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ABSTRACT

This paper addresses the worst-case evaluation complexity of a ver-
sion of the standard quadratic penalty method for smooth non-
convex optimization problems with constraints. The method anal-
ysed allows inexact solution of the subproblems and do not require
prior knowledge of the Lipschitz constants related with the prob-
lem. When an approximate feasible point is used as starting point,
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outer iterations to generate an e-approximate KKT point, where oy is
the first penalty parameter. For equality constrained problems, this
bound yields to an evaluation complexity bound of O (¢~*), when

00 = €2 and suitable first-order methods are used as inner solvers.
For problems having only linear equality constraints, an evaluation
complexity bound of O (e=?*V/P) is established when appropri-
ate p-order methods (p > 2) are used as inner solvers. lllustrative
numerical results are also presented and corroborate the theoretical
predictions.

1. Introduction
1.1. Motivation and contributions

Penalty function methods constitute one of the earliest techniques proposed to solve non-
convex optimization problems with constraints (see, e.g. [4,5,12,16,29]). The core idea
of this class of methods is to obtain a solution of the constrained problem by solving a
sequence of related unconstrained optimization problems. In each unconstrained problem
the objective function is the sum of the original objective function and a penalty term,
which consists of a positive parameter multiplying a penalty function that measures the
violation of the constraints. By increasing the penalty parameter one increases the cost
associated to the violation of the constraints. Thus, the penalty parameter is increased at
each iteration until the solution of the corresponding unconstrained problem be an approx-
imate feasible point of the original constrained problem. When the penalty function is the
squared Euclidean norm of the constraints violation, we have a quadratic penalty method
(see, e.g. Section 17.1 in [27]).
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Traditionally, the focus of the analysis of iterative methods for smooth nonconvex con-
strained optimization has been the derivation of convergence results. For a given method,
one tries to identify conditions under which the sequence of points generated by the
method (or a subsequence of it) converges to a Karush-Kuhn-Tucker (KKT) point. This
type of result guarantees that for a given precision € € (0, 1), the method will take a finite
number of iterations to generate an €-approximate KKT point. Recently, the analysis of
constrained optimization methods has been refined to address the following question:

In the worst-case, how many iterations the method needs to generate the first €-
approximate KKT point?

At each iteration of a penalty function method, an inner method is used to solve the
corresponding unconstrained problem. The execution of the inner method requires a cer-
tain number of evaluations of the problem’s functions and their derivatives. Therefore, in
this context, it is also interesting to obtain an upper bound for the total number of problem
evaluations needed by the method in the worst-case to generate an €-KKT point. Usually,
evaluation complexity bounds are of the form (e ~9), with g > 0. The smaller g, the bet-
ter the complexity of the method. These evaluation complexity bounds have been guiding
the theoretical development of new optimization methods. In this line of research, the goal
is to design methods with evaluation complexity better than the complexity of existing
methods, in the hope that good theoretical properties will translate into an improvement
of practical performance. For that, it is crucial to understand the complexity of existing
optimization schemes.

This paper addresses the worst-case evaluation complexity of a version of the standard
quadratic penalty method for smooth nonconvex optimization problems with constraints.
Specifically, assuming that the starting point is approximately feasible, the following results
are presented:

(1) It is shown that the quadratic penalty method takes at most O (log(o;,” 1e=2)) outer
iterations to generate an e-approximate KKT point, where o is the first penalty
parameter.

(2) For equality constrained problems, an evaluation complexity bound of O(e~%) is
obtained when oy = €2 and suitable first-order methods are used as inner solvers.

(3) For nonconvex problems with only linear equality constraints, an evaluation-
complexity bound of O (e ~®*+1D/P) (with p > 2) is proved for the quadratic penalty
method. The result is established assuming that the inner method is a pth-order

1
method that needs at most O(L? e P+t 1/P) evaluations of the objective function and
its derivatives to generate an e-critical point of a function with L-Lipschitz pth order
derivative.

1.2. Related literature

Up to now, evaluation complexity bounds have been obtained for several methods designed
to nonconvex problems with nonconvex constraints. In the context of first-order schemes,
Cartis, Gould and Toint [6] analysed the evaluation complexity of an exact penalty function
method in which the unconstrained problems are approximately solved by a trust-region
or a quadratic regularization method designed to nonsmooth composite problems. They
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showed that their exact penalty method needs at most O(¢ ) problem evaluations to
generate an e€-approximate KKT point or an infeasible e-critical point of a measure of
the constraints violation. Assuming that the sequence of penalty parameters is bounded,
they obtained an improved evaluation complexity bound of O(e~2). Similar bounds
of O(e?%) were also obtained by Cartis, Gould and Toint [9,10] and by Bueno and
Martinez [3] for a two-phase method and for an inexact restoration method, respectively.
Facchinei et al. [14] obtained a bound of O(e~*) for an SQP method. Lin, Ma and Xu
[24] analysed the complexity of an inexact proximal-point penalty method, obtaining
a bound of O(]log(e)|e ~®) when a non-singularity condition holds on the constraints.
When this condition is not satisfied, they obtained a bound of O(|log(e)|e %) assum-
ing that a feasible starting point is available. Under the same non-singularity condition,
a bound of O(|log(e)|e ~3) was also obtained by Li et al. [22] for an inexact augmented
Lagrangian method. In the context of second-order methods, improved complexity bounds
of O(e~3/?) were obtained by Cartis, Gould and Toint [8] and by Curtis, Robinson and
Samadi [13] for two-phase schemes. Xie and Wright [28] obtained a bound of O(e~11/2)
for a proximal augmented Lagrangian method when the Newton-CG method is used as
inner solver. Recently, the use of higher order methods has also been investigated. In
particular, evaluation complexity bounds of O (e~ P+D/Py for p-order methods (p > 2)
have been obtained by Birgin et al. [1], Martinez [25], and by Cartis, Gould and Toint
[11].

