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Introduction

A new context was introduced in [25] providing an efficient way of unifying
and comparing results from pointed and non-pointed categorical algebra. The
important notion in this approach is that of ideal of morphisms in the sense of
C. Ehresmann [16]: a class A/ of morphisms in a category C is an ideal when,
for a composable pair of morphisms

xtoy-2sz

in C, the composite gf belongs to the class N' whenever either f or g is in
N. The concept of a category equipped with an ideal of morphisms has been
extensively used by M. Grandis to developed his “categorical foundation of
homological and homotopical algebra” (see [31] and the references therein).
In [25] categories C equipped with an ideal of morphisms A are called multi-
pointed categories, and are denoted by the pair (C,N'). This context can be
seen as a generalization of the so-called pointed context, which is captured by
choosing the ideal N to be the class of zero morphisms of a pointed category; the
non-pointed context is captured by choosing N to be the class of all morphisms
of a category, and this situation is refered to as the total context. The study
of general multi-pointed categories can be seen as a simultaneous treatment of
pointed and non-pointed categories. In this context, the notion of star-relation
plays a central role: a star is just a parallel pair of morphisms

X sy

02
of C such that &1 belongs to A/. When studying a general multi-pointed category
one usually assumes that the kernels with respect to the class A exist: this
means that given any arrow f: X — Y in C, there is an arrow k: K — X
such that the composite fk belongs to N and the arrow k is universal with this
property. In this case, when the category is finitely complete, any arrow in C
turns out to have a kernel star. In the pointed context, the notion of kernel
star gives the usual one of kernel of a morphism, while, in the total context, it
becomes the kernel pair of a morphism.

This allows one to define a general notion of star-exact sequence, extending
both the classical notion of short exact sequence (in the pointed context) and
the one of exact fork (in the total context). Recall that a short exact sequence
in a pointed finitely complete category with zero object 0 is a diagram

0—sKetsx-—Jtoy oo

1



2 0. Introduction

where k = ker f and f = coker k.
In the total context, short exact sequences are naturally replaced by “exact
forks”: these are diagrams of the form

Eq(f) == X >y

in which (r1,72) is the kernel pair of f and f = coeq (f1, f2).
These two notions are then unified in the context of star-relations by that
of star-exact sequence [23], which is a diagram

Eq(f)*:jix$>y

where k = (K1, k2) is the kernel star of f and f is the coequaliser of (k1, K2).

Several independent results from pointed and non-pointed algebra can be
brought together in multi-pointed categories. For example, some fundamental
diagram lemmas, such as the 3 x 3 lemma and the short five lemma for star-
exact sequences have been investigated by M. Gran, Z. Janelidze and D. Rodelo
[23] in the realm of star-regular categories [25], a common generalization of
regular categories (in the total context) and of normal categories [44] (in the
pointed context). A star-regular category is a regular multi-pointed category
(C,N) in which every morphism has an A -kernel and every regular epimor-
phism is a coequaliser of a star.

The notion of ideal in a variety of universal algebras with a constant 0
has been extended to a categorical context in [38], and is defined as a regular
image of a normal monomorphism. A normal variety whose theory has a unique
constant 0 is ideal determined in the sense of [33] (or “has a good theory of
ideals” [56]) when any ideal is normal, i.e. the O-class of a congruence. This
notion of ideal was extended to the case of pointed categories in [38] and it
was defined as a monomorphism arising as the regular image of a kernel. The
notion of ideal is defined in [25] in a star-regular category as an internal relation
occurring as the regular image of a kernel star. A star-regular category is said
to have a good theory of ideals [25] when any ideal is a kernel star. In the
pointed context, having a good theory of ideals becomes the notion of an ideal
determined category [37], i.e. a normal category in which any ideal is a normal
monomorphism. In the total context, categories with a good theory of ideals
become exact Goursat categories in the sense of [14].

The goal of this thesis is to study two fundamental aspects of star-regular
categories.

First of all, we show that star-regular categories are suitable to establish
a general version of the Noether isomorphism theorems and of the Zassen-
haus Lemma, well known in group theory. The isomorphism theorems are the
fundamental diagram lemmas in a category providing some important relation-
ships between subobjects, quotients and homomorphisms. Various versions of
these theorems exist in the categories Gp of groups, Rng of rings and R-Mod
of modules over a fixed ring R, and in more general contexts. It is then in-
teresting to look at the problem of establishing the isomorphism theorems in
a star-regular category. It turns out that this is possible, and the general ver-
sion of the isomorphism theorems we obtain in this thesis include not only the



ones considered in the pointed context by O. Wyler [57] and by F. Borceux
and D. Bourn [5], but also the ones first considered by W. Tholen [54] in the
total context. These results are then used to establish a general form of the
Zassenhaus Lemma in any star-regular category satisfying an additional mild
condition which holds true in both the pointed and the total contexts.

The second aspect of star-regular categories we investigate in this thesis
concerns descent theory. It is well-known that regular epimorphisms are descent
morphisms in any regular category, but they fail to be effective descent morph-
isms, in general. This failure never happens when the category is exact |2], as
observed by G. Janelidze and W. Tholen [42]: in an exact category the effective
descent morphisms are the same as regular epimorphisms. Accordingly, the re-
gular categories in which regular epimorphisms are effective descent morphisms
can be considered as being almost exact, in the terminology of G. Janelidze and
M. Sobral in [40]. In this work we find a sufficient condition on a star-regular
category guaranteeing that regular epimorphisms are effective descent morph-
isms. A star-regular category satisfying this condition is called semi-effective.
There are many interesting examples of semi-effective star-regular categories,
such as any ideal determined category, any almost abelian in the sense of [53],
and any efficiently regular category in the sense of [10].

Structure of the text

Chapter 1. We give an overview of the categorical structures needed in
this thesis, such as regular, Barr-ezact, normal, Goursat, ideal determined ca-
tegories, and the relevant notions therein: equivalence relations, normal mono-
morphisms, Bourn-normal monomorphisms, clots and ideals. We then set the
context of our work by recalling the definitions of multi-pointed categories,
star-regular categories and categories with a good theory of ideals, among other
ones. The material presented in this chapter is mainly based on [25]. The most
interesting new result here is the characterization of monomorphisms in a star-
regular category in terms of the triviality of their kernel stars (Lemma :
a morphism f: X — Y is a monomorphism if and only if its kernel star Fq(f)*
is A%, the kernel star of the identity 1x. In the pointed context, this gives the
well-known characterization of monomorphisms in a normal category as those

morphisms f: X — Y such that Ker (f) = 0.

Chapter 2. In this chapter we unify and generalize the isomorphism
theorems and the Zassenhaus Lemma to the context of star-regular catego-
ries. To establish the two isomorphism theorems, we define an “asymmetric
join” between a kernel star and a monomorphism (see Definition . The
diamond isomorphism theorem (sometimes called the second isomorphism theo-
rem) is established in a star-regular category. To express the double quotient
isomorphism theorem (also referred to as the third isomorphism theorem in the
literature) and the Zassenhaus Lemma, we need to introduce a mild condition
on a star-regular category C, called property (C) (Deﬁnition, which holds
true in both the pointed and the total contexts. Moreover, in a star-regular
category, this property (C) guarantees the existence, for a regular epimorphism
f: X = Y, of a lattice isomorphism between the lattice of kernel stars on X
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containing the kernel star Eq(f)* of f and the lattice of kernel stars on Y (see
Section 2.3.1). This result is sometimes referred to as the “fourth isomorphism
theorem” in the literature. The connection between the property (C) and a
property of regular diamonds introduced in [24] is also analysed. The Zassen-
haus Lemma is finally established in any star-regular category (with pushouts
of regular epimorphisms) satisfying the property (C'). The content of the second
chapter is essentially based on my preprint [50].

Chapter 3. In the third chapter, we investigate a sufficient condition on
a star-regular category guaranteeing that regular epimorphisms are effective
descent morphisms. For this, we first identify a useful condition on a reflexive
relation (later called (¥mp) in [22]) which we show to be always satisfied in a
star-regular category (Lemma [3.2.2)). This observation and the notion of semi-
effective star-regular category (Definition [3.2.4)) are then used in the proof of
the main result, Theorem [3:2.8] We conclude the thesis by examining many
examples of semi-effective star-regular categories. The main results of this
chapter have been published in the article [26] written in collaboration with
M. Gran.

We end this Introduction with a small diagram summarizing the different
contexts considered so far in the new approach to categorical algebra using
star-relations:

Total context ‘ Categories with a good theory of 1deals Pointed context

/ \

Barr-exact Goursat Lategotles ‘ Ideal determined categories

Star-regular categories
-+ symmetric saturation property

/ \

Regular Goursat (atog,orms ‘ Normal subtractive categories

Star-regular categories

/ \

Regular categories Normal categories

‘ Multi-pointed categorles

/ \

Arbitrary category Pointed categories




CHAPTER 1

Categories with a good theory of ideals

In this chapter, we first recall several notions about regular categories and
normal categories. Then we move on to the notion of (regular) multi-pointed
categories and of star-regular categories: the concept unifying both notions of
regular categories and normal categories and that will play a central role in this
thesis. We set almost all the notions and properties in these categories that
will be useful in later chapters. Finally, in the last section, before giving the
definition of a category with a good theory of ideals, we first recall the notions
of Barr-exact Goursat categories and ideal determined categories which are
unified by this context of categories with a good theory of ideals. The material
presented here in the realm of star-relations is mainly based on the paper of
M. Gran, Z. Janelidze and A. Ursini [25].

1.1. Star-regular categories

1.1.1. Regular and normal categories.
Recall that a kernel pair of a morphism f: X — Y is a pair of parallel

f
morphisms FEq(f) fjl X obtained via the following pullback
2

Eq(Q%X

|

XﬁY

DEFINITION 1.1.1. A finitely complete category C is regular [2] when

(a) C has coequalisers of kernel pairs;
(b) regular epimorphisms are stable under pullbacks in C. That is, given
a pullback diagram

g
—

Z T
o
X?Y

where f is regular epimorphism, then g is a regular epimorphism.
This definition of regular category is equivalent with the following one:

DEFINITION 1.1.2. A finitely complete category C is a regular category
when
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(a) any arrow f: X — Y in C can be factorised as f = me

with e a regular epimorphism and m a monomorphism;
(b) these factorisations are pullback-stable in C.

Since monomorphisms are always pullback-stable, the property (b) reduces
to the stability of regular epimorphisms under pullbacks. In the category Set
of sets, and more generally in any variety of universal algebras, an arrow is a
regular epimorphism precisely when it is surjective. Accordingly, the factorisa-
tion in (a) is the usual one of a function (or a homomorphism) as a surjection
e: X — I onto its direct image I = Im(f) = {f(z) | x € X} followed by the
inclusion m: Im(f) — Y of its image in its codomain Y. Furthermore, surjec-
tive functions (and surjective homomorphisms) are clearly pullback-stable, so
that these categories are all regular. For many purposes the notion of regular
epimorphism provides a suitable abstraction of the notion of quotient in the
context of regular categories.

Let us recall the following definitions about (internal) relations in a cat-
egory C.

DEFINITION 1.1.3. Let C be a category with finite limits.

(a) An (internal) relation R on an object X is a pair of parallel arrows
(r1,79) represented by the diagram

T
R—2 X
ro
which is jointly monomorphic, in the sense that for any pair of parallel

arrows U%R such that r;u = r;v;¢ = 1,2; one then has u = v.
v

Equivalently, this means that the factorisation (rj,r3): R — X x X
is a monomorphism.

(b) The relation R le X is reflexive if there is a morphism 6: X — R
ro

R rﬁl X
A T2
I1x
5
| 1x
\
X
such that r; 00 = 1x and r9 0 = 1x. This is equivalent to saying
that the diagonal (1x,1x): X — X xX factors through the morphism
(ri,ma): R — X x X.
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T
(¢) Therelation R jl X is symmetric if there is a morphismo: R — R
T2

R——=X
A
U\
I
I

R

such that ryooc =rg and r9 00 = ry.
(d) Let (R xx R, p1,p2) denote the pullback of r; along r:

RxxR—2>R (1.1)

R——>X.
T2

r1
The relation R —= X is said to be transitive if there is a morphism
ro

7: Rxx R— Rsuch that ry o7 =71 0p; and ry 07 = 13 0 po.
An (internal) equivalence relation is a reflexive, symmetric and transitive re-
lation. An equivalence relation is called effective when it is the kernel pair of
some morphism. In this case, it is necessarily an internal equivalence relation.

A category C is pointed if C has an initial object which is also terminal. In
this case, this object is called the zero object and is denoted by 0. In such a
category, for two objects X and Y in C, the unique morphism f: X — Y which
factors through 0 is called a zero morphism and denoted by Oxy, or just by

0. The cokernel ¥ —— Cokerf of a morphism f: X — Y is defined by the
pushout

|
[
Y—quokerf

of f along the terminal arrow 7x: X — 0. Any cokernel is a regular epimor-

f

phism: it is the coequaliser of the parallel pair X —= Y . A morphism which
0

is a cokernel of some morphism is called a normal epimorphism.

DEFINITION 1.1.4. [44] A finitely complete pointed category C is a normal
category when:

e any arrow f: X — Y in C has a factorisation

x— 1 .y

N

with ¢ a normal epimorphism and ¢ a monomorphism;
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e these factorisations are pullback-stable.

Equivalently, a normal category is a pointed regular category in which every
regular epimorphism is a normal epimorphism.

We shall use the following convention: arrows depicted in diagrams (or
somewhere else) by

will represent respectively monomorphism, normal monomorphism, epimor-
phism and normal epimorphism.

1.1.2. Normal monomorphisms, Bourn-normal monomorphisms,
clots.

DEFINITION 1.1.5. The kernel k: Ker f >——> X of a morphism
f: X =Y is defined by the pullback

Ker f SLEN ¢
"
0——>Y
of f along the initial arrow ay: 0 — Y. Equivalently, one defines the kernel

f
k: Ker f—=> X of f as the equaliser of the pair of arrows X —=Y . A
0

morphism which is the kernel of some morphism is called a normal monomor-
phism.

In a variety of universal algebras, a kernel is a normal subalgebra and
can be seen as a O-class of a congruence. Let us recall the notion of normal
monomorphism in the sense of D. Bourn [7].

DEFINITION 1.1.6. [7] Let C be a finitely complete category. An arrow
S

f: X — Y is said to be normal to an equivalence relation SjlY onY
s2

when:

e the inverse image f~1(S) of S along f is the largest equivalence rela-
tion XXX%X on X;
[

e there is a map f: X x X — S making the diagram

Xxx—1 s

h uﬂé N u‘SQ

XﬁY

commute, and moreover the induced arrow (X x X, w1, m2) — (S, 51, 2)
in the category of internal equivalence relations in C is a discrete
fibration (over the equivalence relation S). This means that both the
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commutative squares involving the first and the second projections
are pullbacks.

As shown in [7], such an arrow f is necessarily a monomorphism.

ProprosITION 1.1.7. [7, @I] The following conditions hold in a finitely
complete pointed category C.

(1) An arrow f is a kernel if and only if f is normal to an effective
equivalence relation.
(2) Any equivalence relation determines a canonical normal subobject.

PRrROOF. To prove (1), assume that f: K — X is the kernel of a morphism
g: X — Y. Take Eq(g) the kernel pair of g and consider the following diagram

Ker g1 LN Eq(g) LR ¢

T

0 Y

g9

where h is the kernel of g;. Both the left-hand square and the right-hand
squares are pullbacks, this implies that the outer diagram is a pullback as well.
Thus Kerg; = K and goh is the kernel of g. Finally one checks that goh is
normal to the kernel pair Eq(g) of g. For the converse, if f is normal to an
effective equivalence relation Eq(g), one uses the Barr-Kock Theorem [2} [5] to
prove that f is the kernel of g.

kA
(2). First recall that any equivalence relation R jl X on X has the property
ro

that R xx R pjl R is the kernel pair of r; and R xx R % R is the kernel
T 2

pair of ry with py, ps and 7 as in Definition [1.1.3(d). Thus, in the following
commutative diagram

p
Kerry x Kerr; —~>Rxx R——>R

- o[
| ’“ lﬂ

00— X

both the top right-hand squares and left-hand squares are discrete fibrations,
with k the kernel of ry. This proves that rok is normal to the equivalence
relation R. U

DEFINITION 1.1.8. [45],[39] Let C be a pointed, finitely complete category.

-
A monomorphism m: M — A is a clot if there is a reflexive relation R jl A
T2
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on A such that m = rk

m

S

—> R——
A

Notice that the first categorical definition of a clot is given in [38] in a
pointed category with finite coproducts and kernels: that of a monomorphism
m: M — A which is closed under the conjugation action. In [39], the authors
prove that this definition is equivalent to Definition [I.1.8] when the category
C is regular. In a variety of universal algebras, this notion of clot existed
many years before, and it was introduced by A. Ursini and P. Agliano in [1],
defined as a O-class of a semi-congruence i.e., a compatible reflexive relation.
A Bourn-normal monomorphism is a 0-class of an equivalence relation and a
normal monomorphism is a 0-class of a effective equivalence relation. Then, if
we denote by N(A), B-N(A) and CI(A) the classes of normal monomorphisms,
Bourn-normal monomorphisms and clots, on the same object A, respectively,
we have the obvious inclusions

N(A) € B-N(A) < CI(A) (1.2)

M A
0 A

where k: M — R is the kernel of rq.

—_—

in any pointed category C.

1.1.3. Multi-pointed categories.
In this section, we set the basic notions and results in the framework of
star-relations we shall need in the subsequent chapters.

DEFINITION 1.1.9. A multi-pointed category [25] is a pair (C, N) where C
is a category and N is a class of morphisms of C that forms an ideal in the sense

of C. Ehresmann [16]: for a composable pair of morphisms A L B0 of
C, the composite fg belongs to A if either f or g belongs to A.

