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1. Introduction

Let W be an affine (i.e. finitely generated) PI algebra over a field F' of characteris-
tic 0. The codimension growth of W was studied heavily in the last 40 years or so (see
for instance [7,9]). It provides an important tool for measuring the “size” of the T-ideal
of identities of W in asymptotic terms. In particular, the exponential part of the asymp-
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totics is key in the classification of varieties of PI algebras. Let us recall briefly some
definitions.

Let F(X) be the free algebra over a countable set X. A polynomial f(z1,...,z,) €
F(X) in noncommuting indeterminates x1,...,z, € X, is called a polynomial identity
of Wif f(ws,...,w,) = 0 for any (wy,...,w,) € W". We say W is a Pl-algebra if
such nonzero polynomial exists. The set of polynomial identities of W, denoted Id(W),
is clearly an ideal of F(X). Moreover Id(W) is a T-ideal, that is, it is invariant under
any endomorphism ¢ € Endp(F(X)). It is well known (applying multilinearization) that
T-ideals are generated as T-ideal by multilinear elements, i.e. by the elements in P, (F) =
SpPANp{Zy(1)*** To(n) | 0 € Sp}, n € N. Let ¢,(W) = dimp P,,(F)/P,(F)NId(W) be the
nth term of the codimension sequence of W. It is clear that ¢, (W) = ¢, (W ®p R) where
R is a commutative domain and hence, for the calculation of ¢, (W) we may assume that
F is an algebraically closed field.

Regev, in his pioneering article, proved the sequence {c,(W)} is exponentially
bounded [12]. Twenty five years later Giambruno and Zaicev showed (as conjectured
by Amitsur) that nhﬁrr;o Y/ en (W) exists and is an integer. This is the PI-exponent of W,
denoted by exp(W) [5].

Giambruno and Zaicev proved that exp(W) is determined by the F-dimension of a
suitable subalgebra of W in case W = A is finite dimensional over F. Let us state their
result precisely. Recall that by Wedderburn—Malcev’s theorem any finite dimensional
algebra A over F can be decomposed into A = Az @ J(A), where Ags is a maximal
semisimple subalgebra of A (unique up to isomorphism) and J(A) is the Jacobson radical
of A. Moreover, F' being algebraically closed, Ass = Ay x - -+ x Ay, where the product is
direct and A; = My, (F') is the algebra of d; x d;-matrices over F. With this notation,
Giambruno and Zaicev proved that exp(A) = max{dimp(A4;, X ---x A;,): where i; # i
for j # k and A;, JA;, --- JA;,. # 0}.

In order to get their result for arbitrary affine algebras (namely nlg%c Yen (W) exists
and is an integer) one needs to invoke the fundamental representability theorem of Kemer
[10,1].

Theorem 1.1. For any affine PI algebra W there exists a finite dimensional algebra A
such that Id(W) = Id(A).

Regev conjectured that the asymptotic behavior of the sequence {¢, (W)} is of the
form cntd™ for some constants ¢ € R, ¢ € %Z and d € Zsq (we write ¢, (W) ~ cnfd™
where f ~ g means lim 5 =1). A weakened version of Regev’s conjecture was confirmed
by Berele and Regev in [4], namely that {c,(W)} is asymptotically bounded by the
functions

cint(exp(W))" < e, (W) < cont (exp(W))" (1.1)
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for some constants c1,co € Rand t € %Z in case the codimension sequence is eventually
nondecreasing (i.e. monotonic nondecreasing for large enough n). Furthermore, they
showed that if W is unital (and hence the codimension sequence is nondecreasing) ¢; = ¢a
and thus confirming in this case Regev’s conjecture. Recently, in [8], Giambruno and
Zaicev proved that the sequence of codimensions is indeed eventually nondecreasing,
showing the asymptotic inequality above holds for any affine PI algebra. We refer to
t = t(W) as the polynomial part of the codimension sequence of W.

We emphasize that the proof of Berele and Regev for the existence of the parameter
t(W) does not give a formula for its calculation. In this article (following a reduction
to basic algebras) we present an interpretation, a la Giambruno and Zaicev, of the
polynomial part of the codimension growth for any finite dimensional F-algebra W.

Let A be a finite dimensional algebra and let Par(A) = (dimp Ass, nildeg(J(A)) — 1)
be its parameter (nildeg(J(A)) denotes the nilpotency degree of the Jacobson radical).
Such an algebra A is said to be basic (or fundamental) if it is not PI equivalent to
B; x --- x By where Par(B;) < Par(A) for every 1 < ¢ <. By induction one can easily
get the following

Lemma 1.2. Let A be a finite dimensional algebra over F. Then there exist basic algebras
By,..., B such that A is Pl-equivalent to By X --- X By.

This can be used to reduce the problem of interpreting the polynomial part (from
arbitrary finite dimensional algebras) to basic algebras.

Corollary 1.3. With the above notation, exp(A) = max;<;<; exp(B;) and

t(A) = max{t(B;) : exp(B;) = exp(A)}.
Remark 1.4. The definition of a basic algebra used in the proof of the representability
theorem for affine PI algebras (Theorem 1.1) is different, yet equivalent, to the one we
presented above. The decomposition of finite dimensional algebras into the direct product
of basic algebras up to PI equivalence (Lemma 1.2 above) using the other definition is a
key and nontrivial step in the proof of the Theorem.

For basic algebras Giambruno made the following conjecture.

Conjecture 1.5. Let A be a basic algebra with Wedderburn—Malcev decomposition A =
Mdl(F) X oo X qu(F) @J(A) Then

where d = df + ---+d2 and s+ 1 is the nilpotency degree of J(A).
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In case A = My(F) this was established by Regev [13]. The conjecture is also known
to hold for the algebra of upper-block triangular matrices UT'(dy, ..., d,) [6]. This was
proved by Giambruno and Zaicev. In their proof they used Lewin’s theorem [11] and
Berele and Regev’s result [3].

Applying Regev’s result for matrix algebras, Giambruno’s conjecture can be re-stated
as follows. Let A be a basic algebra over F and A = A; x--- A;®J(A) be its Wedderburn-
Malcev decomposition. Then

t(A) = t(Ay) + - + t(Ag) + (nildeg(J(A)) — 1).

Our main result appears is Theorem 3.29 where we prove the conjecture for an arbi-
trary basic algebra.

