1 nk/σ2

ab∑K
k=1 nk/σ̂2

ab,k

p−→ 1. Note that using Lemma 2 of Jankova

and van de Geer (2015), under the multivariate Gaussian distribution, 1/σab =
O(1), and under 1/α1 = O(1) and κH = O(1), we get |σ̂2

ab,k−σ2
ab|= Op(

a
log(p)/nk)

which is op(1) as nk grows faster than log(p). It can be shown that the inverse
ratio also satis�es

| 1

σ̂2
ab,k

− 1

σ2
ab

|= Opp
a
log(p)/nkq. (2.8.1)

As such,���� K∑
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σ̂2
ab,k
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σ2
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| = OppK
a
log(p)/nq (2.8.2)

where the last equality holds using (2.8.1) and the fact that nk ≤ n, k = 1, . . . ,K.

As such,

����∑K
k=1 {

nk

n × σ2
ab

σ̂2
ab,k

}−1

���� = op(1) asK grows at the rateK = Opn1/3/(d log(p))q,

and as a result
∑K
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2
ab,k∑K
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p−→ 1. By considering the continuous map g(x) =

1/
?
x, the sequence

c ∑K
k=1 nk/σ2

ab∑K
k=1 nk/σ̂2

ab,k

converges in probability to 1 as K and nk,

k = 1, . . . ,K, grow.
As such, due to the de�nition of Rab,†, it is enough to show the bound (2.4.8)

for the term
∑K

k=1
nkσab?
nσ̂2

ab,k
Rab,k. Since the graphical Lasso estimator Θ̂k is positive

de�nite, there exists a positive constant Lk such that with high probability σ̂2
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Θ̂aa,kΘ̂bb,k+ Θ̂2
ab,k ≥ Λ2

min(Θ̂k) > Lk, where Λmin(Θ̂k) is the minimum eigenvalue

of Θ̂k, and then 1/σ̂2
ab,k = Op(1). Thus, using (2.3.4), with high probability,
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and the claimed result in (2.4.8) follows. By considering K = Opn1/3/(d log(p))q
and the sparsity condition d3/2 = o(

?
n†/log(p)), it can be shown that |Rab,†|=

op(1).

Now, to show the result (2.4.8) for the remainder term |R′
ab,†|, we �rst show

that
?
Kσabb∑K
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p−→ 1. We have
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which is op(1) as log(p) = o(n†). Note that the second equality holds using Lemma

2 of Jankova and van de Geer (2015). As such,
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k=1 σ̂2
ab,k

Kσ2
ab

p−→ 1, and by considering

the continuous map g(x) = 1/
?
x, we get

?
Kσabb∑K
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p−→ 1. As such, to show the

negligibility of the remainder term R′
ab,†, it is enough to show the presented bound

in the Lemma for
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Rab,k. By a similar argument as in part a), it can
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b) As it is shown in part a),
?
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p−→ 1. As such, to show the negligi-

bility of the remainder term R′′
ab,†, it is enough to show the bound (2.4.9) for
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which is op(1) under the mentioned conditions on K and d.
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2.8.2 Proof of Theorem 2.4.2

a) De�ne

ξab,† :=

K∑
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nk∑
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σ2
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σ̂2
ab,k

× 1?
nσab

(Θ⊤
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9Yl,k
9Y⊤
l,kΘb −Θab).
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p−→ 1, using Slutsky's theorem, it is enough to prove that ξab,†
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l Θb −Θab),

where 9Yl is a column vector of length p and is the l-th sample, l = 1, . . . , n, of
9Y. The random variable ξ′ab,† converges to N (0, 1) as it is shown in Theorem 2 of

Jankova and van de Geer (2015). As such, we only need to show that |ξab,†−ξ′ab,†|
p−→

0 as K → ∞ and nk → ∞, k = 1, . . . ,K, and then convergence in distribution of
ξ′ab,† results from the convergence in distribution of ξab,†. We have
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Using the de�nition of Wk and since 1/σab = O(1), we get

| 1
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l,kΘb −Θab)| = nk

σab
|{ΘWkΘ}ab| ≤ nk∥ΘWkΘ∥∞.

Under assumption (A2) and using Lemma 8 of Jankova and van de Geer (2015),

it holds that ∥ΘWkΘ∥∞= Op(d
a
log(p)/nk). Moreover, by (2.8.1), | σ2
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σ̂2
ab,k

− 1|=

Op(
a
log(p)/nk). Substituting K = Opn1/3/(d log(p))q and the mentioned bounds

in (2.8.3), we get

|ξab,† − ξ′ab,†|= Op(Kd log(p)/
?
n) = Op(1/n

1/6),
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which is op(1) as n grows.

b) Similarly to a).

c) De�ne
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p−→ 1, using Slutsky's theorem, it is enough to show that ξab,†

converges in distribution to N (0, 1). To show the asymptotic normal distribution
of ξab,†, we use the Lindeberg-Feller condition (see for example, Theorem 4.12 of

Kallenberg, 1997). We have EpZab,l,kq = 0, where Zab,l,k := Θ⊤
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where the �rst equality is deduced due to the fact that Var(Zab,l,k) = σ2
ab. The

reader can refer to Jankova and van de Geer (2015), pp. 1225 for more details. To
show the third condition of the Lindeberg-Feller Theorem, since Zab,l,k are identical
for l = 1, . . . , nk and k = 1, . . . ,K, for every ϵ > 0, we can write
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(2.8.4)

where I(·) is the indicator function. Following Jankova and van de Geer (2015),
pp. 1223, for a random variable X and a positive constant a, one can write

EpX2I(|X|> a)q = a2Pp|X|> aq+ 2

∫ ∞

a

uPp|X|> uq du.
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Applying this equality to the expectation in (2.8.4), we get
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Using Lemma 4 of Jankova and van de Geer (2015), for a constant c1 > 0, we have
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(2.8.6)

where d is the maximal node degree of Θ. In the integral of (2.8.5), by changing
the variable t := u
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2.8. Appendix A: Proofs 47

Substituting (2.8.6) and (2.8.7) in (2.8.5) and then in (2.8.4), we get
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where equality to zero is deduced using l'Hôpital's rule and the fact that the terms
in the exponential function go faster to −∞. As such, the requirements of the
Lindeberg-Feller Theorem are ful�lled and ξab,† converges in distribution toN (0, 1).

2.8.3 Proof of Theorem 2.4.3

Based on the de�nition of the elementwise ℓ∞ norm, for every (a, b) ∈ V × V we
have
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(2.8.8)
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Since
n/σ2
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p−→ 1, and 1/σ̂2
ab,k = Op(1), as it was shown in the proof of
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as it was shown in the proof of Theorem 2.4.2. Moreover, for the second term on
the right hand side of (2.8.8), we have���� n/σ2
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. (2.8.10)

Substituting (2.8.9) and (2.8.10) in (2.8.8), the result of (2.4.10) follows directly.

2.9 Appendix B: Supporting tables

Simulation results to complement Section 2.5 are presented in this section.
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Table 2.6: Average and standard deviation (between parentheses) of the elemen-
twise ℓ∞ norm over 500 repetitions on the active and non-active sets, for the
proposed estimator and six competitors when n = 50000 and p = 1000.

Active set Non-active set
K K

1 5 10 20 1 5 10 20
Full .04 .03

(.00) (.00)
owAvg .04 .04 .04 .03 .03 .04

(.00) (.00) (.00) (.00) (.00) (.00)

R
a
n
d
o
m Top1 .05 .05 .06 .05 .05 .06

(.00) (.00) (.00) (.00) (.00) (.00)
sAvg .05 .06 .08 .05 .06 .07

(.00) (.00) (.00) (.00) (.00) (.00)
wAvg .04 .04 .04 .03 .03 .04

(.00) (.00) (.00) (.00) (.00) (.00)
Thresholded I .10 .12 .14 .03 .04 .04

(.01) (.01) (.01) (.03) (.00) (.00)
Thresholded II .07 .14 .16 .06 .11 .13

(.01) (.01) (.00) (.02) (.01) (.01)

Full .06 .04
(.01) (.01)

owAvg .06 .06 .06 .04 .05 .06
(.01) (.01) (.01) (.01) (.01) (.01)

B
lo
ck

d
ia
g
. Top1 .07 .07 .07 .05 .06 .06

(.01) (.01) (.01) (.01) (.01) (.01)
sAvg .07 .08 .12 .06 .08 .12

(.01) (.01) (.01) (.01) (.01) (.02)
wAvg .06 .06 .06 .04 .05 .07

(.01) (.01) (.01) (.01) (.01) (.01)
Thresholded I .07 .08 .12 .05 .05 .07

(.01) (.01) (.01) (.01) (.01) (.01)
Thresholded II .12 .18 .24 .11 .17 .23

(.01) (.01) (.02) (.02) (.02) (.02)

Full .02 .02
(.00) (.00)

owAvg .02 .02 .02 .02 .02 .02
(.00) (.00) (.00) (.00) (.00) (.00)

T
ri
d
ia
g
. Top1 .02 .02 .03 .03 .03 .04
(.00) (.00) (.00) (.00) (.00) (.00)

sAvg .02 .02 .02 .03 .03 .03
(.00) (.00) (.00) (.00) (.00) (.00)

wAvg .02 .02 .02 .02 .02 .02
(.00) (.00) (.00) (.00) (.00) (.00)

Thresholded I .02 .02 .02 .03 .03 .02
(.00) (.00) (.00) (.00) (.00) (.00)

Thresholded II .04 .04 .04 .00 .00 .02
(.00) (.00) (.00) (.00) (.00) (.00)
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Table 2.7: Average and standard deviation (between parentheses) of the matrix
ℓ∞ norm over 500 repetitions on the active and non-active sets, for the proposed
estimator and six competitors when n = 50000 and p = 1000. Three di�erent
structures of the precision matrix are considered.

Active set Non-active set
K K

1 5 10 20 1 5 10 20
Full .65 5.93

(.04) (.15)
owAvg .69 .63 .63 5.91 6.05 6.42

(.04) (.04) (.03) (.15) (.14) (.14)

R
a
n
d
o
m Top1 .84 .88 .97 8.34 8.79 9.93

(.05) (.05) (.06) (.20) (.21) (.30)
sAvg .84 1.60 4.87 10.89 13.61 21.92

(.05) (.05) (.06) (.20) (.21) (.20)
wAvg .68 .62 .71 5.91 6.08 6.61

(.04) (.04) (.03) (.15) (.14) (.14)
Thresholded I 1.07 1.87 2.37 .05 .11 .07

(.07) (.11) (.12) (.01) (.01) (.01)
Thresholded II 1.19 1.77 2.20 .06 .43 1.81

(.07) (.07) (.07) (.03) (.08) (.16)

Full .70 7.23
(.07) (.19)

owAvg .73 .66 .57 7.22 7.35 7.70
(.07) (.07) (.06) (.18) (.19) (.19)

B
lo
ck

d
ia
g
. Top1 .76 .77 .81 10.17 10.71 12.13

(.08) (.09) (.09) (.27) (.28) (.32)
sAvg .77 .72 1.27 9.66 11.71 12.26

(.08) (.07) (.05) (.26) (.29) (.27)
wAvg .73 .65 .57 7.22 7.36 7.81

(.07) (.07) (.05) (.18) (.18) (.19)
Thresholded I .77 .73 1.22 .17 .18 .13

(.08) (.07) (.05) (.02) (.02) (.02)
Thresholded II 1.33 2.06 2.66 .29 .93 1.80

(.08) (.09) (.09) (.06) (.11) (.11)

Full .02 .4.73
(.00) (.04)

owAvg .03 .02 .02 4.18 4.07 3.91
(.00) (.00) (.00) (.04) (.03) (.03)

T
ri
d
ia
g
. Top1 .03 .04 .04 6.08 6.38 7.18

(.00) (.00) (.00) (.05) (.05) (.06)
sAvg .03 .04 .04 5.35 5.71 5.09

(.00) (.00) (.00) (.04) (.05) (.04)
wAvg .03 .02 .02 4.19 4.10 3.96

(.00) (.00) (.00) (.04) (.03) (.03)
Thresholded I .03 .04 .04 .25 .22 .09

(.00) (.00) (.00) (.02) (.02) (.01)
Thresholded II .07 .07 .07 .00 .00 .00

(.00) (.00) (.00) (.00) (.00) (.00)
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Table 2.8: Average coverage probability and average length of the con�dence in-
terval over 500 repetitions when n = 50000 and p = 1000 for the tridiagonal graph
structure.

Avg.Cov Avg.Len
K K

1 5 10 20 1 5 10 20
A
ct
iv
e
se
t Full .96 .02

owAvg .94 .95 .94 .02 .02 .02
Top1 .94 .94 .95 .03 .03 .04
sAvg .95 .95 .92 .03 .03 .03
wAvg .93 .93 .93 .02 .02 .02

N
o
n
-a
ct
iv
e

se
t

Full .93 .02
owAvg .94 .94 .95 .02 .02 .02
Top1 .94 .94 .94 .03 .03 .03
sAvg .95 .96 .96 .03 .03 .02
wAvg .94 .93 .93 .02 .02 .02

2.10 Appendix C: Extra �gures

In this appendix, some extra �gures are provided to present the performance of
the proposed estimator. Figures 2.6-2.8 show the normalized distribution of the
proposed estimator and competitors. The light gray histograms correspond to
the reference Full estimator and the dark gray ones correspond to the distributed
estimators.
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Figure 2.6: Histogram of the normalized estimators for the pair (a, b) = (1, 3) for
the random graph structure when n = 50000 and p = 1000.
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Figure 2.7: Histogram of the normalized estimators for the pair (a, b) = (1, 3) for
the block diagonal graph structure when n = 50000 and p = 1000.
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Figure 2.8: Histogram of the normalized estimators for the pair (a, b) = (1, 3) for
the tridiagonal graph structure when n = 50000 and p = 1000.



Chapter 3

Directional false discovery rate control via debiased

and distributed procedures in Gaussian graphical

models

In this chapter, a multiple testing procedure for the conditional dependence in
Gaussian graphical models is proposed. In practice, it is important to determine
whether the conditional dependence between variables is positive or negative. How-
ever, there are several challenges to building statistics for testing using sample data.
For instance, due to privacy concerns, one is not able to aggregate di�erent datasets
from several locations at one single location. In this chapter, di�erent test statistics
are constructed using debiased and distributed estimators to address this problem
in a multiple testing framework. It is shown that, under mild conditions, the pro-
posed procedure can control asymptotically the directional false discovery rate,
which focuses on the sign of the estimation, at a pre-speci�ed level. An asymptotic
power equal to one is also attainable under mild conditions on the non-zero entries
of the precision matrix. Di�erent simulation scenarios and real data examples are
used to investigate the performance of the proposed procedure and to con�rm the
theoretical results. The content of this chapter is based on the paper

Nezakati, E. and E. Pircalabelu (2023a). Directional false
discovery rate control via debiased and distributed proce-
dures in Gaussian graphical models. pp. 1�34, Submitted.

3.1 Introduction

Gaussian graphical models (GGMs), which represent the conditional dependence
relationships among a set of random variables through a graph structure, have
many applications in the real world, including brain connectivity based on FMRI
measurements (Ng et al., 2013), gene regulatory network discovery (Schäfer and
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Strimmer, 2005), social network analysis, and many more. A large body of liter-
ature studied the estimation of GGMs, such as Yuan and Lin (2007), Friedman
et al. (2008), Cai et al. (2011) and Ravikumar et al. (2011) among many others.

Considering Θab ̸= 0 as soon as the graphical Lasso estimates Θ̂ab ̸= 0, i.e.,
considering naively just the estimated graph and precision matrix, is a de�cient
strategy leading to a high false discovery rate (FDR) value. Remember that on
completely independent data in Section 2.6 the estimated precision matrix from
the graphical Lasso contained more than 1600 falsely estimated edges. Generally
this has to do with the presence of high-dimensional data and small sample sizes in
many practical applications. In this chapter, we consider creating test statistics for
the coupleH0,ab : Θab = 0 vsH1,ab : Θab ̸= 0, whereΘab is the (a, b)-th entry of the
inverse covariance matrix Θ in GGMs, based on the transformations of the simple
graphical Lasso estimators. The challenge is the fact that the distribution of the
Lasso estimators is untractable. Liu (2013) considered inference for GGMs based
on a nodewise regression approach and introduced a multiple testing procedure on
partial correlations with false discovery proportion (FDP) and FDR control. Xia
et al. (2015) studied simultaneous testing for di�erential networks. Recently, Li
et al. (2022) constructed a multiple testing procedure based on a debiased CLIME
estimator for edge detection with FDR control. They have shown theoretically
and numerically that this procedure controls the FDR in multiple testing under
a pre-speci�ed level. In this work, we propose a procedure based on the debiased
graphical Lasso estimator which controls the directional FDR as well as the FDR
at a pre-speci�ed level.

The directional FDR, which was �rst introduced by Gelman and Tuerlinckx
(2000), is a useful metric for identifying type s errors (where �s� stands for sign).
A type s error (also known as type III error) occurs when one con�dently claims
that a comparison goes one way, but it actually goes the other way. This metric is
relevant for GGMs since by identifying the connections between the nodes, one is
able to also state with con�dence that their conditional dependence is positive or
negative via the sign of the estimated partial correlation. In fact, partial correlation
in GGMs measures the relationship between two variables while controlling for all
other variables in the model. The sign of the partial correlation can provide valu-
able insights into the nature of the relationship between two variables. A positive
partial correlation suggests a positive relationship between two variables, while a
negative partial correlation suggests a negative relationship. However, estimating
the sign of the partial correlation incorrectly can have important consequences for
the interpretation of the model.

For example, suppose that one is modeling the relationship between various
�nancial market indicators, including stock prices, interest rates, and in�ation rates
with GGMs. One estimates a positive sign edge between stock prices and in�ation
rates, while in reality, they have a negative relationship due to the well-known
concept of in�ation eroding the real value of stocks. This incorrect estimation
could lead to a wrong investment decision, such that the investors might allocate
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more funds to stocks during periods of high in�ation, thinking it is a positive
in�uence, leading to potential losses. Moreover, in genomics, researchers often use
GGMs to model the relationships between genes based on their expression levels.
If one estimates a negative sign edge between two genes involved in a biological
pathway, while in reality, they have a positive regulatory relationship, this could
lead to a wrong drug development, for which the pharmaceutical companies might
target the wrong genes for drug development, thinking that inhibiting a particular
gene will reduce the expression of another, while in fact, it increases it. These
applications motivate us to investigate the control of type s error in GGMs.

By controlling the type s error in graphical models, one can control type I error
as well as the error that occurs when estimating the sign. In the framework of
regression, Zhao and Yu (2006) studied the sign consistency of Lasso based on the
Irrepresentable condition. Jia et al. (2013) studied sign consistency of a sparse
Poisson-like heteroscedastic model. Barber and Candès (2019) introduced a pro-
cedure using knocko� �lters to control the directional FDR for high-dimensional
linear models. Recently, Javanmard and Javadi (2019) and Cui et al. (2021) pro-
posed di�erent procedures to control the directional FDR under a pre-speci�ed
level using a debiased estimator for high-dimensional linear regression models with
a random design and high-dimensional generalized linear models, respectively. In
this chapter, our goal is to keep under control the directional FDR at a pre-speci�ed
level for Gaussian graphical models using a debiased estimator when data are dis-
tributed on multiple machines.

The process of collecting and analyzing all sample data at a single location for
estimation and inference purposes is becoming challenging these days due to the
growing size of the datasets, limited capacity of machines and security and privacy
concerns. For example, suppose that one wants to estimate a genetic network for
a speci�c disease using datasets that come from di�erent hospitals. To maintain
the privacy of patients' information, one cannot aggregate all the datasets at one
location. To address these issues, distributed statistical approaches, which involve
aggregating multiple estimators from di�erent locations, have gained popularity in
recent years for solving various statistical problems. The reader can refer to Chen
and Xie (2014), Battey et al. (2018), Jordan et al. (2018) and Tang et al. (2020) for
some relevant references on this topic. Nezakati and Pircalabelu (2023c) developed
a new aggregated estimator for GGMs based on debiased local estimators which
use non-overlapping parts of the dataset with unbalanced sizes. This paper has
been explored extensively in Chapter 2 of this thesis. A similar approach has been
explored in Nezakati and Pircalabelu (2023b) for covariate adjusted GGMs, and will
be presented later in Chapter 4. However, to the best of our knowledge, the control
of the directional FDR in the distributed setting has not yet been investigated.

The rest of the chapter is organized as follows. Notation and preliminaries are
presented in Section 3.2. The debiased estimator using the full dataset and dis-
tributed estimators are reviewed in Section 3.3 and their properties are presented.
A procedure for controlling the directional FDR is proposed in Section 3.4 based
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on the debiased estimator using the full dataset and distributed estimators and
their statistical guarantees are investigated. The performance of this procedure is
evaluated via a simulation study and real data examples in Sections 3.5 and 3.6,
respectively. We close with a discussion on the method and possible extensions in
Section 3.7. Proofs of the supporting lemmas and theorems can be found in the
Appendix.

3.2 Preliminaries

Consider the Gaussian graphical models framework, where a p-dimensional random
vector 9Y = (Y 1, . . . , Y p)⊤ follows a multivariate Gaussian distribution with mean

vector zero and covariance matrix Σ. The components of 9Y are mapped to the
node set V = {1, . . . , p} of an undirected graph G = (V, E), where the edge set E de-
scribes the conditional dependence between every pair of components Y 1, . . . , Y p.
A pair (a, b) is not included in the edge set E if and only if the variables Y a and
Y b are independent given all remaining variables. Under the multivariate Gaussian
distribution with positive de�nite covariance matrix, a pair of variables is condi-
tionally independent given all remaining variables if and only if the corresponding
entry in the precision matrix Θ = Σ−1 is equal to zero. Elements of the precision
matrix may thus be interpreted as the edge weights. Denote the maximum number
of non-zero (active) upper o�-diagonal entries of Θ per row, i.e., the maximal node
degree, with d and the index set of the non-zero upper diagonal entries of Θ with
S. Formally,

S = {(a, b) ∈ V × V, a < b : Θab ̸= 0},

having cardinality s = #S, where Θab is the (a, b)-th element of Θ. The set of
non-active components is denoted by Sc.

In this chapter, we propose a framework to select a set Ŝ of pairs of nodes, while
controlling the directional false discovery rate (FDRdir) for the selected pairs. We

de�ne FDRdir for a selected set Ŝ of pairs of nodes with estimated ysignab ∈ {−1, 1}
for the sign of Θab as

FDRdir = E[FDPdir], FDPdir =
#{(a, b) ∈ Ŝ : ysignab ̸= signab}

max{ŝ, 1}
, (3.2.1)

where ŝ denotes the cardinality of Ŝ, i.e., ŝ = #Ŝ, signab = sign(Θab) and by
convention sign(0) = 0. Based on this de�nition, FDRdir represents the expected
fraction of false discoveries among the selected edges, where a false discovery is mea-
sured with respect to type s and type I errors. For example, if ysignab = +1 while
Θab = 0, we consider that the procedure which selects Ŝ made a type I error. On
the other hand, if ysignab = +1 while Θab < 0, we consider that the procedure made
a type s error. In both cases, it is considered as a false discovery. From (3.2.1) and
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based on the de�nition of the classical FDR, i.e., FDR = Er#{(a,b)∈Ŝ: Θab=0}
max{ŝ,1} s, it

holds that FDRdir ≥ FDR. As such, by controlling the FDRdir, one can provide
a control on the FDR, too. It is noteworthy that controlling the FDRdir is more
challenging. The reason is that when one works with type I errors, the false dis-
covery rate is built under the null hypothesis H0,ab : Θab = 0. In contrast, the
directional FDR is not built under the null hypothesis and the element Θab might
be nonzero with a positive or negative sign. Similarly, we de�ne the directional
power of a selected set Ŝ as

Powerdir = E
�
#{(a, b) ∈ Ŝ : ysignab = signab}

max{s, 1}

�
. (3.2.2)

In this chapter, we provide a theoretical procedure, where we control the directional
false discovery rate and we achieve asymptotic power equal to one using a debiased
distributed estimator.

3.3 Debiased Lasso estimator

Consider i.i.d. samples 9Y1, . . . , 9Yn from 9Y, each of length p, and arrange them in
matrix form denoted as Y of size n× p. The goal is to control the false discovery
rate for the procedure estimating the structure of the graph G, or equivalently,
�nding the zero pattern of Θ. The usual assumption in this context is that the
underlying graph is sparse, which is translated in imposing a certain bound on the
maximal node degree (d) of the precision matrix. To impose this sparsity condition
on the estimation, one common approach is to add an ℓ1 penalty to the negative
log-likelihood function. There exists a wide variety of methods making use of ℓ1
regularization, see for example Friedman et al. (2008), Hsieh et al. (2014), Cai et al.
(2016), among others. The graphical Lasso estimator Θ̂, de�ned by Friedman et al.
(2008), is the solution to the optimization problem

Θ̂ = arg min
Θ∈Sp

++

{
tracepΣ̂Θq− log det(Θ) + λ∥Θ∥1,o�

}
, (3.3.1)

where Σ̂ = Y⊤Y/n is the sample covariance, λ > 0 is the penalty term, ∥·∥1,o� is
the ℓ1 o�-diagonal norm of the matrix, de�ned as ∥Θ∥1,o�=

∑
a ̸=b|Θab| and Sp

++

is the space of positive de�nite matrices of dimension p × p. The graphical Lasso
estimator (3.3.1) is biased due to the ℓ1 penalty which is added to the negative
log-likelihood function. Using the Karush-Kuhn-Tucker (KKT) condition (see for
example, Ravikumar et al., 2011), and certain regularity assumptions (assumptions
(A1)-(A2) in Chapter 2), Jankova and van de Geer (2015) proposed the debiased
graphical Lasso estimator as

Θ̂d = 2Θ̂− Θ̂Σ̂Θ̂. (3.3.2)
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We call this estimator as �debiased full�, since it uses the full dataset of size n× p.
Under regularity assumptions, (A1) and (A2) in Chapter 2, with λ ≍

a
log(p)/n

and the sparsity condition d3/2 = o(
?
n/log(p)), it has been shown in Jankova and

van de Geer (2015) that for every (a, b) ∈ V × V,
?
n

σab
(Θ̂d

ab −Θab) =
1?
nσab

n∑
l=1

Zab,l +

?
n

σab
Rab, (3.3.3)

where 1?
nσab

∑n
l=1 Zab,l converges weakly to N (0, 1), and |Rab|= op(1/

?
n). Note

that Θ̂d
ab and Rab are the (a, b)-th element of Θ̂d and of a remainder term matrix,

called R, respectively. Moreover, σ2
ab = ΘaaΘbb +Θ2

ab and Zab,l = Θ⊤
a

9Yl
9Y⊤
l Θb −

Θab, whereΘa is the a-th column ofΘ and 9Yl = (Y 1
l , . . . , Y

p
l )

⊤ is the p-dimensional

vector of variables corresponding to the l-th sample, l = 1, . . . , n, of 9Y. In Jankova
and van de Geer (2015), it has been shown that

∥Θ̂d −Θ∥∞= Op

�
max {d

a
log(p)/n, d3/2 log(p)/n, d2(log(p)/n)3/2}



,

which is an op(1) quantity under the mentioned sparsity assumption on d.
Now, consider K i.i.d. sub-samples from Y and denote the k-th sub-sample

arranged in matrix form by Yk with dimensions nk × p, k = 1, . . . ,K, such
that nk/n → ck ∈ (0, 1) as nk → ∞, and limK→∞

∑K
k=1 ck = 1. Denote n† =

min1≤k≤K nk as the minimum sub-sample size between all sub-samples. For any
�xed K, one can use each sample in parallel, and using (3.3.2), we have access to
K debiased estimators Θ̂d

ab,k, k = 1, . . . ,K, for every element (a, b) ∈ V × V. Due
to the asymptotic normal distribution of the local estimators, a �nal aggregated
estimator has been derived in Nezakati and Pircalabelu (2023b) and Nezakati and
Pircalabelu (2023c) by maximizing a pseudo log-likelihood function. This function
is constructed using the asymptotic normal density of the local estimators Θ̂d

ab,k,
k = 1, . . . ,K, and the aggregated estimator is of the form

Θ̃ab,owAvg =
1∑K

k=1
nk

σ̂2
ab,k

×
K∑

k=1

nk
σ̂2
ab,k

Θ̂d
ab,k. (3.3.4)

The reader can refer to the mentioned references above and Chapter 2 in this
manuscript for more details on the derivations and theoretical properties of the
estimator in (3.3.4). Note that σ̂2

ab,k in (3.3.4) is a consistent estimator of σ2
ab

obtained based on the k-th sample and is of the form σ̂2
ab,k = Θ̂aa,kΘ̂bb,k + Θ̂2

ab,k,

where Θ̂ab,k is the (a, b)-th element of the graphical Lasso estimator in (3.3.1). It
has been shown in Nezakati and Pircalabelu (2023c) that for every (a, b) ∈ V × V,gffe K∑

k=1

nk
σ̂2
ab,k

�
Θ̃ab,owAvg −Θab



= Wab,† +Rab,†,
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where Wab,†
d−→ N (0, 1) and |Rab,†|= op(1), as K grows at the rate K = Opn1/3/

(d log(p))q, under the sparsity condition d3/2 = o(
?
n†/log(p)) and λk ≍

a
log(p)/nk,

where n† = min1≤k≤K nk. Note that, Rab,† is the (a, b)-th element of a remainder
term matrix, called R†. It is shown in Chapter 2 that

∥Θ̃owAvg −Θ∥∞= Op

�
Kmax {d

a
log(p)/n, d3/2 log(p)/n, d2(log(p))3/2/(n

?
n†)}



,

where Θ̃owAvg is the matrix form of the aggregated estimator with elements Θ̃ab,owAvg,

(a, b) ∈ V×V. Using the triangle inequality, it is deduced that also ∥Θ̃owAvg−Θ̂d∥∞
is equal to the bound above. This implies that the convergence rate at which the
distributed estimator approaches the full estimator Θ̂d is the same convergence
rate at which it approaches the true matrix Θ. As such, it is noteworthy that
Θ̃owAvg approximates the debiased full estimator Θ̂d well, and it exhibits a similar

statistical error as Θ̂d as long as the number of machines K is not too large.
In the next section, we provide a procedure using the debiased full and dis-

tributed estimators to control the directional false discovery rate.

3.4 Controlling the directional false discovery rate

In order to perform model selection for high-dimensional GGMs, we consider the
multiple testing problem

H0,ab : Θab = 0 vs H1,ab : Θab ̸= 0, 1 ≤ a < b ≤ p.

Here the p(p− 1)/2 hypotheses are tested at the same time and it is equivalent to
selecting the set Ŝ of estimated non-zero entries ofΘ. By controlling the directional
FDR, one not only cares about type I error, but also cares about the sign of the
entries of the selected set Ŝ and whether they match with the sign of the true
entries.

3.4.1 Directional FDR control via the debiased full estima-

tor

To control the directional FDR using the debiased full estimator from (3.3.2), for
every 1 ≤ a < b ≤ p, we de�ne the test statistic

T̂ab :=

?
nΘ̂d

ab

σ̂ab
, (3.4.1)

where σ̂ab is a consistent estimator for σab de�ned as σ̂
2
ab = Θ̂aaΘ̂bb+Θ̂2

ab (for more
details, see Lemma 2 of Jankova and van de Geer, 2015). For a given threshold
t > 0, we reject H0,ab : Θab = 0 in favor of H1,ab : Θab ̸= 0, if |T̂ab|≥ t and we
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return the sign of T̂ab as the estimated sign of Θab. With this test statistic, the
directional FDP at a given threshold t is de�ned as

FDPdir(t) =

∑
(a,b)∈S≥0

I(T̂ab ≤ −t) +
∑

(a,b)∈S≤0
I(T̂ab ≥ t)

max{R(t), 1}
, (3.4.2)

where

S≤0 = {(a, b) ∈ V × V, a < b : Θab ≤ 0},
S≥0 = {(a, b) ∈ V × V, a < b : Θab ≥ 0}.

Moreover, R(t) :=
∑

1≤a<b≤p I(|T̂ab|≥ t) is the total number of rejections at thresh-

old t, with I(·) being the indicator function. In words, the term
∑

(a,b)∈S≥0
I(T̂ab ≤

−t) in (3.4.2) counts the number of times that Θab is truly non-negative, but one
mistakenly estimates its sign as negative. A similar argument holds for

∑
(a,b)∈S≤0

I(T̂ab ≥ t).

De�ne next the random variable

T̃ab :=
1?
nσ̂ab

n∑
l=1

Zab,l +

?
n

σ̂ab
Rab. (3.4.3)

Using the de�nition of T̂ab in (3.4.1), it can be shown that T̂ab =
?
nΘab

σ̂ab
+
?
n

σ̂ab
Rab+

1?
nσ̂ab

∑n
l=1 Zab,l, with Rab and Zab,l the same quantities as in (3.3.3). Then on

the set S≤0 we get T̂ab ≤ T̃ab and as such, I(T̂ab ≥ t) ≤ I(T̃ab ≥ t). On the other

hand, on S≥0, we have T̂ab ≥ T̃ab and as such I(T̂ab ≤ −t) ≤ I(T̃ab ≤ −t). As a
result, in (3.4.2), we can write

FDPdir(t) ≤
∑

(a,b)∈S≥0
I(T̃ab ≤ −t) +

∑
(a,b)∈S≤0

I(T̃ab ≥ t)

max{R(t), 1}
. (3.4.4)

In the sequel, we propose a procedure for which one can control the directional
FDR by bounding the right hand side of (3.4.4) at a pre-speci�ed level 0 < α < 1.

As it is shown in Lemma 3.4.1, the tail probability P(|T̃ab|> t) can be approxi-
mated by G(t) uniformly in 1 ≤ a < b ≤ p, where G(t) = 2(1 − Φ(t)) and Φ(t) is
the cumulative distribution function of the standard normal distribution. As such,
the expected value of the numerator in (3.4.4) can be approximated by p1G(t),
where p1 := p(p− 1)/2. To �nd the threshold t for a pre-speci�ed level 0 < α < 1,

let tp = p2 log(p1)− 2 log(log(p1))q1/2 and de�ne

t0 := inf {0 ≤ t ≤ tp :
p1G(t)

max{R(t), 1}
≤ α}. (3.4.5)
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If the value in (3.4.5) does not exist, let t0 =
a
2 log(p1). For every 1 ≤ a < b ≤ p,

we reject H0,ab if |T̂ab|≥ t0 and we return ysignab = sign(T̂ab) as the estimate for
sign(Θab).

To provide statistical guarantees on controlling the directional FDR using the
de�ned procedure, we need to introduce two technical sets. For every γ > 0 and
some constant c0 > 0, de�ne �rst the set

Γ(γ, c0) := {1 ≤ a < b ≤ p : |Θ0
ab|≥ c0(log(p))

−1−γ/2}, (3.4.6)

with cardinality Υ = #Γ(γ, c0), and de�ne next the set

Ψ(ρ) := {1 ≤ a < b ≤ p : |Θ0
ab|≥

1?
2
(
1− ρ

1 + ρ
)},

for every ρ ∈ (0, 1), with cardinality ψ = #Ψ(ρ), where Θ0
ab is the normalized

form of Θab, de�ned as Θ0
ab = Θab/

?
ΘaaΘbb. We call the set Γ(γ, c0) as the

set of �highly correlated pair nodes�, and its complement set, which is denoted
by Γc(γ, c0), as the set of �weakly correlated pair nodes�. These two sets Γ(γ, c0)
and Ψ(ρ), involving the elements of the precision matrix Θ, are similar to the sets
de�ned in Javanmard and Javadi (2019), are needed to guarantee the control of the
directional FDR in GGMs, and are used explicitly in the proofs of Lemma 3.4.1
and Theorem 3.4.2. More precisely, the proof of the main theorems in this chapter
are constructed using Lemmas 6.1 and 6.2 of Liu (2013), wherein the covariance
between speci�c random vectors should be bounded. To ful�ll those conditions, we
need the two technical sets Γ(γ, c0) and Ψ(ρ) with speci�c bounds on the entries
Θ0

ab. Note that these two sets are not disjoint, and at some point, we need to de�ne
a set di�erence between these two sets. For more details, the reader can refer to
the proof of Lemma 3.9.1 in the Appendix B.

Since the threshold t0 tends typically to in�nity with a growing number of nodes
p, to control the directional FDP in (3.4.4), the elementwise asymptotic normality
result in (3.3.3) is not enough to provide statistical guarantees for the procedure.
As such we use a stronger, Cramér-type moderate deviation result similar to Liu
(2013) which provides guarantees uniformly over pairs (a, b). This is provided in
Lemma 3.4.1.

Lemma 3.4.1. Let p ≤ nr for some r > 0, and suppose that assumptions (A1)-
(A2) in Chapter 2 hold. Consider the random variable T̃ab de�ned in (3.4.3), and
denote by

Tab :=
1?
nσab

n∑
l=1

Zab,l, (3.4.7)

for every 1 ≤ a < b ≤ p, where Zab,l is de�ned in (3.3.3). Under the sparsity con-
dition d3/2 = op?n/(log(p))3/2q, and considering the set Γ(γ, c0) with cardinality
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Υ = o(pδρ), δ ∈ (0, 1/2], ρ ∈ (0, 1), we have

max
a,b

|T̃ab − Tab| = opp1/
a
log(p)q (3.4.8)

and

max
a,b

sup
0≤t≤tp

����P(|Tab|> t)

G(t)
− 1

����→ 0.

