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Foreword

Before giving a brief survey of the results, we expose, quite informally, the
general plan of the dissertation.

A natural context for working with objects of dimension 0 < m < n in the
Euclidean space R" is that of currents.

Inspired by the natural duality between manifolds and differential forms,
an m-dimensional current is simply a linear form acting on compactly sup-
ported smooth m-differential forms in R”, continuous for a topology on the
space of compactly supported smooth m-differential forms in R", recalling
Laurent Schwartz [Sch66] distributions. We get a boundary operator acting
on m-currents as dual to the exterior differentiation of m-differential forms:
(0T,w) = (T, dw). The mass of any m-dimensional current 7" is a (possibly
infinite) number M (T') coinciding with the Hausdorff m-dimensional measure
of M whenever Ty is the current naturally associated to the m-dimensional
compact, smooth, orientable submanifold M of R™ by integrating on M the ac-
tion of w on the tangent vectorfield Ty to M: (T, w) = / M(fM, wydAm.
According to Stokes’ theorem, we get 01; = Ty, for each smooth, compact,
orientable m-dimensional submanifdold M of R".

We also define the flat norm of T as the greater lower bound for M(R) +
M(S) whenever R + 05 is a decomposition of 7.

Among m-dimensional currents, we distinguish the so called m-dimensio-
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Foreword

nal normal currents, having compact support and such that M(7") and M(9T")
are finite. We denote by N,,,(R"™) the space of all such currents. One interest
of working with normal currents is the compactness of the set

A(K,c) ={T € N,,,(R") : T'is supported in K, M(T') + M(9T) < ¢}

under the flat norm!, whenever K C R™ is compact and ¢ > 0 is a real number.
In particular (see [Pfe01, Proposition 1.2.2]) the strongest topology J for

which all inclusions

are continuous, turns IN,,(R™) into a locally convex, sequential topological

vector space. Any element of the (topological) dual
CH,,(R") = (N (R"), 7)*

is an m-charge in R™.

An equivalent condition for a linear functional F' : N,,(R") — R to be
an m-charge is the following: for each € > 0 and each compact set K C R",
there exists § > 0 such that

F(T) < 0F(T) + eN(T)

holds for each T' € N,,,(R™) supported in K.

Typical examples of m-charges are the linear functionals 7" — (7", w) and
T +— (0T, ¢) where w and ¢ are continuous differential forms of order m and
m — 1 respectively, the duality between normal currents and continuous forms
being defined using a straightforward regularization process.

To each couple (w, ¢) whose first component is a continuous m-differential

form and whose second component is a continuous (m — 1)-differential form,

'Observe H. Federer localizes the flat norm. Given an m-current 7' and a compact set
K C R™ the flat seminorm F i (T") is the greatest lower bound for M (T — 9.S) + M(S) where
S ranges over the class of (m + 1)-currents supported in K. In particular the F-compactness

of A(K, c) follows not from the classical compactness theorem [Fed69, Section 4.2.17].
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Foreword

we thus associate an m-charge ©(w, () defined by
O(w, O)(T) = (T, w) + (9T, ().

Using the Banach-Grothendieck theorem we show that © has a dense image in
the space CH,,,(R™). Indeed, we show that the mapping ¢ : CH,,(R")* —
N,,,(R™) defined by
(®(),w) = a(6(w,0))

is a linear bijection. In particular each « € CH,,(R™)* vanishing on the
space im O(-, 0) is zero, and im O is dense in CH,,,(R™). On the other hand,
an application of the closed range theorem guarantees that © has a closed range
in CH,,,(R™). Consequently each m-charge in R is of the form

T — (T,w) + (0T, ()

for some continuous m- and (m — 1)-forms w and ¢ respectively.
In case F'is an m-charge vanishing on boundaries, i.e. satisfying F'(0T") =
0 for each T' € N,,,(R™), we obtain that F’ is of the form

T (3T, ¢)

for some continuous (m — 1)-form (.