This notion of category equipped with an ideal of morphisms has been
used by M. Grandis as a basis for his categorical foundations of homological
and homotopical algebra (see [31], 32]). The following two examples of multi-
pointed categories will be the guiding ones for our work:

ExamMpPLE 1.1.10. (1) Any category C can be seen as a multi-pointed
category by choosing the ideal N to be the class of all morphisms in
this category; in this case, one calls it the total context.

(2) When C is a pointed category with a zero object 0, by choosing N to
be the class of zero morphisms in C, A is then an ideal of morphisms
of C, and (C,N) is a multi-pointed category. This context is called
the pointed contert.

Besides the pointed and the total contexts, one has the so-called proto-
pointed context introduced in [25]: this is the situation of a regular category C
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in which A is the class of those morphisms f: X — Y whose regular image is
the smallest subobject of Y.

Recall that a finitely complete category is quasi-pointed [8] if it has an
initial object 0, a terminal object 1, and the unique arrow 0 — 1 is a monomor-
phism. As explained in [23] any quasi-pointed category provides an example of
proto-pointed context: it suffices to choose for N the class of morphisms that
factor through the initial object.

The category Set of sets and maps between sets is quasi-pointed. Besides
this example, for us, an interesting class of non-trivial examples is formed by the
categories of internal groupoids over a fixed base object (see for instance [§]).
Let C be a finitely complete category and X a fixed object of C. Consider the
category Gpd y (C) of internal groupoids in C over the fixed object X of objects.
Then the category Gpdy (C) is quasi-pointed: indeed, the initial object is the

1x
discrete groupoid X <-Z2X on X , and the terminal object is the indiscrete
1x
T

. — .
groupoid X x X < — = X on X, and the canonical arrow ¢

X > X x X
V\ 7
AN e
N -
\\ bz
X

is a monomorphism.

We shall notice that the notion of quasi-pointed category is stable under
“slicing”. Recall that for a category C and a fixed object I of C, the slice category
(C | I) is defined as follows:

(1) objects are pairs (A, pa) where A is an object of C and ps : A — I is
a morphism of C,

(2) an arrow f: (A,pa) — (B,pp) is an arrow f: A — B of C such that
the following diagram commutes

A—1 o3

and the composition of morphisms in (C | I) is given by their composition in
C. When C is a quasi-pointed category with initial object 0 and terminal object
1, then the slice category (C | I) is also a quasi-pointed category with initial
object (0, y) where ay: 0 — I is the unique morphism from the initial object.
The terminal object in (C | I) is given by the pair (I,1;) and (0, 1) — (I, 17)
is a monomorphism in (C | I).

An example of a multi-pointed category in the proto-pointed context which
is not a quasi-pointed category is given by the category CRng of commutative
unitary rings where the initial object is the ring of integers Z and the terminal
object is the trivial ring.
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For a multi-pointed category (C,N), a star in C is a pair of parallel morph-
isms

o= (01,02): XY

where o1 € N. In the pointed context, the notion of a star essentially becomes
a morphism of the category (its second component, since the first one is a zero
morphism), while in the total context, a star is a pair of parallel morphisms of
the category.

The composition of stars and morphisms is possible: it yields a star again
and it is defined in a natural way as follows. Given a star ¢ : Y 3 Z and two
morphisms f: X - Y andg: Z —->T inC

x Ly z %1
g2

the composite gof = (go1f, goaf) is a star.

From now, we shall assume that the category C is finitely complete.

An N -kernel of a morphism f : X — Y in C is a morphism k : K — X in C
such that the composite fk belongs to N and k is universal with this property
i.e., for any other morphism [ : L — X in C such that fl € N, there exists a
unique morphism v : L — K such that ku =

Such an AN -kernel is always a monomorphism. In the pointed context, an
N-kernel of a morphism is the usual kernel of this morphism, whereas in the
total context, the N-kernel of a morphism f : X — Y reduces to the identity
on X.

A star-relation is a star o = (01,09) : X 3 Y which is a jointly monic
pair. In the pointed context, this gives the notion of a monomorphism; and in
the total context, a star-relation becomes a relation.

A kernel star of a morphism f : X — Y is a star ¢ : K 3 X having
the property that fo; = fos and for any other star 6 : Z7 =3 X verifying
fo1 = fo2, then there exists a unique morphism v : Z — K such that oyu = &
and oou = 0o

K——sx—7' oy
2

u g1
02

Z

A kernel star is always a star-relation. In the pointed context, a kernel star of
a morphism gives the notion of kernel, while in the total context, this gives the
notion of a kernel pair.
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When AN -kernels exists, any pair ¢ : (01, 02) : R 3 X has a corresponding
star computed as follows: take k : R* — R the N-kernel of g1,

o1k
R* X

o2k
Q1
k 02

R

then (o1k, 02k) : R* =3 X is the star of the pair (g1, 02), usually called the star
associated with g and denoted by (o1k, 02k) = (01, 02)* = 0*. Moreover, if o
is a relation, then o* is the largest subrelation of ¢ which is a star. Indeed, let

-
T 731 X be another star contained in R 3 X
2

—>R

T

i.e. there exists a (mono)morphism [ such that ¢;l = ;4 = 1,2. We have

that o1l = 7 € N, and the universal property of the N-kernel k gives us the
induced monomorphism m such that km = [.

In particular, if Ax = (Ix,1x) : X 33 X is the discrete equivalence

relation on X, we have A% = (kx,kx) : K 3 X the star associated with Ax,

where kx : K — X is the N-kernel of 1x.
In this way, when C is finitely complete, the kernel star of a morphism

ﬁX

f1

f: X — Y can be built as follows: take the kernel pair Eq(f) —= X of f
f2

and k : Eq(f)* — Eq(f) the N-kernel of f;

Eq(f ﬁX%Y

Eq(f)*

fik
then Eq(f)* ﬁX is a kernel star of f; it is the largest subrelation of
fak

Eq(f) which is a star-relation. In this sense, we often denote the kernel star
of a morphism f by Eq(f)*. In the pointed context, this gives the notion of
a normal monomorphism associated with an effective equivalence relation (a
normalisation of an effective equivalence relation, see Proposition 2)).
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A star-pullback is a commutative square
X——=Y (1.3)

g

~

VA ﬁ T
where fo = 7gie. fo; = 7g and fos = Tog satisfying the universal property:
for any other star ¢/ : X’ 3 Y and any other morphism ¢’ : X’ — Z such that
foi = n1g and fol, = 7og’, there exists a unique morphism h : X’ — X such
that o1h = o}, 02h = o}, and gh = ¢’

Y
lf
T.
As it is the case in a pullback, when such a diagram is a star-pullback,
the pair (g, o) is jointly monomorphic. In the pointed context, a star-pullback

gives the usual notion of a pullback, while in the total context, it gives the
notion of joint-pullback. Recall that a diagram

T

Ré)(

72

g f
SéY
52

such that fry = s;g and fro = sag is a joint-pullback (see for instance [9]) if
the following diagram

(r1,m2)

X x X

R—>
Q\L Ixf
S——

Y xY

(s1,52)

is a pullback.

When C is finitely complete, the presence of A/-kernels guarantees the exis-
tence of kernel stars and of star-pullbacks. We have explained above why this is
the case for kernel stars. Let us now consider the case of star-pullbacks. Given
a star 0 = (01,02) : Z 3 Y and a morphism f : X — Y, the star-pullback of
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o along f can be obtained by first forming the joint-pullback

T jﬁ: b

l f

Z———y
and by then taking the star (¢1,t2)* = (t1k,t2k) : T* =3 X of the pair (t1,t2),
where k : T* — T is the N-kernel of t;. Then the following diagram

t1k
T ——= X

tok

9 !
Z ﬁ Y
o2
is easily checked to be the star-pullback of the star ¢ along the morphism f.

The following two lemmas are well-known, independently, in the total con-
text and in the pointed context.

LEMMA 1.1.11. Let (C,N) be a multi-pointed category with finite limits.
The following conditions hold for a star-pullback

Xﬁy
i f

VA ﬁ T
in C.
(1) If 7 is a star-relation, then o is again a star-relation;
(2) if T is a kernel star of a morphism g, then o is the kernel star of the
composite gf.

LEMMA 1.1.12. |23} 25] Consider a commutative diagram

X ——y L oz

X?YﬁZ

of stars and morphisms.

(1) Suppose & is the kernel star of f and m is a monomorphism. Then,
the left square is a star-pullback if and only if k' is the kernel star of
/'

(2) Suppose f' is a coequaliser of k' and e is an epimorphism. Then, the
right square is a pushout if and only if f is a coequaliser of k.
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Star-pullbacks and usual pullbacks compose as well:
LEMMA 1.1.13. In a commutative diagram

XﬁY%Z

X —=Y’ ? z'

of stars o and o' and of morphisms [ and f' in a multi-pointed category C,
if the right-hand square is a pullback and the outer diagram is a star-pullback,
then the left-hand square is a star-pullback.

PRrROOF. Let \: T 3 Y be a star and h: T — X’ a morphism such that
v\ = ¢’h. This implies that f'vA = f’o’h and we then have wf\ = f’'o’h. The
composite fA is a star and since the outer diagram is a star-pullback, there
exists a unique morphism g: T — X such that fog = fA and ug = h. It

remains to prove that og = A. This follows from the fact that the pair (f,v) is
jointly monomorphic. O

In the same way, we have the following

LEMMA 1.1.14. In a commutative diagram

x—! sv—"27

X’ ? Y —=7'
o_/
of stars and morphisms in a multi-pointed C, where o and o’ are stars:

(1) if the outer diagram is a star-pullback and the right-hand square is a
star-pullback, then the left-hand square is a pullback;

(2) if the left-hand square is a pullback and the right-hand square is a
star-pullback, then the outer diagram is a star-pullback as well.

As with usual pullbacks we have

LEMMA 1.1.15. Consider a commutative square of stars and morphisms

|

(1) if both the bottom squares and the top squares are star-pullbacks, then
the outer squares are again a star-pullback;
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(2) if the outer squares and the bottom squares are star-pullbacks, then
the top squares is a star-pullback as well.

LEMMA 1.1.16. [25] A subrelation of a star-relation is again a star-relation.
This implies in particular that the relational meet of two star-relations is always
a star-relation.

ProOOF. If p: R 3 X is a star-relation and o: S 3 X a relation such that
o < p, then o factors through p i.e., there exists a morphism u: S — R such
that p;u = o4, ¢ = {1,2}. We then have that pju = 01 € N and o is a star.
Moreover, given two star-relations p: R =2 X and 0: S =2 X on X, their meet
pAo: RnS 33X is obtained in the pullback

RnS>—2 ¢

bI 1(01702)

R>—>Xx X
(P17/J2)

which is the intersection of the two subobjects (p1,p2): R — X x X and
(01,02): S —> X x X. Then p A 0 = (A1, A2): Rn S 3 X (where \y = 01a =
p1b and Ay = o9a = pob) is a subrelation of the star-relation R (and also a
subrelation of S); it is then a star-relation. ]

LEMMA 1.1.17. [25] For any two relations p: R 3 X and 0: S 3 X on
the same object X in a multi-pointed category with meets of relations and with
N -kernels, one has

(pro) =p*no®

PROOF. Since p A o is a subrelation of both p and o, then (p A 0)* is a
subrelation of both p* and ¢*. This implies that (p A o)* is a subrelation of
p* A c*. For the converse, the fact that p* A o* is a subrelation of p A o implies
that (p* A 0*)* is a subrelation of (p A 0)*. But (p* A 0*)* = p* A o™ since
p* A o* is a star by Lemma O

1.1.4. Regular multi-pointed categories.

By a regular multi-pointed category [25], one means a multi-pointed cat-
egory (C,N') where C is a regular category. If in addition every morphism in C
admits an A/-kernel, then (C, \) will be called a regular multi-pointed category
with A -kernels.

LEMMA 1.1.18. [25] In a finitely complete multi-pointed category C, for
two kernel stars k: K 3 X and A\: L 3 X of the morphisms f: X — Y and
g: X — Z, respectively, the meet k A X: K nL 3 X of k and A exists and it
is the kernel star of the morphism (f,g): X - Y x Z.
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PrOOF. Consider the pullback.

KnL>" >

UI I(/\l,)\z)

K>——>XxX

(K1,k2)

The Lemma [1.1.16] gives the existence of the star-relation (01,62) : K nL =3 X
with 81 = A\ju = kv and 6 = Ayu = Kov. By looking at the commutative
diagram

f /Y
m
f1 (£,9)
KnX——X—>=YxZ
02
Z

one sees that (f,9)01 = (f,g)02. It remains to prove the universal property:
for this, let us counsider a star p : T3 X such that (f,g)u1 = (f, g)pz, then
one has fu; = fus and gu; = gpo. By the universal property of the kernel
stars K and L, there exist unique morphisms a : T' — K and b : T' — L such
that k1a = 1, kea = ps and A\1b = 1, Aob = ps. By the universal property of
the pullback above, we have the commutative diagram

with the unique morphism ¢ : T'— K n L such that uy = b and vy = a. The
equality 0;0 = p; for i = {1,2} follows without difficulty, and the uniqueness
of ¢ satisfying this equality follows from the fact that 6 is a star-relation. [

LEMMA 1.1.19. [25] Let (C,N') be a multi-pointed category with N -kernels.

Then, for a composable pair of morphisms A $ B -1~ C such that gf eN
and f is a strong epimorphism, g also belongs to N.

PROOF. A morphism g: X — Y belongs to N if and only if 1x is an N-
kernel of g, this is equivalent to the fact that an N-kernel of ¢ is an isomorphism.
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So let k: K — X be the N-kernel of g and then consider the following diagram

K%X%Y

A
u /
Z

where v is the morphism arising from the universal property of k. This implies
that k is a strong epimorphism, and then an isomorphism. O

In the pointed context, this lemma says that if gf = 0 and f is a strong
epimorphism, then g = 0. In the total context, this lemma becomes trivial.

Thus, when (C, ) is a regular multi-pointed category with A/-kernels, any
star (A1, A2) : X 3 Y uniquely factorizes (up to isomorphism) as a regular
epimorphism followed by a star-relation

A1
X Y
A2
M1
\ /
Z

Indeed, if we consider the usual factorisation in C

ALA
XA vy

%ﬂz)

of (A1, \2) as a regular epimorphism followed by a monomorphism, then pje =
A1 € N, and according to the Lemmal(l.1.19] (11, u2) : Z 3 Y is a star-relation.

Z

DEFINITION 1.1.20. |25] Let C be a regular multi-pointed category with
N-kernels.

(1) For a morphism f : X — Y and a star A : U 3 X, the image of the
star A along the morphism f is the star-relation f(\) : f(U) 3 Y
arising from the factorisation of the star f\ as a regular epimorphism
followed by a star-relation

L fw

u/f(k)
Y

(2) The star-inverse image of a star 7 : T 3 Y along a morphism f :
X — Y denoted by f~1(7)* : f~Y(T)* =3 X is the star obtained in

Mt

f
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the following star-pullback
fFUT) ——T

f*(ﬂ*& uT

XﬁY

Equivalently, f=1(7)* : f~1(T)* =2 X is obtained by first considering
the usual inverse image of the star 7 along f

) ——T

f*(r)& uT

XﬁY

and by then taking f~(7T)* = X, which is the star associated with
the pair f~!(T) = X. This gives the equality f=(7)* = (f~1(7))*
or, equivalently, f~1(T)* = (f~1(T))*.

Notation: When f is a monomorphism and o is a star-relation, for the

convenience of our work, we shall often write f~1(T)* = (T n (X x X))*.
In the pointed context, this gives the intersection of two subobjects

fUT) >——T

X — Y
and in this case we have the usual notation f~3(T) =T n X.

In the total context, f~(7T) is in fact the restriction of T to X

fYT) >———>T

I I(T17T2)

XxX>—>Y xY
fxf

and we write f~1(T) =T n (X x X).

ProprosITION 1.1.21. Let (C,N) be a regular multi-pointed category and
let us denote by StarRelc(X) and by StarRelc(Y) the classes of star-relations
on objects X and Y in C, respectively. For a morphism f: X — Y, consider
the correspondences

¢ : StarRele(X) — StarRelc(Y)
AU3ZX — oN)=fN):fU)ZY and
@' : StarRelc(Y) — StarRelc(X)

o:T33Y — ¢o)=fYo)*: [HD* 3 X.
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Both these correspondences preserve the partial order and satisfy
fA) <oe A< fHo)"
PRrROOF. Consider the following cube

g

A w h S
I
X Y o
\\\ ! \
X Y.
f

If u = f~Yo)* and A = f~1(7)*, then both the back squares and the front
squares of the cube above are star-pullbacks. Now suppose that 7 < o, this
means that there exists an arrow v with such that ov = 7. By the universal
property of the front star-pullback, we get the induced arrow u. This proves
that 7 < o implies f~1(7)* < f~(0)*. Moreover, if one has f(\) < o, then
A< fAHF))* < fY(o)*. In the same way, if 7 = f(\) and o = f(u),
then both g and h are regular epimorphisms and if A < p so that the arrow u
exists with pu = A, then the existence of the arrow v follows from the fact that
regular epimorphisms are “orthogonal” to monomorphisms, thus f(\) < f(u).
Finally, if A < f~1(0)* we then have f()\) < f(f~(0)*) < o, this allows one
to conclude that f(A\) <o < A< f1(0)*. |

1.1.5. Star-regular categories.

DEFINITION 1.1.22. [25] A regular multi-pointed category (C, ) with N-
kernels is a star-regular category if any regular epimorphism in C is a coequaliser
of a star.

In the total context, this additional condition says that a regular epimor-
phism is a coequaliser of a parallel pair of morphisms and then a star-regular
category simply gives the notion of a regular category. In the pointed context,
this condition implies that any regular epimorphism is a normal epimorphism,
and thus a star-regular category gives in this case the notion of normal category.