The proof is given in Appendix 3.8.1.
Theorem 3.4.2 next provides statistical guarantees for the control of the direc-

tional FDR using the threshold introduced in (3.4.5).

Theorem 3.4.2. Let p ≤ nr for some r > 0, and suppose that assumptions
(A1)-(A2) in Chapter 2 hold. Consider the test statistic T̂ab de�ned in (3.4.1)
based on the debiased estimator from (3.3.2). Under the sparsity condition d3/2 =
o(
?
n/(log(p))3/2), and considering the sets Γ(γ, c0) and Ψ(ρ) with cardinalities

Υ = o(pδρ), ρ ∈ (0, 1), δ ∈ (0, 1/2] and ψ = O(pδρ/
a
log(p)), respectively, for the

threshold t0 de�ned in (3.4.5) and every ϵ > 0, we have

lim sup
(n,p)→∞

FDRdir ≤ α, and lim
(n,p)→∞

P(FDPdir ≤ α+ ϵ) = 1. (3.4.9)

The proof is given in Appendix 3.8.2.
Comparing the sparsity condition of Theorem 3.4.2 with that of Jankova and

van de Geer (2015) for the pointwise asymptotic normality of the test statistic, it
is observed that the number of non-zero entries per row of the precision matrix
Θ should grow at a slower rate in this case, such that the matrix be sparser for
the proposed procedure to provide control on the directional FDR. Moreover, the
conditions on the cardinality of two sets Γ(γ, c0) and Ψ(ρ) need that the test
statistics should have mild correlations for the directional FDR to be under control.
In the sequel, Theorem 3.4.3 provides guarantees for the statistical power of the
proposed procedure.

Theorem 3.4.3. Suppose that the conditions of Theorem 3.4.2 hold. If |Θab|>b
2σ2

ab log(p1/s)

n for (a, b) ∈ S, where p1 = p(p− 1)/2, s = #S the cardinality of the

support of Θ, and σ2
ab = ΘaaΘbb +Θ2

ab, then we have

lim inf
n→∞

Powerdir

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
n|Θab|
σab

q

 ≥ 1, (3.4.10)

where α is the pre-speci�ed level in the hypotheses testing procedure. Moreover,

if
?
nΘmin

σmax
− Φ−1(1 − αs

2p1
) → ∞, where Θmin = min(a,b)∈S |Θab| and σmax =

max(a,b)∈S σab, then Powerdir → 1.

The proof is given in Appendix 3.8.3.
In the next section, we show that the directional FDR can still be maintained

under control using the distributed estimator.
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3.4.2 Directional FDR control via the distributed estimator

Similarly to (3.4.1), one can construct the test statistic

Ûab =

gffe K∑
k=1

nk
σ̂2
ab,k

Θ̃ab,owAvg, (3.4.11)

for every 1 ≤ a < b ≤ p, based on the distributed estimator. This statistic will be
used for the hypothesis test H0,ab : Θab = 0 vs H1,ab : Θab ̸= 0. Using this test

statistic, one can reject H0,ab in favor of H1,ab if |Ûab|≥ t for a given threshold t.
As such, the directional FDP at a given threshold t based on the statistic de�ned
in (3.4.11) will be similar to (3.4.2), by replacing T̂ab with Ûab, that is

FDPdir(t) =

∑
(a,b)∈S≥0

I(Ûab ≤ −t) +
∑

(a,b)∈S≤0
I(Ûab ≥ t)

max{R′(t), 1}
,

with R′(t) :=
∑

1≤a<b≤p I(|Ûab|≥ t). Similarly to (3.4.3), by de�ning the random
variable

Ũab = Wab,† +Rab,†, (3.4.12)

one can show that

FDPdir(t) ≤
∑

(a,b)∈S≥0
I(Ũab ≤ −t) +

∑
(a,b)∈S≤0

I(Ũab ≥ t)

max{R′(t), 1}
.

Lemma 3.4.4 shows that the di�erence between Ũab and Tab is negligible, and
as such, using Lemma 3.4.1, the tail probability P(|Ũab|> t) can be approximated
by G(t). As a result, for a pre-speci�ed level 0 < α < 1, the threshold t′0 can be
de�ned as

t′0 := inf {0 ≤ t ≤ tp :
p1G(t)

max{R′(t), 1}
≤ α}, (3.4.13)

where relative to (3.4.5), we substitute the total number of rejections R(t) by R′(t)
based on the distributed test statistic Ûab from (3.4.11).

Lemma 3.4.4. Let p ≤ nr for some r > 0, and suppose that assumptions (A1)-
(A2) in Chapter 2 hold. Consider the random variable Ũab de�ned in (3.4.12) for
every 1 ≤ a < b ≤ p. Then

max
a,b

|Ũab − Tab| = Op

�
K?
n
max {d3/2 log(p), d2(log(p))3/2/?n†,Kd log(p)}



,

which is op(1) as K grows at the rate K = Opn1/4/(d log(p))q with sparsity condi-
tion d3/2 = op?n†/(log(p))3/2q.
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The proof is given in Appendix 3.8.4.
Theorem 3.4.5 provides guarantees for the control over the directional FDR

using the threshold introduced in (3.4.13).

Theorem 3.4.5. Let p ≤ nr for some r > 0, and suppose that assumptions
(A1)-(A2) in Chapter 2 hold. Consider the test statistic Ûab de�ned in (3.4.11)
based on the distributed estimator. Suppose that the sparsity condition d3/2 =
o(
?
n†/(log(p))

3/2) holds, and consider the sets Γ(γ, c0) and Ψ(ρ) with cardinali-

ties Υ = o(pδρ), ρ ∈ (0, 1), δ ∈ (0, 1/2] and ψ = O(pδρ/
a
log(p)), respectively.

As long as K grows at the rate K = Opn1/4/(d log(p))q, the threshold de�ned in
(3.4.13) based on the test statistic Ûab controls the directional FDR at level α, i.e.,
for every ϵ > 0,

lim sup
(n,p)→∞

FDRdir ≤ α, and lim
(n,p)→∞

P(FDPdir ≤ α+ ϵ) = 1.

The proof is given in Appendix 3.8.5.
Comparing the upper bound provided for the growing number of machines K

in Theorem 3.4.4 with that of Nezakati and Pircalabelu (2023c) for the pointwise
asymptotic normality of the distributed test statistic, it is observed that K should
grow at a slower rate here, in order for the procedure to provide a control on the
directional FDR. The rate in Chapter 2 is too large for our purposes and using that
rate does not guarantee op(·) results, reason for which we use a slightly smaller term
in the bound for K. Furthermore, the conditions on the cardinality of the two sets
Γ(γ, c0) and Ψ(ρ) are the same as in Theorem 3.4.2. These conditions are di�erent,
but similar, to those of Javanmard and Javadi (2019) for controlling the directional
FDR for hypothesis testing in high-dimensional regression models.

Remark 3.1. By the same technique as in Theorem 3.4.3 and the provided as-
sumptions on the entries of Θab, under the conditions of Theorem 3.4.5, it can be
shown that the directional power of the proposed distributed procedure tends to 1
with increasing n.

In the next section, we investigate the performance of the proposed procedure
via a simulation study.

3.5 Simulation study

In this section, we analyze the performance of the proposed procedure in controlling
the FDR by conducting a simulation study. Two simulation settings are considered
for this purpose. In the �rst setting, we compare the performance of the statistic
de�ned in (3.4.1), which is based on the debiased full estimator, with that of the
other existing methods. In the second setting, we compare the performance of the
distributed test statistic de�ned in (3.4.11) with that of the debiased full estimator.
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To generate a dataset, we simulated n samples from a multivariate normal
distributionNp(0,Σ), such thatΘ = Σ−1 is graph-structured and has the following
sparse structures

(i) random with probability of connection 0.05;

(ii) block diagonal with 10 blocks and 0.2 as the probability of connection in each
block;

(iii) chain or tridiagonal with 1 on the diagonal and 0.2 on the upper and lower
diagonals.

All the simulation results are empirical averages over 100 replications from the
speci�ed DGPs. Consider Ŝr = {(a, b) ∈ V × V, a < b : |T̂ab,r|≥ t0,r} as the set
of selected pairs (a, b) at the r-th replication, using the proposed procedure, where
T̂ab,r and t0,r are the test statistic de�ned in (3.4.1) and the threshold de�ned
in (3.4.5), respectively, for the r-th replication. The empirical FDP for the r-th
replication, r = 1, . . . , 100, is de�ned as

FDPr =

∑
(a,b)∈Ŝr

I(Θab = 0)

max{ŝr, 1}
,

where ŝr is the cardinality of the selected set Ŝr, i.e., ŝr = #Ŝr. Then, the empirical
FDR over 100 replications, is of the form FDR = (1/100)

∑100
r=1 FDPr. Moreover,

the empirical power is calculated as

Power =
1

100

100∑
r=1

{∑
(a,b)∈Ŝr

I(Θab ̸= 0)

max{s, 1}

}
,

where s is the cardinality of the set S, which is the set of active components of
Θ. Similar quantities can be de�ned based on di�erent test statistics such as the
distributed one.

3.5.1 Performance of the debiased full test statistic

To compare the performance of the threshold introduced in (3.4.5) based on the
debiased full estimator de�ned in (3.3.2) with other competitors, we considered
the procedures of Li et al. (2022) and Liu (2013) based on the debiased Clime
estimator and the nodewise Lasso procedure, respectively. We set the number of
variables (nodes) to p = 200 and the sample size to n = 150, 200, 250 and 2000. The
regularization parameter is considered equal to λ =

a
log(p)/n for all procedures

and the results are presented in Table 3.1. The proposed statistic based on the
debiased graphical Lasso and the ones from Li et al. (2022) and Liu (2013) have
been denoted by �dGL�, �dCl� and �GFC�, respectively in this table.

It is observed that dGL and dCl can control FDR at the pre-speci�ed levels
α = 0.1 and 0.2 for all three scenarios. However, the results for dGL are slightly
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better than those based on the dCl test statistic. The FDR results for the GFC
procedure are high, especially for the random graph structure. For this structure,
when n is small, GFC is not able to control FDR at the pre-speci�ed levels, but as
n increases, it reaches eventually the pre-speci�ed levels 0.1 and 0.2. However, its
power is the highest compared to the two other methods. Moreover, it is observed
that the powers when using model (ii) as DGP are the highest relative to those
obtained when using models (i) and (iii). The reason is that the non-zero entries
in the true precision matrix Θ have the largest magnitude in model (ii). The
results for the directional FDR corresponding to the dGL test statistic were also
similar to the ones presented in Table 3.1, just slightly higher than the reported
ones. However, since dCl and GFC do not provide any procedure for controlling
the directional FDR, we did not report these results here. The FDPs over 100
replications are also plotted in Figure 3.1 for the random graph structure, with
di�erent values of n with p = 200 at the pre-speci�ed level α = 0.1. It is observed
that most FDPs corresponding to the dGL and dCl procedures are concentrated
around the FDRs and under the pre-speci�ed level. Moreover, the median of the
dGL is smaller than that of the dCl. The FDP values corresponding to the GFC
are larger and are not under the pre-speci�ed level 0.1. However, with increasing
n, they are getting closer to 0.1.
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Figure 3.1: Boxplots of FDPs over 100 replications for the random graph structure
with p = 200, at the pre-speci�ed level α = 0.1.

3.5.2 Performance of the distributed test statistic

In this section, we investigate the performance of the distributed test statistic and
compare it with that of the full ones in controlling the FDR. To this end, we
set the total sample size to n = 50000, the number of nodes to p = 1000 and
changed the number of machines from K = 5, 10 to 20. To show the performance
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of the distributed estimator in the unbalanced setting, we considered the following
unbalanced data splitting procedure similar to Nezakati and Pircalabelu (2023c).

Suppose that among all available machines, two of them are powerful. The �rst
one is the most powerful one and (55 −K)% of the dataset is distributed on this
machine. The second one is less powerful than the �rst one and (60−K)% of the
remaining dataset is distributed on this one. The remaining dataset is distributed
roughly equally on the remaining machines.

In this study, the regularization parameter λk in the k-th graphical Lasso prob-
lem has been set to λk = λ =

a
log(p)/n for all simulation settings except for the

tridiagonal case. Due to the high sparsity of the precision matrix in the tridiagonal
structure, we increased slightly the regularization parameter to λk =

a
log(p)/nk.

The empirical false discovery rate results are shown in Table 3.2. All the pow-
ers were equal to 1 and they have not been presented in the table. Similarly to
the previous simulation study, the results for the directional FDR corresponding
to the distributed test statistic were slightly higher than the false discovery rates
presented in Table 3.2 and have not been shown in this table.

From Table 3.2, it is observed that all the false discovery rates in the distributed
case are under control at the pre-speci�ed levels α = 0.1 and 0.2. Moreover, the
results are close to those of the debiased full one and they con�rm that one does not
lose much information when the dataset is distributed on di�erent locations and
estimators are aggregated. The results concerning the FDPs for the three graph
structures with α = 0.1 over 100 replications are shown in Figure 3.2 for dCl, GFC,
dGL and the distributed procedure when K = 20. It is observed that all empirical
FDPs for dGL and K = 20 are under the pre-speci�ed level α = 0.1. However,
in the tridiagonal structure, GFC and dCl have values larger than 0.1 for some
replications.

As it is mentioned in Theorems 3.4.2 and 3.4.4, the theoretical guarantee on
controlling the directional FDR depends on several assumptions e.g. the sparsity
and the magnitude of the entries of Θ. To investigate the e�ect of the sparsity
on the directional FDR, we considered the random graph structure and changed
the probability of connection between every pair of nodes from 0.01 to 0.1. The
results are presented in the left panel of Figure 3.3 for the dGL and the distributed
procedure with K = 5, 10 and 20. It is observed that the results are not sensitive
to the probability of connection, as they are stable in the interval (0.02, 0.06) and
under the pre-speci�ed level α = 0.1.

Moreover, to investigate the e�ect of the magnitude of the o�-diagonal entries
on the directional FDR, we considered di�erent random graph structures, such that
the magnitude of the largest o�-diagonal entry changes from 0.2 to 6.5. The results
are presented in the right panel of Figure 3.3. It is observed that as the magnitude
of the o�-diagonal entries of Θ increases, the directional FDR increases for both
debiased full and distributed procedures. This con�rms that the cardinality of
the highly correlated pair nodes should be under control, such that most of the
test statistics have mild correlation as only in this case it provides a guarantee on
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Table 3.2: Empirical false discovery rate for the distributed and debiased full test
statistics and two competitors, when n = 50000 and p = 1000.

α = 0.1 α = 0.2
K K

1 5 10 20 1 5 10 20

dGL .03 .08
Random dCl .07 .14

GFC .09 .19
distributed .04 .04 .05 .08 .09 .11

dGL .04 .09
Block diag. dCl .07 .15

GFC .10 .19
distributed .04 .05 .07 .09 .10 .14

dGL .08 .16
Tridiag. dCl .09 .18

GFC .10 .19
distributed .05 .04 .03 .11 .09 .07

controlling the directional FDR at the pre-speci�ed level α.

3.6 Real data

In this section, we present two real data examples that illustrate the performance
of our methodology.

3.6.1 Text dataset

The publicly available �4 university web-pages� dataset used in Chapter 2 has also
been analyzed here. For a description we refer to Section 2.6 of Chapter 2. The
dataset contained n = 4199 and p = 500 terms. We applied dGL, dCl, GFC,
and the distributed procedure with K = 3, 4 and 5 to identify the connections
between 500 distinct terms. The splitting setting is considered the same as in the
simulation study. The regularization parameter and the pre-speci�ed level are set
to λ =

a
log(p)/n and α = 0.1, respectively, for all procedures. The proportion of

detected edges, which is obtained as the percentage of the number of detected edges
divided by p(p − 1)/2, is presented in the left panel of Figure 3.4. It is observed
that the proportion of detected edges is low, meaning that the estimated graph is
sparse. The distributed procedure identi�ed the sparsest graph, while the graph
identi�ed by GFC is quite dense. The proportion of detected edges using dGL and
the distributed procedure are close to each other, which con�rms the similarity of
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Figure 3.2: Boxplots of FDPs over 100 replications for three graph structures with
p = 1000 and n = 50000, at the pre-speci�ed level α = 0.1.

these two procedures.
To evaluate the performance of the estimated graphs, we computed the out-of-

sample prediction error using the negative log-likelihood. To this end, we sampled
10 percent of the dataset as the test set and the remaining dataset was used as
the training set. After estimating the precision matrix using the training dataset
by the proposed hypothesis testing procedures, denoted as Θ̌, we symmetrized it
and computed the positive de�nite projection of Θ̌, denoted as Θ̌+. Similarly to
Li et al. (2022), the out-of-sample prediction error of Θ̌+ is evaluated via

PredErr(Θ̌+) =
1

2p

{
trace(Σ̂testΘ̌+)− log det(Θ̌+)

}
,

where Σ̂test is the sample covariance using the test dataset. The average over 10
replications of the out-of-sample prediction errors is presented in the upper panel in
Table 3.3. It is observed that all prediction errors are close to each other, indicating
that the estimated graphs and estimated precision matrices are relatively similar.
As the GFC procedure does not provide any estimates for the diagonal entries of
the precision matrix, it is not possible to compute this prediction error for it.

Afterwards, to investigate the performance of the estimators for completely
independent variables, we permuted randomly sample data for each variable, thus
breaking up the correlation structure in order to construct a dataset with mutually
independent variables. As such, we expect that there are no edges in the estimated
graph. By applying the mentioned procedures on this dataset, we identi�ed no
edges in the estimated graph which con�rms this assertion.

The �rst ten terms with the highest node degrees, identi�ed by the proposed
procedures, are presented in Figure 3.5. Some terms such as �project� and �memori�
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Figure 3.3: The left panel presents FDRdir for the debiased full procedure labeled
dGL and the distributed procedure with K = 5, 10, 20 as a function of the probabil-
ity of connection in the random graph structure. The right panel presents FDRdir

for the mentioned procedures as a function of the magnitude of the o�-diagonal
entries of Θ. For both panels, n = 50000, p = 1000 and the pre-speci�ed level
α = 0.1 are considered.

are identi�ed by almost all the procedures. Based on the node degrees provided
in this �gure, it is con�rmed that the estimated graph by GFC is quite dense
compared to the estimated graph by the other procedures. Comparing the result
of this �gure for K = 5 with the one from Figure 2.5 of Chapter 2, it is observed
that some words such as �course�, �ieee�, �award� and �algorithm� are common
between two graphs. However, there are some di�erences in the node degree of two
graphs. The di�erence can be attributed to the fact that the graphical Lasso with
Bonferroni correction is much sparser than the graphical Lasso with FDR control
procedure.

3.6.2 Pan-Cancer dataset

The process of collecting the Pan-Cancer dataset from The Cancer Genome Atlas
(TCGA) project (available at https://xenabrowser.net/datapages/) was started in
2006 and in 10 years time, TCGA network investigators had characterized the
molecular landscape of tumors from more than 11000 patients across 33 cancer
types. This particular TCGA molecular dataset has been studied in multiple
works to understand the cancer biology, including those of glioblastoma multi-
forme (GBM), ovarian, breast, lung, prostate, bladder and others (see for instance,
Akbani et al., 2015; Cancer Genome Atlas Research Network, 2017; Liu et al.,
2018).

We applied the proposed methodology on 743 microRNA mature strand expres-
sions to estimate the underlying graph among the microRNAs. The �nal dataset

https://xenabrowser.net/datapages/
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Table 3.3: Out-of-sample prediction error of the proposed procedure

Text dataset
dCl GFC dGL K = 3 K = 4 K = 5

PredErr .43 / .42 .44 .45 .46

Pan-cancer dataset
dCl GFC dGL K = 3 K = 5 K = 10

PredErr .27 / -.16 -.15 -.14 -.11

consists of n = 9986 subjects having p = 743 nodes. The splitting setting is con-
sidered the same as in the simulation study and the number of machines is set to
K = 3, 5 and 10. The regularization parameter and the pre-speci�ed level are set
to λ =

a
log(p)/n and α = 0.05, respectively, for all procedures. The proportion

of detected edges is presented in the right panel of Figure 3.4. It is observed that
the estimated graph by the distributed, dGL and dCl methods are sparse, however
the distributed procedure identi�ed the sparsest graph. The estimated graph by
the GFC method is much denser than the other presented methods. Moreover, it
is observed in the lower panel of Table 3.3 that the dGL has the smallest predic-
tion error, while dCl has the largest one. The prediction errors of the distributed
method are also close to those of the debiased full one which con�rms the similarity
of these two procedures. Note that, after applying the mentioned procedures on
the randomly permuted sample data, we identi�ed no edges between the genes.

As it is mentioned in Wang (2015), the genes hsa-miR-136, hsa-miR-376a and
hsa-miR-377 are the most important genes in identifying GBM cancer. Figure 3.6
presents the estimated sub-graph between these genes using the proposed proce-
dures at the pre-speci�ed level α = 0.1. As it is observed, dGL and the distributed
procedure with K = 3, 5 and 10 identi�ed the same edges between these genes,
while dCl and GFC identi�ed a few more edges.

3.7 Conclusion

In this chapter, we studied the directional false discovery rate in a multiple testing
framework for GGMs. First, a test statistic has been built using the debiased
graphical Lasso estimator and it has been shown that as long as the maximum node
degree of the precision matrix grows at the rate d3/2 = op?n/(log(p))3/2q, and the
cardinality of the highly correlated pair nodes is under control, the directional FDR
will be asymptotically below a pre-speci�ed level.

Furthermore, related to modern problems such as data privacy, heterogeneous
di�erent datasets and parallelization, a distributed test statistic has been proposed
to control the directional FDR in multiple testing. It has been shown that as
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Figure 3.4: The left panel presents the proportion of detected edges for the text
dataset using dCl, GFC, dGL and the distributed procedure with K = 3, 4 and 5,
at the pre-speci�ed level α = 0.1. The right panel presents this proportion for the
Pan-Cancer dataset, at the pre-speci�ed level α = 0.05.

long as the number of multiple datasets grows at the rate K = Opn1/4/(d log(p))q
with the sparsity condition d3/2 = op?n†/(log(p))3/2q and the cardinality of highly
correlated pair nodes is under control, the directional FDR in the multiple testing
of GGMs is asymptotically under a pre-speci�ed level.

The �nite sample performance of the proposed procedures has also been evalu-
ated with a simulation study and real data examples. It is observed that both the
debiased and distributed procedures have competitive results relative to the state-
of-the-art methods. The FDR, as well as the directional FDR for both procedures
are under the pre-speci�ed level. This con�rms the assertion that in practice, hav-
ing datasets distributed across multiple machines, in our aggregation framework
one does not lose much information and the performance is close to that of the de-
biased full procedure which would use the entire dataset, but which is unattainable
in practice.
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Figure 3.5: The �rst 10 terms with the highest node degrees, identi�ed by di�erent
procedures, at the pre-speci�ed level α = 0.1.

3.8 Appendix A: Proofs of the main theorems and
lemmas

3.8.1 Proof of Lemma 3.4.1

Consider Tab =
1?
n

∑n
l=1

Zab,l

σab
, such that Zab,l = Θ⊤

a
9Yl

9Y⊤
l Θb−Θab. It is shown in

Jankova and van de Geer (2015) that under the multivariate Gaussian distribution,
Var(Zab,l) = σ2

ab, where σ
2
ab = ΘaaΘbb +Θ2

ab. As such, on the weakly correlated
pair nodes, i.e., on the set Γc(γ, c0), the condition of Lemma 6.1 of Liu (2013) is
ful�lled, which treats the boundedness of |VarpZab,l/σ

2
abq−1| in this case, and since
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Figure 3.6: The estimated sub-graph between the genes for the GBM cancer, at
the pre-speci�ed level α = 0.05.

tp < 2
a
log(p), for some constant C > 0 we have

max
a,b

sup
0≤t≤tp

����Pp|Tab|> tq
G(t)

− 1

���� ≤ max
a,b

sup
0≤t≤2

?
log(p)

����Pp|∑n
l=1 Zab,l/σab|> t

?
nq

G(t)
− 1

����
≤ Cp log(p)q−1−γ1 ,

where γ1 = min{1/2, γ} and γ > 0 is de�ned in (3.4.6).
To show (3.4.8), we have

max
a,b

|T̃ab − Tab| = max
a,b

����σabσ̂ab
Tab +

?
nRab

σ̂ab
− Tab

����
≤ max

a,b

{
|Tab|× σab| 1

σ̂ab
− 1

σab
|
}
+

?
nmax

a,b

|Rab|
σ̂ab

. (3.8.1)

Using Lemma 2 of Jankova and van de Geer (2015), we have

|σ̂2
ab − σ2

ab| = Opp 1

α1
κH
a
log(p)/nq, (3.8.2)

where κH = ~(HSS)
−1~∞ and α1 are de�ned in Chapter 2. As such, it can be
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shown that the inverse ratio also satis�es

|(σab/σ̂ab)− 1| = Opp
a
log(p)/nq, (3.8.3)

by letting 1/α1 = O(1) and κH = O(1). Under assumption (A2), using Lemma 1
of Jankova and van de Geer (2015), it holds that

|Rab|= Op

�
1

α2
1

κH max {d3/2 log(p)/n, 1

α1
κHd

2(log(p)/n)3/2}


, (3.8.4)

which is op(1/
?
n), under the sparsity condition d3/2 = op?n/log(p)q, and by

letting 1/α1 = O(1) and κH = O(1).
Moreover, under assumption (A2), by Lemma 8 of Jankova and van de Geer

(2015), it also holds that

|Tab|= Oppd
a
log(p)q. (3.8.5)

Combining (3.8.3), (3.8.4) with (3.8.5), and then substituting in (3.8.1), under
the sparsity condition d3/2 = op?n/(log(p))3/2q, the opp1/

a
log(p)q result follows

directly. Note that due to the small cardinality of the highly correlated set, i.e.,
Υ = o(pδρ), δ ∈ (0, 1/2], ρ ∈ (0, 1), relative to the cardinality of the set Γc(γ, c0),
the impact of the highly correlated statistics Tab on the �nal rates can be neglected
following the arguments of Liu (2013) and Li et al. (2022).

3.8.2 Proof of Theorem 3.4.2

Recall that p1 = p(p − 1)/2, G(t) = 2(1 − Φ(t)) and let Q(t) = G(t)/2. First
suppose that t0 in (3.4.5) exists. By (3.4.4), we have

FDPdir(t0) ≤
∑

(a,b)∈S≤0
I(T̃ab ≥ t0) +

∑
(a,b)∈S≥0

I(T̃ab ≤ −t0)
max{R(t0), 1}

=

∑
(a,b)∈S≤0

{I(T̃ab ≥ t0)−Q(t0)}+
∑

(a,b)∈S≤0
Q(t0) +

∑
(a,b)∈S≥0

Q(t0)

max{R(t0), 1}

+

∑
(a,b)∈S≥0

{I(T̃ab ≤ −t0)−Q(t0)}
max{R(t0), 1}

=
p1G(t0)

max{R(t0), 1}
×
{∑

(a,b)∈S≤0
{I(T̃ab ≥ t0)−Q(t0)}
p1G(t0)

+

∑
(a,b)∈S≥0

{I(T̃ab ≤ −t0)−Q(t0)}
p1G(t0)

}
+
Q(t0)(2p1 − s)

max{R(t0), 1}

≤ p1G(t0)Ap + p1G(t0)

max{R(t0), 1}
≤ α(Ap + 1),
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where the �rst equality is obtained by adding and subtracting
∑

(a,b)∈S≤0
Q(t0)

and
∑

(a,b)∈S≥0
Q(t0), while the second equality is obtained by multiplying and

dividing p1G(t0) to the �rst and third terms and the fact that
∑

(a,b)∈S≤0
Q(t0) +∑

(a,b)∈S≥0
Q(t0) = Q(t0)(2p1−s). The last inequality is deduced using (3.4.5) and

with α = p1G(t0)
max{R(t0),1} , where the term Ap is de�ned as

Ap := sup
0≤t≤tp

����
∑

(a,b)∈S≤0
{I(T̃ab ≥ t)−Q(t)}+

∑
(a,b)∈S≥0

{I(T̃ab ≤ −t)−Q(t)}
p1G(t)

����
≤ sup

0≤t≤tp

����
∑

(a,b)∈S≤0
{I(T̃ab ≥ t)−Q(t)}
p1G(t)

����
+ sup

0≤t≤tp

����
∑

(a,b)∈S≥0
{I(T̃ab ≤ −t)−Q(t)}
p1G(t)

����.
As such, to show (3.4.9), it is enough to show that

sup
0≤t≤tp

����
∑

(a,b)∈S≤0
{I(T̃ab ≥ t)−Q(t)}
p1G(t)

���� p−→ 0, (3.8.6)

and by similar techniques, one can show that the second term in the upper bound
for Ap also tends to zero in probability. Using Lemma 3.4.1, the maximal di�erence

over pairs (a, b) between T̃ab and Tab is of order opp1/
a
log(p)q. As such, to show

(3.8.6), we only need to show that

sup
0≤t≤tp

����
∑

(a,b)∈S≤0
{I(Tab ≥ t)−Q(t)}
p1G(t)

���� p−→ 0,

and to this end, we need to show that for every υ > 0,

sup
0≤t≤tp

P
{����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ υ

}
= o(1) (3.8.7)

and ∫ tp

0

P
{����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ υ

}
dt = o(νp), (3.8.8)

where νp = 1/
a
log(p). The reader can refer to Lemma 7.3 of Javanmard and

Javadi (2019) and Lemma 6.3 of Liu (2013) for more details on the motivation
behind (3.8.7) and (3.8.8). We show that these two conditions hold in this situation
and for the reader's convenience we �rst brie�y explain the intuition behind.
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By discretization of the interval [0, tp] to τ0 = 0 < τ1 < τ2 < . . . < τb = tp, such

that τj − τj−1 = νp for 1 ≤ j ≤ b − 1 and τb − τb−1 ≤ νp, where νp = 1/
a
log(p),

we have b ≈ tp/νp. For any t ∈ [τj−1, τj ], it holds that∑
(a,b)∈S≤0

I(Tab ≥ τj)

p1Q(τj)
× Q(τj)

Q(τj−1)
≤

∑
(a,b)∈S≤0

I(Tab ≥ t)

p1Q(t)

≤
∑

(a,b)∈S≤0
I(Tab ≥ τj−1)

p1Q(τj−1)
× Q(τj−1)

Q(τj)
.

As such, it su�ces to show that

max
0≤j≤b

����
∑

(a,b)∈S≤0
{I(Tab ≥ τj)−Q(τj)}
p1Q(τj)

���� p−→ 0. (3.8.9)

We have that

P
�

max
0≤j≤b

����
∑

(a,b)∈S≤0
{I(Tab ≥ τj)−Q(τj)}
p1Q(τj)

���� ≥ v



≤

b∑
j=0

P
�����

∑
(a,b)∈S≤0

{I(Tab ≥ τj)−Q(τj)}
p1Q(τj)

���� ≥ v




≤ 1

νp

∫ tp

0

P
�����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ v



dt

+

b∑
j=b−1

P
�����

∑
(a,b)∈S≤0

{I(Tab ≥ τj)−Q(τj)}
p1Q(τj)

���� ≥ v



.

As such, to show (3.8.9), we need to show that

1

νp

∫ tp

0

P
�����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ v



dt = o(1),

which is equivalent to (3.8.8), and

b∑
j=b−1

P
�����

∑
(a,b)∈S≤0

{I(Tab ≥ τj)−Q(τj)}
p1Q(τj)

���� ≥ v



= o(1).

By showing (3.8.7), one can easily conclude that the later result holds.

Before proving (3.8.7), to simplify notation, de�ne Ψ≤0(ρ) = Ψ(ρ)
⋂
S≤0. By

dividing the set S≤0 into two disjoint sets Ψ≤0(ρ) and S≤0 \Ψ≤0(ρ), in (3.8.7) we
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have

P
{����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ υ

}
≤ P

{���� ∑
(a,b)∈Ψ≤0(ρ)

{ I(Tab ≥ t)−Q(t)

p1Q(t)
}
���� ≥ υ/2

}

+ P
{���� ∑

(a,b)∈{S≤0\Ψ≤0(ρ)}

{ I(Tab ≥ t)−Q(t)

p1Q(t)
}
���� ≥ υ/2

}
, (3.8.10)

where we have used that Pp|X + Y |≥ υq ≤ Pp|X|≥ υ/2q + Pp|Y |≥ υ/2q. Using
Markov's inequality for the �rst probability on the right hand side of (3.8.10), we
get

P
{���� ∑

(a,b)∈Ψ≤0(ρ)

{ I(Tab ≥ t)−Q(t)

p1Q(t)
}
���� ≥ υ/2

}

≤ 2

υp1Q(t)
E
{���� ∑

(a,b)∈Ψ≤0(ρ)

{I(Tab ≥ t)−Q(t)}
����}

≤ 2

υp1Q(t)
E
{ ∑

(a,b)∈Ψ≤0(ρ)

|I(Tab ≥ t)|+Q(t)

}

≤ 2

υp1Q(t)

∑
(a,b)∈Ψ≤0(ρ)

{E(I(Tab ≥ t)) +Q(t)}

≤ 4ψ

υp1
= O(

pδρ

p1
a
log(p)

), (3.8.11)

where the last inequality holds using the uniform convergence of the tail proba-
bility of Tab to the tail probability of the normal distribution provided in Lemma
3.4.1, and the fact that Ψ≤0(ρ) ⊆ Ψ(ρ) with cardinality of Ψ(ρ) satisfying ψ =
O(pδρ/

a
log(p)). Note that the probability in (3.8.11) becomes o(1) under 0 < δ ≤

1/2 and 0 < ρ < 1, reason for which these two conditions are presented in the state-
ment of Theorem 3.4.2. Using Chebyshev's inequality for the second probability
on the right hand side of (3.8.10), we have

P
{���� ∑

(a,b)∈{S≤0\Ψ≤0(ρ)}

{ I(Tab ≥ t)−Q(t)

p1Q(t)
}
���� ≥ υ/2

}

≤ 4

p21Q
2(t)υ2

E
{� ∑

(a,b)∈{S≤0\Ψ≤0(ρ)}

{I(Tab ≥ t)−Q(t)}

2}

. (3.8.12)

Substituting (3.9.1) of Lemma 3.9.1 from Appendix B into (3.8.12) and then to-
gether with (3.8.11), the o(1) result of (3.8.7) follows.
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To show (3.8.8), by substituting (3.9.7) from the proof of Lemma 3.9.1 into
(3.8.12), then together with (3.8.11), for some constants C > 0 and C ′ > 0 we have

∫ tp

0

P
{����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ υ

}
dt

≤
∫ tp

0

{
4ψ

υp1
+

4C ′o(p2δρ)

v2p21
exp p(1− ρ)(3 + ρ)t2p/4q+

4C

v2p log(p)q1+γ1

}
dt.

By taking the integral we get

∫ tp

0

P
{����

∑
(a,b)∈S≤0

{I(Tab ≥ t)−Q(t)}
p1Q(t)

���� ≥ υ

}
dt

≤ 4ψtp
υp1

+
4C ′o(p2δρ)tp

v2p21
exp p(1− ρ)(3 + ρ)t2p/4q+

4Ctp

v2p log(p)q1+γ1

= O(
pδρ

p1
) +

4C ′o(p2δρ)O(
a
log(p))

v2p21
× p p1

log(p1)
q(1−ρ)(3+ρ)/2

+
4CO(

a
log(p))

v2 log(p)1+γ1

= op1/
a
log(p)q,

where the �rst equality is deduced by substituting ψ = Oppδρ/alog(p)q and tp =a
2 log(p1)− 2 log(log(p1)), which is of order O(

a
log(p)), and the last equality

follows since the last term on the third line is the slowest term and it is of order
op1/alog(p)q.

Now, suppose that t0 in (3.4.5) does not exist, and consider t0 =
a
2 log(p1),

our alternative value for the threshold that was proposed in Section 3.4.1. We have

P(
∑

(a,b)∈V×V
a<b

I(ysignab ̸= sign(Θab)) ≥ 1q ≤ Pp
∑

(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q

+ Pp
∑

(a,b)∈S≥0

I(T̂ab ≤ −t0) ≥ 1q. (3.8.13)

Since on S≤0, T̂ab ≤ T̃ab (as was argued in Section 3.4.1), for the �rst probability
on the right hand side of (3.8.13) we can write

Pp
∑

(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q ≤ Pp
∑

(a,b)∈S≤0

I(T̃ab ≥ t0) ≥ 1q = Pp
⋃

(a,b)∈S≤0

{T̃ab ≥ t0}q.

