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Worst-case evaluation complexity of a quadratic penalty
method for nonconvex optimization

Geovani Nunes Grapiglia

ICTEAM/INMA, Université catholique de Louvain, Louvain-la-Neuve, Belgium

ABSTRACT
This paper addresses the worst-case evaluation complexity of a ver-
sion of the standard quadratic penalty method for smooth non-
convex optimization problems with constraints. The method anal-
ysed allows inexact solution of the subproblems and do not require
prior knowledge of the Lipschitz constants related with the prob-
lem. When an approximate feasible point is used as starting point,

it is shown that the referredmethod takes at mostO
(
log(σ−1

0 ε−2)
)

outer iterations to generate an ε-approximate KKT point, where σ0 is
the first penalty parameter. For equality constrained problems, this
bound yields to an evaluation complexity bound of O (

ε−4
)
, when

σ0 = ε−2 and suitable first-order methods are used as inner solvers.
For problems having only linear equality constraints, an evaluation
complexity bound of O (

ε−(p+1)/p
)
is established when appropri-

ate p-order methods (p ≥ 2) are used as inner solvers. Illustrative
numerical results are also presented and corroborate the theoretical
predictions.
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1. Introduction

1.1. Motivation and contributions

Penalty function methods constitute one of the earliest techniques proposed to solve non-
convex optimization problems with constraints (see, e.g. [4,5,12,16,29]). The core idea
of this class of methods is to obtain a solution of the constrained problem by solving a
sequence of related unconstrained optimization problems. In each unconstrained problem
the objective function is the sum of the original objective function and a penalty term,
which consists of a positive parameter multiplying a penalty function that measures the
violation of the constraints. By increasing the penalty parameter one increases the cost
associated to the violation of the constraints. Thus, the penalty parameter is increased at
each iteration until the solution of the corresponding unconstrained problembe an approx-
imate feasible point of the original constrained problem. When the penalty function is the
squared Euclidean norm of the constraints violation, we have a quadratic penalty method
(see, e.g. Section 17.1 in [27]).
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Traditionally, the focus of the analysis of iterative methods for smooth nonconvex con-
strained optimization has been the derivation of convergence results. For a given method,
one tries to identify conditions under which the sequence of points generated by the
method (or a subsequence of it) converges to a Karush-Kuhn-Tucker (KKT) point. This
type of result guarantees that for a given precision ε ∈ (0, 1), the method will take a finite
number of iterations to generate an ε-approximate KKT point. Recently, the analysis of
constrained optimization methods has been refined to address the following question:

In the worst-case, how many iterations the method needs to generate the first ε-
approximate KKT point?

At each iteration of a penalty function method, an inner method is used to solve the
corresponding unconstrained problem. The execution of the inner method requires a cer-
tain number of evaluations of the problem’s functions and their derivatives. Therefore, in
this context, it is also interesting to obtain an upper bound for the total number of problem
evaluations needed by the method in the worst-case to generate an ε-KKT point. Usually,
evaluation complexity bounds are of the formO(ε−q), with q>0. The smaller q, the bet-
ter the complexity of the method. These evaluation complexity bounds have been guiding
the theoretical development of new optimizationmethods. In this line of research, the goal
is to design methods with evaluation complexity better than the complexity of existing
methods, in the hope that good theoretical properties will translate into an improvement
of practical performance. For that, it is crucial to understand the complexity of existing
optimization schemes.

This paper addresses the worst-case evaluation complexity of a version of the standard
quadratic penalty method for smooth nonconvex optimization problems with constraints.
Specifically, assuming that the starting point is approximately feasible, the following results
are presented:

(1) It is shown that the quadratic penalty method takes at most O(log(σ−1
0 ε−2)) outer

iterations to generate an ε-approximate KKT point, where σ0 is the first penalty
parameter.

(2) For equality constrained problems, an evaluation complexity bound of O(ε−4) is
obtained when σ0 = ε−2 and suitable first-order methods are used as inner solvers.

(3) For nonconvex problems with only linear equality constraints, an evaluation-
complexity bound of O(ε−(p+1)/p) (with p ≥ 2) is proved for the quadratic penalty
method. The result is established assuming that the inner method is a pth-order
method that needs at mostO(L

1
p ε−(p+1)/p) evaluations of the objective function and

its derivatives to generate an ε-critical point of a function with L-Lipschitz pth order
derivative.

1.2. Related literature

Up to now, evaluation complexity bounds have been obtained for severalmethods designed
to nonconvex problems with nonconvex constraints. In the context of first-order schemes,
Cartis, Gould andToint [6] analysed the evaluation complexity of an exact penalty function
method in which the unconstrained problems are approximately solved by a trust-region
or a quadratic regularization method designed to nonsmooth composite problems. They
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showed that their exact penalty method needs at most O(ε−5) problem evaluations to
generate an ε-approximate KKT point or an infeasible ε-critical point of a measure of
the constraints violation. Assuming that the sequence of penalty parameters is bounded,
they obtained an improved evaluation complexity bound of O(ε−2). Similar bounds
of O(ε−2) were also obtained by Cartis, Gould and Toint [9,10] and by Bueno and
Martínez [3] for a two-phase method and for an inexact restoration method, respectively.
Facchinei et al. [14] obtained a bound of O(ε−4) for an SQP method. Lin, Ma and Xu
[24] analysed the complexity of an inexact proximal-point penalty method, obtaining
a bound of O(| log(ε)|ε−3) when a non-singularity condition holds on the constraints.
When this condition is not satisfied, they obtained a bound of O(| log(ε)|ε−4) assum-
ing that a feasible starting point is available. Under the same non-singularity condition,
a bound of O(| log(ε)|ε−3) was also obtained by Li et al. [22] for an inexact augmented
Lagrangianmethod. In the context of second-ordermethods, improved complexity bounds
of O(ε−3/2) were obtained by Cartis, Gould and Toint [8] and by Curtis, Robinson and
Samadi [13] for two-phase schemes. Xie and Wright [28] obtained a bound ofO(ε−11/2)

for a proximal augmented Lagrangian method when the Newton-CG method is used as
inner solver. Recently, the use of higher order methods has also been investigated. In
particular, evaluation complexity bounds of O(ε−(p+1)/p) for p-order methods (p ≥ 2)
have been obtained by Birgin et al. [1], Martínez [25], and by Cartis, Gould and Toint
[11].

