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Abstract

We introduce the concept of inexact first-order oracle of degree g for a possibly non-
convex and nonsmooth function, which naturally appears in the context of approxi-
mate gradient, weak level of smoothness and other situations. Our definition is less
conservative than those found in the existing literature, and it can be viewed as an
interpolation between fully exact and the existing inexact first-order oracle defini-
tions. We analyze the convergence behavior of a (fast) inexact proximal gradi-
ent method using such an oracle for solving (non)convex composite minimization
problems. We derive complexity estimates and study the dependence between the
accuracy of the oracle and the desired accuracy of the gradient or of the objective
function. Our results show that better rates can be obtained both theoretically and in
numerical simulations when ¢ is large.
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1 Introduction

Optimization methods based on gradient information are widely used in applications
where high accuracy is not desired, such as machine learning, data analysis, signal
processing and statistics [2, 4, 16, 20]. The standard convergence analysis of gra-
dient-based methods requires the availability of the exact gradient information for
the objective function. However, in many optimization problems, one doesn’t have
access to exact gradients, e.g., the gradient is obtained by solving another optimiza-
tion problem. In this case one can use inexact (approximate) gradient information. In
this paper, we consider the following composite optimization problem:

min/(x) := F(x) + h(x), (H

where h: E— R is a simple (i.e., proximal easy) closed convex function,
F : E - R is a general lower semicontinuous function (possibly nonconvex) and
there exist f., such that f(x) > f..> —oo for all x € domf = dom /. We assume that
we can compute exactly the proximal operator of /, and that we cannot have access
to the (sub)differential of F, but can compute an approximation of it at any given
point. Optimization algorithms with inexact first-order oracles are well studied in
literature, see e.g., [3, 5-9, 18]. For example, [7] considers the case where # is the
indicator function of a convex set Q and F is a convex function, and introduces the
so-called inexact first-order (6, L)-oracle for F, i.e., for any y € Q one can compute
an inexact oracle consisting of a pair (F;; (), g5 () such that:

0 <FO = (Fou0) + (g0 v -0) S Slx—ylP+5 Vre0 @

Then, [7] introduces (fast) inexact first-order methods based on g;; (v) information

and derives asymptotic convergence in function values of order O(% +5> or

(’)(ki + k6 ), respectively. One can notice that in the nonaccelerated scheme, the

objective function accuracy decreases with k and asymptotically tends to §, while in
the accelerated scheme, there is error accumulation. Further, [9] considers problem
(1) with domain of /& bounded, and introduces the following inexact first-order
oracle:

IF() = Fy 0] <8, ) = Fy 1) = (85,005 =) < Zlle =yl +5.

Under the assumptions that F is nonconvex and % is convex but with bounded
domain, [9] derives a sublinear rate in the squared norm of the generalized gradient

mapping of order O(% +06 ) for an inexact proximal gradient method based on

8s..(y) information. Note that all previous results provide convergence rates under
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the assumption of the boundedness of the domain of f (or equivalently of /). An
open question is whether one can modify the previous definitions of inexact first-
order oracle to cover both the convex and nonconvex settings, in order to be more
general and to improve the convergence results of an algorithm based on this inexact
information. More precisely, can one define a general inexact oracle that
bridges the gap between exact oracle (exact gradient information) and the exist-
ing inexact first-order oracle definitions found in the literature [7, 9]? In this
paper we answer this question positively for both convex and nonconvex prob-
lems, introducing a suitable definition of inexactness for a first-order oracle for
F involving some degree 0 < g < 2, which consist in multiplying the constant 6
in (2) with quantity ||x — y|| (see Definition 2). We provide several examples
that can fit in our proposed inexact first-order oracle framework, such as
approximate gradient or weak level of smoothness, and show that, under this
new definition of inexactness, we can remove the boundedness assumption of
the domain of h. Then, we consider an inexact proximal gradient algorithm
based on this inexact first-order oracle and provide convergence rates of order
O(% + 52/(2‘q)> for ¢ € [0, 1) and (’)(% + ];7 + ;—:) for ¢ € [1,2) for nonconvex
9
kal2
ite problems in the form (1). We also derive convergence rates of order

composite problems, and of order O(% + ) for g € [0,2) for convex compos-

(’)(ki2 + k@%)/z) for a fast inexact proximal gradient algorithm for solving the
convex composite problem (1). Note that our convergence rates are better as g
increases. In particular, for the inexact proximal gradient algorithm the power
of 6 in the convergence estimate is higher for ¢ € (0, 1) than for ¢ = 0, while for
q > 1 the coefficients of § diminishes with k. For the fast inexact proximal gra-
dient method we show that there is no error accumulation for ¢ > 2/3. Hence, it
is beneficial to consider an inexact first-order oracle of degree g > 0, as this
allows us to work with less accurate approximation of the (sub)gradient of F
when ¢ is large.

2 Notations and preliminaries
In what follows R” denotes the finite-dimensional Euclidean space endowed with
the standard inner product (s, x) = s”x and the corresponding norm ||s|| = (s, s)'/?

for any s € R". For a proper lower semicontinuous convex function 4 we denote its
domain by dom 2 = {x € R" : h(x) < oo} and its proximal operator as:

. 1
Prox,,(x) := arg min om ,2(y) + Z”x - ylI%.
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Next, we provide a few definitions and properties for subdifferential calculus in the
nonconvex settings (see [13, 17] for more details).

