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CHAPTER 1

Introduction

This thesis combines two statistical concepts: probabilistic graphical models and
distributed algorithms. This type of ‘divide and conquer’ algorithms are becom-
ing increasingly popular these days due to new challenges in collecting datasets,
including security and privacy concerns, limited capacity of systems, and the pres-
ence of heterogeneous datasets from various locations. The broad scope of the
thesis is to contribute to the estimation and inferential tools for Gaussian graphi-
cal models in a distributed setting. Throughout this chapter, we commence with
an introduction to graphical models in Section 1.1, covering Markov properties and
Gaussian graphical models. We also review estimation methods such as graphical
Lasso and debiased graphical Lasso. In order to provide statistical inference for
graphical models, an introduction to hypothesis testing is presented in Section 1.2.
An overview of the motivation behind the distributed setting and the outline of
the thesis are provided in Sections 1.3 and 1.4, respectively. Finally, some notation
that is employed throughout the thesis is provided in Section 1.5.

1.1 Graphical models

Graphical models can be regarded as visual maps that help understanding complex
systems. They are used in statistics, machine learning and artificial intelligence,
and they show how different units are connected and dependent on each other. By
representing the connections as edges in a graph, one can comprehend the overall
structure of a system. Graphical models are used in many areas, like language
processing, computer vision and decision-making. They are a valuable tool for
understanding and solving real-world problems. In this section, we provide an
introduction on graphical models, which is mostly retrieved from Lauritzen (1996),
Biithlmann and van de Geer (2011) and Hastie et al. (2015).

A graph as a mathematical object, may be defined as a pair G = (V, &), where
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Figure 1.1: An undirected graph with nodes {1,2,3,4,5,6,7}.

V is a set of nodes or vertices and £ is a set of edges. The set of edges £ is a subset
of V x V consisting of ordered pairs of distinct nodes. Each edge is associated
with a pair of nodes. Edges may in general be directed or undirected, but in
this thesis, we deal with graphs with undirected edges only. An undirected edge
between nodes a,b € V is drawn if (a,b) € £ and (b,a) € €. Figure 1.1, on the
left hand, presents an undirected graph with nodes V = {1,2,3,4,5,6,7} and edge
set £ =1{(1,2),(1,3),(2,4),(2,5),(3,5),(3,6),(4,7),(5,6),(5,7),(6,7)}. Note that
due to the definition of the undirected edge, both pairs (a,b) and (b, a) should be
included in the edge set £. However, for the sake of visual simplicity in this thesis,
the pair (b,a) which we consider equivalent to the pair (a,b) is not presented in
the edge set £. Undirected graphs are typically visualized by representing circles
or points as nodes, and lines as edges.

The neighbors or adjacency set of a node @ in an undirected graph G are denoted
by adj(G,a) = {b € V,b # a; (a,b) € £ and (b,a) € £}. For example, the
adjacency set of node 1 in Figure 1.1 is adj(G, 1) = {2,3}. The right hand side of
Figure 1.1 represents the correponding matrix to the adjacency of all the nodes.
The grey blocks in each row present the neighbors of the corresponding node on
that line, and the white blocks correspond to the nodes that are not neighbors to
the specified node on that line. In a graphical model with node set V = {1,...,p},
the nodes correspond to the index set of a collection of random variables

Y='...,vy")T ~ P,

where P is the probability distribution of Y. In this thesis, we denote a graph G
with its nodes and edges as G = (V, £). However, in some references (see Bithlmann
and van de Geer, 2011) the pair (G, P) is referred to as a graphical model, indicating
the probability distribution of the random variables associated to the graph.
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1.1.1 Markov properties for undirected graphs

Graphs can be used to represent conditional independence structures in the form
of Markov properties. Conditional independence between two random variables is
defined as follows.

Definition 1.1.1. Random variables X and Y are conditionally independent given
the random variable Z if the conditional distribution of X given Y and Z is the
same as the conditional distribution of X given Z. One then writes X L Y | Z or
X 1p Y | Z if one wants to emphasize that independence depends on a specific
probability distribution P.

Markov properties associated with an undirected graph G are either pairwise or
global.

Definition 1.1.2. An undirected graph G satisfies the pairwise Markov prop-
erty if for any pair of unconnected nodes (a,b) ¢ £, a # b, we have

Ya J_ Yb ‘ YV\{a,b},
where YY\M@?} is the vector Y without elements Y and Y?.

For example in Figure 1.1, the pairwise Markov property states that 1 L 5 |
{2,3,4,6,7} and 4 L 6 | {1,2,3,5,7}. Based on this definition, an undirected
graph G is a conditional independence graph, if the pairwise Markov property
holds. The global Markov property, which is defined below, is a stronger property.
To define this property, we need a preliminary concept. A path is a sequence of
nodes {j1,...,J¢} such that (j;,ji+1) € Efori =1,...,¢—1. For a triple of disjoint
sets A, B,C € V, we say that C separates A and B if every path from j € A to
k € B contains a node in C.

Definition 1.1.3. An undirected graph G satisfies the global Markov property
if for any triple of disjoint sets A, B, C such that C separates A and B, we have

YA L YE | YC,
where YA = {Y7;j € A}, and corresponding for Y5 and Y€.

In general, the global Markov property implies the pairwise Markov property.
However, Lauritzen (1996) showed that the inverse holds for a large class of models
with positive and continuous density with respect to the Lebesgue measure. A
typical example of conditional independence graph is the Gaussian graphical model
which is explained in the sequel.
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1.1.2 Gaussian graphical models

A Gaussian graphical model (GGM) is a conditional independence graph with a
multivariate Gaussian distribution associated. Formally, let G = (V,£) be an undi-
rected graph with node set V and edge set £. A random vector Y = (Yi,...,y»)T
is said to satisfy the (undirected) Gaussian graphical model with graph G, if Y has
a multivariate Gaussian distribution N, (g, X) with constant mean vector g and a
positive definite p X p covariance matrix X, with density

() = R ;et(2)1/2 exp{%l(y — 0TSy — )

Since our primary interest is to estimate the graph structure, without loss of gen-
erality, we assume that the distribution has mean zero. However, there are some
cases for which the mean of the model is not constant. Sometimes the variables of
the graph are affected by some covariates. These models are known as covariate
adjusted Gaussian graphical models, and the effect of covariates is present
in the mean structure of the model. Formally, consider X = (X!,..., X9 as a
g-dimensional vector of covariates. Conditionally on covariates X = X, We suppose
that Y | x ~ N,(T' "%, X), where T is the ¢ x p matrix of regression coefficients.
This model is broadly investigated in Chapter 4.

As the multivariate Gaussian distribution has a positive and continuous density,
the pairwise and global Markov properties are equivalent for this graphical model.
It is shown in Lauritzen (1996) that the entries of the inverse covariance matrix
of the multivariate Gaussian distribution correspond to the edges of the graph.
Formally,

(a,b) ¢ E= Yo LYY | Y Mab o -l —

where E;bl denotes the (a,b)-th entry of the inverse covariance matrix 3. This
implies that the zero pattern of the inverse covariance matrix represents the struc-
ture of the graph. The inverse covariance matrix is referred to as the precision
or concentration matrix and it is denoted by ® = 1. The goal is to estimate
the precision matrix ® in the setting where p > n, and then one can estimate the
structure of the graph.

The most natural candidate for an estimator of the precision matrix is the
inverse of the sample covariance matrix. However, when p > n, the sample covari-
ance matrix is singular with probability one. To allow for consistent estimation
in the setting p > n, a sparsity assumption will be imposed on the model. In
general, if we have thousands of variables, the sparsity assumption expresses that
one random variable is dependent on a few other random variables, out of the
thousands of variables. For example, consider the health status of a person. The
sparsity assumption considers that the health status can be predicted based on
a few factors among several thousands biomarkers, which is more realistic than
considering a model where all the biomarkers would be informative to predict the
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state of health. For GGMs several works (see for example, Ravikumar et al., 2011;
Jankova and van de Geer, 2015) impose sparsity assumptions on the maximal node
degree, i.e., the number of non-zero entries per row of the precision matrix ®. Im-
posing sparsity conditions on ® has proven to be a useful strategy. For example,
suppose that d is the maximal node degree of the precision matrix @, which is
defined as

d:= meaéc#{be Vb£a: g #0},

where # A is the cardinality of an arbitrary set A, and @ is the (a, b)-th entry of
©. Imposing sparsity assumptions on © implies that the number of non-zero entries
per row of the precision matrix ® cannot grow too fast with increasing p, and as
a result, there should be lots of zero entries in the precision matrix. In general,
there are two approaches for estimating ©: local (nodewise) methods (Meinshausen
and Biithlmann, 2006), and global methods (Yuan and Lin, 2007; Friedman et al.,
2008). For local methods, the procedure focuses on estimating the neighborhood
(or adjacency) set of each node in the underlying graphical model separately. For
global methods, the procedure involves maximizing a global likelihood function
which depends on ©. In this thesis, we mostly focus on the second approach which
is known as graphical Lasso, and is described below. For a short description on
the method of nodewise Lasso, the reader can refer to Section 4.9.1.

1.1.3 Graphical Lasso

In this section, we review the problem of graph selection and the application of ¢;-
regularized likelihood methods to address it. Suppose that we have n i.i.d. samples
Yi,...,Y, from Y, where Y ~ N,(0,%) with ® = X7, but the underlying
graph structure is unknown. To estimate the graph structure using data, we use
likelihood-based methods in conjunction with ¢;-regularization. In the Gaussian
case, this approach leads to model selection based on a log-determinant convex
program with ¢;-regularization. This problem is also known as (inverse) covariance
selection. Consider the rescaled negative log-likelihood function (up to a constant)
of the multivariate Gaussian distribution, which is of the form

((©®) = trace(20) — log det(O), (1.1.1)

where 3 = IS Y, Y, is the sample (empirical) covariance matrix. The log-
determinant function is defined on the space of positive definite matrices as

Y log(A;(@)); if© =0

—00; otherwise,

logdet(®) = {

where A;(®) is the j-th eigenvalue of ® and © >~ 0 denotes that © is a positive
definite matrix of dimension p x p. The objective function (1.1.1) is an example
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of a log-determinant program, which is strictly convex, so its minimum must be
unique. Denote by © the optimizer of (1.1.1).

In classical statistics, it is known that © converges to the true value as the
sample size n tends to infinity and p stays fixed. However, in high-dimensional set-
tings, when p > n, the sample covariance matrix 3 is not invertible, which implies
that the estimator for ® obtained based on (1.1.1) does not exist. Hence, one must
consider certain constraints or regularized forms of MLE estimation. Moreover, as
explained in the previous sub-section, one may be interested in having a sparse
estimator of the precision matrix, and hence easier to interpret. To consider a
constraint which imposes sparsity, we add the ¢; off-diagonal norm to the objective
function (1.1.1), and the optimization problem turns to

O = arg glg_r(l) {trace(20) — log det(®) + \||©|

1,0ff }s (1.1.2)

where ||-||10g is the ¢; off-diagonal norm of the matrix, defined as ||®||1,0a=
> az|©Oapl, and A > 0 is a regularization (penalty) parameter. Problem (1.1.2) is
an example of a penalized log-determinant program, it is convex and its solution
is referred to as the graphical Lasso.

As the absolute value function is not differentiable in 0, the partial derivatives
route for solving (1.1.2) is not applicable. An alternative method to solve (1.1.2), is
to use the sub-differential equation, also known as the Karush-Kuhn-Tucker (KKT)
condition, which is of the form

-0 4T =0, (1.1.3)

with the symmetric matrix ¥ having diagonal elements equal to zero, and for
a # b, W = sign(Ogyp) if Oyp # 0, and ¥, € [—1,1] if O, = 0. This equation
is nothing else than the first derivative of (1.1.2), where the first derivative of the
absolute value function is replaced by its sub-differential. The most natural method
to solve (1.1.3), is the first-order block coordinate-descent approach, introduced by
d’Aspremont et al. (2008), and refined by Friedman et al. (2008). For more details
on the algorithm, the reader can refer to Friedman et al. (2008). Due to the ¢;
penalty which is added to problem (1.1.2), the graphical Lasso estimator @ is
biased. To visualize this bias with a toy example, consider a random sample of
size n = 100000 from a p-dimensional Gaussian distribution N,(0,X) with p = 4.
The adjacency matrix and the corresponding graph structure are shown in Figure
1.2. Tt is observed that elements ®15 and ®13 have non-zero values, and the other
off-diagonal entries are zero. To estimate ® by the graphical Lasso method, we set
the regularization parameter to A = 4/log(p)/n, which is of the same order as the
one introduced in Ravikumar et al. (2011), when providing statistical guarantees.
The histogram of @ab — @, over R = 1000 different repetitions is presented in
Figure 1.3 for 1 < a < b < 4. The blue vertical lines are drawn at the empirical
mean values over 1000 repetitions, and the red lines are drawn at zero. If there is
no persisting bias, the blue line should coincide, or be close, to the red line. It is
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Figure 1.2: Visual representation of the adjacency matrix (on the left) and its
graph structure (on the right) with p = 4 nodes.

observed that for some entries there are large differences between blue and red lines,
which means that the empirical mean of @ab is not close to @, and so there is
some bias associated with this estimation procedure, due to the introduction of the
penalty. In the next sub-section, a debiased graphical Lasso estimator is introduced
to remove the bias associated with the penalty term.

1.1.4 Debiased graphical Lasso

To modify the graphical Lasso estimator and remove the bias term associated with
the penalty, Jankova and van de Geer (2015) proposed an estimator by inverting
the KKT condition (1.1.3). This estimator is of the form

0?=20-636, (1.1.4)

with © the estimator obtained based on (1.1.2). The debiased estimator is also
known as the desparsified graphical Lasso estimator, as the estimated matrix
is not sparse anymore. Jankova and van de Geer (2015) showed the pointwise
asymptotic normality of this estimator under certain conditions. Formally, for
every (a,b) € V x V,

V(O — O ) /0ay = Ly, + 0p(1), (1.1.5)

where ©%, is the (a, b)-th entry of ©?, and Z,;, converges in distribution to (0, 1).
To show a visualization of the asymptotic unbiasedness of this estimator, we con-
sidered the same toy example as in the previous sub-section, and we computed the
debiased estimates (;)gb for 1 < a < b < 4. Figure 1.4 presents the histogram of
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Figure 1.3: Histogram of (Y corresponding to the pairs (a,b), 1 <a <b <4,
when n = 100000 and p = 4 over R = 1000 repetitions.

(;)gb — Oy over R = 1000 repetitions for 1 < a < b < 4. Comparing it to Figure
1.3, it is observed that the bias drastically decreased, especially for the non-active
components (a pair (a,b) is called non-active if ®,, = 0, and it is called active if
O, # 0) like ®14 and @4y, for which the empirical bias is quite close to zero.

The asymptotic normality can be used for testing and constructing confidence
intervals within the classical framework. In this thesis, this asymptotic normality
is constructed in view of the distributed setting. Before describing the distributed
procedure, we provide a short description of the preliminaries of hypothesis testing
procedures, which are needed in this thesis, especially in Chapter 3.
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Figure 1.4: Histograms of @gb — ®, corresponding to the pairs 1 < a < b < 4,
when n = 100000 and p = 4 over R = 10000 repetitions.

1.2 Hypothesis testing

Hypothesis testing is a statistical technique used to make inferences and draw
conclusions about a population based on a sample of data. It involves formulating
two competing hypotheses, denoted as the null hypothesis (Hy) and the alternative
hypothesis (H;). These hypotheses are constructed based on the research question.
For example, consider the problem of testing whether ®,; is equal to zero or not.
The simple null hypothesis represents the default assumption (in this example,
O, = 0). It states that the partial correlation between variables corresponding
to nodes a and b is zero. The alternative hypothesis, represents the proposition
that contradicts the null hypothesis (in this example, @,, # 0). It states that
the partial correlation between variables corresponding to the nodes a and b is not
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zero. Given the sample, one must choose between Hy or Hi. This decision is built
based on a critical region.

A subset of the sample space for which Hy will be rejected is called rejection
region or critical region. The complement of the rejection region is called the
acceptance region. Typically, the critical region is specified in terms of a test
statistic T(Y1,Ys,...,Y,), a function of the sample. For example, in the pre-
cision matrix estimation, the test statistic can be constructed using the debiased
estimator (:)d, which is a function of the sample data. The procedure for construct-
ing the test statistic for the hypothesis test Hp q : @gp = 0 versus Hy qp : Ogp # 0
using the debiased estimator is further explained in Chapter 3. Making a statisti-
cal decision always involves uncertainties, and thus making errors. There are two
types of errors in statistical testing that are of interest, which are briefly explained
below.

Definition 1.2.1. Type I error, also known as false positive, is the error of
rejecting a null hypothesis when it is actually true. In other words, this is the error
of accepting an alternative hypothesis when the results can be attributed to the
null.

Type I error occurs when one is observing a difference, while there is no differ-
ence in reality. The probability of making a type I error for a test with rejection
region R(Y1,...,Y,)is P(R(Y1,...,Y,) | Hy is true), called significance level,
and denoted as a.

Definition 1.2.2. Type II error, also known as false negative, is the error of
not rejecting a null hypothesis when the alternative hypothesis is true. In other
words, this is the error of failing to conclude there is a difference when there actually
is one.

The probability of making a type Il error for a test with rejection region
R(Y1,...,Y,)is 1 —P(R(Y1,...,Y,) | for a given alternative in H;), and is de-
noted as 3. The power of the test is also defined as
P(R(Y1,...,Y,) | for a given alternative in Hy).

1.2.1 Multiple hypothesis testing

The multiple hypothesis testing problem occurs when a number of individual hy-
pothesis tests are considered simultaneously to draw one single conclusion. For
example, in graphical models, suppose that we would like to test simultaneous hy-
potheses Ho qp : Ogp = 0 versus Hyqp 1 Ogp # 0 for all 1 < a < b < p in order to
estimate the entire structure of the graph. In this case, if the significance level for
a given test is a, the Family-Wise Error Rate (FWER) will increase as the number
of tests increases. More precisely, assuming all the tests are independent, if M tests
are performed, the FWER will be given by 1 — (1 — a)™ ~ Ma. Thus, in order to
retain the same overall rate of false positives in a series of multiple tests, the error
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rate for each individual test should be smaller. Intuitively, reducing the significance
level for each test by the number of tests will result in an overall o which does not
exceed the desired limit. For example, to obtain the overall o of 0.05 with ten
tests, one requires the significance level 0.05/10 = 0.005 for each test. This tech-
nique, known as Bonferroni correction, was first introduced by Holm (1979). He
presented a modified version of the procedure called the Holm-Bonferroni method,
which provides a more powerful correction for controlling the error rate in multi-
ple hypothesis testing. Other multiple testing correction procedures could be also
used.

However, in large-scale multiple testing, the traditional Bonferroni correction
is too conservative. For example, for testing Ho op : Ogp = 0 v8 Hy gp @ Ogp # 0,
1 <a < b<pwith p =100, one has p(p — 1)/2 = 4950 tests, and by considering
a = 0.05, the significance level for each test will be 0.05/4950 = 1.010101 x 107>,
which is too conservative. The test would make many false negative errors, resulting
in a low statistical power. In order to be able to identify as many significant
comparisons as possible while still maintaining a low false positive rate, the False
Discovery Rate (FDR) control is proposed. In the next sub-section, an introduction
to the false discovery rate is provided, as it is needed in Chapter 3.

1.2.2 False discovery rate

For large-scale multiple testing one can control the false discovery rate instead of
imposing a Bonferroni correction. The false discovery rate, introduced by Ben-
jamini and Hochberg (1995), is the expected proportion of type I errors. In
testing Hoap : Oap =0 vs Hy g 1 Ogp # 0, 1 < a < b < p, consider S as the set of
selected pairs (a, b) by a procedure. Formally,

#{(a,b) € S: Oy =0}
max{$,1}

FDR = E[ : (1.2.1)

where § is the cardinality of the set S. Equation (1.2.1) implies that the FDR is the
expected proportion of false discoveries among all discoveries, where a false discov-
ery occurs when @ is truly zero, but we estimate it as non-zero. The FDR control
is a less conservative approach than the traditional Bonferroni correction. Suppose
that there are 100 hypotheses to be tested. Then the FDR value of 0.05 means that
at most 5% of “declared” positive results are expected to be false positives, while the
Bonferroni-corrected testwise significance level is 0.05/100 = 0.0005, which means
that at most 5% of results among “all results” would be falsely positive. As such,
the Bonferroni correction is more stringent as it significantly reduces the chance
of making any false positives. The FDR control methods can typically be applied
via p-value thresholds, such as Benjamini-Hochberg (BH) procedure (Benjamini
and Hochberg, 1995). The BH procedure was shown to be able to control FDR
in independent or positive dependent cases for regression models (Benjamini and
Hochberg, 1995; Benjamini and Yekutieli, 2001). Afterwards, Barber and Candés
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(2015) originally proposed the knockoff method to control FDR for linear models.
This method constructs the knockoff variables as the covariates based on the orig-
inal variables to identify the truly crucial variables. Candeés et al. (2018) and Fan
et al. (2019) further generalized it to high-dimensional nonlinear models. Another
approach relevant for this thesis for controlling the FDR, is constructing the test
statistics based on debiased estimators. These methods start from the regularized
estimator, use different techniques to construct the debiased estimator, and then
draw statistical inferences on the asymptotic normality. In this line of research,
we can refer to Javanmard and Javadi (2019) and Cui et al. (2021), where the
authors used debiased estimators in high-dimensional linear and generalized linear
regression models to control FDR in hypothesis testing. A similar approach to con-
trol FDR in high-dimensional Gaussian graphical models is proposed in Chapter 3.
In the next section, a short motivation is provided for the distributed procedure,
which is an essential concept in this thesis.

1.3 Distributed settings

Consider Facebook’s collection dataset which is over 200 terabytes of daily informa-
tion of users (Vagata and Wilfong, 2017). This huge dataset includes text messages
exchanged between users, user-uploaded photos, and the webpages visited by users.
Machine learning algorithms use this dataset to predict different quantities such
as determining offline friendships between users (Curtiss et al., 2013), identifying
users in uploaded images (Taigman et al., 2014), and determining which advertise-
ments are effective for different users (He et al., 2014). Developing algorithms that
can work on such a large scale is a crucial problem in today’s machine learning
research.

Parallel algorithms are one of the solutions to these large scale problems, but
designing them is difficult. Most of the parallel algorithms work well only for cer-
tain architectures. The simplest architecture is the shared memory model, which
corresponds to a typical desktop computer with multiple cores. Cores can com-
municate with each other without much delay. However, sometimes it is expensive
for processors to communicate with each other. In these cases, the distributed
algorithms are the alternatives.

In distributed algorithms, the dataset is too large to fit in the memory of a
single machine. So it is partitioned onto a cluster of machines connected by a
network. Frameworks such as Message Passing Interface, known as MPI, (Clarke
et al., 1994), MapReduce (Dean and Ghemawat, 2008) and Spark (Meng et al.,
2016) have been developed to help managing the communication. In a typical
distributed environment, all machines are located in the same physical location
enjoying high speed network connections. As such communication takes on the
order of milliseconds.

But some examples are more extreme. In some cases the dataset is not available
at a central location. For example, a major web search engine has to save its data
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on a range of platforms, storage units, and even geographical locations (Corbett
et al., 2013); cellphones as processors have limited and unstable network connec-
tivity, sometimes communication takes a long time, even hours or days; a supply
chain company, a government, and hospitals all have tremendous amount of data,
which are stored over different agencies or areas. In some cases, it is costly or pro-
hibitive to transport all the data. For example, for hospital datasets, consider the
information on a rare disease, which is available only for some particular hospitals.
Only a small group of researchers can study that rare disease. Due to legal restric-
tions related to ethics, privacy and data protection, this rare disease information
cannot be shared with others. To tackle the above problems, federated learning
(McMahan et al., 2017) comes into play. In this method, sensitive datasets held
by clients, like hospitals or cellphones, do not leave their own boundaries. Instead,
each client trains using its own data, and only the updates are shared. Formally,
in a federated learning strategy, instead of transferring data from local processors,
summary of datasets (updates) are transferred. For example, consider K different
locations with independent datasets. One common approach is to first obtain an
estimator at each local station ék, k=1,...,K, and then transfer the local esti-
mates to the central station for aggregation. An interesting challenge is now how
to aggregate these statistics into one final summarizing statistic.

In distributed problems, local estimators can be aggregated using two primary
methods: the “simple average” and the “one-step estimator”. The latter method
combines the simple averaging estimator with Newton’s method, generating a one-
step estimator. Various scenarios have been investigated, including sparse high-
dimensional estimation in linear regression, M-estimators, Bayesian frameworks,
situations where the number of machines increases as the sample size increases,
and many more. A comprehensive study of distributed statistical inference in
these settings was conducted by Jordan et al. (2018). Additionally, Chen and Xie
(2014), Lee et al. (2017) and Battey et al. (2018) focused on high-dimensional,
sparse parameter vector estimation using the penalized M-estimators. The one-
step method has been known for some time and has the advantage of making
a consistent estimator as efficient as the maximum likelihood estimators or M-
estimators with just a single Newton-Raphson iteration. Efficiency here refers to
the relative efficiency converging to one. For further details on the general one-step
approach, we refer to van der Vaart (2000). Examples of its application can be
found in Bickel (1975), Fan and Chen (1999), and Zou and Li (2008) among many
others.

1.4 Outline of the thesis

The objective of this thesis is to explore estimation and inference for Gaussian
graphical models when the dataset is distributed across several locations. As de-
scribed in the first part of this chapter, distributed algorithms are used when
aggregating all the data in one location is not feasible due to privacy concerns,
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and limited capacity of machines. This setup presents a natural problem where
datasets from different locations may have different sizes, resulting in an unbal-
anced distributed setting with different sub-sample sizes. In this context, a key
question is:

Can one devise an algorithm for estimation and inference in Gaussian graphical
models under an unbalanced distributed setting that ensures the proposed aggregated
solution remains comnsistent and asymptotically efficient, similar to the centralized
procedure that would be obtained if all the data were available at a central location?

To address this question, we explore different scenarios. First, we consider a
zero-mean Gaussian graphical model and develop the estimation and inferential
tools within this family under the unbalanced distributed setting. Afterwards, we
delve into the performance of the proposed procedure by investigating the false
discovery rate under this setting. Consequently, we develop a procedure to control
the false discovery rate for the hypothesis tests related to the entries of the preci-
sion matrix. Finally, to broaden the scope of our results, we extend our study to a
non-zero Gaussian graphical model, where the mean of the model mean is affected
by some covariates. We thoroughly investigate the estimation and inference proce-
dures within this extended setting as well. As such, the outline of this thesis is as
follows.

The second chapter of this thesis delves into the estimation of Gaussian
graphical models in an unbalanced distributed framework. This chapter focuses
on providing an effective approach when dealing with heterogeneous machines or
datasets from different sources with different sizes, preventing aggregation onto a
single machine. The primary goal is to propose a novel aggregated estimator for
the precision matrix, substantiated by both theoretical and practical arguments.
This estimator is built based on the asymptotic distribution of the debiased estima-
tors using the sub-samples. Theoretical justifications are presented, outlining the
limit distribution and convergence rate of this estimator, especially under sparsity
conditions concerning the true precision matrix while controlling for the number of
machines involved. Additionally, a procedure for conducting statistical inference
is proposed. This chapter also includes a comprehensive simulation study and a
real-world data example to demonstrate the distributed estimator’s performance,
which is found to be comparable to that of the non-distributed estimator utilizing
the full dataset.

The third chapter of this thesis introduces a novel multiple testing proce-
dure designed to address the issue of conditional dependence in Gaussian graphical
models. The aim of this study is to determine whether the conditional dependence
between variables is positive or negative. This chapter proposes the construction of
different test statistics using debiased and distributed estimators within a multiple
testing framework. We demonstrate that the proposed procedure can effectively
control the directional false discovery rate asymptotically at a pre-defined level.
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This particular false discovery rate focuses on the sign of the estimation. Addition-
ally, this chapter highlights that, with mild conditions imposed on the non-zero
entries of the precision matrix, an asymptotic power of one can be achieved. The
theoretical results are further supported and validated through various simulation
scenarios and real data examples, which enable a comprehensive investigation of
the performance of the proposed procedure.

The fourth chapter of this thesis presents a novel distributed estimation and
inferential framework tailored for addressing sparse multivariate regression and
conditional Gaussian graphical models within the unbalanced splitting setting. In
this chapter, the focus is on scenarios where the number of covariates, responses,
and machines grow with the sample size, while still imposing sparsity constraints.
To handle this, we first propose debiased estimators for both the coefficient matrix
and the precision matrix. Then, to construct the final aggregated estimator, we use
the same technique as in Chapter 2, which is based on the asymptotic distribution of
the debiased estimators using the sub-samples. Theoretical guarantees for the final
estimators are provided. As the number of machines increases with the sample size,
these aggregated estimators demonstrate efficiency and asymptotic normality. This
indicates their potential to deliver robust and accurate results in such distributed
settings.

The fifth chapter of this thesis presents the implementation of the procedures
developed in Chapters 2-4 in R with our own package DistributedGGL. This
chapter provides documentation and illustration of the proposed methods in R
along with some examples.

The sixth chapter of this thesis summarizes the achievements and limitations
of this work. It also proposes several extensions and research perspectives, which
close the thesis.

1.5 Preliminary notation

For the reader’s convenience, this section presents some notation that is used
throughout this thesis.

For two matrices A and B of dimensions m x n and p X g, we denote A ® B
as the Kronecker product of A and B which is defined as a pm x ¢gn block matrix
with A,,B for the block (a,b), where A, is the (a,b)-th element of matrix A,
a=1,...,mand b =1,...,n. For two sequences {a,;n > 1} and {b,;n > 1},
by, = O(ay,) if there exist positive numbers M, and Ny such that |Z—”|§ M, for all
n > Np. We write b, < a, if both b, = O(a,) and a,, = O(b,) hold. Similarly,
for a random sequence {Y,;n > 1}, we write Y,, = Op(a,) if for every e > 0,
there exist finite numbers My > 0 and Ny > 0 such that P(|Z/—:|> M) < e for all

n > Ny. Furthermore, b, = o(a,) if lim, bn — (. In the case of a random

an

sequence {Y,;n > 1}, we write Y,, = o,(a,) if ay—” 2,0, as n — oo, where the

notation 2 denotes convergence in probability. For a matrix A, we use the notation
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[|Alloc = maxq ) ,|Aqs| and [|A o= max, ;| Ags| for the matrix and elementwise
l» norms, respectively. The same symbol ||x||.o= maxp|xp| is used for the £
norm of a vector x. Moreover, [|[Alli= >, ,[Aq| and [|x|1= > ,|xs| are used
for the #; norm of a matrix A and of a vector x, respectively. Finally, we use

A || = 4/Za7b A2, = \/trace(AAT) for the Frobenius norm of a matrix and

x[l2=+/>_, %3 for the £» norm of a vector x.



CHAPTER 2

Unbalanced distributed estimation and inference for
the precision matriz in Gaussian graphical models

This chapter studies the estimation of Gaussian graphical models in the unbal-
anced distributed framework. It provides an effective approach when the available
machines are of different powers or when the existing dataset comes from different
sources with different sizes and cannot be aggregated on one single machine. In
this chapter, we propose a new aggregated estimator of the precision matrix and
justify such an approach by both theoretical and practical arguments. The limit
distribution and convergence rate for this estimator are provided under sparsity
conditions on the true precision matrix and controlling for the number of machines.
Furthermore, a procedure for performing statistical inference is proposed. On the
practical side, using a simulation study and a real data example, we show that the
performance of the distributed estimator is similar to that of the non-distributed
estimator that uses the full data. The content of this chapter is based on the paper

Nezakati, E. and E. Pircalabelu (2023). Unbalanced dis-
tributed estimation and inference for the precision matrix
in Gaussian graphical models. Statistics and Computing 33,
1-14.

2.1 Introduction

Precision matrix estimation plays an important role in statistical and machine
learning, especially in the framework of probabilistic graphical modeling. A large
body of literature studied the estimation problem of the precision matrix for Gaus-
sian graphical models. We refer to Meinshausen and Bithlmann (2006), Friedman
et al. (2008), Cai et al. (2011), Wang (2014) and Wang et al. (2016) among many
others for a treatment on the subject.
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Many datasets nowadays may be too large to fit and be read efficiently into a
single ordinary machine. Moreover, sometimes datasets from different sources are
private and due to security and privacy concerns, one is not allowed to aggregate all
the data at one location. For instance, in Federated machine learning (McMahan
et al., 2017), different datasets with different sizes are used for training across
multiple local machines without any exchanging and sharing. As such, estimation
of the precision matrix via decentralized, unbalanced machines is of contemporary
interest. Much attention in distributed estimation has focused on the setting where
the sample size n is large and most approaches propose splitting the observations
into K independent sub-samples that are analyzed in parallel. Once the analysis
is performed, estimates are combined together into a final estimate that is treated
as the final output of the method. In this chapter we focus on the case where the
number of variables p can grow with n, the total sample size, such that log p/n; —
0, where ny is the sample size at the level of the k-th machine with £k =1,..., K.
As a consequence, a sparsity assumption is imposed on the true precision matrix
as a function of sub-sample sizes n; and p.

A wide range of literature studied combination methods for parallel estimators
in the context of linear, generalized linear models, kernel and Bayesian estimators,
see for instance Zhang et al. (2015), Lee et al. (2017), Battey et al. (2018), Xu et al.
(2019) and Xue and Liang (2019) among many others. Regarding the estimation of
the precision matrix, there is limited literature using parallel analysis. Arroyo and
Hou (2016) studied the problem of estimating the precision matrix for Gaussian
graphical models from a set of K balanced distributed sub-samples via a simple
average method. They performed an additional local thresholding step on each
machine, in order to obtain a sparse estimator. Wang and Cui (2021) proposed
a distributed estimator of the sparse precision matrix in Transelliptical graphi-
cal models by debiasing a D-trace Lasso-type estimator and then by applying a
hard threshold on the aggregated estimator which is obtained by simple averaging.
Nevertheless, in some recent approaches like Federated learning, when some of the
available machines are more powerful than others, it is not efficient to distribute
a dataset on different machines with equal sizes. Instead, one could place larger
datasets on the powerful machines and smaller datasets on the others. In this case,
one deals with unbalanced sub-samples and just taking a simple average is not an
optimal approach for aggregating estimators.

Meta-analysis is also a known method for combining summary statistics from
independent studies. Xie et al. (2011) and Liu et al. (2015) developed general
meta-analysis frameworks using confidence distributions to combine multiple het-
erogeneous estimators derived from individual studies. Since splitting a dataset
incurs some efficiency loss, deriving an upper bound on the number of machines is
of interest to illustrate the efficiency of the model. Recently, Tang et al. (2020) de-
veloped a strategy using an aggregating method based on confidence distributions
to combine debiased Lasso-type estimators in generalized linear models. In their
framework, the number of machines can also diverge with n. They showed that as
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K increases at the rate of O(n'/?27¢), e € (0,1/2], the combined estimator achieves
the same estimation efficiency as the centralized maximum likelihood estimator. In
this chapter, a pseudo likelihood function is constructed based on the asymptotic
distribution of the debiased estimators to aggregate the unbalanced estimators of
the precision matrix for Gaussian graphical models. An upper bound on K is de-
rived to guarantee the consistency and asymptotic normality of the estimator. It
is shown that this upper bound is of order O(n'/3/(dlog(p))), which is a function
of the total sample size, the sparsity d and the number of variables, p. See Section
2.2 in this chapter for a definition of d.

The rest of the chapter is organized as follows. In Section 2.2, notation and
preliminaries are introduced. A methodology for performing distributed estimation
based on sub-samples is presented in Section 2.3. We continue in Section 2.4 by
proposing a final estimator that pools together separate estimators. Theoretical
properties of this estimator are also investigated in this section. In Section 2.5, the
performance of the estimator is evaluated at the hand of a controlled simulation
study and in Section 2.6, the performance on a real data set is illustrated. We close
with a discussion on the method and possible extensions in Section 2.7. Proofs of
the supporting lemmas and theorems, and more simulation results can be found in
the Appendix, at the end of the chapter.

2.2 Preliminaries

Consider a zero-mean random variable Y. This random variable is called sub-
Gaussian if there exists a constant v such that E(exp(tY)) < exp(y?t?/2) for all
t € R. The bound on the moment generating function implies the tail bound
P([Y|> y) < 2exp(—y?/27?) for all y > 0. Similarly, a zero-mean random vector

Y = (Y!,...,YP)T with covariance matrix ¥ is sub-Gaussian if all normalized
components Y*/\/3,,,a = 1,...,p, are sub-Gaussian random variables with a

common parameter v > 0, where by 3., we denote the a-th diagonal element of
3. The model in this thesis is defined under the Gaussianity assumption, which is
a special case of sub-Gaussianity. In fact, a multivariate zero-mean Gaussian vec-
tor is a prime example of a sub-Gaussian random vector. Consider the Gaussian
graphical model, where a p-dimensional random vector Y = (Y'1,...,YP?)T follows
a multivariate Gaussian distribution N,(0,X) with mean vector zero and covari-
ance matrix X. The components of Y correspond to the vertex set V = {1,...,p}
of an undirected graph G = (V, &), where the edge set £ describes the conditional
dependence between every pair of components Y, ...  YP. A pair (a,b) is included
in the edge set & if and only if the variables Y% and Y? are dependent given all
remaining variables. Under the multivariate Gaussian distribution, a pair of vari-
ables is conditionally independent given all remaining variables if and only if the
corresponding entry in the precision matrix ® = X~! is zero. Elements of the
precision matrix may thus be interpreted as edge weights. Denote the maximum
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number of non-zero (active) off-diagonal entries of @ per row, i.e., the maximal
node degree, with d and the index set of non-zero off-diagonal entries of ® with S,
formally, S = {(a,b) € V x V,a #b: O # 0}, having cardinality s. The set of
non-active components is denoted by S°¢.

2.3 Distributed penalized estimation

In this section, we propose distributed estimators of the precision matrix ® us-
ing only sub-sample information. First, denote the Hessian of the negative log-
likelihood function ¢(®) o< trace(3;0) — logdet(®), where ), = Y] Yi/ns
is the sample covariance based on the k-th sub-sample (properly defined later
in the section), evaluated at the true precision matrix ® by H, which can be
shown to be H = X ® ¥ (see Ravikumar et al., 2011). By definition, H is a
p? x p? matrix indexed by the pair of elements from the vertex set, such that
H = [H,4),(c,a)], where (a,b),(c,d) € V x V. Ravikumar et al. (2011) showed
that in the case of the multivariate Gaussian distribution, H, ) (c,q) i simpli-
fied to Hgp),(c,qy = Cov(YY?, VYY), Let S = {SU{(1,1),(2,2),...,(p,p)}}
with cardinality w, which is equal to @w = s + p, and its complement set with
S¢. The following regularity assumptions (see for example, Ravikumar et al., 2011;
Jankova and van de Geer, 2015) are considered for the theoretical guarantees when
estimating ©:

(A1) The irrepresentability condition holds for the true precision matrix @,
i.e., there exists a; € (0,1] such that max,.ege ||HeS(HSS)71 1< 1—ay, where
Hgs € R7*@ is a sub-matrix of H whose rows and columns are indexed by
the elements of S. Moreover, e is a pair (a,b) € S° such that Hes is an
w-dimensional column vector with elements H (. ), where (c,d) € S.

Assumption (A1) is necessary and sufficient for the graphical Lasso estimator to
exhibit model selection consistency (Tropp, 2006; Zhao and Yu, 2006). In fact, it
limits the influence that the non-edge based variables (i.e., the pairs in S’C) can have
on the edge based variables (i.e., the pairs in S ). For example, for the multivariate
Gaussian distribution, consider the zero-mean edge random variables

Xp =YV* —E(YY?),

for all a,b € {1,2,...,p}. Then, Hiy ) (c,a) = E(X(4,5)X(c,a)). Defining Xg :=
{X@p); (a,b) € S}, the irrepresentability condition is of the form

maxeese |E(Xe X4 )E(Xs X&) 1< 1 — ay, which forces the requirement that the
edge based variables (i.e., X (4 that (a,b) € S) should not be highly correlated
with the non-edge based variables (i.e., X(, ) that (a,b) € S¢). The reader can
refer to Ravikumar et al. (2011) for more details.
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(A2) The eigenvalues of the precision matrix ® are bounded from above
and below, i.e., there exists a constant A > 1 such that % < Anin(©) <
Amax(©) < A, where Ayin (©) and Apax(©) are the minimum and maximum
eigenvalues of ®, respectively.

Assumption (A2) is needed to control the convergence rate of the debiased estima-
tor via controlling the magnitude of the elements of @, as well as to insure © is
invertible. .

