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Abstract

The Bessel process models the local eigenvalue statistics near O of certain large
positive definite matrices. In this work, we consider the probability

]P(H no points in the Bessel process on (0,x1) U (x2,x3) U--- U (X2g, X211 )),

where 0 < x; < --- < X411 and g > 0 is any non-negative integer. We obtain
asymptotics for this probability as the size of the intervals becomes large, up to
and including the oscillations of order 1. In these asymptotics, the most intricate
term is a one-dimensional integral along a linear flow on a g-dimensional torus,
whose integrand involves ratios of Riemann 6-functions associated to a genus g
Riemann surface. We simplify this integral in two generic cases: (a) If the flow
is ergodic, we compute the leading term in the asymptotics of this integral ex-
plicitly using Birkhoff’s ergodic theorem. (b) If the linear flow has certain “good
Diophantine properties”, we obtain improved estimates on the error term in the
asymptotics of this integral. In the case when the flow is both ergodic and has
“good Diophantine properties” (which is always the case for g = 1, and “almost
always” the case for g > 2), these results can be combined, yielding particularly
precise and explicit large gap asymptotics. © 2000 Wiley Periodicals, Inc.

1 Introduction

Let g > 0 be an integer, let X = (x1,X2,...,%241) be such that 0 < x; < --- <
X2g+1 < +oo, and consider the Fredholm determinant

(L)  F®) =det(1-21;),  Iy=(0,x1)U(x2,x3)U---U(x2g,X2811),
where ¢ |, is the trace class operator acting on L?(I,) whose kernel is given by
Jo(VX) o (V3) = VTG (VX)Ta(/5)

2(x—y) ’
and J, is the Bessel function of the first kind of order o.

(1.2) K(x,y) =

o>—1,

Communications on Pure and Applied Mathematics, Vol. 000, 0001-0046 (2000)
© 2000 Wiley Periodicals, Inc.



2 E. BLACKSTONE, C. CHARLIER, J. LENELLS

The determinantal point process on (0,4o0) associated to the kernel (1.2) is
referred to as the Bessel point process. This is a universal point process in random
matrix theory which models the behavior of the smallest eigenvalues for a wide
class of large positive definite random matrices, see e.g. [37, 39]. As is well-
known, F(X) is the probability of finding no points on I, in the Bessel process. In
this paper, we obtain asymptotics for F (rX) = F(rxy,...,rxaey1) as r — oo,
Known results for g = 0. Tracy and Widom in [51] have shown that F(x;) can be
naturally expressed in terms of the solution of a Painlevé V equation. They also
obtained large r asymptotics of F(rx;), namely,

rxi

2
(04
1 + ot /rx; — 410gr+C+0(r_5))

as r — +oo, where C is independent of r. Based on numerics, they conjectured that

2
a o
(1.4) C=G(1+a)(2n) % ~ logx,

(1.3) F(rx;)=det(1— %) =exp <

where G is Barnes’ G-function. The expression (1.4) for the constant C was first
established rigorously by Ehrhardt in [34] for a € (—1,1), and then by Deift,
Krasovsky, and Vasilevska in [27] for all values of o € (—1,+o0).

For g > 1, it is known from [19] that F(X) is related to a solution of a system of
2g+ 1 coupled Painlevé V equations. However, to the best of our knowledge, there
exist no results prior to this work on the large r asymptotics of F(rX) for g > 1.
Statement of results. Let X be the Riemann surface of genus g associated to

V% (z), where
2g+1
(1.5) X (z) = H(Z+Xj).

j=1

We view X as two copies of C that are glued along (—oo, —x2441)U--U(—x4, —x3)U
(—x2,—x1). Given z € C, we write z© € X (resp. z~ € X) for the points on the
first (resp. second) sheet of X that project onto z. We choose the sheets such
that \/Z(z*) > 0 for z € (—x,+o0). Consider the cycles Ay,...,Ag,Bi,...,B,
shown in Figure 1.1. The cycle B; lies entirely in the first sheet and surrounds
(—x2j,—x2j—1) in the positive direction, while A; lies partly in the upper half-plane
of the first sheet (the solid red curves in Figure 1.1) and partly in the lower half-
plane of the second sheet (the dashed red curves in Figure 1.1). These cycles form
a canonical homology basis of X. Define the g x g matrix A and the column vector
d by

A= (ai,j)?:j:p = (al,g-H ag7g+l)ta

where

i=1,....g, j=1,...,8+1,

si1
i,j — d ;
e f[ix NZION
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FIGURE 1.1. Canonical homology basis.

and ' denotes the transpose operation. Because xi, . .. ,X2¢+1 are real, it follows that
aijeRforalli=1,...,8,j=1,...,8+1. Let @ = (wi,...,®,) be the row vector
of holomorphic one-forms given by
= dz —1\ 5 —1
(1.6) o= (Lz - 22 )A,
#(2)

and let g be the following polynomial of degree g:

z8 g1 j t 1 —1=
(1.7) q(z):i Y qjz/, where (qo,....qg-1) :_EA a.

j=0

By definition, @ and g satisfy

®; = Ojk, Jk=1,...z8,
(18) .
7{ 9G) 4s_0,  j=1...g

Aj R (s)
Since a; ; € R, ¢ has real coefficients, and we show in Section 3.1 that g has ex-
actly one zero in each of the intervals (—x2j41,—x2j), j =1,...,g. The constant ¢
defined by
(19) C=q1—7 ¥,

J=1

and the constants Q;, j =1,...,g, defined by

d —X2j d
(1.10) Qj:—i]f 9(s)ds :—2/ QIO
B; %(S) —X2j-1 |%(S)|7
appear in our final results. Define
1 & 0" gi-1ds
(1.11) dy == 0ajot1, a07~:—2Re/ ,j=1,...,g+1,
2];0 ] Jg+ J 7X2g+1 %(S)
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where the path of integration lies in the upper half-plane of the first sheet and
&, 0, ..., 0, € R are given by

- o ~ o~ ~ (04 _
(1.12) 06025, (061 o - ch):—z(am apn ... a()’g)A l.
Given r >0, welet V(r) =V = (v1,...,V,)" be the column vector with components
(1.13) Vj——dj—Qj;/;GR, j=1...,8.

It follows from the general theory of Riemann surfaces, see e.g. [36, p. 63], that
the period matrix

(1.14) v (j{ w,)
B; i

is symmetric and has positive definite imaginary part. The associated Riemann
O-function is defined by

7j:17"'7g

(1.15) 0:CE—C, Zm0(F)= ) mmI)

nezs

This function is entire and satisfies
(1.16)  0(-2)=0(3), OF+A +71h)=e T g(z),

forall 7€ C¢ and 4,4’ € Z&. The Abel map @ is defined by

P
(1.17) $:X - J(X), P'—>¢(P):/ &,

—x
where J(X) is the Jacobian variety of X:

(1.18)
J(X)=C8/L(X), where L(X)={Z¢€C8:Z=1ii+ tim forsome i, imcZ*}.

Let € be the first column of the g x g identity matrix. We show in Proposition 7.7
that for each r > 0, the multi-valued function P — 6(@(P) + %1 +V(r)) has a well-
defined zero set of cardinality g, and that the projections of these zeros on C, which
are denoted by (V(r)),...,bp(V(r)), satisfy bi(V(r)) € [—xoks1, —xu). k=1,...,g.
Define the function # : C x R$ /Z8 — C by

_ i = be(@)
q(z)

We mention that % admits another equivalent (but more complicated) expression
involving certain ratios of 0-functions, see (7.16).

(1.19) B(z,i) . z€C,GcRs/Z8.

Our first theorem provides an asymptotic formula for F(rX) for any choice of
the points 0 < x1 <xp < -+ < Xggq1 < +o0.
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Theorem 1.1 (The general case). Let 0 < x1 <xp <+ <Xpgt1 < +ooand o0 > —1
be fixed. As r — +oo, we have

1 —4a?

(1.20) F(rX) =exp <cr—d1\/;+ logr+1og6(v(r))

1%t . dt  ~ 1

~ 25 HB(—xj,V(1))—+C+0(r2) |,
M t

where F is the Fredholm determinant (1.1), M > O is arbitrary but independent of

r and C = C(M) is independent of r. Furthermore, for any j=1,...,2¢g+1, as

r — +o0 we have

(1.21)

. 1
[/ #5000 % = By 10+ oltogr), B, tim L [ B, 9
M

Remark 1.2. If g = 0, then the term log 8(V(r)) in (1.20) should be interpreted as
being equal to O.

The asymptotic formula (1.21) is the best we can say for general choices of
X1,...,X2¢+1. However, if the linear flow
(122)  (0,400) 37 (vi(r*) mod 1, v2(r*) mod 1 ,..., Ve(r*) mod 1)

has either “good Diophantine properties” or is ergodic in the g-dimensional torus
R8 /78, then one can strengthen (1.21) (and thereby (1.20)). Let us define these
notions:

e The flow (1.22) is said to have “good Diophantine properties” if there exist
01,6 > 0 such that

(1.23) | Q| > & ||m|~%  forall m e Z¢*" such that ' Q # 0,
where @ = (Q; Q, ... Q) and ||| = /'

e The flow (1.22) is said to be ergodic in R¢ /Z if the set {V(r?) mod Z8},¢ (0 +)
is dense in R$/Z#. Equivalently, the flow (1.22) is ergodic in R$/7Z# if
Q1,...,8, are rationally independent, that is, if €,...,Q, satisfy the fol-
lowing condition: If (n1,n2,...,n,) € Z# is such that

(1.24) Qiny +Qony + -+ Qeny =0,
thenny =ny =---=ng =0.
Let 2,8 C (0,4o0)8 be given by
2 ={(Q1,...,8,) : (1.23) holds true}, & = {(Q4,...,Q,) : (1.24) holds true}.
The sets & and & are generic, in the sense that (0,+e0)$\ & and (0, +0)&\ & have

Lebesgue measure zero. In the case of &, this follows easily from the definition;
in the case of Z, this follows from the Khintchine—Groshev theorem, see e.g. [6,
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Corollary 1.4 (b)]. If g = 1, then Z = & = (0,+o0), but for g > 2, it is easy to see
that 7 C &, & C P, and Z # (0,+)8 # &. For example,

e if g=2then (1,0/2) € 2N&,

e if g=2then (1,1) € 2\ &,

e if g =2 then (l,f) €&\ P, where L =Y. 10~ is Liouville’s con-

stant,

e ifg=3then (1,£,1) ¢ 2UE,
where (1, \ﬁ) € 2 is a consequence of Liouville’s theorem on Diophantine ap-
proximation and the fact that v/2 is a root of the degree 2 polynomial x> —2. We
show in Appendix A that the image of the mapping (x1,x2,...,X24+1) — (Q1,Q0,...,8,)
contains an open ball in (0, +o0)8, so that each of the four different cases

(Q1,...,2) ¢ 2UE, (Q1,...,Q4) € 7\,

1.2
(1:25) (Q1,....Q) €EEND, (Q,....Q,) € TNE

can and do occur for certain choices of (x1,x2,...,x24+1). (In fact, for g = 2 there
are only three cases because 2 U& = (0,+o0) X (0, +o0)).