Using the law of total probability, by conditioning on the event {maxa,b|T̃ab−Tab|≤
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1?
log(p)

} and its complement set, we get

Pp
∑

(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q ≤ P
� ⋃

(a,b)∈S≤0

{T̃ab ≥ t0}
���� max

a,b
|T̃ab − Tab|≤

1a
log(p)




+ Ppmax
a,b

|T̃ab − Tab|>
1a

log(p)
q

≤ p1 max
(a,b)∈S≤0

P
�
T̃ab ≥ t0

���� max
a,b

|T̃ab − Tab|≤
1a

log(p)



+ o(1)

≤ p1 max
(a,b)∈S≤0

PpTab ≥ t0 −
1a

log(p)
q+ o(1),

(3.8.14)

where the o(1) result is deduced using the �rst result of Lemma 3.4.1. Using the
Cramér result from Lemma 3.4.1, we can approximate PpTab ≥ t0 − 1?

log(p)
q with

Qpt0 − 1?
log(p)

q. Then using the upper bound in Lemma 7.1 from Javanmard

and Javadi (2019), which implies that Q(t) < ϕ(t)/t, for all t ≥ 0, with ϕ(t) =
exp(−t2/2)/

?
2π as the density of the standard normal distribution at point t and

π as the mathematical constant, and substituting t0 =
a
2 log(p1) into (3.8.14), we

get

Pp
∑

(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q

≤ p1?
2πpa2 log(p1)− 1?

log(p)
q exp p− (

a
2 log(p1)−

1a
log(p)

)2/2q+ o(1)

=
1?

2πpa2 log(p1)− 1?
log(p)

q exp p
d

2 log(p1)

log(p)
− 1

2 log(p)
q+ o(1)

=
p1?

2πpa2 log(p1)− 1?
log(p)

q ×
1

p1

× exp

�
− 1

2 log(p)
+

d
2 +

2 log(p− 1)

log(p)
− 2 log(2)

log(p)



+ o(1),

which tends to zero with increasing p. By similar techniques, we can show that
the second probability on the right hand side of (3.8.13) also tends to zero with
increasing p, and the proof follows directly.
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3.8.3 Proof of Theorem 3.4.3

Since the denominator of the threshold de�ned in (3.4.5) is data-dependent and
di�erent from the denominator of the directional power in (3.2.2), which does not
depend on data, we �rst upper bound the threshold t0 by a data-independent
threshold t⋆ de�ned as

t⋆ := Φ−1p1− αs

2p1
(1− o(1))q.

By the same technique as in the proof of Lemma E.12 from Cui et al. (2021), it
can be shown that t0 ≤ t⋆ with high probability.

For every ϵ1 > 0 and ϵ2 > 0, de�ne next the event

D(ϵ1, ϵ2) := {max
a,b

|T̃ab − Tab|≤ ϵ1, max
a,b

|σ̂ab − σab|≤ ϵ2}.

Let next S>0 := {1 ≤ a < b ≤ p : Θab > 0} and S<0 := {1 ≤ a < b ≤ p : Θab < 0}.
Then S = S>0

⋃
S<0 and we have

Powerdir =
1

s

∑
(a,b)∈S>0

P(T̂ab ≥ t0) +
1

s

∑
(a,b)∈S<0

P(T̂ab ≤ −t0)

≥ 1

s

∑
(a,b)∈S>0

P(T̂ab ≥ t⋆) +
1

s

∑
(a,b)∈S<0

P(T̂ab ≤ −t⋆)

≥ 1

s

∑
(a,b)∈S>0

Pp{T̂ab ≥ t⋆}
⋂
Dq+ 1

s

∑
(a,b)∈S<0

Pp{T̂ab ≤ −t⋆}
⋂
Dq

− P(Dc)

=
1

s

∑
(a,b)∈S>0

P
�
{T̃ab ≥ t⋆ −

?
nΘab

σ̂ab
}
⋂
D



− P(Dc)

+
1

s

∑
(a,b)∈S<0

P
�
{T̃ab ≤ −t⋆ −

?
nΘab

σ̂ab
}
⋂
D



,

where the last equality is deduced due to the fact that T̂ab = T̃ab +
?
nΘab

σ̂ab
. On

event D, we have |σ̂ab − σab|≤ ϵ2 for every 1 ≤ a < b ≤ p, which gives σab − ϵ2 ≤
σ̂ab ≤ σab + ϵ2. Therefore, on S>0, we get

−
?
nΘab

σ̂ab
≤ −

?
nΘab

σab+ϵ2
, and as a result{

T̃ab ≥ t⋆ −
?
nΘab

σab + ϵ2

}
⊆

{
T̃ab ≥ t⋆ −

?
nΘab

σ̂ab

}
.

By a similar argument, one can conclude that on S<0,{
T̃ab ≤ −t⋆ −

?
nΘab

σab + ϵ2

}
⊆

{
T̃ab ≤ −t⋆ −

?
nΘab

σ̂ab

}
.
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As such,

Powerdir ≥
1

s

∑
(a,b)∈S>0

P
�
{T̃ab ≥ t⋆ −

?
nΘab

σab + ϵ2
}
⋂
D



− P(Dc)

+
1

s

∑
(a,b)∈S<0

P
�
{T̃ab ≤ −t⋆ −

?
nΘab

σab + ϵ2
}
⋂
D




≥ 1

s

∑
(a,b)∈S>0

P
�
Tab ≥ t⋆ + ϵ1 −

?
nΘab

σab + ϵ2



− P(Dc)

+
1

s

∑
(a,b)∈S<0

P
�
Tab ≤ −t⋆ − ϵ1 −

?
nΘab

σab + ϵ2




=
1

s

∑
(a,b)∈S>0

P
�
Tab ≥ t⋆ + ϵ1 −

?
n|Θab|

σab + ϵ2



− P(Dc)

+
1

s

∑
(a,b)∈S<0

P
�
Tab ≤ −(t⋆ + ϵ1 −

?
n|Θab|

σab + ϵ2
)



, (3.8.15)

where the second inequality follows because on event D, we have |T̃ab−Tab|≤ ϵ1 for
every 1 ≤ a < b ≤ p, which gives Tab − ϵ1 ≤ T̃ab ≤ Tab + ϵ1. From this inequality,
one can conclude that{

Tab − ϵ1 ≥ t⋆ −
?
nΘab

σab + ϵ2

}
⊆

{
T̃ab ≥ t⋆ −

?
nΘab

σab + ϵ2

}
,{

Tab + ϵ1 ≤ −(t⋆ +

?
nΘab

σab + ϵ2
)

}
⊆

{
T̃ab ≤ −(t⋆ +

?
nΘab

σab + ϵ2
)

}
.

Using Lemma 7.1 of Javanmard and Javadi (2019), we have

G(
a
2 log(p1/s)) ≤

1a
π log(p1/s)

exp{− log(p1/s)} =
s

p1
a
π log(p1/s)

. (3.8.16)

We show next t⋆ <
a
2 log(p1/s). Assuming otherwise, i.e., t⋆ ≥

a
2 log(p1/s), we

have G(t⋆) ≤ G(
a
2 log(p1/s)), since G(·) is a decreasing function. Combined with

(3.8.16), we get αs
p1
(1− o(1)) = G(t⋆) ≤ s

p1

?
π log(p1/s)

. As such,

α(1− o(1)) ≤ 1a
π log(p1/s)

. (3.8.17)

Since s ≤ pd and d = op n1/3

log(p) q, then s/p1 = op n1/3

(p−1) log(p) q which is o(1) if (p −
1) log(p) > n1/3. Therefore, under this condition, s/p1 tends to zero with increasing
n, and as a result, 1/

a
π log(p1/s) tends to zero with increasing n, which is in
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contradiction with (3.8.17) in the limit, since α is a constant larger than zero.

Therefore, t⋆ <
a
2 log(p1/s). By assuming |Θab|>

b
2σ2

ab log(p1/s)

n , we have

?
n|Θab|
σab

>
a
2 log(p1/s) > t⋆ > Φ−1(1− αs

2p1
).

As such, ΦpΦ−1(1− αs
2p1

)−
?
n|Θab|
σab

q < 1/2 and the denominator of (3.4.10) is lower
bounded by a constant. Thus, under the conditions of Lemma 3.4.1 and Lemma 2
of Jankova and van de Geer (2015), we have

P(Dc)

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
n|Θab|
σab

q

 → 0,

as n→ ∞. As (3.8.15) holds for all positive small values ϵ1 and ϵ2, we can write

lim inf
n→∞

Powerdir

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
n|Θab|
σab

q



≥ lim inf
n→∞

1

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
n|Θab|
σab

q

{

− P(Dc)

+
1

s

∑
(a,b)∈S>0

P
�
Tab ≥ t⋆ −

?
n|Θab|
σab




+
1

s

∑
(a,b)∈S<0

P
�
Tab ≤ −pt⋆ −

?
n|Θab|
σab

q

}

= lim inf
n→∞

1

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
n|Θab|
σab

q

{

− P(Dc)

+
1

s

∑
(a,b)∈S>0

�
1− Φpt⋆ −

?
n|Θab|
σab

q


+

1

s

∑
(a,b)∈S<0

Φ

�
− pt⋆ −

?
n|Θab|
σab

q

}

= lim inf
n→∞

{
1

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
n|Θab|
σab

q



× 1

s

∑
(a,b)∈S

�
1− Φpt⋆ −

?
n|Θab|
σab

q

}

= 1,
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where the �rst equality is deduced using the Cramér result from Lemma 3.4.1, and
the last equality is deduced by substituting t⋆ = Φ−1p1− αs

2p1
(1− o(1))q.

Note that 1− ΦpΦ−1(1− αs
2p1

)− u) is an increasing function of u. As such, by

considering Θmin = min(a,b)∈S |Θab|, we get

lim inf
n→∞

Powerdir

1
s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
nΘmin

σab
q

 ≥ 1.

Thus, to show Powerdir → 1, it is enough to show that

1

s

∑
(a,b)∈S

�
1− ΦpΦ−1(1− αs

2p1
)−

?
nΘmin

σab
q



→ 1,

or, equivalently, it is enough to show that
?
nΘmin

σab
− Φ−1(1 − αs

2p1
) → ∞. Us-

ing Lemma 7.1 of Javanmard and Javadi (2019), we have that G(
b
2 log(2p1

αs )) ≤
αs

2p1

b
π log(

2p1
αs )

< αs
p1
, from which we deduce that

b
2 log( 2p1

αs ) ≥ Φ−1(1 − αs
2p1

). As

such,

?
nΘmin

σab
− Φ−1(1− αs

2p1
) ≥

?
nΘmin

σab
−
c
2 log(

2p1
αs

).

Assuming
?
nΘmin −

b
2max(a,b)∈S σ

2
ab log(

2p1

αs ) → ∞, it can be easily shown that
?
nΘmin

σab
− Φ−1(1− αs

2p1
) → ∞, and the proof is completed.

3.8.4 Proof of Lemma 3.4.4

De�ne the random variable

Uab =

K∑
k=1

nk∑
l=1

σab?
nσ̂2

ab,k

pΘ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θabq,

where we remind the reader that 9Yl,k = (Y 1
l,k, . . . , Y

p
l,k)

⊤ is the l-th vector of
variables, l = 1, . . . , nk, in the k-th sub-sample, k = 1, . . . ,K. We have that
maxa,b|Ũab − Tab|≤ maxa,b|Ũab − Uab|+maxa,b|Uab − Tab|. First, to show the neg-
ligibility of the term maxa,b|Uab − Tab|, we have

max
a,b

|Uab − Tab| ≤ max
a,b

{ K∑
k=1

σab?
n
| 1

σ̂2
ab,k

− 1

σ2
ab

|×
���� nk∑
l=1

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)

����}.
(3.8.18)
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Rewriting (2.8.1) from Chapter 2 for the reader's convenience, we have

| 1

σ̂2
ab,k

− 1

σ2
ab

| = Opp
a
log(p)/nkq, k = 1, . . . ,K, (3.8.19)

under the conditions 1/α1 = O(1) and κH = O(1). Moreover, under assumption
(A2) from Chapter 2 and using Lemma 8 of Jankova and van de Geer (2015), it
holds that

|
nk∑
l=1

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)| = Oppd

a
nk log(p)q. (3.8.20)

Substituting (3.8.19) and (3.8.20) into (3.8.18), we get

max
a,b

|Uab − Tab|= OppKd log(p)/
?
nq. (3.8.21)

To bound the term maxa,b|Ũab − Uab|, we have

max
a,b

|Ũab − Uab|≤ max
a,b

|Rab,†|

+max
a,b

{����
gffe ∑K

k=1 nk/σ
2
ab∑K

k=1 nk/σ̂
2
ab,k

− 1

����× ���� K∑
k=1

nk∑
l=1

σab?
nσ̂2

ab,k

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)

����}.
(3.8.22)

It has been shown in Nezakati and Pircalabelu (2023c) that

|Rab,†|= Opp K?
n
max{d3/2 log(p), d2(log(p))3/2/?n†}q. (3.8.23)

To bound maxa,b

����c ∑K
k=1 nk/σ2

ab∑K
k=1 nk/σ̂2

ab,k

− 1

����, using (2.8.2) from Chapter 2, we have

max
a,b

����
gffe ∑K

k=1 nk/σ
2
ab∑K

k=1 nk/σ̂
2
ab,k

− 1

���� = OppK
a
log(p)/nq. (3.8.24)

Moreover, to bound maxa,b

����∑K
k=1

∑nk

l=1
σab?
nσ̂2

ab,k
(Θ⊤

a
9Yl,k

9Y⊤
l,kΘb−Θab)

����, using the
triangle inequality, we have

max
a,b

���� K∑
k=1

nk∑
l=1

σab?
nσ̂2

ab,k

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)

����
≤ max

a,b

���� K∑
k=1

nk∑
l=1

1?
nσab

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)

����
+max

a,b

���� K∑
k=1

nk∑
l=1

σab?
n
p 1

σ̂2
ab,k

− 1

σ2
ab

qpΘ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θabq

����.
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Using the bounds from (3.8.19) and (3.8.20), we get

max
a,b

���� K∑
k=1

nk∑
l=1

σab?
nσ̂2

ab,k

(Θ⊤
a

9Yl,k
9Y⊤
l,kΘb −Θab)

���� = OppKd
a
log(p)q

+OppKd log(p)/
?
nq

= OppKd
a
log(p)q. (3.8.25)

Substituting (3.8.23), (3.8.24) and (3.8.25) into (3.8.22), we have

max
a,b

|Ũab − Uab| = Opp K?
n
max{d3/2 log(p), d2(log(p))3/2/?n†}q

+OppK2d log(p)/
?
nq.

Combining this with (3.8.21), we get

max
a,b

|Ũab − Tab| = Opp K?
n
max{d3/2 log(p), d2(log(p))3/2/?n†}q

+OppK2d log(p)/
?
nq+OppKd log(p)/

?
nq

= Op

�
K?
n
max {d3/2 log(p), d2(log(p))3/2/?n†,Kd log(p)}



.

By considering K = Opn1/4/(d log(p))q and d3/2 = op?n†/(log(p))3/2q, the op(1)
result follows directly.

3.8.5 Proof of Theorem 3.4.5

The proof of this theorem deploys a similar technique as that of Theorem 3.4.2, and
we omit it. However, when the given t′0 does not exist and we let t′0 =

a
2 log(p1),

we need to condition on the event{
max
a,b

|Ũab − Tab|≤
C1K?
n

max {d3/2 log(p), d2(log(p))3/2/?n†,Kd log(p)
}
,

and its complement set, where C1 is a positive constant. By following the same
technique as the second part of the proof of Theorem 3.4.2 (when we consider
t0 =

a
2 log(p1)), we get

Pp
∑

(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q ≤ p1 max
(a,b)∈S≤0

P(Tab ≤ t0 −A) + o(1), (3.8.26)
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where A := C1K?
n

max {d3/2 log(p), d2(log(p))3/2/?n†,Kd log(p)}.
If A = C1K?

n
d3/2 log(p), then in (3.8.26) we have

Pp
∑

(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q

≤ p1 max
(a,b)∈S≤0

P(Tab ≤ t0 − C1Kd
3/2 log(p)/

?
n) + o(1)

≤ p1?
2πpa2 log(p1)− C1Kd3/2 log(p)/

?
nq

× exp p− (
a
2 log(p1)− C1Kd

3/2 log(p)/
?
n)2/2q+ o(1)

=
p1?

2πpa2 log(p1)− C1Kd3/2 log(p)/
?
nq ×

1

p1

× exp p− C2
1K

2

2n
d3(log(p))2q× exp pC1K?

n
d3/2 log(p)

a
2 log(p1)q+ o(1).

(3.8.27)

As K = Opn1/4/(d log(p))q, there exists a positive constant C2, such that K ≤
C2n

1/4/(d log(p)). Therefore, C1K?
n
d3/2 log(p)

a
2 log(p1) ≤ C1C2

n1/4

a
2d log(p1). Since

d3/2 = op?n†/(log(p))3/2q, it can be easily shown that

C1K?
n
d3/2 log(p)

a
2 log(p1) ≤

C1C2

n1/4

a
2d log(p1) → 0,

with increasing n. On the other hand,

1?
2πpa2 log(p1)− C1Kd3/2 log(p)/

?
nq ≤ 1?

2πpa2 log(p1)− C1C2

?
d/n1/4q → 0,

with increasing n, under the sparsity condition d3/2 = op?n†/(log(p))3/2q. Consid-
ering these results in (3.8.27), one can conclude that Pp∑(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q
tends to zero with increasing n. By similar arguments, ifA = C1Kd

2(log(p))3/2/
?
nn†

or A = C1K2d log(p)/
?
n, one can show that Pp∑(a,b)∈S≤0

I(T̂ab ≥ t0) ≥ 1q tends
to zero with increasing n.

3.9 Appendix B: A technical lemma and its proof

Lemma 3.9.1. Let p ≤ nr for some r > 0, and suppose that assumptions (A1)-
(A2) in Chapter 2 hold. Consider the random variable Tab de�ned in (3.4.7). Under
the sparsity condition d3/2 = o(

?
n/(log(p))3/2), and considering cardinalities Υ =

o(pδρ), ρ ∈ (0, 1), δ ∈ (0, 1/2] and ψ = O(pδρ/
a
log(p)), for the sets Γ(γ, c0) and
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Ψ(ρ), respectively, it holds that

E
{�∑

(a,b)∈{S≤0\Ψ≤0(ρ)} {I(Tab ≥ t)−Q(t)}
p1Q(t)


2}
= o(1). (3.9.1)

Proof. To show (3.9.1), we have

E
{�∑

(a,b)∈{S≤0\Ψ≤0(ρ)} {I(Tab ≥ t)−Q(t)}
p1Q(t)


2}
=

1

p21

∑
(a,b),(c,d)∈{S≤0\Ψ≤0(ρ)}

{
PpTab ≥ t, Tcd ≥ tq−Q2(t)

Q2(t)

}
,

where the equality is deduced �rst by squaring the terms inside the expectation
and then using the Cramér result on the tail probability of Tab from Lemma 3.4.1.
To bound the above expectation, we consider two disjoint sets Γ(γ, c0) (highly
correlated pair nodes) and Γc(γ, c0) (weakly correlated pair nodes). To simplify
the notation, de�ne

Γ≤0(γ, c0) = Γ(γ, c0)
⋂
S≤0, Γc

≤0(γ, c0) = Γc(γ, c0)
⋂
S≤0.

Note that the set S≤0 \Ψ≤0(ρ) is equal to the union of two disjoint sets Γ≤0(γ, c0)\
Ψ≤0(ρ) and Γc

≤0(γ, c0) \Ψ≤0(ρ). As such,

E
{�∑

(a,b)∈{S≤0\Ψ≤0(ρ)} {I(Tab ≥ t)−Q(t)}
p1Q(t)


2}
≤ 1

p21

∑
(a,b),(c,d)∈{Γ≤0(γ,c0)\Ψ≤0(ρ)}

{
P(Tab ≥ t, Tcd ≥ t)

Q2(t)

}

+
1

p21

∑
(a,b),(c,d)∈{Γc

≤0
(γ,c0)\Ψ≤0(ρ)}

{
P(Tab ≥ t, Tcd ≥ t)

Q2(t)
− 1

}
. (3.9.2)

Recall that

Zab,l = Θ⊤
a

9Yl
9Y⊤
l Θb −Θab = e⊤a Θ

9Yl
9Y⊤
l Θeb −Θab = Za

l Z
b
l −Θab,

where Za
l is the a-th element of Zl := Θ 9Yl ∼ Np(0,Θ) and ea is a unit column

vector with 1 at the a-th position and zero everywhere else. Thus, E(Za
l Z

b
l ) =

Cov(Za
l ,Z

b
l ) = Θab and then E(Zab,l) = E(Za

l Z
b
l )−Θab = 0. Moreover,

E(Za
l Z

b
lZ

c
lZ

d
l ) = ΘabΘcd +ΘacΘbd +ΘadΘbc,

and as such, we get

Cov(
Zab,l

σab
,
Zcd,l

σcd
) =

ΘacΘbd +ΘadΘbca
(ΘaaΘbb +Θ2

ab)(ΘccΘdd +Θ2
cd)

.
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On Γ≤0(γ, c0) \Ψ≤0(ρ), we have |Θab|≤ 1?
2
p 1−ρ
1+ρ q

?
ΘaaΘbb, and so,����Cov(Zab,l

σab
,
Zcd,l

σcd
)

���� ≤ (
1− ρ

1 + ρ
)2

×
�

ΘaaΘbbΘccΘdd

ΘaaΘbbΘccΘdd +ΘaaΘbbΘ2
cd +ΘccΘddΘ2

ab +Θ2
abΘ

2
cd


1/2

≤ (
1− ρ

1 + ρ
)2.

Considering the above bound on the covariance of Zab,l/σab and Zcd,l/σcd in Lemma
6.2 of Liu (2013) for which the assumptions hold, we can write on Γ≤0(γ, c0) \
Ψ≤0(ρ),

PpTab ≥ t, Tcd ≥ tq = P
� n∑

l=1

Zab,l

σab
≥ t

?
n,

n∑
l=1

Zcd,l

σcd
≥ t

?
n



≤ C ′(1 + t)−2 exp

�
− t2/p1 + (

1− ρ

1 + ρ
)2q



≤ C ′(1 + t)−2 exp p− (1 + ρ)2t2/4q,

for some constant C ′ > 0. As such, on Γ≤0(γ, c0) \Ψ≤0(ρ),

1

p21

∑
(a,b),(c,d)∈{Γ≤0(γ,c0)\Ψ≤0(ρ)}

PpTab ≥ t, Tcd ≥ tq
Q2(t)

≤ C ′Υ2

p21Q
2(t)

(1 + t)−2 exp p− (1 + ρ)2t2/4q (3.9.3)

≤ C ′Υ2

p21
exp p(1− ρ)(3 + ρ)t2/4q, (3.9.4)

where we recall that Υ = #Γ(γ, c0). The last inequality follows using the lower
bound of Lemma 7.1 of Javanmard and Javadi (2019), that is Q(t) > t

t2+1ϕ(t), for

all t ≥ 0, with ϕ(t) = exp(−t2/2)/
?
2π. Using this lower bound on Q(t), we get

1

Q2(t)(t+ 1)2
<

2π(t2 + 1)2

t2(t+ 1)2
exp(t2) ≤ 2π exp(t2).

The result in (3.9.4) is deduced by substituting this upper bound in (3.9.3).

Now, to bound the second term on the right hand side of (3.9.2), we have

P(Tab ≥ t, Tcd ≥ t)

Q2(t)
− 1 ≤

����Pp|Tab|≥ t, |Tcd|≥ tq
Q2(t)

− 1

����.
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As such,

1

p21

∑
(a,b),(c,d)∈{Γc

≤0
(γ,c0)\Ψ≤0(ρ)}

{
P(Tab ≥ t, Tcd ≥ t)

Q2(t)
− 1

}

≤ 1

p21

∑
(a,b),(c,d)∈{Γc

≤0
(γ,c0)\Ψ≤0(ρ)}

����Pp|Tab|≥ t, |Tcd|≥ tq
Q2(t)

− 1

����
≤ 1

p21

∑
(a,b),(c,d)∈Γc

≤0
(γ,c0)

����Pp|Tab|≥ t, |Tcd|≥ tq
Q2(t)

− 1

����. (3.9.5)

Consider Zl = (
Zab,l

σab
,
Zcd,l

σcd
)⊤, l = 1, . . . , n, on Γc

≤0(γ, c0), then

||Cov(Zl)− I2||F =
?
2
|ΘacΘbd +ΘadΘbc|

σabσcd
≤ c3(log(p))

−2−γ ,

for every γ > 0, and some constant c3 > 0. The last inequality holds because
on Γc

≤0(γ, c0), we have |Θ0
ab|≤ c0(log(p))

−1−γ/2. By Lemma 6.1 of Liu (2013), for
which the assumptions hold,

sup
0≤t≤2

?
log(p)

����Pp|Tab|≥ t, |Tcd|≥ tq
Q2(t)

− 1

���� ≤ Cp log(p)q−1−γ1 ,

for some constant C > 0, where γ1 = min{γ, 1/2}. Substituting this bound into
(3.9.5), we get

1

p21

∑
(a,b),(c,d)∈{Γc

≤0
(γ,c0)\Ψ≤0(ρ)}

{
P(Tab ≥ t, Tcd ≥ t)

Q2(t)
− 1

}
≤
C(#Γc

≤0(γ, c0))
2

p21

× p log(p)q−1−γ1 ,

(3.9.6)

where #Γc
≤0(γ, c0) is the cardinality of the set Γc

≤0(γ, c0). By substituting (3.9.4)
and (3.9.6) into (3.9.2), we have

E
{�∑

(a,b)∈{S≤0\Ψ≤0(ρ)} {I(Tab ≥ t)−Q(t)}
p1Q(t)


2}
≤ C ′o(p2δρ)

p21
exp p(1− ρ)(3 + ρ)t2p/4q+ Cp log(p)q−1−γ1 (3.9.7)

=
C ′o(p2δρ)

p21
× p p1

log(p1)
q(1−ρ)(3+ρ)/2

+ Cp log(p)q−1−γ1 = o(1),

where (3.9.7) is deduced using the fact that exp p(1 − ρ)(3 + ρ)t2/4q ≤ exp p(1 −
ρ)(3 + ρ)t2p/4q for all t ≤ tp, and the last equality follows by substituting tp =a
2 log(p1)− 2 log(log(p1)).





Chapter 4

Estimation and inference for covariate adjusted

Gaussian graphical models under an unbalanced

distributed setting

This chapter proposes a distributed estimation and inferential framework for sparse
multivariate regression and conditional Gaussian graphical models under the un-
balanced splitting setting. This type of data splitting arises when the datasets from
di�erent sources cannot be aggregated on one single machine or when the avail-
able machines are of di�erent powers. In this chapter, the number of covariates,
responses and machines grow with the sample size, while sparsity is imposed. De-
biased estimators of the coe�cient matrix and of the precision matrix are proposed
on every single machine and theoretical guarantees are provided. Moreover, new
aggregated estimators that pool information across the machines using a pseudo
log-likelihood function are proposed. It is shown that they enjoy e�ciency and
asymptotic normality as the number of machines grows with the sample size. The
performance of these estimators is investigated via a simulation study and a real
data example. It is shown empirically that the performances of these estimators
are close to those of the non-distributed estimators which use the entire dataset.
The content of this chapter is based on the paper

Nezakati, E. and E. Pircalabelu (2023b). Estimation and
inference in sparse multivariate regression and conditional
Gaussian graphical models under an unbalanced distributed
setting. pp. 1�50, Submitted.

4.1 Introduction

In multivariate linear regression, multiple response variables (say p) are regressed
on multiple predictors (say q). This model has many applications in the real world,
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especially in genomic data analysis, where one can model the dependence of RNA
levels on DNA copy numbers through a multivariate regression model with RNA
levels being responses and the DNA copy numbers being predictors as in Peng et al.
(2010). Moreover, a natural way to characterize the regularization network between
a set of genetic variants and a set of expressions is through multivariate regression
models (see for example, Yin and Li, 2011, 2013; Wang et al., 2015). Estimation
of the coe�cient matrix in multivariate regression models requires one to estimate
pq coe�cients, which becomes challenging with high-dimensional predictors and
responses. Moreover, by adjusting the e�ect of covariates on the mean of the
random response, we are able to estimate the structure of a conditional graphical
model constructed using the elements of the precision matrix related to the response
vector. Most studies focusing on the estimation of the precision matrix for Gaussian
graphical models assume that the random vector has zero or constant mean. For a
treatment on the subject in the high-dimensional context for a mean zero Gaussian
graphical model, we refer the reader to Meinshausen and Bühlmann (2006), Yuan
and Lin (2007), Banerjee et al. (2008), Friedman et al. (2008), Cai et al. (2011),
Ravikumar et al. (2011), Cai et al. (2016), and Loh and Tan (2018) among many
others. However, in many real applications, adjusting for the e�ect of covariates
on the mean of the random vector is important for understanding the underlying
graph structure.

Several studies used regularization-based approaches to estimate the coe�cient
and precision matrices with adjusted covariates. The works of Obozinski et al.
(2011) and Yin and Li (2011) proposed a joint regularization penalty to estimate
both the multivariate regression coe�cients corresponding to the covariates and
the precision matrix of a Gaussian graphical models iteratively. In Rothman et al.
(2010) and Wang (2015), the coe�cient and precision matrices were estimated si-
multaneously via a joint penalized likelihood function. The works of Cai et al.
(2013) and Yin and Li (2013) proposed a two-stage strategy which �rst estimates
the regression coe�cients and then using the residuals from the �rst stage, esti-
mates the precision matrix. In Chen et al. (2016), a tuning parameter free estimator
was proposed that is asymptotically normal and e�cient for the estimation of every
�nite sub-graph for covariate adjusted Gaussian graphical models. In these stud-
ies, due to the use of penalization, the estimators are biased. In this chapter, by
introducing debiased estimators, we are able to perform not only the estimation,
but also inference and hypothesis testing.

With the development of technology, the size of the datasets grows at a high
rate, such that in certain situations it is not possible to store all needed datasets in
the memory of one single machine. Moreover, in recent frameworks, like federated
learning (McMahan et al., 2017), due to privacy concerns, it may be impossible to
collect datasets from di�erent resources on one single central machine. As such, the
dataset is partitioned onto a cluster of machines. Distributed statistical approaches,
also known as `divide and conquer' approaches, have drawn a lot of attention in
the last decade and have been developed for various statistical problems. The two
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most popular techniques in distributed statistical inference and estimation prob-
lems are `averaging' estimators from local machines and the `one-step' approach,
which combines the simple averaging estimator with a classical Newton's method
to generate a one-step estimator. In Jordan et al. (2018), the authors presented a
`Communication-e�cient Surrogate Likelihood' framework for solving distributed
statistical inference problems in low-dimensional, high-dimensional and Bayesian
frameworks. In Chen and Xie (2014), Lee et al. (2017) and Battey et al. (2018) the
authors considered a high-dimensional sparse parameter vector estimation prob-
lem, where they adopted the penalized M-estimator setting. For a detailed review
on aggregation methods for distributed estimators, the reader can refer to Huo and
Cao (2019).

Nevertheless, most studies in the distributed setting have focused on the bal-
anced sub-samples case, while in recent approaches like federated learning, some
of the machines are more powerful than others and it is not e�cient to distribute
a dataset on di�erent machines with equal sizes. In this situation, just taking a
simple average is not an optimal approach for aggregating estimators. Recently,
Nezakati and Pircalabelu (2023c) proposed a new weighted, aggregated estimator
for the elements of the precision matrix in a zero-mean Gaussian graphical model,
where the weights are a function of sub-sample sizes and the variances estimated
based on the sub-samples. This paper was extensively presented in Chapter 2 of
this thesis. In this chapter, we introduce new aggregated estimators for both the
coe�cient and precision matrices in multivariate regression models using a pseudo
log-likelihood function which is constructed using the asymptotic distribution of
the debiased estimators. It is shown empirically that these estimators perform bet-
ter than the simple average in terms of accuracy and coverage probabilities. These
estimators are constructed for the setting where the number of responses (p), co-
variates (q) and machines (K) grow with the sample size (n). As a consequence,
sparsity assumptions are imposed on the true matrices as a function of p, q and n.
Di�erent upper bounds are derived on the number of machines to guarantee the
consistency and asymptotic normality of the estimators.

The content of this chapter is organized as follows. Notation and preliminaries
are presented in Section 4.2. The debiased distributed estimators and their sta-
tistical properties are provided for the coe�cient matrix and the precision matrix
separately in Sections 4.3 and 4.4, respectively. The �nal aggregated estimators
for both target matrices are introduced in Section 4.5. Theoretical properties of
these estimators are also investigated in this section. In Section 4.6, the perfor-
mance of the estimators is evaluated by means of a controlled simulation study
and in Section 4.7, the performance on a real data set is illustrated. We close with
a discussion on the method in Section 4.8. Proofs of the supporting lemmas and
theorems and more simulation results can be found in the Appendix.
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4.2 Preliminaries

The multivariate regression model in this chapter is de�ned as

9Y = Γ⊤
9X+ 9ε, (4.2.1)

where 9Y = (Y 1, . . . , Y p)⊤ ∈ Rp and 9X = (X1, . . . , Xq)⊤ ∈ Rq are the random
response and covariate vectors, respectively. Moreover, the matrix Γ is a q × p
regression coe�cient matrix. Consider a random noise vector 9ε = (ε1, . . . , εp)⊤ ∈
Rp independent of 9X, which follows a p-dimensional Gaussian distribution with
mean zero, covariance matrix Σ and precision matrix Θ = Σ−1. The components
of 9Y are mapped to the node set V = {1, . . . , p} of a graph G = (V, E) where
E ⊆ V × V describes the set of edges between all pairs (a, b) ∈ V × V, a ̸= b. An
undirected edge between nodes a, b ∈ V is drawn if (a, b) ∈ E and (b, a) ∈ E . A
pair (a, b) is included in the edge set E if and only if the variables Y a and Y b are

conditionally dependent given 9X and all remaining random variables in 9Y.
According to model (4.2.1), conditionally on 9X = 9x, 9Y follows a p-dimensional

Gaussian distribution with mean vector Γ⊤
9x, covariance matrix Σ and precision

matrix Θ. Every o�-diagonal entry (a, b) of Θ is proportional to the partial cor-

relation between Y a and Y b given 9X and all other variables in 9Y. As such, a pair
of variables in 9Y is conditionally independent given all remaining variables of 9Y
and 9X, if and only if the corresponding entry in the precision matrix Θ is zero.
Denote Aab by the (a, b)-th element of an arbitrary matrix A. The support of the
precision matrix Θ is de�ned as the index set of its non-zero o�-diagonal elements

S1 := {(a, b) ∈ V × V, a ̸= b : Θab ̸= 0},

with cardinality s1 = #S1 and the maximum node degree or row sparsity of Θ is
de�ned as

d1 := max
a∈V

#{b ∈ V, b ̸= a : Θab ̸= 0}.

Analogously, the support of the regression coe�cient matrix Γ is considered as

S2 := {(a, b) ∈ {1, . . . , q} × {1, . . . , p} : Γab ̸= 0},

which is the index set of its non-zero elements, with cardinality s2 = #S2. More-
over, the support of the b-th column of the regression coe�cient matrix Γ is de-
�ned as S2(b) = {a ∈ {1, . . . , q} : Γab ̸= 0}, b = 1, . . . , p, with cardinality
s2(b) = #S2(b).

Given n independent observations from the pair ( 9Y⊤, 9X⊤), our goal is to in-
troduce distributed, debiased estimators for Γ and Θ from model (4.2.1). Sup-
pose that the n samples are randomly divided into K non-overlapping unbalanced
sub-samples with size nk for the k-th sub-sample, k = 1, . . . ,K, and denote by
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n† = min1≤k≤K nk, while n =
∑K

k=1 nk. Suppose that nk/n → ck ∈ (0, 1), as

nk → ∞, such that limK→∞
∑K

k=1 ck = 1. In this chapter, p and q can grow with
n, such that they might be larger than n. However, we suppose that log(p) = o(n†)
and log(q) = o(

?
n†), where o(·) expresses the asymptotic behavior of a sequence

and is de�ned below. The usual assumption in the high-dimensional context is
that the underlying matrices (coe�cient and precision matrices in this chapter)
are sparse, which means that the number of non-zero elements in the matrices can-
not grow too fast and a certain bound is imposed on it. This sparsity re�ects that
many predictors in the regression model are redundant and that the graph related
to the precision matrix has a rather low number of edges. To impose this sparsity
condition on the estimation, one common approach is to add an ℓ1 penalty to the
function which is going to be optimized. This kind of regularization e�ectively
forces some of the elements to zero, thus resulting in sparse solutions. There exists
a wide variety of methods making use of ℓ1 regularization, see for example Friedman
et al. (2008), Ravikumar et al. (2011) and van de Geer et al. (2014). For conve-

nience of notation, denote by Yk = [ 9Y1,k, . . . , 9Ynk,k]
⊤ and ξk = [ 9ε1,k, . . . , 9εnk,k]

⊤

the k-th sub-sample of the response vector 9Y and the random noise 9ε, respectively,
both arranged as matrices of dimension nk × p, with 9Yl,k ∈ Rp, 9εl,k ∈ Rp as the

l-th row, l = 1, . . . , nk, and by Xk = [ 9X1,k, . . . , 9Xnk,k]
⊤ the k-th design matrix of

dimension nk×q, with 9Xl,k ∈ Rq as the l-th row, l = 1, . . . , nk. With this notation,
the sample version of the regression model (4.2.1) corresponds to

Yk = XkΓ+ ξk, (4.2.2)

where the rows of ξk are i.i.d. p-dimensional Gaussian vectors with mean zero,
covariance matrix Σ and precision matrix Θ. In the next two sections, debiased
estimators for Γ and Θ based on the k-th sub-sample are derived.