Consider now an i.i.d. sample of size n from Y and suppose that it is di-
vided randomly into K non-overlapping sub-samples each with size nj for the
k-th sub-sample, k = 1,..., K, such that ny/n — ¢, € (0,1) as ny — oo, and
limg_ oo Zszl ¢ = 1. Denote ny = minj<p<g nk- Consider Yl,k = ()/l,llw R ,le;f)k)—r
,1=1,...,nk, and denote the k-th sub-sample in matrix form as Y, = [YLk, ngk,

.. ,Ynk,k]T, which is of dimension ny X p and obtained by appending column vec-

tors YLk, . ,Ynk’k one after another and then transposing. By splitting the sam-
ple data into K disjoint sub-samples, one can analyze each sub-sample per machine
in parallel. The goal is to estimate the structure of the graph G, or equivalently,
find the zero pattern of ®, by combining K estimators, each obtained using a par-
ticular sub-sample. The usual assumption in this context is that the underlying
graph is sparse, which means that a certain bound is imposed on the maximum
node degree of the precision matrix. Due to the relation between the graph edges
and the entries of the precision matrix in Gaussian graphical models, this sparsity
reflects that the related graph has a rather low number of edges. To impose this
sparsity condition on the estimation, one common approach is to add an ¢; penalty
to the negative log-likelihood function. This kind of regularization effectively forces
some of the elements of ® to zero, thus resulting in sparse solutions. There exists
a wide variety of methods making use of ¢; regularization, see for example Fried-
man et al. (2008), Hsieh et al. (2014), Cai et al. (2016), etc. For each sub-matrix
Y. (k=1,...,K), the graphical Lasso estimator @k, defined by Friedman et al.
(2008), is the solution to the optimization problem

O, = arg emég {trace(ﬁ)ké)) — log det(®) + )\k||®||170ﬁ“}, (2.3.1)
€

++
where A\ > 0 is the penalty term, 3= Y,;'—Yk/nk is the sample covariance based
on the k-th sub-sample, ||-||1 o is the ¢; off-diagonal penalty of the matrix defined
as [®]1,0r= >,/ Oasl, the quantity @ is the (a,b)-th element of © and S,
is the space of positive definite matrices of dimension p x p. The graphical Lasso
estimator (2.3.1) is biased due to the ¢; penalty which is added to the negative
log-likelihood function. This estimator satisfies the Karush-Kuhn-Tucker (KKT)
condition (see for example, Ravikumar et al., 2011) as pIJ (;)l;1 + A\Dy = 0,
where the matrix Dy, belongs to the sub-differential of the off-diagonal norm ||-| 1,0ff
evaluated at ©,. Jankova and van de Geer (2015) proposed the debiased graphical
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Lasso estimator to correct the bias, which for our setting can be constructed using
the k-th sub-sample as

Of =20, — 0,30 (2.3.2)
This debiased estimator has the appealing property that each entry of the matrix
is asymptotically normal and one can easily construct confidence intervals for the
entries of @. It has been shown in Jankova and van de Geer (2015) that for every
(a,b) €V xV,

\/nk((g)ib,k —Oup)/0ab = \VE{OWEO}ap/0ab + 1k Rab i/ Tab, (2.3.3)

where ©¢, , and Rap, are the (a,b)-th element of ©f and of a remainder term,
called Ry, respectively, and Wy, = 3, — . Moreover, 02, = ©,,0y, + ©2,, under
the multivariate Gaussian distribution. Theorem 1 of Jankova and van de Geer
(2015) guarantees that under assumptions (A1) and (A2), with tuning parameter

M < 4/log(p)/ny and under the sparsity condition d3/? = o(,/ny/(Clog(p))) with

2 3,2 13/2

KH K _1/4 max{KkxKH, KK} _

€ = mac { S5 S o)) L o)1,
1 o o

the random sequence /np{OW;0O},;/0., converges weakly to N(0,1), where
iy = ||Z]los, #H = ||(Hss) [l and oy is defined in (A1). Moreover, the
elementwise /., norm of Ry, is of order

1 1
IRl = O, (o e (a2 tog(p) /s, () ) ). (23
1

and by letting 1/a3 = O(1), ks = O(1), ki = O(1), under the mentioned sparsity
condition, Rgp  is 0,(1//nk). Furthermore, it follows that the convergence rate
of the debiased estimator @z is of order

16¢ -~ ©]= 0, (max{d\/log@)/nk, 1 /a2 xed™ og(p) /.

1/a§m%{d2<1og<p>/nk>3/2}>, (23.5)

where under the above bounds on ks, kg and 1/a;q, it simplifies to

105 = Olloc = Op(max{dm, d*1og(p) /n, d?(log@)/nk)?’/?}).
(2.3.6)

A consistent estimator for o2, based on the k-th sub-sample can be also con-
structed using Lemma 2 of Jankova and van de Geer (2015) as 6§b7k =00, xOu K+
éib, x- This estimator will be further used in Section 2.4, where we leverage the

asymptotic distribution of each ég (k=1,...,K) from (2.3.3) to construct the
aggregated estimator using K estimators from the sub-samples.
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2.4 Combined estimator across the sub-samples

The results in the previous section are provided at the level of the k-th sub-sample,
k=1,...,K. To construct a more reliable estimator, we aggregate estimators
drawn from different distributed locations. There are multiple ways to aggregate
these K estimators into a combined estimator. In this chapter, due to the asymp-
totic normal distribution of the local estimators, we derive the final aggregated
estimator by maximizing a pseudo log-likelihood function, which is constructed
using the asymptotic normal density of local estimators constructed based on the
sub-samples. Consider A as a general parameter of interest, for example @, in
this chapter, and Ay as the k-th estimator based on the k-th sub-sample with
variance o2 and denote its consistent estimator by &,% which is also derived based
on the k-th sub-sample. Consider the asymptotic normal density of Ay at point ¢
as fk(Lk | A, 61), where the variance o2 is replaced by its consistent estimator &,%.
By maximizing the pseudo log-likelihood function constructed as

K ) K
I(A) = log ( I FeCer | A, &k)) o > (—nk/2)(u — A)? /63,

k=1 k=1

with respect to A, the final aggregated estimator is of the form

K

A 1
owAvg = K .. e E 2
Ek:l& k=1 Kk

where the subscript “owAvg” stands for the optimally weighted average. We call this
estimator an “optimally weighted average”, as it is obtained using a maximization
problem. As it is shown in Claeskens et al. (2016), when K is fixed, a convex
combination of K estimators Al, .. AK is of the form A, = w A where A =
(Ay,...,Ag)T and w = (wl,...,wK) is the vector of weights satlsfylng the
constraint Zszl wy = 1. When the covariance between every two estimators is

zero, the optimal weight for the k-th estimator in this convex combination is of the
1/o}

Y1 /o

can be also encountered in portfolio theory, where the same weights are used to

find the global minimum variance portfolio. The reader can refer to Kempf and
Memmel (2006) and Golosnoy et al. (2022) among many other references for more
details. In the distributed setting, when the sub-samples are equal (balanced case),
our proposed estimator simpliﬁes to the optimal weights convex combination, where
we substitute the variance ak with its consistent estimator Ef,%, as it is unknown
in practice. Substituting the debiased estimator @k in (2.4.1), one can aggregate
distributed estimators of the precision matrix from the sub-samples into the final
combined estimator éowAvg. Note that if the variance ¢2 is known, then replacing
6% by o? simplifies the aggregated estimator AOWAVg to two special cases. In the

‘ 3

(2.4.1)

Q>

form wy, = where o7 is the variance of the k-th estimator. This result
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case of unbalanced sub-samples, AOWAVg is simplified to the sample size weighted
average estimator

wmya

k=1

:\3

(2.4.2)

where “wAvg” stands for the weighted average proportional to the sub-sample sizes.
Similarly to the optimally weighted average estimator, by substituting the debiased
estimator (':)ﬁ in (2.4.2), the weighted average aggregated estimator of @ can be
constructed and is denoted by éWAvg. Moreover, if the sub-samples are also bal-
anced (i.e., ny =ng = ... = ng), AOWAVg further simplifies to the simple average
estimator

sAvg Z Aka (243)

where “sAvg” stands for the simple average. By the same argument as for the opti-
mally weighted and sample size weighted averages, the simple average estimator of
® can be constructed and denoted by (:)SAvg. As an example of applying a simple
average estimator for penalized regression models, the reader can refer to Battey
et al. (2018) which studied distributed parameter estimation methods for penalized
regression models and established the asymptotic oracle property of the averaged
debiased estimators. However, from a finite sample perspective, the simple aver-
age estimator tends to underperform severely for unbalanced settings, as it will be
shown in Section 2.5. The weighted average proportional to the sub-sample sizes
is slightly more adapted as it accounts for the unbalanced setting by weighting
according to the size of the samples on each machine. Note that as the variances
of the estimators are unknown in practice, in the sequel, the special cases (2.4.2)
and (2.4.3) are considered as general simple and weighted average estimators with
unknown variances and their asymptotic distribution as well as the asymptotic dis-
tribution of the optimally weighted average estimator are investigated in Theorem
2.4.2 as ny and K both grow with the sample size n, where we remind the reader
that ny = min1<;€<K ng.

Using (2.3.2), by considering the consistent estimator &, , for o7, the aggre-
gated estimator for the (a,b)-th element of ©, (a,b) € V x V, is of the form

K
éab owAvg — Z (244)
, Zk 1 k=1

Gbk

This estimator behaves like a weighted average where the weights are a function
of sub-sample size ny and estimated variance G2, ., constructed as in Jankova and
van de Geer (2015), based on each sub-sample. Using (2.3.3) and (2.4.4), it can be



2.4. Combined estimator across the sub-samples 25

shown that
(:)ab,owAvg - gab> = Vva,b’]L + Rab,T7 (245)

where

K 2 K ny

_1n O'a Uab

Wt = Z;—l—k/gb <33 TE (O Y0, - 0
Zk:1”k/‘7ab,k k=1 =1 abk

and

K
D et /00 Nk ab

K A )
pIy nk/a?zb,k k=1 g Tab.k

Rap,t = Roap i,

where ©, is the a-th column of ® and Yz,k = (Yllk, . ,Yl]f’k)—r as in Section 2.3.
In words, it represents the p-dimensional vector of variables corresponding to the
[-th unit from the k-th sub-sample. Moreover, for the wAvg estimator, denoted by
Ou wAvg, and the sAvg estimator, denoted by Ou sAvg, it can be shown that

VnK -

7(@ab,wAvg - @ab) = W(’Ib,'f + R;b,h (246)
and
K3/2 - " "
e (@ab,sAvg - ®ab) = Wab,]‘ + Rab,‘[‘? (2.4.7)
\/(Zk:l Oab, k)(Ek 11/nk)
where

=

\/E K n
D

abt = (©.Y 1Y, .0 — Ou),
”Zk 1 Oap e b=11=1
\/E K ng . .
abt = > Z @IYl,leTk@b — Ouw),
WZk 162, (SR Umy) i

!
abt = E N Rap ks

n Zk 1 2b,k

" VK
ab,t = R.
" \/(Zk 10 )(Zk 11/nk)k§:1 .




26 Chapter 2. Distributed estimation and inference in GGMs

In the following, it is assumed that the precision matrix © satisfies the irrepre-
sentability condition (A1) with a constant ay € (0, 1], where 1/a; = O(1), and the
bounded eigenvalues condition (A2). The quantities ks, kg are also considered
bounded as ks = O(1) and kg = O(1), respectively. Lemma 2.4.1 shows that by
considering upper bounds on K, the remainder terms Ry 1, R:zb,f and ng are
negligible. Moreover, Theorem 2.4.2 states that the terms Wy +, W;bﬁ and ng,T
converge weakly to N(0,1) as K and ny grow.

Lemma 2.4.1. Suppose that ©, (k=1,...,K) is the solution to the optimization
problem (2.3.1) with tuning parameter \; < 1/log(p)/nx and consider © 44 owaves
(:)ab,W Avg and @ab’s Avg as the optimally weighted, sample size weighted and simple
average estimators. Then for every pair (a,b) € V XV, a # b,

a) the remainder term |Rgp 1| of the owAvg estimator grows at the rate

|Rap,t|= O, (K/\/ﬁ max {d3/2 log(p), d? (log(p))S/Q‘/\/rTT}> , (2.4.8)

which is o,(1) as long as K and the maximum node degree of © grow at
the rates of K = O(n'/3/(dlog(p))) and d*/? = o(y/nt/log(p)), respectively.
Moreover, the remainder term |Rj, ;| of the wAvg estimator grows at the
same rate as (2.4.8),

b) the remainder term |Ry, ;| of the sAvg estimator grows at the rate

IR, :|= 0, (\/Kn max {d*? log(p)/n+, d*(log(p) /nT)3/2}>, (2.4.9)
which is 0,(1) as long as K and the maximum node degree of ® grow at the
rates of K = O(n?/s/n) and d%/? = o(n%/s/log(p)), respectively.

The proof is given in Appendix 2.8.1

Theorem 2.4.2 below shows the asymptotic unbiasedness and normality of the
optimally weighted, sample size weighted, and simple averages estimators. As such,
one can easily construct confidence intervals and statistical tests based on them.

Theorem 2.4.2. Under the assumptions of Lemma 2.4.1,
a) for the owAvg estimator in (2.4.5), we have W g 4 N(0,1).

b) for the wAvg estimator in (2.4.6), we have Wy, . 4 N(0,1).

c) for the sAvg estimator in (2.4.7), we have Wy, . 4 N(0,1).

The proof is given in Appendix 2.8.2.
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Remark 2.1. Based on the asymptotic distribution of the distributed estimators
from Theorem 2.4.2, one can construct inferential procedures. Accordingly, the
(1 — «)100% asymptotic confidence interval for @, using the optimally weighted,
sample size weighted and simple average estimators can be constructed as

K
G')ab,owAvg + (I)_l(l - a/2)/ Z nk/62b,k7
k=1

K
(:)ab,wAvg + (I)il(]- - 04/2)\ (Z 63b,k)/(nK)ﬂ
k=1

K

K
Oupsave TP (1 —a/2) \ 262,00 1/ /K3,
k=1

k=1

where ®~1(1—q/2) is the (1—a/2)-th quantile of the standard normal distribution.
Moreover, the rejection region at level o for the hypothesis test Hpqp : Ogp = 0
(which indicates that there is no edge between nodes corresponding to Y¢ and Y?)
vs Hi qp : Ogp # 0 can be constructed as

‘éab,owAvg| > (I)il(]- - a/2)/

1©ub wavg] > @711 — a/2)

Oupsavel > @711 —a/2), | (D 62,0 (D 1/me)/ K3,

k=1

using the optimally weighted, sample size weighted and simple average estimators,
respectively.

The coverage probabilities and the length of the confidence intervals are inves-
tigated via a simulation study further in Section 2.5.

Theorem 2.4.3 provides the convergence rate of the optimally weighted estima-
tor (:)OWAVg with respect to the elementwise ¢, norm.

Theorem 2.4.3. Under assumptions (A1) and (A2) with 1/a; = O(1), ks =
O(1), ku = O(1), the mazimal distance of the distributed estimator ©owavg from
the true precision matriz © is of order

HéowAvg - GHOO

=0y (K max {d+/log(p) /n, d*/* log(p) /n, d2(log(p))3/2/(n\/77+)}) -(2.4.10)
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Moreover, under the sparsity condition d>/? = o(,/ny/log(p)) and K = O(n'/3/
(dlog(p))), the estimator ©yavg is consistent for ©.

The proof is given in Appendix 2.8.3. By considering the convergence rate
(2.3.5) for the centralized full estimator with size n, and comparing it with (2.4.10),
it is observed that as long as K is not too large, the distributed estimator exhibits
a similar statistical error to the full one, and it can approximate the full estimator

properly.

Remark 2.2. When the true precision matrix is block diagonal with M blocks,
the quantities ks and ky are tractable. Consider d), as the size of block ©™,
m=1,...,M, and the maximum row degree of ® as d := max,,—1, . d,,. Then
due to the relation between the matrix ¢,, norm and the spectral norm, and the
fact that d],, <d,

Ky = max
m=1,...,

my—1 < my\—1
x| [[(07) oo <V max (@),

where ||-||2 is the spectral norm of a matrix defined as ||A|2= v/Amax(ATA) for
an arbitrary real valued matrix A and Ay (ATA) is the maximum eigenvalue
of ATA. Based on the fact that the eigenvalues of ¥ are the inverses of the
eigenvalues of ® and using assumption (A2), it is deduced that ks = O(\/d). The
same argument can be made for kg and it holds that kg = O(d). Then, using
(2.3.5), the convergence rate of @OWAVg simplifies to

”éowAvg - ®||oo

=0y (K max {d/log(p) /n,d** log(p) /n, d4(1og(p))3/2/(n\/ﬁ)}) (2.4.11)

and considering the sparsity condition d°/? = o(,/nj/log(p)) and K = O(n'/3/
(dlog(p))), the consistency of @ qyave follows directly.

Note that the convergence rate (2.4.11) is valid only for the entries of the block
diagonals in the case when the block structures are known. In practice however,
the block structures are unknown and as such, in the simulation part of Section
2.5 corresponding to the block diagonal data generating process, the errors and
confidence intervals are computed for all elements of the matrix.

2.5 Simulation study

In this section, we illustrate the performance of the proposed distributed estimator
with a simulation study. To conduct the simulation, we set the total sample size
n = 50000 as fixed and changed K = 5,10 and 20. To show the performance of the
distributed estimator in the unbalanced setting, we considered the following data
splitting procedure.
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Suppose that among all available machines, two of them are powerful. The
first one is the most powerful and (55 — K)% of the dataset is distributed on this
machine. The second one is less powerful than the first one and (60 — K)% of the
remaining dataset is distributed on this one. The remaining dataset is distributed
roughly equally on the remaining machines. To compare the performance of the
distributed estimator, we considered the following competitors:

1)

(Full) A debiased estimator based on the non-distributed, full data given by
the debiased graphical Lasso (the estimator of Jankova and van de Geer,
2015), denoted by ©F.

(sAvg) An estimator based on splitting data and averaging directly the debi-
ased graphical Lasso estimators from each machine i.e., ®gavy-

(wAvg) An estimator based on splitting data and taking the sample size
weighted average of the debiased graphical Lasso estimators from each ma-
chine, i.e., OyAyg.

(Topl) The most powerful machine which takes (55 — K)% of the dataset.
Since estimation on each machine is consistent and asymptotically normal,
investigating the performance of the first machine which takes most of the
dataset is relevant.

(Thresholded I) The thresholded distributed estimator introduced by Arroyo
and Hou (2016), which is a sparse estimator built by thresholding debiased
estimators. To obtain this estimator, a hard threshold p is applied on the
debiased estimator (2.3.2) on the k-th sub-sample, such that for every (a,b) €
YV xV,a#b,

L. ) R X
Gab,?k = ng,kﬂ(|62b,k|> POab k)

where I(-) is the indicator function and &gb’k = @aa,k@b@k + éib’k, the con-
structed estimator of Jankova and van de Geer (2015) based on the k-th sub-
sample. The final aggregated estimator of Arroyo and Hou (2016) is proposed
by taking a simple average over K machines, i.e., @fb = % Zszl @Z;fjk, and
then applying the final hard threshold 7 on (':)(% for every (a,b) € VxV,a # b,
such that C:)an’T = ODI(|OD,|> 7643), where 62, = + Zszl 62y k-

(Thresholded II) The thresholded estimator of Wang and Cui (2021), which
is proposed for Transelliptical graphical models. The Transelliptical family,
defined by Liu et al. (2012), is an extension of the nonparanormal family
proposed by Liu et al. (2010). Just as the nonparanormal extends the normal
by transforming the variables using univariate functions, the transelliptical
extends the elliptical family in the same way. The estimator of Wang and Cui
(2021) is constructed by obtaining the nonparametric Kendall’s 7 statistic
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Figure 2.1: Visual representation of three ® matrices and their graph structures
for p = 1000 nodes. From left to right: random, block diagonal with 10 blocks and
tridiagonal.

as the correlation matrix estimator in each sub-sample and then plugging
it into the Lasso D-trace optimization procedure (Zhang and Zou, 2014).
By debiasing these estimators in the sub-samples and then taking a simple
average over all debiased estimators, the aggregated estimator is constructed.
A hard threshold is applied on this estimator to get the final aggregated sparse
estimator.

A comparison with the full estimator reveals how much the performance deteri-
orates due to splitting the data, while a comparison with the weighted and simple
average estimators has the purpose to evaluate if indeed the proposed estimator is
better equipped to tackle unbalanced settings due to a more appropriate weighting.
A comparison with the Topl estimator has the purpose to evaluate if the remaining
(K — 1) machines which account for (45+ K)% of the original data are still able to
produce informative estimators even though they receive low amounts of data. For
the data generating process, we fixed the number of variables (nodes) to p = 1000
and the samples are generated from a multivariate normal distribution N,(0,3)
such that ® = 7! is graph structured and has the following sparse structures:

e random with probability of connection 0.05;

e block diagonal with 10 blocks and 0.2 as the probability of connection in each
block;

e chain or tridiagonal with 1 on the diagonal and 0.2 on the upper and lower
diagonals.

The corresponding graph structures are shown in Figure 2.1 for illustration. In
this study, the tuning parameter A\ in the graphical Lasso algorithm has been set
to Ay = A = 4/log(p)/n for all simulation settings like in Jankova and van de
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Geer (2015) except for the tridiagonal case. Due to the high sparsity of the pre-
cision matrix in the tridiagonal structure, we increased slightly the regularization
parameter to A\, = 1/log(p)/ni. Moreover, A\, = 1/log(p)/ny for the thresholded
estimator of Wang and Cui (2021) was used to get comparable results with the
other competitors. Alternatively, A can be chosen by K-fold cross validation in
each sub-sample. The final threshold 7 for the estimator of Arroyo and Hou (2016)
has been set to 7 = 4/log(p)/n as the authors proposed this value for the theo-
retical guarantees. Moreover, as they showed a communication bandwidth of size
B = p?>~¢, where 0 < ¢ < 1 is a constant, is enough to select the correct set of
entries, we considered B = 10p and 50p. To select the best threshold p, we con-
sidered 200 candidate values from the interval (0.001,0.25) and we chose the value
of p for which the absolute difference between the number of active components
estimated and the bandwidth B is minimum. Furthermore, the hard threshold of
Wang and Cui (2021) has been set to 54/log(p)/n to ensure comparable results
with the other estimators. All simulation results are calculated as averages over
R = 500 different repetitions.

To compare the performance of the estimators, we used the Frobenius norm,
elementwise and matrix /., norms between the estimated precision matrix for each
competitor and the true precision matrix. The results are presented in Table 2.1 for
the Frobenius norm via the simulation setting explained above and it is observed
that the performance of the proposed estimator is similar to that of the non-
distributed, full estimator in terms of Frobenius norm. The results for the two
other norms lead to similar conclusions and are presented in Appendix B. The
proposed norm is computed for the active set S, which corresponds to the edges
of graph, and the non-active set S¢, separately. By increasing K from 5 to 20, the
norm of the distributed estimator does not increase much and the differences are
negligible. This suggests that by splitting observations in combination with the
proposed aggregation, one might not lose much information. On the other hand,
for the sAvg estimator, by increasing K the norm increases substantially, which
suggests that it is highly sensitive to K, as opposed to the distributed estimator
we propose. The wAvg estimator is better performing than sAvg. However, its
performance is not as satisfactory as that of the optimally weighted estimator and
it gets far from the full estimator with increasing K. As observed from Table
2.1, the Frobenius norm of Topl is much larger than that of the centralized full
estimator. Moreover, it provides a worse performance compared to the proposed
estimator. As such, by considering just the first machine with the largest amount
of data and disregarding the remaining machines one loses more information as this
strategy does not provide an accurate estimate. The results of the Thresholded I
with bandwidth B = 50p and the Thresholded II are also reported in this table.
The Frobenius norm for these estimators on the active set increases considerably
with increasing K. However, since these estimators are sparse, their errors on the
non-active set are much smaller than those of the (non-sparse) proposed estimators.
Moreover, it seems that the Thresholded I works better than the Thresholded II
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Table 2.1: Average and standard deviation (between parentheses) of the Frobenius
norm over 500 repetitions on the active and non-active sets, for the proposed esti-
mator and six competitors when n = 50000 and p = 1000. Three different graph

structures are considered.

Active set Non-active set
K K
1 5 10 1 5 10

Full 1.83 6.14

(.01 (.01)
owAvg 1.85 1.77  2.05 6.19 6.40
(01)  (.01) (.01) (01)  (.01)
g Topl 243 255  2.86 8.67 9.14
g (01) (.01) (.01) (01)  (.01)
g sAvg 240 334  5.67 8.55 11.03
e (01)  (.02) (.02) (01)  (.02)
wAvg 1.85 1.78 247 6.19 6.46
(01) (.01) (.01) (01)  (.01)
Thresholded I 348 550  6.39 0.20 0.58
(.03)  (.04) (.03) (02)  (.02)
Thresholded 11 3.18 465 5.84 0.10 1.22
(.01) (.02) (.02) (.05) (.04)

Full 1.37 6.11

(.01) (.01)
owAvg 134 1.26 1.84 6.16 6.37
(01) (.01) (.01) (01)  (.01)
o Topl .71 1.77 195 8.63 9.10
=z (02)  (.02) (.02) (01)  (.01)
M sAvg 1.62 289 6.14 8.51 10.99
B (01)  (.02) (.02) (01)  (.01)
% wAvg 1.34  1.30 250 6.17 6.43
(01) (.01) (.01) (01)  (.01)
Thresholded I 1.62 2.90 5.82 0.95 1.01
(01)  (.02) (.02) (02)  (.02)
Thresholded 1I 341 529  6.83 0.52 2.48
(.02) (.02) (.02) (.04) (.03)

Full 0.21 5.07

(.00) (.01)
owAvg 022 021 0.21 4.85 4.73
(.01) (.01) (.01) (01)  (.01)
o Topl 0.30 0.31 0.36 7.04 7.40
k| (01) (.01) (.01) (01)  (.01)
= sAvg 029 031 0.33 6.21 6.63
e (01) (01) (o1  (01)  (01)
wAvg 022 021 0.21 4.86 4.76
(01) (.01) (.01) (01)  (.01)
Thresholded I 029 031 0.33 1.21 1.07
(01) (.01) (.01) (01)  (.01)
Thresholded II 082 0.82 0.80 0.00 0.00
(01)  (.01) (.01) (.00)  (.00)
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Figure 2.2: Histograms of the normalized full and distributed estimators corre-
sponding to pair (a,b) = (1,3) on the top row and (a,b) = (1,10) on the bottom
row for the random graph structure when n = 50000, p = 1000 and the number
of machines is K = 5, 10 or 20. The light and dark gray histograms present the
histograms of the normalized full and distributed estimators, respectively. The
density of the standard normal distribution is also presented.

on the non-active set in random and block diagonal structures, especially with the
smaller final threshold that we considered. However, the results for this estimator
are dependent on the bandwidth to be used. The results with B = 10p were
much worse than the reported ones and they are not mentioned in the table. This
behavior holds on both the active and the non-active sets for all three structures of
© and points to the importance of accurately choosing the extra tuning parameters
for this competitor.

In addition to error norms, comparing the asymptotic distribution and infer-
ential properties of the proposed estimator with those of the competitors is of
interest. To this end, histograms of the normalized full and distributed estimators
are reported in Figure 2.2 for the random structure. The light gray histograms
correspond to the normalized full estimator and the dark ones correspond to the
proposed estimator. The normalized form of the full estimator is obtained using
the technique proposed in Jankova and van de Geer (2015) as \/ﬁ((':)fb —Ou)/Gab,
where @51; is the (a,b)-th element of ©F , while the normalized distributed estima-

tor is obtained as 1/2,?:1 nk/&gbyk((:)ab,owmg — Og). As an illustrative example,
the figures are reported for (a,b) = (1,3) and (1, 10) although similar conclusions
hold also for other couples (a,b) € V x V. We conclude that both distributions are
close to the reference A/(0,1).

The coverage probability and the lengths of the confidence intervals are also
obtained for the proposed estimator and competitors at significance level o = .05
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Table 2.2: Average coverage probability and average length of the confidence inter-
val over 500 repetitions for the proposed estimator and competitors when n = 50000
and p = 1000 for random and block diagonal graphs.

Avg.Cov Avg.Len
K K
1 5 10 20| 1 5 10 20
- Full | .92 .03
3 owAvg 91 93 .90 .03 .03 .03
I Topl 93 93 94 .04 .04 .05
g 3 sAvg 93 89 62 .04 .05 .05
S wAvg 92 95 88 .03 .03 .03
éﬁ o Full | .97 .03
5 owAvg 97 97 97 .03 .03 .03
% &  Topl 97 97 97 .04 .04 .05
g sAvg .97 .96 .95 .04 .05 .05
z wAvg 97 98 98 .03 .03 .03
- Full | .85 .03
3 owAvg 86 .89 72 .03 .03 .03
£ Topl .90 .90 91 .04 .04 .05
23 sAvg 91 72 24 .04 .05 .05
= wAvg 87 .90 .60 .03 .03 .03
= ° Full | .97 .03
= % owAvg 97 97 96 .03 .03 .03
s &  Topl 97 97 97 .04 .04 .04
g sAvg .96 .96 .95 .04 .04 .05
“ wAvg 97 97 98 .03 .03 .03

except for the thresholded estimators which are not asymptotically normally dis-
tributed. To this end, we estimated the coverage probability of the confidence inter-
vals by computing their empirical version. The empirical probability that the true

value @, is included in the confidence interval is defined as ]f"ab = %}JL‘W,

where R is the number of simulation repetitions, Cl, , is the confidence interval for
®,; at the r-th repetition, and # denotes the number of times that ®,; belongs to
the confidence interval. After obtaining P, for all (a,b) € V x V, the average cov-
erage probability on the active set S was obtained as Avg.Covg = % Z(a,b) cs Py,
where s is the number of active components. Similar computations have been im-
plemented for obtaining the estimated coverage probability over the non-active set
Se.

The obtained results are reported in Table 2.2 for the random and block diagonal
structures. The results of tridiagonal were close to the random one and they
are reported in Appendix B. The proposed estimator performs similarly to the
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n 50000 100000 150000 200000

Figure 2.3: Running time in seconds for the full and proposed estimator for the
random graph structure, when p = 1000. The regularization parameter for the
distributed estimator is considered as A\, = +/log(p)/nk.

non-distributed one on both the active and the non-active sets, as the coverage
probabilities are close to the nominal level of 95%. Moreover, the average lengths
are relatively low and are stable with increasing K. The coverage probability of
Topl is also close to the nominal level, but its length is slightly larger than the
length of the full and of the distributed estimator. The coverage probability for
sAvg on the active set is low and it gets worse with increasing K. Moreover, the
length of its confidence interval gets larger with increasing K. The performance of
wAvg is generally better than that of sAvg, but it is still worse than the performance
of the distributed estimator.

Another quantity which is important to keep track of, is the running time. In
this chapter, the running time is defined as the sum of the maximum time among
all parallel jobs and the time to combine the results. These results are shown
in Figure 2.3 for the three graph structures. The symbols for the case K =1
represent the full estimator for different sample sizes ranging from n = 50000 to
200000 and the remaining symbols represent the distributed estimator for different
sample sizes and K = 5,10,20. For any fixed sample size, the computation time of
the distributed estimator is less than the full one and as expected it decreases with
increasing K. This behavior is the same for all three graph structures and shows
the efficiency of the proposed estimator in terms of computation time.

In the last part of the simulation study, we investigated the effect of the machine
with the smallest sample size on the aggregated estimator. The estimator that we
have proposed is a weighted average of the local estimators, where the weight for

~2
”k/aab,k

etk
Dk ”k/aib,k ’

the k-th estimator is of the form wqp = k=1,...,K, for every
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Table 2.3: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets in three different

scenarios.

Active set Non-active set
K K
1 2 1 2
scenario I 4521 1.3620
(.0269) (.0183)
scenario II .4492 1.3603
(.0260) (.0180)
scenario III 4418 1.3597
(.0268) (.0185)

pair (a,b) € V xV, a # b. If the sub-sample size is too small, the estimated
weight assigned to the corresponding estimator will also be very small, and the
estimator with the smallest sample size will not have a large effect on the final
aggregated estimator. To see this, we considered a simulation study with three
different scenarios:

I) a full dataset with sample size n = 10000 on one machine;

IT) the same dataset as in scenario I, but with 10 additional data points on the
second machine;

ITT) the same dataset as in scenario I, but with 100 additional data points on the
second machine.

To generate the model, a random graph structure is considered with p = 100
nodes and 0.05 as the probability of connection between every pair of nodes. We
expect that the performance of the aggregated estimator improves by increasing
the number of data points. To this end, we compared the Frobenius norm between
the estimated and the true precision matrices in three mentioned scenarios. The
results are provided in Table 2.3 as the averages over 500 repetitions. From Table
2.3 it is observed that by increasing n the Frobenius norm decreases on both the
active and non-active sets.

Moreover, to investigate the inferential properties, the coverage probability and
the length of the confidence intervals are compared for the three mentioned sce-
narios and presented in Table 2.4. It is observed that the coverage probabilities
and the length of the confidence intervals are the same in all three scenarios, which
confirms the good performance of the proposed estimator.

To investigate more about the behavior of the distributed estimator when one
adds the second machine with a few data points, we presented the estimated weights
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Table 2.4: Average coverage probability and average length of the confidence in-
terval over 500 repetitions for the proposed estimator in three different scenarios.

Avg.Cov | Avg.Len
K K

1 2 1 2

scenario [ .90 .07
Active set scenario II .90 .07
scenario III 91 .07

scenario [ .97 .06
Non-active set  scenario 11 97 .06
scenario III .97 .06

in scenarios II and III in Figure 2.4 for the first and the second machine. They are
of the form
”1/6217,1 w ”2/6217,2
~ ~ ) b,2 = ~ ~ )
nl/(fgb,l +n2/62 5 ¢ nl/(fgb,l +n2/62 5

Wab,1 =

for the (a,b)-th element, (a,b) € V x V,a # b. As it is observed in Figure 2.4
for scenario II, when we assign only 10 data points to the second machine, the
estimated weights for the corresponding estimator are very small, almost zero, and
the estimated weights corresponding to the first machine are close to one. As
such, the estimated weights assigned to the second machine are too small and this
estimator does not have a large effect on the final aggregated estimator. As it is
observed in scenario III, by increasing the number of data points on the second
machine, the estimated weights corresponding to this machine increase and so the
corresponding estimator has a larger effect on the aggregated estimator. As such,
even adding a machine with a few data points does not ruin the performance of
the aggregated estimator.

2.6 Real data example

To explore the performance of our proposed estimator on real data, we used the
publicly available “4 university web-pages” dataset which was collected in January
1997 by the World Wide Knowledge Base project of the CMU text learning group.
The original dataset had been pre-processed by standard text mining methods
and it is available in Cardoso-Cachopo (2007). This dataset contains web-pages
collected from computer science departments of four US universities Cornell, Texas,
Washington and Wisconsin for seven categories: student, faculty, staff, department,
course, project and other. The “other” category is a collection of web-pages that
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Figure 2.4: Estimated weights for the distributed estimator in scenario II (top row)
and IIT (bottom row) for the first (left panels) and second (right panels) machines.
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Table 2.5: Significant and common edges between four competitors and the esti-
mator using the full dataset. For all methods a Bonferroni correction is applied.

Significant edges Common edges
with Full
K K
1 3 4 5 3 4 5
Full 1072
owAvg 855 835 818 | 811 789 751
Topl 569 561 569 | 482 477 478
sAvg 720 547 418 | 646 478 360
wAvg 821 671 515 | 783 657 512

were not considered in the six main categories. In this study, we considered the four
largest categories which are student, faculty, course and project containing 1641,
1124, 930 and 504 web-pages, respectively. To calculate the term-document matrix
Y, we used the log-entropy weighting method of Dumais (1991) which was also
implemented in Guo et al. (2011). The final dataset contains n = 4199 web-pages
as the observations and 7686 distinct terms as variables. We considered p = 500
terms with the highest log-entropy weights for the analysis.

We compared next Topl, sAvg, wAvg, the proposed distributed estimator with
K = 3,4,5 and the debiased full estimator. The splitting setting is considered the
same as for the simulation study. For all procedures A = 4/log(p)/n, a = 5% and
a Bonferroni correction is applied for multiple testing. The rejection region for
the non-distributed estimator (that uses the full data) of Jankova and van de Geer
(2015) is defined as |©F,|> ®~1(1 — ﬁ)&ab/\/ﬁ with Bonferroni correction.
The obtained results are presented in Table 2.5. Relative to the competitors, there
are more common edges between the graphs estimated by the distributed estimator
and the full one, while the least similar competitor is sAvg. By increasing K, the
number of common edges tends to decrease for all competitors (except for Topl)
due to the loss of information by splitting data on more machines.

The first ten terms with the highest node degrees based on the considered
estimators are presented in Figure 2.5. The term “course” is identified as the
term with the highest node degree by all estimators except Topl and sAvg when
K = 5. Moreover, some terms like “parallel” and “faculty” are common among all
estimators. Additionally, the sparse graphical Lasso estimator is considered as a
competitor and with this method we identified 18228 edges suggesting that many
estimated edges might in fact be false positive edges.

Afterwards, to investigate the performance of the estimators for completely in-
dependent variables, we permuted randomly sample data for each variable, thus
breaking up the correlation structure in order to construct a dataset with mutu-
ally independent variables. As such, all the off-diagonal elements of the precision
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Figure 2.5: The first 10 terms with the highest node degrees, identified by different
estimators.

matrix should be estimated as zero. By implementing separately the debiased esti-
mator using the full data, the Topl, the wAvg and the distributed estimator with
K = 3,4,5 machines on this randomly permuted dataset, we identified zero sig-
nificant edges which confirms this assertion. However, by implementing the sparse
graphical Lasso estimator on this independent dataset we identified 1647 edges
which confirms the large amount of false positive edges that are identified by this
procedure. Also, sAvg identified wrongly between 2 and 19 false positive edges,
which confirms the weak performance of this estimator.

2.7 Conclusion and discussion

In this chapter, we proposed a new distributed estimator of the precision matrix in
the Gaussian graphical models framework. The estimator is constructed to tackle
an unbalanced split of the sample data as input. To improve misaligned selection
of non-zero estimated entries on different sub-samples, a bias correction was per-
formed in each sub-sample. This bias correction procedure provides asymptotic
normality of the estimators and helps to perform inference. An alternative ap-
proach to the debiasing procedure is selective inference, where one first selects a
model, and then conditioning on the selected model estimates the parameters of
the model. The reader can refer to Candés and Tao (2007) and Javanmard and
Montanari (2013) among many others for more details on this procedure. Each
of these two procedures has its own pros and cons. The target for the debiased
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graphical Lasso procedure is © (the entries in the true model) rather than ©°
(the entries in the selected model S). These two models are not the same un-
less S happens to contain all non-zero entries of ®. Although inference for © is
appealing, it requires assumptions about the correctness of the model and spar-
sity of @. Moreover, the debiased graphical Lasso does not perform any model
selection, which is a disadvantage especially when there are thousands variables
in high-dimensional settings. In contrast, the selective inference approach relies
heavily on the specific selection methodology which is used before inference. This
limits the applicability of post-selection inference in practice. All coverage proba-
bilities and confidence intervals are obtained by conditioning on the event that S
is selected, i.e., S = 5. On the other hand, it is shown in Ravikumar et al. (2011)
that under the irrepresentability condition, the model S selected by the graphical
Lasso satisfies S C S with high probability. Moreover, under a beta-min condition
on the entries of the true precision matrix ®, the graphical Lasso implies exact
variable selection, i.e., S = S, with high probability. As such, the post-selection
inference based on the graphical Lasso needs a beta-min condition. However, the
debiased approach of Jankova and van de Geer (2015) does not need any beta-min
condition. The advantage of the debiased graphical Lasso to post-model selection
is in the situations when the entries of the precision matrix are small but non-zero
and thus the beta-min type condition, which guarantees exact variable selection,
is violated.

As it was mentioned, the debiased estimators in the sub-samples enjoy asymp-
totic normality. To aggregate estimators from the sub-samples, a pseudo log-
likelihood function was constructed using their asymptotic normal density, and
the final distributed estimator was built by maximizing this function. Statistical
guarantees for the distributed estimator were provided. Its tractable limit distri-
bution was derived and it was shown that under the sparsity condition d/2 =
o(/nt/log(p)) and the upper bound K = O(n'/3/(dlog(p))), for the number of
machines, it follows an asymptotic normal distribution. Moreover, the convergence
rate of this consistent estimator was provided. The finite sample performance
was evaluated with a simulation study where it was observed that the estimator
produced competitive results relative to a non-distributed estimator that uses the
entire data. Since we perform estimation by distributing the computational load
across multiple machines, not surprisingly the computational time comparison fa-
vors our novel estimator. Moreover, this estimator performed substantially better
than the naive, average-based estimators in terms of accuracy. It was also observed
that the coverage probability of the distributed estimator is close to that of the
non-distributed estimator. This points to the fact that in practice, performing dis-
tributed estimation across multiple machines in our unbalanced framework induces
a minimal loss in performance relative to models using all the data in a centralized
location, which might not be feasible in practice.
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2.8 Appendix A: Proofs

2.8.1 Proof of Lemma 2.4.1

Shei /o
Zf:l nk/&gb,k
and van de Geer (2015), under the multivariate Gaussian distribution, 1/0,, =
O(1), and under 1/a; = O(1) and ku = O(1), we get |67, . —02y |= Op(y/log(p) /1)
which is 0,(1) as n; grows faster than log(p). It can be shown that the inverse
ratio also satisfies

a) First, we show that %5 1. Note that using Lemma 2 of Jankova

|T - UT|: Op(+/log(p) /1) (2.8.1)

As such,

K
Sﬁiﬁ%jféz%ﬁﬁﬂmmm)

where the last equality holds using (2.8.1) and the fact that np <n, k=1,..., K.
Assuch, [ S0 {2 x5 o } 1‘ = 0,(1) as K grows at the rate K = O(n'/3/(dlog(p))),

and as a result W = 1. By considering the continuous map g(z) =
k=1 ab

K 2
1/4/z, the sequence 4 /%’C@;“b converges in probability to 1 as K and ny,
D=1k /00,

k=1,...,K, grow.

As such, due to the definition of Ry ¢, it is enough to show the bound (2.4.8)
for the term ZkK 1 \/"lﬂ:“b R, i Since the graphical Lasso estimator ©, is positive
definite, there exists a positive constant L such that with high probability &217’ b=
@aa k®bb w+©2 bk > Amm(Gk) > Ly, where Amin(ék) is the minimum eigenvalue

of ©, and then 1/O'ab’k = Op(1). Thus, using (2.3.4), with high probability,

K
nkoab ng
|§ ab,k|§§ Tf Rb, k| xOp(1)

ab k
1 K 2 2 (lo 52
:n;%mMWbmm<ﬁ£n
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and the claimed result in (2.4.8) follows. By considering K = O(n'/3/(dlog(p)))
and the sparsity condition d*/? = o(,/nt/log(p)), it can be shown that |Rept|=
op(1).