For nonconvex problems with linear constraints, an evaluation complexity bound of
O(ε−3) was obtained by Kong, Melo and Monteiro [21] for a quadratic penalty method
with an accelerated first-order inner solver. Under the Slater’s condition, improved bounds
of O(| log(ε)|ε−5/2) were obtained by Lin, Ma and Xu [24] and by Li and Xu [23] for an
inexact proximal-point penaltymethod and for an augmented Lagrangianmethod, respec-
tively. Similar bounds ofO(| log(ε)|ε−5/2) have been obtained by Li et al. [22] and byMelo,
Monteiro and Wang [26] for inexact augmented Lagrangian methods with different addi-
tional assumptions. Grapiglia and Yuan [19] established a bound of O(ε−(

2(2+α)
α−1 +2)) for

a version of the standard augmented Lagrangian method with a first-order inner solver,
where α > 1 controls the rate of increase of the penalty parameters. For problems with
convex constraints, Facchinei et al. [15] obtained a bound ofO(ε−2) for an SQP method.
In the context of second-order methods for linearly/convexly constrained problems, Car-
tis, Gould and Toint [7] obtained a bound ofO(ε−3/2) for an adaptive cubic regularization
of the Newton’s method. Bounds of the same order have been obtained by Birgin and
Martínez [2] and by Haeser, Liu and Ye [20] for different second-order methods. For non-
convex problems having only linear equality constraints, Xie andWright [28] also proved a
bound ofO(ε−3/2) for their proximal augmented Lagrangian method with a Newton-CG
inner solver, while Grapiglia and Yuan [19] obtained a bound ofO(| log(ε)|2ε−(p+1)/p) for
their augmented Lagrangian method with a suitable p-order inner solver (p ≥ 2).

It is worth to stress that a direct comparison between all these works is a nontrivial
task, since they consider different problem classes (e.g. [3,14]), the correspondingmethods
rely on different levels of knowledge about the parameters that define each problem (e.g.
[19,21]), and several of the obtained complexity bounds refer to different notions of ε-
approximate KKT point (e.g. [1,11]).
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1.3. Contents

The paper is organized as follows. Section 2 contains the problem definition and auxiliary
results. In Section 3, themethod is described and its outer-iteration complexity is analysed.
Section 4 addresses the evaluation complexity for equality constrained problems. Finally,
in Section 5, illustrative numerical results are presented.

1.4. Notation

For any τ ∈ R, we define (τ )− = min{0, τ }, and for any vector v ∈ R
n, the correspond-

ing vector v(−) is defined by v(−)
i = (vi)− = min{0, vi}, for i = 1, . . . , n. Moreover, ‖ · ‖

denotes the Euclidian vector norm or the matrix norm induced by the Euclidian vector
norm, depending on the context. We use ‖ · ‖F to denote the Frobenius matrix norm.
Given a nonempty set X ⊂ R

n, co(X) denotes the convex hull of X.

2. Problem definition and auxiliary results

In this paper, we consider the constrained optimization problem

min
x∈Rn

f (x), (1)

s.t. ci(x) = 0, i = 1, . . . ,me, (2)

ci(x) ≥ 0, i = me + 1, . . . ,m, (3)

where f , ci : Rn → R (i = 1, . . . ,m) are possibly nonconvex. Given x ∈ R
n, we denote

cE(x) = (c1(x), . . . , cme(x)) and cI(x) = (cme+1(x), . . . , cm(x)).
Let us consider the following assumptions:
A1. There exists x̂ ∈ R

n satisfying (2) and (3).
A2. For every u ∈ R, the set

Lf (u) = {
x ∈ R

n | f (x) ≤ u
}

is compact.
A3. The objective function f : Rn → R is continuously differentiable.
A4. For each i ∈ {1, . . . ,m}, the constraint function ci : Rn → R is continuously differ-

entiable.
Given a penalty parameter σ > 0, we are interested in the following unconstrained

problem associated to (1)–(3):

min
x∈Rn

Q(x, σ) ≡ f (x) + σ

2

[
‖cE(x)‖2 + ‖c(−)

I (x)‖2
]
. (4)

The next two lemmas establish properties of the objective Q( · , σ) in (4).

Lemma 2.1: Given σ > 0 and x̄ ∈ R
n, let

�
(σ)
Q (x̄) ≡ {

z ∈ R
n |Q(z, σ) ≤ Q(x̄, σ)

}
.

If A2-A4 hold, then the following statements are true:
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(a) �
(σ)
Q (x̄) is compact.

(b) There exists x∗ ∈ R
n such that ∇xQ(x∗, σ) = 0.

Proof: Given x ∈ �
(σ)
Q (x̄), we have

f (x) ≤ f (x) + σ

2

[
‖cE(x)‖2 + ‖c(−)

I (x)‖2
]

= Q(x, σ) ≤ Q(x̄, σ),

that is, x ∈ Lf (u), for u = Q(x̄, σ). Since x was chosen arbitrality in �
(σ)
Q (x̄), it follows

that �
(σ)
Q (x̄) ⊂ Lf (Q(x̄, σ)). Then, by A2, we have that �

(σ)
Q (x̄) is bounded. Notice that

Q( · , σ) is continuous (by A3 and A4). Therefore, �(σ)
Q (x̄) is compact, i.e. statement (a)

is true. Consequently, by the Weierstrass Theorem, Q( · , σ) has a global minimizer x∗.
Since Q( · , σ) is also differentiable (by A3 and A4), it follows that ∇xQ(x∗, σ) = 0. Hence,
statement (b) is also true. �

Lemma 2.2: Suppose that A1–A4 hold. Given σ , ε > 0, let x+, x̄ ∈ R
n such that

Q(x+, σ) ≤ Q(x̄, σ) (5)

and

‖cE(x̄)‖2 + ‖c(−)
I (x̄)‖2 ≤ ε2

2
. (6)

If

max
{
‖cE(x+)‖, ‖c(−)

I (x+)‖
}

> ε. (7)

then

σ < 4
(
f (x̄) − f (x+)

)
ε−2 (8)

Proof: By (4), (5) and (6), we have

f (x+) + σ

2

[
‖cE(x+)‖2 + ‖c(−)

I (x+)‖2
]

= Q(x+, σ)

≤ Q(x̄, σ)

= f (x̄) + σ

2

[
‖cE(x̄)‖2 + ‖c(−)

I (x̄)‖2
]

≤ f (x̄) + σ

4
ε2,

and so

max
{
‖cE(x+)‖, ‖c(−)

