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ABSTRACT Atmospheric turbulence influence on optical wave propagation, referred to as optical
turbulence, has long been studied for astronomical applications and is now being addressed for free-space
optical communication links between ground and satellites. While challenges overlap, models developed
for astronomical applications are not fully transferable to optical communications. This paper provides a
literature review of optical turbulence models, i.e., models giving vertical profiles of the refractive index
structure parameter C2

n , highlighting differences between astronomical and optical communication sites.
It presents different classifications of available C2

n models, based on the atmospheric layer they target and
their necessary input parameters. Boundary layer C2

n models are also addressed, and recent machine learning
approaches for C2

n modeling are discussed. Additionally, commonly used metrics for comparing C2
n profiles

are introduced. Therefore, this work provides important insights into optical turbulence model selection,
enabling accurate site characterization and informed optical terminal design.

INDEX TERMS Atmospheric turbulence modeling, free-space optical communications, optical turbulence.

I. INTRODUCTION
Free-space optical communications (FSOC) between the
ground and satellites promise to enhance connectivity, boost
achievable data rates and offer viable alternatives to fiber-
optic networks. As the technological revolution is ongoing
and optical ground stations (OGS) are being installed and
commissioned worldwide, challenges associated with the
propagation of light through Earth’s atmosphere remain to be
addressed.

In particular, the impact of atmospheric turbulence on
optical waves, referred to as optical turbulence (OT), is a
major challenge. Accounting for OT is essential to ensure
the reliability of future FSOC networks, giving them the
capability and robustness to operate in various atmospheric
and environmental conditions.

The study of OT has been conducted for several decades
at astronomical sites. However, future OGS locations face
distinct OT conditions compared to astronomical obser-
vatories for two main reasons: (i) FSOC will take place
in or near urban areas, where communication demand
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is highest, rather than in remote, high-altitude locations;
(ii) FSOC require daytime operations, unlike traditional
nighttime astronomical observations. As a result, stronger
OT conditions are expected, primarily due to the enhanced
boundary layer contribution associated with low-altitude
locations and daytime operation [1].

OT is commonly characterized by the refractive index
structure parameter, C2

n . This statistical quantity is related to
Kolmogorov theory of turbulence [2] and varies with altitude,
geographic location, seasons and time of day. Altitude varia-
tions of C2

n lead to the concept of C
2
n profile, a key parameter

from which OT-integrated quantities (e.g., coherence length,
seeing, scintillation index, etc.) and FSOC performance
metrics are derived [3], [4].

Recent measurement campaigns confirm that C2
n profiles

at potential FSOC sites exhibit distinctive features compared
to those at astronomical locations [5], [6]. These findings
highlight the need for further research in the field of
C2
n profile modeling to achieve accurate characterization and

reliable predictions of C2
n in diverse locations [7].

This paper provides a timely review ofC2
n models available

in the literature. In an attempt to classify these models, this
paper emphasizes their origins to ensure that their original
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FIGURE 1. Paper structure and presented classification of C2
n models.

areas of application remain clear. This is especially important
for C2

n models developed for specific locations and seasons,
as their application to other places and times must only be
conducted with proper validation.

Building upon prior literature reviews of C2
n models [8],

[9], [10], [11], this work makes the following contributions:
• It provides an essential and comprehensive update,
as most existing reviews are outdated and focused
primarily on astronomical applications.

• It offers a clear classification of C2
n models, highlighting

their motivations and limitations.
• It also focuses on C2

n modeling in the boundary layer,
including diurnal variation, essential for OGS sites.

• It presents machine learning (ML)-based C2
n models,

which have recently gained attraction in the literature.
Hence, this paper provides the FSOC community with
precious insights for selecting and applying accurateC2

n mod-
els, yielding realistic information about OT that can be
exploited for site selection and characterization, optical
terminal design, and FSOC network operation.

A. PAPER STRUCTURE
The structure of the paper, with the presented classification
of C2

n models, is shown in Figure 1.
Sections II and III detail non-parametric and parametric

C2
n models, mostly adapted for modeling the free atmosphere

(FA), i.e., the part of the atmosphere where the ground
influence is marginal, as opposed to the boundary layer (BL).
Following the terminology in [8] and [9], parametric models
refer to models usingmacroscale meteorological quantities as
inputs (e.g., pressure, temperature, humidity, etc.) to model
C2
n profiles. Such models are of particular interest as they

can be adapted to local conditions. On the contrary, non-
parametric models only give access to C2

n profiles as a
function of altitude, derived from empirical observations.

Then, Section IV focuses on boundary layer C2
n models,

whereas Section V presents the recent developments in

machine learning-based models. Finally, Section VI con-
cludes the review and provides our views on C2

n modeling for
FSOC. In addition, Appendix A discusses relevant metrics
used to validate and compare C2

n models.

B. NOTATIONS
The following notations are used for the meteorological
quantities throughout this paper: pressure p in pascal [Pa]
or hectopascal [hPa], temperature T in kelvin [K], specific
humidity q in [kg/kg]. The wind horizontal components
in x and y directions are denoted u and v, with uL =√
u2 + v2 the total wind speed. The potential temperature θ =

T
(
p0
p

)R/cp
in [K] is also exploited below and corresponds

to the temperature that an air parcel initially at temperature
T and pressure p would reach if moved adiabatically to a
standard reference pressure p0 (usually, p0 = 1000 hPa).
It involves the gas constant of air R and the specific heat
capacity at constant pressure cp.

Most of the C2
n models presented use the variable z as

the altitude in [m], defined as the altitude above the surface.
However, some models in Sections II and III consider z as the
altitude above mean sea level. In this case, it is specified with
the model.

II. NON-PARAMETRIC MODELS
Non-parametric models describe C2

n profiles solely as a
function of altitude, i.e., C2

n (z) = f (z), where f (.) is a generic
function depending on the models. They are simple to use
and are typically derived from the averaging of measurement
sets collected at a specific location during a particular season.
As such, they are considered as empirical models, dependent
on both location and season. Moreover, due to this averaging,
thesemodels cannot capture the stratification inC2

n profiles or
account for temporal variations. Nevertheless, despite these
limitations, their application to obtain median or averaged
profiles and to compare different sites still makes them
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relevant [8, p. 171]. Several C2
n profiles presented in this

section are depicted in Figure 2 to facilitate their comparison.

A. SLC MODEL
The Submarine Laser Communication (SLC) model is
an empirical profile derived from multiple measurements
(e.g., scintillation, acoustic soundings, microthermal probes)
above the Air Force Maui Optical Station (AMOS),
Haleakalā, Hawaii [12]. It was initially a nighttime model,
but a daytime extension has been developed [9]. Using z as
the altitude above the ground (the ground altitude is 3.038 km
at Mount Haleakalā) expressed in meters, the nighttime SLC
model is given by [9, p. 218], [12, p. 121]

C2
n (z) =



8.40 × 10−15 for z ≤ 18.5 m
2.87 × 10−12 z−2 for 18.5 < z ≤ 110 m
2.50 × 10−16 for 110 < z ≤ 1500 m
8.87 × 10−7 z−3 for 1500 < z ≤ 7200 m
2.00 × 10−16 z−0.5 for 7200 < z ≤ 20000 m.

The daytime SLCmodel only differs for the altitudes below
1500 m, and is obtained from

C2
n (z) =



1.70 × 10−14 for z ≤ 18.5 m
3.13 × 10−13 z−1 for 18.5 < z ≤ 240 m
1.30 × 10−15 for 240 < z ≤ 880 m
8.87 × 10−7 z−3 for 880 < z ≤ 7200 m
2.00 × 10−16 z−0.5 for 7200 < z ≤ 20000 m.

Comments about the model derivation and its limitations can
be found in [9, p. 218]. Slightly different coefficients for the
daytime model can be found in [13, p. 61], [14].

B. AFGL AMOS MODELS
Based on more high-resolution balloon measurements above
Mount Haleakalā, the nighttime SLCmodel has been refined,
leading to the Air Force Geophysical Laboratory (AFGL)
AMOS model [9, p. 219], [8, p. 173]. As the SLC models,
it is based on piecewise fitting of the measured profiles. The
nighttime AFGL AMOS model is given by [9, p. 219]

log10(C
2
n (z)) = −12.412 − 0.4713 z− 0.0906 z2,

for 3.052 km < z ≤ 5.2 km and

log10(C
2
n (z)) = −17.1273 − 0.0301 z− 0.0010 z2

+ 0.5061 e
−0.5

(
z−15.0866
3.2977

)2
,

for 5.2 km < z ≤ 30 km, with z the altitude above the mean
sea level expressed in kilometres. The differences between
the nighttime SLC and AFGL AMOS models are discussed
in [9, p. 219]. A daytime version of the model is presented in
[8, p. 173], with

log10(C
2
n (z)) = 0.0482 − 2.3416 z− 0.7211 z2,

for z < 3.54 km,

log10(C
2
n (z)) = −17.4778 + 0.0320 z+ 0.0078 z2

+ 1.5066 e
−0.5

(
z−4.4603
0.0968

)2
,

for 3.54 ≤ z < 5.1 km, and

log10(C
2
n (z)) = −16.5589 − 0.1424 z+ 0.0030 z2

+ 1.5694 e
−0.5

(
z−16.6300
4.8757

)2
,

for z ≥ 5.1km. A sunrise version is also available [8, p. 173]:

log10(C
2
n (z)) = −14.0245 − 0.4809 z− 0.0144 z2,

for z < 5.78 km and

log10(C
2
n (z)) = −16.7545 + 0.0259 z− 0.0022 z2

− 0.6693 e
−0.5

(
z−7.0330
2.8558

)2
,

for z ≥ 5.78 km.

C. CLEAR I MODEL
Using a similar approach as the AFGL AMOS models, the
Critical Laser Enhancing Atmospheric Research (CLEAR) I
model has been derived from measurements in the Tularosa
Basin, NewMexico, during the summer [9, p. 220], [15]. The
CLEAR I nighttime model is given by

log10(C
2
n (z)) = −10.7025 − 4.3507 z+ 0.8141 z2,

for 1.23 < z ≤ 2.13 km,

log10(C
2
n (z)) = −16.2897 + 0.0335 z− 0.0134 z2,

for 2.13 < z ≤ 10.34 km, and

log10(C
2
n (z)) = −17.0577 − 0.0449 z− 0.0005 z2

+ 0.6181 e
−0.5

(
z−15.5617
3.4666

)2
,

for 10.34 < z ≤ 30 km, with z the altitude above mean sea
level in km (the ground altitude is 1.216 km in the location
where the model was obtained). A revision of the CLEAR I
model can be found in [15, p. 35].

D. GREENWOOD MODEL
Another model based on nighttime C2

n measurements at
AMOS is the Greenwood model [16] [13, p. 62]

C2
n (z) =

(
2.2 × 10−13 (z+ 10)−1.3

+ 4.3 × 10−17
)
e−

z
4000 ,

where z is the altitude above the ground (in meters). The
model has initially been presented with a dependency to the
zenith angle ϑ , substituting the altitude z by l cos(ϑ), with
l the distance from the telescope aperture [13, p. 61]. It is
considered as a ‘‘good seeing’’ model in [8, p. 179], while its
‘‘poor seeing’’ version is given by

C2
n (z) =

(
2.2 × 10−12 (z+ 10)−1.3

+ 7 × 10−16
)
e−

z
2000 .
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FIGURE 2. Representations of main non-parametric C2
n models, expressed in altitude above ground (the ground altitude at locations where the models

were obtained may be different, as detailed in the text for each model).

E. GRACHEVA AND GURVICH MODELS
Gracheva and Gurvich models, presented in [10] and [17],
provide some fitting of the logarithm in base 10 of the
C2
n profile based on numerous experimental measurements.

A separation between weak and strong turbulence conditions
is made, leading to the weak turbulence model

log10
(
C2
n,min(z) − 5.19 × 10−16

× 10−0.00086 z
)

= −18.34 + 2.9 × 10−4 z− 2.84 × 10−8 z2

+ 7.43 × 10−13 z3,

and the strong turbulence model

log10
(
C2
n,max(z) − 9.5 × 10−14

× 10−0.00209 z
)

= −14.39 + 1.7 × 10−4 z− 3.48 × 10−8 z2

+ 9.59 × 10−13 z3,

with z the altitude above ground, in meters. A model for
average atmospheric conditions is derived from the average
of the weak and strong turbulence models, i.e.,

log10
(
C2
n,av(z)

)
=

1
2

[
log10

(
C2
n,min(z)

)
+log10

(
C2
n,max(z)

)]
.