The paper is organized as follows. In section 2 we study basic algebras. In particular,
to any basic algebra A we associate another basic algebra A which is better understood
and yet Par(A) = Par(A). The associated algebra A will be the main tool in the proof
of the upper bound, namely t(A) < % + s (subsection 3.1). Finally in subsection 3.2
we handle the lower bound and achieve the main result.

Notation. Throughout, F' will be an algebraically closed field of characteristic 0, W an
affine algebra over F', A a finite dimensional algebra over F', A;; a maximal semisimple
subalgebra and J(A) its radical. By nildeg(J(A)) we denote the nilpotency degree of
J(A), i.e. the number such that J(A)! = 0 but J(A)!~! # 0. All polynomials are elements
of F(X), the polynomial ring on countably many noncommuting variables (the elements
of X). We denote by S,, the symmetric group on n letters and by N the set of positive
integers.

2. Basic algebras
2.1. Preliminaries

In this section we present a condition which is equivalent to an algebra being basic.
In particular, basic algebras may be viewed as minimal models for a given Kemer index.

As always in this article A = Ay x -+ x Ay & J(A) with A; & Mg, (F). Thus d? =
Definition 2.1 (Kemer index). For any v € N let

A, ={reNU{0}|Ip(X) ¢ Id(A) alternating in v disjoint sets of size r}.

Clearly if v <+, then max A, > max A,. Let d = lim, max(A,).
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Next we let

S ={j e NU{0} | Ip(X) ¢ Id(A) alternating in v disjoint sets of size d

and alternating in j sets of size d + 1}.

Also here max Sl‘f > max Sfyl if v <~ and we set s = lim, max S,ﬁl.
The tuple k4 = (d, s) is called the Kemer index of A.

Note that d and s are finite. Indeed, d is finite because max A, < dim A for any v > 0
and s is finite due to the definition of d. The alternating sets of size d are called small
sets and the sets of size d+ 1 are called big sets. In other words, there exist nonidentities
in an arbitrary number of alternating small sets, but only a finite number of big sets
(actually at most s big sets).

Definition 2.2. (Kemer polynomials) Let vy be a number where maxA,, = d and
max Sf,lo = s. Then a multilinear polynomial f is called a Kemer polynomial of A if
f ¢ Id(A) has at least 1y small sets (cardinality d) and exactly s big sets (cardinality
d+1).

For a general finite dimensional algebra one has k4 = (d, s) < Par(A) in the lexico-
graphic order [1]. Kemer showed that equality characterizes basic algebras.

Theorem 2.3. (Kemer, see [10] or ([1], Prop. 7.13)) A finite dimensional algebra A is
basic if and only if ko = Par(A).

An important consequence of this theorem is that Kemer polynomials do not vanish
only for evaluations where all simple components A; are represented among the substi-
tutions and precisely J(A) — 1 variables are substituted by radical elements.

2.2. Ezxamples

2.2.1. Well known examples

The matrix algebra My(F) has Kemer index (d?,0) and thus is basic. To see this,
note that any multilinear polynomial alternating on d? 4 1 variables vanishes on My(F).
Now recall the nth Capelli polynomial

cap, (X;Y) = Y sign(0)y1o(1) ** YnTo(n)Yn+1-
ocESy

It is well known, [7, Prop. 1.7.1], that capg_,(X;Y) € Id(Mg(F')) but capg(X;Y) ¢
Id(M4(F)) and moreover all diagonal elementary matrices can be realized as a nonzero
evaluation. Therefore for any p € N the polynomial
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n
Capge(Xi1,.... X3 Y1, ..., Y,) = [[ capy (X, Y7)
=1

where X; = {x;1,...,7;42} is a Kemer polynomial of My(F'), proving that ryz,ry =
(d?,0).

The next natural and important example is the algebra of upper block triangu-
lar matrices UT'(dy,...,dq) for positive integers dy,...,d,. This is the subalgebra of
Mg, 4...ya,(F) consisting of the matrices

Md1 (F) *
0
0 S0 Mg, (F)

This is a basic algebra with Kemer index (d,q — 1), where d = d3 + -+ - + d(21. Indeed, it
is well known that UT'(dy,...,d,) has exponent d and hence its Kemer index has the
form x = (d,s). Moreover, since the nilpotency degree of UT(dy,...,d,) is ¢ — 1 we
have s < g — 1. In order to complete the proof we will construct (Kemer) polynomials
with arbitrary many small sets of cardinality d and precisely ¢ — 1 sets of cardinality
d 4+ 1. We start with the construction of polynomials with arbitrary many small sets of
cardinality d. For the simple component My, (F),i =1,...,q, we consider the polynomial
Capd? (Xin, s Xi 3 Yin,...,Y; ) and their product bridged by w1, ..., wg—1

Capgz (X1,1,- s X3 Yia, oo, Yiu) Xwp oo Wq—1
X Capdg (Xgs- - Xgui Y1, Y u),

which we denote by Capd%w’dg( i Yt =1,...,¢,5 = 1,...,u,W) or for short
Capgz q2(Xi;Yig, W).

Now for j =1,..., ¢ we alternate in the polynomial above the sets X; j,..., X, ; and
obtain a polynomial which we denote by f1,(X; ;;Y:;, W). Finally we construct ¢ — 1
big sets by alternating w; with the set X; = X; ; U---U Xy, for j=1,...,¢—1. The
result is a polynomial f», which alternates on p — (¢ — 1) small sets of cardinality d
and precisely ¢ — 1 big sets of cardinality d + 1. We leave the reader the task to show
that f1, and f>, are nonidentities of UT(d1,...,d,) by presenting nonzero evaluations
(variables of W are evaluated on radical elements). Our construction of f5 ,, shows that
x, the Kemer index of UT'(dy,...,d,), satisfies kyr(a,.,....a,) = (d,q —1). On the other
hand kyr,...q,) < Par(UT(dy,...,d,)) = (d,q — 1) and hence x = Par. This shows
UT(d,...,dq) is basic and f5 is a Kemer polynomial.

2.2.2. The associated basic algebra
As above we let A= Ay x -+ x A, ® J(A), r = dimp(J(A)). For any u € N consider
the associated algebra
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Ass*F{b17""bT}

1 :
b1, 00) 4T by}

Ay =

The case where w = nildeg(J(A)) — 1 is of special interest. We denote A =
Anildeg(7(A))—1-

Lemma 2.4. The algebra A is finite dimensional. Moreover, if the algebra A is basic then
A is also basic.

