-
s

& AN
- -
o~
-

Barbara Vantagg# Glullanella Coletti -
Thierry Denoeux - Anne Laurent -

.

Dade
/Jsﬁs‘medma Bernadette Bouchon Meumer
Ronald R. Yager (Eds)

Communications in Computer and Information Science 3020

\

21st International Conference, IPMU 2026
Rome, Italy, June 15-19, 2026
Proceedings, Part I

@ Springer



Communications
in Computer and Information Science 3020

Editorial Board Members

Gang Li®, School of Information Technology, Deakin University, Burwood, VIC,
Australia

Joaquim Filipe @, Polytechnic Institute of Setiibal, Setiibal, Portugal

Zhiwei Xu, Chinese Academy of Sciences, Beijing, China



Rationale

The CCIS series is devoted to the publication of proceedings of computer science con-
ferences. Its aim is to efficiently disseminate original research results in informatics
in printed and electronic form. While the focus is on publication of peer-reviewed full
papers presenting mature work, inclusion of reviewed short papers reporting on work in
progress is welcome, too. Besides globally relevant meetings with internationally repre-
sentative program committees guaranteeing a strict peer-reviewing and paper selection
process, conferences run by societies or of high regional or national relevance are also
considered for publication.

Topics

The topical scope of CCIS spans the entire spectrum of informatics ranging from foun-
dational topics in the theory of computing to information and communications science
and technology and a broad variety of interdisciplinary application fields.

Information for Volume Editors and Authors

Publication in CCIS is free of charge. No royalties are paid, however, we offer registered
conference participants temporary free access to the online version of the conference
proceedings on SpringerLink (http://link.springer.com) by means of an http referrer from
the conference website and/or a number of complimentary printed copies, as specified
in the official acceptance email of the event.

CCIS proceedings can be published in time for distribution at conferences or as post-
proceedings, and delivered in the form of printed books and/or electronically as USBs
and/or e-content licenses for accessing proceedings at SpringerLink. Furthermore, CCIS
proceedings are included in the CCIS electronic book series hosted in the SpringerLink
digital library at http://link.springer.com/bookseries/7899. Conferences publishing in
CCIS are allowed to use our online conference service (Meteor) for managing the whole
proceedings lifecycle (from submission and reviewing to preparing for publication) free
of charge.

Publication process

The language of publication is exclusively English. Authors publishing in CCIS have
to sign the Springer CCIS copyright transfer form, however, they are free to use their
material published in CCIS for substantially changed, more elaborate subsequent publi-
cations elsewhere. For the preparation of the camera-ready papers/files, authors have to
strictly adhere to the Springer CCIS Authors’ Instructions and are strongly encouraged
to use the CCIS LaTeX style files or templates.

Abstracting/Indexing

CCIS is abstracted/indexed in DBLP, Google Scholar, EI-Compendex, Mathematical
Reviews, SCImago, Scopus. CCIS volumes are also submitted for the inclusion in ISIT
Proceedings.

How to start

To start the evaluation of your proposal for inclusion in the CCIS series, please send an
e-mail to ccis@springer.com



Barbara Vantaggi - Giulianella Coletti -
Thierry Denoeux - Anne Laurent -
Davide Petturiti - Enrique Miranda -
Jesus Medina - Bernadette Bouchon-Meunier -
Ronald R. Yager
Editors

Information Processing

and Management of
Uncertainty in
Knowledge-Based Systems
21st International Conference, IPMU 2026

Rome, Italy, June 15-19, 2026
Proceedings, Part II

@ Springer



Editors

Barbara Vantaggi

Sapienza University of Rome
Rome, Italy

Thierry Denoeux
Université de Technologie de Compiegne
Compiegne, France

Davide Petturiti
Sapienza University of Rome
Rome, Italy

Jesis Medina
University of Cadiz
Cédiz, Spain

Giulianella Coletti
University of Perugia
Perugia, Italy

Anne Laurent
LIRMM Université de Montpellier
Montpellier, France

Enrique Miranda
University of Oviedo
Oviedo, Spain

Bernadette Bouchon-Meunier
Sorbonne Université
Paris, Ardennes, France

Ronald R. Yager
Iona College
New Rochelle, NY, USA

ISSN 1865-0929 ISSN 1865-0937 (electronic)
Communications in Computer and Information Science