Now, to show the result (2.4.8) for the remainder term [Ry, ;|, we first show
that —YE2at Py 1 We have

K s2
k=1 %ab.k

Zé{:l &Zb,k 1 & &gb,k 1 & .9
T Ko%, 1‘ = ‘K Z{ 2, 1}‘ < Ko?, Z 1Gab,1 — Tab]
a k= a ab =1
1K
= =32 0,(iog) /)
k=1
= Op IOg(p)/nT)v

which is 0,(1) as log(p) = o(n4). Note that the second equality holds using Lemma

K ~2
2 of Jankova and van de Geer (2015). As such, % %, 1, and by considering
ab

the continuous map g(x) = 1/y/x, we get — YKoar Py 1 Ag such, to show the

A/ lec(:l &gb,k
negligibility of the remainder term R;M, it is enough to show the presented bound
in the Lemma for Zle ﬁRab,k. By a similar argument as in part a), it can

be shown that
RL,1= 0, (K/vﬁ max {d*/2 log(p), d?(log<p>>3/2/\/m}).

b) As it is shown in part a), \/i/f% 2.
k=1%ab,k

bility of the remainder term Ry, ;, it is enough to show the bound (2.4.9) for

K
\/ﬁ Ekzl Rab,k/aab-

As ng < n, for every k =1,..., K, we have

As such, to show the negligi-

< 4/n/K, and we get

1
V z:5:1 1/ng

K
n
S/\/?];|Rab,k|

= Op <\/ﬂ max {d3/2 log(p)/nT, d? (log(p)/nf)gﬂ}) ,

K
Z Rob.ie/0ab

‘ 1
\/ Zszl 1/ng k=1

which is 0,(1) under the mentioned conditions on K and d.
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2.8.2 Proof of Theorem 2.4.2

a) Define
K ng
Sab,i = ZZQ (@, Y. kY8, — Oy).
k=11=1 “abk Tab

K (72 . . .
As 4 /%’“(;b 25 1, using Slutsky’s theorem, it is enough to prove that Eabt
D1 /G5y g ’

converges in distribution to A/(0,1). Defining

K ng
Ent =D \fa (O] Y1k Y[, © — Ou),
k=11=1 ab
we have
1 n .
Lot = ey, Yy/e,-o,
€ab,’[ o-ab\/ﬁ ;( a T1X] b b)7
where Y, is a column vector of length p and is the [-th sample, [ = 1,...,n, of

Y. The random variable &, ; converges to N(0,1) as it is shown in Theorem 2 of

Jankova and van de Geer (2015). As such, we only need to show that |44 4 _lezb,1|£>
0as K — oo and n — o0, k =1,..., K, and then convergence in distribution of
&ap.; Tesults from the convergence in distribution of £, +. We have

K ng
€abt — ol = | D {55 > (O5Y1Y[,0, - @ab)}‘
k=1 Gav,k \FJ‘”’ 1=1
1 & .
< Z { X |7 Z(QIYl,leTka - @ab)|}-(2-8-3)
f Oab =1
Using the definition of Wy, and since 1/04, = O(1), we get
1 & - n
o= 2 (O Y1Y 1O — Ou)| = L {OW O} | < 11| OW;O) .
a =1 a

Under assumption (A2) and using Lemma 8 of Jankova and van de Geer (2015),
2

it holds that ||@W;0O||.= O,(d+/log(p)/ny). Moreover, by (2.8.1), |- — 1]=
ab,k

O,(+/1og(p)/nx). Substituting K = O(n'/3/(dlog(p))) and the mentioned bounds

in (2.8.3), we get

€abt — Enpt|= Op(K dlog(p)/v/n) = Op(1/n/®),
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which is 0,(1) as n grows.
b) Similarly to a).
c) Define

1 K ok

Sant = 2 D
A 1 /g k=1 1=1 ""R0ab

As \/% 2, 1, using Slutsky’s theorem, it is enough to show that Eab,t
k=1 "ab,k

(GIYl,kYZkgb - @ab).

converges in distribution to AM'(0,1). To show the asymptotic normal distribution
of €45+, we use the Lindeberg-Feller condition (see for example, Theorem 4.12 of
Kallenberg, 1997). We have E(Zab,l,k) = 0, where Zab,l,k = GIYl,le—’rk@b — ®ab
Moreover,

ngk

Klgnoo n1111>n00 ZZ ]E(Z(le,l,k)

SK k=1 1= 1aabnk(23 1 1/n;)
K

1
= lim lim E ——g =1,
Koo knk%ooK k=1 nk(Zj:l 1/n;)

where the first equality is deduced due to the fact that Var(Z,p,x) = 0%,. The
reader can refer to Jankova and van de Geer (2015), pp. 1225 for more details. To
show the third condition of the Lindeberg-Feller Theorem, since Zg; ; 1, are identical
forl=1,...,nyand k=1,..., K, for every ¢ > 0, we can write

K Nk

Jim n,llgnoo >

LK k=11= lgabnk(zj 1

EJ Z2 ]I(Zablk>ecrabnk
1/n.){ 0 (Zani

K
1
= lim lim E IE{Z2 ]I<|Z b11]|> €0apnk
K ab,1,1 ab,l, a
T Koo o % e O (02 1/my)

where I(-) is the indicator function. Following Jankova and van de Geer (2015),
pp- 1223, for a random variable X and a positive constant a, one can write

E(X%(|X|> a)) = a*P(|X|> a) + 2/Oo uP(|X|> u) du
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Applying this equality to the expectation in (2.8.4), we get

2
]E{Zab,l,l]l <|Zab,1,1 |> €O abNE

K
= EQUibnk(Z 1/"3‘)P<|Zab,l,1|> €0 abTk

Jj=1

uP(|Zap,11]> u) du. (2.8.5)

+2 /
eo’abnM/Z;(:l 1/n;
Using Lemma 4 of Jankova and van de Geer (2015), for a constant ¢; > 0, we have

K

Z 1/nj) < 4dexp{ — (eoabnk

Jj=1

]P’(Zab,m |> eoapmi

where d is the maximal node degree of ©. In the integral of (2.8.5), by changing
the variable t ;= ——~——— we get
€‘7abnk\/zj:1 1/"] &

UP(|Zgp,1.1]> u) du

/OO
€0 qbMN A /EJKZI 1/nj

K S
= 62U§bnk(z 1/n])/1 tIP<|Zab’1’1> teoapnk l/nj> dt
j=1
K 0o K
< 4de aabnk(z l/nj)/1 texp{ - (teoabnk l/n]>/ (c1d) } dt
Jj=1 j=1

K

>t /nj> /(c1d) } {4cld2€aabnk

j=1

= exp { - (eaabnk
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Substituting (2.8.6) and (2.8.7) in (2.8.5) and then in (2.8.4), we get

K ng
lim lim

LI P30 D

SK k=11= 10

E{Zgb ! kH(|Zablk|> €T 4Tk
b0 Z] 1 1/n;)

K

deyd? 4c2d3
< lim  lim_ Z{4d62nk+ e }
Koo =1, K k=1 Uabﬂ/ZjKﬂ 1/n; Uab”k(Zj:1 1/n;)
K
> g ) e |
j=1
K
4c2d3
< lim nhgnoo Z{4de n + . ClK }
Koo T ™k =1 Oab Zszl 1/n; Uabnk(2j=1 1/n;)
X exp {fab n /7}
cid n
deyd?en/n K 43P —€0,
< lim  lim 4de*n + adevn + 012 exp Gab It X Nn
K—oo k=0 Tab o c1d n

where equality to zero is deduced using ’'Hopital’s rule and the fact that the terms
in the exponential function go faster to —oco. As such, the requirements of the
Lindeberg-Feller Theorem are fulfilled and &, + converges in distribution to NV'(0, 1).

2.8.3 Proof of Theorem 2.4.3

Based on the definition of the elementwise (s, norm, for every (a,b) € V x V we
have

||(:)0WAvg 9”00 maxleab owAvg T ab|'
ab
It can be shown that
2 K 2 ngk
~ n/o 1 o - -
[®ab.0wave — Oap| < K/—abA X — Z Azab Z (©)Y1.Y/.0, — ©u)
> k=1 ”k/Ugb,k =1 Tabk 1 /
I ”/ng ”kagb -
A~ a L
Zszl ”k/Ugb,k k=1 nagb’k

(2.8.8)
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2
- n/og
k=1 nk/&gb,k

Lemma 2.4.1, for the first term on the right hand side of (2.8.8), we have

Since % 1, and 1/62%,, = O,(1), as it was shown in the proof of

2 K 2
n/Uab 1 Oab

Nk
T~y ~rT
K—A2 " 6— (@a Yl,le,kpr - @ab)
> k=1 ”k/aab,k k=1 abk j—1

1

Nk
Z (©,Y11Y/,0, — Ou)
=1

Op(dr/ni; log(p)) = Op(Kdr/log(p)/n), (2.8.9)

-

< 0p(1)

k=1

S
N

< Op(1)

=~
Il
—

as it was shown in the proof of Theorem 2.4.2. Moreover, for the second term on
the right hand side of (2.8.8), we have

K
n/ogb nkaﬁb R
K o 3 ab,k
py nk/%b,k =1 "Oab,k
K
< 0,(1) Z %Op ( max {d?’/2 log(p)/n, d2(log(p)/nk)3/2}>
n

k=1

<0, <In( max {d*/%log(p), d2(log(p))3/2/\/TTf}> . (2.8.10)

Substituting (2.8.9) and (2.8.10) in (2.8.8), the result of (2.4.10) follows directly.

2.9 Appendix B: Supporting tables

Simulation results to complement Section 2.5 are presented in this section.
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2.9. Appendix B: Supporting tables

Table 2.6: Average and standard deviation (between parentheses) of the elemen-

twise fo norm over 500 repetitions on the active and non-active sets, for the

proposed estimator and six competitors when n = 50000 and p = 1000.
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Table 2.7: Average and standard deviation (between parentheses) of the matrix
{s norm over 500 repetitions on the active and non-active sets, for the proposed
estimator and six competitors when n = 50000 and p = 1000. Three different
structures of the precision matrix are considered.

Active set Non-active set
K K
1 5 10 201 5 10 20
Full 65 5.93
(.04) (.15)
owAvg 69 63 .63 5.91 6.05 6.42
(.04)  (.04) (.03) (.15) (.14) (.14)
= Topl 84 .88 97 8.34 8.79 9.93
S (.05)  (.05) (.06) (.20) (.21) (.30)
g sAvg 84  1.60 4.87 10.89 13.61 21.92
= (.05)  (.05) (.06) (20)  (21) (.20
wAvg 68 .62 .71 5.91 6.08 6.61
(.04)  (.04) (.03) (.15) (.14) (.14)
Thresholded I 1.07  1.87 2.37 .05 11 .07
(07)  (11)  (12) (.01) (.01) (.01)
Thresholded II 119 177 220 .06 43 1.81
(07)  (.07)  (.07) (.03) (.08) (.16)
Full 70 723
(.07) (.19)
owAvg 73 .66 .57 7.22 7.35 7.70
(.07)  (.07)  (.06) (18)  (19)  (.19)
o Topl 76 77 .81 10.17  10.71 12.13
= (.08)  (.09) (.09) (.27) (.28) (.32)
M sAvg a7 T2 127 9.66 11.71 12.26
g (.08) (.07) (.05) (.26) (.29) (.27)
5 wAvg 73 65 5T 7.22 7.36 7.81
(07)  (.07)  (.05) (18)  (18)  (.19)
Thresholded I a7 73 1.22 17 18 13
(.08) (.07) (.05) (02)  (02)  (.02)
Thresholded 11 1.33  2.06 2.66 29 93 1.80
(.08)  (.09) (.09) (06)  (11)  (11)
Full 02 473
(.00) (.04)
owAvg 03 02 .02 4.18 4.07 3.91
(.00)  (.00) (.00) (04)  (.03)  (.03)
o Topl 03 04 .04 6.08 6.38 7.18
k| (.00)  (.00) (.00 (.05) (.05) (.06)
= sAvg 03 .04 .04 5.35 5.71 5.09
& (00) (.00) (.00))  (04) (05  (.04)
wAvg 03 .02 .02 4.19 4.10 3.96
(.00)  (.00) (.00) (04)  (.03)  (.03)
Thresholded I .03 .04 .04 .25 .22 .09
(.00)  (.00) (.00) (02)  (02)  (.01)
Thresholded 11 07 .07 .07 .00 .00 .00
(.00)  (.00) (.00 (.00) (.00) (.00)
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Table 2.8: Average coverage probability and average length of the confidence in-

terval over 500 repetitions when n = 50000 and p = 1000 for the tridiagonal graph
structure.

Avg.Cov Avg.Len
K K

15 10 20[1 5 10 20
2 Full [.96 02
@ owAvg| .94 .95 .94 .02 .02 .02
£ Topl| 94 .94 95 .03 .03 .04
£ sAvg 95 .95 .92 .03 .03 .03
< wAvg| .93 .93 .93 .02 .02 .02
@ Full .93 02
2, owAvg| .94 .94 .95 .02 .02 .02
g% Topl 94 .94 94/ .03 .03 .03
g sAvg 95 96 .96/ .03 .03 .02
2 wAvg| .94 .93 .93 .02 .02 .02

2.10 Appendix C: Extra figures

In this appendix, some extra figures are provided to present the performance of
the proposed estimator. Figures 2.6-2.8 show the normalized distribution of the
proposed estimator and competitors. The light gray histograms correspond to
the reference Full estimator and the dark gray ones correspond to the distributed
estimators.
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2.10. Appendix C: Extra figures
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CHAPTER 3

Directional false discovery rate control via debiased
and distributed procedures in Gaussian graphical
models

In this chapter, a multiple testing procedure for the conditional dependence in
Gaussian graphical models is proposed. In practice, it is important to determine
whether the conditional dependence between variables is positive or negative. How-
ever, there are several challenges to building statistics for testing using sample data.
For instance, due to privacy concerns, one is not able to aggregate different datasets
from several locations at one single location. In this chapter, different test statistics
are constructed using debiased and distributed estimators to address this problem
in a multiple testing framework. It is shown that, under mild conditions, the pro-
posed procedure can control asymptotically the directional false discovery rate,
which focuses on the sign of the estimation, at a pre-specified level. An asymptotic
power equal to one is also attainable under mild conditions on the non-zero entries
of the precision matrix. Different simulation scenarios and real data examples are
used to investigate the performance of the proposed procedure and to confirm the
theoretical results. The content of this chapter is based on the paper

Nezakati, E. and E. Pircalabelu (2023a). Directional false
discovery rate control via debiased and distributed proce-
dures in Gaussian graphical models. pp. 1-34, Submitted.

3.1 Introduction

Gaussian graphical models (GGMs), which represent the conditional dependence
relationships among a set of random variables through a graph structure, have
many applications in the real world, including brain connectivity based on FMRI
measurements (Ng et al., 2013), gene regulatory network discovery (Schéfer and
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Strimmer, 2005), social network analysis, and many more. A large body of liter-
ature studied the estimation of GGMs, such as Yuan and Lin (2007), Friedman
et al. (2008), Cai et al. (2011) and Ravikumar et al. (2011) among many others.

Considering @, # 0 as soon as the graphical Lasso estimates Ou # 0, ie.,
considering naively just the estimated graph and precision matrix, is a deficient
strategy leading to a high false discovery rate (FDR) value. Remember that on
completely independent data in Section 2.6 the estimated precision matrix from
the graphical Lasso contained more than 1600 falsely estimated edges. Generally
this has to do with the presence of high-dimensional data and small sample sizes in
many practical applications. In this chapter, we consider creating test statistics for
the couple Ho gp : Ogp = 0vVS Hy gp 1 Ogp # 0, where @y, is the (a, b)-th entry of the
inverse covariance matrix ® in GGMs, based on the transformations of the simple
graphical Lasso estimators. The challenge is the fact that the distribution of the
Lasso estimators is untractable. Liu (2013) considered inference for GGMs based
on a nodewise regression approach and introduced a multiple testing procedure on
partial correlations with false discovery proportion (FDP) and FDR control. Xia
et al. (2015) studied simultaneous testing for differential networks. Recently, Li
et al. (2022) constructed a multiple testing procedure based on a debiased CLIME
estimator for edge detection with FDR control. They have shown theoretically
and numerically that this procedure controls the FDR in multiple testing under
a pre-specified level. In this work, we propose a procedure based on the debiased
graphical Lasso estimator which controls the directional FDR as well as the FDR
at a pre-specified level.

The directional FDR, which was first introduced by Gelman and Tuerlinckx
(2000), is a useful metric for identifying type s errors (where “s” stands for sign).
A type s error (also known as type III error) occurs when one confidently claims
that a comparison goes one way, but it actually goes the other way. This metric is
relevant for GGMs since by identifying the connections between the nodes, one is
able to also state with confidence that their conditional dependence is positive or
negative via the sign of the estimated partial correlation. In fact, partial correlation
in GGMs measures the relationship between two variables while controlling for all
other variables in the model. The sign of the partial correlation can provide valu-
able insights into the nature of the relationship between two variables. A positive
partial correlation suggests a positive relationship between two variables, while a
negative partial correlation suggests a negative relationship. However, estimating
the sign of the partial correlation incorrectly can have important consequences for
the interpretation of the model.

For example, suppose that one is modeling the relationship between various
financial market indicators, including stock prices, interest rates, and inflation rates
with GGMs. One estimates a positive sign edge between stock prices and inflation
rates, while in reality, they have a negative relationship due to the well-known
concept of inflation eroding the real value of stocks. This incorrect estimation
could lead to a wrong investment decision, such that the investors might allocate
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more funds to stocks during periods of high inflation, thinking it is a positive
influence, leading to potential losses. Moreover, in genomics, researchers often use
GGMs to model the relationships between genes based on their expression levels.
If one estimates a negative sign edge between two genes involved in a biological
pathway, while in reality, they have a positive regulatory relationship, this could
lead to a wrong drug development, for which the pharmaceutical companies might
target the wrong genes for drug development, thinking that inhibiting a particular
gene will reduce the expression of another, while in fact, it increases it. These
applications motivate us to investigate the control of type s error in GGMs.

By controlling the type s error in graphical models, one can control type I error
as well as the error that occurs when estimating the sign. In the framework of
regression, Zhao and Yu (2006) studied the sign consistency of Lasso based on the
Irrepresentable condition. Jia et al. (2013) studied sign consistency of a sparse
Poisson-like heteroscedastic model. Barber and Candés (2019) introduced a pro-
cedure using knockoff filters to control the directional FDR for high-dimensional
linear models. Recently, Javanmard and Javadi (2019) and Cui et al. (2021) pro-
posed different procedures to control the directional FDR under a pre-specified
level using a debiased estimator for high-dimensional linear regression models with
a random design and high-dimensional generalized linear models, respectively. In
this chapter, our goal is to keep under control the directional FDR at a pre-specified
level for Gaussian graphical models using a debiased estimator when data are dis-
tributed on multiple machines.

The process of collecting and analyzing all sample data at a single location for
estimation and inference purposes is becoming challenging these days due to the
growing size of the datasets, limited capacity of machines and security and privacy
concerns. For example, suppose that one wants to estimate a genetic network for
a specific disease using datasets that come from different hospitals. To maintain
the privacy of patients’ information, one cannot aggregate all the datasets at one
location. To address these issues, distributed statistical approaches, which involve
aggregating multiple estimators from different locations, have gained popularity in
recent years for solving various statistical problems. The reader can refer to Chen
and Xie (2014), Battey et al. (2018), Jordan et al. (2018) and Tang et al. (2020) for
some relevant references on this topic. Nezakati and Pircalabelu (2023c) developed
a new aggregated estimator for GGMs based on debiased local estimators which
use non-overlapping parts of the dataset with unbalanced sizes. This paper has
been explored extensively in Chapter 2 of this thesis. A similar approach has been
explored in Nezakati and Pircalabelu (2023b) for covariate adjusted GGMs, and will
be presented later in Chapter 4. However, to the best of our knowledge, the control
of the directional FDR in the distributed setting has not yet been investigated.

The rest of the chapter is organized as follows. Notation and preliminaries are
presented in Section 3.2. The debiased estimator using the full dataset and dis-
tributed estimators are reviewed in Section 3.3 and their properties are presented.
A procedure for controlling the directional FDR is proposed in Section 3.4 based
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on the debiased estimator using the full dataset and distributed estimators and
their statistical guarantees are investigated. The performance of this procedure is
evaluated via a simulation study and real data examples in Sections 3.5 and 3.6,
respectively. We close with a discussion on the method and possible extensions in
Section 3.7. Proofs of the supporting lemmas and theorems can be found in the
Appendix.

3.2 Preliminaries

Consider the Gaussian graphical models framework, where a p-dimensional random
vector Y = (Y!,...,YP?)T follows a multivariate Gaussian distribution with mean
vector zero and covariance matrix X. The components of Y are mapped to the
node set V = {1,...,p} of an undirected graph G = (V, £), where the edge set £ de-
scribes the conditional dependence between every pair of components Y!, ..., YP,
A pair (a,b) is not included in the edge set £ if and only if the variables Y* and
Y? are independent given all remaining variables. Under the multivariate Gaussian
distribution with positive definite covariance matrix, a pair of variables is condi-
tionally independent given all remaining variables if and only if the corresponding
entry in the precision matrix ® = 37! is equal to zero. Elements of the precision
matrix may thus be interpreted as the edge weights. Denote the maximum number
of non-zero (active) upper off-diagonal entries of ©® per row, i.e., the maximal node
degree, with d and the index set of the non-zero upper diagonal entries of ® with
S. Formally,

S={(a,b) eVxV,a<b: O 0},

having cardinality s = #5, where @ is the (a,b)-th element of @. The set of
non-active components is denoted by S°¢.

In this chapter, we propose a framework to select a set S of pairs of nodes, while
controlling the directional false discovery rate (FDRgj,) for the selected pairs. We
define FDRg;, for a selected set S of pairs of nodes with estimated SEg?nab e{-1,1}
for the sign of @, as

FDRai, = E[FDPyy], FDPy = #{(a,b) € S : sighy # s1gnab}7 (3.2.1)
max{§,1}

where § denotes the cardinality of S, ie., § = #8S, sign,, = sign(@,) and by
convention sign(0) = 0. Based on this definition, FDRg;, represents the expected
fraction of false discoveries among the selected edges, where a false discovery is mea-
sured with respect to type s and type I errors. For example, if sign , = +1 while
O, = 0, we consider that the procedure which selects S made a type I error. On
the other hand, if sign,, = +1 while ®; < 0, we consider that the procedure made
a type s error. In both cases, it is considered as a false discovery. From (3.2.1) and
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based on the definition of the classical FDR, i.e., FDR = E[#{(a’br)niii{é 1?“’:0}], it
holds that FDRg;, > FDR. As such, by controlling the FDRy;,, one can provide
a control on the FDR, too. It is noteworthy that controlling the FDRy;, is more
challenging. The reason is that when one works with type I errors, the false dis-
covery rate is built under the null hypothesis Ho 5 : ®4, = 0. In contrast, the
directional FDR is not built under the null hypothesis and the element ®,;, might
be nonzero with a positive or negative sign. Similarly, we define the directional

power of a selected set S as

#{(CL, b) € S’ : S/ig\nub - Signab}
max{s, 1} '

Powerg;, = E (3.2.2)

In this chapter, we provide a theoretical procedure, where we control the directional
false discovery rate and we achieve asymptotic power equal to one using a debiased
distributed estimator.

3.3 Debiased Lasso estimator

Consider i.i.d. samples Yl, e ,Yn from Y, each of length p, and arrange them in
matrix form denoted as Y of size n x p. The goal is to control the false discovery
rate for the procedure estimating the structure of the graph G, or equivalently,
finding the zero pattern of ®. The usual assumption in this context is that the
underlying graph is sparse, which is translated in imposing a certain bound on the
maximal node degree (d) of the precision matrix. To impose this sparsity condition
on the estimation, one common approach is to add an ¢; penalty to the negative
log-likelihood function. There exists a wide variety of methods making use of /;
regularization, see for example Friedman et al. (2008), Hsieh et al. (2014), Cai et al.
(2016), among others. The graphical Lasso estimator @, defined by Friedman et al.
(2008), is the solution to the optimization problem

® =arg min {trace(ﬁ)@) —logdet(®) + )\||®||170ﬁ“}7 (3.3.1)

e@csh

where 3 = YTY /n is the sample covariance, A > 0 is the penalty term, ||-||1 of is
the 1 off-diagonal norm of the matrix, defined as [|®||10a= >_,,|®as| and ST,
is the space of positive definite matrices of dimension p x p. The graphical Lasso
estimator (3.3.1) is biased due to the ¢; penalty which is added to the negative
log-likelihood function. Using the Karush-Kuhn-Tucker (KKT) condition (see for
example, Ravikumar et al., 2011), and certain regularity assumptions (assumptions
(A1)-(A2) in Chapter 2), Jankova and van de Geer (2015) proposed the debiased
graphical Lasso estimator as

0?=20-0636. (3.3.2)
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We call this estimator as “debiased full”, since it uses the full dataset of size n x p.
Under regularity assumptions, (A1) and (A2) in Chapter 2, with A =< 4/log(p)/n
and the sparsity condition d®/? = o(+/n/log(p)), it has been shown in Jankova and
van de Geer (2015) that for every (a,b) € V x V,

NI, R Jn
—(O%, —Oy) = —— Z, —Rup, 3.3.3
Tab ( ab b) \/ﬁaab ; b,l + Cab b ( )

where ﬁ S Zgy, converges weakly to N(0,1), and [Rgp|= 0,(1/+/n). Note
that ©¢, and R, are the (a,b)-th element of ©¢ and of a remainder term matrix,
called R, respectively. Moreover, 02, = ©,,0;, + ©2, and Z,; = @IY;YITG);, -
© ., where ©, is the a-th column of ©® and Y, = (Y}, ..., Y/P)T is the p-dimensional

vector of variables corresponding to the I-th sample, [ =1,...,n, of Y. In Jankova
and van de Geer (2015), it has been shown that

16~ ©]=0, ( max {dv/log(p),/n, d* log(p) /n. d2(10g<p)/n>3/2}> 7

which is an 0, (1) quantity under the mentioned sparsity assumption on d.

Now, consider K i.i.d. sub-samples from Y and denote the k-th sub-sample
arranged in matrix form by Y with dimensions ny x p, £ = 1,..., K, such
that ng/n — ¢ € (0,1) as ny — oo, and limg 0o Zszl ¢y = 1. Denote ny =
minj<k<x N as the minimum sub-sample size between all sub-samples. For any
fixed K, one can use each sample in parallel, and using (3.3.2), we have access to
K debiased estimators (':)Zb’k, k=1,...,K, for every element (a,b) € V x V. Due
to the asymptotic normal distribution of the local estimators, a final aggregated
estimator has been derived in Nezakati and Pircalabelu (2023b) and Nezakati and
Pircalabelu (2023c) by maximizing a pseudo log-likelihood function. This function
is constructed using the asymptotic normal density of the local estimators (;)vak,
k=1,...,K, and the aggregated estimator is of the form

K
~ 1 nE
— d
Gab,owAvg = 74 e X E 52 Gab,k' (334)
Zk:l (}(2”) R k=1 ab,k

The reader can refer to the mentioned references above and Chapter 2 in this
manuscript for more details on the derivations and theoretical properties of the
estimator in (3.3.4). Note that 67, , in (3.3.4) is a consistent estimator of o2,
obtained based on the k-th sample and is of the form 67, , = Oua kO i + (':)Zb,k’

where éab,k is the (a, b)-th element of the graphical Lasso estimator in (3.3.1). It
has been shown in Nezakati and Pircalabelu (2023c) that for every (a,b) € V x V,

(éab,owAvg - eab> = Vvab,]L + Rab,]‘v
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where W ; 4 N(0,1) and |Rgp t|= 0,(1), as K grows at the rate K = O(n'/3/
(dlog(p))), under the sparsity condition d®2 = o(,/n;/log(p)) and Ay < +/log(p)/nx,
where ny = min; <<k ng. Note that, R+ is the (a,b)-th element of a remainder
term matrix, called Ry. It is shown in Chapter 2 that

[@owavg — Olloc= Oy (K max {dv/log(p)/n, d*/* log(p) /n, dz(log(p))g/Q/(nW)}>,

where (:)OW Avg is the matrix form of the aggregated estimator with elements (:)(11,7OW Ave)
(a,b) € VxV. Using the triangle inequality, it is deduced that also H(:)meg—(;)d||OO
is equal to the bound above. This implies that the convergence rate at which the
distributed estimator approaches the full estimator O is the same convergence
rate at which it approaches the true matrix ©. As such, it is noteworthy that
(:)owAVg approximates the debiased full estimator e well, and it exhibits a similar
statistical error as ©@% as long as the number of machines K is not too large.

In the next section, we provide a procedure using the debiased full and dis-
tributed estimators to control the directional false discovery rate.

3.4 Controlling the directional false discovery rate

In order to perform model selection for high-dimensional GGMs, we consider the
multiple testing problem

Hoyabi(")ab:o VS Hl,ab:(')ab?éoa 1§a<b§p.

Here the p(p — 1)/2 hypotheses are tested at the same time and it is equivalent to
selecting the set S of estimated non-zero entries of ©. By controlling the directional
FDR, one not only cares about type I error, but also cares about the sign of the
entries of the selected set S and whether they match with the sign of the true
entries.

3.4.1 Directional FDR control via the debiased full estima-
tor

To control the directional FDR using the debiased full estimator from (3.3.2), for
every 1 < a < b < p, we define the test statistic

. ed

Ty := VO ab, (3.4.1)
Tab

where 6, is a consistent estimator for o, defined as 62, = (;)aa(:-)bb—k(;)zb (for more

details, see Lemma 2 of Jankova and van de Geer, 2015). For a given threshold

t > 0, we reject Hoap 1 Ogp = 0 in favor of Hy qp @ Ogp # 0, if |Typ|> ¢ and we
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return the sign of T, as the estimated sign of @,,. With this test statistic, the
directional FDP at a given threshold ¢ is defined as

2 (a,b)eS=o I(Tw < —t) + 2 (ab)eS<o I(Tap > t)
FDPai (t) = = (RO 1] : (3.4.2)

where

S<o={(a,b) eVxV,a<b: O, <0},
S>0={(a,;b) eV xV,a<b: Oy >0}

Moreover, R(t) := 1<, p<p I(|T,5|> t) is the total number of rejections at thresh-
old ¢, with I(-) being the indicator function. In words, the term -, cq. (T <
—t) in (3.4.2) counts the number of times that @, is truly non-negative, but one
mistakenly estimates its sign as negative. A similar argument holds for Z( a,b)ES<o
[T, > t).

Define next the random variable

Top = \fgab Z Zab + (3.4.3)

Usmg the definition of T, in (3.4.1), it can be shown that Top = ‘Fe‘”’ + ‘FR b+

Tab

\Fa - Yoy Zapy, with Rgp and Zgp,; the same quantities as in (3 3 3). Then on

the set S<o we get Ty < Ty and as such, ]I( ub > t) < ]I( b > t) On the other
hand, on S>¢, we have Ty > Tap and as such ]I(T < —t) < ]I(Ta < —t). As a
result in (3.4.2), we can write

Z(a,b)eszo I(Toy < —t) + >, b)ES<o I(Tay > t)

FDPgqi(t) < max{R(t),1}

(3.4.4)

In the sequel, we propose a procedure for which one can control the directional
FDR by bounding the right hand side of (3.4.4) at a pre-specified level 0 < o < 1.

As it is shown in Lemma 3.4.1, the tail probability P(|T,|> t) can be approxi-
mated by G(¢) uniformly in 1 < a < b < p, where G(t) = 2(1 — ®(¢)) and ®(t) is
the cumulative distribution function of the standard normal distribution. As such,
the expected value of the numerator in (3.4.4) can be approximated by p;G(t),
where py := p(p — 1)/2. To find the threshold ¢ for a pre-specified level 0 < a < 1,

let t, = (2log(p1) — 210g(10g(p1)))1/2 and define

piG()

at. (3.4.5)
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If the value in (3.4.5) does not exist, let tg = 4/2log(p1). For every 1 < a < b < p,
we reject Hy qp if |Tab|2 to and we return sTg\nab = sign(Tab) as the estimate for
sign(©yp).

To provide statistical guarantees on controlling the directional FDR using the
defined procedure, we need to introduce two technical sets. For every v > 0 and
some constant cg > 0, define first the set

T(v,c0):i={1<a<b<p: |@}>colog(p))" 7%}, (3.4.6)
with cardinality T = #I'(v, ¢p), and define next the set

1 ,1—p
Ulp):={1<a<b<p: [OY]>—=(—=
(IO) { >a >p I ab|— ﬁ(l-l-/)

for every p € (0,1), with cardinality 1 = #¥(p), where ©Y, is the normalized
form of @, defined as (-)gb = Ou/VOuaOp. We call the set I'(,¢p) as the
set of “highly correlated pair nodes”’, and its complement set, which is denoted
by T'¢(~, co), as the set of “weakly correlated pair nodes”. These two sets I'(~, o)
and ¥(p), involving the elements of the precision matrix ©, are similar to the sets
defined in Javanmard and Javadi (2019), are needed to guarantee the control of the
directional FDR in GGMs, and are used explicitly in the proofs of Lemma 3.4.1
and Theorem 3.4.2. More precisely, the proof of the main theorems in this chapter
are constructed using Lemmas 6.1 and 6.2 of Liu (2013), wherein the covariance
between specific random vectors should be bounded. To fulfill those conditions, we
need the two technical sets I'(y, ¢p) and ¥(p) with specific bounds on the entries
®2b. Note that these two sets are not disjoint, and at some point, we need to define
a set difference between these two sets. For more details, the reader can refer to
the proof of Lemma 3.9.1 in the Appendix B.

Since the threshold ¢y tends typically to infinity with a growing number of nodes
p, to control the directional FDP in (3.4.4), the elementwise asymptotic normality
result in (3.3.3) is not enough to provide statistical guarantees for the procedure.
As such we use a stronger, Cramér-type moderate deviation result similar to Liu
(2013) which provides guarantees uniformly over pairs (a,b). This is provided in
Lemma 3.4.1.

)}

Lemma 3.4.1. Let p < n" for some r > 0, and suppose that assumptions (A1)-
(A2) in Chapter 2 hold. Consider the random variable Tp;, defined in (3.4.3), and
denote by

n

1
Ta = Za 5 3.4.7
i ; bl (3.4.7)

for every 1 < a < b < p, where Z,;; is defined in (3.3.3). Under the sparsity con-
dition d3/? = o(/n/(log(p))*/?), and considering the set I'(7, ¢p) with cardinality
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T = o(p°), § € (0,1/2], p € (0,1), we have
max T, — Tap| = 0p(1/+/10g(p)) (3.4.8)

and
P(|T,|> t)
G(t)

max sup
ab 0<t<t,

1‘%0.

The proof is given in Appendix 3.8.1.
Theorem 3.4.2 next provides statistical guarantees for the control of the direc-
tional FDR using the threshold introduced in (3.4.5).

Theorem 3.4.2. Let p < n" for some r > 0, and suppose that assumptions
(A1)-(A2) in Chapter 2 hold. Consider the test statistic Tn, defined in (3.4.1)
based on the debiased estimator from (3.3.2). Under the sparsity condition d*/? =
o(x/n/(log(p))*/?), and considering the sets T'(vy,co) and V(p) with cardinalities
T = o(p°?), p € (0,1), 6 € (0,1/2] and b = O(p°? /\/log(p)), respectively, for the
threshold to defined in (3.4.5) and every € > 0, we have

limsup FDRgi;r < o, and lim P(FDPgi <a+e€) =1. (3.4.9)

(n,p)—o0 (n,p)—ro0

The proof is given in Appendix 3.8.2.

Comparing the sparsity condition of Theorem 3.4.2 with that of Jankova and
van de Geer (2015) for the pointwise asymptotic normality of the test statistic, it
is observed that the number of non-zero entries per row of the precision matrix
© should grow at a slower rate in this case, such that the matrix be sparser for
the proposed procedure to provide control on the directional FDR. Moreover, the
conditions on the cardinality of two sets I'(y,¢p) and ¥(p) need that the test
statistics should have mild correlations for the directional FDR. to be under control.
In the sequel, Theorem 3.4.3 provides guarantees for the statistical power of the
proposed procedure.

Theorem 3.4.3. Suppose that the conditions of Theorem 38.4.2 hold. If |©gp|>
w for (a,b) € S, where p1 = p(p—1)/2, s = #S the cardinality of the
support of ©, and 02, = ©,,Oy, + O32,, then we have

P ir
lim inf OWerd >1 (3.4.10)

n— 00 - - — > 1,
%Z(a,b)es (1 - CI)((I) 1(1 — E) _ \/;abb))

where « is the pre-specified level in the hypotheses testing procedure. Moreover,
if ‘/Z%‘;” — o1 - 3pr) — 00, where Owin = Min(gp)es|Oa| and omax =

2
max(q p)es Tab, then Powerg;, — 1.

The proof is given in Appendix 3.8.3.

In the next section, we show that the directional FDR can still be maintained
under control using the distributed estimator.
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3.4.2 Directional FDR control via the distributed estimator

Similarly to (3.4.1), one can construct the test statistic

Y @b owaves (3.4.11)

for every 1 < a < b < p, based on the distributed estimator. This statistic will be
used for the hypothesis test Ho gp : Oqp = 0 vs Hy gp 1 O # 0. Using this test
statistic, one can reject Hy 45 in favor of Hy qp if |Uab|2 t for a given threshold t.
As such, the directional FDP at a given threshold ¢ based on the statistic defined
in (3.4.11) will be similar to (3.4.2), by replacing T, with Uyp, that is

FDPg;.(t) = E(“’b)eszo 1(Uap < 1) + Z(a,b)ESSO I(Tap > t)
e max{R/(t), 1} )

with R'(t) := 32, <, <, I(|Ua|> t). Similarly to (3.4.3), by defining the random
variable -

Ua = Wapt + Rap (3.4.12)
one can show that

FDPg;, (t) < Z(a,b)eszg I(Ua < —t) + Z(a,b)esgo L(Tap > t)
dir = maX{R’(t), 1} .

Lemma 3.4.4 shows that the difference between Uab and Ty, is negligible, and
as such, using Lemma 3.4.1, the tail probability P(|U,s|> t) can be approximated
by G(t). As a result, for a pre-specified level 0 < a < 1, the threshold t{, can be
defined as

p1G()

to=inf{0<t<t,: ——~—<
AT LIOR

(3.4.13)

where relative to (3.4.5), we substitute the total number of rejections R(t) by R'(t)
based on the distributed test statistic Uy, from (3.4.11).

Lemma 3.4.4. Let p < n' for some r > 0, and suppose that assumptions (A1)-
(A2) in Chapter 2 hold. Consider the random variable U, defined in (3.4.12) for
every 1 <a <b<p. Then

T~ Tl = Oy o (0 (), 2 108(0)*2 7. Kidlox(s)} ).

which is 0,(1) as K grows at the rate K = O(n'/*/(dlog(p))) with sparsity condi-
tion a2 = of it/ (0g(p))*/?).
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The proof is given in Appendix 3.8.4.
Theorem 3.4.5 provides guarantees for the control over the directional FDR
using the threshold introduced in (3.4.13).

Theorem 3.4.5. Let p < n" for some r > 0, and suppose that assumptions
(A1)-(A2) in Chapter 2 hold. Consider the test statistic Uqy, defined in (3.4.11)
based on the distributed estimator. Suppose that the sparsity condition d3/? =
o(ﬁ/(log(p))S/z) holds, and consider the sets T'(7y,co) and U (p) with cardinali-
ties T = o(p°?), p € (0,1), § € (0,1/2] and v = O(p°?//log(p)), respectively.
As long as K grows at the rate K = O(n/*/(dlog(p))), the threshold defined in
(3.4.13) based on the test statistic U,y controls the directional FDR at level o, i.e.,
for every e > 0,

limsup FDRg;r < o, and lim P(FDPg, <a+e¢€)=1.

(n,p)—o0 (n,p)—ro0

The proof is given in Appendix 3.8.5.

Comparing the upper bound provided for the growing number of machines K
in Theorem 3.4.4 with that of Nezakati and Pircalabelu (2023c) for the pointwise
asymptotic normality of the distributed test statistic, it is observed that K should
grow at a slower rate here, in order for the procedure to provide a control on the
directional FDR. The rate in Chapter 2 is too large for our purposes and using that
rate does not guarantee o, (-) results, reason for which we use a slightly smaller term
in the bound for K. Furthermore, the conditions on the cardinality of the two sets
I'(7,¢o) and ¥(p) are the same as in Theorem 3.4.2. These conditions are different,
but similar, to those of Javanmard and Javadi (2019) for controlling the directional
FDR for hypothesis testing in high-dimensional regression models.

Remark 3.1. By the same technique as in Theorem 3.4.3 and the provided as-
sumptions on the entries of ®,;, under the conditions of Theorem 3.4.5, it can be
shown that the directional power of the proposed distributed procedure tends to 1
with increasing n.

In the next section, we investigate the performance of the proposed procedure
via a simulation study.

3.5 Simulation study

In this section, we analyze the performance of the proposed procedure in controlling
the FDR by conducting a simulation study. Two simulation settings are considered
for this purpose. In the first setting, we compare the performance of the statistic
defined in (3.4.1), which is based on the debiased full estimator, with that of the
other existing methods. In the second setting, we compare the performance of the
distributed test statistic defined in (3.4.11) with that of the debiased full estimator.
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To generate a dataset, we simulated n samples from a multivariate normal
distribution NV, (0, X), such that ® = £~ is graph-structured and has the following
sparse structures

(i) random with probability of connection 0.05;

(if) block diagonal with 10 blocks and 0.2 as the probability of connection in each
block;

(iii) chain or tridiagonal with 1 on the diagonal and 0.2 on the upper and lower
diagonals.

All the simulation results are empirical averages over 100 replications from the
specified DGPs. Consider S, = {(a,b) eV xV,a<b: |Tab,r|2 to,r} as the set
of selected pairs (a, b) at the r-th replication, using the proposed procedure, where
TAabm and to, are the test statistic defined in (3.4.1) and the threshold defined
in (3.4.5), respectively, for the r-th replication. The empirical FDP for the r-th
replication, r = 1,...,100, is defined as

Z(a,b)egr [(©q = 0)

max{$,, 1}

FDP, =

)

where §,. is the cardinality of the selected set ST, ie., 8. = #ST. Then, the empirical
FDR over 100 replications, is of the form FDR = (1/100) Ziozol FDP,. Moreover,
the empirical power is calculated as

Power = —— = [ Lapes, [(Oap #0)
100 2~ max(s, 1} ,

where s is the cardinality of the set S, which is the set of active components of
©. Similar quantities can be defined based on different test statistics such as the
distributed one.

3.5.1 Performance of the debiased full test statistic

To compare the performance of the threshold introduced in (3.4.5) based on the
debiased full estimator defined in (3.3.2) with other competitors, we considered
the procedures of Li et al. (2022) and Liu (2013) based on the debiased Clime
estimator and the nodewise Lasso procedure, respectively. We set the number of
variables (nodes) to p = 200 and the sample size to n = 150, 200, 250 and 2000. The
regularization parameter is considered equal to A = 4/log(p)/n for all procedures
and the results are presented in Table 3.1. The proposed statistic based on the
debiased graphical Lasso and the ones from Li et al. (2022) and Liu (2013) have
been denoted by “dGL”, “dCl” and “GFC”, respectively in this table.

It is observed that dGL and dCl can control FDR at the pre-specified levels
a = 0.1 and 0.2 for all three scenarios. However, the results for dGL are slightly
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better than those based on the dCl test statistic. The FDR results for the GFC
procedure are high, especially for the random graph structure. For this structure,
when n is small, GFC is not able to control FDR at the pre-specified levels, but as
n increases, it reaches eventually the pre-specified levels 0.1 and 0.2. However, its
power is the highest compared to the two other methods. Moreover, it is observed
that the powers when using model (ii) as DGP are the highest relative to those
obtained when using models (i) and (iii). The reason is that the non-zero entries
in the true precision matrix ® have the largest magnitude in model (ii). The
results for the directional FDR corresponding to the dGL test statistic were also
similar to the ones presented in Table 3.1, just slightly higher than the reported
ones. However, since dCl and GFC do not provide any procedure for controlling
the directional FDR, we did not report these results here. The FDPs over 100
replications are also plotted in Figure 3.1 for the random graph structure, with
different values of n with p = 200 at the pre-specified level @ = 0.1. It is observed
that most FDPs corresponding to the dGL and dCl procedures are concentrated
around the FDRs and under the pre-specified level. Moreover, the median of the
dGL is smaller than that of the dCl. The FDP values corresponding to the GFC
are larger and are not under the pre-specified level 0.1. However, with increasing
n, they are getting closer to 0.1.
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Figure 3.1: Boxplots of FDPs over 100 replications for the random graph structure
with p = 200, at the pre-specified level a = 0.1.

