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Abstract. The Multilevel Richardson-Romberg (ML2R) estimator was
introduced by Pages & Lemaire in [1] in order to remove the bias of the
standard Multilevel Monte Carlo (MLMC) estimator in the 1D Euler
scheme. Milstein scheme is however preferable to Euler scheme as it
allows to reach the optimal complexity O(¢72) for each of these esti-
mators. Unfortunately, Milstein scheme requires the simulation of Lévy
areas when the SDE is driven by a multidimensional Brownian motion,
and no efficient method is currently available to this purpose so far
(except in dimension 2). Giles and Szpruch [2] recently introduced an
antithetic multilevel correction estimator avoiding the simulation of these
areas without affecting the second order complexity. In this work, we
revisit the ML2R and MLMC estimators in the framework of the anti-
thetic approach, thereby allowing us to remove the bias whilst preserving
the optimal complexity when using Milstein scheme.

Keywords: Multilevel Monte Carlo - Antithetic Multilevel Monte
Carlo + Richardson-Romberg extrapolation - Milstein scheme - Option
pricing

1 Introduction

Monte Carlo methods provide a flexible and elegant tool for pricing derivatives
securities that do not require the calculation of optimal exercise decision, like
European options, exotic options (Asian, barrier, lookback, etc.). Unfortunately,
these methods suffer from chronic deficit in performance. Various techniques
have been implemented to accelerate their convergence: antithetic prints, control
variate, importance sampling, just to name a few. Except the first, all of these
techniques rely on the specificities of the product we want to price and hence
fail by lack of genericness. Multilevel Monte Carlo (MLMC') aims at providing
a universal solution applicable to this convergence problem. In the case of Euler
scheme, Lemaire and Pages introduced a more efficient method called Multilevel
Richardson-Romberg (ML2R). This leads to a reduction of the computational
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cost from O(s72(log(1/¢))?) to O(e2(log(1/¢))) (see [1]), for a given accuracy
€ > 0. The Milstein scheme allows to reach the optimal complexity O(e~2) for
each of these estimators. In the multidimensional case, an antithetic approach
avoiding the simulation of Lévy area allows to achieve this optimal complexity
for MLMC estimator [2].

In this paper, we introduce a suitable antithetic correction for ML2R esti-
mator without affecting the optimal complexity. We show that this complexity
is achieved by both ML2R and MLMC but our new antithetic ML2R is better
in term of performance than the standard antithetic MLMC' (see Sect.4).

This paper is organized as follows: in Sect. 2, we introduce a general frame-
work to formalize the optimization of a biased Monte Carlo simulation as
described in [1]. In Sect.3, we introduce our new antithetic ML2R estimtor
(see Eq. (8)) with its optimal allocation given by Theorem 3 and the standard
antithetic MLMC after a brief background on the Multilevel estimators (MLMC
& ML2R). In the last section, we present the numerical experiments.

2 General Framework

In this section, we will revisit in detail the preliminaries we need before intro-
ducing our Multilevel estimators.

2.1 Milstein Scheme

Let T > 0 and (§2,F,{F:}iefo,r];P) be a complete probability space with a
filtration {F;}iepo,r) satisfying the usual conditions. We consider the multidi-
mensional R?-valued SDEs of the form

dX; = b(Xy)dt + o(X:)dWs, Xo € RY, te [0,T] (1)

where b : R? — R? and ¢ : R? — M(d, ¢) are smooth functions and W is a
g-dimensional Brownian motion. Define the tensor g;;x(z) as

d
1 Ooii(x
gigk(1) = 5 8;:( )

m=1

omp(x), i=1,...,d, 7=1,...,q.
Then X can be approximated by the Milstein scheme with uniform step h = T'/n

q q
AXi 0 =bi(Xo)h+ > 0ij(X)AW, 0+ > gijn(Xe) (AW, g AWy, o — hC jy — Ajgr)
j=1 jik=1
where C' is the correlation matrix for the driving Brownian paths AW;, =
ng - Wi, AX; ¢y = Xi 041 — X with tg = £h, and Ajj. o is the Lévy area of

(W3, W*) between t;, and ty,; defined as (see [2])

toy1 ) ) Loyt .
Ajpp = / W - Wtje)thk - / (Wtk - Wti) dwy.