ISBN 978-3-032-28996-4 ISBN 978-3-032-28997-1 (eBook)
https://doi.org/10.1007/978-3-032-28997-1

© The Editor(s) (if applicable) and The Author(s), under exclusive license
to Springer Nature Switzerland AG 2026

This work is subject to copyright. All rights are solely and exclusively licensed by the Publisher, whether
the whole or part of the material is concerned, specifically the rights of translation, reprinting, reuse of
illustrations, recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the
editors give a warranty, expressed or implied, with respect to the material contained herein or for any errors
or omissions that may have been made. The publisher remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Switzerland AG
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

If disposing of this product, please recycle the paper.



)

Check for
updates

Ideally Exact Categories, Varieties
of Universal Algebras and Multi-valued
Logics

1,2(=) 1,3

Manuel Mancini and Federica Piazza

! Dipartimento di Matematica e Informatica, Universita degli Studi di Palermo,
via Archirafi 34, 90123 Palermo, Italy
{manuel.mancini,federica.piazza07}Qunipa.it
2 Institut de Recherche en Mathématique et Physique, Université catholique de
Louvain, chemin du cyclotron 2 bte L.7.01.02, B-1348 Louvain-la-Neuve, Belgium
manuel.mancini@uclouvain.be
3 Dipartimento di Scienze Matematiche e Informatiche, Scienze Fisiche e Scienze
della Terra, Universita degli Studi di Messina, viale Ferdinando Stagno d’Alcontres
31, 98166 Messina, Italy
federica.piazzal@studenti.unime.it

Abstract. We study the notions of coherent and ideal actions in the
setting of ideally exact varieties of universal algebras. We prove that,
if V is a semi-abelian variety and U is obtained from V by freely adding
nullary operations together with suitable identities, then the ideally exact
context determined by the associated free—forgetful monadic adjunction
with cartesian unit has a good theory of actions if and only if a com-
patibility condition between coherent actions and the added identities is
satisfied. Our setting applies in particular to certain categories of interest
in algebraic logic, including MV-algebras and product algebras.

Keywords: Ideally exact category * Universal algebra - Internal
action - Multi-valued logic - MV-algebra - Product algebra - Hoop

1 Introduction

The notion of internal action was developed by D. Bourn and G. Janelidze in [§],
and later systematized by F. Borceux, G. Janelidze and G. M. Kelly in [6], with
the goal of extending the correspondence between actions and split extensions
from the setting of groups to more general semi-abelian categories [24]. In [8],
the authors proved that in any semi-abelian category C, every split epimorphism
P
A ? B

gives rise to a Bb(—)-algebra (X,¢) for a suitable monad Bb(—): C — C,
where X is given by a kernel k: X — A of p, and £: BbX — X is a morphism
of C which is called internal action of B on X.

© The Author(s), under exclusive license to Springer Nature Switzerland AG 2026
B. Vantaggi et al. (Eds.): IPMU 2026, CCIS 3020, pp. 262-276, 2026.
https://doi.org/10.1007/978-3-032-28997-1_19
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When the category is not pointed, the general theory introduced in [8] only
allows us to describe split epimorphisms over B in terms of split epimorphisms
over another object E, whenever there exists a morphism F — B.

Nevertheless, in various non-pointed algebraic settings, alternative notions of
external action have long been available—for instance in the context of unital
algebras and unital rings [27]. These typically arise by adding suitable axioms
to the usual definition of action valid in a pointed—and, hence, semi-abelian—
context (see, for instance, [31] where external actions of Orzech categories of
interest are studied).