Proof. Choose a basis ® of Ags (e.g. the elementary matrices of the simple compo-
nents A;). Consider nonzero monomials in Agg % F{b1,...,b,}. These are words of the
form

@iy biy @iy biy - - - @iy biy, @iy

where k£ > 0, a;; € ® and b;; € X. By definition of A, monomials are zero in A if
k > u and hence their number is finite. This proves the first part of the lemma. For the
second part, note that Ags is a maximal semisimple subalgebra which supplements the
radical J(A). Moreover, the radical is generated by the variables b; and its nilpotency
degree equals nildeg(J(A)). It follows that Par(A) = (d,u). But the algebra A is a
quotient of A and hence its Kemer index is at least the Kemer index of A. This implies
the Kemer index of A equals Par(A) = (d, u) and the result follows. 0O

Remark 2.5. It turns out that in the lemma above, the condition on the algebra A being
basic is not necessary. Let A, be a semisimple algebra with ¢ simple components. It was
proved by the 3rd named author of this article that the algebra A,,, u > ¢ is basic. This
will appear in a subsequent paper authored by him.

3. Giambruno conjecture

During this entire section we consider a basic F-algebra A whose Wedderburn-Malcev
decomposition is given by

A:ASS®J(A)7

where Ay = A1 X--- X Ay is a product of matrix algebras, say A; = My, (F),i=1,...,q.
Next, denote by ka4 = (d,s) the Kemer index of A. In particular, by Theorem 2.3,
d=d}+---+d; and s = nildeg(J(A)) — 1 where nildeg(.J(A)) is the nilpotency degree
of J(A).

The proof consists of two parts, namely we show (¢ —d)/2+ s bounds from above and
from below ¢(A). For the upper bound observe that id(A) C id(A). Also, the algebras A
and A4 have the same Kemer index and moreover have isomorphic semisimple subalgebras
supplementing the corresponding radicals. In particular they have the same exponent.
It follows that t(A) < ¢(.A) and hence it is sufficient to show t(A) < (¢ — d)/2 + s.
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3.1. Upper bound

As remarked above we need to show ¢(A) < (¢—d)/2+ s where A is the basic algebra

N Ass * F{b17 ceey bdimp J(A)}
- >s+1

(b1, -, bdimp J(4)

3.1.1. Some reductions

First, we present a preferred basis for A. For 1 <[ < ¢ we denote the matrix units
of A; by ej1,j2(Al) and ejl(Al) = 6]’17]'1(141), 1 < j1,72 < d;. Next, for 1 < k, k' < q,
1<i<diyand 1< j <dp let

Wi i (Ak, Ar) = {eijo (Ai)big iy gy (Ary )by - €i g, (Ar, b eiy 5 (Aw)]0 < 8" < s}

Note that in the expression above, the indices jo and ig/41 run over the sets {1,...,dx}
and {1,...,ds } respectively, the indices i,, j, run over the set {1,...,dp},p=1,...,5,
and l,, v =0,...,5, runs over the set {0,...,dimpJ(A)}.

We denote by W the union of the sets W; ;(Ax,, Ar,), 1 < ki,ka < q, 1 <@ < dy,,
1 < j <dg,. Thus, a basis for A is the set

{ejlajz(Al) | 1 S l S q, 1 §j17j2 S dl} UW

Since A is a finite dimensional algebra by Proposition 2.4, we can identify its relatively
free algebra F(X; | i € N)/Id(A) with a subalgebra of

Ax = AQr K,

where K is the (commutative) polynomial ring

K:FP@

J17j2(Al)79(i)<w) |’L € Nu 1< l < q, 1 §j17j2 < dl7 weW|.

Let us make this identification explicit. Write,
Xi(Ax) = Z 0, (Ak)eay az (Ar).
ay,a2
Then the variable X; of the relatively free algebra of A is identified with
q .
Z;XAAQ+-E:O@QWw::%;XxZ)eAK,

k=1 weWw
Xi(w)

where ¥ is a symbol which runs over the set Symb = WU (SimComp := {4;,..., 4,}).
As a result of this identification, the spaces P,(A) are viewed as subspaces of Ak .
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We decompose P, (A) into subspaces as follows. Consider a monomial X, (1) - -+ Xo ) €
P, (A), where o € S,,. Clearly, by the identification we just described, the corresponding
monomial in Ag is equal to the sum

Z Xa(l) (21) e XO'(’I’L)(ETL)' (31)
Y1,...,5, €ESymb

Note that

L Xi(Ap)Xj(Ap)=0if k #k.
2. If more than s symbols from X4,..., %, are radical (i.e. from W), then

Xoy(X1) -+ Xo(n)(En) = 0.
This leads to the following definition.

Definition 3.1. A sequence P = (p1,...,pn) of symbols in Symb is called a path (of
length n) if the following two properties are satisfied:

1. If p;, pit1 € SimComp, then p; = piy1.
2. Not more than s symbols (from p1,...,p,) are in W.

Furthermore, suppose ? = (Akl,...,Akl,wl,Ak2,...,AkQ,w27...,w5/7Aks,+l,...7
Ay,,.,), then struc(?), the path structure of T, is defined to be the sequence
(Akl,wl,Akwa,-~-,ws/,AkS,+1) (i.e. we record the simple components with no ad-
jacent repetitions and the radical elements). Two paths ]71),372) (of the same length)
are called equivalent (denoted by 171) ~ p_2>) if they have the same path struc-
ture (e.g. (Ag,, Ag, w1, Ag,) and (Ax,, w1, Ag,, Ar,) are equivalent paths whereas
(Ag,, Ag,,wr, Ag,) and (Ag,, wy, Ag,) are not).

The set of all paths of length n is denoted by Path,, and the set of all equivalence
classes of paths of length n is denoted by Path,,/ ~.

Definition 3.2. For a given path 7 € Path,, we denote the number of appearances of a
symbol ¥ from Symb by 7 (2).

