
Local exponential stabilization of nonlinear infinite-dimensional systems

Anthony Hastir, Joseph J. Winkin and Denis Dochain

Abstract— Local exponential stabilization of nonlinear dis-
tributed parameter systems (DPS) by linear state feedbacks
is adressed. The results rely on an adapted concept of Fréchet
differentiability which is in general easier to deal with. As main
contribution, it is first shown how to link the Fréchet differen-
tiability of the nonlinear semigroup generated by the operator
dynamics with the Fréchet differentiability of the closed-loop
semigroup obtained by injecting a linear state feedback into the
dynamics. As a second result, an appropriately stabilizing state
feedback for the linearized system around any equilibrium is
proved to be locally stabilizing for the nonlinear system, under
some boundedness assumption on the control operator. A class
of controlled systems satisfying the required assumptions is then
identified. The theoretical results are illustrated for the state
regulation of a diffusion equation perturbed by a nonlinear
term.

I. INTRODUCTION

Stabilizing an equilibrium of a nonlinear distributed pa-
rameter, i.e. infinite-dimensional, system as well as deducing
exponential stability of such an equilibrium can be challeg-
ing. Some of the existing theories, see e.g. [9], [1], rely on the
Fréchet differentiability of the nonlinear semigroup generated
by the nonlinear operator dynamics. Fréchet differentiability
allows here to link the stability properties of a linear approx-
imation of the nominal system with the stability properties of
the latter, locally around an equilibrium. That property can be
viewed as an extension of the Lyapunov Indirect’s Theorem
for finite-dimensional systems, see e.g. [6, Theorem 3.19].
However, checking Fréchet differentiability for nonlinear
operators defined on an infinite-dimensional space is difficult
or even impossible if these are unbounded. In many cases,
the general theory cannot be applied and a case-by-case study
has to be performed by working directly on the semigroup
instead of its generator. The approach that is proposed here
is based on an adapted concept of Fréchet differentiability
which takes different spaces and norms into account. This
is called the (Y,X)�Fréchet differentiability, where X is the
(Hilbert) state space and Y is an auxiliary space chosen to
handle more easily norm-inequalities when working in infi-
nite dimension (typically L• or Sobolev spaces (H p, p2N0),
which are multiplicative algebras). In this new framework
sufficient conditions are stated in [7] in order to establish
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local exponentially stability of an equilibrium of a nonlinear
DPS based on an appropriate linearization.

The main contribution here is the extension of the re-
sults in [7] to the local stabilization of an equilibrium of
a nonlinear DPS by linear feedbacks satisfying particular
boundedness conditions. More precisely it is shown that, if
the linear control operator is bounded from the input space
into the auxiliary space Y and the linear feedback gain oper-
ator is bounded from the space X into the input space, then
the feedback operator stabilizes locally and exponentially
the nonlinear system around the equilibrium, provided that
it also stabilizes exponentially the corresponding linearized
system on X and Y . A class of LQ-optimal controlled system
is identified to fulfill the required assumptions imposed to
get local exponential stability of the nonlinear system. The
theory is applied to an unstable nonlinear diffusion equation
with Neumann boundary conditions.

The paper is organized as follows: the general results
for deducing local stability of equilibria of nonlinear DPS
are presented in Section II together with the system class,
the definitions and the assumptions we are considering.
Section III is dedicated to the extension of the results to the
stabilization of equilibria while a particular class of systems
is identified in Section IV. The general results are applied to
an illustrative example that fits the required assumption in
Section V. Some conclusions are given in Section VI.

II. BACKGROUND, DEFINITIONS AND PROBLEM
STATEMENT

Let us consider a (infinite-dimensional) Banach space X .
The systems that are considered here are governed by the
following abstract ODE:

ẋ(t) = Ax(t)+N(x(t)), x(0) = x0, (1)
where A : D(A)⇢ X ! X and N : D(N)⇢ X ! X are linear
and nonlinear operators, respectively. Let xe 2 D(A)\D(N)
be an equilibrium of (1). Obviously, it satisfies the equa-
tion Axe + N(xe) = 0. It is assumed that the (unbounded)
operator A is the infinitesimal generator of a C0�semigroup
of bounded linear operators (T (t))t�0 for which kT (t)kX 
Mewt ,M � 1,w 2 R, whereas the nonlinear operator N is
Lipschitz continuous in the sense that there exists a posi-
tive constant lN such that kN(x)�N(y)k  lNkx � yk, for
any x,y 2 D(N). Moreover, the closed convex subset D(N)
is assumed to be T (t)�invariant, i.e. T (t)D(N) ⇢ D(N),
for all t � 0. In addition, for all x 2 D(N), limh!0

1
h d(x+

hN(x);D(N)) = 0, where the distance function d is defined
as d(x;D(N)) := inf{kx� yk,y 2 D(N)}. This setting entails
that (1) possesses a unique mild solution on [0,+•[, for all
x0 2 D(N), see e.g. [10, Theorem 5.1]. By a mild solution
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we mean a solution that satisfies the integral form of (1),
i.e., a solution x(t) such that

x(t) = T (t)x0 +
Z t

0
T (t � s)N(x(s))ds

holds. By defining S̃(t)x0 = x(t) for all t � 0, (S̃(t))t�0 is a
nonlinear semigroup on D(N) whose infinitesimal generator
is A + N. The condition limh!0

1
h d(x + hN(x);D(N)) = 0

implies that D(N) is S̃(t)�invariant, see [10, Theorem 5.1].
Let us define x (t) = x(t)� xe and let us write (1) in the
variable x . It follows that

ẋ (t) = Ax (t)+N(x (t)+ xe)�N(xe),x (0) = x0 � xe =: x0.
(2)

Obviously, 0 is an equilibrium of (2). As a consequence
of the fact that (S̃(t))t�0 is the nonlinear semigroup gen-
erated by A+N, the operator A+N(·+ xe)�N(xe) is the
infinitesimal generator of a nonlinear semigroup (S(t))t�0
on De := D(N)� xe.