Theorem 1.3 (The “good Diophantine” case). Let 0 <xj <xp <:-- <Xy < +o0
and o > —1 be fixed, and assume that (Q1,,...,Q,) € P. In this case, (1.21)
can be improved to

(1.26)
r o t _1
/%(—xj,v(t))i:,%jlogr—i-Cj—i-O(r é) asr— 4oo, j=1,...,2¢+1,
M

where Cy,...,Cyg 1 are independent of r. Therefore, (1.20) can be improved to

1—40® 1%
F(r¥) =exp | cr—di/r+ 6 —3—2];%’.,- logr

+log6(v(r))+C+ 0(1’_%)> ;

as r — oo, where C is independent of r.

Remark 1.4. The constant C in Theorem 1.3 equals C— % (Ci+---+Cagy1), where
Cis as in (1.20) and Cy,...,Cyq 4 are as in Theorem 1.3.

Theorem 1.5 (The ergodic case). Let 0 < x; <xp < -+ < Xpgy1 < +oo and o6 >
—1 be fixed, and assume that (Q,Q,...,Q,) € &. In this case, (1.21) can be
improved to
(1.27)

d

r 5 t
/%(—xj,v(t))T:210gr+0(logr) asr— +oo, j=1,...,2¢+1.
M
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Therefore, (1.20) can be improved to

202
F(rX) =exp (cr—dl\/;— 8+

logr—l—o(logr)> as r — +oo.

By combining Theorems 1.3 and 1.5, we immediately obtain the following.

Corollary 1.6 (The “good Diophantine” and ergodic case). Let 0 <xj <xp <--- <
X2g41 < +ooand o0 > —1 be fixed, and assume that (Q1,,...,Q,) € ZNE. Then

F(rX) =exp (cr—dl\/;—g—i_

where C is independent of r.

202

10gr+log9(V(r))+C+0(r_5)> as r — oo,

Remark 1.7. Corollary 1.6 has been verified numerically for g = 1,2, 3 and several
choices of xi,...,xp¢1 using [7].

The case g = 1 is simpler because both (1.23) and (1.24) are automatically
satisfied for any choice of 0 < x; < x < x3 < +oo. Hence, Corollary 1.6 always
applies when g = 1, and we get the following result.

Corollary 1.8 (Thecase g=1). Letg=1andfix o0 > —1, 0 < x; < xp < x3 < o0,
As ¥ — H-oo,

F(r(x1,x2,x3)) =exp <cr —di\r—
where C is independent of r.

Remark 1.9. (The case g =0). If g =0, then (1.9) gives ¢ = —’% and (1.11) gives

14202

logr+1logO(vi(r))+C+ O(r§)> ,

o o (O ds
d = —{, = — :—(X,/x .
gt 2 Jox S+ X :

Since both (1.23) and (1.24) are automatically satisfied for g = 0, using Corollary
1.6, we obtain

2
o
F(rx;) =exp (_1’21 +a/rx; — Tlogr—l—C—l— O(r_;)> as r — oo,

which is consistent with (1.3).

Related work. The determination of large gap asymptotics is a classical problem
in random matrix theory with a long history. There exist various results on large
gap asymptotics in the case of a gap on a single interval (the so-called “one-cut
regime”), see [25, 30, 32, 33, 43, 53] for the sine process, [2, 24] for the Airy
process, [27, 34] for the Bessel process, [14, 20, 21] for the Wright’s generalized
Bessel and Meijer-G point processes, [22] for the Pearcey process, [3, 8-13, 15—
18, 23] for thinned-deformations of these universal point processes, and [31, 50,
52] for the sine-f3, Airy-f3 and Bessel-f point processes. We also refer to [44] and
[38] for two overviews.
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Large gap asymptotics in the case of multiple intervals has been much less
explored. For the sine process, this problem was first investigated by Widom [54],
who obtained an explicit expression for the leading term in the asymptotics, and
characterized the oscillations in terms of the solution to a Jacobi inversion problem.
These oscillations were later described more explicitly by Deift, Its, and Zhou
[26] in terms of O-functions. Actually, the results of [26] are, in many respects,
similar to the results of our first two theorems (Theorem 1.1 and Theorem 1.3).
In particular, the asymptotic formula of [26] for the probability to observe g gaps
in the sine process involves (1) an explicit leading term, (2) some oscillations of
order 1 described in terms of O-functions, and (3) a rather complicated integral
involving ratios of 8-functions. As in our case (see (1.21)), the latter integral grows
logarithmically with the size of the intervals. It was also noted in [26] that, in
the generic case where a certain vector has “good Diophantine properties”, this
integral can be estimated with good control of the error term (this idea of [26] has
been the main inspiration for our Theorem 1.3). However, the coefficient of the
logarithmic term was written in [26] as a time average of ratios of 8-functions (cf.
our formula (1.21)) and was not simplified. Recently, for the case of two intervals
(this corresponds to a genus 1 situation), Fahs and Krasovsky in [35] showed that
this coefficient is identically equal to —1/2. Large gap asymptotics for the Airy
process in certain genus 1 situations were recently computed in [4, 5, 45], and
there too simple expressions for the log coefficients appearing in the large gap
asymptotics were obtained. We also mention that the multiplicative constants in
the asymptotics were explicitly computed in [35, 45].

In Theorem 1.5, we provide a simplified formula for the coefficient of the loga-
rithmic term appearing in the large r asymptotics of F (rX) for an arbitrary g > 0, in
the generic case when the flow (1.22) is ergodic in R8 /Z8. The proof of Theorem
1.5 requires the novel use of Birkhoff’s ergodic theorem. More precisely, using the
ergodicity of the flow (1.22), we rewrite the one-dimensional integrals % of (1.21)
(which we call time averages) as g-dimensional integrals over RS /Z# (which we
call space averages). Quite remarkably, these space averages can in turn be evalu-
ated explicitly after a non-trivial change of variables involving the Abel map, see
Proposition 7.6 and Lemma 7.12. We expect that a similar simplification of the
logarithmic term can be achieved by means of Birkhoff’s ergodic theorem for any
genus g > 1 also for other point processes such as the sine and Airy processes. As
noted above Corollary 1.8, the case g = 1 is somewhat simpler in several respects;
in particular, for g = 1 every flow is both ergodic and has “good Diophantine prop-
erties”. Hence there is no need to invoke Birkhoff’s ergodic theorem when g =1,
see [4, 5, 35, 45]. For these reasons, we feel that Theorem 1.5 is an important novel
contribution of the current paper.

Remark 1.10 (The nongeneric case). Even if the argument in Appendix A im-
plies that each of the four cases in (1.25) occurs whenever g > 3 (and that three
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of these cases occur if g = 2), it is still possible that the expansion in Corol-
lary 1.6 is valid for all 0 < x; < xp < --- < X241 < +o0 and & > —1 for any
g > 1. We know of no counterexample. If this is the case, then the time average
B =lmr_, e 1 ok B(—x;,V(e?))dt, where v;(1%) = —&; —t%, is always equal
to the space average of Z(—x,-) (which is in turn always equal to 2 in accordance
with (1.27)). In general, the time average of a smooth function on the torus R¢ /78
along a curve pointing in the direction Q= (1,...,8,) is not equal to the space
average if €,...,€, are rationally dependent (i.e., if 9) ¢ &). Moreover, numer-
ical computations make it clear that the time average of %(—x;,-) along a curve
pointing in the direction of one of the coordinate axes typically differs from its
space average. However, the curve V(¢2) never points in the direction of one of the
coordinate axes since all the Q; are strictly positive, and the functions %(—x;,)
are not independent of Q, so it remains open whether the best-case scenario of

Corollary 1.6 is in fact valid also in the nongeneric case of Q ¢INE.

Overview of the paper. In Section 2, we link the Fredholm determinant F(rX)
to the solution @ of a certain Riemann—Hilbert (RH) problem. In Sections 3—
6, we perform an asymptotic analysis of ® by means of the Deift/Zhou steepest
descent method. This analysis is split into several sections as follows. In Section
3, we normalize the RH problem for & at infinity using an appropriate g-function,
and then we proceed with the opening of the lenses. In Section 4, we construct
the global parametrix P() in terms of Riemann O-functions. In Section 5, we
construct local parametrices at z = —x;, j = 1,...,2g + 1; these are built using the
well-known solution of the Bessel model RH problem (see Appendix B). In Section
6, we complete our RH analysis with a small norm analysis. Section 7 relies on
the results of Sections 3-6 and contains the proofs of Theorems 1.1-1.5. Birkhoff’s
ergodic theorem is used in the proof of Theorem 1.5.

2 Differential identity for F

We begin by establishing a relationship between the Fredholm determinant
F(rX) and the solution to a particular Riemann-Hilbert problem. The goal of this
section is to prove the following Proposition.

Proposition 2.1. Let 0 < x1 < --- < X441 < +o0 and o0 > —1 be fixed. We have
the identity

@.1) O 10g F(1%) = 5=y 15(r) 4 1532,
where F (X) is defined in (1.1), @, (r) = ®1(r;X, @) is defined by

@2) ®1 (1) = lim r2( () (r2)~F M)~ 1),

where
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and ®(-) = O(-;r, X, ) is the unique solution of the following RH problem.

RH problem for ®(-) = ®(-;r,%, a)

(a) ®:C\Zp — C>*? is analytic, where the contour L = (—o0,0]UL, UX_
is oriented as shown in Figure 2.1 with

2zi _2mi
Ly = —xpp1+e€3 (0,+00), L= —xypp1+e 3 (0,400).