4.3 Distributed estimator of the coe�cient matrix
using the k-th sub-sample

We make the following assumptions in this section.

(A1) The rows of the design matrix Xk are i.i.d. q-dimensional Gaussian vectors
with mean zero and positive de�nite covariance matrixQ, where maxa Qaa =
O(1).

Assumption (A1) can be relaxed to a deterministic design matrix. However, in this
case, one needs the mutual incoherence or irrepresentability condition on the design
matrix to exhibit model selection consistency (Chapter 6 of Bühlmann and van de
Geer, 2011). Another equivalent condition is the restricted eigenvalue condition
(Bickel et al., 2009). Raskutti et al. (2010) showed that this condition holds for
the random Gaussian design matrices. As such, one does not need any mutual
incoherence assumption in this setting.
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(A2) The eigenvalues of Q are bounded from above and below, i.e., there exists a
constant Λ1 ≥ 1 such that 1/Λ1 ≤ Λmin(Q) ≤ Λmax(Q) ≤ Λ1, where Λmin(Q)
and Λmax(Q) are the minimum and maximum eigenvalues of Q, respectively.

Denote the maximum row sparsity of the inverse covariance matrix Q−1 with
d2 := maxa∈{1,...,q} #{a′ ∈ {1, . . . , q}, a′ ̸= a : Q−1

aa′ ̸= 0}. To �nd an initial
estimator for the regression coe�cient matrix Γ in the k-th sub-sample, following
Yin and Li (2013), we minimize the following joint penalized residual sum of squares
and denote by Γ̂k,

Γ̂k = argmin
Γ

{
1

2nk
trace{(Yk −XkΓ)

⊤(Yk −XkΓ)}+ ρk∥Γ∥1
}
, (4.3.1)

where ρk > 0 is a regularization parameter that forces Γ̂k to be sparse. The opti-
mization problem (4.3.1) contains p decoupled Lasso regressions with q coe�cients.
This equation ignores the correlation among response variables when estimating
the multiple regression coe�cients. Rothman et al. (2010) showed empirically that
only when the correlation of the errors is high, incorporation of such a dependency
can lead to increased e�ciency in estimating Γ. Lemma 4.10.7 in Appendix 4.10,
provides a bound on the ℓ1 norm of the di�erence between Γ̂k and the true matrix
Γ under additional regularity conditions.

Due to the ℓ1 penalty which is added to this loss function, Γ̂k is a biased
estimator. To obtain a debiased estimator of Γ, we use the idea of van de Geer et al.
(2014) by inverting the Karush-Kuhn-Tucker (KKT) conditions. They showcased
this method in the linear regression and generalized linear models framework. Using
the KKT conditions in (4.3.1), we have

−X⊤
k Yk/nk +X⊤

k XkΓ̂k/nk + ρkBk = 0, (4.3.2)

where Bk belongs to the sub-di�erential of the ℓ1 norm evaluated at Γ̂k. By
adding and subtracting X⊤

k ξk/nk to (4.3.2), performing some algebra calculations
and �nally vectorizing, we get

?
nkvecpΓ̂d

k − Γq = Tk +Rk,Γ, (4.3.3)

where vec(·) is an operator which converts the matrix into a column vector by
stacking the columns of the matrix on top of one another. Moreover

Γ̂d
k = Γ̂k +MkX

⊤
k (Yk −XkΓ̂k)/nk,

Tk = vecpMkX
⊤
k ξkq/

?
nk,

Rk,Γ =
?
nkvecp(Iq −MkCk)(Γ̂k − Γ)q,

where Iq is the identity matrix of dimension q× q and Mk is a reasonable approxi-
mation for the inverse of the sample covariance matrix Ck = X⊤

k Xk/nk. As q can
be larger than nk, the sample covariance matrix Ck is not always invertible. As
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such, we �nd Mk such that MkCk ≈ Iq. The estimator Γ̂d
k, k = 1, . . . ,K, is the

multivariate version of the one introduced in van de Geer et al. (2014). Note that
the quantities in (4.3.3) are indexed by k, and as such one obtains a collection of
debiased estimators Γ̂d

1, . . . , Γ̂
d
K , each using a particular sub-sample. In Section 4.5,

we propose a novel, aggregated estimator based on the collection Γ̂d
1, . . . , Γ̂

d
K . In

order to construct the aggregated estimator one needs the asymptotic distribution
of Γ̂d

k, k = 1, . . . ,K, which is investigated in the sequel.
Similarly to the case of a univariate response, by conditioning on Xk, one

can show the normality of Tk from (4.3.3). One just needs next to show that
the remainder term Rk,Γ vanishes with increasing nk. To this end, we consider
a suitable approximation for Mk, such that with increasing nk, the entries in
(Iq − MkCk) get closer to zero. Several works (for instance, van de Geer et al.,
2014; Zhang and Zhang, 2014; Javanmard and Montanari, 2018) assumed that
Q−1 is sparse and then using the method of nodewise Lasso, estimated Q−1 and
have set Mk = Q̂−1, where Q̂−1 is the nodewise Lasso estimator of Q−1. We
follow the same procedure, and for the reader's convenience, a brief description of
the method is provided in Appendix 4.9.1. Furthermore, we need to control the
randomness of the product between the noise matrix ξk and the design matrix Xk

in the multivariate linear regression. Many studies, focusing on Lasso regression
models, control the randomness of the noise by conditioning on an event of interest
(see for instance, Bühlmann and van de Geer, 2011; Javanmard and Montanari,
2018). Similarly, considering the threshold ρ0, such that 2ρ0 ≤ ρk, recall that ρk
is the regularization parameter in (4.3.1), we consider the event

Fk(nk, p, q) =

{
∥vecpX⊤

k ξkq∥∞/nk ≤ ρ0

}
.

Lemmas 4.10.1 and 4.10.2 in Appendix 4.10 show that for a suitable value of ρ0, the
event Fk(nk, p, q) happens with a large probability for every �xed k and jointly in
k = 1, . . . ,K, respectively. By controlling the randomness of the product between
Xk and ξk, one can control the ℓ1 error bound on the estimation of the coe�cient
matrix. The reader can refer to Theorem 4.3.2 and its proof for more details. To
show the asymptotic normality of Tk from (4.3.3), we need to impose as well a
sparsity condition on the inverse covariance matrix Q−1. The sparsity condition
in van de Geer et al. (2014) is considered as d2 = o(n/log(q)). In this chapter, we
need to restrict the elements of Q−1 to a sparser regime such that the maximum
row sparsity grows at the rate d2 = o(

?
n†/log(q)). With this sparsity condition,

we show the asymptotic normality of the �nal aggregated estimator in Section 4.5
as this condition is needed in Lemma 4.10.10, where we show that under such an
assumption two sequences are equivalent in probability. Moreover, due to the fact
that both K and nk, k = 1, . . . ,K, grow in the distributed case, we impose the
sparsity condition s2 = opnπ1

† /(log(q) log(pq))q, 0 < π1 ≤ 1/2 on Γ to guarantee
the theoretical properties of the aggregated estimator.
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Theorem 4.3.1. Consider the regression model (4.2.2) for the k-th sub-sample
with zero-mean Gaussian noise matrix ξk having covariance matrix Σ and random
design matrix Xk, which satis�es assumptions (A1) and (A2) from Section 4.3 with
sparsity condition d2 = o(

?
n†/log(q)). On the event Fk(nk, p, q), with regulariza-

tion parameter ρk ≍
a
log(pq)/nk in (4.3.1) and ρ̃j,k ≍

a
log(q)/nk, j = 1, . . . , q,

from the nodewise Lasso procedure, de�ned in Appendix 4.9.1, we have

Tk|Xk ∼ Npqp0,Σ⊗ (MkCkM
⊤
k )q, ∥Rk,Γ∥∞= Op(s2

a
log(q) log(pq)/nk),

(4.3.4)

and under the additional sparsity condition s2 = opnπ1

† /(log(q) log(pq))q,
0 < π1 ≤ 1/2, we have ∥Rk,Γ∥∞= op(1).

The proof is given in Appendix 4.9.1.
One can use Theorem 4.3.1 to construct asymptotic inferential tools for Γ based

on the k-th sub-sample. However, the covariance matrix Σ is in general unknown
and it can be replaced in practice by a consistent estimator. Lemma 4.10.8 in
Appendix 4.10 shows that if the eigenvalues ofΣ are uniformly bounded, then under
the random design setting, with sparsity condition s2 = opnπ1

† /(log(q) log(pq))q,
0 < π1 ≤ 1/2, the estimator Σ̂k,Γ̂k

= (Yk−XkΓ̂k)
⊤(Yk−XkΓ̂k)/nk is a consistent

estimator for the covariance matrix Σ with convergence rate in ℓ∞ norm of order
Op(max{

a
log(p)/nk, s2 log(pq)/nk}).

Using (4.3.3), one can also obtain the convergence rate of the debiased estimator
Γ̂d
k. This bound is investigated in Theorem 4.3.2.

Theorem 4.3.2. Consider the regression model (4.2.2) for the k-th sub-sample
with design matrix Xk which satis�es assumptions (A1) and (A2) from Section
4.3. On the event Fk(nk, p, q), with regularization parameter ρk ≍

a
log(pq)/nk,

we have

∥Γ̂d
k − Γ∥∞= Oppmax{

a
d2 log(pq)/nk, s2

a
log(q) log(pq)/nk}q, (4.3.5)

where under the assumption log(p)/log(q) = o(nπ2

† ), 0 < π2 < 1/2, and the sparsity
conditions d2 = o(

?
n†/log(q)) and s2 = opnπ1

† /(log(q) log(pq))q, 0 < π1 ≤ 1/2, we

obtain ∥Γ̂d
k − Γ∥∞= op(1).

The proof is given in Appendix 4.9.2. In the next section, the distributed
estimation of Θ based on the k-th sub-sample is provided.

4.4 Distributed estimator of the precision matrix
using the k-th sub-sample

Given the design matrix Xk, the assumptions of Chapter 2 are adapted to our
context and are reproduced here for the reader's convenience.
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(B1) The eigenvalues of the precision matrix Θ are bounded, i.e., there exists a
constant Λ2 ≥ 1 such that 1/Λ2 ≤ Λmin(Θ) ≤ Λmax(Θ) ≤ Λ2, where Λmin(Θ)
and Λmax(Θ) are the minimum and maximum eigenvalues of Θ, respectively.
Moreover, maxa Θaa = O(1), where Θaa is the a-th diagonal element of Θ.

Recall that Σ̂k,Γ̂k
= (Yk−XkΓ̂k)

⊤(Yk−XkΓ̂k)/nk and consider H as the Hessian

of the negative log-likelihood function proportional to l(Θ) = trace(Σ̂k,Γ̂k
Θ)

− log det(Θ). By de�nition, H is a p2 × p2 matrix indexed by the pair of elements
from the node set, such that H = [H(a,b),(c,d)], where (a, b), (c, d) ∈ V × V. Let
S1 = {S1 ∪ {(1, 1), (2, 2), . . . , (p, p)}} with cardinality ϖ, which is equal to ϖ =
s1 + p, and denote its complement set with Sc1.

(B2) The irrepresentability condition holds for the true precision matrix Θ, i.e.,

there exists α1 ∈ (0, 1] such that maxe∈Sc1∥HeS1pHS1S1q−1∥1≤ 1 − α1, where
HS1S1 ∈ Rϖ×ϖ is a sub-matrix of H whose rows and columns are indexed
by the elements of S1. Moreover, e is a pair (a, b) ∈ Sc1 such that HeS1 is an
ϖ-dimensional column vector with elements He,(c,d), where (c, d) ∈ S1.

GivenXk and using Σ̂k,Γ̂k
= (Yk−XkΓ̂k)

⊤(Yk−XkΓ̂k)/nk, one can construct
an estimator for Θ using the following graphical Lasso optimization problem

Θ̂k = arg min
Θ∈Sp

++

{
trace(Σ̂k,Γ̂k

Θ)− log det(Θ) + λk∥Θ∥1,off
}
, (4.4.1)

where ∥·∥1,off is the ℓ1 o�-diagonal norm of the matrix de�ned as ∥Θ∥1,off=
∑

a ̸=b|Θab|
and Sp

++ is the space of positive de�nite matrices of dimension p × p. To obtain
a debiased estimator of Θ, we invert the KKT conditions from the optimization
problem (4.4.1), which is of the form

Σ̂k,Γ̂k
− Θ̂−1

k + λkD̂k = 0, (4.4.2)

where the matrix D̂k belongs to the sub-di�erential of the ℓ1 o�-diagonal norm
evaluated at Θ̂k. The di�erence between (4.4.2) and the problem in Chapter 2
is that the previous work used the sample covariance matrix Y⊤

k Yk/nk, but here

due to the non-zero mean of the model, we use Σ̂k,Γ̂k
which contains the plug-in

estimation of the regression coe�cient matrix Γ therein, thus making the analysis
more complicated. To simplify notation, de�ne

Wk = Σ̂k,Γ −Σ, W′
k = Σ̂k,Γ̂k

−Σ, W′′
k = Σ̂k,Γ̂k

− Σ̂k,Γ,

where

Σ̂k,Γ = (Yk −XkΓ)
⊤(Yk −XkΓ)/nk.
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Using the KKT condition (4.4.2) and performing some algebra calculations, leads
to

?
nk(Θ̂

d
k −Θ) = −

?
nkΘWkΘ+Rk,Θ, (4.4.3)

where Θ̂d
k = 2Θ̂k − Θ̂kΣ̂k,Γ̂k

Θ̂k is the k-th debiased estimator of Θ and the term
Rk,Θ is de�ned as

Rk,Θ := −
?
nk(Θ̂kΣ̂k,Γ̂k

− Ip)(Θ̂k −Θ)−
?
nk(Θ̂k −Θ)W′

kΘ−
?
nkΘW′′

kΘ.

(4.4.4)

In the sequel, it is shown that under suitable conditions, ∥Rk,Θ∥∞= op(1) and that
the term

?
nkΘWkΘ is elementwise asymptotically normal.

Relative to the work of Jankova and van de Geer (2015), in addition to dif-
ferent covariance matrices used in (4.4.4), our remainder contains the extra term?
nkΘW′′

kΘ. This extra term is bounded in elementwise ℓ∞ norm at the rate of
Op(d1s2 log(pq)/

?
nk), as it is shown in Lemma 4.4.1. In the estimation procedure,

if one considers Γ = 0 as a special case, then the KKT condition (4.4.2) will sim-
plify to the one in Jankova and van de Geer (2015), and as such the estimator we
propose, Θ̂d

k, will simplify to the same debiased estimator with the same conver-
gence rate from that work. We recall κΣ := ~Σ~∞ as the matrix ℓ∞ norm of Σ

and κH = ~pHS1,S1q−1~∞ as the matrix ℓ∞ norm of the inverse of HS1,S1 from the
irrepresentability condition (B2). In Lemma 4.4.1, negligibility of Rk,Θ is shown.

Lemma 4.4.1. Consider the multivariate regression model (4.2.2) with random
Gaussian noise matrix ξk having zero-mean rows, covariance matrixΣ and precision
matrix Θ. Let assumptions (B1)-(B2), and (C1)-(C3) from Appendix 4.9.3 hold.
Consider the debiased estimator in (4.4.3) with regularization parameter λk ≍a
log(p)/nk. On the event Fk(nk, p, q) with 2ρ0 ≤ ρk, where ρk ≍

a
log(pq)/nk,

and under the assumptions 1/α1 = O(1), κΣ = O(1) and κH = O(1), we have

∥Rk,Θ∥∞= Op

�
max {d3/21 log(p)/

?
nk, d

2
1(log(p))

3/2/nk, d1s2 log(pq)/
?
nk}


,

(4.4.5)

and under the sparsity conditions d
3/2
1 = op?n†/log(p)q and s2 = o(nπ3

† /log(pq)),
where 0 < π3 ≤ 1/6, we get ∥Rk,Θ∥∞= op(1).

The proof is given in Appendix 4.9.3.

Remark 4.1. A similar convergence rate for the remainder term is obtained in
Jankova and van de Geer (2015) but for the zero-mean model, which is of or-

der Oppmax {d3/21 log(p)/
?
nk, d

2
1(log(p))

3/2/nk}q. Comparing it with (4.4.5), it
is observed that the convergence rate of the extra term

?
nkΘW′′

kΘ is of or-
der Op(d1s2 log(pq)/

?
nk) which also adds more constraints on the negligibility

of Rk,Θ.
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Theorem 4.4.2 investigates the elementwise asymptotic normality of the debi-
ased estimator Θ̂d

k, which will be leveraged further in Section 4.5 to construct an

aggregated estimator using all K estimators Θ̂d
1, . . . , Θ̂

d
K .

Theorem 4.4.2. Under the assumptions of Lemma 4.4.1 and the sparsity con-

ditions d
3/2
1 = o(

?
n†/log(p)) and s2 = o(nπ3

† /log(pq)), 0 < π3 ≤ 1/6, for all
(a, b) ∈ V × V, a ̸= b, it holds that

?
nk(Θ̂

d
ab,k −Θab)/σab = Zab,k + op(1), (4.4.6)

where Θab and Θ̂d
ab,k are the (a, b)-th element of Θ and Θ̂d

k, respectively, and

σ2
ab = ΘaaΘbb + Θ2

ab. Moreover, 1/σab = O(1) and Zab,k converges weakly to
N (0, 1) as nk grows.

The proof is given in Appendix 4.9.4.

Remark 4.2. One can use Theorem 4.4.2 to construct asymptotic con�dence
intervals and hypothesis testing procedures. However, to perform inference, one
needs a consistent estimator for σab as it is unknown. By similar arguments as in

Lemma 2 of Jankova and van de Geer (2015) and considering d
3/2
1 = o(

?
n†/log(p)),

the estimator σ̂2
ab,k = Θ̂aa,kΘ̂bb,k + Θ̂2

ab,k is a consistent estimator for σ2
ab with

convergence rate Op(max{log(p)/nk,
a
d1 log(p)/nk}).

Remark 4.3. To quantify the convergence rate of the debiased estimator Θ̂d
k, from

(4.4.3), we have that

∥Θ̂d
k −Θ∥∞≤ ~Θ~2

∞∥Wk∥∞+∥Rk,Θ∥∞/
?
nk.

Given Xk and under assumption (B1), by considering ξk = Yk −XkΓ and setting
A = B = Ip in Lemma 2 of Lam and Fan (2009), for which the conditions are

ful�lled, one can write ∥Wk∥∞= Op(
a
log(p)/nk). Combining this bound with

(4.4.5) and (4.9.9) from Appendix 4.9.3, we get

∥Θ̂d
k −Θ∥∞= Op

�
max {d1

a
log(p)/nk, d

3/2
1 log(p)/nk,

d21(log(p)/nk)
3/2, d1s2 log(pq)/nk}



,

and under the sparsity conditions d
3/2
1 = o(

?
n†/log(p)), and s2 = o(nπ3

† /log(pq)),

0 < π3 ≤ 1/6, the consistency of Θ̂d
k follows.

4.5 The �nal aggregated estimators across the sub-
samples

The results in the previous sections are provided at the level of the k-th sub-sample,
k = 1, . . . ,K. To construct more reliable estimators, we aggregate estimators
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drawn from di�erent distributed locations. There are multiple ways to aggregate
these K estimators into a combined estimator. The aggregation procedure in this
chapter is the same as the one in Chapter 2, and for the reader's convenience, it is
again provided here.

Due to the asymptotic normal distribution of the local estimators, we derive the
�nal aggregated estimator by maximizing a pseudo log-likelihood function, which
is constructed using the asymptotic normal density of local estimators constructed
based on the sub-samples. Consider ∆ as a general parameter of interest, for
example Θab or vec(Γ)a in this chapter, where vec(Γ)a is the a-th element of the
vectorized form of Γ, and ∆̂k as the k-th estimator based on the k-th sub-sample
with variance σ2 and denote its consistent estimator by σ̂2

k which is also derived

based on the k-th sub-sample. Consider the asymptotic normal density of ∆̂k

at point ιk as f̂k(ιk | ∆, σ̂k), where the variance σ2 is replaced by its consistent
estimator σ̂2

k. By maximizing the pseudo log-likelihood function constructed as

l(∆) = log

� K∏
k=1

f̂k(ιk | ∆, σ̂k)



∝
K∑

k=1

(−nk/2)(ιk −∆)2/σ̂2
k,

with respect to ∆, the �nal aggregated estimator is of the form

∆̃owAvg =
1∑K

k=1
nk

σ̂2
k

×
K∑

k=1

nk
σ̂2
k

∆̂k, (4.5.1)

where the subscript �owAvg� stands for the optimally weighted average. We call
this estimator an �optimally weighted average�, as it is obtained using a maxi-
mization problem. Substituting debiased estimators Γ̂d

k and Θ̂d
k in (4.5.1), one

can aggregate distributed estimators of the coe�cient and precision matrices from
the sub-samples into the �nal combined estimators Γ̃owAvg and Θ̃owAvg, respec-
tively. Note that if the variance σ2 is known, then replacing σ̂2

k by σ2 simpli�es

the aggregated estimator ∆̃owAvg to two special cases. In the case of unbalanced

sub-samples, ∆̃owAvg is simpli�ed to the sample size weighted average estimator

∆̃wAvg =

K∑
k=1

nk
n
∆̂k, (4.5.2)

where �wAvg� stands for the sample size weighted average proportional to the sub-
sample sizes. Similarly to the optimally weighted average estimator, by substituting
debiased estimators Γ̂d

k and Θ̂d
k in (4.5.2), the weighted average aggregated estima-

tors of Γ andΘ can be constructed and denoted by Γ̃wAvg and Θ̃wAvg, respectively.

Moreover, if the sub-samples are also balanced, ∆̃owAvg further simpli�es to the
simple average estimator

∆̃sAvg =
1

K

K∑
k=1

∆̂k, (4.5.3)
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where �sAvg� stands for the simple average. By the same argument as for the op-
timally weighted and sample size weighted averages, the simple average estimators
of Γ and Θ can be constructed and denoted by Γ̃sAvg and Θ̃sAvg, respectively.

Using (4.3.3) and (4.5.1), by considering the consistent estimator Σ̂k,Γ̂k
for

Σ, the optimally weighted average estimator for the a-th element of vec(Γ), a =
1, . . . , qp, is of the form

vec(Γ̃owAvg)a =

� K∑
k=1

nk

rΣ̂k,Γ̂k
⊗ (MkCkM⊤

k )saa


−1

×
K∑

k=1

nk

rΣ̂k,Γ̂k
⊗ (MkCkM⊤

k )saa
vecpΓ̂d

kqa. (4.5.4)

It can be shown thatgffe K∑
k=1

nk{[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aapvec(Γ̃owAvg)a − vec(Γ)aq = Wa,Γ +Ra,Γ,

(4.5.5)

where

Ra,Γ =

gffe
∑K

k=1 nk/[Σ⊗Q−1]aa∑K
k=1 nk/[Σ̂k,Γ̂k

⊗ (MkCkM⊤
k )]aa

×
K∑

k=1

a
nk[Σ⊗Q−1]aa?

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
Ra,k,Γ,

Wa,Γ =

gffe
∑K

k=1 nk/[Σ⊗Q−1]aa∑K
k=1 nk/[Σ̂k,Γ̂k

⊗ (MkCkM⊤
k )]aa

×
K∑

k=1

a
nk[Σ⊗Q−1]aa?

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
Ta,k,

and Ra,k,Γ and Ta,k are the a-th element of Rk,Γ and Tk, respectively, de�ned in
(4.3.3).

Similarly, using (4.4.3) and (4.5.1), by considering the consistent estimator
σ̂2
ab,k for σ2

ab in (4.4.6), the aggregated estimator for the (a, b)-th element of Θ,
(a, b) ∈ V × V, a ̸= b, is of the form

Θ̃ab,owAvg =

� K∑
k=1

nk
σ̂2
ab,k


−1

×
K∑

k=1

nk
σ̂2
ab,k

Θ̂d
ab,k. (4.5.6)

Moreover, gffe K∑
k=1

nk
σ̂2
ab,k

�
Θ̃ab,owAvg −Θab



= Wab,Θ +Rab,Θ, (4.5.7)
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where

Rab,Θ =

gffe ∑K
k=1 nk/σ

2
ab∑K

k=1 nk/σ̂
2
ab,k

K∑
k=1

?
nkσab?
nσ̂2

ab,k

Rab,k,Θ,

Wab,Θ =

gffe ∑K
k=1 nk/σ

2
ab∑K

k=1 nk/σ̂
2
ab,k

K∑
k=1

σab?
nσ̂2

ab,k

nk∑
l=1

pΘ⊤
a (

9Yl,k − Γ⊤
9Xl,k)

× ( 9Yl,k − Γ⊤
9Xl,k)

⊤Θb −Θabq,

and Rab,k,Θ is the (a, b)-th element of Rk,Θ from (4.4.3), 9Yl,k ∈ Rp and 9Xl,k ∈ Rq

are the l-th row of Yk and Xk, respectively, while Θa and Θb are p-dimensional
vectors coming from the a-th row and the b-th row of Θ, respectively.

Theorem 4.5.1. Consider the regression model (4.2.2), where Xk satis�es as-
sumptions (A1) and (A2) from Section 4.3, and consider the maximum row spar-
sity of Q−1 as d2 = o(

?
n†/log(q)). Moreover, consider the coe�cient matrix

Γ with sparsity condition s2 = opnπ1

† /(log(pq) log(q))q, 0 < π1 ≤ 1/2. Sup-
pose that the event Fk(nk, p, q) holds jointly in k = 1, . . . ,K. Moreover, suppose

that Γ̂d
k, k = 1, . . . ,K, is the k-th debiased estimator in (4.3.3) with tuning pa-

rameter ρk ≍
a
log(pq)/nk and let nk/n → ck ∈ (0, 1) as nk grows such that

limK→∞
∑K

k=1 ck = 1.

a) If K grows at the rate of K = Opn1/4/(alog(pq) log(q)max{s2,
?
d2})q, and

log(p)/log(q) = o(nπ2

† ), 0 < π2 < 1/2, for the a-th element of the vectorized

form of Γ̃owAvg, a = 1, . . . , qp, in (4.5.5), we have

Wa,Γ
d−→ N (0, 1), and |Ra,Γ|= op(1), (4.5.8)

where
d−→ denotes convergence in distribution.

b) If K grows at the rate of K = Opn1/3/(alog(pq) log(q)max{s2, d2})q, in the
spirit of the special case (4.5.2), for the a-th element of the vectorized form
of Γ̃wAvg, a = 1, . . . , qp, which is denoted by vec(Γ̃wAvg)a, we have

?
nKb∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

pvec(Γ̃wAvg)a − vec(Γ)aq = W′
a,Γ +R′

a,Γ,

where W′
a,Γ converges weakly to N (0, 1) and |R′

a,Γ|= op(1).

c) If K grows at the rate of
?
K = Opn1/3† /(

a
log(pq) log(q)max{s2, d2})q, in

the spirit of the special case (4.5.3), for the a-th element of the vectorized
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form of Γ̃sAvg, a = 1, . . . , qp, which is denoted by vec(Γ̃sAvg)a, we have

K3/2b
(
∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa)(
∑K

k=1 1/nk)
pvec(Γ̃sAvg)a − vec(Γ)aq

= W′′
a,Γ +R′′

a,Γ,

where W′′
a,Γ converges weakly to N (0, 1) and |R′′

a,Γ|= op(1).

The proof is given in Appendix 4.9.5.

Remark 4.4. Note that Theorem 4.3.1 in Section 4.3 provides the asymptotic
normality, conditionally on the design matrix Xk, while the asymptotic normality
result in Theorem 4.5.1 is more general as it is an unconditional result. By us-
ing a similar argument to the proof of Theorem 4.5.1, it can be shown that both
vec(Γ̃owAvg)a and vec(Γ̃wAvg)a have an asymptotic variance equal to [Σ⊗Q−1]aa
which implies that their asymptotic relative e�ciency is equal to 1, and they are
as e�cient as the full estimator using the full sample data. This result is expected
because (i) the de�nitions of vec(Γ̃owAvg)a and vec(Γ̃wAvg)a are closely related, and
(ii) the estimated variances based on the sub-samples are consistent estimators for

the true variance, i.e., [Σ̂k,Γ̂k
⊗ (MkCkM

⊤
k )]aa/[Σ⊗Q−1]aa

p−→ 1. However, it has
been brought to our attention that the same �nal result can be obtained via the
asymptotic normality result characterizing M estimators (see for instance, Theo-
rem 5.21 of van der Vaart, 2000) since the proposed estimators are asymptotically
linear and hence asymptotically equivalent to the estimator obtained using the full
sample data. A comparison of the owAvg and wAvg estimators from a �nite sample
perspective is also provided through simulation and real data examples in Sections
4.6 and 4.7, respectively.

In Theorem 4.5.2, the asymptotic normality of the estimator in (4.5.6) and its
two special cases is investigated as n† and K both grow.

Theorem 4.5.2. Consider the regression model (4.2.2) and suppose that assump-
tions (B1)-(B2), and (C1)-(C3) from Appendix 4.9.3 hold. Moreover, consider the
coe�cient matrix Γ with sparsity condition s2 = o(nπ3

† /log(pq)), 0 < π3 ≤ 1/6.
Suppose that the event Fk(nk, p, q) holds jointly in k = 1, . . . ,K. Moreover, sup-

pose that Θ̂d
k, k = 1, . . . ,K, is the k-th debiased estimator in (4.4.3) with tuning

parameter λk ≍
a
log(p)/nk and let nk/n → ck ∈ (0, 1) as nk grows, such that

limK→∞
∑K

k=1 ck = 1.

a) If K and the maximum node degree of Θ grow at the rates of K = Opn1/3/
(d1 log(p))q, and d

3/2
1 = o(

?
n†/log(p)), respectively, then for every pair

(a, b) ∈ V × V, a ̸= b, of the pooled estimator Θ̃owAvg in (4.5.7), we have

Wab,Θ
d−→ N (0, 1), and |Rab,Θ|= op(1). (4.5.9)
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b) Under the same conditions as in part a), in the spirit of the special case
(4.5.2), for every pair (a, b) ∈ V × V, a ̸= b, of Θ̃wAvg, which is denoted by

Θ̃ab,wAvg, we have

?
nKb∑K

k=1 σ̂
2
ab,k

(Θ̃ab,wAvg −Θab) = W′
ab,Θ +R′

ab,Θ,

where W′
ab,Θ converges weakly to N (0, 1) and |R′

ab,Θ|= op(1).

c) If K and the maximum node degree of Θ grow at the rates of K = Opn4/3† /nq
and d

3/2
1 = opn1/3† /log(p)q, in the spirit of the special case (4.5.3), for every

pair (a, b) ∈ V × V, a ̸= b, of Θ̃sAvg, which is denoted by Θ̃ab,sAvg, we have

K3/2b
(
∑K

k=1 σ̂
2
ab,k)(

∑K
k=1 1/nk)

(Θ̃ab,sAvg −Θab) = W′′
ab,Θ +R′′

ab,Θ,

where W′′
ab,Θ converges weakly to N (0, 1) and |R′′

ab,Θ|= op(1).

The proof is given in Appendix 4.9.6.

Remark 4.5. By a similar argument to that of Remark 4.4, it can be shown that
the asymptotic variances of Θ̃ab,owAvg and Θ̃ab,wAvg are both equal to σ2

ab, where
we recall that σ2

ab = ΘaaΘbb + Θ2
ab. Additionally, by rewriting Theorem 4.4.2

for the full sample estimator, which uses the entire dataset of size n, it can be
shown that the asymptotic variance of the debiased full estimator is also equal to
σ2
ab. Therefore, we can deduce that both the optimally weighted and the weighted

distributed estimators are asymptotically as e�cient as the debiased full sample
estimator, which implies that the e�ciency loss from the distributed setting is
asymptotically zero.

According to the asymptotic normal distribution of the proposed estimators,
one can construct con�dence intervals and perform hypothesis testing for the ele-
ments of the coe�cient matrix Γ and of the precision matrix Θ. The (1−α)100%
asymptotic con�dence intervals for a general quantity of interest ∆, namely Θab or
vec(Γ)a in this chapter, using the optimally weighted, weighted and simple average
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estimators can be constructed as

∆̃owAvg ± Φ−1(1− α/2)/

gffe K∑
k=1

nk/σ̂2
k, (4.5.10)

∆̃wAvg ± Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
k)/(nK), (4.5.11)

∆̃sAvg ± Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
k)(

K∑
k=1

1/nk)/K3, (4.5.12)

where Φ−1(1−α/2) is the (1−α/2)-th quantile of standard normal distribution and
σ̂2
k is the k-th consistent estimator of σ2. Substituting vec(Γ̃owAvg)a, vec(Γ̃wAvg)a

and vec(Γ̃sAvg)a, respectively in (4.5.10), (4.5.11) and (4.5.12) and then replacing

the estimated variance σ̂2
k by [Σ̂k,Γ̂k

⊗ (MkCkM
⊤
k )]aa, one can construct (1 −

α)100% asymptotic con�dence intervals for the a-th element, a = 1, . . . , qp, of
the vectorized from of the coe�cient matrix Γ. Similarly, substituting Θ̃ab,owAvg,

Θ̃ab,wAvg and Θ̃ab,sAvg, respectively in (4.5.10), (4.5.11) and (4.5.12) and then

replacing the estimated variance σ̂2
k by σ̂

2
ab,k = Θ̂aa,kΘ̂bb,k+Θ̂2

ab,k, the (1−α)100%
asymptotic con�dence intervals for every pair (a, b) ∈ V ×V, a ̸= b, of the precision
matrix Θ can be constructed. Moreover, by substituting the same quantities in

|∆̃owAvg| > Φ−1(1− α/2)/

gffe K∑
k=1

nk/σ̂2
k,

|∆̃wAvg| > Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
k)/(nK),

|∆̃sAvg| > Φ−1(1− α/2)

gffe(

K∑
k=1

σ̂2
k)(

K∑
k=1

1/nk)/K3,

the rejection regions at level α for the hypothesis tests H0,a : vec(Γ)a = 0 vs
H1,a : vec(Γ)a ̸= 0, where a = 1, . . . , pq and H0,ab : Θab = 0 vs H1,ab : Θab ̸= 0,
where (a, b) ∈ V × V, a ̸= b can be constructed.

As it was mentioned, the distributed estimator has an e�ciency loss approaching
zero as the sample size grows. This allows us to compare its incurred loss with that
of the practically unavailable, full-sample debiased estimator. Considering the



112 Chapter 4. Distributed estimation and inference in covariate adjusted GGMs

de�nition of vec(Γ̃owAvg)a, it can be written

vec(Γ̃owAvg)a − vec(Γ)a

=

∑K
k=1 nk/[Σ⊗Q−1]aa∑K

k=1 nk/[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
×

K∑
k=1

?
nk[Σ⊗Q−1]aa

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
Ta,k

+

∑K
k=1 nk/[Σ⊗Q−1]aa∑K

k=1 nk/[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
×

K∑
k=1

?
nk[Σ⊗Q−1]aa

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
Ra,k,Γ.

Since [Σ⊗Q−1]aa/[Σ̂k,Γ̂k
⊗ (MkCkM

⊤
k )]aa

p−→ 1 and
∑K

k=1(nk/[Σ⊗Q−1]aa)/∑K
k=1(nk/[Σ̂k,Γ̂k

⊗ (MkCkM
⊤
k )]aa)

p−→ 1 as K → ∞ and nk → ∞, k = 1, . . . ,K,
using similar arguments to the proof of Theorem 4.3.2, we can write

∥Γ̃owAvg − Γ∥∞ = max
a∈{1,...,qp}

|vec(Γ̃owAvg)a − vec(Γ)a|

= OppKmax{
a
d2 log(pq)/n, s2

a
log(q) log(pq)/n}q,(4.5.13)

where the last equality is deduced using (4.3.4), (4.9.5) and (4.10.20). By using
the full sample data in Theorem 4.3.2, the convergence rate of the debiased full
estimator, call it Γ̂d

F , is of order

∥Γ̂d
F − Γ∥∞= Oppmax{

a
d2 log(pq)/n, s2

a
log(q) log(pq)/n}q. (4.5.14)

Combining the triangle inequality with (4.5.13) and (4.5.14), it is deduced that

∥Γ̃owAvg − Γ̂d
F ∥∞= OppKmax{

a
d2 log(pq)/n, s2

a
log(q) log(pq)/n}q,

which implies that the convergence rate of the distance between the distributed
estimator and the full one is equal to the rate of the distance between the distributed
estimator and the true matrix Γ. As such, it is noteworthy that Γ̃owAvg not only
follows an asymptotic normal distribution, but also approximates the debiased full
estimator Γ̂d

F well, and it exhibits a similar statistical error as Γ̂d
F as long as the

number of machines K is not too large.
By a similar argument, one can derive the convergence rate of Θ̃owAvg to be of

the order

∥Θ̃owAvg −Θ∥∞ = OppKmax{d1
a
log(p)/n, d

3/2
1 log(p)/n,

d21(log(p))
3/2/(n

?
n†), d1s2 log(pq)/n}q, (4.5.15)

which is obtained by combining the de�nition of Θ̃owAvg with the rate in (4.4.5),
the upper bound on ∥Wk∥∞ from Remark 4.3 and (4.9.9) from Appendix 4.9.3.
Comparing this convergence rate with the one from Remark 4.3 for the full sample
data estimator, call it Θ̂d

F , which is of the order

∥Θ̂d
F −Θ∥∞ = Oppmax{d1

a
log(p)/n, d

3/2
1 log(p)/n,

d21(log(p)/n)
3/2, d1s2 log(pq)/n}q,
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one can achieve the same conclusion as for the estimation of Γ, which implies that
if K is not too large, Θ̃owAvg attains a similar statistical error as the debiased full

estimator Θ̂d
F .

