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Abstract. Decision-Diagram-based Branch-and-Bound solves discrete
optimization problems by exploiting bounds provided by two types of
bounded-width decision diagram. The first is the restricted decision di-
agram obtained by discarding less promising states that provide primal
bounds. The second is the relaxed decision diagram obtained by state
merging that yields a dual bound. Their performance depends heavily on
the heuristic used to discard or merge nodes. While traditional methods
discard or merge nodes based on the cost, recent research suggests that
clustering nodes based on state similarity (e.g., via k-means) can help
produce tighter bounds. However, current clustering methods are diffi-
cult to apply to complex, non-vector states. We propose to use a more
general clustering framework that accepts user-defined distance metrics,
allowing it to be applied to any state definition and scales to very large
state spaces. We test this approach against standard cost-based strategies
on three distinct problems exhibiting different merge-function properties.
We additionally introduce a definition framework that characterizes these
properties. Our results show that, counter-intuitively, sophisticated clus-
tering does not always pay off, especially when the merge operator pro-
duces states that differ greatly from the originals. We provide a detailed
analysis explaining when clustering is beneficial versus when simple cost-
based strategies suffice, offering some guidelines for solver configuration.

Keywords: Decision Diagrams - Clustering - Branch-and-Bound - Gen-
eralized Hyperplan Partitioning - Discrete Optimization

1 Introduction

An elegant optimization framework called DDO, introduced in [4], solves dis-
crete optimization problems formulated as dynamic programs (DPs) through a
branch-and-bound (B&B) search enhanced with decision diagrams (DDs). At ev-
ery explored node, DDO compiles a DD to obtain both primal and dual bounds.
To prevent the combinatorial explosion inherent to exact DDs, their width is
bounded, producing limited DDs created by dropping or merging nodes accord-
ing to heuristics. Primal bounds come from restricted DDs [5], where nodes in
oversized layers are dropped, yielding a diagram that contains only a subset of the
feasible solutions of the exact DD. Dual bounds are obtained by merging nodes
via a problem-specific operator, which may introduce infeasible paths [1,7,3,26,9].
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The effectiveness of DDO strongly depends on the quality of these bounds and
the efficiency with which they are computed. The node selection heuristic for
merging or discarding is typically based on cost! as originally proposed in [4]
and reused in [12,9,17,18]. This Cost based strategy is both cheap to compute
and good at preserving promising paths from being discarded or merged. Re-
cently, Nafar et al. [23] reconsidered this default choice and showed that clus-
tering the nodes with k-means generally helps to produce tighter primal (resp.
dual) bounds for restricted (resp. relaxed) DDs than Cost when applied at the
root state. This paper is a follow-up work building on the Clustering strategy
and aims to answer two questions:

— The approach in [23] assumes that states admit a Euclidean embedding
(as in the multi-knapsack problem where the states are fixed-size vectors
of remaining capacities). Some problems have states with a more complex
structure (such as for the Maximum Coverage problem, where the state is
naturally defined as a set of varying cardinality). The first question is thus
whether the clustering approach of [23] can be generalized to richer state
representations than Euclidean spaces?

— The analysis in [23] only focuses on root DDs. But DDs compiled deeper
in the search space may exhibit different structures. A second question is
whether the Clustering strategy consistently outperform the Cost strategy
throughout the entire B&B search?

We answer the first question positively by introducing a new clustering method
for DD compilation, based on Generalized Hyperplane Partitioning [28] (GHP).
It supports clustering using a problem-specific state distance without requiring
a Euclidean vector representation and also greatly reduces the computation time
over the k-means clustering. If GHP is not a novel algorithm, to our knowledge,
it is the first time that it is applied to DDs.

To address the second question, we evaluate the method on three problems
with distinct state structures: the knapsack, the multidimensional knapsack, and
the maximum coverage problems. Results show that the benefit of Clustering
over Cost strategy is highly problem-dependent; we provide guidelines indicating
when it is likely to help based on the state and merge operator structure.

The paper is structured as follows. Section 2 introduces the optimization
problems and their DD formulations. Section 3 reviews the related work. Sec-
tion 4 presents the generalized hyperplane partitioning approach for DD layer
clustering. Section 5 reports experimental results and evaluates the different
strategies. We finally conclude in Section 6.

2 Background

A discrete optimization problem P is defined by a vector of variables z =
(xg,x1,...,2n_1) Where each variable x; takes its value in a finite domain D;.