Note that in a star-regular category every kernel star has a coequaliser and
is the kernel star of this coequaliser.

ExAMPLE 1.1.23. The category Gp of groups is an example of a normal
category. In fact, any semi-abelian category [36] is normal. Recall that a semi-
abelian category is a pointed, exact and protomodular category with binary
coproducts. Thus the categories Ab of abelian groups, R-Mod of modules over
a ring R, Lie of Lie algebras are all examples of normal categories.
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Many examples of normal categories (not necessarily semi-abelian) arise in
universal algebra.

Recall that in a variety of universal algebras, the regular epimorphisms
are the surjective homomorphisms. Accordingly, regular epimorphisms cor-
respond to all congruences in the usual way. On the other hand the normal
epimorphisms are those surjective homomorphisms which are cokernels: the
corresponding congruences are generated by their 0-classes.

DEFINITION 1.1.24. (see e.g. [38) [, [33]) A variety V of universal algebras

with a unique constant 0 is O-regular when for two congruences 6,6 on an
algebra A, if [0]g = [0]¢: then 6§ = ¢'.

The Definition implies that in a O-regular variety )V of universal
algebras, regular epimorphisms are generated by their O-class, so regular epi-
morphisms are normal epimorphisms. In fact, we have that a variety with a
unique constant 0 is O-regular if and only if any regular epimorphism in it is a
normal epimorphism [38]. The following propositions give a characterization
of 0-regular varieties in the language of terms (see for instance [19], [33]).

ProposITION 1.1.25. [19), B3] A variety V of universal algebras with a
unique constant 0 is 0-regular if and only if there exist n binary terms dy, .....,d,
and n quaternary terms qi, .....q, such that the equations
di(z,2) =0 for1<i<n
T = (h(.l?, y,0, d1($, y))
qi(xa y7di(‘ra y),O) = q¢+1(x7y7 0’ di-‘rl(gjvy)) fOT I<i<n
(2, y, dn(z,y),0) =y
hold in V.

COROLLARY 1.1.26. [19] A pointed variety V with a unique constant 0 is
0-regular if and only if there exist binary terms dy, ....., d, such that the equation

e di(x,x) =0 for 1 <i<n and the implication
o di(z,y) = do(2,y) = . = du(z,y) =0=>2 =y
hold in V.

Corollary [I.1.20] easily provides examples of 0-regular varieties.

EXAMPLE 1.1.27. (1) In the case of Gp, take n = 1, 0 = 1 and

dy(z,y) = xy~'.

(2) For Rng the variety of rings, take n = 1 and dy(z,y) = z — y.

(3) In the case of Loops the variety of loops, take n=1 and d; (z,y) = z\y
or equivalently ¢1(x,y) = x/y. Recall that a loop (see for instance
[13]) is an algebra (L, /,-,\, 1) with three binary operations /,-,\ and
the identity 1 satisfying the following identities:

e 7\(z.y) =y, (z.y)/y = y;
. :Z%gfv\yi =y, (x/y).y = x;

(4) The variety of implication algebras is an example of O-regular variety
[33] which is not semi-abelian like the three previous examples. Recall
that an implication algebra has just one binary operation satisfying
the identities:
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o (zy)z = =}
o (zy)y = (yz);
o (zy)z = y(z2).

To prove that the variety of implication algebras is O-regular, take
n =2, di(z,y) = vy and da(z,y) = y.

We return now to the properties of star-regular categories.

LEMMA 1.1.28. [25] Let C be a star-regular category. Consider a commu-

tative diagram
X——=yvy " 7
N
X’ ﬁ, Y’ ? A
T
of stars and morphisms, where 7' is the kernel star of p' and p is a reqular
epimorphism. Any two of the following conditions imply the third one:

(a) 7 is the kernel star of p;
(b) the left-hand side square is a star-pullback;

(¢) m is a monomorphism.

LEMMA 1.1.29. Consider a commutative diagram in a star-regular category

K—r ox_ 7 oy
K' X' M
k/ f’

where k and k' are N'-kernels of f and f', respectively, then the left-hand square
is a pullback.

ProPOSITION 1.1.30. [25] The following conditions are equivalent for a
regular multi-pointed category (C,N') with N -kernels

(1) (C,N) is star-regular;
(2) a commutative square

x—Loy (1.4)
Z ——>T

t

of regular epimorphisms is a pushout if and only if h is the coequaliser
of f(Eq(g))* 3Y, where Eq(g)* is the kernel star of g.
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PROOF. (1) = (2). Assume that the category C is star-regular and consider
the following diagram

* — > f(Eq(g)*)

,
'

m
0
—
s
N2

P S—

_—

N <

—_——>
t

Then g is a coequaliser of its kernel star Eq(g)* and the condition (2) is obtained
by applying Lemma 2). For the converse, it remains to prove that any
regular epimorphism is a coequaliser of a star. Thus, let f: X — Y be a regular
epimorphism. By applying (2) to the pushout

X:X
b
Y Y

we get the desired result. O

The following lemma is new, and it provides a characterisation of those
arrows that are monomorphisms in terms of their kernel stars.

LEMMA 1.1.31. In a star-reqular category C, the following conditions are
equivalent for a morphism f: X —Y:

(1) f: X —Y is a monomorphism;
(2) Eq(f)* = A%;
(3) the projections w1 : Eq(f)* — X and ma: Eq(f)* — X are equal.

PROOF. (1) = (2) is obvious. For the converse, we first observe that in
a star-regular category C since any regular epimorphism is a coequaliser of its
kernel star, the correspondence ¢: KernelPairs — KernelStars mapping any
kernel pair Eq(f) to its corresponding star Eq(f)* is a bijection. Accordingly,
by the injectivity of this correspondence, Eq(f)* = A% implies that Eq(f) =
Ax, and f : X — Y is then a monomorphism. (2) = (3) is clear since
the projections of A% are equals. (3) = (2) follows easily from the universal
properties of kernel stars Eq(f)* and A%. a

In the total context, Lemma [I.1.31] says that f is a monomorphism if and
only if Eq(f) = Ax; in the pointed context, it says that f is a monomorphism
if and only if its kernel ker (f) is trivial: ker (f) = 0 (see [12] for the case of
normal categories).

COROLLARY 1.1.32. A span Y 4 X257 ina star-regular category
C is a relation if and only if Eq(f)* A Eq(g)* = A%.
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ProOOF. We have
Eq(f)* A Ea(g)* = Eq(f,g)* by Lemma[l.T.1§], with (f,9): X —Y x Z.

Then the span Y é X —25 Z is a relation if and only if (f,g9) : X —
Y x Z is a monomorphism and (f,g) : X — Y X Z is a monomorphism if and

only if Eq(f, g)* = A% by Lemma|1.1.31 a

PROPOSITION 1.1.33. In a star-regular category C, consider a commutative
diagram

where (c,d) is jointly monomorphic. Then
Ea(f)* = Ea(a)* n Eq(b)*.

PROOF. Since ¢f = a and df = b, then Eq(f)* is obviously a subrelation
of both Eq(a)* and Eq(b)*. Then we have the existence of the unique dotted
arrow ¢ as in the diagram

l/(Alv)O)

Eq(a)* ——— E x E.
(61,62)

making the two triangles commute. This implies that Eq(f)* is a subrelation of
Eq(a)* nEq(b)*. For the converse, consider the star (61, 62): Eq(a)* nEq(b)* =
E where 61 = At = 1w and 02 = Agt = dow. Then the fact that (¢, d) is jointly
monomorphic gives the equality f6; = f65 and it follows that Eq(a)* nEq(b)* <
Eaq(f)*. O

1.2. Categories with a good theory of ideals

1.2.1. Barr-exact Goursat categories and ideal determined cate-
gories.

DEFINITION 1.2.1. [2] A category C is called Barr-ezact when it is regular
and every (internal) equivalence relation in C is a kernel pair.

Any variety of universal algebras is an exact category, as is any elementary
topos (see [4], for instance).
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DEFINITION 1.2.2. [14],[15] A category C is called a Goursat category when
e ( is regular;
e the equivalence relations in C are 3-permutable, i.e. RSR = SRS for
any pair of equivalence relations R and S on the same object.

The standard reference for Goursat categories is the article by Carboni,
Lambek and Pedicchio [15].

PRrROPOSITION 1.2.3. [14] The following conditions are equivalents for a
reqular category C.
(1) C is a Goursat category;

(2) for any regular epimorphism f: X — Y in C and any equivalence

relation R 7’31 X onX
T2

h

the regular image f(R) jl Y of R along f is again an equivalence
ha

relation.

The following characterization of a Barr-exact Goursat category is a con-
sequence of Proposition [1.2.3]

PROPOSITION 1.2.4. The following conditions are equivalents for a regular
category C.
(1) C is an exact Goursat category;

(2) for any regular epimorphism f: X — Y in C and any effective equi-
g
valence relation Eq(g) 31 X onX
92

h

the regular image f(Eq(g)) jl Y ofEq(g) along f is again an effec-
ha

tive equivalence relation.

It is well known that a variety of universal algebras is n-permutable when
it satisfies a suitable Mal’tsev condition (see [34], for instance). In the case of
a Mal’tsev variety, the 2-permutability property is characterised by the exis-
tence of a ternary operation p called a Mal'tsev term such that p(z,y,y) = =
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and p(z,z,y) = y [49]. The following theorem gives a characterisation of 3-
permutable varieties (see [27] for a categorical proof of this known result).

THEOREM 1.2.5. The following conditions are equivalent for a variety V:

(1) V is a 3-permutable variety;

(2) there exist quaternary terms r and s satisfying the identities
o r(z,yy.2) =x,  s(z,y,y,2) =2
o r(z,2,y,y) = s(x,2,y,y).

DEFINITION 1.2.6. [37] A pointed finitely complete category C with finite
colimits is an ideal determined category if:

e C is a normal category;
e given a commutative diagram

’

K" oK'

XTDY

where p, p’ are normal epimorphisms, k& a normal monomorphism and
k' a monomorphism, then k' is also a normal monomorphism.

The notion of ideal determined variety was studied already in the 1970s
and 1980s in universal algebra under different names: such varieties were called
BIT (“buona teoria degli ideali”) in [55], and ideal determined in [33]. Let us
recall the definition usually given in universal algebra:

DEFINITION 1.2.7. [55] [33] A variety V of universal algebras with a unique
constant 0 is ideal determined if:
(a) V is O-regular;
(b) for any ideal I in V, there exists a congruence 6 such that I = [0]y.

The following theorem gives a characterization of ideal determined varie-
ties.

THEOREM 1.2.8. [33] The following conditions are equivalent for a pointed
variety V with a unique constant 0:

(a) V is ideal determined;

(b) there exists a ternary term r(x,y, z) such that
i r(x7 x? y) = y
o r(0,z,2) =0

COROLLARY 1.2.9. [33| The following conditions are equivalent for a poin-
ted variety V with a unique constant 0:
(1) V is ideal determined;
(2) there exists a binary term s(x,y) such that
o s(z,z) =0
e 5(0,2) ==z
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The condition (2) means that V is a subtractive variety [56]. For the
proof of above corollary, it suffices to take s(x,y) = r(0,z,y) and conversely

r(x,y, Z) = S(S(l‘,y), Z)

1.2.2. Categories with a good theory of 7.
Let Z be a class of star-relations in C.

DEFINITION 1.2.10. [25] A regular multi-pointed category (C, ) with N-
kernels is said to have a good theory of Z when

[eg
1) every star R jl X in 7 has a coequaliser;
o2

2) T contains all kernel stars;
3) moreover, the assignment

KernelPairs — 7T
T +—> ¥

is a bijection.
A characterisation of categories with a good theory of Z is then the following

PROPOSITION 1.2.11. 28] A regular multi-pointed category (C,N') has a
good theory of T if and only if (C,N') is star-reqular and I coincides with the
class of kernel stars.

PROOF. =) Assume that C has a good theory of Z and consider a regular
epimorphism f : A — B with k : Eq(f)* =3 A its kernel star. By 2) in
Definition[1.2.10] » : Eq(f)* =3 Aiisin Z and by 1), the coequaliser e : A — E of
K exists. One easily checks that Eq(f)* =~ Eq(e)*. By 3), one has Eq(f) = Eq(e)
and it follows that f is a coequaliser of Eq(f)*. Moreover by 3), any star in Z
is a kernel star, thus Z coincides with the class of kernel stars.

For the converse, since C is star-regular, any regular epimorphism in C is
a coequaliser of a star (its kernel star), then all kernel stars have coequalisers
and 3) is also satisfied. O

Note that any star-regular category has a good theory of Z with Z the class
of kernel stars. The following examples of categories with a good theory of 7
were given in [25].

ExaMPLE 1.2.12. (In the total context)
A star-regular category (C,N) has a good theory of Z with Z the class of all
equivalence relations if and only if C is a Barr-ezact category.

PROOF. Assume that C has a good theory of all equivalence relations,
then by Proposition [[.:2.11] C is a regular category and the class of equivalence
relations coincides with the class of effective equivalence relations: this gives
exactly the notion of Barr-exact category.

Conversely, if C is Barr-exact, then any equivalence relation is effective and
then has a coequaliser and 1) in Definition [1.2.10]is satisfied. The conditions 2)
and 3) in Definition obviously hold in C since any effective equivalence
relation is an equivalence relation. O
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EXAMPLE 1.2.13. (In the total context)
If 7 is the class of all reflezive relations, then a star-regular category (C,/N)
has a good theory of Z if and only if C is a Barr-exact Mal’tsev category.

PROOF. Recall that a finitely complete category C is called a Mal’tsev
category [15] when every reflexive relation in C is an equivalence relation. It
follows that a regular category is a Barr-exact Mal'tsev category if and only
if any reflexive relation is an effective equivalence relation. Thus, when C
has a good theory of reflexive relations, by Proposition C is a regular
category and the class of reflexive relations coincide with the class of effective
equivalence relation. Conversely, if C is a Barr-exact Mal’tsev category, in terms
of star-relations it is a star-regular category in which any reflexive relation is
an effective equivalence relation. O

EXAMPLE 1.2.14. (In the pointed context)
Let (C,N') be a star-regular category and Z the class of all monomorphisms in
C, then (C,N') has a good theory of Z if and only if C is an abelian category.

PRrROOF. It is well known that a pointed category with finite products is
abelian if and only if any morphism decomposes as a normal epimorphism
followed by a normal monomorphism (see [20],[21] for instance). Now assume
that C has a good theory of monomorphisms and let f : X — Y be any arrow
in C. The star-regularity of C implies the following factorisation

X%Y

N, A

of f as a normal epimorphism p followed by a monomorphism m. Since C has
a good theory of monomorphisms, the class of monomorphisms coincides with
the class of normal monomorphisms.

For the converse, any abelian category C is a normal category and mono-
morphisms are normal in C. Thus all the conditions 1),2) and 3) are obviously
satisfied. a

1.2.3. Categories with a good theory of ideals.
The categorical notion of ideal has been recently introduced in [38], by
extending to categories the original one due to R. Magari and A. Ursini [48, (55].

DEFINITION 1.2.15. [38, [39] Recall that a momonomphism m : M — Y
is called an ideal if there is a commutative square in C

/

K—2 oM
X——=Y

where p and p’ are normal epimorphisms and k is a normal monomorphism.
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This notion of ideal is extended to the case of star-relations as follows:
DEFINITION 1.2.16. [25] In a regular multi-pointed category (C, N), a star-

relation R==Y is an ideal if we have a commutative diagram of the form

K*»R

e

X%Y

where f and f’ are regular epimorphisms and « : K =3 X is a kernel star.

In particular, this definition of the notion of “ideal” reduces, in the total
context, to the following one: a relation (s1,s2): S 3 Y is an ideal if there is
a commutative diagram

where f and f’ are regular epimorphisms and (r1,73) : R 3 X is a kernel pair.

DEFINITION 1.2.17. |25] A regular multi-pointed category (C, N) with ker-
nels is said to have a good theory of ideals when (C,N') has a good theory of
with Z the class of all ideals.

The following Example [1.2.18] and Example [1.2.19] of categories with a
good theory of ideals are immediate consequence of Definition and of

Proposition [1.2.4]

ExAMPLE 1.2.18. In the pointed context, a star-regular category (C,/N)
with finite coproducts has a good theory of Z where Z is the class of ideals if
and only if C is an ideal determined category.

If we denoted by Id(A) the class of ideals on an object A in a category C,
then the inclusions of the diagram ((1.2)) in Section 1.1.2. can be completed to
the following one

N(A) € B-N(A) € Cl(A) < Id(A).

By Definition [[.2.6] in an ideal determined category, every ideal is a kernel.
We then have the equality N(A) = Id(A); this implies that all the inclusions
above become equalities in an ideal determined category. In a pointed Mal’tsev
category we have the equality Cl(A) = B-N(A), and in [24], it is proved that
the equality Cl(A) = Id(A) holds in a subtractive category [43].

EXAMPLE 1.2.19. In the total context, a star-regular category (C,N') has
a good theory of Z with Z the class of ideals if and only if C is a Barr-ezact
Goursat category.

The categories with a good theory of ideals can be characterised as follows



1.2. Categories with a good theory of ideals 31

THEOREM 1.2.20. [25] Let C be a star-reqular category with coequalisers of
ideals. Then the following are equivalent:
(a) C has a good theory of ideals;
(b) a commutative square (1) of reqular epimorphisms

Eq(e)* "> Eq(g)* (1.5)

XY

is a pushout if and only if the reqular image of the kernel star Eq(e)*
of e along f is the kernel star Eq(g)* of g, i.e. f(Eq(e)*) = Eq(g)™*.

(Which is equivalent to saying that the induced arrow Eq(e)* I> Eq(g)*
is a regular epimorphism).