Let us consider the following assumption.
Assumption 2.1: The nonlinear operator N is Gâteaux

differentiable at xe, that is, there exists a linear operator
dN(xe) : X ! X such that lime!0

N(xe+ex )�N(xe)
e = dN(xe)x ,

where xe and xe + ex 2 D(N).
Hence, since D(N) is a convex set, any convex combi-
nation of xe and xe + ex lies in D(N), that is, for any
a 2 [0,1],xe+e(1�a)x 2 D(N). Thus if xe+e0x 2 D(N) for
some nonnegative e0 then xe+ex 2D(N) for all nonnegative
e < e0. This assumption allows us to linearize (2) around 0.
This yields the linear system

ẋ (t) = Ax (t)+dN(xe)x (t),x (0) = x0. (3)

By assuming that the linear operator dN(xe) is bounded on
X , the operator A+dN(xe) is the infinitesimal generator of a
C0�semigroup (T (t))t�0 of bounded linear operators on X ,
see e.g. [5, Bounded perturbation theorem].

Let us introduce the following definition, which is an adap-
tation of the classical Fréchet differentiation with extended
and mixed spaces, see [7, Definition 2.1].

Definition 2.1: 1 Let us consider the nonlinear operator
N : D(A)\ D(N) ⇢ X ! X . Let (Y,k · kY ) be an infinite-
dimensional (possibly Banach) space such that D(A)\De ⇢
Y ✓ X and khkX  skhkY for all h 2 D(A)\De and some
s > 0. The operator N is called (Y,X)�Fréchet differentiable
at xe if there exists a bounded linear operator dN(xe) :
X ! X such that for all h 2 D(A)\De,N(xe +h)�N(xe) =
dN(xe)h+R(xe,h) where limkhkY!0

kR(xe,h)kX
khkX

= 0, i.e.,

lim
khkY!0

kN(xe +h)�N(xe)�dN(xe)hkX

khkX
= 0.

Note that convergence in Y implies convergence in X since
khkX  skhkY for all h 2 D(A)\De.
In [7, Sections 2 and 3] it is shown that (Y,X)-Fréchet
differentiability and Y�Fréchet differentiability of the non-
linear semigroup2 (S(t))t�0 at 0 is sufficient to conclude

1Note that when X is Y , we refer to the Y�Fréchet differentiability.
2Note that, by Fréchet differentiability of the semigroup (S(t))t�0, we

mean that S(t) is Fréchet differentiable for any t � 0.

on the (exponential) stability or instability of the equilibria
of that semigroup, under some conditions on the stability
of the linearized semigroup, (T (t))t�0. We recall hereafter
the needed assumptions, see [7, Assumptions 2.3, 2.4 and
3.1]. Note also that the Fréchet differentiability of N at xe

is equivalent to the Fréchet differentiability of the operator
N(·+ xe)�N(xe) at 0.

Assumption 2.2: Let us consider x (t), the mild solution
to (2) for the initial condition x0, where 0  t  t0. Let us
consider a space (Y,k ·kY ) that satisfies D(A)\De ⇢Y ✓ X .
It is assumed that the nonlinear operator N is (Y,X)�Fréchet
differentiable at xe and that x is continuously dependent of
the initial condition x0 on X and on Y at zero in the sense that
the inequalities kx (t)kX  gtkx0kX and kx (t)kY  g̃tkx0kY
hold for some positive gt , g̃t that may depend on time.

Assumption 2.3: The nonlinear abstract Cauchy problem
(2) is well-posed on Y . Moreover, it is assumed that the
Gâteaux derivative dN(xe) of N is bounded on Y , hence the
linearized dynamics corresponding to (3) is well-posed on
Y . The nonlinear C0�semigroup (S(t))t�0 is also assumed
to be Y�Fréchet differentiable at 0.

Assumption 2.4: For the case where (T (t))t�0 is exponen-
tially stable on X , it is assumed that (T (t))t�0 is also expo-
nentially stable on Y , that is kT (t)x0kY  he�q tkx0kY , t � 0,
for all x0 2 Y , for some h ,q > 0.
In [7, Section 2.3], it is shown that (Y,X)�Fréchet differ-
entiability of the nonlinear semigroup (S(t))t�0 at 0 holds
provided that Assumption 2.2 is satisfied, where it is assumed
that X is a Hilbert space. We shall present a different proof
here where X does not necessarily need to be a Hilbert space.
The following lemma is a direct consequence of Assumption
2.2, see [7, Lemma 2.3].

Lemma 2.1: Let us consider x (t), the mild solution of the
abstract differential equation (2), where t 2 [0, t0] for some
positive t0 and where N is assumed to be in Lp([0, t0];X) for
some p � 1. Then, under Assumptions 2.1 and 2.2,

lim
kx0kY!0

kN(x + xe)�N(xe)�dN(xe)xkL•([0,t0];X)

kx0kX
= 0. (4)

We prove in the following Lemma that Assumption 2.2
implies (Y,X)�Fréchet differentiability of the nonlinear
semigroup (S(t))t�0 at 0 with (T (t))t�0 as Fréchet derivative,
also when X is not necessarily a Hilbert space.

Lemma 2.2: Let us consider a space (Y,k ·kY ) satisfying
D(A) \ De ⇢ Y ✓ X where X is an infinite-dimensional
(possibly Banach) space. Under Assumptions 2.1 and 2.2,
the nonlinear C0�semigroup (S(t))t�0 is (Y,X)�Fréchet
differentiable at 0 and its Fréchet derivative is given by the
linear C0�semigroup (T (t))t�0 whose infinitesimal generator
is A+dN(xe), that corresponds to the Gâteaux derivative of
A+N(·+ xe)�N(xe) at 0.