F. MARITIME C2
N MODELS

The maritime C2
n models, presented in [18] and inspired

from the Hufnagel-Valley model (see Section III-A1), aim at
providing a standard profiles for maritime conditions. They
have been derived from a collection of measurements near or
over the ocean, and use the generic form

C2
n (z) = c1 + c2 e−z/c3 + c4 e−z/c5 . (1)

The altitude z is in meters and spans from 0 to 6000 m. The
values of the different coefficients c in (1) depend on the
considered cases (worst, median, or best conditions) and are
given in Table 1.

TABLE 1. Coefficients in maritime C2
n models in (1) [18].

III. PARAMETRIC MODELS
Unlike non-parametric models, parametric models of C2

n pro-
files account for location and seasonal dependencies. These
models are based on the general expression C2

n (z) =

f (z, t, p,T , . . . ), where C2
n is related to macroscale meteo-

rological parameters (e.g., pressure p, temperature T ), time
of day t , and other factors. Parametric models can have a
theoretical basis, such as Tatarskii-based models presented
in Section III-B, or an empirical origin, like the Hufnagel-
Valley (HV) model or the Trinquet-Vernin (TV) model given
in Sections III-A and III-C.

A. HUFNAGEL-VALLEY MODEL AND ASSOCIATED MODELS
The HV model, along with its commonly used extensions
in the literature, are presented in this section. These are
simple models involving few parameters, and when the
values of these parameters are known, they can be treated as
non-parametric models (e.g., the HV-5/7 model described in
Section III-A2).

1) HUFNAGEL-VALLEY MODEL
Early C2

n models, referenced in [8, p. 170], proposed an
exponential decrease of C2

n with altitude. Later observa-
tions revealed that this average exponential decrease was
primarily valid in the troposphere, and that the models
needed to be extended to account for contributions from the
tropopause [19]. These considerations are apparent in the
Hufnagel model, which was derived from stellar observations
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and thermosonde measurements [20]. Its simplest form is
given by [21]

C2
n (z) = 2.7 × 10−16e−

z
1500 + 8.2 × 10−56w2z10e−

z
1000 ,

(2)

where z is the altitude in meters above sea level, and w is
the Root-Mean-Square (RMS) wind speed, averaged from
5 km to 20 km of altitude. It is only valid above the first
strong inversion layer, setting its limits from 3 km to 24 km of
altitude [8, p. 174]. Interestingly, (2) contains two terms, the
first one being an exponential decrease associated with the
troposphere, and the second one representing a bump in the
C2
n profile at the tropopause and its stratospheric decrease.

The origin of the coefficient 2.7 in front of the exponential
decrease is briefly detailed in [8, p. 175], while the RMSwind
speed can be computed from the wind speed profile uL(z),
with

w2
=

1
15000

∫ 20000

5000
u2L(z) dz. (3)

This explains why the Hufnagel model belongs to the
parametric models, as it depends on local meteorological
quantities (wind speed profile) through the parameter w.
In [21], a value of 27 m/s is suggested for the parameter w

in order to obtain a fixed model. Random models can also be
generated by considering w as a Gaussian random variable,
having a mean value of 27 m/s and a standard deviation of
9 m/s. This particular value of 27 m/s led to the rewriting of
the Hufnagel model with [4, p. 481]

C2
n (z)=2.7×10−16e−

z
1500 +0.00594

( w
27

)2 ( z
105

)10
e−

z
1000 .

Later, according to [8, p. 175] and [9, p. 222], Ulrich [22]
extended the Hufnagel model to include a boundary layer
term, following a suggestion of Valley [23]. This led to the
well-known HV model, given by

C2
n (z) = A e−

z
100 + 2.7 × 10−16e−

z
1500

+ 0.00594
( w
27

)2 ( z
105

)10
e−

z
1000 . (4)

In (4), the BL term is assumed to be exponential and involves
the parameter A, associated to the ground C2

n value [m−2/3].
As a result, the HV model has two parameters, A and w,
that can be adjusted to model C2

n variations at high altitudes
and near the ground. This offers a certain freedom to adapt
the model to different geographical locations [24], even
though it remains mostly suited for mid-latitude regions [8,
p. 175]. The International Telecommunication Union (ITU)
Recommendation P.1621-2 [25] suggests using the HVmodel
to calculate C2

n profiles for frequencies between 20 THz and
375 THz. Figure 3 shows C2

n profiles obtained using the HV
model with different parameters A and w. These profiles are
compared with the HV-5/7 model (A = 1.7 × 10−14 m−2/3

and w = 21 m/s), described below. In the legend, parameters
not specified correspond to those of the HV-5/7 model.
The figure highlights that the parameter A primarily affects

C2
n in the BL, while w influences C2

n in the tropopause and
stratosphere.

FIGURE 3. Hufnagel-Valley model variations with w and A parameters
(adapted from [26]).

2) APPLICATIONS OF HUFNAGEL-VALLEY MODEL
The adaptability of the HV model, along with its simplicity,
explain its widespread use for practical and theoretical
studies. Some of them are detailed in this section.

a: HUFNAGEL-VALLEY 5/7 MODEL
The most well-known parametrization of the HVmodel is the
HV 5/7 model, denoted HV-5/7. The parameters are: A =

1.7 × 10−14 m−2/3 and w = 21 m/s [9, p. 222].
The HV-5/7 model is named after the values of some OT

integrated parameters that it yields, namely the coherence
length r0 (Fried parameter) and the isoplanatic angle θ0,
defined by [27]

r0 =

(
0.423 k2sec(ϑ)

∫
∞

0
C2
n (z) dz

)−3/5

(5)

θ0 =

(
2.914 k2(sec(ϑ))8/3

∫
∞

0
C2
n (z)z

5/3 dz
)−3/5

, (6)

with k = 2π/λ (λ is the wavelength) and ϑ the zenith angle.
Indeed, vertical integration of the HV-5/7 model using (5)
and (6) gives a coherence length of 5 cm and an isoplanatic
angle of 7 µrad, assuming a wavelength of 500 nm.

b: HUFNAGEL-VALLEY NIGHT MODEL
A parameterization of the HV model compatible with
observations at AMOS is presented in [14], that is,

C2
n (z) = 1.90 × 10−15 e−

z
100 + 3.02 × 10−17e−

z
1500

+ 8.16 × 10−54 z10 e−
z

1000 ,
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with z the altitude in meters. This modified version of the HV
model yields a coherence length of 20 cm and an isoplanatic
angle of 20 µrad, for a wavelength of 550 nm, at zenith.

c: MODELS OF WIND SPEED PROFILE
The determination of the w parameter can be achieved
using (3), which requires the knowledge of the wind speed
profile. In cases where this profile cannot be observed, the
Bufton windmodel is often used in the literature. It is inspired
by simultaneous measurements of C2

n , temperature, and wind
velocity collected by Bufton [19] [27, p. 87], and is presented
in [16]:

uL(z) = vG + 30 e
−

(
z−9400
4800

)2
.

It includes a constant mean value for the wind profile
associated to the ground wind speed vG (usually set to
8 m/s [16], or 5 m/s [14]), on which a Gaussian is added to
represent the jet stream (at the altitude of the tropopause, here
9400 m). Initially, the model was given with a dependency to
the elevation angle, as already presented in Section II-D for
the Greenwood C2

n model.
The Bufton model is derived from rawinsonde measure-

ments in Hawaii, and assumes z to be the altitude above
the ground (located at 3048 m above the mean sea level).
Hence, [28] recommends adding the ground altitude to the
tropopause term (9400 m) when applying the model to other
locations, even though it does not seem to be suited to other
locations than Hawaii. The generalization of this model is
given by [28]

uL(z) = vG + vT e
−

(
z−hT
LT

)2
, (7)

where vG is the ground (or low altitude) wind speed, vT is
the tropopause wind speed, hT is the tropopause altitude,
and LT is the thickness of the tropopause layer. For ground-
to-satellite communications with moving satellites, an extra
term is added to the model to take into account this motion as
an apparent wind [4, p. 481], [29, p. 73]

uL(z) = ωsz+ vG + vT e
−

(
z−hT
LT

)2
,

with ωs the satellite slew rate [rad/s].

d: MODIFIED HUFNAGEL-VALLEY MODEL FOR OPTICAL
COMMUNICATIONS
In order to obtain more realistic simulations of optical
communication scenarios, at the European Space Agency
(ESA) OGS site at Tenerife for example, the modified HV
model has been suggested in [30] and [31]

C2
n (z) = A e−

hGS
700 e−

z−hGS
100 + 2.7 × 10−16e−

z
1500

+ 0.00594
( w
27

)2 ( z
105

)10
e−

z
1000 .

Its main feature is the presence of hGS, that corresponds to
the ground station altitude (above mean sea level). Hence, the
model is only suited for altitudes z (above mean sea level)
greater than the ground station altitude.

e: PARAMETRIZATION FROM OT INTEGRATED PARAMETER
MEASUREMENTS
If OT integrated parameters are measured at a location,
a probable C2

n profile can be obtained from the HV model
by fitting its parameters A and w. This approach requires
knowledge of at least two integrated parameters, such as the
coherence length r0 and the isoplanatic angle θ0, as presented
in [32].

3) GENERALIZED HUFNAGEL-VALLEY MODEL
A generalization of the HV model is presented in [27, p. 85],
that is convenient to particularize the HV model to different
locations, as well as to add localized turbulent layers. The
generalized HV form is

C2
n (z) = A e−

z
hA + B e−

z
hB + C z10 e−

z
hC + D e−

(z−hD)2

2d2 .

(8)

In (8), A is the ground turbulence strength and hA is the
altitude associated to its 1/e decay, while B and hB have
similar interpretations for the troposphere. The tropopause is
modeled with C and hC , and the last term actually enables to
add localized turbulent layers, modeled by a Gaussian located
at an altitude hD, having a standard deviation (i.e., thickness)
d and a C2

n magnitude of D. This last term can be repeated
several times with different coefficients to model multiple
isolated layers.

The benefit of this generalized model is that it can be
easily adapted to any location where C2

n measurements are
available, while being easily integrated to give OT integrated
parameters (e.g., coherence length, isoplanatic angle). As an
example, the values of the different coefficients involved for
applying (8) to Mauna Kea, Hawaii, are given in [27, p. 86].

4) HUFNAGEL/ANDREWS/PHILLIPS MODEL AND
EXTENSIONS
The Hufnagel/Andrews/Phillips (HAP) model aims at
improving the modeling of the ground layer given by the HV
model. Indeed, numerous measurements in the atmospheric
BL showed a decrease of the C2

n profile following a z−4/3

trend instead of the exponential decrease from the HV model
(see Section IV-B). Hence, the BL term in (4) should be
substituted with a term proportional to z−4/3, as suggested
in the HAP model [24]

C2
n (z) = C2

n (h0)
(
h0
z

)4/3

+ 2.7 × 10−16e−
z

1500

+ 0.00594
( w
27

)2 ( z
105

)10
e−

z
1000 , (9)

for altitudes z (in meters, above the mean sea level) higher
than the ground altitude, given by h0. Expressing z as the

altitude above the ground requires substituting
(
h0
z

)4/3
by(

h0
z+h0

)4/3
in (9). C2

n (h0) is the ground C2
n value, hence

corresponding to the A parameter in the HV model in (4).
Due to this z−4/3 trend, C2

n in the BL decreases faster with
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increasing altitudes in the HAP model than in the HV model.
However, for altitudes higher than 1 km, both models are
similar.

Later revisions of the HAP model suggest the addition of a
multiplicative factor M̃ for the FA part (troposphere + strato-
sphere), as well as a parametric exponent α instead of the
fixed 4/3 exponent in the BL [33], leading to

C2
n (z) = C2

n (h0)
(
h0
z

)α

+ M̃
[
2.7 × 10−16e−

z+hs
1500

+ 0.00594
( w
27

)2 ( z+ hs
105

)10

e−
z+hs
1000

]
, (10)

where hs is the altitude of the ground above the mean sea
level, and h0 is the height above ground of the ground station
or telescope. By explicitly taking hs into account in (10), it is
expressed with the altitude above the ground surface and not
above sea level. Besides these two altitude parameters (hs
and h0), the revision of the HAP model includes four other
parameters: M̃ and α that are new additions to the model, and
C2
n (h0) and w, similar to previous HAP and HV models.
The parameter M̃ comes from an average value of the

random background turbulence above 1 km and is typically
close to unity [34, p. 88]. In [11], a seasonal variation of
M̃ is presented based on one-year analysis of radiosonde
observations near Munich, Germany. Modifying M̃ can also
be useful to model percentiles of the turbulence statistics,
i.e., modulate the amplitude of the HAP profile (or of the
HV profile, if M̃ is added in (4) for example) in order to
fit observed distributions of the C2

n profile above a given
location. This is the approach followed in [35] with the HV
model, using turbulence statistics collected in Korea, in 1999.
A factor M̃ = 1 is found for the median profile.
Regarding the exponent α, it varies between 4/3 during

daytime and 2/3 at night. The following model has been
suggested for daytime (between sunrise and sunset) [33]

α =


−0.11(12 − TH)2 + 1.83(12 − TH) − 6.22
1.45 − 0.02(TH − 6)2

−0.048 TH2
+ 0.68 TH − 1.06,

where the first expression is valid for 0.75 < TH < 3.5,
the second for 3.5 < TH < 8.5, and the last for 8.5 <

TH < 11.25. It requires the knowledge of the sunrise and
sunset times, as well as the computation of the temporal hour
TH. The latter is given by equally dividing the time between
sunrise (at tsunrise) and sunset (at tsunset) in 12 hours, and
computing [36]

TH(t) =
t−tsunrise
tsunset−tsunrise

12

, (11)

with t the local time. For nighttime (between sunset and
sunrise), α is set to 2/3. This model for α has been obtained
in Hollister, CA, and may require to be adapted to other
locations [33].