Definition 1 (Subdifferential): Let f : R” — R be a proper lower semicontinuous
function. For a given x € dom f, the Frechet subdifferential of f at x, written df (x), is
the set of all vectors g, € R” satisfying:

i JO) = f(x) = (8 y — X)
im inf

o =l

> 0.

When x ¢ dom f, we set é_\f(x) = (. The limiting-subdifferential, or simply the sub-
differential, of fat x € domf, written df (x), is defined as [13]:

o (x) 1= {gx € R": 3 - x,f(*) - f(x) and 3g* € FF(X) such that gk — gx}.
Note that we have 5]‘ (x) € 9f (x) for each x € domf. For f(x) = F(x) + h(x), if F
and £ are regular at x € domf, then we have:
of (x) = 0F (x) + oh(x).

(see Theorem 6 in [11] for more details). Further, if fis proper, lower semicontinu-
ous and convex, then [17]:

of(x) = of(x) = {A € R" : f(») 2 f(X) + (4y—x) Vy € R"}.

A function F : R" = Ris Lg-smooth if it is differentiable and its gradient is L Lip-
schitz, i.e., satisfying:

IVEG) = VFOD)Il < Lellx = yll, - Vx,y € R™
It follows immediately that [14]:
L
IF() = (FO) +(VF@),x =Dl < Tlv =y, vxy €R" 3)
Finally, let us recall the following classical weighted arithmetic—geometric mean

inequality: if a, b are positive constants and 0 < a;, @, < 1, such that ¢; + a, = 1,
then a*1b* < aja + a,b. We will later use the following consequence for p > 0,

2 55;2711 _q _ 2—q.
a=p||x—y||,b= q,al—iandaz—T.
p2a
2
—y? Q-8
X
Syllx = yll? < grllx =yl + 1 )

2 Zpﬁ
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3 Inexact first-order oracle of degree g

In this section, we introduce our new inexact first-order oracle of degree 0 < g < 2
and provide some nontrivial examples that fit into our framework. Our oracle can
deal with general functions (possibly with unbounded domain), unlike the previous
results in [7, 9], but requires exact zero-order information.

Definition 2 The function F is equipped with an inexact first-order (6, L)-oracle of
degree ¢ €[0,2) if for any y € domy one can compute g5, ,(v) € E* such that:

FO)= (FO)+ (85405 = ) < Slv = I+ 6llx = yll? Vxedonf.  (5)

To the best of our knowledge this definition of a first-order inexact oracle is new.
The motivation behind this definition is to introduce a versatile inexact first-order
oracle framework that bridges the gap between exact oracle (exact gradient informa-
tion, i.e., ¢ = 2) and the existing inexact first-order oracle definitions found in the
literature (i.e., ¢ = 0). More specifically, when g = 2, Definition 2 aligns with estab-
lished results for smooth functions under exact gradient information, while when
q = 0, our definition has been previously explored in the literature, see [7, 9]. Next,
we provide several examples that satisfy Definition 2 naturally, and then we provide
theoretical results showing the advantages of this new inexact oracle over the exist-
ing ones from the literature.

Example 1 (Smooth function with inexact first-order oracle). Let F be differentia-
ble and its gradient be Lipschitz continuous with constant Ly over domf. Assume
that for any x € domf, one can compute g, ; (x), an approximation of the gradient
VF(x) satisfying:

IVF@) = 8o, 0Ol < A. (6)

Then, F is equipped with (6, L)-oracle of degree ¢ = 1 as in Definition 2, with § = A,
L=Lp,and g;; (x) = gx,, (x). Indeed, since F is Ly-smooth, we get:

Ly 2
F(y) = F(x) = (VF(x),y —x) < 7||y — x|
It follows that:
L
F)—Fx)—(ga,(0),y—x) < 7F”y_x”2+”VF(X)_gA,LF(x)” lly—xli
L
< Zlly =« + Ally - xll.
which completes our statement. Finite sum optimization problems appear widely in
machine learning [4] and deal with an objective F(x) := Zfil F;(x), where N is pos-

sibly large. In the stochastic setting, we sample stochastic derivatives at each itera-
tion in order to form a mini-batch approximation for the gradient of F. If we define:
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g5(1) = — D V), N

S| &

where S is a subset of {1, ..., N}, then condition (6) holds with probability at least

-1
1 — A if the batch size S satisfies |S| = (9(2—22 + 1%) (see Lemma 11 in [1]).
Remark 1 This example has been also considered in [7, 9]. However, in these papers
6 depends on the diameter of the domain of f, assumed to be bounded. Our inexact
oracle is more general and doesn’t require boundedness of the domain of f, i.e., in
our case 6 = A, while in [7, 9], 6 = 2AD, where D is the diameter of the domain of
- Hence, our definition is more natural in this setting.