Proof: Take x0 2 D(A)\De and t 2 [0, t0]. The mild
solutions associated to (2) and (3) are given by

S(t)x0 = T (t)x0 +
Z t

0
T (t � s)[N(x (s)+ xe)�N(xe)]ds
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and

T (t)x0 = T (t)x0 +
Z t

0
T (t � s)dN(xe)x (s)ds,

respectively. Obviously kS(t)x0 �T (t)x0kX =

= k
Z t

0
T (t � s)[N(x (s)+ xe)�N(xe)�dN(xe)x (s)]dskX

= k
Z t

0
T (t � s)[N(x (s)+ xe)�N(xe)�dN(xe)x (s)

+dN(xe)x (s)�dN(xe)x (s)]dskX

 M
Z t

0
ew(t�s)kN(x (s)+ xe)�N(xe)�dN(xe)x (s)kX ds

+M
Z t

0
ew(t�s)kdN(xe)(x (s)�x (s))kX ds.

By using the boundedness of the Gâteaux derivative of N at
xe, one gets that ke�wt(S(t)x0 �T (t)x0)kX 

M
Z t

0
e�wskN(x (s)+ xe)�N(xe)�dN(xe)x (s)kX ds

+MkdN(xe)kL (X)

Z t

0
ke�ws(S(s)x0 �T (s)x0)kX ds.

It follows by Gronwall’s lemma that

kS(t)x0 �T (t)x0kX  Me(w+h)t k0

Z t

0
kR(x (s),xe)kX ds (5)

where R(x ,xe) stands for N(x +xe)�N(xe)�dN(xe)x ,h :=
MkdN(xe)kL (X) and k0 = max{1,e�wt0}. Consequently, we
can derive the following estimate:

kS(t)x0 �T (t)x0kX  Me(|w|+h)t0 k0t0kR(x ,xe)kL•([0,t0];X).

Since (4) holds as a consequence of Assumption 2.2, the non-
linear semigroup (S(t))t�0 is (Y,X)�Fréchet differentiable at
0 with (T (t))t�0 as Fréchet derivative.

We end this section by presenting the main result of [7],
which consists in deducing exponential (in)stability of the
nonlinear semigroup (S(t))t�0 on the basis of the linearized
semigroup (T (t))t�0, see [7, Theorem 3.1]. This result is
based on the two following definitions, see [7, Section 2].

Definition 2.2: The equilibrium 0 of (2) is said to be
(Y,X)�locally exponentially stable if there exist d ,a,b > 0
such that, for all x0 2 D(A)\De with kx0kY < d , there holds
kx (t)kX  ae�b tkx0kX , for all t � 0.

Definition 2.3: The equilibrium 0 of (2) is said to be
(Y,X)�locally stable if for all e > 0 there exists d > 0 such
that for all x0 2 D(A)\De,kx0kY < d implies kx (t)kX < e ,
for all t � 0. The equilibrium 0 is (Y,X)�(locally) unstable
if it is not stable.

Theorem 2.1: Let us consider Assumptions 2.1 to 2.4.
If 0 is a globally exponentially stable equilibrium of the
linearized model (3), then it is a (Y,X)�locally expo-
nentially stable equilibrium of (2). Conversely, if 0 is a
(Y,X)�unstable equilibrium of (3), it is (Y,X)�locally un-
stable for the nonlinear system (2).

The new concept of Fréchet differentiability allows more
easily checkable Fréchet differentiability conditions, yielding
the fact that local exponential stability of the equilibrium

Target Local (exp.) stability/instability of (S(t))t�0 on X

Go to Y

• (S(t))t�0 is Y�Fréchet differentiable at 0
with (T (t))t�0 as Fréchet derivative

• (T (t))t�0 is exponentially stable on Y when
it is exponentially stable on X

Go to X
• (S(t))t�0 is (Y,X)�Fréchet differentiable at

0 with (T (t))t�0 as Fréchet derivative
• (T (t))t�0 is (exp.) stable/unstable on X

kx0kY < d

Fig. 1. Illustration of the new theoretical framework.

of (1) holds in a weaker sense, see Theorem 2.1. Based
on this new concept, our approach to deduce exponential
stability of the equilibrium of (1) can be summarized as in
Figure 1. Let (S(t))t�0 be the nonlinear semigroup generated
by the operator A+N(·+ xe)�N(xe) on X . The standard
concept of Fréchet differentiability is needed for (S(t))t�0 on
Y , with (T (t))t�0 as Fréchet derivative, the linear semigroup
generated by the Gâteaux derivative A+dN(xe) of A+N(·+
xe)�N(xe). After showing that (T (t))t�0 is exponentially
stable on Y in the case where it is exponentially stable on X ,
the new concept of (Y,X)�Fréchet differentiability pops up
to make the connection between Y and X , in order to deduce
local exponential stability of the equilibrium of (2) on X , see
Theorem 2.1. ”Local” means here that the Y�norm of the
initial condition has to be small instead of its X�norm. A
crucial assumption in our framework is that the nonlinear
semigroup (S(t))t�0 needs to be continuously dependent on
the initial condition at 0, both in the X and Y norms.

In the context of this new framework, let us add some
control term u(t) to (2) as follows

ẋcl(t) = Axcl(t)+N(xcl(t)+xe)�N(xe)+Bu(t),xcl(0) = x0,
(6)

where B : U ! X is a bounded linear operator and where
U is called the control space.

In what follows we shall consider control inputs of
the feedback form u(t) = Kxcl(t) for some operator3 K 2
L (X ,U ). The main question will consist in determining
a stabilizing state feedback K for the controlled linearized
system4

ẋ cl(t)=Ax cl(t)+dN(xe)x cl(t)+BKx cl(t),x cl(0)= x0, (7)

which still (locally) stabilizes the nonlinear dynamics (6),
around the equilibrium 0.

