CERTIFYING UNSTABILITY OF SWITCHED SYSTEMS USING
SUM OF SQUARES PROGRAMMING*

BENOIT LEGAT', PABLO A. PARRILOY, AND RAPHAEL M. JUNGERS$

Abstract. The joint spectral radius (JSR) of a set of matrices characterizes the maximal asymp-
totic growth rate of an infinite product of matrices of the set. This quantity appears in a number of
applications including the stability of switched and hybrid systems. A popular method used for the
stability analysis of these systems searches for a Lyapunov function with convex optimization tools.
We investigate dual formulations for this approach and leverage these dual programs for developing
new analysis tools for the JSR.

We show that the dual of this convex problem searches for the occupations measures of trajectories
with high asymptotic growth rate. We both show how to generate a sequence of guaranteed high
asymptotic growth rate and how to detect cases where we can provide lower bounds on the JSR.

All results of this paper are presented for the general case of constrained switched systems, that
is, systems for which the switching signal is constrained by an automaton.
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1. Introduction. In recent years, the study of the stability of hybrid systems
has been the subject of extensive research using methods based on classical ideas
from Lyapunov theory and modern mathematical optimization techniques. Even for
switched linear systems, arguably the simplest class of hybrid systems, determining
stability is undecidable and approximating the maximal asymptotic growth rate that
a trajectory can have is NP-hard [9]. Despite these negative results, the vast range
of applications has motivated a wealth of algorithms to approximate this maximal
asymptotic growth rate.

A switched linear system is characterized by a finite set of matrices A = {4, A,

., Ap} CR™™ and the iteration

(1) Ty = Ag Tho1, Ok € [M]

where [m] denotes the set {1,...,m}. The maximal asymptotic growth rate of this
iteration is given by the joint spectral radius (JSR). The JSR p(A) of a finite set of
matrices A is defined as

p(A) = lim max |[Ag, - AgyAg, ||1/*.

k—o0 oe[m]*

This definition is independent of the norm used.
The JSR was introduced by Rota and Strang [41] and has many other applications
such as wavelets, the capacity of some particular codes, zero-order stability of ordinary
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differential equations, congestion control in computer networks, curve design and
networked and delayed control systems; see [21] for a survey on the JSR and its
applications. Many algorithms exist for estimating the JSR but not much is known
on how to generate an infinite sequence of matrices with an asymptotic growth rate
close to the JSR. However generating such sequence can be of particular interest,
depending on the application, such as exhibiting unstable trajectories for switched
linear systems to prevent them from occuring [15]. The currently known algorithms
generate a sequence of matrices with high spectral radius using methods detailed in
Section 3.6 and repeat this sequence infinitely [16, 18, 17, 22].

Approximating the JSR usually consists in certifying upper bounds 7 to the JSR
by exhibiting a Lyapunov function or an invariant set for the matrices A4;/%. The
search for such Lyapunov functions can naturally be written as a convex optimization
program; see Program 3. Certifying lower bounds -y is currently either achieved using
the guarantees we have on the accuracy of the upper bound on the JSR or by exhibiting
trajectories of asymptotic growth rate . In this paper, we introduce a new way to
certify lower bounds by exhibiting nonnegative measures satisfying some invariance
condition parametrized by the matrices A;/v; see (9). This invariance condition is
linear on the measure hence the search of measures on the convex cone of nonnegative
measures is a conver program; see Program 4. It turns out that this program is the
dual of Program 3.

We revisit the sum-of-squares program proposed by Parrilo and Jadbabaie [36]
and show that its dual formulation is the moment relaxation of the search of the
measures satisfying the invariance condition.

Thanks to this duality, solving this pair of programs with a given candidate
value v for the JSR either returns Lyapunov functions certifying that p(A) < v or
returns moments that form a solution of the moment relaxation; see Section 3.2.
These moments are not necessarily the moments of measures satisfying the invariance
conditions. However, we give a rounding procedure to extract a (infinite) switching
sequence from these moments and provide a guarantee on the asymptotic growth rate
of this sequence. As a by-product of the rounding procedures, the spectral radius
of a finite part of this infinite sequence can be used to give lower bounds on the
JSR. In addition, we give a way to sometimes detect when the moments belongs to
measures that satisfy the invariance conditions. This happens when the measures are
the convex combination of the occupation measures of several periodic trajectories.
Since the trajectories are periodic, the measures are atomic and we can recover them
from moments of sufficiently high degree. We show on numerical examples that these
techniques work well in practice.

In some applications the values that o can take in (1) may depend on o1, 0k_2,
.... These constraints are often conveniently represented using a finite automaton and
the JSR under such constraints is called constrained joint spectral radius (CIJSR) [12];
an example of constrained switched system is given by Example 1 and its automaton
is illustrated by Figure 1.

Ezample 1 (Running example). We borrow the example of [38, Section 4]. The

set of matrices A is composed of the following four matrices

A=A+ B (ks ko), Ay=A+B(0 ko),
A3:A+B(]€1 0), A4:A



CERTIFYING UNSTABILITY OF SWITCHED SYSTEMS USING SUM OF SQUARES 3
PROGRAMMING

where ki = —0.49, ky = 0.27,
0.94 0.56 0
A= (0.14 0.46) and B = (1) '

The corresponding automaton is represented by Figure 1.

A

1 1

2 3 0
2 4
1

Fig. 1: Automaton for the running example. The numbers on the edges are their
respective labels.

The automaton representing the constraints can be represented by a strongly
connected labelled directed graph G(V, E) of nodes V and edges E, possibly with
parallel edges. The labels are elements of the set [m] and E is a subset of V x V x [m].
We say that (u,v,0) € E if there is an edge between node u and node v with label o.
The iteration 1 is rewritten as follows to take the automaton into account:

(2) k= A xk—1, (01,...,0%) are the respective labels of a path in G.

Reproducibility. The code used to obtain the results is published on codeocean
[33]. The algorithms are part of the SwitchOnSafety package [29] which computes
invariant sets for hybrid sytems represented with the HybridSystems package [28].
The implementation relies on the SumOfSquares [27] and SetProg [31] extensions of
JuMP [13]. The solver used is Mosek v8.1.0.82 [3]. Both the new methods presented
in this paper and the alternative approaches we compare our algorithm with are
implemented in Julia [6] in order to ensure a fair performance comparison.

Notations. We define the automaton GT(V, ET) where ET = { (v,u,0) : (u,v,0)
€ E'}. We denote as E}, the subset of E* (the kth cartesian power of E) that represents
paths of length k in G. The k-tuple (o1,09,...,0%) is said to be G-admissible if
o1,...,0% are the respective labels of a path of length k£ in G. We denote the set
{1,...,m} as [m] and the set of all k-tuples of [m]* that are G-admissible as G.