I (x+)‖
}2 ≤ ‖cE(x+)‖2 + ‖c(−)

I (x+)‖2

≤ 2(f (x̄) − f (x+))

σ
+ ε2

2
. (9)

Finally, combining (9) and (7), it follows that

ε2

2
<

2(f (x̄) − f (x+))

σ
,

which implies (8). �
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3. Algorithm and outer iteration complexity analysis

Let us consider the following Quadratic Penalty Method:

Algorithm 1. Quadratic Penalty Method
Step 0. Given ε ∈ (0, 1), σ0 ≥ 1, α > 1 and x0 ∈ R

n such that

‖cE(x0)‖2 + ‖c(−)
I (x0)‖2 ≤ ε2

2
, (10)

set k: = 0.
Step1. Find an approximate solution xk+1 to

min
x∈Rn

Q(x, σk) ≡ f (x) + σk

2

[
‖cE(x)‖2 + ‖c(−)

I (x)‖2
]
, (11)

such that

Q(xk+1, σk) ≤ min {Q(xk, σk),Q(x0, σk)} , (12)

and

‖∇xQ(xk+1, σk)‖ ≤ ε. (13)

Step 2. If max{‖cE(xk+1)‖, ‖c(−)
I (xk+1)‖} ≤ ε, STOP. Otherwise, set σk+1 = ασk,

k: = k+ 1 and go to Step 1.

Remark 3.1: The existence of x0 satisfying (10) is guaranteed by Assumption A1. More-
over, the existence of xk+1 satisfying (12) and (13) is guaranteed by Lemma 2.1. The
computation of these points is addressed in Section 4.

By A2, there exists flow ∈ R such that f (x) ≥ flow for all x ∈ R
n. Using this fact we have

the following result.

Lemma 3.1: Suppose that A1-A4 hold and let {(xk, σk)}�k=0 be generated by Algorithm 1. If

max
{
‖cE(x�)‖, ‖c(−)

I (x�)‖
}

> ε, (14)

then

� < 1 + logα

(
4(f (x0) − flow)σ−1

0 ε−2) . (15)

Proof: It follows from (14), (10), (12) and Lemma 2.2 that

σ�−1 < 4(f (x0) − f (x�))ε
−2 ≤ 4(f (x0) − flow)ε−2. (16)

If � ≤ 1, then (15) holds. Thus, assume that � ≥ 2. In this case, by Step 2 of Algorithm 1,
we have

σ�−1 = α�−1σ0. (17)
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Then, combining (16) and (17), we get

α�−1 < 4(f (x0) − flow)σ−1
0 ε−2,

which gives (15). �

The next theorem gives an upper bound for the total number of iterations of
Algorithm 1. Moreover, it establishes that the final point generated by the algorithm is an
ε-approximate KKT point of (1)–(3).

Theorem 3.2: Suppose that A1-A4 hold. Then, Algorithm 1 has finite termination. More-
over, if xT+1 is the final point returned by Algorithm 1, then

T < 1 + logα

(
4(f (x0) − flow)σ−1

0 ε−2) . (18)

Furthermore, xT+1 is an ε-approximate KKT point of (1)–(3), i.e. for λT+1 ∈ R
m defined by

[λT+1]i =
{−σTci(xT+1), for i = 1, . . . ,me,
max {−σTci(xT+1), 0} , for i = me + 1, . . . ,m, (19)

we have ∥∥∥∥∥∇f (xT+1) −
m∑
i=1

[λT+1]i∇ci(xT+1)

∥∥∥∥∥ ≤ ε, (20)

‖cE(xT+1)‖ ≤ ε, ‖c(−)
I (xT+1)‖ ≤ ε, (21)

[λT+1]i ≥ 0, ∀i ∈ {me + 1, . . . ,m} , (22)

[λT+1]i = 0 whenever ci(xT+1) > 0, ∀i ∈ {me + 1, . . . ,m} . (23)

Proof: By Lemma 3.1, if

k ≥ 1 + logα

(
4(f (x0) − flow)σ−1

0 ε−2)
then

max
{
‖cE(xk)‖, ‖c(−)

I (xk)‖
}

≤ ε.

Therefore, Algorithm 1 has finite termination. Moreover, by the definition of xT+1, it
follows that T + 1 is the first iteration number for which

max
{
‖cE(xT+1)‖, ‖c(−)

I (xT+1)‖
}

≤ ε. (24)

Consequently, (18) must be true, since otherwise the method would have stopped earlier
(by Lemma 3.1).
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By (24), it follows that (21) holds. Moreover, notice that (22) follows directly from (19).
Furthermore, for any i ∈ {me + 1, . . . ,m}, if ci(xT+1) > 0, then −ci(xT+1) < 0, and so

[λT+1]i = max {0,−σTci(xT+1)} = 0.

Therefore, (23) is true. Finally, by (19) and (13) we have∥∥∥∥∥∇f (xT+1) −
m∑
i=1

[λT+1]i∇ci(xT+1)

∥∥∥∥∥ =
∥∥∥∥∥∇f (xT+1) −

me∑
i=1

(−σTci(xT+1)) ∇ci(xT+1)

−
m∑

i=me+1
max {0,−σTci(xT+1)} ∇ci(xT+1)

∥∥∥∥∥∥
=

∥∥∥∥∥∇f (xT+1) + σT

me∑
i=1

ci(xT+1)∇ci(xT+1)

+ σT

m∑
i=me+1

c(−)
i (xT+1)∇ci(xT+1)

∥∥∥∥∥∥
= ‖∇xQ(xT+1, σT)‖
≤ ε,

that is, (20) also holds. �

In summary, Algorithm 1 takes at most⌈
logα

(
4α(f (x0) − flow)σ−1

0 ε−2)⌉
outer iterations to generate an ε-approximate KKT point xT+1 of (1)–(3) in the sense
of (20)–(23), where (23) does not imply the complementarity condition. Notice that if we
consider σ0 = ε−2, then we get an outer iteration complexity bound independent of ε,
namely: ⌈

logα

(
4α(f (x0) − flow)

)⌉
.

The following consequence of Theorem 3.2 will be useful in the sequel for establishing
evaluation complexity bounds for Algorithm 1.