! The total cost of the lightest path from the root to the node.
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Let D= Dy x Dy X ... x D,_1 denote the space of complete assignments. The
problem is subject to a collection of constraints C = {C4,...,C,,}, where each
constraint C; is defined by a pair (S;, R;) with S; C {0,...,n — 1} a subset of
variable indices and R; C []; jes; D; a relation specifying the allowed tuples of
values for the variables in S;. An as&gnment x € D satisfies constraint C; if the
projection of x on S; belongs to R;. A feasible solution of P is any assignment
x € D that satisfies all constraints in C. Let Sol(P) C D denote the set of feasible
solutions. The problem also includes an objective function f : D — R. The goal
of the problem is to find a feasible assignment = € Sol(P) that optimizes the
objective function. Here, we assume minimization without loss of generality.

Based on the divide-and-conquer strategy, dynamic programming (DP) was
introduced in [2] and used to solve discrete optimization problems. The problem
is decomposed into small and overlapping subproblems solved recursively. To
avoid multiple resolutions of the same subproblem, the intermediate results are
stored in a cache. A discrete optimization problem P can be formulated in the
DP formalism as a labeled transition system. It consists of:

— The control variables x; € D; used to specify the decision taken in the

domain D; with j = 0,...,n — 1 and n the number of variables of the
problem.

— The state space S contains partial assignments of the variables x. This space
is divided in n + 1 subset Sp, S1,. .., Sy, where S; contains the states where

exactly j variables among x are assigned. It also contains three special states:
the root state 7, the terminal state t and the infeasible state 0.

— The transition function t : S; x Dj — S;j41 that maps each state of S; and
a decision in Dj; to the corresponding state in Sjy;.

— The transition value function h : S; x D; — R that affects a value to each
transition.

The optimization problem P can then be defined by:

minimize f(z Z sl x;) (1)
j=

subject to s/ 7! = t(s7,2;),¥j =0,...,n — 1,z; € D, (2)

xEC,sJESj,j:O,...7n (3)

2.1 Decision Diagrams-Based Optimization

Solving an NP-hard optimization problem formulated as a labeled transition sys-
tem using only caching is likely to fail on difficult instances, because the cache
may grow exponentially and no bounding mechanism is available to prune states.
The B&B framework based on decision diagrams proposed in [4] answers these
two issues. In this framework, the search space of the labeled transition system is
explored using a classical B&B scheme in which the transition function serves as
the node generator. At each node, both primal and dual bounds are computed in
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a generic way by exploiting the structure of the labeled transition system. These
bounds are obtained by compiling it into two memory-bounded Decision Dia-
grams (DD): the Restricted DD and the Relaxed DD. The first one aims at find-
ing primal bounds, while the second aims at finding a dual bound for the node. A
search node is then fathomed whenever the dual bound is worse than the best so
far incumbent. For the sake of completeness, we briefly recall the main ingredients
on DD compilation from [4], adopting the same notation. A DD is a layered di-
rected acyclic graph B = (N, A, 0,1, v) where N is the set of nodes interconnected
by the set of arcs A. Each node u is mapped to a state o(u) by the function o.
The set of nodes N are partitioned as a collection of layers L = {Lo, L1, ..., L, },
where each layer usually corresponds to a decision on a variable (n is the num-
ber of decision variables in the DP model). The set of arcs A represents the
transitions between consecutive states and an arc a is labeled by the function [
which maps each arc a to a decision d i.e., [(a) = d and a value function v(a) as-
signs a cost to the corresponding transition. The layer L contains only the node
corresponding to the root state of the DP model, where L, contains only the
terminal nodes. The DD is compiled top-down, layer by layer, starting with L.

Algorithm 1: Compilation of a DD rooted at u; with a W width limit
11+ 0

2 L; «+ {up}

3 for j=iton—1do

4 if |L;| > W then

5 ‘ Restriction or relaxation of layer L; with W

6 Lj+1 — (Z)

7 forall u € L; do

8 forall d € D; do

9 create node u’ with o(u') = t;(o(u),d) or retrieve it from
Ljt

10 create arc a = (u 4 u') with v(a) = hj(o(u),d) and l(a) = d

11 add v’ to L;j41 and add a to A

12 merge nodes in L,, into terminal node wu;

Because the width limit W restricts the layer sizes, the minimum-cost path
in the resulting layered acyclic graph does not necessarily correspond to the
exact optimal solution to the problem. The restricted strategy is used to obtain
a primal bound, while the relaxed strategy is used to obtain a dual bound.