(b) The limits of ®(z) as z approaches X \ {—x24+1, —X2g, ..., —x1,0} from
the left (+ side) and from the right (— side) exist, are continuous on X¢ \
{—x2¢41,—%2g,...,—x1,0} and are denoted by &, and P_ respectively.
Furthermore, they are related by

1 0
‘I)+(Z) =o_ (Z) <ei7tioc 1) ) zE Z':I:v
0 1
CI)+(Z) = CI)*(Z) -1 0) zZ€ (_ooa_x2g+l)u
e 1 .
2.0=0-0) (G ) € Cmm =l
q)-i-(z) = q)_(z)eﬂ'ia637 zZ€ (_-x2j+] ) _-ij)v .] = 07 - 8

where xp := 0.
(c) As z — o, we have

(2.3) M@:O+M[wgﬁ%Mﬂ%ﬂ

where the principal branch is chosen for each fractional power.
(d) Asz— —xj, j=1,...,2¢g+1, we have

(_1)'j+| . mia
2.4 ¢@=@@<§ wl%“*”OW@N*MWWML

where sgn is the signum function, G; is analytic in a neighborhood of —x;
and satisfies detG; = 1, V;(z) is defined by

2.5)
1 Imz >0,
Vi(z) =1, if jisodd, ViR =4 (1 =1\ o, ifjiseven,
o 1) ’
and H(z) is defined by
I) f0r—2%<arg(z+xZg+l)<2?ﬂ7
1 0
- for 2% < arg(z+x <m,
(2.6) H(z) = _eTia 1> 3 g( 26+1)
! 0 2n
e—m’a 1 for — 7 < arg(z-f—ngH) < -3
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FIGURE 2.1. The jump contour £¢ and the associated jump matrices in
the case where g = 2.

(e) As ztends to 0, ® takes the form
2.7) ®(z) =Go(2)(r2) 2%,  a>—1,

where Gy is analytic in a neighborhood of 0 and satisfies det Gy = 1.

Proof of Proposition 2.1. We follow the method developed by Its, Izergin, Korepin
and Slavnov [41], and then further pursued in [26]. Note from (1.2) that K can be
rewritten as

TR0 (Tl s o (VD)
K(>y) x—y ’ f()—2<\/x‘](/x(\/;c)>a g(y)’_<_‘]a(w)>'
Also, from (1.1) and a direct rescaling, we get

F(r%) = det(I — X |1,) = det(I — J;]y,),

where 77|y, is the trace-class integral operator acting on L2(1, ) whose kernel is
given by

S (r0)g(ry)
x—y
Using well-known identities for trace-class integral operators, we get

K (x,y) :=rK(rx,ry) =

(2.8) 0rlogF(rX) = d,logdet (I — J#;|y,)
—1
= d,Trlog (I— </”i/,|1g) = —Tr((l—ji/,\lg) 8r</”i/,|1g).
A direct computation using [40, eq. (8.401)] gives

91K Aroy) = IV I3) = =5 1) Q)8
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and it follows that the kernel of the integral operator (I — | Ig) ! dr A1, is given
by
1o (0 1\, . 1
=5 Q) #w) = 3oy,
N = = t
where A(lL) := ((I—,}i/],[g)_lfl(u),(l—%[,Ig)_lfz(u)> . Thus, by (2.8) we
have

drlogdet (I— <%/|,1g) = d,logdet (I— ,)i/,|1g)
1 1
= 2/Ighl(mc)gz(rx)dx = Z/r hi(x)ga(x)dx.

IK
On the other hand,

Y
Y(z)::I—/ 7dle+ﬂ+0(z_2) as z — o
i, X—2

and so we conclude that
Yi12(r)
2r

We will need the following result from [19]. For the reader’s convenience, we also
include a proof here.

(2.9 0, log F (r¥) = dylogdet (I — #'|y,) =

Lemma 2.2. (Taken from [19, eq. (4.17)]) The function ® can be expressed in
terms of Y as follows:

@10 8@)=((yqriq 1)< TmON 0Pl

where ﬁBe is defined by

(211) ﬁBe(Z) — 67%037_5% Iolc(fi)l E{(al(zz)l y(z)
miz2ly(z2) —z2Kg(22)
with
(1, arg(z+rxy,) € (—%”,27”),
1 0
S) = _ria 1) , arg(z+rxy) € (%”,ﬂ),

1 0
) ) arg(z+rxm) € (_TC>_2T7L-)>
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Iy and Ky, are the modified Bessel functions of the first and second kind, and the

principal branches are taken for 22 and arg(z -+ rxy ). Moreover,
(2.12)

5 _m 1 0 P PR
Pe(z)=e 4% (_i(4a2+3) 1) (I%—PBZC’l +0(z 2)) M as 7 — oo,
8

where

~ 1 —4a?
(2.13) Pse1,12 = T

Proof. Let X be the right-hand side of (2.10). Clearly, X satisfies condition (a) of
the RH problem for ®. From the jumps

eﬂla 1

Q19 Fheslr)=Fhe () () ha)o 2€ (a0

we infer that X has the same jumps as @ on Xg. Also, using the small z asymptotics
of In(z) and K(z) (given e.g. in [49, Section 10.40]), and using (2.12), we verify
that X (z) satisfies properties (d) and (e) of the RH problem for ®. Hence, both ®
and X satisfy the RH problem for ®; by uniqueness of the solution they must be
equal, which proves (2.10). The expansion (2.12) follows by using (2.11) and the
large z asymptotics of Iy (z) and K(z) (given e.g. in [49, Section 10.40]). O

Using (2.3), we infer that

- 1 0\ =g, _Tig, 1 0 ~
(bl(r)_<§(4a2+3) 1>e4 (—G3Y1(F)G3>e 4 —§(4062+3) 1 + Pge.1,

and thus

(2.15) D) 12(r) = in,lZ(r)"’ﬁBe,l,lZ-

The result now follows by using (2.13) and (2.15) in (2.9). Il

Our next goal is to obtain large r asymptotics of ®; j2(r). For this, we will
first perform a Deift-Zhou [29] steepest descent analysis on the RH problem for
®. This analysis is carried out in Sections 3-6.

3 Steepest descent for ®: first steps

In this section, we proceed with the first steps of the steepest descent method.
We start by finding a g-function that will be used to normalize the RH problem for
& at oo,



14 E. BLACKSTONE, C. CHARLIER, J. LENELLS

3.1 g-function
The function \/Z(z), defined in (1.5), satisfies

g+1

3.1 VA (), +VZ(z)_ =0, forz e U —X2j, —X2j—1)
where \/%(z) , and \/%(z)_ denote the limits of /% (s) as s — z from the upper

and lower half-plane of the first sheet of X, respectively. We define the g-function
by
< q(s)

62 a)= [ s

£ &l
ds, q(z):E—i—quz], 7€ C\ (—o0,—x1),
j=0

where the path of integration lies on the first sheet of X and does not cross (—eo, —x;]*
and coefficients g;, j = 0,...,g — 1 are given by (1.7). The following lemma ex-
tracts the necessary properties of the g-function.

Lemma 3.1. The g-function enjoys the following properties:
(1) The g-function is analytic in C\ (—eo, —x1| and satisfies g(z) = g(2).
(2) The g-function satisfies the jump conditions
3.3)
g+(Z)+gf(Z):0, ZE(_XZja_Xijl)a ]:1a7g+17
(3.4
g+(Z) - g*(z) = I(Ql 4 +Q])7 z€ (_x2j+17_x2j)7 ] = 1’ )
where Q; > 0 is defined in (1.10).
(3) As z— o0, 2 ¢ (—o0, —X2411), We have

(3.5) g@:ﬁ—$+MK”%

where c is defined in (1.9).
(4) Reg(z) > 0 for z € C with equality only when z € [—x2j,—Xx2j1], j =
1,...,g+1, where xpg 15 := —o0.

Proof. We begin with the observation that the second set of equations in (1.8) can
be rewritten as

2 q(s) ,
(3.6) / ds =0, =1,...,8
—n1 /K (S) ! s

where the path lies on the first sheet of X. Because /% (z) is real and non-zero on
(—x2 1, —X2 j)+, it follows from (3.6) that ¢ has exactly one simple zero on each
of the intervals (—xg41,—X2), ..., (—X5,—x4), (—x3,—x2). Since g(z) — +oo as
7 — oo, it satisfies

(3.7) sgng(z) = (—1)/", forall z € (—x2j,—x2j-1), Jj=1,...,8+1.



ey
2

3)

(3.8)

“)

3.9

(3.10)

2
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The fact that g is analytic in C\ (—eo, —x;] follows directly from (3.2), and
9(Z) = g(z) follows from the fact that the coefficients of % and ¢ are real.
The jumps (3.3) follow from (3.1) and (3.6). For z € (—x2j4+1,—X2;), by
(3.2) we have

g4 Z/B i(Qr+--+9Q)),

and this is (3.4). Using (3.7) and the definition of ; in (1.10), it follows
that Q; > 0.

A direct computation using (3.2) gives ¢'(z) = 3z~ L O(z ’%) as
z — oo, Hence,

2¢ 2
00) =Vitgo——~+0(E )  asz—res,

Vz
for a certain ggp € C. We know from (3.3) that g (z) + g_(z) = 0, which
implies go = 0.

It follows from the zeros of ¢(z) and (3.7) that Re g(z) > 0 for z € (—x1, +0),
g+l
Reg(z) =0 forze |J[—x2j,—x2j-1],
j=1

g
Reg(z) >0 forze |J(—xjt1, —x2).
j=1
It follows from the definition (3.2) that g admitg expansion of the form
9(z) ~ vz(1+ X521 %) as z — oo, and since g(z) = g(z), we infer that
g; € R forall j > 1. Hence, as z = |z|e’® — o, |8] < 7, we have

0 g cos((j—%)O))
Re zlcos—|( 1+ _ s as 7 — oo,
o)~ VRleos (141 56
Since

cos ((j—1)0)

6
Cos 5

<2j—1, forall |8| <mand j=1,2,...

there exist a constant p, > 0 such that

R i0 1
w’ee)—l <,  forall|z|>p,and|0] <.
Vz|cos 5 2
This implies that
0 o 3 0
’Z|COS§ <Reg(|z]e"”) < 3 \z|cos§ for all |z| > p, and |0| < 7.
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Let %; be the open half disk in the upper half-plane centered at the ori-
gin with radius s > p,. Since Reg(z) is harmonic on %, its minimum
value over the set % is attained only on 0%, which by (3.9) and (3.10) is
equal to 0. Thus Reg(z) > 0 for all z € % Since s > p, was arbitrary, we
conclude that Re g(z) > 0 for all z in the upper half-plane. The symmetry
9(Z) = g(z) now implies that Reg(z) > 0 for all z in the lower half-plane,
which finishes the proof.