To partially overcome this gap, the authors of [28] defined the notions of
coherent action and of ideal action in the context of ideally eract categories,
a concept due to G. Janelidze [23] that extends semi-abelian categories and
includes important non-pointed examples such as the categories Ring and CRing
of (commutative) unital rings. From an algebraic point of view, coherent actions
generalise unital actions of rings, where the unit element is required to act like
a unit, while ideal actions capture the familiar situation of a unital ring acting
on an ideal. It was also proved in [28] that every ideal action is coherent, and
that the converse statement holds in some relevant ideally exact contexts, which
are called BAT (see Definition 6). Examples of BAT ideally exact contexts are
given by unital non-associative F-algebras or rings, and Set°”, the dual of the
category of sets.

The aim of this manuscript is to study a class of ideally exact contexts
within the framework of varieties of universal algebras. We characterize the
conditions under which an ideally exact context arising from a free—forgetful
monadic adjunction with cartesian unit

Uu——V, (1)

where V is a semi-abelian variety, U is an ideally exact variety obtained from V by
freely adding a set of nullary operations together with a certain set of identities,
has a good theory of actions.

This setting encompasses certain categories of interest in the study of multi-
valued logics (see [12] and [19]), including MV-algebras and product algebras,
which form the algebraic semantics for infinite-valued Lukasiewicz logic (see [11,
16] and [26]) and product logic (see [2,15] and [22]), respectively.

We end the manuscript with some open questions and future directions, with
a focus on the ideally exact contexts determined by the variety of Gédel alge-
bras and BL-algebras [4], whose associated propositional calculi are, respectively,
Gédel logic and basic logic (see [13] and [21]).

2 Preliminaries

Let C be a category with pullbacks, with initial object I¢c and terminal object T¢.
For any object X of C, we denote by ¢x the unique map Ic — X, and by 7x
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the unique map X — T¢. When the category is pointed, i.e., when the unique
map Ic — Tc is an isomorphism, we denote the initial/terminal object with Oc.
We recall that the adjunction associated with the unique morphism I¢ —
TC is
F
T

C=(C | Te) — (C L o), (2)

where (C | Ic) and (C | T¢) denote, respectively, the slice categories over the
objects Ic and T¢, U is the functor defined by pulling back along Ic — T¢ the
object 7x: X — Tc of (C | T¢), and F is its left adjoint.

Remark 1. Let
F

T~
C——D (3)

be an adjunction between categories with pullbacks, and assume that D is
pointed. Then, the unit of the adjunction n: 1p = UF, where UFF = U o F, is
cartesian if and only if, for any object X of D, the map nx: X — UF(X) defines
a kernel of UF(7x): UF(X) — UF(0p), see [23, Remark 2.6]. Equivalently, the
following square is a pullback:

This happens, for instance, when D = (C | I¢) and 3 coincides with (2).

2.1 Ideally Exact Categories

We now recall the definition of ideally exact category, which was introduced by
G. Janelidze in [23] as a non-pointed counterpart of semi-abelian categories.

Definition 1. [23] A category U is ideally exact if it is Barr exact, Bourn
protomodular, has finite coproducts, and the unique morphism Iy — Ty in U is
a regular eptmorphism.

Examples of ideally exact categories are all semi-abelian categories, the cate-
gories of unital and commutative unital rings, every category of unital F-algebras
(see [9] and [18]), any cotopos, and all non-trivial protomodular varieties of uni-
versal algebras. The latter encompass some categories of particular relevance in
algebraic logic, such as the varieties of BL-algebras [21], M'V-algebras [10], Géidel
algebras and product algebras [15].

Since the pullback functor U — (U | Iy) along the regular epimorphism
Iy — Ty is monadic, ideal exactness can be expressed in terms of adjoint pairs.

Theorem 1. [23] Let U be a category with pullbacks. The following conditions
are equivalent:
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1. U is ideally exact.

