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Abstract 

This paper deals with the dynamical properties 
(observability, reachability, stabilizability, detectabil- 
ity) of fixed bed reactors. The class of processes con- 
sidered here are plug flow reactors in which sequential 
reactions take place (at the exclusion of reversible re- 
actions, and ”l00p)’ reactions). The analysis is based 
on a linear distributed parameter model of the pro- 
cess. It is shown that the system is stable, whence 
detectable and stabilizable when the control inputs 
are the influent reactant concentrations. But it is 
not approximately reachable. Besides observability is 
studied when either the concentrations of the process 
components or the products of the sequential reac- 
tions’ endpoints are measured at  the reactor output. 

1 Introduction 
The dynamics of fixed bed reactors are described 

by partial differential equations (PDE’s) derived from 
mass and energy balances (e.g. [l]). Either for (dy- 
namic) simulation or for control design, the PDE’s 
model is commonly reduced to a set of ordinary 
differential equations (ODE’s) by using approxima- 
tion methods (e.g. finite differences, orthogonal 
collocation, ...)[ 21, [3]. The approximation procedure 
may result in extensive computation studies before 
obtaining a satisfactory model approximation. For 
finite differences, the number of ODE’S may easily 
become excessively high. And for orthogonal collo- 
cation (which presents the advantage of substantially 
reducing the number of required ODE’s), in spite of 
interesting attempts, e.g. [4], there exists no system- 
atic procedures for choosing the reduction parame- 
ters (like the number of collocation points, or the 
value of the parameters CY and p of the Jacobi poly- 
nomial, which influence the location of the discretiza- 
tion points); the properties of the space derivatives’ 

approximation may be even be surprising (see [5]). 
Beside this computation burden, it may be difficult 
generally speaking to know the connection between 
the original distributed parameter model and its dis- 
cretized version, and as it is mentioned in [6], the 
dynamical properties of both models may be differ- 
ent. 
This paper is dedicated to the analysis of a class of 
fixed bed reactors, viz. plug flow reactors involving 
sequential reactions for which the kinetics only de- 
pends on the concentrations of the reactants involved 
in the reaction. The analysis is carried out by using 
the tools of the distributed parameter (Le. infinite di- 
mensional state space) linear system theory (see e.g. 
[7], [8] and the references therein), and is based on the 
linearized tangent model of the (generally) nonlinear 
PDE’s model. In that sense this work is intended 
to try to reconcile the abstract distributed parame- 
ter system theory and the practical process control 
problems. The concepts of observability and reacha- 
bility that will be considered here are those used in 
[9]. It is shown that the linearized tangent PDE’s 
model is stable, whence that it is detectable and sta- 
bilizable. On the other hand, it is shown that it is 
not approximately reachable. The system is observ- 
able if the component concentrations are measured 
at the reactor output. Moreover no physical value 
(positive concentration) of the state is unobservable 
if the products at the sequential reactions’ endpoints 
are measured at  the reactor output. 
The paper is organized as follows. Section 2 is ded- 
icated to the dynamical models : we first introduce 
the basic dynamical model of a plug flow reactor for 
one isothermal reaction with one reactant and one 
product. The dynamical analysis of the basic dynam- 
ical model is carried out in Section 3. In order to 
have a paper as easy to read as possible, particularly 
for non-experts in infinite dimensional systems, we 
have deliberately written the paper with a pedagogi- 
cal intention by starting Section 3 with a short intro- 
duction of the basic concepts of infinite-dimensional 
systems. Extensions of the results to other cases of 
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sequential reactions are discussed in Section 4. 