For nonconvex problems with linear constraints, an evaluation complexity bound of
O(e~3) was obtained by Kong, Melo and Monteiro [21] for a quadratic penalty method
with an accelerated first-order inner solver. Under the Slater’s condition, improved bounds
of O(| log(e)|e’5/2) were obtained by Lin, Ma and Xu [24] and by Li and Xu [23] for an
inexact proximal-point penalty method and for an augmented Lagrangian method, respec-
tively. Similar bounds of O(| log(e) |e ~5/2) have been obtained by Li et al. [22] and by Melo,

Monteiro and Wang [26] for inexact augmented Lagrangian methods with different addi-
tional assumptions. Grapiglia and Yuan [19] established a bound of O(e_(zgjla)ﬁ) ) for

a version of the standard augmented Lagrangian method with a first-order inner solver,
where o > 1 controls the rate of increase of the penalty parameters. For problems with
convex constraints, Facchinei et al. [15] obtained a bound of O (e ~2) for an SQP method.
In the context of second-order methods for linearly/convexly constrained problems, Car-
tis, Gould and Toint [7] obtained a bound of O (e ~3/2) for an adaptive cubic regularization
of the Newton’s method. Bounds of the same order have been obtained by Birgin and
Martinez [2] and by Haeser, Liu and Ye [20] for different second-order methods. For non-
convex problems having only linear equality constraints, Xie and Wright [28] also proved a
bound of O (e ~3/2) for their proximal augmented Lagrangian method with a Newton-CG
inner solver, while Grapiglia and Yuan [19] obtained a bound of O(| log(¢) |2e=@+D/P) for
their augmented Lagrangian method with a suitable p-order inner solver (p > 2).

It is worth to stress that a direct comparison between all these works is a nontrivial
task, since they consider different problem classes (e.g. [3,14]), the corresponding methods
rely on different levels of knowledge about the parameters that define each problem (e.g.
[19,21]), and several of the obtained complexity bounds refer to different notions of -
approximate KKT point (e.g. [1,11]).
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1.3. Contents

The paper is organized as follows. Section 2 contains the problem definition and auxiliary
results. In Section 3, the method is described and its outer-iteration complexity is analysed.
Section 4 addresses the evaluation complexity for equality constrained problems. Finally,
in Section 5, illustrative numerical results are presented.

1.4. Notation

For any v € R, we define (t)— = min{0, t}, and for any vector v € R", the correspond-
ing vector V(=) is defined by vgf) = (v{)— = min{0,v;}, for i = 1, ..., n. Moreover, || - ||
denotes the Euclidian vector norm or the matrix norm induced by the Euclidian vector
norm, depending on the context. We use || - ||r to denote the Frobenius matrix norm.
Given a nonempty set X C R”, co(X) denotes the convex hull of X.

2. Problem definition and auxiliary results

In this paper, we consider the constrained optimization problem

min  f(x), (1)
xeR"
st. ¢c(x)=0, i=1,...,m,, (2)
ci(x) >0, i=m.+1,...,m, (3)
where f,¢;: R" — R (i=1,...,m) are possibly nonconvex. Given x € R”, we denote

ce(x) = (c1(), ... e, (x)) and c1(x) = (Cme+1(X), - . . Em (X))
Let us consider the following assumptions:
Al. There exists X € R” satisfying (2) and (3).
A2. For every u € R, the set

Liw) = {x e R"|f(x) < u}

is compact.

A3. The objective function f : R” — R is continuously differentiable.

A4.Foreachi € {1,...,m}, the constraint function ¢; : R” — R is continuously differ-
entiable.

Given a penalty parameter ¢ > 0, we are interested in the following unconstrained
problem associated to (1)-(3):

. g _
min Q(x,0) = £0) + 2 [ les@I> + el 1. @
xeRn 2
The next two lemmas establish properties of the objective Q( -, o) in (4).

Lemma 2.1: Giveno > 0and x € R", let
Qy @ = {z e R"|Q(z,0) = QX o)} .

If A2-A4 hold, then the following statements are true:
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(a) Q(Qa)(a_c) is compact.
(b) There exists x* € R" such that V,Q(x*,0) = 0.

Proof: Given x € Qg)(a_c), we have

6 =)+ 3 [lesCal” + e @I | = Q0 = QG o),

that is, x € L¢(u), for u = Q(x,0). Since x was chosen arbitrality in Qg) (%), it follows
that Qg)(fc) - Ef(Q(J'c, 0)). Then, by A2, we have that Qg)(ic) is bounded. Notice that
Q(-,0) is continuous (by A3 and A4). Therefore, Q(Q‘T)(Ic) is compact, i.e. statement (a)

is true. Consequently, by the Weierstrass Theorem, Q(-,o) has a global minimizer x™.
Since Q( -, o) is also differentiable (by A3 and A4), it follows that V,Q(x*,o) = 0. Hence,

statement (b) is also true.