3.5.2 DPerformance of the distributed test statistic

In this section, we investigate the performance of the distributed test statistic and
compare it with that of the full ones in controlling the FDR. To this end, we
set the total sample size to n = 50000, the number of nodes to p = 1000 and
changed the number of machines from K = 5,10 to 20. To show the performance
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of the distributed estimator in the unbalanced setting, we considered the following
unbalanced data splitting procedure similar to Nezakati and Pircalabelu (2023c).

Suppose that among all available machines, two of them are powerful. The first
one is the most powerful one and (55 — K)% of the dataset is distributed on this
machine. The second one is less powerful than the first one and (60 — K)% of the
remaining dataset is distributed on this one. The remaining dataset is distributed
roughly equally on the remaining machines.

In this study, the regularization parameter Ay in the k-th graphical Lasso prob-
lem has been set to A\, = A = 4/log(p)/n for all simulation settings except for the
tridiagonal case. Due to the high sparsity of the precision matrix in the tridiagonal
structure, we increased slightly the regularization parameter to Ay = 4/log(p)/ns.
The empirical false discovery rate results are shown in Table 3.2. All the pow-
ers were equal to 1 and they have not been presented in the table. Similarly to
the previous simulation study, the results for the directional FDR corresponding
to the distributed test statistic were slightly higher than the false discovery rates
presented in Table 3.2 and have not been shown in this table.

From Table 3.2, it is observed that all the false discovery rates in the distributed
case are under control at the pre-specified levels a = 0.1 and 0.2. Moreover, the
results are close to those of the debiased full one and they confirm that one does not
lose much information when the dataset is distributed on different locations and
estimators are aggregated. The results concerning the FDPs for the three graph
structures with o = 0.1 over 100 replications are shown in Figure 3.2 for dCl, GFC,
dGL and the distributed procedure when K = 20. It is observed that all empirical
FDPs for dGL and K = 20 are under the pre-specified level a = 0.1. However,
in the tridiagonal structure, GFC and dCI have values larger than 0.1 for some
replications.

As it is mentioned in Theorems 3.4.2 and 3.4.4, the theoretical guarantee on
controlling the directional FDR depends on several assumptions e.g. the sparsity
and the magnitude of the entries of ®. To investigate the effect of the sparsity
on the directional FDR, we considered the random graph structure and changed
the probability of connection between every pair of nodes from 0.01 to 0.1. The
results are presented in the left panel of Figure 3.3 for the dGL and the distributed
procedure with K = 5,10 and 20. It is observed that the results are not sensitive
to the probability of connection, as they are stable in the interval (0.02,0.06) and
under the pre-specified level o = 0.1.

Moreover, to investigate the effect of the magnitude of the off-diagonal entries
on the directional FDR, we considered different random graph structures, such that
the magnitude of the largest off-diagonal entry changes from 0.2 to 6.5. The results
are presented in the right panel of Figure 3.3. It is observed that as the magnitude
of the off-diagonal entries of ® increases, the directional FDR increases for both
debiased full and distributed procedures. This confirms that the cardinality of
the highly correlated pair nodes should be under control, such that most of the
test statistics have mild correlation as only in this case it provides a guarantee on
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Table 3.2: Empirical false discovery rate for the distributed and debiased full test
statistics and two competitors, when n = 50000 and p = 1000.

a=0.1 a=0.2
K K

1 5 10 20 1 5 10 20
dGL .03 .08
Random dCl .07 .14
GFC .09 .19

distributed .04 .04 .05 .08 .09 11
dGL .04 .09
Block diag. dCl .07 .15
GFC .10 .19

distributed .04 .05 .07 .09 .10 .14
dGL .08 .16
Tridiag. dCl1 .09 .18
GFC .10 .19

distributed .05 .04 .03 11 .09 .07

controlling the directional FDR, at the pre-specified level a.

3.6 Real data

In this section, we present two real data examples that illustrate the performance
of our methodology.

3.6.1 Text dataset

The publicly available “4 university web-pages” dataset used in Chapter 2 has also
been analyzed here. For a description we refer to Section 2.6 of Chapter 2. The
dataset contained n = 4199 and p = 500 terms. We applied dGL, dCl, GFC,
and the distributed procedure with K = 3,4 and 5 to identify the connections
between 500 distinct terms. The splitting setting is considered the same as in the
simulation study. The regularization parameter and the pre-specified level are set
to A = 4/log(p)/n and a = 0.1, respectively, for all procedures. The proportion of
detected edges, which is obtained as the percentage of the number of detected edges
divided by p(p — 1)/2, is presented in the left panel of Figure 3.4. It is observed
that the proportion of detected edges is low, meaning that the estimated graph is
sparse. The distributed procedure identified the sparsest graph, while the graph
identified by GFC is quite dense. The proportion of detected edges using dGL and
the distributed procedure are close to each other, which confirms the similarity of
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Figure 3.2: Boxplots of FDPs over 100 replications for three graph structures with
p = 1000 and n = 50000, at the pre-specified level o = 0.1.

these two procedures.

To evaluate the performance of the estimated graphs, we computed the out-of-
sample prediction error using the negative log-likelihood. To this end, we sampled
10 percent of the dataset as the test set and the remaining dataset was used as
the training set. After estimating the precision matrix using the training dataset
by the proposed hypothesis testing procedures, denoted as ©, we symmetrized it
and computed the positive definite projection of @, denoted as @ . Similarly to
Li et al. (2022), the out-of-sample prediction error of © is evaluated via

. 1 N . .
PredErr(©,) = 2{trace(2test®+) — log det(@”}7
p

where f]test is the sample covariance using the test dataset. The average over 10
replications of the out-of-sample prediction errors is presented in the upper panel in
Table 3.3. It is observed that all prediction errors are close to each other, indicating
that the estimated graphs and estimated precision matrices are relatively similar.
As the GFC procedure does not provide any estimates for the diagonal entries of
the precision matrix, it is not possible to compute this prediction error for it.

Afterwards, to investigate the performance of the estimators for completely
independent variables, we permuted randomly sample data for each variable, thus
breaking up the correlation structure in order to construct a dataset with mutually
independent variables. As such, we expect that there are no edges in the estimated
graph. By applying the mentioned procedures on this dataset, we identified no
edges in the estimated graph which confirms this assertion.

The first ten terms with the highest node degrees, identified by the proposed
procedures, are presented in Figure 3.5. Some terms such as “project” and “memori”
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Figure 3.3: The left panel presents FDRgy;, for the debiased full procedure labeled
dGL and the distributed procedure with K = 5, 10, 20 as a function of the probabil-
ity of connection in the random graph structure. The right panel presents FDRg;;
for the mentioned procedures as a function of the magnitude of the off-diagonal
entries of ®. For both panels, n = 50000, p = 1000 and the pre-specified level
a = 0.1 are considered.

are identified by almost all the procedures. Based on the node degrees provided
in this figure, it is confirmed that the estimated graph by GFC is quite dense
compared to the estimated graph by the other procedures. Comparing the result
of this figure for K = 5 with the one from Figure 2.5 of Chapter 2, it is observed
that some words such as “course”, “ieee”, “award” and “algorithm” are common
between two graphs. However, there are some differences in the node degree of two
graphs. The difference can be attributed to the fact that the graphical Lasso with
Bonferroni correction is much sparser than the graphical Lasso with FDR control
procedure.

3.6.2 Pan-Cancer dataset

The process of collecting the Pan-Cancer dataset from The Cancer Genome Atlas
(TCGA) project (available at https://xenabrowser.net/datapages/) was started in
2006 and in 10 years time, TCGA network investigators had characterized the
molecular landscape of tumors from more than 11000 patients across 33 cancer
types. This particular TCGA molecular dataset has been studied in multiple
works to understand the cancer biology, including those of glioblastoma multi-
forme (GBM), ovarian, breast, lung, prostate, bladder and others (see for instance,
Akbani et al., 2015; Cancer Genome Atlas Research Network, 2017; Liu et al.,
2018).

We applied the proposed methodology on 743 microRNA mature strand expres-
sions to estimate the underlying graph among the microRNAs. The final dataset
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Table 3.3: Out-of-sample prediction error of the proposed procedure

Text dataset
dCl GFC dGL K=3 K=4 K=5
PredErr | .43 / 42 44 45 .46
Pan-cancer dataset
dCl GFC dGL K=3 K=5 K=10
PredErr | .27 / -.16 -.15 -.14 -11

consists of n = 9986 subjects having p = 743 nodes. The splitting setting is con-
sidered the same as in the simulation study and the number of machines is set to
K = 3,5 and 10. The regularization parameter and the pre-specified level are set
to A = 4/log(p)/n and o = 0.05, respectively, for all procedures. The proportion
of detected edges is presented in the right panel of Figure 3.4. It is observed that
the estimated graph by the distributed, dGL and dCl methods are sparse, however
the distributed procedure identified the sparsest graph. The estimated graph by
the GFC method is much denser than the other presented methods. Moreover, it
is observed in the lower panel of Table 3.3 that the dGL has the smallest predic-
tion error, while dCl has the largest one. The prediction errors of the distributed
method are also close to those of the debiased full one which confirms the similarity
of these two procedures. Note that, after applying the mentioned procedures on
the randomly permuted sample data, we identified no edges between the genes.

As it is mentioned in Wang (2015), the genes hsa-miR-136, hsa-miR-376a and
hsa-miR-377 are the most important genes in identifying GBM cancer. Figure 3.6
presents the estimated sub-graph between these genes using the proposed proce-
dures at the pre-specified level & = 0.1. As it is observed, dGL and the distributed
procedure with K = 3,5 and 10 identified the same edges between these genes,
while dCI and GFC identified a few more edges.

3.7 Conclusion

In this chapter, we studied the directional false discovery rate in a multiple testing
framework for GGMs. First, a test statistic has been built using the debiased
graphical Lasso estimator and it has been shown that as long as the maximum node
degree of the precision matrix grows at the rate d*/? = o(/n/(log(p))*/?), and the
cardinality of the highly correlated pair nodes is under control, the directional FDR
will be asymptotically below a pre-specified level.

Furthermore, related to modern problems such as data privacy, heterogeneous
different datasets and parallelization, a distributed test statistic has been proposed
to control the directional FDR in multiple testing. It has been shown that as
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Figure 3.4: The left panel presents the proportion of detected edges for the text
dataset using dCl, GFC, dGL and the distributed procedure with K = 3,4 and 5,
at the pre-specified level @ = 0.1. The right panel presents this proportion for the
Pan-Cancer dataset, at the pre-specified level o = 0.05.

long as the number of multiple datasets grows at the rate K = O(n'/*/(dlog(p)))
with the sparsity condition d%/? = o(ﬁ/(log(p))?’/z) and the cardinality of highly
correlated pair nodes is under control, the directional FDR in the multiple testing
of GGMs is asymptotically under a pre-specified level.

The finite sample performance of the proposed procedures has also been evalu-
ated with a simulation study and real data examples. It is observed that both the
debiased and distributed procedures have competitive results relative to the state-
of-the-art methods. The FDR, as well as the directional FDR for both procedures
are under the pre-specified level. This confirms the assertion that in practice, hav-
ing datasets distributed across multiple machines, in our aggregation framework
one does not lose much information and the performance is close to that of the de-
biased full procedure which would use the entire dataset, but which is unattainable
in practice.
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Figure 3.5: The first 10 terms with the highest node degrees, identified by different
procedures, at the pre-specified level o = 0.1.

3.8 Appendix A: Proofs of the main theorems and
lemmas

3.8.1 Proof of Lemma 3.4.1

Consider Ty, = % Zl":l Zaajb,L, such that Z,,; = @ZYZY?@b*@ab. It is shown in
Jankova and van de Geer (2015) that under the multivariate Gaussian distribution,
Var(Zap,) = 02, where 02, = ©,,0, + ©2,. As such, on the weakly correlated
pair nodes, i.e., on the set I'°(y, ¢g), the condition of Lemma 6.1 of Liu (2013) is

fulfilled, which treats the boundedness of [Var(Z,;;/0c2,) — 1] in this case, and since
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Figure 3.6: The estimated sub-graph between the genes for the GBM cancer, at
the pre-specified level o = 0.05.

t, < 24/log(p), for some constant C' > 0 we have

(lTab|> t)
G(t)

P(I>1 ) Zab,i/0a|> t/1)

0 -1

max sup
ab 0<t<t,

- 1‘ < max sup
@Y o<t<a\/log(p)
< C(log(p)) ™™,

where 71 = min{1/2,~v} and v > 0 is defined in (3.4.6).
To show (3.4.8), we have

Ry
max |Tab - ab| =max | —dgp + \/7 = - ab
a,b Uab Uab
< max{|T } + fmax | ab|. (3.8.1)
a,b Oq Oab

Using Lemma 2 of Jankova and van de Geer (2015), we have
52 2 1
32 = 0% = Oy s/ og(p) ), (3:52)

where kg = ||(Hss) ™ !||oo and oy are defined in Chapter 2. As such, it can be
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shown that the inverse ratio also satisfies

|(0ab/Gab) — 1| = Op(+/log(p) /1), (3.8.3)

by letting 1/aq = O(1) and kg = O(1). Under assumption (A2), using Lemma 1
of Jankova and van de Geer (2015), it holds that

1 1
Rul= 0, (aH max {d*/2 log(p) /n, alfinQ(log(p)/n)g/z}>> (3.8.4)
1

which is 0,(1/4/n), under the sparsity condition d*/? = o(y/n/log(p)), and by
letting 1/a; = O(1) and kg = O(1).

Moreover, under assumption (A2), by Lemma 8 of Jankova and van de Geer
(2015), it also holds that

|Ta|= Op(dr/log(p)). (3.8.5)

Combining (3.8.3), (3.8.4) with (3.8.5), and then substituting in (3.8.1), under

the sparsity condition d*/? = o(y/n/(log(p))®/?), the 0,(1/+/log(p)) result follows
directly. Note that due to the small cardinality of the highly correlated set, i.e.,
T = o(p’?), 6 € (0,1/2], p € (0,1), relative to the cardinality of the set T'°(v, o),
the impact of the highly correlated statistics T, on the final rates can be neglected
following the arguments of Liu (2013) and Li et al. (2022).

3.8.2 Proof of Theorem 3.4.2

Recall that p1 = p(p — 1)/2, G(t) = 2(1 — ®(¢)) and let Q(t) = G(t)/2. First
suppose that tg in (3.4.5) exists. By (3.4.4), we have

Z(a,b)ESSO H(Tab > tO) + Z(mb)eszo H(Tab < _tO)
max{R(to), ].}

_ Z(a,b)eSSO{H(Tab > tO) - Q(tO)} + Z((I,b)ESgo Q(tO) + Z(%b)észo Q(tO)

FDPi (o) <

max{R(ty),1}
N 2 (a,b)€S50 {I(Tw < —to) — Q(t0)}
max{R(tg),1}
_ mGh) y {Z(ayb)es<o{ﬂ(fab > to) — Q(to)}
max{R(to), 1} p1G(to)
> (abyes—o LTy < —to) — Q(to) } Q(to)(2p1 — s
e p1G (o) } + m(axig%(to), 1})

p1G(to)Ap + p1G(to)
< < a(A 1
maX{R(to), 1} - Oé( P + )’
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where the first equality is obtained by adding and subtracting Z(a,b)es<0 Q(to)
and Z(a,b)€S>o Q(to), while the second equality is obtained by multiplying and
dividing p1G(to) to the first and third terms and the fact that >, s Q(to) +
2 (abyess, @to) = Q(to)(2p1 —s). The last inequality is deduced using (3.4.5) and
p1G(to)

with o = max{R(to) 1}’ where the term A, is defined as
s 1T = 1) = Q) + X es,, (17w < —1) - Q)
A, = sup

0<t<t, PG

Z(a,b)eS<0{H(Tab >t)— Q(t)}‘
< sup S
0<t<t, p1G(t)
S (ayesao U(Tap < —t) — Q(t)}‘
+ sup 2 '
0<t<t, »G(t)

As such, to show (3.4.9), it is enough to show that

> (apyeseo U(Tap > 1) = Q(t)}
pG(1)

sup 20, (3.8.6)

0<t<t,

and by similar techniques, one can show that the second term in the upper bound
for A, also tends to zero in probability. Using Lemma 3.4.1, the maximal difference

over pairs (a,b) between Ty, and Ty is of order o,(1/4/log(p)). As such, to show
(3.8.6), we only need to show that

E(a,b)esgo (T = t) — Q) }
nG(t)

20,

sup
0<t<t,

and to this end, we need to show that for every v > 0,

S P{‘Zm,b)es@{iig&; t) — Q(t)}‘ N U} . .
and
/otp ]p{‘z(a’b)e&o{iig(bﬂz - Q(t)}‘ > v} dt = o(vp), (3.8.8)

where v, = 1/4/log(p). The reader can refer to Lemma 7.3 of Javanmard and
Javadi (2019) and Lemma 6.3 of Liu (2013) for more details on the motivation
behind (3.8.7) and (3.8.8). We show that these two conditions hold in this situation
and for the reader’s convenience we first briefly explain the intuition behind.
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By discretization of the interval [0,¢,] to 7o =0 <7 < T2 < ... < Ty =tp, such
that 7; — 151 =vpfor 1 < j <b—1and 7 — p—1 < vp, where v, = 1/4/log(p),
we have b ~ t,/v,. For any t € [1;_1, 7;], it holds that

Capeseo a2 7) Q) _ y Mzt

p1Q(75) X Q(rj—1) ~ 0B Tons 71Q(t)
Ziapeso W 2 7i21)  Q(rj1)
—= plQ(Tj—l) Q(Tj) .

As such, it suffices to show that

2 abyes<, W Tap 2 75) — Q75)}

p
Jnax, a0 = 0. (3.8.9)
We have that
1@( - D (abyescoiiTay = 75) — Q(n)}‘ . U)
0<;<b P1Q(7))
- b P(‘ 2 (apyescolTas 2 75) — Q(Tj)}‘ . v>
=0 nQ(7;)
1 tp P<‘Z<a,b>es<o {I(Tap > t) — Q(t)}‘ N U) i
Vp Jo p1Q(1)
b > {I(Tap = 75) — Q(75)}
(a,b)eS<o J J
3R Eee )

As such, to show (3.8.9), we need to show that

1 [ (12 (ap)eseo TTab > 1) — Q(t)}‘ ) B
sl PiQ0) =v)dr=elt)
which is equivalent to (3.8.8), and
’ > {l(Tap = 75) — Q75)}
(a,b)€S<o J J .
> PQ) 20) =)

j=b—1

By showing (3.8.7), one can easily conclude that the later result holds.
Before proving (3.8.7), to simplify notation, define U<(p) = ¥(p)[()S<o- By
dividing the set S<( into two disjoint sets T<o(p) and S<o \ T<o(p), in (3.8.7) we
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have

b {‘Z(a,wes@{ﬂ(nb >t) - Q(t)}‘ . U}

p1Q(1)
<IP’{ 3 {]I(Tab>t)_Q(t)}‘>v/2}
+zp>{

(a.b)E¥=o(p) Q)
where we have used that P(|X + Y|> v) < P(|X|> v/2) + P(]Y|> v/2). Using

(T >t)—Q(t

> (e —Q)(t) o )}‘ > v/2}, (3.8.10)
(a.b)e{S<0\¥<o(p)} h

Markov’s inequality for the first probability on the right hand side of (3.8.10), we

get

o

< vplixt)E{

(T > ) — Q1)
NI }‘Z“/Q}

> 20— ey

(a;0)€¥ <o(p)

2
UplQ(t)]E{( > IH(TabZt)l+Q(t)}

a,b)€¥<o(p)

(a;0)€¥ <o(p)

IN

2
E(I(Tar >
SN0 (a,b)EZ\I/<o(p){ (I(Tap = 1)) + Q(1)}
<% _o p (3.8.11)

upr (pm /log(p) )

where the last inequality holds using the uniform convergence of the tail proba-
bility of Ty, to the tail probability of the normal distribution provided in Lemma
3.4.1, and the fact that T<o(p) C ¥(p) with cardinality of ¥(p) satisfying ¢ =
O(p°? /+/log(p)). Note that the probability in (3.8.11) becomes o(1) under 0 < § <
1/2 and 0 < p < 1, reason for which these two conditions are presented in the state-
ment of Theorem 3.4.2. Using Chebyshev’s inequality for the second probability
on the right hand side of (3.8.10), we have

P{ > {H<Tab>t>—@<t>}‘ Zv/z}

t
(a,b)e{S<0\¥<o(p)} plQ( )
<

4

PQ2 ()02 {I(Tap > t) — Q(ﬂ}) } (3.8.12)

{ ((a’b)€{5'<o\‘1’<o(P)}

Substituting (3.9.1) of Lemma 3.9.1 from Appendix B into (3.8.12) and then to-
gether with (3.8.11), the o(1) result of (3.8.7) follows.
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To show (3.8.8), by substituting (3.9.7) from the proof of Lemma 3.9.1 into
(3.8.12), then together with (3.8.11), for some constants C' > 0 and C’ > 0 we have

/Otp P{‘Z(a,b)eS<O{H(Tab >t) — Q(t)}‘ > U} "

P1Q(t)
b (dah AC"o(p?P) 4C
< 4 2 Lexp((1—p)(3+ t24+}dt.
/0 {vm o e (L= B+ DB+
By taking the integral we get
tp (T >t) — Q¢
/ P{‘Z(a,b)es@{ (Tap = 1) — Q( )}‘ >U} 0
0 p1Q(t)
dpt,  4C"o(p¥P)t, 9 4Ct,,
< 1— 2/4) ——P
= ’Up1 + U2p% eXp(( p)(3+p) p/ )+ UQ(IOg(p))l-‘r’h
_ O(Iﬁ) . AC"o(p*°P)O(+/log(p)) (DL =02 4CO(y/log(p))
P v2p3 log(p1) v2 log(p)L+m
= o(1/+/log(p)),

where the first equality is deduced by substituting ¢ = O(p°/+/log(p)) and t,, =

v/2log(p1) — 2log(log(p1)), which is of order O(4/log(p)), and the last equality
follows since the last term on the third line is the slowest term and it is of order

o(1/+/1og(p))-

Now, suppose that to in (3.4.5) does not exist, and consider tg = +/2log(p1),
our alternative value for the threshold that was proposed in Section 3.4.1. We have

P( Y I(sign,, #sign(@q) > 1) <P( > L(Tw >tg) > 1)

(a,b)G\;XV (a,b)€S<o
a<

+P( Y I(Twp < —to) > 1). (3.8.13)
(a,b)€S>0

Since on S<o, Tab <Tw (as was argued in Section 3.4.1), for the first probability
on the right hand side of (3.8.13) we can write

P> W(Tw>to) 21)<P( > I(Tw>to) 21)=P( | J {Tw >to}).

(a,b)€ES<o (a,b)€ES<p (a,b)€S<o

Using the law of total probability, by conditioning on the event { maxa7b\Tab—Tab\§
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\/lolgw} and its complement set, we get

P( Z I(Tw > to) > 1) < IP’( U {Tow > to}

(a,b)€S<o (a,b)€S<o

~ 1
maX|Tab - Tab|§ >
ab log(p)

1
log(p) )

s 1
max| Ty, — Tap|< )
a.b log(p)

+ I ma})x|Tab — Tap|>

<p1 max P(ﬂb > 1o

- (a,b)eS<q
+o(1)
1
< max P(Typ > tg — ———=) + o(1),
b1 (a,b)€S<o (Ta 0 log(p)) (1)

(3.8.14)

where the o(1) result is deduced using the first result of Lemma 3.4.1. Using the
Cramér result from Lemma 3.4.1, we can approximate P(Ty, > tg — ) with

@t — log(p)
and Javadi (2019), which implies that Q(¢) < ¢(¢)/t, for all t > 0, with ¢(t) =
exp(—t2/2)//2 as the density of the standard normal distribution at point ¢ and

7 as the mathematical constant, and substituting to = 4/2log(p1) into (3.8.14), we
get

1
log(p)
). Then using the upper bound in Lemma 7.1 from Javanmard

P( > L(Tw >to) > 1)

(a,b)eS<o
P1 o 1 : _; , )
= Var(v/2log(pn) - \/kj@)ep( (V21og(p1) = —==)"/2) +0(1)
= ! exn (o [2los(P) 1 .
- \/ﬂ(m_m) p( Tog(p) 210g(p))+ (1)
h 1

= X —

\/%( V 210g(p1) - \/lolgw)

1 2log(p—1)  2log(2) o
e <_ 2log(p) | \/2 T T logp) log(p) ) o)

which tends to zero with increasing p. By similar techniques, we can show that
the second probability on the right hand side of (3.8.13) also tends to zero with
increasing p, and the proof follows directly.
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3.8.3 Proof of Theorem 3.4.3

Since the denominator of the threshold defined in (3.4.5) is data-dependent and
different from the denominator of the directional power in (3.2.2), which does not
depend on data, we first upper bound the threshold ¢y by a data-independent
threshold ¢, defined as

Lo

t, = d71( %
1

(1—=o0(1))).

By the same technique as in the proof of Lemma E.12 from Cui et al. (2021), it
can be shown that ¢ty < ¢, with high probability.
For every e€; > 0 and €5 > 0, define next the event

D(er,€e2) == {H;%)X|Tab —Top|< e, Hﬂxwab —oap|< €2}

Let next Sso:={1<a<b<p:0y >0} and S¢p:={1<a<b<p:0O,y <0}
Then S = SsoJ S<o and we have

1 - 1 .
Powerg;, = 5 Z P(Ta > to) + S Z P(T, < —to)
(a,b)E€S>o (a,b)ES<o
1 - 1 .
> - > P(Top > 1) + - > P(Tw < —t)
(a,b)E€S>o (a,b)ES<o
1 . 1 .
>- Y P{Tu>t}(\D)+5 D P({Tw<-t}3()D)
(a,b)€S>0 (a,b)€S<o
—P(D°)
1 ~ \/ﬁeab
= — > —_ _ c
LY (w2 e -2 p) - p
(a,b)€S>0
1 ~ \/ﬁ@ab
i < ., —
+ = > P({Qb_ b= }(]p),
(a,b)ES<o

where the last equality is deduced due to the fact that Ty = Top + @7@;‘”’. On
event D, we have |65 — 04p|< €2 for every 1 < a < b < p, which gives o4 — €2 <

—V1Oub < —V1Oar 4n{ a5 a result

Gab < 0qp + €2. Therefore, on S~ ¢, we get

Tab — Oapte2
- ® - ®
&uzu—w““}g&uzu—¢7“}
Ogb 1 €2 Oab

By a similar argument, one can conclude that on S,

{Tab < —t, — \/?Lgab} C {Tab <t — \/ﬁ@“b}

Oab + €2 Gab
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As such,

1 ~ \/ﬁ@ab

P i > = P{{Ty >t, — —— D | —P(D°

ezt 5 o((fuz - Y500 10) roe
(a,b)E€S>0

+§ > P({Tab < —t, — m}ﬂD)

Oab + €
(a.b)ES<o ab T "2

1 \/’E@ab
> - Pl Top > ts —-—— | -P(D°
> - ) <ab_t+61 ) (D°)

a, €
(a.0)€550 ab t €2

1 0,
+- Y P(Ta<—t*—e1—*/m>

S g €
(a,b)€S<o ab F €2

:1 Z p(Tabzt*Jrq\/W) — P(D°)

5 (a,b)€S>0 Tab + €2
1 ()
+= ) P(Tab < —(te + € — M)), (3.8.15)
Oab + €2
(a,b)€S<o

where the second inequality follows because on event D, we have | Ty — T | < €1 for
every 1 < a < b < p, which gives T,;, — €1 < T, < Typ + €1. From this inequality,
one can conclude that

(C] - (C]
Tab_elzt*_m - Tabzt*_m )
Tab + €2 Oab + €2
\/ﬁ(-)ab = \/ﬁgab
T, < —(t _ CeTw < —(t _) /.
{ phas (*+Uab+€2) N b= (*+Uab+€2)

Using Lemma 7.1 of Javanmard and Javadi (2019), we have

1 s
G 1 1/8)) € ————exp{—1 1/8)} = ———o-oru. 8.
(v2log(p1/s)) < D) exp{—log(p1/s)} o log(p]s) (3.8.16)

We show next t, < 4/2log(p1/s). Assuming otherwise, i.e., t, > +/2log(p1/s), we

have G(t,) < G(4/2log(p1/s)), since G(-) is a decreasing function. Combined with

as (1 _ _ s
(3.8.16), we get £2(1 —o(1)) = G(t.) < Pyt As such,
1
a(l—o0(1)) € ———. (3.8.17)
\/mlog(pi1/s)
. / / o :
Since s < pd and d = 0(%), then s/py = 0(%) which is o(1) if (p —

1)log(p) > n'/3. Therefore, under this condition, s/p; tends to zero with increasing
n, and as a result, 1/4/7log(p1/s) tends to zero with increasing n, which is in
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contradiction with (3.8.17) in the limit, since « is a constant larger than zero.

Therefore, t, < 4/2log(p1/s). By assuming |@p|> 1/ w, we have
O,
@ > 1/2log(p1/s) > t, > d (1 — E).
ab

2py

As such, ®(®~1(1— o) — %) < 1/2 and the denominator of (3.4.10) is lower
bounded by a constant. Thus, under the conditions of Lemma 3.4.1 and Lemma 2

of Jankova and van de Geer (2015), we have
P(D®)

— 0,
— as n ®a
S es (1= 0@ - g - o))

as n — co. As (3.8.15) holds for all positive small values €; and €3, we can write

imi Powergi,
lim inf
n—00 B - —
%Z(a,b)es (1 - Q)((I) 1(1 — E) _ \/;abb))
> lim inf 1 { -
n—00 B o
s (1- 0070 - ) - 24
1
+- ¥ p(TabZt*_vﬁw
s Oab
(a,b)€S>0
1 o,
DY IF)(Tab < —(t, — MO}
i Oab
(a,b)€S<o
= lim inf 1 { e

n— o0 B s 7|0,
LS s (1 @-1(1 - ) VIO b'))

3B () (o)

S b
(a,b)€S>0

= liminf{ !
n—oo _ as ®u
%E(a,b)es (1 — (@711 - E> - \/Z‘ab bl))
xl (1_¢,(t*_\/ﬁ|@ab|))}:17
S Oab
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where the first equality is deduced using the Cramér result from Lemma 3.4.1, and
the last equality is deduced by substituting t, = ®~'(1 — 3= (1 — o(1))).

Note that 1 — ®(®~1(1 — 3pr) — u) is an increasing function of u. As such, by
considering @ yin = min(, 3)es|@as|, we get

Powery;
lim inf dir > 1.

n— 00 _ NOmin
E ¥ es (1- 00710 g) - Y2

Thus, to show Powerg;, — 1, it is enough to show that

! 3 <1—<1>(<1>1(1—0‘S)—*/m))—>1,

S (apyes 2py Cab

or, equivalently, it is enough to show that ‘/ZL:”“ —d71(1 - 2‘*—;1) — o00. Us-

ing Lemma 7.1 of Javanmard and Javadi (2019), we have that G(,/2log(22)) <

s

as as i 2p1 —1(1 _ as
2111\/@ < 22, from which we deduce that 4/2log(Lr) > @7 (1 — 2%). As

such,

®min _ emin 2
L,@ 1@,&)2\%7, 21og(Z2L).
Oab 2p; Oab as

Assuming \/n® i — \/2 MaX(q p)es Oap log(%) — 00, it can be easily shown that

% — o711 - %) — 00, and the proof is completed.

3.8.4 Proof of Lemma 3.4.4

Define the random variable

K ng
Oab T~ T
Uap = =5 (0,Y1Y, .0, — O4),
where we remind the reader that Yl,k = (Yl}k,...,Ylpk)T is the [-th vector of

variables, | = 1,...,ny, in the k-th sub-sample, k¥ = 1,..., K. We have that
maxu7b|Uab — Tab|§ maxa7b|Uab — Uab|+ maxmb\Uab — Tab|- First, to show the neg-
ligibility of the term maxg p|Uqp — Top|, we have

K N
Oap, 1 1 T<r ~rT
ax|Ugp — Top| < ma E— ——xE@YY@—@ .
H;va| @ wl < I%va{k_1 N 6-121b,k O-(%,b| z:1( @R o

(3.8.18)
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Rewriting (2.8.1) from Chapter 2 for the reader’s convenience, we have
1 1

Oabk  ab

under the conditions 1/a; = O(1) and kg = O(1). Moreover, under assumption
(A2) from Chapter 2 and using Lemma 8 of Jankova and van de Geer (2015), it
holds that

|Z O, Y 1Y/ ,0, — ©u)| = O, (dy/ny log(p) (3.8.20)

=1
Substituting (3.8.19) and (3.8.20) into (3.8.18), we get

max| U, — Tusl= O (Kdlog(p)/v/). (3.8.21)

To bound the term maxa,bWab — Ugp|, we have

maX|Uab — Ugp|< max |Rap ¢
a,b a,b

. {‘ LNl ni T OTY, Y T.Op— Ou) }
max =K 5 a LLEXY Y0 — Yab .
ab D k=1 nk/a?zb,k k=11=1 Uflb k
(3.8.22)
It has been shown in Nezakati and Pircalabelu (2023c) that
K
IR, |= Op(—= max{d®/?log(p), d*(log(p))*/? //n+})- (3.8.23)

n
ZKIIc(:l ne/oZ, -1
k=1 nk/&gb.k ’

K
Dt /o _

K -
D k=1 nk/agb,k

To bound max, p using (2.8.2) from Chapter 2, we have

max
a,b

1‘ = O,(K+/log(p)/n). (3.8.24)

Moreover, to bound max, p Zk 121 L f;b (@TYl le O —0Oyp)|, using the
triangle inequality, we have
K n o, . .
max |y D" 2 (©]Y,1Y],0, — ©4)
PR \f%bk
K ng
<maX ZIZ: fcfa (©.Y, leka_eab)
Ko Oa 1
- ——)(O)Y,.Y/ .0, - Ou)|
+max Z;f 5, Ugb)( o Y1u YO0 ab)
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Using the bounds from (3.8.19) and (3.8.20), we get

Nk
O’a . .
ZZ (.Y 1,Y] 0, — ©u)| = 0,(Kdy/log(p))
=1 ab k

+ Op(Kdlog(p)/~/n)
= Op(Kdn/log(p)).  (3.8.25)

Substituting (3.8.23), (3.8.24) and (3.8.25) into (3.8.22), we have

iU, — Ui = Oyl mase{d** 1og(p). *(108(p)) "/ 7})

+ 0, (K?dlog(p)/\/n).

Combining this with (3.8.21), we get

iU = Toa| = O mine(d*/ og(p) &l (1)) 2/ /)
1 0y(K2dlog(p)/\/) + Op (Kdlog(p)/v/)
= 0 (i w02 o). )y, Ko} ).

By considering K = O(n'/*/(dlog(p))) and d*/? = o(ﬁ/(log(p))3/2), the 0,(1)
result follows directly.

3.8.5 Proof of Theorem 3.4.5

The proof of this theorem deploys a similar technique as that of Theorem 3.4.2; and
we omit it. However, when the given t{, does not exist and we let t{, = 1/2log(p1),
we need to condition on the event

N O K
{ max| Uap — Tap| < % max {d*/?log(p), d*(log(p))*/?//n 7Kdlog(p)},

and its complement set, where C is a positive constant. By following the same
technique as the second part of the proof of Theorem 3.4.2 (when we consider

to = +/2log(p1)), we get

P( > I(Tw >to) = 1) < P max P(Tp <to—A)+o(1),  (3.8.26)
a,b)eES<o
(a,b)€S<0 =
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where A := f max {d*/?log(p), d*(log(p))®/? / /iy, Kdlog(p)}-.
IfA= Cle3/2 log(p), then in (3.8.26) we have

P( Y I(Tup >to) > 1)

(a,b)€S<o

<p1 max P(T <to— C1Kd*?log(p)/~/n) + o(1)
(a,b)eS<q

pl

V2r(\/21og(p1) — CLKd/2 log(p) //n)

X exp (— \/M — C1Kd*?1og(p)//n)?/2) + o(1)
p1 1

~ Vor(yRloa(pr) — CLEd 2 log(p)/m) | p1

2172
< exp (= S (log(p)?) x exp (d* og(p)y 2Tog(pn) + o(1).

(3.8.27)

As K = O(n'/*/(dlog(p))), there exists a positive constant Cs, such that K <
Cyn'/*/(dlog(p)). Therefore, lefdii/z log(p)y/21log(p1) < %% /2dlog(p1). Since
d*/? = o(\/nt/(log(p))*/?), it can be easily shown that

C1K
\lf d3/? log(p)\/2log(p1) \/2dlog P1)

with increasing n. On the other hand,

1

\27(y/210g(p1) — C1Kd3/21og(p) /\f 27 (+/210g(p1) clcgva/nl/4)

with increasing n, under the sparsity condition d3/? = o(/nt/(log(p))*?). Consid-
ering these results in (3.8.27), one can conclude that P}, ;)cs., I(ZTap = t0) = 1)
tends to zero with increasing n. By similar arguments, if A = C; Kdz(log(p))‘g/z/\/rTl:f
or A = C1K2dlog(p)/+/n, one can show that P(3_ I(Tup > to) > 1) tends

to zero with increasing n.

— 0,

a,b)€S<o

3.9 Appendix B: A technical lemma and its proof

Lemma 3.9.1. Let p < n” for some r > 0, and suppose that assumptions (A1)-
(A2) in Chapter 2 hold. Consider the random variable T, defined in (3.4.7). Under
the sparsity condition d®/2 = o(+/n/(log(p))*/?), and considering cardinalities T =
o(p?), p € (0,1), § € (0,1/2] and ¢ = O(p°?/+/log(p)), for the sets T'(y,co) and
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U(p), respectively, it holds that

(Sl a-any)

Proof. To show (3.9.1), we have

Z(a’b)e{sﬁo\‘l’go(m} {I(Tw 2 1) = Q1 ?
gl o ))
_ 1 P(Top > t, Teq > t) — Q3(t)

= o(1). (3.9.1)

3

(a,b),(c,d)e{S<0\¥<o(p

where the equality is deduced first by squaring the terms inside the expectation
and then using the Crameér result on the tail probability of T,; from Lemma 3.4.1.
To bound the above expectation, we consider two disjoint sets I'(vy,co) (highly
correlated pair nodes) and I'“(y,¢g) (weakly correlated pair nodes). To simplify
the notation, define

L<o(v,c0) =T'(v, ) ﬂsgm I'%o(7,c0) = T(7, co) ﬂsgo

Note that the set S<¢\ ¥<o(p) is equal to the union of two disjoint sets I'<o (7, co) \
W<o(p) and I'Co(7v,co) \ W<o(p). As such,

E{ (Zm,b)e{sm\m@)} {L(Tap 2 1) — Q(t)})Q}
P1Q(t)

1 P(Tyy > ¢, Tog > t
=9 2 { B PR }
(a,b),(c,d)e{T <o(7,c0)\¥<o(p)}

1 P(Tyy > t, Tog > 1)
r

+ - 1}. (3.9.2)

»?
b (@b (e:d) (% o (v:c0)\ W <o (p)}
Recall that
Zab,l = @IYlYlT@b — ®ab = eI@YlYlTer — eab = Z?Z? — @ab,

where Zf is the a-th element of Z; := oY, ~ N,(0,0) and e, is a unit column
vector with 1 at the a-th position and zero everywhere else. Thus, E(Z{Z!) =
Cov(Z¢,Zb) = O, and then E(Zy, ) = E(ZJZL) — O = 0. Moreover,

E(ZEIZ?ZICZ?) =0uOcad + OucOpa + ®ad®b07
and as such, we get

Za Zc eace 911 C
Cov( b d,l): bd + ©na®y

Oab Ocd V(04O + ©2,)(0,..0,4 +02%))
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On T'<o(v,c0) \ Y<o(p), we have |©,;|< %(}%g)\/@w@bb, and so,

Z Z 1—
Cov( ab,l 7 cd,l) <( 0)2
Oab Ocd 1 + P
% eaa(-)bb@cc@dd 1/2
00010 Oyq + ©,,0,,07%, + 0.,.0,,02, + 62,672
< 1;p)2
1+p

Considering the above bound on the covariance of Zyy, ;/0qp and Z.q;/0cq in Lemma
6.2 of Liu (2013) for which the assumptions hold, we can write on I'<o(7y,co) \
\IISO(p))

’ -2 2 L—po
<C'(1+1) exp(t/(1+(p) ))
<C'(1+t)2exp(— (14 p)2t2/4),

for some constant C’ > 0. As such, on I'<(7, o) \ ¥<o(p),

1 IP)(T'ab > t7Tcd > t)
PL (o) (e T oo\ o (a)} @)
< LW(1+t)*2exp( — (14 p)*t?/4) (3.9.3)
~ piQ(1) o
/TZ
< e (1= p)(3+p)t?/4), (3.9.4)

where we recall that T = #I'(v,¢p). The last inequality follows using the lower
bound of Lemma 7.1 of Javanmard and Javadi (2019), that is Q(¢) > ﬁq&(t), for

all t > 0, with ¢(t) = exp(—t?/2)/+/27m. Using this lower bound on Q(t), we get

1 2m (% + 1)?
Q2(t)(t+1)2 < 2(t +1)2

exp(t?) < 2w exp(t?).