17 te
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The Milstein scheme without Lévy area, or approrimate Milstein scheme, is
obtained by setting A = 0, namely:

q q
AXZ',@ = bi(Xz)h + Zaij(Xg)AWj,z =+ Z gijk(Xe)(AijeAWk,z — hCi,k). (2)

j=1 k=1

2.2 Variance and Complexity (Effort)

We consider a family of linear statistical estimators (I¥)y>1 of Iy € R where 7
lies in a parameter set I C R?. By linear, we mean, on the one hand, that

E[IN] =E[I}], N>1,

T

and, on the other hand, that the numerical cost, Cost(/2) induced by the sim-
ulation of IV is given by

Cost(IY) = Nx(r)

where k(m) = Cost(I}) is the cost of a single simulation or unitary complezity.
We also assume that our estimator is of Monte Carlo type in the sense that its
variance is inverse linear in the size N of the simulation:

var(IY) = V](:;)

where v(m) = var(I1) denotes the variance of one simulation. We are looking for
the “best” estimator in the family {(IY), m € II} i.e. the estimator minimizing
the computational cost for a given € > 0. This generic problem reads:

(m(e), N(g)) = argmin Cost(I}). (3)

1Y —Ioll2<e

In order to solve this minimization problem, we introduce the notion of effort
#(m) of a linear Monte Carlo type estimator ..

Definition 1. The effort of the estimator I is defined for every = € IT by

()
v(m)

When the estimators (IY)n>; are biased, the L2-error becomes

o(m) = v(m)k(m) sothat Cost(IY) =N (4)

B[ — 10)%) = 52r) + 27 where () = E[1] ~ Iy = E[12] ~ Iy

denotes the bias (which does not depend on N).
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2.3 Assumptions on Weak and Strong Approximation Errors

We consider a family of real-valued random variables (Y} )nen associated to a
random variable Yy € L2. The index set H is a consistent set of step parameters
in the sense that H = {h/n,n > 1} for a fixed h € (0, +00). The family satisfies
two assumptions which formalize the strong and weak rates of approximation of
Yy by Y, when the bias parameter A — 0 in H.

Bias Error Expansion (Weak Error Rate):

R ]
Ja >0, REN, E[Y;] =E[Y0] + Y exh®™ + h*Mnggy, lim nggy = 0, (WE, p)
=1 h—0 ’

where ¢, k = 1,...,R are real coefficients and np is a real function defin
ed on 'H.

Strong Approximation Error Assumption:
38>0, Vi €Ry, HYh—YOHg:E[\Yh—YOﬂ e (SEp)

The parameters «, 8 and R are structural parameters which depend on the
family (Yi)ren. In the sequel, we will consider a free parameter R € {2, e R}
for which (WE,, g) is always satisfied.

We associate to the family (Y},)nen, the RE-valued random vector

Yh,Q:(Yh,YL,...,YL) (5)

e =
where the R-tuple of integers n := (nq,ns,...,ng) € N% called refiners, satisfy
np=1<ne < --<ng. (6)

3 Antithetic Multilevel Monte Carlo

Let R > 2 and let (Yh(ji’k)kzl be an i.i.d sequence of copies of Y} .

3.1 Brief Recall of Multilevel Monte Carlo Estimators

A Multilevel Richardson-Romberg (ML2R) estimator of depth R attached to an
allocation strateqy ¢ = (q1,...,qr) with ¢; >0, 7 =1,...,R, Zj g; =1anda
weight vector W, is defined for every integer N > 1 and h € H by (see [1])

_ 1 X B w. . .
e SMGALED DRAC) I (L ey
) j=2 TV =1 \ =1

where for all j € 1,...,R, N; = [¢;N], W; =w, + ...+ wg, and

(_1)R—infa(3*1)

K3

[I (¢ =ng) II (n§—ng)

1<j<i i<j<R

W; =
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The vector w = (wq,...,wg) is defined as the unique solution of a Vander-
monde system (see [1] for more details).