Example 2 (Computations at shifted points) Let F be differentiable with Lipschitz
continuous gradient with constant L; over domf. For any x € domf we assume we
can compute the exact value of the gradient, albeit evaluated at a shifted point x, dif-
ferent from x and satisfying ||x — X|| < A. Then, F is equipped with a (6, L)-oracle of
degree g = 1 as in Definition 2, with g5 ; ;(x) = VF(X), L = Lp and 6 = LA. Indeed,
since F is L, smooth, we have:

LF 2
F() < FQ) +(VF),y = x) + == lly =P,
L
=F@) +(VF®),y —x) + (VF(x) = VF(X),y — x) + 7F||y - xlI%,
L
SFO) +(VF@,y =) + o lly = xI? + Lyl = 2y = xl

where the second inequality follows from the Cauchy-Schwartz inequality. This
proves our statement.

Remark 2 This example was also considered in [7, 9], with the corresponding (8, L)
-oracle having § = LA, L = 2L, and ¢ = 0. Note that our L in Definition 2 is twice
smaller than the corresponding L in [7, 9].

Example 3 (Accuracy measures for approximate solutions) Let us consider a F that
is Ly smooth, given by:

F(x) = max w(x,u) := max G(u) + (Au, x),
uelU uelU

where A : E — E* is a linear operator and G(-) is a differentiable strongly con-
cave function with concavity parameter x > 0. Under these assumptions, the
maximization problem max,.; w(x,u) has only one optimal solution u*(x) for
a given x. Moreover, F is convex and smooth with Lipschitz continuous gradient
VF(x) = V y(x, u*(x)) = Au*(x) having Lipschitz constant L, = %llAIl2 [7]. Sup-
pose that for any x € domf, one can compute u, an approximate minimizer of
w(x, u) such that ||u*(x) — u,|| < A. Then, F is equipped with (8, L)-oracle of degree
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g = 1withé = A||A||, L = Lr and g;; | (x) = Au,. Indeed, since F has Lipschitz-con-
tinuous gradient, we have:

L
F(y) < F(x) + (VF(x),y —x) + {ny - x|,
L
= F(x) + (V. (x, u"(x),y — x) + {lly - x|,
L
= F(x) + (Au*(x),y — x) + {lly = x|,
L
= F(x) + (A, y — x) + (A" (x) — u,),y — x) + { lly = xII%,
L
S FO) + (Augy = x) + AN (o) = ulllly = x| + {uy —x1%,
Ly 5
<)+ (Au,y = x) + AllAly = xll + - lly = 21
Hence, our statement follows.

Remark 3 This example was also considered in [7] with the corresponding (6, L)—
oracle having 6 = A, L =2L; and g =0, while in our case, we have 6 = A||A]|,
L=Lgandg =1

Example 4 (Weak level of smoothness) Let F be a proper lower semicontinuous
function with the subdifferential dF(x) nonempty for all x € domf. Assume that F’
satisfies the following Holder condition with H, < oo:

llg(x) — eIl < H, lly — xII", ®)

for all g(x) € 0F(x), g(y) € dF(y), where x,y € domf and v € [0, 1]. Then, F is
equipped with (8, L)-oracle of degree g as in Definition 2, with ga’L’q(x) € 0F (x),
for any arbitrary degree 0 < g < 1 + v and any accuracy 6 > 0, and a constant L
depending on 6 given by:

1-v

2—
Loy =1rvoaf M I EETRE
T 2—q \l+v 52 —q) ’

Indeed, we have from Holder condition [14]:

|1+\/

F) —F(y) - (g0, x—y) <

—||lx =yl
1+v

For any given 6 > 0, we compute L(6) such that the following inequality holds:

H L(5)
v _ 1+v<_ _ 2 5 _ q
=yl < S =yl + Sl -l

Denote r = ||x —y|| and let A € (0, 1). Using the weighted arithmetic—geometric
mean inequality with a; = Aand @, = 1 — A, we have:
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LOZ 5= 1HD 21— -2

4

)

Thus = H, (L(5)> (%) Cand14v= 2/1+61(1 — A). It follows that A = l;r%;q,

1—A—uad——1=

1-v

) 5 2 )
1+v o 2—qg \1+v 6(2—¢q)
and this is our statement. Note that if v > 0, then we have 0F(x) = {VF(x)} for all
x and thus F is differentiable. Indeed, letting y = x in (8) we get: g(x) = g(x). This
implies that the set dF(x) has a single element, thus F is differentiable. This example
covers large classes of functions. Indeed, when v = 1, we get functions with Lip-
schitz-continuous subgradient. For v < 1, we get a weaker level of smoothness. In
particular, when v = 0, we obtain functions whose subgradients have bounded vari-
ation. Clearly, the latter class includes functions whose subgradients are uniformly
bounded by M (just take H, = 2M). It also covers functions smoothed by local aver-
aging and Moreau-Yosida regularization (see [7] for more details). We believe that
the readers may find other examples that satisfy our Definition 2 of an inexact first-
order oracle of degree q.

4 Inexact proximal gradient method

In this section, we introduce an inexact proximal gradient method based on the
previous inexact oracle definition for solving (non)convex composite minimiza-
tion problems (1). We derive complexity estimates for this algorithm and study the
dependence between the accuracy of the oracle and the desired accuracy of the gra-
dient or of the objective function. Hence, we consider the following Inexact Proxi-
mal Gradient Method (I-PGM).