The result in (3.9.4) is deduced by substituting this upper bound in (3.9.3).
Now, to bound the second term on the right hand side of (3.9.2), we have

Q(t) - Q2(t)

]P)(Tab Z tchd Z t) 1< ]P)(lTab|Z t7 |Tcd|2 t)
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As such,

1 P(Tyy > t, Tog > t
= > =
I Q*(t)

(a,0),(c,d){I'S ; (7,c0)\ ¥ <o(p)}

< 1 3 P(|Tap|2 T, [Teal= t)

i Q*(t)
(a,b),(C,d)E{F%O('y,co)\\Ilgo(p)}
1 P(|Tup|> t, |Teq|> t
Iz Q*(t)
(a,b),(c,d)EF%O('y,c(J)
Consider Z; = (Zo"abl;l , %)T, I=1,...,n,onI'Sy(7,c), then
C) (CIFICT™ o
b OOl o, 10g(p)) 27,

|®ac
Cov(Z) -1 =2
ICov(2) - Lol = V2o T2
for every v > 0, and some constant c3 > 0. The last inequality holds because
on I (y,co), we have [©9,|< co(log(p))*~?/2. By Lemma 6.1 of Liu (2013), for

which the assumptions hold,
P(|Tuu|> 1, | Teal> —1—~
(Tap|= 1, [Teal= ) —1‘ < C(log(p)) ! '

sup 5
0<t<2+/log(p) Q*(t)
for some constant C' > 0, where ; = min{~v,1/2}. Substituting this bound into

B } < (1, 0))?

p}

(3.9.5), we get
{]P)(Tab 2 taTcd 2 t)

1
»? 2 Q*(t)

pZ
b (@b, (e:d) {0 o (v:c0)\ W <o (p)}
—1-m

x (log(p))
(3.9.6)

where #I'C(7, o) is the cardinality of the set I'C((7, ¢p). By substituting (3.9.4)

and (3.9.6) into (3.9.2), we have
Tap 2 1) — Q(t)})“'}

E{ (Z(a’b)e{sgo\‘ym(p)} {I(
p1Q(1)
(3.9.7)

oxp (L= p)(3+ p)ty/4) + C(log(p) "™

Co(p*?)
i
C'o(p*?) D1 \(1—p)(3+p)/2 -

X + C(log(p M= o(1),

p% 1Og(p1)) ( (®)) @)

where (3.9.7) is deduced using the fact that exp ((1 — p)(3 + p)t2/4) < exp ((1 —
p)(3 + p)t§/4) for all ¢t < t,, and the last equality follows by substituting ¢, =
O

\/21log(p1) — 21log(log(p1)).






CHAPTER 4

Estimation and inference for covariate adjusted
Gaussian graphical models under an unbalanced
distributed setting

This chapter proposes a distributed estimation and inferential framework for sparse
multivariate regression and conditional Gaussian graphical models under the un-
balanced splitting setting. This type of data splitting arises when the datasets from
different sources cannot be aggregated on one single machine or when the avail-
able machines are of different powers. In this chapter, the number of covariates,
responses and machines grow with the sample size, while sparsity is imposed. De-
biased estimators of the coefficient matrix and of the precision matrix are proposed
on every single machine and theoretical guarantees are provided. Moreover, new
aggregated estimators that pool information across the machines using a pseudo
log-likelihood function are proposed. It is shown that they enjoy efficiency and
asymptotic normality as the number of machines grows with the sample size. The
performance of these estimators is investigated via a simulation study and a real
data example. It is shown empirically that the performances of these estimators
are close to those of the non-distributed estimators which use the entire dataset.
The content of this chapter is based on the paper

Nezakati, E. and E. Pircalabelu (2023b). Estimation and
inference in sparse multivariate regression and conditional
Gaussian graphical models under an unbalanced distributed
setting. pp. 1-50, Submitted.

4.1 Introduction

In multivariate linear regression, multiple response variables (say p) are regressed
on multiple predictors (say ¢). This model has many applications in the real world,
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especially in genomic data analysis, where one can model the dependence of RNA
levels on DNA copy numbers through a multivariate regression model with RNA
levels being responses and the DNA copy numbers being predictors as in Peng et al.
(2010). Moreover, a natural way to characterize the regularization network between
a set of genetic variants and a set of expressions is through multivariate regression
models (see for example, Yin and Li, 2011, 2013; Wang et al., 2015). Estimation
of the coefficient matrix in multivariate regression models requires one to estimate
pq coeflicients, which becomes challenging with high-dimensional predictors and
responses. Moreover, by adjusting the effect of covariates on the mean of the
random response, we are able to estimate the structure of a conditional graphical
model constructed using the elements of the precision matrix related to the response
vector. Most studies focusing on the estimation of the precision matrix for Gaussian
graphical models assume that the random vector has zero or constant mean. For a
treatment on the subject in the high-dimensional context for a mean zero Gaussian
graphical model, we refer the reader to Meinshausen and Biithlmann (2006), Yuan
and Lin (2007), Banerjee et al. (2008), Friedman et al. (2008), Cai et al. (2011),
Ravikumar et al. (2011), Cai et al. (2016), and Loh and Tan (2018) among many
others. However, in many real applications, adjusting for the effect of covariates
on the mean of the random vector is important for understanding the underlying
graph structure.

Several studies used regularization-based approaches to estimate the coefficient
and precision matrices with adjusted covariates. The works of Obozinski et al.
(2011) and Yin and Li (2011) proposed a joint regularization penalty to estimate
both the multivariate regression coefficients corresponding to the covariates and
the precision matrix of a Gaussian graphical models iteratively. In Rothman et al.
(2010) and Wang (2015), the coefficient and precision matrices were estimated si-
multaneously via a joint penalized likelihood function. The works of Cai et al.
(2013) and Yin and Li (2013) proposed a two-stage strategy which first estimates
the regression coefficients and then using the residuals from the first stage, esti-
mates the precision matrix. In Chen et al. (2016), a tuning parameter free estimator
was proposed that is asymptotically normal and efficient for the estimation of every
finite sub-graph for covariate adjusted Gaussian graphical models. In these stud-
ies, due to the use of penalization, the estimators are biased. In this chapter, by
introducing debiased estimators, we are able to perform not only the estimation,
but also inference and hypothesis testing.

With the development of technology, the size of the datasets grows at a high
rate, such that in certain situations it is not possible to store all needed datasets in
the memory of one single machine. Moreover, in recent frameworks, like federated
learning (McMahan et al., 2017), due to privacy concerns, it may be impossible to
collect datasets from different resources on one single central machine. As such, the
dataset is partitioned onto a cluster of machines. Distributed statistical approaches,
also known as ‘divide and conquer’ approaches, have drawn a lot of attention in
the last decade and have been developed for various statistical problems. The two
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most popular techniques in distributed statistical inference and estimation prob-
lems are ‘averaging’ estimators from local machines and the ‘one-step’ approach,
which combines the simple averaging estimator with a classical Newton’s method
to generate a one-step estimator. In Jordan et al. (2018), the authors presented a
‘Communication-efficient Surrogate Likelihood’ framework for solving distributed
statistical inference problems in low-dimensional, high-dimensional and Bayesian
frameworks. In Chen and Xie (2014), Lee et al. (2017) and Battey et al. (2018) the
authors considered a high-dimensional sparse parameter vector estimation prob-
lem, where they adopted the penalized M-estimator setting. For a detailed review
on aggregation methods for distributed estimators, the reader can refer to Huo and
Cao (2019).

Nevertheless, most studies in the distributed setting have focused on the bal-
anced sub-samples case, while in recent approaches like federated learning, some
of the machines are more powerful than others and it is not efficient to distribute
a dataset on different machines with equal sizes. In this situation, just taking a
simple average is not an optimal approach for aggregating estimators. Recently,
Nezakati and Pircalabelu (2023c) proposed a new weighted, aggregated estimator
for the elements of the precision matrix in a zero-mean Gaussian graphical model,
where the weights are a function of sub-sample sizes and the variances estimated
based on the sub-samples. This paper was extensively presented in Chapter 2 of
this thesis. In this chapter, we introduce new aggregated estimators for both the
coefficient and precision matrices in multivariate regression models using a pseudo
log-likelihood function which is constructed using the asymptotic distribution of
the debiased estimators. It is shown empirically that these estimators perform bet-
ter than the simple average in terms of accuracy and coverage probabilities. These
estimators are constructed for the setting where the number of responses (p), co-
variates (¢) and machines (K) grow with the sample size (n). As a consequence,
sparsity assumptions are imposed on the true matrices as a function of p, ¢ and n.
Different upper bounds are derived on the number of machines to guarantee the
consistency and asymptotic normality of the estimators.

The content of this chapter is organized as follows. Notation and preliminaries
are presented in Section 4.2. The debiased distributed estimators and their sta-
tistical properties are provided for the coefficient matrix and the precision matrix
separately in Sections 4.3 and 4.4, respectively. The final aggregated estimators
for both target matrices are introduced in Section 4.5. Theoretical properties of
these estimators are also investigated in this section. In Section 4.6, the perfor-
mance of the estimators is evaluated by means of a controlled simulation study
and in Section 4.7, the performance on a real data set is illustrated. We close with
a discussion on the method in Section 4.8. Proofs of the supporting lemmas and
theorems and more simulation results can be found in the Appendix.
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4.2 Preliminaries

The multivariate regression model in this chapter is defined as
Y=T"X+é, (4.2.1)

where Y = (Y1,...,¥?)T € RP and X = (X!,...,X9)7 € RY are the random
response and covariate vectors, respectively. Moreover, the matrix I is a ¢ X p
regression coefficient matrix. Consider a random noise vector € = (¢!,...,eP)" €
R? independent of X, which follows a p-dimensional Gaussian distribution with
mean zero, covariance matrix 3 and precision matrix © = > ~!. The components
of Y are mapped to the node set V = {1,...,p} of a graph G = (V,€) where
E CV x V describes the set of edges between all pairs (a,b) € V x V, a #b. An
undirected edge between nodes a,b € V is drawn if (a,b) € € and (b,a) € £. A
pair (a,b) is included in the edge set & if and only if the variables Y and Y are
conditionally dependent given X and all remaining random variables in Y.
According to model (4.2.1), conditionally on X = x, Y follows a p-dimensional
Gaussian distribution with mean vector I' ' %, covariance matrix 3 and precision
matrix ©. Every off-diagonal entry (a,b) of © is proportional to the partial cor-
relation between Y* and Y? given X and all other variables in Y. As such, a pair
of variables in Y is conditionally independent given all remaining variables of Y
and X if and only if the corresponding entry in the precision matrix © is zero.
Denote A, by the (a,b)-th element of an arbitrary matrix A. The support of the
precision matrix © is defined as the index set of its non-zero off-diagonal elements

Si={(a,b) EVxV,atb: O #£0},

with cardinality s; = #S; and the maximum node degree or row sparsity of © is
defined as

dy := ma\i(#{b eEV,b#a: Oy #0}.
ac
Analogously, the support of the regression coefficient matrix T' is considered as

S2:={(a,0) e {1,....q} x{1,....,p}: T # 0},

which is the index set of its non-zero elements, with cardinality so = #S5. More-
over, the support of the b-th column of the regression coefficient matrix I" is de-
fined as Sa2(b) = {a € {1,...,q} : Tu # 0}, b = 1,...,p, with cardinality

Given n independent observations from the pair (Y T,XT), our goal is to in-
troduce distributed, debiased estimators for T' and © from model (4.2.1). Sup-
pose that the n samples are randomly divided into K non-overlapping unbalanced
sub-samples with size ny for the k-th sub-sample, £ = 1,..., K, and denote by
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ny = minj<p<g Nk, while n = Zlenk. Suppose that ng/n — ¢ € (0,1), as
ng — 00, such that limg_, Zszl ¢, = 1. In this chapter, p and ¢ can grow with
n, such that they might be larger than n. However, we suppose that log(p) = o(n4)
and log(q) = o(,/nt), where o(-) expresses the asymptotic behavior of a sequence
and is defined below. The usual assumption in the high-dimensional context is
that the underlying matrices (coefficient and precision matrices in this chapter)
are sparse, which means that the number of non-zero elements in the matrices can-
not grow too fast and a certain bound is imposed on it. This sparsity reflects that
many predictors in the regression model are redundant and that the graph related
to the precision matrix has a rather low number of edges. To impose this sparsity
condition on the estimation, one common approach is to add an ¢; penalty to the
function which is going to be optimized. This kind of regularization effectively
forces some of the elements to zero, thus resulting in sparse solutions. There exists
a wide variety of methods making use of £; regularization, see for example Friedman
et al. (2008), Ravikumar et al. (2011) and van de Geer et al. (2014). For conve-
nience of notation, denote by Y}, = [Yl,k, . ,Yn,mk]T and & = [E1ky -+ Eng k) |
the k-th sub-sample of the response vector Y and the random noise €, respectively,
both arranged as matrices of dimension ny X p, with Y;;, € RP, €, € R? as the
[-th row, [ = 1,...,ng, and by X; = [Xl,k, e ,Xnk’k]T the k-th design matrix of

dimension ny x ¢, with X; , € R? as the I-th row, [ = 1,...,n;. With this notation,
the sample version of the regression model (4.2.1) corresponds to
Y. = X'+ &, (4.2.2)

where the rows of & are i.i.d. p-dimensional Gaussian vectors with mean zero,
covariance matrix 3 and precision matrix ®. In the next two sections, debiased
estimators for I' and ©® based on the k-th sub-sample are derived.

4.3 Distributed estimator of the coefficient matrix
using the k-th sub-sample

We make the following assumptions in this section.

(A1) The rows of the design matrix X are i.i.d. g-dimensional Gaussian vectors
with mean zero and positive definite covariance matrix Q, where max, Q.. =

o(1).

Assumption (A1) can be relaxed to a deterministic design matrix. However, in this
case, one needs the mutual incoherence or irrepresentability condition on the design
matrix to exhibit model selection consistency (Chapter 6 of Biihlmann and van de
Geer, 2011). Another equivalent condition is the restricted eigenvalue condition
(Bickel et al., 2009). Raskutti et al. (2010) showed that this condition holds for
the random Gaussian design matrices. As such, one does not need any mutual
incoherence assumption in this setting.
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(A2) The eigenvalues of Q are bounded from above and below, i.e., there exists a
constant A; > 1 such that 1/A1 < Apin(Q) < Amax(Q) < Ay, where Apin (Q)
and Apax(Q) are the minimum and maximum eigenvalues of Q, respectively.

Denote the maximum row sparsity of the inverse covariance matrix Q! with
dy = maxgeq,.. qy #1a € {1,...,q},d" # a: Q;al, # 0}. To find an initial
estimator for the regression coefficient matrix I" in the k-th sub-sample, following
Yin and Li (2013), we minimize the following joint penalized residual sum of squares
and denote by I,

- 1
Ty =arg Inl_'l‘l’l {Qntrace{(Yk — XkF)T(Yk — Xk]._‘)} + pkHI‘Hl}, (431)
k

where pp > 0 is a regularization parameter that forces I': to be sparse. The opti-
mization problem (4.3.1) contains p decoupled Lasso regressions with ¢ coefficients.
This equation ignores the correlation among response variables when estimating
the multiple regression coefficients. Rothman et al. (2010) showed empirically that
only when the correlation of the errors is high, incorporation of such a dependency
can lead to increased efficiency in estimating I'. Lemma 4.10.7 in Appendix 4.10,
provides a bound on the #; norm of the difference between I';. and the true matrix
T’ under additional regularity conditions.

Due to the ¢; penalty which is added to this loss function, I is a biased
estimator. To obtain a debiased estimator of I', we use the idea of van de Geer et al.
(2014) by inverting the Karush-Kuhn-Tucker (KKT) conditions. They showcased
this method in the linear regression and generalized linear models framework. Using
the KKT conditions in (4.3.1), we have

—X Yy /ng + X X Ty /ng + peBr = 0, (4.3.2)

where By belongs to the sub-differential of the ¢; norm evaluated at f‘k By
adding and subtracting X & /n to (4.3.2), performing some algebra calculations
and finally vectorizing, we get

«/nkvec(f‘g — F) =Ti +Ryr, (4.3.3)

where vec(:) is an operator which converts the matrix into a column vector by
stacking the columns of the matrix on top of one another. Moreover

Y =T + MX] (Y — X, Ty) /1,
Ty, = vec(My X, &k)//1ks
Ri.r = v/ngvec((I, — MyCy)(T — T)),
where I, is the identity matrix of dimension ¢ x ¢ and My, is a reasonable approxi-

mation for the inverse of the sample covariance matrix C; = X,IX;.c /ni. As ¢ can
be larger than ng, the sample covariance matrix Cy is not always invertible. As
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such, we find My, such that M;Cj, ~ I,. The estimator I'Y, k = 1,..., K, is the
multivariate version of the one introduced in van de Geer et al. (2014). Note that
the quantities in (4.3.3) are indexed by k&, and as such one obtains a collection of
debiased estimators f“f, e ,f“}(, each using a particular sub-sample. In Section 4.5,
we propose a novel, aggregated estimator based on the collection f‘{l, . ,f“fi{. In
order to construct the aggregated estimator one needs the asymptotic distribution
of f‘g, k=1,..., K, which is investigated in the sequel.

Similarly to the case of a univariate response, by conditioning on Xy, one
can show the normality of T} from (4.3.3). One just needs next to show that
the remainder term Ry r vanishes with increasing ny. To this end, we consider
a suitable approximation for My, such that with increasing ny, the entries in
(I, — MyCy) get closer to zero. Several works (for instance, van de Geer et al.,
2014; Zhang and Zhang, 2014; Javanmard and Montanari, 2018) assumed that
Q! is sparse and then using the method of nodewise Lasso, estimated Q~! and
have set My = Q’l, where Qfl is the nodewise Lasso estimator of Q~!. We
follow the same procedure, and for the reader’s convenience, a brief description of
the method is provided in Appendix 4.9.1. Furthermore, we need to control the
randomness of the product between the noise matrix &; and the design matrix X
in the multivariate linear regression. Many studies, focusing on Lasso regression
models, control the randomness of the noise by conditioning on an event of interest
(see for instance, Bithlmann and van de Geer, 2011; Javanmard and Montanari,
2018). Similarly, considering the threshold pg, such that 2p9 < pg, recall that py
is the regularization parameter in (4.3.1), we consider the event

Fulnspsq) = {nvec(xzsk)oo/nk < po}-

Lemmas 4.10.1 and 4.10.2 in Appendix 4.10 show that for a suitable value of pg, the
event Fi(ng,p,q) happens with a large probability for every fixed k and jointly in
k=1,..., K, respectively. By controlling the randomness of the product between
X and &g, one can control the £; error bound on the estimation of the coefficient
matrix. The reader can refer to Theorem 4.3.2 and its proof for more details. To
show the asymptotic normality of Ty from (4.3.3), we need to impose as well a
sparsity condition on the inverse covariance matrix Q~!. The sparsity condition
in van de Geer et al. (2014) is considered as dy = o(n/log(¢)). In this chapter, we
need to restrict the elements of Q™! to a sparser regime such that the maximum
row sparsity grows at the rate da = o(\/nt/log(q)). With this sparsity condition,
we show the asymptotic normality of the final aggregated estimator in Section 4.5
as this condition is needed in Lemma 4.10.10, where we show that under such an
assumption two sequences are equivalent in probability. Moreover, due to the fact
that both K and ng, £ = 1,..., K, grow in the distributed case, we impose the
sparsity condition s = o(ni*/(log(g) log(pg))), 0 < m < 1/2 on T to guarantee
the theoretical properties of the aggregated estimator.
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Theorem 4.3.1. Consider the regression model (4.2.2) for the k-th sub-sample
with zero-mean Gaussian noise matriz £, having covariance matriz 3 and random
design matrixz Xy, which satisfies assumptions (A1) and (A2) from Section 4.3 with
sparsity condition dy = o(\/nt/log(q)). On the event Fi(ng,p,q), with requlariza-

tion parameter p, =< +/log(pq)/ny in (4.3.1) and p;r =< +/log(q)/nk, 7 =1,...,q,
from the nodewise Lasso procedure, defined in Appendiz 4.9.1, we have

Ti|Xp ~ Npg(0, 2 ®@ (MCiM})),  [|Ri,rlloo= Op(s2r/log(q) log(pq)/nx),
(4.3.4)

and under the additional sparsity condition sy = o(nf* /(log(q)log(pq))),
0 < m <1/2, we have | R r|lco= 0p(1).

The proof is given in Appendix 4.9.1.

One can use Theorem 4.3.1 to construct asymptotic inferential tools for I" based
on the k-th sub-sample. However, the covariance matrix ¥ is in general unknown
and it can be replaced in practice by a consistent estimator. Lemma 4.10.8 in
Appendix 4.10 shows that if the eigenvalues of 3 are uniformly bounded, then under
the random design setting, with sparsity condition sy = o(ni*/(log(q) log(pg))),
0 < m < 1/2, the estimator 2k,f‘k = (Y —ka‘k)T(Yk—ka‘k)/nk is a consistent
estimator for the covariance matrix ¥ with convergence rate in ¢, norm of order
Op(max{+/log(p)/ni, s210g(pq) /11 })-

Using (4.3.3), one can also obtain the convergence rate of the debiased estimator
f‘g. This bound is investigated in Theorem 4.3.2.

Theorem 4.3.2. Consider the regression model (4.2.2) for the k-th sub-sample
with design matriz Xy, which satisfies assumptions (A1) and (A2) from Section

4.8. On the event Fyp(ng,p,q), with reqularization parameter py =< /log(pq)/n,
we have

|IT{ = T|oo= Op(max{+/dz log(pq) /ni, s21/log(q) log(pq) /1 }), (4.3.5)

where under the assumption log(p)/log(q) = o(ni?), 0 < m2 < 1/2, and the sparsity
conditions d> = o(\/nt/log(q)) and s2 = o(nf* /(log(q)log(pg))), 0 < m < 1/2, we
obtain |T¢ — T|e= 0,(1).

The proof is given in Appendix 4.9.2. In the next section, the distributed
estimation of ® based on the k-th sub-sample is provided.

4.4 Distributed estimator of the precision matrix
using the k-th sub-sample

Given the design matrix Xy, the assumptions of Chapter 2 are adapted to our
context and are reproduced here for the reader’s convenience.
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(B1) The eigenvalues of the precision matrix ® are bounded, i.e., there exists a
constant Ay > 1such that 1/As < Apin(©) < Anax(©) < Ay, where Ay (©)
and Apax(©) are the minimum and maximum eigenvalues of ©, respectively.
Moreover, max, ®,, = O(1), where ®,, is the a-th diagonal element of ©.

Recall that ZA]M;k = (Y —ka‘k)T(Yk —ka‘k)/nk and consider H as the Hessian

of the negative log-likelihood function proportional to [(©) = trace(¥, r ©)
—log det(®). By definition, H is a p? x p? matrix indexed by the pair of elements
from the node set, such that H = [H,) (., Where (a,b),(c,d) € V x V. Let
S1 = {S1uU{(1,1),(2,2),...,(p,p)}} with cardinality w, which is equal to w =
s1 + p, and denote its complement set with Sf.

(B2) The irrepresentability condition holds for the true precision matrix @, i.e.,
there exists oy € (0, 1] such that maxcege||Hes, (Hg,s,) i< 1 — oy, where
Hs,s, € R"*7 is a sub-matrix of H whose rows and columns are indexed
by the elements of S;. Moreover, e is a pair (a,b) € S§ such that Hcg, is an
w-dimensional column vector with elements H (. q), where (c,d) € S;.

Given X}, and using ﬁ)k P = (Y —ka‘k)T(Yk —ka‘k)/nk, one can construct
an estimator for @ using the following graphical Lasso optimization problem

©), = arg min {trace(ﬁ]kjk@) —log det(®) + )\k||®||170ff}, (4.4.1)

P
ecst

where ||-||1 of is the ¢; off-diagonal norm of the matrix defined as ||®||1 og= Za¢b|®ab‘
and S? | is the space of positive definite matrices of dimension p x p. To obtain

a debiased estimator of ®, we invert the KKT conditions from the optimization
problem (4.4.1), which is of the form

35, — O, + Dy =0, (4.4.2)

where the matrix D;, belongs to the sub-differential of the ¢; off-diagonal norm
evaluated at ©y. The difference between (4.4.2) and the problem in Chapter 2
is that the previous work used the sample covariance matrix YkTYk /n, but here

due to the non-zero mean of the model, we use f]k ) which contains the plug-in
estimation of the regression coefficient matrix I" therein, thus making the analysis
more complicated. To simplify notation, define

Wi=3r-% W, =3 -%, P=%p —Zkr
where

Ser = (Y —XD) T (Y, — X)) /ne.
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Using the KKT condition (4.4.2) and performing some algebra calculations, leads
to

\/nk(éz —0)=—\/n;OW;0 + Ry.e, (4.4.3)

where (;)Z = 2@k — ékﬁ:k,i‘k @k is the k-th debiased estimator of ® and the term
R e is defined as

Rk)(-) = —\/nk((;)kﬁ)k ©

Lk

—L,)(©), — ©) — ynk(0) — O)W}0 — /n,0W/ 0.
(4.4.4)

In the sequel, it is shown that under suitable conditions, |Rk,e|lcc= 0p(1) and that
the term /n;©OW ;0O is elementwise asymptotically normal.

Relative to the work of Jankova and van de Geer (2015), in addition to dif-
ferent covariance matrices used in (4.4.4), our remainder contains the extra term
M@Wg@). This extra term is bounded in elementwise /., norm at the rate of
O, (diszlog(pq)/~/nk), as it is shown in Lemma 4.4.1. In the estimation procedure,
if one considers T' = 0 as a special case, then the KKT condition (4.4.2) will sim-
plify to the one in Jankova and van de Geer (2015), and as such the estimator we
propose, (:)i, will simplify to the same debiased estimator with the same conver-
gence rate from that work. We recall kx = |||X||cc as the matrix o norm of
and kg = [|(Hs, s,) ' [loo as the matrix £, norm of the inverse of Hg, g, from the
irrepresentability condition (B2). In Lemma 4.4.1, negligibility of Ry e is shown.

Lemma 4.4.1. Consider the multivariate regression model (4.2.2) with random
Gaussian noise matrix & having zero-mean rows, covariance matrix ¥ and precision
matrix ©. Let assumptions (B1)-(B2), and (C1)-(C3) from Appendix 4.9.3 hold.
Consider the debiased estimator in (4.4.3) with regularization parameter A =<

y/1og(p)/ni. On the event Fy(ng,p,q) with 2py < pi, where pi < +/log(pq)/nk,

and under the assumptions 1/a; = O(1), ks = O(1) and kg = O(1), we have

IRt.0lc= OP(max{di’” log(p)/~/mk, d3 (log(p))>/ /g, dy 52 1og<pq>/¢@),
(4.4.5)

and under the sparsity conditions di’/z = o(/ny/log(p)) and sz = o(ni* /log(pyq)),
where 0 < m3 < 1/6, we get [|Rg 0/|co= 0p(1).

The proof is given in Appendix 4.9.3.

Remark 4.1. A similar convergence rate for the remainder term is obtained in
Jankova and van de Geer (2015) but for the zero-mean model, which is of or-
der Op(max {di’/2 log(p)/~/mx, d2(log(p))®/?/ni}). Comparing it with (4.4.5), it
is observed that the convergence rate of the extra term /n,@W/® is of or-
der Op(dys21og(pq)/«/nk) which also adds more constraints on the negligibility
of Rk7(—).
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Theorem 4.4.2 investigates the elementwise asymptotic normality of the debi-
ased estimator ©¢, which will be leveraged further in Section 4.5 to construct an

aggregated estimator using all K estimators (:)il, R (;)%

Theorem 4.4.2. Under the assumptions of Lemma 4.4.1 and the sparsity con-

ditions d‘;’/Z = o(ymny/log(p)) and s = o(ni®/log(pq)), 0 < m3 < 1/6, for all
(a,b) €V x V,a #b, it holds that

RV nk(éngg - @ab)/aab = Zab,k + Op(1)7 (446)

where Oy, and égb,k are the (a,b)-th element of © and ©f, respectively, and
02, = ©u,Op, + ©2,. Moreover, 1/o,, = O(1) and Zap converges weakly to
N(0,1) as ny grows.

The proof is given in Appendix 4.9.4.

Remark 4.2. One can use Theorem 4.4.2 to construct asymptotic confidence
intervals and hypothesis testing procedures. However, to perform inference, one
needs a consistent estimator for o, as it is unknown. By similar arguments as in

Lemma 2 of Jankova and van de Geer (2015) and considering d; 32 = o(\/m /log( ))s
the estimator aab k= @aa k@;,b T+ @abk is a consistent estimator for o2 2y With
convergence rate O, (max{log(p)/nx,/d1log(p)/n})

Remark 4.3. To quantify the convergence rate of the debiased estimator (;)g, from
(4.4.3), we have that

185 — ©llwc< IOII2 Wil oo+ R0 loo / /7

Given X}, and under assumption (B1), by considering &, = Y — XTI and setting
A =B =1, in Lemma 2 of Lam and Fan (2009), for which the conditions are
fulfilled, one can write |[Wy|lco= Op(+/log(p)/ny). Combining this bound with
(4.4.5) and (4.9.9) from Appendix 4.9.3, we get

16— ©]= op(max{dlm, ¢ log(p) /rs,
@2 (log(p)/m)>"2, d s 1og(pq>/nk}),

and under the sparsity conditions d?m = o(y/ni/log(p)), and sz = o(n* /log(pyq)),
0 < w3 < 1/6, the consistency of @g follows.

4.5 The final aggregated estimators across the sub-
samples

The results in the previous sections are provided at the level of the k-th sub-sample,
k =1,...,K. To construct more reliable estimators, we aggregate estimators
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drawn from different distributed locations. There are multiple ways to aggregate
these K estimators into a combined estimator. The aggregation procedure in this
chapter is the same as the one in Chapter 2, and for the reader’s convenience, it is
again provided here.

Due to the asymptotic normal distribution of the local estimators, we derive the
final aggregated estimator by maximizing a pseudo log-likelihood function, which
is constructed using the asymptotic normal density of local estimators constructed
based on the sub-samples. Consider A as a general parameter of interest, for
example @, or vec(T'), in this chapter, where vec(T'), is the a-th element of the
vectorized form of T, and A}, as the k-th estimator based on the k-th sub-sample
with variance ¢? and denote its consistent estimator by 6,3 which is also derived
based on the k-th sub-sample. Consider the asymptotic normal density of A
at point ¢ as fk(Lk | A,6%), where the variance o2 is replaced by its consistent
estimator 67. By maximizing the pseudo log-likelihood function constructed as

K ) K
() = log ( I] it 1 A efk)) o S (=) — AP/,
k=1 k=1

with respect to A, the final aggregated estimator is of the form

~ 1
AowAvg Z X g Ak, (451)
k= 1

where the subscript “owAvg” stands for the optimally weighted average. We call
this estimator an “optimally weighted average”, as it is obtained using a maxi-
mization problem. Substituting debiased estimators f‘g and (:)g in (4.5.1), one
can aggregate distributed estimators of the coefficient and precision matrices from
the sub-samples into the final combined estimators f‘owAVg and (:)OWAVg, respec-
tively. Note that if the variance o? is known, then replacing 67 by o2 simplifies
the aggregated estimator AOWAVg to two special cases. In the case of unbalanced
sub-samples, AOWAVg is simplified to the sample size weighted average estimator

K
Avrve =S ZEA, (4.5.2)
: k; -

where “wAvg” stands for the sample size weighted average proportional to the sub-
sample sizes. Similarly to the optlmally weighted average estimator, by substituting
debiased estimators f‘ and ©¢ % in (4.5.2), the Welghted average aggregated estima-
tors of I" and © can be constructed and denoted by I‘WAVg and @WAVg, respectively.
Moreover, if the sub-samples are also balanced, AOWAVg further simplifies to the
simple average estimator

K
sAvg Z (453)



4.5. The final aggregated estimators across the sub-samples 107

where “sAvg” stands for the simple average. By the same argument as for the op-
timally weighted and sample size weighted averages, the simple average estimators
of I and ® can be constructed and denoted by f‘sAVg and ésAvg, respectively.

Using (4.3.3) and (4.5.1), by considering the consistent estimator ﬁ)kjk for
3., the optimally weighted average estimator for the a-th element of vec(T'), a =
1,...,qp, is of the form

K —1
n
VeC( owAvg ( § )
i [Bp, ® (MECeM)],,

1

K
ng d
X vec(T'y,),- (4.54)
kz::l pp © (MRCrM)],,

It can be shown that

an/ MkaM )] a(vec(f‘owAvg)a - vec(I‘)a) = Wa,]." + Ra,Fa
(4.5.5)
where
K /[2® Qaa X \/ 22 Q aa
Rup = | D /(B8 Qs S WEEQ T o
21 e/ [y p, © (MECrM )]aa 2y, © MrCeMy)]aa

War = IO ol P o SV 1] X

~ S Ta,’ﬁ
Sio /(B p, ® (MeCeMDaa = V[ 5, @ MiCiM] )] aa

and R, » r and T, ; are the a-th element of Ry r and T}, respectively, defined in
(4.3.3).

Similarly, using (4.4.3) and (4.5.1), by considering the consistent estimator
&gb,k for 02, in (4.4.6), the aggregated estimator for the (a,b)-th element of ©,
(a,b) €V x V,a # b, is of the form

K -1 K
= ng ng -
eabprvg = <Z 52 ) X Z C}Tng,k' (456)

Moreover,

K
Z < abowAvg — @ab> =Wue +Raue, (4.5.7)
k=1
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where
[ <K o K
Ry o = Zf:l ni/o2, \/TTkUabR e
ao, - N ~ ab,k,©
\ Zf:l ”k/aﬁb,k =1 \/ﬁggb,k
[~k . K n
ST VN S S
a%s = K ~ ~2 a s ,
\ > k=1 ”k/O’ﬁb,k =1 V91 1

X (Y —TTX,)70, — 04,

and Rgp 1,0 is the (a,b)-th element of Ry @ from (4.4.3), Yl,k € RP and th c R4
are the I-th row of Y and X, respectively, while ®, and ©; are p-dimensional
vectors coming from the a-th row and the b-th row of ©, respectively.

Theorem 4.5.1. Consider the regression model (4.2.2), where Xy, satisfies as-
sumptions (A1) and (A2) from Section 4.3, and consider the mazimum row spar-
sity of Q71 as dy = o(\/ni/log(q)). Moreover, consider the coefficient matriz
I' with sparsity condition sy = o(ni*/(log(pg)log(q))), 0 < m < 1/2. Sup-
pose that the event Fi(ny,p,q) holds jointly in k = 1,..., K. Moreover, suppose
that l:‘g, k=1,...,K, is the k-th debiased estimator in (4.3.3) with tuning pa-
rameter pr < +/log(pq)/nk and let np/n — c; € (0,1) as ny grows such that

. K
limg oo Y oy e = 1.

a) If K grows at the rate of K = O(n'/*/(1/log(pq) log(q) max{sa,/d2})), and
log(p)/log(q) = o(n{?), 0 < ma < 1/2, for the a-th element of the vectorized

form of f‘OWAvg, a=1,...,qp, in (4.5.5), we have
Wor L N(©0,1), and |[Rar|=o,(1), (4.5.8)

d .
where — denotes convergence in distribution.

b) If K grows at the rate of K = O(n'/?/(y/log(pq) log(q) max{sz,d2})), in the
spirit of the special case (4.5.2), for the a-th element of the vectorized form

of Pwavg, a =1,...,qp, which is denoted by Vec(I‘WAVg)a, we have

VnK -
< = (vec(Twavg)a — vee(I)q) = W;,F + R;,Fv
VI B p, © (MCM] )]a

where W, 1. converges weakly to N'(0,1) and |R}, p|= 0,(1).

¢) If K grows at the rate of VK = O(n]{/g/( log(pq) log(q) max{sa,dz})), in
the spirit of the special case (4.5.3), for the a-th element of the vectorized
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form of f‘SAVg, a=1,...,qp, which is denoted by Vec(f‘sAvg)a, we have
K3/2 -
— = (vec(Psavg)a — vec(T)q)
VL Brr, ® MCM])]aa) (4, 1/m)
=W, r+Rir,

where W/ 1. converges weakly to N'(0,1) and |R} p|= 0,(1).
The proof is given in Appendix 4.9.5.

Remark 4.4. Note that Theorem 4.3.1 in Section 4.3 provides the asymptotic
normality, conditionally on the design matrix Xy, while the asymptotic normality
result in Theorem 4.5.1 is more general as it is an unconditional result. By us-
ing a similar argument to the proof of Theorem 4.5.1, it can be shown that both
vec(f‘owAVg)a and vec(f‘WAVg)a have an asymptotic variance equal to [ ® Q71].,
which implies that their asymptotic relative efficiency is equal to 1, and they are
as efficient as the full estimator using the full sample data. This result is expected
because (i) the definitions of Vec(f‘OWAvg)a and Vec(f‘WAvg)a are closely related, and
(ii) the estimated variances based on the sub-samples are consistent estimators for
the true variance, i.e., [ﬁ:k,f‘k @ (M,CrM])]aa/[E® Q ua = 1. However, it has
been brought to our attention that the same final result can be obtained via the
asymptotic normality result characterizing M estimators (see for instance, Theo-
rem 5.21 of van der Vaart, 2000) since the proposed estimators are asymptotically
linear and hence asymptotically equivalent to the estimator obtained using the full
sample data. A comparison of the owAvg and wAvg estimators from a finite sample
perspective is also provided through simulation and real data examples in Sections
4.6 and 4.7, respectively.

In Theorem 4.5.2, the asymptotic normality of the estimator in (4.5.6) and its
two special cases is investigated as ny and K both grow.

Theorem 4.5.2. Consider the regression model (4.2.2) and suppose that assump-
tions (B1)-(B2), and (C1)-(C3) from Appendiz 4.9.3 hold. Moreover, consider the
coefficient matriz T' with sparsity condition sy = o(ni*/log(pg)), 0 < 73 < 1/6.
Suppose that the event Fi(ng,p,q) holds jointly in k = 1,..., K. Moreover, sup-
pose that (:)g, k=1,...,K, is the k-th debiased estimator in (4.4.3) with tuning
parameter A\, < +/log(p)/nk and let nx/n — ¢ € (0,1) as ng grows, such that

limK_mo Zle C = 1.
a) If K and the mazimum node degree of © grow at the rates of K = O(n'/3/

(d1log(p))), and d‘I)/Q = o(y/nt/log(p)), resgaectively, then for every pair
(a,b) €V X V,a #b, of the pooled estimator Oqyave in (4.5.7), we have

Wae 5 N0,1), and |Reel=op(1). (4.5.9)
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b) Under the same conditions as in part a), in the spirit of the special case
(4.5.2), for every pair (a,b) € V xV, a # b, of Oyave, which is denoted by

Oup,wave, we have

VnK -

/ /
Ki(@ab,wAvg - @ab) = ng,@) + Rab,@a
~2
\ D k=1 Oab,k

where W, g converges weakly to N'(0,1) and |R, g|= 0,(1).

¢) If K and the mazimum node degree of ©® grow at the rates of K = O(n}l/g’/n)
and di’/2 = o(ni/?’/log(p)), in the spirit of the special case (4.5.3), for every
pair (a,b) €V XV, a#b, of (:)SAvg, which is denoted by (:)ab,sAvg, we have

K3/2 5
" "
— = (Oabsavg — Our) = Wy 0 + Ry @)
VI 82,0 (21 1)

where W), g converges weakly to N'(0,1) and |Rf}, g|= 0p(1).
The proof is given in Appendix 4.9.6.

Remark 4.5. By a similar argument to that of Remark 4.4, it can be shown that
the asymptotic variances of éab,OWAvg and @ab,wAvg are both equal to agb, where
we recall that agb = OL.0O + @317. Additionally, by rewriting Theorem 4.4.2
for the full sample estimator, which uses the entire dataset of size n, it can be
shown that the asymptotic variance of the debiased full estimator is also equal to
02,. Therefore, we can deduce that both the optimally weighted and the weighted
distributed estimators are asymptotically as efficient as the debiased full sample
estimator, which implies that the efficiency loss from the distributed setting is
asymptotically zero.

According to the asymptotic normal distribution of the proposed estimators,
one can construct confidence intervals and perform hypothesis testing for the ele-
ments of the coefficient matrix I" and of the precision matrix ©. The (1 — «)100%
asymptotic confidence intervals for a general quantity of interest A, namely @, or
vec(T), in this chapter, using the optimally weighted, weighted and simple average
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estimators can be constructed as

Agwrvg 0711 — /2)/ (4.5.10)
Agavg £ 0711 —a/2) (4.5.11)
Asavg £ 071 (1 — a/2) (4.5.12)

where ®71(1—a/2) is the (1—«/2)-th quantile of standard normal distribution and

6% is the k-th consistent estimator of 0. Substituting vec(Towave)a, vec(Twave)a

and vec(Isavg)a, respectively in (4.5.10), (4.5.11) and (4.5.12) and then replacing
the estimated variance 67 by [ﬁ]kfk ® (M CrM] )]4a, one can construct (1 —
@)100% asymptotic confidence intervals for the a-th element, a = 1,...,qp, of
the vectorized from of the coefficient matrix I'. Similarly, substituting s owave;
éab’WAvg and (:)ab,sAVg, respectively in (4.5.10), (4.5.11) and (4.5.12) and then
replacing the estimated variance &,% by &ngg = C;)aa,k@bb’k—i—é)zhk, the (1—a)100%
asymptotic confidence intervals for every pair (a,b) € V XV, a # b, of the precision
matrix © can be constructed. Moreover, by substituting the same quantities in

K
[Acwavgl > @711 —0/2)/, | > n /63,
k=1

K
[Avavel > @71 (1 = a/2), | (D 6})/(nK),
k=

Asave| > @711 = a/2), | Q62O 1/mi) /K3,

the rejection regions at level « for the hypothesis tests Hp, : vec(I'), = 0 vs
Hy, :vec(I')y #0, where a = 1,...,pg and Hogp : Oup = 0 vs Hy g : O # 0,
where (a,b) € V x V,a # b can be constructed.

As it was mentioned, the distributed estimator has an efficiency loss approaching

zero as the sample size grows. This allows us to compare its incurred loss with that
of the practically unavailable, full-sample debiased estimator. Considering the
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definition of vec(f‘OWAvg)a, it can be written

Vec(f‘owAvg)a —vec(T),

D VAT L] 0 R i ViEEQ e g
S /[ p, © (M CMaa 0[S, 5, © (MkCM o
K — K
> et /(2 ®@ Q Maa Z Vie[2 © Q Haa R o

S /[Py p, © (MyCrM])]a Sor, @ (MCiM] )]

Since [X ® Qil]aa/[ﬁ)k,fk ® (MkaM;)]m — 1 and Zkzl(nk/[E ®@Q Yaa)/
et (/ (B, 5, @ MECeM])]aa) & 1 as K — 0o and ng — 00, k= 1,..., K,
using similar arguments to the proof of Theorem 4.3.2, we can write

ITowave — llc = max  |vec(Towavg)a — vec(T)a|
a€{l,....qp}

= 0,(K max{+/dz log(pq)/n, s27/log(q) log(pq) /n}),(4.5.13)

where the last equality is deduced using (4.3.4), (4.9.5) and (4.10.20). By using
the full sample data in Theorem 4.3.2, the convergence rate of the debiased full
estimator, call it FdF, is of order

IT% — Tlloc= Op(max{+/d2 log(pq) /n, s2+/10g(q) log(pg) /n})- (4.5.14)
Combining the triangle inequality with (4.5.13) and (4.5.14), it is deduced that

ITowave = T'f o= Op (K max{+/dz 10g(pg) /n, s21/10g(q) log(pg) /n}),

which implies that the convergence rate of the distance between the distributed
estimator and the full one is equal to the rate of the distance between the distributed
estimator and the true matrix I'. As such, it is noteworthy that f‘OWAVg not only
follows an asymptotic normal distribution, but also approximates the debiased full
estimator T'Y, well, and it exhibits a similar statistical error as I'% as long as the
number of machines K is not too large.