Remark 1. If the R-level weight vector W satisfies W = (1,..., 1), the estimator
is called a Multilevel Monte Carlo MLMC' estimator.

3.2 Bias Parameter and Depth R Optimization for Geometric
Refiners

In this approach, we consider geometric refiners with root M > 2 of the form
ng=M"1i=1,....R. (7)

Theorem 1 (see[l]). The ML2R estimator satisfies

limsupv(3,¢e) x  inf  Cost (YN"I*> < K(a,B,M) < +00
EHOP (B,¢) heH R>2 h.n < K(a,8,M) < +
[n(h,R,q*)|<e

e2(log(1/))™" if f =1,
with v(8,¢) = g? if 5>1,
2e” fg/210g(1/5)10g(M lfﬁ <1

The MLMC estimator satisfies (see also Giles in [3])

lims ,E inf  Cost (YN"I*> < K(a,8,M) <
lr;lj(l)lpv(ﬂ ) heH R>2 ) < Kl B, M) < +o0
[u(h,R,q*)|<e

e2(log(1/e))~2if B =1,
with v(8,¢) = { €2 if 3> 1,
22 if 8 < 1.

We refer to [1] for explicit formulas of K(a, 8, M).

3.3 Antithetic Multilevel Estimators

In this section we set M = 2. Let Y = f(X) where f is a smooth payoff function
and X the approximation of the Milstein scheme without Lévy area.

First we define X/ the approximate Milstein scheme with the fine time steps and
its antithetic “twin” X®. This second approximate Milstein scheme is defined (or
simulated) by simply inverting two by two the successive Brownian increments
used to simulate X/. Finally, the approximate Milstein scheme on the coarse
time step X¢, associated to the payoff Y¢, is still simulated using the above
Brownian 1ncrements but grouped two by two. Hence X/ and X® have the
same conditional distribution, given X¢. In particular E[Y/] = E[Y%] where Y/
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and Y® are the payoffs “written” on X7 and X respectively. At the same time,
one has

(X7 - X9~ —(X*—X° and Y/ -Y9)x—-(Y*-Y°)

so that 1(Y/ +Y?) ~ Y°. This suggests that 3(Y/ + Y®) — Y has a much
smaller variance than the standard estimator Y/ — Y (see [2]).

In this case, an antithetic ML2R estimator with weight vector W is given
by

1O Ew , :
Y’ijﬁaq’a - ZYh(l)vkvc + Z J Z Y(])7k1f Yg)vkaa _ Y(J;Z7k7c (8)
Nl k=1 j:2 NJ -1 ng; nj_1

Remark 2. If the weight vector W satisfies W = (1,..., 1), we obtain the origi-
nal antithetic MLMC estimator devised in [2].

Cost, Complexity and Effort of an Antithetic Multilevel Estimator.
For a simulation size NV, the numerical cost induced by the antithetic estimators
YhNT’Lq’a, N > 1, with the convention ng = (ng)~! =0, is

R
N;
Cost (Y1) Z # nj +n;_1) = Nk(m) (9)
Jj=1
where k(7) is the unitary complexity given by

R
1
= Eij(nj +nj-1). (10)
j=1

The effort (product of variance by complexity) of such an estimator reads

o(m) = ZR: i_var [Wj (; (Yﬁj)’f + Y(,f)"‘) - YU))] k(r)  (11)

=Y " " nj—1

with the convention Yg)’c = 0. The proof of Theorem 3 below relies on the

following lemma which is a straightforward consequence of Schwartz’s Inequality.
Lemma 1. For all j = 1,...,R, let a;j > 0, b; > 0 and g; > 0 such that

R
> qj =1. Then
j=1

2
R

R R
> L D big | = | D] Vagb (12)
: =

=1 9 j=1

-1
and equality holds iff ¢; = 1/ a; ]71 <ZkR=1 \/akb,f) ,ji=1,...,R.
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3.4 Optimization of the Effort for Antithetic Multilevel Estimators

In this section, we first present a lemma and theorem which give an upper-bound
of the antithetic Multilevel estimator and then allow us to prove the last theorem
of this section which gives the optimal allocation of simulated paths across the
levels of our new antithetic ML2R estimator. This allows to achieve the optimal
complexity without simulating the Lévy areas.