Algorithm 1 Inexact proximal gradient method (I-PGM)

1. Given 2o € dom h and 0 < ¢ < 2.
For k£ > 0 do:
2. Choose 6, Ly, and ay. Obtain gs, 1, q(zx)-
3. Compute zr i1 = prox,, , (Tr — args,,Ly.q(Tk))-
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Note that Algorithm 1 is an inexact proximal gradient method, where the inexact-
ness comes from the approximate computation of the (sub)gradient of F, denoted
85,.1,.¢X)- In the next sections we analyze the convergence behavior of this algo-
rithm when g; ; ,(x,) satisfies Definition 2.

4.1 Nonconvex convergence analysis

In this section we consider a nonconvex function F that admits an inexact first-order
(6, L)-oracle of degree g as in Definition 2. Using this definition and inequality (4),
for all p > 0 we get the following upper bound:

2
P

2—¢q)o>

L
F(x) - (F(y) + (85040 X — y>) < # lIx = vlI? + -
pra

(©))

This inequality will play a key role in our convergence analysis. We define the gradi-
ent mapping at iteration k as gs ; .(X;) + pyyy, Where py, € 0h(x;,,) such that

& tPi1 = _ai(xk“ —x;) (i.e., py, 1s the subgradient of 4 at x,;; coming from the
k

optimality condition of the prox at x;). Next we analyze the global convergence of
I-PGM in the norm of the gradient mapping. We have the following theorem:

Theorem 1 Let F be a nonconvex function admitting a (6, L, )-oracle of degree

q € [0,2) at each iteration k, with 6, > 0 and L, > O for all k > 0. Let (x;),>( be gen-

erated by I-PGM and assume that a;, < #qﬂ, for some arbitrary parameter p > 0.
k

Then, there exists p;,, € oh(xy,) such that:

2
« Y2 - s
=0
Y allgs o) + P I” <F ) = fro + ———F——. (10)

=0 2p2-

Proof Denote 85,.1,.¢%x) = &- From the optimality conditions of the proximal oper-
ator defining x, ;, we have:

1
8k Pryt = —— Xgqy — Xp)-
ay
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Further, from inequality (9), we get:

2
L, +qp Q-q35”"
F(xpy) < F(x) + (8 X1 — Xi) + kT”ka -xl*+ —

q

2p2a

+(IP|

L, )
= F0)+(8k+Prsts Xt =) — Prea1s Xeat _xk>+T 1 =l

2
Q-9
t+t
2pra
2
(2_9)5/\,2_‘]

> lgx+Prss ”2+h(xk)_h(xk+l)+ - 4
2pra

L+
< F(xk)—“k<1 _ Lt
2
2
Q-5

q bl

a,
< F(xy) - Tkllgk + P IIP + () = h(xeyy) + ——
2p24

where the second inequality follows from the convexity of & and p;,, € dh(x; ),
and the last inequality follows from the definition of ;. Hence, we get that:

2

’ a5

Fan) <760 = Ellgetppnll? + ——.
2p2a

Summing up this inequality from j = 0 to j = k and using the fact that f(x;, ;) > f.,
where recall that f_ denotes a finite lower bound for the objective function, we get:

2
£ g ) Y293
Z E”g, +Pj1 I” < flxg) = f(xpqr) + -

=0 2p2a

2 q)é.%"
<fl) = foo + ———.
2p%
Hence, our statement follows. O

For a particular choice of the algorithm parameters, we can get simpler convergence
estimates.

Theorem 2 Let the assumptions of Theorem 1 hold and consider for all k > 0:

0 1

L =L, 6, = , A = s
U k™= W+ 1F

where ,{ € [0, 1).

Then, we have:
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ALrap)f)~f)  (C-gNLtap)T
(I=O®+ D (- 01 - pyp=(k+ 1)

eE))

: 2
min lg; + P ll” <
Proof Taking the minimum in the inequality (10), we get:
L
2—
2 G ~fo) Y-8
B - .
Zj:O & PZ“’ 21;01 @;

']

. 2
min lg; + Pl <

Further, since we have:

~

k+1

1
Z (L+qp)(1+ 1)¢ -2 (L+4qp)*’

Jj= j=1

and similarly for 5j, we get:

AL +a)¢ ) ~ 1) @=L +qp)6 1 5

k+1 1 4 k+1 1
p 1
Zj 1y p Zj:] I

. 2
min g + P ll” <

Since 0 < ¢ < 1, then we have for all k > 0:

(k+2)1-¢ -1 /"*2 1
srs - —du
1-¢ 1

¢
k+1 1-¢
k+1)
d +1<—.
/1 1-¢

A-Ok+D'¢ <

K+l
=1 Jg a
It follows that for all kK > O:

2UL+qp) () ~foo) Q=) (L+gp)577
(I=O&+ D (1= )1 = pp™ k + 1)<

. 2
min lg; + Pl <

Hence, our statement follows. O

Let us analyze in more details the bound from Theorem 2. For simplicity, con-
sider the case g = 1 (see Example 1). Then, we have:

2L+ p)(f(xo) — foo) (L + p)5*
A=k + D= p(1 = O)(1 = p)k + 1)f~¢
O 2L(F(x) — foo) N 2p(f (xp) = foo)
A=Ok+ D= (A =k+ DI
L6? N 82
p(1 =1 =Pk +1)~¢ (1= = )k + 1)/~¢"

: 2
min lg; + P ll” <
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Denote A, := f(xy) — f,. Since parameter p > 0 is a degree of freedom, minimizing
the right hand side of the previous relation w.rt. p we get an optimal choice

syL 1= . . . . . .
= ———(k+ 1) 2. Hence, replacing this expression for p in the last inequality,
P= Tmask+ D placing p p quality,
we get:

2LA, 26+/2LA,

+ 1+
(I=Ok+ D™ (1 -/ T= P+ 17~
52
T Ao 00 -G+ 1t

: 2
min lg; + P ll” <

2 .
This bound is of order O(ﬁ + k%% + k‘;—[> Note that, if § > ¢, the gradient
mapping min;_g.; [|8; + Pj41 ||? converges regardless of the accuracy of the oracle &
and the convergence rate is of order O(k~™in1-¢-0) (since we always have

% — ¢ > p — §). Note that this is not the case for g = 0, where the convergence rate

is of order (’)(% + 5), see also [9]. The following corollary provides a convergence

rate for general g, but for a particular choice of the parameters ¢ and g.

Corollary 1 Let the assumptions of Theorem 2 hold and let assume that { = f = 0.
Then, we have the following convergence rates:

I If0<q<2andp= L. thend =6, = 7 and

2(q + VLA, =y

g 2
: 2 Z 27—
jrg()l:r;cllg,-+pj+1ll < +(@+ D2 —qL> 6> Vk20.

2 2
2. If1 < q <2, fixing the number of iterations k and taking p = L2 Z’E (k+ I)Tq,

QA7

then 8, = 6, o= —forall j =0 : kand
: 2
min llg; + pjiill

L 2LA, +L2;/(2A0)§5+(2 —@)6L'I2A)° g2 — g)82L1=1(2A )7
T k+1 (k+1)§ (k+ 1)a-1 '

Proof Replacing { = f = 0 in inequality (11), we get:
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2L +ap)8 2= L+ qp)sT

: 2
min +p; <
j=0:k”gj pj-}-]” —_ k+ 1

4
P

2 2
_2LA, | 2gpA, N (2 — q)Ls* N q2 — q)57
k+1  k+1 PE= p% '

If 0 < g < 2, then taking p = L in the last inequality we get the first statement. Fur-
ther, if 1 < g < 2, minimizing over p the second and the third terms of the right side

2-q
L7246

2

2A) 2

of the last inequality yields the optimal choice p = (k + l)z;zq. Replacing this

expression for p in the last inequality, we get:
: 2
min llg; + pjsil

2By L5 QA0 6+Q2 — 6L 73 20y)F g2 — @) L1927
T k+1 (k+1)§ (k+ 1)1

k)

and this is the second statement. O

Remark 4 Let us analyse in more details this convergence rate for Example 1. For
q = 0, we have that 6 = 2DA and L = Ly, where D is the diameter of domf. Hence,
the convergence rate in this case becomes:

i 2 Ll L uproa
min lg; + P ll” < 1 FAPLeA.

On the other hand, for g = 1, we have 6 = A and L = L. Thus, we get the following
convergence rate:

4L, A

min llg; +pill® < ﬁl‘) +2A2%
Hence, if we want to achieve min,_.; [lg; + Py I>?<e, for ¢g=0 we impose
4DL;A < e/2, which implies that one needs to compute an approximate gradient
with accuracy A = O(e), while for ¢ = 1 we impose 2A% < /2, meaning that one
only needs to compute an approximate gradient with accuracy A = O(e'/?). Hence,
for this example, it is more natural to use our inexact first-order oracle definition
for g = 1 than for g = 0, since it requires less accuracy for approximating the true
gradient.

Note that in the second result of Corollary 1, the parameter p depends on the dif-
ference A, = f(x,) — f,, and, usually, f, is unknown. In practice, we can approxi-
mate A, by using an estimate for f in place of its exact value. For example, one
can consider Af) = f(xp) —f& > where f* = miny_o. f(x;) - & for some &, > 0, see
[10]. Under this setting, the sequence ¢, and the iterates of [-PGM corresponding to

the case of the second result of Corollary 1 are updated as follows:
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Algorithm 2 Adaptive I-PGM algorithm when f, is unknown

1. Given g9 > 0 and fi.. = f(z0) — 0.
For k > 0 do:

2. Compute z4+1 by IPGM with Af = f(z0) — fi .
While f(zk11) < flo
(a) Set e = 2 x ¢, and update fF_, = (1Jnk fxy) — e

j=0:
(b) Re-compute 241 by 'PGM method.
End While
3. Set ext1 = %

This process is well defined, i.e., the “while” step finishes in a finite num-
ber of iterations. Indeed, one can observe that if & > min._., f(x;) —f, then
€ = min;_g. f(x;) = f(xy1), which implies that f(x;,,) > ffest. Additionally, we
have £, < 2(min;_., f(x;) — f,) for all k > 0. Hence, we can still derive a conver-
gence rate for the second result of Corollary 1 using this adaptive process since one
can observe that:

Jxo) = fOrqy) < f(xg) —fé(esl = A](;.