By definition, the expression in (3.1) can now be rewritten as (indeed, we ignore some
vanishing monomials)

Z XU(l)(pl)Xa'(n)(pn)
?=(1U11-~710n)613athn

= Z Z XU(l) (pl) o Xo’(n) (pn)

[pi]€Path,, /~ \B=(p1,....pn)E[P]
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Definition 3.3. For a fixed ? € Path,, denote by P;(A) the F-linear span of all mono-
mials X, (1)(p1) - -+ Xo(n) (Pn), Where o varies over S,. Furthermore, Pjz(A) denotes the
sum of all P;(A) such that 7 ~Di.

Lemma 3.4. The space P,(A) is embedded in

D = @ Py

P ePath,, [PlePath,, /~

As a result,

en(A4) < Z dimp Pr(A).

[PlePath,, /~

Moreover, the size of the set Path,,/ ~ is bounded by a constant independent of n.

Proof. Only the last part requires an explanation. Indeed, the size of Path,/ ~ is
bounded from above by the number of sequences of length at most 2s+ 1 whose elements
are taken from the finite set Symb. So the constant can be taken to be

2s+1

> [Symb|'. O
t=1

Remark 3.5. By the previous Lemma, it is sufficient to show that dimp P (A), ? €
Path,,, is bounded from above by C’n%d"’sdn, where C is some constant independent

of n.
We intend to decompose each Pp(A) into a (direct) sum of some special subspaces.

Definition 3.6. Let ' = (p1,...,pn) be a path in Path,, and let Z = Xoy(p1)---
Xo(n)(pn) be a monomial in Py (A) for some o € S,. For 1 <1 < g we denote by
ind;(Z) the set of all indices o(u) (here 1 < u < n) for which p, = A;.

Furthermore, we denote by seq,,,(Z) the sequence of indices (o(i1),...,0(is)) for
which

1. p;, € W for every 1 <u < s

2,001 <o < g

3. {o(i1),...,0(is)}VUind1 (Z)U---Uind,(Z) = {1,...,n} (that is seq,,4(Z) consists
of all the indices whose corresponding variables take values in the radical).

Finally, we set 11?(1(Z) = (indy(2),...,ind,(Z);seq, ,4(Z)).
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Definition 3.7. Two monomials Z; and Z in Pg(A) are equivalent (or Zy ~ Zy) if

_>
in—c>1(Z1) = ind(Z3). The set of all equivalence classes corresponding to this relation is
denoted by Mony;;/ ~, where Mony; is the set of monomials in P;(A). Furthermore,
Pi2)(A)(C Pr1(A)) denotes the F-span of all monomials in Pp3)(A) which are equivalent
to Z.

Lemma 3.8. The following hold:

L. Pgi(A) is equal to

B puyA.

[Z]eMong; /~

2. Denote by Mong(n1,...,ng)/ ~ the subset of Mony/ ~ consisting of all [Z] for
which the corresponding path P satisfies ny = |indy(Z)|,...,n, = |ind,(Z)|. Then,
Monyp/ ~ is equal to the (disjoint) union

U Mong(n1, ..., ng)/ ~,
ni+--+ng=n—s’

where s' = |seq,,4(Z)| is the number of symbols from W in J.

3. The size of Mongg(n1,...,ng)/ ~ is bounded from above by

/
nsl-( nee >
ni,...,Ng

Proof. Only the third part requires a proof. There are s'! - (:,) options to choose and

order s’ indices from the set {1,...,n}, i.e. there are s'!- ([}) ways to choose seq,., 4 for a
fixed 1 < s’ < 5. From the remaining n — s’ indices there are (mnfs;lq) options to choose
ny which will correspond to Ay, ...,n, which will correspond to A,. Finally, it is clear

that

oo (n n—s of n—=s
st <n . O
S ni,...,Ng ny,...,Ng

Definition 3.9. For i = (41,...,%) we denote the product X, (A;)---X; (4;) by
Consider monomials in Pz (A)(C P(A)) of the form
Xi_I(Akl)Xlﬂ (wl)Xi_;(Akz)XW (w2) o XT

namely monomials which satisfy
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L. Struc(?) = (Ak17w17 Ak27w27 AR Ak ,

)

s'4+1

2. U Setor = ind;(Z), where Set, consists of all indices appearing in the vector x
aka=l «

3. seq,.q(2) = (v1,...,vs).

Remark 3.10. It is important to stress that there exist other type of monomials, namely
monomials where some radical elements are adjacent or monomials which start or end by
radical elements. As it will be clear below, the treatment of these monomials is similar
to the monomials of the type considered in Definition 3.9.
Consider the spaces P[JZO]’]“’+1 (A) := ejo (Ak, ) Piz1(Aej, . (Ak,,, ) (S Ak ), where 1 <
Jo <dy, and 1 < jgoq1 < dy,, , (recall our notation e;(B), the diagonal matrix e; ; in
the matrix algebra B). Note that the simple components A, and Ay, are determined

by the monomial Z if P{;l’j5'+1(A) # 0 and hence we do not record the indices k; and

ks 41 in the definition of P[jZO]’jS’+1 (A). Since any element f of Pz(.A) can be written as
the sum

f=1(Ag) [ WAk, )= > €jo(Ar,) - ey (A, ),
1<jo<di,
1<)t <dx,,

we obtain an injective map

Pz (A) — @ P[]ZO]’]S”r1 (A).
1<jo<dx,
1§js’+1 Sdks’+1

So we have proved

Lemma 3.11. dimp Pz (A) < Y dimp P[jzo]’js,H(A)'

JosJs! 41

As a result of this observation we will fix also the indices jo, j4+1 and work in the
space P[]ZO]’JS'+1 (A). In Lemma 3.12 we describe the asymptotics of dimp P[jZO]’JS'+1 (A) and

then, subsequently, we will sum up all spaces of that form.