O
3.2 Rescaling of the RH problem

We now use the g-function (3.2) to define

3.11) T(z):= (_21,10\/}7 (1)> r%q)(z)e*\ﬁg(z)os_

It can now be verified, using Lemma 3.1 and the RH problem for &, that T is the
unique solution to the following RH problem.
RH problem for 7(-) =T (-;r,%,a)

(@) T:C\Xp — C?*2 is analytic, and we recall that Lo is shown in Figure 2.1.
(b) The jumps for T are given by

0 1
T+(Z) = T*(Z) (_1 0) 3 z€ (_Ooa_x2g+l)a
1 0
T.(2) =T-(2) | jwina—2yra) 1)> €T+
To(z) = Ti(z)e(ina—iﬁj\/;)@, z€ (=x2j11,—%25), j=0,....8,

where we define
Q=0 and Q;=Q+--4Q; j=1,..3g

For z € Uf»:l (—x2j,—X2j—1) we have

1 0 0 1 1 0
(3.12) T+(Z) =T (Z) <ei7roc2\/?g(z) 1> <_1 0) <ei7ra2\/?g+(z) 1)'

(c) As z— oo, we have
T o
(3.13) T(z) = <1+Zl+ﬁ(z2))z43M,

where T} is independent of z and satisfies 7} 12 = q)\;;z —2ic\/r.

(d) T(z) =0O(log(z+xj)) asz— —xj, j=1,...,2g+ 1.
(e) Asz— 0, T takes the form

(3.14) T(z) = To(2)z2 %,

where Ty is analytic in a neighborhood of 0.
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3.3 Opening of the lenses

For each j € {1,...,g},letX; . and £;_ be two open curves starting at —x»;,
ending at —x;_1, and lying in the upper and lower half-plane respectively, see
also Figure 3.1. The bounded lens-shaped region delimited by X; , UX; _ will be
denoted by .7}, j = 1,...,g. With the factorization (3.12) in mind, we define S in
terms of T as follows

1 0 2
<_eﬂia2\ﬁg(z) ) , Z2€ Uj:l"?j and Imz > 0,

1
3.15 S(z):=T 1 0
(3.15) (2) (2) (e—m'a—z\ﬁg(z) 1) , z€Ul,ZjandImz <0,

1, otherwise.
It is straightforward to verify that S satisfies the following RH problem.
RH problem for S(-) = S(;nX, o)
(a) §:C\Xg— C>? is analytic, with
(3.16) g = (—oo,0]Uy Uy, Y+ =X UL 1 U---UX, 4,

and X is oriented as in Figure 3.1.
(b) The boundary values of S are related by

(3.17)
0 1 .
S+(Z) = S*(Z) -1 0)’ zZ€ (—ij', _x2j71)7 J= 17' -8+ 17
(3.18)
1 0
S+(2) =5-(2) eTmia=2Vra(z) 1 )° €Y+
(3.19)
S+(Z) =S_ (Z)e(m.aiigj\/;)aa z€E (_x2j+17 _x2j)a .] = 07 8,
where we recall that xpg2 := —oo.
(c) As z — o, we have
T, o
(3.20) S(z) = (1 + ?1 +o (z2)> M.
(d Asz— —xj, j=1,...,2¢+1, we have
(3.21) S(z) = O(log(z+x;)).
(e) Asz— 0, S takes the form
(3.22) S(z) = So(2)22 %,

where S is analytic in a neighborhood of 0.
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FIGURE 3.1. Jump contours Xg for S with g = 3.

Recall from Lemma 3.1 that

g+l

Reg(z) >0 forallz € C\ | J[—x2j, —x2j-1],
Jj=1
g+l

Reg(z) =0forall z € | J[—x2j, —x2j-1]-
Jj=1

Hence, for any € > 0, there exists ¢; > 0 such that
S (2)7'84(z) —I=0(e ") as r — +oo

uniformly for

.....

However, S_(z) 'S, (z) —I is not exponentially small as » — +co when simultane-
ouslyze y, Uy_,z— —xjforj=1,...,2¢g+1.

4 Global parametrix

In this section we construct the global parametrix P{*”)(z), which will serve
as an approximation to S(z) when z is bounded away from the endpoints —x;,
j=1,...,2¢g+1.

RH problem for P(*)
(a) P(*) : C\(—o0,0] — C?*2 is analytic.
(b) The jumps for P(*) are given by
oo oo 0 1 .
P—g— )(Z):PE )(Z) (_1 0)7 Ze(_-XZja_XZj—l)7.]:17"'7g+17

@1 P7(2) =P ()emei@ivIo e (cxyp ), j=0,.. 8,
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(c) As z— oo, we have

(e)

P .

42) P)(z) = <I+ R (z‘z)> M,
Z

where P is independent of z.

(d) Asz— —xj, j=1,...,2¢+1, we have

43) P(2) = 0((z +x,)74).
(e) Asz— 0, P™)(z) takes the form
(44 PP =R (@,

where Péw) is analytic in a neighborhood of 0.

We will construct P(*) in terms of Riemann 6-functions using some ideas from
[4, 5, 26, 47]. However, because P(=) is not analytic on an unbounded cut, our

construction is technically different from [26, 47]. As in [47], we proceed in two
steps. First, we construct the solution P(*) of an auxiliary RH problem which has
no root-type singularity at the origin. Next, we consider a function D with a root-
type behavior at 0 and suitable jumps. We will see that P s expressed in terms

of P*) and D.

4.1 Construction of P(*)

For the moment we let V = (v1,...,V,) € R$ be arbitrary (we will require V to

be as in (1.13) later). Consider the following RH problem:

RH problem for P (-) = P)(-;V)
(a) P() : C\(—oo0, —x1] — C**? is analytic.
(b) The jumps for P(*) are given by

(oo ~ (o0 0 1 .
PI0=P70 (0 ). e =1

@.5) P (g) = P ()Tt tion s (cxpin, ), =1

(c) As z —> oo, we have
_ B o
(4.6) PP =1+ +0(z?) )z M,
Z

where 131(°°) is independent of z.

(d) Asz— —xj, j=1,...,2¢+ 1, we have

(4.7) P (2) = O((z+x;)"#).

8+ 1,

) 8-
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We express P() in terms of Riemann 6-functions, whose definition and rele-
vant properties are given in (1.15) and (1.16). Recall from (1.17) that the Abel map
@ is given by

P
.8) §:X5I(X), P ¢’(P):/ &'
—x
and that @ is defined in (1.6). It will be convenient to also consider the following
function, which we denote by ¢*:
Z+
(49) (ﬁc :C\<_°°7 —X1] _>(Cg7 ZH(ﬁC(Z): 6:)[7
—x
where the path of integration lies on the first sheet. Recall that the period matrix 7
is defined by (1.14). It is well-known, see e.g. [36, p. 63], that 7 is symmetric and
has positive definite imaginary part. The following properties of ¢ © follow readily
from its definition.

Proposition 4.1. For z € C\ (—oo, —x1], we have

4.10)  $F()+95(2)

(
El__‘ja Ze(—XZj,—ij_1)7j:lj_“7g+17

J
(411) (ﬁf(z)—(ﬁic(z) Z%ka ZG(_XZjJrla_ij)a jzlv"'>g7
k=1
where é; denotes the jth column of the g X g identity matrix, €, := 0, and Tjis
the jth column of the matrix T. Moreover, we have ®€(—x;) =0, ¢C(c0) = e,
and, for j=1,...,g,

(4.12)
. 1. .. . 14, ¢ 1, 1 &
Ps(—xj) = (61 —¢))£5 Y T B (—xojp1) = S =e)£5 Y %
k=1 k=1
Define
+x2)(z+x4) - (2+x2g) s+l
4.13 IPTC: 8 eC X1,
( ) B(Z) \/(Z+xl)(Z+X3)---(Z+x2g+1) Z \JL_Jl[‘XZJ x2J 1]

where the branch is chosen such that 8(z) > 0 for z > —x, and define ¢4 : C¢ — C
by

i +
(@.14) G(3) = )
For any A, A € 78, satisfies

(4.15) GELA +TA) = e NVg(3),

This periodicity property follows immediately from (1.16). Since —i7 is real and
positive definite, 6 (if) > 0 for all & € RS, see [28, Section 4]. In particular, ¢ (i) >0
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for all i € Ré. Recall from (1.6) that the holomorphic differentials w, ..., @, are
given by
(4.16)
dz 5 dz
w;=(1z-- Zg_l A_IE' = A_l Zk_l y ]:la 8
= ( JATE; 70 k;( )kj 70
Define
5(co B (9(-6°()+%) 9(3°=)+9%)
(4.17) P (2)=0 RN AN
W=7 Vi) 2650
where
5
0= —icy 1
©0) “(3)
and
2A1) VY (71) g )
(4.18) Cq =

id % 4.
ZONOl
Here (A™!),. denotes the g-th row of A~!, V¥ is the gradient of & (of size g x 1),
and d ;¢ denotes the j-th partial derivative of ¢. From Proposition 4.1 and (4.15),
we infer that P(*™) satisfies condition (b) of the RH problem for P(). One also
verifies using (4.16) that P(=) satisfies condition (c) of the RH problem for p=)
with

se) _ —2i(A eV (0) —2i g A
(4.19) (=) — & 0,40

1,12 % (0) Z, )gi )
By (7.10), (7.15) and Lemma 7.5 below, z — 0(+ (T)( )) have simple zeros at
—X3,—Xs,...,—X2g1 and no other zeros, and z — 6(5 4 + ¢(z)) have simple ze-

ros at —xp, —X4, ..., —X2¢ and no other zeros. This already shows that P(=) satisfies
condition (a) of the RH problem for P(*), that z +— ¢ (¢ C(z)) blow up as inverse
square roots near —x3, —xs, ..., —Xag+1, and that z— 4 (+@C(z) + ) blow up as
inverse square roots near —xs, —X4,...,—X2g. Using (4.13) and (4.17), it is now
straightforward to verify that P(*" also satisfies condition (d) of the RH problem
for P(*). We have thus shown that 2=) in (4.17) is the unique solution to the RH
problem for P*). Note that P() and P**) have the same jumps on (—x2;, —x2;_1),
j=1,...,g+1butnot on (—x2j41,—x2;), j=1,...,g. Let us introduce the fol-
lowing function

wan oo (L[ 7 CEOR)
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where 0 := % and the constants &; are defined by (1.12). The definition of the
@;’s ensure that D(z) — 1 as z — oo. It can be verified that D satisfies the following
properties:

(a) D:C)\ (—o0,0] — C is analytic.
(b) D has the following jumps:

(421) D+(Z)D*(Z):1’ ZE(_XZjv_Xijl)a ]:1a7g+17
(422) D (z) = D_(g)e¥™@H+%) e (—xpii1,—x2)), j=0,...,8

(c) As z— oo, we have

3
dy d d & YUtd
(4.23) D(z) =exp <1 +2 +0(z3)) — 14+ LS e T2 oY),
Vi Vo 2z Z2
where d is given by (1.11).
(d) Asz— 0, we have
(4.24) D(z) =z%0(1).
(e) Asz— —xj,Imz >0,
(4.25) D(z) = ™% 1%) L 0(\ /21 x;),

for j=1,...,2¢g+1, where j = BJ
We are now ready to solve the RH problem for P(*)(z).