Additionally, we have the following bound on A{‘):
k < — mi , i Y —
A < fx0) = min f(x) + 2(min £ () = £

= () =fio) + (min () —f.)

Hence, we can replace in (10) the difference A, = f(x,) — f,, with Af‘) and then the
second statement of Corollary 1 remains valid with Ag instead of A,

Remark 5 We observe that for ¢ = 0 we recover the same convergence rate as in
[9]. However, our result does not require the boundedness of the domain of f, while
in [9] the rate depends explicitly of the diameter of the domain of f. Moreover, for
g > 0 our convergence bounds are better than in [9], i.e., the coefficients of the terms
in 6 are either smaller or even tend to zero, while in [9] they are always constant.

Further, let us consider the case of Example 4, where F satisfies the Holder
condition with constant v € (0,1] and f# = ¢ = 0. We have shown that for any
6 > 0 this class of functions can be equipped with a (6, L)-oracle of degree

1-v

g<1l+vwith L=C(H,, q)(%) 7 (see Example 4 for the expression of the con-

stant C(H,, g)). In view of the first result of Corollary 1, after k iterations, we
have:
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2(g+ DAL 2 2

— 4+ (g@+ D2 —-qg)La 52

] g+ D2 -9 .
1-v)(2-29)

C 1 1-v 1 s
1 l+v—¢ (+v=9)2-q) —
= = +C (—) 62
k+1 (6 ) 2\s

Cl - _aweg | 2
= S 1+v—q +C25 (+v=g)2-q) ~ 2—q

Cl 1 v
= n 15 I+v—q 4 C25 l+v=q

: 2
min lg; + Pl <

2-2¢
where C, :=2(q+ 1)A,C(H,,q) and C, = (g + 1)(2 — ¢)C(H,, g) >« Since in this
example we can choose &, its optimal value can be computed from the following
equation:

_Gd-y) 1 e DG e

A+v—-q@)k+1) l+v—gq

Hence, we get:

I+v—gq
v

§=Cylk+ 1),

_I4v—g

) """ Thus, replacing this optimal choice of § in the last ine-

where C; = <—(12_”VC)2Cl

quality, we get:

1—-v

min |13, + pj I < C,Cy ((k * 1)‘(1‘m)> + G0 (k1))
j=0:
_ GG+ Gy
(k+ 1)ie
2 .
Remark 6 Note that our convergence rate of order O(k™ 1+ ) for Algorithm 1 (I-PGM)

for nonconvex problems having the first term F with a Holder continuous gradient
(Example 4) recovers the rate obtained in [9] under the same settings.

Finally, let us now show that when the gradient mapping is small enough, i.e.,

llgx + Pryyllis small, x, ; is a good approximation for a stationary point of problem (1).
Note that any choice a;, < L yields:
L+qpy

1
=7 lgx + Pissll-

1)1
(11 — Xl < _H_(xk L= X)
+ L ak +

Hence, if the gradient mapping is small, then the norm of the difference |[x;; — x|
is also small.

Theorem 3 Let (x;);5 be generated by I-PGM and let p;,, € 0h(x;,,). Assume that
we are in the case of Example 1. Then, we have:
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dist(0, 0f (x;41)) < 181, &%) + Prar | + Lpllxey — xill + A.
Further, if we are in the case of Example 4, then we have:
dist(0, 0f (i) S N18Cx) + Pt | + Hy llxyy — xellY, (%) € 0F(xp).

Proof Let us consider Example 1, where F is L smooth and /4 is convex. Since
VFX;,1) + Pis1 € 9f(xi4), then we have:

IVFCopr) + Pl
< ”gA,LF,q(xk) + Pl +IVE(x) — gA,LF,q(xk)“ + [IVF(xqy) = VEGI
SN8aL @) + Prst | + A+ Lillxiy — xell-

Further, let us assume that we are in the case of Example 4. Then, we have
g(x,) € 0F(x;). Further, let g(x;, ;) € 0F(x;, ), then we get:

lgCey1) + Prarll < MlgCx) + Py Il + 118Ges1) — 8@
< NlgCe) + Py I+ H llx g — x0l”.

This proves our statements. O

Thus, for ||ai(xk +1 =Xl = 18 + Prsr || small, x,,; is an approximate stationary
k

point of problem (1). Note that our convergence rates from this section are better as g
increases, i.e., the terms depending on 6 are smaller for ¢ > O than for ¢ = 0. In particu-
lar, the power of é in the convergence estimate is higher for g € (0, 1) than for g = 0,
while for g > 1 the coefficients of 6 even diminish with k. Hence, it is beneficial to have
an inexact first-order oracle of degree g > 0, as this allows us to work with less accu-
rate approximation of the (sub)gradient of the nonconvex function F than for g = 0.