Corollary 3.3: Suppose that A1-A4 hold and that xT+1 is the final point returned by
Algorithm 1. Let k ∈ {0, . . . ,T}. Then,

σk < 4α(f (x0) − flow)ε−2. (25)

Moreover, if x ∈ R
n satisfies

Q(x, σk) ≤ Q(x0, σk), (26)

then

Q(x, σk) < f (x0) + α(f (x0) − flow). (27)
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Proof: Notice that σk = αkσ0. Thus, by (18),

σk ≤ αTσ0 = ααT−1σ0 < 4α(f (x0) − flow)ε−2,

that is, (25) is true. Now, combining (26), (10) and (25), it follows that

Q(x, σk) ≤ Q(x0, σk)

= f (x0) + σk

2

[
‖cE(x0)‖2 + ‖c(−)

I (x0)‖2
]

≤ f (x0) + σk

4
ε2

< f (x0) + α
(
f (x0) − flow

)
,

and so, (27) is also true. �

4. Worst-case evaluation complexity analysis

4.1. General equality constrained problemwith first-order inner solver

In what follows, the analysis will be restricted to the equality constrained problem:1

min
x∈Rn

f (x), (28)

s.t. ci(x) = 0, i = 1, . . . ,m, (29)

where c : Rn → R
m satisfies Assumption A1 and f : Rn → R satisfies Assumption A2. In

view of A1, given ε ∈ (0, 1), there exists x0 ∈ R
n such that

‖c(x0)‖2 ≤ ε2

2
, (30)

which can be used as starting point in Algorithm 1. For an arbitrary α > 1, let us define
the number

ux0(α) = f (x0) + α(f (x0) − flow). (31)

We will analyse the evaluation complexity of Algorithm 1 (with starting point x0 and
parameter α > 1) under the assumptions:

A3’. ∇f : Rn → R
n (the gradient of f ) is Lf -Lipschitz continuous on co(Lf (ux0(α))).

A4’. Jc : Rn → R
m×n (the Jacobian of c) is Lc-Lipschitz continuous on co(Lf (ux0(α))).

In the context of problem (28)–(29), the objective function of (4) can be written as

Q(x, σ) = f (x) + σP(x), (32)

where P(x) = 1
2‖c(x)‖2. The next lemma gives sufficient conditions under which

∇xQ( · , σ) is Lipschitz continuous on a certain subset of the Euclidean space.
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Lemma 4.1: Suppose that A1, A2, A3’ and A4’ hold. Given σ > 0, let x̃ ∈ R
n such that

Q(x̃, σ) ≤ Q(x0, σ). (33)

If

σ < 4α
(
f (x̄) − flow

)
ε−2 (34)

then ∇xQ( · , σ) is Lσ -Lipschitz continuous on co(�(σ)
Q (x̃)) for

Lσ = Lf + σ L̃c(x0), (35)

where

L̃c(x0) = (LcD0 + ‖Jc(x0)‖)2 + Lc [(LcD0 + ‖Jc(x0)‖)D0 + ‖c(x0)‖] , (36)

with

D0 ≡ sup
{‖z − x0‖ : z ∈ co

(Lf (ux0(α))
)}

. (37)

Proof: By A2, the set Lf (ux0(α)) is bounded. Consequently, co(Lf (ux0(α))) is also
bounded, and so the supremum D0 defined in (37) is finite. Moreover, if z ∈ �

(σ)
Q (x̃) it

follows from (33), (30) and (34) that

f (z) ≤ f (z) + σ

2
‖c(z)‖2 = Q(z, σ) ≤ Q(x̃, σ) ≤ Q(x0, σ) = f (x0) + σ

2
‖c(x0)‖2

≤ f (x0) + σ

4
ε2 < f (x0) + 4α(f (x0) − flow)ε−2

4
ε2 = f (x0) + α(f (x0) − flow)

= ux0(α),

that is, z ∈ Lf (ux0(α)). Thus �
(σ)
Q (x̃) ⊂ Lf (ux0(α)), and so co(�(σ)

Q (x̃)) ⊂ co(Lf (ux0
(α))). Then, by A3’ and A4’ we have that ∇f ( · ) and Jc( · ) are Lipschitz continu-
ous on co(�(σ)

Q (x̃)), with constants Lf and Lc, respectively. Consequently, given z,w ∈
co(�(σ)

Q (x̃)),

‖∇xQ(z, σ) − ∇xQ(w, σ)‖ = ‖∇f (x) − ∇f (w) + σ (∇P(z) − ∇P(w)) ‖
≤ ‖∇f (z) − ∇f (w)‖ + σ‖Jc(z)Tc(z) − Jc(w)Tc(w)‖
≤ Lf ‖z − w‖ + σ‖Jc(z)Tc(z) − Jc(z)Tc(w)‖

+ σ‖Jc(z)Tc(w) − Jc(w)Tc(w)‖
≤ Lf ‖z − w‖ + σ‖Jc(z)‖‖c(z) − c(w)‖

+ σLc‖c(w)‖‖z − w‖. (38)

Notice that, for any v ∈ co(�(σ)
Q (x̃)) we have ‖v − x0‖ ≤ D0, and so

‖Jc(v)‖ ≤ ‖Jc(v) − Jc(x0)‖ + ‖Jc(x0)‖
≤ Lc‖v − x0‖ + ‖Jc(x0)‖
≤ LcD0 + ‖Jc(x0)‖. (39)
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Consequently, by the Mean Value Inequality we get

‖c(z) − c(w)‖ ≤ ‖Jc((1 − θ)z + θw)‖‖z − w‖ (for some θ ∈ [0, 1])

≤ (LcD0 + ‖Jc(x0)‖) ‖z − w‖, (40)

and

‖c(w)‖ ≤ ‖c(w) − c(x0)‖ + ‖c(x0)‖
≤ ‖Jc((1 − γ )w + γ x0)‖‖w − x0‖ + ‖c(x0)‖ (for some γ ∈ [0, 1])

≤ (LcD0 + ‖Jc(x0)‖) ‖w − x0‖ + ‖c(x0)‖
≤ (LcD0 + ‖Jc(x0)‖)D0 + ‖c(x0)‖. (41)

Finally, combining (38)–(41), we get

‖∇xQ(z, σ) − ∇xQ(w, σ)‖ ≤ Lf ‖z − w‖ + σ (LcD0 + ‖Jc(x0)‖)2 ‖z − w‖
+ σLc [(LcD0 + ‖Jc(x0)‖)D0 + ‖c(x0)‖] ‖z − w‖

= (Lf + σ L̃c(x0))‖z − w‖
= Lσ‖z − w‖,

with Lσ and L̃c(x0) are defined in (35) and (36), respectively. Since z and w are arbitrary
points in co(�(σ)

Q (x̃)), this shows that ∇xQ( · , σ) is Lσ -Lipschitz continuous on this set.
�

In view of Lemma 4.1, one canminimizeQ( · , σ) by using a first-order iterative method
M1. More specifically, consider the following assumption onM1:

A5. Given a continuously differentiable function F : Rn → R with

LF(F(x̃)) = {
z ∈ R

n | F(z) ≤ F(x̃)
}

compact for some x̃ ∈ R
n and ∇F( · ) L1-Lipschitz continuous on co(LF(F(x̃))), method

M1 with starting point x̃ needs at most

CM1L1
(
F(x̃) − Flow

)
ε−2

evaluations of F( · ) and∇F( · ) to generate an ε-critical point of F( · ), where Flow is a lower
bound of F( · ) and CM1 is a positive constant that depends only on the methodM1.