Proposition 4.2. The solution to the RH problem for P is given by

(4.26) P (z) = (ll " (1)) P (2)D(2)*,
where Vi, ..., V, are defined in (1.13).

Proof. Using the properties of D(z), P(*)(z), and the definition of vi,...,V,, we
verify that the right-hand side of (4.26) solves the RH problem for P(**). O

4.2 Various asymptotics of P()(z)
)

For future references, we compute Pl(jz as well as the first terms in the expan-
sions 0fP<°°)(z) asz— —xj,Imz>0,j=1,...,2¢g+1.

Computation of PI(T)Z

From (4.17), (4.19), (4.23) we obtain

1 I O\sze (1 O
P = (I z [(—idl 1) b <id1 1)
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as z — oo, and in particular, using (4.19)

@) e ., —2i(AT)VZ(0)
4.27 P, = —id; = = —1id;.
( ) 1,12 1,12 1 %(0) 1

Asymptotics of P()(z) as z — —x25,Imz>0,j=1,...,8

Associated to the Jacobian variety J(X) are a total of 228 half-periods, 28! (28 —
1) of which are odd half-periods, see e.g. [36, p. 303]. It is well-known, see e.g.
[36, p. 304], that the 8-function vanishes at each odd half-period. Proposition 4.1
allows us to express some of the odd half-periods in terms of the Abel map.

Lemma 4.3. The points $(—x2j+1) € J(X), j=1,...,8, are odd half-periods. The
points ¢(—x2;) + 5 € J(X), j=1,...,g are also odd half-periods.

Proof. Tt follows from (4.12) that @(—x;) can be written in the form

_ 1. 1 5 R,
(p(—xk)ziak—i—irﬁk mod L(X) forcertain 0y, B € Z%, k=1,...,2¢+1.

Since (_J’c,iﬁk isoddifk=2j+1for j=1,...,g, we conclude that ¢(—x2j41) € J(X),
j=1,...,g, are odd half-periods. It follows similarly from (4.12) that @(—x2;) +
%, Jj=1,...,g, are odd half-periods. O

Lemma 4.3 implies that
(428) G(i(_pf(_x%)—i_%l):6(6(_)52])—1_%1):07 .]:177g

Using (4.28), we infer that the asymptotics of P)(z) as z — —xaj, Imz > 0, j =
1,...,g are given by

Al

(4.29) P () = (PN (2 4aa)) 4+ O((z+12)

X2

),

1

(430) (P)) = (—idl 1

where
4.31)

l l b1
B =B et + Oty ), B — eI
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0(£6 () +4 +V)

Gy o= lim \/z+x,

gy & C a
YT e+
0(£6,( x2])+e1 +V)H2g+ VX X2,
k#2j

L0258 pr(—x2)) B (£ (—x2)) + L)

Asymptotics of P()(z) as z — —x;, Imz > 0

The asymptotics for P”)(z) as z — —x;, Imz > 0, are given by

_1 1

(4.32) P (2) = (PN)C 4)(z+x1)‘5 +O((z+x1)%),

()3 (—17) 31 (%) 1 i e
(4.33) (P = V24 (0) —ilcg+di) cg+d e? %,
where

(72) ] 8 —
B =P (e, el
(z+x1)% il oo — x5

Asymptotics of P*)(z) as 7 — —x2j41,Imz >0, j=1,...,g

The asymptotics for P(*)(z) as z — —xp11, Imz >0, j=1,...,g, are given by

);

Bl—=

439 PP = (P () O an)

X2j+1

1
(P(oo))(—%) _ 1 0 Q(ﬁZ( +41)) ?
—om T\ —idy 1 /2

y (g(—‘f’f(szjﬂ) +9) F@F () + 2>> e
4, "

2j+1 2j+1
where
(4.35)
l}(_%) . 1 H x o, ‘%
B@) = b O((atxyn)), Bl = o R
1

1
ookt — x4
k#j

(z+x2j11)

. ——0(£9
g2:§+1 hm. Z+X2j+]W

ﬁ 2641
O(£PC(—x2jh1) + VT VA —%2j51,
kA2 41

255 pr(—x2j41) kO (£P L (—x211))
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5 Local parametrices

The local parametrix P(~%/) is defined in a small open disk D_y, centered at
—xj, j=1,...,2g+ 1. The radii of the disks are chosen sufficiently small, but
independent of r, such that they do not intersect each other. Inside D_,, pi)
has the same jumps as S, and is such that S(z)P\™%)(z)~! = O(1) as z — —x;.
Furthermore, on the boundary of D_,;, we impose that P%) “mathches” with
P(°°), in the sense that

(5.1 PY)(2) = (I4+0(1))P™)(z)  asr— oo,

uniformly for z € dD_,,. We will follow the pioneering work [26] and build these

parametrices in terms of Bessel functions. We will show in Section 6 that P(~%) (z)
approximates S(z) forz€ D_,.

5.1 Parametrix at —x;;1, j=0,...,8

Let f2j+1 be the conformal map from D_,,;,, to a neighborhood of 0 defined by

1 iQ;\?
(52) fin@ =5 <g(z) = 2]) . tmzso.
The expansion of f>;.1(z) as z — —xpj41 is given by
5.3)
Q(—x2j+1)2
fj1(@) = caji(atx200) (14 0z +x241)), C2j41 = —50py > 0.
[T (o —x2j41)
kA2j+1

2mi

We deform the lenses such that foj41 (72 ND_y,,.,) C €*5 (0,+00), and define
(5.4)

PO (2) 1= By (2) e (o1 (2):0) e VIEBEH 00 4mz > 0,
5.5)

. %
Eji1(z) = P (2)eT e QVN 5 py1 (Zﬂ\/;f2j+l(z)%) o, +Imz >0,

where ®g, is the solution to the RH problem presented in Section B. Using the
jumps of P(*), we verify that E»;1(z) is analytic for z € D_,,,,,, and using the
jumps (3.3)~(3.4) of g, that P(-*2/+1) has the same jumps as S inside Dy,
satisfies S(z)P(%/)(z)~! = O(1) as z — —x211. A direct computation using (B.2)
shows that

and

(5.6) P2 ()P (2) 7 =1+
P (2)eFima—iQVN T @y, | oHm0—1QVN T p(=) (7)1
Vrhji(2)?

+0(r™")
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as r — oo uniformly for z € aD_,Qj ..» where the & and = signs correspond to
+Imz > 0.

5.2 Parametrix at —x;, j=1,...,8
Let f2; be the conformal map from D_,,; to a neighborhood of 0 defined by

1 iQ;\?
5.7) fzj(z)=—4<g(z)$2> C dImzso.

The expansion of f>;(z) as z — —xy; is given by

2
—q"(—x2)
58 (2)=c2i(z+x;)(1+0(z+x27)), i o a—
(5.8)  f2j(z) = c2(z+x2)( (e+m)), o Hi’%l‘(m—xzj)
J

> 0.

2mi

We choose the lenses such that —f2;(y= ND_y,,) C e*5 (0,+00). Let us define
P22)) by

5.9

P21 (2) = Epj(2)@pe(—1 () O3e™VIOIT3e = 50, +Imz >0,
(5.10)

93

Esj(z) = P (@) T DT gt (2m/r(— f,(2)) T, £Imz >0,

where we verify that £5;(z) is analytic for z € D_,,.. Also, a computation using
(B.2) shows that
(5.11) P2 ()P ()7 = I+
P (2)eF 00N T 5y g, | 037312V ple=) (7)1
1
Vr(=14(z))?

as r — oo uniformly for z € dD_,,,, where the + and F signs correspond to
+Imz > 0.

—i—O(r*l)

6 Small norm problem

Consider

(—X_') -1 | —
61 R(D) _{S(z)P Nz)™", z€D_y, j=1,...,2g+1,

ISP, ze (C\Uié:lrl D_,;.

We have verified in Section 5 that P(-*/) and S have the same jumps inside Dy,
and that R(z) = S(z)P~)(z)~! remains bounded as z — —x;, j=1,...,2g + 1.
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}a

FIGURE 6.1. The contour X for R with g = 3.

Thus, using the jumps of P(*), we infer that R is analytic in C\ g, where Xp is
given by

2g+1 2g+1
Tr= <y+ uy-u 8]D)_xj> \ U D_,,.
j=1
For convenience, we orient the circles 8]D>_xj in the clockwise direction, see Figure
6.1. The jump matrix for R, namely

Jr:Zr = C¥% 25 Jr(z) :=R_(2) 'R (2),

is given by
(6.2)
P(z) 1 V)P, e\ UKD,
JR(Z) — e:timx72\ﬁg(z) 1 ) -
PEE) ()P ()~ z€dD_y, j=1,....2¢+1.
Since ¥ (i) # 0 for all i € RS, it follows from (4.17) and (4.26) that P(~)(z)
is bounded as r — +oo uniformly for z bounded away from 0, —xy,...,—x2g1.
Hence, using Lemma 3.1 and (5.6), (5.11), we obtain
(6.3)
b
. I+ 0(e~4r?) as r — +oo uniformly for z € Xg \ ( 2g+18]D) ) ,
JR Z)=

(1)
I+ J’%/éz) +0(r~') asr— +oo uniformly for z € U2g+18]DLxJ,

where ¢ > 0 is a sufficiently small constant, and J,(? )(z) = O(1) as r — oo uni-

formly for z € Ung&ID)_x The matrix J( >( ) has been computed in (5.6), (5.11),
and is given by

(6.4)
P (2)e Flima—i0 ;) B P e (zna—iﬁj\/?)%P(m)(z)71

’ Zean . ,jZO,...,g’
JI(Ql)(Z) = f2/+1(1)2 X2j41

p) (Z)eI(zﬂ:a Q) 763‘1>Be 163ei(t7ra7i§j\ﬁ)ggp(m) (2!