2 Basic Dynamical Model 
Let us consider a fixed bed reactor without disper- 

sion in which the following reaction takes place : 

A - bB (1) 
The dynamics of this process are given by the follow- 
ing mass balance equations : 

ax; ax; - = -U- - T ( 2 / 1 )  
at az 

xi(. = 0 , t )  = z&), x2(z = 0 , t )  = 0 (4) 

for all t 2 0 and for all z E [0, L],  where zi and 2 2  are 
the concentrations (mole/l) of A and B respectively, 
U > 0 is the fluid superficial velocity (m/s), T is the re- 
action rate (mole/l.s), and zin is the influent reactant 
concentration. Here we also assume that the kinetics 
only depend on the reactant concentration xi. In or- 
der to get a linear distributed parameter system with 
homogeneous boundary conditions, we consider the 
following change of variable : 

(5) 21 = x; - x .  an. 

Then the dynamical model (2)-(4) reads as follows: 

(7) 
x1(z = 0 , t )  = 0, zg(z = 0 , t )  = 0. (8) 

If the reaction is characterized by first order kinetics 
or if we consider the linearized tangent model of (2)- 
(4) in case of nonlinear kinetics,then the dynamical 
model (6)-(8) takes the following form 

X l ( Z  = 0 , t )  = 0, xa(z = 0 , t )  = 0, (11) 

where ko is the kinetics constant (s-I). Equations 
(9)-(11) together with suitable initial conditions de- 
fine the basic dynamical model on which the dynam- 
ical analysis will first be performed. In the analysis 
below, this model is seen as a system with a single 
control input, viz. zin. Now observe that the ba- 
sic dynamical model can be written in the following 
operator matrix form: 

dx 
dt 
- AX + Bv, ~ ( 0 )  = 20 E D ( A ) ,  (12) 

where Aw( . )  denotes a finite unit impulse of window 
width w, i.e. an approximate Dirac delta distribution 
at  z = 0, and where the state x and the input v are de- 
fined respectively by x = ( 2 1 ,  z2) and v = (x in,  %). 
This description is analyzed in detail in the following 
section. 

3 Dynamical Aanalysis of the Basic 
Dynamical Model 

3.1 Uncontrolled model 

Since our objective is the dynamical analysis of the 
fixed bed reactor model by using the linear dis- 
tributed parameter system theory tools (see e.g. [7], 
[SI, [lo]), an important prior step is to  obtain a 
description of the model as an infinite-dimensional 
Hilbert state space system (12), where x ( t )  belongs 
to  a real separable Hilbert space X ,  and A is the (in- 
finitesimal) generator of a strongly continuous (CO-) 
semigroup of bounded linear operators ( eAt ) t20  on 
X .  Here we use the (Hilbert) state space X = 
L2(0,L)  @ L2(0,L)  , where L2(0 ,L )  is the set of 
measurable square-integrable real-valued functions 
f : [O,L] ---f IR, i.e. such that s,” I f(z) l 2  dz < CO, 

and where X @ Y denotes the Hilbert space ob- 
tained as the Cartesian product of the Hilbert spaces 
X and Y endowed with the inner product defined 
by < Z I , Z ~  >=< x1,x2 > + < y1 ,y2  > for all 
t i  = ( x i , ~ i ) ,  z2.= (xz ,yz)  E X Y .  L’(o,L) is 
a Hilbert space with inner product and norm defined 
V f , g  E L2 respectively by 

L 

(15) 

I t  f 112= &-mX= (s,” I f ( z )  l2 dz)$ 

We first concentrate on the free (i.e. uncontrolled) 
system (for xin = 0): 

dx 
dt = A x ,  ~ ( 0 )  = 20 E D ( A ) ,  (16) - 

where the operator A is given by (13), which can be 
rewritten more concisely as follows : 

A = ( %  12) .  
3.1.1 Operator A1 

This operator is given by 

A1 : D(A1) - L2(0 ,L )  

on its domain D(A1) = { x1 E L2(0 ,L ) :  x1 is abso- 
lutely continuous, 9 E L ~ ( o , L ) ,  x1(0) = 0). BY 
e.g. [SI, if AI  is the generator of a CO-semigroup of 