2. U is Barr-ezxact, has finite coproducts and there exists a monadic functor
U — V, where V is a semi-abelian category.

3. There exists a monadic functor U — V, where V is a semi-abelian category,
such that the underlying functor of the corresponding monad preserves reqular
epimorphisms and kernel pairs.

Remark 2. Let U be an ideally exact category. It follows from Theorem 1 that
there exists a monadic adjunction

—
Uu——YV
U

where V is a semi-abelian category. This adjunction is associated with the unique
morphism Iy — Ty (up to an equivalence) if and only if its unit is cartesian.

Of course the monadic adjunction associated to Iy — Ty is always there:
indeed, one may take V = (U | Iy) with U and F defined in the obvious way.
However, this construction is not always the most natural choice. In particular,
if U is already semi-abelian, it may be preferable to take V = U.

Ezxample 1. Let U = MVAlg be the category of MV-algebras, which has the
two-element Boolean algebra Lo = {0,1} as initial object, and the trivial MV-
algebra {1} as terminal one. Then a monadic adjunction as in Remark 2 is given
by

i
MVAlg — WHoops, (4)

where WHoops is the semi-abelian category of Wajsberg hoops [3], U is the
functor that forgets the bottom element 0', and the functor M, which is called
the MV-closure in [1], maps every Wajsberg hoops H = (H, -, —, 1) to the MV-
algebra

M(H)=(H x {0,1},-,—,0,1),

where 0 := (1,0), 1 := (1, 1),

(a-b,1), ifi=j=1,
.le =
(ari) - (b g) =4 @7 00 fi=1,5=0,
(b — a,0), ifi=0, j=1,
((a — (a-b)) — b,0), ifi=j=0.
and
(a —b,1), ifi=j=1,
(@) = (g = {100 P
’ ’ ((a—(a-b)) —=b1), ifi=0,j=1,
(b—a,l), ifi=j=0.

! Tt was proved in [14] that the class of MV-algebras is term equivalent to the class of
Wagjsberg algebras [17], i.e., Wajsberg hoops with a bottom element 0 satisfying the
identity 0 — a = 1.
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The unit 1: IwHoops = UM of the adjunction M - U is cartesian. In fact, for
any Wajsberg hoop H, the homomorphism

ng: H—>UM(H): x+— (z,1)
defines the kernel of
UM(7g): UM(H) — U(L2): (x,i) — i.

Thus, by Remark 2, the adjunction (4) is, up to an equivalence, the adjunction
associated with the unique morphism Ly — {1} in MVAlg.

Definition 2. [28] Let U be an ideally exact category, let V be a semi-abelian

category and let
F

l/l\
U-——V (5)

be a monadic adjunction with cartesian unit. We refer to such a situation as
an ideally exact context.

2.2 Coherent and Ideal Actions

In this section, we recall the definitions of coherent internal action and ideal
internal action, which were introduced in [28] in order to generalise different
aspects of unital actions of rings and algebras.

Definition 3. [28] Given an ideally exact context (5), let B be an object of U
and let X be an object of V. A relative U-action of B on X is an internal
action &: U(B)pX — X in V.

Definition 4. [28] Given an ideally exact context (5), let B be an object of U.
(i) A split epimorphism
A== U(B) (6)
in V is ideal, if there exist a split epimorphism
==Y

—

S

in U and an isomorphism o: U(A") — A such that the following diagram
inV

U4 i A
S A

18 commutative.
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(i) A morphism

A h Ay

'\51 P2
P1 So

between ideal split epimorphisms over U(B) is an ideal morphism if there
exists a morphism

Al \\—/'

between the corresponding split epimorphisms over B such that U(h') = h.

Remark 3. Given an ideal split epimorphism (6), the object U(B) acts on the
domain of the relative U-ideal k: X — U(A’) (see [25]), where (X, k) is a kernel
of U(p').