Lemma 2.2: Suppose that A1-A4 hold. Given o,€ > 0, let xT,x € R” such that

Qx",0) < QX 0)

and
=312 g2 < €
lee@I + e @1 < 5
I
max { leg(eH L el (01 | > e
then

o <4(f@ —fixh)e?
Proof: By (4), (5) and (6), we have
£ + 2 [lesteOI + 11 DI | = Qeet o)

= Q(x,0)

=G + 3 [les@ 1+ I~ 1]

gf@y+%¥,

and so

A

2
max {lep(eD L e~ DI < eI + e D12

2(f(%) — f(xh)) n f
o 2"
Finally, combining (9) and (7), it follows that

€ _20® —f&h)
2 o ’

which implies (8).

(5)

(6)

(7)

(8)

(9)
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3. Algorithm and outer iteration complexity analysis

Let us consider the following Quadratic Penalty Method:

Algorithm 1. Quadratic Penalty Method
Step 0. Given € € (0,1), 00 > 1, > 1 and xp € R” such that

2
_ €
lepG) > + lley” o) l? < (10)
setk: = 0.
Stepl. Find an approximate solution xx to
. Ok _
min Q(xox) = f() + 2 [lee@I” + el 112, (an
xeR? 2
such that
Q(xk-i-la Gk) < min {Q(xk> Gk)) Q('xO) Gk)} > (12)
and
IVxQ(xk41, 00 || < €. (13)

Step 2. If max{||cg(xx+1)l ||c§7)(xk+1)||} < €, STOP. Otherwise, set oy = a0k,
k: = k+1 and go to Step 1.

Remark 3.1: The existence of x¢ satisfying (10) is guaranteed by Assumption Al. More-
over, the existence of xx4; satisfying (12) and (13) is guaranteed by Lemma 2.1. The
computation of these points is addressed in Section 4.

By A2, there exists fjo,, € R such that f(x) > fi,, for all x € R”. Using this fact we have
the following result.

Lemma 3.1: Suppose that A1-A4 hold and let {(x, ak)}ﬁzo be generated by Algorithm 1. If

max { ezl ¢ Goll} > e, (14)
then
€ < 1+log, (4(f(x0) — fiow)og € 2). (15)
Proof: It follows from (14), (10), (12) and Lemma 2.2 that
or—1 < 4(f(x0) — f(xe))e % < 4(f(x0) — fiow)€e . (16)

If £ < 1, then (15) holds. Thus, assume that £ > 2. In this case, by Step 2 of Algorithm 1,
we have

o1 = ozg_lo*o. (17)
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Then, combining (16) and (17), we get
" < 4(f(x0) — fiow)ay '€

which gives (15). [ |

The next theorem gives an upper bound for the total number of iterations of
Algorithm 1. Moreover, it establishes that the final point generated by the algorithm is an
€-approximate KKT point of (1)-(3).

Theorem 3.2: Suppose that Al-A4 hold. Then, Algorithm 1 has finite termination. More-
over, if xr41 is the final point returned by Algorithm 1, then

T < 1+log, (4(f(x0) — fiow)og '€ %) (18)

Furthermore, xT11 is an e-approximate KKT point of (1)-(3), i.e. for A1 € R™ defined by

) =orcilxry), fori=1,...,m,,
Prpli= {max{—o*Tc,-(xTH),O}, fori=m,+1,...,m, (19)
we have
m
ViGr) — Y rpliVaGri)| <e (20)
i=1
leeGerDl <6 Nl Ger)ll < 6, (21)
[Ar+1]i =20, Vie{m.+1,...,m}, (22)
[Ar4+1]i =0 whenever c¢i(x74+1) >0, Vie{m.+1,...,m}. (23)

Proof: By Lemma 3.1, if
k> 1+log, (4(f(x0) — fiow)og '€ 2)
then
max {les (el el (ol < e

Therefore, Algorithm 1 has finite termination. Moreover, by the definition of x71, it
follows that T + 1 is the first iteration number for which

max { les(ern)ll lef” e} < e (24)

Consequently, (18) must be true, since otherwise the method would have stopped earlier
(by Lemma 3.1).
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By (24), it follows that (21) holds. Moreover, notice that (22) follows directly from (19).
Furthermore, for any i € {m, + 1,...,m}, if ci(x741) > 0, then —c;j(x741) < 0, and so

[Ar41]i = max {0, —orci(x741)} = 0.
Therefore, (23) is true. Finally, by (19) and (13) we have

m

Vf(xri) — Y [ArpliVeitern)
i=1

Vf(xri) — Y (=orcixri1) Veilxria)
i=1

m

— > max{0,—orci(xri1)} Veilxrir)
i=me+1

Me
Vf(xri1) + o1 Y cileri) Veilxry)
i=1

m
+or Y o7 (erp)Veiterin)

i=me+1
= [|VxQ(xT41,07) ||

<e€

>

that is, (20) also holds. [ |

In summary, Algorithm 1 takes at most

[log,, (4a(f(x0) — fiowog '€ %)]

outer iterations to generate an e-approximate KKT point x74+; of (1)-(3) in the sense
of (20)-(23), where (23) does not imply the complementarity condition. Notice that if we
consider oy = €72, then we get an outer iteration complexity bound independent of ¢,
namely:

[log, (4er(f(x0) = fiow))] -

The following consequence of Theorem 3.2 will be useful in the sequel for establishing
evaluation complexity bounds for Algorithm 1.