3.1.2. The key lemma and upper bound o
In order to be able to carry out manipulations in the vector space P[JZU]’JS/“(A) we
introduce the following notation:

O 1 X1 (Ay) i= 05 (A)0X2) (Ay) -+ 055D (Ay)

A1yenny aj4+1 ai,as az,as ap,a4+1
and
X1,...,X L } : X1,..,X
9@|J (Ak) T aalzi,aQ,...,al,alJrl:j(Ak)'

az,...,ay
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Note that we changed slightly the notation we introduced above by replacing 9%,@7
with 9((15512
Furthermore, if 7 = (1,...,1) we simply write

% (Ap) = 60,1

ilj

¥ (Ap).
The next lemma is straightforward (proof is omitted).
Lemma 3.12. The following hold.
1. Forw, € W_;(A_, Ay), we € W, _(Ag, A_) we have
w1 X5 (Ag)ws —9 (Ak) wie; ;(Ag)wa

2. Forw, e W.

J1 J1

(Akys Agy)s ooy ws €W, 5 (Ag,,, Ar,,,,) we have

e;O:jO<Ak1>(xwkl)xn(wﬂXz(Akg)Xh(wz) X (Ary,,)
N————’

Wwo

x ejs’+1:js/+1 (Aks’+1)

Wery1q

equals to
q
0 (n) 60 (g (H o <Az>) w.
=1 a:ko=l “ “
where
w= wOeioJl (Akl)wlejl 2J2 (AkQ) ’ ws/ej Y (Aks’+1)w5'+1'

Corollary 3.13. There exists an element w € A such that for any monomial Z' €

P[JO]’“ 1(A) (and hence for any element of P[jzo],jsurl(A))

Z'=f-w

where [ is a polynomial in F[H() (A4),09(w)]i € N1 <1 < q,1 < 41,52 < dy,
w € W]

We now turn to the construction of the map which enables to estimate dimp P[J ZO]’J L
For every [, consider the variables Y7 ,...,Y,,_1,, where v; is the number of appear-

ances of A; in Struc(?) = (Ag,, w1, Ag,, wa, .. Akq,ﬂ)
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Let PXhlv-thnl%Yl,lvaw—l,z denote the (n; + v; — 1)! space of all multilinear poly-
nomials in the prescribed variables, where ind;(Z) = (hq,..., hy,) (i.e. the indices of

variables which get values from A;). Let

PXoy oo X Y1100 Yoy 1.0 (AL)

= PXh17~~~7thl ;Yl,l,,m,Yul—u/(PXh,l,m,thl Y10,y 1. N Id(Al))
Denote
(U17 ey Um-l—m-&-l) - (Xh17 I 7Xh"l 7Y1,l7 R Y’U[—l,l)
and let P[ﬂz] (4) = P[)?;l] / (P[ﬂz] N Id(4;)) be the subspace of

PXh1""thnl Vi Y1 (A;) spanned by all monomials Uy (1)U (2) - - - Ur(n,4v,—1) Where

1. U.,.(l), UT(nl+vl—1) S {Xh1 yeen ’Xh"z}

2. Ifi < jand Ur;), Urjy € {Y11,- .-, Yy, 1,1}, then there exists k with i < k < j such
that Urry € {Xh,,--- ’Xhm }.

3. The ordering induced by 7 on the set {Y1,,...,Y,,—1,} is precisely the ordering
(Y14,...,Yy,—10). That is, for ny+1 < 4,5 < my+vy—1wehavei < j = 7(i) < 7(j).

Remark 3.14. We abuse notation and language here by considering monomials as ele-
ments of P ¢ (Al)

Notation. We denote by ce~ (4;) = dimpP & ,(4;) and note that ce (4;) <
Xa [Xa,] Xa
l l 1

Cnl+vz*1(Al)'

Now, for [ =1,...,q let

Xa, = X# an DEVE X,m YooYy 'Xm,
be a monomial in P (Al) and let
X = (XA1>~-~,XAQ) € P[)(/A\l] X oeee X P[fA\q]'

Next consider the monomial

Apy ) X (A)e;

]s’+1:j5’+1(

€50= JO( Ak3’+1) P[30]15/+1(A),

where

X(A) = Xlla(fl k1) (Akl) i1 (wl)Xl/a(, k) (Akz) iz (w2) T X—>(Aks/+1)

Va(ts/+1,ks,+1)
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and if kg, = kg, = ... = kgv[ = [ are the indices where the simple component A; appears
in struc(?) = (Ag,, w1, Ap,, wa, ... ,Aks,ﬂ), then
Tt Pty ) = (Fatids -+ Fatond)

Lemma 3.15. The following hold.

Jo:Js!
1. The map ¥ : P[J?A\l] X oo X P[f;q] N P[ZO] 1 (A)

Xe (Ar,) X (A)e:

30:j0 Js’+1:js’+1 <Aks’+1)

is well defined, surjective and multilinear. Hence it determines a surjection

J05J st
P[X/A\l] A)®---® P[X//;] (Ay) — P[Z] (A).

2. dimp P[J-ZO]JS,H(A) < nyys(Ar) - cngys(Ag) < C-cpy (A1) -, (Ag), where C s a
constant which is independent of n1,...,ng.

Proof. Suppose f is a linear combination of monomials in P[ ﬂ](Al) which represents
l

the zero element. Clearly, f represents the zero map in H om(A?("’+U’_1), A;) and hence,
evaluating Y7, ..., Yy, —1,; on A; we obtain the zero map in Hom(Ai@m , Ap). In particular
we obtain zero if we evaluate

Yig=cej, G, (A You=e; 5 (A Yo =e¢;, 5 _1(A)

But in view of the fact that

Wq, € ij For (Akgl s Akg1+1)7 Wy, € Wj”j” (Akg2 s Akg2+1)7 .
u}g“l*1 € ng'uL71 ’591/[ (Akgvl—l ? Akgvl )’ wg’UL*1 € ngvl,l ’39171 (Akﬂ'ul—l ) Akgvl )’

and by Lemma 3.12, we see that up to a scalar the bridge between the i¢th and the
(i + 1)th appearance of A; in X (A) is given precisely by the matrix ejgﬂg_ﬂ_l(Al) and
hence €5 _; (Akl)X(A)eis/H:js/ﬂ(A’fsurl) = 0. This shows the map ¥ is well defined.
It is clear by construction that ¥ is multilinear and onto.
Let us prove the second part. Applying part (1) and the inequalities Cg (4;) <
l

Cny+v,—1 (A7) we have

dimp F)[jZO]J'S,Jrl (A) < Cﬂ1 (Al) cee C)?-A\q (Aq) < an+vz—1(Al) e CnH—vz—l(Al)'

Furthermore, since the number of Y’s is bounded by s, and the sequence ¢, (4;) is an
eventually nondecreasing function in n [8], we obtain
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dim P[jZO]’jb“rl (A) < cnys(Ar) - cnyrs(Ag).