3226 

Authorized licensed use limited to: IEEE Transactions on Automatic Control Editors. Downloaded on January 21, 2009 at 08:24 from IEEE Xplore.  Restrictions apply.



bounded linear operators (eA1t)t>O on L2(0,  L ) ,  then 
the (homogeneous) Cauchy probkm 

- = A i ~ 1 ,  t 2 0 ,  ~ l ( 0 )  = 210 E D(A1) d X l  

d t  (19) 

has a unique solution X I ( . ) ,  which is given by 

z l ( t )  = eAltxlO, t 2 0. (20) 
Assertion 1 : The operator A1 is the generator of a 
CO-semigroup (eA1t)t>O of bounded linear operators 
on L2(0, L )  which is given for any initial state $10 E 
L 2 ( 0 ,  L )  by 

e-kOtzlo(z - u t )  if z 2 ut 
if z < ut ( eA l t z lo ) ( z )  = 

for all t 2 0 and for all z E [O,L] . Moreover the 
CO-semigroup (eAlt)t>o is exponentially stable; more 
precisely 

where 1 1  . 11 denotes the uniform operator norm. 0 

1 1  eAlt  115 e-kot,  ~t 2 0, (21) 

Indeed, observe that 

< A i z , ~  >I -ko 1 1  2 112" VZ E D ( A i ) ,  
< A;z ,x  >I -IC0 11 c 11: V X  E D(A';) ,  

(22) 
(23) 

where the adjoint operator AT is given by Arxl = 
u ~ - l C o z l  for every 2 1  in its domain D(AT) = { 2 1  E 
L2(0, L ) :  ~1 is absolutely continuous, 2 E L2(0, L )  
, s l ( L )  = 0 }. Observe that LO > 0; hence, by e.g. 
Corollary 2.2.3. of [8], it follows from (22)-(23) that 
A1 is the generator of an exponentially stable CO- 
semigroup (eA1t)t>O such that (21) holds. Now, by 
considering the Laplace transform with respect to  t 
and the expression (18), eq. (19) becomes : 

df 1 

dz 
u- = - (s  + k0) f l  + z10, f l ( 0 ,  s )  = 0 ,  

where f l ( z , s )  is the Laplace transform of z l ( z , t ) .  
The integration of the above differential equation 
with respect to  the spatial coordinate gives 

e-*d 2 

i & , S )  = - 1 e*qzxlo(q)dq. (24) 
U 

Finally observe that the above expression is the 
Laplace transform (with respect to  t )  of 

e-kotxlO(z - u t ) ,  t 2 0 ,  0 5 z 5 L. (25) 

Remark 1 : The CO-semigroup property of (eAlt)t>O 
is characterized by the following conditions, [7], [q: 
(i) for all t 2 0, eAlt  is a bounded linear operator, 
such that 

(ii) [Semigroup property] for every x E L2(0 ,L ) ,  
eAi t  xlt=O = x and eAl(t+s) = eAl ( t ) eA l (8 )  for all t ,  s > - 
o ; (iii) [Strong continuity] for every c E L 2 ( 0 , L )  , 
11 e A l t z  - x Il2-f o as t -+ O+ . 

3.1.2 Operator A2 

Observe that A2 = A1 + Lo1 and D(A2) = D(A1).  In 
view of Assertion 1, it follows e.g. by Theorem 3.2.1 
of [8] that the following result holds. 

Assertion 2 : The operator A2 is the generator of 
a CO-semigroup (eA2t ) t20  of contractions on L2(0 ,  L ) ,  
(i.e. 11 eAzt  115 1 for all t 2 0), which is given for any 
initial state 2 2 0  E L2(0, L )  by 

for all t 2 0 and for all z 6 [O,L] . Moreover the CO- 
semigroup (eAat)$>* is exponentially stable, i.e. there 
exist constants M2 > 0 and 1 1  > 0 such that 

11 eAzt 115 ~2 e -k l t ,  Vt 2 0.0 (26) 

Remark 2 : Observe that,  for any 2 2 0  E L 2 ( 0 ,  L ) ,  

II eA%O 112" dt I $ II X 2 0  1 1 %  ' 

Hence, by e.g. Lemma 5.1.2 of [8], the CO-semigroup 
(eAat)t>o is exponentially stable. 