III. LOCAL EXPONENTIAL STABILIZATION OF
EQUILIBRIA

In this section, we shall present results that allow to
make the gap between the (exp.) stability of the controlled
linearized system (7) and the stability of the system (6).

3L (X ,U) is the space of linear and bounded operators from X to U .
4Which corresponds to the Gâteaux linearization of (6) around 0.
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First let us prove that the controlled system (6) with u(t) =
Kxcl(t) is continuously dependent on the initial condition
x0 at 0 on X and on Y provided that some boundedness
conditions on the operators B and K hold.

Proposition 3.1: Let us consider the nonlinear controlled
system (6) where u(t)=Kxcl(t) for some linear gain operator
K. If the operators B 2 L (U ,Y ) and K 2 L (X ,U ), then
the mild solution xcl(t) to (6) depends continuously on the
initial condition x0 at 0 on X and Y on any compact interval
[0, t0], where t0 > 0.

Proof: Let us take x0 2 D(A)\De and t0 > 0. We shall
prove the continuous dependence on the initial condition on
X . Similar arguments can be used to prove this property on Y .
By assumption, the feedback operator K 2 L (X ,U ). Con-
sequently, for any xcl 2 Y,kKxclkU  kKkL (X ,U )kxclkX 
skKkL (X ,U )kxclkY , which ensures that K 2 L (Y,U ) too.
A similar argument on the operator B yields the following
inequalities: kBukX  skBukY  skBkL (U ,Y )kukU , where
the assumption B 2 L (U ,Y ) has been used. Hence, B 2
L (U ,X). Now consider the mild solution of (6). It is
expressed as

xcl(t) = T (t)x0 +
Z t

0
T (t � s)[N(xcl(s)+ xe)�N(xe)]ds

+
Z t

0
T (t � s)BKxcl(s)ds.

Taking the X�norm of both sides yields kxcl(t)kX 

kT (t)x0kX +
Z t

0
kT (t � s)[N(xcl(s)+ xe)�N(xe)]kX ds

+
Z t

0
kT (t � s)BKxcl(s)kX ds

 Mewtkx0kX +
Z t

0
Mew(t�s)kN(xcl(s)+ xe)�N(xe)kX ds

+
Z t

0
Mew(t�s)kBKxcl(s)kX ds.

The boundedness of B and K together with the Lipschitz
continuity of N imply that

ke�wtxcl(t)kX  Mkx0kX +MlN
Z t

0
ke�wsxcl(s)kX ds

+MkBkL (U ,X)kKkL (X ,U )

Z t

0
ke�wsxcl(s)kX ds

= Mkx0kX + h̃
Z t

0
ke�wsxcl(s)kX ds,

where h̃ := MlN + MkBkL (U ,X)kKkL (X ,U ). Then Gron-
wall’s inequality yields kxcl(t)kX  Me(w+h̃)tkx0kX , which
proves continuous dependence on X .

We shall now prove that considering a nonlinear operator
N such that N(·+ xe)� N(xe) is (Y,X)� and Y�Fréchet
differentiable at 0 entails that the solution of the controlled
system (6), xcl(t), is (Y,X)� and Y�Fréchet differentiable at
0, with the linear semigroup T cl(t) generated by the operator
A+dN(xe)+BK as Fréchet derivative.

Proposition 3.2: Under the assumptions that
K 2 L (X ,U ),B 2 L (U ,Y ) and that the nonlinear
operator N(· + xe) � N(xe) is (Y,X)� and Y�Fréchet

differentiable at 0, the nonlinear semigroup generated
by the operator A + N(· + xe) � N(xe) + BK is (Y,X)�
and Y�Fréchet differentiable at 0 with T cl(t) the linear
semigroup generated by A + dN(xe) + BK as Fréchet
derivative.

Proof: We shall prove the proposition for the
(Y,X)�Fréchet differentiability. Similar arguments lead to
the conclusion for the Y�Fréchet differentiability. First note
that the assumptions K 2L (X ,U ) and B 2L (U ,Y ) imply
that the solution of (6) depends continuously on the initial
condition at 0 on X and on Y (see Proposition 3.1). Hence
Assumption 2.2 is satisfied. Consequently the relation

lim
kx0kY!0

kN(xcl + xe)�N(xe)�dN(xe)xclkL•([0,t0];X)

kx0kX
= 0

(8)
is satisfied according to Lemma 2.1. Then observe that the
state trajectories of (6) and (7) are given by xcl(t) =

T (t)x0 +
Z t

0
T (t � s)[N(xcl(s)+ xe)�N(xe)+BKxcl(s)]ds

and

x cl(t) = T (t)x0 +
Z t

0
T (t � s)[dN(xe)x cl(s)+BKx cl(s)]ds,

respectively. As a consequence, ke�wt(xcl(t)�x cl(t))kX 

M
Z t

0
e�wskN(xcl(s)+ xe)�N(xe)�dN(xe)xcl(s)kX ds

+M
Z t

0
e�wskdN(xe)(xcl(s)�x cl(s))kX ds

+M
Z t

0
e�wskBK(xcl(s)�x cl(s))kX ds.

Using the boundedness of the Gâteaux derivative of N at xe

and the fact that BK 2 L (X), it follows that ke�wt(xcl(t)�
x cl(t))kX 

M
Z t

0
e�wskN(xcl(s)+ xe)�N(xe)�dN(xe)xcl(s)kX ds

+l
Z t

0
ke�ws(xcl(s)�x cl(s))kX ds,

where l :=M(kdN(xe)kL (X)+kBKkL (X)). Hence, by Gron-
wall’s lemma,

kxcl(t)�x cl(t)kX  Me(w+l )t k0

Z t

0
kR(xcl(s),xe)kX ds

where R(xcl ,xe) stands for N(xcl + xe)�N(xe)� dN(xe)xcl
and k0 := max{1,e�wt0}. Since (8) holds, the nonlinear
semigroup5 (Scl(t))t�0 is (Y,X)�Fréchet differentiable at 0
with (T cl(t))t�0 as Fréchet derivative.