The sequence 1,09, ... is G-admissible (resp. GT-admissible) if (o1,...,0%) (resp.
(0ky-..,01)) is G-admissible for any k¥ > 1. We denote A,, --- A, as A, where
s=(o1,...,0k) or s is a path with these respective labels.
To shorten the notation we denote the ith node of a path s as s(i) and the ith
edge as s[i]. Also, for a given k-tuple s, we denote (s(i), ..., s(k)) by s(i :). We define
E (v)={s€Ey|s(k+1)=v} E lel={s€Ey|slkl]=e}
Bf(v)={s€B|s(1)=v} Blld={seB|s[l]=¢}

Ey(u,v) = B (u) N By, (v).

We denote the indegree (resp. outdegree) of a node v € V as d~(v) (resp. dT(v))
and the maximum indegree (resp. outdegree) of G as A~ (G) = maxyey d~(v) (resp.
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AT(G) = max,ey d(v)). We also denote the number of paths of length k ending
(resp. starting) at a node v € V as d; (v) £ |E, (v)| (resp. djf (v) £ |Ef(v)]) and
define A; (G) = maxyey di, (v) and A (G) = maxyey djf (v). Note that A7 (G) =
A~ (G), AT(G) = AT(G) and for any k, AF(GT) = A, (G).

2. Instability certificate using measures. The definition of the JSR is gen-

eralized as follows for constrained systems.

DEFINITION 2 ([12]). The constrained joint spectral radius (CJSR) of a finite
set of matrices A constrained by an automaton G, denoted as p(G, A), is

3) timsup pi (G A) = (G A) = lim j(G AL - )

where

(1) (G A) =max{p(c) s c € Crcisacycle}, ple) = [p(A)]",
and

(5) PG A |- ) = max { [ AL[V* 25 € Gy ).

We can readily see that pi (G, A) < pr(G, A, ||-|) for any k and submultiplicative®
norm |-||. Equality (3) is called the Joint Spectral Radius Theorem and was proved
in 1992 by Berger and Wang [5] in the unconstrained case. Elsner [14] provided
a somewhat simpler self contained proof in 1995. Both proofs use rather involved
results on the joint spectral radius. In the general constrained case, the equality (3)
was first proved in [12] with the help of heavy-weighted machinery of ergodic theory,
and later simpler proofs appeared.

A popular method for proving stability of a dynamical system is to find a Lya-
punov function. In this section, we introduce measures playing a role dual to Lya-
punov function for switched system. These measures provide a certificate for insta-
bility. Finding Lyapunov functions and finding these measures are in fact two dual
programs, they are respectively provided by Program 3 and Program 4. We will
be succinct in our definition of measure-theoretic concepts but the interested reader
can find an good introduction to writing programs using measures and functions as
decision variables in [25].

Consider the dual pair (B, M) where B is the space of bounded measurable func-
tions on S"~! = {x € R" : ||zl = 1} where ||||2 is the Euclidean norm, M is the
space of finite? signed® Borel measures on S*~! and the scalar product between a func-
tion f € B and a measure p € M is (f,p) = [ fdp. Given a function f(z) € B, we
can define the homogeneous* function h(f) £ x + ||x||2f(z/[|z||2) on R™. We define
F ={h(f) | f € B} with the scalar product (h(f),un) = (f,u) for f € B,u € M.

Given an application A and a measure p € M, the pushforward measure A#u
is often defined to be the measure given by (A#u)(B) = u(A=Y(B)) for B € S"~1.
However, since S”~! may not be invariant under application of the matrices of A,
we will use an alternative definition. Given an application A and a measure y, the
pushforward measure A#u is defined to be the measure such that (f, A#u) = (f o

LA matrix norm ||-|| is submultiplicative if |AB|| < ||A|| - || B|| for all matrices A and B.

2The measure p is finite if (S~ 1) is finite.

3A signed measure is a difference between two measures, i.e. y — v where p and v are measures
is a signed measure.

4A function f is homogeneous if f(ax) = af(x) for any scalar value a.
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A, ) for any f € F. Moreover, given B C S~ we define u(B) = (h(1p),u) so
that (A#p)(B) is well defined. Using these definitions, one can verify that for any
application A and measure p € M,

® (A () < (S max |l Ael

z€supp(
where supp(u) is the support of p.
Let Fy (resp. B ) be the set of nonnegative functions of F (resp. B), M be the
set of (nonnegative) measures of M and Fy be the set of positive functions of F.
Given two functions f,g € F, f > 0 denotes f € F4 and f > ¢ denotes f —g € F.
Similarly, given two measures p,v € M, p > 0 denotes pp € M and g > v denotes
w—veM;.
Program 3 (Primal).
Input: A finite set of matrices A and an automaton G.
Output: Functions f, and a number 7.
nf
fo EI-EWER,Y
(7) subject to fy(Asx) <Ffu(z), VreR" V(u,v,0)€E,
fol@) € gy Vv eV,
(8) Z/ fo(z) do = 1.
veV snot

Program 4 (Dual of Program 3).
Input: A finite set of matrices A and an automaton G.
Output: Measures fiy,o and a number 7.

sup Yy
,LL',“,,,EM,leRi
(9) subject to Z Ao#uwve = Z Powes VU EV,
(u,v,0)EE (v,w,0)€EE

Puve € My, Y(u,v,0) € E,
(10) Z fruwo (SP1) = 1.

(u,v,0)€EE

The constraint (7) is the Lyapunov constraint. The constraint (9) is similar to the
measure invariance constraint A#p = p of a linear dynamical system zp 1 = Axy
and to the mass balance constraint of a circulation problem [2]. Without constraint
(8) (resp. (10)), the feasible set of Program 3 (resp. Program 4) is a cone. These
constraints have no effect on the optimal objective value but they make the feasible
set bounded.

The main result of this section is summarized in the following theorem.

THEOREM 5. Consider a finite set of matrices A constrained by an automaton G.
Let % (resp. v*) be the optimal value of Program 3 (resp. Program 4). The following
identity holds:
7 =p(G,A) =7

As a consequence of Theorem 5, we have a new criterion for lower bounds on the
CJSR using measures.
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COROLLARY 6. Consider a finite set of matrices A constrained by an automaton
G(V,E). If there exist non-trivial® measures jiywo for each (u,v,0) € E such that

Z Ao #tuve > v Z Pows, YU EV
(u,v,0)€E (v,w,0)€E
then v < p(G, A).
The following lemma shows a recursive way to build an optimal solution of Pro-
gram 3.
LEMMA 7. Consider a finite set of matrices A constrained by an automaton G(V, E).
For any natural number k and norm ||-||, we have

7 < pk(G A
where pi(G, A, || - ||) is defined in (5).
Proof. Let AL = Ay /pr(G, A, ||-|), fo(z) = MaX ¢ k=1 g () ||A%z||. For any edge
(u,v,0) € E,

Jo(Ay) = max ( max [ALAall,  max || ALAGall)
) s€E 2

SGE;ZI(U U?;D E:r('u)
<max (o], max_ALl) = fule)
s€EUT B (u)
so the Lyapunov functions f, are solution for ¥ = (G, A, | - ||)- O

Proof of Theorem 5. By Lemma 34, we have y* = 7*, by Theorem 33, we have
p(G, A) <7* and by Lemma 7 and (3), we have 7* < p(G, A). O

The following lemma illustrates the relation between atomic solutions of Pro-
gram 4 and periodic trajectories. Lemma 7 and Lemma 8 somehow suggest that
Program 3 is related to the definition (5) of the CJSR with norms while Program 4
is related to the definition (4) of the CJSR with the spectral radius.