For the parameter C2
n (h0), corresponding to the C2

n value
at the altitude h0, i.e., at or near the ground, it is usually

measured or estimated using ground layer C2
n models (see

Section IV).
Finally, the wind speed parameter w is the same as for the

HV model and can be computed using (3) with measured
or modeled wind profiles. Recent works also explored its
substitution by the wind speed profile uL(z) [37], [38].

B. TATARSKII-BASED MODELS
In his pioneering work, Tatarskii proposed the following
equation to relate the temperature structure parameter C2

T to
macroscale atmospheric quantities [2, p. 74]

C2
T = a2α̃L4/30

(
dT
dz

)2

, (12)

where a2 is an empirical constant, α̃ = KH/KM is
the ratio between the exchange coefficient for heat and
momentum [39], L0 is the outer scale of turbulence, and T
is the mean temperature profile.

For the refractive index structure parameter C2
n , (12) is

C2
n = a2α̃′L4/30 M2,

with M2
=

(
dn
dz

)2
and α̃′ similar to α̃. The latter is close to

one [40] and usually neglected in the literature, such that the
Tatarskii equation for C2

n is

C2
n = a2L4/30 M2, (13)

with a value of 2.8 often used for a2 [9, p. 173].
In (13), M is the vertical gradient of the mean (non-

fluctuating) refractive index [9, p. 173], which can be
computed directly from the derivative chain rule and refrac-
tive index expressions involving meteorological quantities,
such as [4] and [41]

n = 1 + 10−6 77.6 p
T

(
1 +

7.52 × 10−3

λ2

)
, (14)

with p the pressure expressed in hectopascal [hPa], T
the temperature in kelvin [K], and λ the wavelength in
micrometer [µm]. Equation (14) is valid for wavelengths
between 0.36 and 3µm according to [42], following the work
of [43] and [44]. It is often approximated by its value for
λ = 0.5 µm, leading to

n = 1 + 10−6 80 p
T

.

Using this approximate optical refractive index definition,M
is given by

M =
dn
dz

=
∂n
∂T

dT
dz

= −
80 × 10−6p

T 2

dT
dz

,

such that [4, p. 65], [3, p. 287]

C2
n =

(
80 × 10−6p

T 2

)2

C2
T . (15)

Other expressions for M can be found in the literature
depending on the conservative variables used, as discussed
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in [39]. Using the pseudopotential temperature θ̃ defined by
[2, p. 74], [9, p. 170]

θ̃ = T + γ z,

where γ =
g
cp

is the adiabatic lapse rate of dry air (equal to
9.8K/km in the troposphere), M is given by [2] and [39]

M = −
80 × 10−6p

T 2

(
dT
dz

+ γ

)
. (16)

The use of the potential temperature θ leads to [39]

M = −
80 × 10−6p

T θ

dθ
dz

.

For radiofrequencies, the contributions of the humidity in
the refractive index should also be included in M , for which
the developments can be found in [2, p. 75], [39], based on the
refractive index expression in [41], [45], [46], [47], and [48],
that is,

n = 1 + 10−6 77.6
T

(
p+

4810 e
T

)
, (17)

where e is the partial pressure of water vapor in hec-
topascal [hPa], related to the specific humidity q by e ≈

1.62 pq [39], the accurate expression being given in [49,
p. 41]. Equation (17) is valid for frequencies ranging from
1 MHz to 30 GHz [41] and in the temperature range from
−50 to 40◦C.

In addition to defining M , applying the Tatarskii
equation (13) necessitates a parametrization of the outer scale
L0. This section reviews the various models for L0 that have
been proposed in the literature.

1) DEWAN MODEL AND EXTENSIONS (OUTER SCALE
MODELS USING WIND SHEAR AND TEMPERATURE
GRADIENT)
Among the Tatarskii-based models, the Dewan model, and
its extensions, are very often used in the literature thanks
to their simplicity of application. Indeed, they can easily be
applied to meteorological quantities coming from radiosonde
observations [50], [51], or from numerical weather predic-
tions (NWP) [52], [53], [54], [55]. All are based on the
form of the Tatarskii equation in (13) [56, p. 2], where the
outer scale L0 comes from different parametrizations. Those
parametrizations are derived from empirical observations and
fitting, involving the horizontal wind shear S and the vertical
gradient of temperature dT

dz , that is,

L4/30 = f
(
S,

dT
dz

)
.

The distinction between the Dewan model and its different
extensions is in the expression of the function f

(
S, dT

dz

)
,

as presented in the paragraphs below.
As detailed in [56, p. 1], Dewan models are only suited for

modeling the troposphere and stratosphere, and not the BL.

a: DEWAN MODEL
The Dewan model, initially referred to as the AFGL model,
has been presented in 1993 in [56]. It relies on (13), using
the expression for M in (16) with a coefficient 79 instead
of 80. In order to model the outer scale of turbulence L0,
a rule of thumb, inspired by the literature at that time, is used:
L0 is assumed to be of the order of 0.1 times the thickness of
the turbulent layer [56, p. 2]. As a result, knowledge of the
turbulent layer thickness enables to determine L0.

Relying on high resolution (vertical resolution of
10 meters) stratospheric velocity profiles obtained by rocket
laid smoke trails, the turbulent layer thickness is estimated
from the Richardson number Ri given by

Ri =
N 2

S2
,

where N 2
=

g
(
dT
dz +γ

)
T is the ‘‘buoyancy frequency’’ (Brunt-

Väisälä frequency), and S =

√(
du
dz

)2
+

(
dv
dz

)2
is the wind

shear (u and v are the horizontal wind components). A layer is
considered turbulent if the Richardson number is smaller than
a threshold, usually set to 0.25 [57, p. 175]. In [56], a value of
0.5 is chosen, and the turbulent layers can be identified from
the velocity measurements and the criterion S2 > 2N 2. Then,
their thickness is computed. This approach is further detailed
in [56], and has been extended in [58].

Finally, the thickness of the different turbulent layers is
associated to the large scale shears measured by radiosonde
observations (vertical resolution of 300 meters). A statistical
relationship is determined by averaging the layer thicknesses
over 300-meter slabs, leading to the following fit:

Y =

{
1.64 + 42.0 Sraw (troposphere)
0.506 + 50.0 Sraw (stratosphere),

(18)

where Y corresponds to the logarithm in base 10 of the
average turbulent layer thicknesses. Sraw is the wind shear
S as measured by the radiosondes (rawinsondes), having
a 300-meter vertical resolution. Hence, the outer scale is
modeled by

L4/30 = 0.14/3 10Y . (19)
Equations (18) and (19) are simple to use, but it is

important to consider the conditions under which they have
been obtained, highlighting their limitations:

• First, the fitting coefficients were obtained by using
radiosonde observations with a 300-meter vertical
resolution. As a result, this same resolution should be
used when computing the wind shear to insert in (18)
[56, p. 3, 28].

• Second, (18) requires the knowledge of the tropopause
altitude, separating the troposphere and the stratosphere.
Moreover, only stratospheric velocity profiles have been
measured, hence the tropospheric part of the model may
not be very accurate [56, p. 7].

• Finally, some upper limits on the computedmeteorologi-
cal quantities from the radiosonde observations are used:
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wind shear larger than 0.04 s−1 are set to 0.04 s−1 in the
model, and tropospheric temperature gradients are set to
10−3 K/m whenever they exceed zero [56, p. 8].

Those limitations are rarely taken into account while
applying the Dewan model to new observations at other
locations.

Validation of the Dewan model is presented in the original
paper [56], comparing the model predictions with ther-
mosonde measurements from the CLEAR-1 and CLEAR-3
programs in New Mexico (USA), and from the Hawaiian
program in 1984. Other values for the coefficients in (18)
fitted specifically for the Terskol Observatory (Caucasus,
Russia) can be found in [59].

b: JACKSON MODEL
In 2004, a report from the Air Force Research Labora-
tory (AFRL), written by Jackson, presented some modified
Dewan parametrizations for the outer scale. The approach
used to obtain the new parametrizations is different from the
one previously followed by Dewan, and relies on statistical
regressions. Indeed, from C2

n measurements obtained by
thermosondes, one can invert the Dewan model and isolate
the Y parameter, called Yobs in [60, p. 4], that is,

Yobs = log10

(
C2
n,meas

2.8 M20.14/3

)
.

From scatter plots of Yobs against wind shear, mea-
sured during the Holloman Spring 1999 campaign, little
relationship was found between these two parameters.
However, scatter plots involving the vertical gradient of
temperature showed stronger relationships, motivating its use
for predicting L0. Consequently, several regressions involving
linear functions of the wind shear and up to fourth-order
polynomials of the temperature vertical gradient have been
derived and presented in [60]. Special care has been devoted
to the lower troposphere (from 1572 to 5472 meters at
Holloman, NewMexico), establishing valid parametrizations
for this part of the atmosphere. All parametrizations can
be found in [60, p. 13, 16, 19]. Only the most complex
parametrizations are presented below, using the fourth-order
polynomials of the temperature vertical gradient:

Y=



2.9767 + 27.9804 S + 2.9012
dT
dz

+ 1.1843
(
dT
dz

)2

+0.1741
(
dT
dz

)3

+ 0.0086
(
dT
dz

)4

0.7152 + 30.6024 S + 0.0003
dT
dz

− 0.0057
(
dT
dz

)2

−0.0016
(
dT
dz

)3

+ 0.0001
(
dT
dz

)4

0.6763 + 8.1569 S − 0.0536
dT
dz

+ 0.0084
(
dT
dz

)2

−0.0007
(
dT
dz

)3

+ 0.0002
(
dT
dz

)4

,

(20)

with the first equality valid in the lower troposphere, the
second in the troposphere, and the last in the stratosphere.
The expressions in (20), transcribed from Jackson’s report,
use the temperature vertical gradient expressed in [◦C/km].
A reasonable fit for both the troposphere and the stratosphere
is also presented in [60, p 21]. All fits were obtained from
the thermosonde observations of the AFRL Holloman Spring
1999 campaign. As in the original model from Dewan,
a vertical resolution of 300 meters is chosen.

The modified Dewan models have been applied to
eight thermosonde launches conducted during the Hol-
loman Spring 1998 campaign (launches HMNSP104,
HMNSP107, HMNSP108, and HMNSP111 to HMNSP115).
Most improvements compared to the Dewan model have
been found to be located in the lower troposphere part.
Nevertheless, the model has been developed and tested for
only one location (Holloman, New Mexico), and for one
season (spring), hence its performance for other locations and
seasons are uncertain [60, p. 61].

c: HMNSP99 MODEL
The HMNSP99 model, attributed to [61], is another
parametrization of L0 inspired by the Dewan model. It relies
on (19) andmakes use of linear relationships of thewind shear
and the temperature vertical gradient, that is, [51], [53]

Y =


0.362 + 16.728 S − 192.347

dT
dz

(troposphere)

0.757 + 13.819 S − 57.784
dT
dz

(stratosphere),

with dT
dz in [K/m]. This model is applied in numerous recent

papers [50], [51], [53]. The influence of the vertical resolution
of radiosonde observations used with the HMNSP99 model
is briefly studied in [62].

d: WSTG MODEL
Based on radiosonde and thermosonde observations collected
from November to December 2017 in Sanya (Hainan island,
China), the Wind Shear and Temperature Gradient (WSTG)
model has been developed [50]. As the HMNSP99 model,
it depends linearly on the wind shear and the vertical
temperature gradient. However, the model originality lies
on the boundary between the different parametrizations that
depends on the values of S and dT

dz , and not on the altitude.
Indeed, the outer scale is modeled by (19), with

Y =



0.835−37.164 S−306.034
dT
dz

, S<0.016∩
dT
dz

<0

0.825+66.9 S−52.783
dT
dz

, S<0.016∩
dT
dz

>0

0.715+52.907 S−102.515
dT
dz

, S>0.016∩
dT
dz

<0

2.215−9.882 S−101.666
dT
dz

, S>0.016∩
dT
dz

>0

The symbol ∩ denotes the intersection, meaning that both
conditions should be fulfilled. This model derives from
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observed increases in the correlations of statistical operators
when wind shears are larger than 0.016 m/s, and coefficients
have been obtained by minimizing the residual sum of
squares between measured values and estimations. A vertical
resolution of 100 meters is used.