In [Whi57], H. Whitney introduces m-flat cochains. For our purposes, an
m-flat cochain in R" is a linear functional F' : N,,,(R™) — R such that there
exists ¢ > 0 for which F(T') < ¢F(T) holds for each T € N,,(R"). In
particular, any m-flat cochain F' in R" is an m-charge in R™. Wolfe’s theo-
rem [Whi57, Theorem 7C] states that there exists a flat m-form w (merely an
m-differential form having essentially bounded coefficients and an essentially

bounded exterior derivative, which need not to be continuous) for which

F(Ty) = /M<fM<m>,w<x>> 4™ (z)

holds for each m-dimensional, compact, smooth, orientable submanifold M
of R™. The aforementioned representation theorem for m-charges hence fur-
nishes a new representation theorem for m-flat cochains by a pair of continu-

ous forms.
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Following J. Kurzweil [Kur57] and R. Henstock [Hen61] which provided a
constructive generalized Riemann integral integrating each derivative, J. Maw-
hin (see [Maw81]) (working with multidimensional intervals and using a dif-
ferent ratio) and W.F. Pfeffer [Pfe91] showed the necessity of controlling uni-

formly from below the isoperimetric ratios

n Bj
B ici<m
"1 (0B7) diam({z7} U BY)
of the sets B!, B2, ..., B™ used to partition a smooth volume B so that a

limiting process on the Riemann sums

m
Z divv(z?) #™(B7)
j=1
yields the attended value f op U Vext d"~! (the flux of v through OB) in case
v : R™ — R" is a differentiable vectorfield.
Following W.F. Pfeffer, define the regularity of an m-dimensional normal
current 7" at x € R™ as the isoperimetric ratio
M(T)
OT) diam(supp T U {z})’

reg(T,z) = M(

We can define the derivative DF'(z, &) of an m-charge F at z € R” in the
m-direction £ as the limit (in case it exists)

lim F(T)
k M(Tk)

where Ty, 11,75, ... is any sequence of currents “tending to x along &’ and
satisfying infy reg(Ty, ) > 0.

We could hope that given an m-charge F', the derivative £ — DF(z,£)
defines at each x € R™ a m-differential form wp for which

F(T) = (T,wr)

holds for each m-dimensional normal current 7'; unfortunately charges are in

general not sufficiently regular for the previous relation to hold.
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Yet, following N. Luzin [Lus12], we showed with W.F. Pfeffer [MP08]
that given 1 < m < n, any measurable m-differential form w in R" is almost
everywhere the derivative of an m-charge F': for almost every x € R" and

each m-direction &

(§,w(z)) = DF(z,£).
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A brief survey

Let Z2(R™) denote the space of all infinitely differentiable functions on R"
vanishing outside a compact set and call C'(R™, R™) the space of all continuous

vectorfields in R™.

A fluxing charge is a linear functional .# : 2(R"™) — R for which there
exists v € C'(R™,R™) such that

f(@——/v-w )
R

holds for each ¢ € Z(R").

In particular, the formula .%, () = [p. ¢ divv defines a fluxing charge
for each v € CH(R", R™).

A strong charge (see [DP04]) is a linear map .% : Z(R™) — R such that
to each € > 0 and each compact set X' C R" we can associate 6 > 0 for which

F@ <o Jl+e [ Vo
Rn Rn

holds for each ¢ € Z(R") satisfying ¢(x) = 0 for z € R" \ K. Each fluxing

charge is a strong charge, as we can show easily.
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A brief survey

The intermediate dimensional case

Fix integers 0 < m < n. Call €"*(R") the set of all continuous m-differential
forms in R” and let ¥~ (R") = {0} by convention.