By a similar argument, one can derive the convergence rate of (:DOWAVg to be of
the order

||@0WAvg - ®||oo = OP(K max{dl\/m, d?/Z log(p)/n’
d3 (log(p))*'?/(nymy), disz log(pg)/n}),  (4.5.15)

which is obtained by combining the definition of (':)OWAVg with the rate in (4.4.5),
the upper bound on ||[Wg||e from Remark 4.3 and (4.9.9) from Appendix 4.9.3.
Comparing this convergence rate with the one from Remark 4.3 for the full sample
data estimator, call it (:)dF, which is of the order

|04 — O] = O,(max{d,+/log(p /nd/ log(p)/n,
di(log(p)/n)*/?, dy 52 10g(pg) /n}),
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one can achieve the same conclusion as for the estimation of I', which implies that

if K is not too large, ®.wave attains a similar statistical error as the debiased full
estimator ©%..

Remark 4.6. Comparing the bound given by (4.5.15) with the one presented in
(2.4.10) from Chapter 2, it is observed that the difference in the convergence rates
between a covariate adjusted Gaussian graphical model with a zero-mean Gaussian
graphical model is within the term ds2 log(pg)/n. However, when considering the
condition s = o(nf* /log(pg)), 0 < m3 < 1/6, the cardinality of the non-zero entries
of T" does not grow fast, such that I'" will be much sparser than ®, and as a result,
the term dj so log(pq) /n will be dominated by the other terms in the bound (4.5.15).
This result can be also investigated by a comparison of the bounds on K between
Theorem 4.5.2 and Theorem 2.4.2 from Chapter 2.

In the next section, the statistical error and coverage probability of estimators
are compared from a finite sample perspective.

4.6 Simulation study

In this section, we examine empirically the performance of our proposed estimators.
To this end, we followed the simulation setup of Yin and Li (2013) for generating
sparse matrices I and ©.

First, to generate the precision matrix @, we randomly generated a link be-
tween all pairs (a,b) € V x V,a # b, with probability of connection of 0.01.
Then, the corresponding entry in the precision matrix is generated uniformly from
[—1,—0.5]J]0.5,1], for each link. After that, for each row, each entry except the
diagonal one is divided by the sum of the absolute values of the off-diagonal entries
multiplied by 1.5. Finally, the matrix is symmetrized and the diagonal entries are
fixed to 1. To generate the regression coefficient matrix, we first generated a sparse
indicator matrix with non-zero elements having a probability of 0.01 of occurring
for every pair (a,b);a = 1,...,q,b = 1,...,p. Then, corresponding to the non-
zero entries of this indicator matrix, we generated uniformly the entries of ' from
[—1, =vm] U[Vm, 1], where v, is the minimum absolute non-zero value of the gener-
ated precision matrix. To generate a dataset, we first generated X = (XL ..., x0T
from a g-dimensional Gaussian distribution with mean vector zero and covariance
matrix Q. We used the Toeplitz structure ol*~% a,b € {1,...,q} with o0 = 0.9 to
generate the covariance matrix Q. Finally, given X = X, we generated Y from a
p-dimensional Gaussian distribution with mean I''x and covariance matrix © 1.

To conduct the simulation, we set n = 25000 and 50000 and the number of
machines to K = 5,10 and 20. To show the performance of the distributed esti-
mator in the unbalanced setting, we considered the same splitting procedure as in
Chapters 2 and 3. Suppose that among all available machines, two of them are
powerful. The first one is the most powerful one and (55 — K)% of the dataset
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is distributed on this machine. The second one is less powerful than the first one
and (60 — K)% of the remaining dataset is distributed on this one. The remaining
dataset is distributed roughly equally on the remaining machines. By considering
this splitting procedure and setting the number of responses to p = 1100 and the
number of predictors to ¢ = 550, for some sub-samples we have high-dimensionality.
For example, when n = 25000 and K = 10, we have p > ng, Vk = 3,...,10 and
when K = 20, we have p,q > ng, Yk = 3,...,20. Moreover, when n = 50000 and
K = 20, we have p > ng, Vk = 3,...,20. To compare the performance of the
distributed estimators, we considered two types of estimators: debiased (which are
non-sparse) and sparse. The debiased estimators consist of:

1) (Full) A debiased estimator based on the full non-distributed data.

2) (sAvg) An estimator based on splitting the data and averaging directly the
debiased estimators from each machine.

3) (wAvg) An estimator based on splitting the data and taking the weighted
average of the debiased estimators from each machine, where the weight for
the k-th sub-sample is set to (ng/n).

4) (Topl) The estimator produced by the most powerful machine which takes
(55 — K)% of dataset. Since estimation on each machine is consistent and
asymptotically normal, investigating the performance on the first machine
which takes most of the dataset, is relevant.

The sparse competitors, which are shown respectively by SFull, SsAvg, SwAvg,
STopl, are obtained in the same way as estimators in 1)-4) but without the debias-
ing step. A comparison with the full estimator reveals how much the performance
deteriorates due to splitting the data, while a comparison with the simple and
sample size weighted average estimators has the purpose of evaluating if indeed
the proposed owAvg estimator is better equipped to tackle unbalanced settings
due to a more appropriate weighting. A comparison with the Topl estimator
has the purpose to evaluate if the remaining (K — 1) machines which account for
(454 K)% of the original data are still able to produce informative estimates even
though they receive low amounts of data. In this study, the tuning parameters in
(4.3.1), (4.4.1) and (4.9.1), which are needed to obtain My, see Appendix 4.9.1, are
set to pr = p = /log(pq)/n, Ax = A = 4/log(p)/n and p;, = p = +/log(q)/n for
all simulation runs. All simulation results are calculated as averages over R = 500
different repetitions.

To compare the performance of the estimators, we used the Frobenius norm
between the estimated matrix for each competitor and the true matrix from the
data generating process. The results for the Frobenius norm and their standard
deviation (between parentheses) for n = 50000 are presented in Table 4.1 for each
competitor, separately on the active and the non-active sets. Note that the active
sets on ® and I' are indexed by S7 and S, respectively. The results for n = 25000
are similar and are presented in Table 4.4 in Appendix 4.11.



4.6. Simulation study 115

From Table 4.1, it is observed that the performance of the proposed debiased
owAvg estimator is similar to that of the non-distributed, full estimator in terms
of Frobenius norm. With increasing K from 5 to 20, the norm of the distributed
estimator stays relatively constant. This suggests that by splitting observations in
combination with the proposed aggregation, one might not lose much information.
On the other hand, wAvg is quite sensitive to the number of machines and with
increasing K, its norm performance deteriorates. Especially when K = 20, the dif-
ference relative to the full one is large on the non-active set. The worst estimator
between debiased ones is sAvg which imposes the same weights on all sub-samples
and it is observed that its norm increases substantially, which suggests that it is
highly sensitive to K, as opposed to the distributed owAvg estimator. Further-
more, the Frobenius norm of Top1 is much larger than that of the centralized full
estimator, which implies that by considering just the first machine with the largest
amount of data and disregarding the remaining machines one loses information as
this strategy does not provide an accurate estimate. Moreover, as it is expected,
the performance of the sparse estimators is much better than the performance of
the debiased estimators on the non-active set only as they shrink most of the ele-
ments to zero. However, their errors are much larger than the errors of the debiased
estimators on the active set as they do not correct for the bias.

Due to the asymptotic distribution of the proposed estimators, investigating
their inferential properties is also of interest. However, since there is no distri-
butional result available for the sparse estimators, it is not possible to perform
inference using these estimators. Figure 4.1 shows the normalized distribution of
the proposed debiased optimally weighted estimator and the full non-distributed
estimator for both T' and ©, respectively from top to bottom. As an illustrative
example, these figures are reported for (a,b) = (1, 3), others are available from the
authors, but are similar. The light gray histograms correspond to the normalized
distribution of the full estimators which are obtained from (4.3.4) and (4.4.6), by
setting K = 1, for I and O, respectively. The dark gray histograms correspond
to the asymptotic distributions of (4.5.8) and (4.5.9), respectively. The presented
histograms confirm the asymptotic normal distribution of the proposed estimators
and its similarity to the full one.

Using the asymptotic distribution of the estimators, the coverage probabilities
and the length of the confidence intervals are presented in Table 4.2 at signifi-
cance level @ = .05. Here, we explain the procedure for computing the empirical
coverage probability for the elements of ®@. The same procedure is applied to
compute the empirical coverage probability and the length of confidence intervals
for the elements of I'. Similarly to Jankova and van de Geer (2015) and Chap-
ter 2, the empirical probability that the true parameter ®,; is included in the
confidence interval is defined as P, = #{Ou € Clyp}/R, where R is the num-
ber of repetitions in the simulation, Cl,p, is the estimated confidence interval
for ®,; at the r-th repetition, and # denotes the number of times for which the
true parameter @, belongs to the confidence interval. After obtaining P,, for
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Table 4.1: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets, for the proposed
estimators and different competitors, when n = 50000.

Active set Non-active set
K K
1 5 10 20 1 5 10 20
Full | 0.73 475
(.01) (.01)
owAvg 074 078 0.89 486 513 559
(.00) (.01) (.01) (.00)  (.01)  (.01)
g Topl 1.00  1.05 1.19 660 695  7.85
2 (.01) (.01) (.01) (01)  (.01)  (.01)
T sAvg 1.07 181 294 7.00 1044  12.96
- (01)  (.02) (.02) (01)  (.05)  (.03)
wAvg 0.75 084 1.32 489 542 674
o (.00) (.01) (.01) (.00)  (.01)  (.01)
SFull | 2.03 38
(.01) (.00)
$  STopl 213 215 220 102 119  1.69
2 (01) (.01) (.01) (01)  (.01)  (.01)
@ SsAvg 202 1.82 1.49 312 5.06  6.06
(01) (.01) (.01) (.00)  (.02)  (.01)
SwAvg 1.99 190 1.68 144 195 278
(01) (.01) (.01) (.00)  (.00)  (.00)
Full | 1.09 10.85
(.01) (.01)
owAvg 111 115 1.23 1110 1144  12.24
(01) (.01) (.01) (01)  (.01)  (.01)
g Topl 155 1.63 1.86 1543 1629 18.54
3 (.01)  (.01) (.02) (02)  (.02)  (.02)
S sAvg 157 202 223 1567  20.15 22.23
a (01)  (.02) (.02) (02)  (.03)  (.03)
wAvg 111 116 1.29 1112 1159 12.89
r (.01) (.01) (.01) (01)  (01)  (.02)
SFull | 4.74 1.93
(.00) (.00)
s STopl 474 474 475 199 200  2.04
g (.00) (.00) (.00) (00)  (.00)  (.00)
@ SsAvg 475 436 3.97 204 227 265
(00) (.13) (.03) (00) (05  (.02)
SwAvg 474 461 4.40 1.93 190  1.93
(.00) (.04) (.01) (.00)  (.01)  (.00)
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is obtained as Avg.Covg,

are relatively low and are stable with increasing K. The results for Topl are also
close to the nominal level, but its length is slightly larger than that of the full and

especially in estimating © on the active set. The length of its confidence interval
is also relatively large, especially when estimating I'. The performance of wAvg is

generally better than that of sAvg but over-coverage is observed. More than that,
the length of its confidence interval is not stable and it increases with increasing
K. The results for n = 25000 are similar and they are presented in Table 4.5 in

less interesting alternative. The coverage probability of sAvg is low in some cases,

Figure 4.1: Histogram of the normalized debiased full (light gray bars) and dis-
norm performance is far away from the norm of the full estimator making it a

tive components. Similar computations have been implemented for obtaining the

estimated coverage probability over the non-active set SY.
probabilities are close to the nominal level of 95%. Moreover, the average lengths

is close to the full one on both the active and non-active sets,

tributed (dark gray bars), respectively, when n

K

of the distributed estimator. However

all
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Table 4.2: Average coverage probability and average length of the confidence in-
tervals over 500 repetitions for the proposed estimators and different competitors,
when n = 50000.

Avg.Cov Avg.Len
K K
1 5 10 201 5 10 20
- Full |.93 02
$  owAvg| .93 .93 92| .02 .02 .02
2 Topl 94 94 94 02 .03 .02
g sAvg 92 85 71| .02 .03 .04
o < wAvg| 94 96 91| 02 .02 .03
° Full |.93 .02
% owAvg| 95 .95 95| .02 .02 .02
% Topl 95 .95 .95 .02 .03 .05
g sAvg 94 .92 .92 02 .03 .04
Z wAvg 95 .97 .98 .02 .02 .03
N Full .95 .06
€  owAvg| 95 95 95| .06 .06 .06
2 Topl 95 95 .95 .09 .08 .09
5 sAvg 95 .94 .93 .09 .10 .10
- “ WwAvg| 96 .96 .97 .06 .06 .07
o Full |.96 .08
£ owAvg| 95 95 .95/ .06 .06 .06
% Topl 95 .95 95| .09 .08 .09
g sAvg 95 .94 .93 09 .10 .10
Z wAvg 96 .96 97| .06 .06 .07

Appendix 4.11.

Another quantity which is important to keep track of, is the running time. In
this chapter, it is considered as the maximum running time among all parallel jobs
plus the time to combine the results. These results are shown in Figure 4.2 for
the debiased estimators of I' and © for different sample sizes from n = 50000
to 200000 and K = 5,10,20. Not surprisingly, the running times of the sparse
estimators were less than the running times of the debiased ones as they do not
have the debiasing step in the estimation procedure, and they are not reported
in this figure. It is observed from Figure 4.2 that for any fixed sample size, the
computation time of the distributed estimators is less than that of the full one
and as expected it decreases with increasing K. This running time is quite close
for all owAvg, wAvg, sAvg and Topl estimators. This behavior is the same for
both estimators of I' and ® and shows, as expected, the efficiency of the proposed
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Figure 4.2: Running time in seconds for the full and proposed estimators in esti-
mating T' (left) and © (right), when p = 1100 and ¢ = 550. The regularization
parameters for the distributed estimators are considered as A\, = +/log(p)/nk,

pr = A/log(pq) /nx and py, = +/log(q) /ni-

estimators in terms of computation time.

4.7 Real data example

To explore the performance of the proposed methodology, we used the Pan-Cancer
dataset from The Cancer Genome Atlas (TCGA) project (available at
https://xenabrowser.net /datapages/) that has been used as well in Chapter 3.
Although the estimation of the graph structure of genes can be effective in identi-
fying the associated genetic variants, external covariates such as single nucleotide
polymorphisms may affect their structure. As such, we applied the proposed condi-
tional multivariate regression to regress 743 microRNA mature strand expressions
on 27147 tumor gene-level copy numbers and to model how the gene expressions
regulate the microRNA expressions. Estimation of the underlying graph among the
microRNAs is also of interest. We further selected 1164 tumor gene expressions
with variance greater than 0.3, and the final dataset consists of n = 9986 subjects
having both ¢ = 1164 covariates and p = 743 responses.

To compare the performance of the proposed method, we split the dataset on
K = 3,5 and 10 different machines with the same splitting setting as in the simu-
lation study in Section 4.6. Tuning parameters are also fixed as in the simulation
study with o = 5% and a Bonferroni correction is applied for multiple testing. The
results are presented in Table 4.3 and it is observed that when estimating I', the
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Table 4.3: Significant and common pairs between four competitors and the estimator
using the full dataset. For all methods a Bonferroni correction is applied.

Significant pairs Common pairs
with Full
K K
1 3 5 10 3 5 10
Fall 964
owAvg 897 832 828 797 756 685
' Topl 300 290 295 255 241 186
sAvg 817 466 234 735 416 217
wAvg 888 948 1334 | 812 761 778
Full 6564
owAvg 6168 5917 5535 | 5888 5675 5299
® Topl 3095 2966 2655 | 3060 2933 2632
sAvg 5234 2923 1914 | 5099 2896 1902
wAvg 6120 5463 4169 | 5854 5331 4130

owAvg and wAvg estimators identify more common non-zero coefficients with the
full estimator, while sAvg and Top1 are further away from the full estimator. When
K = 3, sAvg is close to the full one, but with increasing K, it grows further apart,
such that when K = 10, it identified only 234 coefficients of which 217 of them are
common with the full estimator. The same holds for Top1l which identified much
less coefficients compared to the full, owAvg and wAvg estimators. We conclude
that there are more common edges between the graphs estimated by the distributed
owAvg method and the full one, while the least similar competitors are Topl and
sAvg. With increasing K, the number of common edges tends to decrease for all
competitors due to the loss of information by splitting data on more machines.

As it is mentioned in Wang (2015), the tuple hsa-miR-136, hsa-miR-376a and
hsa-miR-377 are the most important genes in identifying GBM cancer. Topl could
not identify any edges between these genes, while sAvg could identify an edge
between hsa-miR-136 and hsa-miR-377, when K = 3. With the full, distributed
owAvg and wAvg estimators, we could successfully identify an edge between hsa-
miR-136 and hsa-miR-377 and another one between hsa-miR-376a and hsa-miR-
377. However, wAvg missed the couple hsa-miR-376a and hsa-miR-377 when K =
10. The sparse graphical Lasso estimator is also considered as a competitor and
with this method we identified 37376 edges suggesting that many estimated edges
might in fact be false positive edges.

Afterwards, to investigate the performance of the estimators for completely in-
dependent variables, we permuted randomly sample data for each variable, thus
breaking up the correlation structure in order to construct a dataset with mutually
independent variables. As such, we expect that there are no selected variables in
the estimated coefficient matrix and zero off-diagonal elements in the estimated
precision matrix. By fitting separately the proposed owAvg estimator and all
competitors on the dataset with K = 3,5 and 10, we identified no edges in the
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estimated precision matrix which confirms this assertion. However, a couple of
non-zero coefficients were wrongly identified in the estimated coefficient matrix.
The owAvg and sAvg estimators, both identified around 10 non-zero coefficients,
while wAvg identified 84, which indicates more false positive discoveries produced
by this estimator.

4.8 Discussion

Splitting a dataset on multiple locations with different sizes is an inevitable method
to tackle the problem of large scale datasets which cannot be read nor stored in one
single location. Separate analysis at multiple locations are also of contemporary
interest due to today’s security and privacy concerns. The most essential step in
distributed problems is choosing how to aggregate different estimators to a final
one.

In this chapter, aggregated estimators are introduced for the coefficient matrix
in the multivariate regression models and the precision matrix corresponding to the
graph structure of the response vector. To build these estimators, first debiased
estimators were provided on each machine and then, they were pooled together to
create the final estimators by maximizing a pseudo log-likelihood function which
is constructed using the asymptotic distribution of the debiased estimators. Two
special cases of the aggregated estimators, including simple and weighted averages,
were provided under the known variance assumption. Statistical guarantees and
the asymptotic distribution of the aggregated estimators were investigated under
sparsity conditions and a growing number of machines as a function of the sample
size.

It is shown that the aggregated estimators are asymptotically as efficient as the
debiased, full non-distributed estimators and confirm the asymptotic negligibility
of the efficiency loss in the distributed procedure. Moreover, based on the provided
convergence rates, it is deduced that the aggregated estimators exhibit a similar sta-
tistical error as the debiased full estimator as long as the number of machine is not
too large. In the estimation of the coefficient matrix, it is shown that as the number
of machines grows at the rate of K = O(n'/*/(1/log(pq) log(q) max{ss, /dz})), the
final estimator is consistent and asymptotically normal. This growth rate adjusts to
K = O(n'/?/(dy 1log(p))), in estimating the precision matrix. Statistical inference
was also proposed based on the asymptotic normal distribution of the aggregated
estimators. These distributions are valid as long as the number of machines grows
at the mentioned rates.

The finite sample performance of the proposed estimators was evaluated with
a simulation study where it was observed that the estimators produced compet-
itive results relative to the non-distributed estimators that use the entire data.
Since we perform estimation by distributing the computational load across multi-
ple machines, not surprisingly the computational time comparison favors our novel
estimator. Moreover, this estimator performed substantially better than the simple
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average-based estimator in terms of accuracy. It was also observed that the coverage
probabilities of the distributed estimators are close to those of the non-distributed
estimators. This points to the fact that in practice, performing distributed esti-
mation across multiple machines in our unbalanced framework induces a minimal
loss in performance relative to models using all the data in a centralized location.

4.9 Appendix A: Proofs of the main theorems and
lemmas

4.9.1 Proof of Theorem 4.3.1

Before starting the proof of Theorem 4.3.1, we provide a short description of the
nodewise Lasso method from van de Geer et al. (2014) using the k-th sub-sample,
which is needed later in the proof.

For every j € {1,...,q}, use Lasso for the regression problem X, against
X_; &, where X; ; and X_; ;, are, the j-th column and the nj x (¢—1) dimensional
sub-matrix of X}, obtained by removing the j-th column, respectively. Formally,

R . 1 2 -
Mjk = arg min, {mHXj,k - X—j,kn||2+pj7k||77||1}, (4.9.1)
with components 7, = {93 = 1,...,¢,7 # j}, where 7 ;) 1 is the esti-
mated regression coefficient associated to the j’-th column of X when column j
is the response vector. Define

1 —Na2)k o MLa)k
. —7(2,1),k 1 cee T2,9) k
¥, = (. ) - ' (. q)
777(%1)7/’%‘ *f](q@),k s 1
and write
i =diag(Fp, - 70k)s i = I1Xjk — Xojuhell3/me + Ainllfjels,

and finally, set
M, = [Y7] ',

Now to prove Gaussianity in Theorem 4.3.1, we mention that & is an ng x p
matrix with independent rows and distributed as N,(0,3). As such, the random
vector vec(€y) is distributed as a png-dimensional Gaussian vector with mean zero
and covariance matrix ¥ ® I,, , which is a pni x pny matrix. Due to the properties
of the vec(-) function,

Ty = vee(My X[ €,//) = (1/3/m) (I, © (M, X ))vee(€r).
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As such, given Xy, the random vector T}, is a linear transformation of vec(€) and
it is thus a pg-dimensional Gaussian vector with mean vector zero and covariance
matrix
Var(Ty|Xi) = (1/m) (I, © (MpX;) (B © L) (I, © (XeMy))
=3 ® (M,CM]).

To show negligibility of the remainder term Ry, r in (4.3.3), we have
IRkl < v/mk[Tg = Mg Chlloo [T — T
S «/nkHIq - MkckllooHI‘k - F||1 (492)

Using the KKT conditions, van de Geer et al. (2014) showed that HCkM;rk —€; o<
ﬁj,k/i'ﬁk, where M j, is the j-th row of M}, and e; is the j-th unit column vector
with 1 at the j-th position and zero everywhere else. Under the assumptions (A1)
and (A2) and considering the maximum row sparsity da = o(,/n;/log(g)) in Lemma
5.3 of van de Geer et al. (2014), we have

1/72, = 0,(1).
ety HTow = Oty

Therefore, by choosing uniformly p; i < 1/log(g)/ny for each j =1,..., ¢, we get

[CkMy; = Ty loo= max||Cx M. — &;lloo= Op(v/log(a) /). (4.9.3)

Substituting (4.9.3) and (4.10.14) from Lemma 4.10.7 (see Appendix 4.10) in
(4.9.2), we get

IRk, [loo= Op(s21/10g(q) log(pq) /nx).

Finally, by considering so = o(n{*/(log(q)log(pg))), 0 < m < 1/2, the required
result follows. OJ

4.9.2 Proof of Theorem 4.3.2
Using (4.3.3), we have that,
IT% — T o0 < [lvec(MX [ €)oo /1 + || RiT lloo / /12 (4.9.4)

Due to the properties of the vec(-) function,

lvec(MEX €)oo /mr: < 1Ly @ M [loolvec(Xy & )lloo/mi = Op(+/d 10%(1961)(/7%),)
4.9.5
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where the last equality is obtained by (i) working on the event Fj(ng,p,q) with

pr =< +/log(pq)/nk, and (ii) by the same argument as in the proof of Lemma 5.4
from van de Geer et al. (2014), as

‘1: Op(\/@)r

Ty @ My floe = [ M oo e Xq}H gk

yeeey

where M ;. is the j-th row of Mj. Under assumptions (Al) and (A2) and using
Theorem 4.3.1, by substituting (4.3.4) and (4.9.5) in (4.9.4), the result in (4.3.5)
follows directly. [

4.9.3 Proof of Lemma 4.4.1

Before starting the proof of this Lemma, we provide some technical assumptions
on the sample covariance matrix Cy, which are needed later in the proof. For more
information on these assumptions, the reader can refer to Yin and Li (2013).

(C1) There exists an as € (0, 1], such that

sup  [[(Cr)ss ()55 (6) [(Cr) 55 (0)855)) ' llso < 1= aa,
be{l,...p}

where (Ci)sg(b)s,(v) 18 @ sub-matrix of Cj whose rows and columns are in-
dexed by the elements of S5(b) and Sa(b), respectively, where S5(b) is the
complement set of S(b), defined in Section 4.2. As it is mentioned in Yin
and Li (2013), this condition is the matrix version of the irrepresentability
condition used in the ¢; penalized regression setting of Zhao and Yu (2006).

(C2) There exists a constant Ciyax, such that the largest eigenvalue

Amax ([(Ck @185, (Cr ® X)s,5,[(Ck ® Ip)sgsz]_1> < Crax-

(C3) For all ny > 0, the largest eigenvalue of Cy has a common upper bound Ags,
that is Amax(Cr) < As.

Now to prove Lemma 4.4.1, using (4.4.4), we have

IRi@llcc = Vir|— (0, 5, —1,)(Of — ©) — (0, — ©)W;0 — OW} 0|,
< Vell©k2, 5, — Lllooll®k — Olloe + Vikl|©k — Ooc [W1,0

+ /15| OW O || o -
(4.9.6)
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To find an upper bound on ||(;)kflk £, — Iplleo, we write

103 5, —Llloo = 1©xZ) 5, — OkZ+ O,T — T,

= [|OK(= ( £, -2 +6,2-02+ 0% -1,

= 6L, )+ (0, - 0)+0x

-03%, 1, +®§:kF — Tl

= |Ok(Zy 5, — )+ (0, —O)E-O(Z, 1, — )
+ezkf —eznoo

<10k = Oloc[Whlloo 1Ok = Ollsc[[Zlloc + [OW} o

(4.9.7)
Substituting (4.9.7) in (4.9.6), we have
IRiello < vk {2|Ry ol HIRE oo +IRE 0 lloc + R 0lloc }- (4.9.8)
where
IR} 6l = [OWi oo |©k = O]oc,
IRZ ol = 1€k — ©]|% Wil
IR} 6l = 18k — Ol[oc|®k — Ol|ccris:,
IR;ollc = [OW]O] o
Under assumption (B1) from Section 4.4 for the matrix @, it holds that
I1®]loc = max||®all1< v/d1Amax(©) = O(v/d1), (4.9.9)

where @, is the a-th row of ®. Under (B2) and the additional assumptions (C1)-
(C3), the conditions of result 1 from Theorem 2 of Yin and Li (2013) are fulfilled,
and for the k-th sub-sample we have

log(4p™)

10 — Ol= 0, ({16\@(1 +49?)(1 4 8/a1) max Byqkip } m
a k

), (4.9.10)

where max, 34, is the maximal diagonal element of the covariance matrix 3,
T > 2 is a constant and 7 is a common sub-Gaussian parameter for Gaussian
random variables €!,... P, where v = O(1). Moreover, based on result 2 of the
aforementioned theorem, the edge set £ ((':)k), i.e. the edge set created based on
the estimated @y, is a subset of the true edge set £(©) with high probability. As
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such, ®; has at most d; non-zero entries per row, and we get

P dy

©r — Olloe = m(?XZ|®ab,k = Og| = mngIGQb,k — O]
b=1 b=1
dy

< mgxgmgx@ab,k — ©u
= d1]©) — O,

where (;)ab,;c is the (a,b)-th element of ©;,. Thus, using (4.9.10),

: log(4p™
161, - O]l < O, <d1{16\/§(1 +49%)(1 + 8/an) max Tgqrs} Og“’)).

N
Therefore in (4.9.8), we have

IRi.0ll0< 5y/ni max {[ Ry o [loo: [IRE ol [RE @ loc: IRk @}, (4.9.11)

where

”Rllc@”oo < V dlAmaX(Q)HW;cnoo

x O, (d1{16\/§(1 +49%)(1 + 8/as) max Bgarm } 10g(4pT)) ’

ik
IR @ llc < IIWiloeOp (df{lﬁ\@(l +49%)(1+8/a) max Xoq ke }

log(4p™
IRE. @l < 10y <d1{16\/§(1 +49%) (1 + 8/an) max Eaaﬁ?H}Qog(p)>.

2log(4p™)
ng ’
Nk

To obtain an upper bound on [|[W/ ||, under assumptions (C1)-(C3), and using
Lemma 2 of Yin and Li (2013), we can write

log(4p™
|W;||oo:0p( g“”),

Can
where Cy = [128(1 + 49?)? max2 ¥,,]~!. Moreover,

IRE olloo = 1O{(Yi — XuTh) T (Vi — XpT) /1, — &L &/1i O .

Adding and subtracting X I' to the first term in Ri,@’ we get that

IR ol < |||®||io{2||<fk D)X &l + X (B r>||%/nk}.
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Under assumption (B1) and by conditioning on the event Fj(ng,p,q), we have
IRE ol < di{prlTh — T+ Xk (Tr — T)[[7/n4}-

Recall that So and S2(b) denote the support of the coefficient matrix T’ and its
b-th column, b = 1,...,p, with cardinalities s and s3(b), respectively. Under
assumption (C1), by a similar argument as in the proof of Theorem 6.1 of Bithlmann
and van de Geer (2011), one can show that for the fixed design matrix Xy,

il T — D1+ X5 (T — T)[|F/ne < 4pfs2/0”.

where ¢ € (0,00) is the compatibility constant which has a similar role to iy
from the RE condition (4.10.5) for the fixed design matrix Xj. It is noteworthy
that as it is shown in Theorem 7.2 of Biihlmann and van de Geer (2011), under
the fixed design setting, the irrepresentability condition (C1) is enough to reach
the compatibility condition and the restricted eigenvalue condition (4.10.5) is not
needed. The reader can refer to Chapter 7 of Bithlmann and van de Geer (2011)
for more details. Since ¢? € (0, 00), there exists L = O(1), such that 1/¢* < L.

Combining this with py =< 1/log(pq)/nk, and substituting in Ré@, we get

”Ri,@ lloo= Op(d152 log(pq) /1)

Substituting the obtained bounds in (4.9.11) and considering kx = O(1), ki =
0(1), 1/a; = O(1), and v = O(1), we get

|Rk.©llcc= Op (\/”7 max {d3/*log(p) /nx, d3(log(p)/ni)*'?, dy log(p) /nr,

drss 1og(pq>/nk}),

and under the sparsity assumptions d?/Q = o(y/nt/log(p)) and s = o(nf[r3 /log(pq)),
0 < 73 < 1/6 the result |Rg,@|lco= 0,p(1) follows. [

4.9.4 Proof of Theorem 4.4.2

The proof of this theorem is an extension of the proof of Theorem 1 from Jankova
and van de Geer (2015) by considering a non-zero mean structure. Under the
assumptions of Lemma 4.4.1 from the main text, it is shown that |Rg.e|lcc= 0p(1).
As such, using (4.4.3), we have

V(O 1 — Oup) = —/ni{OW,O} 4y, + 0,(1)
1 & . ) ) )
T \/ﬁ Z (SI(Yl,k - FTXl,k)(Yl’k - FTXl,k)TG)b
=1

—Ou) +0,(1), (4.9.12)
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where Yl,k € RP and Xl’k € R? are the [-th row of the sub-matrices Y, and
Xy, respectively, and ®, and @, are p-dimensional vectors coming from the a-th
row and the b-th row of ®. The second equality in (4.9.12) follows directly since
OW,.0 = @2;6;@ — ©. To show the normality of the term in (4.9.12), define

Zab,l,k = GI(Yl,k — I‘TXU@)(YUC — FTXl)k)T@b — @ab, l = 1, ey N Then,

E(Zop, 1) = @aT]E{(Yl,k - FTXz,k)(Yl,k - FTXz,k)T}@b — Oy
=e, Oe, — O, =0,

where e, is a p-dimensional unit column vector of zeros with one at position b and
similarly for e,. On the other hand, since Y;; — 1"TXl,;c is a Gaussian random
vector, the variance

Ugb = Var(Zab’l’k) = Var(@I(YU@ — I‘TXUC)(Yl,k — I‘TXUC)T@b)

is finite. Denote by Z,, = >.)"*| Zay, k- Then, z2 := Var(Z,,) = no?,. Dividing
(4.9.12) by o4 > 0, we get

\/nk(égb,k - (-)ab)/o—ab = an/znk + Op(]-)/o—alr

It is enough to show that Z,, /z,, 4 N(0,1), where 2, denotes convergence in
distribution. By substituting Z.s;, in the proof of Theorem 1 from Jankova and
van de Geer (2015), with the same argument, the normality of Z,, /z,, follows.
The reader can refer to Jankova and van de Geer (2015) for more details.

To show agb = 0., + @ib, under the multivariate Gaussian distribution of
€15, which is the I-th row of &, we have &; ), = Yl}k — I‘TXUC ~ N,(0,3), and as
such ©(Y,, — I‘TXM) ~ N,(0,0). Using a similar argument as in the proof of
Lemma 2 from Jankova and van de Geer (2015), it holds that Ugb = 0., + @31)
and 1/, = O(1). O

4.9.5 Proof of Theorem 4.5.1

a) The proof of this theorem relies on Lemma 4.10.9, which shows the negligibility
of the remainder term R, r as ny and K grow. To show the asymptotic normality
of W, r, define

Z k(2 @ Qg " Tak
nE g, © MCMDla /[, 1, © (MLCLM o

b

3 _ Zkl‘(:1 nk/[E®Q71]aa
where T, 1, is the a-th element of T}, from (4.3.3). As \/ZkKl /5 p, & (M Gy M s

2 1, see the proof of Lemma 4.10.9, using Slutsky’s theorem, it is enough to
show that ¢, converges in distribution to N'(0,1). Defining (/, := Zszl



4.9. Appendix A: Proofs of the main theorems and lemmas 129

\/[E®(1\/Tag o Ve show in Lemma 4.10.10 that |¢, — ¢,|2 0 as K — oo and
CreMy )]aa
ng — oo, k = 1,..., K, and then convergence in distribution of (, follows by

convergence in distribution of (/.
Now to show the asymptotic normal distribution of ¢/, denoting by Z, :=

[T \/ S C T , we use the Lindeberg theorem (see for instance, Theorem
Yk

aa

2.1 in Chapter 7 of Gut 2005). We have

E(Z, {<\/ﬁ \/ MkaMT)] Xk>}
_ E{\/E s (MkaMD]Mma,k | Xk)} 0,

where the last equality is deduced from the conditional normal distribution of T j
shown in Theorem 4.3.1. Moreover,

K

K 1 ]E T2 — =
K n

2 E 22 — E L/Lk X P I a,r X } n

. ( a,k:) kz { n E ® (Mk()k; k ) aa ( ' | ) k=1 "

where the second equality is deduced using the conditional variance of T, j, which
is equal to [¥ ® (MzCrM] )]sa- Now to check the Lindeberg condition, for every
€ > 0, we can write

E(Z3 111 Za 1 |> €) | Xi)

Nk 9 n[z X (MkaM;r)]aa }
= E< T2, 1(|Tor|> Xk s
n[z ® (MkaMkT)]aa { ok ( 7k| 6\/ ke 1%

(4.9.13)

where I(-) is the indicator function. As was done in Chapter 2, we use next the
relation

E(X?I(|X|> a)) = a*P(|X|> a) + 2/00 uP(|X|> u) du

for a positive constant a. Applying this equality to (4.9.13), we get
E(Z; 1(|1Za.x|> €) | Xk)

n[E ® (MiCiM; )4
- 2P(|Ta,k|>e\/[ MM e | x,)

2nk /oo
+ uP(|To k> v | Xy) du
[ @ (MrCiM|)]aa Je\/nBa ML CoM] )] /nn

(4.9.14)
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2
Applying the concentration inequality P(|X — u|> t) < 267;72, t € R, for a normal

random variable X with mean i and variance o2, we get
2 ® (MpCiM)aa _ne?
P(|Ta’k|> E\/n[ ®( k“k k)] |Xk) < 2¢ 2k,
ng

neuw

we have
eA/n[E@ (M Ci M laa’

In the integral, by substituting ¢t :=

/ UP(|T(L,]€|> u | Xk) du

en/n[E@(MrCM aa/nk

T 2 poo ¥ ® (M;CyM,
n[z X (MkaMk )}aaG / t]P)(|Ta7k|> Et\/n[ & ( k‘Ck k )]aa | Xk) dt
ng 1 "k

n[Z @ (MpCxM] )]aq€?
Nk

> ne?t? ne?
< / 2te” T dt = 2B ® (MpCypM;] )]gae ¥ .
1

As such, in (4.9.14),

7L€2
B(Z2 (1(|Zak|> €) | Xi) < 2e” 27k {€* + 2ny, /n}.

Thus, in the Lindeberg condition, we get

Jn, i S {0 o)
k=1

= lim_ "’PLHK;;E{ 211 Za > €) | Xk)}

Z 2e 55 {€® + 2ny/n}

Kkl

IN
ET
5

Knye?
< lim  lim 226_ 7 {€® + 2ny/n}

K
: . _Knge? .
= i { (2 )(gim S 2mm) )

=1,.. K =1,..,K k=1

< lim (262 4+ 4)Ke Kere’/2 — g,

K—oo

where the last inequality is deduced due to the fact that ny <n, k=1,..., K, and
the last equality follows by I’Hopital’s rule.
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b) By basic algebra it can be shown that

JnK
VEBr, @ (MCM] )]

(vec(Twavg)a — vec(T)a) = Wy r + Ry p,

where

K2 ®Q Y, Z\/nT:lT .
Zk 1 krk (MkaM;)]aa k=1 n m “

K
KX® / 1
Qe E %—%Ra,kl‘v
Zk 1l Xt ® (MrCiM] )aa iV A/[E0Q

where T, , and R, ; r are respectively the a-th element of T} and Ry r defined
. . _ 1 K n
n (433) ConSIder the random Varlable CCL = \/ﬁ Zk‘:l A/ TkTa,k'

part a), it is shown that ¢, := S5 /™ x NGE MkaMT)]aa T, converges in
distribution to A/(0,1). On the other hand, one can easily show that |(, — ¢/|=
Op(Kdar/log(pg) log(¢)/n), and then the op(l) result follows by the mentioned
sparsity condition on dy and with K = O(n'/3/(x/log(pq) log(q) max{ss, d>})). As
such, the asymptotic normality of ¢, follows directly. Moreover, the o,(1) result of
the remainder term R:z,r is reached by the same technique as in part a).

c¢) By basic algebra it can be shown that

In

K _ (vee(Tanvg)a — vee(T)a)
VEE B r, © MeCM])]aa) (SH, 1/m)
= W r+ Ra n
where
"o K[E®Q_l}aa y 1
a, I’ — ~
VI B, @ MCMD e /(8@ Q a) (1, 1/m0)
K
1
X ,; \/77 a,k>
"o KX ©Q Maa y 1 '
T VS B, © MCM]Dl /(2 © Q) (SR, 1/mi)
K
X Z \/%Ra,k,l"
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. . o 1 K 1 7 K
Considering G := V(ESQ aa) (2, 1/nk) 2=t oy Tk and Go =2 gy

T, i, by similar techniques as in part a), using the

/1 [E@ (M CiM)]aa (T E 1/n1)
Lindeberg theorem, one can show that ¢/ is asymptotically normal with mean zero

and variance 1. Moreover, |(, — (|= O,(d2A/nK log(pq)log(q)/n+) and IR p|=
O,(s2+/nK log(pg) log(q)/n+), which are 0,(1) under the mentioned sparsity con-
ditions and with /K = O(n;/g/( log(pq) log(q) max{ss,ds})). O

4.9.6 Proof of Theorem 4.5.2

a) The proof of this theorem relies on Lemma 4.10.11 from Section 4.10, which
shows the negligibility of the remainder term Ry @ as nt and K both grow. To
show the asymptotic normality, define

K n

1 o2 k . . . .

Cab =) Trom &zab > (O (Yir =T Xy 1) (Yir —T X1 1) O — Opp),
k=1 @ abk =1

where Yl,k and lek are the [-th row, [ = 1,...,ng, of Y and X}, respectively.
Similarly to the proof of Theorem 4.5.1, by defining the sequence

K Nk
1 ) ) ) )
Cp = N Y (O] (Yie —TX 1) (Y — T X1 1) "0, — O),
k=1 =1

we have

= Tra DO (Y -TTX) (Y, -T'X))T®, - 0,),
a0 =1

where Y; € RP and X, € RY are the [-th sample, [ = 1,...,n, of Y and X,
respectively. The sequence (!, converges to N'(0,1) as it is shown in Theorem 2 of
Jankova and van de Geer (2015). As such, we only need to show that |Cup — (/|2 0
as K — oo and ny — oo, k = 1,..., K, and then convergence in distribution of
¢!, vields convergence in distribution of (5. As it is shown in the proof of Lemma
4.10.11, the term (1/&2b’k) = Op(1). Using Remark 4.2, we have

K
o = Cal < Y- e Oy (max{1og(0) /e, v/ Tog(p) o)
k=1 @

ng
S (O (Vi — T X)) (Yo —~TTXp 1) O, — )| (4.9.15)
=1

X

Due to the definition of Wy in Section 4.4, we have that |> %, CHTT
I‘TXM)(YM — I‘TX”@-)T@(, — @ab)| = nk|{®Wk®}ab|. Under assumption (BQ)
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and using Lemma 2 of Lam and Fan (2009), for which the conditions are fulfilled,
we have

1 {OW O} o] < 11| OW |0 < iy [|O |3 Wik | oo < dr v/ 71 log (p).

Substituting this bound in (4.9.15), we get
K
[Cab = G| Op( 7z mave s log(p)) %/ /17, 1 g @)

and under the conditions dj 3/2 = o(/n+1/log(p)) and K = O(n'/3/(dy 1log(p))), the
result |Cap — Cpl= 0p(1) follows

b) Similarly to a).

c¢) By a similar technique as for the proof of part c) of Theorem 4.5.1, it can be
shown that

Rapel=0 <Wmax {d}"10g(p) /i, d3 (log(p) /ns)*/, dys» log(pQ)/nT}>,

which is 0,(1) under the sparsity conditions di’/z = o(n]%/:g/log(p)) and s2 = o(n}®
log(pg)), 0 < m3 < 1/6, and K = O(n;l/?’/n). The proof of asymptotic normality

is similar to the one from part c¢) of Theorem 2.4.2 from Chapter 2, and we do not
repeat it here. [J

4.10 Appendix B: Some technical lemmas and their
proofs

Lemma 4.10.1. Consider the regression model (4.2.2) with random noise matrix
&, and random Gaussian design matrix X. Supposing [Cilee =1, a =1,...,4¢,
where [Cg|q, is the a-th diagonal element of Cy, = X;Xk/nk, and choosing py =
(maxi <p<p VEpb)\/Alog(pg) /ni, where A > 4 is a constant, we have

P(Fi(ng, p,q)) > 1 —2/(pg)?/?7 1.