2) ALTITUDE-DEPENDENT OUTER SCALE MODELS
As an alternative to more complex models of the outer
scale depending on meteorological parameters, simple
altitude-dependent models have been suggested in the litera-
ture. All of them are derived from C2

n (or C2
T ) measurements

(meas.), fitting for the values of L0 givingC2
n profiles as close

as possible to the measurements when using the Tatarskii
model in (13). Alternatively, the observed outer scale profile
can be computed by isolating L0 in the Tatarskii model, i.e.,

L0,meas =

(
C2
n,meas

a2 M2

)3/4

. (21)

The vertical resolution chosen to compute the outer
scale from the measurements is important. Indeed, coarse
vertical resolution can lead to average L0 values over large
atmospheric slabs, that may not be representative of the
physical outer scale (underestimation). A possible scaling
argument is presented in [63], relying on an estimation of
the fractional turbulent volume inside the atmospheric slabs.
For example, if 5% of the volume is considered turbulent,
the obtained L0 values should be scaled by 20 [8]. Despite
this simple approximation, the effect of various vertical
resolutions for the determination of L0 requires further
research, and it is recommended to use the same resolution as
was used in the design of the different models when applying
them.

a: COULMAN MODEL AND EXTENSIONS
The Coulman model has been obtained from SCIntilla-
tion Detection And Ranging (SCIDAR) observations at
the Observatoire de Haute-Provence (France), and at the
McDonald Observatory (Texas, USA) in 1985 [64]. SCIDAR
observations provided measurements of C2

n profiles with a
resolution of ∼800 m, while nearby radiosonde launches
enabled to computeM2 with a vertical spacing on the order of
1000 m. By segregating the data over 1-km slabs from 2 km
to 17 km of altitude, the following fit has been computed in
order to model the observed altitude dependency in L0:

L0(z) =
4

1 +

(
z−8500
2500

)2 , (22)

with z the altitude in meters (2000 < z < 17000).
Later application of this model to SCIDAR observations at

the European Southern Observatory, La Silla (Chile), in 1986,
showed a similar altitude dependency [64]. Fitting these new
observations gave

L0(z) =
5

1 +

(
z−7500
2000

)2 , (23)

that is similar to (22). Both (22) and (23) retrieves outer scale
no larger than 5 meters.

In [65], an updated Coulman profile is presented for the
Paranal observatory (Chile), following the Paranal Seeing
Campaign in March 1992. For an altitude greater than the
mountain summit (z > z0 = 2636 meters), L0 is modeled
by

L0 =
2
3

 4

1 +

(
z−8500
2500

)2 + 8 e
z0−z
1500

 .

This fit follows observations of large outer scale values at the
ground level.

Furthermore, a revised version of the Coulman model for
the Observatorio del Teide (Tenerife, Spain) is also presented
in [66], following SCIDAR observations with a 300-meter
resolution:

L0(z) =
5.2

1 +

(
z−7526
2404

)2 .

b: BELAND & BROWN MODEL
The Beland & Brown model is a deterministic C2

n model
making use of the Tatarskii equation with the following
parametrization for L0 [63]

L0(z) = 0.307 − 0.0324 (z− 17) + 0.00167 (z− 17)2

+ 0.000476 (z− 17)3,

with z the altitude above sea level in kilometres, ranging
from 17 to 30 km. It has been derived from thermosonde and
radiosonde measurements during nighttime in New Mexico
(8 flights) and Hawaii (7 flights), having a vertical resolution
of 20 meters. It only describes the lower stratosphere,
and has been obtained using a 500-meter window average
for computing the outer scale L0, and by fitting a cubic
polynomial to all the data. It gives values of L0 between
0.25 m and 1 m.

c: BOUNDARY LAYER OUTER SCALE MODELS
Some simple outer scale models in the BL can be
found in the literature. This is the case of the Tatarskii
expression [8, p. 177]

L0(z) =

{
0.4 for z < 1
0.4 z for 1 < z ≤ 25,

with z in meters (altitude above the ground). The completion
of the Tatarskii outer scale expression with the Fried
model [67], given by

L0(z) = 2
√
z,

for z ranging from the surface to 10 km, can be found in [65].
Alternatively, a fitted L0 profile in the BL from 0 to 1 km

above the ground has been presented in [68]. It relies
on radiosonde and thermosonde measurements at several
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astronomical sites, recording an average L0 profile (with a
25-meter vertical resolution) given by

L0(z) = 3.21 z−0.11,

where z is the altitude above the ground expressed in meters
and lower than 1000 m.

3) VANZANDT MODEL (PROBABILISTIC APPROACH)
The VanZandt model, from the National Oceanic and Atmo-
spheric Administration (NOAA) is a probabilistic model
based on the Tatarskii equation. It has been derived fromVery
High Frequency (VHF) Doppler radar measurements, and
provides an estimation of C2

n from radiosonde observations
with a vertical resolution of 150 m (at best) [40], [69].
This model is suited both for radiofrequency C2

n [70], [71]
and optical C2

n [9, p. 223], [8, p. 176], [64]. The main
reference presenting the model and its necessary hypotheses
is the NOAA Technical Report fromWarnock and VanZandt,
published in 1985 [72].

VanZandt model makes use of (13) with a2 approximated
by 2.8 and M given by [72, p. 9]

M = −77.6 × 10−6 p
T
N 2

g

[
1 + 15500

q
T

−
15500
2

q′g
N 2T

]
,

where N 2
= g d(ln θ )

dz , q′
=

dq
dz with q the specific humidity,

and p is in [hPa]. Since the radiosonde observations used
in [72] have a resolution of 150 meters (or coarser), the
atmosphere is considered to be split in slabs of 150 meter
thickness (or greater). Hence, C2

n cannot be computed for
each fine-scale turbulent layer (i.e., layers being 10-meter
thick or thinner), and only an estimation of the mean C2

n over
the slab is available, denoted C̄2

n . This lack of data availability
led Warnock and VanZandt to use a probabilistic approach,
expressing the C̄2

n estimate as [72, p. 9]

C̄2
n =

∫ Lmax

Lmin

dL
∫ ∫

Ri<Ric
dS dN 2

∫
∞

−∞

dq′ pL,S,N 2,q′ C2
n ,

(24)

where the dependency of pL,S,N 2,q′ and C2
n in (L, S,N 2, q′)

is implicit. Equation (24) involves the Richardson number
Ri = N 2/S2, the critical value of the Richardson number Ric
chosen to be 0.25, and the multivariate Probability Density
Function (PDF) pL,S,N 2,q′ of the outer scale L, the wind shear
S, N 2, and q′.
Assuming that q′ and N 2 are fully (anti)correlated, and

that the PDFs of the outer scale, the wind shear, and
N 2 are independent, the estimate C̄2

n can be computed from
[72, p. 13]

C̄2
n = 2.8 M2

0 R̃
∫ Lmax

Lmin

L4/3 pL dL

×

∫
∞

0
pS dS

∫ S2Ric

−∞

(N 2)2 pN 2 dN 2.

The factorM0 is equal toM0 = −77.6× 10−6 p
T

1
g , while R̃ is

R̃ =

[
1 + 15500

q
T

−
15500
2

q′g
N 2T

]2
.

For optical C2
n estimates, the humidity variations are

neglected and R̃ reduces to 1 [72, p. 14]. The probability
distributions are assumed to be the following: uniform
distribution for L, Gaussian distribution forN 2, and Gaussian
distributions for each component of the velocity vector,
giving a Rice distribution for S [72, p. 13]. The distribution
parameters are estimated from the radiosonde measurements
over the atmospheric slabs. A detailed numerical implemen-
tation of the model can be found in [72].

4) ALTERNATIVE LENGTH SCALES
The outer scale L0, defined as the upper limit of the inertial
range, can be related to various length scales available in the
literature. As detailed in [73], commonly used outer scales are
the Ozmidov length scale LOZ and the Corrsin length scale
LC , given by [74], [75]

LOZ =

√
ε

N 3 and LC =

√
ε

S3
,

where ε is the mean dissipation rate of turbulent energy. From
these definitions, turbulent eddies smaller than the Ozmidov
length scale LOZ are not influenced by the buoyancy, while
eddies smaller than the Corrsin length scale LC are not
impacted by the shear. As a result, eddies smaller than LOZ
and LC are considered isotropic [73]. The ratio LC/LOZ is
directly related to the Richardson number since LC/LOZ =

(N/S)3/2 = Ri3/4.
Practical computations of LOZ or LC , for example from

radiosonde observations, are made difficult by the presence
of ε in their definitions. Nevertheless, substitutes for these
quantities, and hence for the outer scale L0, have been
suggested in the literature. When used for L0 in (13), they
enable to model C2

n .

a: THORPE SCALE
The Thorpe scale LT is often used as a substitute for the
Ozmidov scale LOZ in stably stratified fluids (see [76],
[77] and references therein for the existing proportionality
relationships between LT and LOZ). Initially, it has been
presented by Thorpe in 1977 to analyse the turbulence in
oceans and lakes from water density and potential temper-
ature profiles [78]. Since then, it has been demonstrated to
also apply to the atmosphere [77].

The approach is empirical and estimates the scales of
overturns in the measured profiles, caused by the turbulence.
Indeed, it relies on the assumption that, under stable
conditions, density or potential temperature profiles should
be monotonic. Hence, inversions in these profiles come from
turbulent mixing [79].

In order to estimate LT , observed profiles are rearranged
into monotonic profiles containing no inversion, i.e., sorting
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the different measured samples at each sampled altitude (or
depth, in water). The required displacement to create the
stable profiles is recorded at each altitude (respectively, each
depth), the Thorpe scale LT being simply the RMS of this
displacement [77]. Instead of the RMS of the displacement,
some authors use its absolute value [62], [66], [80].

From the measured Thorpe scale LT , the temperature
structure parameter C2

T can be estimated using [76], [81]

C2
T = cT L

4/3
T

(
dθs
dz

)2

, (25)

with θs the sorted potential temperature profile (used as an
estimation of the average profile), and cT a proportionality
constant depending on a2 in (13) and the relationship between
LOZ and LT . From the C2

T profile, the C2
n profile is obtained

using (15).
The literature behind the Thorpe length scale is rich,

with applications both in oceanography and atmospheric
sciences [79], [81], [82], [83]. The influence of instrumental
noise in the estimation of LT is rather important, and must be
handled appropriately [84].

b: ELLISON SCALE
Similarly to the Thorpe scale, the Ellison scale LE is
sometimes used to model C2

n , with a similar equation as (25)
where LT is substituted by LE [73]. The Ellison scale has
been originally suggested by Ellison in 1957 and corresponds
to the ratio between the standard deviation of the density
fluctuations and the vertical gradient of the density [85].
In terms of potential temperature, it is expressed by [73]

LE =
σθ(
dθ̄
dz

) ,

with σ 2
θ the variance of the potential temperature fluctuations.

Applications of the Ellison scale to radiosonde observa-
tions can be found in [51] and [80]. In [51], the Ellison scale
is estimated by

LE =

∣∣∣∣∣∣ 1θ(
dθs
dz

)
∣∣∣∣∣∣ ,

where 1θ (z) = θ (z) − θs(z), i.e., the difference between the
measured potential temperature and its sorted profile.

c: DEARDOFF LENGTH SCALE
In [86], the Deardoff length LD is used in Tatarskii equation
for stable layers. It is given by [87],

LD =

√
2kϵ
g
θv

∂θv
∂z

, (26)

where the parameter φ3 is equal to 0.78 [86]. Equation (26)
involves the Turbulent Kinetic Energy (TKE) depicted by kϵ ,
the gravity of Earth g, and the virtual potential temperature θv
taking into account humidity and given by θv = θ (1+0.61qv)
for unsaturated air with mixing ratio qv [57, p. 7]. These

different quantities can be obtained from NWP simulations
in [86].

d: LOUIS AND TJERNSTRÖM MIXING LENGTH
In [88], the mixing length of sensible heat is related to the
gradient Richardson number Ri, following the work of [89],

LH = l̃0
(
1 + 15 Ri

√
1 + 5 Ri

)−1/2
. (27)

The variable l̃0 represents an asymptotic mixing length, equal
to 450 m in [89], and 23 m in [88].