An m-dimensional normal current in R"™ is the data of two Radon mea-
sures with compact support 7' : €™ (R") — Rand 9T : €™ (R") — R, the

second one vanishing in case m = 0, or satisfying

(T, dw) = (0T, w)

for each infinitely differentiable (m — 1)-differential form w having compact
support, in case m > 1. In particular, each normal current is determined by

the first Radon measure 7" and we will use it to specify any normal current.

Let N,,,(R™) be the set of all m-dimensional normal currents in R™ and
define the normal mass of T' € IN,,,(R™) as the sum of the variations of 7" and
oT: N(T) = ||T||(R™) + [|oT||(R™). The flat norm of T € N,,,(R") is the

number

F(T) = inf{||T - 8S[|(R") + [[S(R") : § € Nony1 (R")}

incase m < n— 1and F(T') = ||T||(R") in case m = n.

An m-fluxing charge in R" is a linear map F' : N,,,(R") — R such that
there exists ¢ € €™ 1(R") for which F(T') = (9T, ¢) holds for each T' €
N, (R™).

Given any m-fluxing charge F' : N,,,(R") — R, choose ( € €™ 1(R")
associated to F' in such a way that F(T)) = (0T,() holds for each T' €
N,,(R™), fix ¢ > 0, a compact set KX C R" and ¢ an infinitely differ-
entiable (m — 1)-differentiable form with compact support in R™ satisfying

|¢(x) — ¢(x)| < e foreach x € K. In case m < n — 1 compute for any

X



A brief survey

S € Nyot (R

(OT,C) = (IT.C— ) + (AT — 9S), ),
= (OT,C — o) + (T — 0S,dy),
< TR + supldv @) |7 - OS|(R")
< TR + supldv @[T - ISIE") + 1] (")

In particular we get
F(T) < sup |dip(x)[F(T) 4+ eN(T), 2)
Rn

this inequality being also verified in case m = n.
An m-charge in R" is a linear map F' : N,,,(R™) — R such that to each
€ > 0 and each compact set K C R" corresponds a § > 0 for which

F(T) < 0F(T) + eN(T)

holds whenever 7' € N,,,(R"™) is supported in K. In particular (2) guarantees

each m-fluxing charge is an m-charge.

Remark. An n-differential form in R corresponds bijectively to a function
u : R™ — R, whereas to any (n — 1)-differential form in R™ corresponds
bijectively a vectorfield v : R™ — R". Using these identifications, each ¢ €
2(R"™) defines a normal current 7, € N,,(R"™) by the formula

(Tov) = [ ug.

for u € C(R™) while its boundary JT,, acts on any continuous vectorfield
v € C(R™,R") by the formula

(T, v) = —/ 5V,

if we let 9; = (—1)""1v;, 1 <4 < n. In particular, we get F(T},) = M(T,,) =
Jgn l¢| and

[ 196l <N@) < VA / Ve,

xi



A brief survey

Given an n-charge F' : N,(R") — R we define a linear functional .# :
Z2(R") — R by the formula .# (p) = F(T,). In particular we get for each
€ > 0 and each compact set K C R™, a real number 6 > 0 for which

F(p) < OF(T,) + eN(Ty)

holds whenever ¢ € Z(R") is supported in K. Consequently .7 is a strong
charge, using the above estimations for F(7,,) and N(T,,). Conversely, one
can show that each strong charge induces an n-charge in R".

On the other hand, given an n-fluxing charge F' : N, (R") — R, there
exists a continuous vectorfield v € C(R™, R™) for which

n

F(9) = F(T,) = @) == [ 5:9¢

holds for each ¢ € 2(R™) where © is defined as above. Hence .7 is a fluxing
charge. Conversely, one also shows that each fluxing charge induces an n-

fluxing charge in R".

A representation theorem for m-charges

The objective of our work was to find conditions under which an m-charge in
R™ is a m-fluxing charge.