3.1.3 Operator A 

We are taking advantage of the lower triangular form 
of the operator A ,  which is the generator of the CO- 
semigroup eAt (see e.g. Lemma 3.2.2 of [8]) : 

S ( t ) x  = lt eAa(t--s)DeAISxds, (28) 

where eAlt and eAat are the CO-semigroups generated 
respectively by A1 and A2. Besides since 

11 eA*t 11 5 MieWlt, i = 1,2 ,  w1 = -k0, w2 = -Ll  

then eAt is also bounded as follows : 

11 eAt 1 1  5 MeUt, w = maz(w1,wg) < 0 ,  (29) 

whence the CO-semigroup (eAt)t20 is exponentially 
stable. Observe also that the value of S(t)z lo ,  where 
~ 1 0  is in L2(0 ,L) ,  is equal to  : 

(S ( t ) z lo ) ( z )  = (eA"(t-s)DeAlszlo)(z)ds I' 
- - b .  (1 - e-kot)  + x10(z - u t ) ,  

if z 2 ut, and (S(t)zlo)(z) = 0 otherwise. 

3.2 Solution x ( z , ~ )  

In view of the previous developments, we can write 
the solution ~ ( t )  = eAtxO of the basic dynamical 
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model (9)-(11) as follows, for all t 2 0 and for all 
E [O, LI, 

~l(t,t) = ~ 2 ( ~ , t )  = 0, if < ut, (30) 

zl(z,t) = e-kotzlO(z - ut), (31) 
zz(z,t) = Q o ( Z  - ut)  + 

b .  (1 - ) . Z ~ O ( Z -  ut),if z 2 ut. (32) 

The above expression will be used in the subsequent 
dynamical analysis. Note that the spectrum of the 
operator A is empty, i.e. that ( s I -A)- '  is a bounded 
linear operator on X for all complex numbers s (see 
[8])(hence the transfer function has no singularity, 
and in particular no poles). Because of the stability 
of (eAt)t>O, the system (9)-(11) is stabilizable (i.e. 
there exiits a stabilizing feedback K such that A + 
BK generates an exponentially stable CO-semigroup) 
and detectable (i.e. there exists a stabilizing injec- 
tion F such that A + BF generates an exponentially 
stable CO-semigroup) . 

3.3 Observability Analysis 

Let us first define an output function y(.) by 

(33) 

where C : X -+ lRp , with p = 1 or 2, is a bounded 
linear operator. For a linear system (12),(33), i.e. 
( C , A ) ,  the unobservable subspace N O ( C , A )  is the 
subspace of all initial states ( E X producing a zero 
output, i.e. CeAt( = 0 f o r  all t 2 0. The sytem (12), 
(33), i.e. (C ,A) ,  is said to  be observable if and only 
if N O ( C , A )  = (0). 

Remark 3 : The above observability concept is also 
known as approximate observability in [8] and weak 
observability in [lo]. 

Let us consider measurements at  the reactor output 
( z  = L ) .  In this case, the output function y(+) is 
defined as follows: we consider a (very small) finite 
length interval a t  the reactor output [L - w, L],  i.e. : 

where A,(.) is given as in (14) (i.e. A,(z) = 2u-l for 
t E [0, w) and A,(z) = 0 elsewhere), and 6 is either 
the 2-by-2 identity matrix when both components q 
and 2 2  are measured, or a unit row vector if only one 
of them is available for measurement. Observe that 
z l ( z , t )  is only a function of 210 while x2(z,t) is a 
(positive) weighted sum of both initial reactant and 
product profiles. If we consider that both variables 4 1  
and x2 are measured, the observability map is written 
as follows: 

L with Si(t)  = & JL-,  (i(z - ut)&, i = 1, 2. 
By the Lebesgue differentiation theorem (see e.g. 