The Restricted DD compilation simply removes nodes from the current layer
together with their incoming arcs. If a root-to-terminal path remains in the
restricted DD, it can be used to compute a primal bound.

The Relazed DD compilation limits the width of a layer L; by merging nodes to
create a relazed state using a problem specific binary merge operator & : Sx.S —
S. The application of the operator also redirects all the arcs to the new node.
This operator should be such that no solution is removed (relaxation), although
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some infeasible solution might be introduced. Therefore, the shortest path on the
relaxed decision diagram allows one to obtain a dual bound on the optimal cost.
The infeasible state is absorbing for the merge operator, i.e., s@0=0Vs € S.

Cost-Based Heuristic The standard way to select the nodes that should be
merged/dropped (introduced in [4], then also used in [18,17,12,9]) is based on
their costs.The |L;| — W nodes with the worst costs are dropped or merged. This
heuristic has the advantages of being quick to compute and tending to preserve
the best paths. But merging so many nodes as a single state may introduce a
state that is quite different and much more relaxed from the others of the layer.
Also, being a very greedy strategy, it reduces diversity among the states kept,
which could be detrimental for the subsequent decisions at deeper layers.

Clustering-Based Heuristic To address the limitations of the cost-based heuris-
tic, [23| experimented with clustering the nodes based on their state similarity.
In a relaxed DD, for each cluster, all its nodes are merged together, while for
restricted DD, the best node of each cluster is selected based on its cost and
the other ones are dropped. The clustering algorithm used in [23] is k-means.
The drawback of this approach is that k-means requires the state to be of fixed
numerical dimensions in a Euclidean space.

In the rest of this paper, we denote by DDO Model the pair composed of the
DP formulation of a problem and a merge operator.

2.2 DDO Models Characterization

We attempt to classify the DDO model of optimization problems. This charac-
terization depends on the nontrivial states and the merge operator of the model.

Definition 1. A nontrivial state s is a state different from the root state, the
terminal state, and the infeasible state, i.e., s ¢ {7,t,0}.

Definition 2. Let M be a DDO model, S and @ be the state space and the
merge operator associated to M. A nontrivial state s € S is said to be strongly
preserved by @ if there is no nontrivial state s' € S such that s © s’ € {F,1}.
Conversely, a state s is said to be weakly preserved by & if it is not strong, i.e.,
there exist a state s' € S such as s ® s' € {#,1}

In this definition, the frequency with which the merge operator will bring the
merged states back to trivial states can be estimated for each model. These
frequencies can be grouped into three broad categories: never, often, and always.

Definition 3. A DDO model of an optimization problem is said to be

— state-preserving if all its nontrivial states are strongly preserved by its merge
operator, or

— slightly state-preserving if some of its nontrivial states are strongly preserved
by its merge operator while others are weakly preserved, or

— state-altering if all its nontrivial states are weakly preserved by its merge
operator.
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2.3 Problems of interest

We formalize DP models for three different discrete optimization problems se-
lected for covering the three situations of Definition 3.

The Knapsack Problem (KP) is defined by the given of n items, each item
J has a value v; and a weight w;. The goal is to select a subset of these to
maximize the total value without exceeding a capacity C. In DP formulation of
KP, the state is a positive integer that represents the remaining capacity:

— x; € {0,1} with j € {0,...,n — 1} is set to 1 when the j* item is taken

(s > wj) and 0 otherwise.

S; ={s|0 < s < C} where s is a positive integer representing the remaining

capacity. The root state # = C' is the state of initial capacity and the terminal

state is any state f = ¢ with ¢ < min{w; | 0 <14 < n}.

— If the remaining capacity of a state s does not allow including the j** item,
the transition is redirected to infeasible state 0.

s—w;-xjif s >wj-x;
" N ) ST W T = Wi T
(5,;) {0 otherwise.
— h(s,z;) = —v; - x; is the value added to the objective for each transition.