LEMMA 8. Consider a finite set of matrices A constrained by an automaton G and
a cycle ¢ = (01, ...,0k) of length k with intermediary nodes vy, ..., vk_1,0k =vg € V
such that (v;_1,v;,04) € E fori =1,....k. Let o € R™ and A > 0 be such that
Aczg = Axg with ||zo|l2 = 1, consider the following iteration

T = Ag,Ti1 &y = /|42 a; = ||ail2/ A"

The following solution

k
(.U’uva = § azafc, )
) (u,v,0)EE
1=1,v;=v

is feasible for Program 4 with any v > AY* and it satisfies the constraints (9) as

equality for v = Ak

Proof. By construction, a = 1 so a6z, = 6y, and for each i =0,...,k -1, we
have ” |
Tit+1(2
Am‘ #(0%5567) = aiﬁéiwl = )\l/kOtH.l(S@H_l S lai+15iz‘+1
ill2
which equality if \Y/* = . u]

5 At least one Huve must be nonzero.



CERTIFYING UNSTABILITY OF SWITCHED SYSTEMS USING SUM OF SQUARES 7
PROGRAMMING

In some sense, Lemma 8 is encoding a trajectory in the measures fi,,,. We say
that the resulting measures are the occupation measures of the trajectory xq, x1, ..., Tk
defined in Lemma 8.

Ezample 9. Consider the unconstrained system [1, Example 2.1] with m = 2:
A={4, = ereq, Ay = egelT}

where e; denotes the ith canonical basis vector.
A solution to Program 3 is given by (f(x),7) = (||z]|2,1). This means that ||z||2 is
a Lyapunov function for the system so as it is well known this certifies that p(A) < 1.

. -— )[ > -—

pia () pe(x) A () + As#tpe(z) pi(z) + po(x)

Fig. 2: A representation of the optimal dual solution of Example 9 with the constraint

(9).

A dual solution gy (resp. u2)° for the first (resp. second) matrix has the measure
p1 = 0(0,1)/2 (resp. po = (1,0)/2). This is the solution obtained by applying Lemma 8
to the cycle (1,2). This is shown in Figure 2.

Remark 10. Occupation measures for continuous switched systems are studied in
[11]. These measures are supported on the cartesian product of the state space and a
finite interval of time ¢ € [0,T] while in this paper, the measures are only supported
on the subset S"~! of the state space. Indeed, since the system (1) is homogeneous
and time-invariant, we can encode trajectories in a measure on S"~! (Lemma 8) and
still be able to recover it (Corollary 6).

The measures studied in [19] are supported on the paths in G. They are related
to the measures studied in this paper since given a cycle ¢, we can compute the
occupation measures of the trajectory using this switching cycle and starting with a
leading eigenvector of A, as xg with Lemma 8.

One may wonder whether Lemma 8 also works in the reverse direction to give a
constructive proof for Corollary 6 when the measures fi,,, are atomic. Namely, can
we extract a periodic trajectory of period ¢ with p(¢) > v from any atomic feasible
solution of Program 4 with 7. As such solution may be the convex hull of solutions
obtained by the construction of Lemma 8, we may recover several periodic trajectory,
from which there might be only one that satisfies p(¢) > 5. The following Lemma
provides a constructive way to recover a periodic trajectory of period ¢ satisfying
p(c) > v in the scalar case’, i.e. n =1

LEMMA 11. Consider a finite set of matrices A C R constrained by an au-
tomaton G. If there exists a feasible solution p of Program 4 with v, then there exists
a cycle c with p(c) > .

Proof. Let (u,) be the solution. By (10) and (9), we can find a cycle ¢ for which
each edge e has a nonzero measure .

SIn the arbitrary switching case, we write yo instead of jyype for short
"Note that in this case, any measure is atomic since S*~1 is zero-dimensional



8 B. LEGAT, R. M. JUNGERS, AND P. A. PARRILO

If p(c) > v, we are done. Otherwise, if p(c) < 7, using Lemma 8, we can build
a feasible solution v such that (9) is satisfied with equality for v = p(c). This means
that pu — A\v is feasible with ~ for any A > 0 such that u — Av > 0. Let A\* be the
maximum value of A such that g — Av > 0. Since n = 1, S" ! is zero dimensional so
for at least one edge e of the cycle ¢, p. — A, is zero. Moreover, since . is nonzero
for all edge e of the cycle, A > 0. Therefore, the number of edges with nonzero
measure has decreased and at least one of the constraints (9) is now satisfied with
strict inequality.

This process can only be repeated finitely many times until ; becomes the trivial
solution since the number of edges with nonzero measure decrease each time. Moreover
we will have p(c) > 7 at least once since the constraints (9) cannot be satisfied with
strict inequality for the trivial solution. 0

Given a feasible solution of Program 4 and a common partition of the support of
the measures, we show in Proposition 12 how to transform the solution into a solution
of a scalar switched system. Using this transformation, we can always recover a cycle
¢ for which p(c¢) = v from a solution of Program 4 with v = « for which the measures
are atomic. B

PROPOSITION 12. Consider a finite set of matrices A constrained by an automa-
ton G(V, E). Suppose that there exists a feasible solution u of Program 4 with v =~y
and a finite family S of disjoint subsets of S*~! such that the support of each mea-
sure is included in the union of the sets of the family S. Then there exists sets
By,...,Br €S and a cycle o1, ...,0; of G such that

k

z||e > A*

Hglean |Ag, ]2 >~
P

and Ay, B; N\ Bit1 #0 fori=1,...,k where Byy1 = By.