In fact, we first obtain (Theorem 5.15) a representation theorem for m-
charges: given any m-charge ' : N,,,(R") — R we can find w € €™ (R")
and ¢ € €™ 1(R") for which

F(T) = (T,w) + (9T, ¢)

holds for every T' € N,,, (R™).
Unfortunately, we think there is no hope to obtain an (even weaker) repre-
sentation theorem using derivating strategies, as we explain in Chapter 6.
Instead, we use functional analysis tools to prove the map associating to
(w,¢) € €™(R™) x €™ 1(R") the m-charge F in R" defined by F/(T) =

(T',w) + (9T, ¢) is onto. For that purpose we use a closed range theorem.
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A brief survey

In case m > 1, we can define the exterior derivative of a m-charge F' by the
formula dF'(T') = F(OT'). One readily verifies that dF" is a (m + 1)-charge.

Using a construction based on the homotopy formula for currents (or using
Theorem 5.15 and a regularizing argument), we show that given m > 1 and an
m-charge F' in R™ for which dF" = 0, there exists a (m — 1)-charge G in R"
satisfying dG = F' (see Theorem 3.13 or Lemma 5.18 for that Poincaré-like
lemma).

Combining the representation theorem for m-charges to the Poincaré-like
lemma yields the desired result: an m-charge F' in R" is an m-fluxing charge
in R™ if and only if dF' = 0. As each n-charge F' in R" satisfies dF' = 0, we
get that each strong charge in R” is a fluxing charge in R™, a result previously
obtained by T. De Pauw and W. F. Pfeffer in [DP04].

A Luzin’s type theorem for m-charges

In [AIb91], G. Alberti shows that given a measurable vectorfield v in an open
set U C R" of finite Lebesgue measure, there exists an arbitrary close to U
(in measure) compact set X C U and a function v of class C'' in U for which
Vu =wvonK.

Luzin’s theorem [Lus12] states that each measurable function on the real
line is, almost everywhere, the derivative of an almost everywhere differen-
tiable continuous function. In a joint work with W.F. Pfeffer [MP08] we start
from Alberti’s result and show, following the original Luzin’s argument, that
each measurable vectorfield on R" is, almost everywhere, the gradient of an
almost everywhere differentiable function.

Given 0 < m < n — 1 and an (m + 1)-differential form

W= Z wi17i27~~~ai7n+ldxi1 A d$i2 A A d$im+1
1<i1 <<+ <dm+41<n

with measurable coefficients w;, iy, 0, 1 < 01 < i < -+ <ipy1 < N,

we thus know that for each sequence 1 < 71 < 79 < -+ < i, < 1 there exists
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A brief survey

a continuous function €2;, ;, ;.. satisfying
0.0 i i () = Wiiy ig,oim A1 < 01,
18801 ,i2,...y0m :E) = . . .
0 if 7>

for each 1 < 7 < n. In particular we get a continuous m-differential form

0= > Qi i iy Adziy A -+ Adai,,
1<i1 <ip<-+<im<n
satisfying d{2 = w a.e. on R™.

We are then able to prove that given an (m + 1)-differential form w with
measurable coefficients, its action on any m-direction £ is, for almost ev-
ery x € R", the derivative at = in the direction of £ of the m-charge Fy, :
N,,(R™) — R defined by

FQ(T) = <T7 Q>v

where € is constructed from w as above; this derivative being obtained by
taking limits of quotients Fo(7")/||T||(R™) whenever T “tends to x along £”.

In particular, each measurable function on R™ is almost everywhere the
derivative of a strong charge, and we thereby generalize the result [HP04] by
E.J. Howard and W.F. Pfeffer.

Removable singularities for divv = 0

The problem of removing singularities for the equation divw = 0 is the fol-
lowing: given a class % of locally bounded measurable vectorfields, give con-
ditions on the compact set S C R for the following to hold: for all v € %,
if

/ vV =0 (3)

is satisfied for each ¢ € Z(R") supported outside .S, then (3) holds for each
v € Z(R™). In such a case we say that .S is removable for the equation

div v = 0 with respect to 4.
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A brief survey

Fix % any collection of locally bounded measurable functions on R™ for
n > 2. Let us illustrate the previous definition by showing that S = {0} is
removable for div v = 0 with respect to .