An example of first-order method that satisfies A5 is the Descent Method with Armijo
line search described in Appendix 1. The next lemma establishes that any monotone
method satisfying A5 needs at most O(σkε

−2) problem evaluations to compute xk+1 in
Algorithm 1, for a suitable choice for the starting point.
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Lemma 4.2: Suppose thatA1, A2, A3’ andA4’ hold and that xT+1 is the final point returned
by Algorithm 1 applied to (28)–(29). Let k ∈ {0, . . . ,T}, and assume that a monotone first-
order methodM1 is applied to minimize Q( · , σk) with starting point

x̃k,0 = argmin {Q(z, σk) | z ∈ {x0, xk}} . (42)

If methodM1 satisfies A5, thenM1 needs at most

CM1

[(
Lf + σkL̃c(x0)

)
(1 + α)(f (x0) − flow)

]
ε−2 (43)

evaluations of the problem’s functions and their derivatives to generate xk+1 satisfying (12)
and (13), where L̃c(x0) is defined in (36).

Proof: In view of (42) we have

Q(x̃k,0, σk) ≤ Q(x0, σk). (44)

By Corollary 3.3, we also have

σk < 4α(f (x0) − flow)ε−2. (45)

Combining (44) and (45)with ‖c(x0)‖2 ≤ ε2/2, it follows fromLemma 4.1 that∇xQ( · , σk)
is Lσk-Lipschitz continuous on co(�(σk)

Q (x̃k,0)) with

Lσk = Lf + σkL̃c(x0), (46)

where L̃c(x0) is defined in (36). Since�
(σ)
Q (x̃k,0) is compact, it follows fromA5 (withF(x) =

Q(x, σk), L1 = Lσk and x̃ = x̃k,0) that the monotone methodM1 takes at most

CM1Lσk

(
Q(x̃k,0, σk) − Qlow

)
ε−2 (47)

problem evaluations to generate xk+1 such that (12) and (13) hold,2 where Qlow is a lower
bound to Q( · , σk). It follows from A2 that

Q(z, σk) = f (z) + σk

2
‖c(z)‖2 ≥ f (z) ≥ flow, ∀z ∈ R

n.

Thus, we can take

Qlow = flow. (48)

Moreover, by (44) and Corollary 3.3, we also have

Q(x̃k,0, σk) < f (x0) + α
(
f (x0) − flow

)
. (49)

Thus, combining (46)–(49), we get the upper bound (43). �

Now, combining Theorem 3.2 with Lemma 4.2, we can obtain a worst-case complexity
bound for the total number of problem evaluations required by Algorithm 1 to generate an
ε-approximate KKT point of (28)–(29).
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Theorem 4.3: Suppose that Algorithm 1 (with σ0 ≥ 1) is applied to solve (28)–(29) with
f ( · ) and c( · ) satisfying A1, A2, A3’ and A4’. Moreover, assume that at each outer iteration
of Algorithm 1, a monotone method M1 satisfying A5 is used to approximately solve (11)
with the starting point x̃k,0 given in (42). Then, Algorithm 1 needs at most

4CM1α(1 + α)(Lf + L̃c(x0))(f (x0) − flow)2ε−4 [
logα

(
4α(f (x0) − flow)σ−1

0 ε−2) + 2
]

evaluations of the problem’s functions and their derivatives to generate an ε-approximate
KKT point of (28)–(29).

Proof: By Theorem 3.2, Algorithm 1 stops with an ε-approximate KKT point xT+1.
Moreover,

T < 1 + logα

(
4α(f (x0) − flow)σ−1

0 ε−2) . (50)

On the other hand, by Lemma 4.2, the total number of problem evaluations performed by
M1 up to iteration T of Algorithm 1 is bounded by

T∑
k=0

CM1

[(
Lf + σkL̃c(x0)

)
(1 + α)(f (x0) − flow)

]
ε−2. (51)

By Corollary 3.3, we also have

σk < 4α(f (x0) − flow)ε−2, for k = 0, . . . ,T. (52)

Then, combining (50)–(52) we get

T∑
k=0

CM1

[(
Lf + σkL̃c(x0)

)
(1 + α)(f (x0) − flow)

]
ε−2

≤ (T + 1)CM14α(1 + α)
(
Lf + L̃c(x0)

)
(f (x0) − flow)2ε−4

≤ CM14α(1 + α)(Lf + L̃c(x0))(f (x0) − flow)2ε−4 [
logα

(
4α(f (x0) − flow)σ−1

0 ε−2) + 2
]
.

�

Therefore, for equality constrained problems, if we approximately solve the subproblems
in Algorithm 1 with a first-order monotone methodM1 satisfying A5, then Algorithm 1
needs at most O(ε−4 logα(4α(f (x0) − flow)σ−1

0 ε−2)) evaluations of the problem’s func-
tions and their derivatives to generate an ε-approximate KKT point of (28)–(29). In par-
ticular, taking σ0 = ε−2, we obtain an evaluation complexity bound ofO(ε−4). Remember
that these complexity bounds are obtained assuming that the starting point of the quadratic
penalty method is approximately feasible in the sense that

‖c(x0)‖2 ≤ ε2

2
.

To obtain such a point, one can use, for example, Algorithm 2.1 in [6] for unconstrained
composite problems. The resulting scheme is the following Two-Phase method.
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Algorithm 2. Two-Phase Method for (28)–(29).
Let ε ∈ (0, 1), σ0 ≥ 1 and y0 ∈ R

n be given.
Phase 1: Starting from y0, apply Algorithm 2.1 in [6] to the problem

min
x∈Rn

‖c(x)‖

until an ε-critical point of ‖c( · )‖ is found. Let yT be the computed point. If
‖c(yT)‖ > ε/

√
2, STOP.