Proof. Given a set B € S and an edge e € E, let uZ denote the measure defined
as p2(C) = pe(C N B). We consider a new constrained switched system with ma-
trices A’ C R™! and automaton G'(V', E’) where V' = {(v,B) | v € V,B € S},
e'((u,v,0),B,C) = ((u, B), (v,C), (0,B)), E' ={€'(e,B,C) |e€ E,B,C € S, A.BN
C # 0}, and Al, py = maxgep [|Asz[l2. From any solution u of the original system
feasible for ~, the following solution of the system with matrices A" and automaton

G/
, A A f C
Her(e,B,0) = (ée%t)()ga_)l)#e(m

is also feasible with . Indeed, by construction, for any v € V,C' € S, we have

B n—1
S At Y e N

(11) ecE (v),BES e€E; (v),BES
©) / /
< Y Al
ecE'| (v,C)
(Ac#ud) (D)
pe(C) = et He(C)
(12) eEEzf:w) eEEfr%aDES (Aertuc) (S

= > o

eEE’T(v,C)
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By (9) on p, the left-hand side of (12) is smaller than the left-hand side of (11).
Therefore, the right-hand side of (12) is smaller than the right-hand side of (11)
hence p’ satisfies (9) on the new switched system.

Therefore, by Lemma 11, there is a cycle (o1, By),..., (0%, Bx) of G' such that
the modes o; and sets B; are as required. 0

Ezample 13. Consider the dual solution obtained in Example 9.

The supports of p and ug are respectively By = {(0,1)} and By = {(1,0)}. The
automaton G'(V’, E’) obtained by the transformation of Proposition 12 is defined by
V= {(17 Bl)7 (17 BZ)} and B’ = {((L Bl)7 (1, B2)7 (1, Bl))7 ((17 B2)= (17 B1)7 (27 BQ))}
The new 1 x 1 matrices are All,Bl =1 and A22,32) =1.

The computation of the CJSR of this scalar system is a mazimum cycle mean
problem as outlined in [1]. The cycle of maximum geometric mean is ((1, B1), (2, B2))
which geometric mean v/1 -1 = 1. We recover the cycle (1,2) found in Example 9.

3. Sum of Squares implementation and algorithmic aspects. In this sec-
tion, we show how to approximate the pair of Program 3 and Program 4 using sum
of squares programming. While the dual formulation is a relaxation of Program 4, we
show in Section 3.4 how Proposition 12 can still be used in some cases and we give a
rounding procedure in Section 3.5 that generates an infinite sequence of guaranteed
growth rate from a feasible dual solution. We show how these methods can be used
to find lower bounds to the CJSR in Section 3.6.

3.1. Sum of squares programming. Deciding whether a multivariate poly-
nomial of degree 2d > 4 is nonnegative is known to be NP-hard. However a sufficient
condition for a polynomial to be nonnegative is easy to check. We say that a polyno-
mial is a sum of squares (SOS) if there exist polynomials ¢i,...,qas such that

M
pla) =3 @),
k=1

If a polynomial is SOS, then it is obviously nonnegative.

It is well known that if p(z) is an homogeneous polynomial of degree 2d then each
g (x) must be an homogeneous polynomial of degree d; this can be shown easily using
the Newton polytope of p(z) and [40, Theorem 1]. Let z[¥ represent a basis of the
homogeneous polynomials of degree d. We can check whether a polynomial is SOS
using semidefinite programming thanks to the following theorem.

THEOREM 14 ([10, 34, 35, 37, 42]). A homogeneous multivariate polynomial p(x)
of degree 2d is a sum of squares if and only if

p(x) = (&) TQz
where @ is a symmetric positive semidefinite matriz.

We denote the set of homogeneous polynomials of degree 2d as Ry, the cone of
homogeneous SOS polynomials of degree 2d as ¥2q and the dual of Yaq as ¥34.

3.2. Moments. A common interpretation of the dual space R34 of linear func-
tionals on homogeneous polynomials of degree 2d is the space of moments of momo-
nials of degree 2d; see [7, Section 3.5] and [25]. If p(z) = ' z[¥ and m is the vector
of moments of ¥ of a measure y then

(m,a) = / p(a) dpt = {j1.).
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As a sum of squares polynomial is nonnegative, this integral is nonnegative for any
measure p. Therefore, given a moment vector m, a necessary condition for a measure
to exist with these moments is that (m, a) > 0 for any vector of coeflicients a of a sum
of squares polynomial. That is, ¥}, is a superset of the set of moments of measures.
The members of 33, are often called pseudo-measures and denoted fi; see [4].

Given a program on measures such as Program 4, the moment relazation consists
in truncating the infinite moment series to the finite set of moments of the monomials
in the matrix M = (z9)(2l4)7. Let Q be the matrix such that Q; ; is the moment
of the monomial M; ;. The constraint that a measure exists with these moments is
relaxed to a semidefinite constraint on @, which is in fact equivalent to requiring that
the measure belongs to the cone X3, introduced above.

3.3. CJSR Approximation via SOS. In this section, we survey and summa-
rize recent methods that approximate the CJSR using SOS programming.

The 2dth root of homogeneous polynomials of degree 2d can be used as Lyapunov
function.

THEOREM 15 ([36, 38]).  Consider a finite set of matrices A constrained by
an automaton G(V,E). Suppose that there exist |V| strictly positive homogeneous
polynomials p,(z) of degree 2d such that

po(Asz) < Wzdpu (2)
holds for all edge (u,v,0) € E. Then p(G, A) <7.
Proof. Define f,(x) = [p,(2)]27 and use Theorem 33. 0

We relax the positivity condition of Theorem 15 by the more tractable sum of
squares (SOS) condition and define psos.24(G,.A) as the solution of the following SOS
restriction of Program 3.

Program 16 (Primal).
Input: A finite set of matrices A and an automaton G.
Output: Polynomials p,(x) and a number 7.

inf ¥
pou(z)ERX,FER

subject to 72¢p, (x) — py(Asx) is SOS, ¥(u,v,0) € E,

(13) py(x) is SOS, Yv €V,

(14) Py () is strictly positive, Vv €V,
Z / py(x)de = 1.
veV snt

Remark 17. In practice we can replace (13) and (14) by “p,(z) — €/|z3¢ is SOS”
for any € > 0. This constrains p,(x) to be in the interior of the SOS cone, which is
sufficient for p,(x) to be strictly positive.

By Theorem 15, a feasible solution of Program 16 gives an upper bound for
p(G, A), and thus, for any positive degree 2d,

(15) p(G, A) < psos-24(G, A).
Ezample 18. Consider the unconstrained system [1, Example 2.1] with m = 3:

T T T
A: {Al = €169 ,AQ = €2€3 ,Ag = e3€; }
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where e; denotes the ith canonical basis vector.
For any d, a solution to Program 16 is given by

(p(l’), 7) = (I%d + x%d + I%d, )

Ezxample 19. Let us reconsider our running example; see Example 1. The optimal
solution of Program 16 is represented by Figure 3 for 2d = 2 and 12.