Remark 4.6. Comparing the bound given by (4.5.15) with the one presented in
(2.4.10) from Chapter 2, it is observed that the di�erence in the convergence rates
between a covariate adjusted Gaussian graphical model with a zero-mean Gaussian
graphical model is within the term d1s2 log(pq)/n. However, when considering the
condition s2 = opnπ3

† /log(pq)q, 0 < π3 ≤ 1/6, the cardinality of the non-zero entries
of Γ does not grow fast, such that Γ will be much sparser than Θ, and as a result,
the term d1s2 log(pq)/n will be dominated by the other terms in the bound (4.5.15).
This result can be also investigated by a comparison of the bounds on K between
Theorem 4.5.2 and Theorem 2.4.2 from Chapter 2.

In the next section, the statistical error and coverage probability of estimators
are compared from a �nite sample perspective.

4.6 Simulation study

In this section, we examine empirically the performance of our proposed estimators.
To this end, we followed the simulation setup of Yin and Li (2013) for generating
sparse matrices Γ and Θ.

First, to generate the precision matrix Θ, we randomly generated a link be-
tween all pairs (a, b) ∈ V × V, a ̸= b, with probability of connection of 0.01.
Then, the corresponding entry in the precision matrix is generated uniformly from
[−1,−0.5]

⋃
[0.5, 1], for each link. After that, for each row, each entry except the

diagonal one is divided by the sum of the absolute values of the o�-diagonal entries
multiplied by 1.5. Finally, the matrix is symmetrized and the diagonal entries are
�xed to 1. To generate the regression coe�cient matrix, we �rst generated a sparse
indicator matrix with non-zero elements having a probability of 0.01 of occurring
for every pair (a, b); a = 1, . . . , q, b = 1, . . . , p. Then, corresponding to the non-
zero entries of this indicator matrix, we generated uniformly the entries of Γ from
[−1,−νm]

⋃
[νm, 1], where νm is the minimum absolute non-zero value of the gener-

ated precision matrix. To generate a dataset, we �rst generated 9X = (X1, . . . , Xq)⊤

from a q-dimensional Gaussian distribution with mean vector zero and covariance
matrix Q. We used the Toeplitz structure ϱ|a−b|, a, b ∈ {1, . . . , q} with ϱ = 0.9 to

generate the covariance matrix Q. Finally, given 9X = 9x, we generated 9Y from a
p-dimensional Gaussian distribution with mean Γ⊤

9x and covariance matrix Θ−1.
To conduct the simulation, we set n = 25000 and 50000 and the number of

machines to K = 5, 10 and 20. To show the performance of the distributed esti-
mator in the unbalanced setting, we considered the same splitting procedure as in
Chapters 2 and 3. Suppose that among all available machines, two of them are
powerful. The �rst one is the most powerful one and (55 − K)% of the dataset



114 Chapter 4. Distributed estimation and inference in covariate adjusted GGMs

is distributed on this machine. The second one is less powerful than the �rst one
and (60−K)% of the remaining dataset is distributed on this one. The remaining
dataset is distributed roughly equally on the remaining machines. By considering
this splitting procedure and setting the number of responses to p = 1100 and the
number of predictors to q = 550, for some sub-samples we have high-dimensionality.
For example, when n = 25000 and K = 10, we have p > nk, ∀k = 3, . . . , 10 and
when K = 20, we have p, q > nk, ∀k = 3, . . . , 20. Moreover, when n = 50000 and
K = 20, we have p > nk, ∀k = 3, . . . , 20. To compare the performance of the
distributed estimators, we considered two types of estimators: debiased (which are
non-sparse) and sparse. The debiased estimators consist of:

1) (Full) A debiased estimator based on the full non-distributed data.

2) (sAvg) An estimator based on splitting the data and averaging directly the
debiased estimators from each machine.

3) (wAvg) An estimator based on splitting the data and taking the weighted
average of the debiased estimators from each machine, where the weight for
the k-th sub-sample is set to (nk/n).

4) (Top1) The estimator produced by the most powerful machine which takes
(55 − K)% of dataset. Since estimation on each machine is consistent and
asymptotically normal, investigating the performance on the �rst machine
which takes most of the dataset, is relevant.

The sparse competitors, which are shown respectively by SFull, SsAvg, SwAvg,
STop1, are obtained in the same way as estimators in 1)-4) but without the debias-
ing step. A comparison with the full estimator reveals how much the performance
deteriorates due to splitting the data, while a comparison with the simple and
sample size weighted average estimators has the purpose of evaluating if indeed
the proposed owAvg estimator is better equipped to tackle unbalanced settings
due to a more appropriate weighting. A comparison with the Top1 estimator
has the purpose to evaluate if the remaining (K − 1) machines which account for
(45+K)% of the original data are still able to produce informative estimates even
though they receive low amounts of data. In this study, the tuning parameters in
(4.3.1), (4.4.1) and (4.9.1), which are needed to obtain Mk, see Appendix 4.9.1, are
set to ρk = ρ =

a
log(pq)/n, λk = λ =

a
log(p)/n and ρ̃j,k = ρ̃ =

a
log(q)/n for

all simulation runs. All simulation results are calculated as averages over R = 500
di�erent repetitions.

To compare the performance of the estimators, we used the Frobenius norm
between the estimated matrix for each competitor and the true matrix from the
data generating process. The results for the Frobenius norm and their standard
deviation (between parentheses) for n = 50000 are presented in Table 4.1 for each
competitor, separately on the active and the non-active sets. Note that the active
sets on Θ and Γ are indexed by S1 and S2, respectively. The results for n = 25000
are similar and are presented in Table 4.4 in Appendix 4.11.
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From Table 4.1, it is observed that the performance of the proposed debiased
owAvg estimator is similar to that of the non-distributed, full estimator in terms
of Frobenius norm. With increasing K from 5 to 20, the norm of the distributed
estimator stays relatively constant. This suggests that by splitting observations in
combination with the proposed aggregation, one might not lose much information.
On the other hand, wAvg is quite sensitive to the number of machines and with
increasing K, its norm performance deteriorates. Especially when K = 20, the dif-
ference relative to the full one is large on the non-active set. The worst estimator
between debiased ones is sAvg which imposes the same weights on all sub-samples
and it is observed that its norm increases substantially, which suggests that it is
highly sensitive to K, as opposed to the distributed owAvg estimator. Further-
more, the Frobenius norm of Top1 is much larger than that of the centralized full
estimator, which implies that by considering just the �rst machine with the largest
amount of data and disregarding the remaining machines one loses information as
this strategy does not provide an accurate estimate. Moreover, as it is expected,
the performance of the sparse estimators is much better than the performance of
the debiased estimators on the non-active set only as they shrink most of the ele-
ments to zero. However, their errors are much larger than the errors of the debiased
estimators on the active set as they do not correct for the bias.

Due to the asymptotic distribution of the proposed estimators, investigating
their inferential properties is also of interest. However, since there is no distri-
butional result available for the sparse estimators, it is not possible to perform
inference using these estimators. Figure 4.1 shows the normalized distribution of
the proposed debiased optimally weighted estimator and the full non-distributed
estimator for both Γ and Θ, respectively from top to bottom. As an illustrative
example, these �gures are reported for (a, b) = (1, 3), others are available from the
authors, but are similar. The light gray histograms correspond to the normalized
distribution of the full estimators which are obtained from (4.3.4) and (4.4.6), by
setting K = 1, for Γ and Θ, respectively. The dark gray histograms correspond
to the asymptotic distributions of (4.5.8) and (4.5.9), respectively. The presented
histograms con�rm the asymptotic normal distribution of the proposed estimators
and its similarity to the full one.

Using the asymptotic distribution of the estimators, the coverage probabilities
and the length of the con�dence intervals are presented in Table 4.2 at signi�-
cance level α = .05. Here, we explain the procedure for computing the empirical
coverage probability for the elements of Θ. The same procedure is applied to
compute the empirical coverage probability and the length of con�dence intervals
for the elements of Γ. Similarly to Jankova and van de Geer (2015) and Chap-
ter 2, the empirical probability that the true parameter Θab is included in the
con�dence interval is de�ned as P̂ab = #{Θab ∈ CIab,r}/R, where R is the num-
ber of repetitions in the simulation, CIab,r is the estimated con�dence interval
for Θab at the r-th repetition, and # denotes the number of times for which the
true parameter Θab belongs to the con�dence interval. After obtaining P̂ab for
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Table 4.1: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets, for the proposed
estimators and di�erent competitors, when n = 50000.

Active set Non-active set
K K

1 5 10 20 1 5 10 20

Full 0.73 4.75
(.01) (.01)

owAvg 0.74 0.78 0.89 4.86 5.13 5.59
(.00) (.01) (.01) (.00) (.01) (.01)

D
eb
ia
se
d Top1 1.00 1.05 1.19 6.60 6.95 7.85

(.01) (.01) (.01) (.01) (.01) (.01)
sAvg 1.07 1.81 2.94 7.00 10.44 12.96

(.01) (.02) (.02) (.01) (.05) (.03)
wAvg 0.75 0.84 1.32 4.89 5.42 6.74

(.00) (.01) (.01) (.00) (.01) (.01)
Θ

SFull 2.03 .38
(.01) (.00)

S
p
a
rs
e STop1 2.13 2.15 2.20 1.02 1.19 1.69

(.01) (.01) (.01) (.01) (.01) (.01)
SsAvg 2.02 1.82 1.49 3.12 5.06 6.06

(.01) (.01) (.01) (.00) (.02) (.01)
SwAvg 1.99 1.90 1.68 1.44 1.95 2.78

(.01) (.01) (.01) (.00) (.00) (.00)

Full 1.09 10.85
(.01) (.01)

owAvg 1.11 1.15 1.23 11.10 11.44 12.24
(.01) (.01) (.01) (.01) (.01) (.01)

D
eb
ia
se
d Top1 1.55 1.63 1.86 15.43 16.29 18.54

(.01) (.01) (.02) (.02) (.02) (.02)
sAvg 1.57 2.02 2.23 15.67 20.15 22.23

(.01) (.02) (.02) (.02) (.03) (.03)
wAvg 1.11 1.16 1.29 11.12 11.59 12.89

(.01) (.01) (.01) (.01) (.01) (.02)
Γ

SFull 4.74 1.93
(.00) (.00)

S
p
a
rs
e STop1 4.74 4.74 4.75 1.99 2.00 2.04

(.00) (.00) (.00) (.00) (.00) (.00)
SsAvg 4.75 4.36 3.97 2.04 2.27 2.65

(.00) (.13) (.03) (.00) (.05) (.02)
SwAvg 4.74 4.61 4.40 1.93 1.90 1.93

(.00) (.04) (.01) (.00) (.01) (.00)
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Figure 4.1: Histogram of the normalized debiased full (light gray bars) and dis-
tributed (dark gray bars), respectively, when n = 50000, (a, b) = (1, 3) and
K = 5, 10 or 20. From top to bottom, the �gures present the asymptotic dis-
tributions for the estimation of Γ (top) and Θ (bottom).

all (a, b) ∈ V × V, a ̸= b, the average coverage probability on the active set S1

is obtained as Avg.CovS1
= (1/s1)

∑
(a,b)∈S1

P̂ab, where s1 is the number of ac-
tive components. Similar computations have been implemented for obtaining the
estimated coverage probability over the non-active set Sc

1.

From Table 4.2, it is observed that the performance of the owAvg estimator
is close to the full one on both the active and non-active sets, as the coverage
probabilities are close to the nominal level of 95%. Moreover, the average lengths
are relatively low and are stable with increasing K. The results for Top1 are also
close to the nominal level, but its length is slightly larger than that of the full and
of the distributed estimator. However, in Table 4.1, we observed that its Frobenius
norm performance is far away from the norm of the full estimator making it a
less interesting alternative. The coverage probability of sAvg is low in some cases,
especially in estimating Θ on the active set. The length of its con�dence interval
is also relatively large, especially when estimating Γ. The performance of wAvg is
generally better than that of sAvg but over-coverage is observed. More than that,
the length of its con�dence interval is not stable and it increases with increasing
K. The results for n = 25000 are similar and they are presented in Table 4.5 in
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Table 4.2: Average coverage probability and average length of the con�dence in-
tervals over 500 repetitions for the proposed estimators and di�erent competitors,
when n = 50000.

Avg.Cov Avg.Len
K K

1 5 10 20 1 5 10 20

A
ct
iv
e
se
t Full .93 .02

owAvg .93 .93 .92 .02 .02 .02
Top1 .94 .94 .94 .02 .03 .02
sAvg .92 .85 .71 .02 .03 .04
wAvg .94 .96 .91 .02 .02 .03

Θ

N
o
n
-a
ct
iv
e

se
t

Full .93 .02
owAvg .95 .95 .95 .02 .02 .02
Top1 .95 .95 .95 .02 .03 .05
sAvg .94 .92 .92 .02 .03 .04
wAvg .95 .97 .98 .02 .02 .03

A
ct
iv
e
se
t Full .95 .06

owAvg .95 .95 .95 .06 .06 .06
Top1 .95 .95 .95 .09 .08 .09
sAvg .95 .94 .93 .09 .10 .10
wAvg .96 .96 .97 .06 .06 .07

Γ

N
o
n
-a
ct
iv
e

se
t

Full .96 .08
owAvg .95 .95 .95 .06 .06 .06
Top1 .95 .95 .95 .09 .08 .09
sAvg .95 .94 .93 .09 .10 .10
wAvg .96 .96 .97 .06 .06 .07

Appendix 4.11.

Another quantity which is important to keep track of, is the running time. In
this chapter, it is considered as the maximum running time among all parallel jobs
plus the time to combine the results. These results are shown in Figure 4.2 for
the debiased estimators of Γ and Θ for di�erent sample sizes from n = 50000
to 200000 and K = 5, 10, 20. Not surprisingly, the running times of the sparse
estimators were less than the running times of the debiased ones as they do not
have the debiasing step in the estimation procedure, and they are not reported
in this �gure. It is observed from Figure 4.2 that for any �xed sample size, the
computation time of the distributed estimators is less than that of the full one
and as expected it decreases with increasing K. This running time is quite close
for all owAvg, wAvg, sAvg and Top1 estimators. This behavior is the same for
both estimators of Γ and Θ and shows, as expected, the e�ciency of the proposed
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Figure 4.2: Running time in seconds for the full and proposed estimators in esti-
mating Γ (left) and Θ (right), when p = 1100 and q = 550. The regularization
parameters for the distributed estimators are considered as λk =

a
log(p)/nk,

ρk =
a
log(pq)/nk and ρ̃k =

a
log(q)/nk.

estimators in terms of computation time.

4.7 Real data example

To explore the performance of the proposed methodology, we used the Pan-Cancer
dataset from The Cancer Genome Atlas (TCGA) project (available at
https://xenabrowser.net/datapages/) that has been used as well in Chapter 3.
Although the estimation of the graph structure of genes can be e�ective in identi-
fying the associated genetic variants, external covariates such as single nucleotide
polymorphisms may a�ect their structure. As such, we applied the proposed condi-
tional multivariate regression to regress 743 microRNA mature strand expressions
on 27147 tumor gene-level copy numbers and to model how the gene expressions
regulate the microRNA expressions. Estimation of the underlying graph among the
microRNAs is also of interest. We further selected 1164 tumor gene expressions
with variance greater than 0.3, and the �nal dataset consists of n = 9986 subjects
having both q = 1164 covariates and p = 743 responses.

To compare the performance of the proposed method, we split the dataset on
K = 3, 5 and 10 di�erent machines with the same splitting setting as in the simu-
lation study in Section 4.6. Tuning parameters are also �xed as in the simulation
study with α = 5% and a Bonferroni correction is applied for multiple testing. The
results are presented in Table 4.3 and it is observed that when estimating Γ, the

https://xenabrowser.net/datapages/
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Table 4.3: Signi�cant and common pairs between four competitors and the estimator
using the full dataset. For all methods a Bonferroni correction is applied.

Signi�cant pairs Common pairs
with Full

K K
1 3 5 10 3 5 10

Full 964
owAvg 897 832 828 797 756 685

Γ Top1 300 290 295 255 241 186
sAvg 817 466 234 735 416 217
wAvg 888 948 1334 812 761 778

Full 6564
owAvg 6168 5917 5535 5888 5675 5299

Θ Top1 3095 2966 2655 3060 2933 2632
sAvg 5234 2923 1914 5099 2896 1902
wAvg 6120 5463 4169 5854 5331 4130

owAvg and wAvg estimators identify more common non-zero coe�cients with the
full estimator, while sAvg and Top1 are further away from the full estimator. When
K = 3, sAvg is close to the full one, but with increasing K, it grows further apart,
such that when K = 10, it identi�ed only 234 coe�cients of which 217 of them are
common with the full estimator. The same holds for Top1 which identi�ed much
less coe�cients compared to the full, owAvg and wAvg estimators. We conclude
that there are more common edges between the graphs estimated by the distributed
owAvg method and the full one, while the least similar competitors are Top1 and
sAvg. With increasing K, the number of common edges tends to decrease for all
competitors due to the loss of information by splitting data on more machines.

As it is mentioned in Wang (2015), the tuple hsa-miR-136, hsa-miR-376a and
hsa-miR-377 are the most important genes in identifying GBM cancer. Top1 could
not identify any edges between these genes, while sAvg could identify an edge
between hsa-miR-136 and hsa-miR-377, when K = 3. With the full, distributed
owAvg and wAvg estimators, we could successfully identify an edge between hsa-
miR-136 and hsa-miR-377 and another one between hsa-miR-376a and hsa-miR-
377. However, wAvg missed the couple hsa-miR-376a and hsa-miR-377 when K =
10. The sparse graphical Lasso estimator is also considered as a competitor and
with this method we identi�ed 37376 edges suggesting that many estimated edges
might in fact be false positive edges.

Afterwards, to investigate the performance of the estimators for completely in-
dependent variables, we permuted randomly sample data for each variable, thus
breaking up the correlation structure in order to construct a dataset with mutually
independent variables. As such, we expect that there are no selected variables in
the estimated coe�cient matrix and zero o�-diagonal elements in the estimated
precision matrix. By �tting separately the proposed owAvg estimator and all
competitors on the dataset with K = 3, 5 and 10, we identi�ed no edges in the
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estimated precision matrix which con�rms this assertion. However, a couple of
non-zero coe�cients were wrongly identi�ed in the estimated coe�cient matrix.
The owAvg and sAvg estimators, both identi�ed around 10 non-zero coe�cients,
while wAvg identi�ed 84, which indicates more false positive discoveries produced
by this estimator.

4.8 Discussion

Splitting a dataset on multiple locations with di�erent sizes is an inevitable method
to tackle the problem of large scale datasets which cannot be read nor stored in one
single location. Separate analysis at multiple locations are also of contemporary
interest due to today's security and privacy concerns. The most essential step in
distributed problems is choosing how to aggregate di�erent estimators to a �nal
one.

In this chapter, aggregated estimators are introduced for the coe�cient matrix
in the multivariate regression models and the precision matrix corresponding to the
graph structure of the response vector. To build these estimators, �rst debiased
estimators were provided on each machine and then, they were pooled together to
create the �nal estimators by maximizing a pseudo log-likelihood function which
is constructed using the asymptotic distribution of the debiased estimators. Two
special cases of the aggregated estimators, including simple and weighted averages,
were provided under the known variance assumption. Statistical guarantees and
the asymptotic distribution of the aggregated estimators were investigated under
sparsity conditions and a growing number of machines as a function of the sample
size.

It is shown that the aggregated estimators are asymptotically as e�cient as the
debiased, full non-distributed estimators and con�rm the asymptotic negligibility
of the e�ciency loss in the distributed procedure. Moreover, based on the provided
convergence rates, it is deduced that the aggregated estimators exhibit a similar sta-
tistical error as the debiased full estimator as long as the number of machine is not
too large. In the estimation of the coe�cient matrix, it is shown that as the number
of machines grows at the rate of K = Opn1/4/(alog(pq) log(q)max{s2,

?
d2})q, the

�nal estimator is consistent and asymptotically normal. This growth rate adjusts to
K = Opn1/3/(d1 log(p))q, in estimating the precision matrix. Statistical inference
was also proposed based on the asymptotic normal distribution of the aggregated
estimators. These distributions are valid as long as the number of machines grows
at the mentioned rates.

The �nite sample performance of the proposed estimators was evaluated with
a simulation study where it was observed that the estimators produced compet-
itive results relative to the non-distributed estimators that use the entire data.
Since we perform estimation by distributing the computational load across multi-
ple machines, not surprisingly the computational time comparison favors our novel
estimator. Moreover, this estimator performed substantially better than the simple
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average-based estimator in terms of accuracy. It was also observed that the coverage
probabilities of the distributed estimators are close to those of the non-distributed
estimators. This points to the fact that in practice, performing distributed esti-
mation across multiple machines in our unbalanced framework induces a minimal
loss in performance relative to models using all the data in a centralized location.

4.9 Appendix A: Proofs of the main theorems and
lemmas

4.9.1 Proof of Theorem 4.3.1

Before starting the proof of Theorem 4.3.1, we provide a short description of the
nodewise Lasso method from van de Geer et al. (2014) using the k-th sub-sample,
which is needed later in the proof.

For every j ∈ {1, . . . , q}, use Lasso for the regression problem Xj,k against
X−j,k, where Xj,k and X−j,k are, the j-th column and the nk×(q−1) dimensional
sub-matrix of Xk obtained by removing the j-th column, respectively. Formally,

η̂j,k = arg min
η∈Rq−1

{
1

2nk
∥Xj,k −X−j,kη∥22+ρ̃j,k∥η∥1

}
, (4.9.1)

with components η̂j,k = {η̂(j,j′),k; j′ = 1, . . . , q, j′ ̸= j}, where η̂(j,j′),k is the esti-
mated regression coe�cient associated to the j′-th column of Xk when column j
is the response vector. De�ne

Ψ̂k =

�����
1 −η̂(1,2),k . . . −η̂(1,q),k

−η̂(2,1),k 1 . . . −η̂(2,q),k
...

...
. . .

...
−η̂(q,1),k −η̂(q,2),k . . . 1

����

and write

Υ̂2
k = diag(τ̂21,k, . . . , τ̂

2
q,k), τ̂2j,k = ∥Xj,k −X−j,kη̂j,k∥22/nk + ρ̃j,k∥η̂j,k∥1,

and �nally, set
Mk = rΥ̂2

ks−1
Ψ̂k.

Now to prove Gaussianity in Theorem 4.3.1, we mention that ξk is an nk × p
matrix with independent rows and distributed as Np(0,Σ). As such, the random
vector vec(ξk) is distributed as a pnk-dimensional Gaussian vector with mean zero
and covariance matrix Σ⊗ Ink

, which is a pnk×pnk matrix. Due to the properties
of the vec(·) function,

Tk := vec(MkX
⊤
k ξk/

?
nk) = (1/

?
nk)pIp ⊗ (MkX

⊤
k )qvec(ξk).
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As such, given Xk, the random vector Tk is a linear transformation of vec(ξk) and
it is thus a pq-dimensional Gaussian vector with mean vector zero and covariance
matrix

Var(Tk|Xk) = (1/nk)(Ip ⊗ (MkX
⊤
k ))(Σ⊗ Ink

)(Ip ⊗ (XkM
⊤
k ))

= Σ⊗ (MkCkM
⊤
k ).

To show negligibility of the remainder term Rk,Γ in (4.3.3), we have

∥Rk,Γ∥∞ ≤
?
nk∥Iq −MkCk∥∞~Γ̂k − Γ~∞

≤
?
nk∥Iq −MkCk∥∞∥Γ̂k − Γ∥1. (4.9.2)

Using the KKT conditions, van de Geer et al. (2014) showed that ∥CkM
⊤
j,k−ej∥∞≤

ρ̃j,k/τ̂
2
j,k, where Mj,k is the j-th row of Mk and ej is the j-th unit column vector

with 1 at the j-th position and zero everywhere else. Under the assumptions (A1)
and (A2) and considering the maximum row sparsity d2 = o(

?
n†/log(q)) in Lemma

5.3 of van de Geer et al. (2014), we have

max
j∈{1,...,q}

1/τ̂2j,k = Op(1).

Therefore, by choosing uniformly ρ̃j,k ≍
a
log(q)/nk for each j = 1, . . . , q, we get

∥CkM
⊤
k − Iq∥∞= max

j
∥CkMj,k − ej∥∞= Op(

a
log(q)/nk). (4.9.3)

Substituting (4.9.3) and (4.10.14) from Lemma 4.10.7 (see Appendix 4.10) in
(4.9.2), we get

∥Rk,Γ∥∞= Opps2
a
log(q) log(pq)/nkq.

Finally, by considering s2 = opnπ1

† /(log(q) log(pq))q, 0 < π1 ≤ 1/2, the required
result follows.

4.9.2 Proof of Theorem 4.3.2

Using (4.3.3), we have that,

∥Γ̂d
k − Γ∥∞≤ ∥vec(MkX

⊤
k ξk)∥∞/nk + ∥Rk,Γ∥∞/

?
nk. (4.9.4)

Due to the properties of the vec(·) function,

∥vec(MkX
⊤
k ξk)∥∞/nk ≤ ~Ip ⊗Mk~∞∥vec(X⊤

k ξk)∥∞/nk = Op(
a
d2 log(pq)/nk),

(4.9.5)
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where the last equality is obtained by (i) working on the event Fk(nk, p, q) with
ρk ≍

a
log(pq)/nk, and (ii) by the same argument as in the proof of Lemma 5.4

from van de Geer et al. (2014), as

~Ip ⊗Mk~∞ = ~Mk~∞ = max
j∈{1,...,q}

∥Mj,k∥1= Op(
a
d2),

where Mj,k is the j-th row of Mk. Under assumptions (A1) and (A2) and using
Theorem 4.3.1, by substituting (4.3.4) and (4.9.5) in (4.9.4), the result in (4.3.5)
follows directly.

4.9.3 Proof of Lemma 4.4.1

Before starting the proof of this Lemma, we provide some technical assumptions
on the sample covariance matrix Ck, which are needed later in the proof. For more
information on these assumptions, the reader can refer to Yin and Li (2013).

(C1) There exists an α2 ∈ (0, 1], such that

sup
b∈{1,...,p}

~(Ck)Sc
2(b)S2(b)[(Ck)S2(b)S2(b)]

−1~∞ ≤ 1− α2,

where (Ck)Sc
2(b)S2(b) is a sub-matrix of Ck whose rows and columns are in-

dexed by the elements of Sc
2(b) and S2(b), respectively, where S

c
2(b) is the

complement set of S2(b), de�ned in Section 4.2. As it is mentioned in Yin
and Li (2013), this condition is the matrix version of the irrepresentability
condition used in the ℓ1 penalized regression setting of Zhao and Yu (2006).

(C2) There exists a constant Cmax, such that the largest eigenvalue

Λmax

�
r(Ck ⊗ Ip)S2S2

s−1
(Ck ⊗Σ)S2S2

r(Ck ⊗ Ip)S2S2
s−1



≤ Cmax.

(C3) For all nk > 0, the largest eigenvalue of Ck has a common upper bound Λ3,
that is Λmax(Ck) ≤ Λ3.

Now to prove Lemma 4.4.1, using (4.4.4), we have

∥Rk,Θ∥∞ =
?
nk∥−(Θ̂kΣ̂k,Γ̂k

− Ip)(Θ̂k −Θ)− (Θ̂k −Θ)W′
kΘ−ΘW′′

kΘ∥∞
≤

?
nk∥Θ̂kΣ̂k,Γ̂k

− Ip∥∞~Θ̂k −Θ~∞ +
?
nk~Θ̂k −Θ~∞∥W′

kΘ∥∞
+

?
nk∥ΘW′′

kΘ∥∞.
(4.9.6)
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To �nd an upper bound on ∥Θ̂kΣ̂k,Γ̂k
− Ip∥∞, we write

∥Θ̂kΣ̂k,Γ̂k
− Ip∥∞ = ∥Θ̂kΣ̂k,Γ̂k

− Θ̂kΣ+ Θ̂kΣ− Ip∥∞
= ∥Θ̂k(Σ̂k,Γ̂k

−Σ) + Θ̂kΣ−ΘΣ+ΘΣ− Ip∥∞
= ∥Θ̂k(Σ̂k,Γ̂k

−Σ) + (Θ̂k −Θ)Σ+ΘΣ

−ΘΣ̂k,Γ̂k
+ΘΣ̂k,Γ̂k

− Ip∥∞
= ∥Θ̂k(Σ̂k,Γ̂k

−Σ) + (Θ̂k −Θ)Σ−Θ(Σ̂k,Γ̂k
−Σ)

+ΘΣ̂k,Γ̂k
−ΘΣ∥∞

≤ ~Θ̂k −Θ~∞∥W′
k∥∞+∥Θ̂k −Θ∥∞~Σ~∞ + ∥ΘW′

k∥∞.
(4.9.7)

Substituting (4.9.7) in (4.9.6), we have

∥Rk,Θ∥∞≤
?
nk{2∥R1

k,Θ∥∞+∥R2
k,Θ∥∞+∥R3

k,Θ∥∞+∥R4
k,Θ∥∞}, (4.9.8)

where

∥R1
k,Θ∥∞ = ∥ΘW′

k∥∞~Θ̂k −Θ~∞,

∥R2
k,Θ∥∞ = ~Θ̂k −Θ~2

∞∥W′
k∥∞,

∥R3
k,Θ∥∞ = ∥Θ̂k −Θ∥∞~Θ̂k −Θ~∞κΣ,

∥R4
k,Θ∥∞ = ∥ΘW′′

kΘ∥∞.

Under assumption (B1) from Section 4.4 for the matrix Θ, it holds that

~Θ~∞ = max
a∈V

∥Θa∥1≤
a
d1Λmax(Θ) = O(

a
d1), (4.9.9)

where Θa is the a-th row of Θ. Under (B2) and the additional assumptions (C1)-
(C3), the conditions of result 1 from Theorem 2 of Yin and Li (2013) are ful�lled,
and for the k-th sub-sample we have

∥Θ̂k −Θ∥∞= Op

�
{16

?
2(1 + 4γ2)(1 + 8/α1)max

a
ΣaaκH}

d
log(4pτ )

nk



, (4.9.10)

where maxa Σaa is the maximal diagonal element of the covariance matrix Σ,
τ > 2 is a constant and γ is a common sub-Gaussian parameter for Gaussian
random variables ε1, . . . , εp, where γ = O(1). Moreover, based on result 2 of the

aforementioned theorem, the edge set E(Θ̂k), i.e. the edge set created based on

the estimated Θ̂k, is a subset of the true edge set E(Θ) with high probability. As
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such, Θ̂k has at most d1 non-zero entries per row, and we get

~Θ̂k −Θ~∞ = max
a

p∑
b=1

|Θ̂ab,k −Θab| = max
a

d1∑
b=1

|Θ̂ab,k −Θab|

≤ max
a

d1∑
b=1

max
b

|Θ̂ab,k −Θab|

= d1∥Θ̂k −Θ∥∞,

where Θ̂ab,k is the (a, b)-th element of Θ̂k. Thus, using (4.9.10),

~Θ̂k −Θ~∞ ≤ Op

�
d1{16

?
2(1 + 4γ2)(1 + 8/α1)max

a
ΣaaκH}

d
log(4pτ )

nk



.

Therefore in (4.9.8), we have

∥Rk,Θ∥∞≤ 5
?
nk max {∥R1

k,Θ∥∞, ∥R2
k,Θ∥∞, ∥R3

k,Θ∥∞, ∥R4
k,Θ∥∞}, (4.9.11)

where

∥R1
k,Θ∥∞ ≤

a
d1Λmax(Θ)∥W′

k∥∞

×Op

�
d1{16

?
2(1 + 4γ2)(1 + 8/α1)max

a
ΣaaκH}

d
log(4pτ )

nk



,

∥R2
k,Θ∥∞ ≤ ∥W′

k∥∞Op

�
d21{16

?
2(1 + 4γ2)(1 + 8/α1)max

a
ΣaaκH}2 log(4p

τ )

nk



,

∥R3
k,Θ∥∞ ≤ κΣOp

�
d1{16

?
2(1 + 4γ2)(1 + 8/α1)max

a
ΣaaκH}2 log(4p

τ )

nk



.

To obtain an upper bound on ∥W′
k∥∞, under assumptions (C1)-(C3), and using

Lemma 2 of Yin and Li (2013), we can write

∥W′
k∥∞= Op

�d
log(4pτ )

C2nk



,

where C2 = [128(1 + 4γ2)2 max2a Σaa]
−1. Moreover,

∥R4
k,Θ∥∞ = ∥Θ{(Yk −XkΓ̂k)

⊤(Yk −XkΓ̂k)/nk − ξ⊤k ξk/nk}Θ∥∞.

Adding and subtracting XkΓ to the �rst term in R4
k,Θ, we get that

∥R4
k,Θ∥∞ ≤ ~Θ~2

∞

{
2∥(Γ̂k − Γ)⊤X⊤

k ξk∥∞/nk + ∥Xk(Γ̂k − Γ)∥2F /nk

}
.
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Under assumption (B1) and by conditioning on the event Fk(nk, p, q), we have

∥R4
k,Θ∥∞ ≤ d1{ρk∥Γ̂k − Γ∥1+∥Xk(Γ̂k − Γ)∥2F /nk}.

Recall that S2 and S2(b) denote the support of the coe�cient matrix Γ and its
b-th column, b = 1, . . . , p, with cardinalities s2 and s2(b), respectively. Under
assumption (C1), by a similar argument as in the proof of Theorem 6.1 of Bühlmann
and van de Geer (2011), one can show that for the �xed design matrix Xk,

ρk∥Γ̂k − Γ∥1+∥Xk(Γ̂k − Γ)∥2F /nk ≤ 4ρ2ks2/ϕ
2.

where ϕ2 ∈ (0,∞) is the compatibility constant which has a similar role to µb

from the RE condition (4.10.5) for the �xed design matrix Xk. It is noteworthy
that as it is shown in Theorem 7.2 of Bühlmann and van de Geer (2011), under
the �xed design setting, the irrepresentability condition (C1) is enough to reach
the compatibility condition and the restricted eigenvalue condition (4.10.5) is not
needed. The reader can refer to Chapter 7 of Bühlmann and van de Geer (2011)
for more details. Since ϕ2 ∈ (0,∞), there exists L = O(1), such that 1/ϕ2 ≤ L.
Combining this with ρk ≍

a
log(pq)/nk, and substituting in R4

k,Θ, we get

∥R4
k,Θ∥∞= Op(d1s2 log(pq)/nk).

Substituting the obtained bounds in (4.9.11) and considering κΣ = O(1), κH =
O(1), 1/α1 = O(1), and γ = O(1), we get

∥Rk,Θ∥∞= Op

�?
nk max {d3/21 log(p)/nk, d

2
1(log(p)/nk)

3/2, d1 log(p)/nk,

d1s2 log(pq)/nk}


,

and under the sparsity assumptions d
3/2
1 = o(

?
n†/log(p)) and s2 = o(nπ3

† /log(pq)),
0 < π3 ≤ 1/6 the result ∥Rk,Θ∥∞= op(1) follows.