Phase 2: Starting from x0 = yT , execute Algorithm 1 with a monotone inner
solverM1 satisfying Assumption A5.

Theorem 4.4: Suppose that f ( · ) and c( · ) in (28)–(29) satisfy Assumptions A1, A2, A3’.
Moreover, assume that the Jacobian of c( · ) is globally Lipschitz continuous. ThenAlgorithm 2
needs at mostO(ε−4 log(σ−1

0 ε−2)) evaluations of the problem’s functions and their deriva-
tives to generate an ε-approximate KKT point of (28)–(29) or an infeasible ε-critical point of
‖c( · )‖.

Proof: By Theorem 2.4 in [6], the Algorithm 2.1 in [6] needs at mostO(ε−2) evaluations
of c( · ) and its derivatives to generate an ε-critical point yT of ‖c( · )‖. If ‖c(yT)‖ > ε/

√
2,

then Algorithm 2 stops at Phase I with an infeasible ε-critical point of ‖c( · )‖. Oth-
erwise, Algorithm 1 is executed in Phase II with starting point x0 = yT . In this case,
by Theorem 4.3, an ε-approximate KKT point will be found with O(ε−4 log(σ−1

0 ε−2))

additional evaluations of the problem’s functions and their derivatives. �

4.2. Linearly constrained problemwith high-order inner solver

Let us consider linearly constrained problems of the form

min
x∈Rn

f (x), (53)

s.t. Ax − b = 0, (54)

where f : Rn → R is p-times continuously differentiable and possibly nonconvex (p ≥ 2).
Now, given σ > 0, the objective function in (4) becomes

Q(x, σ) = f (x) + σ

2
‖Ax − b‖2. (55)

We denote by Dpf (x) the pth order derivative of f at point x, which is a tensor defined by

[
Dpf (x)

]
i1,...,ip

= ∂pf
∂xi1 . . . ∂xip

(x), 1 ≤ i1, . . . , ip ≤ n.

In particular,D2f (x) = ∇2f (x). The next lemma relates the pth order derivatives ofQ( · , σ)

and f ( · ).
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Lemma 4.5: Given f : Rn → R and σ > 0 let Q( · , σ) be defined in (55). If f is p-times
differentiable with p ≥ 2, then

Dp
xQ(x, σ) =

{∇2f (x) + σATA, if p = 2,
Dpf (x), if p ≥ 3.

Let us consider the following assumption of f :
A6. Function f ( · ) is p-times continuously differentiable and Dpf ( · ) is Lf ,p-Lipschitz

continuous, i.e.

‖Dpf (x) − Dpf (y)‖ ≤ Lf ,p‖x − y‖, ∀x, y ∈ R
n.

Note that if A6 holds for some p ≥ 2 then, by Lemma 4.5, Dp
xQ( · , σ) is also Lf ,p-Lipschitz

continuous. Therefore, one can approximately minimize Q( · , σ) with a p-order method
Mp. Specifically, we will consider the following assumption onMp:

A7.Given any p-times differentiable functionF : Rn → R, bounded belowbyFlow, with
Lp-Lipschitz continuous pth order derivative, method Mp with starting point x̃ needs at
most

CMpL
1
p
p (F(x̃) − Flow)ε

− p+1
p

evaluations of F( · ) and its derivatives (up to order p) to generate an ε-critical point of
F( · ), where CMp is a positive constant that depends only on the methodMp.

An example of p-order method (p ≥ 2) satisfying A7 can be found in [17].

Theorem 4.6: Suppose that Algorithm 1 is applied to solve (53)–(54). Moreover, assume
that A1, A2 and A6 hold, and that, for all k, a monotone methodMp satisfying A7 is used
to approximately minimize Q( · , σk)with starting point x̃k,0 given in (42). Then, Algorithm 1
needs at most

CMpL
1
p
f ,p(1 + α)(f (x0) − flow)ε

− p+1
p

[
logα

(
4α(f (x0) − flow)σ−1

0 ε−2) + 2
]

evaluations of the problem’s functions and their derivatives to generate an ε-approximate
KKT point of (53)–(54).

Proof: By Lemma 4.5 and A6, Dp
xQ( · , σk) is Lf ,p-Lipschitz continuous for k = 0, . . . ,T.

Thus, by A9 with F(x) = Q(x, σk), Lp = Lf ,p and x̃ = x̃k,0, methodMp needs at most

CMpL
1
p
f ,p

(
Q(x̃k,0, σk) − Qlow

)
ε
− p+1

p (56)

problem evaluations to generate xk+1 such that (12) and (13) hold, where x̃k,0 is defined
in (42) and Qlow is a lower bound to Q( · , σk). Then, by (48) and (49), each iteration of
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Algorithm 1 requires at most

CMpL
1
p
f ,p(1 + α)(f (x0) − flow)ε

− p+1
p

problem evaluations. Therefore, the total number of evaluations of the problem’s functions
and their derivatives performed byMp up to iteration T of Algorithm 1 is bounded by

T∑
k=0

CMpL
1
p
f ,p(1 + α)(f (x0) − flow)ε

− p+1
p = (T + 1)CMpL

1
p
f ,p(1 + α)(f (x0) − flow)ε

− p+1
p .

(57)
On the other hand, by A1, A2, A6 and Theorem 3.2, Algorithm 1 stops with an ε-
approximate KKT point xT+1. Moreover,

T < 1 + logα

(
4α(f (x0) − flow)σ−1

0 ε−2) . (58)

Then, combining (57) and (58), it follows that the total number of evaluations of the
problem’s functions and their derivatives performed in Algorithm 1 is bounded by

CMpL
1
p
f ,p(1 + α)(f (x0) − flow)ε

− p+1
p

[
logα(4α(f (x0) − flow)σ−1

0 ε−2) + 2
]
.

�

In summary, for nonconvex problems with linear equality constraints whose objective
has pth order derivative Lipschitz continuous, if we approximately solve the subproblems
in Algorithm 1 with a p-order methodMp satisfying A7, then Algorithm 1 needs at most

O(ε
− p+1

p logα(4α(f (x0) − flow)σ−1
0 ε−2)) evaluations of the problem’s functions and their

derivatives to generate an ε-approximateKKTpoint of (53)–(54). In particular, takingσ0 =
ε−2, we obtain an evaluation complexity bound of O(ε

− p+1
p ). This bound is better than

the bound ofO(| log(ε)|2ε− p+1
p ) established in [19] for an augmented Lagrangian method

applied to (53)–(54). Moreover, for p = 2, the corresponding bound ofO(ε−3/2) agrees in
order with the complexity bound established in [28] for a proximal augmented Lagrangian
method.