Node 1 Node 2 Node 3 Node 4

e A L ~a e A L ~s
/ A 4 N / N 4 N
’ N / N ’ N / N
/ N / \ / N / \
i \ / \ i \ / \
! ! I \ ! ! | )
2d _ 2 | | | | | | | |
- \ / \ | \ / \ |
\ / \ i \ / \ i
\ / \ / \ / \ /
\ / \ / \ / \ /
\ , \ ’ \ , \ ’
N - \ - N . \ .
~o - ~o - ~o - ~o -

//// \\\ //// \\\ //// \\\ //// \\\
A\ \ A\ \
II/ \\ '// \\ ,I/ \\ ’// \\
2d=12 b Do . ,
\ / \ 7 \ 1 \ 7
\ / \ / \ / \ /
\ / \ 7 \ /) \ ’
\\ // \\ // \\ // \\ //
Fig. 3: Representation of the solutions to Program 16 with different values of d for
the running example. The blue curve represents the boundary of the 1-sublevel set

of the optimal solution p, at each node v € V. The dashed curve is the boundary of
the unit circle. Observe that some sets are not convex.

3.4. Dual SOS program. In Section 3.3, we introduced the SOS restriction of
Program 3 with Program 16. In Section 3.4, we introduce Program 20, the moment
relaxation of Program 4. It turns out that Program 16 and Program 20 are dual to
each other. Indeed, the proof of Lemma 34 can be translated verbatim in order to
prove that Program 20 is the dual of Program 16.

Program 20 (Dual of Program 16).
Input: A finite set of matrices A and an automaton G.
Output: Pseudo-measures fi,,, and a number 7.

sup 8l
Puve ER34,7ER

(16) subject to > AeHfiwe — 7 D Jlows € Sha, YO EV,
(uv,0)EE (v,w,0)EE

(17) /ju’UU € E;da v(u’a v, 0) € E7

(18) > fue(S"T) =1

(u,v,0)EE

It is important to note that a solution of Program 20 is not necessarily a solution
of Program 4. First [i,,, may not be a measure even if it belongs to 3%, as discussed
in Section 3.1. Second, the left-hand side of (16) may also not be a measure. For this
second concern, it helps to be more explicit. Suppose for instance that we are in the
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quadratic case, i.e. d = 1. In that case, if p € X3, there always exists a measure
that has the moments of the pseudo-measure fi. We can take for instance a Gaussian
distribution with these second order moments. Hence we can find Gaussian distribu-
tions pyye that have the second order moments fi,,, and Gaussian distributions v,
that have the second order moments given by the left-hand side of (16). However, we
may have

Z Ao #thuve — 12d Z Hows F Vo

(u,v,0)€EE (v,w,0)€E

as we only know that the left-hand side and right-hand side of the above equation
have the same second order moments; see Example 23.

However, in some cases, we can recover a feasible solution of Program 4 from a
feasible solution of Program 20. In these cases, by Corollary 6, this provides a lower
bound on the CJSR. Moreover, there exist efficient techniques allowing to detect
situations where the solution is moments of an atomic measure; see [20, 26]. Then,
using the transformation of Proposition 12, we can transform these atomic measures
into a feasible solution of a constrained scalar switched systems. For such system, we
could use the algorithm described in Lemma 11 but as pointed out in [1], computing
the CJSR of a scalar system can easily be done by solving a maximum cycle mean
problem for which efficient algorithm exists [23].

If we recover a feasible solution of Program 4 from a feasible solution of Pro-
gram 20 with v = pgos.24(G, A), we can directly conclude that psos.24(G, A) =
p(G,A). This is somewhat similar to the minimization of a multivariate polynomial
using SOS where we can detect that we have reached the optimum when the measure
is atomic and recover the minimizers of the polynomial from the atoms of the measure.

However, we may also check for atomic feasible solutions of Program 4 with
v < psos-24(G,.A) to provide lower bounds. Moreover, in practice, psos.24(G,.A) is
computed by binary search on « so we often have several such solutions.

Example 21. Consider Example 18. For i = 1,2,3, let u; be the solution of
Program 20 corresponding to the matrix A;. For any d, we can see that the dual
solution for y = 1 is such that the only monomial 2* such that (11, 2) (resp. (2, %),
(fi3, %)) is non-zero is 22 (resp. x3%, x2%) and (i1, 229) = (fig, 23) = (13, 22¢) = 1/3.
Note that it means that iy = 0(1,0,0)/3, fiz = (0,1,0)/3 and i3 = 6(0,0,1)/3 where J,
is the Dirac measure centered on x. Since these measures are solution to Program 4
with v = 1, by Corollary 6, this means that p(A) > 1.

Ezample 22. We consider [36, Example 2.8]:

10 0 1
A1<1 0> A2<o —1>'

to illustrate the fact that this atom extraction procedure can be used to determine
when the upper bound found by Program 16 is equal to the CJSR. In this uncon-
strained example, the JSR is one but the upper bound found by Program 16 for d = 1
is v/2. However, for d = 2, the upper bound found is 1 and the solutions of Program 20
fory=11is

ji1 = 0.596985(1 1) +0.595130(1 1) po = 0.595130(1 1) + 0.593228(1,_1).

Since A1#d(1,1) = d(1,1), the cycle extraction method immediately find the cycle ¢ = 1
for which p(A.) = 1.
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Ezxample 23. We continue the running example; see Example 1 and Example 19.

For all d, fio12 = fizo3 = fizas = fia31 = 0 hence the node 4 is “unused” by the
dual. For 2d = 2,4, fi123 = pi231 = 0 so the node 2 is “unused” for low degree.

At first, one could think that the dual variables can be used to reduce the systems,
e.g. remove nodes or edges. However, it would be a mistake to remove the node 2
since the periodic trajectory with highest growth rate uses this node.

It is also interesting to notice that the matrices corresponding to the dual variables
have low rank. For example, for 2d = 2, fi131 (resp. fiz12, f331) is the Dirac measure
5.873 - 5(0'91770.399) (reSp. 3.966 - 6(0.875,0.485)’ 6.704 - 6(0.757,—0.653))' Howeven this is
not a feasible solution of Program 4. Indeed, while (9) is satisfied for node 1 since
Ao#0(0.875,0.485) 8ives 8(0.917,0.309), (9) is not satisfied for node 3 as A1#6(0.917,0.309)
gives 6(0.999,—0.0271) and A1#0(0.757,—0.653) 8ives §(0.422,-0.906)-

3.5. Constructing high growth sequence. In this section we give an algo-
rithm that generates an infinite sequence of matrices such that the asymptotic growth
rate of the product of the matrices is arbitrarily close to the CJSR. Note that by Def-
inition 2, this asymptotic growth rate must be smaller than the CJSR.

Given an edge e € F, let E[p(x)] = (fe, p(x)). Given a polynomial po(x) €
int(Y2q) and an initial edge (vo,v_1,00), the algorithm builds a G T-admissible se-
quence (v, v,01), (V2,v1,02), ... such that

(19) ek éEU}cvk—lgk [pO(AUI Aﬂkx)]
remains “large” for increasing k. As we will see, using Lemma 25, this implies that
Ay, -+ Ay, has a “large” norm.