Define for each integer £k > 1 an infinitely differentiable function §; €
2(R™) by the formula

1 for |z| <1/k,
Bu(x) = { exp (HW) for 1/k < |z| < 2/k,
0 for |z| > 2/k.

Pointwise on R", we get

ﬁk’ - X{O}vk — 00,

while a simple computation yields
lim |VB| = 0.
k—oo Jrn
Forv € &, ¢ € 2 (R") and an integer k > 1, write

/nv-Vgod:v:/nv-V(ﬁkcp)dx—i-/nv-V[(l—ﬂk)cp]dx.

Assuming fRn v+ Vipdx = 0 for each ¢p € Z(R™) vanishing in a neighbour-
hood of 0, we see the second term vanishes. On the other hand, Lebesgue’s
dominated convergence theorem guarantees that

lim v-V(Brp)dx = klim / Okv - Vodr + klim pv -V =0,

k—oo JRrn —00 JRn

and we get [, v - Vodr = 0. Hence {0} is removable for the equation
divv = 0 with respect to %.

Refining this procedure, we show that a compact set S C R"™ whose
(n—1)-dimensional Hausdorff measure vanishes, is removable for the equation
div v = 0 with respect to any class of locally bounded measurable functions.

Moreover, we prove that a compact set S C R" is removable for the equa-

tion div v = 0 with respect to the class L>°(R", R") of bounded measurable
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A brief survey

vectorfields if and only if the (n — 1)-dimensional Hausdorff measure of S
vanishes. This result appeared first in [Moo06] but the simpler proof presented
in this text is new and due to M. Torres and P.C. Phuc [PTO7].

We also observe with a simple regularizing argument that compact sets
with zero (n — 1)-Hausdorff dimensional measure are also characterized by

the following property: for all bounded measurable vectorfields v : R™ — R",

of class C*° outside S, if
/ v-Vo=0

is satisfied for each ¢ € Z(R") supported outside S, then it holds for each
v € Z(R").

After that, we show that each compact set S C R™ with finite (n — 1)-
dimensional Hausdorff measure is removable for the equation divv = 0 with
respect to the class C'(R™, R"™) of continuous vectorfields on R”.

Furthermore, following the ideas of M. Torres and P.C. Phuc [PT07], we
use the representation theorem for n-charges together with Frostman’s lemma
to prove that each compact set S C R"™ removable for the equation divv =
0 with respect to the class C(R"™,R"™) of continuous vectorfields on R™, has

Hausdorff dimension at most n — 1.

XVvi



Contents

Acknowledgements

Foreword

A brief survey

1

Preliminaries and notations

Currents
2.1 Differential forms and currents . . . . . . .

2.2 A compactness theorem . . . . .. ... ..

Charges in Euclidean spaces
3.1 The m-chargesinR™ . .. .........
3.2 Charges vanishing on boundaries . . . . . .

3.3 Top-dimensional chargesinR™ . . . . . ..

The charge-cohomology of S !
4.1 Chargesinaclosedset ... ........
4.2 A poincaré-like lemma . .. .. ... ...

4.3 Computing the charge-cohomology of S"~!

iii

ix

19
19
29

33
33
37
40

45
45
47
48

Xvil



5 Representing m-charges
5.1 The space of m-charges . . . . ... ..
5.2 Acontinuousmap . . .. ... .....
5.3 The dual space CH,,,(R™)* . . . .. ..