The last inequality in the lemma follows from the fact that ¢, (B) ~ ©(n'd") for PI
algebras B (as proved by Berele and Regev [4] for unital algebras and later by Giambruno
and Zaicev [8] for arbitrary algebras). Indeed, we have that

lim L—'_S(Al)

= K.
n— oo Cn(Al) 2

for some constant Ko € R and the result follows. This completes the proof of the
lemma. 0O

As mentioned in Remark 3.10 other type of monomials Z should be considered. The
proofs of the statements that correspond to Lemmas 3.11-3.15 are similar and left to
the reader.

Theorem 3.16 (Upper bound). There is a constant C' such that
cn(A) < C- n 2 s n.
Proof. By part (5) of Lemma 3.12 it follows that

dimp Pl (A) < Cy - e, (A1) -+, (Ag),

where nq,...,n, are determined by the path corresponding to [Z]. Combining this with
Lemma 3.11 it gives

dimF P[Z](.A) S CQ * Cny (Al) R ~qu (Aq)

By Lemma 3.8 it follows that

/

. gf n—s
Z dimp Pz)(A) < C3-n (n " ) “Cny (A1) - e, (Ay),
[Z]eMongs (n1,...,nq) /[~ Ly-eenTla
where s =n —n; — - -+ — ng. Thus,
. o n—s
dimp Pp1(A) < Cy-n® - Z - o ) em (A1) ---cn,(Ay).
by

ni+-4ng=n—s’

By Lemma 3.4 we obtain
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Next, by [13],

> <n1n_slnq) e (A1) -+ en, (Ay)

ni+-+ng=n—s’

’ 1_4q2 1—d2
n-—s 1 o q
2 ni 2 2n
< Cg - E ( )nl dy" omg 7 dyM,

ni+--+ng=n—s’ Ls >

for some constant Cg.
This, by a theorem of Regev and Beckner (which we recall below for the reader
convenience), is asymptotically equal to

C7-(n— s’)%dd”.
All in all we have

/

“(n— s’)q%dd”) <C-p'Fitsgn

as desired. O

Theorem 3.17. (Regev and Beckner [2]) Let r1,...,7¢,k1,...,kg € R such that 0 <
ki,...,kq. Then,

n ni n 71 r kl " k " 1.1
Z (m,...mq)kl k] ...nqu(<?> (f) >~nk,

ni+---+ng=n

where k =Fki+---+kgandr=ri+---+rg.
3.2. Lower bound

Let A be a basic algebra over a field F. Write A = (A;s = A1 X --- x Ay) @ J and
denote by d? the dimension of A;, i = 1,...,q. Furthermore, d = d? + --- + d(21 and s
denotes the nilpotency degree of J minus 1.

Convention 3.18. In the sequel, as we may by linearity, all evaluations we consider of
multilinear polynomials are from A U---UA; U J.

Since A is basic, by Theorem 2.3, it possesses a multilinear polynomial
fo=fo(z,...,2¢;B:=B1U---UBg; E),

where
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1. |Bi|=---=|Bs| =d+1.

2. fo alternates on each set B;, i = 1,...,s. Therefore, any nonzero evaluation of the
variables of f takes exactly one variable of every B; to a radical element and the
remaining variables (including the z’s and the ones from E) to a semisimple element.

3. There is a nonzero evaluation of the variables of fy such that z; = 1(4;) for i =

1,...,q.

Till the end of this section we fix a nonzero evaluation, denoted by f, = fo(Zr, ..., 2g
B; E), which satisfies (3). Moreover, for i = 1,...,s, we denote by w; € B; the variable
such that w; € J.

Remark 3.19. In the sequel we’ll consider partial evaluations of multilinear polynomials.
The properties of these evaluations rely on the existence of the evaluation fy of fj.

Consider the multilinear polynomial

fi=filz1, .. 2 By Y E) = fo(y1,191,22191,3Y1.4, - - - Yg,1Y4,22Y4,3Yg,4; B; E),

where YV = {y;;|¢ = 1,...,q,j = 1,...,4}. We shall abuse notation by writing
fi(z1,...,%4) (omitting E, Y and B). Furthermore, we denote BUY U E by BYE.
Note that since fj is a nonidentity of A, fi is a nonidentity as well.

Remark 3.20. In what follows, roughly speaking, we shall replace the variables z1,. .., zq,
with multilinear polynomials ¢1,...,g,. The polynomials g1, ..., g, will be elements in
F(z1,...,2,), n € N, where different polynomials depend on disjoint sets of variables.
This will give rise to a multilinear polynomial in the variables {x1,...,2,} UBYE.

For any n € N let X,, = {z1,...,2,}, and let X,, U BYE be the corresponding set
of variables. Let Px,.pyr be the F-space of all multilinear polynomials on X,, U BY E.
The symmetric group S, acts on Py, .py g by

g - f(:L'l, ey Tp; BYE) = f($071(1), NN ,mg—l(n); BYE)

and it is well known that this action induces an S,-module structure on the space

Px, . ByE
P . A — ") .
XmBYE( ) PXn;BYE N ’Ld(A)
Now, consider a partition p of the set X, into ¢ subsets, denoted by X[A4],..., X[4,],

where each X[A;] is nonempty (we are interested in n — 0o, so we may assume that
n>q).

Consider the symmetric groups Sxia,},---,Sx4,] and their product S, = Sx[4,] ¥
-+» X Sxia,] < Sn. Clearly, by restriction, we obtain Sp-modules structures on Px, .py g
and on PXn;BYE(A)-
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By the well known embedding of the relatively free algebra of Ain Uy = A®p F(6;; :
ieN,j=1,...,dimp A) we may view the space Px, .pyr(A) as a subspace of U4. This
allows us to consider partial evaluation which is a key idea in this section.

Definition 3.21. For J,j € {1,...,d1} x --- x {1,...,d.}, let PY3 1 (A) C Uy be the
space obtained from Px,_.pygr(A) by performing the following evaluations on some of
the variables:

L oyi2 = iz =e;(A) and yi3 = ¥i3 = €;,(4;) fori=1,...,q.
2. Fori=1,...,s, and for any w € B; \ {w;} we replace w by its value . Note that
W is necessary a semisimple element.