The operator used to merge states of this model is the maximum remaining
capacity of states, i.e., s § s’ = max(s, s’). This model of KP is state-preserving
because s® s’ =7 <= s=+For s =7

The Multidimensional Knapsack Problem (MKP) is a generalization
of the KP to multiple capacity constraints: n items and m dimensions of the
knapsack are given, each dimension with capacity bound (C1,...,C},). An item
J occupies a weight dimension wé in the knapsack for ¢ € {1,...,m} for a value
of v;. The goal is to select a subset of items whose sum of profits is maximized
so that all the capacity bound constraints hold simultaneously. The state in the
MKP is an m-tuple (cy, . . ., ¢;,) of positive integers that represents the remaining
capacity of each dimension of the knapsack.

— x; € {0,1} with j € {0,...,n — 1} is set to 1 when the j item is taken
(i > w; for all i € {1,...,m}) and 0 otherwise.

=85 = {(s1,-..,8m) | 0 < s < C; withi = 1,...,m} where s; is a posi-
tive integer representing the remaining capacity of the i*” dimension of the
knapsack where ¢ € {1,...,m}. The root state is # = (Cy,...,Cy,) and the

terminal state is any state £ = (c1,...,cpn) with ¢; < min{w? | 0 < j < n}
and i € {1,...,m}.
— If the remaining capacity of at least one dimension s; with ¢ € {1,...,m}

does not allow inclusion of the j** item, the transition is redirected to infea-
sible state O.

gslfwjl~:cj,...,smfw;»"oxj)ifsi2w§~iji€{1,...,m}

Hs, ;) = {O otherwise.
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— h(s,z;) = —v; - x; is the value added to the objective for each transition.

In this model, the operator used to merge states is the maximum remain-
ing capacity for each dimension, i.e., s ® s’ = (max(s1,s}),...,max(sm, sh,)).
Without loss of generality, we consider only two dimensions of capacity Cj
and Cs. A nontrivial state (c1,c2) with ¢; < Cy and ¢o < Csq is strongly pre-
served by @. However, any nontrivial state of the form (¢, Co) or (C1, c2) where
c1 < Cq or ¢ < Cy, is weakly preserved since (c1,Cq) ® (C1,c) = (C1,Cy) or
(C1,c2) @ (¢, C3) = (C1,Cs) for all ¢/ < Cy or ¢ < Cy. Thus, the DDO model
of MKP proposed in the paper is slightly state-preserving.

The Maximum Coverage Problem (MCP) is defined by giving a finite set
U of n elements, a finite collection of m subsets V' = {V;,...,V;,,} of U, and
an integer 1 < k£ < m. The goal is to find a sub-collection C' C V such that
|C| = k that maximizes the total number of elements covered by this subset. In
DP formulation, the states are simply the set of covered elements and the DD
has exactly k + 1 layers:

— z; € {1,...,m} where z; is the index of a subset that covers at least one
new element not present in the current state s, i.e., V, \ s # 0.

S; = 2V for j =0,...,k, 7 =0 and { is any state union of k subsets of V.
— t(s,x5) = sUV,,.

— h(s,xj) = —|Vy, \ s|, that is the new added elements to the state.

In this model states are merged by computing the intersection of their sets
of covered elements, i.e., s @ s’ = sNs’. For every nontrivial state s there exists
a state s’ such as s Ns’ = () = 7, hence this model is state-altering.

MCP can also be modeled as a BDD, where each layer corresponds to the
decision of selecting or discarding a particular set, containing exactly m + 1
layers. However, early results showed that the MDD formulation yields tighter
bounds despite its larger branching factor. In practice, k¥ < m, meaning that
the BDD is significantly deeper than the MDD. Hence, paths in the BDD tend
to accumulate more relaxation error, making them more susceptible to bound
deterioration.

Ezample 1. Consider an instance of the KP withn =5, C =12, v = (5,4, 3,6, 8)
and w = (3,5,6,4,5). The first four layers of exact DD (Figure 1a) and relaxed
cost DD (Figure 1b) for a maximum width of 3 are shown in Figure 1. Each
node represents a state, with transition costs assigned to the arcs. The bold
number near a node indicates the path length from the root to that node, while
the shortest path is highlighted by bold arrows. The value at a node and the
transition cost are negative, since the KP is a maximization problem and we
model it as a minimization one. Layer 2 of the exact DD (L = {4,9,7,12})
of Figure la is sorted according to the node cost. For a maximum width of 3,
nodes 7 and 12 are merged, and the resulting upper bound is 21. The clusters
obtained in layer 2 (Ly = {4,9,7,12}) of the exact DD of Figure la based on the
k-means are {{4},{9,7},{12}} resulting in the relaxed clustering DD (Figure



8 Alice Burlats ®, Roger Kameugne ®, Cristel Pelsser ®, and Pierre Schaus
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(a) Exact (b) Relaxed Cost (c) Relaxed Clust.