5.4  An adjoint map with closed range . . .

5.5 A representation theorem for strong charges . . . . . ... ..

5.6  Another proof of Theorem 3.13 . . . . .

6 Why an abstract proof?

6.1 Derivating continuous functions along curves . . . . . . . ..

6.2 No Wolfe-like representation theorem .

6.3 Derivating m-charges . . . . ... ...

7 Luzin’s theorem for m-charges
7.1 A Luzin’s theorem for gradients . . . .
7.2 A Luzin’s theorem for differential forms

7.3 A Luzin’s theorem for m-charges . . . .

8 Removability for dive =0
8.1 Removability for bounded vectorfields .
8.2 A better removability result . . . . . . .
8.3 Charging measures . . .. ... . ...

8.4 Removability for continuous vectorfields
A perspective: charges in Banach spaces

Bibliography

57
57
58
59
63
67
68

71
71
80
82

85
85
95
96

929
99
106
112
115

117

120

XViil



Chapter

Preliminaries and notations

Euclidean space

Given (extended) real numbers —oo < a < b < oo, we give the notations
(a,b), (a,b], [a,b) and [a, b] their usual meanings.

Given an integer n > 1, the Euclidean space R” endowed by the usual
inner product x - y, and we let || = /2 - 2. For x € R™ and r > 0 we let
B(z,r)={yeR": |z —y| <r}, Blx,r] ={y € R": |x — y| < r} and we
often write B(r) and B]r] instead of B(0, ) and B0, ] respectively.

Sometimes, we also employ the maximum norm defined by
|00 = max{|z;| : 1 <i < n}

forx = (x1,22,...,2,) € R". Given z € R™ and r > 0 we let Boo(z,7) =
{y e R": | — yloo < r} and By[z,7] = {y € R : |z — y|oo < r}; while
Boo (1) and By [r] will abbreviate By (0, ) and Bw [0, 7] respectively.

Given E C R™, we let E and cl E denote the closure of E, while £ and
int E' stand for the interior of E. One also let 0E = E \ E. Moreover the

distance from x € R™ to E is the number

dist(z, E) = inf{|z —y| : y € E}.




1. Preliminaries and notations

For F' C R"™ we let
dist(F, E) = inf{dist(y, F) : y € F}.

Given E C R", we let X(E) denote the set of all compact subsets of E.

The indicator of £ C R™ will be denoted by xg. The outer Lebesgue
measure of £ C R" is denoted |E|, while we let .7 (E) stand for the m-
dimensional Hausdorff outer measure of £ (0 < m < n).

Forz € R"and E C R" we will write E — 2z = {h € R": x + h € E}.

Regular functions

Given f : E C R" — R™ and FF C FE we denote by supp f = cl{z €
R™ : f(x) # 0} the support of f and by f | F = {(x, f(z)) : © € F} the
restriction of f to F. The Lipschitz constant of f, denoted Lip(f), is defined
by

Lip(f) =inf{L > 0: |f(z) — f(y)| < L|lx — y| forall z,y € E}.

For 1 < i < nand z € R” we let 0; f(x) denote the i-th partial derivative
of fatx. Incase m = 1 welet Vf(z) = (01f(x),d2f(x),...,0nf(x)). In
case m = n we letdiv f(z) = Y1 | 9i fi(x).

Fix £ C R™. For an (extended) integer 0 < k < oo, we let Ck(E ,R™) de-
note the space of all functions of class C* mapping E to R™ while C*(E, R™)
denotes the subspace of C*(E,R™) consisting of functions having compact
support in E. We abbreviate C'(E, R™) and C(E) for C°(E,R™) and C°(E -
R) respectively; while C*(E) and C*(E) stands for C*(E,R) and C*(E, R)
respectively. Finally we let Z(E,R™) = C°(E,R™) and Z(F) = C°(E).

Regularization

Fix a radial function p € Z(R") satisfying 0 < p < 1, suppp = BJ[1] and
Jgn pdx = 1. For each integer k > 1 define p, € Z(R") by the formula
or(z) = K7 p(kz).