Definition 5. Let {: U(B)pX — X be a relative U-action. We say that:

(i) € is a coherent action if {o (U(tp)bidx) = &o, where &: UF(0c)pX — X is
the relative U-action associated with the canonical split epimorphism

UF(Tx)

UF(X) " UF(0y).
UF(Lx)

(i) € is an ideal action if the corresponding split epimorphism
P
A ? U(B)
is ideal.

(iii) A morphism between ideal actions is ideal if the corresponding morphism
between the corresponding ideal split epimorphisms is ideal.

In the language of split epimorphisms, we say that
P
A 4><s U(B)
is a coherent split epimorphism if it comes from a coherent relative U-action.

We now recall the following lemma, which allows us to relate coherent actions
and split extensions.

Lemma 1. [28] Let £&: U(B)X — X be a relative U-action, and let

A== U(B)
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be the split epimorphism associated with £&. Then, £ is coherent if and only if
there exists a morphism f: UF(X) — A in V such that the following diagram

is a morphism of split extensions. Furthermore, the square on the right is a split
pullback.

It was proved in [28, Theorem 4.11] that every ideal action is coherent. At the
moment, the problem of whether the converse of this statement holds in general
remains open. We thus recall the following definition.

Definition 6. [28] An ideally exact context (5) has a good theory of actions
(or, it is BAT?, for short) if all coherent actions are ideal, and all morphisms
of such actions are ideal.

In the next section, we characterize a class of BAT ideally exact contexts
within the framework of varieties of universal algebras. This class encompasses,
among others, some categories of interest in algebraic logic, including the vari-
eties of MV-algebras and product algebras.

3 Ideally Exact Varieties of Algebras

Let U (resp. V) be a non-trivial variety of universal algebras with signature X
(resp. Xv) defined by a set Zy (resp. Zv) of identities. Moreover, we require V
to be semi-abelian with a unique constant 0, Xy C Xy, Zy C Zy and Xy \ Xy
to be a set of nullary operations, that can be interpreted as constants of the
variety. We denote by I' := Iy \ Oy = Iy \ Ty the set of constants in U which do
not belong to V, and by U: U — V the functor which forgets all the constants
in I" as well as all the identities in Zy \ Zy, i.e., all the identities involving such
constants. Furthermore, for any object A of U and for any ¢ € I', we denote
by ¢ the interpretation of the constant ¢ in A.

Remark 4. The forgetful functor U is a faithful conservative right adjoint to the
functor F': V. — U which freely adds the constants of I'. Thus, we have the
free-forgetful adjunction

F

KI\
U——V, (7)

which is the adjunction associated with the unique morphism Iy — Ty if and
only if the unit n: 1y = UF is cartesian.

2 The acronym BAT is inspired by the notion of BIT-variety, where BIT stands for
Buona (good, in Italian) Ideal Theory, introduced by A. Ursini in [33]. Analogously,
BAT stands for Buona Action Theory.
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From now on, we suppose that the unit of the free-forgetful adjunction (7)
is cartesian.
We recall from [7] that, if U is a protomodular variety, then there exists n

O-ary terms c¢i,...,C,, n binary terms ai,...,q,, and an (n + 1)-ary term 6
such that
ai(z,z) = ¢ (8)
and
O(en(z,y), aa(z,y), ..., (2, y),y) = z. (9)

We further recall that a protomodular variety U is called classically ideal
determined [32] when it satisfies the conditions (8) and (9), with all the O-ary
terms ¢; equal to the unique constant 0 of V.

Remark 5. [23] Since it is a right adjoint, U reflects protomodularity. In partic-
ular; U is a classically ideal determined and protomodular variety, and therefore
an ideally exact category.