Fig. 1: Decision diagrams of the KP described in the Example 1. For the relaxed
DDs W = 3.

1c) of upper bound 19 after compilation. In this relaxed DD, the path # ~» i
of the minimal length is a feasible solution, since the merged states are exact,
which proves the optimality of the solution.

3 Related Work

Alternative node selection heuristics have been explored: in [16], the authors
break ties in cost-based merging using a distance metric. It improves on the
basic cost strategy but still relies on it, unlike the clustering-based approach we
evaluate. [22] merge nodes following their shared children in the next layer. In
[14] the Quadratic Knapsack is solved with a DD using Kruskal-based cluster-
ing with a distance metric, but layers may exceed the maximal width, unlike
the approaches we evaluate. Their results don’t isolate the merging strategy’s
impact. In [15] the authors select the merging heuristic to use on a layer based
on a lookahead of the next layers. Some other works also focused on alternatives
to compute dual bounds: in [19,20], the authors proposed the so-called Domain-
Independent Dynamic Programming paradigm to solve combinatorial optimiza-
tion problems by avoiding the need for domain-specific state merging but relying
on domain-specific lower-bound heuristics to guide the search using A* like algo-
rithms [19,20]. In contrast, traditional Decision Diagram Optimization (DDO)
methods [4] require explicit specification of state merging operators to construct
relaxations. In [17], the authors also include the possibility of domain-specific
lower-bounds. Some other related works have focused on enhancing bounds de-
rived from limited decision diagrams. In [27], the diagram is not compiled from
scratch at every node but rather refined incrementally to infer the dual bound
and save computation efforts. In [26] a local search framework is proposed to
strengthen the dual bound of the relaxed DD. In [6] a MIP model is proposed to
discover the provably tightest dual-bound from a relaxed DD. In [11] the authors
exploit an aggregate version of the problem to perform additional pruning in the
branch-and-bound and a node-selection heuristic to compile restricted DDs.
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4 Using Generalized Hyperplane Partitioning for DD

The k-means algorithm used by [23] requires mapping states to fixed-size coor-
dinate vectors so that it can compute new centroids with coordinate averaging
and also use the Euclidian distance metric to assign points to the centroids. We
propose to replace k-means to address two primary limitations: (i) Computa-
tional Cost: The overhead of k-means becomes significant as the number of state
increases. For combinatorial problems like the MCP, this cost is heavy, as re-
ported in the experimental section. (ii) Lack of Flexibility: The requirement for
vector representations and Euclidean distances is a limitation in generic solvers
such as [18,21] since this representation is not natural for problems with more
complex states such as sets for the MCP. Adapting set-based states to k-means
requires embedding them into fixed-size vectors over the entire universe, leading
to high-dimensional encodings and high Euclidean distance computation cost.
Instead, a general approach should support arbitrary, problem-specific metrics
(we refer to [13] for a set of metrics on sets). To meet these requirements, we
use the Generalized Hyperplane Partitioning (GHP) algorithm introduced in [28]
and improved in [8]. GHP is presented in Algorithm 2 in the context of DD. The
algorithm assumes |L;| > W. GHP starts from a single cluster containing all the
states of L;, and iteratively selects a cluster to split into two until the desired
number of clusters W is obtained. The distance metric used is denoted dist.
The set of clusters C' is stored as a priority queue sorted by decreasing cluster
diameter (denoted d(c)), so the most spread-out clusters are split first. When
a cluster ¢ is extracted from C (Line 3), the auxiliary function computePivots
(Line 5) identifies two states p; and py whose distance is ideally close to the
diameter of ¢ (dist(p1,p2) & 6(c)). The algorithm then partitions the states of
¢ into two subclusters according to their proximity to the pivot states (Line 7).