For g € Px,.py r(A) we denote by g its image in Pg(i;BYE(A)'
Notation. In order to simplify our notation for elements in P)](Jn .y i (A) we shall write

f(x1,...,x,) if the variables BY E do not play a role in our variable manipulations.
In Lemma 3.27 we’ll need to manipulate the variables of X,, and B and so we’ll write

flxy, .o xpwy, . ws).

Observe that dimpg Pg(’i;BYE (A) < dimp Px,.py r(A). Therefore, for the lower bound,
it will be sufficient to bound from below one of the spaces ngi;BYE (A).

The elements of Pgéi;BYE(A), as the elements of Px, .pyg(A), will be referred as
multilinear polynomials.

As for the elements of Px,_.pyg(A), we perform the partial evaluations 1 and 2 in
Definition 3.21 also on the polynomial

fi= iz, 2 By Y E) = fo(yi1Y1,22191,3Y1.45 - - > Yq,1Yq,22qYq,3Yq,45 Bi E),
and denote the obtained polynomial by f;.

Lemma 3.22. For any nonzero evaluation of fi the following hold.

1. The variables {z1,...,2,} UY UE are all evaluated by semisimple elements.

2. Eachw; € B;,i=1,...,s, is evaluated by a radical element (note the other elements
of B; were already replaced by semisimple elements).

3. For everyi=1,...,q, the variable z; is evaluated by an element of A;.

Moreover, any nonzero evaluation g; of a polynomial g; by elements of A;,i=1,...,q,
such that ej;g;e;, 7 0 may be extended to a nonzero evaluation of f1 (915---,9q)-

Proof. Parts (1) and (2) are clear. Part (3) now follows, since ¢; 2 (and g;,3) is an element
from A; and z; must be a semisimple element (by (1)).
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We turn to the last part of the Lemma. Since ¥;2¢;7;3 # 0, we can find suitable
evaluations of y; 1 and y; 4 so that the expression ¥; 19 2G:¥i 3Vi 4 is evaluated by any
element of A;. We are done since there is a nonzero evaluation of f; were each z; (as
variable of fy) is evaluated by an element of 4;. O

Lemma 3.23. Let V and W be finite dimensional vector spaces and let U be a subspace
of Homp(V,W). Fiz a basis w1,...,Waim»w of W. Then there is an element ¢ in the
dual basis of W such that

dimp U
1 > -
dimp(poU) > dimp W

where Y o U is the space of all elements ¥ o T where T € U.

Proof. It is clear that the map U : Homp(V,W) = V*@--- @ V* (dimp W times) given

by
\II(T) = (¢1 OT? M ;djdimF w OT),
is injective (in fact, it is an isomorphism), where 1, ..., ¥gimy w is any basis of W* (in
our case it is the dual basis of (w1, ..., Wdimy w)). As a result,
dimp W
dimp U < Z dimp 9; o U.
i=1

So there is some iy such that
dlmF U S dlmF w - dlmF wio oU.
So 1 = 1y, is the required dual basis element. O

Next, consider the spaces T'x[4,](Ai) = Homp(AP™, A;) wherei = 1,...,q (n; is the
number of elements of X[A;] in the partition of n). Furthermore, we may view the space
Pxa,1(A;) as a subspace of T'x[4,](A;) via the embedding g — 7(g) which is determined
by

7](9)(‘11 PIREE ®anz) :g(ala"'aani)v(ala- .- 7ani) € A;@TM

We apply the above lemma in the following setup: V = Al@"?‘, W = A; and U =
Pxa,)(A;) € Tx(a,)(A;). We use the basis of elementary matrices as a basis of W.

Now, for i = 1,...,q, we denote by 15, , the element in the dual basis of W = A; as
given by Lemma 3.23. Note that v . A; — F is the map assigning to each matrix of

A; its ez

5,4, coefficient. For the giyenj = (j1,--+,7q) and j = (1, - -, jq) We simplify our

notation and denote the space Pgéi;BYE(A) by Px,.pye(A).
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Theorem 3.24. The mapping

¢p : Px(a,)(A1) @ -+ @ Px(a,1(Aq) = Px,;pyE(A)

given by

Pp(g1 ® - ®@gq) = fi(g1,---,9q),

s well defined.
Moreover, if we denote by M(p) the image of ¢p, then

dim M (p) > Z 2 Cny (A1) - "Cﬂq(Aq)»
1 q

where ny = | X[A4],...,nq = | X[A44]].

Proof. It is convenient to introduce the following auxiliary spaces which we denote by

_ piid
ley---yzi—l7X[A7‘,]7zi+17-~~>Zq§BYE(A) - le,...,zi,l,X[Ai],ziJrl,...,zq;BYE(A)'

_ As for the construction of Px,.pyr(4) = ng’i;BYE(A) above, the space
P20 X[Ad zis1szg:BYE(A), i = 1,..., g, is obtained from the space

le,.4.72171,X[AY;],zi+1,...,zq;BYE(A)

by performing evaluations 1 and 2 of Definition 3.21.
Note that

f1

zi—gi € le,--~,Zi—1VX[Ai]727‘,+17---12q;BYE(A>'

Furthermore the map ¢; : Pxya,(4:) — p217~~;zi—1;X[Ai]7zi+1;~<-7Zq§BYE(A) given by
®i(gi) = filz;>g is well defined, since in any nonzero evaluation of f; all variables
of X[A;] must be evaluated by elements of A; (see Lemma 3.22), so for g; € Id(A;) there
is no nonzero evaluation of fil,,4,. In other words,

i € 1d(A;) = ¢i(g9;) = 0.
The same argument shows that the map
@+ Pxpa,)(A1) x -+ x Px(a,(Aq) = Px,;pys(A)
given by

¢;:>(gl7"'7gq) = fl(gla"'agq)
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is well defined. Since qﬁ'p is multilinear, it induces the map
¢p : PX[Al](Al) & PX[AQ](Aq) — an;BYE(A)-

Suppose ¢35, ;.0 g(a, 1)s- -5, 4, © (Aits) € (A?")* is a basis of 5, ;. o Pxa,(As),
i=1,...,q
Applying the lemma it is clear now that in order to complete the proof it is enough
to prove that ¢, is injective when restricted to the subspace T' spanned by g4, ,q,) ®
- ® Ay, Where a1 =1, 1150 =1, .
Suppose there are scalars Cay,ag €F such that

0= Z Cay,..., aq¢p(g(A1,a1) Q@ Q® g(Aq,aq))