Corollary 3.3: Suppose that Al-A4 hold and that xr41 is the final point returned by
Algorithm 1. Let k € {0, ..., T}. Then,

ok < 4a(f(x0) — fiow)e 2. (25)
Moreover, if x € R” satisfies

Q(X, Uk) = Q(XO, O—k)’ (26)
then

Q(x, 0%) < f(x0) + a(f (x0) = fiow)- (27)
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Proof: Notice that oy = ok oy. Thus, by (18),
o < aTao = aozT_lao < 4o (f(xp) —ﬁow)e_z,
that is, (25) is true. Now, combining (26), (10) and (25), it follows that
Q(x, o) = Q(x0,0%)
= fo) + 2 [lles o) I + lief” xo) I
< f(xo) + %62
< f(xo) + o (f(x0) — fiow) »

and so, (27) is also true. |

4, Worst-case evaluation complexity analysis
4.1. General equality constrained problem with first-order inner solver

In what follows, the analysis will be restricted to the equality constrained problem:!

min  f(x), (28)
xeR"
st. ¢(x)=0, i=1,...,m, (29)

where ¢ : R” — R satisfies Assumption Al and f : R” — R satisfies Assumption A2. In
view of A1, given € € (0, 1), there exists xo € R” such that

2
leCGeo) || < % (30)

which can be used as starting point in Algorithm 1. For an arbitrary o > 1, let us define
the number

Uy, (o) =f(xo) + a(f(xO) _flow)- (31)

We will analyse the evaluation complexity of Algorithm 1 (with starting point xo and
parameter « > 1) under the assumptions:
A3. Vf:R" — R" (the gradient of f) is L-Lipschitz continuous on co(ﬁf(uxo (@))).
A% ] : R" — R"™*" (the Jacobian of ¢) is L.-Lipschitz continuous on co(Ef(uxO (a))).
In the context of problem (28)-(29), the objective function of (4) can be written as

Q(x,0) = f(x) + o P(x), (32)

where P(x) = %Hc(x) |?. The next lemma gives sufficient conditions under which
V.Q(-,0) is Lipschitz continuous on a certain subset of the Euclidean space.
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Lemma 4.1: Suppose that Al, A2, A3’ and A4’ hold. Given o > 0, let X € R" such that

Q(x,0) < Q(x0,0). (33)
If
o < 4a (f(X) — fiow) €2 (34)
then VxQ(-,0) is Ly -Lipschitz continuous on co(QY (%) for
Ly = Ly + 0Lc(xo), (35)
where
Le(x0) = (LeDo + IlJe(x0) ID* + Le [(LeDo + IIJe(x0) ) Do + llc(xo) 1] (36)
with
Do = sup {llz—xoll : z € co (Ls(ux(@)))}. (37)

Proof: By A2, the set Ls(uy, () is bounded. Consequently, co(Ly(ux,(e))) is also

bounded, and so the supremum Dy defined in (37) is finite. Moreover, if z € Qg)(ic) it
follows from (33), (30) and (34) that

@ <f@+ %nc(z)n2 = Q(z,0) < Q@ 0) < Qxo,0) = f(x0) + %IIC(XO)IIZ

4o (f(xO) - flow)6 —2
4

< f(xo) + %ez < f(xo) + €% = f(x0) + a(F(x0) — fiow)

= Uy, (Ol)’

that is, z € Lg(uy, (). Thus Q(QU)(J?) C Ly (uxy(@)), and so co(Qg)(ﬁ?)) C co(Ly (uy,
(«))). Then, by A3’ and A4’ we have that Vf(-) and J.(-) are Lipschitz continu-
ous on co(Qg)(ic)), with constants Ly and L, respectively. Consequently, given z, w €

co(2y (®),
IVxQ(z,0) = VxQ(w, 0) || = [ Vf(x) — Vf(w) + o (VP(z) — VP(w)) ||
< IVf@) = VW)l + o lJ(2) " e(2) — Jew) " c(w) |
< Lilz—wll + o/ (@) — J@ cw)|
+olJe@ " cw) — J.(w) T c(w)||
< Lillz — wll + o @ lllc(2) — cw)]|
+ o Lellcw)llllz — wll. (38)

Notice that, for any v € co(Qg)(Fc)) we have ||v — xg]| < Dy, and so

el = 1e@) = Je(xo) |l + l1Je(xo0)
< Lellv = xoll + IJc(x0) I
< LcDo + [lJe(x0) - (39)
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Consequently, by the Mean Value Inequality we get

lle(@) — cml = Je(A = )z +Ow)lllz — wll  (for some 6 € [0,1])
< (LeDo + Je(x0) D Nz — w5 (40)

and

el < lle(w) — c(xo) I + lleCxo) |
= We(@ = yIw+ yxo)llllw — xoll + llc(xo) || (for some y € [0,1])
< (LcDo + [[Je(xo) 1) llw = xoll + llcCxo) |
< (LeDo + [lJe(x0) 1) Do - [lc(x0) - (41)

Finally, combining (38)-(41), we get

IV:Q(z,0) — ViQw,0)|| < Lllz — wll + o (LeDo + Je(xo) D> 1z — wl
+ oL [(LeDo + IJ:(x0)1D) Do + lleCxo)l] llz — wl
= (Ly + o Le(xo))llz — il

= Lollz — wll,

with L, and L.(xo) are defined in (35) and (36), respectively. Since z and w are arbitrary

points in co(Qg) (%)), this shows that V,Q(-,0) is L, -Lipschitz continuous on this set.
|

In view of Lemma 4.1, one can minimize Q( -, o) by using a first-order iterative method
M . More specifically, consider the following assumption on M:
A5. Given a continuously differentiable function F : R” — R with

Lp(F(R) = {z e R" | F(z) < F®)}

compact for some X € R"” and VF(-) L;-Lipschitz continuous on co(Lr(F(x))), method
M with starting point X needs at most

Cat Lt (FR) = Fiow) €2

evaluations of F( - ) and VF(-) to generate an e-critical point of F( - ), where Fy,,, is a lower
bound of F(-) and C, is a positive constant that depends only on the method M.