Algorithm 2: Generalized Hyperplane Partitioning
while |C| < W do
¢ < extractMax(C) // Pull the cluster of maximal diameter
C1,C < @
p1, P2 < computePivots(c)
for v € c do
if dist(p1,v) < dist(p2,v) then
‘ c1 + ¢ U{v}
else
‘ Cco —co U {’U}
11 C <+ CU{c1, e}
12 return C

© o N O U W N

[uny
o

The function computePivots in Algorithm 3 returns two states pi,ps such
that dist(p1,p2) =~ d(c). To optimize the computation speed, this is done in
three consecutive steps. First a state is randomly selected (Line 1). The first
pivot p; is the one farthest from it (Line 2). Finally, the second pivot py (Line 3)
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is one farthest from p;. Again, to speed up the computation, we use an approx-
imation of the diameter to prioritize the clusters in C. It is the largest distance
between the pivot and any state in the cluster. This incurs no additional com-
putational overhead, as it is done while executing the inner loop of Algorithm 2.

Algorithm 3: Compute Pivots

1 v < RandomSelect(c)

2 p1 < argmax{dist(u,v) | u € c}
3 po < arg max{dist(u,p1) | u € ¢}
4 return pp, po

If we denote by O(dist) the complexity used to compute the distance between
two states, then the complexity of Algorithm 3 is O(dist x |L;|). In Algorithm 2,
the inner loop calls the metric of S. The outer loop is repeated W times, thus W
extractions and 2W insertions are performed on the priority queue, each with a
O(log(W)) complexity. Therefore, the overall complexity of the Algorithm 2 is
O(W (log(W)+dist X | L;|+dist x |L;| +21log(W))) = O(W (log(W)+dist x |L;])).

e L% e

(b) (c)
Fig. 2: Example of the GHP procedure.

Figure 2 illustrates the different steps of the GHP function. The set C' cur-
rently contains two clusters (blue and orange), and the largest is pulled (Figure
2a). At the second step (Figure 2b), pivot states are computed and the last step
(Figure 2¢) splits the blue cluster into yellow and green clusters.

Ezample 2. Let us consider an instance of MCP with U = {0,1,2,3,4}, V =
{{0,2},{1,3},{3},{1,4}} and k = 3. Figure 3a illustrates the exact DD, the
relaxed Cost DD (Figures 3b) and the relaxed clustering DD (3c) for a maximum
width W = 2 of the instance. For GHP, the distance between two states is the
size of their symmetric difference, normalized by the size of the universe?. Merged
nodes have a double border. In the relaxed diagrams, several relaxed nodes are
trivial nodes regardless of the heuristic used for relaxation. This reflects the
state-altering nature of the DDO model for the MCP.

2d(A,B) = w, where A and B are two subsets of U
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(a) Exact (b) Relaxed Cost  (c) Relaxed Clust.

Fig. 3: Decision diagrams of the MCP described in Example 2. For the relaxed
DDs W = 2.

5 Experimental Evaluation

Here, we evaluate the behavior of clustering heuristics on the three problems of
interests KP, MKP, and MCP. We denote by GHP and KMEANS the clustering
approaches based on GHP and on k-means (as in [23]), respectively. Additionally
two heuristics are added. One is a generalization of CosT and GHP in which
«a - W nodes are selected according to their cost and the remaining nodes are
grouped into (1 — &) - W clusters using GHP with « € [0, 1]. It is denoted a-
HyYBRID. For KP and MCP, its bounds lie between CoST and GHP: shifting
toward COST as « is closer to 1, and toward GHP as « is closer to 0. But for
MKP 0.6-HYBRID shows better performances. For readability, we thus display
only the performances of 0.6-HYBRID. Finally, a baseline strategy, where W
nodes are randomly selected, denoted RANDOM, is also considered to evaluate if
an extreme diversification of the states retained in the DD is useful.

Regarding the metric applied to each problem: for KP and MKP, we use the
Euclidean distance, normalized by the maximum distance possible for the in-
stance, i.e., the distance from 7 to a state where all the remaining capacities are
null. For the MCP, we experimented with several distance metrics: the Jaccard
distance, the Dice distance [13] and the size of the symmetric difference, normal-
ized by the size of the universe. Preliminary results showed that the best bounds
were obtained with normalized symmetric difference. Concerning k-means on
MCP, states are represented with boolean vectors where the value at coordinate
i is 1 if 7 is covered in the state, 0 otherwise. For MKP, as done in [23], we add
the objective value associated with a node to the features considered by k-means.

Our experiments aim to answer the following questions, for which we already
provide synthetic answers based on the detailed results presented after:

Question 1 Does clustering help obtain tighter lower bounds in relaxed DD?
Answer: Yes for state-preserving models (e.g., KP), but not for state-altering
ones (e.g., MCP).