LEMMA 24 ([30, Lemma 6]). For any polynomial p(x) € int(X2q), there ezists a
constant 5 > 0 such that for any matriz A,

Bl Al p(x) — p(Az) s SOS

where | Ay = p(AT A)'/? is the Euclidean norm.

LEMMA 25. Let us consider a solution (. : e € E) of Program 20. For any
polynomial p(x) € int(Xaq), there exists a positive constant T such that for any matriz
A e R"™™ and edge e € F,

Ec[p(Az)] < 7] A[3

Proof. If all pseudo-expectations are zero, the result is trivially true. Therefore
we can suppose that at least one is nonzero. By Lemma 24, there exists a constant
B > 0 such that

BllAll3p(x) — p(Az) is SOS.

Hence for any edge e € F,
E[p(Az)] < B||Al3"Ee[p(x))-

We obtain the result with the constant 7 = Smax.cp Ee[p(z)]. Since at least one
pseudo-expectation is nonzero and p(z) is in the interior of the SOS cone, 7 > 0. 0O

Lemma 27 provides a guarantee on the growth rate of 6, defined in (19), using
the dual constraint (16).
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Algorithm 1 Generates a sequence of large asymptotic growth.

Data: Length of subpaths: | € N; degree: d € N; lower bound to psos.24(G, A):
0 < v < psos-24(G,.A); and feasible solution (fi, : e € E) of Program 20 with
v = v and degree d.
Result: Sequence of arbitrary length s = (..., vk, 0%, ..., V0,00, 0_1).
Pick an arbitrary polynomial pg(z) € int(X2q)
Pick an edge (v, v_1,00) € E such that fiyyy_,0, IS nonzero
for £k =0,0,2l,... do ~
Pick s € arg MaxX e p-(y,) Eq [P (Asz))
Set (Vkii, Okgls -+ Oki1,Vk) < 8
Set pr4i + pr(Asw)
end for

LEMMA 26. Given a finite set of matrices A constrained by an automaton G, if
1 is a feasible solution of Program 20 then, for any edge (u,v,5) € E, the following
holds:

(20) Z As#/js[l] = 72dk/~7ﬂ1’)6
sEE, ()
where i1 = fi2 denotes [11 — i € Liy.
Proof. We prove (20) by induction, the case of k = 0 being trivial. Suppose that

(21) Z As’ #ﬁs’[l] = ’yzd(k_l)ﬁﬁfuﬁ' .
s'eE,_(a)

We can rewrite the left-hand side of (20) as

(22) o A= Y. Av#E DY Actius e
s€E, (q) s'€E, () (u,s'(1),0)€E
By (16),
Z Ao#ﬁus’(l)o = 72d Z ﬁs’(l)wa’-

(u,s’(1),0)EE (s'(1),w,0")EE

Since the dual variables fis(1)yo Of the right-hand side are in the dual of the SOS
cone, and one of them is .y, we have

Z Aa’#ﬁus’(l)o = 72dﬁs’[l]-
(u,s’(1),0)EE
Applying Ay # on both sides and using (22) gives
)

~ 2d ~ (21 2dk~
S Ay = Y Av#ien = Y have.
s€E, (u) s'eE,_,(u) O

LEMMA 27. Consider a finite set of matrices A constrained by an automaton
G(V,E). For any positive integers d and l, using Program 20 with any v < psos-24
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(G, A), Algorithm 1 with paths of length | produces a G -admissible sequence (v, vo,
00), (V2,v1,01), ... for which the sequence of 0y defined in (19) satisfies the following
inequality for all k > 0 multiple of [:

Proof. By Lemma 26,

Z Es[l] [pr—i(Asz)] > 7405y

SE€EE, (Vh-141)

Since the value of s chosen by Algorithm 1 maximises Esm [Pk—1(Asx)], the left-hand
side of the above inequality is smaller or equal to d; (Vk—14+1)0%- 0

Theorem 28 translates the guarantee on 6y to a guarantee on A,, ---A,, using
Lemma 25.

THEOREM 28. Consider a finite set of matrices A constrained by an automaton
G(V,E). For any positive integers d, | and a lower bound v < psos-24(G,.A), Algo-

rithm 1 with input |, d and vy produces a G -admissible sequence (vy,vo, 0¢), (v2,v1,01), ...

that satisfies the following inequality:

1
. 3 gl
lim [|A, |5 > —T1
klm || k||2 = (2;(9))2}”

where s = (Ok,...,01).
Proof. By Lemma 27, for any k multiple of [,

2dk
"Y ~

Esk[l] [po (Askx)] = WEvovflao [po (.f)]

By Lemma 25, there exists a constant 7 > 0 such that
= d
Esk[l][po(ASkz)] < THASk”z :

Combining these two inequalities, we obtain
A d>_1 R
A ™ 2 —— = Bugu_ o0 [Po(2)]-

Since Evov_lgo is nonzero, IEUOU_WO [po(x)] > 0. Therefore taking the (2dk)th root and
the limit £ — oo we obtain the result. O

Example 29. Suppose that we apply Algorithm 1 with [ = 1 to Example 21 and
let us denote by ¢, the coefficient of the monomial ¢ in the polynomial po(z) chosen
arbitrarily by the algorihtm. The start of the sequence produced depends on the
order between the coefficients c(24,0,0), ¢(0,2d,0) ¢(0,0,2d)- If ¢(24,0,0) is the largest then
the G-admissible left-infinite sequence found is ...,1,2,3,1,2,3,1,2,3.

The product Ay, Ag, Apy - -+ = Az A2 A1 A3 Az A - - - is periodic and has an asymp-
totic growth rate p(Ay, Ay, A, )/? = 1. Hence 1 < p(G, A).
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3.6. Deducing a lower bound certificate. By definition of the CJSR, the
asymptotic growth rate of the norm of the product of any G-admissible (or G-
admissible) sequence of matrices gives a lower bound on the CJSR. In particular the
sequence produced by Algorithm 1 provides a lower bound on the CJSR.

If there are two integers k, k such that the sequence after k is periodic of period k,
the asymptotic growth rate of the norm is equal to the kth root of the spectral radius
of the product of the matrices of one period. This is due to the Gelfand’s formula
p(A) = limy_,o0 ||A*||*/*. From the same identity, we see that the spectral radius
of the product of the matrices of one G-admissible cycle gives a lower bound on the
CJSR.