Theorem 2 (see [2]).

(a) For p > 2, there exists a constant Ky, independent of step h = %, such that
the approximate Milstein scheme X satisfies

> P | < K.
vizl B[ 0] < K, (13)
(b) For all p > 2, there exists a constant K, such that

1 _ _ _
ve>1 E{max §(X,f+X;)—Xg

P
< K'hP
Jmax } < Kyh (14)

with h = % the coarse time step. Hence one has 8 = 2, for p = 2.
The next theorem is the main result for the antithetic estimators.

Theorem 3 (Allocation optimization). The minimal effort ¢* of an anti-
thetic multilevel estimator satisfies

i} 1 & NoES .
6" (m0) < dlmo,a") = g | VI Ky D W
=2 -

2

where ¢* = q*(mg) s the allocation strategy given by
= /j/*1 /K
— * / —
why/K}, <|W|m) i=2,...,R

and p* is the normalizing constant such that Zle q; =1 (since § =2, see [1]).
The constants K, and K, are respectively defined in (13) and (14).

Proof. Consider Theorem 2 with (p = 2). Using the independence of the random
variables, one has, Vj > 2,

= Y(l)’f W.)2 1 B . )
wrfye) = e 3 a5 (v v ) -y

Ny = N; n; n; -1
< Kp & (W])2K h 2 _ Kp & (W]) K h2n=2
= E+Z N; p(h/nj-1)" = E+Z N; p' -1
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Using (10), one derives an upper-bound for the effort ¢(mw) < ¢(w), with
) R
o(m) = + Ky +Z K’hQ 2 (Do gng+n0) |- (15)

Using Lemma 1 with a; = Kp,, b1 = 1, a; = K, h*(W)? n;_zl etbj = (nj+n,_1),
j=2,..., R, the proof is complete.

Remark 3. If W; =1, j =1,..., R then, one recovers Giles and Szpruch’ anti-
thetic MLMC' estimator.

4 Numerical Experiments

Practitioner’s Corner. To implement the antithetic Multilevel estimators (8),
we need to know both the weak and strong rates of convergence of the biased
estimator Y toward Y. The Milstein scheme is a second order scheme which
satisfies (SEp) with 8 = 2 and (WE, ) for a = 1, at least when dealing with
“vanilla” Lipschitz poyoffs.

Note that in the antithetic case for multidimensional SDEs, the root M of
Eq. (7) is set to M = 2 to allow the permutation of the two successive pair of
Brownian increments coming from the fine time step to simulate the antithetic
paths. A natural approximation of K, and K, respectively from (13) and (14) is

K, ~ var(Y,") and K/ ~ var [Q(Y( Wy Y(l) ) — Y,f”’c} h2.

Best-of-Call option by 2D Milstein scheme, a = 1, 3 = 2. We consider
the diffusion Eq. (1) with d = 2, b(X;) = rX, 0(X:) = 0X; (2D Black-Scholes
model), X} = 100, X2 = 100, » = 0.15, oy = 0.3, 0y = 0.4 and the Milstein

L O). The payoff

scheme without Lévy area defined by (2) with ¢ =2 and C = (0 1

of a Best-of-Call option is given by
fzy,22) = e " (max(z1(T), 22(T)) — K) 4  (21,22) € C([0,T],R?)

with maturity 7" = 1 and strike K = 80 and the biased estimator Y; =
f(X}, X2). For the numerical simulation, we apply the antithetic procedure
clearly detailed in [2]. The constants K, and K have been estimated by
K, = 7.55 and K;) = 965.04 and the bias is computed using the exact price
Iy = 51.0867. The results are summarized in Table 1 for ML2R estimator and in
Table 2 for MLMC estimator (see the Appendix). Note that the depth R required
to achieve the optimal complexity is more important for the MLMC estimator
(Tables 1 and 2).