An example of first-order method that satisfies A5 is the Descent Method with Armijo
line search described in Appendix 1. The next lemma establishes that any monotone
method satisfying A5 needs at most (o€ ~2) problem evaluations to compute xiy1 in
Algorithm 1, for a suitable choice for the starting point.
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Lemma4.2: Suppose that A1, A2, A3 and A4’ hold and that x| is the final point returned
by Algorithm 1 applied to (28)-(29). Let k € {0, ..., T}, and assume that a monotone first-
order method M is applied to minimize Q( -, ox) with starting point

0 = argmin {(Q(z, 0%) | 2 € {x0, Xk} . (42)
If method M satisfies A5, then M needs at most
Ca, [(Lf + orLe(x0)) (1 + o) (f (x0) — fiow)] €2 (43)

evaluations of the problem’s functions and their derivatives to generate xj 1 satisfying (12)
and (13), where L.(xo) is defined in (36).

Proof: In view of (42) we have
Q(xx,0, 0%) = Q(x0,0%). (44)

By Corollary 3.3, we also have
ok < 4a(f(x0) — fiow)e . (45)

Combining (44) and (45) with || c(x0) ||* < €2/2, it follows from Lemma 4.1 that V,Q( -, o%)
is Ly, -Lipschitz continuous on co(ng) (Xk,0)) with

Ly, = Lf + oxLc(xo), (46)

where L, (xo) is defined in (36). Since Qg) (Xk0) is compact, it follows from A5 (with F(x) =
Q(x,0%), L1 = Lo, and X = Xj) that the monotone method M takes at most

Cmy Loy (Q(&k,oaak) - Qlow) e’ (47)

problem evaluations to generate xy; such that (12) and (13) hold,? where Qyy,, is a lower
bound to Q( -, oy). It follows from A2 that

Qz00) = f(2) + %uc(z)n2 > f(2) = fiow» VzeER"

Thus, we can take

Qlow = flow- (48)

Moreover, by (44) and Corollary 3.3, we also have
QGik, %) < f(x0) + @ (f(x0) — fiow) - (49)
Thus, combining (46)-(49), we get the upper bound (43). [

Now, combining Theorem 3.2 with Lemma 4.2, we can obtain a worst-case complexity
bound for the total number of problem evaluations required by Algorithm 1 to generate an
e-approximate KKT point of (28)-(29).
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Theorem 4.3: Suppose that Algorithm 1 (with o9 > 1) is applied to solve (28)-(29) with
f(-) and c(-) satisfying A1, A2, A3 and A4’. Moreover, assume that at each outer iteration
of Algorithm 1, a monotone method M satisfying A5 is used to approximately solve (11)
with the starting point Xy o given in (42). Then, Algorithm 1 needs at most

AC g 00 (1 + ) (Ly + Le(x0)) (f (x0) — fiow)*€* [log,, (4ae(f (x0) — fiow)ay '€ %) +2]

evaluations of the problem’s functions and their derivatives to generate an €-approximate
KKT point of (28)-(29).

Proof: By Theorem 3.2, Algorithm 1 stops with an e-approximate KKT point x14.
Moreover,

T <1+log, (4a(f(x0) —flow)a(;le_z). (50)

On the other hand, by Lemma 4.2, the total number of problem evaluations performed by
M up to iteration T of Algorithm 1 is bounded by

T

3" oty [(Ly + okLe)) (1 + @) (Fx0) — fiow) ] €2 (51)

k=0

By Corollary 3.3, we also have
ox < 4a(f(xo) —flow)e_z, fork=0,...,T. (52)

Then, combining (50)-(52) we get

T
3" Cu, [(Ly + okLe0)) (1 + o) (f(x0) — fiow) ] € 2

k=0
< (T+ D)Cppda(l +a) (Lf + Le(x0)) (f(x0) — fiow)?e
< Cay 40 (1 + @)Ly + Le(x0)) (F (x0) — fiow)?e ~* [log,, (40 (F(x0) — fiow)o '€ ?) +2].

Therefore, for equality constrained problems, if we approximately solve the subproblems
in Algorithm 1 with a first-order monotone method M satisfying A5, then Algorithm 1
needs at most O (e 4 log,, (4 (f (x0) — fiow)oy '¢=2)) evaluations of the problem’s func-
tions and their derivatives to generate an e-approximate KKT point of (28)-(29). In par-
ticular, taking o9 = €2, we obtain an evaluation complexity bound of O(e —4). Remember
that these complexity bounds are obtained assuming that the starting point of the quadratic
penalty method is approximately feasible in the sense that

2

le@o) 2 < <.
2

To obtain such a point, one can use, for example, Algorithm 2.1 in [6] for unconstrained
composite problems. The resulting scheme is the following Two-Phase method.
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Algorithm 2. Two-Phase Method for (28)-(29).
Lete € (0,1), 00 > 1 and yy € R" be given.
Phase 1: Starting from yj, apply Algorithm 2.1 in [6] to the problem

min ||c(x
min e(2)|

until an e-critical point of |c(-)|| is found. Let yr be the computed point. If
leyr) |l > €/+/2, STOP.

Phase 2: Starting from xo = yt, execute Algorithm 1 with a monotone inner
solver M satisfying Assumption A5.