(—f2j(z ))

) ZEaD*)Qj)jzla"')g
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By the small-norm theory for RH problems [28, 29], it follows that R exists for
sufficiently large r and

RW(z)
\/;

uniformly for z € C\ Xg. Using (6.3) and the relation

(6.5) R(z) =1+ +0(r ™ as r — oo,

(6.6) R()_1+2;l/ R‘@é]f(f)_l) dé,  7€C\Xx,

we infer that

W= L[ ,2><5>
6.7y  RY(z)= 5 / o, £ dé, zeC\ ]_L_Jl oDy,
Itis easy to see from (6.4) that J, 1(el) admits an analytic continuation from U?i Tl oD,

to U?g;llﬁ_xj \ {—x;}, and furthermore

V@ =M etx) ™ +0(1)  asz——xj, j=1,...,28+1.

—Xj

Recalling that JD_; is oriented in the clockwise direction, a simple residue calcu-
lation shows that, for z outside the disks, (6.7) can be rewritten as

2g+1 1 ()\(—1) 2g+1
(6.8) RV@) =Y — NS, forzeC\ Dy,
j:1 Z‘i’xJ' j:1

and in particular, we have
1 2g+1 B
My — = (Dy(=1) -2 o
(6.9) RV (z) = ; ]Ezl (Jr')oy, +0(27) as z — oo,

Let Ry = lim,_,. z(R(z) —I). From (6.9), we infer that
1
2

) & _ Ry
(6.10) Ri(r)= % +o(rh),  RP =Y ()5,
j=1

The matrices (J,(el))(:x;) can be easily computed using (4.29), (4.32), (4.34), (5.3),
(5.8), (6.4) and the fact that det P(=) (z) = 1. Thus, we have
(Jl(;))(_n -4 (P(m))(f%) e—(ina—iﬁ_,ﬁ)%q)Be le(ina—iﬁ_,ﬁ)%(P_(w))( 1)

—X2j41 ) Jj+1 —X2j+1 inv /—Xx2j417

for j=0,...,g,

(Jl(e]))(_]),:i(Czj)_j(P(w))(il)e (ina—iQ;\/r) % 03 Dp. 10.38(171506 lQ,\f)Tz’(P(‘X’))( i)

X2
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for j=1,...,g, where

oo (7l) oo (7l)
(P = (P g =P o j=1...,2g+1
inv )~ _penE)  penC0) ] '
(PN (P,

In particular, using (1.16), we find
_1 . 2 .
61 0] (B i G (B (—xaj) + ) (~HE(~xajin) + D)
. R J—x2j41 12 16i ,76’2]'4,_1%(6)2

o

for j=0,...,gand

(D\27+—
] _ B V9%, .
612 OS] = j=1, e
2 16,/02;4(0)2
More precisely, the right-hand side of (6.11) for j =1, ..., g has been obtained after
some simplifications using 6(G.5(—x2j41)+ 4 +V) = e VTV Q(—GE(—xj41) +
% +V), and the right-hand side of (6.12) has been obtained using the relation
Gy = —e 2mVit V)7
J J

We note from (6.11) and (6.12) that the expressions for [(JI(;) )(:Xi)] |» appear
unrelated for odd and even j. In Proposition 7.8 below, we show that they can all
(both for j even and odd) be rewritten in an unified way.

7 Proofs of Theorems 1.1-1.5
Recall from Proposition 2.1 that
(7.1) d10g F(r¥) = 2@y 12(r) + 15422,

7.1 Proof of Theorem 1.1

The proof relies on equation (7.1). We first compute the large r asymptotics of
(o)) 1,12 (r) .

Proposition 7.1. We have

() () (3)
Dy 12(r) Pt R Pln R _3
- e 2 — 2 ~ 2 oo,
2ir t s Ty Ty TOUT) asro s
Proof. From (3.11), (3.15) and (6.1), we have, for all sufficiently large z,
_-3( 1 0 (=) () V78(2)0s
D(z)=r 4 (2icﬁ 1) R(z)P'™(z)e :
Taking z — oo and using (2.2), (3.5), (4.2) and (6.10), we obtain the claim. [l

(=)
1,12
2ir
matter, we first prove the following lemma.

Our next goal is to rewrite as an r-derivative. To prepare ourselves for that
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Lemma 7.2. We have (A7!),; = %, j=1,...,¢

Proof. Let us define
Zr—l

(7.2) Wy = ——=dz, r=1,...,g+1,
%(2)

so that
Zwk B kr7 r=1,...,8

Using the definition (1.10) of Q;, and noting that a,, = |, A, Wi We get

4?7; 4;;/ qus)dsz gglm/Bj Wetl — 8m Z Z </ ) Drtrg

k=1r=1

1
7.3 = — /W — /wr/ w )
) 87”( B; i r; Bj  JA ¢

The lemma will follow from (7.3) if we can show that

- g
7.4 /w - /w /a)r:STci AT,
(7.4) 5, g+1 r; [ Vet 5, (A7 )gj

To prove (7.4), first note that the differential w, | is holomorphic except at z =
0. As z— oo, we have \/%(z) = V/z(z* + 0(257")), and hence wgy1 = 9£(1+
O(z™1)). In terms of the local analytic coordinate u := 277 at 7 = oo, this becomes

d
Wil = 22 4+0(1)  asu—0.
u

It follows that the differential 7}, defined by

1 8
(7.5) n=-5 |:Wg+1 Z </A Wg+1) CO,:| )

r=1
is an Abelian differential of the second kind with vanishing A-periods whose only
pole is a double pole at z = oo (i.e. at u = 0); moreover, at this pole 7] has the
singular part du/u’. Applying Riemann’s bilinear identity to ) and a holomorphic
differential 1, we find (see e.g. [36, p. 64, eq. (3.0.2)])

(1.6) ;(Alnélﬁ—/lglnAlﬁ>=2ﬂi1§§g(fﬁ),

where f is a function such that df = 1 near u = 0. Let us fix j € {1,...,g} and
choose 1 = ;. Then (7.6) reduces to

(1.7) fj = 2miRes (f;7}),
B; u=0
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where d f; = @; near u = 0. Using the definition (4.16) of ®;, we obtain
;=72 (A7), (140 ))dz=-2(A ), ;(1+0W?))du  asu— 0,
which implies f;(u) = f;(0) —2(A~1) ;u+ O(u*) as u — 0, and thus

(7.8) 2miRes (f;) = —4mi(A) ;.
The identity (7.4) follows by substituting (7.5) and (7.8) into (7.7). This completes
the proof. O
Proposition 7.3. We have the identity
() =
P s 8 940) d .
A2 7_, =—|logB(v)—d .
NG 2\[ \[ Z 9@©) dr [log6(V) —di V7]

Proof. The first equality follows from (4.27). Note that ¢ (0) depends on r, whereas
dy and (A™1),; do not. Let Z = (z1,...,2z¢) € C8. Using the definition (4.14) of ¢,
we get

ajg(z)_aJ-G(Z I/’) aj.g(z*) -
4@ 0EF+V) B 0(7) j=1....8

F4
Since 6(Z) = (%) for all Z € C¥, we have 9,;6(0) =0 for all j = 1,...,g, and
thus

9,90) 9;0(v
y —(» ) = —<— )a J= 17 '8
©(0) 6(Vv)
Lemma 7.2 gives the relation [fiv =— (A:}“ so we conclude that
1 & L 9,90) &dvio;e(v) .
N Z(A )gj g(a) = Z dr o) Zlog@(v)

Finding a simplified expression for R(1 1)2 is more challenging and requires some
preparation. A divisor on X is a formal product of points of the form

PH ... P, where Pp,...,P.€X, a,...,04 €Z.

Let X, denote the n-fold symmetric product of the Riemann surface X, that is, X,
is the set of all divisors of the form P, --- P, where Py,..., P, € X. It is known [36,
section II1.11.9] that X, can be given a complex structure, so that X, is a manifold
of complex dimension g. The Abel map @ was defined in (1.17) as a map from X
to J(X). Following [36, p.92], we extend the map ¢ to X, as follows:

8 P;
(1.9) B:X, - J(X), D:P1-~-PgH¢(D):Z/]6)t.
1

j= —X1
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Let © : X — C denote the projection of X onto C, and let &/ be the subset
of X, consisting of all divisors D = P; -+ P, such that P; € n~([—x2;41, —x2;]),
j=1,...,g. One can equip &/ with an atlas of smooth local charts inherited from
the atlas of analytic local charts of X,, so that . is a smooth submanifold of X, of
real dimension g.

We recall from [36, p. 110 (a)] that a divisor P; - - - P, is special if and only if
there exists a non-zero holomorphic differential @ which vanishes at each of the
points Py,..., P,.

Lemma 7.4. Each divisor in </ is non-special.

Proof. Since oy, ...,®, form a basis of the space of holomorphic differentials, it
follows that any holomorphlc differential can be written in the form @ = p(z)dz/ /%
where p is a polynomial of degree at most g — 1. If P; - -- P, € <7, then by deﬁnmon
of o/ we have P;, # P;, for 1 < j; # j» < g. Note that dz/ /% (z) vanishes only
at . Hence, @ vanishes at P; if and only if j vanishes at P;. Since there exists no
non-zero polynomial of degree < g — 1 vanishing at g distinct points, the proof is
complete. (]

According to Lemma 4.3, the g points ¢(—x3), @(—xs),..., P(—x2+1) are odd
half-periods in J(X). Following [36, p. 325, eq. (1.2.1)], we define the vector of
Riemann constants #" € J(X) by

H = @((—x3)(=x5) - (—x2¢11))

8
(7.10) Z ) =S -2 Y 6+
j=1 2 25 j=1

oo
—

where we have used (4.12) for the last equality.
We recall the following result from [36, p. 312].

Lemma 7.5. If e = ¢(D)+ % and D € X,, then the multi-valued function X >
P +— 0(@(P) — e) vanishes identically if and only if D is special. Furthermore, this
function has a well-defined zero set, and if D is not special, then D is the divisor of
zeros of X 5 P— O(@(P) —e).

Clearly, the set
T ={H +3+tm:¥€RE, i€ Z8}/L(X) = A +R8 /78

is a nonempty connected smooth submanifold of J(X) of real dimension g. Let
¢ | denote the restriction of @ : X, — J(X) to <.