This means that if the state feedback K, designed on the
linearized dynamics (7) stabilizes exponentially the latter
around 0, it also locally (exp.) stabilizes the nonlinear system
(6) around the equilibrium 0 (in the sense of Definition 2.2),
provided that the state feedback exponentially stabilizes the
linearized dynamics around 0 on Y , see Theorem 2.1 and
Assumption 2.4.

5We use the notation xcl(t) = Scl(t)x0 and x cl(t) = T cl(t)x0 for any t � 0
and x0 2 D(A)\De.
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IV. APPLICATION TO A CLASS OF
LQ-OPTIMALLY CONTROLLED SYSTEMS

In this section, we consider a class of single-input con-
trolled systems of the form (6) where X is supposed to be a
Hilbert space, the operators B and C are given by Bu = bu
for all u 2R, for some b 2Y and C 2 L (X ,R),C·= hc, ·iX ,
for some c 2 X . Hence the linearized system (7) reads

ẋ cl(t) = Ax cl(t)+dN(xe)x cl(t)+bKx cl(t),x cl(0) = x0, (9)

It is assumed that the pairs (A + dN(xe),B) and (C,A +
dN(xe)) are exponentially stabilizable6 and exponentially
detectable7, respectively. Moreover, it is assumed that the
operator A+dN(xe) is a Riesz-spectral operator. Hence, the
operator A+dN(xe) admits the spectral decomposition (A+
dN(xe))x cl = Â•

n=0 lnhx cl ,ynifn, where {ln}n2N is the set
of eigenvalues of the operator A+dN(xe), whose spectrum
is discrete and consists only of {ln}n2N. The Riesz basis
{fn}n2N and {yn}n2N are the corresponding eigenvectors
and the eigenvectors of the adjoint of A+dN(xe). The fn’s
and the yn’s are biorthonormal, i.e. hfn,ymi= dnm, see e.g
[4, Chapter 2].

On the eigenvalues of the operator A+dN(xe), we make
the following additional assumption that there exists 0 < k <
• such that

sup
m2N

{
•

Â
n=0

n6=m

1
|ln �lm|2

}= k. (10)

This entails that the condition inf
n,m2N,n6=m

|ln�lm|= µ,µ > 0,

is satisfied. Indeed, assume by contradiction that this does
not hold. Let us take any k 2N such that k  k2. Then there
exists lnk ,lmk such that |lnk � lmk |  1/k, which implies
that the sum of the series in (10) exceeds k2, leading to a
contradiction.

For the sake of simplicity, we shall denote A := A +
dN(xe) in what follows.

Now let us consider the following optimal control problem
for system (9). The goal here is to find a control law uo 2
L2([0,•);R) that minimizes the cost functional

J(x0,u) =
Z •

0
(|Cx cl(t)|2 + |u(t)|2)dt, (11)

whose solution is the state feedback uo(t) = Kox cl(t), where
Ko :=�B?Q with Q the unique positive self-adjoint solution
of the following operator Riccati equation A ?Q + QA +
C?C�QBB?Q = 0 on D(A ). For more details about the LQ-
optimal control problem for infinite-dimensional systems, see
for instance [3], [4] and references therein. Note that the
notation ⇤ stands for the adjoint operator where we consider
B 2 L (R,X),C 2 L (X ,R) and A : D(A )⇢ X ! X .

For the specific framework introduced in this section, the
general form of the state feedback Ko 2 L (X ,R) is given
by Kox cl := hko,x cli, for any x cl 2 X and some ko 2 X .

6By definition this means that there exists an operator K 2L (X ,R) such
that the operator A+dN(xe)+BK is the generator of an exponentially stable
C0�semigroup, see [4, Definition 5.2.1].

7See [4, Definition 5.2.1].

In order to prove that, once the optimal control law is com-
puted and then plugged in the nonlinear system (6), the cor-
responding nonlinear semigroup is (Y,X)� and Y�Fréchet
differentiable, we shall successively check that K0 2L (X ,R)
and that B 2L (R,Y ). Obviously, K0 2L (X ,R). In addition
observe that the linear operator B 2 L (R,Y ) since the
vector b 2 Y . Hence, by considering a nonlinear operator
N that satisfies the assumptions of Sections II and III, the
nonlinear semigroup generated by the controlled dynamics
(6) is (Y,X)� and Y�Fréchet differentiable at 0 with the
linear semigroup (T cl(t))t�0 generated by the dynamics of
(9), i.e. the operator A +bhko, ·i, as Fréchet derivative.

The last issue consists of analyzing when the state feed-
back Ko also exponentially stabilizes the linear semigroup
generated by A + bhko, ·i by considering Y�norms. Suffi-
cient conditions that solve this question are stated in the
next proposition.

Proposition 4.1: Let us consider the linear feedback gain
Ko, given by hko, ·i, that is obtained as the solution of
the optimal control problem (11). Let us denote {l o

n }n2N
the set of eigenvalues of the operator A + bhko, ·i with
corresponding eigenvectors {f o

n }n2N. The eigenvectors of the
adjoint operator of A + bhko, ·i are denoted by {yo

n}n2N.
Under the following assumption:

•

Â
n=0

kyo
nkXkf o

n kY

|Re(l o
n )|

< •, (12)

the feedback gain Ko exponentially stabilizes the dynamics
(9) around 0 on the space Y .