Theorem 8.17 of [ll]), and by (Lemma p. 177 of 
[l l]) ,  the following result holds: 

If f E L2(0 ,L )  (C L ' (0 ,L ) )  and if 
Jl f ( z ) d z  = 0 for all z E [0, L ] ,  then f = 0 E L2(0, L ) ,  
i.e. f(z) = O for almost every z E [0, L] .  

From this lemma, we can deduce that the observ- 
ability map is equal to zero for all t 2 0, i.e. for all 
t E [O,k] , if and only if & ( z  - ut) = &(t - ut) = 0, 
for all t E [ 0 , 6 ]  and for almost all z E [L - w, L ] ,  or 
equivalently ( 1  = 1 2  = O E L2(0, L) .  

Assertion 3 : The system (12), (33) is observable 
if the process components 2 1  and 2 2  are measured at 
the reactor output. , 

Remark 4 : a) By Assertion 3 and by e.g. pp. 32-34 
of [lo], the system state can be determined uniquely 
from the knowledge of the output. 
b) Obviously the system is not observable if only 21 
is available for measurement at  the reactor output (in 
this case, the observability map reduces to  the first 
component of (34)). 

It is also interesting to analyze the observability 
when only the product z2 is measured at  the reactor 
output. Indeed it has been shown in [5] that the val- 
ues of reactant and product concentrations in a plug 
flow reactor remain positive (and bounded) for all t .  
Therefore, by considering this positivity property, the 
observability map (which is now given by the second 
component of (34)) is equal to  zero for all t E [0, $1 
if and only if & ( z  - ut)  = &(z  - ut) = 0, for all 
t E [0, L] and for almost all z E [L - w, L] .  This leads 
to the Following result. 

Assertion 4 : No (positive) physical value of the 
state of the system (12),(33), i.e. (C,A) ,  is unobserv- 
able from the measurement of the product concentra- 
tion x2 at the reactor output: more precisely, for any 
6 E X such that [ 2 0 almost everywhere on t 2 0, if 
C e A t [  = 0 for all t 2 0, then [ = 0 E X . 0 

Remark 5 : Presently we do not know whether As- 
sertion 4 is sufficient for determining uniquely the 
(positive) state from the knowledge of the output, 
when only the product 2 2  is measured at the reactor 
output. 

3.4 Reachability Analysis 

Here we consider the dual property of observability, 
i.e. (approximate) reachability. The latter concept is 
more convenient from a control engineering point of 
view, because it is less restrictive than exact control- 
lability. Moreover there exist computational tests for 
checking observability (resp. reachability) for large 
classes of linear distributed parameter systems, see 
e.g. [8]. 
For a linear system (12), i.e. ( A , B ) ,  the reach- 
able subspace R(A,B)  is the subspace of all states 
which can be (approximately) reached from the ori- 
gin, i.e. R(A,B) is the closure of the set of all 
( E X such that there exist a time T 2 0 and 
a square-integrable input u : [ O , T ]  -+ Bi such that 
( = eA('-')Bu(s)ds. The system (12), i.e. ( A ,  B )  
is said to be reachable if and only if R(A, B )  = X ,  or 
equivalently N O ( B * , A * )  = {0}, since R(A,B)  is the 

Lemma: 
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orthogonal complement of N O ( B * ,  A*) ,  see e.g. [9]. 
Consider a (very small) finite length interval at the 
reactor input [o, w] for the control input xi,, , i.e. 

where bl E X is the first column of the operator B , 
( 1 4 ) .  The derivation of the adjoints b; =< b l ,  . > and 
eA*t  gives after some straightforward computations: 
for z E [O,L] and t 2 0 , 

if C = z + ut 5 L, and eA"[ = 0 otherwise. Then the 
adjoint of the reachability map is equal to  

W 
b,e * A't t: = &e-kot  1 (b.5 - &)(C)l(L - C)dz, 

W 

where 1 ( . )  denotes the unit step function, i.e. l ( t )  = 1 
for t  2 0 and l ( t )  = 0 elsewhere. We can set the right 
hand side to  zero by considering values of and J 2  
such that bJ2 = &. Therefore the following result 
holds. 