This leads to a reduction of the computational cost with our new ML2R esti-
mator which is more efficient than the MLMC. Figure 2 shows that MLMC takes
50 to 60% more time than ML2R. Other experiments carried out on Margrabe
model lead to the same conclusions.
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CPU-time in secondes

%o MLMC
— ML2R

1000 1200

" x Cost
600 800
L

400

%< MLMC
— ML2R

Empirical RMSE

Fig. 1. CPU-time (y-axis log scale) as

a function of €7, (z-axis log, scale)

Presciibed RMSF =

Fig. 2. €% x Cost as a function of ¢ (log,
scale for the z-axis)
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Appendix: Main Results for Antithetic Estimators

Table 1. Best-of-Call option: parameters and results of ML2R estimator.

k|le=2"F L2-error Time (s) Bias R|M|nht|N Cost ‘
3[1.25-107°1 | 3.23.107° | 4.69-10792 | —1.85-10792 |4 |2 |1 1.64 -10194 | 2,18 . 101704
416.25-10792 | 1.64-107°2 | 1.84.107°1 | —2.07-107°% |4 |2 |1 6.38 - 10104 | 8.46 - 10104
53.12-10792|8.33.107°2 | 7.50-10791 | 8.36-1079% |5 |2 |1 2.62 - 101795 | 3.53 . 1010°
6[1.56-10792 | 4.05-107°2 | 3.15-10190 | 1.99.1079% |5 |2 |1 1.09 - 10196 | 1.48 . 10106
77.81-10793 | 2.07-107°%2 | 1.24-101%" | —1.03-10793 |5 |2 |1 4.20 - 10196 | 5.67 . 10106
8/3.91-1079% | 1.04-107°2 | 1.40-107°2 | 9.00-107%% |5 |2 |1 1.67 - 10197 | 2,25 . 10107
Table 2. Best-of-Call option: parameters and results of MLMC' estimator.

kle=2"F L2-error Time (s) Bias R |M n!'|N Cost
3/1.25-10791]4.33.107% | 5.08-10792 | —3.18-107 %1 |5 |2 |1 1.86 - 10194 | 2,41 . 101704
416.25-107922.07-107% | 2.30-107°" | —1.47-107° |6 |2 |1 8.08 - 10704 | 1.06 - 1010°
503.12-10792 | 9.59 - 10792 | 1.02- 10720 | —6.49.107°2 |7 |2 |1 3.57-101795 | 4.80 - 1019°
61.56-10792]4.99.10792 | 4.23.10190 | _3.53.10792 |8 |2 |1 1.47 10196 | 2.00 - 10106
778110793 | 2.45.10792 |1.80-101%1 | —1.75.10792 |9 |2 |1 6.37 - 10706 | 8.78 . 10106
813.91-1079 | 1.12.10793 | 1.65-107°2 | —7.31.107°% |10 |2 |1 2.64 - 10797 | 3.67 - 10707

Optimal Parameters for the Antithetic Estimators. In all the numerical
experiments presented in the paper, we set h = T in the definition of the para-
meters of the simulation for both MLMC and ML2R estimators. In the table

below, keep in mind that ng = 0 by convention (Table 3).
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Table 3. Optimal parameters for antithetic multilevel estimators.

ML2R

MLMC

qa(e) | q1 =

uw*

p— * / .
a; = u*hy /K, (\w”

Kp

nfl
__J=1 ) j=2...,R
/njtng_1

q1 = n*/Kp

o x 7
a5 = p hy /K

n;
j—1 P
—J-1 ) jij=2...,R
p(/"j+"j—1>

N(e)

-1

1+h KT B ww( P 2
P,z Wi ny )y Fn

R
2 . . .
e jgl aj(nj+n;_1)

1+h,/K!
1 ( P

2a

2
.f}:gl(";jl)”nﬁ"j”)

(r+ =
2 it
e jglq,(n,Jrn]fﬂ

R
Note that in the table above, p* is defined such that )~ g; = 1. For the

j=1

optimal parameters R and h, their formulas remain the same as in [1].
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