Proof: According to [12], [13], the closed-loop operator
A + bhk0, ·i is a Riesz-spectral operator since so is A and
since (10) holds true. Hence it has a discrete spectrum com-
posed of eigenvalues {l o

n }n2N only. Its eigenvectors {f o
n }n2N

together with the eigenvectors of its adjoint, {yo
n}n2N, are

biorthonormal Riesz basis of X , such that hf o
n ,yo

miX = dnm.
Observe that supn2N{Re(l o

n )} < 0 since the semigroup
generated by A +bhk0, ·i is exponentially stable on X . Take
x 0 2 D(A ). It holds that kx cl(t)kY =

k
•

Â
n=0

el o
n thx0,yo

n iX f o
n kY  s

•

Â
n=0

eRe(l o
n )tkyo

nkXkf o
n kYkx0kY .

It is stated in [2] that, if
Z •

0
kx cl(t)k

p
Y dt < • (13)

holds for some p 2 [1,•) and for any x0 2 D(A ), then the
state trajectory x cl(t) is exponentially stable when evaluated
with Y�norms. The condition (13) in this specific context
with p = 1 follows from
Z •

0
kx cl(t)kY dt  s

Z •

0

•

Â
n=0

eRe(l o
n )tkyo

nkXkf o
n kYkx0kY dt

= s
•

Â
n=0

kyo
nkXkf o

n kY

|Re(l o
n )|

kx0kY

and Assumption (12).
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V. EXAMPLE: A NONLINEAR DIFFUSION
EQUATION

In this section, we study an illustrative example of the
theory developed in the previous sections. Consider the
following nonlinear controlled partial differential equation
(PDE)

(
∂x
∂ t (t,z) =

∂ 2x
∂ z2 (t,z)+

p
x2(t,z)+1+b(z)u(t),

∂x
∂ z (t,0) = 0 = ∂x

∂ z (t,1),
(14)

where t � 0 and z 2 [0,1]. This system can be interpreted
as a (nonlinearly) perturbed heat equation with Neumann
boundary conditions. The objective here is to force system
(14), i.e. to design the control input u(t) in order to reach
exponentially fast a fixed reference profile r(z) that may
depend on the spatial variable z. Note that b(z) = 1[0,1](z),z2
[0,1] whose value is 1 for z 2 [0,1] and 0 elsewhere.

Let us fix the reference profile that should be tracked as
r(z) = 1[0,1](z). Obviously, it satisfies the boundary condi-
tions. Writing down the PDE (14) with x replaced by r
implies that 1[0,1](z)

p
2+ 1[0,1](z)u = 0, which means that

(r(z) = 1[0,1](z),u = �
p

2) consitutes an equilibrium pair
of (14). Now we define the deviation variables x (t,z) =
x(t,z)� 1[0,1](z) and ũ(t) = u(t) +

p
2. Then, system (14)

becomes
8
><

>:

∂x
∂ t (t,z) =

∂ 2x
∂ z2 (t,z)+

p
(x (t,z)+1)2 +1�1[0,1](z)

p
2

+b(z)ũ(t),
∂x
∂ z (t,0) = 0 = ∂x

∂ z (t,1).
(15)

Here we consider the Hilbert space of square integrable
functions X = L2(0,1) and the Banach space of continuous
functions Y = C(0,1). An abstract representation of (15) is
given by

ẋ (t) = Ax (t)+N(x (t))+bũ(t),x (0) = x0, (16)

where the linear operator A : D(A) ⇢ X ! X is defined
by Ax = d2x

dz2 for x 2 D(A) = {x 2 H2(0,1), dx
dz (0) = 0 =

dx
dz (1)} and the nonlinear operator N : X ! X is expressed
as N(x ) =

p
(x +1)2 +1�

p
2 where H2(0,1) denotes the

Sobolev space of L2(0,1)�functions whose first and second
order derivatives are also in L2(0,1). As the operator A with
domain D(A) is the generator of a C0�semigroup of bounded
linear operators and as the nonlinear operator N : X ! X is
uniformly Lipschitz continuous with L = 1 as least Lipschitz
constant, the homogeneous abstract differential equation (16)
possesses a unique mild solution on [0,•), see [11, Chapter
6, Theorem 1.2]. Moreover, if x0 2 D(A) the mild solution is
a classical solution. According to [8, Lecture 4], the linear
operator A defined on the domain {x 2C2(0,1), dx

dz (0) = 0 =
dx
dz (1)} is also the generator of a contraction C0�semigroup
since it is dissipative and (l I �A) is surjective for positive
l . Moreover, the nonlinear operator N is uniformly Lipschitz
continuous viewed as an operator from Y to Y , which allows
to conclude on the well-posedness of the nonlinear Cauchy
problem both on X and on Y .

Note that the nonlinear operator N is well-defined as an
operator from X into X or from Y into Y . Indeed, thanks to

the uniformly Lipschitz continuity of N on both spaces and
on the fact that f maps the origin into itself, one observes
that kN(x )kX  kxkX < • and kN(x )kY  kxkY < •.

Concerning the continuous dependence of the solution
x (t) on the initial condition at 0 on X and on Y , we refer
to [10, Lemma 5.1]. Indeed, as the initial conditions are
chosen in the domain of the linear operator we actually work
we classical solutions, i.e. solutions that are differentiable
in time. This implies continuity in time. Hence, continuous
dependence is proved.

We shall now focus on the nonlinear operator N in the
dynamics and its differentiability properties. Let us consider
the following lemma that characterizes the Gâteaux differen-
tiability of N.

Lemma 5.1: The nonlinear operator N : X ! X is Gâteaux
differentiable at 0. Its Gâteaux derivative is given by the
bounded linear operator dN(0) : X ! X defined as dN(0)h =

1p
2
h,h 2 X .