PROOF. (a) = (b) Assume that (C,N) is a category with a good theory
of ideals and consider the commutative square of regular epimorphisms (1).
Since C is star-regular then, by Proposition the square (1) is a pushout
if and only if g is the coequaliser of f(Eq(e)*). Moreover, by assumption (a),
f(Eq(e)*) 3 Y’ is a kernel star so that the square (1) is a pushout if and only
if f(Eq(e)*) = Eq(g)™* (since any kernel star has a coequaliser and is the kernel

star of this coequaliser). This implies that Egq(e)* > Eq(g)* is a regular
epimorphism.

(b) = (a) For the converse, it suffice to prove that any ideal is a kernel star.
For this, let f : X — Y be a regular epimorphism and Eq(e)* = X a kernel
star. By definition, any ideal is a star-relation f(Eq(e)*) = B arising from the
factorisation of the regular epimorphism f as a regular epimorphims followed
by a kernel star as in the top part (3) of the following diagram

Eq(e)* ——= f(Eq(e)*)

Now complete the diagram by the coequaliser e of Eq(e)*, and ¢ the coequaliser
of the ideal f(Eq(e)*) =3 B which exists by assumption. Then we have the
induced arrow h such that gf = he. h is then a regular epimorphism since g f
is one. By Proposition (2) is a pushout and by (b), f(Eq(e)*) =3 Bis a
kernel star. |
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o

In the pointed context, this theorem characterises an ideal determined

category by a property of pushouts of regular epimorphisms. Thus we have:

a normal category C is ideal determined if and only if a commutative diagram
(1) of normal epimorphisms

Kere > Ker g

ker e ker g

is a pushout if and only if the induced arrow between Ker e the kernel of e and
Ker g the kernel of g is a normal epimorphism.

In the total context, the above Theorem [1.2.20] gives a characterisation
of exact Goursat categories. Let C be a regular category, then C is an exact
Goursat category if and only if a commutative diagram (1) of regular epimorph-
isms

is a pushout if and only if the regular image of the kernel pair of e along h is
the kernel pair of g.

COROLLARY 1.2.21. In a category with a good theory of ideals, pushouts of
regular epimorphisms always exist.

PrRoOOF. Consider the situation

x—tovy

gi
Z
with regular epimorphisms f and g. We are going to construct the pushout of

f and g. For this, take Eq(g)* the kernel star of g and f(Eq(g)*) the regular
image of Eq(g)* along f and h the coequaliser of f(Eq(g)*). We obtain the
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diagram

J——T

with t the induced arrow such that tg = hf which is then a regular epimor-
phism since all other morphisms are. Since C has a good theory of ideals, then

f(Eq(g)*) is a kernel star: it is in fact the kernel star of h. By Theorem [1.2.20
the square (1) is a pushout. O






CHAPTER 2

The Zassenhaus Lemma in star-regular
categories

The Noether isomorphism theorems and the Zassenhaus Lemma describe
relationships between subobjects, quotients and homomorphisms and can be
considered as asserting that certain diagrams have exact rows and exact columns.
Various versions of these theorems exist in the categories Gp of groups, Rng of
rings and R-Mod of modules over a fixed ring R, and in more general catego-
ries. In [57] O. Wyler investigated a large class of pointed categories in which
the (Noether) isomorphism theorems and the Zassenhaus Lemma hold true.
The pointed categories considered by O. Wyler had inverse images, cokernels
of kernels, factorisation of any arrow as a normal epimorphism followed by
a monomorphism, and normal images of kernels were required to be kernels.
These categories are very similar to the ideal determined categories introduced
in [37] later on.

In varieties of universal algebras, the isomorphism theorems were gener-
alized to the context of algebras and congruences (see [13], for instance). In
his doctoral dissertation [54], W. Tholen gave a non-pointed version of the
isomorphism theorems and of the Zassenhaus Lemma in a category with pull-
backs, pullback-stable regular epimorphisms, coequalisers, regular images, dir-
ect images and inverse images of kernel pairs, and with pushouts of regular
epimorphisms along arbitrary morphism. To summarize, a non-pointed version
of the isomorphism theorems and the Zassenhaus lemma were investigated by
W. Tholen in a “regular” category satisfying some suitable conditions. It is
then natural to look for a common extension of the Noether isomorphism the-
orems and of the Zassenhaus Lemma in the framework of star-relations. This
is precisely the goal of the present chapter. In the first section, we express
the diamond isomorphism theorem in a star-regular category. We then give a
condition, called property (C) (Definition [2.1.4) in a star-regular category gua-
ranteeing that the double quotient isomorphism theorem holds true. In Section
2.2., we prove the Zassenhaus Lemma in a star-regular category satisfying the
property (C) and with pushouts of regular epimorphisms along regular epi-
morphisms. We end this chapter with a proof of the existence of a lattice
isomorphism between the lattice of some kernel stars in a star-regular category
(satisfying these conditions) and with some remarks about “regular diamonds”.
Most of the results of this chapter are contained in my preprint [50].
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2.1. Isomorphism theorems

A common generalisation of short exact sequence in a pointed finitely com-
plete category with zero object 0 and of ezxact forks in a finitely complete
category in the framework of star-relations is the notion of star-exract sequence
[23] which is a diagram

K—=x—tuy
where k = (K1, k2) is the kernel star of f and f is the coequaliser of (k1, K2).

When the category is star-regular, this reduces to the assumption that f

is a regular epimorphism and s is a kernel star. In what follows, in such a

star-exact sequence diagram, to emphasize the object K instead of the kernel
star x, we shall denote the object Y by X /K.

DEFINITION 2.1.1. Let C be a regular category. For any regular epimor-
phism f : A — B and any monomorphism m : M — A, we define their
asymmetric join

fyvaM = f1(f(M))
as the subobject fvam : fva M — A of A in the following pullback

In the next proposition and in Proposition|2.1.8] we adopt the terminology
used by Mac Lane and Birkhoff in their book Algebra [47] in the special case
of groups.

PROPOSITION 2.1.2. [Diamond isomorphism theorem] Let C be a star-
reqular category, f : A — B a reqular epimorphism and m : M — A a mono-
morphism. There is an isomorphism

M N fvaM
(Ea(f)* n (M x M))* — (Eq(f)* n ((fva M) x (fva M)))*
of subobjects of B, where Eq(f)* = A is the kernel star of f.

The diamond isomorphism theorem may be summarized in the diagram
below

fvaM

/\

(Ea(f)* o ((fva M) x (f va M)))* M
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PROOF. In order to prove the existence of this isomorphism, we are go-
ing to show that both (Eq(f)* n ((fva M) x (fva M)))* —= fva M and
(Eq(f)* n (M x M))* —= M are kernel stars with the same quotient. For
this, let us set

= (Eq(f)* n ((fva M) x (fva M)))*
and
= (Ea(f)* n (M x M))*
and then consider the following diagram

M1
L
) \\\
T fva M —>> f(M
l ml
Ea(/f)* A——F—B

where (k1,k2) : Eq(f)* == A is the kernel star of f. One easily checks that

(M, X2) : T —= fva M is the kernel star of fm” = m/f” and since m' is
a monomorphism, we conclude that (A, As) is the kernel star of the regular
epimorphism f”. The star-regularity of C implies that the middle row of the

f\VA M
T

diagram above is a star-exact sequence, hence f(M) = as subobjects
of B.
In the same way, (u1,p2): L —= M is the kernel star of the regular epi-

morphism f’, and this implies that the top row of the diagram above is a

star-exact sequence. Thus f(M) = I subobjects of B. O

In the total context, let C be a regular category, f: A — B a regular
epimorphism and m: M — A a monomorphism. The diamond isomorphism
theorem gives us the isomorphism

M - f A7) M
Ea(f) n (M x M) — Ea(f) 0 ((fva M) x (fva M))
This non-pointed version of the diamond isomorphism theorem was given in
[54].

In the pointed context, if f: A—— B is a normal epimorphism and
m : M — A a monomorphism in a normal category C, then the diamond
isomorphism theorem asserts that the isomorphism

M - f va M
KnM ™~ Kn(fvaM)

holds in C, where K %> A is the kernel of f- Moreover, in the pointed
context, one checks that fwv4 M is a subobject of A containing both M and the



38 2. The Zassenhaus Lemma in star-regular categories

kernel K of f. Thus, K n (fwva M) = K. This is summarised in the following
diagram

K n M M > f(M)

0 K> A > B 0
k f

In the pointed context, we then find the well-known diamond isomorphism
theorem
M fvaM
KnM ™~ K
from group theory, and from module theory (see also [57] for a pointed version
of this theorem). In the pointed context one can summarize the diamond
isomorphism theorem in the diagram

K/f\VAM\M
N

KnM

It is useful to notice that in particular, when the category C is a homo-
logical category [36], i.e. a pointed, regular, (Bourn-) protomodular category,
fvaM = f=Y(f(M)) is exactly the supremum of K and M (as subobjects of
A). Recall that a pointed category C is protomodular [6] when the split short
five lemma holds in C. This means that, given a commutative diagram

Kt o xr<—"—y
f/

Kr—X<——=Y
f

where

e fand f’ are split epimorphisms i.e., f' o s’ = idy/, f o s = idy;

e k and k' are the kernels of f and f’ respectively i.e., k = ker f and

k' = ker f;

e vok' =kou,wof =fovandvos =sow.

If v and w are isomorphisms, then v is an isomorphism as well.
When the category C is regular, the split short five lemma is equivalent to

the “short five lemma”, where the split epimorphisms f and f’ are replaced by
regular epimorphisms [6].
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The following lemma will be useful to prove that fva M = f=1(f(M)) is
the supremum of K and M.

LEMMA 2.1.3. [8, [6] Given a commutative diagram in a homological cat-
egory C

0 K’ > X' >Y' 0
0 K> X >Y 0
k f

where the horizontal arrows are short eract sequences. Then u is an isomor-
phism if and only if the right-hand square is a pullback.

In order to prove that fvqa M = f=1(f(M)) is the smallest subobject of

A containing both K and M, take L to be another subobject of A containing
both K and M and consider the following diagram

T

fyvaM M > f(M)
\
iy
"L
n A P v
L > f(L)
!
0 K> A > A/K 0
Kk !

where the vertical dotted arrow i : f(M) — f(L) comes from the fact that
regular epimorphisms are orthogonal to monomorphisms. The monomorphism
n is a normal monomorphism since n = kerp. The protomodularity of C and
Lemma 2.1.3] allow us to assert that the bottom right-hand square is a pull-
back. This implies the existence of the diagonal dotted arrow as desired.

To prove the double quotient isomorphism theorem and the Zassenhaus
Lemma in the framework of star-relations, we need to introduce the follow-
ing additional condition which holds true in both the pointed and the total
contexts.

DEFINITION 2.1.4. A regular multi-pointed category (C,N') with kernels
and with coequalisers of kernel stars is said to satisfy the property (C) if the
following condition holds in C:



40 2. The Zassenhaus Lemma in star-regular categories

for any kernel star Eq(f)* —= A with coequaliser f: A — A/Eq(f)*, and for
any other kernel star Eq(g)* —= A such that Eq(f)* < Eq(g)* depicted as

)* —— f(Ea(9)*)

/ll I

) ——=A———A/R(f)*

f(Eq(g)*) == A/Eq(f)* is a kernel star.

DEFINITION 2.1.5. [24] A diamond in a regular multi-pointed category C
is a commutative diagram of the form

Z/XXY
N A

Such a diamond is :
(1) a regular diamond if all arrows are regular epimorphisms;
(2) right saturated if f(Eq(e)*) = Eq(h)*;
(3) left saturated if e(Eq(f)*) = Eq(g)*;
(4) saturated if it is both left saturated and right saturated.

Since in a star-regular category kernel stars are uniquely determined by the
regular epimorphisms, we have this connection between some regular diamonds
and the property (C) in the following

PROPOSITION 2.1.6. The following conditions are equivalent in a star-
reqular category C.

(a) C satisfies the property (C);
(b) any regular diamond of the form

Z%X\\QY
N,/

(2.1)

is left saturated.

From now, we shall call a regular diamond of the form (2.1) a “right re-
stricted” regular diamond.
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PROOF. (a) = (b). Consider the following diagram

Ea(/f)* (2.2)
c fi|] f2
Eq(g)* =——=A—"—=C
i f

J(Eql9)) =——=%B———=C

where the right-hand square is a right restricted regular diamond. We are
going to prove that it is left saturated i.e., f(Eq(g)*) =~ Eq(q)*. For this, we

consider the kernel star Eq(f)* = A of f. The fact that qf = g gives us the
induced monomorphism m in the diagram above. Then, by the property (C),

-
f(Eq(g)™) ?; B is a kernel star. Moreover, since f’ is a regular epimorphism

and ¢ is the coequaliser of (g1, g2), ¢ is the coequaliser of (1, r2). The fact that
in a star-regular category any kernel star is the kernel star of its coequaliser
allows us to conclude that f(Eq(g)*) =~ Eq(q)*.

(b) = (a). Conversely, let us first consider the triangle of the diagram
where Eq(f)*, Eq(g)* are two kernel stars and m is a monomorphism. We
complete this triangle with the arrows f and g, the coequalisers of Eq(f)* and
Eq(g)*, respectively, and by (r1,72)f’, the (regular epimorphism, star-relation)
factorisation of the star (fg1, fg2). Since gf1 = gfa, we have the induced arrow
q such that ¢f = g which is then a regular epimorphism since g is a regular
epimorphism. We so construct the right-hand square of the diagram which
is a right restricted regular diamond. Accordingly, by (b), it is left saturated
and this implies that f(Eq(g)*) is isomorphic to the kernel star Eq(¢)* of ¢. O

In both the pointed and the total context, any right restricted regular
diamond is left saturated. Indeed, in the following diagram

g1 g

Eq(g)* —= A4

g2

C (2.3)

f !

Eq(g)* ?:B 7 C

the left-hand square is a star-pullback. Then the left saturating property of
such a right restricted regular diamond easily follows from the fact that regular
epimorphisms are pullback stable in the pointed context, whereas they are
“joint-pullback stable” in the total context. By Proposition [2.1.6], this implies
that the property (C) is always satisfied in both the pointed and the total
contexts. Also in the quasi-pointed context, the property (C) holds true. To
see that, we use the the following lemma (Lemma 1.(1) in [8])
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LEMMA 2.1.7. In any quasi-pointed category C, if we consider the following
commutative diagram

K—r a1 oo
K’ B D
k/ f/

where k' is the kernel of f'. If w is a monomorphism, then k is the kernel of
fif and only if the left-hand square of the diagram is a pullback.

According to Lemma [2.1.7) and to diagram [2.3] when C is a regular quasi-
pointed category, the left saturating property of right restricted regular dia-
monds comes from the stability of regular epimorphisms under pullback.

We may now state the double quotient isomorphism theorem:

PROPOSITION 2.1.8. [Double quotient isomorphism theorem] Let C be
a star-regular category satisfying the property (C). Then for two kernel stars

Eq(f)* == A, Eq(g9)* == A such that Eq(f)* < Eq(g)*, the isomorphism

A/Eq(f)*
A/Eq(g)* =
f(Ea(9)*)
holds in C.
ProOF. Consider the following diagram

Eq(f)*

fi|] fe

F(Ea(g)*) === A/Eq(f)* ——= A/Eqa(9)*

in C where f and g are coequalisers of their kernel stars Eq(f)* —=% A and

Eq(g)* —= A, respectively, ¢ the induced arrow such that ¢f = g (the exis-
tence of ¢ follows from the fact that gfy = gf2). (r1,r2)f’ is the factorisation
(regular epimorphism, star-relation) of the star (fg1, fg2). Assuming that the

property (C) is satisfied, it follows that f(Eq(g)*) le A/Eq(f)* 1is a kernel
ro

star. In fact, by Proposition|2.1.6] f(Eq(g)*) rjl A/Eq(f)* is the kernel star
T2

of ¢ which is a regular epimorphism since g is a regular epimorphism. Hence
the bottom row of the diagram above is a star-exact sequence and this gives
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the desired isomorphism

A/Eq(f)*

A/Bq(g)* = F(Eq(g)™)

In the total context, let C be a regular category, and let Eq(f) = A,

Eq(g) == A be two kernel pairs such that Eq(f) < Eq(g), then the isomor-
phism
A/Ea(f)
A/Eq(g) = AFalf)
f(Ealyg))
holds in C, where f: A — A/Eq(f) is the coequaliser of its kernel pair Eq(f).
This non-pointed version of the double quotient isomorphism theorem appears
in [54].

In the pointed context, when C is a normal category, then for two normal
monomorphisms K %> A and L>->A such that K < L, the double
quotient isomorphism theorem can be expressed in this context by the isomor-
phism

A/K

A/L;m

where A7 A/K is the cokernel of the kernel k. Furthermore, let us con-
sider the following commutative diagram

0
K K
v
m k
0 L—! A ! AJL——>0
v v
f(L) > A/K —— A/L

where g is the cokernel of the kernel [. m is the arrow such that lom = k, thus
m is a kernel since k is a kernel. p is the induced arrow such that po f = g,
hence p is a cokernel. By the property (C), we have that I’ = ker p. Moreover,
it is easy to check that m is the kernel of the cokernel f’, and since C is a normal
category, this implies that the left column is a short exact sequence and thus
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f(L) = L/K. Then we find the well-known “double quotient” isomorphism

theorem 4K
A/L ~ ——
b=

from group theory and module theory and which was generalized in [57], and
then in [18] for the case of normal categories.

2.2. The Zassenhaus Lemma

DEFINITION 2.2.1. Let (C,N) be a regular multi-pointed category.
1. We define an asymmetric join of a regular epimorphism f: A — B,
and of astar 7: R—=x A by
fvaR = f~Hf(R)*
which is a star fva7 : fv4 R 3 A obtained in the following star-
pullback

A—f»B

2. Moreover, if C has pushouts of regular epimorphisms, then for two
kernel stars Eq(f)* —2 A and Eq(g)* —= A on a same object A,
we define their supremum

Eq(f)* va Ea(g9)* = Eq(9)* va Ea(f)*
which is the smallest kernel star on A containing both the kernel stars
Eq(f)* and Eq(g)*. Eq(f)* va Eq(g)* is the kernel star of the arrow
q = ¢ f = f'g defined by the following pushout

Eq(q)* < Eq(g)*
N
Eq(f)’>fl T AJEq()

9 g

A/Eq(g)* f,—»D

where f and g are the coequalisers of Eq(f)* and Eq(g)*, respectively.