Theorem 4.4: Suppose that f(-) and c(-) in (28)-(29) satisfy Assumptions A1, A2, A3
Moreover, assume that the Jacobian of c( - ) is globally Lipschitz continuous. Then Algorithm 2
needs at most O(e *log(ay Le=2)) evaluations of the problem’s functions and their deriva-
tives to generate an e-approximate KKT point of (28)-(29) or an infeasible e-critical point of

lleCHII-

Proof: By Theorem 2.4 in [6], the Algorithm 2.1 in [6] needs at most O(e %) evaluations
of ¢(-) and its derivatives to generate an e-critical point yr of |[c(-)||. If lc(y1) || > €/\2,
then Algorithm 2 stops at Phase I with an infeasible e-critical point of |c(-)l|. Oth-
erwise, Algorithm 1 is executed in Phase II with starting point xp = yr. In this case,
by Theorem 4.3, an e-approximate KKT point will be found with O(e ~*log(a, 'e2))
additional evaluations of the problem’s functions and their derivatives. |

4.2. Linearly constrained problem with high-order inner solver

Let us consider linearly constrained problems of the form

m}%{rh fx), (53)
st. Ax—b=0, (54)

where f : R” — R is p-times continuously differentiable and possibly nonconvex (p > 2).
Now, given o > 0, the objective function in (4) becomes

Qo) = f(x) + %nAx — b2 (55)

We denote by DPf (x) the pth order derivative of f at point x, which is a tensor defined by

[DPf], . = L(x), 1<i...,ip<n

O .. Bx,-p

In particular, D*f (x) = V2 f (x). The nextlemma relates the pth order derivatives of Q( -, o)
and f(-).
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Lemma 4.5: Given f : R" — R and o > 0 let Q(-,0) be defined in (55). If f is p-times
differentiable with p > 2, then

[V () +0ATA, ifp=2,
DgQ(’QG) - {Dpf(x), lfp > 3.

Let us consider the following assumption of f:
A6. Function f(-) is p-times continuously differentiable and DPf(-) is Ly ,-Lipschitz
continuous, i.e.

IDPf(x) — DPFO)Il < Lypllx = yll,  ¥x,y € R™.

Note that if A6 holds for some p > 2 then, by Lemma 4.5, DYQ(-,0) isalso Ly p-Lipschitz
continuous. Therefore, one can approximately minimize Q( -, o) with a p-order method
M. Specifically, we will consider the following assumption on M:

A7. Given any p-times differentiable function F : R” — R, bounded below by Fy,,,, with
L,-Lipschitz continuous pth order derivative, method M, with starting point x needs at
most

ptl

1
CMPLI}; (F(X) — Fiow)e 7

evaluations of F(-) and its derivatives (up to order p) to generate an e-critical point of
F(-), where C1, is a positive constant that depends only on the method M,.
An example of p-order method (p > 2) satisfying A7 can be found in [17].

Theorem 4.6: Suppose that Algorithm 1 is applied to solve (53)-(54). Moreover, assume
that A1, A2 and A6 hold, and that, for all k, a monotone method M, satisfying A7 is used
to approximately minimize Q( - , ox) with starting point Xy o given in (42). Then, Algorithm 1
needs at most

% &l -1_-2
CrpLf, (L +a)(f(x0) — fiow)e ? [log,, (4(f(x0) — fiow)oy '€ %) + 2]

evaluations of the problem’s functions and their derivatives to generate an €-approximate
KKT point of (53)-(54).

Proof: By Lemma 4.5 and A6, DEQ(-, o) is Ly p-Lipschitz continuous for k = 0,..., T.
Thus, by A9 with F(x) = Q(x,0%), L, = Ly and X = Xt o, method M, needs at most

1 pHl

CMPL}B,I, (QGk0,0k) — Qiow) € 7 (56)

problem evaluations to generate xjy; such that (12) and (13) hold, where Xy is defined
in (42) and Qyyy, is a lower bound to Q( -, o%). Then, by (48) and (49), each iteration of
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Algorithm 1 requires at most

+1

cMg£A1+aXKm)—ﬂwa%

problem evaluations. Therefore, the total number of evaluations of the problem’s functions
and their derivatives performed by M, up to iteration T of Algorithm 1 is bounded by

ZCMP L1+ @) (FG0) — fie™ = (T & DCa L (1 + )7 0) — fine ™
(57)

On the other hand, by Al, A2, A6 and Theorem 3.2, Algorithm 1 stops with an e-
approximate KKT point x7.1. Moreover,

T < 1+log, (4a(f(xo) —flow)ao_le_z). (58)

Then, combining (57) and (58), it follows that the total number of evaluations of the
problem’s functions and their derivatives performed in Algorithm 1 is bounded by

5 +1
Cat, L, (1 + @) x0) — fioe ™ 7 [log, (er(fx0) — fiowdorg ") +2].

In summary, for nonconvex problems with linear equality constraints whose objective
has pth order derivative Lipschitz continuous, if we approximately solve the subproblems
in Algorithm 1 with a p-order method M, satisfying A7, then Algorithm 1 needs at most

_ptl
O(e  * log, (4o (f(xo) — flow)ao_le_z)) evaluations of the problem’s functions and their
derivatives to generate an € -approximate KKT point of (53) (54) In particular, taking o =

€72, we obtain an evaluat10n complex1ty bound of O(e P ) This bound is better than

the bound of O(] log(e€)|"€ |2e” P ) established in [19] for an augmented Lagrangian method
applied to (53)-(54). Moreover, for p = 2, the corresponding bound of O (e ~%/?) agrees in
order with the complexity bound established in [28] for a proximal augmented Lagrangian
method.

