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Abstract

A lot of fundamental tests of gravitational theories rest
on highly precise measurements of the travel time and/or
the frequency shift of electromagnetic signals propagating
through the gravitational field of the Solar System. In prac-
tically all of the previous studies, the explicit expressions of
such travel times and frequency shifts as predicted by var-
ious metric theories of gravity are derived from an integra-
tion of the null geodesic differential equations. However,
the solution of the geodesic equations requires heavy calcu-
lations when one has to take into account the presence of
mass multipoles in the field or the tidal effects due to the
planetary motions, and the calculations become quite com-
plicated in the post-post-Minkowskian approximation. This
difficult task can be avoided using the time transfer func-
tion’s formalism. We present here our last advances in the
formulation of the one-way frequency shift using this for-
malism up to the post-post-Minkowskian approximation.
In this paper c is the speed of light in a vacuum. The
Lorentzian metric of space-time V, is denoted by g. We
suppose that space-time is covered by some global quasi-
Galilean coordinate system (z#) = (z°, ). We employ the
vector notation a in order to denote (a a®,a’) = (a"). For
any quantity f(z*), f. denotes the partial derivative of f
with respect to . The indices in parentheses characterize
the order of perturbation. They are set up or down, depend-
ing on the convenience.
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Relation between frequency shift and time transfer functions

We put 4 = (cta,x4) the event of emission A and zp = (ctp, xp) the event of reception 5. Moreover, we define 7. and 7,
as two distinct (coordinate) time transfer functions defined as

tp —ta = ﬁ(tAamAamB) — ﬁ(tBaajAawB) . (4)

One of us derived in [1] that the following relations hold for the vector k* = dz* /d\ tangent to the null geodesic at point
z(\), A being any affine parameter :
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The one-way frequency shift

Consider a clock O 4 on A and a clock Op on B delivering,
respectively, the proper frequency f 4 and fz. Then, suppose
that O 4 is sending photons to Op along null geodesics of the
metric (geometric optics approximation).

Then, the one way frequency shift is defined by
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It is well-known that the ratio v /v4 can be expressed as [2]
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where u'; /B = = (dx*/ds) o, are the four-unit velocity of ob-

servers A and B, k; = (Z_O>

vectors (the null tangent vectors) at the point of emission x 4
and at the point of reception z g, respectively. Terms appear-
ing in Eq. (2) can be expressed as

and k;‘ and kf are the wave
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dz" : : "
Bap = %% being the coordinate velocities of observers
A and B.
\_

Conclusions

We presented here our last advances in the formulation of
the one-way frequency shift using this formalism up to the
post-post-Minkowskian approximation. The main result is
given by Eq. (9) where the derivatives of A, are given up to
2PM order by Eq. (13-14). Exact formulas up to this order
may be required for future space missions to the inner Solar
eystem [4].
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It’s then straightforward to define the one-way frequency shift (1) as a function of 7., and its partial derivatives.
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Post-Minkowskian expansion of the frequency shift

In a recent article [3], one of us gives the expression of 7/, as a formal post-Minkowskian series. In this communication, we
focus on 7, but similar considerations hold for /.. 7, can be written in ascending power of G defined as

A(n) ',L‘Aa tB) CUB)

(8)

Tr(za,tp, xB) = Z

where AS/’J,Z is of the order O(h™) and RY 5 = %5 — 2%, Rap = |RY 5| and N* = gi—ig.

Then, we can express the one-way frequency shift (2) as follows (in agreement with expression in [5])
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The goal of this work is to provide a new way of computing a general form for the derivatives of the time delay function up
to the post-post Minkowskian order.

In order to do so, we rewrite Aq(al) and A,,(?) given in [3] as
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and we have defined the null straight line 2%(\) = (25 — ARap, %5 — ARY ) and
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The derivatives of the first PM order of the delay function can be then easily calculated
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The same for the 2PM order, even if resulting in more complex formulas
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where the derivatives can be expressed as follows
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all quantities being taken at (\) and where we define
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Similar expressions can be written for 0Z; /0t g.
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