In the pointed context, when 7 is a star-relation, a monomorphism in this
context, Definition 2:2.1]1 becomes the Definition 2.1.1] In general, in a star-
regular category, the notions of asymmetric join and of supremum are “totally”
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different: neither of the two is contained in the other one. But actually, these
two notions coincide in a category with a good theory of ideals. The following
theorem is given in [25] in the context of ideals (which are the same as kernel
stars in a category with a good theory of ideals).

THEOREM 2.2.2. Let C be a category with a good theory of ideals, then
for two kernel stars Eq(f)* = A and Eq(g)* = A of regular epimorphisms
f:A—> Bandg: A— C, respectively, we have that

fvaEq(9)* = Eq(f)* va Eq(9)* = Eq(9)* va Eq(f)* = gva Eq(f)*

PROOF. Indeed, let us consider the following diagram

Ea(g)* \

fl(f(]jj})*))* — f(ETf)*)
A ! 13
D

Eq(f)*

f/

where the bottom square is a pushout of f and ¢ which exist by Corollary[1.2.21]
By Theorem f(Eq(g)*) = A/Eq(f)* is the kernel star of ¢’. Since the
top square is a star-pullback, by Lemma I (f(Eq(9)*))* = X is the
kernel star of ¢/ f which is the join Eq(f)* v Eq(g)* of Eq(f)* and Eq(¢g)*. O

The pointed version of the following lemma appears in [57].

LEMMA 2.2.3. Let C be a star-reqular category satisfying the property (C).
Then for two kernel stars k : Eq(f)* == A, o0 : Eq(9)* == U of regular
epimorphisms f: A — B and g : U — C, respectively, and a monomor-
phism u : U — A such that (Eq(f)* n (U x U))* < Eq(g)*, we have that
fvaBa(g)* = fvaU is a kernel star and

fwaU N U
fvaEa(g)* — Eq(g)*

ProOOF. Consider the following diagram
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where the bottom square is obviously a pullback and the bottom front square
of the outer cube is a pullback by the Definition By the uniqueness of the
factorisation of a star as a regular epimorphism followed by a star-relation, the
isomorphism f(Eq(g)*) = f/(Eq(g)*) holds as stars on B. This implies that
the front diagram of the outer cube is a star-pullback by Definition [2.2.1]1.
Then, the upper front square is a star-pullback as well (by Lemma .
Since (Eq(f)* n (U x U))* == U is a kernel star of the regular epimorphism

f/and (Eq(f)*n (U xU))* < Eq(g)*, by property (C) and the double quotient
isomorphism theorem

(Ea(f)* n (U

e
|

f
f'(Bq(g)*) ——=f(U) ——C

X

U)*

we have that f/(Eq(g)*) == f(U) is again a kernel star and
fvy U
f'(Ea(g)*) — Eq(g)*

Thus, since the left-hand square of the commutative diagram below (which is
the upper front square of the cube above)

fyvaBa(g)* —= fvalU —C

|

f'(Ea(g)*) ——= f(U)

C
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is a star-pullback, this implies that fwvs Eq(g)* == fwva U is the kernel star
of the diagonal fvaU — f(U) — C which is a regular epimorphism as a
composite of two regular epimorphisms. Furthermore, by the star-regularity of
C, the top row of the last diagram above is a star-exact sequence and we finally
have
fwaU .U
fvaEa(g)* — Ea(g)*

O

THEOREM 2.2.4 (The Zassenhaus Lemma). Let C be a star-regular cat-
egory with pushouts of regular epimorphisms and satisfying the property (C).
Then, for two kernel stars k : Eq(f)* == U, o : Eq(9)* ==V of regular
epimorphisms f: U — E and g : V — F, respectively, and two monomorphisms
u:U— A, v:V — A, we have the isomorphisms

fyvg(UnV)
TV (Ea(N)* A (V X V)* Vo (Ea(9)* A (U x 0))%)
UnV
(Eal)* (VX V))* vory (Ea(g)* A (U x D))
gy (UnV)
g ((Eq(f)* n (V x V))* vunv (Eq(g)* n (U x U))*)

PRrROOF. First of all, let us construct

M = (Eq(f)* 0 (V x V))* voav (Ea(g)* n (U x U))*.

For this, consider the diagram

12

lle

gv

Eq(f)*

where the bottom right square is a pullback by definition of intersection of
subobjects and both the bottom left squares and the top right squares are star-
pullbacks by definition of the inverse image of a star-relation. This implies that

both (Eq(f)* n (V xV))* =2UnV and (Eq(9)* n (U xU))* =2U NV are

kernel stars of the regular epimorphisms f;

IS

(Eq(f)* A (V x V))* —=2U AV L f(U A V)

T

Eq(f)*ﬁUﬁE
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and g;
(Ea(g)* n (U x U))* == U nV —Z= g(U A V)

l 4
Eq(g) ——=V — F
respectively (since u; and v; are monomorphisms). By Definition 2, we
have the existence of the kernel star M =2 U n V' which is the supremum of
the two kernel stars (Eq(f)* n (V xV))* 22U NV and
(Eq(9)* n (U xU))*=UnV . Moreover, M =2 U nV is the kernel star

of the regular epimorphism ¢ obtained in the following pushout (which exists
by assumption):

Unv—" 0 yunv) (2.4)

f1

UnV
Th h T ~ .
us, we have %

On the one hand, we have the kernel stars Eq(f)* —=U, M —=UnV
of regular epimorphisms f: U — E and q: U n'V — T, respectively, and the
monomorphism v : U n'V — U such that (Eq(f)* n (V x V))* < M. By
applying Lemma [2.2.3], one obtains the kernel star fvyM —= fvy(U n'V)
and the isomorphism

UnV T fyvp(UnV)
M fvoM

I
lle

On the other hand, in the same way, we have the kernel stars Eq(g)* == V',
M =—=U nV of regular epimorphisms g: V — F and q: U "'V — T, respec-
tively, and the monomorphism v’ : UnV — V such that (Eq(g)*n (U xU))* <
M. According to Lemma [2.2.3], gvy M —= gvy (U n' V) is a kernel star and

UmVNTNg\vV(UmV)
M~ T gwM
0

In the total context, the Zassenhaus Lemma holds in a regular category
with pushouts of regular epimorphisms. This version of the Zassenhaus Lemma
generalises the non-pointed one given by W. Tholen in [54] since pushouts of
regular epimorphisms along monomorphisms were needed in addition in C (in
this case C has pushouts of regular epimorphisms along any morphism). The
pointed version given by O. Wyler in [57], and thus the well-known versions
from the categories Gp of groups and R-Mod of modules over a fixed ring R
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for instance, are also generalised by Theorem [2:2.4] In order to recover these
pointed versions of the Zassenhaus Lemma, we shall need the following lemma;:

LEMMA 2.2.5. Let C be a star-regular category, x: Eq(f)* == A a kernel

star of a reqular epimorphism f: A — B, 7: R—=—=U a star-relation and
u:U — A a monomorphism in C. Then

(1)
fvaR = fva(f'vu R)
as stars on A, where f': U — f(U).

(2) When C has good theory of ideals and T: R—=U s a kernel star,
then

fvaR = fyva(Eq(f')* vu R).
where Eq(f')* is the kernel star of f.

ProoF. (1) Put D = fvyR, L = f'vy R and D' = fwv4 L and then
consider the following diagrams

R f(R)
“\ AN
. D f(R)
B(f')y =—=—=U L F(O)
Eq(f) =—=2A———=B
R f(R)
H\ AN
T /L /f(R)
Eq(f')* —=—2U 4‘% £(U)
u D’ f(L)
Eq(f) ———=A——B

In the top diagram, by the uniqueness of the factorisation (regular epi-
morphism, star-relation), one finds the isomorphism f(R) =~ f’(R) (as stars
on B). In both diagrams, A : K —= U is a kernel star of the regular epi-
morphism f’, and by the Definition 1, we have the existence of the star
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(-relation) L == U. In the bottom diagram, we have that f(L) = f/'(L) (as
stars on B). Moreover by Proposition since the direct image and in-
verse image of star-relations preserve order we have the isomorphisms f/(L) =
F'(f7Y(f(R))) = f(R). Then the isomorphisms f(L) = f'(L) = f(R) = f'(R)
hold as stars on B. Finally, consider the following cube

| )\m
NN

A

where both the back and the front square are star-pullbacks by Definition
[2.2.1]1 and the dotted arrow is the one induced by the universal property of
this latter star-pullback. Since the bottom square is obviously a pullback, this
implies that the top square is a pullback as well by Lemma It follows
that D =~ D', as desired.

(2) When C has a good theory of ideals and 7: R—==U is a kernel star,
by Theorem [2.2.2) one has

D———>f(R

A

f'vu R=Ea(f)* vu R
and the desired isomorphism easily follows. O

REMARK 2.2.6. When C is a category with a good theory of ideals, one has
the following isomorphisms:

fyvoM = fvy((Eq(f)* n (V x V))* vunav (Ea(g)* n (U x U))*)
= fvo((Bq(f)* n (U x U) n (V x V))* vuav (Eq(g)* n (V x V) n (U x U))*)
= fvp((BEq(H)* n (UnV)x (UnV))* vuav (Ea(@)* n (U nV) x (UnV))*)
=~ fvy(Eq(g)* n (U V) x (UnV))* by Lemma [2.2.5] 2
= fvy(Eq(g)* n (U x U))*

and
gWwM = gvv((Ea(f)* n (V x V))* vuav (Eq(g)* n (U x U))¥)
=g ((Eq(f)* n (U xU)n (V xV))* vuav (Ea(g)* n (V x V) n (U x U))*)
>gviy (Eq(N)* n(UnV)x (UnV)* vuay (Eqa(g)* n (U V) x (UnV))*)
~gvy (Eq(f)* n(Un V) x (UnV))* by Lemma[2.2.5 2
=g (Eq(f)* n (V x V))*

Then, according to the Lemma [2.2.3] and to Remark 2.2.6] when C is a
category with a good theory of ideals, one has the kernel stars

fyu(Ba(g)* n (U x U))* == fvu(UnV)
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and
gw(Ea(f)* n (VxV))* =2 gw(lUnV).

Since such a category with a good theory of ideals obviously satisfies the prop-
erty (C), and has pushouts of regular epimorphisms [1.2.21] the Zassenhaus
Lemma becomes

fvu(UnV) UnV g (U nV)
fvw(Ba(g)* n (U xU))* — M gvv(Ea(f)* n (V x V))*

COROLLARY 2.2.7. In the pointed context, let C be a normal category with
pushouts of reqular epimorphisms along reqular epimorphisms. For two kernels
K — U, L - V with cokernels f: U — E, g: V — F, respectively, and two
monomorphisms U — A, V — A, we have the isomorphisms

fvu(UnV) N UnV
fYvo(KnV)vuay (LaU)) — (KnV)vyay (LnU)
g (U nV)

~

gV (K n V) vuay (LN T))

When C is an ideal determined category, the isomorphisms

fvo(KaV)vyay (LaU)) = fyvy(LnU) and

WK nV)vuav (LnU)) = gvw(KnV)

hold in C. The Zassenhaus Lemma then takes the following form given in |57
and which is similar to the classical one in group theory

fvg(UnV) UnV _gw(lUnV)
fvo(LnU) = (KnV)vpav (LnU) ~ gw(K V)

The Zassenhaus Lemma can be summarized in the following diagram
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—~
>
jon
L
5
*
—
—
S
X
)
S—
C
*
—
/S
o
(NN ]
S—
2l
=
*
—~
N
X
=
C
*
—~
=
jon
L
S~—
z

ie—\
M<—Do =
(on
L

2.3. The lattice of kernel stars

It is known that in a category with a good theory of ideals, the class of
ideals (which coincides with the class of kernel stars) on an object X in C
forms a lattice which is modular [25]. In a star-regular category C satisfying
the property (C') and with pushouts of regular epimorphisms along regular epi-
morphisms, for a regular epimorphism f: X — Y in C, the class of kernel stars
on X containing Eq(f)* is a lattice. In this section we prove that the lattice,
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which we denote by KernelStars;(X), is isomorphic to the lattice KernelStars(Y)
of kernel stars on Y.

LEMMA 2.3.1. Let C be a star-regular category satisfying the property (C).
Then the following conditions hold for a reqular epimorphism f: X — Y, and
kernel stars A : K =3 X such that Eq(f)* <\, 0:53Y:

(1)
(2)
3)

f~Y(o)* is a kernel star on X containing Eq(f)*;
FHEN)* =N
f(fHo)*) = 0.

PROOF. (1) Consider the diagram

then by Lemma [1.1.15] f~1(0)* : f71(9)* = X is the kernel star of

the composite X . y -4 Y/S |, then it obviously contains Eq(f)*

(since gfr1 = gfka).
In the following diagram

K F(K)
B FHfE))* ey
Eq(f)* == X/ - v
t h
X/K Y/f(K),

by the property (C), f(A) : f(K) 3 Y is a kernel star on Y (the
kernel star of h), this implies that f=1(f(\)* : f7H(f(K))* 3 X is a
kernel star on X (the kernel star of hf) and it contains both Eq(f)*
and K. Moreover, by the double quotient isomorphism theorem, one
has the isomorphism

X/K = Y/f(K),

thus ¢ is an isomorphism. This implies that f~!(f(K))* = K, or
equivalently with arrows, that f=1(f(\))* = .
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(3) In the following diagram

according to (1), f~(o)* : f71(9)* = X is a kernel star on X
containing Eq(f)* (the kernel star of hf = t) and by property (C),
F(f~Yo)*) : fF(f71(S)*) = X is the kernel star of h, whichiso: S =3
Y.

O

PROPOSITION 2.3.2. Let C be a star-reqular category with pushouts of re-
gular epimorphisms and satisfying the property (C), and let f : X — Y be
a reqular epimorphism. There is a lattice isomorphism between the lattice
KernelStarsy (X) of kernel stars on X containing Eq(f)* and the lattice Ker-
nelStars(Y) of kernel stars on'Y .

PRrOOF. Consider the map

© : KernelStars;(X) —  KernelStars(Y)
k:K3X — Ok)=f(k:f(K)33Y

we are going to prove that © is a lattice isomorphism.

e Let k: K 3 X and §: L 3 X be two kernel stars on X containing
Eq(f)* such that ©(k) = ©(d). Thus f(k) = f(§) by definition of
©. This implies that k = f~1(f(x))* = f~1(f(6))* = § by Lemma
[2:31)(2). This shows that © is injective.

e Let 7: T 3 Y be a kernel star on Y. By Lemma [2.3.1}(1) and (2),
Y r)*: f~YT)* 33 X is a kernel star on X containing Eq(f)* and
f(f~1(7)*) = 7. This proves that ©(f~1(7)*) = 7 and © is surjective.
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e Let k: K 3 X and 6 : L 3 X be two kernel stars on X containing
Eq(f)* and consider the following diagram

KL > J(E) A F(L) < (K A D)

\a%
Y

by Lemma [1.1.18) K A : K A L 3 X is a kernel star on X and
moreover it contains Eq(f)*. Always by Lemma and by prop-
erty (C), f(k) A f(0) : f(K) A f(L) 3 Y is a kernel star on Y. By
the property (C), f(k A d): f(K A L) 3Y is a kernel star on Y, and
one sees that f(k A §) is contained in both f(k) and f(J). Finally,
one has

FHfR) A FO))* = (FH(f (k) A £(8)))F
= (fTHF(R) A FTHF(O)))F
FHFEDF A F7HF(6)* by Lemma [T.1.29
~ £k A0 by Lemma [2.33]7]
FHf (kA 0))*
By Lemma 3), this implies that
FUTHf(R) A F())*) = f(R) A f(8) = F(fTH(f(k A 8))¥) = f(k A 6).
e For k : K 3 X and § : L 3 X two kernel stars on X containing

Eq(f)*, we are going to prove that f(k v &) = f(k) v f(d). For this,
consider the following diagram

lle

L KvI > F) v (L)

L

/ . e / 5 _— -
Eq(;)* — /x@ f\\;fv

kvo:Kv L 33X is a kernel star on X containing Eq(f)*. Like-
wise f(k) v f(9) : f(K) v f(L) 3 Y is the supremum of the ker-
nel stars f(K) and f(L) and by the universal property of the kernel
star f(K) v f(L), one can easily checks the existence of the induced

arrow K v L% f(K)v f(L). Moreover, by the property (C),
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f(evd): f(KvL)3Y is a kernel on Y and f(K v L) contains
both f(K) and f(L). Since f(K) v f(L) is the smallest kernel star
on Y containing both f(K) and f(L), one has the induced arrow

f(K) v f(L) ? > f(K v L) . Finally the composite ¢y is a regular
epimorphism; this implies that the monomorphism ¢ is a regular epi-
morphism, thus an isomorphism, and one then has the desired result
f(5v ) = f(k) v £(0).

a

COROLLARY 2.3.3. The following conditions are equivalent in a category C
with a good theory of ideals:

(1) Ide(X) the lattice of kernel stars on X in C is a distributive lattice;
(2) for any regular epimorphism f: X —'Y and two kernel stars v : I =3
X, A3 X on X, fen X)) = f()n fN).
PROOF. Recall that the lattice Idc(X) is a distributive lattice if one of the
following two equivalents properties hold

vOAaT)=0Cvo)altvT), tA(bvT)=(Cnro)Vv(enaT) (2.5)

for kernel stars ¢t : I I X, \:J 3 X and §: L 3 X.
(1) = (2). Let f : X — Y be a regular epimorphism with kernel star

k:Eq(f)* 3 X, and v : K 3 X,0 : J 3 X be two kernel stars. By
Proposition , it suffices to prove that f=1(f(t A 8))* = f=1(f(¢) A f(5))*

YN f@no)* v (¢ A &) by Theorem [2:22]

)
(k v &) by assumption
*

e

>~ (n VL) A

= W) A FTHFO)F

= (f7'(f(@) A fTHF()))* by Lemma [[T.29
= @) A F(O)*

Conversely, let us consider three kernel stars ¢+ : K =3 X,0 : J 3 X and
7: L3 X and g: X - Y the coequaliser of ¢.