5. lllustrative numerical results

This section presents the results of some numerical experiments done with a MATLAB
implementation of Algorithm 1 applied to the following family of equality constrained
problems:

n/2

min fr®) = 21 [100Gesi =3 ) + (1 = x2i-1)°] (59)
1=

st |lx[>—=1=0, (60)
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Table 1. Pairs (T, f') for n = 50, ¢ = 10~* and different
values of og and «.

oo a=12 a=138 a=24 a =30 a =36
100 (59,131) (19,41) (14,28) (11,22) (10,19)
10" (47,119) (16,37) (11,25) (9,20 (8,17)
102 (34,106) (12,33) (8,22) (7,18) (6,16)
103 (21,93) (8,29) (6,20) (5,16) (4,14)

with # even. Different values of n, €, @ and o were tested. Given n and ¢, the point xp € R”
defined by

1 €
i = - 1+_ > ‘:1)--~) >
[x()]l 7’l< \/5) 1 n

was used as starting point.> Moreover, a Gradient method with Armijo line search* was
employed as inner solver. Notice that the objective function and the constraint function
in (59)-(60) satisfy Assumptions A1, A2, A3’ and A4’. In particular, f,,( - ) is bounded from
below by fio,, = 0. Thus, by Theorem 3.2, Algorithm 1 applied to (59)-(60) performs at
most

Fo14 log (4fn(X())UO_16_2)
o log(a)

iterations. Considering n = 50 and € = 10, twenty combinations of o and o were
tested. Table 1 shows the pair (T, T) for each of these combinations, where T is the actual
number of iterations performed by Algorithm 1. As we can see, T < T in all cases, which
is in accordance with Theorem 3.2.

Let PE(€) be the number of problem evaluations performed by Algorithm 1 for a preci-
sion €. Since the implementation considered here uses a first-order inner solver, it follows
from Theorem 4.3 that PE(¢) < Ce* when 0p = €2, where the constant C depends on
the problem, the parameters used in Algorithm 1, and the parameters used in the inner
solver. By assuming that

PE(e) =Ce 1, €>0,

the power g can be numerically computed by the formula [18]:
1 1 <PE(62) )
9= —F7 98\ 555 )’
log (%) PE(€1 )

where €; > €;. Considering @ = 1.2 and 0p = €72, five values of n and two values of €
were tested. The results are shown in Table 2. As we can see, the largest power obtained
was q = 2.1472 (< 4), which is in accordance with Theorem 4.3.

6. Conclusion

This paper analysed the worst-case evaluation complexity of a version of the standard
quadratic penalty method for smooth nonconvex optimization problems with constraints.
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Table 2. Results fora = 1.2and g = € 2.

€1 = 1072 €1 = 1072
n T PE(e1) T PE(e2) q
10 1 1604 1 225,146 2.1472
20 1 1949 1 269,051 2.1400
30 1 2102 1 288,404 2.1374
40 1 2186 1 299,165 2.1362
50 1 2225 1 305,735 2.1380

When the starting point of the method is approximately feasible, it was shown that the
method generates an e-approximate KKT point within O(log(o,” Ye=2)) outer iterations,
where oy is the first penalty parameter. From this iteration complexity bound, evaluations
complexity bounds were obtained for different problem classes with appropriate inner
solvers. For equality constrained problems with objective and constraints having locally
Lipschitz continuous derivatives, an evaluation complexity bound of O (log(o,,” le2)e )
was obtained when a suitable first-order method is used as inner solver. Thus, with the
choice 0y = €2, one obtain a bound of O(e~*). If, additionally, the mapping defining
the constraints has globally Lipschitz continuous Jacobian, the trust-region method in [6]
for unconstrained composite problems can be applied to compute an approximate feasible
point to be used as starting point in the quadratic penalty method. The resulting two-phase
scheme needs at most (e ~*) evaluations of the problem’s functions and their derivatives
to generate a e-approximate KKT point or an infeasible e-critical point of a measure of
the constraints violation. In the case of problems having only linear equality constraints,
an evaluation complexity bound of O (e ~?+1/P) was obtained assuming that the objective
function has Lipschitz continuous pth derivatives (for some p > 2) and that an appropri-
ate p-order method is used as inner solver. Illustrative numerical results confirmed the
theoretical predictions.

Notes

1. Byintroducinga vector z € R” " of additinal variables, problem (1)-(3) can be formulated as
an equality constrained problem, namely:

min(x,z)ER"x]R'”—me f(x),
s.t. ci(x) =0, i=1,..., M
G(x) =22, =0, i=m+1,...,m.

2. The monotonicity of M ensures that x4, satisfies (12).
3. Note that such x is an infeasible point with |[|xo[|? — 1)* = €2/2.
4. Algorithm A (in Appendix 1) with dy = —VF(yx), B =0.5and p = 1074,
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Appendix 1. Descent method with Armijo line search

Consider the optimization problem

min F(y), (A1)
yeR"

where F : R" — R is differentiable. The basic descent scheme with Armijo line-search for (A1) can
be summarized as follows:

Algorithm A. Descent method
Step 0. Choose yp € R", 1y > 0, 8, p € (0,1), set k: = 0.
Step 1. Compute a direction di € R" such that (VF(yk), dx) < 0.
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Step 2. Find the smallest integer £; > 0 such that

F(y + tBdy) < g(yi) + ptkB*(VE(i), di). (A2)
Step 3. Set xp1 = xx + tr Bk dy, fep1 = %1 k: = k+1and go to Step 1.