Proof. According to the definition of the elementwise /., norm, the event Fj is
equivalent to

nk
b
Fr(nk,p,q) = {fglggq Joax | ;sl,kXﬁkl/nk < po},

where X' and 51 i are the a-th and the b-th components of the vectors Xl i and € g
which are the I-th row of X and &, respectively. Conditioning on X7, ..., X7

n,k?

b .
the random variable Y7 e} | X[, is alinear transformation of e} ..., e’ , and it



134 Chapter 4. Distributed estimation and inference in covariate adjusted GGMs

is normally distributed with mean zero and variance n; 2y [Crlaq. Supposing that
[Chlaa = 1, we get Vop | (XT4, - .. , X8 )T ~N(0,1), where Vo := Y% ), X/
Vg 2py. With our choice of pg, we have that,

N Nk _b a
b va maxi <p<p | 2121 El,le,k|
P max | g el X6/ > po | =P max
1<a<q ’ ’ 1<a<gq T MaX]<p<yp '\/Ebb

1<p<p =1

>\/A log(pq)/nk>

2721 5?,1@Xﬁk
<P max |——=—"| > +/Alog(pq)
1<a<gq nkzbb
1<b<p
p
<O P(|Va|> v/ Alog(pg)).- (4.10.1)
a=1b=1
To obtain a bound on P(|V,s|> 4/Alog(pg)), by conditioning on X := (X{,
o ngyk)T, a=1,...,q, and the Gaussian concentration inequality P(|X — u|>

ot) < 2exp(—t%/2), t € R, for a normal random variable X with mean p and
2

variance o, we get
(Va2 v/Alog(pa)) = [ P(Vaal /Aloglpa) | X* = x") s (x7) dx

< 20xp(~Alog(pa)2) [ o (x7) dx” = (quM (4.10.2)
Substituting (4.10.2) in (4.10.1), the result of the lemma follows directly. O

Lemma 4.10.2. Under the assumptions of Lemma 4.10.1, it holds that

K
2K
P( ﬂ fk(nk,p,q)> >1- AT

k=1

and if K grows at the rate K = o((pq)?/>~'), then this probability tends to one
with increasing n.

Proof. We have

IP( (K] ]-'k(nk,p,q)> =1- P((élfk(nk,n q))c> =1 —IP’( G fﬁ(”k,pﬂ))

k=1 k=1
(4.10.3)
We have as well that
K K K 9 9K
P( U ‘Fk(nkapv q)) < ZP(‘Fk(nkapv q)) < Z (pq)A/2_1 = (pq)A/2_17

k=1 k=1 k=1

(4.10.4)
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where the second inequality follows using Lemma 4.10.1. By substituting (4.10.4)
in (4.10.3), the result of this Lemma follows directly. O

Before providing Lemmas 4.10.6 and 4.10.7, we need some preliminary notation.
The results are provided under the Restricted Eigenvalue (RE) condition. The
following definition from Raskutti et al. (2010) defines the RE condition for the
population covariance matrix and is essentially equivalent to the RE condition of
Bickel et al. (2009). For a given subset G C {1,...,q} with cardinality g = #G
and a constant > 1, define the set

C(G;0):={veRi: |vge

1< d|valli}s

where v¢ is the restriction of vector v to G and has zeros outside the set G. The
symbol G¢ denotes the complement set of G.

Definition 4.10.3. (Raskutti et al., 2010) A deterministic covariance matrix Q
satisfies the RE condition over G of order g, if there exist constants (d, u) € [1, 00) x
(0, 00) such that

1QY2v 2> pllv|e, for all v e C(G;6),
where Q'/2 is the square root matrix of Q.

Note that Definition 4.10.3 provides a lower bound on the ¢5 norm of the product
between Q'/2 and the vector v. As in the multivariate regression we have a matrix
of coefficients not a vector anymore, we need to provide a lower bound on the
product of Q/2 and each column of the coefficient matrix. To this end, consider
an arbitrary matrix V € R?*P in general, and denote its vectorized form with
v := vec(V) such that v = (v,...,v},)" € R?, where ;) € R? is the b-th
column of V, b =1,...,p. To simplify tile notation and having one index for the
elements of v, denote the index set of vy as {q(b—1)+1,...,¢b},b=1,...,p.
Consider Gy C {q(b—1) +1,...,gb} with cardinality g, = #G} and complement
set G§. For a constant d, > 1, define the set

C(Gp;0p) :={vp) € R vl < dbll[vwyle, 1}
where [v()]q, is the restriction of v(;) to Gy, which has zeros outside the subset Gj.

Definition 4.10.4. A deterministic covariance matrix Q satisfies the multivari-
ate restricted eigenvalue (MRE) condition over G = {G1,...,Gp} of order g =
>, v, if there exist constants (8, us) € [1,00) x (0,00), such that for every
b=1,...,p,

1Q" v ll2> mllvpyll2,  for all vy € C(Gy; &)

Definition 4.10.5. The sample covariance matrix Cy = X;C'—X;g/n;.c of the de-
sign matrix X; satisfies the MRE condition over G = {Gi,...,G,} of order
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g = Y.p_, b, if there exist constants (Jp, ) € [1,00) x (0,00), such that for
every b=1,...,p,

V(Tb)Cky(b) = ”Xky(b)H%/nk > /L%”l/(b)ng, for all V) € C’(Gb;éb). (4105)

To introduce Lemma 4.10.6, let S3(b) be the support of the b-th column of T
By vectorizing IT' and rewriting its columns as explained for the general matrix
V, we have S3(b) C {q(b—1) +1,...,¢b}, with cardinality s2(b) = #S2(b) and
complement set S§(b). For a constant d, > 1, denote the set

C(S2(b); 0p) == {vp) € RT: |[[vw)lss 1< doll vy}

where [V(3)]5,(») is the restriction of v/;) to So(b) which has zeros outside the subset

Sa(b)

Lemma 4.10.6. Consider the regression model (4.2.2) for the k-th sub-sample
with random Gaussian design X;, which has independent and identical N, (0, Q)
rows, and denote the maximum diagonal element of Q by Quax. Suppose that
Q satisfies the MRE condition over Sy of order s for all vectors in C(S2(b); dp)
with parameters (0p, 4p), b =1,...,p. On the event F(ng,p, q), for some positive
constants ¢, ¢’ and ¢”, if the sub-sample size ny, k =1, ..., K, satisfies

> c// Q?nax(l + 51113,)()2

= 2
Hinin

n s2log(q), (4.10.6)

where pfmin = miny<p<p fp and dmax = Maxi<p<p dp, then we have

Xy (Tr — )13 )
BB = DME > (39218 — T, (4107)
with probability at least 1 — ¢’ exp(—cng).

Proof. In general, consider the matrix V € R9*? with the b-th column v, b =
1,...,p, and its vectorized form as v € R%?. We have

XVl _ eVl 10 @ Xl _ [SlXewld 0
NI N NG n,

Using Theorem 1 of Raskutti et al. (2010), under the Gaussianity of the design
matrix Xj, we have

[Xkvmll2 1 log(q
ﬁ > 11Q"2v)l2—9Qmax ni )||V(b)||1, forall v € RY,
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with probability at least 1 — ¢’ exp(—cny). Using the relation between ¢ and ¢
norms, for all vectors vy € C(S2(b); d) with parameters (up,0p), b=1,...,p, we
have

v 1= 1)) s. @) 1+ e lss@o I < (14 ) 1) s. )l
< (1+ 8)v/s2(0) v llz- (4.10.9)

Under the MRE condition of Q for all vectors v,y € C(S2(b);d) with parameters
(46,0p), b = 1,...,p, together with (4.10.9) and the fact that sa(b) < s9, b =
1,...,p, we get

[ Xnvw)ll3 1 s21og(q) | * 2
———2" > —lmin — 9Qmax (1 + Omax A | ————— . 4.10.10
” - Qumax (1 + Omax) o lvwlla ( )

Substituting (4.10.10) in (4.10.8),

X V] F { 1 s21og(q) } -
———— > 9 ~Hmin — IQmax (1 + dmax . v 2. 4.10.11
N i Quax( Y ;Il wlz ( )
Applying the lower bound (4.10.6) in (4.10.11) for some constant ¢”, we get
X6 Vr/N/mk > (tmin/8) [V £ (4.10.12)

Note that using (4.10.15) from the proof of Lemma 4.10.7, we have
ITssk — Tsg 1< 4l[Ts, 0 — T, 1, (4.10.13)

where I'g, and IA‘SQ,k are the matrices I' and I';, which have zeros outside the
set Ss, respectively. By the same argument as in the proof of Lemma 4.10.7 for
univariate linear regression (see for example, Bickel et al., 2009), a similar inequality
to (4.10.13) can be written for the b-th column of I'; — I' and it can be deduced
that the b-th column of T'y — I is in C(S5(b);8,). As such, by replacing V with
[y — I in (4.10.12), the result in (4.10.7) follows directly. O

The following Lemma, provides an ¢;-error bound on Iy — T, by a similar ap-
proach to that of Cai et al. (2013) for the Dantzig selector.

Lemma 4.10.7. Under the conditions of Lemma 4.10.6 and the lower bound
(4.10.6) on the sub-sample size ny, with probability at least 1 — ¢’ exp(—cng),

we have .
T — Tlli= Op(s2+/log(pq) /1 )- (4.10.14)

Proof. Consider the regression model (4.2.2) and recall the Lasso solution (4.3.1).
Due to the fact that I'y, minimizes the loss in (4.3.1),

X5 (T = Ti) 13/ (2nk) + pl| Tkl < trace(Ty, — T) "X &) /ni + pr|| T3,
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where

trace((Ty — ) "X &) < |trace((Ty — T) "X &)

(vec(Ts — ) Tvee(X] &)

< Tk = Tallvec(X €)oo,

where the last inequality holds due to Holder’s inequality. Now, on the event
Fi(ng,p,q), by a similar argument as in the univariate regression (see for example
Biithlmann and van de Geer (2011), chapter 6), we get

| X4 (T — T2 N ol Tk — Ty

< 20.|I0g, n — T 4.10.15
2k 2 > pk” Sa,k SzHlv ( )

where I'g, and f‘sgﬁk are the matrices I' and fk which have zeros outside the set
So, respectively. Due to the relation between the elementwise ¢; and Frobenius
norms of a matrix, we have

sz — Ts, 1< v/s2]|T% — Tl - (4.10.16)

Substituting (4.10.16) in (4.10.15) and then applying Lemma 4.10.6 under the lower
bound (4.10.6) on the sub-sample size ny, we get

_ oy 5o oo
[ X5 (T I‘k)”F+pk”I‘k T, < 2053l 8 )||Xk(1“k D)||r
an 2 Hmin \/7Tk:

with probability at least 1 — ¢’ exp(—cnyg), and

HXk(I‘_f‘k)HQF/nk < 16pi52(8/umin)27 ||fk _I‘ng 16pk82(8/,umin)2- (41017)

Since fimin € (0,00), there exists L = O(1) such that (8/pmin)? < L, and by
considering py =< 1/log(pq)/n, the result of (4.10.14) follows. O

Lemma 4.10.8. Consider the regression model (4.2.2) where X, satisfies assump-
tions (A1) and (A2). Suppose that the eigenvalues of X, the covariance matrix of
the noise, are uniformly bounded. On the event F(nk,p,q) with regularization

parameter pi < +/log(pq)/nk, we have
15,7, = Slleo= Op(max{y/log(p)/mu, s210g(pa) /ni}). (4.10.18)

and under the sparsity condition s2 = o(nf*/(log(q)log(pg))), 0 < m < 1/2, we
get [, 5, = Blloo= 0p(1).
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Proof. Recalling that & = Y — X;I', by adding and subtracting &/ & /ni. to
ﬁ]k £, — 2, we get

1258, = Slloo< €5 &/ — Blloot 12 5, — &7 &k /- (4.10.19)

Under uniformly boundedness of the eigenvalues of X, using Lemma, 2 of Lam and
Fan (2009),

€5 &k /n — Ell o= Op(\/log(p) /1x)- (4.10.20)

To find an upper bound on the second term of (4.10.19), by adding and subtracting
Xk]__‘ to Yk — Xk]-‘k, we get

1255, — &1 &r/mkllo
= [|(€x — Xi (T — T)) " (& — XDk — T))/ng — & €k /]| oo
<2 — D)X €x/nlloo+](Tr — T) "X X (T — T) /1| oo (4.10.21)

Using Lemma 4.10.7, on the event Fy(ng,p,q),

2/|(Ts = T) "X &x/nifloo < 2Tk = TY1lIX{ &k lloo /mi = Op(s2log(pa) /).
(4.10.22)
On the other hand,

(% = T) "X X (Dr = T) /gl oo < [ Xp(Ti = D)3/ = Op(52 l0g(pa) /ma),
(4.10.23)
where the last equality is due to the fact that in (4.10.17), pimin € (0,00) and
pr =< +/log(pq)/ni. Substituting (4.10.22) and (4.10.23) in (4.10.21) and then
substituting (4.10.21) and (4.10.20) in (4.10.19), the result in (4.10.18) follows. O

Lemma 4.10.9. Consider the regression model (4.2.2) where X, satisfies as-
sumptions (A1) and (A2), and consider the maximum row sparsity of Q! as
dy = o(\/ni/log(q)). Moreover, consider the coefficient matrix I' with sparsity
condition sy = o(n{*/(log(pg)log(q))), 0 < m < 1/2. Suppose that the event
Fi(ng,p, q) holds jointly in k = 1,..., K. Moreover, suppose that f‘g, k=1,...,K,
is the k-th debiased estimator in (4.3.3) with tuning parameter p, =< +/log(pq)/nk
and f‘OWAVg is the pooled estimator in (4.5.4). Let ng/n — ¢ € (0,1) as ny grows,

such that limg_, oo Zle ¢, = 1, and consider the remainder term R, r defined in
(4.5.5). Then, it follows that

[Ra.r|= Op(Ks2v/log(pg) log(q) /n), (4.10.24)

and if K grows at the rate K = O(n'/*/(1/log(pq) log(q) max{ss,/d2})), we have
[Ra.r|= 0p(1).
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Proof. First note that using Lemma 4.10.8, |[§A3k’1ak —3ual= Op(max{4/log(p)/n,
s2log(pq)/nk}), where we recall that A,, is the a-th diagonal element of an ar-
bitrary matrix A. Moreover, under the sparsity condition da = o(\/nt/log(q)),
with tuning parameter p; ; < 1/log(q)/ni in the nodewise Lasso regression (4.9.1),
using Lemma 5.4 of van de Geer et al. (2014), we get |[[M;CrM, — Q Y,u|=
Op(y/dz2log(q)/ni). As such,

125, © (MrCM)aa — [ ® Q aa| = Op(max{/ds log(q) /.,

log(p)/nk, s2log(pq) /ni}).
(4.10.25)

It can be shown that
1 1

‘ [ﬁ:k,f‘k ® (MkaMg)]aa [2 ® Qil]aa

= Op(max{+/d2log(q)/nk,
Vlog(p)/n, sz log(pg)/ni}).

(4.10.26)

As such,

K
Nk [E @ Q_l}aa ‘
— = -1

/;{ n Eip, © (MkaMkT)]aa}

K
—20Q Yuul S By 1 3 1
el ; " [Ek),f‘k ® (MkaMz)]aa E® Qil]aa}
<[2®Q*1}aa§:@ . ! __ 1!
- ZnlSp @ (MCGM] ee  [Z®Q ua

=Op (K max {1/dz 10g(q) /n, \/log(p) /n, 52 log(pq)/\/m}) :

where the last equality holds using (4.10.26), and the fact that ny < n, k =

K (ng [(E®Q aa _
1,...,K. Assuch, | >, {=& x [ﬁlk,fk®(MkaM,I)]aa} 1

= 0,(1) as K grows at

the rate K = Op (n1/4/( log(q) log(pq) max{sa, @})), and as a result

K nk/[E, ¢, ®MrCrM, ]aa Lo .
Z"‘lgé[ Z‘;/’C[E;Qkflf Wloa by By considering the continuous map g(z) =
k=1 aa

K —
1/+/z, the sequence \/ Zf:lik/:[lg’:;‘/k [gﬁ\i (;L“K/IRT)]M converges in probability to 1
as K and ng, k = 1,..., K, grow. As such, due to the definition of R, r, it

i K 4 [EEQ s
is enough to show the bound (4.10.24) for >, \/ﬁ[f::{gEMkcknll,j)]m

R, i the a-th element, a = 1,...,gp, of Rg r from (4.3.3).

Ra,k,l": with
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We first show that 1/[Akf ® (MCrM])]aa = Op(1). Note that [f]kr ®
(MkaMk )aa is nothlng else than the a-th element of the outer product of the
diagonal elements of Ekr and MkaMT Thus, it is just needed to find a
lower bound for the dlagonal elements of these two matrices. By construction, the
diagonal elements of Ek 1, are always positive. Combining Theorem 2.2 of van de
Geer et al. (2014) and the reversed triangle inequality, for each a € {1,...,q} we
get

1Qua |- I[MrCiM Jaa|< |Qua — [MECiM Jaal= 0,(1). (4.10.27)

Since Q™! is positive definite, using assumption (A2), we get Q.1 > Anin(Q™1)
> 1/A;. As such, for sufficiently large ng, using (4.10.27) we have that
|[M;C; M/ ]4a|> 0. Thus, for every a,b,c € {1,...,q}, there exists a bound .Jj

such that

1 1 1
- T < —= < — =0,(1). (4.10.28)
[Ek,f‘k ® (MrCrM,, )aa b2

kb oo [MECEM Jee| — i

By the fact that [¥ ® Q™ !],, does not grow with n based on assumption, using
Theorem 4.3.1 and combining it with (4.10.28), we have that

T X «
|Z N> Rokr| < Z \/M|Ra,k,l“| x Op(1)
h—1

k.Tw ® (MkaMT)]
< Op(K s24/10g(q) log(pg) /n).

Considering the sparsity conditions s = o(nf*/(log(pg)log(q))), 0 < m < 1/2,

dy = o(y/mt/log(q)) and K = O(n'/*/(\/log(pg) log(q) max{sz,\/dz})), the o0,(1)

result follows immediately. O

Lemma 4.10.10. Under the assumptions of Theorem 4.5.1, by considering

Z HE©Q4, " Tak
[Ek £, © (MECM)]aq \/[ﬁ:k,fk @ (MyCM;)]aa

)

where T, 1 is the a-th element of T}, from (4.3.3), and

& _Z\F \/z@) MkckM Naa

we have |¢, — /|2 0,as K = coand ny, — o0, k=1,..., K.
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Proof. Denoting the sequence ¢/ = Zk 1/ o X \/[2 ®(1\sz veRl , we show
kl" k“k aa

that [C, — |2 0 and ¢/ — ¢/| % 0, and then automatically, |, — ¢.| %> 0. We have

K
n 3 ®Q Haa
|<a _ (/1/| S Z 7’6 _ [ Q ] =
o VI By e, @ MECRM Jaa
Z ToQ! 5, ® MyCiM[ o
v n \/[zk £ ® MyCiM] Ja

|Ta k|
\/[2 ® MyCyM] |ua

1) Z \/7;7 V [2 X Qil}aa - \/[iki‘k X MkaM];r]aa
k=1

where the last inequality follows by the fact that 1/[2k,f‘k ®(MECrM; )]aa = O,(1)
using (4.10.28). Moreover, using (4.10.25) we get

K
G = G < D0 Tkl x Op(mac{/da 10g(@) /i, /1o (p) /.
k=1

s2 log(pq) /ny}). (4.10.29)
On the other hand,

Ty, = vec(M Xy & /v/ni) = (I, ® My)vee(X &) /</nk,
and working on the event Fj(ng,p,q), by considering py < +/log(pq)/n,
[Tklloo < VkOp(v/10g(pg) /mr) 1Ty @ M| oo (4.10.30)

As was shown in the proof of Lemma 4.4.1,

Ty @ Mi[lloe = [[Mploc = jefax }HMj,kle Op(Vda),

yeeey

|Ta k|
\/[2 ® M.CiM] Jaa

— 1| x

X |Tﬂ,k|a

where M, j, is the j-th row of Mj. As such, in (4.10.30), we get || Tx|loo<
Op(+/d2log(pg)). Substituting this result in (4.10.29), we have

K
— Gl < Z A/ %Op(v da log(pq) x max{~/d>log(q)/nx, \/log(p)/ni,
k=1

s9log(pq)/ni})
< Op(K+/dy log(pq) /n x max{+/dylog(q),/log(p)
s2log(pq)/~/ni}),
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where by considering the sparsity conditions sa = o(n:" /(log(pq) log(q))),

0 <7 <1/2, dy = o(\/nit/log(q)) and K = O(n'/*/(1/log(pq) log(q) x

max{ss,/dz2})), the 0,(1) result follows immediately.
Now, to show |¢ — (.| £ 0, by the same argument,

K
(AR DV
k=1

X |Ta,k|

< éﬁ{‘\/[z® (MLCM o~ VEE Q 1,
+ ‘\/m — \/[2k,f‘k ® (MkaMZ)}aal}|Ta,k|'

\/[E ® (MkaMg)]aa — \/[Ek,f‘k & (MkaMZ)]aa

Similarly to the proof of |¢, — ¢”|% 0, by considering the mentioned sparsity
conditions, we conclude that [/ — /] £ 0. O

Lemma 4.10.11. Consider the regression model (4.2.2), and suppose that assump-
tions (B1)-(B2) and (C1)-(C3) from Appendix 4.9.3 hold. Consider the coefficient
matrix T' with sparsity condition sy = o(n?/log(pq)), 0 < m3 < 1/6, and the

precision matrix ® with maximum node degree d{f/Q = o(y/nt/log(p)). Suppose
that the event Fy(ng,p,q) holds jointly in kK = 1,..., K. Moreover, suppose that
(;)g, k=1,...,K, is the k-th debiased estimator in (4.4.3) with tuning parameter
A < /log(p)/ni and @OWAVg is the pooled estimator in (4.5.6). Consider the
remainder term Rgp @ defined in (4.5.7). Then it follows that

Rap0|= O, (\I/% max {d;/? log(p), d3 (log(p))*/? / /7, d1 52 log(pQ)}) (4.10.31)

and if K grows as K = O(n'/3/(dy log(p))), we have |R.p.e|= 0,(1).

Proof. By a similar argument as in the proof of Lemma 4.10.9 and using Remark
K ~2
4.2, % -1=0, <K max { log(p)/n, \/d1 log(p)/n}), which is of order
k=1"Tk/%qp
0,(1) as K grows at the rate K = O(n'/3/(d;log(p))). As a result, by consider-
S/,
Zli(:l nk/&ib,k
probability to 1 as K and ng, k = 1,..., K, grow. As such, we just need to show

the boundedness of Zszl \‘/FE;T‘“’ X Rap,p,@- Due to the positive definiteness of
ab,k

the graphical Lasso estimator defined in (4.4.1), there exists a positive constant Ly,
such that with high probability &gbA’k > A2, (©) > Li, where A (©y) is the

min

ing the continuous map g(x) = 1/+/x, the sequence converges in




144 Chapter 4. Distributed estimation and inference in covariate adjusted GGMs

minimum eigenvalue of @, and then the term 1/ G2 x = Op(1). Moreover, using
(4.4.5),

K
Zf k79 R kol < Z Oy (masc{d?/? log(p), d2(1og(p))*/2 /s

ab k
disz1og(pq)}),

and the result in (4.10.31) follows directly. By considering the mentioned sparsity
and K = O(n'/3/(dy log(p))), one can reach the o,(1) rate. O

4.11 Appendix C: Extra simulation results
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Table 4.4: Average and standard deviation (between parentheses) of the Frobe-
nius norm over 500 repetitions on the active and non-active sets, for the proposed
estimators and different competitors, when n = 25000.

Active set Non-active set
K K
1 5 10 20 1 5 10 20
Full | 1.00 6.50
(.01) (.01)
owAvg 1.03  1.08 1.8 672 715  7.79
(.01)  (.01) (.01 (01)  (01)  (.01)
g Topl 139 146  1.19 912  9.60  7.85
ks (01) (.01) (.01) (01)  (01)  (.01)
T shAvg 159 288  3.95 1027 1691  20.15
- (01) (.02) (.03) (03)  (02)  (.03)
wAvg 104 125 181 680 800  10.10
6 (.01) (.01)  (.01) (01)  (01)  (.01)
SFull | 2.74 35
(.01) (.00)
g STopl 282 284 288 131 156  2.28
g (.01) (.01) (.01 (01)  (01)  (.01)
@ SsAvg 254 229 204 429 737 883
(.01) (.01) (.01 (01)  (01)  (.01)
SwAvg 259 245 222 1.93 277 4.01
(.01) (01)  (.01) (.00)  (.00)  (.01)
Full | 1.55 15.43
(.01) (.02)
owAvg 162 1.74 155 16.18  17.30  14.28
(.02)  (.02) (.01 (02)  (.02)  (.02)
T Topl 221 234 267 2208 2333  26.65
g (.02)  (.02) (.03) (.03)  (.03)  (.03)
T sAvg 242 391  7.09 2417 39.04  70.18
- (02)  (.04) (1.45) (03)  (.06)  (14.36)
wAvg 1.63  1.90  3.38 16.30 18.93  33.51
r (.02)  (.02) (.61 (02)  (.02)  (6.03)
SFull | 4.79 1.82
(.00) (.00)
¢ STopl 480 480  4.80 191 193  1.99
5 (.00) (.00)  (.00) (.00)  (.00)  (.01)
@ SsAvg 467 423 417 203 282 311
(12)  (.02)  (.02) (02)  (01)  (.01)
SwAvg 475 459 451 1.82 184  1.98
(.04) (.01) (.01 (.02)  (.00) (.00
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Table 4.5: Average coverage probability and average length of the confidence in-
tervals over 500 repetitions for the proposed estimators and different competitors,
when n = 25000.

Avg.Cov Avg.Len
K K
1 5 10 2|1 5 10 20
- Full |.94 02
2  owAvg| .94 .94 95| .02 .03 .03
2 Topl 94 94 94| 03 .04 .03
B sAvg 92 .89 .90 .04 .06 .08
o “ wAvg| 95 98 98 .03 .04 .06
o Full |.95 .02
£ owAvg| 95 96 .96 02 .03 .03
2% Topl 96 96 .95 03 .04 .03
g sAvg 94 94 97 04 .06 .08
“ wAvg 97 98 98] .03 .04 .06
- Full |.95 08
2  owAvg| 95 95 92| .08 .09 .07
2 Topl 95 .95 95| .11 12 .14
g sAvg 94 92 90| 12 17 .27
- < wAvg| 96 97 98 .09 .12 .20
o Full |.95 .08
5 owAvg 95 .95 .94 08 .09 .07
2%  Topl 95 .95 95| .11 .12 .14
g sAvg 94 .92 .90 A2 a7 27
“ wAvg 96 .97 98] .09 .12 20



CHAPTER 5

The DistributedGGL R package

This chapter provides an implementation of the procedures developed in Chapters
2-4 in R. To make the implementation convenient and user-friendly, an R package
called DistributedGGL is constructed, and it is extensively explained in this
chapter.

5.1 Introduction

The R package DistributedGGL provides tools for estimation and inference of
Gaussian graphical models under the distributed setting. The package is pro-
vided with documentation and illustration of the available functions. This package
supports different distributed estimation methods of the precision matrix of a mul-
tivariate Gaussian distribution including optimally weighted, sample-size weighted
and simple average methods. Parallel computing with different sub-samples is im-
plemented with the R package foreach (Microsoft and Weston, 2009). Moreover,
graphical Lasso estimation for each sub-sample is performed using the R package
huge (Jiang et al., 2010). Statistical inference including asymptotic confidence
intervals and a data driven threshold for the hypothesis testing procedure based
on the proposed methods are also implemented in this package.

Furthermore, estimation and inference for the coefficient and precision matri-
ces for covariate adjusted Gaussian graphical models are also implemented in this
package. Estimation of the coefficient matrix for each sub-sample is implemented
with the package MRCE (Rothman, 2012). Moreover, the nodewise Lasso regres-
sion when estimating the inverse sample covariance of the covariates is implemented
with the glment package (Friedman et al., 2008). Finally, linear algebra operations
are implemented with C++, and integrated in R via the Recep package (Eddelbuettel
and Balamuta, 2018).
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5.2 Implementation of the optimally weighted av-
erage estimator in Gaussian graphical models

Before explaining the function, we recall the model and the object of estimation
briefly for the reader’s convenience.

To estimate the precision matrix based on the optimally weighted average
method, we first estimate the precision matrix based on K parallel distributed
jobs and then we aggregate estimates to the final estimate based on the estimator

1 Kon

~ _ E Ad

@ab,owAvg = ZK . X E 3 ®ab,k7
k=1 a

=3
Tab,k

for every (a,b) € V x V, where (:)gb,k is the (a,b)-th entry of the k-th debiased
estimator (;)g, k =1,...,K, defined by Jankova and van de Geer (2015), of the

form
0¢ =20, — ©,3,0,,

where ©, is the graphical Lasso estimator, defined by Friedman et al. (2008), of
the form

O, = arg @Iélig {trace(ﬁ]k(a) —logdet(®) + )\k||@||170ff},

Sy

based on the k-th sub-sample, where \; > 0 is the regularization parameter, and
3, is the sample covariance matrix obtained based on the k-th sub-sample of the
form ﬁ]k = Y;Yk/nk, with Y, a matrix of dimension n; X p, and nx the sub-
sample size in the k-th sub-sample. Note that, E)’Zb’k = @aa,kébb,k + éguk-

5.2.1 Arguments and output

The function owAvg() implements the owAvg estimator in R, and the output of
this function can be obtained by calling

owAvg(data, K, lambda, SubSize, alpha).

The argument data is the input data matrix Y of dimension n x p, where n
is the total sample size and p is the number of variables (nodes). The argument K
is the number of sub-samples (machines) for splitting the dataset. The parameter
lambda is a sequence of regularization parameters of length K, for the graphical
Lasso optimization problem, the same for each sub-sample. The argument SubSize
is a vector of length K which indicates the sub-sample sizes ng, k =1,..., K, for
K parallel jobs. Finally, the argument alpha is the significance level for providing
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100(1 — )% asymptotic confidence intervals for every element of the precision
matrix @, which is of the form

K
(')ab,owAvg + q)_l(l - 04/2)/ Z nk/&gb,k’
k=1

where ®71(1—a/2) is the (1—a/2)-th quantile of the standard normal distribution.
The output of this function is a list containing

e ThetaTilde: The p x p dimensional matrix (:)OWAVg containing the final ag-
gregated estimates corresponding to @4 owave for every pair (a,b) € V x V.

e SigmaHat: A p X p dimensional matrix containing the sum Zle nk/62b7k
which is needed to perform inference for every pair (a,b) € V x V.

e RTime: The total running time obtained as the sum of the maximum time
among all parallel jobs and the time to combine the results.

e Weight: A list of K matrices corresponding to the estimated weights. The
weight of the k-th machine to every pair (a,b) of the precision matrix is

(/25 58-) x (G5).

ab,k

e Lower: A p x p dimensional matrix containing the lower bound in the men-
tioned asymptotic confidence interval at level 1 — « based on the distributed
procedure, for every pair (a,b) € ¥V x V.

e Upper: A p x p dimensional matrix containing the upper bound in the men-
tioned asymptotic confidence interval at level 1 — « based on the distributed
procedure, for every pair (a,b) € V x V.

e Len: A pxp dimensional matrix containing the length of the asymptotic con-
fidence interval for every entry @, (a,b) € V x V, based on the distributed

procedure which is of the form 2&-1(1 — a/2)// >, N /62, 1

e LowerB: A p x p dimensional matrix containing the lower bound in the men-
tioned asymptotic confidence interval at level 1 —« with Bonferroni correction
for every pair (a,b) € V x V, based on the distributed procedure. The differ-
ence between this output and Lower is in the quantile ®~!(-) which is of the
form ®~1(1 — a/(p(p — 1))) with the Bonferroni correction.

e UpperB: A p x p dimensional matrix containing the upper bound in the men-
tioned asymptotic confidence interval at level 1 —« with Bonferroni correction
for every pair (a,b) € V x V, based on the distributed procedure.
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e LenB: A p x p dimensional matrix containing the length of the asymptotic
confidence interval based on the distributed procedure with Bonferroni cor-

rection which is of the form 20~1(1 — a/(p(p — 1)))/1/Sor, ny /62, 1, for
every pair (a,b) € V x V.

5.2.2 Illustration
We start by loading the packages required in this example.

R> library(huge)

R> library(mvtnorm)

R> library(DistributedGGL)
R> library(igraph)

Throughout this illustration, we generate a dataset from a multivariate normal
distribution with mean vector 0, covariance matrix X, and precision matrix & =
¥ ~1. To generate a precision matrix, we consider a random graph structure using
the function huge.generator() from the huge package. Other graph structures
such as “hub”, “cluster”, and “band” can be also considered. The number of nodes
and the probability of connection between every pair of nodes are set to p = 300
and prob = 0.05. The following code generate a positive definite covariance matrix
and precision matrix of the random graph.

R> p = 300
R> prob = 0.05

R> set.seed(123)
R> objl = huge.generator(prob = prob, d = p, graph = "random", v=1,
+ vis = FALSE, verbose=FALSE)

R> mysigma = objl$sigma
R> myTheta = objl$omega

R> par(mar = c(4, 5.2, 0.5, 1))

R> x <- (l:nrow(as.matrix(objl$theta)))

R> y <- (l:ncol(as.matrix(objil$theta)))

R> matl <- (as.matrix(objil$theta))

R> image(x, y, matl, col = c(0,1), axes = F, xlab = "NODE",

+ ylab = "NODE", cex.lab = 3, bty = "n")

R> axis(2, c(1,seq(100,500, by=100)), las = 2, cex.axis = 1.6,

+ tck = -.01)

R> axis(1, c(1,seq(100,500, by=100)), cex.axis = 1.6, tck = -.01)

R> par(mar = c(0, 0, 0, 0))
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R> g = graph.adjacency(as.matrix(obji$theta), mode = "undirected",
+ diag = FALSE)

R> layout.grid = layout.fruchterman.reingold(g)

R> plot(g, layout = layout.grid, edge.color = "gray50",

+ vertex.color = "red", vertex.size = 3, vertex.label = NA)

300

100 200
NODE

Figure 5.1: Visual representation of the adjacency matrix of the precision matrix
© and its graph structure for p = 300 nodes. A black dot on the left hand figure
denotes an edge between the corresponding nodes.

As it is observed in the code above, using the function image () from the R pack-
age igraph (Csardi et al., 2005) and the function plot(), we can visualize the
adjacency matrix obtained from the structure of graph. The output of these two
functions is presented in Figure 5.1. To generate n = 10000 sample data from a
p-dimensional normal distribution with this graph structure, we use the function
rmvnorm() from the package mvtnorm (Genz et al., 2023) as follows.

R> n=10000
R> set.seed(123)
R> data = rmvnorm(n, sigma = mysigma)

To perform estimation and inference in the distributed setting, one needs the sub-
sample sizes for K sub-samples. The number of sub-samples is set to K = 10
in this example and the splitting setting is considered the same as in Nezakati
and Pircalabelu (2023c), see Chapter 2, which is as follows. Among all available
machines, two of them are considered as powerful and the remaining ones are
considered as ordinary. The first one is the most powerful and (55 — K)% of the
dataset is distributed on this machine. The second one is less powerful than the first
and (60 — K)% of the remaining dataset is distributed on this one. The remaining
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dataset is distributed roughly equally on the remaining machines. The following
code gives the size of these K sub-samples.

R> K = 10

R> sizel = floor(((55/100)-(K/100))*n)
R> aa = (55/100)-(K/100)

R> SubSize = c()

R> if ( K==1 ) { SubSize =n

+ } else if ( K==2 ) {

+ SubSize[1] = sizel

+ SubSize[2] = n-SubSize[1]

+ } else if ( K==3 ) {

+ set.seed (2020)

+ SubSize[1] = sizel

+ SubSize[2] = floor( ((60/100)-(K/100))*(1-aa)*n )
+ SubSize[3] = n-sum(SubSize[1],SubSize[2])

+ } else {

+ SubSize[1] = sizel

+ SubSize[2] = floor( ((60/100)-(K/100))*(1-aa)*n )
+ SubSize[3:(K-1)] = floor((n-(SubSize[1]+SubSize[2]))/(K-2))
+ SubSize[K] = n-sum(SubSize[1:(K-1)1)

+ }

R> SubSize

[1] 4500 2749 343 343 343 343 343 343 343 350

In the sequel, the regularization parameter is considered as A = 4/log(p)/n for
all K sub-samples, and the significance level « is set to a = 0.05.

R> lambda = rep(sqrt(log(p)/n), K); alpha = 0.05
R> obj2 = owAvg(data, K, lambda, SubSize, alpha)

R> obj2$ThetaTilde[1:4, 1:4]

[,1] [,2] [,3] [,4]
[1,] 1.520939446 0.004047655 -0.01018492 -0.002265978
[2,] 0.004047282 1.760001265 0.01936385 -0.001634396
[3,] -0.010183839 0.019364070 1.93312186 0.019853876
[4,] -0.002266144 -0.001633657 0.01985434 1.683757419

R> obj2$Lower[1:4, 1:4]

[,1] [,2] [,3] [,4]
[1,] 1.48427561 -0.02347224 -0.038780947 -0.029224410
[2,] -0.02347262 1.71872519 -0.010973330 -0.030246595
[3,] -0.03877987 -0.01097311 1.888575811 -0.009854104
[4,] -0.02922458 -0.03024586 -0.009853644 1.644153120
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R> obj2$Upper[1:4, 1:4]

[,1] [,2] [,3] [,4]
[1,] 1.55760328 0.03156755 0.01841111 0.02469245
[2,] 0.03156718 1.80127734 0.04970104 0.02697780
[3,] 0.01841219 0.04970125 1.97766791 0.04956186
[4,] 0.02469229 0.02697854 0.04956232 1.72336172
R> obj2$Len[1:4, 1:4]

[,1] [,2] [,3] [,4]
[1,]1 0.07332767 0.05503980 0.05719206 0.05391686
[2,] 0.05503980 0.08255214 0.06067437 0.05722440
[3,] 0.05719205 0.06067437 0.08909210 0.05941596
[4,] 0.05391686 0.05722440 0.05941596 0.07920860

The results presented above include the final aggregated estimate, the lower bound,
the upper bound, and the length of asymptotic confidence intervals for @4, a,b =
1,...,4, respectively.

5.3 Implementation of edge detection with false dis-
covery rate control
The following algorithm is a summary of the edge detection procedure using the

optimally weighted average estimator, described in Chapter 3, for the multiple
hypothesis testing Ho g = Oup =0vs H1 0p =0O #0,1 <a <b<p.

Algorithm 1: Edge detection procedure with false discovery control

Stepl. Construct the test statistic Uy = A /Zszl &Z—k(:)ab@WAVg using the
_ ab,k

optimally weighted average estimator éOWAVg.

Step2. For a pre-specified level 0 < ¢ < 1, let ¢, = (2log(p1) — 210g(10g(p1)))1/2,
and compute

pG()

th = inf <t<t,: ——7 <
o=1n {0— =t max{R'a),l}—q}’

where R'(t) = >, <) I(|Uqp|> t), G(t) = 2(1 — ®(t)) with ®(-) as the
cumulative distribution function of the standard normal distribution, and
p1 =p(p — 1)/2. If t{; does not exist, set ¢, = 1/2log(p1).

Step3. Reject Hg qp if |Uab|2 t5.
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The functions Distrib.dGL() and FDR() implement Algorithm 1 in R, for which
a comprehensive explanation is provided in Section 5.3.1.

5.3.1 Arguments and output

The function Distrib.dGL () implements the test statistic Ugp in R, and the output
of this function can be obtained by calling

Distrib.dGL(DeTheta, VarInv).

The argument DeTheta is a p X p dimensional matrix, whose (a, b)-th entry is the
owAvg estimator (:')ab,OWAVg for every (a,b) € V x V. This estimate can be obtained
in R using the function owAvg(), as explained in Section 5.2.1. The argument
VarInv is a matrix of dimension p x p, whose (a, b)-th entry is the inverse of the
variance of @ab,owAvg for every (a,b) € V x V, which is of the form Zszl nk/&ib’k.
This matrix is also an output of the function owAvg() in R.

The output of this function is a list including

e a: The row index of Uab, which is equal toa=1,...,p— 1.
e b: The column index of Uy, which is equal to b =a, . . . D
e stat.ab: The test statistic U, for every 1 <a <b<np.

e debiased.est.ab: The debiased estimator (;)gb)lc for every <a < b < p.

After taking the absolute value of the test statistic Uab, we find the threshold
{ using the function FDR(). The usage of this function is summarized as follows.

FDR(stat, q)

The argument stat is a vector of length p(p—1)/2 containing the absolute values of
Uab for every 1 < a < b < p, which can be constructed using Distrib.dGL(). The
argument q is a pre-specified level between zero and one from Step 2 of Algorithm
1, which should be specified by the user. This function searches for the value of t{),

as explained in Algorithm 1. The output of this function is a list including

e which.rejected: A vector containing the absolute values of the test statistics
Uawp, 1 < a < b < p, for which Hy 4 is rejected (corresponding to Step 3 of
Algorithm 1).

e which.t0: An index number (1 or 0) which shows whether the threshold ¢
defined by the procedure has been chosen or the alternative ¢, = 4/2log(p1).

e t.hat: The value of ¢{ which has been chosen by the procedure.



5.4. Implementation of the optimally weighted average estimator for covariate adjusted
graphical models 155

5.3.2 Illustration

As a continuation of the illustration in Section 5.2.2, after estimating ©, to select
the edges using Algorithm 1, we first construct the test statistic using the function
Distrib.dGL() as follows

R> dbGL <- Distrib.dGL(DeTheta = obj2[[1]], VarInv= obj2[[2]])

where we substitute the estimation of ® and its variance when using the function
owAvg(). Using the third output of dbGL, which is the absolute value of the test
statistic Uab, we can find the threshold ¢, and the test statistics correspond to the
rejected set, as follows

R>q = 0.1
R> FDR.FUNC = FDR(stat = abs(dbGL[,3]), q = q)

R> FDR.FUNC$which.tO

[1]1 1
R> FDR.FUNC$t.hat
[1] 2.81

R> dGL.pairs<- dbGL[FDR.FUNC[[1]],1:2]

R> dGL.pairs[1:5,]

[,11 [,2]
[1,] 147
[2,] 1 90
[3,] 1 91
(4,] 1 128
[5,] 1 168

The first and second output show that the threshold ¢, has been chosen by the
procedure defined in Step 2 of Algorithm 1 (not the alternative value), and its
value is 2.81, respectively. The last output represents the indices of 5 pairs Oy,
for which Hy 4, = 0 is rejected. It means that there are estimated edges between
pairs (1,47),(1,90),...,(1,168) in this special example.