Equation (27) is used in [90], [91] for the parametrization
of L0 in the Tatarskii equation.

e: TEMPERATURE-BASED MIXING SCALE
In [92], the outer scale L0 is estimated from the mixing
scale 1z0 at which the equality between the temperature
systematic difference and the temperature random difference
is reached [93], i.e.,

[⟨T (z)⟩ − ⟨T (z+ 1z0)⟩]2 =

〈
[T (z) − T (z+ 1z0)]2

〉
.

The outer scale is then obtained from

L0(z) ≈

2.8

(
1 +

γ

dT
dz

)2
−3/4

1z0.

5) COMBINATION OF LENGTH SCALES
As shown above, many models for the outer scale L0,
or for alternative scales, are available. Some of them are
empirically-based, others require some physical understand-
ing of atmospheric turbulence. Recently, new models have
been suggested by combining the previous models, either
with new analytical expressions, or with weights computed
numerically.

a: WSPT MODEL
The Wind Speed and Potential Temperature (WSPT) model
is inspired by the Thorpe scale and the Dewan model,
combining the meteorological quantities involved in each
model. Indeed, the WSPT scale LW is defined by [94]

LW =

√
1θ

dθs
dz

(u v
S2

)1/2
,

where all quantities have been defined previously. It comes
from the product between a temperature scale given by 1θ

dθs
dz
,

and a wind speed scale obtained from
(
u v
S2

)1/2
. C2

T is then
estimated using

C2
T = cw L

4/3
W

(
dθs
dz

)2

, (28)

with cw a proportionality constant, calculated to ensure
agreement between the measured C2

T and its estimation
from (28).
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The WSPT model has been validated with thermosonde
measurements from Rongcheng and Maoming, in China.
A vertical resolution of 100 m is used. Amedian cw of 0.3 has
been found for Rongcheng for example.

b: MULTI-MODEL ENSEMBLE PATTERN
The Multi-model Ensemble Pattern (MEP) approach pre-
sented in [80] aggregates different C2

n and outer scale
models into a single C2

n estimation. The different models are:
Hufnagel-Valley 5/7, Dewan, HMNSP99, Thorpe, Ellison,
WSPT, and WSTG. For each model, a weighting coefficient
(between 0 and 1, with their summation equal to 1) is
computed empirically, based on the different model perfor-
mance on predicting the measured C2

n profiles, ensuring that
larger coefficients will be given to models offering more
accurate predictions. Then, the MEP final prediction comes
from the summation of each model prediction, weighted
by the coefficients previously computed. Details about the
combination approach can be found in [80], where the MEP
approach has been applied to radiosonde and thermosonde
soundings in China.

C. TRINQUET-VERNIN MODEL
The Trinquet-Vernin model [95], published in 2007, relies on
the potential temperature vertical gradient and the wind-shear
to predict the temperature structure parameter C2

T profile.
A C2

n profile can then be computed, using (15).
Defining the vertical gradient of the potential temperature

by χ =
dθ
dz and using the wind shear S =

√(
du
dz

)2
+

(
dv
dz

)2
,

the core equation of the TV model is [95]

C2
T (z)

⟨C2
T (z)⟩m

=

(
χ (z)

⟨χ (z)⟩m

)a ( S(z)
⟨S(z)⟩m

)b
, (29)

where ⟨C2
T (z)⟩m represents the median C2

T profile, ⟨χ⟩m is
the median potential temperature profile, and ⟨S⟩m is the
median wind shear profile. The exponents a and b have
been deduced from the analysis of balloon measurements
of C2

T and meteorological parameters at diverse locations
(mostly astronomical sites). Thanks to least-squares fits
between the measured and modeled C2

T profiles, a value of
1 has been found for a, while b is set to 1/2 (see [95] for
the standard deviations of those parameters depending on
the atmospheric layer and on the vertical resolution). The
exponent a = 1 for the potential temperature gradient is
in disagreement with Tatarskii equation (13), and potentially
highlights the limitation of Tatarskii-basedmodels to describe
the turbulence at macroscopic scales [95].

For practical use, the TV model in (29) is usually rewritten
with the function φ(z), defined as [96]

φ(z) =
⟨C2

T (z)⟩m

⟨χ (z)⟩m ⟨S(z)⟩1/2m

,

leading to

C2
T (z) = φ(z) χ (z) S(z)1/2. (30)

The function φ(z) is deduced from the balloonmeasurements,
with an example given in Table 2, specifying its values in the
BL and in the FA [97]. However, recent works suggest that
φ(z) is site-dependent and should be empirically ‘‘learned’’
at the site of interest, i.e., using balloon measurements at this
site [96]. A diurnal variation of φ(z) has also been found
in [96].

A major limitation of the TVmodel is related to the unitary
exponent a of the potential temperature gradient in (30).
Indeed, this prevents the model to be applied to convective
cases, i.e., cases where the potential temperature gradient
is negative [95]. Convective regimes, which occur mostly
during daytime and close to the ground, are thus excluded.
A possible solution to circumvent this limitation is to use
an alternative C2

n model for the convective regions, such as
a Tatarskii-based model, as presented in [96].

Recent applications of the TV model with NWP software
can be found in [92], [96], and [98].

TABLE 2. Values of the function φ(z) deduced from balloon
measurements (table reproduced from [97]).

IV. BOUNDARY AND SURFACE LAYER MODELS
Most of the non-parametric and parametric models presented
in Sections II and III are valid for the FA, i.e., the part of
the troposphere that is not influenced by the Earth’s surface.
Nevertheless, the atmospheric BL, defined in [57, p. 2] as
‘‘the part of the troposphere that is directly influenced by
the presence of the Earth’s surface, and responds to surface
forcing with a timescale of about an hour or less’’, plays a
major role in the modeling of optical turbulence.

Indeed, the atmospheric BL has important diurnal varia-
tions impacting atmospheric turbulence and the associated
C2
n values. As shown from ground C2

n measurements in the
Tularosa basin (desert), New Mexico (USA), given in [99]
and reproduced in Figure 4, ground C2

n tends to peak
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around noon, i.e., when solar heating of the ground is the
largest. Minima occur near sunrise and sunset, associated
to neutral events during which the soil and air temperature
are similar. Nevertheless, such behaviour is site-dependent,
as illustrated in various models and measurements from the
literature [100], [101]

FIGURE 4. Illustration of diurnal variations of ground C2
n (reproduced

from [99]).

The atmospheric BL over land and in high pressure regions
has a well-defined structure showing a diurnal cycle, given in
Figure 5. It is separated in [57, p. 10]:

• the surface layer (SL), that is, the layer the closest to the
ground, where ‘‘turbulent fluxes and stress vary by less
than 10% of their magnitude,’’

• the mixed layer, occurring in daytime and mostly driven
by convection, such as heat transfer from the warm
ground surface,

• the residual layer, arising from the decay of the mixed
layer in nighttime,

• the stable (nocturnal) boundary layer, that is, ‘‘the
bottom portion of the residual layer, transformed by its
contact with the ground into a stable BL’’.

The identification of the different parts of the BL can
usually be achieved with the knowledge of virtual potential
temperature profiles and is important as different C2

n models
have been developed according to the layer type. Surface
layer C2

n models are introduced in Section IV-A, while
daytime and nighttime profiles over the whole BL are
presented in Section IV-B.

A. SURFACE LAYER AND GROUND C2
N

Modeling of SL C2
n can be achieved by regression models

based on empirical observations (Section IV-A1), or from
physical insights from the similarity theory (Section IV-A2).

1) REGRESSIONS OF MACROSCALE METEOROLOGICAL
PARAMETERS
C2
n models based on regressions of macroscale meteorolog-

ical parameters give access to the surface C2
n value from

measurements of surface meteorological parameters, such
as temperature, relative humidity, wind speed. They are
designed based on simultaneous measurements of C2

n and
meteorological parameters at a given location, using empir-
ical fitting of the collected data.

a: SADOT-KOPEIKA MODELS
The Sadot-Kopeika models have been presented in 1992 and
provide an estimation of the C2

n ground value based on
regressions [36]. The models have been established from
angle-of-arrival and amplitude fluctuation measurements
over a laser horizontal path in the Israeli desert (Beer-Sheva).
In total, over 70 experiments have been conducted during
three months in 1990 (late winter, spring, and early summer),
in day and night conditions, with recording of meteorological
parameters. Based on the collected measurements, two
polynomial regression models have been suggested, where
their coefficients have been found by minimizing the least-
square error.

The first model is based on the ground temperature T [K],
relative humidity RH [%], and wind speed uL [m/s]. It also
involves the temporal hour weight W (TH) given in Table 3,
making use of the temporal hour TH as defined in (11). It is
given by

C2
n = a1W + b1T + c1RH + c2RH2

+ c3RH3

+ d1uL + d2u2L + d3u3L + e, (31)

with the coefficients a1, b1, . . . , e given in Table 4. The model
in (31) is suited for practical use, as it is simple and involves
standard meteorological parameters.

TABLE 3. Temporal hour weights for Sadot-Kopeika models (table
reproduced from [36]).
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FIGURE 5. Schematic of atmospheric boundary layer diurnal variations (adapted from [57, p. 11]).

TABLE 4. Regression coefficients for the Sadot-Kopeika model in (31).

TABLE 5. Regression coefficients for the Sadot-Kopeika model in (32).

A second model is also suggested in [36] that offers
improved performance when compared with the measure-
ments. It extends the model in (31) by including the solar
flux SF [Cal/cm2/min] and the total cross-sectional area of
particles per cubic meter TCSA [cm2/m3]. Indeed, the solar
flux is expected to influence C2

n through its contribution
to the temperature gradient. Particle scattering should not
influence C2

n but it impacts the beam scintillation. Hence, the
effective C2

n estimated from the measurements may include a
contribution from the aerosol scattering [36]. With these new

parameters, the model is

C2
n = A1W + B1T + C1RH + C2RH2

+ C3RH3

+ D1uL + D2u2L + D3u3L + E1SF

+ F1TCSA + F2TCSA2
+ G, (32)

with the different coefficients A1, B1, . . . ,G, given in Table 5.
Hence, this second Sadot-Kopeika model is of interest

if the solar flux and the TCSA of particles are known.
An estimation of the TCSA in [m−1] from macroscale
meteorological parameters at Beer-Sheva is available in [102]
and [103]. It makes use of the following regression:

TCSA = ã1RH + ã2RH2
+ ã3RH3

+ ã4RH4
+ ã5RH5

+ b̃ ln (RH) + c̃ SF + d̃ (33)

where all coefficients ã1, ã2, . . . , d̃ , are given in Table 6, and
ln(·) is the natural logarithm.

TABLE 6. Regression coefficients for the TCSA model in (33).

The validation of the two Sadot-Kopeika models has
been conducted with new measurements in the Negev desert
in Sde-Boker (May 1990) and at Beer-Sheva (in winter
time). Correlation coefficients between 0.86 and 0.92 were
obtained [36].

Comments related to the coefficients given in Tables 4
and 5 can be found in the original paper [36]. Themeteorolog-
ical parameter ranges over which the regressions are valid are:
from 9 to 35◦C for the temperature, from 14 to 92% of relative
humidity, and for wind speed between 0 and 10 m/s. Several
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publications making use of the Sadot-Kopeika models are:
[104], [105], [106].

b: BKB MODELS
The Bendersky-Kopeika-Blaunstein (BKB) models, referred
to as BKB models in [107], extend Sadot-Kopeika models,
namely by including the type of land through the albedo
value Al . They have been obtained from angle-of-arrival
fluctuations along horizontal propagation paths, in the Negev
desert and the Golan Heights (Israel) [108]. For temperatures
ranging from 9 to 35◦C, for wind speed values between 8 and
17 m/s, and for a relative humidity between 30 and 70%, the
BKB daytime C2

n model gives C2
n at an altitude of 2.5 meter

above ground from

C2
n = 3.8 × 10−14W +

Al
eT

10−4
+ f (uL)

+ f (RH) − 4.45 × 10−14,

with W the temporal hour weight, as given in Table 3. For
rocky terrain (rocky desert, Negev), an albedo value Al equals
to 0.35 is used, while the wind speed and humidity functions
are [108]

f (uL) = 8 × 10−16uL − 4 × 10−18u2L ,

f (RH) = −8 × 10−16RH + 5 × 10−18RH2.

For vegetation covered land (Golan), Al is set to 0.5 and
the functions f (uL) and f (RH) are

f (uL) = 2.58 × 10−14uL
f (RH) = −6.797 × 10−15RH.