4.2 Convex convergence analysis

In this section, we analyze the convergence rate of I-PGM for problem (1), where F/
is now assumed to be a convex function. By adding extra information to the oracle
(5), we consider the following modification of Definition 2:

Definition 3 Given a convex function F, then it is equipped with an inexact first-
order (8, L)-oracle of degree 0 < g < 2 if for any y € domf we can compute a vector
85.1.,() such that:

L
0<F()= (FO)+(g540).x=3)) €5 =yl >+ 5lly—x? Vredomf. (12)
Note that Example 4 satisfies this definition. In (12), the zero-order informa-
tion is considered to be exact. This is not the case in [7], which considers the

particular choice g = 0. Further, the first-order information g;, , is a subgradient
of fat y in (12), while in [7] it is a 6-subgradient. However, using this inexact
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first-order oracle of degree g, [-PGM provides better rates compared to [7]. From
(12) and (4), we get:

2
Q2-q)5,"

2 q
W+ ——

L+qp

13)

0 < F(x)— (F(Y)+<85,L,q(J’)’x_y>) < [lx—

s

for all p > 0. Next, we analyze the convergence rate of [-PGM in the convex setting.
We have the following convergence rate:

Corollary 2 Let F be a convex function admitting a (8, L)-oracle of degree q € [0,2)
(see Definition 3). Let (x);»o be generated by I-PGM and assume that oy, =

L+qp’
k
with p > 0. Define %, = Z' 054 nd R = [[xg = x*||. Then, we have:
. . _ (L+qp)R? (2 )524
fo -1 < = i (14)
2p2 a
Proof Follows from (13) and Theorem 2 in [7]. O

Since we have the freedom of choosmg p, let us minimize the right hand side of

qéﬁ =

(14) over p. Then, p must satisfy £ E -5 = = 0. Thus, the optimal choice is

p= %k%. Finally, fixing the number of iterations k and replacing this expression
in equation (14), we get:
2+ q)R’I

2%

JGE) - < +6

One can notice that our rate in function values is of order O(k~! + ék_g), while in
[7] the rate is of order O(k~' + §). Hence, when g > 0, regardless of the accuracy of
the oracle, our second term diminishes, while in [7] it remains constant. Hence, our
new definition of inexact oracle of degree g, Definition 3, is also beneficial in the
convex case when analysing proximal gradient type methods, i.e., large g yields bet-
ter rates.

We also consider an extension of the fast inexact projected gradient method from
[71, where the projection is replaced by a proximal step with respect to the function
h (see [15]), called FI-PGM. Note that the inexactness in FI-PGM comes from the
approximate computation of the (sub)gradient of F, denoted g; ; ,(x;), as given in
Definition 3. Let (6,),, be a sequence such that:

92 k+1 )
€011, <Ay, =) L Vk20. (15)
Lk+l i=0 Li

Then, the fast inexact proximal gradient method (FI-PGM) is as follows:
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Algorithm 3 Fast inexact proximal gradient method (FI-PGM)

—_

. Given zp € dom h, 6y € (0,1] and 0 < g < 2.
For k > 0 do:

2. Choose 6y, Ly, and ag. Obtain gs, r,.q(zk)-

3. Compute yy = prox,, » (Tx — args, L,.q(Tk))-

4. Compute z, = argmin ||z — zo||> + Zf:o z—i(gék,Lmq(mi),x — ;) + h(z).
5. Choose 041 satisfying condition (15) and compute Ax+1 = Zfiol %‘Z

6. Compute zy1 = Tryk + (1 — 7 )2k using 7 = Akiﬁzllﬂ»l.

Using a similar proof as in [7], we get the following convergence rate for FI-PGM
algorithm:

Corollary 3 Let F satisfy the assumptions of Lemma 2 and (y,),s, be generated by
FI-PGM. Then, for all p > 0, we have the following rate:

ML+ gpR  (h+3)2 - @57
k+1D(k+2) Zpﬁ ’

fo—-f< (16)

Proof The proof follows from (13) and Theorem 4 in [7]. O

The optimal p in the right hand side of inequality (16) is

2=
2

(tk+ Dk +2)(k +3))
B8R

p:

Further, replacing p with its optimal value in the inequality (16), we get

) ALR? g8 RI(k + 3)
fo—f S(1<+1)(k+2) 2(k + Dk + 2)(k +3))*
(2 - )8Rk + 3)
2((k + Dk + 2)(k + 3)}
_uR BIRIK+3)
(k+DK(+2)  (h+ D)k+2)k+3)7

2
=O(Li)+o< R 5)
kZ k?_l

Hence, if g > %, then FI-PGM doesn’t have error accumulation under our inexact
3,
oracle as the rate is of order O<k‘2 + sk'3 ), while in [7] the FI-PGM scheme

always displays error accumulation, as the convergence rate is of order O(k~2 + 5k).

)

1)
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Therefore, the same conclusion holds as for I-PGM, i.e., for the FI-PGM scheme in
the convex setting it is beneficial to have an inexact first-order oracle with large
degree g.