(tvo)a(evT) 9 (g(0)* A g g(r)*
~ (g‘l(g(tS)) g~ (9(7)))

e

2.4. Some remarks on regular diamonds

Under the assumption that any right restricted regular diamond (2.1)) is
left saturated, the following lemma gives a characterization of star-regular ca-
tegories.



2.4. Some remarks on regular diamonds 57

LEMMA 2.4.1. In a regular multi-pointed category (C,N) with N -kernels,
with coequalisers of kernels stars and verifying the property that any right re-
stricted regular diamond is left saturated, the following are equivalent:

(1) (C,N) is a star-regular category;
(2) an arrow m : U — V is a monomorphism if and only if

Eq(m)* = Al = Eq(1y)*

PROOF. (1) = (2). See Lemma [1.1.31

(2) = (1). It suffices to prove that any regular epimorphism is a coequaliser
of a star. Let f: A — B be a regular epimorphism and consider the following
commutative diagram

Eq(f)*ﬁA—f»B

AZ/Eq(f)* ——= A B

[0}

Eq(m)* ———= A/eq(s)x ——> B

where ¢ is a coequaliser of the kernel star Eq(f)* = A of f, m is the induced
arrow such that mq = f. The arrow m is then a regular epimorphism and it
remains to prove that m is a monomorphism. Since we assume that any right
restricted regular diamond is left saturated in C, the composite a7 is a
regular epimorphism. This implies that « is a regular epimorphism as well,
thus an isomorphism. It follows that Eq(m)* = A% feats and7 by assumption,

m is a monomorphism. O

COROLLARY 2.4.2. In the pointed context, for pointed reqular category with
cokernels of kernels, the following conditions are equivalent:

(1) C is a normal category;
(2) a morphism m: A — B is a monomorphism if and only if Kerm = 0

DEFINITION 2.4.3. [24] A morphism f : X — Y in C is said to be saturating

if a diamond of the form

is right saturated. That is the induced arrow A% %> A% from the kernel

star A% of 1x to the kernel star A¥ of 1y is a regular epimorphism, which is
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equivalent to saying that the induced arrow Kx 7 > Ky is a regular epi-
morphism, where Kx and Ky denote the A-kernel of 1y and 1y, respectively.

In the total context, saturating morphisms are regular epimorphisms, while
in the pointed context all morphisms are saturating. The following lemma gives
a connection between some regular diamonds and saturating regular epimorph-
isms.

LEMMA 2.4.4. In a regular multi-pointed category C, the following are equi-
valent:

(a) any regular epimorphism is saturating;
(b) any right restricted regular diamond 18 right saturated.

PROOF. (a) = (b). Consider the following diagram

A% O Eqer s A%
— X

X Y

—»

where the bottom right square is a right restricted regular diamond. By as-
sumption, since any regular epimorphism is saturating, the composite f’6 is
a regular epimorphism. This implies that f’ is a regular epimorphism, as de-
sired.

(b) = (a). Conversely, given a regular epimorphism f : X — Y, the right
saturation property obviously implies that f is saturating. (|

LEMMA 2.4.5. [24] Let C be a reqular multi-pointed category with N -kernels.
Then the following conditions are equivalent for every reqular epimorphism
f: X->Y:

(a) f is saturating;
(b) for any relation o: R 3Y one has f(f~1(0)*) = o*.

DEFINITION 2.4.6. [24] A multi-pointed category C is said to have the
symmetric saturation property if the following equivalent conditions hold:

(a) any left saturated regular diamond is right saturated;

(b) any right saturated regular diamond is left saturated;

(c) left/right saturated regular diamonds are the same as the saturated
ones.

This notion of right/left saturated diamonds leads to a characterization of
star-regular categories and categories with a good theory of ideals.

THEOREM 2.4.7. [24] For a regular multi-pointed category C with N -kernels,
the following conditions are equivalent
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(1) C is a star-reqular category;
(2) e C admits coequalisers of kernel stars;
o cvery left saturated reqular diamond in C is a pushout.

PROOF. Assume that C is a star-regular category. To prove the first point,
let us consider a kernel star Eq(f)* of a morphism f: X — Y. If me is the fac-
torisation (regular epimorphism, monomorphism) of f, then Eq(f)* = Eq(e)*.
The arrow e is a regular epimorphism and C is star-regular, thus e is the
coequaliser of its kernel star. To prove the second point, consider a regular

diamond
X
N
7 Y
DA
w

which is left saturated. Then by assumption, e(Eq(f)*) is the kernel star of
the regular epimorphism ¢ and by star-regularity of C, g is the coequaliser
of e(Eq(f)*). So, by Proposition the above left saturated diamond is
a pushout. For the converse, let us assume (2). It remains to prove that
any regular epimorphism is a coequaliser of a star (its kernel star). For this,
consider a regular epimorphism f: X — Y and g: X — Z the coequaliser of
Eq(f)* the kernel star of f; this implies that Eq(f) is the kernel star of g. Now,

consider the diamond
X
/ N
X Z
N
Y

where h is the induced arrow coming from the universal property of the co-
equaliser g and then is a regular epimorphism since f and g are. This diamond
is regular and left saturated, then by assumption it is a pushout. Then A is an
isomorphism and f is the coequaliser of Eq(f)*. a

THEOREM 2.4.8. [24] The following conditions are equivalent for a star-
reqular category C with coequalisers of ideals:

(1) C has a good theory of ideals;
(2) o C admits coequalisers of ideals;
e pushouts of reqular epimorphisms in C are the same as left sat-
urated reqular diamonds.
(3) o C admits coequalisers of ideals;
e pushouts of reqular epimorphisms in C are the same as right sat-
urated reqular diamonds.

This theorem also proves that any category with a good theory of ideals has
the symmetric saturation property. It was proved in [24] that when the sym-
metry saturation property holds in a regular category, in the pointed context
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this characterises a normal subtractive category, whereas in the total context,
it characterizes a regular Goursat category. When the symmetric saturation
property holds for every right restricted regular diamond, one can say that the
multi-pointed category C has the right restricted symmetric saturation property.

LEMMA 2.4.9. Let (C,N) be a star-reqular category with saturating reqular
epimorphisms. Then the following conditions are equivalent:

(a) C satisfies the property (C);
(b) C has the right restricted symmetric saturation property.

PROOF. (a) = (b). If every regular epimorphism in C is saturated, then
by Lemma [2:4.4] any right restricted regular diamond is right saturated. If we
assume (a), by Lemma one has that any right restricted regular diamond
is left saturated. Then C has the right restricted symmetric saturation property.
The converse is straightforward. O

Recall that in a regular category, when such a commutative square of re-
gular epimorphisms

h
—

S

(2.6)

)
-~

N=<—N

~

—_—
f
is pullback, it is always a pushout.
DEFINITION 2.4.10. [9] In a regular category, a commutative square of

regular epimorphisms ([2.6]) is said to be a regular pushout (or alternatively a
double extension in [29], [35]) when the comparison arrow

Z
b
T

a: X =Y xp Z to the pullback of g along f is a regular epimorphism.

_—

!

Such commutative squares are always pushouts. It was shown in [14] that
exact Mal'tsev categories can be characterised through regular pushouts. That
is, a regular category is an exact Mal’tsev category if and only if any diagram
of the form is a regular pushout.

Observation: Any right restricted regular diamond is a regular pushout.
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Indeed, first notice that any right restricted regular diamond is always a pushout.
Next, in a diagram

Y —=7
f

where the outer diagram is a right restricted regular diamond, the comparison
arrow « is obviously a regular epimorphism. This notion of regular pushout
leads M. Gran and D. Rodelo to introduce the following

DEFINITION 2.4.11. [28] A commutative square (2.6)) is a star-regular pushout

when the comparison dotted arrow N, L Nr,

N.
o
N,
X h oz
N )
€ YXTZ g
Y T

from the N-kernel N, of e to the A-kernel N, of 7; is a regular epimorphism.

In the total context, since N-kernels are isomorphisms, this gives exactly

the fact that X —=>Y x7 Z is a regular epimorphism, and then 1D is a
regular pushout. In the pointed context, since N-kernels are the same as ker-
nels, a star-regular pushout becomes the pointed version of the right satura-
tion property for any commutative diagram : that is the induced arrow

Kere > Ker w1 is a regular epimorphism.
LEMMA 2.4.12. Any right restricted reqular diamond is a star-reqular pushout.

ProOF. Consider the following diagrams
X N, -fo Ny,
Y Z X h
~ N
Z

® S5y Z
Y

]

Y ——=7

!
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where the left diagram is a right restricted regular diamond, which is a regular
pushout; this implies that « is a regular epimorphism. Moreover, by Lemma
the upper diagram is a pullback. Thus ¢ is a regular epimorphism, as
desired. O

In the following, we shall prove that any star-regular pushout is a right
saturated regular diamond. For this we need in addition the following condition
in a star-regular category introduced in [23]. This condition will also be used
in Chapter 3, and holds true in both the pointed and the total context and also
in any quasi-pointed category.

DEFINITION 2.4.13. [23] An object X is said to be N -trivial when 1x € N;
equivalently, X is N-trivial when any morphism whose domain or codomain
is X belongs to N. Because of the presence of A-kernels, we have that if a
composite fg belongs to N and g is a regular epimorphism (Lemma ,
then also f belongs to N. This easily implies that N -trivial objects are closed
under quotients.

DEFINITION 2.4.14. |23] A multi-pointed category (C, ') has enough trivial
objects when N is a closed ideal [31] i.e., any morphism in A factors through
an N -trivial object, and moreover, the class of A/-trivial objects, besides being
closed under quotients, is also closed under subobjects and squares. A class
of objects is closed under square means that for any A/-trivial object X, the
object X? = X x X is N -trivial.

There are several equivalent conditions defining when a category has enough
trivial objects (see Proposition 3.5 in [25]). For our work, the following will be
the most suitable one.

PROPOSITION 2.4.15. The following conditions are equivalent in a regular
multi-pointed category (C; N) with N -kernels

(1) C has enough trivial objects;
(2) for any relation (r1;72) : R =3 X in C and any arrow f : K — R such
that 1 f,raf € N, one then has that f e N.

PROOF. (1) = (2). Consider the diagram

K—l sp——=sx

T2
mi

t
ma

A
\
\
|

T

where (mq,mz)e is the factorisation of the star (rqf,r2f) as a regular epi-

morphism followed by a star-relation and ¢ the induced arrow making the two
triangles commute. Since me and mse belong to N and e is a regular epimor-

phism, then by Lemma [[.1.19 one has that m; and ms belong to A/. Then by
assumption, m; and msy factor through the trivial object Lx the N-kernel of
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the identity 1x on X depicted in

T - mi X x

m2

S1

Sa \é Ix
Lx.

This gives the monomorphism T — Lx x Lx to the trivial object Lx x Lx
since trivial objects are closed under subobjects. Accordingly, T is a N -trivial
object and consequently, f belongs to A/. For the converse, let g: X — Y be a
morphism in A, and let me be a factorisation of g

as a regular epimorphism e followed by a monomorphism m. Then me belongs
to N and e is a regular epimorphism, this implies that the monomorphism m
is in M. By (2), one then has that 13,: M — M is in N i.e., M is a N-trivial
object. It is easy to see that under the assumption (2), the class of N-trivial
objects is closed under subobjects, and under squares; for this latter case use
the projections (m,m2): X x X =3 X, for a N-trivial object X. O

REMARK 2.4.16. In particular, Proposition [2.4.15 says that when a cat-
egory (C,N) has enough trivial objects, for a monomorphism f: X — Y and
for any arrow g: Z — X, such that the composite fg belongs to NV, then g also
belongs to N.

Thanks to this proposition, it is clear that both in the total context and in
the pointed context C has enough trivial objects. In the proto-pointed context,
this is not true in general. In the case where C is a quasi-pointed category, it
was shown in [23] that C has enough trivial objects. But in the category Rng
of unitary rings, there are not enough trivial objects. Indeed, if we consider
Rng the category of unitary rings, the ring Z of integers is a A/-trivial object
but not Z x Z. The following diagram

Ix7 2% 7117
T2

shows that Z x Z is not a N -trivial object.

REMARK 2.4.17. Let k: Eq(f)* =3 X be a kernel star of a morphism
f: X > Y and k: K —> X the N-kernel of f in a regular multi-pointed cat-
egory C with AV-kernels. Since fx; = fro € N, then by the universal property
of the N-kernel k, there exist two morphisms A1, A2: Eq(f)* — K making the
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following triangle

Ea(f)* x— sy

commute. If moreover C has enough trivial objects, then A: Eq(f)* 3 K is a
star (-relation).

LEMMA 2.4.18. In a star-regular category with saturating reqular epimorph-
isms and with enough trivial objects, a star-reqular pushout is a right saturated
regular diamond.

ProOF. Consider the following diagram

@
Eq(e)* ——>— Eq(m )* ————— Eq(g)*

>
Q
~
X
)ﬂ
S
N

Y Y

where the outer bottom square is a commutative square of regular epimorph-
isms (2.6) with A = mpa. Assuming that this diagram is a star-regular pushout,
0 is then a regular epimorphism. Under the assumption that every regular epi-
morphism is saturating in C, applying Lemma to conclude that ¢ is a
regular epimorphism. It remains to prove that ¢ is also a regular epimorphism.
By the Remark one has the existence of the star-relations A and o.
Moreover the upper left-hand square with vertical arrows is a star-pullback by
Lemma [I.1.28 and the middle diagram is a pullback by Lemma[T.1.29} this im-
plies that the upper left-hand diagram with diagonal arrows is a star-pullback

by Lemma [I.1.13] Finally, applying Lemma to obtain that ¢ is a regular
epimorphism. O



CHAPTER 3

Effective descent morphisms in star-regular
categories

The regular epimorphisms are known to be descent morphisms in any re-
gular category, but they fail to be effective descent morphisms, in general [42].
This is due to the fact that not all equivalence relations in a regular category
C are effective, namely they do not necessarily occur as the kernel pair of a
morphism in C. The recent work on descent theory (see [41], for instance,
and the references therein) has made it clear that the right notion of “good
quotient” in a general category is precisely provided by the notion of effective
descent morphism. This is obviously the case when the regular category is
ezact 2], since all equivalence relations are effective. However, this is also the
case for many (not necessarily exact) regular categories: G. Janelidze and M.
Sobral call such categories almost exact [40]. The present chapter deals with
the problem of finding a simple condition guaranteeing that regular epimorph-
isms and effective descent morphisms coincide in a star-regular category. In
the first section, we briefly recall the definition of effective descent morphism
in two equivalent way: the “elementary descent” theory which is the descent
via discrete fibrations and the “monadic descent” theory, the descent theory via
the monads and their algebras. Then, we give the condition on a star-regular
category guaranteeing that regular epimorphisms are effective descent morph-
isms. In the last section, we analyse several further examples of categories
satisfying this condition i.e., categories in which regular epimorphims coincide
with effective descent morphisms; some of which have been studied in [17] by
T. Everaert using a different approach. All results in this chapter are joint
work with Marino Gran and also appear in our paper [26].

3.1. Descent theory

3.1.1. Descent via discrete fibrations.
Let C be a category with pullbacks.

DEeFINITION 3.1.1. A discrete fibration of equivalence relations in C is an
internal functor (fo, f1): S — R as in the commutative diagram

Sﬂle
fll fo (3.1)
R—=E

65
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having the property that the square involving the second projections is a pull-
back. This implies that also the square involving the first projections is a
pullback.

An arrow ¢ between discrete fibrations (fo, f1) and (f§, f1) is a quadruple
(p0, ¢h, ¥1, ¢} ) making the following diagram

1

S——=

) ,

¥o

©h !
S S’ - ———= D’
=g,
f (3.2)
p1
pﬁE fo
2

$o
$1 »

1

R———————=F
Ph

commute. Composition of discrete fibrations is defined in the natural way, by
using the composition of morphisms in C. Thus the class of discrete fibrations
of equivalence relations in a category C forms a category.

Let p: E — B be a morphism in C and (p1,p2): Eq(p) =3 E be the kernel
pair of p. We write DiscFib(Eq(p)) for the category of discrete fibrations of
equivalence relations over Eq(p) and morphisms between them. Let

K?:(C | B) — DiscFib(Eq(p))

be the functor sending an object (A, a4) in the comma category (C | B) to the
discrete fibration (C') in the commutative diagram

Eql) —= Exp A—~> A (3.3)

UJ/ (@] J/a (D) J/GA

Eq(p) ——=32F——F—3B

where (D) is the pullback of p and a4, Eq(q) is the kernel pair of ¢, and &
the induced arrow making the two left squares commutative. For a morphism
fr(Ayaq) = (A,d) in (C| B), KP(f) = (¢, 9) is defined as in the diagram

Ea(q) 2 E xp 1 A (3.4)
N, : N

z Eq(¢) E xj Al " A

Ea(p) E B

p

where ¢ and @ are induced arrows making all the diagrams commute.
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DEFINITION 3.1.2. [42] [41]

A morphism p: F — B in C is said to be:
(1) a descent morphism if the functor K? : (C | B) — DiscFib(Eq(p)) is
full and faithful;
(2) an effective descent morphism if the functor K? is a category equival-
ence.
The following theorem gives a characterization of effective descent morphisms
in a finitely complete regular category. (see [41], [40} [17], for instance).