In case of nighttime and for vegetation covered land, the
following model is suggested [108]

C2
n = 3 × 10−17T + 1.2 × 10−14uL

− 7.5 × 10−16RH − 1.9 × 10−14, (34)

that is only valid for 5 m/s ≤ uL ≤ 10 m/s and 92%
≤ RH ≤ 100%. The parametrization in (34) results from the
observation that, in nighttime and for high relative humidity
and wind speed values, the temporal hour weight W and the
albedo value Al slightly influence the ground C2

n value [108].

c: RYZNAR AND BARTLO MODEL
The Ryznar and Bartlo C2

n model is a regression of the wind
speed uL [m/s], measured at 10 meters, and of the solar
irradiance SF [Cal/cm2/min]. It is derived from scintillometer
measurements (height of 4 meters) collected at the Boulder
Atmospheric Observatory, CO, USA, and is given by [109]

C2
n =

(
0.12724 × 10−6

+ b̌1SF + b̌2SF2 + b̌3SF3

+ č1uL + č2u2L + č3u3L
)2

, (35)

with the regression coefficients in Table 7. The Ryznar and
Bartlo model is valid for solar irradiance between 0.07 and
1.49Cal/cm2/min andwind-speed ranging from 0.3 to 19m/s.

TABLE 7. Regression coefficients for the Ryznar and Bartlo model in (35).

d: OTHER PARAMETRIZATIONS
Other models involving regressions of macroscale meteoro-
logical parameters can be found in the literature. For example,
a recently published empirical C2

n model for communication
links over a river can be found in [110]. It involves quantities
such as the temperature difference between the air and the
water, the dew point, as well as the ratio between the width
of the river and the total length of the link. The Wang
model [111] and the Raj model [112] are other examples,
using similar meteorological quantities as the Sadot-Kopeika
models.

Regressions involving ML approaches also exist in the
recent literature and are detailed in Section V.

2) MONIN-OBUKHOV SIMILARITY THEORY MODELS
The description of boundary layers often relies on simi-
larity theory, among which the Monin-Obukhov Similarity
Theory (MOST) is well-known and used for modeling the
atmospheric SL. Naturally, some ground C2

n models have
been derived from MOST and this section presents the main
relationships behind these models.

a: SIMILARITY THEORY
Similarity theory is based on BL experiments showing
repeatable characteristics that cannot always be derived
or explained from our current knowledge of physics.
Instead, empirical relationships are established from these
experiments, giving insights about BL processes by linking
identified quantities of interests [57, p. 347].

Similarity theory starts thus with the identification of
relevant (meteorological) quantities, or variables, to describe
a given situation. They are then organized in dimensionless
groups with the aid of the Buckingham Pi theorem, before
conducting experiments in order to establish empirical
relationships between groups. The hope is that, with appro-
priate dimensionless groups, universal relationships could
be obtained. Similarity theory is often used in steady-state
situations, i.e., not including time in the relevant variables,
giving mean variables and turbulence statistics [57, p. 347].

b: MONIN-OBUKHOV SIMILARITY THEORY
MOST, also called surface-layer similarity, is applied
to the atmospheric SL. In this layer, the fluxes of interest are
the vertical momentum flux, the kinematic heat flux and the
kinematic moisture flux [57, p. 52]. These fluxes are assumed
constant in the SL and enable to define the friction velocity
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u∗, the temperature scale θ∗ (or T∗), and the humidity scale
q∗, as given in [42].

From these scales, the Obukhov length LOb can be defined.
Several definitions exist, depending on the choice of the
temperature variable in the temperature scale: either the
temperature T , or the potential temperature θ . In [57, p. 181],
the Obukhov length definition is

LOb =
−θ̄vu3∗

kag(w′θ ′
v)s

,

with ka the vonKármán constant (ka = 0.4) andwhere (w′θ ′
v)s

denotes the kinematic heat flux at the surface. A similar
definition is used in [113], with the temperature T instead
of the virtual potential temperature θv. In [42], LOb is given
by

L−1
Ob =

gka
u2∗T̄

(
T∗ +

0.61T̄
ϱ + 0.61q̄

q∗

)
, (36)

with T̄ and q̄ representative values of the temperature and
humidity in the surface layer, and ϱ the density of moist air.
Following MOST, any surface-layer meteorological quan-

tity properly scaled by u∗, T∗, q∗, LOb and the height z, is a
universal function of the stability parameter ζ = z/LOb. For
example, the vertical gradient of the average wind speed is
given by [42]

∂uL
∂z

=
u∗

kaz
φm(ζ ), (37)

where the similarity function φm(ζ ) is found empirically [42]

φm(ζ ) =

{
(1 − 16ζ )−1/4 for ζ < 0 (unstable cond.)
1 + 7ζ for ζ > 0 (stable cond.),

for stable and unstable conditions (abbreviated cond.).
Similarly, the vertical gradients of the average temperature
and humidity are given by [42]

∂T
∂z

=
T∗

kaz
φh(ζ ), (38)

∂q
∂z

=
q∗

kaz
φw(ζ ), (39)

with

φh(ζ ) = φw(ζ )

=

{
(1 − 16ζ )−1/2 for ζ < 0 (unstable cond.)
1 + 7ζ for ζ > 0 (stable cond.)

.

Of particular interest for this work are the similarity
functions associated with the SL temperature and humidity
structure parameters C2

T , C
2
q , and CTq. Their scaling is given

in [42],

C2
T =

T 2
∗

z2/3
gT (ζ ), (40)

C2
q =

q2∗
z2/3

gq(ζ ), (41)

CTq =
T∗q∗

z2/3
gTq(ζ ), (42)

where gT (ζ ), gq(ζ ), and gTq(ζ ) are similarity functions.1 The
expression of gt (ζ ) for C2

T is found in [113], and updated
in [42]

gT (ζ ) =

{
4.9(1 − 6.1ζ )−2/3 for ζ ≤ 0,
4.9(1 + 2.2ζ 2/3) for ζ ≥ 0.

(43)

This expression of gT (ζ ) is not unique and different numerical
values are available in the literature [114].

Based on several experiments, detailed in [42], the
similarity functions gT (ζ ), gq(ζ ), and gTq(ζ ) are assumed to
be equal. As a result,

z2/3C2
T

T 2
∗

=
z2/3C2

q

q2∗
=
z2/3CTq
T∗q∗

= g(ζ ),

where g(ζ ) = gT (ζ ) = gq(ζ ) = gTq(ζ ). The refractive index
structure parameter C2

n can then be obtained from [9, p. 172]

C2
n = A2 C2

T + B2 C2
q + 2AB CTq, (44)

withA =
∂n
∂T andB =

∂n
∂q , using (14) or (17) for the refractive

index expression.
The SL C2

n follows thus the same similarity function g(ζ ),
and can be computed from measurements or estimations of
T∗, q∗ and LOb. Different approaches to obtain these required
parameters are presented in the remainder of this section.
More details about MOST can also be found in [116, p. 217]
and [117].

c: BULK MODELS
Bulk models are based on the differences in mean values
of meteorological parameters between two different heights
(typically, a reference height and the surface) to estimate
u∗, T∗, q∗ and ζ [115]. Indeed, the integration of (37), (38)
and (39), as conducted in [118] and [119], leads to [42], [114],
and [115]

uL(z) =
u∗

ka

[
ln
(
z
zu

)
− 9m(ζ )

]
, (45)

T (z) − Ts =
T∗

ka

[
ln
(
z
zT

)
− 9h(ζ )

]
, (46)

q(z) − qs =
q∗

ka

[
ln
(
z
zq

)
− 9w(ζ )

]
, (47)

where Ts and qs are the surface temperature and humidity,
such that the left parts of (45) to (47) correspond to
differences1uL ,1T and1q between a level z and the surface
(the wind speed uL is 0 at the surface), as anticipated for
bulk models. The other side of the equality sign involves the
roughness lengths of the wind speed zu, of the temperature
zT , and of the humidity zq. Those lengths are associated to
the altitude levels where the different quantities uL , T , and
q, reach their surface values. Finally, the functions 9m(ζ ),
9h(ζ ), and 9w(ζ ) are the integrated forms of the functions

1In [114] and [115], a temperature-humidity correlation coefficient rTq is
added to the expression of CTq given by (42), i.e., CTq = rTq

T∗q∗
z2/3

gTq(ζ ).
It is often assumed to be equal to 0.8 under unstable conditions.
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φm(ζ ), φh(ζ ), and φw(ζ ), respectively. More precisely,
they correspond to the following integration, given for
9m(ζ ) for example,

9m(ζ ) =

∫ ζ

0

1 − φm(ζ ′)
ζ ′

dζ ′,

as explained in [118] and [119]. The analytical expressions
resulting from the integration can be found in [114] and [119].

From (45) to (47), it should be possible to isolate u∗, T∗

and q∗, that can then be fed in (40) to (42) and (44) to get C2
n ,

u∗ = ka uL(z)
[
ln
(
z
zu

)
− 9m(ζ )

]−1

, (48)

T∗ = ka (T (z) − Ts)
[
ln
(
z
zT

)
− 9h(ζ )

]−1

, (49)

q∗ = ka (q(z) − qs)
[
ln
(
z
zq

)
− 9w(ζ )

]−1

. (50)

From these equations, it seems that the knowledge of mean
meteorological quantities at a level z and at the surface
enables to find u∗, T∗ and q∗. However, the roughness lengths
zu, zT and zq, are unknown, and usually parameterized as a
function of u∗. Moreover, the stability parameter ζ = z/LOb
itself is also dependent on u∗, T∗ and q∗, as given in (36) for
example. Hence, closed-form expressions for u∗, T∗ and q∗

are not possible.
To overcome this issue, two different approaches can be

found in the literature:
1) The first approach is iterative, and aims at iteratively

solving (45) to (47), with the definition of ζ and the
parameterizations of the roughness lengths as given
in [114] and the references therein. This is the approach
presented in [114], [115], and [120], and recently
applied in [121]. More details can also be found
in [122].

2) The second approach starts from rewriting (48) to (50)
with the drag coefficients cD, cT , and cq [115]

u∗ = c1/2D uL(z),

T∗ = c1/2T (T (z) − Ts),

q∗ = c1/2q (q(z) − qs).

From a theoretical point of view, the drag coefficients
are simply equal to the expression they substitute,

e.g., c1/2D = ka
[
ln
(
z
zu

)
− 9m(ζ )

]−1
. However, some

empirical relationships have also been established and
only depend on mean meteorological quantities [123].
Hence, closed-form expressions are possible in this
case, as successfully applied in [124] and [125].

Finally, alternative approaches making use of two heights
z1 and z2 instead of a reference height z and the surface have
also been developed, such as the algorithm MARIAH [126],
[127] or crude gradient approximations [113] for example.
The Thiermann model is also based on MOST [111],
[128], [129].

d: ARL MODEL
The American Army Research Laboratory (ARL) model,
presented in [15], is inspired by MOST for obtaining C2

n in
the SL. It involves some of the equations presented above for
the bulkmodels, and requires only threemeasured parameters
as inputs: the values of wind speed, temperature and C2

n at
a single reference height. The determination of the stability
conditions is also necessary, as well as the knowledge of the
roughness length zu. The procedure is then iterative to obtain
u∗, T∗ and LOb, and finally an SLC2

n profile. More details can
be found in [11] and [15].

e: PAMELA MODEL
The PAMELA model is another model relying on MOST,
described in several reports from the U.S. Naval Research
Laboratory and the Army Research Laboratory [10], [130],
[131], [132]. A complete description of the model is available
in [10]. It makes use of (48) to compute the friction velocity
u∗, where the roughness length is tabulated and depends
on the surface conditions, while the Obukhov length is
determined from the average wind speed at the roughness
height (using the Pasquill stability parameter). Regarding the
temperature scale T∗, it is estimated directly from the sensible
heat flux H in [W/m2] [10]

T∗ =
−H
cpϱu∗

, (51)

with cp the specific heat at constant pressure and ϱ the
atmospheric density. An estimation ofH is provided from the
latitude, longitude, time of day, and cloud cover. As a result,
the PAMELA model circumvents the need for an iterative
solution.

f: KUNKEL AND WALTERS MODEL
The Kunkel and Walters model is also based on MOST [133]
[9, p. 213]. By solving a time-dependent energy balance
equation for the SL, it provides an estimation of the sensible
and latent heat fluxes, that can then be used in MOST
equations to get C2

n . As inputs, this model requires the wind
speed, the latitude, the time of the year, as well as some
soil parameters and the soil moisture content. It assumes a
clear sky (no cloud) and a surface with little vegetation, and
has been validated with scintillometer measurements in New
Mexico, USA [133].

g: NAVSLAM MODEL
The Navy Vertical Surface Layer Model (NAVSLaM) is
another example of surface C2

n model based on MOST to
model OT in maritime environments [134], [135]. As inputs,
it requires measured or modeled meteorological quantities
(wind speed, air temperature, and humidity) in the atmo-
spheric SL, at one or two height levels.

h: USE OF NUMERICAL WEATHER PREDICTION SOFTWARE
Current NWP software can embed aMOST-based description
of the BL, as well as other parametrizations involving a
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variety of turbulence closure models. By using such software
to model macroscale meteorological quantities, alternative
quantities can be retrieved in the BL, e.g., the TKE, the
friction velocity, kinematic fluxes, etc. As a result, from a user
point-of-view, the BL quantities predicted by the software can
be plugged in the equations presented above to retrieve the
ground C2

n value.
This approach is illustrated in [136] for example, where

surface fluxes and roughness lengths are extracted from
the weather simulations to predict local C2

n at the surface.
A similar approach is used in [101] and [137], where the
friction velocity u∗, the sensible latent heat flux H and the
latent heat flux E are retrieved from NWP simulations and
linked to the turbulent fluxes.