To find lower bounds for the CJSR, one could generate all the cycles of length
smaller than some maximum length and compute the spectral radius for all of them.
This brute force approach is not scalable because the number of paths considered
grows exponentially with the maximum length.®

Gripenberg [16] proposes a branch-and-bound algorithm that prunes the search
using an a priori fixed absolute error. Other alternative methods exist such as the bal-
anced complex polytope algorithm [18, 17] and the invariant conitope algorithm [22].
The methods attempts to generate an invariant polytope from the eigenvector of a
cycle of high growth rate. A candidate of cycle of higher growth rate can be found
while constructing this polytope, the construction is then restarted with its eigen-
vector as a new stating point. While computing this polytope, convexity arguments
allows to prune paths which attenuate the exponential growth of the number of paths.
Specialized methods exist for some particular matrix structures such as the “spectral
simplex method” [39] in the case of nonnegative matrices with a “product structure”.

These algorithms can also be used to produce a G-admissible sequence of matrices
of high asymptotic growth rate by reproducing the cycles of high spectral radius
infinitely. The advantage of Algorithm 1 is that it provides a guarantee of accuracy
given in Theorem 28. Algorithm 1 provides at the same time a high growth infinite
trajectory and lower bounds of guaranteed accuracy.

Algorithm 1 requires to solve a semidefinite program with semidefinite matrices
of size (”tcil*l). Then, in order to add [ new edges to the sequence, it needs to go
through A; (G) paths and compare them by computing the scalar product between

a polynomial and moments with (”Jrgg*l) monomials. The semidefinite program can
be solved in a time polynomial in ("*47") and |E| [43], and adding ! edges to the

sequence can be done in a time proportional to A, (G) (’L+§3_1). While polytopes are

used in [18,; 17, 22] to prune paths, Algorithm 1 uses a solution of Program 20 to
guide the search which enables the discovery of sequences of guaranteed high growth
rate even with a small value of I. Moreover, Example 30 and [15] give examples where
Algorithm 1 uncovers rather long cycles of high asymptotic growth rate. This shows
the complementarity of Algorithm 1 with existing approaches which performs better
when the cycles of high growth rate have a small length as they iterate over possible
cycles of increasing length (although some are pruned). Moreover, [15] shows that the
algorithms can handle constrained switched systems with automaton of large size, as
it stabilizes a system with 64 nodes and 512 edges [15, Table I].

Ezample 30. We consider the switched system introduced in [8] as a counterex-
ample to the finiteness conjecture [24]. We use the value o« = 0.7493265463303675

8The exponential growth of the brute force approach is the reason why one should choose a small
[ for Algorithm 1.
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length | cycle growth rate
13 2112112121121 1.4092472220583443
21 211211212112112121121 | 1.4092472220583487

Table 1: Two cycles of high growth rate for the switched system of Example 30.

which is the IEEE double-precision number that is closest to the value given in [19]
for which the system does not satisfy the finiteness property. Table 1 gives two cy-
cles of high growth rate; as the reader can check, their growth rates are rather close.
We verified that there exists no cycle of length up to 32 that provides a larger lower
bound.

Using Algorithm 1 with 2d = 2, [ = 4 and pg equal to the solution of Program 16,
the algorithm generates a sequence starting with the cycle of length 21 in Table 1.

We consider now the Balanced Polytope algorithm exploiting the nonnegativity
of the matrices [17, Section 4]. A point p is considered to belong to the interior of a
balanced polytope P if Mosek [3] with its simplex algorithm certifies that the maximal
t such that tp € P is larger than 1 + 1 x 107!3. The algorithm first finds the cycle of
length 13 in Table 1 and is then able to find the cycle of length 21 with the tolerance
1 x 10713, However, if the 1 x 1073 tolerance is replaced by —1 x 107! or lower,
then the algorithm does not find this second cycle as shown in [33]. This behavior is
not surprising given how close the growth rates are as shown in Table 1.

A cycle with growth rate equal to the CJSR is often called spectral mazimizing
product (s.m.p.). The algorithm is able to conclude that the cycle of length 21 is an
s.m.p. with the tolerance 1 x 107'3. If we replace the 1 x 1073 by 1.1 x 1073, the
algorithm does not conclude that the cycle of length 21 is an s.m.p., even up to depth
1000 as shown in [33]. We will consider this cycle to be an s.m.p. for the purpose of
the benchmark even though it cannot be said for certain.

We can compute “non-constructive” lower bounds (it is not constructive as it
does not exhibit a cycle certifying the lower bound) using the guarantee (given in
[30, Corollary 1]) on the upper bound (15) provided by Program 16, but in practice
the trajectories found by Algorithm 1 are periodic after some time k so we are able
to compute much better lower bounds than the pessimistic bound provided by the
guarantee. This is shown by Example 31.

Example 31. We tried the atom extraction procedure introduced in Section 3.4
and Algorithm 1 for [ = 1 and [ = 3 on our running example; see Example 1,
Example 19 and Example 23. The result is shown in Figure 4. We showed in [30]
that the CJSR of the system is equal to 0.97482. We can see that this lower bound is
found for d =4 for [ = 1 and for d = 1 for [ = 3. The atom extraction finds the lower
bound 0.939255.

Example 32. Consider the unconstrained switched system with the following two
matrices:
-1 1 -1 -1 1 -1
Ay=|-1 -1 1 A, =|-1 -1 0
0 1 1 0 1 1

9This example was found in a previous collaboration with N. Guglielmi and A. Cicone (unpub-
lished).
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Fig. 4: Result of Example 31. The SOS UB is the upper bound found by Program 16
and the SOS LB is obtained from its guarantee; see [30, Corollary 1]. The value d of
horizontal axis corresponds to using polynomials of degree 2d. The right figure is a
zoom of the left figure.

Example length | GRIP [s] | BP[s] | d [ SOS|[s] SEQ [s]
30 21 0.072 0.02 1 4 0.06 0.0013

15 2 0.70 0.013

31 8 0.067 0.10 1 3 0.08 0.0012

4 1 0.20 0.0012

32 41 0.035 1.81 1 9 0.06 0.113

4 2 0.62 0.071

Table 2: Comparison of the performance of different algorithms to find an s.m.p. The
second column provides the length of the smallest s.m.p. GRIP is the time taken
by the Gripenberg algorithm [16] to find an s.m.p. BP is the time taken by the
Balanced Polytope algorithm [17] to find an s.m.p. The nonnegativity of the matrices
is exploited for Example 30 as suggested in Section 4 of [17]. A point p is considered to
belong to the interior of a balanced polytope P if Mosek [3] certifies that the maximal
t such that tp € P is larger than 141 x 10713, SOS is the time taken by Mosek [3] to
solve the pair of primal-dual programs Program 16/Program 20 with degree d using
a bisection on ~ until log(¥) — log(y) < 1 x 1072 where ¥ is the smallest - such that
Program 16 is feasible and + is the largest v such that Program 20 is feasible. SEQ
is the time taken by Algorithm 1 with input /,d and ~. The timings are taken from
Benchmark.html of [33]. B

The s.m.p. has length 41 and growth rate 1.684185:
11122112211221122112211221122112211221112.