5. Illustrative numerical results

This section presents the results of some numerical experiments done with a MATLAB
implementation of Algorithm 1 applied to the following family of equality constrained
problems:

min
x∈Rn

fn(x) ≡
n/2∑
i=1

[
100(x2i − x22i−1)

2 + (1 − x2i−1)
2] (59)

s.t. ‖x‖2 − 1 = 0, (60)
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Table 1. Pairs (T , T̂) for n = 50, ε = 10−4 and different
values of σ0 and α.

σ0 α = 1.2 α = 1.8 α = 2.4 α = 3.0 α = 3.6

100 (59,131) (19,41) (14,28) (11,22) (10,19)
101 (47,119) (16,37) (11,25) (9,20) (8,17)
102 (34,106) (12,33) (8,22) (7,18) (6,16)
103 (21,93) (8,29) (6,20) (5,16) (4,14)

with n even. Different values of n, ε, α and σ0 were tested. Given n and ε, the point x0 ∈ R
n

defined by

[x0]i =
√
1
n

(
1 + ε√

2

)
, i = 1, . . . , n,

was used as starting point.3 Moreover, a Gradient method with Armijo line search4 was
employed as inner solver. Notice that the objective function and the constraint function
in (59)–(60) satisfy Assumptions A1, A2, A3’ and A4’. In particular, fn( · ) is bounded from
below by flow = 0. Thus, by Theorem 3.2, Algorithm 1 applied to (59)–(60) performs at
most

T̂ ≡ 1 +
⌊
log

(
4fn(x0)σ−1

0 ε−2)
log(α)

⌋

iterations. Considering n = 50 and ε = 10−4, twenty combinations of σ0 and α were
tested. Table 1 shows the pair (T, T̂) for each of these combinations, where T is the actual
number of iterations performed by Algorithm 1. As we can see, T < T̂ in all cases, which
is in accordance with Theorem 3.2.

Let PE(ε) be the number of problem evaluations performed by Algorithm 1 for a preci-
sion ε. Since the implementation considered here uses a first-order inner solver, it follows
from Theorem 4.3 that PE(ε) ≤ Ĉε−4 when σ0 = ε−2, where the constant Ĉ depends on
the problem, the parameters used in Algorithm 1, and the parameters used in the inner
solver. By assuming that

PE(ε) = Ĉε−q, ε > 0,

the power q can be numerically computed by the formula [18]:

q = 1

log
(

ε1
ε2

) log
(
PE(ε2)

PE(ε1)

)
,

where ε1 > ε2. Considering α = 1.2 and σ0 = ε−2, five values of n and two values of ε

were tested. The results are shown in Table 2. As we can see, the largest power obtained
was q = 2.1472 (< 4), which is in accordance with Theorem 4.3.

6. Conclusion

This paper analysed the worst-case evaluation complexity of a version of the standard
quadratic penalty method for smooth nonconvex optimization problems with constraints.
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Table 2. Results for α = 1.2 and σ0 = ε−2.

ε1 = 10−2 ε1 = 10−2

n T PE(ε1) T PE(ε2) q

10 1 1604 1 225,146 2.1472
20 1 1949 1 269,051 2.1400
30 1 2102 1 288,404 2.1374
40 1 2186 1 299,165 2.1362
50 1 2225 1 305,735 2.1380

When the starting point of the method is approximately feasible, it was shown that the
method generates an ε-approximate KKT point within O(log(σ−1

0 ε−2)) outer iterations,
where σ0 is the first penalty parameter. From this iteration complexity bound, evaluations
complexity bounds were obtained for different problem classes with appropriate inner
solvers. For equality constrained problems with objective and constraints having locally
Lipschitz continuous derivatives, an evaluation complexity bound ofO(log(σ−1

0 ε−2)ε−4)

was obtained when a suitable first-order method is used as inner solver. Thus, with the
choice σ0 = ε−2, one obtain a bound of O(ε−4). If, additionally, the mapping defining
the constraints has globally Lipschitz continuous Jacobian, the trust-region method in [6]
for unconstrained composite problems can be applied to compute an approximate feasible
point to be used as starting point in the quadratic penaltymethod. The resulting two-phase
scheme needs at mostO(ε−4) evaluations of the problem’s functions and their derivatives
to generate a ε-approximate KKT point or an infeasible ε-critical point of a measure of
the constraints violation. In the case of problems having only linear equality constraints,
an evaluation complexity bound ofO(ε−(p+1)/p)was obtained assuming that the objective
function has Lipschitz continuous pth derivatives (for some p ≥ 2) and that an appropri-
ate p-order method is used as inner solver. Illustrative numerical results confirmed the
theoretical predictions.

Notes

1. By introducing a vector z ∈ R
m−me of additinal variables, problem (1)–(3) can be formulated as

an equality constrained problem, namely:

min(x,z)∈Rn×Rm−me f (x),
s.t. ci(x) = 0, i = 1, . . . ,me,

ci(x) − z2i−me
= 0, i = me + 1, . . . ,m.

2. The monotonicity ofM1 ensures that xk+1 satisfies (12).
3. Note that such x0 is an infeasible point with |‖x0‖2 − 1|2 = ε2/2.
4. Algorithm A (in Appendix 1) with dk = −∇F(yk), β = 0.5 and ρ = 10−4.
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Appendix 1. Descent method with Armijo line search

Consider the optimization problem

min
y∈Rn

F(y), (A1)

where F : Rn → R is differentiable. The basic descent scheme with Armijo line-search for (A1) can
be summarized as follows:

Algorithm A. Descent method
Step 0. Choose y0 ∈ R

n, t0 > 0, β , ρ ∈ (0, 1), set k: = 0.
Step 1. Compute a direction dk ∈ R

n such that 〈∇F(yk), dk〉 < 0.
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Step 2. Find the smallest integer �k ≥ 0 such that

F(yk + tkβ�kdk) ≤ g(yk) + ρtkβ�k〈∇F(yk), dk〉. (A2)

Step 3. Set xk+1 = xk + tkβ�kdk, tk+1 = tkβ�k−1, k: = k+ 1 and go to Step 1.