B. ATMOSPHERIC BOUNDARY LAYER
Modeling of the atmospheric BL is challenging and depends
on the stability. Usually, unstable and free convective
conditions occur during daytime, while stable conditions
are found in nighttime. Nevertheless, these simple rules are
sensitive to the local conditions and may not apply to all
locations. For example, snow-covered terrains with warm
air over cold ground experience stable conditions during
daytime. As a result, it is advised to rely on the potential
temperature lapse rate when concluding about local stability
condition [9, p. 213].

According to [109, p. 13] and numerous works referenced
therein, height variations of C2

T and C2
n in the atmospheric

BL fit within the framework of MOST, giving an altitude
dependency in z−4/3 of C2

T for unstable conditions, while
stable conditions lead to a dependency in z−2/3. C2

n is then
assumed to follow the same altitude dependency as C2

T [99],
or can be derived from (44).

The following of this section presents some BL C2
n models

based on these two trends: z−4/3 in daytime and z−2/3 in
nighttime. Such results are often found in the literature, for
example in [15, p. 14], [4, p. 480], [9, p. 213], etc.

1) CONVECTIVE BOUNDARY LAYER (DAYTIME)
Two common models used for describing C2

n in the convec-
tive (unstable) BL are the Kaimal model and the Kukharets
and Tsvang model [9, p. 214], [15, p. 20], [109, p. 14]. Both
include a z−4/3 dependency that inspired the BL term in
the HAP model presented in Section III-A4. They provide
profiles for average turbulence conditions at the locations
where they have been developed.

a: KAIMAL MODEL
The Kaimal model has been developed based onC2

T measure-
ments in the BL in New Mexico, USA [138]. It originally
made use of the surface heat flux but has been later extended
to rely on the knowledge of C2

T (or C2
n ) at a given altitude

near the ground [99]. The Kaimal model expressed in terms
of C2

T can be found in [15, p. 20], while its C2
n -based form

assuming that C2
n has the same dependency as C2

T is given

by [99] and [109, p. 16]

C2
n (z)

C2
n (z0)

=



(
z
z0

)−4/3

for z0, z ≤ 0.5zi,(
0.5zi
z0

)−4/3

for 0.5zi ≤ z ≤ 0.7zi,

2.9
(
0.5zi
z0

)−4/3 ( z
zi

)3

for 0.7zi ≤ z ≤ zi,

where z0 is the near-ground altitude where C2
n is known

(e.g., measured), and zi is the altitude of the inversion layer,
associated to the top of the atmospheric BL. Three segments
can be identified: the mixed layer up to 0.5 zi whereC2

n scales
as z−4/3, a transition layer where C2

n is constant, and an
interface layer between the BL and the troposphere.

Extensions of the Kaimal model have been developed
in the High Energy Laser Handbook Empirical Model
(HELHEM) for example [15, p. 20].

b: KUKHARETS AND TSVANG MODEL
The Kukharets and Tsvang model also applies to convective
BLs and has been derived from measurements in the
Soviet Union, over steppe and forested surfaces [139].
In comparison with the Kaimal model, it enables to represent
increased turbulence arising at the top of the BL using
a Gaussian shape in the profile. Moreover, it avoids the
segmentation of the profile in different regions.

The Kukharets and Tsvang model has initially been
presented in terms of C2

T (ξ ), where ξ = z/zi is a normalized
altitude, with zi identified as the height where an abrupt
decrease in the turbulence energy dissipation rate is observed.
The main equation of the model is [109, p. 16]

C2
T (ξ )

C2
T (0.1)

= k1 ξ−4/3
+ k2 e−k3(ξ−1.1)2 ,

with k1 = 0.046, k2 = 0.6 and k3 = 12. Hence, theC2
T profile

is normalized with C2
T at an altitude z/zi = 0.1. It has a z−4/3

variation for altitudes below zi, and a Gaussian-shaped layer
at altitude zi which magnitude is given by k2 and standard
deviation influenced by k3.

The model has later been modified in [140] to allow for
any reference altitude, and applied to C2

n . The updated model
is [140] [9, p. 215]

C2
n (z)

C2
n (z0)

=

k1
(
z
zi

)−4/3
+ k2 e

−k3
(
z
zi

−1.1
)2

k1
(
z0
zi

)−4/3 .

In [15, p. 21], the model has been further modified to
account for measurements taken in a desert basin (New
Mexico) [141], while removing the z−4/3 trend above the
inversion layer:

log10(C
2
T (z)) = log10(C

2
T (0)) + 0.775 e

−
(z−0.95 zi)

2

2(zi/7)
2

+

(
1
3

+
4
3
log10

(
z
zi

))
· σ

(
zi − z
zi/8

)
,
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where σ (z) =
1

1+ez , such that limz→∞ σ (z) = 0 and
limz→−∞ σ (z) = 1. C2

T (0) is the surface C
2
T value, as given

by a MOST-based model for example.

2) STABLE BOUNDARY LAYER (NIGHTTIME)
Fewer models are available for describing the altitude
dependency of C2

n in stable atmospheric BLs. This may be
explained by the lack of profile measurements in this layer.
Moreover, energy sources responsible for atmospheric turbu-
lence are smaller in the absence of convection (e.g., wind
driven mixing, gravity waves), hence less predictable and
more localized [15, p. 38].

From MOST, a z−2/3 trend is expected in the SL but does
not seem to extend very far in the BL. Decreases lower
than z−2/3 have been suggested in the literature [113], [109,
p. 17], as well as a ‘‘z-less’’ dependency for altitudes larger
than LOb, only associated to the local wind and temperature
gradients at each level [142], [15, p. 38]. A large range
between z−0.5 and z−2 has also been observed but requires
further validation [109], [9, p. 217].

Nevertheless, nighttime BL C2
n profiles are of particular

interest for astronomical observations. According to [68] and
based on 168 radiosonde flights taken during nighttime at
nine astronomical sites, the mean and median profiles in the
BL, assumed to extend from 0 to 1 km above the surface, are
given by

C2
nmedian

(z) = 1.39 × 10−13 z−1.45,

C2
nmean

(z) = 1.24 × 10−12 z−1.53.

The altitude dependency and amplitude of these profiles have
been fitted based on the measurements, and question the
validity of the z−2/3 trend, or the stability conditions of the
BL.

V. MACHINE LEARNING-BASED C2
N MODELS

In recent years, ML has developed considerably, driven by
new advances in computational resources and the abundance
of data that can be collected and processed. ML refers to
computer systems able to learn and improve based on data
they process, without following explicit instructions from a
programmer. It can be applied to diverse fields of human
knowledge, and science has seen an increase in ML-based
models. This is also the case of C2

n modeling and this section
presents some of the new models published in the past 5 to
10 years,2 as well as highlighting the motivations behind ML
approaches.

A. OVERVIEW OF MODELS
Focus is given here to ML models directly providing
C2
n from meteorological quantities, either for surface C2

n
(Section V-A1) or for vertical C2

n profiles (Section V-A2).

2The list is not exhaustive but presents the main approaches used for
ML-based C2

n models.

1) SURFACE C2
N MODELS

Several ML-based C2
n models for ground (surface) C2

n are
available, generalizing or complementing the models pre-
sented in Section IV. They usually rely on simultaneous
measurements of surface meteorological parameters and
C2
n in order to learn (non)linear relationships between them.
One of the pioneering model is the Wang and Basu model,

published in 2016 [143]. It uses a multilayer perceptron
artificial neural network with only one hidden layer to predict
ground C2

n time series based on five variables: 2-meter
temperature, 2-meter relative humidity, 2-meter pressure,
15-meter potential temperature gradient and 15-meter wind
shear. The model has been trained with and validated on
data at Mauna Loa Observatory, Hawaii (USA), capturing the
temporal evolution of ground C2

n and enabling its prediction
in very stable conditions. The application of this model and its
extension to Antarctica are given in [144]. A similar approach
is used in [145] to predict the integrated C2

n in the SL at
Paranal Observatory.

Various ML models have been explored in [146] and
showed improvements by including the solar flux as an input.
Performance is also improved when giving the Wyngaard
model predicted C2

n as an input to the ML algorithms.
Other ML models have been presented in [147], [148],

[149], and [150], comparing the performance with the NAVS-
LaM model in maritime environments. The models in [148]
use the following macroscopic meteorological parameters
as inputs: wind speed and direction, air temperature, air
pressure, relative humidity, solar radiation, dew point and
rainfall rate. A classifier between weak and strong turbulence
is also introduced.

In [151], twelve different input quantities are given to the
ML models in order to predict surface C2

n in a near-maritime
environment. The relative importance of the inputs has been
established, suggesting that air temperature, pressure, air-
water temperature difference, temporal hour weight and time
of the year are important parameters to accurately predict C2

n .
The model is further extended in [152] and compared with
regression-based approaches (see Section IV-A1).

It is worth highlighting that the use of ML does not prevent
access to analytical expressions. Indeed, in [153], a group
method of data handling neural network is presented to
predict surface C2

n at the Baikal Astrophysical Observatory,
providing ‘‘learned’’ analytical equations. These equations
involve various powers of the ground temperature, wind
speed, pressure and humidity.

Finally, hybrid models have been introduced, namely
in [154]. They rely on a macro-meteorological model, similar
to the ones presented in Section IV-A1, and referred to as the
baseline model in [154]. Then, an MLmodel is trained on the
baseline model residual errors, i.e., the differences between
the baseline model predictions and the actual measurements,
in order to learn and correct those errors. This approach can be
of particular interest to include local effects and learn features
specific to a given environment, while using a baseline model
validated at another location.
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2) C2
N PROFILE MODELS

The ML algorithms for obtaining C2
n profile models are

similar to the algorithm presented for surface C2
n . They

involve macroscale meteorological parameters, with the
altitude z added as an input to the ML algorithm. This is the
case for the neural networks presented in [155] and [156]
for example, validated with C2

n profile measurements over
the Tibetan Plateau and in a marine environment (Haikou,
China). A comparable approach is presented in [157],
focussing only on the BL profile.

Alternatively, models combining ML approaches and
physical models have been developed, such as the MEP
approach from [80], presented in Section III-B5.

B. MOTIVATIONS FOR MACHINE LEARNING-BASED
MODELS
Based on the various ML-based references consulted, several
motivations behind the use of ML models to predict C2

n can
be highlighted.

1) SITE DEPENDENCY
For the moment, ML approaches are rather site-specific,
as they are trained based onmeasurements collected at a given
location. However, the architecture of ML models (e.g., the
choice of using a neural network with a given number
of layers and requiring specified macro-meteorological
quantities as inputs) is generic and can easily be applied to
new measurements at other locations. Hence, provided that
local measurements are available, an MLmodel can easily be
(re)trained to provide accurate predictions at this location.

Furthermore, in the future, location-agnostic models could
be developed, if trained with large amounts of data coming
from various environments [149].

2) HYBRID MODELS
Relying on ML does not necessarily imply to get rid of all
C2
n models developed in the past and based on empirical

observations of physical insights. Indeed, hybrid models,
as introduced in [154], are useful to combine ML with other
‘‘classical’’ C2

n models, while the outputs of ‘‘classical’’
models can also be used as inputs to ML models [146].

3) MODEL EXTENSIONS
Some of the models presented in this chapter rely on
hypotheses that may not be fulfilled, e.g., unstable conditions.
On the contrary, with appropriate training in all conditions,
ML models can circumvent this issue [143].

4) PHYSICAL INSIGHTS
Last but not least, ML models can provide physical insights
about the underlying processes by identifying the most
important features and input parameters. This is illustrated
in [158], where various non-dimensional groups are con-
structed based on surface meteorological parameters prior to
using an ML approach. Then, groups leveraging the most

accurate predictions can be identified, as well as the relevant
input parameters.

VI. CONCLUSION
This paper presents a comprehensive and detailed review of
the various C2

n models available in the literature, including
models developed in the 1970s and still widely used
today (e.g., Hufnagel-Valley models). There is ongoing
development of new models, namely using ML approaches,
for different sites, seasons, and applications.