4.9.4 Proof of Theorem 4.4.2

The proof of this theorem is an extension of the proof of Theorem 1 from Jankova
and van de Geer (2015) by considering a non-zero mean structure. Under the
assumptions of Lemma 4.4.1 from the main text, it is shown that ∥Rk,Θ∥∞= op(1).
As such, using (4.4.3), we have

?
nk(Θ̂

d
ab,k −Θab) = −

?
nk{ΘWkΘ}ab + op(1)

= − 1?
nk

nk∑
l=1

pΘ⊤
a (

9Yl,k − Γ⊤
9Xl,k)( 9Yl,k − Γ⊤

9Xl,k)
⊤Θb

−Θabq+ op(1), (4.9.12)



128 Chapter 4. Distributed estimation and inference in covariate adjusted GGMs

where 9Yl,k ∈ Rp and 9Xl,k ∈ Rq are the l-th row of the sub-matrices Yk and
Xk, respectively, and Θa and Θb are p-dimensional vectors coming from the a-th
row and the b-th row of Θ. The second equality in (4.9.12) follows directly since
ΘWkΘ = ΘΣ̂k,ΓΘ − Θ. To show the normality of the term in (4.9.12), de�ne

Zab,l,k := Θ⊤
a (

9Yl,k − Γ⊤
9Xl,k)( 9Yl,k − Γ⊤

9Xl,k)
⊤Θb −Θab, l = 1, . . . , nk. Then,

E(Zab,l,k) = Θ⊤
a E{( 9Yl,k − Γ⊤

9Xl,k)( 9Yl,k − Γ⊤
9Xl,k)

⊤}Θb −Θab

= e⊤a Θeb −Θab = 0,

where eb is a p-dimensional unit column vector of zeros with one at position b and
similarly for ea. On the other hand, since 9Yl,k − Γ⊤

9Xl,k is a Gaussian random
vector, the variance

σ2
ab = Var(Zab,l,k) = VarpΘ⊤

a (
9Yl,k − Γ⊤

9Xl,k)( 9Yl,k − Γ⊤
9Xl,k)

⊤Θbq
is �nite. Denote by Znk

=
∑nk

l=1 Zab,l,k. Then, z
2
nk

:= Var(Znk
) = nσ2

ab. Dividing
(4.9.12) by σab > 0, we get

?
nk(Θ̂

d
ab,k −Θab)/σab = Znk

/znk
+ op(1)/σab.

It is enough to show that Znk
/znk

d−→ N (0, 1), where
d−→ denotes convergence in

distribution. By substituting Zab,l,k in the proof of Theorem 1 from Jankova and
van de Geer (2015), with the same argument, the normality of Znk

/znk
follows.

The reader can refer to Jankova and van de Geer (2015) for more details.
To show σ2

ab = ΘaaΘbb +Θ2
ab, under the multivariate Gaussian distribution of

9εl,k, which is the l-th row of ξk, we have 9εl,k = 9Yl,k − Γ⊤
9Xl,k ∼ Np(0,Σ), and as

such Θ( 9Yl,k − Γ⊤
9Xl,k) ∼ Np(0,Θ). Using a similar argument as in the proof of

Lemma 2 from Jankova and van de Geer (2015), it holds that σ2
ab = ΘaaΘbb+Θ2

ab

and 1/σab = O(1).

4.9.5 Proof of Theorem 4.5.1

a) The proof of this theorem relies on Lemma 4.10.9, which shows the negligibility
of the remainder term Ra,Γ as n† and K grow. To show the asymptotic normality
of Wa,Γ, de�ne

ζa :=

K∑
k=1

d
nk[Σ⊗Q−1]aa

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
× Ta,kb

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

,

whereTa,k is the a-th element ofTk from (4.3.3). As

c ∑K
k=1 nk/[Σ⊗Q−1]aa∑K

k=1 nk/[Σ̂k,Γ̂k
⊗(MkCkM⊤

k )]aa

p−→ 1, see the proof of Lemma 4.10.9, using Slutsky's theorem, it is enough to
show that ζa converges in distribution to N (0, 1). De�ning ζ ′a :=

∑K
k=1

a
nk

n ×
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Ta,k?
[Σ⊗(MkCkM⊤

k )]aa

, we show in Lemma 4.10.10 that |ζa − ζ ′a|
p−→ 0 as K → ∞ and

nk → ∞, k = 1, . . . ,K, and then convergence in distribution of ζa follows by
convergence in distribution of ζ ′a.

Now to show the asymptotic normal distribution of ζ ′a, denoting by Za,k :=a
nk

n × Ta,k?
[Σ⊗(MkCkM⊤

k )]aa

, we use the Lindeberg theorem (see for instance, Theorem

2.1 in Chapter 7 of Gut, 2005). We have

E(Za,k) = E
{
E
�c

nk
n

× Ta,kb
[Σ⊗ (MkCkM⊤

k )]aa

| Xk


}

= E
{c

nk
n

× 1b
[Σ⊗ (MkCkM⊤

k )]aa

EpTa,k | Xkq
}

= 0,

where the last equality is deduced from the conditional normal distribution of Ta,k

shown in Theorem 4.3.1. Moreover,

K∑
k=1

E(Z2
a,k) =

K∑
k=1

E
{
nk
n

× 1

[Σ⊗ (MkCkM⊤
k )]aa

EpT2
a,k | Xkq

}
=

K∑
k=1

nk
n

= 1,

where the second equality is deduced using the conditional variance of Ta,k, which
is equal to [Σ⊗ (MkCkM

⊤
k )]aa. Now to check the Lindeberg condition, for every

ϵ > 0, we can write

EpZ2
a,kI(|Za,k|> ϵ) | Xkq

=
nk

n[Σ⊗ (MkCkM⊤
k )]aa

E
{
T2

a,kIp|Ta,k|> ϵ

d
n[Σ⊗ (MkCkM⊤

k )]aa
nk

q | Xk

}
,

(4.9.13)

where I(·) is the indicator function. As was done in Chapter 2, we use next the
relation

EpX2I(|X|> a)q = a2P(|X|> a) + 2

∫ ∞

a

uP(|X|> u) du

for a positive constant a. Applying this equality to (4.9.13), we get

EpZ2
a,kI(|Za,k|> ϵ) | Xkq

= ϵ2Pp|Ta,k|> ϵ

d
n[Σ⊗ (MkCkM⊤

k )]aa
nk

| Xkq

+
2nk

n[Σ⊗ (MkCkM⊤
k )]aa

∫ ∞

ϵ
?

n[Σ⊗(MkCkM⊤
k )]aa/nk

uP(|Ta,k|> u | Xkq du.

(4.9.14)
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Applying the concentration inequality P(|X−µ|> t) ≤ 2e−
t2

2σ2 , t ∈ R, for a normal
random variable X with mean µ and variance σ2, we get

P
�
|Ta,k|> ϵ

d
n[Σ⊗ (MkCkM⊤

k )]aa
nk

| Xk



≤ 2e

− nϵ2

2nk .

In the integral, by substituting t :=
?
nku

ϵ
?

n[Σ⊗(MkCkM⊤
k )]aa

, we have

∫ ∞

ϵ
?

n[Σ⊗(MkCkM⊤
k )]aa/nk

uP(|Ta,k|> u | Xkq du

=
n[Σ⊗ (MkCkM

⊤
k )]aaϵ

2

nk

∫ ∞

1

tP
�
|Ta,k|> ϵt

d
n[Σ⊗ (MkCkM⊤

k )]aa
nk

| Xk



dt

≤ n[Σ⊗ (MkCkM
⊤
k )]aaϵ

2

nk

∫ ∞

1

2te
−nϵ2t2

2nk dt = 2[Σ⊗ (MkCkM
⊤
k )]aae

− nϵ2

2nk .

As such, in (4.9.14),

EpZ2
a,kI(|Za,k|> ϵ) | Xkq ≤ 2e

− nϵ2

2nk {ϵ2 + 2nk/n}.

Thus, in the Lindeberg condition, we get

lim
K→∞

lim
nk→∞

k=1,...,K

K∑
k=1

E
{
Z2

a,kIp|Za,k|> ϵq
}

= lim
K→∞

lim
nk→∞

k=1,...,K

K∑
k=1

E
{
EpZ2

a,kI(|Za,k|> ϵ) | Xkq
}

≤ lim
K→∞

lim
nk→∞

k=1,...,K

K∑
k=1

2e
− nϵ2

2nk {ϵ2 + 2nk/n}

≤ lim
K→∞

lim
nk→∞

k=1,...,K

K∑
k=1

2e−
Kn†ϵ2

2n {ϵ2 + 2nk/n}

= lim
K→∞

{�
lim

nk→∞
k=1,...,K

2e−
Kn†ϵ2

2n


�
lim

nk→∞
k=1,...,K

K∑
k=1

{ϵ2 + 2nk/n}

}

≤ lim
K→∞

p2ϵ2 + 4)Ke−Kc†ϵ
2/2 = 0,

where the last inequality is deduced due to the fact that nk < n, k = 1, . . . ,K, and
the last equality follows by l'Hôpital's rule.
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b) By basic algebra it can be shown that

?
nKb∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

pvec(Γ̃wAvg)a − vec(Γ)aq = W′
a,Γ +R′

a,Γ,

where

W′
a,Γ =

d
K[Σ⊗Q−1]aa∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

K∑
k=1

c
nk
n

1a
[Σ⊗Q−1]aa

Ta,k,

R′
a,Γ =

d
K[Σ⊗Q−1]aa∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

K∑
k=1

c
nk
n

1a
[Σ⊗Q−1]aa

Ra,k,Γ,

where Ta,k and Ra,k,Γ are respectively the a-th element of Tk and Rk,Γ de�ned

in (4.3.3). Consider the random variable ζa = 1?
[Σ⊗Q−1]aa

∑K
k=1

a
nk

n Ta,k. In

part a), it is shown that ζ ′a :=
∑K

k=1

a
nk

n × 1?
[Σ⊗(MkCkM⊤

k )]aa

Ta,k converges in

distribution to N (0, 1). On the other hand, one can easily show that |ζa − ζ ′a|=
OppKd2

a
log(pq) log(q)/nq, and then the op(1) result follows by the mentioned

sparsity condition on d2 and with K = Opn1/3/(alog(pq) log(q)max{s2, d2})q. As
such, the asymptotic normality of ζa follows directly. Moreover, the op(1) result of
the remainder term R′

a,Γ is reached by the same technique as in part a).
c) By basic algebra it can be shown that

K3/2b
(
∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa)(
∑K

k=1 1/nk)
pvec(Γ̃sAvg)a − vec(Γ)aq

= W′′
a,Γ +R′′

a,Γ,

where

W′′
a,Γ =

a
K[Σ⊗Q−1]aab∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

× 1b
([Σ⊗Q−1]aa)(

∑K
k=1 1/nk)

×
K∑

k=1

1?
nk

Ta,k,

R′′
a,Γ =

a
K[Σ⊗Q−1]aab∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

× 1b
([Σ⊗Q−1]aa)(

∑K
k=1 1/nk)

.

×
K∑

k=1

1?
nk

Ra,k,Γ.
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Considering ζa := 1?
([Σ⊗Q−1]aa)(

∑K
k=1 1/nk)

∑K
k=1

1?
nk

Ta,k and ζ ′a :=
∑K

k=1

1?
nk[Σ⊗(MkCkM⊤

k )]aa(
∑K

k=1 1/nk)
Ta,k, by similar techniques as in part a), using the

Lindeberg theorem, one can show that ζ ′a is asymptotically normal with mean zero
and variance 1. Moreover, |ζa − ζ ′a|= Oppd2

a
nK log(pq) log(q)/n†) and |R′′

a,Γ|=
Opps2

a
nK log(pq) log(q)/n†q, which are op(1) under the mentioned sparsity con-

ditions and with
?
K = Opn1/3† /(

a
log(pq) log(q)max{s2, d2})q.

4.9.6 Proof of Theorem 4.5.2

a) The proof of this theorem relies on Lemma 4.10.11 from Section 4.10, which
shows the negligibility of the remainder term Rab,Θ as n† and K both grow. To
show the asymptotic normality, de�ne

ζab :=

K∑
k=1

1?
nσab

× σ2
ab

σ̂2
ab,k

nk∑
l=1

pΘ⊤
a (

9Yl,k − Γ⊤
9Xl,k)( 9Yl,k − Γ⊤

9Xl,k)
⊤Θb −Θabq,

where 9Yl,k and 9Xl,k are the l-th row, l = 1, . . . , nk, of Yk and Xk, respectively.
Similarly to the proof of Theorem 4.5.1, by de�ning the sequence

ζ ′ab :=

K∑
k=1

1?
nσab

nk∑
l=1

pΘ⊤
a (

9Yl,k − Γ⊤
9Xl,k)( 9Yl,k − Γ⊤

9Xl,k)
⊤Θb −Θabq,

we have

ζ ′ab =
1?
nσab

n∑
l=1

pΘ⊤
a (

9Yl − Γ⊤
9Xl)( 9Yl − Γ⊤

9Xl)
⊤Θb −Θabq,

where 9Yl ∈ Rp and 9Xl ∈ Rq are the l-th sample, l = 1, . . . , n, of 9Y and 9X,
respectively. The sequence ζ ′ab converges to N (0, 1) as it is shown in Theorem 2 of

Jankova and van de Geer (2015). As such, we only need to show that |ζab−ζ ′ab|
p−→ 0

as K → ∞ and nk → ∞, k = 1, . . . ,K, and then convergence in distribution of
ζ ′ab yields convergence in distribution of ζab. As it is shown in the proof of Lemma
4.10.11, the term (1/σ̂2

ab,k) = Op(1). Using Remark 4.2, we have

|ζab − ζ ′ab| ≤
K∑

k=1

1?
nσab

×Oppmax{log(p)/nk,
a
d1 log(p)/nk}q

×
���� nk∑
l=1

pΘ⊤
a (

9Yl,k − Γ⊤
9Xl,k)( 9Yl,k − Γ⊤

9Xl,k)
⊤Θb −Θabq

����. (4.9.15)

Due to the de�nition of Wk in Section 4.4, we have that |∑nk

l=1 pΘ⊤
a (

9Yl,k −
Γ⊤

9Xl,k)( 9Yl,k − Γ⊤
9Xl,k)

⊤Θb −Θabq| = nk|{ΘWkΘ}ab|. Under assumption (B2)



4.10. Appendix B: Some technical lemmas and their proofs 133

and using Lemma 2 of Lam and Fan (2009), for which the conditions are ful�lled,
we have

nk|{ΘWkΘ}ab| ≤ nk∥ΘWkΘ∥∞≤ nk~Θ~2
∞∥Wk∥∞≤ d1

a
nk log(p).

Substituting this bound in (4.9.15), we get

|ζab − ζ ′ab|≤ Opp K?
n
max {d1(log(p))3/2/

?
n†, d

3/2
1 log(p)}q,

and under the conditions d
3/2
1 = o(

?
n†/log(p)) and K = Opn1/3/(d1 log(p))q, the

result |ζab − ζ ′ab|= op(1) follows.
b) Similarly to a).
c) By a similar technique as for the proof of part c) of Theorem 4.5.1, it can be

shown that

|R′′
ab,Θ|= Op

�?
nKmax {d3/21 log(p)/n†, d

2
1(log(p)/n†)

3/2, d1s2 log(pq)/n†}


,

which is op(1) under the sparsity conditions d
3/2
1 = opn1/3† /log(p)q and s2 = opnπ3

† /

log(pq)q, 0 < π3 ≤ 1/6, and K = O(n
4/3
† /n). The proof of asymptotic normality

is similar to the one from part c) of Theorem 2.4.2 from Chapter 2, and we do not
repeat it here.

4.10 Appendix B: Some technical lemmas and their
proofs

Lemma 4.10.1. Consider the regression model (4.2.2) with random noise matrix
ξk and random Gaussian design matrix Xk. Supposing [Ck]aa = 1, a = 1, . . . , q,
where [Ck]aa is the a-th diagonal element of Ck = X⊤

k Xk/nk, and choosing ρ0 =

(max1≤b≤p

?
Σbb)

a
A log(pq)/nk, where A > 4 is a constant, we have

PpFk(nk, p, q)q ≥ 1− 2/(pq)A/2−1.

Proof. According to the de�nition of the elementwise ℓ∞ norm, the event Fk is
equivalent to

Fk(nk, p, q) =

{
max
1≤a≤q

max
1≤b≤p

|
nk∑
l=1

εbl,kX
a
l,k|/nk ≤ ρ0

}
,

whereXa
l,k and ε

b
l,k are the a-th and the b-th components of the vectors 9Xl,k and 9εl,k

which are the l-th row of Xk and ξk, respectively. Conditioning on X
a
1,k, . . . , X

a
nk,k

,

the random variable
∑nk

l=1 ε
b
l,kX

a
l,k is a linear transformation of εb1,k, . . . , ε

b
nk,k

and it
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is normally distributed with mean zero and variance nkΣbb[Ck]aa. Supposing that
[Ck]aa = 1, we get Vab | (Xa

1,k, . . . , X
a
nk,k

)⊤ ∼ N (0, 1), where Vab :=
∑nk

l=1 ε
b
l,kX

a
l,k/?

nkΣbb. With our choice of ρ0, we have that,

P
�

max
1≤a≤q
1≤b≤p

|
nk∑
l=1

εbl,kX
a
l,k|/nk ≥ ρ0



= P
�

max
1≤a≤q

max1≤b≤p |
∑nk

l=1 ε
b
l,kX

a
l,k|

nk max1≤b≤p

?
Σbb

>
a
A log(pq)/nk



≤ P
�

max
1≤a≤q
1≤b≤p

����
∑nk

l=1 ε
b
l,kX

a
l,k?

nkΣbb

���� >aA log(pq)




≤
q∑

a=1

p∑
b=1

Pp|Vab|≥
a
A log(pq)q. (4.10.1)

To obtain a bound on Pp|Vab|≥
a
A log(pq)q, by conditioning on Xa := (Xa

1,k,

. . . , Xa
nk,k

)⊤, a = 1, . . . , q, and the Gaussian concentration inequality P(|X − µ|>
σt) ≤ 2 exp(−t2/2), t ∈ R, for a normal random variable X with mean µ and
variance σ2, we get

Pp|Vab|≥
a
A log(pq)q =

∫
Pp|Vab|≥

a
A log(pq) | Xa = xaqfXa(xa) dxa

≤ 2 exp{−A log(pq)/2}
∫
fXa(xa) dxa =

2

(pq)A/2
. (4.10.2)

Substituting (4.10.2) in (4.10.1), the result of the lemma follows directly.

Lemma 4.10.2. Under the assumptions of Lemma 4.10.1, it holds that

P
� K⋂

k=1

Fk(nk, p, q)



≥ 1− 2K

(pq)A/2−1
,

and if K grows at the rate K = op(pq)A/2−1q, then this probability tends to one
with increasing n.

Proof. We have

P
� K⋂

k=1

Fk(nk, p, q)



= 1− P

�
p

K⋂
k=1

Fk(nk, p, q)qc



= 1− P
� K⋃

k=1

Fc
k(nk, p, q)



.

(4.10.3)

We have as well that

P
� K⋃

k=1

Fc
k(nk, p, q)



≤

K∑
k=1

PpFc
k(nk, p, q)q ≤

K∑
k=1

2

(pq)A/2−1
=

2K

(pq)A/2−1
,

(4.10.4)
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where the second inequality follows using Lemma 4.10.1. By substituting (4.10.4)
in (4.10.3), the result of this Lemma follows directly.

Before providing Lemmas 4.10.6 and 4.10.7, we need some preliminary notation.
The results are provided under the Restricted Eigenvalue (RE) condition. The
following de�nition from Raskutti et al. (2010) de�nes the RE condition for the
population covariance matrix and is essentially equivalent to the RE condition of
Bickel et al. (2009). For a given subset G ⊂ {1, . . . , q} with cardinality g = #G
and a constant δ ≥ 1, de�ne the set

C(G; δ) := {ν ∈ Rq : ∥νGc∥1≤ δ∥νG∥1},

where νG is the restriction of vector ν to G and has zeros outside the set G. The
symbol Gc denotes the complement set of G.

De�nition 4.10.3. (Raskutti et al., 2010) A deterministic covariance matrix Q
satis�es the RE condition over G of order g, if there exist constants (δ, µ) ∈ [1,∞)×
(0,∞) such that

∥Q1/2ν∥2≥ µ∥ν∥2, for all ν ∈ C(G; δ),

where Q1/2 is the square root matrix of Q.

Note that De�nition 4.10.3 provides a lower bound on the ℓ2 norm of the product
between Q1/2 and the vector ν. As in the multivariate regression we have a matrix
of coe�cients not a vector anymore, we need to provide a lower bound on the
product of Q1/2 and each column of the coe�cient matrix. To this end, consider
an arbitrary matrix V ∈ Rq×p in general, and denote its vectorized form with
ν := vec(V) such that ν = (ν⊤

(1), . . . ,ν
⊤
(p))

⊤ ∈ Rqp, where ν(b) ∈ Rq is the b-th
column of V, b = 1, . . . , p. To simplify the notation and having one index for the
elements of ν, denote the index set of ν(b) as {q(b − 1) + 1, . . . , qb}, b = 1, . . . , p.
Consider Gb ⊂ {q(b − 1) + 1, . . . , qb} with cardinality gb = #Gb and complement
set Gc

b. For a constant δb ≥ 1, de�ne the set

C(Gb; δb) := {ν(b) ∈ Rq : ∥[ν(b)]Gc
b
∥1≤ δb∥[ν(b)]Gb

∥1},

where [ν(b)]Gb
is the restriction of ν(b) to Gb which has zeros outside the subset Gb.

De�nition 4.10.4. A deterministic covariance matrix Q satis�es the multivari-
ate restricted eigenvalue (MRE) condition over G = {G1, . . . , Gp} of order g =∑p

b=1 gb, if there exist constants (δb, µb) ∈ [1,∞) × (0,∞), such that for every
b = 1, . . . , p,

∥Q1/2ν(b)∥2≥ µb∥ν(b)∥2, for all ν(b) ∈ C(Gb; δb).

De�nition 4.10.5. The sample covariance matrix Ck = X⊤
k Xk/nk of the de-

sign matrix Xk satis�es the MRE condition over G = {G1, . . . , Gp} of order
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g =
∑p

b=1 gb, if there exist constants (δb, µb) ∈ [1,∞) × (0,∞), such that for
every b = 1, . . . , p,

ν⊤
(b)Ckν(b) ≡ ∥Xkν(b)∥22/nk ≥ µ2

b∥ν(b)∥22, for all ν(b) ∈ C(Gb; δb). (4.10.5)

To introduce Lemma 4.10.6, let S2(b) be the support of the b-th column of Γ.
By vectorizing Γ and rewriting its columns as explained for the general matrix
V, we have S2(b) ⊂ {q(b − 1) + 1, . . . , qb}, with cardinality s2(b) = #S2(b) and
complement set Sc

2(b). For a constant δb ≥ 1, denote the set

C(S2(b); δb) := {ν(b) ∈ Rq : ∥[ν(b)]Sc
2(b)

∥1≤ δb∥[ν(b)]S2(b)∥1},

where [ν(b)]S2(b) is the restriction of ν(b) to S2(b) which has zeros outside the subset
S2(b).

Lemma 4.10.6. Consider the regression model (4.2.2) for the k-th sub-sample
with random Gaussian design Xk which has independent and identical Nq(0,Q)
rows, and denote the maximum diagonal element of Q by Qmax. Suppose that
Q satis�es the MRE condition over S2 of order s2 for all vectors in C(S2(b); δb)
with parameters (δb, µb), b = 1, . . . , p. On the event Fk(nk, p, q), for some positive
constants c, c′ and c′′, if the sub-sample size nk, k = 1, . . . ,K, satis�es

nk ≥ c′′
Q2

max(1 + δmax)
2

µ2
min

s2 log(q), (4.10.6)

where µmin = min1≤b≤p µb and δmax = max1≤b≤p δb, then we have

∥Xk(Γ̂k − Γ)∥2F
nk

≥ (µmin/8)
2∥Γ̂k − Γ∥2F , (4.10.7)

with probability at least 1− c′ exp(−cnk).

Proof. In general, consider the matrix V ∈ Rq×p with the b-th column ν(b), b =
1, . . . , p, and its vectorized form as ν ∈ Rqp. We have

∥XkV∥F?
nk

=
∥vec(XkV)∥2?

nk
=

∥(Ip ⊗Xk)ν∥2?
nk

=

d∑p
b=1∥Xkν(b)∥22

nk
. (4.10.8)

Using Theorem 1 of Raskutti et al. (2010), under the Gaussianity of the design
matrix Xk, we have

∥Xkν(b)∥2?
nk

≥ 1

4
∥Q1/2ν(b)∥2−9Qmax

d
log(q)

nk
∥ν(b)∥1, for all ν(b) ∈ Rq,
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with probability at least 1 − c′ exp(−cnk). Using the relation between ℓ1 and ℓ2
norms, for all vectors ν(b) ∈ C(S2(b); δb) with parameters (µb, δb), b = 1, . . . , p, we
have

∥ν(b)∥1= ∥[ν(b)]S2(b)∥1+∥[ν(b)]Sc
2(b)

∥1 ≤ (1 + δb)∥[ν(b)]S2(b)∥1
≤ (1 + δb)

a
s2(b)∥ν(b)∥2. (4.10.9)

Under the MRE condition of Q for all vectors ν(b) ∈ C(S2(b); δb) with parameters
(µb, δb), b = 1, . . . , p, together with (4.10.9) and the fact that s2(b) ≤ s2, b =
1, . . . , p, we get

∥Xkν(b)∥22
nk

≥
{
1

4
µmin − 9Qmax(1 + δmax)

d
s2 log(q)

nk

}2

∥ν(b)∥22. (4.10.10)

Substituting (4.10.10) in (4.10.8),

∥XkV∥F?
nk

≥
{
1

4
µmin − 9Qmax(1 + δmax)

d
s2 log(q)

nk

}gffe p∑
b=1

∥ν(b)∥22. (4.10.11)

Applying the lower bound (4.10.6) in (4.10.11) for some constant c′′, we get

∥XkV∥F /
?
nk ≥ (µmin/8)∥V∥F . (4.10.12)

Note that using (4.10.15) from the proof of Lemma 4.10.7, we have

∥Γ̂Sc
2 ,k

− ΓSc
2
∥1≤ 4∥Γ̂S2,k − ΓS2

∥1, (4.10.13)

where ΓS2 and Γ̂S2,k are the matrices Γ and Γ̂k which have zeros outside the
set S2, respectively. By the same argument as in the proof of Lemma 4.10.7 for
univariate linear regression (see for example, Bickel et al., 2009), a similar inequality
to (4.10.13) can be written for the b-th column of Γ̂k − Γ and it can be deduced
that the b-th column of Γ̂k − Γ is in C(S2(b); δb). As such, by replacing V with

Γ̂k − Γ in (4.10.12), the result in (4.10.7) follows directly.

The following Lemma provides an ℓ1-error bound on Γ̂k − Γ, by a similar ap-
proach to that of Cai et al. (2013) for the Dantzig selector.

Lemma 4.10.7. Under the conditions of Lemma 4.10.6 and the lower bound
(4.10.6) on the sub-sample size nk, with probability at least 1 − c′ exp(−cnk),
we have

∥Γ̂k − Γ∥1= Opps2
a
log(pq)/nkq. (4.10.14)

Proof. Consider the regression model (4.2.2) and recall the Lasso solution (4.3.1).
Due to the fact that Γ̂k minimizes the loss in (4.3.1),

∥Xk(Γ− Γ̂k)∥2F /(2nk) + ρk∥Γ̂k∥1≤ tracep(Γ̂k − Γ)⊤X⊤
k ξkq/nk + ρk∥Γ∥1,
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where

tracep(Γ̂k − Γ)⊤X⊤
k ξkq ≤

����tracep(Γ̂k − Γ)⊤X⊤
k ξkq

����
=

����pvec(Γ̂k − Γ)q⊤vec(X⊤
k ξk)

����
≤ ∥Γ̂k − Γ∥1∥vec(X⊤

k ξk)∥∞,

where the last inequality holds due to Hölder's inequality. Now, on the event
Fk(nk, p, q), by a similar argument as in the univariate regression (see for example
Bühlmann and van de Geer (2011), chapter 6), we get

∥Xk(Γ− Γ̂k)∥2F
2nk

+
ρk∥Γ̂k − Γ∥1

2
≤ 2ρk∥Γ̂S2,k − ΓS2∥1, (4.10.15)

where ΓS2
and Γ̂S2,k are the matrices Γ and Γ̂k which have zeros outside the set

S2, respectively. Due to the relation between the elementwise ℓ1 and Frobenius
norms of a matrix, we have

∥Γ̂S2,k − ΓS2
∥1≤

?
s2∥Γ̂k − Γ∥F . (4.10.16)

Substituting (4.10.16) in (4.10.15) and then applying Lemma 4.10.6 under the lower
bound (4.10.6) on the sub-sample size nk, we get

∥Xk(Γ− Γ̂k)∥2F
2nk

+
ρk∥Γ̂k − Γ∥1

2
≤ 2ρk

?
s2(

8

µmin
)
∥Xk(Γ̂k − Γ)∥F?

nk
,

with probability at least 1− c′ exp(−cnk), and

∥Xk(Γ− Γ̂k)∥2F /nk ≤ 16ρ2ks2(8/µmin)
2, ∥Γ̂k−Γ∥1≤ 16ρks2(8/µmin)

2. (4.10.17)

Since µmin ∈ (0,∞), there exists L = O(1) such that (8/µmin)
2 ≤ L, and by

considering ρk ≍
a
log(pq)/nk, the result of (4.10.14) follows.

Lemma 4.10.8. Consider the regression model (4.2.2) where Xk satis�es assump-
tions (A1) and (A2). Suppose that the eigenvalues of Σ, the covariance matrix of
the noise, are uniformly bounded. On the event Fk(nk, p, q) with regularization
parameter ρk ≍

a
log(pq)/nk, we have

∥Σ̂k,Γ̂k
−Σ∥∞= Oppmax{

a
log(p)/nk, s2 log(pq)/nk}q, (4.10.18)

and under the sparsity condition s2 = opnπ1

† /(log(q) log(pq))q, 0 < π1 ≤ 1/2, we

get ∥Σ̂k,Γ̂k
−Σ∥∞= op(1).
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Proof. Recalling that ξk = Yk − XkΓ, by adding and subtracting ξ⊤k ξk/nk to

Σ̂k,Γ̂k
−Σ, we get

∥Σ̂k,Γ̂k
−Σ∥∞≤ ∥ξ⊤k ξk/nk −Σ∥∞+∥Σ̂k,Γ̂k

− ξ⊤k ξk/nk∥∞. (4.10.19)

Under uniformly boundedness of the eigenvalues of Σ, using Lemma 2 of Lam and
Fan (2009),

∥ξ⊤k ξk/nk −Σ∥∞= Op(
a
log(p)/nk). (4.10.20)

To �nd an upper bound on the second term of (4.10.19), by adding and subtracting
XkΓ to Yk −XkΓ̂k, we get

∥Σ̂k,Γ̂k
− ξ⊤k ξk/nk∥∞

= ∥pξk −Xk(Γ̂k − Γ)q⊤pξk −Xk(Γ̂k − Γ)q/nk − ξ⊤k ξk/nk∥∞
≤ 2∥(Γ̂k − Γ)⊤X⊤

k ξk/nk∥∞+∥(Γ̂k − Γ)⊤X⊤
k Xk(Γ̂k − Γ)/nk∥∞. (4.10.21)

Using Lemma 4.10.7, on the event Fk(nk, p, q),

2∥(Γ̂k − Γ)⊤X⊤
k ξk/nk∥∞≤ 2∥Γ̂k − Γ∥1∥X⊤

k ξk∥∞/nk = Op(s2 log(pq)/nk).
(4.10.22)

On the other hand,

∥(Γ̂k − Γ)⊤X⊤
k Xk(Γ̂k − Γ)/nk∥∞≤ ∥Xk(Γ̂k − Γ)∥2F /nk = Op(s2 log(pq)/nk),

(4.10.23)
where the last equality is due to the fact that in (4.10.17), µmin ∈ (0,∞) and
ρk ≍

a
log(pq)/nk. Substituting (4.10.22) and (4.10.23) in (4.10.21) and then

substituting (4.10.21) and (4.10.20) in (4.10.19), the result in (4.10.18) follows.

Lemma 4.10.9. Consider the regression model (4.2.2) where Xk satis�es as-
sumptions (A1) and (A2), and consider the maximum row sparsity of Q−1 as
d2 = o(

?
n†/log(q)). Moreover, consider the coe�cient matrix Γ with sparsity

condition s2 = opnπ1

† /(log(pq) log(q))q, 0 < π1 ≤ 1/2. Suppose that the event

Fk(nk, p, q) holds jointly in k = 1, . . . ,K. Moreover, suppose that Γ̂d
k, k = 1, . . . ,K,

is the k-th debiased estimator in (4.3.3) with tuning parameter ρk ≍
a
log(pq)/nk

and Γ̃owAvg is the pooled estimator in (4.5.4). Let nk/n→ ck ∈ (0, 1) as nk grows,

such that limK→∞
∑K

k=1 ck = 1, and consider the remainder term Ra,Γ de�ned in
(4.5.5). Then, it follows that

|Ra,Γ|= OppKs2
a
log(pq) log(q)/nq, (4.10.24)

and if K grows at the rate K = Opn1/4/(alog(pq) log(q)max{s2,
?
d2})q, we have

|Ra,Γ|= op(1).
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Proof. First note that using Lemma 4.10.8, |[Σ̂k,Γ̂k
−Σ]aa|= Oppmax{

a
log(p)/nk,

s2 log(pq)/nk}q, where we recall that Aaa is the a-th diagonal element of an ar-
bitrary matrix A. Moreover, under the sparsity condition d2 = o(

?
n†/log(q)),

with tuning parameter ρ̃j,k ≍
a
log(q)/nk in the nodewise Lasso regression (4.9.1),

using Lemma 5.4 of van de Geer et al. (2014), we get |[MkCkM
⊤
k − Q−1]aa|=

Op(
a
d2 log(q)/nk). As such,

|[Σ̂k,Γ̂k
⊗ (MkCkM

⊤
k )]aa − [Σ⊗Q−1]aa| = Oppmax{

a
d2 log(q)/nk,a

log(p)/nk, s2 log(pq)/nk}q.
(4.10.25)

It can be shown that���� 1

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
− 1

[Σ⊗Q−1]aa

���� = Oppmax{
a
d2 log(q)/nk,a

log(p)/nk, s2 log(pq)/nk}q.
(4.10.26)

As such,���� K∑
k=1

{nk
n

× [Σ⊗Q−1]aa

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
} − 1

����
= [Σ⊗Q−1]aa

���� K∑
k=1

nk
n
{ 1

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
− 1

[Σ⊗Q−1]aa
}
����

≤ [Σ⊗Q−1]aa

K∑
k=1

nk
n

���� 1

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
− 1

[Σ⊗Q−1]aa

����
= OP

�
Kmax {

a
d2 log(q)/n,

a
log(p)/n, s2 log(pq)/

?
nn†}



,

where the last equality holds using (4.10.26), and the fact that nk < n, k =

1, . . . ,K. As such,

����∑K
k=1 {

nk

n × [Σ⊗Q−1]aa

[Σ̂k,Γ̂k
⊗(MkCkM⊤

k )]aa
} − 1

���� = op(1) as K grows at

the rate K = OP

�
n1/4/palog(q) log(pq)max{s2,

?
d2}q



, and as a result∑K

k=1 nk/[Σ̂k,Γ̂k
⊗(MkCkM

⊤
k )]aa∑K

k=1 nk/[Σ⊗Q−1]aa

p−→ 1. By considering the continuous map g(x) =

1/
?
x, the sequence

c ∑K
k=1 nk/[Σ⊗Q−1]aa∑K

k=1 nk/[Σ̂k,Γ̂k
⊗(MkCkM⊤

k )]aa
converges in probability to 1

as K and nk, k = 1, . . . ,K, grow. As such, due to the de�nition of Ra,Γ, it

is enough to show the bound (4.10.24) for
∑K

k=1

?
nk[Σ⊗Q−1]aa

?
n[Σ̂k⊗(MkCkM⊤

k )]aa
Ra,k,Γ, with

Ra,k,Γ the a-th element, a = 1, . . . , qp, of Rk,Γ from (4.3.3).
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We �rst show that 1/[Σ̂k,Γ̂k
⊗ (MkCkM

⊤
k )]aa = Op(1). Note that [Σ̂k,Γ̂k

⊗
(MkCkM

⊤
k )]aa is nothing else than the a-th element of the outer product of the

diagonal elements of Σ̂k,Γ̂k
and MkCkM

⊤
k . Thus, it is just needed to �nd a

lower bound for the diagonal elements of these two matrices. By construction, the
diagonal elements of Σ̂k,Γ̂k

are always positive. Combining Theorem 2.2 of van de

Geer et al. (2014) and the reversed triangle inequality, for each a ∈ {1, . . . , q} we
get

|Q−1
aa |−|[MkCkM

⊤
k ]aa|≤ |Q−1

aa − [MkCkM
⊤
k ]aa|= op(1). (4.10.27)

Since Q−1 is positive de�nite, using assumption (A2), we get Q−1
aa ≥ Λmin(Q

−1)
> 1/Λ1. As such, for su�ciently large nk, using (4.10.27) we have that
|[MkCkM

⊤
k ]aa|> 0. Thus, for every a, b, c ∈ {1, . . . , q}, there exists a bound Jk

such that

1

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
≤ 1

[Σ̂k,Γ̂k
]bb|[MkCkM⊤

k ]cc|
≤ 1

Jk
= Op(1). (4.10.28)

By the fact that [Σ ⊗ Q−1]aa does not grow with n based on assumption, using
Theorem 4.3.1 and combining it with (4.10.28), we have that

|
K∑

k=1

a
nk[Σ⊗Q−1]aa?