Proposition 7.6. The map Q| : &/ — 7 is a diffeomorphism, that is, @|. : o —
T is a smooth bijection, and (¢|/)~" : T — o is smooth.
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Proof. LetD =Py ---Py € /. Since & = @((—x3)(—x5)--- (—x26+1)), we have

where we have used that the restriction of @ to © ! ([=x2j41,—x25]), j=1,....8,
takes values in R$. This shows that ¢(=7) C 7.

It readily follows from its definition that the map @|., : &/ — 7 is smooth. We
have shown in Lemma 7.4 that all divisors in ./ are non-special. Let D = P; --- P,
be an arbitrary divisor in .27. Since D is non-special, the tangent map of ¢ : X, —
J(X) at D has full rank (see e.g. [36, section VI.2.5]); hence the tangent map of
@l 1 o/ — 7 at D also has full rank. Therefore, by the inverse function theorem,
@l o — 7 is alocal diffeomorphism.

Since @|,, is continuous, <7 is compact, and .7 is Hausdorff, it follows that
@| .7 is a proper map [48, Proposition A.53]. Therefore, we have shown that |,
is a proper local diffeomorphism. Since .7 and 7 are nonempty and connected,
this implies that @|., is a smooth covering map [48, Proposition 4.46], that is,
@l 1 @ — 7 is a smooth surjective map, and for each T € 7, there exists a
neighborhood U C .7 of 7 such that each component of (@|.,)~!(U) is mapped
diffeomorphically onto U by @| ;.

Let D|,D; € o/. Lemma 7.4 implies that D; and D, are non-special. Hence,
Lemma 7.5 implies that D; is the divisor of zeros of P +— 6(@(P) — ¢(D;) — &),
j = 1,2. In particular, if §(D;) = @(D,), then necessarily D; = D,. This shows
that @| ., is injective. Since an injective smooth covering map is a diffeomorphism,
see [48, Proposition 4.33 (b)], the proof is complete. O

Let fi € R¢/Z8. In view of Proposition 7.6, there exist D = P; --- P, € o/ and
D=P ---ﬁg € &/ such that

A1) D=@lo) (-G -H), D= (@) G-,
or equivalently

(7.12)

ﬁ+%=—¢(ﬁ)—% mod L(X), —ﬁ—%z—(ﬁ(ﬁ)—% mod L(X).

It follows from Lemma 7.4 that D and D are non-special, and from Lemma 7.5 that

P 0((P)+5 +it) = 6(¢(P)—@(D)— )
and
P 6(—¢(P)+ 9 +0)=0(¢(P)—$(D)— %)

do not vanish identically and that their zero divisors are given by D and D, respec-
tively. Let 1 : X — X be the sheet-changing involution. Since ¢(P) = —@(1(P))
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and # = —# mod L(X), it follows from (7.12) that B, = 1(B,) (and in particular
n(B) =n(B)) fork=1,...,g. Letus define

(7.13) bi(ii) :=n(B) = n(B) € [~xoks1, —xul, k=1,...,g.
Proposition 7.7. For each P € X and [i € R8 /78, we have
(7.14)
02(0) O(G(P) + L +H)0(—p(P)+ 2L +1i) & (i)
2(q) (¢(P)+3 Eu) (= <f(> i) SRR ),
02(h)  6(¢(P)+2)0(—d(P)+ D) P z+x2k

Proof. Let h(P) denote the left-hand side of (7.14). Using (1.16), it is easily veri-
fied that the function & defined by

62(0) 6(ii+ < +1)0(—

- , e C8,
0% (1)  o(+2)6(—

= h(@) ==

satisfies
h(ii) = h(i+ 1 +TA), A1 €Z8.

This shows that 4(P) = h(@(P)) is a well-defined function of P € X. From the dis-
cussion above (7.13), we conclude that 4 has exactly 2g zeros (counting multiplic-
ities) at Py, ... ,f’g,ﬁl, ... ,Pg. Also, it follows from Lemma 4.3 that ¢(—xx) + 5
are odd half-periods, and therefore the function 6(@(P) + 9) = 0(—¢(P)+ %)
has g simple zeros at —xz, —x4,..., —X2,. In fact, 6(¢(P) + 5 ) has no other zeros,
because from (4.12) and (7.10), we deduce that

. é
(1.15) B(—2) () -+ () =+ 5,
and thus Lemma 7.5 ensures that (—x»)(—x4)---(—x2,) is the divisor of zeros of
0(6(P)+%).

Since @(P) = —@(1(P)), h satisfies h(P) = h(1(P)) for all P € X. In order
words, h(P) only depends on n(P) and therefore & can be viewed as a meromorphic
function on the Riemann sphere. It directly follows from the above discussion and
from (7.13) that A, viewed as a function on the Riemann sphere, has g simple zeros

at bi([),...,be(1), and g simple poles at —x», —x4,...,—x2,. Hence the ratio of
the left- and right-hand sides of (7.14) is equal to a constant k. By Proposition 4.1,
¢(e0) = 5+ mod L(X). This shows that k = 1, which finishes the proof. O

Define the function & : C x R8 /Z8 — CU{eo} by

Hi:l (Z - bk(ﬁ))

(7.16)  B(z,i) : = e

9
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where P € X is such that z = n(P). The second equality in (7.16) follows from
Proposition 7.7.

Proposition 7.8. Recall that V(r) € RS is defined in (1.13). We have

1 2g+l
112 16i Z, PB(—xj,V

Proof. After a direct computation using (4.31), (4.35), (5.3), (5.8), (6.11), (6.12),
the definition of ¢ (4.14), and the right-most expression for % in (7.16), we obtain

1 - 1)\ (~1 .
=B ) = D] =12 24,
2g+1 1 y(Dy(=1) :
By (6.10), R1 12 =Y 51 [(Ur)=)'] 15> and thus the claim follows. O
(r)
We are now ready to compute the large r asymptotics of %
Proposition 7.9. As r — +oo, we have
(7.17)
@ 12(r) d 1 rgtl :
1’21;( ) = cr—di\/r+1log6(v Z B(—xj,V —i—O(r’%),
where M > 0 is independent of r.
Proof. Tt follows from Propositions 7.1, 7.3 and 7.8 that
() (%)
o P R,
La(r) REREARERNPYE S
2ir 2i\/r 21r
d 1 2g+1 3
:c+5[log9( ) —diVr] = o 293 —xj,V(r))+0(r 2)
as r — +oo, which is equivalent to (7.17). O

We obtain (1.20) after substituting the asymptotics (7.17) into (7.1), integrating
in r, and then exponentiating both sides. To finish the proof of Theorem 1.1, it
remains to prove (1.21).

Proposition 7.10. Let M > 0 and let 7 : RS /78 — R be continuous. Then H ER
is well-defined by
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and, for all r > 0,

r o NG
(7.18) /M %(V(r’))ci—, _ ; /m%(v(ﬂ))dz

NG Lo A (V(ER)dE D _
2/ 1<fm v) —%)dt—i-:%”logr.
N t M
In particular,
r / _—
(7.19) /%(V(r/))i’;:%ﬁlogr—ko(logr) as r— +oo.
M

Proof. Because R8/Z# is compact and J# is continuous, ¢ — J#(V(¢?)) is an

almost-periodic function (see [42, Definition 5.1]), and thus H € R is well-defined
(see [42, p. 176]). The identity (7.18) can be verified by differentiating both sides.
Since the first and second terms on the right-hand side of (7.18) are O(1) and
o(logr) as r — oo, respectively, (7.19) follows. O

Applying Proposition 7.10 to J# = %(—x,-), we get
/’ B(—x;, V(')

M r’
which is (1.21). This finishes the proof of Theorem 1.1.

dr' = B;logr+o(logr) as r — +oo,

7.2 Proof of Theorem 1.3

In this subsection, whose content is inspired by [26, p. 156], we assume that
there exist 8;, & > 0 such that (1.23) holds.

Proposition 7.11. Let 57 : R8 /78 — R be analytic and assume that (1.23) holds.
For any M > 0, we have

t —
(7.20) ! / HVE)dt =4 +0(17")  ast — oo,
tJvm
where A = limTﬁer%foT(%”(V(tz))dt.

Proof. We already know from Proposition 7.10 that 1 | \1/171 H(V('?))dt' = T+
o(1) ast — oo, s0 it only remains to show that the error term can be reduced from
o(1) to O(+™!). Since /7 is analytic on R /Z3, its Fourier series

Z g_anTL'ir_r'ltﬁ
m
mezs
converges to 7 (if) uniformly for ii € R8 /78, and the Fourier coefficients ¢ decay
exponentially fast, i.e., there exist ¢1,c, > 0 such that

(7.21) 0] < cre Il for all i € Z8.
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Hence,
/ jip v /2 dl / Z lae — i (Qr 427 &) dl _ l / e —i! (Qr+27d)
I’Il
VM 57 4 ﬁz
1 omige " G OVM omiiit &
= Y lge — += ) e (t— VM)
t mezs8 —lmt.Q t mezs
i Q40 i Q=0
The claim now follows from (1.23) and (7.21). O

Applying Proposition 7.11 to J# = %(—x;,-) gives
1 ! - _
(7.22) f/ B(—x; VA))dl' = B;+0(17")  ast— too,
tJVm
and substituting these asymptotics into (7.18) (again with ¢ = %(—xj,-)), we get
(7.23) /93 Y = Bilogr+C;j+0(r %) asr— too,
r

for some C; independent of r. This comples the proof of (1.26), and hence also of
Theorem 1.3.

7.3 Proof of Theorem 1.5

In this subsection we assume that Q,...,Q, are rationally independent. This
condition implies that the linear flow
(1,40) D1+ (vi(¢*) mod 1, va(r*) mod 1,..., v,(¢*) mod 1)

is ergodic in R8 /Z8, where we recall that V(r) is given by (1.13). Given a function
A R8 /78 — R, the Birkhoff ergodic theorem states that the average of . along
the above flow (often referred to as the time average in the literature) is equal to
the average of % over the torus R$ /78 (the space average). More precisely, the
time average of /7 is defined by

(7.24) hm / (Vv —I—x )dt, XeRs, M>0,

(this limit is clearly independent of M) and the space average of .7, which we
denote by (), is defined by

1l 1
(7.25) ()= o %”()?)d)?z/ / / O (X1,%2,. .., Xg)dx1dx) - - dxg.
0,1]¢ 0 Jo 0

Because Qi,...,€Q, are rationally independent, Birkhoft’s ergodic theorem states
that (see e.g. [1, p. 286])

1T
(7.26) lim — [ A(V(*)+X)dt = (#)  forevery X € R,
T—oeo T Jyu

In particular, the time average is independent of X. To complete the proof of Theo-
rem 1.5, it remains to evaluate (%(—x;,-)) explicitly for j=1,2,...,2¢g+1.
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Let us orient the closed loop n~ ! ([—x2j+1, —x2;]) so that t = ([—xaj41, —x2;]) is
homotopic to A; — A, where Ay, ... A, are the cycles shown in Figure 1.1. This
induces an orientation on .2 via the identification

o 25 (=3, ) x (=5, —xa]) o X (a1, —ag).