This literature review highlights the key parameters
commonly used in C2

n models, such as temperature gradients
and wind shear, which significantly influence atmospheric
turbulence. It also emphasizes the necessity of carefully han-
dling the BL to capture its diurnal variations. Furthermore,
it shows that several literature-based C2

n models only provide
average or medianC2

n profiles, derived frommeasurements at
a single location. They are therefore not suited for depicting
localized OT layers, which are expected to induce most of OT
and vary with time [79], [159].

In addition to the factual observations and conclusions
given above, our views on ideal C2

n models suited for optical
communication applications are:

• location- and seasons-independent models, such that the
same model can be applied to different locations and at
various times, yielding access to local and instantaneous
C2
n profiles;

• models relying on large-scale meteorological quantities,
that can be easily obtained;

• models avoiding excessive empiricism, or that allow for
easy site-specific calibration.

Such ideal models, falling into the category of parametric
models, could potentially incorporate inputs from NWP
or make use of ML approaches. Hybrid models that
separately address the FA and the BL also show significant
promise [160], [161].

Nevertheless, any C2
n model applied to FSOC must be

properly validated with measurement campaigns conducted
at the sites of interest, exploiting multiple metrics for the
comparison, as detailed in Appendix A.

APPENDIX A
METRICS FOR C2

N PROFILE COMPARISONS
In this work, many models for C2

n profiles have been
introduced. The validity and quality of these models depend
on their agreement with measurements and observations of
C2
n profiles. In the literature, different metrics have been

suggested in order to quantitatively evaluate the agreement
between models and measurements, and are summarized in
this section. The wording used always refers to a modeled
profile and a measured one, but the metrics could also be
used to compare profiles directly coming from different
models (i.e., substituting ‘‘measured profiles’’ by ‘‘profiles
coming from another model’’). Some metrics have initially
been suggested to compare vertical profiles of meteorological
quantities, such as temperature, pressure, wind speed, etc.,
and then been applied for comparing C2

n profiles.
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A. COMMON STATISTICAL METRICS
Most statistical metrics can be used with vertical profiles of
any quantities (e.g., temperature profiles T (z), C2

n profiles,
etc.). Hence, the following notations are introduced: X (z)
refers to the observed profile of a specified quantity (T , C2

n ,
etc.), while Y (z) denotes the modeled profile of the same
quantity. Since several observations are usually collected at
a given location for different times, an index i is added to
refer to the i-th observation, i.e., Xi(z). Similarly, the modeled
profile corresponding to this observation is Yi(z). Averaging
can then be conducted over the different observations i, with
Nobs being the total number of collected observations.

For C2
n profile comparisons, X (z) and Y (z) are very often

chosen as the logarithms in base 10 (log10) of measured
and modeled C2

n , given that C2
n can span several orders of

magnitude. It is often required for X (z) and Y (z) to have the
same vertical sampling for the altitudes. If it is not the case,
reinterpolation of the individual profiles can be used.

1) MEAN, VARIANCE AND STANDARD DEVIATION PROFILES
From a set of measured vertical profiles {Xi(z)}1,...,Nobs , the
average (or mean) measured profile X̄ (z) is given by

X̄ (z) =
1

Nobs

Nobs∑
i=1

Xi(z). (52)

Similarly, the average (or mean) modeled profile Ȳ (z) coming
from a set of modeled profiles {Yi(z)}1,...,Nobs is computed.
Fluctuations around the average profiles are measured by

the variance profiles σ 2
X (z) and σ 2

Y (z), where σX (z) is the
standard deviation (std) profile of the measured profiles,
while σY (z) is the one associated to the modeled profiles. For
instance, σ 2

X (z) is computed using

σ 2
X (z) =

1
Nobs − 1

Nobs∑
i=1

(
Xi(z) − X̄ (z)

)2
.

In cases where the logarithm of C2
n is used for Xi(z) and

Yi(z), e.g., log10(C
2
n (z)), the mean computed from (52) tends

to the median profile of C2
n [9, p. 218]. This follows the

assumption of a log-normal distribution for C2
n , as briefly

introduced in the next paragraph.

2) MEDIAN, QUARTILES AND DISTRIBUTIONS
Based on multiple samples ofC2

n profiles, the distributions of
possible C2

n values at a given altitude can be computed. The
median profile can then be obtained, as well as any quartile
profile. For example, in [162], the median, first quartile, and
third quartile profiles are computed and compared between
the measured and modeled C2

n profiles.
In [95], the distributions are obtained for C2

T , for four dif-
ferent parts of the atmosphere (BL, troposphere, tropopause,
and stratosphere). It is shown that the logarithm in base 10 of
C2
T , normalized by its median value, follows a Gaussian

distribution (chi-square test, estimation of skewness and
kurtosis). As a result, C2

T (and equivalently, C2
n ) is distributed

according to a log-normal distribution, and the average of
log10(C

2
n ) tends to the median values.

3) BIAS, RMSE AND BIAS-CORRECTED RMSE
The definitions of the bias, Root-Mean-Square Error (RMSE)
and bias-corrected RMSE presented below are inspired from,
and used in, [50], [53], [163], [164], and [165].
Given the sets of measured vertical profiles {Xi(z)}1,...,Nobs

and modeled profiles {Yi(z)}1,...,Nobs , the bias, also named
Mean Bias Error (MBE) in [92], is defined as

BIAS(z) =
1

Nobs

Nobs∑
i=1

(Yi(z) − Xi(z)) = Ȳ (z) − X̄ (z). (53)

In (53), the altitude dependency of the bias is made explicit,
since it is indeed a vertical profile of the bias that is obtained.
The absolute bias, or Mean Absolute Error (MAE), has a
similar definition, except that the absolute value of the error
(i.e., the difference between the modeled and the measured
profiles) is used,

ABSOLUTE BIAS(z) =
1

Nobs

Nobs∑
i=1

|Yi(z) − Xi(z)| . (54)

Similarly, the RMSE profile is defined by

RMSE(z) =

√√√√ 1
Nobs

Nobs∑
i=1

(Yi(z) − Xi(z))2. (55)

The bias enables to identify systematic errors between the
models and the measurements, while the RMSE includes
systematic and statistical errors. To remove the systematic
error from the RMSE, the bias-corrected RMSE, also named
centred RMSE in [50], is used, given by

CRMSE(z) =

√√√√ 1
Nobs

Nobs∑
i=1

[
(Yi(z) − Ȳ (z)) − (Xi(z) − X̄ (z))

]2
=

√√√√ 1
Nobs

Nobs∑
i=1

[
(Yi(z) − Xi(z)) − (Ȳ (z) − X̄ (z))

]2
=

√
RMSE2(z) − BIAS2(z).

These metrics are very often used, also for comparing
profiles of meteorological quantities. In the case of wind
direction, slight modifications are necessary to account for
its periodicity (angular direction), as stated in [166].

4) VERTICAL AVERAGING
The error metrics previously defined in this section, i.e., the
(absolute) bias, RMSE and bias-corrected RMSE, are profiles
of the altitude. In order to reduce them to single scalar
values, averaging over the altitudes is sometimes conducted,
considering that discrete sampled altitudes {zm}m=1,...,Ns are
available [83]. For example, the altitude-averaged bias is

BIAS =
1
Ns

Ns∑
m=1

BIAS(zm) =
1
Ns

Ns∑
m=1

BIAS(m1z), (56)
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with Ns the number of sampled altitudes and1z the sampling
distance between the altitudes (assumed constant, i.e., zm =

m1z). Equation (56) can be generalized for the other metrics.
The main drawback of altitude-averaging is the loss of

information about the profile that enables to determine
which part of the atmosphere are better (or worse) modeled.
However, this could be mitigated by averaging for different
parts of the atmosphere, for example for the ground layer,
the troposphere, and the stratosphere [91]. In this case, three
scalar values summarize the profile metrics.

As a complementary remark, some references conduct the
averaging only on the altitudes and not over a set of different
measured profiles. Hence, one scalar metric per observed
profiles is obtained [50], [51], e.g.,

BIASi =
1
Ns

Ns∑
m=1

(Yi(m1z) − Xi(m1z)) .

5) RELATIVE ERRORS
The error between the measured Xi(z) and the modeled Yi(z),
as used in (53) and (54), can be divided by the measured
value Xi(z) in order to obtain the relative error. It is then
averaged over the multiple sampled profiles, yielding the
average (absolute) relative error profile [91]. It is referred
to as the Mean Relative Error (MRE) in [92], defined by

MRE(z) =
1

Nobs

Nobs∑
i=1

|Yi(z) − Xi(z)|
|Xi(z)|

.

Averaging over different atmospheric regions can then be
performed [91].

6) CORRELATION COEFFICIENTS
Correlation coefficients RXY measure statistical relationships
between two variables. The Pearson correlation coefficient,
noted RXY , measures the linear relationship between the
variables, and is defined as the ratio between the covariance of
the two variables and the product of their standard deviation.

An altitude profile of the correlation coefficient could be
defined as

RXY (z) =
σXY (z)

σX (z) σY (z)

=

∑Nobs
i=1

(
Xi(z) − X̄ (z)

) (
Yi(z) − Ȳ (z)

)√∑Nobs
i=1

(
Xi(z) − X̄ (z)

)2√∑Nobs
i=1

(
Yi(z) − Ȳ (z)

)2
where σXY (z) is the covariance profile between X (z) and Y (z),
i.e.,

σXY (z) =
1

Nobs − 1

Nobs∑
i=1

(
Xi(z) − X̄ (z)

) (
Yi(z) − Ȳ (z)

)
.

In practice, the correlation coefficient is averaged over the
altitudes to get one scalar value, using

RXY =
1
Ns

Ns∑
m=1

RXY (m1z).

Alternatively, the coefficient can be averaged over only a
given part of the atmosphere, as in [92].

Finally, in [51], the coefficient is computed for each
measured profile, averaging over the altitudes:

RXY ,i=

∑Ns
m=1

(
Xi(m1z) − X̄i

) (
Yi(m1z) − Ȳi

)√∑Ns
m=1

(
Xi(m1z) − X̄i

)2√∑Ns
m=1

(
Yi(m1z) − Ȳi

)2 ,

with X̄i (resp. Ȳi) the altitude-average of the i-th measured
(resp. modeled) profile.

B. ALTERNATIVE METRICS
In addition to the common statistical metrics presented
above, custom metrics are sometimes used for comparing
C2
n profiles. Some of them are presented in this section.

1) RELATIVE ERROR OF INTEGRATED C2
N

In [95], the relative error of the integrated C2
n over 1 km thick

layers is defined, noted EIC2
n. As this metric is computed for

each pair of measured and modeled profiles, it can be indexed
by i, using the notations introduced previously. Hence, for
a layer centred at an altitude zm (in meter) and for the i-th
measured/modeled profile, its EIC2

n,i(zm) is defined by

EIC2
n,i(zm)

=

∣∣∣log10 (∫ zm+500
zm−500 Yi(z) dz

)
− log10

(∫ zm+500
zm−500 Xi(z) dz

)∣∣∣
log10

(∫ zm+500
zm−500 Xi(z) dz

) ,

where Xi(z) is the i-th measured C2
n profile, and Yi(z) is the

associated modeled C2
n profile. The logarithm is taken after

the integration, Xi(z) and Yi(z) are thus directly the C2
n values

and not their logarithms. As a generalization, the width of the
layer, i.e., the bounds for the integration over the altitudes,
can be modified.

The average profile of the relative errors of integrated
C2
n , computed over all profiles indexed by i, estimates the

static error of the models, while its standard deviation shows
the gain of reliability in C2

n profile prediction from the
models [95].

2) INDEX OF AGREEMENT
Inspired by [167] and the references therein, [92] makes
use of the statistical index of agreement IoA to compare
measured and modeled profiles of meteorological quantities.
It is defined by

IoA(z) = 1 −

∑Nobs
i=1 (Yi(z) − Xi(z))2∑Nobs

i=1

(
|Yi(z) − Ȳ (z)| − |Xi(z) − X̄ (z)|

)2 ,

and varies between 0 (total disagreement) and 1 (perfect
agreement). Alternative definitions as well as more explana-
tions behind the origin of this index can be found in [167].
A weighted (linear) combination of indexes of agreement for
several meteorological quantities in order to define a new
merit function is also introduced in [92].

3) CUSTOMIZED FIGURES OF MERIT
If deemed relevant, any metric presented previously can be
combined to define a custom figure of merit. For example,
a simple linear combination can be made, or more complex
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expressions can be used (e.g., see the definition of the index
of agreement).

C. INTERESTS OF MULTIPLE METRICS
The various metrics presented are useful to validate devel-
oped models with real observations. Furthermore, they can
also be of interest to get insights about the model parameters,
e.g., by monitoring the evolution of the metrics when tuning
some parameters of the models. It is always a good practice to
monitor several metrics to assess the quality of a model and
use them in a complementary way.
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