Question 2 Do GHP and KMEANS obtain the same bound quality and do they
execute at the same speed?

Answer: In terms of speed, there is no major difference with small branching



12 Alice Burlats ®, Roger Kameugne ®, Cristel Pelsser ®, and Pierre Schaus

factors (KP, MKP), but GHP is superior when the branching factor is large
(MCP). The bound quality is roughly the same with GHP and KMEANS.
Question 3 Does clustering help obtain tighter upper bounds in restricted DD?
Answer: Yes, for all three problems.
Question 4 Is clustering worthwhile in a complete B&B search despite its heav-
ier computational cost?
Answer: Yes for state-preserving models; but the performances observed
for the MCP suggest that for state-altering models the tradeoff is worthless,
as the performance gain obtained by the stronger pruning depends on the
bound quality. The root bound quality seems to be a good estimator of it.

We implemented the approach using an open-source Java version® of [18].
Our source code and instances are available on the same repository. All the ex-
periments were executed on an Intel Skylake 16-cores Xeon 6142 processor at 2.6
GHz with up to 192 GB of RAM®*. For the k-means algorithm, we use the imple-
mentation available in the SMILE library®. Concerning the maximum number
of iterations of k-means, we experimented with several values, but observed that
a high number of iterations increases runtime without significantly improving
bound quality. We thus set this limit to 5 in our experiments. We use the 100
KP instances from [24] with 200 items per instance and the 270 MKP instances
from [10]% with 100 items and 5 dimensions. For the MCP benchmark, 300 in-
stances of |U] € {100, 150,200} elements were generated following [25]. For all
problems, variables are sorted in lexicographical order.

5.1 Relaxed DD

Figure 4 compares, for the different heuristics, the average normalized bound
(wrt to the optimal solution) at the root node obtained with the relaxed DD
and the runtime used to compute it for different maximum width W (x-axis).

KP Both KMEANS and GHP allow obtaining significantly better bounds than
CosT. The quality of the bounds is similar for KMEANS and GHP. KMEANS
has a slightly higher execution time.

MKP The three strategies give very similar bounds’, but the ones offered by
the CoST are slightly better. Interestingly, the 0.6-HYBRID obtains the best
bounds among all strategies. In terms of runtime KMEANS is slightly slower.

3 Available at https://github.com/DDOLIB-CETIC-UCL/DDOLib

4 Computational resources have been provided by the Consortium des Equipements de
Calcul Intensif (CECI), funded by the Fonds de la Recherche Scientifique de Belgique
(F.R.S.-FNRS) under Grant No. 2.5020.11 and by the Walloon Region.

® https://github.com/haifengl/smile

5 Available at https://people.brunel.ac.uk/ mastjjb/jeb/orlib/mdmkpinfo.html

" These results differ slightly from those reported in [23], where KMEANS outperforms
CosT. When run on the same set of instances, our implementation produces com-
parable outcomes. However, as our instance pool is a superset of theirs, we believe
that our results provide a more comprehensive view of the heuristics’ performance.
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Fig. 4: Average bound quality and runtime versus the maximal width for Relaxed
DDs, depending on the heuristic.

Proportion of Avg State Avg Distance
Exact Nodes Degradation with Root
Min |Med |[Max ||[Min [Med |Max ||Min |Med |Max
Cost 0.05(0.51{0.98(|0.12 {0.24 |0.30 ||0.19 |0.51 |0.57
KP GHP 0.01 (0.01 |0.07 {|0.00|0.00(0.00{|0.45]0.63|0.80
Kmeans [|0.01 |0.01 |0.07 |{0.00{0.00{0.00(/0.43|0.63|0.80
Cost 0.20(0.48|0.77({0.19 |0.22 [0.25 ||0.44 [0.53 |0.60
MKP GHP 0.00 {0.01 {0.04 {|0.00(0.01|0.03{|0.46 |0.77 |0.92
Kmeans [[0.00 [0.01 |0.04 ||0.00|0.01{0.03|{0.56]0.83|0.94
Cost 0.13(0.31|0.98((0.13 |0.29 [0.45 ||0.11]0.24|0.39
MCP GHP 0.12 {0.21 |0.37 {|0.05 [{0.11 |0.18 ||0.01 |{0.04 |0.09
Kmeans [[0.08 [0.13 |0.24 ||0.03]|0.07{0.12{{0.02 [0.06 [0.12
Table 1: Statistics on exact node proportion, average state degradation, and
average root distance in relaxed DDs (max width 60), across problem instances.