2



1. Preliminaries and notations

Given an open set U C R” and a map f defined and locally integrable on
U we let for each integer & > 1 and each = € R™ satisfying dist(z, CU) < %

oo @) = [ pela) o =) dy,

Lebesgue spaces

When there is no explicit mention of a particular measure, the expressions
‘measurable’, ‘almost everywhere’, ‘negligible’ etc. refer to the Lebesgue
measure. Moreover all integrals are Lebesgue integrals whenever there is no
explicit reference to another measure.

We denote by M (R™, R™) the space of all measurable functions mapping
R™ to R™, in which we identify two functions equal almost everywhere.

Given 1 < p < o0, let
[P(R", R™) = {u e M(R™,R™) : / lufP dz < oo}
and define a norm |-|,, on LP(R™, R™) by the formula |ul, = ( [. [ul? dz) Y
The regularization theorem ensures
lim |pp*u—wulp =0
k—o0
for each u € LP(R",R™).
We also define
L*(R"™,R™) = {u € M(R",R™) : there exists ¢ > 0 such that
|u(z)| < ¢ for almost every z € R"} |
and we define a norm | - |, on L*°(R™, R™) by the formula
|u|oo = inf {c > 0 : |u(x)| < ¢ for almost every x € R"} .
For 1 < p < oo, we use LP(R") to abbreviate LP(R"™, R) and we let

I? (R",R™) = {u € M(R",R™) : uxx € LP(R",R™) for K € K(R™)};

loc

. . p p
and we use the abbreviation L (R") for L

(R", R).




1. Preliminaries and notations

A generalized integration by parts formula

The following result follows (for example) from [Pfe05, Corollary 2.10].

Theorem 1.1. Assume S € K(R™) has o-finite (n — 1)-dimensional Haus-
dorff measure and v € C(R"™,R"™) is bounded and differentiable outside S. If
dive € L (R™), then for p € Z(R™)

/n pdiv v(x)dx = — /n v(z) - V(z) da.

Vitali’s covering theorem

We will use Vitali’s covering theorem.

Theorem 1.2 (Vitali). Assume B C R"™ x (0, 00) is such that

sup 7 < 00.
(z,r)eB

Then there exists a sequence ((xk,rx)) C B for which the following are satis-

fied:

1. Blxg,rmx] N Blxy,r] = 0 fork #1;

2. U Blz,r] C U Blxg, 57

(z,r)eB keN

Frostman’s lemma

Recall Frostman’s lemma, characterizing Borel sets with positive Hausdorff

measure.

Lemma 1.3 (Frostman). Let B C R"™ be a Borel set and 0 < m < n be a
real number. Then 7™ (B) > 0 if and only if there exists a nonzero Radon
measure with compact support in B satisfying u(Blz,r]) < r™ for x € R"
and r > 0.

4
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Vector-valued Radon measures

A R™-valued Radon measure in R" is a map
p:BR") — R™,

defined on the class B(R™) of Borel subsets of R" satisfying x(()) = 0 and
1 (Upen Br) = Yoo #(Bk) whenever (B;) € B(R™) is a sequence of

pairwise disjoint Borel subsets of R". In such a case the formula

o0
lul|(B) = sup {Z |14(Bg)| : (By) pairwise disjoint, B = | | Bk}
k=0 keN

defines a finite, nonnegative Radon measure in R"™. We call ||u|| the variation

of u.

Functions with bounded variation

Call BV (R™) the space of (Lebesgue) integrable functions with bounded vari-
ation in R™ (see [EG92, Chapter 5]). Each function having bounded variation
in R™ induces a R™-valued Radon measure Du in R™ for which

/udivvd:c:—/ v - d[Du]

holds for each v € Z(R™,R"™). We let ||u|| = || Dul[(R™).
The regularization theorem for BV functions ensures that given a function
u € BV(R™)

Jull = tim. [l s .
—0Q0

A vectorfield v € L*(R™, R") is the weak gradient of u € L'(R™) when-

ever
/ chpdx——/ pvdx

holds for each p € Z(R™ R™). In such a case we write v = Vu.
In case u € L'(R") has a weak gradient Vu € L'(R" R"), we have
u € BV(R") and |Ju|| = [, [Vuldz = |Vul;.
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A set E C R" has finite perimeter in case xp € BV (R™). We then let
|OE|| = ||Dxgl| and call || E|| = || x| the perimeter of E.