Proposition 1. Let U be a classically ideal determined variety, and let s,t be
terms of Xy. Then, the identity s =t holds in U if and only if a;(s,t) = 0, for
anyt=1,...,n.
Proof. Suppose that s = t. Then,
a;(s,t) = a;(t,t) =0

for any i = 1,...,n. Conversely, if a;(s,t) =0 for any i = 1,...,n, then

s=0(ai(s,t),...,an(s,t),t) =0(0,...,0,t) =t.
It follows that any identity s = ¢ in Zy \ Zv, where

s=s(a,...,ap,,C1,...,¢q,), t=1t(b1,...,bp,,d1,...,dg,)

and ci,...,¢q,,d1,...dg, € I', may be written as
w(ar, ..., ap,€1,...,¢4) =0,
where w is a term and ¢y,...,¢4 € 1.
Remark 6. Let w(aq,...,ap,c1,...,¢) = 0be an identity in Zy\ Zy and consider

a split epimorphism

A== U(B).

Then w(al,...,ap,s(cf;),...,s(ch)) € Kerp, for any as,...,a, € A. Indeed,

one has

p(ars. - ap5(cB), ..., 5(cE)) = w(p(ar), . play), p((B)), .., p(5(cB)))
= w(p(al), .. ap(a/p)7clB7 7ch) = OB
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We now determine the conditions under which the converse of [28, Theorem
4.11] holds in the ideally exact context (7); namely, we seek to identify when a
coherent relative U-action is in fact ideal.

Theorem 2. Consider the ideally exact context (7), and let
& UBPX - X

be a coherent relative U-action with associated split epimorphism

A== U(B). (10)
Then, & is an ideal action if and only if
wA:w(wA,...,wA,s(cf;),...,s(ch)), (11)
for every identity w = 0 in Zy \ Zv, and for every ai,...,a, € A, where wa
denotes the element w(as,. .., ap,s(cf),...,s(cl)) € A.

Proof. If £ is an ideal action, then its associated split epimorphism is of the form

U(p)
U(A) %’ U(B).
U(s
Hence, for any identity w = 0 in Zy \ Zy, one has

wAzw(al,...,ap,s(cf),...,s(cf)) =04

for any a1, ...,a, € A, since s(c?) = ¢*. Thus, (11) holds.
Conversely, suppose that (11) holds. By Lemma 1, there exists a morphism
f: UF(X)— Ain V such that the diagram

nx UF(1x)
X — UF(X) —— UF(0y)

| UF(LX)
H fi lU(LB)
M P
X —A ? U(B)
is commutative, where X = Kerp = {a € A | p(a) = 08} and k denote the
canonical inclusion.
In order to prove that £ is an ideal action, we need to check that wy = 04,

for any identity w =0 in Zy \ Zv, and for any ay,...,a, € A.
By Remark 6, one has that wsq € X. Hence

04 = F(OVFO) = flwnx(@a)s .- mx (wa), e T ., cIFXy)

= fwnx @a)y- -y nx(@a), UF (ex) (7)Y, UF(ux ) (VO

= w(fx @), Fx @), FUFax)(e "), o U F () (€] O))
(k(wa), .., k(wa),s(U(tp)(c UF(0v))),.,,,S(U(LB)(CZJF(Ov))))
(
(

|
S

wa, ... ,wa, 8(c B) ~~75(Cf))

ai, . ap,s(cf),...,s(cf)):wA.

€ &
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Therefore, A is an object of U, ¢ = s(c?) for any constant ¢ € I', and (10) is a
split epimorphism in the ideally exact variety U since

ple) = p(s(c?)) = (pos)(c?) = .
Thus, the internal action £ is ideal.

Remark 7. We observe that the condition (11) is not too restrictive, since, for
instance, it holds in any variety of hoops (see [5] and [29]). Consider the ideally

exact context
M

DN
MVAlg — WHoops,

where we recall that MV-algebras may be described in terms of Wajsberg alge-

bras. In this case, 1 is the unique constant of the semi-abelian variety WHoops,
I' = Ly \ {1} = {0}, and the unique identity which involves the constant 0
is w(a,0) = 1, where w(a,0) = 0 — a. Thus, for any split epimorphism (10),
one has

for any a € A, since the identity a — (b — ¢) = (a - b) — ¢ holds in any hoop.

We can now state the following characterization, whose proof is a direct
consequence of Theorem 2.