Assertion 5 : The system ( 1 2 )  with a single con- 
trol input, namely xira ,  i.e. ( A , b l ) ,  where bl E X is 
the first column of the control operator B given by 
(14), is not (approximately) reachable. 0 

4 Generalization to Sequential 
Reactions 

Let us now consider a plug flow reactor with se- 
quential reactions (at the exclusion of reversible reac- 
tions and reaction loops) for which the kinetics only 
depends on the reactant concentrations. For the ob- 
servability, the generalization is based on the exten- 
sion of the result of the preceding section to  two typ- 
ical cases : a sequence of 3 reactions, and a reaction 
with more than one reactant. 
4.1 Observability 

4.1.1 Sequence of 3 reactions 

Let us consider the following sequential reaction 
scheme : 

A - b B  (36) 
B - c C  (37) 

The state operator is then equal to  : 

O )  a 

-U& - kl 0 
A = ( bkl - u & - k Z  0 

0 Ck.2 -U= 

where k.1 and k.2 are the kinetics constants of reac- 
tions 1 and 2 ,  respectively. Here again, A is a lower 

triangular matrix : therefore we can use the step-by- 
step approach which has been considered in the basic 
model case to determine the solution of X I ,  2 2  and 23 
(i.e. the concentration of the product C). This gives 

+ bc(1-  

- 
e kl"lo(z - u t ) ,  

bkl 
k1 - k.2 

e-kz"& - ut) + - 

Note that here again, the values of 2 1 ,  2 2  and 2 3  are 
a weighted sum of the initial profiles, with positive 
coefficients. Therefore Assertions 3 and 4 are readily 
extended for the process components X I ,  2 2  and 2 3  

(Assertion 3), and for 23 (Assertion 4 ) .  

4.1.2 

Let us consider the folowing reaction scheme : 

Reaction with more than one reactant 

A +  b B  + c C  - dD 
Let us denote by c l ,  2 2 ,  2 3  the concentrations of 
A ,  B and C normalized with respect to their influent 
concentrations (as we did in section 2 for the reactant 
A ) ,  and 2 4  the concentration of the product D. If we 
consider the linearized tangent model of the process, 
the state operator A related to  the 3 reactants is equal 
to  : 

(38) 

) -U$ - k1 4 2  
-bkl  - U & -  bk2 ( -Ck1 -ck2 -U; - Ck3 

where the coefficients ki (i = 1 to 3) are defined from 
the reaction rate r ( x l , x 2 , x 3  (= k . ~ f ( x ~ , x ~ , x 3 )  with 
k.0 the kinetic constant) as follows : 

(39) 

Triangularisation of the operator A is obtained by 
considering the following state transformation for the 
reactants : 

where N is the number of reactants involved in the 
reaction. Since the new variables are positive sums 
of the original variables, the above line of reasoning 
applies for measurements of 2 4  at the reactor output. 

4.1.3 General observability property 

The above two examples cover the typical situa- 
tions encountered in sequential reactions. Therefore 
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we may conjecture that the following general result 
holds: the system is observable from measurements of 
the component concentrations at the reactor output, 
and no (positive) physical value of the state of the 
linearized tangent model of a plug flow reactor with 
sequential reactions are unobservable if the products 
a t  the endpoints of the reaction sequences are mea- 
sured at the reactor output. Note that, since the 
result is - generally speaking - based on a linearized 
model, the result is local. It is also worth noting that 
this result is in line with the results obtained for se- 
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