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
Ra,k,Γ| ≤

K∑
k=1

a
nk/n|Ra,k,Γ|×Op(1)

≤ Op(Ks2
a
log(q) log(pq)/n).

Considering the sparsity conditions s2 = opnπ1

† /(log(pq) log(q))q, 0 < π1 ≤ 1/2,

d2 = o(
?
n†/log(q)) and K = Opn1/4/(alog(pq) log(q)max{s2,

?
d2})q, the op(1)

result follows immediately.

Lemma 4.10.10. Under the assumptions of Theorem 4.5.1, by considering

ζa =

K∑
k=1

d
nk[Σ⊗Q−1]aa

n[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa
× Ta,kb

[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa

,

where Ta,k is the a-th element of Tk from (4.3.3), and

ζ ′a =

K∑
k=1

c
nk
n

× Ta,kb
[Σ⊗ (MkCkM⊤

k )]aa

,

we have |ζa − ζ ′a|
p−→ 0, as K → ∞ and nk → ∞, k = 1, . . . ,K.
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Proof. Denoting the sequence ζ ′′a =
∑K

k=1

a
nk

n × Ta,kb
[Σ̂k,Γ̂k

⊗(MkCkM⊤
k )]aa

, we show

that |ζa−ζ ′′a |
p−→ 0 and |ζ ′′a −ζ ′a|

p−→ 0, and then automatically, |ζa−ζ ′a|
p−→ 0. We have

|ζa − ζ ′′a | ≤
K∑

k=1

c
nk
n

����
d

[Σ⊗Q−1]aa

[Σ̂k,Γ̂k
⊗MkCkM⊤

k ]aa
− 1

����× |Ta,k|b
[Σ̂k,Γ̂k

⊗MkCkM⊤
k ]aa

=

K∑
k=1

c
nk
n

����a[Σ⊗Q−1]aa −
b
[Σ̂k,Γ̂k

⊗MkCkM⊤
k ]aa

����b
[Σ̂k,Γ̂k

⊗MkCkM⊤
k ]aa

× |Ta,k|b
[Σ̂k,Γ̂k

⊗MkCkM⊤
k ]aa

≤ Op(1)

K∑
k=1

c
nk
n

����a[Σ⊗Q−1]aa −
b
[Σ̂k,Γ̂k

⊗MkCkM⊤
k ]aa

����× |Ta,k|,

where the last inequality follows by the fact that 1/[Σ̂k,Γ̂k
⊗(MkCkM

⊤
k )]aa = Op(1)

using (4.10.28). Moreover, using (4.10.25) we get

|ζa − ζ ′′a | ≤
K∑

k=1

c
nk
n

|Ta,k|×Oppmax{
a
d2 log(q)/nk,

a
log(p)/nk,

s2 log(pq)/nk}q. (4.10.29)

On the other hand,

Tk = vec(MkX
⊤
k ξk/

?
nk) = (Ip ⊗Mk)vec(X

⊤
k ξk)/

?
nk,

and working on the event Fk(nk, p, q), by considering ρk ≍
a
log(pq)/nk,

∥Tk∥∞≤
?
nkOp(

a
log(pq)/nk)~Ip ⊗Mk~∞. (4.10.30)

As was shown in the proof of Lemma 4.4.1,

~Ip ⊗Mk~∞ = ~Mk~∞ = max
j∈{1,...,q}

∥Mj,k∥1= Op(
a
d2),

where Mj,k is the j-th row of Mk. As such, in (4.10.30), we get ∥Tk∥∞≤
Op(
a
d2 log(pq)). Substituting this result in (4.10.29), we have

|ζa − ζ ′′a | ≤
K∑

k=1

c
nk
n
Opp
a
d2 log(pq)×max{

a
d2 log(q)/nk,

a
log(p)/nk,

s2 log(pq)/nk}q
≤ OppK

a
d2 log(pq)/n×max{

a
d2 log(q),

a
log(p),

s2 log(pq)/
?
n†}q,
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where by considering the sparsity conditions s2 = opnπ1

† /(log(pq) log(q))q,
0 < π1 ≤ 1/2, d2 = o(

?
n†/log(q)) and K = Opn1/4/(alog(pq) log(q)×

max{s2,
?
d2})q, the op(1) result follows immediately.

Now, to show |ζ ′′a − ζ ′a|
p−→ 0, by the same argument,

|ζ ′′a − ζ ′a| ≤
K∑

k=1

c
nk
n

����b[Σ⊗ (MkCkM⊤
k )]aa −

b
[Σ̂k,Γ̂k

⊗ (MkCkM⊤
k )]aa

����
× |Ta,k|

≤
K∑

k=1

c
nk
n

{����b[Σ⊗ (MkCkM⊤
k )]aa −

a
[Σ⊗Q−1]aa

����
+

����a[Σ⊗Q−1]aa −
b
[Σ̂k,Γ̂k

⊗ (MkCkM⊤
k )]aa

����}|Ta,k|.

Similarly to the proof of |ζa − ζ ′′a |
p−→ 0, by considering the mentioned sparsity

conditions, we conclude that |ζ ′′a − ζ ′a|
p−→ 0.

Lemma 4.10.11. Consider the regression model (4.2.2), and suppose that assump-
tions (B1)-(B2) and (C1)-(C3) from Appendix 4.9.3 hold. Consider the coe�cient
matrix Γ with sparsity condition s2 = o(nπ3

† /log(pq)), 0 < π3 ≤ 1/6, and the

precision matrix Θ with maximum node degree d
3/2
1 = o(

?
n†/log(p)). Suppose

that the event Fk(nk, p, q) holds jointly in k = 1, . . . ,K. Moreover, suppose that

Θ̂d
k, k = 1, . . . ,K, is the k-th debiased estimator in (4.4.3) with tuning parameter

λk ≍
a
log(p)/nk and Θ̃owAvg is the pooled estimator in (4.5.6). Consider the

remainder term Rab,Θ de�ned in (4.5.7). Then it follows that

|Rab,Θ|= Op

�
K?
n
max {d3/21 log(p), d21(log(p))

3/2/
?
n†, d1s2 log(pq)}



, (4.10.31)

and if K grows as K = Opn1/3/(d1 log(p))q, we have |Rab,Θ|= op(1).

Proof. By a similar argument as in the proof of Lemma 4.10.9 and using Remark

4.2,

����∑K
k=1 nk/σ̂

2
ab,k∑K

k=1 nk/σ2
ab

− 1

���� = Op

�
Kmax { log(p)/n,

a
d1 log(p)/n}



, which is of order

op(1) as K grows at the rate K = Opn1/3/(d1 log(p))q. As a result, by consider-

ing the continuous map g(x) = 1/
?
x, the sequence

c ∑K
k=1 nk/σ2

ab∑K
k=1 nk/σ̂2

ab,k

converges in

probability to 1 as K and nk, k = 1, . . . ,K, grow. As such, we just need to show

the boundedness of
∑K

k=1

?
nkσab?
nσ̂2

ab,k
× Rab,k,Θ. Due to the positive de�niteness of

the graphical Lasso estimator de�ned in (4.4.1), there exists a positive constant Lk

such that with high probability σ̂2
ab,k ≥ Λ2

min(Θ̂k) > Lk, where Λmin(Θ̂k) is the
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minimum eigenvalue of Θ̂k and then the term 1/σ̂2
ab,k = Op(1). Moreover, using

(4.4.5),

|
K∑

k=1

?
nkσab?
nσ̂2

ab,k

Rab,k,Θ| ≤
K∑

k=1

1?
n
Oppmax{d3/21 log(p), d21(log(p))

3/2/
?
n†,

d1s2 log(pq)}q,

and the result in (4.10.31) follows directly. By considering the mentioned sparsity
and K = Opn1/3/(d1 log(p))q, one can reach the op(1) rate.

4.11 Appendix C: Extra simulation results
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Table 4.4: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets, for the proposed
estimators and di�erent competitors, when n = 25000.

Active set Non-active set
K K

1 5 10 20 1 5 10 20

Full 1.00 6.50
(.01) (.01)

owAvg 1.03 1.08 1.18 6.72 7.15 7.79
(.01) (.01) (.01) (.01) (.01) (.01)

D
eb
ia
se
d Top1 1.39 1.46 1.19 9.12 9.60 7.85

(.01) (.01) (.01) (.01) (.01) (.01)
sAvg 1.59 2.88 3.95 10.27 16.91 20.15

(.01) (.02) (.03) (.03) (.02) (.03)
wAvg 1.04 1.25 1.81 6.80 8.00 10.10

(.01) (.01) (.01) (.01) (.01) (.01)
Θ

SFull 2.74 .35
(.01) (.00)

S
p
a
rs
e STop1 2.82 2.84 2.88 1.31 1.56 2.28

(.01) (.01) (.01) (.01) (.01) (.01)
SsAvg 2.54 2.29 2.04 4.29 7.37 8.83

(.01) (.01) (.01) (.01) (.01) (.01)
SwAvg 2.59 2.45 2.22 1.93 2.77 4.01

(.01) (.01) (.01) (.00) (.00) (.01)

Full 1.55 15.43
(.01) (.02)

owAvg 1.62 1.74 1.55 16.18 17.30 14.28
(.02) (.02) (.01) (.02) (.02) (.02)

D
eb
ia
se
d Top1 2.21 2.34 2.67 22.08 23.33 26.65

(.02) (.02) (.03) (.03) (.03) (.03)
sAvg 2.42 3.91 7.09 24.17 39.04 70.18

(.02) (.04) (1.45) (.03) (.06) (14.36)
wAvg 1.63 1.90 3.38 16.30 18.93 33.51

(.02) (.02) (.61) (.02) (.02) (6.03)
Γ

SFull 4.79 1.82
(.00) (.00)

S
p
a
rs
e STop1 4.80 4.80 4.80 1.91 1.93 1.99

(.00) (.00) (.00) (.00) (.00) (.01)
SsAvg 4.67 4.23 4.17 2.03 2.82 3.11

(.12) (.02) (.02) (.02) (.01) (.01)
SwAvg 4.75 4.59 4.51 1.82 1.84 1.98

(.04) (.01) (.01) (.02) (.00) (.00)
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Table 4.5: Average coverage probability and average length of the con�dence in-
tervals over 500 repetitions for the proposed estimators and di�erent competitors,
when n = 25000.

Avg.Cov Avg.Len
K K

1 5 10 20 1 5 10 20

A
ct
iv
e
se
t Full .94 .02

owAvg .94 .94 .95 .02 .03 .03
Top1 .94 .94 .94 .03 .04 .03
sAvg .92 .89 .90 .04 .06 .08
wAvg .95 .98 .98 .03 .04 .06

Θ

N
o
n
-a
ct
iv
e

se
t

Full .95 .02
owAvg .95 .96 .96 .02 .03 .03
Top1 .96 .96 .95 .03 .04 .03
sAvg .94 .94 .97 .04 .06 .08
wAvg .97 .98 .98 .03 .04 .06

A
ct
iv
e
se
t Full .95 .08

owAvg .95 .95 .92 .08 .09 .07
Top1 .95 .95 .95 .11 .12 .14
sAvg .94 .92 .90 .12 .17 .27
wAvg .96 .97 .98 .09 .12 .20

Γ

N
o
n
-a
ct
iv
e

se
t

Full .95 .08
owAvg .95 .95 .94 .08 .09 .07
Top1 .95 .95 .95 .11 .12 .14
sAvg .94 .92 .90 .12 .17 .27
wAvg .96 .97 .98 .09 .12 .20



Chapter 5

The DistributedGGL R package

This chapter provides an implementation of the procedures developed in Chapters
2-4 in R. To make the implementation convenient and user-friendly, an R package
called DistributedGGL is constructed, and it is extensively explained in this
chapter.

5.1 Introduction

The R package DistributedGGL provides tools for estimation and inference of
Gaussian graphical models under the distributed setting. The package is pro-
vided with documentation and illustration of the available functions. This package
supports di�erent distributed estimation methods of the precision matrix of a mul-
tivariate Gaussian distribution including optimally weighted, sample-size weighted
and simple average methods. Parallel computing with di�erent sub-samples is im-
plemented with the R package foreach (Microsoft and Weston, 2009). Moreover,
graphical Lasso estimation for each sub-sample is performed using the R package
huge (Jiang et al., 2010). Statistical inference including asymptotic con�dence
intervals and a data driven threshold for the hypothesis testing procedure based
on the proposed methods are also implemented in this package.

Furthermore, estimation and inference for the coe�cient and precision matri-
ces for covariate adjusted Gaussian graphical models are also implemented in this
package. Estimation of the coe�cient matrix for each sub-sample is implemented
with the package MRCE (Rothman, 2012). Moreover, the nodewise Lasso regres-
sion when estimating the inverse sample covariance of the covariates is implemented
with the glment package (Friedman et al., 2008). Finally, linear algebra operations
are implemented with C++, and integrated in R via the Rccp package (Eddelbuettel
and Balamuta, 2018).
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5.2 Implementation of the optimally weighted av-
erage estimator in Gaussian graphical models

Before explaining the function, we recall the model and the object of estimation
brie�y for the reader's convenience.

To estimate the precision matrix based on the optimally weighted average
method, we �rst estimate the precision matrix based on K parallel distributed
jobs and then we aggregate estimates to the �nal estimate based on the estimator

Θ̃ab,owAvg =
1∑K

k=1
nk

σ̂2
ab,k

×
K∑

k=1

nk
σ̂2
ab,k

Θ̂d
ab,k,

for every (a, b) ∈ V × V, where Θ̂d
ab,k is the (a, b)-th entry of the k-th debiased

estimator Θ̂d
k, k = 1, . . . ,K, de�ned by Jankova and van de Geer (2015), of the

form

Θ̂d
k = 2Θ̂k − Θ̂kΣ̂kΘ̂k,

where Θ̂k is the graphical Lasso estimator, de�ned by Friedman et al. (2008), of
the form

Θ̂k = arg min
Θ∈Sp

++

{
tracepΣ̂kΘq− log det(Θ) + λk∥Θ∥1,o�

}
,

based on the k-th sub-sample, where λk > 0 is the regularization parameter, and
Σ̂k is the sample covariance matrix obtained based on the k-th sub-sample of the
form Σ̂k = Y⊤

k Yk/nk, with Yk a matrix of dimension nk × p, and nk the sub-

sample size in the k-th sub-sample. Note that, σ̂2
ab,k = Θ̂aa,kΘ̂bb,k + Θ̂2

ab,k.

5.2.1 Arguments and output

The function owAvg() implements the owAvg estimator in R, and the output of
this function can be obtained by calling

owAvg(data, K, lambda, SubSize, alpha).

The argument data is the input data matrix Y of dimension n × p, where n
is the total sample size and p is the number of variables (nodes). The argument K
is the number of sub-samples (machines) for splitting the dataset. The parameter
lambda is a sequence of regularization parameters of length K, for the graphical
Lasso optimization problem, the same for each sub-sample. The argument SubSize
is a vector of length K which indicates the sub-sample sizes nk, k = 1, . . . ,K, for
K parallel jobs. Finally, the argument alpha is the signi�cance level for providing



5.2. Implementation of the optimally weighted average estimator in Gaussian graphical
models 149

100(1 − α)% asymptotic con�dence intervals for every element of the precision
matrix Θ, which is of the form

Θ̃ab,owAvg ± Φ−1(1− α/2)/

gffe K∑
k=1

nk/σ̂2
ab,k,

where Φ−1(1−α/2) is the (1−α/2)-th quantile of the standard normal distribution.

The output of this function is a list containing

• ThetaTilde: The p × p dimensional matrix Θ̃owAvg containing the �nal ag-

gregated estimates corresponding to Θ̃ab,owAvg for every pair (a, b) ∈ V × V.

• SigmaHat: A p × p dimensional matrix containing the sum
∑K

k=1 nk/σ̂
2
ab,k

which is needed to perform inference for every pair (a, b) ∈ V × V.

• RTime: The total running time obtained as the sum of the maximum time
among all parallel jobs and the time to combine the results.

• Weight: A list of K matrices corresponding to the estimated weights. The
weight of the k-th machine to every pair (a, b) of the precision matrix is

p1/∑K
l=1

nl

σ̂2
ab,l

q× ( nk

σ̂2
ab,k

).

• Lower: A p × p dimensional matrix containing the lower bound in the men-
tioned asymptotic con�dence interval at level 1− α based on the distributed
procedure, for every pair (a, b) ∈ V × V.

• Upper: A p× p dimensional matrix containing the upper bound in the men-
tioned asymptotic con�dence interval at level 1− α based on the distributed
procedure, for every pair (a, b) ∈ V × V.

• Len: A p×p dimensional matrix containing the length of the asymptotic con-
�dence interval for every entry Θab, (a, b) ∈ V × V, based on the distributed

procedure which is of the form 2Φ−1(1− α/2)/
b∑K

k=1 nk/σ̂
2
ab,k.

• LowerB: A p× p dimensional matrix containing the lower bound in the men-
tioned asymptotic con�dence interval at level 1−α with Bonferroni correction
for every pair (a, b) ∈ V ×V, based on the distributed procedure. The di�er-
ence between this output and Lower is in the quantile Φ−1(·) which is of the
form Φ−1p1− α/(p(p− 1))q with the Bonferroni correction.

• UpperB: A p× p dimensional matrix containing the upper bound in the men-
tioned asymptotic con�dence interval at level 1−α with Bonferroni correction
for every pair (a, b) ∈ V × V, based on the distributed procedure.
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• LenB: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the distributed procedure with Bonferroni cor-

rection which is of the form 2Φ−1p1 − α/(p(p − 1))q/
b∑K

k=1 nk/σ̂
2
ab,k, for

every pair (a, b) ∈ V × V.

5.2.2 Illustration

We start by loading the packages required in this example.

R> library(huge)

R> library(mvtnorm)

R> library(DistributedGGL)

R> library(igraph)

Throughout this illustration, we generate a dataset from a multivariate normal
distribution with mean vector 0, covariance matrix Σ, and precision matrix Θ =
Σ−1. To generate a precision matrix, we consider a random graph structure using
the function huge.generator() from the huge package. Other graph structures
such as �hub�, �cluster�, and �band� can be also considered. The number of nodes
and the probability of connection between every pair of nodes are set to p = 300
and prob = 0.05. The following code generate a positive de�nite covariance matrix
and precision matrix of the random graph.

R> p = 300

R> prob = 0.05

R> set.seed(123)

R> obj1 = huge.generator(prob = prob, d = p, graph = "random", v=1,

+ vis = FALSE, verbose=FALSE)

R> mysigma = obj1$sigma

R> myTheta = obj1$omega

R> par(mar = c(4, 5.2, 0.5, 1))

R> x <- (1:nrow(as.matrix(obj1$theta)))

R> y <- (1:ncol(as.matrix(obj1$theta)))

R> mat1 <- (as.matrix(obj1$theta))

R> image(x, y, mat1, col = c(0,1), axes = F, xlab = "NODE",

+ ylab = "NODE", cex.lab = 3, bty = "n")

R> axis(2, c(1,seq(100,500, by=100)), las = 2, cex.axis = 1.6,

+ tck = -.01)

R> axis(1, c(1,seq(100,500, by=100)), cex.axis = 1.6, tck = -.01)

R> par(mar = c(0, 0, 0, 0))
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R> g = graph.adjacency(as.matrix(obj1$theta), mode = "undirected",

+ diag = FALSE)

R> layout.grid = layout.fruchterman.reingold(g)

R> plot(g, layout = layout.grid, edge.color = "gray50",

+ vertex.color = "red", vertex.size = 3, vertex.label = NA)

NODE

N
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D
E

1

100

200

300

1 100 200 300

Figure 5.1: Visual representation of the adjacency matrix of the precision matrix
Θ and its graph structure for p = 300 nodes. A black dot on the left hand �gure
denotes an edge between the corresponding nodes.

As it is observed in the code above, using the function image() from the R pack-
age igraph (Csardi et al., 2005) and the function plot(), we can visualize the
adjacency matrix obtained from the structure of graph. The output of these two
functions is presented in Figure 5.1. To generate n = 10000 sample data from a
p-dimensional normal distribution with this graph structure, we use the function
rmvnorm() from the package mvtnorm (Genz et al., 2023) as follows.

R> n=10000

R> set.seed(123)

R> data = rmvnorm(n, sigma = mysigma)

To perform estimation and inference in the distributed setting, one needs the sub-
sample sizes for K sub-samples. The number of sub-samples is set to K = 10
in this example and the splitting setting is considered the same as in Nezakati
and Pircalabelu (2023c), see Chapter 2, which is as follows. Among all available
machines, two of them are considered as powerful and the remaining ones are
considered as ordinary. The �rst one is the most powerful and (55 −K)% of the
dataset is distributed on this machine. The second one is less powerful than the �rst
and (60−K)% of the remaining dataset is distributed on this one. The remaining
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dataset is distributed roughly equally on the remaining machines. The following
code gives the size of these K sub-samples.

R> K = 10

R> size1 = floor(((55/100)-(K/100))*n)

R> aa = (55/100)-(K/100)

R> SubSize = c()

R> if ( K==1 ) { SubSize = n

+ } else if ( K==2 ) {

+ SubSize[1] = size1

+ SubSize[2] = n-SubSize[1]

+ } else if ( K==3 ) {

+ set.seed(2020)

+ SubSize[1] = size1

+ SubSize[2] = floor( ((60/100)-(K/100))*(1-aa)*n )

+ SubSize[3] = n-sum(SubSize[1],SubSize[2])

+ } else {

+ SubSize[1] = size1

+ SubSize[2] = floor( ((60/100)-(K/100))*(1-aa)*n )

+ SubSize[3:(K-1)] = floor((n-(SubSize[1]+SubSize[2]))/(K-2))

+ SubSize[K] = n-sum(SubSize[1:(K-1)])

+ }

R> SubSize

[1] 4500 2749 343 343 343 343 343 343 343 350

In the sequel, the regularization parameter is considered as λ =
a
log(p)/n for

all K sub-samples, and the signi�cance level α is set to α = 0.05.

R> lambda = rep(sqrt(log(p)/n), K); alpha = 0.05

R> obj2 = owAvg(data, K, lambda, SubSize, alpha)

R> obj2$ThetaTilde[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 1.520939446 0.004047655 -0.01018492 -0.002265978

[2,] 0.004047282 1.760001265 0.01936385 -0.001634396

[3,] -0.010183839 0.019364070 1.93312186 0.019853876

[4,] -0.002266144 -0.001633657 0.01985434 1.683757419

R> obj2$Lower[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 1.48427561 -0.02347224 -0.038780947 -0.029224410

[2,] -0.02347262 1.71872519 -0.010973330 -0.030246595

[3,] -0.03877987 -0.01097311 1.888575811 -0.009854104

[4,] -0.02922458 -0.03024586 -0.009853644 1.644153120
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R> obj2$Upper[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 1.55760328 0.03156755 0.01841111 0.02469245

[2,] 0.03156718 1.80127734 0.04970104 0.02697780

[3,] 0.01841219 0.04970125 1.97766791 0.04956186

[4,] 0.02469229 0.02697854 0.04956232 1.72336172

R> obj2$Len[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 0.07332767 0.05503980 0.05719206 0.05391686

[2,] 0.05503980 0.08255214 0.06067437 0.05722440

[3,] 0.05719205 0.06067437 0.08909210 0.05941596

[4,] 0.05391686 0.05722440 0.05941596 0.07920860

The results presented above include the �nal aggregated estimate, the lower bound,
the upper bound, and the length of asymptotic con�dence intervals for Θab, a, b =
1, . . . , 4, respectively.

5.3 Implementation of edge detection with false dis-
covery rate control

The following algorithm is a summary of the edge detection procedure using the
optimally weighted average estimator, described in Chapter 3, for the multiple
hypothesis testing H0,ab = Θab = 0 vs H1,ab = Θ ̸= 0, 1 ≤ a < b ≤ p.

Algorithm 1: Edge detection procedure with false discovery control

Step1. Construct the test statistic Ûab =
b∑K

k=1
nk

σ̂2
ab,k

Θ̃ab,owAvg using the

optimally weighted average estimator Θ̃owAvg.

Step2. For a pre-speci�ed level 0 < q < 1, let tp = p2 log(p1)− 2 log(log(p1))q1/2,
and compute

t′0 = inf

{
0 ≤ t ≤ tp :

p1G(t)

max{R′(t), 1}
≤ q

}
,

where R′(t) =
∑

1≤a<b≤p I(|Ûab|≥ t), G(t) = 2(1− Φ(t)) with Φ(·) as the
cumulative distribution function of the standard normal distribution, and
p1 = p(p− 1)/2. If t′0 does not exist, set t′0 =

a
2 log(p1).

Step3. Reject H0,ab if |Ûab|≥ t′0.
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The functions Distrib.dGL() and FDR() implement Algorithm 1 in R, for which
a comprehensive explanation is provided in Section 5.3.1.

5.3.1 Arguments and output

The function Distrib.dGL() implements the test statistic Ûab in R, and the output
of this function can be obtained by calling

Distrib.dGL(DeTheta, VarInv).

The argument DeTheta is a p×p dimensional matrix, whose (a, b)-th entry is the
owAvg estimator Θ̃ab,owAvg for every (a, b) ∈ V×V. This estimate can be obtained
in R using the function owAvg(), as explained in Section 5.2.1. The argument
VarInv is a matrix of dimension p × p, whose (a, b)-th entry is the inverse of the

variance of Θ̃ab,owAvg for every (a, b) ∈ V ×V, which is of the form
∑K

k=1 nk/σ̂
2
ab,k.

This matrix is also an output of the function owAvg() in R.

The output of this function is a list including

• a: The row index of Ûab, which is equal to a = 1, . . . , p− 1.

• b: The column index of Ûab, which is equal to b = a, . . . , p

• stat.ab: The test statistic Ûab for every 1 ≤ a < b ≤ p.

• debiased.est.ab: The debiased estimator Θ̂d
ab,k for every ≤ a < b ≤ p.

After taking the absolute value of the test statistic Ûab, we �nd the threshold
t′0 using the function FDR(). The usage of this function is summarized as follows.

FDR(stat, q)

The argument stat is a vector of length p(p−1)/2 containing the absolute values of
Ûab for every 1 ≤ a < b ≤ p, which can be constructed using Distrib.dGL(). The
argument q is a pre-speci�ed level between zero and one from Step 2 of Algorithm
1, which should be speci�ed by the user. This function searches for the value of t′0,
as explained in Algorithm 1. The output of this function is a list including

• which.rejected: A vector containing the absolute values of the test statistics
Ûab, 1 ≤ a < b ≤ p, for which H0,ab is rejected (corresponding to Step 3 of
Algorithm 1).

• which.t0: An index number (1 or 0) which shows whether the threshold t′0
de�ned by the procedure has been chosen or the alternative t′0 =

a
2 log(p1).

• t.hat: The value of t′0 which has been chosen by the procedure.
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5.3.2 Illustration

As a continuation of the illustration in Section 5.2.2, after estimating Θ, to select
the edges using Algorithm 1, we �rst construct the test statistic using the function
Distrib.dGL() as follows

R> dbGL <- Distrib.dGL(DeTheta = obj2[[1]], VarInv= obj2[[2]])

where we substitute the estimation of Θ and its variance when using the function
owAvg(). Using the third output of dbGL, which is the absolute value of the test
statistic Ûab, we can �nd the threshold t′0 and the test statistics correspond to the
rejected set, as follows

R> q = 0.1

R> FDR.FUNC = FDR(stat = abs(dbGL[,3]), q = q)

R> FDR.FUNC$which.t0

[1] 1

R> FDR.FUNC$t.hat

[1] 2.81

R> dGL.pairs<- dbGL[FDR.FUNC[[1]],1:2]

R> dGL.pairs[1:5,]

[,1] [,2]

[1,] 1 47

[2,] 1 90

[3,] 1 91

[4,] 1 128

[5,] 1 168

The �rst and second output show that the threshold t′0 has been chosen by the
procedure de�ned in Step 2 of Algorithm 1 (not the alternative value), and its
value is 2.81, respectively. The last output represents the indices of 5 pairs Θab,
for which H0,ab = 0 is rejected. It means that there are estimated edges between
pairs (1, 47), (1, 90), . . . , (1, 168) in this special example.

5.4 Implementation of the optimally weighted av-
erage estimator for covariate adjusted graphi-
cal models

In this section, we implement the estimation of the coe�cient matrix Γ and of the
precision matrix Θ, under the distributed setting, in the multivariate regression
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model

9Y = Γ⊤
9X+ 9ε,

where Θ is the inverse of the covariance matrix Σ, such that 9ε ∼ Npp0,Σq. The

implemented functions in R, compute Γ̃owAvg and Θ̃owAvg introduced in Chapter
4. For the reader's convenience, we summarize brie�y these two estimators in this
section.

The �nal aggregated estimator for the a-th element of vec(Γ), a = 1, . . . , pq, is
of the form

vec(Γ̃owAvg)a =

� K∑
k=1

nk

rΣ̂k,Γ̂k
⊗ (MkCkM⊤

k )saa


−1

×
K∑

k=1

nk

rΣ̂k,Γ̂k
⊗ (MkCkM⊤

k )saa
vecpΓ̂d

kqa,

where vec(Γ̂d
k)a is the a-th element of the vectorized form of Γ̂d

k, the k-th debiased
estimator, which is of the form

Γ̂d
k = Γ̂k +MkX

⊤
k (Yk −XkΓ̂k)/nk,

where Γ̂k is the solution to the following optimization problem

Γ̂k = argmin
Γ

{
1

2nk
trace{(Yk −XkΓ)

⊤(Yk −XkΓ)}+ ρk∥Γ∥1
}
, (5.4.1)

where ρk > 0 is the regularization parameter. Note that Ck = X⊤
k Xk/nk is the

sample covariance matrix of the covariates Xk, and Mk is an approximation for
the inverse of Ck, which can be found using nodewise Lasso regressions. Moreover,
Σ̂k,Γ̂k

= (Yk −XkΓ̂k)
⊤(Yk −XkΓ̂k)/nk.

After estimating Γ̂k, the �nal aggregated estimator of Θab, (a, b) ∈ V × V, can
be constructed as

Θ̃ab,owAvg =

� K∑
k=1

nk
σ̂2
ab,k


−1

×
K∑

k=1

nk
σ̂2
ab,k

Θ̂d
ab,k,

where Θ̂d
ab,k is the (a, b)-th pair of the debiased estimator of Θ in the k-th sub-

sample, which is of the form

Θ̂d
k = 2Θ̂k − Θ̂kΣ̂k,Γ̂k

Θ̂k,

and Θ̂k is the graphical Lasso estimator of Friedman et al. (2008), which is the
solution to the following optimization problem

Θ̂k = arg min
Θ∈Sp

++

{
trace(Σ̂k,Γ̂k

Θ)− log det(Θ) + λk∥Θ∥1,off
}
, (5.4.2)
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where λk > 0 is the regularization parameter.
As it is shown in Chapter 4, the aggregated estimators vec(Γ̃owAvg)a and

Θ̃ab,owAvg are asymptotically normal. As such, performing inference in the form
of hypothesis testing and con�dence intervals is feasible based on these estimators.
In the next section the functions owAvgCondGamma() and owAvgCondTheta() are
introduced for estimating and performing inference for the elements of Γ and Θ,
respectively.

5.4.1 Function and output

The function owAvgCondGamma() implements the owAvg estimator vec(Γ̃owAvg)a of
vec(Γ)a, a = 1, . . . , qp, in R and the output of this function can be obtained by
calling

owAvgCondGamma(Y, X, K, rho, lambda, rhotilde, SubSize, alpha).

The arguments Y and X are input response and covariate matrices of dimension
n× p and n× q, respectively, where n is the total sample size, and p and q are the
number of responses (nodes) and covariates, respectively. The parameters rho and
lambda are respectively the regularization parameters in the optimization problem
(5.4.1) and (5.4.2), and both are vectors of length K. The argument rhotilde

is a sequence of regularization parameters of length K, for the nodewise Lasso
regression to estimate Mk, k = 1, . . . ,K, which is an approximation for the inverse
of Ck based on the k-th sub-sample, when q > nk. The argument SubSize is a
vector of length K which indicates the sub-sample sizes nk, k = 1, . . . ,K, for K
parallel jobs. Finally, the argument alpha is the signi�cance level for providing
100(1 − α)% con�dence intervals for every element of the vectorized form of the
coe�cient matrix Γ, which is of the form

vec(Γ̃owAvg)a ± Φ−1(1− α/2)/

gffe K∑
k=1

nk/[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa.

The output of this function is a list containing

• GammaTilde: The q × p dimensional matrix Γ̃owAvg containing the �nal ag-

gregated estimates for vec(Γ̃owAvg)a for every element a = 1, . . . , qp.

• SigmaHat: A q×p dimensional matrix containing the sum
∑K

k=1 nk/[Σ̂k,Γ̂k
⊗

(MkCkM
⊤
k )]aa needed for performing inference for every element a = 1, . . . , qp.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A q × p dimensional matrix containing the lower bound in the men-
tioned asymptotic con�dence interval at level 1− α based on the distributed
procedure for every element a = 1, . . . , qp.
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• Upper: A q × p dimensional matrix containing the upper bound in the men-
tioned asymptotic con�dence interval at level 1− α based on the distributed
procedure for every element a = 1, . . . , qp.

• Len: A q × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the distributed procedure which is of the form

2Φ−1(1 − α/2)/
b∑K

k=1 nk/[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa for every element a =

1, . . . , qp.

• LowerB: A q × p dimensional matrix containing the lower bound in the men-
tioned asymptotic con�dence interval at level 1− α with the Bonferroni cor-
rection based on the distributed procedure for every element a = 1, . . . , qp.
The di�erence between this output and Lower is in the quantile Φ−1 which
is of the form Φ−1p1− α/(p(p− 1))q with Bonferroni correction.

• UpperB: A q× p dimensional matrix containing the upper bound in the men-
tioned asymptotic con�dence interval at level 1−α with Bonferroni correction
based on the distributed procedure for every element a = 1, . . . , qp.

• LenB: A q × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the distributed procedure with Bonferroni cor-
rection which is of the form

2Φ−1p1 − α/(p(p − 1))q/
b∑K

k=1 nk/[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa for every ele-

ment a = 1, . . . , qp.

The function owAvgCondTheta() implements the owAvg estimator Θ̃ab,owAvg

of Θab, (a, b) ∈ V × V, in R and the output of this function can be obtained by
calling

owAvgCondTheta(Y, X, K, rho, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvgCondGamma() except
rhotilde which is not needed in estimation of Θ. The output of this function is a
list containing

• ThetaTilde: The p × p dimensional matrix Θ̃owAvg containing the �nal ag-

gregated estimates for Θ̃ab,owAvg for every pair (a, b) ∈ V × V.

• SigmaHat: A p × p dimensional matrix containing the sum
∑K

k=1 nk/σ̂
2
ab,k

needed to perform inference for every pair (a, b) ∈ V × V.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A p × p dimensional matrix containing the lower bound in the men-
tioned asymptotic con�dence interval at level 1− α based on the distributed
procedure for every pair (a, b) ∈ V × V.
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• Upper: A p× p dimensional matrix containing the upper bound in the men-
tioned asymptotic con�dence interval at level 1− α based on the distributed
procedure for every pair (a, b) ∈ V × V.

• Len: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the distributed procedure which is of the form

2Φ−1(1− α/2)/
b∑K

k=1 nk/σ̂
2
ab,k for every pair (a, b) ∈ V × V.

• LowerB: A p× p dimensional matrix containing the lower bound in the men-
tioned asymptotic con�dence interval at level 1− α with the Bonferroni cor-
rection based on the distributed procedure for every pair (a, b) ∈ V ×V. The
di�erence between this output and Lower is in the quantile Φ−1 which is of
the form Φ−1p1− α/(p(p− 1))q with Bonferroni correction.

• UpperB: A p× p dimensional matrix containing the upper bound in the men-
tioned asymptotic con�dence interval at level 1−α with Bonferroni correction
based on the distributed procedure for every pair (a, b) ∈ V × V.

• LenB: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the distributed procedure with Bonferroni cor-

rection which is of the form 2Φ−1p1 − α/(p(p − 1))q/
b∑K

k=1 nk/σ̂
2
ab,k for

every pair (a, b) ∈ V × V.

5.4.2 Illustration

We �rst start with generating a dataset from the covariate adjusted Gaussian
graphical model. To this end, we followed the simulation setup of Yin and Li
(2013) for generating sparse matrices Γ and Θ.