THEOREM 3.1.3. Let C be a regular category. Then:

(1) p: E — B in C is a descent morphism if and only if it is a regular
epimorphism;

(2) a regular epimorphism p : E — B in C is an effective descent mor-
phism if and only if, for any discrete fibration of equivalence relations

R——=D (3.5)

d e

Ea(p) zﬁZ E

s
2

over the kernel pair Eq(p) of p, the equivalence relation R is effective.
For the morphism p: E — B, let
U?: DiscFib(Eq(p)) — (C | E)

be the forgetful functor sending any discrete fibration of the form (3.5|) of equi-
valence relations over Eq(p) to the object (D, fy) in (C | E). For a morphism
(¢, %) in DiscFib(Eq(p)) as in diagram (3.4]), define UP(p, %) = ¢ which is a
morphism in (C | E). Let

p*:(C|lB)—(C|E)

be the induced “change-of-base” functor sending an object (4, a4) in (C | B)
too: Exgp A— FEin (C | B) obtained by pulling back

EXBAPHA

|
P
E — B
along p. This functor sends a morphism f: (4,a4) — (A’,&/y) in (C | B) to

the morphism p*(f) = ¢ in (C | E) as in diagram ([3.4]).
Let (A, a4) be a morphism in (C | B), one has that

UPKP(A,an) UP((C)) where (C) is the discrete fibration in diagram (3.3)
= o0
= p*(A aa),
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and

UPKP(f: (A,aa) = (A,aa)) = UP(p,p) where (,9) is as in diagram
= ¥
= p*(f: (4,aa) = (4, an)).

Thus, for a morphism p: £ — B, we get the commutative diagram

KP

(€| B) DiscFib(Eq(p)) (3.6)
N /
CLE)

3.1.2. Monadic descent theory.
In this section we are going to briefly describe the equivalence between

descent via discrete fibrations and “monadic descent theory”. For any arrow
p: E — B, the functor p*: (C | B) — (C | F) has a left adjoint

%p: (CLE)—(CLB)

given by composition with p: for an object (I, ) in (C | E), onesets X, (I, ar) =
(I, pay) which is an object in (C | B); ¥, is defined on arrows in an obvious

way. Let us recall that any adjunction gives rise to a monad, and this fact is

important for the description of monadic descent theory. In order to explain the

equivalence between descent via discrete fibrations and “monadic descent the-

ory”, we need to recall the following notions. The reader may consult [3}, 4, 41]

for instance, for more information on monads and the monadic description of

effective descent morphisms.

DEFINITION 3.1.4. (1) A monad on a category C is a triple T =
(T,n, 1) with T: C — C an endofunctor, n: 1x — T and pu: T? - T
two natural transformations making the diagram

T3 HT T2 nr T

w | A |

commute.
(2) e Let T = (T,n,u) be a monad in C. An algebra on this monad,
called a T-algebra, is a pair (C,¢) with C € C and an arrow
&: T(C) — C making the following diagram

T¢

T2(C) T(C)<LE—C
o)
T(C)——>C C

comimute.
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e An arrow f: (C,£) — (C’,¢') of T-algebras is an arrow f: C' —
C" of C such that the diagram

T(C) BN T(C")

ég ¢

——C

commutes.
e T-algebras and their morphisms form a category called the Eilenberg-
Moore category of the monad T, denoted by CT.

Since any adjunction gives rise to a monad, let us denote by T? = p* o 3,
the monad on (C | E) corresponding to the adjoint functors ¥, - p*. Write
(cl E)Tp for the corresponding Eilenberg-Moore category, and
Uur.( | EYT" — (C | E) for the forgetful functor sending any algebra
((A,a),€) to the object (A, aa) of (C | E). Finally write K™": (C | B) —
(C | E)T” for the comparison functor sending an object (D, 3p) of (C | B)
to the TT-algebra (p*(D,Bp),&’) and we obtain the following commutative

triangle
(Cl B) Cc|eYr

(C|E)

(3.7)

It was shown in [41] that the triangles and are canonically equivalent,
establishing a categorical equivalence between the categories (C | E)Tp and
DiscFib(Eq(p)).

To sum up, we have the functor p*: (C | B) — (C | E) with left adjoint
Y,: (C| E)— (C| B)and amonad T? = p*o%, on (C | E). When the arrow
p: E — B is an effective descent morphism, then via the categorical equivalence
(C | E)™ ~ DiscFib(Eq(p)), the category equivalence of the Definition
corresponds to K77: (C | B) — (C | E)™": this gives exactly the fact that
the functor p* is monadic. Accordingly, the following “monadic definition”
of effective descent morphism is equivalent to the “elementary” one given in

Definition B.1.2

DEFINITION 3.1.5. A morphism p: E — B in a category C with pullbacks is
an effective descent morphism if the functor p*: (C | B) — (C | E) is monadic.

3.2. Semi-effective star regular categories

In this section, we give a sufficient condition on a star-regular category
guaranteeing that regular epimorphisms are effective descent morphisms.
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PROPOSITION 3.2.1. Let C be a star-regular category. If the following dia-
gram

(01,02)

A—>BxB

| |

C ——DxD

(rk1,K2)

is a pullback with o1, k1 € N then the following commutative diagram
A—=B

I

C?D

of stars and morphisms is a star-pullback. The converse is true when f is a
monomorphism and C has enough trivial objects.

PRrROOF. Let A : E 3 B be a star and h : E — C a morphism such that
fAi = kihyi = 1,2. Then (k1,k2)h = (f x f)(A1, A2) and by the assumption,
there exist a unique factorisation ¢ : E — A such that (o1,02)p = (A1, A2)
and gp = h. For the converse, let u: U — B x B and v: U — C be two
morphisms such that (f x f)u = (k1, k2)v; one then has that fmiu = kv e N
and frou = kv with (71, 72): B X B 3 B the product projections. Assuming
that C has enough trivial objects and f is a monomorphism, one can assert
that mu belongs to A and (mju,mv): U =3 B is then a star. By assumption,
there exists a unique morphism w: U — A verifying oqyw = mu, cow = mau
and gw = v and the fact that the pair (w1, ) is jointly monomorphic allows
us to conclude that the first diagram is a pullback. g

The following condition was introduced in [26] in the case of internal re-
flexive relations and was generalized by M. Gran and Z. Janelidze [22] in a
suitable sense to study regular completions of star-regular categories. Here we
generalize the one given in [26] but we adopt the notation used in [22].

The condition (xmg) : Consider a parallel pair of morphisms

f
P e——%
f2

in a multi-pointed category C and (f1k, fok): K 3 Y the star of the pair (f1, f2)
where k: K — X is the N-kernel of fi;. Then for any morphism ¢g: Y — Z,
one has

gfi=9f2 < gfik=gf2k.

Notice that when either the pair (f1k, fok) or the pair (f1, f2) has a coequaliser
g, then the condition (#mp) is equivalent to the fact that ¢ is the coequaliser of
both the pairs (f1k, f2k) and (f1, f2).

LEMMA 3.2.2. In a star-regular category C, any reflexive relation satisfies
the condition (xmp).
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PRrROOF. Consider the situation
k T q
R¥ —>R— X ——Y.
T2
where (r1,75) is a reflexive relation, k the A-kernel of 1 and ¢ is any arrow.
We must prove that
qri =qre < qrik =qrak.

One implication is obvious. Assume now that ¢rik = grok. Since 71 is a
split epimorphism in a star regular category, ry is the coequaliser of its kernel
star (u1,p2) @ Eq(r1)* = R, and since rpu; = ripus € N, there are unique
morphisms 6; such that k8; = p; for i € {1,2}, as in the diagram

R*
0, \
02
% 231 e
Eq(r1) s > X
Consequently, we have:
(qro)ur = qrak0;
= g¢rikf#; (by assumption)
= qripi
gripe (since 11 coequalises (1, p2))
qr1k6z
= qrokfs
= (qr2)p2.
Since 71 is the coequaliser of (u1,pus2), it follows that there exists a unique
t : X — Y such that tr; = ¢re. Since the relation R is reflexive, there
is an arrow 0: X — R such that 1§ = 1x = rod, and this implies that
t =tri0 = qrod = q, as desired. O

Actually, it was shown in [22] that this result gives a new characterization
of star-regular categories. We then have

PROPOSITION 3.2.3. A reqular multi-pointed category with N -kernels is
a star-reqular category if and only if any reflexive relation satisfies condition
(#7p).

PROOF. =) Lemma

<) It remains to prove that every regular epimorphism is a coequaliser of its
kernel star. Let e: X — Y be a regular epimorphism and consider the diagram

Eq(e)* —>Eq(e) —2 X —*>Y

N

T.
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where (eq, ez) is the kernel pair of e, k: Eq(e)* — Eq(e) is the N-kernel of e;
and t is any arrow such that te;k = tesk. We need to prove the existence of
the dotted arrow. By condition (#7(), one has that te; = tes and since e is the
coequaliser of its kernel pair in the regular category C, one has the existence of
the dotted arrow, as desired. O

DEFINITION 3.2.4. A star-regular category C is said to be semi-effective
when any equivalence relation R =3 X in C has the following property: if the
star R* associated with R is a subobject of a kernel star Eq(f)*

R* X

Ea(f)*,

with ¢ a split monomorphism in C, then R* is itself a kernel star.

Let us then observe that, in the pointed context, the star (r1k, rok): R* =3
X associated with an equivalence relation (ri,72): R 3 X on X is the star
whose first component is the zero arrow, and the second one a normal subobject
in the sense of D. Bourn (see Section 1.1.2).

REMARK 3.2.5. If the category C has coequalisers of equivalence relations,
then C is a semi-effective star-regular category if and only if for any equival-
ence relation (r1,72) : B 3 X on an object X and ¢ the coequaliser of the
equivalence relation R

R*\ /X —5 X/R
Ea(q)*,

with ¢ a split monomorphism in C, the star R* associated with R is the kernel
star of ¢, i.e R* ~ Eq(q)*.

PROOF. This observation easily follows from Lemmal[3:2.2] and from Defin-

ition B.2.41 O

ExXAMPLES 3.2.6. e In the total context, it is obvious that any
Barr-exact category is semi-effective star-regular. Recall that a re-
gular category is said to be efficiently regular [10] if whenever we
have the situation

R X

Z
Eq(f)

where R is an equivalence relation and Eq(f) is an effective equival-
ence relation on the same object X and j a regular monomorphism
(an equaliser of a parallel pair of morphisms), then the equivalence
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relation R is itself effective. Since any split monomorphism is a regu-
lar monomorphism, any efficiently regular category is a semi-effective
star-regular category. Examples of efficiently regular categories are
provided by the category of topological groups and, more generally,
by any category of topological models of a Mal’tsev algebraic theory
[46].

e In the pointed context, among the examples of semi-effective star-
regular categories there is also any category with a good theory of
ideals, and any almost abelian category in the sense of [63]. These
examples, and many other ones, will be examined in the last section.

LEMMA 3.2.7. Let C be a semi-effective star-reqular category. Then, given
a discrete fibration of equivalence relations

over the kernel pair of p, the coequaliser of m and 7o exists.
k//
| — Eq()
/ 11
g I
R* R D
T
Y2 P1 / (1) APOJ/ ¢
P1
Ea(p) E

PROOF. Let us build the following diagram

(t

*
—
Eq(p) p - b B
where:
* t = ppo;
e the morphisms k, k' and k” are the N-kernels of p1, 7 and ¢1, respec-
tively;

e u is the unique arrow such that pot; = pyu, for | € {1;2};
g is the unique arrow such that 719 = t; and 19 = u;
j is the unique morphism such that ¢;5 = 7, for [ € {1;2}.

Since (p1,71) is jointly monomorphic and uj = 1, we have the equality
gj = 1. Moreover, one has mgk” = t;k” € N and t,jk' = m k' € N, hence by
the universal property of N-kernels k" and k”, there exist unique morphisms g’
and j’ such that k'g’ = gk” and k”j' = jk’. The fact that k" is a monomorphism
allows us to assert that j’ is a split monomorphism. By assumption R* =3 D
is then a kernel star, since Eq(t)* = D is a kernel star. By the star-regularity
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of C, this implies that the coequaliser ¢: D — D/R* of mk’ and mok’ exists,
and ¢ is also the coequaliser of m; and 7y by Lemma [3:2.2] O

THEOREM 3.2.8. Let C be a semi-effective star-reqular category with enough
trivial objects. Then the following conditions are equivalent for an arrow p :
FE — B:

(a) p is an effective descent morphism;
(b) p is a descent morphism;
(¢) p is a regular epimorphism.

PROOF. The implication (a) = (b) is trivial, whereas (b) is equivalent to
(c) in any finitely complete regular category (see Theorem [3.1.3)).

We are now going to prove that (¢) = (a). Assume that p: E — B is a
regular epimorphism, and consider the commutative diagram (1) as in Lemma
[3:277 We would like to prove that the equivalence relation R =3 D is effective.

Let us then build the commutative diagram

Eq(q)* K E
Fa@) i q(q)
L o
e / x
pas K T q
R* R D—% SD/R
T
®2 ©1 / (1) woJ/ @
Eq(p)* E = E B
_—
a(p) p a(p) — 7
where:

e ¢ is the coequaliser of m; and 7o (which exists by Lemma ;
e i is the unique arrow such that gni = m, for h € {1;2};

e k, k' and k" are the N-kernels of py, m; and ¢, respectively;

e 1 is the unique arrow such that @ggn = ppt), for h € {1;2};

e f is the unique arrow such that 71 f = ¢ and 1 f = .

A similar argument to the one used in Lemma (to show that gj = 1)
implies that fi = 1g. We also know that the induced split monomorphism
i': R* — Eq(q)* is an isomorphism, thanks to Lemma and to Remark

It will suffice to show that the split epimorphism f: Eq(g) — R is a mo-
nomorphism, and this will imply that i: R — Eq(g) is an isomorphism, as
desired.
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For this, consider the following commutative cube

AR T . Eq(%j*\

Ea(f)* l Eq(y)*

Eq(m)* — l RxR

Eq(q1)* Eq(q) x Eq(q)

where the back square is a pullback by Corollary [I.1.32] the front square is
a pullback by Proposition [1.1.33] and the dotted arrow « is induced by the
universal property of this latter pullback. By Lemma the commutative
diagram

Eq(m)* ——=R

Eq(q:1)* —=Eq(q)

is a star-pullback, and by Proposition the bottom square of the cube
above is a pullback. The same arguments can be applied to conclude that the
right square is a pullback as well, so that the left square is a pullback. The
arrow ¢” is an isomorphism: indeed, in the following diagram

Eq(m)* R—™" D
y
n
’LN R* g
Eqa(q1)* Ea(q) —F—>D
W
A
Eq(q)*

the outer square is the star-pullback above and the middle square is a pullback
by Lemma [I.1.29] The assumption that C has enough trivial objects allows us
to conclude that both p and A are stars (see Remark 7 and by applying
Lemma [1.1.13] one has that the left-hand square is a star pullback. Since
isomorphisms are stable under star-pullback and 4’ is an isomorphism, it follows
that ¢” is an isomorphism as well. Accordingly, the dotted arrow « is an
isomorphism as well. This implies that the projections f1: Eq(f)* — Eq(q)
and fo: Eq(f)* — Eq(q) of the kernel star of f are equal, as one can see from
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the commutativity of the following diagram

AE ﬁ R
Eq ——=Ea(g)

where kg is the N-kernel of 1. From Lemma we conclude that f is a
monomorphism, as desired. O

3.3. Examples

3.3.1. Categories with a good theory of ideals.

In any category C with a good theory of ideals, it is possible to show
that any star (rik,rok): R* 3 X associated with an equivalence relation
(r1,72): R 3 X on X is necessarily a kernel star. Indeed, in the diagram

Eq(q)*

jl
I )\[

X ——>X/R

the middle square with (T‘Q,O’)Z Eq(r1) — R determines a canonical discrete
fibration associated with the equivalence relation R (see Definition (2)),
the arrows k and [ are N-kernels of p; and 71, respectively. Since 71 and rg
are regular epimorphisms, the bottom pushout exists in C by Corollary [[.2.21]
Thanks to the characterisation of the categories with a good theory of ideals
by a property of pushouts (Theorem , it follows that the induced arrow
e is a regular epimorphism. This implies that the canonical monomorphism ¢
is also a regular epimorphism, thus an isomorphism.

Accordingly: any category C with a good theory of ideals is semi-effective
star-reqular. By Theorem when C also has enough trivial objects, any
regular epimorphism in C is then an effective descent morphism.

In the pointed context, this asserts that any ideal determined category C is
a semi-effective star-regular category, thus any regular epimorphism in C is an

effective descent morphism. This particular case of ideal determined categories
has been considered by T. Everaert [17]|, who arrived at the conclusion that
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regular epimorphisms therein are effective for descent by using a completely
different approach. Observe that Theorem [3.2.8] applies to any star-regular
category with enough trivial objects for which the class of “stars of equivalence
relations” coincides with the class of “kernels stars”. This latter condition is
weaker than the one asserting that the class of “ideals” coincides with the class
of “kernel stars”.

3.3.2. Regular epimorphisms in a category with a good theory of
ideals.

When C is a category, we denote by RegEpi(C) the category of regular
epimorphisms in C: an object in RegEpi(C) is a regular epi a : A1 — Ag in C,
and a morphism f : @ — b in RegEpi(C) is a pair (fo, f1) of morphisms in C
with fo : AO - Bo and f1 : A1 - B1

Al AAO

s e

By —> By

such that foa = bf;.

In the following, we shall also assume that A/-trivial objects are closed
under binary products (see [28]). When the category has enough trivial objects,
this assumption is equivalent to the following one:

for a relation (r1,7r2): R>—>X xY from X to Y such that v f, rof
belong to A, where f: T — R is a morphism, then f belongs to N.

