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» Leads to non-trivial results such as the Three Subobjects Lemma.

» A situation where a concept in Categorical Algebra corresponds
to a concept in Topos Theory.  [G Janelidze, 2012]
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The following conditions are equivalent:

i X is algebraically coherent;
i all kernel functors Ker =!}: Ptz(X) — X are coherent;

i all Bb(—): X — X preserve jointly strongly epimorphic pairs.

Theorem
All categories of interest |G Orzech, 1976] are algebraically coherent.

Proposition

Algebraic coherence is stable under: taking slices and coslices;

taking internal actions; taking presheaves; taking a subcategory, closed
under subobjects and products—in particular, a (regular epi)-reflective
subcategory; taking internal categories, groups or (pre)crossed modules.

» Groups; associative algebras; Lie, Leibniz, Poisson algebras;
n-nilpotent or n-solvable groups, rings, algebras; torsion-free
groups, reduced rings; crossed modules of such; n-cat-groups.
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[PT Johnstone, 2002]
X regular with pushouts

Topos Theory Categorical Algebra

basic fibration Arr(X) — X fibration of points Pt(X) — X
fibre: slice category (X | B) fibre: category of points Ptg(X)
(loc.) cartesian closed (loc.) algebraically cartesian closed
coherent algebraically coherent

have right adjoints

X is {(LCQ iff all {f*: (K1 B) = (X1 A)
*: Ptg(X) — Pta(X)

There are no coherent categories in algebra: unital + coherent = trivial.

“(LACC) = algebraically coherent” just like “(LCC) = coherent”

Are there any other topos-theoretic notions
with an interesting categorical-algebraic companion?
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> two-nilpotent semi-abelian categories, where [X, X, X] = 0 for all X.
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Corollary

In an algebraically coherent semi-abelian category,

X, X, X] = [[X, X], X]
holds for all objects X.

Hence two alternative approaches to two-nilpotent objects coincide.
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