Let us consider the following assumptions:
H1. The level set

LF(F(y0)) ≡ {
z ∈ R

n | F(z) ≤ F(y0)
}

is compact.
H2. ∇F : Rn → R

n is L-Lipschitz continuous on co(LF(F(y0))), with L ≥ 1.
H3. For all k,

〈∇F(yk), dk〉 ≤ −c1‖∇F(yk)‖2 and ‖dk‖ ≤ c2‖∇F(yk)‖.
FromH1 it follows that g( . ) has a global minimizer. In particular, there exists Flow such that F(x) ≥
glow for all x ∈ R

n. Moreover, notice that H2 is weaker than the assumption that ∇F is globally
Lipschitz continuous.

The next lemma gives a lower bound for {tk}k≥0.

Lemma A.1: Let {yk}k≥0 be a sequence generated by Algorithm A and suppose thatH1 andH3 hold.
Then,

tk ≥ tmin ≡ min
{
t0,

2(1 − ρ)c1
Lc22

}
, ∀k ≥ 0. (A3)

Proof: Let us show (A3) by induction over k. Clearly, (A3) holds for k = 0. Suppose that (A3) holds
for some k ≥ 0. If �k = 0, by the induction assumption we have

tk+1 = β−1tk > tk ≥ tmin,

and so, (A3) also holds for k+ 1. Thus, assume that �k ≥ 1. In this case, by the definitions of �k and
tk+1 we have

F(yk + βtk+1dk) ≤ F(yk) + ρβtk+1〈∇F(yk), dk〉 (A4)
and

F(yk + tk+1dk) > F(yk) + ρtk+1〈∇F(yk), dk〉. (A5)
Consider function ω(t) = F(yk + tdk) − F(yk) − ρt〈∇F(yk), dk〉. Then, by (A4), (A5) and the
Intermediate Value Theorem, there exists θk+1 ∈ [βtk+1, tk+1] such that ω(θk+1) = 0, i.e.

F(yk + θk+1dk) − F(yk) = ρθk+1〈∇F(yk), dk〉. (A6)

In particular, we have F(yk + θk+1dk) < F(yk) ≤ F(y0), and so yk + θk+1dk, yk ∈ LF(F(y0)). By H2,
we have

F(y) − F(x) ≤ 〈∇F(y), y − x〉 + L
2
‖y − x‖2, ∀y, x ∈ LF(F(y0)). (A7)

Thus, substituting y = yk + θk+1dk and x = yk in (A7), we obtain

F(yk + θk+1dk) − F(yk) ≤ θk+1〈∇F(yk), dk〉 + Lθ2k+1
2

‖dk‖2. (A8)

Now, combining (A6), (A8) and H3, it follows that

θk+1 ≥ 2(1 − ρ)

L

(
−〈∇F(yk), dk〉

‖dk‖2
)

≥ 2(1 − ρ)c1
Lc22
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Thus, we have

tk+1 ≥ θk+1 ≥ 2(1 − ρ)c1
Lc22

≥ tmin,

that is, (A3) holds for k+ 1. This completes the induction argument. �

Combining (A2), Lemma A.1 and H3, we have the following lower bound for the functional
decrease in successive iterations.

Lemma A.2: Under the same assumptions of Lemma A.1, we have

F(yk) − F(yk+1) ≥ ρβtminc1‖∇F(yk)‖2, ∀k ≥ 0,

where tmin is defined in (A3).

As a consequence of Lemma A.2, we have the following complexity result.

TheoremA.3: Let {yk}k≥0 be generated by AlgorithmA and suppose thatH1-H3 hold. Given ε > 0, if

‖∇F(yk)‖ > ε for k = 0, . . . ,T − 1, (A9)

then

T ≤ max
{

1
ρβc1t0

,
c22

2βρ(1 − ρ)c21

}
L

(
F(y0) − Flow

)
ε−2. (A10)

Proof: By Lemma A.2, H2 and (A9), we have

F(y0) − Flow ≥ F(y0) − F(yT) =
T−1∑
k=0

F(yk) − F(yk+1) ≥ ρβtminc1
T−1∑
k=0

‖∇F(yk)‖2

≥ ρβtminc1Tε2.

Therefore,

T ≤ 1
ρβtminc1

(
F(y0) − Flow

)
ε−2. (A11)

By (A3) we have

1
ρβtminc1

= 1
ρβc1

1

min
{
t0, 2(1−ρ)c1

Lc22

}

= 1
ρβc1

max
{
1
t0
,

Lc22
2(1 − ρ)c1

}

= max
{

1
ρβc1t0

,
Lc22

2ρβ(1 − ρ)c21

}

≤ max
{

1
ρβc1t0

,
c22

2βρ(1 − ρ)c21

}
L, (A12)

where the last inequality is due to L ≥ 1. Thus, combining (A11) and (A12), we get the bound (A10).
�

Corollary A.4: Let {yk}k≥0 be generated by Algorithm A. Suppose that H1-H3 hold and that, for
all k, the computation of dk requires only one gradient evaluation. Given ε > 0, assume that T is the
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first iteration index such that ‖∇F(yT)‖ ≤ ε, and let OT be the total number of evaluations F( · ) and
∇F( · ) up to the (T − 1)th iteration of Algorithm A. Then

OT ≤ 3max
{

1
ρβc1t0

,
c22

2βρ(1 − ρ)c21

}
L

(
F(y0) − Flow

)
ε−2 + logβ(tmin) − logβ(t0). (A13)

Proof: Notice the kth iteration of AlgorithmA requires one gradient evaluation and �k + 1 function
evaluations, i.e. �k + 2 evaluations F( · ) and ∇F( · ). By the definition of tk+1 we have

logβ(tk+1) = logβ(tk) + (�k − 1),

and so
�k + 2 = 3 + logβ(tk+1) − logβ(t0).

Thus

OT =
T−1∑
k=0

(�k + 2) = 3T + logβ(tT) − logβ(t0). (A14)

Since β ∈ (0, 1), it follows from Lemma A.1 that

logβ(tT) ≤ logβ(tmin). (A15)

Moreover, by Theorem A.3, we have

T ≤ max
{

1
ρβc1t0

,
c22

2βρ(1 − ρ)c21

}
L

(
F(y0) − Flow

)
ε−2. (A16)

Finally, combining (A14)–(A16) we get (A13). �

It follows from Corollary A.4 that Algorithm A satisfies Assumption A5.
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