It can also be shown that dN(0) is the Gâteaux derivative
of N on Y . Obviously it satisfies dN(0) 2 L (X) and
dN(0) 2 L (Y ). The operator norm of dN(0) both on X and
Y is 1p

2
.

Before starting with the proof of the (Y,X)�Fréchet differ-
entiability of the nonlinear operator N, we shall motivate the
use of such an adapted concept by proving that the nonlinear
operator N introduced in (16) is not Fréchet differentiable on
X in the classical sense.

Proposition 5.1: The nonlinear operator N defined in (16)
is not Fréchet differentiable on the space X .

Proof: Let us consider the sequence {hn}n2N0 of
X�functions defined by hn(z)= 1

n 1[0,1� 1
n ]
(z)+1[1� 1

n ,1]
(z),z2

[0,1]. Now we fix n 2 N0. Obviously khnkX = n2+n�1
n3 ,

meaning that the X�norm of hn decreases to 0 as n tends to

•. Computing the quantity
k
p

(hn+1)2+1�
p

2� 1p
2

hnk2
X

khnk2
X

gives

n�1
2(n2 +n�1)

(
1p

4n2 +4n+2+2n+1
)2 +

n2(19�6
p

10)
2(n2 +n�1)

,

which goes to 19�6
p

10
2 when n tends to •.

In order to apply the results of Section III, consider the
following proposition.

Proposition 5.2: The nonlinear operator N defined in (16)
is (Y,X)�Fréchet differentiable by considering X = L2(0,1)
and Y =C(0,1) (equipped with the L•(0,1)�norm).

Proof: Let us take h 2 D(A). We have that

k
q

(h+1)2 +1�
p

2� 1p
2

hkX

= k ((h+1)2 �1)
p

2�h(
p

(h+1)2 +1+
p

2)
p

2(
p

(h+1)2 +1+
p

2)
kX

 k
p

2h2 +
p

2h�h
q
(h+1)2 +1kX


p

2khkY khkX +khkXk
2� (h+1)2 �1

p
2+

p
(h+1)2 +1

kY


p

2khkY khkX +khkXkhkY (2+khkY )
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Consequently, the following estimate

k
p
(h+1)2 +1�

p
2� 1p

2h
kX

khkX
 khkY (

p
2+2+khkY )

holds true. Taking the limit for khkY going to 0 yields the
conclusion.
Note that similar arguments lead to the Y�Fréchet
differentiability of the nonlinear operator N at 0 (hint: use
the fact that Y is a multiplicative algebra).

The Gâteaux linearization of system (15) around 0 reads
as follows:

8
<

:

∂x
∂ t (t,z) =

∂ 2x
∂ z2 (t,z)+ 1p

2
x (t,z)+1[0,1](z)ũ(t),

∂x
∂ z (t,0) = 0 = ∂x

∂ z (t,1).
(17)

The previous system may be written as the following ab-
stract Cauchy problem ẋ (t) = A x (t) + bũ(t),x (0) = x0,
where the (unbounded) linear operator A is given by A ·=
d2·
dz2 +

1p
2
· on D(A ) = D(A). The operator A generates a

C0�semigroup of linear operators both on X and on Y .
Moreover, the latter admits the Riesz-spectral decompo-
sition A · = Â•

n=0 lnh·,fnifn, where {ln}n2N = {�n2p2 +
1p
2
}n2N and {fn}n2N = {1[0,1](z)} [ {

p
2cos(npz)}n2N0 .

Since supn2N{ln}n2N = 1p
2
, the system (17) is obviously

unstable. We shall consider the optimal control problem for
(17) in which we seek ũ 2 L2([0,•);R) that minimizes the
cost functional

J(ũ,x0,•) =
Z •

0

⇣
|hc,x (t)iX |2 + ũ2(t)

⌘
dt, (18)

where c(·) = 1[0,1](·). First we check that the pairs (A ,b)
and (c,A ) are exponentially stabilizable and detectable,
respectively (this ensures that the optimal control problem is
well-posed), that is, hb(·),fn(·)iX 6= 0 and hc(·),fn(·)iX 6= 0
for all n such that ln � 0. The only eigenvalue that is positive
here is l0 =

1p
2

and the corresponding eigenfunction is given
by f0 = 1[0,1](z). It holds that h1[0,1](·),1[0,1](·)iX = 1. The
exponential detectability of the pair (c,A ) is also ensured
by using the same argument.

We shall now isolate the unstable part of the system. Due
to the parabolicity of the PDE (17), the solution x (t) admits
the following series expansion x (t,z) = Â•

n=1 an(t)fn(z),
where {an}n2N are time dependent functions. Plugging the
expansion of x (t,z) into (17) and then projecting the equation
on the basis of eigenfunctions {fn}n2N yields the following
dynamical system for the a 0

ns

ȧ0(t) =
1p
2

a0(t)+ ũ(t), ȧn(t) = (�n2p2 +
1p
2
)an(t),n � 1.

(19)
In what follows we shall focus on the unstable part of (19),
i.e. we shall design ũ such that a0(t) converges exponentially
fast to 0. For this we rewrite the cost functional (18) with
the spectral decomposition of x , i.e.