First, to generate the precision matrix Θ, we randomly generated a link be-
tween all pairs (a, b) ∈ V × V, a ̸= b, with probability of connection of 0.01.
Then, the corresponding entry in the precision matrix is generated uniformly from
[−1,−0.5]

⋃
[0.5, 1], for each link. After that, for each row, each entry except the

diagonal one is divided by the sum of the absolute values of the o�-diagonal en-
tries multiplied by 1.5. Finally, the matrix is symmetrized and the diagonal entries
are �xed to 1. To generate the regression coe�cient matrix, we �rst generate a
sparse indicator matrix with non-zero elements having a probability of 0.01 of oc-
curring for every pair (a, b); a = 1, . . . , q, b = 1, . . . , p. Then, corresponding to the
non-zero entries of this indicator matrix, we generate uniformly the entries of Γ
from [−1,−νm]

⋃
[νm, 1], where νm is the minimum absolute non-zero value of the

generated precision matrix.
To generate covariates 9X from a multivariate Gaussian distribution, we �rst gen-

erate the covariance matrix Q from the Toeplitz structure ϱ|a−b|, a, b ∈ {1, . . . , q}
with ϱ = 0.9. The function GenerateModel() implements the generation of Θ, Γ
and Q in R as follows.



160 Chapter 5. The DistributedGGL R package

R> p = 300

R> q = 150

R> sparse_F = 0.01

R> sparse_S = 0.01

R> rho = 0.9

R> set.seed(123)

R> obj1 = GenerateModel(p = p, q = q, sparse_F = sparse_F,

+ sparse_S = sparse_S, rho = rho)

R> mysigma = obj1$Sig

R> mygamma = obj1$F

R> mysigmaX = obj1$Sigx

The arguments sparse_F and sparse_S are the sparsity parameters of Γ and Θ,
respectively, and the argument rho is the Toeplitz parameter of Q. To generate
a dataset, we �rst generate 9X = (X1, . . . , Xq)⊤ from a q-dimensional Gaussian
distribution with mean vector zero and covariance matrix Q. Finally, conditionally
on 9X = 9x, we generate 9Y from a p-dimensional Gaussian distribution with mean
Γ⊤

9x and covariance matrix Θ−1. The function GenerateData() implements this
data generation in R.

R> n = 10000

R> data = GenerateData(n = n, p = p, q = q, Sig = mysigma,

+ Sigx = mysigmaX, F = mygamma)

R> Y = data$y

R> X = data$x

R> colnames(X) <- c(1:q)

R> colnames(Y) <- c(1:p)

R> dim(X)

[1] 10000 150

R> dim(Y)

[1] 10000 300

The output of this function is a list of two matrices Y and X of dimensions n × p
and n× q, respectively.

To perform estimation and inference in the distributed setting, one needs the
sub-sample sizes for K sub-samples. The number of sub-samples is set to K = 10
in this example and the splitting setting is considered the same as in Section 5.2.2.
We provide the code here again for the reader's convenience.

R> K = 10

R> size1=floor(((55/100)-(K/100))*n)
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R> aa=(55/100)-(K/100)

R> SubSize=c()

R> if ( K==1 ) {

+ SubSize=n

+ } else if ( K==2 ) {

+ SubSize[1]=size1

+ SubSize[2]=n-SubSize[1]

+ } else if ( K==3 ) {

+ set.seed(2020)

+ SubSize[1]=size1

+ SubSize[2]=floor( ((60/100)-(K/100))*(1-aa)*n )

+ SubSize[3]=n-sum(SubSize[1],SubSize[2])

+ } else {

+ SubSize[1]=size1

+ SubSize[2] = floor( ((60/100)-(K/100))*(1-aa)*n )

+ SubSize[3:(K-1)] = floor((n-(SubSize[1]+SubSize[2]))/(K-2))

+ SubSize[K]=n-sum(SubSize[1:(K-1)])

+ }

In what follows, the regularization parameters are set to ρk = ρ =
a
log(pq)/n,

λk = λ =
a
log(p)/n, and ρ̃j,k = ρ̃ =

a
log(q)/n in the optimization problems

(5.4.1), (5.4.2), and the nodewise Lasso regression, respectively, for all K sub-
samples, and the signi�cance level α is set to α = 0.05.

R> lambda = rep(sqrt(log(p)/n), K)

R> rho = rep(sqrt((log(p)+log(q))/n), K)

R> rhotilde = rep(sqrt(log(q)/n), K)

R> obj2 = owAvgCondGamma(Y = Y, X = X, K = K, rho = rho, lambda =

+ lambda, rhotilde = rhotilde, SubSize =

+ SubSize, alpha)

R> obj2$GammaTilde[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 0.0076616357 -0.014994208 -0.006984971 0.001241561

[2,] -0.0007496598 0.010508778 -0.013141730 -0.019238793

[3,] -0.0488435493 0.007391558 0.007968575 -0.001090420

[4,] 0.0124639815 -0.016727065 0.000837673 -0.003272885

R> obj2$Lower[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] -0.04556247 -0.06676384 -0.05844017 -0.04971139

[2,] -0.07185692 -0.05868826 -0.08194074 -0.08732383

[3,] -0.11951562 -0.06134597 -0.06035818 -0.06872920
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[4,] -0.05762693 -0.08489587 -0.06690242 -0.07035413

R> obj2$Upper[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 0.06088574 0.03677542 0.04447022 0.05219451

[2,] 0.07035760 0.07970581 0.05565728 0.04884625

[3,] 0.02182852 0.07612909 0.07629533 0.06654836

[4,] 0.08255490 0.05144174 0.06857776 0.06380836

R> obj2$Len[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 0.1064482 0.1035393 0.1029104 0.1019059

[2,] 0.1422145 0.1383941 0.1375980 0.1361701

[3,] 0.1413441 0.1374751 0.1366535 0.1352776

[4,] 0.1401818 0.1363376 0.1354802 0.1341625

Finally, to estimate the precision matrix Θ, we use the following function in R.

R> obj3 = owAvgCondTheta(Y = Y, X = X, K = K, rho = rho, lambda =

+ lambda, SubSize = SubSize, alpha)

R> obj3$ThetaTilde[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 1.129852087 0.010842049 -0.025321714 0.001521015

[2,] 0.010842049 1.137501044 -0.001379203 0.002711373

[3,] -0.025321714 -0.001379203 1.180100515 0.003849879

[4,] 0.001521015 0.002711373 0.003849879 1.148853884

R> obj3$Lower[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 1.101568437 -0.009267171 -0.04565525 -0.01867077

[2,] -0.009267171 1.108947615 -0.02180696 -0.01758195

[3,] -0.045655250 -0.021806956 1.15091042 -0.01666970

[4,] -0.018670770 -0.017581946 -0.01666970 1.12004012

R> obj3$Upper[1:4, 1:4]

[,1] [,2] [,3] [,4]

[1,] 1.158135737 0.03095127 -0.004988178 0.02171280

[2,] 0.030951270 1.16605447 0.019048550 0.02300469

[3,] -0.004988178 0.01904855 1.209290612 0.02436946

[4,] 0.021712799 0.02300469 0.024369457 1.17766765

R> obj3$Len[1:4, 1:4]

[,1] [,2] [,3] [,4]
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[1,] 0.05656730 0.04021844 0.04066707 0.04038357

[2,] 0.04021844 0.05710686 0.04085551 0.04058664

[3,] 0.04066707 0.04085551 0.05838019 0.04103916

[4,] 0.04038357 0.04058664 0.04103916 0.05762753

5.5 Additional functions

The package contains several additional functions that serve for the estimation and
inference using the weighted and simple average methods. As the usage of these
functions is similar to those introduced in the previous sections, we do not provide
detailed examples here.

5.5.1 Implementation of the weighted average estimator for

Gaussian graphical models

The function wAvg() in R implements the weighted average estimator

Θ̃ab,wAvg =

K∑
k=1

nk
n
Θ̂d

ab,k,

for every (a, b) ∈ V × V. The output of this function can be obtained by calling

wAvg(data, K, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvg(), and they are
provided in Section 5.2.2. The output of this function is a list containing

• ThetaTilde: The p × p dimensional matrix Θ̃wAvg containing the �nal ag-

gregated estimates for Θ̃ab,wAvg for every pair (a, b) ∈ V × V.

• SigmaHat: A p × p dimensional matrix containing the sum of variance es-

timates in the sub-samples of the form
∑K

k=1 σ̂
2
ab,k needed for performing

inference for every pair (a, b) ∈ V × V.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α based on the wAvg procedure, which

is of the form Θ̃ab,wAvg −Φ−1(1− α/2)
b

p∑K
k=1 σ̂

2
ab,kq/(nK), for every pair

(a, b) ∈ V × V, where Φ−1(·) is the quantile function of the standard normal
distribution.
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• Upper: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α based on the wAvg procedure, which

is of the form Θ̃ab,wAvg + Φ−1(1 − α/2)
b

p∑K
k=1 σ̂

2
ab,kq/(nK) for every pair

(a, b) ∈ V × V.

• Len: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the wAvg procedure for every pair (a, b) ∈ V×V.

• LowerB: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the wAvg procedure for every pair (a, b) ∈ V × V.

• UpperB: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the wAvg procedure for every pair (a, b) ∈ V × V.

• LenB: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval with Bonferroni correction based on the wAvg procedure
for every pair (a, b) ∈ V × V.

5.5.2 Implementation of the simple average estimator for

Gaussian graphical models

The function sAvg() in R implements the simple average estimator

Θ̃ab,sAvg =
1

K

K∑
k=1

Θ̂d
ab,k,

for every (a, b) ∈ V × V. The output of this function can be obtained by calling

sAvg(data, K, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvg() and wAvg(). The
reader can refer to Section 5.2.2 for more information. The output of this function
is a list containing

• ThetaTilde: The p×p dimensional matrix Θ̃sAvg containing the �nal aggre-

gated estimates for Θ̃ab,sAvg for every pair (a, b) ∈ V × V.

• SigmaHat: A p × p dimensional matrix containing the sum of variance es-

timates in the sub-samples of the form
∑K

k=1 σ̂
2
ab,k needed for performing

inference for every pair (a, b) ∈ V × V.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.
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• Lower: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1−α based on the sAvg procedure, which is

of the form Θ̃ab,sAvg−Φ−1(1−α/2)
b

p∑K
k=1 σ̂

2
ab,kqp

∑K
k=1 1/nkq/K3, for ev-

ery pair (a, b) ∈ V ×V, where Φ−1(·) is the quantile function of the standard
normal distribution.

• Upper: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α based on the sAvg procedure, which

is of the form Θ̃ab,sAvg + Φ−1(1 − α/2)
b

p∑K
k=1 σ̂

2
ab,kqp

∑K
k=1 1/nkq/K3 for

every pair (a, b) ∈ V × V.

• Len: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the sAvg procedure for every pair (a, b) ∈ V ×V.

• LowerB: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the sAvg procedure for every pair (a, b) ∈ V × V.

• UpperB: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the sAvg procedure for every pair (a, b) ∈ V × V.

• LenB: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval with Bonferroni correction based on the sAvg procedure
for every pair (a, b) ∈ V × V.

5.5.3 Implementation of the weighted average estimator for

the coe�cient matrix for covariate adjusted graphical

models

The function wAvgCondGamma() implements the wAvg estimator

vec(Γ̃wAvg)a =

K∑
k=1

nk
n
vec(Γ̂d

k)a

of vec(Γ)a, a = 1, . . . , qp, in R and the output of this function can be obtained by
calling

wAvgCondGamma(Y, X, K, rho, lambda, rhotilde, SubSize, alpha).

The arguments of this function are the same as those of owAvgConGamma(). The
reader can refer to Section 5.4.2 for more information. The output of this function
is a list containing

• GammaTilde: The q×p dimensional matrix Γ̃wAvg containing the �nal aggre-

gated estimates for vec(Γ̃wAvg)a for every element a = 1, . . . , qp.
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• SigmaHat: A q × p dimensional matrix containing the sum of variance esti-

mates in the sub-samples of the form
∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM

⊤
k )]aa, where

Σ̂k,Γ̂k
= (Yk−XkΓ̂k)

⊤(Yk−XkΓ̂k)/nk, needed for performing inference for
every element a = 1, . . . , qp.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A q×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1−α based on the wAvg procedure, which is of

the form vec(Γ̃wAvg)a−Φ−1(1−α/2)
b

p∑K
k=1[Σ̂k,Γ̂k

⊗ (MkCkM⊤
k )]aaq/(nK),

for every element a = 1, . . . , qp, where Φ−1(·) is the quantile function of the
standard normal distribution.

• Upper: A q×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1−α based on the wAvg procedure, which is of

the form vec(Γ̃wAvg)a+Φ−1(1−α/2)
b

p∑K
k=1[Σ̂k,Γ̂k

⊗ (MkCkM⊤
k )]aaq/(nK)

for every element a = 1, . . . , qp.

• Len: A q×p dimensional matrix containing the length of the asymptotic con-
�dence interval based on the wAvg procedure for every element a = 1, . . . , qp.

• LowerB: A q×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the wAvg procedure for every element a = 1, . . . , qp.

• UpperB: A q×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the wAvg procedure for every element a = 1, . . . , qp.

• LenB: A q × p dimensional matrix containing the length of the asymptotic
con�dence interval with Bonferroni correction based on the wAvg procedure
for every element a = 1, . . . , qp.

5.5.4 Implementation of the weighted average estimator for

the precision matrix for covariate adjusted graphical

models

The function wAvgCondTheta() implements the wAvg estimator

Θ̃ab,wAvg =

K∑
k=1

nk
n
Θ̂d

ab,k

of Θab, (a, b) ∈ V × V, in R and the output of this function can be obtained by
calling
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wAvgCondTheta(Y, X, K, rho, lambda, SubSize, alpha).

The arguments of this function are the same as those of wAvgCondTheta(), and they
are not provided here. The reader can refer to Section 5.4.2 for more information.
The output of this function is a list containing

• ThetaTilde: The p × p dimensional matrix ΘwAvg containing the �nal ag-

gregated estimates for Θ̃ab,wAvg for every pair (a, b) ∈ V × V.

• SigmaHat: A p × p dimensional matrix containing the sum of variance esti-

mates in the sub-samples of the form
∑K

k=1 σ̂
2
ab,k, where σ̂

2
ab,k = Θ̂aa,kΘ̂bb,k+

Θ̂2
ab,k, needed for performing inference for every pair (a, b) ∈ V × V.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α based on the wAvg procedure, which

is of the form Θ̃ab,wAvg −Φ−1(1− α/2)
b

p∑K
k=1 σ̂

2
ab,kq/(nK), for every pair

(a, b) ∈ V × V, where Φ−1(·) is the quantile function of the standard normal
distribution.

• Upper: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α based on the wAvg procedure, which

is of the form Θ̃ab,wAvg + Φ−1(1 − α/2)
b

p∑K
k=1 σ̂

2
ab,kq/(nK) for every pair

(a, b) ∈ V × V.

• Len: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the wAvg procedure for every pair (a, b) ∈ V×V.

• LowerB: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the wAvg procedure for every pair (a, b) ∈ V × V.

• UpperB: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the wAvg procedure for every pair (a, b) ∈ V × V.

• LenB: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval with Bonferroni correction based on the wAvg procedure
for every pair (a, b) ∈ V × V.
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5.5.5 Implementation of the simple average estimator for

the coe�cient matrix for covariate adjusted graphical

models

The function sAvgCondGamma() implements the sAvg estimator

vec(Γ̃wAvg)a =
1

K

K∑
k=1

vec(Γ̂d
k)a

of vec(Γ)a, a = 1, . . . , qp, in R and the output of this function can be obtained by
calling

sAvgCondGamma(Y, X, K, rho, lambda, rhotilde, SubSize, alpha).

The arguments of this function are the same as those of owAvgCondGamma(). The
reader can refer to Section 5.4.2 for more information. The output of this function
is a list containing

• GammaTilde: The q× p dimensional matrix Γ̃sAvg containing the �nal aggre-

gated estimates for vec(Γ̃sAvg)a for every element a = 1, . . . , qp.

• SigmaHat: A q × p dimensional matrix containing the sum of variance esti-

mates in the sub-samples of the form
∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM

⊤
k )]aa, where

Σ̂k,Γ̂k
= (Yk−XkΓ̂k)

⊤(Yk−XkΓ̂k)/nk, needed for performing inference for
every element a = 1, . . . , qp.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A q×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1−α based on the sAvg procedure, which is
of the form

vec(Γ̃sAvg)a−Φ−1(1−α/2)
b
(
∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa)(
∑K

k=1 1/nk)/K
3,

for every element a = 1, . . . , qp, where Φ−1(·) is the quantile function of the
standard normal distribution.

• Upper: A q×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1−α based on the sAvg procedure, which is
of the form

vec(Γ̃sAvg)a+Φ−1(1−α/2)
b
(
∑K

k=1[Σ̂k,Γ̂k
⊗ (MkCkM⊤

k )]aa)(
∑K

k=1 1/nk)/K
3

for every element a = 1, . . . , qp.

• Len: A q×p dimensional matrix containing the length of the asymptotic con-
�dence interval based on the sAvg procedure for every element a = 1, . . . , qp.
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• LowerB: A q×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the sAvg procedure for every element a = 1, . . . , qp.

• UpperB: A q×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the sAvg procedure for every element a = 1, . . . , qp.

• LenB: A q × p dimensional matrix containing the length of the asymptotic
con�dence interval with Bonferroni correction based on the sAvg procedure
for every element a = 1, . . . , qp.

5.5.6 Implementation of the simple average estimator for

the precision matrix for covariate adjusted graphical

models

The function sAvgCondTheta() implements the sAvg estimator

Θ̃ab,sAvg =
1

K

K∑
k=1

Θ̂d
ab,k

of Θab, (a, b) ∈ V × V, in R and the output of this function can be obtained by
calling

sAvgCondTheta(Y, X, K, rho, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvgCondTheta(). The
reader can refer to Section 5.4.2 for more information. The output of this function
is a list containing

• ThetaTilde: The p×p dimensional matrix ΘsAvg containing the �nal aggre-

gated estimates for Θ̃ab,sAvg for every pair (a, b) ∈ V × V.

• SigmaHat: A p × p dimensional matrix containing the sum of variance esti-

mates in the sub-samples of the form
∑K

k=1 σ̂
2
ab,k, where σ̂

2
ab,k = Θ̂aa,kΘ̂bb,k+

Θ̂2
ab,k, needed for performing inference for every pair (a, b) ∈ V × V.

• RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

• Lower: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1−α based on the sAvg procedure, which is

of the form Θ̃ab,sAvg−Φ−1(1−α/2)
b

p∑K
k=1 σ̂

2
ab,kqp

∑K
k=1 1/nkq/K3, for ev-

ery pair (a, b) ∈ V ×V, where Φ−1(·) is the quantile function of the standard
normal distribution.
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• Upper: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α based on the sAvg procedure, which

is of the form Θ̃ab,sAvg + Φ−1(1 − α/2)
b

p∑K
k=1 σ̂

2
ab,kqp

∑K
k=1 1/nkq/K3 for

every pair (a, b) ∈ V × V.

• Len: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval based on the sAvg procedure for every pair (a, b) ∈ V ×V.

• LowerB: A p×p dimensional matrix containing the lower bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the sAvg procedure for every pair (a, b) ∈ V × V.

• UpperB: A p×p dimensional matrix containing the upper bound of the asymp-
totic con�dence interval at level 1 − α with Bonferroni correction based on
the sAvg procedure for every pair (a, b) ∈ V × V.

• LenB: A p × p dimensional matrix containing the length of the asymptotic
con�dence interval with Bonferroni correction based on the sAvg procedure
for every pair (a, b) ∈ V × V.

5.6 Discussion

In this chapter, we showcased the usage of the DistributedGGL package, which
performs estimation and inference for Gaussian graphical models under a dis-
tributed setting. This is done by using the functions owAvg() and owAvgCondTheta(),
respectively. Moreover, estimation of the coe�cient matrix for covariate adjusted
Gaussian graphical models is performed with the function owAvgCondGamma(). Per-
forming hypothesis testing for the entries of the precision matrix is also performed
with the functions Distrib.dGL() and FDR(). The advantage of this package is
the simplicity of using and implementing the theoretical part of papers Nezakati
and Pircalabelu (2023a), Nezakati and Pircalabelu (2023b) and Nezakati and Pir-
calabelu (2023c) in practice.



Chapter 6

Conclusions and extensions

The objective of this thesis was to study Gaussian graphical models from a new
perspective: the distributed setting. This divide and conquer paradigm proves to
be helpful in addressing contemporary challenges, particularly preserving the se-
curity and privacy of datasets. We investigated the asymptotic properties, such
as convergence rate, consistency, and asymptotic distribution of the proposed esti-
mators. The context of this thesis can be extended in various directions, some of
which we propose here.

(1) The main assumption throughout this thesis was Gaussianity. All the mod-
els and estimators were built under the assumption that the dataset comes
from a multivariate Gaussian distribution. The most natural extension of
this thesis is to explore for cases where data are non-Gaussian. For in-
stance, one can consider the non-paranormal distribution, where the Gaus-
sian random vector 9Y = (Y 1, . . . , Y p)⊤ is replaced by the random vector

f( 9Y) = pf1(Y 1), . . . , fp(Y
p)q⊤, and f( 9Y) is assumed to be multivariate

Gaussian. This model is well studied in Liu et al. (2009), where they pro-
posed a non-parametric estimator for the functions {fj}, j = 1, . . . , p, and
showed that how the graphical Lasso can be used to estimate the graph in the
high-dimensional setting. Combining this model with the distributed setting
is more challenging due to the unknown form of {fj}, j = 1, . . . , p, and the
complicated form of the KKT condition.

(2) As it was observed in this thesis, the graphical Lasso estimator was biased
and it produced a lot of false negatives. This method was equipped with one
regularization parameter, λ. An alternative approach would be to impose
di�erent λ's, not just one, to shrink similar estimators towards each other,
and hopefully get less false negatives.

(3) The model in this thesis was built for a Gaussian random vector. However, in
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some situations, we deal with a matrix variate Gaussian data where, instead
of a p-dimensional vector, we have a p × q dimensional matrix. Considering
the distributed setting from this perspective is also of interest.

(4) The distributed setting in this thesis was constructed by splitting observations
into di�erent non-overlapping independent sub-samples. Another extension
of this approach can be applied to cases where variables are split into di�er-
ent groups rather than observations. Since there are dependencies between
variables, this approach is more challenging and requires greater delicacy.

In this chapter, we delve into some of these extensions in detail as follows.
Section 6.1 explores in detail idea (2), while idea (3) is investigated in Section

6.2. Finally, Section 6.3 provides a detailed explanation of idea (4). The remaining
ideas will be investigated in further research.

6.1 Sorted L-One Penalized Estimation (SLOPE)

As an extension of the Lasso penalty, one can consider SLOPE, de�ned by Bogdan
et al. (2015), where the penalty is de�ned by the sorted ℓ1 norm (SL1)

Jλ(β) =

p∑
i=1

λi|β|(i),

used in a regression model, where β = (β1, . . . , βp)
⊤ is the vector of model param-

eters, whose absolute values are sorted in descending order as |β|(1)≥ . . . ≥ |β|(p),
whereas λ = (λ1, . . . , λp)

⊤ is the sequence of corresponding tuning parameters,
which satisfy the condition λ1 ≥ . . . ≥ λp ≥ 0. The SLOPE penalty is based
on a decaying sequence of tuning parameters, which allows for assigning exactly
the same estimated regression coe�cients to the groups of variables with a similar
in�uence on the loss function. In general, SLOPE exhibits two levels of shrinkage
of regression coe�cients: (1) shrinking towards zero; and (2) shrinking the similar
estimates towards each other (Bogdan et al., 2015; Bellec et al., 2018).

In connection with graphical models, Riccobello et al. (2022) proposed SLOPE
for the Gaussian graphical models (Gslope) by �rst vectorizing the elements on the
upper triangle ofΘ, to create a new vectorΘ⋆ = (Θ⋆

1, . . . ,Θ
⋆
m)⊤ = (Θ12, . . . ,Θ1p,

Θ23, . . . ,Θ2p, . . . ,Θ(p−1)p)
⊤ of lengthm, wherem = p(p−1)/2. Then, the authors

de�ned the following SL1 penalty to create

Jλ(Θ) =

m∑
i=1

λi|Θ⋆|(i),

where |Θ⋆|(i), i = 1, . . . ,m, are the absolute values of Θ⋆ entries in descending
order, and which assigns to each of them a speci�c tuning parameter, such that
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λ1 ≥ . . . ≥ λm ≥ 0. By considering the above penalty function, Gslope solves the
following optimization problem

Θ̂GS = arg min
Θ∈Sp

++

{trace(Σ̂Θ)− log det(Θ) + Jλ(Θ)}, (6.1.1)

where Σ̂ is the sample covariance matrix. Similarly to graphical Lasso, Gslope is a
convex optimization problem, which has a unique solution. However, the optimal
result is biased. To debias this estimator, we propose to use a similar technique to
Jankova and van de Geer (2015). To this end, rewrite the optimization problem
(6.1.1) as

Θ̂GS = arg min
Θ∈Sp

++

{trace(Σ̂Θ)− log det(Θ) +
∑
a ̸=b

Λab|Θab|}, (6.1.2)

where

Λab =

{
λσ(a,b); a < b,

λσ(b,a); a > b,

and σ(a, b) is the order of Θab in the upper triangle of Θ. For example in a
precision matrix with p = 3, suppose that |Θ13|> |Θ23|> |Θ12|. Then, σ(1, 2) = 3,
σ(1, 3) = 1, σ(2, 3) = 2, and as a result, Λ12 = λ3, Λ13 = λ1, and λ23 = λ2. Note
that, by the structure of SLOPE, λ1 ≥ λ2 ≥ λ3.

We propose to use next the KKT condition of the optimization problem (6.1.2),
which is characterized as

Σ̂− Θ̂−1
GS +Λ⊙ D̂ = 0, (6.1.3)

where Λ is a p × p dimensional matrix with entries Λab, the symbol ⊙ is the
Hadamard product (elementwise product) between two matrices, and D̂ is a matrix
which belongs to the sub-di�erential of the ℓ1 o�-diagonal norm evaluated at Θ̂GS.
Denote W := Σ̂−Σ. By inverting (6.1.3), and performing some algebra, we get

Θ̂d
GS −Θ = −ΘWΘ+∆,

where

Θ̂d
GS := Θ̂GS + Θ̂GS(Λ⊙ D̂) = 2Θ̂GS − Θ̂GSΣ̂Θ̂GS,

∆ := −(Θ̂GS −Θ)WΘ− (Θ̂GSΣ̂− Ip)(Θ̂GS −Θ).

To show the asymptotic normality of Θ̂d
GS, we need to show that the remainder

term ∆ is negligible, and ΘWΘ
d−→ N (0, 1). To this end, we need to bound

Θ̂GS −Θ. By following the proof of Theorem 1 of Ravikumar et al. (2011), under
some regularity assumptions, it can be shown that

∥Θ̂GS −Θ∥∞≤ 2(1 + 8/α1)κHδ̄f (n, p
τ ),
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where α1 and κH are de�ned in Chapter 2, and

δ̄f (n, p
τ ) := argmax{δ : f(n, δ) ≤ pτ},

for some τ > 2, and f(n, δ) : N × (0,∞) → (0,∞) is a tail function such that for
every (a, b) ∈ V × V,

Pp|Σ̂ab −Σab|≥ δq ≤ 1/f(n, δ), for all δ ∈ (0,∞).

The tail function f can have di�erent forms. In the case of Gaussian graphical
models, when 9Y is a multivariate Gaussian vector, the deviation of the sample
covariance matrix from the target has an exponential-type tail function of the form
f(n, δ) = exp(cnδ2) for some constant c > 0. After some calculations, it can be
shown that in this case δ̄f (n, p

τ ) =
a
log(pτ )/(cn).

The di�erence of this result with the one of Ravikumar et al. (2011) is that we
need more conditions on the regularization parameter λi, i = 1, . . . ,m. The regu-
larization parameter λi should be of the form λi = (8/α1)δ̄f (n, p

τ/i) for some τ > 2,
such that λ1 ≥ λ2 ≥ . . . ≥ λm ≥ 0, and moreover, 1 ≤ λ1

λm
< 4

(1−α1)(4+α1)+α1
. The

negligibility of the remainder term ∆ is left for future research.
By showing the asymptotic normality of the debiased Gslope estimator Θ̂d

GS,
one can apply the same procedure as in Chapter 2 in the distributed setting. By
splitting the dataset into K non-overlapping sub-samples, performing debiasing
procedure on each sub-sample, one can bene�t from the asymptotic normality, and
by maximizing a pseudo log-likelihood function constructed with the asymptotic
density of the debiased estimators, the aggregated estimator could be de�ned and
further investigated.

6.2 Matrix variate graphical models

As an extension of the multivariate Gaussian distribution for vector data, one can
consider the matrix variate normal distribution for a matrix variable X ∈ Rp×q.
We assume that the matrix variable X ∈ Rp×q follows a matrix variate Gaussian
distribution with probability density function

fX(x | Σ,Ψ) = (2π)−qp/2det(Σ)−q/2det(Ψ)−p/2exp

{
− 1

2
tracepxΨ−1x⊤Σ−1q

}
,

(6.2.1)

where Σ ∈ Rp×p and Ψ ∈ Rq×q are the row and column variance matrices. Such
a model is frequently encountered in many applications such as �nancial market
analysis, genomic data analysis, and brain imaging studies. The Matrix variate
Gaussian distribution is useful for characterizing conditional independence between
the variables (Dawid, 1981; Gupta and Nagar, 2018). Let Ω = Σ−1 = (ωij) and
Γ = Ψ−1 = (γij) be the precision matrices for the row and the column vectors,
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respectively. Formally, in a matrix normal distribution, two arbitrary entries Xij

and Xkl are conditionally independent given the remaining entries if and only if:
(1) at least one of the entries ωij and γkl when i ̸= k, j ̸= l is zero; (2) ωik = 0
when i ̸= k, j = l; (3) γjl = 0 when i = k, j ̸= l. The partial correlation between
variables Xij and Xkl is then de�ned as

ρij,kl = − ωik?
ωiiωkk

× γjl?
γjjγll

.

The partial correlation ρij,kl is not zero only if both ωik and γjl are non-zero.

To build sparse estimators for Ω and Γ, consider an i.i.d. sample X1, . . . ,Xn

from the matrix variable X. One can implement the penalization problem of Leng
and Tang (2012) as

min
Ω,Γ

{
1

npq

n∑
i=1

trace(XiΓX
⊤
i Ω)− 1

p
log det(Ω)− 1

q
log det(Γ) + pλ1

(Ω) + pλ2
(Γ)

}
,

(6.2.2)

where pλ(A) =
∑

i̸=j pλ(|aij |) for a square matrixA = (aij) with a suitably de�ned
penalty function pλ, such as Lasso, de�ned as pλ(s) = λ|s|. As it was observed in
this thesis, Lasso produces bias estimators. To combine distributed approach with
matrix variate Gaussian graphical models, one �rst needs to debias the estimators
in the sub-samples, and then by using the asymptotic normality of the debiased
estimators, one constructs the aggregated estimators. The optimization problem
(6.2.2) with the Lasso penalty is a non-convex problem as the trace produces in-
teraction terms between the two precision matrices. However, it is biconvex as
convexity holds only with respect to either precision matrix individually but not
jointly. As such, by �xing one precision matrix, say Γ, the optimization problem
(6.2.2) reduces to a convex graphical Lasso problem on Ω, as

Ω̂ = arg min
Ω∈Sp

++

{
1

p
trace(Σ̂1Ω)− 1

p
log det(Ω) + λ1∥Ω∥1,off

}
,

Σ̂1 =
∑n

i=1 XiΓX
⊤
i /p, and the KKT condition is of the form

Σ̂1 − Ω̂+ λ1D̂1 = 0, (6.2.3)

where D̂1 is a matrix which belongs to the sub-di�erential of the Lasso penalty
evaluated at Ω̂. Similarly, by �xing Ω, the optimization problem (6.2.2) reduces
to the convex problem

Γ̂ = arg min
Γ∈Sq

++

{
1

q
trace(ΓΣ̂2)−

1

q
log det(Γ) + λ2∥Γ∥1,off

}
,
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on Γ, where Σ̂2 =
∑n

i=1 XiΩX⊤
i /q, and the KKT condition is of the form

Σ̂2 − Γ̂+ λ2D̂2 = 0, (6.2.4)

where D̂2 is a matrix which belongs to the sub-di�erential of the Lasso penalty
evaluated at Γ̂. By solving the KKT conditions (6.2.3) and (6.2.4), and perform-
ing some algebra, one can construct the debiased estimators for Ω and Γ. This
investigation can be a challenging problem and is left for future work.

6.3 Feature splitting via a decorrelated procedure

The distributed framework in this thesis was based on splitting sample data into
di�erent, non-overlapping independent sub-samples. When p > n, splitting on the
variable space is more e�ective. However, when the variables are correlated, by
splitting on the variable space one might miss important information, simply due
to the fact that not all variables are present in the model at the same time. Wang
et al. (2016) proposed a decorrelation approach (DECO) in penalized regression
models, where they �rst decorrelated variables by a transformation based on sin-
gular value decomposition (SVD), and then they partitioned the space of variables
onto di�erent sub-groups.

In view of graphical models, one can consider nodewise graphical Lasso (Mein-
shausen and Bühlmann, 2006) in connection with a DECO approach. Throughout
this thesis, we considered estimation of the precision matrix using the graphical
Lasso method which is based on regularization of the maximum likelihood in terms
of the ℓ1 penalty. Another common approach to precision matrix estimation is
based on projections. This approach reduces the problem to a series of regression
problems and estimates each column of the precision matrix using a Lasso estimator
or the Dantzig selector (Candès and Tao, 2007). The idea was �rst introduced by
Meinshausen and Bühlmann (2006) as neighborhood selection for Gaussian graph-
ical models and further studied in Yuan (2010), Cai et al. (2011) and Sun and
Zhang (2013) among many others.

In the framework of nodewise graphical Lasso, consider the linear regression
model

Xj = X−jβ + ϵj , (6.3.1)

for each j = 1, . . . , p, where Xj , of length n, and X−j , of dimension n × (p − 1),
are the j-th column and the sub-matrix of Xn×p obtained by removing the j-th
column, respectively. Moreover, ϵj is the noise vector of length n. To decorrelate
the columns of X−j , one can implement the method of Wang et al. (2016) as
follows.

When p ≤ n, the most intuitive way is to orthogonalize variables via the singular
value decomposition (SVD) of the design matrix X−j = UjDjV

⊤
j , where Uj is
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an n × (p − 1) matrix, Dj is an (p − 1) × (p − 1) diagonal matrix and Vj is
an (p − 1) × (p − 1) orthogonal matrix. By multiplying both sides of (6.3.1) by?
p− 1D−1

j U⊤
j , we geta
p− 1D−1

j U⊤
j Xj =

a
p− 1V⊤

j β +
a
p− 1D−1

j U⊤
j ϵj .

Now the new features (the columns of
?
p− 1V⊤

j ) are mutually orthogonal. An

alternative approach to avoid doing SVD is to replace
?
p− 1D−1

j U⊤
j by?

p− 1UjD
−1
j U⊤

j = pX−jX
⊤
−j/(p− 1)q+/2

, where A+ denotes the Moore-Penrose
pseudo-inverse. Then, we have

pX−jX
⊤
−j/(p− 1)q+/2

Xj =
a
p− 1UjV

⊤
j β + pX−jX

⊤
−j/(p− 1)q+/2

ϵj , (6.3.2)

where the new features (the columns of
?
p− 1UjV

⊤
j ) are mutually orthogonal. By

de�ning the new data as X̃j = pX−jX
⊤
−j/(p−1)q+/2

Xj and X̃−j =
?
p− 1UjV

⊤
j ,

the mutually orthogonal property allows to decompose X̃−j column-wisely to K

subsets X̃
(k)
−j , k = 1, . . . ,K.

When p > n, the SVD decomposition on X−j induces a di�erent form on the
three matrices, i.e., Uj is now an n×n orthogonal matrix, Dj is an n×n diagonal
matrix, and Vj is an n× (p− 1) matrix.

Now for each j = 1, . . . , p, consider the transformed data (X̃j , X̃
(k)
−j ), such

that X̃j is of length n and X̃
(k)
−j is of dimension n × pk, for k = 1, . . . ,K, such

that
∑K

k=1 pk = p − 1. De�ne the estimators of the regression coe�cients, β̂k
j =

{β̂j,j′ ; j′ = 1, . . . , pk, j
′ ̸= j} ∈ Rpk , as follows

β̂k
j := arg min

β∈Rpk
∥X̃j − X̃

(k)
−jβ∥

2
2/n+ 2λj∥β∥1. (6.3.3)

where λj is the regularization parameter for the j-th penalized regression problem.
Further, de�ne the column vectors

Γ̂k
j := p− β̂j,1, . . . ,−β̂j,j−1, 1,−β̂j,j+1, . . . ,−β̂j,pk

q⊤,
and estimators of the noise level

τ̂kj := ∥X̃j − X̃
(k)
−j β̂

k
j ∥22/n+ λj∥β̂k

j ∥1,

for j = 1, . . . , p, and k = 1, . . . ,K. Finally, de�ne the j-th column of the nodewise
Lasso estimator Θ̂ as

Θ̂j := (Γ̂1
j/τ̂

1
j , . . . , Γ̂

K
j /τ̂

K
j ).

By applying the debiasing procedure of Jankova and van de Geer (2017) for node-
wise Lasso regression, one can debias this estimator and bene�t from asymptotic
normality.
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