Our next lemma shows that with this orientation of <7, the map @|, — & — %‘
is an orientation-preserving diffeomorphism from .27 to the subset R8/Z$ of the
Jacobian variety J(X).

Lemma 7.12. The map D — f(D) := ¢(D) — # — %‘ is an orientation-preserving
diffeomorphism from </ to RS /78. Moreover, the inverse of f satisfies mo f~1 =
where b : R8 /78 — RS is defined by

(7.27) b(d) = (by(@),...,be(d)),  iecREZS
and n: o/ — R# is defined by n(D) = (n(P1),...,n(Py)) forD=P---Py € .

Proof. By Proposition 7.6, the map @, — & — %‘ is a diffeomorphism from .7 to
R8/Z3. To see that it is orientation-preserving, note that the multi-valued function

g P
§:/ T8 D=P- Py §(D) = Z/ &
j=17

increases by fj = &; — ;1 as P; goes once around n ' ([—x2/41, —x2,]). Since the
matrix relating the two bases {é j}§:1 and { f}}izl has determinant +1, the map
|y — A : o/ — R8 /7S is orientation-preserving.

Suppose f(D) =i where D € </ and i € R%/7Z8. Then i + 621 =)+
in J(X), so by Lemma 7.4 and Lemma 7.5, D is the divisor of zeros of 6(¢(:) —
i — 5 ). The definition (7.13) of by then implies that n(D) = b(i). This shows that

n(f (@) = b(ii) as desired. O
Proposition 7.13. For all z € C, we have
8
(7.28) <H(z—bk(‘))> =det(z - T),
k=1

where by, ... ,bg are defined in (7.13), and the g x g matrix T is defined by

dz
— (T.)8 e L 2 0 8 (AHE:
(729 T (T’J)w 1 T;; /Aiza)j /Ai 70 (z z Z)(AT)e;

Proof. Fix zy € C. Defining the function F by

F ZTC(JZf) = [—X3, —XQ] X [—X5, —X4] X oo X [—XQg+1,—X2g] — (C,

. g
F(b) =] (zo—bw),
k=1
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and the function b : R¢ /78 — R$ by (7.27), we can write the space average of F ob
as

(7.30) (Fob) = /[O l]gF(B(ﬁ))dﬁ

By Lemma 7.12, the map f := @|s — % — % is an orientation-preserving diffeo-
morphism from o7 to R8 /78 = [0,1)8. Hence

(731) <Foz;>:/ Fozdﬁ:/ FH(F obdi),
Fat) o

where f*(F oBdﬁ) denotes the pull-back by f of the g-form F obdii. (The last
step in (7.31) amounts to changing variables from i € R8/Z8 to D € ./ according

to ux = (D) — i — @.) In the same way that we use the analytic coordinate
z to perform calculations on X (viewing X as a two-sheeted cover of the complex
z-plane), we can use (z1,...,2g) as coordinates on

o 2 (a3, —x2]) x T ([—xs, —xa]) X - X ([—x0g 1, —X2g]) CX X - X X,
where z; denotes the coordinate on the j-th factor of X. Evaluating the integral
on the right-hand side of (7.31) in these coordinates and using that f*(F oz) =
Fobof=FonbyLemma7.12, we obtain

Fob H/A AHerdet (p,(z,))lj Flz1,...,2)

o(z1) ¢1(z2) ... (Pi(zg)
g / / . / g
= H/ dz, (pZ(.Zl) (Pz('ZZ) . (P H 20 — %)
r=17Ar=Arp : : . k=1
Pg(z1) Pg(z2) ... <pg(zg)
o1(z1)(z0—21) @1(z22)(z0—22) - @)(z¢)(20 —2¢)
B w’(Z)(ZO*a) P5(22)(z0—22) - P3(2e) (20— 2)
_H/ AH] : : : '
Pe(z1)(20—21) Pglz2)(20—22) -+ Pglze)(z0—2)

Using that ¢}(z)dz = w; and that §, ®; = Jy for j,k=1,...,g, we conclude that
(F ob) is given by the determinant

20— Ja -4, 201 — Jay—a, 2001 - - fA 1—A, L0 - ng 20
=20 = Ja,-, 202 20— [, 202 ... ng,l —A4, L2 - ng m
- fA]*Az ZC():; _ZO - fA27A3 Za}3 tee - ngflng Za}3 - ng ZO‘)}
— a0t = A 20 e 207 fya, 01— 4, 20
— Ja,—a, 20% —Ja—a, 20y o =20 Ja,_a, 20 20— [y, 20
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By first adding the g-th column to the (g —
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1)-th column, then the (g —

to the (g — 2)-th column etc., we see that (F ob) is equal to

1)-th column

ZO_IAI—AZZwl _IAZ—AS 7001 —fAHZCOl _ng O]
=20 Ja,, 20 20— [a, 4,700 —Ja Agy T2 - ng k0]
— Ja,—a, 203 20— Ja, -2, 203 - fA - ng 73
=S4 201 = [a,a, 201 20— ng,l W1 — ng 2We—1
- fA] —Ay ng - fAz—A3 ng - ng,1 ng 20— ng ng
ZO_fAIZ(Dl _fAZZwl —fAHZCOl _ngZwl
—fAlZ(Dz Zo—fAzz(Dz —ngfl 0] —ngZ(Oz
o — Ja, 203 — Ja, 203 _ng,l 2w _ngmh
— Ja, 201 — [, 201 20— ng,l 201 — ng 2001
- jAl 70 - ng 70, - ng,l 70 20— ng 70,
=det(zol = T).
Since zg € C was arbitrary, this finishes the proof. O

Proposition 7.14. For all z € C, we have the identity

(7.32)

q(z) = %det (2 —T),

where q(z) is defined in (1.7).

Proof. Let A be the g x g matrix defined by

o= o= 2

where we recall that w, is defined in (7.2). We can write the definition (7.29) of
T;; as

Zldz

A = )
V% (2)

(7.33)

(i j4+1 )ij:l ’

T,'j—/Z(D] ZAzk a k]a
and hence

(7.34)
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On the other hand, since the j-th column of A equals the (j+ 1)-th column of A
for j=1,...,g— 1, the matrix A~'A has the form

00 -+ 0 =
10 -~ 0 =
(7.35) ATTA=10 1 - 0 x|
00 - 1

and by (1.7) the g-th column of A~'A is given by
ATTAG, = A'd=—2(qo,...,q51)".

Hence, we find

1 1 R 1 R
7 det(al =T) = 3 det (e —AATT) = 5 det (z—AT'A)

(RSP j—1
55 L (AR =q(2),

where we have expanded the determinant along the last column to obtain the third
equality. U

We conclude from (7.19), (7.26), and the definition (1.19) of 4 that
" B(—x;,V(t
/ (x;’v())dt = (#A(—xj,-))logr+o(logr)

M
_ <n§1<—xj—bk<->>
q(—x;)
for j=1,...,2g+ 1. Propositions 7.13 and 7.14 imply that

<I§I(—Xj—bk(-))>:2q(—x]'), ]:1,,2g+1

k=1

>logr+o(logr), r — oo,

Consequently, as r — oo,

JECA0
M t
which proves (1.27) and completes the proof of Theorem 1.5.

dt =2logr+o(logr), j=1,....2¢+1,

Appendix: On the mapping (x1,x2,...,X41) = (Q1,...,Q)
Since ¢ has exactly one zero in each of the intervals (—x2g+1, —X2g), ..., (—X5, —X4),

(—x3,—x2), we have

1 8
q(z) — 5 H(Z+X2j) as (Xz,)C4,. . .,XQg> — (x3,x5,. . .,ngﬂ)
=1
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FIGURE B.1. The jump contour Xp. for ®pe.

uniformly for z in compact subsets of C. Hence, by (1.10), foreach j € {1,2,...,g},

Qj — 2(\/x2j+1 — X1 — \/x2j71 —xl) as (x2,x4,...,%2g) = (X3,%5,..., X2g11),
and thus for each X, := (x1,X3,X3,X5,X5, -+ ,X2041,%2¢+1) satisfying 0 < x; < x3 <
x5 < ... < X241, Q(X,) is analytic in each of the variables x{,x3,xs,...,X241 and
we have
RG]
dxoi1

8

)g :det((azkgj)(x;))+(82k+191)(56’*)))

jk=1 k=1

8
#0.
}_[ VX2j+1 — X1
This shows that the image of the mapping
{(xl,XQ,...,XQg+1) X <xp < <ng+1} — (Q],...,Qg)

contains an open ball in (0,+o0)$, so that for g > 2 each of the four cases in (1.25)
does happen for certain choices of (x1,x2,...,x2,11) (for g =2 there are only three
cases because ZU& = (0,+o0) X (0,+e0)).

Appendix: Bessel model RH problem
(a) ®Pp. : C\ Zpe — C>*? is analytic, where g, = (—o0,0) U (0 +oo) U

e 5 3 (0,4o0) is oriented as shown in Figure B.1.

(b) Pp, satisfies the jump conditions

0 1
Pae.+(2) = Pre,-(2) | _; 0>v 2 € (=e,0),

(B.1) D, 1 (2) = Ppe,—(2) } (1) . z€eT (0,400),
Pp. 4 (z) = Ppe.—(2) } (1) . z€e % (0,4-o0).
(c) Asz—> oo, 7 ¢ Xpe, we have
(B2) Ope(2) = (218) "M (1+ ‘DB;I + O(Zl)> 2o
z
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1 /-1 —2i L1
Whereche’l_16<—2i 1 ) andM—\/i(l. 1).
(d) As z tends to 0, the behavior of ®p(z) is

1) O(logz) .
1) 0(1o§§)>’ jargd] < 5,
logz) O(logz)
O(logz) O(logz)

O(
_ ) \o(
(B.3) Ppe(z2) = o( ) 2 < argg < 7.

The unique solution of this RH problem exists and can be explicitly constructed in
terms of Bessel functions [26, 46].
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