We summarize in Table 2 and Table 3 the time taken by the different methods
on the examples. As we can see in Table 2, the time taken by Algorithm 1 to find
the s.m.p. is competitive compared to alternative approach once the Sum-of-Squares
pair of primal-dual programs Program 16/Program 20 has been solved. Moreover,
as we can see in Table 3, finding upper bounds by solving this pair of programs is
competitive with alternative approaches.

4. Conclusions. We have analysed the dual of the SOS Lyapunov program for
switched systems and shown how to leverage it to study the system stability. We also
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Example ) GRIP [s] | BP [s] | d SOS [s]
30 6 x 1077 1.37 2.08 |7 0.62
31 25 x 1078 6.50 0.046 | 7 1.28
32 1x1073 0.38 2484 | 6 8.25

Table 3: Comparison of the performance of different algorithms to find an upper bound
to the CJSR. GRIP is the time taken by the Gripenberg algorithm [16] to prove the
upper bound p(G, A) + §. The timing BP differs from the timing BP in Table 2 in
the fact that we wait for the algorithm to prove that it is an s.m.p. The timing SOS
differs from the timing SOS in Table 2 only in the bisection stopping criterion which
is 7 — p(G, A) < ¢ for this table. The timings are taken from Benchmark.html of [33].

generalized the whole approach to constrained switched systems, a class of systems
that has attracted increasing attention recently.

Our analysis shows (and thrives on) the close relationship between the optimiza-
tion approach for computing the JSR and the notion of constrained switching systems:
First, our Theorem 28, which leverages the dual of the classical JSR algorithm, actu-
ally naturally applies to the constrained case; Even more, Proposition 12 transforms
an unconstrained system into a scalar constrained one for the purpose of computing
a lower bound. Let us also mention our work [32, Theorem 5.1], where unconstrained
systems with low rank matrices naturally lead to the definition of an auxiliary con-
strained system.

We have introduced two techniques to generate lower bounds from the solution of
the SOS dual program. In practice, these techniques provide periodic trajectories of
high asymptotic growth rate. Since the SOS program can be solved efficiently, does
this give an efficient algorithm to generate lower bounds on the CJSR with guaranteed
accuracy? This is not clear, because our algorithm provides firm guarantees only when
the computed measures are atomic, which is not always the case.

More generally, the techniques developed in this work, based on generating “bad”
trajectories for a dynamical system via dual solutions, naturally extend to many other
problems in systems theory. We are currently exploring such possibilities.
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Appendix A. Stability certificates and duality.

THEOREM 33. Consider a finite set of matrices A constrained by an automaton
G(V, E). We have limy_0 pr.(G, A, || - ||) < 7.

Proof. Consider a norm || - || of R™ and its corresponding induced matrix norm
of R™*™_ For each v € V, we know by compactness of the unit ball in R"™, continuity
and strict positivity of f, () that there exist 0 < a,, < S, such that oy |jz|| < fo(z) <

Bollz|| for all z € R™. Let o = min,ey o, and S = maxyey fo.

HAo'k "‘Aal ||

For a G-admissible k-uple (01,02,...,0%), |[Ag, -+ Ao, || = sup,.o T
Consider a path such that the ¢th edge has label ¢; for ¢ = 1,...,k and denote the
intermediary nodes of that path as vg,vy,...,v,. For any z € R"™, we have

||A0'k "'Amx” <y for (Aok "'Atnx) < O[Ukika—l(Ao'k—l "'Atnx) < avkikfvo ()

and ||z|| > BuoPu, (%) hence ||Ay, -+ Agy || < 5&7’“ < gﬁk. Taking the kth root, the
.
limit k& — oo and using Definition 2 we obtain the result. O

LEMMA 34 (No duality gap). For a fized 7,

Weak duality If Program 3 (resp. Program 4) is feasible for 7 =~ (resp. v =)
then Program 4 (resp. Program 3) is infeasible for all v <~y (resp. 7 > 7).

Strong duality If Program 3 (resp. dual) is infeasible for 5 =~ (resp. v =) then
Program 4 (resp. Program 3) is feasible for v = (resp. ¥ =1).

In other words, there exists a value v* such that for every v > v*, there exists a
feasible solution to Program 3 and for every v < v*, there exists a feasible solution to
Program 4. Moreover, either Program 3, Program 4 or both have a feasible solution
with v = y*.

Proof. Consider the hyperplane C' £ { (fo:veV)e FlVI ‘ Y vev fSn,l fo(z)de
=1} and the map D, : FVIS FIEL: (f, v e V) = (vfu(@) = fo(Asz) : (u,v,0) €

Given a fixed 7, Program 3 has no solution for ¥ = ~ if and only if D, (}"_m N
a)n ]-"JlrE| = (). Since ]-"JI:;‘ N C' is compact, so is DW(]-"J‘:;' N C)). We know that a
compact set and a closed set have no intersection if and only if there exist a strict
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separating hyperplane separating the two sets. That is, a measure u € M such that
(u, fy > 0forall f e .FLE‘ and (u, f) <Oforall f € DW(]-'J‘:;| NC'). The first condition
is simply 4 € M. For the second condition, we remark that D.y(./"-'_li:/;_| nc) =
Dv(int(]-]lrv‘) NC) =ri ’DA,(]-'LV‘ N C) where ri denotes the relative interior of a set.
We have (i, f) < 0 for all f € riDW(}]‘er N C) if and only if (u, f) < 0 for all
feDy(FY N e) and

(23) 3feD(FYnC): (u, f) £ 0.

Therefore, if Program 3 has no solution for 7 = ~ then there exists a nonzero
measure p € (M )!Fl such that for all f € C and (u,v,0) € E,

(24) oY ABwelfu@) <Y D Eulfu(Ae))]

veV (v,u,0)€EE veV (u,v,0)EE

and (23) holds.

Note that if the inequality (24) is respected for some f € C, it is also respected
for Af for all A > 0. So we can impose that the inequality should be respected for all
fert (o}

The constraint (24) must be true for all f € .FJ‘rvl \ {0} so in particular in the case
where there is a node v € V such that f,(x) = 0 for all u # v. Therefore we must
have

Y Z Eyuo [fo(z)] < Z Evvo[fuo(AcT))], Vi, € Fy

(v,u,0)€EE (u,v,0)€EE

for all v € V. This is (9) so the strong duality is proven.

To show the weak duality, we show that if there exists a dual solution u for v =~
then (9) and (23) are satisfied for all ¥ < 7. We know that (9) is satisfied for v so the
constraint (9) is also satisfied for any v < v. Using (24) and (10) with f,(z) = ||=||
for all v € V, we have (u, f) < 0 for all y < 7. O
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