Problem |Strategy

MCP The CosT strategy offers a significantly better bound than the clustering
approaches. KMEANS is much slower than GHP that keeps a runtime close
to CosT. KMEANS has a slightly better bound quality than GHP though.

To understand heuristic impact on relaxed DD, we measure, for each instance,
the proportion of exact nodes and the average degradation of each state defined
as its distance with respect to the result of the merge. When the node is exact,
its degradation is equal to 0. We also measure the average distance between
each state of the DD and the root state. By design, the merge operators for
the three problems produce states closer to the root state. Hence, a relaxed
DD with highly deteriorated states will contain states closer to the root state.
Table 1 shows statistics on the distribution across the different instances of these
measures, for relaxed DDs with a 60 maximal width.
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For KP and MKP, GHP and KMEANS greatly reduce state deterioration
compared to CosT. However, for MCP, the distance from the states to the root
is very small when clustering is used, which explains why the lower bounds are
weaker in this problem with clustering-based merge strategies.

5.2 Restricted DD

Figure 5 compares the average normalized primal bound obtained with restricted
DDs and the runtime, using the different heuristics on the benchmarks.

KP Using CLUSTERING significantly improves (near-optimal solutions found)
the primal bounds obtained with restricted DDs. Random selection (RANDOM)
performs worse, confirming that the extra cost of CLUSTERING is worthwhile.

MKP The gap between COST and CLUSTERING is smaller than in KP. However,
KMEANS and GHP return significantly better bounds than COST. In terms
of computational cost, KMEANS is more expensive than GHP and CosT.

MCP All heuristics return close to optimal solutions, except for RANDOM which
is the worst heuristic. KMEANS is notably more costly, while GHP and CosT
have similar performance.

Restriction Strategy
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Fig.5: Average bound quality and runtime versus the maximal width for Re-
stricted DDs, depending on the heuristic.

5.3 Complete Branch-and-Bound

Figure 6 compares the different heuristics on a complete B&B search. A time
limit of 5 minutes is set per instance, and the maximum width is fixed at W = 60
for both relaxed and restricted DDs. The cumulative number of instances solved
over time (x-axis) is reported for the KP, and for MKP and MCP it shows the
number of instances solved with an optimality gap below the threshold (x-axis)
at the timeout, as these problems are mostly not solved optimally.
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KP The heuristic used for the restricted DD has a strong impact on the run-
time. Using CLUSTERING significantly reduces runtime compared to COST.
Overall, the best configuration is GHP for both relaxed and restricted DDs,
as it improves bounds at the root and reduces solution time.

MKP All configurations show similar performances. Only the heuristic used
for the restricted DD affects performance slightly, with COST being slightly
disadvantaged and CLUSTERING slightly reducing the optimality gap. The
relaxed DD heuristic has minimal impact.

MCP All heuristics produce near-optimal bounds for the restricted DD, so the
choice of restricted DD heuristic has little effect on performance. The relaxed
DD heuristic affects performance slightly, with CosT giving the best bound
and slightly improving overall performance compared to GHP or KMEANS.

Relaxation Strategy - Restriction Strategy
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Fig. 6: Number of instances solved by each configuration for the three different
problems with respect to the runtime or the optimality gap.

6 Conclusion

We proposed using the Generalized Hyperplane Partitioning (GHP) as a faster,
more flexible alternative to k-means proposed in [23] for clustering states in
bounded-width decision diagrams (DD). It is particularly efficient for problems
with high branching factors (typically MDD rather than BDD). We also studied
the impact of using clustering as a heuristic for node selection when computing
bounded-width DDs. We observed that for Restricted DDs (primal bounds), it
offers tighter bounds than cost-based methods. However, for Relaxed DDs (dual
bounds), its success is tied to the merge operator: clustering outperforms cost-
based methods on Knapsack, a state-preserving model, but underperforms on
Maximum Coverage, a state-altering model, where merging strongly dilutes the
bounds. We thus recommend clustering for primal bounds, and for dual bounds
only when merging preserves states well; otherwise, the cost-based heuristic of
[4] is preferable. In future work, we intend to evaluate additional models across

each problem class to strengthen our conclusions.
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