Let us consider the following assumptions:
H1. The level set

Lr(F(y)) = {z € R"| F(z) < F(y)}
is compact.
H2. VF : R" — R" is L-Lipschitz continuous on co(Lp(F(yp))), with L > 1.
H3. For all k,

(VF(i),dx) < —aIVEQRI?  and  |ldill < 2l VEG) -

From H1 it follows that g( . ) has a global minimizer. In particular, there exists Fj,,, such that F(x) >
Ziow for all x € R". Moreover, notice that H2 is weaker than the assumption that VF is globally
Lipschitz continuous.

The next lemma gives a lower bound for {t}r>o.

Lemma A.1: Let {yr}k>0 be a sequence generated by Algorithm A and suppose that H1 and H3 hold.
Then,

2(1 - p)a

, Vk=>0. A3
Lc% } - (A3)

tx > tmin = min {tO)

Proof: Let us show (A3) by induction over k. Clearly, (A3) holds for k = 0. Suppose that (A3) holds
for some k > 0. If £, = 0, by the induction assumption we have

-1
tkr1 = Btk > tk > tmins

and so, (A3) also holds for k + 1. Thus, assume that £; > 1. In this case, by the definitions of £; and
te+1 we have

F(yr + Btrr1dr) < F(yr) + pBtey1 (VF(r), di) (A4)
and

F(yk + tir1dr) > F(yr) + ptir1 (VE(yk), di). (A5)
Consider function w(t) = F(yx + tdx) — F(yx) — pt(VF(yx),dx). Then, by (A4), (A5) and the
Intermediate Value Theorem, there exists Ox1 € [Btx+1, tk+1] such that w(Bk1) = 0, ie.

F(yk + Or1dr) — F(yr) = pOk1{VF(r), di). (A6)

In particular, we have F(yk + Ok+1dk) < F(yk) < F(30), and s0 yx + Ok+1dk vk € Lr(F(y0)). By H2,
we have

L
F(y) = F@) < (VEQ)Ly =)+ Sly = xI% Vyox € LE(F()). (A7)
Thus, substituting y = yx + Ok+1dx and x = yi in (A7), we obtain

Le}?—'rl 2
F(yk + 6k1dx) — F(yi) < 61 (VF(), di) + Tlldkll . (A8)

Now, combining (A6), (A8) and H3, it follows that

21— p) (_ <VF(yk),dk>> _ 20— p)a
L > ) = L3

Ox+1 =
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Thus, we have
2(1 - p)a
2

G
that is, (A3) holds for k + 1. This completes the induction argument. [ |

tk+1 > 9k+1 > > tmins

Combining (A2), Lemma A.1 and H3, we have the following lower bound for the functional
decrease in successive iterations.

Lemma A.2: Under the same assumptions of Lemma A.1, we have

F(y) — Fky1) = pBtminci IVEGI?, Yk =0,
where tmiy is defined in (A3).

As a consequence of Lemma A.2, we have the following complexity result.

Theorem A.3: Let {yi}x>0 be generated by Algorithm A and suppose that H1-H3 hold. Givene > 0, if

IVE(yp)| >€ for k=0,...,T—1, (A9)
then
T< max{ ! % }L (F(yo) — Fiow) € 2. (A10)
N pBeite’ 28p(1 — p)ct o

Proof: By Lemma A.2, H2 and (A9), we have

T-1 T—1
F(y0) = Fiow = F(y0) — Fyr) = > F) — Eys1) = pBtmincr Y IVEGI
k=0 k=0
> pBtminc Te?.
Therefore,
< —— (F(») — Fion) € 2. (A11)
PBtminc ( 0 OW)
By (A3) we have
11 1
PBtminct  PBC min {to, 2(1L—C§)c1 }

1 { 1 L }
— maxy—, —/———
pﬂC] fo 2(1 - P)Cl

{ 1 LC% }
= max 5 >
pBeito 2pp(1 — p)cy
1 2
< max{ , S } L (A12)
pBeito 2Bp(1 — p)ey

where the last inequality is due to L > 1. Thus, combining (A11) and (A12), we get the bound (A10).
|

Corollary A.4: Let {yx}r>0 be generated by Algorithm A. Suppose that H1-H3 hold and that, for
all k, the computation of dy requires only one gradient evaluation. Given € > 0, assume that T is the
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first iteration index such that ||VF(yr)|| < €, and let Or be the total number of evaluations F(-) and
VE(-) up to the (T — 1)th iteration of Algorithm A. Then

2
)

pBeity’ 26p(1 — p)ct

Or < 3max { } L(F(y0) — Fiow) e+ logg (tmin) — logg(fo).  (A13)

Proof: Notice the kth iteration of Algorithm A requires one gradient evaluation and £ + 1 function
evaluations, i.e. £ + 2 evaluations F( - ) and VF(-). By the definition of f;; we have

logg (tx+1) = logg (i) + (€x — 1),

and so
€ +2 = 3+ logg (tr1) — logg (o).
Thus
T—1
Or =Y (£x+2) = 3T +log,(tr) — logy (to). (A14)
k=0
Since B € (0, 1), it follows from Lemma A.1 that
10g,3 (tr) < logﬂ (tmin)- (A15)
Moreover, by Theorem A.3, we have
T < { L % }L(F( ) = Flow) €2 (A16)
max , — €.
= pBcito 28p(1 — p)c% Jo low
Finally, combining (A14)-(A16) we get (A13). |

It follows from Corollary A.4 that Algorithm A satisfies Assumption A5.
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