J(ũ,x0,•) =
Z •

0

�
y2(t)+ ũ2(t)

�
dt, (20)

where y(t) = a0(t). The optimal feedback that stabilizes
a0(t) and that minimizes the cost functional (20) is obtained
by solving the following Riccati equation

p
2Q+1�Q2 = 0,

whose solutions are obviously given by Q1 =
p

2+
p

6
2 and

Q2 =
p

2�
p

6
2 . Since the solution has to be positive, we shall

keep Q =
p

2+
p

6
2 as unique solution. The optimal gain k is

obtained as k =�Q. Then the optimal feedback ũ(t)= ka0(t)
is known to exponentially stabilize (19) and to minimize the
cost functional (20). Another way to see the optimal feedback
(as an operator acting on the whole state x ) is

ũ(t) = kh1[0,1](·),x (t, ·)iX = k
Z 1

0
x (t,z)dz. (21)

The linearized system (17) together with the optimal control
ũ (21) yields the following closed-loop system
8
<

:

∂x
∂ t (t,z) =

∂ 2x
∂ z2 (t,z)+ 1p

2
x (t,z)+ k1[0,1](z)

Z 1

0
x (t,z)dz,

∂x
∂ z (t,0) = 0 = ∂x

∂ z (t,1).
(22)

The corresponding abstract representation is given as
ẋ (t) = Ax (t),x (0) = x0 where the unbounded linear and

self-adjoint operator A· = d2·
dz2 + 1p

2
·+k1[0,1](z)

Z 1

0
·dz on

D(A) = D(A). Note that the operator A satisfies A = A +
k1[0,1](z)h1[0,1](z), ·iX . Since A is a Riesz-spectral operator,
the operator A is still a Riesz-spectral operator provided that
assumption (10) is satisfied for the operator A , see e.g. [12].
Observe that supm2N{Â•

n=0
n 6=m

1
|ln�lm|2

}<•. Indeed, for m2N,

•
Â
n=0
n6=m

1
|ln �lm|2

=
1

p4

•
Â
n=0
n 6=m

1
(m�n)2(m+n)2  1

p4

•
Â
n=1

1
n2 =

1
6p2 .

Then we conclude that the closed-loop operator A is a
Riesz-spectral operator of the form A·= Â•

n=0 l o
n h·,f o

n iX f o
n .

Due to previous considerations in the resolution of the
Riccati equation and the stabilization of (17), the closed-
loop eigenvalues {l o

n }n2N and eigenfunctions {f o
n }n2N

are given by {l o
n }n2N = {�

p
6

2 }[ {�n2p2 + 1p
2
}n2N0 and

{f o
n }n2N = {1[0,1](z)} [ {

p
2cos(npz)}n2N. Consequently

the closed-loop state trajectory solution of the sys-
tem (22) is given by the series expansion x (t,z) =
Â•

n=0 el o
n thx0(·),f o

n (·)iX f o
n (z) =: T (t)x0, where x0 is the ini-

tial condition given to the system and
�
T (t)

�
t�0 denotes the

C0�semigroup whose A is the infinitesimal generator. By
construction, (T (t))t�0 is exponentially stable on X . Let us
prove that it remains exponentially stable when evaluated
with Y�norms. According to [2], [11], it is exponentially
stable on Y if the convergence condition (13) holds (and
depends possibly on kx0kY ) for some 1  p < •. According
to Proposition 4.1, (13) with p = 1 is finite provided that the
series (12) converges. Observe that kf o

n kX = 1 and kf o
n kY =p

2. Consequently,
•

Â
n=0

kf o
n kXkf o

n kY

|Re(l o
n )|

=

p
2

|�
p

6
2 |

+
•

Â
n=1

p
2

|�n2p2 + 1p
2
|
,

hence the series (12) is convergent. This proves the expo-
nential stability of (T (t))t�0 on the space Y .
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Fig. 2. Closed-loop nonlinear state trajectory x(t,z).
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Fig. 3. X-norm of the closed-loop nonlinear state trajectory x(t,z)�
1[0,1](z).
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Fig. 4. Control input u(t) = ũ(t)�
p

2 = k
Z 1

0
(x(t,z)�1[0,1](z))dz�

p
2.

Let us consider the following concluding theorem that
makes the link between the stability of the linearized system
(22) with the tracking of the reference profile r(z) for the
nonlinear system (14).

Theorem 5.1: The optimal control law u(t) = ũ(t)�
p

2
stabilizes locally and exponentially the nonlinear system (14)
around the reference profile r(z) = 1[0,1](z), where ũ(t) is
given by the feedback law (21).

Proof: See above in this Section and Section IV.
We end up this Section with some numerical simulations
in order to show the efficiency of the proposed method.
We take x0(z) = 4z3 �6z2 +2 as initial condition. The state
trajectory of the nonlinear system (14) with the optimal
control u(t) = ũ(t)�

p
2 is depicted with its L2(0,1)�norm

in Figures 2 and 3, respectively. Exponential stability is
highlighted according to Theorem 5.1. In figure 4 the control
input u(t) = ũ(t)�

p
2 is shown. The asymptotic value �

p
2

is explained by the expression of u(t). Indeed |u(t)+
p

2|=
|k
R 1

0 x (t,z)dz|  |k| · kx (t, ·)kL1(0,1)  |k| · kx (t, ·)kX , which
tends to 0 exponentially fast as t goes to •.

VI. CONCLUSIONS AND FUTURE WORKS

In this paper it is shown how to locally stabilize an infinite-
dimensional nonlinear system around any of its equilibria.
The method that is proposed relies on the stabilization of

the linearized dynamics by linear feedback on two different
spaces. Then a new concept of Fréchet differentiability
has been introduced to conclude that, under boundedness
assumptions for the control operator, the linear feedback gain
locally stabilizes the nonlinear system around its equilibrium.
The main result is based on the continuous dependence of
the nonlinear semigroup at 0, on the two introduced spaces
and also on the adapted Fréchet differentiability conditions
that the nonlinear operator has to satisfy. A class of LQ-
optimally controlled systems has also been described, that
fulfills the required assumptions. We illustrated the theory
by an example for which numerical simulations have been
performed.

Further research could be the identification of other classes
of systems to which the new framework developed here
can be applied. As another perspective, the consideration of
other types of control inputs than state feedbacks interacting
with the concepts of Fréchet differentiability should be also
interesting to investigate.
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