QA1,...,0q
= Z Cay, ,aqfl (g(A1 a1)s y9(A aq))
Q1,...,0q
Fori=1,...,q, let aEA"’), .. ., € A?™ be a dual basis of V3,5 ©9(Ai1)s -5, 5, ©

i

9(Ait) € (Afzm)* Write ag 2 Zl a1,1®- - -®ap, 1. Recall the action of g 4, 4,) on ag
is determined linearly via the action on a; ;®- - -®ay,, ; and the latter is determined via the
substitutions x; — a1(l),...,Tn, — an, (1), where (without loss of generality) X[A;] =
{9{1,...,90”1}. We remind the reader that f; (g(Al,al)’ e ,g(Aq’aq)) € Px,.pyr(A) =

j.J T L
Pj(n BY p(A) and j, j were chosen in Lemma 3.23. Hence we have,

A
0= Z Cal,..‘,ocqfl (g(Al,oq)<a§ 1))79(142,042)7‘~~7g(Aq,aq))

= Z calzlﬁa27"'aaqf1 (e.;lv.jl(Al)“q(AQ’az)’...79(‘4‘170“1))'

aj=1,asz,...,a4

(Az2) (Aq)

By considering a;"*/,...,a;" ' and applying the same argument on the last expression

we conclude that

L f (e;hh (A1), 65, 5 (A )) —o.

By Lemma 3.22, it follows that f; ( €3, j1(A1)’ €5 (Aq)) # 0, hence ¢1,.1 = 0.
It is clear that the same argument will work for every ai,...,aq, thus every

Co,vag = 0. O
Next we study the connection between the different M (p).

Lemma 3.25. Fiz some po = (X[A4],..., X[A,]) and denote @ = (n1,...,n,) where n;
is the number of elements in X[A;]. Let T = {e = 11,72,...,7} be a transversal of Sp,
in S,. Then, the sum of vector spaces
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Mot () := M(11po) + - - - + M(1;po),

1s direct.
Note that Mtot(ﬁ) = FSpy - f1(®1,. s Ty Ty g 4105 Ty )

Proof. Suppose

l
0= Z akhk,
k=1

where 0 # hy, € M (1xpo) and a € F. Here, | = S — (n1 " nq).

nil-ng!
Since

hy = Z Btffl (ma(l) To(ng)y s Lo(nytedng_1+1) " CCa(n)) # 0
oESp,

we obtain by Lemma 3.22 a nonzero evaluation & : F {X,, BY E} — A which sends the
variables of X[A;] to elements of A; (for i = 1,...,q). We claim this evaluation sends
each hy (k # 1) to zero. Indeed, at least one of the sets 7, X[A1],..., 7, X[A4,] must have
an element x € 7;,X[A;,] which is sent to some A;, i # i¢ and hence

hk = Z B‘rkafl (:ETkU(l) o Lro(ng)y e 7xrko(n1+»~~+nq,1+l) e x‘rka(n))
0ESp,

is sent to zero. It follows that 0 = ay - £(h1) and hence a; = 0.
Repeating this argument for ho, ..., h; yields as =ag=---=aq; =0. O

Write

Mtot(n) = Z Mtot (ﬁ = (n17---7nq))‘

ni+---+ng=n

Note that in view of our notation above for Mtot(ﬁ) we have

Miot(n) = FSy - fi(T1,. ., Tnyy ooy Ty gy 41 -+ 5 Ty )

Using a similar argument as in the previous lemma we obtain the following (proof is
omitted).

Lemma 3.26. For every n, the above sum in Moty(n) is direct.

Consider now the group Sx, ufw,,...w,} (see the beginning of the section for the def-
inition of wy,...,ws) and let {e = 01,09,...,0,} be a transversal of Sx, inside the
aforementioned group. Note that u = W = 0(n®).
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Lemma 3.27. The sum
u
Miota(n) = E ok Miot(n)
k=1

is direct, where

O Miot(n) = ok FSy - fi(T1, .o Ty oo Ty dng 1y - e oy T W, - -, W),

Proof. The idea used in the proof of Lemma 3.25 works also here. Suppose

0= i Ozkhk7
k=1

where 0 # hy € 0 Miot(n) and «i € F. Since hy # 0, we obtain by Lemma 3.22, a
nonzero evaluation & : F {X,,, BY E} — A which sends the variables in X, to elements
of Ay and wy, ..., w, to elements of J. This evaluation sends each hy (k # 1) to zero.
Indeed, o1 B, ...,01Bs are alternating sets of cardinality d + 1 in hy. However, there
is some 4¢ for which o1 B;, does not contain any of the variables wi,...,ws. Hence
&(okBi,) C Ags. As a result, £(hy) = 0. Thus, 0 = a1£(h1) and so oy = 0.

Repeating this argument to ho,...,h; yields ag =---=a; =0. O

Now we show that asymptotically dimp Miot(n) has the desired lower bound. Recall
a3

1
that cp, (A;) ~ K;n—2 " d?™ for some constant K; € R [13]. As a result of Lemma 3.25,
Lemma 3.26 and the above lemma we get (the inequality < is asymptotically)

1—d2? 1-d2
K- Ky n R U U P U
5 5 n, g 1 4 n
Ed2 \ni,...ng

ni+...+ng=n

S dimF Mtotal (TL) .

Finally we apply Theorem 3.17 and obtain
dimp Miota1(n) > Cn'5t+sgn

(here C' is some nonnegative constant).

Corollary 3.28 (Lower bound). Let A= Ay x---x Ay @ J(A) be a basic algebra of Kemer
index kg = (d,s). Then

cn(A) > qu%d“d",

for some constant C' € R.
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Proof. It is enough to show that
dimp ¢piy(A) > dimp Miotal(n),
for some v independent of n. Indeed,
Myotar(n) € Px, sy (A)

and Py, .pygr(A) is a projection of Px,.pyr(A). Hence, the statement stands for v =
IBYE|. O

So combined with Theorem 3.16 we finally get a positive answer on Giambruno’s

conjecture.

Theorem 3.29. Let A = Ay X---x A;®J(A) be a basic algebra of Kemer index k4 = (d, s).
Then

en(A) = O(n"z F5dm).

In the special case where the algebra A has a unit we have
cn(A) ~ C’n%d“d",

for some constant 0 < C € R.
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