5.4 Implementation of the optimally weighted av-
erage estimator for covariate adjusted graphi-
cal models

In this section, we implement the estimation of the coefficient matrix I" and of the
precision matrix ©, under the distributed setting, in the multivariate regression
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model

Y=T"X+5¢,
where © is the inverse of the covariance matrix X, such that ¢ ~ N,(0,X). The
implemented functions in R, compute I'qywave and Ogwavg introduced in Chapter
4. For the reader’s convenience, we summarize briefly these two estimators in this
section.

The final aggregated estimator for the a-th element of vec(T'), a = 1,...,pq, is
of the form

vec(Towavg)a = (i £ . © (AZZC,CM;)]W>_1

k=1 kI

ng & d
X vec(I‘,c)a7

where vec(f‘g)a is the a-th element of the vectorized form of I‘i, the k-th debiased
estimator, which is of the form

fd = f‘k + MkX;(Yk — ka‘k)/nk,

where I', is the solution to the following optimization problem
. ) 1
Iy = argmin {%trace{(Yk — X, D) (Y — X))} + pk||r||1}, (5.4.1)
k

where pg > 0 is the regularization parameter. Note that Cy = XkTXk/nk is the
sample covariance matrix of the covariates Xy, and M, is an approximation for
the inverse of Cy, which can be found using nodewise Lasso regressions. Moreover,
Ek,l"k (Yk — Xkl"k) (Yk — Xkl‘k)/nk

After estimating Iy, the final aggregated estimator of @y, (a,b) € V x V, can
be constructed as

K n -1 K
~ k
eab,owAvg = < § Ag > X E 0_ ®ab k>

k=1 abk k=1 abk

where (':)gb’k is the (a,b)-th pair of the debiased estimator of @ in the k-th sub-
sample, which is of the form

6! =20, - 6,5, 1. Oy,

and Oy, is the graphical Lasso estimator of Friedman et al. (2008), which is the
solution to the following optimization problem

®) = arg min {trace(f]kjk@) — log det(®) + )\k”@”lpff}, (5.4.2)

ocs”,
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where A\; > 0 is the regularization parameter.

As it is shown in Chapter 4, the aggregated estimators vec(f‘owAVg)a and
(:)ab’OWAVg are asymptotically normal. As such, performing inference in the form
of hypothesis testing and confidence intervals is feasible based on these estimators.
In the next section the functions owAvgCondGamma () and owAvgCondTheta() are
introduced for estimating and performing inference for the elements of I" and O,
respectively.

5.4.1 Function and output

The function owAvgCondGamma () implements the owAvg estimator vec(Towavg)a Of
vec(I)g, @ = 1,...,gp, in R and the output of this function can be obtained by
calling

owAvgCondGamma (Y, X, K, rho, lambda, rhotilde, SubSize, alpha).

The arguments Y and X are input response and covariate matrices of dimension
n x p and n X g, respectively, where n is the total sample size, and p and ¢ are the
number of responses (nodes) and covariates, respectively. The parameters rho and
lambda are respectively the regularization parameters in the optimization problem
(5.4.1) and (5.4.2), and both are vectors of length K. The argument rhotilde
is a sequence of regularization parameters of length K, for the nodewise Lasso
regression to estimate My, k = 1,..., K, which is an approximation for the inverse
of Cj based on the k-th sub-sample, when ¢ > ni. The argument SubSize is a
vector of length K which indicates the sub-sample sizes ng, k = 1,..., K, for K
parallel jobs. Finally, the argument alpha is the significance level for providing
100(1 — @)% confidence intervals for every element of the vectorized form of the
coefficient matrix I'; which is of the form

K
vec(Towavg)a £ @71 (1= a/2)/, | Y ni/[E), 5, ® (MrCrM])]aa-
k=1

The output of this function is a list containing

e GammaTilde: The ¢ X p dimensional matrix f‘OWAVg containing the final ag-

gregated estimates for vec(I'ogwavg)q for every element a =1, ..., gp.

e SigmaHat: A ¢ X p dimensional matrix containing the sum Zszl n/[2, £, @
(M}, C, M/ )]aq needed for performing inference for every element a = 1, ..., gp.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A ¢ X p dimensional matrix containing the lower bound in the men-
tioned asymptotic confidence interval at level 1 — « based on the distributed
procedure for every element a =1, ..., gp.
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e Upper: A ¢ x p dimensional matrix containing the upper bound in the men-
tioned asymptotic confidence interval at level 1 — « based on the distributed
procedure for every element a =1, ..., gp.

e Len: A ¢ x p dimensional matrix containing the length of the asymptotic
confidence interval based on the distributed procedure which is of the form
2071(1 — a/2)/\/Z£{:1 ny /[, . © (MCrM,])]aq for every element a =
1,...,qp.

e LowerB: A ¢ X p dimensional matrix containing the lower bound in the men-
tioned asymptotic confidence interval at level 1 — o with the Bonferroni cor-
rection based on the distributed procedure for every element a = 1,...,gp.
The difference between this output and Lower is in the quantile ®~! which
is of the form ®~1(1 — a/(p(p — 1))) with Bonferroni correction.

e UpperB: A ¢ x p dimensional matrix containing the upper bound in the men-
tioned asymptotic confidence interval at level 1 —« with Bonferroni correction
based on the distributed procedure for every element a = 1,.. ., gp.

e LenB: A ¢ X p dimensional matrix containing the length of the asymptotic
confidence interval based on the distributed procedure with Bonferroni cor-
rection which is of the form
261(1 — a/(p(p — 1)) /\/Z,f:1 /[ 5, © (MECiM])]aq for every ele-
ment a =1,...,qp.

The function owAvgCondTheta() implements the owAvg estimator © 4 owAve
of O, (a,b) € V xV, in R and the output of this function can be obtained by
calling

owAvgCondTheta(Y, X, K, rho, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvgCondGamma () except
rhotilde which is not needed in estimation of ®. The output of this function is a
list containing

e ThetaTilde: The p x p dimensional matrix (:)OWAVg containing the final ag-
gregated estimates for @,y owavg for every pair (a,b) € V x V.

e SigmaHat: A p X p dimensional matrix containing the sum Zle ng /&21)7,{
needed to perform inference for every pair (a,b) € V x V.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A p X p dimensional matrix containing the lower bound in the men-
tioned asymptotic confidence interval at level 1 — « based on the distributed
procedure for every pair (a,b) € V x V.
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e Upper: A p x p dimensional matrix containing the upper bound in the men-
tioned asymptotic confidence interval at level 1 — « based on the distributed
procedure for every pair (a,b) € V x V.

e Len: A p x p dimensional matrix containing the length of the asymptotic
confidence interval based on the distributed procedure which is of the form

20711 — a/2)/1/ S, ng /52, for every pair (a,b) € V x V.

e LowerB: A p x p dimensional matrix containing the lower bound in the men-
tioned asymptotic confidence interval at level 1 — o with the Bonferroni cor-
rection based on the distributed procedure for every pair (a,b) € V x V. The
difference between this output and Lower is in the quantile ®~! which is of
the form ®~1(1 — a/(p(p — 1))) with Bonferroni correction.

e UpperB: A p x p dimensional matrix containing the upper bound in the men-
tioned asymptotic confidence interval at level 1 —« with Bonferroni correction
based on the distributed procedure for every pair (a,b) € V x V.

e LenB: A p X p dimensional matrix containing the length of the asymptotic
confidence interval based on the distributed procedure with Bonferroni cor-

rection which is of the form 2&~1(1 — a/(p(p — 1)))/+/Sr—, ng /G2, , for
every pair (a,b) € V x V.

5.4.2 Illustration

We first start with generating a dataset from the covariate adjusted Gaussian
graphical model. To this end, we followed the simulation setup of Yin and Li
(2013) for generating sparse matrices I' and ©.

First, to generate the precision matrix @, we randomly generated a link be-
tween all pairs (a,b) € V x V,a # b, with probability of connection of 0.01.
Then, the corresponding entry in the precision matrix is generated uniformly from
[—1,-0.5]J[0.5,1], for each link. After that, for each row, each entry except the
diagonal one is divided by the sum of the absolute values of the off-diagonal en-
tries multiplied by 1.5. Finally, the matrix is symmetrized and the diagonal entries
are fixed to 1. To generate the regression coefficient matrix, we first generate a
sparse indicator matrix with non-zero elements having a probability of 0.01 of oc-
curring for every pair (a,b);a =1,...,¢,b =1,...,p. Then, corresponding to the
non-zero entries of this indicator matrix, we generate uniformly the entries of T’
from [—1, —vp] U[¥m, 1], where vy, is the minimum absolute non-zero value of the
generated precision matrix.

To generate covariates X from a multivariate Gaussian distribution, we first gen-
erate the covariance matrix Q from the Toeplitz structure ol*~, a,b € {1,...,¢}
with ¢ = 0.9. The function GenerateModel () implements the generation of @, I’
and Q in R as follows.
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R> p = 300
R> q = 150
R> sparse_F = 0.01
R> sparse_S = 0.01

R> rho = 0.9

R> set.seed(123)
R> objl = GenerateModel(p = p, q = q, sparse_F = sparse_F,
+ sparse_S = sparse_S, rho = rho)

R> mysigma = obj1$Sig
R> mygamma = obj1$F
R> mysigmaX = obj1$Sigx

The arguments sparse_F and sparse_S are the sparsity parameters of I' and ©,
respectively, and the argument rho is the Toeplitz parameter of Q. To generate
a dataset, we first generate X = (X',..., X9)T from a ¢-dimensional Gaussian
distribution with mean vector zero and covariance matrix Q. Finally, conditionally
on X = x, we generate Y from a p-dimensional Gaussian distribution with mean
I'"x and covariance matrix ®'. The function GenerateData() implements this
data generation in R.

R> n = 10000

R> data = GenerateData(n = n, p = p, q = q, Sig = mysigma,
+ Sigx = mysigmaX, F = mygamma)

R> Y = data$y

R> X = data$x

R> colnames(X) <- c(1l:q)
R> colnames(Y) <- c(1:p)
R> dim(X)

[1] 10000 150

R> dim(Y)

[1] 10000 300

The output of this function is a list of two matrices Y and X of dimensions n X p
and n X ¢, respectively.

To perform estimation and inference in the distributed setting, one needs the
sub-sample sizes for K sub-samples. The number of sub-samples is set to K = 10
in this example and the splitting setting is considered the same as in Section 5.2.2.
We provide the code here again for the reader’s convenience.

R> K = 10

R> sizel=floor (((55/100)-(K/100))*n)



5.4. Implementation of the optimally weighted average estimator for covariate adjusted
graphical models 161

R> aa=(55/100)-(K/100)
R>  SubSize=c()
R> if ( K==1) {
SubSize=n
} else if ( K==2 ) {
SubSize[1]=sizel
SubSize[2]=n-SubSize[1]
} else if ( K==3 ) {
set.seed (2020)
SubSize[1]=sizel
SubSize[2]=floor( ((60/100)-(K/100))*(1-aa)*n )
SubSize[3]=n-sum(SubSize[1],SubSize[2])
} else {
SubSize[1]=sizel
SubSize[2] = floor( ((60/100)-(K/100))*(1-aa)*n )
SubSize[3:(K-1)] = floor((n-(SubSize[1]+SubSize[2]))/(K-2))
SubSize[K]=n-sum(SubSize[1:(K-1)])
}

+ 4+ 4+ + + + + + + + + A+ 4+ +

In what follows, the regularization parameters are set to pp = p = +/log(pq)/n,
A = A = /log(p)/n, and p;r = p = +/log(¢g)/n in the optimization problems
(5.4.1), (5.4.2), and the nodewise Lasso regression, respectively, for all K sub-
samples, and the significance level « is set to a = 0.05.

R> lambda = rep(sqrt(log(p)/mn), K)
R> rho = rep(sqrt((log(p)+log(q))/n), K)
R> rhotilde = rep(sqrt(log(q)/n), K)

R> obj2 = owAvgCondGamma(Y = Y, X = X, K = K, rho = rho, lambda =
+ lambda, rhotilde = rhotilde, SubSize =
+ SubSize, alpha)

R> obj2$GammaTilde[1:4, 1:4]

[,1] [,2] [,3] [,4]
[1,] 0.0076616357 -0.014994208 -0.006984971 0.001241561
[2,] -0.0007496598 0.010508778 -0.013141730 -0.019238793
[3,] -0.0488435493 0.007391558 0.007968575 -0.001090420
[4,] 0.0124639815 -0.016727065 0.000837673 -0.003272885

R> obj2$Lower[1:4, 1:4]

[,1] [,2] [,3] [,4]
[1,] -0.04556247 -0.06676384 -0.05844017 -0.04971139
[2,] -0.07185692 -0.05868826 -0.08194074 -0.08732383
[3,] -0.11951562 -0.06134597 -0.06035818 -0.06872920
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[4,] -0.05762693 -0.08489587

-0.06690242 -0.07035413

R> obj2$Upper[1:4, 1:4]

R> obj2$Len[1:4,

[1,]
2,1
(3,1
[4,]

[,1]

1:4]
[,1]
0.1064482 0.
0.1422145 0.
0.1413441 0.
0.1401818 0.

[1,]1 0.06088574 0.03677542
[2,]1 0.07035760 0.07970581
[3,] 0.02182852 0.07612909
[4,] 0.08255490 0.05144174

[,2]
1035393 0.
1383941 0.
1374751 0.
1363376 0.

[,2] [,3] [,4]
.04447022 0.05219451
.055665728 0.04884625
.07629533 0.06654836

.06857776 0.06380836

O O O O

[,3] [,4]
1029104 0.1019059
1375980 0.1361701
1366535 0.1352776
1354802 0.1341625

Finally, to estimate the precision matrix @, we use the following function in R.

R> obj3 = owAvgCondTheta(Y = Y, X = X, K =

+

K, rho rho, lambda
SubSize, alpha)

lambda, SubSize

R> obj3$ThetaTilde[1:4, 1:4]

[1,]
[2,]
(3,1
4,]

R> obj3$Lower[1:4, 1

(1,1
[2,]
(3,1
[4,]

R> obj3$Upper([1l:4, 1

[,1]
1.129852087 O.
0.010842049 1.

-0.025321714 -0.
0.001521015 O.

[,1]
1.101568437 -0.
-0.009267171 1.
-0.045655250 -0.
-0.018670770 -0.

[,1]

[,2]
010842049
137501044
001379203
002711373

:4]

[,2]
009267171
108947615
021806956
017581946

:4]

[,2]

[y

[,3]

.026321714 0.
0.001379203 0.
.180100515 0.

0.003849879 1.

-0.
-0.
.15091042 -0.
.01666970 1

[,3]
04565525 -0.
02180696 -0.

[,3]

[,4]
001521015
002711373
003849879
148853884

[,4]
01867077
01758195
01666970

.12004012

[,4]

1.158135737 0.03095127 -0.004988178 0.02171280
0.030951270 1.16605447 0.019048550 0.02300469
-0.004988178 0.01904855
0.021712799 0.02300469 0.024369457 1.17766765

R> obj3$Len[1:4, 1:4]

[,1]

[,2]

[,3]

1.209290612 0.02436946

[,4]
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[1,] 0.05656730 0.04021844 0.04066707 0.04038357
[2,] 0.04021844 0.05710686 0.04085551 0.04058664
[3,] 0.04066707 0.04085551 0.05838019 0.04103916
[4,] 0.04038357 0.04058664 0.04103916 0.05762753

5.5 Additional functions

The package contains several additional functions that serve for the estimation and
inference using the weighted and simple average methods. As the usage of these
functions is similar to those introduced in the previous sections, we do not provide
detailed examples here.

5.5.1 Implementation of the weighted average estimator for
Gaussian graphical models

The function wAvg() in R implements the weighted average estimator

ad n
~ k Ad
eab,wAvg - E WGawa
k=1

for every (a,b) € ¥V x V. The output of this function can be obtained by calling
wAvg(data, K, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvg(), and they are
provided in Section 5.2.2. The output of this function is a list containing

e ThetaTilde: The p X p dimensional matrix éWAVg containing the final ag-
gregated estimates for @5 wavg for every pair (a,b) € V x V.

e SigmaHat: A p X p dimensional matrix containing the sum of variance es-
timates in the sub-samples of the form Zle 62 needed for performing
inference for every pair (a,b) € V x V.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A px p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — « based on the wAvg procedure, which

is of the form @ 4p wavg — @ (1 — a/2)\/( S &2, 1)/ (nK), for every pair

(a,b) € V x V, where ®~1(-) is the quantile function of the standard normal
distribution.
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e Upper: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — « based on the wAvg procedure, which

is of the form © .5 wavg + P 1(1 — a/2)\/( Zszl &2b7k)/(nK) for every pair
(a,b) € V x V.

e Len: A p x p dimensional matrix containing the length of the asymptotic
confidence interval based on the wAvg procedure for every pair (a,b) € Vx V.

e LowerB: A pxp dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the wAvg procedure for every pair (a,b) € V x V.

e UpperB: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the wAvg procedure for every pair (a,b) € V x V.

e LenB: A p x p dimensional matrix containing the length of the asymptotic
confidence interval with Bonferroni correction based on the wAvg procedure
for every pair (a,b) € V x V.

5.5.2 Implementation of the simple average estimator for
Gaussian graphical models

The function sAvg() in R implements the simple average estimator
| XK
Oupsavg = Ve Z O 1
k=1

for every (a,b) € V x V. The output of this function can be obtained by calling
sAvg(data, K, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvg() and wAvg(). The
reader can refer to Section 5.2.2 for more information. The output of this function
is a list containing

e ThetaTilde: The p x p dimensional matrix O Ave containing the final aggre-
gated estimates for @, savg for every pair (a,b) € V x V.

e SigmaHat: A p X p dimensional matrix containing the sum of variance es-
timates in the sub-samples of the form Zle 621 needed for performing
inference for every pair (a,b) € V x V.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.
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e Lower: A p X p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — « based on the sAvg procedure, which is

of the form © 4y savg — (1 — a/2)\/ (S8, 62,0 (X8 1/ny) /K3, for ev-

ery pair (a,b) € V x V, where ®~1(-) is the quantile function of the standard
normal distribution.

e Upper: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — « based on the sAvg procedure, which

is of the form O aave + B (1 — /2 (T4L, 62, ) (S, 1/m) /K3 for
every pair (a,b) € V x V.

e Len: A p x p dimensional matrix containing the length of the asymptotic
confidence interval based on the sAvg procedure for every pair (a,b) € V x V.

e LowerB: A pxp dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the sAvg procedure for every pair (a,b) € V x V.

e UpperB: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the sAvg procedure for every pair (a,b) € V x V.

e LenB: A p X p dimensional matrix containing the length of the asymptotic
confidence interval with Bonferroni correction based on the sAvg procedure
for every pair (a,b) € V x V.

5.5.3 Implementation of the weighted average estimator for
the coefficient matrix for covariate adjusted graphical
models

The function wAvgCondGamma () implements the wAvg estimator

K
~ Ng ~
vec(Twavg)a = ?vec(I‘z)a

k=1

of vec(I'),, a=1,...,¢qp, in R and the output of this function can be obtained by
calling

wAvgCondGamma (Y, X, K, rho, lambda, rhotilde, SubSize, alpha).

The arguments of this function are the same as those of owAvgConGamma (). The
reader can refer to Section 5.4.2 for more information. The output of this function
is a list containing

e GammaTilde: The ¢ x p dimensional matrix T, Ave containing the final aggre-

gated estimates for vec(I'yavg)q for every element a = 1,...,gp.
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e SigmaHat: A ¢ X p dimensional matrix containing the sum of variance esti-
mates in the sub-samples of the form 21[::1[21@ P, ® (M,CxM] )]aa, where
2k,f‘k =(Yr— ka‘k)T(Yk — Xk.f‘k)/nk, needed for performing inference for
every element a =1,...,gp.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A ¢ X p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1—a based on the wAvg procedure, which is of
the form Vec(f‘wAvg)a—@’l(l—a/Q)\/ (Yiei[Ey 5, @ (MECiM])]aa)/(nK),

for every element a = 1,...,qp, where ®~1(-) is the quantile function of the
standard normal distribution.

e Upper: A ¢ xp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1—a based on the wAvg procedure, which is of

the form Vec(fwAvg)a-i—(I)_l(l—a/Q)\/( S [Ep, © (MyCiM o)/ (nK)
for every element a =1, ..., gp.

e Len: A ¢ xp dimensional matrix containing the length of the asymptotic con-
fidence interval based on the wAvg procedure for every element a = 1,. .., gp.

e LowerB: A ¢ X p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the wAvg procedure for every element a = 1, ..., gp.

e UpperB: A ¢xp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — a with Bonferroni correction based on
the wAvg procedure for every element a = 1, ..., gp.

e LenB: A ¢ X p dimensional matrix containing the length of the asymptotic
confidence interval with Bonferroni correction based on the wAvg procedure
for every element a =1, ..., gp.

5.5.4 Implementation of the weighted average estimator for
the precision matrix for covariate adjusted graphical
models

The function wAvgCondTheta() implements the wAvg estimator

K

~ Nk Aq
Oub wAvg = E ;eab,k
=1

of Oy, (a,b) € V xV, in R and the output of this function can be obtained by
calling
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wAvgCondTheta(Y, X, K, rho, lambda, SubSize, alpha).

The arguments of this function are the same as those of wAvgCondTheta (), and they
are not provided here. The reader can refer to Section 5.4.2 for more information.
The output of this function is a list containing

e ThetaTilde: The p X p dimensional matrix @yay, containing the final ag-
gregated estimates for @,p wavg for every pair (a,b) € V x V.

e SigmaHat: A p X p dimensional matrix containing the sum of variance esti-
mates in the sub-samples of the form Zle &2b > where &gb = ©aa, kO i+

égb,k’ needed for performing inference for every pair (a,b) € V x V.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A px p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — « based on the wAvg procedure, which

is of the form @ 4p wavg — @ (1 — a/2)\/( S &2, 1)/ (nK), for every pair

(a,b) € V x V, where ®~1(-) is the quantile function of the standard normal
distribution.

e Upper: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — « based on the wAvg procedure, which

is of the form © 44 wavg + @ 1(1 — a/2)\/( Zszl 62b7k)/(nK) for every pair
(a,b) €V x V.

e Len: A p x p dimensional matrix containing the length of the asymptotic
confidence interval based on the wAvg procedure for every pair (a,b) € Vx V.

e LowerB: A p X p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — a with Bonferroni correction based on
the wAvg procedure for every pair (a,b) € V x V.

e UpperB: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the wAvg procedure for every pair (a,b) € V x V.

e LenB: A p x p dimensional matrix containing the length of the asymptotic
confidence interval with Bonferroni correction based on the wAvg procedure
for every pair (a,b) € V x V.
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5.5.5 Implementation of the simple average estimator for
the coeflicient matrix for covariate adjusted graphical
models

The function sAvgCondGamma () implements the sAvg estimator

K
- 1 ~
vec(Twavg)a = 7 E VGC(FZ)Q
k=1

of vec(T'),, a=1,...,¢qp, in R and the output of this function can be obtained by
calling

sAvgCondGamma (Y, X, K, rho, lambda, rhotilde, SubSize, alpha).

The arguments of this function are the same as those of owAvgCondGamma (). The
reader can refer to Section 5.4.2 for more information. The output of this function
is a list containing

e GammaTilde: The ¢ x p dimensional matrix T Ave containing the final aggre-

gated estimates for vec(I'savg)q for every element a =1,...,¢gp.

e SigmaHat: A ¢ X p dimensional matrix containing the sum of variance esti-
mates in the sub-samples of the form ZkK:l[Ek r, ® (M, Cp M} )]aa, where

Y, = (Y- X T0)T (Y —XiIk) /nk, needed for performing inference for
every element a = 1,...,qp.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A ¢ X p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — « based on the sAvg procedure, which is

of the form

= _ K ¢ K
vec(Tsavg)a—® 1(1—04/2)\/(Zk:1[2k,fk ® (MkaM;{:r)]aa)(Zkzl 1/ny) /K3,
for every element a = 1,...,qp, where ®~1(-) is the quantile function of the

standard normal distribution.

e Upper: A g x p dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — « based on the sAvg procedure, which is

of the form

= - K < K
vec(Lsavg)at® 1(1_04/2)\/(2:1@:1[Ek’f‘,c ® (MkaMIIHaa)(Zk:l 1/ny)/ K3
for every element a =1, ..., gp.

e Len: A ¢ x p dimensional matrix containing the length of the asymptotic con-
fidence interval based on the sAvg procedure for every element a = 1,. .., gp.
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e LowerB: A ¢ x p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the sAvg procedure for every element a = 1,.. ., gp.

e UpperB: A ¢xp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the sAvg procedure for every element a = 1,..., gp.

e LenB: A ¢ X p dimensional matrix containing the length of the asymptotic
confidence interval with Bonferroni correction based on the sAvg procedure
for every element a =1, ..., gp.

5.5.6 Implementation of the simple average estimator for
the precision matrix for covariate adjusted graphical
models

The function sAvgCondTheta() implements the sAvg estimator
X
Oubsavg = Ve Z %, 4
k=1

of O, (a,b) € V x V, in R and the output of this function can be obtained by
calling

sAvgCondTheta(Y, X, K, rho, lambda, SubSize, alpha).

The arguments of this function are the same as those of owAvgCondTheta(). The
reader can refer to Section 5.4.2 for more information. The output of this function
is a list containing

e ThetaTilde: The p X p dimensional matrix ®gav, containing the final aggre-
gated estimates for ®,p savg for every pair (a,b) € V x V.

e SigmaHat: A p x p dimensional matrix containing the sum of variance esti-
mates in the sub-samples of the form Zle &2b x> Where ‘}217 = ©aa kO 1+

éib’k, needed for performing inference for every pair (a,b) € V x V.

e RTime: Total running time obtained as the sum of the maximum time among
all parallel jobs and the time to combine the results.

e Lower: A px p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — « based on the sAvg procedure, which is

of the form O, 1ave — 2 (1- /2 (42, 62, ) (1, 1/mk) /K3, for ev-
ery pair (a,b) € V x V, where ®~1(+) is the quantile function of the standard
normal distribution.
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e Upper: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — « based on the sAvg procedure, which

is of the form O ave + B (1 — /2 (T4L, 62, ) (S, 1/m) /K3 for
every pair (a,b) € V x V.

e Len: A p X p dimensional matrix containing the length of the asymptotic
confidence interval based on the sAvg procedure for every pair (a,b) € V x V.

e LowerB: A p X p dimensional matrix containing the lower bound of the asymp-
totic confidence interval at level 1 — o with Bonferroni correction based on
the sAvg procedure for every pair (a,b) € V x V.

e UpperB: A pxp dimensional matrix containing the upper bound of the asymp-
totic confidence interval at level 1 — a with Bonferroni correction based on
the sAvg procedure for every pair (a,b) € V x V.

e LenB: A p x p dimensional matrix containing the length of the asymptotic
confidence interval with Bonferroni correction based on the sAvg procedure
for every pair (a,b) € V x V.

5.6 Discussion

In this chapter, we showcased the usage of the Distributed GGL package, which
performs estimation and inference for Gaussian graphical models under a dis-
tributed setting. This is done by using the functions owAvg() and owAvgCondTheta(),
respectively. Moreover, estimation of the coefficient matrix for covariate adjusted
Gaussian graphical models is performed with the function owAvgCondGamma (). Per-
forming hypothesis testing for the entries of the precision matrix is also performed
with the functions Distrib.dGL() and FDR(). The advantage of this package is
the simplicity of using and implementing the theoretical part of papers Nezakati
and Pircalabelu (2023a), Nezakati and Pircalabelu (2023b) and Nezakati and Pir-
calabelu (2023c) in practice.



CHAPTER 6

Conclusions and extensions

The objective of this thesis was to study Gaussian graphical models from a new
perspective: the distributed setting. This divide and conquer paradigm proves to
be helpful in addressing contemporary challenges, particularly preserving the se-
curity and privacy of datasets. We investigated the asymptotic properties, such
as convergence rate, consistency, and asymptotic distribution of the proposed esti-
mators. The context of this thesis can be extended in various directions, some of
which we propose here.

(1)

3)

The main assumption throughout this thesis was Gaussianity. All the mod-
els and estimators were built under the assumption that the dataset comes
from a multivariate Gaussian distribution. The most natural extension of
this thesis is to explore for cases where data are non-Gaussian. For in-
stance, one can consider the non-paranormal distribution, where the Gaus-
sian random vector Y = (Y'1,...,YP)T is replaced by the random vector

FOY) = (A(YY),..., f,(¥?)", and £(Y) is assumed to be multivariate
Gaussian. This model is well studied in Liu et al. (2009), where they pro-
posed a non-parametric estimator for the functions {f;}, j = 1,...,p, and
showed that how the graphical Lasso can be used to estimate the graph in the
high-dimensional setting. Combining this model with the distributed setting
is more challenging due to the unknown form of {f;}, j =1,...,p, and the
complicated form of the KKT condition.

As it was observed in this thesis, the graphical Lasso estimator was biased
and it produced a lot of false negatives. This method was equipped with one
regularization parameter, A. An alternative approach would be to impose
different \’s, not just one, to shrink similar estimators towards each other,
and hopefully get less false negatives.

The model in this thesis was built for a Gaussian random vector. However, in
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some situations, we deal with a matrix variate Gaussian data where, instead
of a p-dimensional vector, we have a p x ¢ dimensional matrix. Considering
the distributed setting from this perspective is also of interest.

(4) The distributed setting in this thesis was constructed by splitting observations
into different non-overlapping independent sub-samples. Another extension
of this approach can be applied to cases where variables are split into differ-
ent groups rather than observations. Since there are dependencies between
variables, this approach is more challenging and requires greater delicacy.

In this chapter, we delve into some of these extensions in detail as follows.

Section 6.1 explores in detail idea (2), while idea (3) is investigated in Section
6.2. Finally, Section 6.3 provides a detailed explanation of idea (4). The remaining
ideas will be investigated in further research.

6.1 Sorted L-One Penalized Estimation (SLOPE)

As an extension of the Lasso penalty, one can consider SLOPE, defined by Bogdan
et al. (2015), where the penalty is defined by the sorted ¢; norm (SL1)

IA(B) = Z Ail Bl iy
i=1

used in a regression model, where 3 = (81, ...,3,)" is the vector of model param-
eters, whose absolute values are sorted in descending order as |3|(1)> ... > |8,
whereas A = (A, .. .7)\,,)—'— is the sequence of corresponding tuning parameters,
which satisfy the condition Ay > ... > A, > 0. The SLOPE penalty is based
on a decaying sequence of tuning parameters, which allows for assigning exactly
the same estimated regression coefficients to the groups of variables with a similar
influence on the loss function. In general, SLOPE exhibits two levels of shrinkage
of regression coefficients: (1) shrinking towards zero; and (2) shrinking the similar
estimates towards each other (Bogdan et al., 2015; Bellec et al., 2018).

In connection with graphical models, Riccobello et al. (2022) proposed SLOPE
for the Gaussian graphical models (Gslope) by first vectorizing the elements on the
upper triangle of ©, to create a new vector @* = (0%,...,0% )" = (O1a,...,0,,
©23,...,02,,...,0,_1),) " of length m, where m = p(p—1)/2. Then, the authors
defined the following SL1 penalty to create

IA(©) = ZM|@*|(¢)7
i=1

where |©*](;), i = 1,...,m, are the absolute values of ®* entries in descending
order, and which assigns to each of them a specific tuning parameter, such that
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A1 > ... > Ay > 0. By considering the above penalty function, Gslope solves the
following optimization problem

Ogs = arg @min {trace(2O) — log det(©) + J»(©)}, (6.1.1)
€ P

++

where 3 is the sample covariance matrix. Similarly to graphical Lasso, Gslope is a
convex optimization problem, which has a unique solution. However, the optimal
result is biased. To debias this estimator, we propose to use a similar technique to
Jankova and van de Geer (2015). To this end, rewrite the optimization problem
(6.1.1) as

Ocs =arg min {trace(£0) — logdet(©) + Y Aup|Oa|}, (6.1.2)
®csh atb
where

Aab _ )‘a(a,b); a< b7
A(7(1),11); a> bv

and o(a,b) is the order of ®,, in the upper triangle of @. For example in a
precision matrix with p = 3, suppose that |@13|> |@23]> |©12|. Then, o(1,2) = 3,
0'(1,3) = 1, 0'(2,3) = 2, and as a result, A12 = )\3, A13 = )\1, and )\23 = )\2. Note
that, by the structure of SLOPE, Ay > Ay > 3.

We propose to use next the KKT condition of the optimization problem (6.1.2),
which is characterized as

¥ -0 +AeD=0, (6.1.3)

where A is a p x p dimensional matrix with entries Ag, the symbol ® is the
Hadamard product (elementwise product) between two matrices, and D is a matrix
which belongs to the sub-differential of the ¢; off-diagonal norm evaluated at Ocs.
Denote W := 3 — X. By inverting (6.1.3), and performing some algebra, we get

Ol -0 =-0W0 + A,
where
Ol := Ogs + Ocs(A ®D) = 20¢s — OcsEOqs,
A= —(Ogs — O)WO — (O¢sS — 1) (Ogs — ©).

To show the asymptotic normality of ©%¢, we need to show that the remainder

term A is negligible, and OW® 4, N(0,1). To this end, we need to bound
Ogs — ©. By following the proof of Theorem 1 of Ravikumar et al. (2011), under
some regularity assumptions, it can be shown that

1©cs — ©|oo< 2(1 + 8/ ) kb s (n, p7),
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where a7 and ky are defined in Chapter 2, and

d¢(n,p") :=argmax{d : f(n,0) <p"},

for some 7 > 2, and f(n,d) : N x (0,00) — (0,00) is a tail function such that for
every (a,b) € V xV,

P(|2ap — Zap|> 8) < 1/f(n,8), forall § € (0,00).

The tail function f can have different forms. In the case of Gaussian graphical
models, when Y is a multivariate Gaussian vector, the deviation of the sample
covariance matrix from the target has an exponential-type tail function of the form
f(n,8) = exp(cnd?) for some constant ¢ > 0. After some calculations, it can be
shown that in this case 6;(n,p”) = 1/log(p7)/(cn).

The difference of this result with the one of Ravikumar et al. (2011) is that we
need more conditions on the regularization parameter \;, i = 1,...,m. The regu-
larization parameter \; should be of the form \; = (8/a1)d(n, p™ /i) for some 7 > 2,
such that \;y > Xy > ... > \,, > 0, and moreover, 1 < ﬁ < m. The
negligibility of the remainder term A is left for future research.

By showing the asymptotic normality of the debiased Gslope estimator édGS,
one can apply the same procedure as in Chapter 2 in the distributed setting. By
splitting the dataset into K non-overlapping sub-samples, performing debiasing
procedure on each sub-sample, one can benefit from the asymptotic normality, and
by maximizing a pseudo log-likelihood function constructed with the asymptotic
density of the debiased estimators, the aggregated estimator could be defined and
further investigated.

6.2 Matrix variate graphical models

As an extension of the multivariate Gaussian distribution for vector data, one can
consider the matrix variate normal distribution for a matrix variable X € RP*4,
We assume that the matrix variable X € RP*? follows a matrix variate Gaussian
distribution with probability density function

1
fx(x |2, ®) = (27r)_‘”’/2det(2)_q/zdet(lll)_p/zexp{ - Qtrace(x\P_leE_l)},
(6.2.1)

where ¥ € RP*P and ¥ € R?*Y are the row and column variance matrices. Such
a model is frequently encountered in many applications such as financial market
analysis, genomic data analysis, and brain imaging studies. The Matrix variate
Gaussian distribution is useful for characterizing conditional independence between
the variables (Dawid, 1981; Gupta and Nagar, 2018). Let @ = £~! = (w;;) and
I' = ¥~! = (v;;) be the precision matrices for the row and the column vectors,
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respectively. Formally, in a matrix normal distribution, two arbitrary entries X;;
and Xy, are conditionally independent given the remaining entries if and only if:
(1) at least one of the entries w;; and i when ¢ # k,j # | is zero; (2) wy, = 0
when ¢ # k,j =1; (3) vy = 0 when ¢ = k, j # [. The partial correlation between
variables X;; and X}, is then defined as

Wik
NVWiikk /Y5

Pij,kl =

The partial correlation p;; x: is not zero only if both w;;, and v are non-zero.

To build sparse estimators for £ and T', consider an i.i.d. sample Xq,...,X,
from the matrix variable X. One can implement the penalization problem of Leng
and Tang (2012) as

1 T 1 1
min {nm] Zz:;trace(XiI‘Xi Q) — » log det(€2) — p log det(I") 4 pa, (£2) + pAQ(F)},

(6.2.2)

where px(A) = 3, ., pa(lai;|) for a square matrix A = (a;;) with a suitably defined
penalty function py, such as Lasso, defined as py(s) = A|s|. As it was observed in
this thesis, Lasso produces bias estimators. To combine distributed approach with
matrix variate Gaussian graphical models, one first needs to debias the estimators
in the sub-samples, and then by using the asymptotic normality of the debiased
estimators, one constructs the aggregated estimators. The optimization problem
(6.2.2) with the Lasso penalty is a non-convex problem as the trace produces in-
teraction terms between the two precision matrices. However, it is biconvex as
convexity holds only with respect to either precision matrix individually but not
jointly. As such, by fixing one precision matrix, say I', the optimization problem
(6.2.2) reduces to a convex graphical Lasso problem on €, as

. 1 - 1
Q =arg min {trace(Elﬂ) — —logdet(2) + )\1||91,of-r},
Qest, | p p

3, =30 X,TX] /p, and the KKT condition is of the form

3 -9+ MD; =0, (6.2.3)

where D is a matrix which belongs to the sub-differential of the Lasso penalty
evaluated at €2. Similarly, by fixing €, the optimization problem (6.2.2) reduces
to the convex problem

1,0ﬁ‘}7

1 - 1
I' = arg min {qtrace(I‘Zz) - 6log det(T") + AT

q
resi,
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on T, where 3, = 3" |, X;0QX] /¢, and the KKT condition is of the form
3, —T'+ XDy =0, (6.2.4)

where D5 is a matrix which belongs to the sub-differential of the Lasso penalty
evaluated at I'. By solving the KKT conditions (6.2.3) and (6.2.4), and perform-
ing some algebra, one can construct the debiased estimators for € and I'. This
investigation can be a challenging problem and is left for future work.

6.3 Feature splitting via a decorrelated procedure

The distributed framework in this thesis was based on splitting sample data into
different, non-overlapping independent sub-samples. When p > n, splitting on the
variable space is more effective. However, when the variables are correlated, by
splitting on the variable space one might miss important information, simply due
to the fact that not all variables are present in the model at the same time. Wang
et al. (2016) proposed a decorrelation approach (DECO) in penalized regression
models, where they first decorrelated variables by a transformation based on sin-
gular value decomposition (SVD), and then they partitioned the space of variables
onto different sub-groups.

In view of graphical models, one can consider nodewise graphical Lasso (Mein-
shausen and Biihlmann, 2006) in connection with a DECO approach. Throughout
this thesis, we considered estimation of the precision matrix using the graphical
Lasso method which is based on regularization of the maximum likelihood in terms
of the /1 penalty. Another common approach to precision matrix estimation is
based on projections. This approach reduces the problem to a series of regression
problems and estimates each column of the precision matrix using a Lasso estimator
or the Dantzig selector (Candés and Tao, 2007). The idea was first introduced by
Meinshausen and Biithlmann (2006) as neighborhood selection for Gaussian graph-
ical models and further studied in Yuan (2010), Cai et al. (2011) and Sun and
Zhang (2013) among many others.

In the framework of nodewise graphical Lasso, consider the linear regression
model

Xj=X_jB+¢j, (6.3.1)

for each j = 1,...,p, where X;, of length n, and X_;, of dimension n x (p — 1),
are the j-th column and the sub-matrix of X,,«, obtained by removing the j-th
column, respectively. Moreover, €; is the noise vector of length n. To decorrelate
the columns of X_;, one can implement the method of Wang et al. (2016) as
follows.

When p < n, the most intuitive way is to orthogonalize variables via the singular

value decomposition (SVD) of the design matrix X_; = U;D;V, where Uj is
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an n X (p — 1) matrix, D; is an (p — 1) x (p — 1) diagonal matrix and V; is

an (p — 1) x (p — 1) orthogonal matrix. By multiplying both sides of (6.3.1) by
ZiprT

N 1Dj U, , we get

Vp—1D;'U X, =/p—1V/B+/p—1D;'Uje;.

Now the new features (the columns of \/p — 1V;'—) are mutually orthogonal. An
alternative approach to avoid doing SVD is to replace \/p — 1D;1U;'— by

N 1UjD;1U;r = (X_;XT,/(p- 1))™/?, where A* denotes the Moore-Penrose
pseudo-inverse. Then, we have

(X, X7 /(= 1)K, = /p—1U; V] B+ (X, X7, /(p— 1)) %€, (63.2)

where the new features (the columns of \/p — TU; V) are mutually orthogonal. By
defining the new data as X; = (X_;XT,/(p—1))"/*X; and X_; = p — 1U; V],
the mutually orthogonal property allows to decompose X_; column-wisely to K
subsets f((_kj), k=1,...,K.

When p > n, the SVD decomposition on X_; induces a different form on the
three matrices, i.e., U; is now an n x n orthogonal matrix, D; is an n X n diagonal
matrix, and V; is an n x (p — 1) matrix.

Now for each j = 1,...,p, consider the transformed data (5(],5((7]?)

, such
that X; is of length n and X(fj) is of dimension n x pg, for k = 1,..., K, such
that 22{21 pr = p — 1. Define the estimators of the regression coefficients, ,3;‘ =
{Bj:7 =1,...,pk,j # j} € RP¥, as follows

. e < (k
B} = arg min [ X; — XU}BI3/n + 2,161 (6.3.3)

-

where )\; is the regularization parameter for the j-th penalized regression problem.
Further, define the column vectors

A A A A T
U5 = (= Bty =Bij-1, L, =Bigats - —Bip)
and estimators of the noise level

Ak S & (k) Ak Ak

o= X = X®) BB /n + X185,

forj=1,...,p,and k=1,..., K. Finally, define the j-th column of the nodewise
Lasso estimator © as

©; = (I}/#},..., TK/#K).

By applying the debiasing procedure of Jankova and van de Geer (2017) for node-
wise Lasso regression, one can debias this estimator and benefit from asymptotic
normality.
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