In both the pointed context and the total contexts, N -trivial objects are closed
under binary products.

LEMMA 3.3.1. Let C be a category with a good theory of ideals, with enough
trivial objects, and such that N -trivial objects are closed under binary products.
Then RegEpi(C) is a star-regular category with enough trivial objects and such
that N -trivial objects are closed under binary products.

PROOF. First of all, we are going to give a description of pullbacks, kernel
pairs and regular epimorphisms in RegEpi(C).

e A pullback diagram
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in RegEpi(C) is given by the following cube in C

A fi o
A Ay = Co
g1

v

Bl i D1 9o

d
b

By Dy

fo

where the back square of the cube is a pullback in C and the pair
(u,v) is jointly monomorphic. The regular epimorphism « is obtained
by taking the regular epimorphism part of the (regular epimorphism,
monomorphism) factorisation of the induced arrow Ay — By x p, Co.

e A kernel pair r é a in RegEpi(C) is the same as a commutative
v
square

Ry UjiAl

RO$AO

in RegEpi(C) such that R; ujl A; is a kernel pair in C and the pair
vy

(up,vp) is jointly monic.
e A regular epimorphism (fy, f1) : @ — b in RegEpi(C) is given by a
commutative diagram of regular epimorphisms in C

A — % A,

sl e

Br 5> Bo

determining a pushout.

RegEpi(C) is finitely complete and has coequalisers of kernel pairs since C has
pushouts of regular epimorphisms (see Corollary [1.2.21]). For the regularity
of RegEpi(C) it remains to show that regular epimorphisms are stable under
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pullback in RegEpi(C); for this, assume that the following diagram

AN (3.8)
_

g g

—

S<—R

d
f

is a pullback in RegEpi(C) and f a regular epimorphism in RegEpi(C). Now
consider the following diagram in C

Eq(a)* = Eq(b)*
A h B
- \ e X
Ay fo By
9/1 g1
Eq(c)* ul Eq(d)*
\ " \ )
@ \ h b \
d
Co B Dq

where &, i1, A and o are the kernel stars of a, b, ¢ and d, respectively. The bottom
square of the first cube is a pushout of regular epimorphisms in C because f
is a regular epimorphism in RegEpi(C). Then k; is a regular epimorphism by
Theorem Since the square is a pullback in RegEpi(C), this implies
that the middle square of the diagram is a pullback in C and the pair (f}, g()
is jointly monomorphic. By the pullback stability of regular epimorphisms in
C, f1 is a regular epimorphism, and then f} is a regular epimorphism as well.
It remains to prove that the upper square of the first cube is a pushout. For
this, we are going to prove that the back face of the outer cube is a pullback.
Let us consider the diagram
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where v and v are any arrows verifying hou = k1v. We must prove the existence
of a unique arrow ¢ making the two triangles commute. One has o;hqu =
oik1v,1 = 1,2; this implies that g1 pu;u = f1A\v,i = 1,2. The universal property
of the middle pullback gives two induced morphisms 9; : U — A; such that
f10; = pyu and ¢4d; = \v. Thus fié; = piu € N and g(d; = A\jv € N; since
the pair (f1,g}) is jointly monomorphic, C has enough trivial objects and N/-
trivial objects are closed under binary products, this implies that § = (41, d2) :
U 33 A; is a star in C. Furthermore, in the diagram

Eq(a)* mﬁ A —2—> A
A 2

w 01

d2

U

the fact that the pair (f{,g{) is jointly monomorphic gives that ad; = ads
and by the universal property of the kernel star x of a, there exists a unique
factorisation w : U — Eq(a)* such that k;w = §;, i = 1,2. The fact that the
pairs (p1,u2) and (A1, A2) are jointly monomorphic gives that kow = u and
hiw = v. Take w = ¢, and the uniqueness of ¢ follows from the fact that both
(f1,g91) and (k1,K2) are jointly monomorphic pairs. Thus the back square of
the outer cube is a pullback, and ks is a regular epimorphism, as desired. By
Theorem [1.2:20] this implies that the top square of the front cube is a pushout.

Accordingly, RegEpi(C) is a regular category. Let us now denote by M the
class of morphisms f = (fp, f1) in RegEpi(C) defined by f = (fo, f1) € M if
and only if f; € N. This implies that also fo € N’ by Lemma [I.1.19] This class
M is an ideal of morphisms in RegEpi(C) (since N is an ideal in C), so that
(RegEpi(C), M) is a regular multi-pointed category. An M-kernel k : a — b of
a morphism f: b — ¢ in RegEpi(C) is the same as the left-hand square of the
commutative square

k1 f1

A1 Bl C'l
Ay ko By 7 Co

where k; is the A-kernel of f; and kg is a monomorphism. Since any morphism
in (C, V) has an N-kernel by assumption, then any morphism in RegEpi(C) has
an M-kernel. A kernel star of a morphism f = (fo, f1): a — b in RegEpi(C) is
a diagram

k1

Kl lﬁ Al
1
ko

Ko —= Ag

lo
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k k
where K3 jl Ay is the kernel star of f; in C while Ky jo Ay is a star-
11 lo

relation. To see that any regular epimorphism in RegEpi(C) is the coequaliser
of its kernel star, consider a regular epimorphism (eg, e1) : @ — b in RegEpi(C)
and the following diagram in RegEpi(C)

k e
Eq(e1)* lﬁAl — %5 B

R lﬁ Ay —e> By
0
where (I1, k1) is the kernel star of e; and (lg, ko)p is the factorisation (regular
epimorphism, star-relation) of the star (aly,ak1). ((lo, ko), (I1,%1)) is then the
kernel star of e = (ep,e1) in RegEpi(C). Since ey is the coequaliser of its
kernel star in C and ep is the coequaliser of (lg, ko) (because p is a regular
epimorphism), one has that e = (eg, e1) is the coequaliser of ((lo, ko), ({1, k1))
in RegEpi(C). Conclusion: RegEpi(C) is a star-regular category. If C has enough
trivial objects and A/-trivial objects are closed under binary products, it is easy
to verify that RegEpi(C) has enough trivial objects and A -trivial objects are
closed under binary products as well. |

REMARK 3.3.2. It is not true, in general, that RegEpi(C) has a good theory
of ideals when C is a category with a good theory of ideals (and enough trivial
objects). For instance, in the total context, even when C is abelian, the category
RegEpi(C) is regular but not ezact Goursat (= “with a good theory of ideals”,
in the total context).

We need the following lemma to prove that regular epimorphisms are effec-
tive descent morphisms in RegEpi(C).

LEMMA 3.3.3. [17] For a regular category C with pushouts of regular epi-
morphisms along regular epimorphisms, the following conditions are equivalent:
(1) every regular epimorphism in RegEpi(C) is an effective descent mor-
phism;
(2) RegEpi(C) is a regular category.

From Lemma and Lemma we get:

COROLLARY 3.3.4. Let C be a category with a good theory of ideals, with
enough trivial objects and such that N -trivial objects are closed under bin-
ary products. Then reqular epimorphisms are effective descent morphisms in

RegEpi(C).

Corollary can be iterated more generally for the categories RegEpi(C)"
of n-fold regular epimorphisms in C.

PROPOSITION 3.3.5. Let C be a category with a good theory of ideals, with
enough trivial objects and such that N -trivial objects are closed under binary
products. Then, for n = 1, RegEpi(C)™ is star-regular with enough trivial ob-
jects.
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It was shown in [I7] that when C is a regular category with pushouts of
regular epimorphisms along regular epimorphisms, then for n > 1, the cat-
egory RegEpi(C)" is a regular category. If in addition (C,N) is a star-regular
category, to prove the star-regularity of RegEpi(C)™, n = 1, one can use the
same arguments as above to prove that RegEpi(C) is a star-regular category.
In the total context, Corollary [3.3.4] says that when C is a Barr-exact Goursat
category, then any regular epimorphism is an effective descent morphism in
RegEpi(C). This result was obtained in [40] and in [I7]. In the pointed con-
text, Corollary says that when C is an ideal determined category, then
any regular epimorphism is an effective descent morphisms in RegEpi(C) (see
also [I7]).

3.3.3. Monomorphisms in a category with a good theory of ideals.
Let us denote by Mono(C) the category of monomorphisms in a category C. The
category Mono(C) is defined as follows:

(1) objects are monomorphisms m : My — My of C;
(2) an arrow A :m — m’ in Mono(C) is a pair (Ag, A1) of morphisms of C
such that the following diagram commutes

M, LM@

Mj ——= M
m

(3) composition of morphisms in Mono(C) is obtained by the composition
of morphisms in C.

LeEMMA 3.3.6. Let (C,N) be a semi-effective star-regular category with
enough trivial objects. Then Mono(C) is a semi-effective star-reqular category
with enough trivial objects.

PRrROOF. It is well-known that when C is a regular category, then Mono(C)
is also a regular category and limits are obtained pointwise. Assume moreover
that (C,N) is a multi-pointed category and let us denote by M the class of
morphisms k = (ko, k1) of Mono(C) such that ko and k; are in V. (Mono(C), M)
is a then a regular multi-pointed category. An M-kernel of a morphism
(Aos A1) m — m/ in Mono(C) is a morphism k = (ko, k1): t — m in Mono(C)

k A
T, ——= M, —> M,

tl \Lm lm/
Ty —> My ——> M|
k}o )\0
such that ko and k; are N-kernels of \g and A1, respectively. Thus when any

morphism in C has an N-kernel, it follows that every morphism in Mono(C)
has an M-kernel. Finally, a kernel star of a morphism (Ao, A\1): m — m/ in
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Mono(C) is the same as a diagram

ny
Ki—= M

no
Ky zj My
0

such that (n1,l1) and (ng,lp) are the respective kernel stars of Ay, Ag inC.
When (e, e1) is a regular epimorphism in Mono(C), then eg and e; are regular
epimorphisms in C and whenever any regular epimorphism is a coequaliser of
its kernel star in C, this implies also the same for regular epimorphisms in
Mono(C). It is not difficult to check that when C is a semi-effective star-regular
category, then Mono(C) also is a semi-effective star-regular category. O

As a consequence, under the assumptions of the Lemma [3.3.6] the regular
epimorphisms are effective descent morphisms in Mono(C).

3.3.4. Birkhoff subcategories.
By a regular-epireflective subcategory D of a regular category C, we mean
a full replete reflective subcategory

F
CEL;D
U

with the property that the A-component n4 : A — UF(A) of the unit of the
adjunction is a regular epimorphism for each A € C. It is well known that the
last requirement is equivalent to the fact that D is closed in C under subobjects.
D is a Birkhoff subcategory of C if, moreover, D is closed in C under regular
quotients.

LEMMA 3.3.7. Let D be a Birkhoff subcategory of a semi-effective star-
reqular category (C,N¢). Then D is a semi-effective star-reqular category as
well.

ProOOF. It is well known that if C is regular, then D is regular as well.
This essentially follows from the fact that the regular epi-mono factorisation
in C of an arrow in D is still the regular epi-mono factorisation of this arrow
in D. Since D is a full subcategory of C, we can choose the ideal of morphisms
of D induced by the ideal of morphisms in C, so that, for any X,Y in D,
Np(X,Y) = Ne(X,Y) = N(X,Y). The fact that D is closed in C under
subobjects implies that the A-kernel of an arrow in D is computed in the
same way in the categories C and D. The category (D, N) is a regular multi-
pointed category. Since it is a regular-epireflective subcategory of C, any regular
epimorphism in D is a regular epimorphism in C, and (D, N) is a star-regular
category.
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Consider then the following diagram in D

Rt — " Sp——sA_‘.p

)
p/H/S q1
q2

Eq(q)* —— Ea(g)

where R 3 A is an equivalence relation in D and Eq(¢)* = A is a kernel star
with coequaliser g (in D), k and [ are the N-kernels of r; and ¢, respectively,
and s is a split monomorphism with ps = 1g«, and ¢;ls = r;k for i € {1,2}. If
we look at this diagram in C, then ¢ is still the coequaliser of (g1, ¢2) in C, since
D is stable in C under quotients. The category C is semi-effective star-regular,
so that (rik,rk): R* 3 A is a kernel star in C of its coequaliser ¢': A — E’
in C. Moreover, D is closed in C under quotients, so that E’ lies in D, and
(rik,rok): R* 3 A is a kernel star in D. O

The property of being a category with a good theory of ideals is stable
under Birkhoff subcategories. More precisely, one has the following

PROPOSITION 3.3.8. Let D be a regular-epireflective subcategory of a cat-
egory C with a good theory of ideals. Then the following conditions are equival-
ent:

(a) D is a Birkhoff subcategory of C;
(b) D is a category with a good theory of ideals;

(¢) for any span of regular epimorphisms C <7 A # B in D their

pushout (P, ', ¢") in C is also their pushout in D.

PROOF. (a) = (b). By Lemma we know that the category D is
star-regular. Consider then the diagram

K271

A ? B
where f is a regular epimorphism in D, A a kernel star in D and ug the factor-
isation (regular epi)-(monic-star) of fA in C. One clearly has that I € D. By
assumption, p is then the kernel star of its coequaliser ¢: B — @ in C. The
category D is closed in C under quotients, and this implies that ¢: B — @ is
also the coequaliser of p in D. Accordingly, u is a kernel star in D.
(b) = (¢). Let f: A— B and g: A — C be regular epimorphisms lying in D.
In the category C with a good theory of ideals the pushout square

A%B

gl lgf (3.9)

C——Pr

’
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always exists (see Corollary . The assumption that D is a category with
a good theory of ideals implies that the pushout (P”, f”,¢”) of f and g exists
also in D, and ¢” is the coequaliser in D of its kernel star f(Eq(g)*) = B. The
fact that both ¢’ and ¢” are regular epimorphisms in C with the same kernel
star implies that the canonical comparison n: P’ — P’ such that ng’ = ¢”
n: P’ — P” is an isomorphism.

(¢) = (a). Let f: A — B be a regular epimorphism in C, with A € D, and
consider the kernel pair (f1, f2): Eq(f) =3 A of f, which lies in D, since D is
closed in C under subobjects and binary products. The projections f1: Eq(f) —
A and fy: Eq(f) — A are regular epimorphisms in D, so that (B, f, f) is their
pushout in D by the assumption. This shows that B € D. O

Observe that Proposition [3.3.8] is useful to find examples of semi-effective
star-regular categories which are not categories with a good theory of ideals.

This is the case, for instance, for the category Ab, f. of torsion-free abelian
groups. Indeed, Ab; s is obviously a normal category, and it is also semi-
effective star-regular (see Example ; however, by Proposition it
does not have a good theory of ideals. This is due to the fact that, although
Aby . is a regular-epireflective subcategory of the category Ab of abelian groups,
it is not stable in Ab under quotients.

3.3.5. Almost abelian categories.

Another class of examples to which Theorem[3.2.8applies is provided by the
so-called “almost abelian categories” in the sense of W. Rump [53], also called
“Raikov semi-abelian” [51] in the literature. An almost abelian category can be
defined as an additive category with kernels and cokernels with the property
that normal epimorphisms are pullback-stable and normal monomorphisms are
pushout-stable. As explained in [62], G. Janelidze has observed that a category
C is almost abelian if and only if it is both homological (in the sense of F.
Borceux and D. Bourn [5]) and co-homological. It is well known that, in an
almost abelian category, any arrow f: A — B has a canonical factorisation

A—L B

coker(ker(f))l ker(coker(f)) (310)

with f: Coim(f) — Im(f) a bimorphism, i.e. an arrow which is at the same
time monic and epic. Any almost abelian category C is normal (it is even
homological), and we are now going to prove that it is also semi-effective star-
regular (with respect to the class N of zero arrows). For this, consider a
commutative diagram
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where n: R* — X is the (Bourn-)normal monomorphism yielding the 0-class
of an equivalence relation R, k = ker(coker(n)) is the kernel of the coker-
nel coker(n) of n, and i is a split monomorphism. Then, by factorising n =
kncoker(ker(n)) as in diagram (3.10]), we see that the arrow i = coker(ker(n))n
is an epimorphism, as a composite of two epimorphisms. It follows that 7 is an
isomorphism, and by Remark [3.:2.5] C is a semi-effective star-regular category,
as desired.

We observe that, more generally, any normal category C such that any
arrow in C has a factorisation as an epimorphism followed by a normal mono-
morphism is semi-effective star-regular.

It is explained in [53] that any torsion-free subcategory of an abelian cat-
egory C is necessarily almost abelian, as is any torsion subcategory of C. Further
examples of almost abelian categories are given, for instance, by the categories
of real (or complex) normed vector spaces, Banach spaces (with bounded lin-
ear maps as morphisms), and also by the category of locally compact abelian
groups. By Theorem [3.2.8] the regular epimorphisms are then effective descent
morphisms in all these categories.

3.3.6. Categories of topological Mal’tsev algebras.

Consider T a Mal’tsev theory, i.e. an algebraic theory containing a ternary
term p(z,y, z) satisfying the identities p(z,z,y) = y and p(x,y,y) = x. The
category T(Top) of topological models of such a theory (i.e. models in the
category Top of topological spaces) is called a category of topological Mal’tsev
algebras. The category T(Top) is a regular category, as shown in [46]. We now
prove that T(Top) is semi-effective star-regular (thinking of (T(Top), ) as a
star-regular category with A/ the ideal of all morphisms). When (R,7r) =
(X,7x) is an equivalence relation in T(Top), and we consider a commutative
diagram

(R, 7r) (X,7x)

\
(Ea(f),7)
with the property that 4 is a split monomorphism, then the topology of (R, 7r)
is the one induced by the topology of the product (X x X, 7x« x). Accordingly,
the equivalence relation (R, 7g) is the kernel pair of its coequaliser. Hence, the
category T(Top) is semi-effective star-regular and, by Theorem every

regular epimorphism is an effective descent morphism in T(Top) (this result is
known, see [30] for instance, although the proof presented here is different).
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