Theorem 3. Consider the ideally exact context (7) and suppose that (11) holds
in V, for any coherent split epimorphism (10) and for any identity w = 0 in Zy\
Zy. Then, a relative U-action

€ UBHX — X

with associated split epimorphism
P
A—U(B)
S

is coherent if and only if A is an object of U with ¢* = s(cB) for any c € T,
and w(ay, ... ap,s(cf),...,s(cl)) =04 for any identity w = 0 in Zy \ Zy, and
for any ai,...,a, € A.

Furthermore, we can conclude with the following.
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Theorem 4. The ideally exact context

is BAT if and only if condition (11) holds for any coherent split epimorphism
and for any identity w =0 in Zy \ Zy.

Proof. By Theorem 2, we know that any coherent action is ideal if and only (11)
holds. It remains to show that every morphism between ideal split epimorphisms
is ideal.

Let B be an object of U and consider a morphism

Az

Ay h
'\51 P2
U(B)

of ideal split epimorphisms over U(B). It follows from Theorem 3 that A; is an
algebra of U with ¢ = s;(c?), for any i = 1,2 and for any c € I, and

h(c™) = h(s1(cB)) = s5(cP) = 2.
Thus, h is a morphism in the ideally exact variety U, i.e., it is an ideal morphism.

Ezample 2. As mentioned above, the free-forgetful adjunction

M

—
MVAlIg — WHoops

has cartesian unit. Moreover, the condition (11) is satisfied by any split epimor-
phism (10) over U(B). Hence, this ideally exact context has a good theory of
actions (see [28, Theorem 6.31]).

Example 3. In a similar way, let PHoops be the semi-abelian variety of product
hoops [30], let PAlg be the ideally exact variety of product algebras and consider
the free-forgetful adjunction

K

ST
PAlg — PHoops,

where U denotes the forgetful functor and K is its left adjoint (we refer the

reader to [20], where an explicit description of the functor K is available). One
may check that K 4 U has cartesian unit and the condition (11) is satisfied by
any split epimorphism (10) over U(B). Thus, the ideally exact context deter-
mined by the variety of product algebras is BAT (see [28, Theorem 6.40]).



Ideally Exact Categories, Varieties of Universal Algebras and MVLs 273

Ezxample 4. Let Rng be the category of rings and let Ring be the subcategory
of unital rings, which has Z as initial object and the zero ring {0} as terminal
one. Thus, a monadic adjunction with cartesian unit associated with the unique
morphism Z — {0} in Ring is

F
L

. 1
Ring — Rng, (12)

where U is the forgetful functor and F' maps every ring A to the semidirect
product Z x A. In this case, 0 is the unique constant of the semi-abelian variety
Rng, I' = Z \ {0}, and the identities in Zring \ Zrng are wi(a,1) = wa(a,1) =0,
where wy(a,1) =a—a-1 and we(a,1) =a —1-a. One may check that, for any
split epimorphism

A== U(B),

one has
wi(wi(a7 3(13)), 8(13)) = wi(av S(lB))7

for any a € A and for any ¢ = 1,2. Therefore, the ideally exact context (12)
is BAT.

4 Conclusions and Future Directions

Examples 2, 3 and 4 show that Theorem 2 allows us to recover a class of BAT
ideally exact contexts already known in the literature.

As a direction for future research, one may attempt to extend this analysis
to the varieties of Godel algebras and BL-algebras. However, in these cases no
explicit description is currently available for the left adjoints of the forgetful
functors

U: GAlg — GHoops and U : BLAIg — BHoops,

where GHoops and BHoops denote the semi-abelian varieties of Godel hoops and
basic hoops, respectively.
As a consequence, it is not known whether the units of the adjunctions

—
GAlg — GHoops
and
B
1
BLAIg — BHoops
are cartesian. Consequently, it remains an open problem whether the ideally

exact contexts arising from Godel algebras and BL-algebras admit a good theory
of actions.
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