Remark 7 In our Definition 2 we have considered exact zero-order information.
However, it is possible to change this definition considering also inexact zero-order
information for the nonconvex case. More precisely, we can change Definition 2 as
follows

Fy, (1) = F(x) < 6,

L
F@)=(F5,0) + (25.0400:% =) S I = ¥I1” + 8llx = ylI“.
With this new definition, the convergence result in Theorem 1 becomes:

2
k ) Z;{:()Q _ q)5j2-q k

D allgs 1, o0 + PP SFCQ) = fog + —————+ ) &

j=0 2p>a Jj=0

Hence the rate in this case is also influenced by the inexactness of the zero-order
information (i.e., 6,). Note that for the convex case, the previous extension is not
possible in Definition 3 when g > 0, since we must have:

0 < F)=(Fp )+ (8g 03 = 3)) < Sl = ¥IP + 8ll = v,

which implies for x =y that F(x) = F 5, (X)- Since we want to have consistency
between Definitions 2 and 3, we have chosen to work with the exact zero-order
information in our previous nonconvex convergence analysis.

5 Numerical simulations

In this section, we evaluate the performance of I-PGM for a composite problem aris-
ing in image restoration. Namely, we consider the following nonconvex optimization
problem [12]:

xeR”

N
min Z 10g<(aiTx - bi)2 + 1),
i=1

a7
s.t. [|x]l; <R,

where R > 0, b € RY and a; € R", fori =1 : N. In image restoration, b represents
the noisy blurred image and A = (a,, - ,ay) € R™N is a blur operator [12]. This

problem fits into our general problem (1), with F(x) = Zf\i] log((aiTx - b,-)2 + 1>,
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Fig. 1 Practical (dotted lines) and theoretical (full lines) performances of the I-PGM algorithm for dif-
ferent choices of ¢ and §, and with R = 4. Figure (b) represents a zoom of the left corner from Figure (a)

which is a nonconvex function with Lipschitz continuous gradient of constant
Ly := Zil lla;||I>, and h(x) is the indicator function of the bounded convex set
{x : |lx]l; £ R}. We generate the inexact oracle by adding normally distributed ran-
dom noise 6 to the true gradient, i.e., g5, ,(x) 1= VF(x) + 6. This is a particular case
of Example 1. However, for all x and y satisfying ||x|| < R, ||y|| £ R, we have the
following:

Sllx =yl = 8l =yl llx =yl < QR ||x — yI%.

Thus, this example satisfies Definition 2 for all ¢ € [0, 1]. We apply I-PGM for this
particular example where we consider three choices for the degree g: 0, 1/2 and 1.
Recall that the convergence rate of I-PGM with constant step size is (see Corollary
1, first statement):

2(g+ DL(f(x0)=f*)
k+1

2 2
min llgi+pju I < T g+l T 6T, (18)
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At each iteration of I-PGM we need to solve the following convex subproblem:

+qp 2
llx = x 1%, s.t. lxll; < R.

Felnlq{l} F(x) + (85,400, x — x;) +

This subproblem has a closed form solution (see e.g., [19]). We compare I-PGM

with constants step size a; = m and p = L for three choices of ¢ =0,1/2,1
F

and three choices of noise norm ||§]| < 0.1, 1, 3, respectively. The results are given in
Fig. 1 (dotted lines), where we plot the evolution of the error min,_. || alk(xj = X) 1%,

which corresponds to the gradient mapping. In the same figure we also plot the theo-
retical bounds (18) for ¢ = 0,1/2, 1 (full lines). Our main figures are Fig. 1a, c, d,
while Fig. 1b is a subfigure (zoom) of Fig. la, displaying only the first 300 itera-
tions. Moreover, one can see in these main figures (i.e., Fig. 1a, c, d) that the behav-
iour of our algorithm for g = 11is better than for ¢ = 1/2. Similarly, the behaviour of
our algorithm for ¢ = 1/2 is better than for ¢ = 0. One can observe these better
behaviours after 300 iterations when the error 6 is small (see Fig. 1c, d). However,
when the error 6 is large, we need to perform a larger number of iterations before we
can observe these behaviours, (see Fig. la, b). This is natural, since large errors on
the gradient approximation must have impact on the convergence speed. Hence, as
the degree ¢ increases or the norm of the noise decreases, better accuracies for the
norm of the gradient mapping can be achieved, which supports our theoretical
findings.

Moreover, from the numerical simulations, one can observe that the gap between
the theoretical and the practical bounds is large in Fig. 1c, d. We believe that this
happens because, in the convergence analysis, the theoretical bounds are derived
under worst-case scenarios (i.e., the convergence analysis must account for the
worst case direction generated by the inexact first-order oracle, while in practical
implementations, which often involve randomness, one usually doesn’t encounter
these worst-case directions). However, the simulations in Fig. 1a show that the gap
between the theoretical bounds and the practical behavior is not too large. More pre-
cisely, we have generated at each iteration 100 random directions and, in order to
update the new point, we have chosen the worst direction with respect to the gradi-
ent mapping (i.e., the largest) |[x;,; — x;|]). The results are given in Fig. la, where
one can see that the theoretical and practical bounds are getting closer for suffi-
ciently large number of iterations.
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