The coarea formula for BV functions ensures

Jull = /R Iu > )] dt

holds for each u € BV (R"), if we let {u > t} = {z € R" : u(x) > t}. In
particular the level set {v > ¢} has finite perimeter for a.e. ¢ € R.
The relative isoperimetric inequality states that there exists a constant ¢ =

c¢(n) such that for each set £ C R™ having finite perimeter and each r > 0

min{|B(z,r) \ E|, |B(z,r) N E|} < cr||0E||[B(x,r)].

Newtonian potential

Define for z € R™ \ {0}

I(z) = { n(nlf2>1|B<o,1>| Ei ?f n>2,

—5-In|z| if n=2.
Given p > n and a function v € LP(R™) having compact support, the Newto-
nian potential K, of u defined by

Kulw) = [ T = yuty) dy
has a continuous weak gradient V K, satisfying

VK, -Veodxr = —/ up dx

RTL n
for each ¢ € Z(R"™) (see [LLO1, Theorems 6.21 and 10.2]).

If moreover w is of class C* on B[z, r] for some z € R™ and r > 0,
choose u € Z(R"™) satisfying u = @ on Blx, r| and observe

V(K,—Kg) -Veodr=0
R

holds for each p € Z(R") supported in B(x, r). In particular h = K,, — K is
harmonic in B(z, r) (see [LLO1, Theorem 9.3]) and so K,, = K+h is of class
C* on B(x,r) (see [LLO1, Theorem 10.3]), and we get div VK, (z) = u(z).

6
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Directed systems

In a topological space (X, ), we denote by Vg(x), Vx(x) or V(z) the filter
of all neighbourhoods of z in X. Given A C X, we let cl A,int A, 0A have
the usual meanings.

Let (I, <) be an ordered set such that for every 7, j € I there exists k € A
for which ¢ < kand j < k, and let X be a topological space. A directed system
indexed by [ in A C X isamap x : I — A; we shall write (z;);e; € A. A
sequence is a directed system indexed by N. The directed system (z;);er is
said to converge to x € X whenever to each V' € V(z) corresponds one
¢ € I such that z; € V holds for every j € I satisfying j > i. One says
that z € X is a cluster point for the directed system (z;);c; if and only if to
every V € V(x) and i € I corresponds j € I satisfying j > i and for which
x; € V. In a Hausdorff space, each directed system converges to at most one
point. Given a sequence (xx) C X and an increasing sequence of integers
(kj), one calls (w;) a subsequence of (1), and one writes (zy,) C (Tx)-

Fix A C X. One has z € cl A if and only there exists a directed system
(z;)ier € A converging to x.

A map f : X — Y between two topological spaces is continuous if and
only if for each x € X, the directed system (f(x;));e; converges to f(x)

whenever (x;);¢c is a directed system converging to z.

Sequential spaces

In a topological space (X, T), aset A C X is called sequentially closed when-
ever for each sequence (x) C A converging to z € X, we get x € A.

A topological space X is called sequential whenever it is necessary and
sufficient for A C X to be closed that A be sequentially closed.

Given two topological spaces X,Y,amap f : X — Y is called sequen-
tially continuous whenever for each x € X, the sequence (f(xy)) converges
to f(x) whenever (xy) is a sequence converging to X. If we assume X to be

sequential, foramap f : X — Y to be continuous it is necessary and sufficient

7
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that f be sequentially continuous.

Metric spaces

A metriconaset X isamapd : X x X — [0, 00) satisfying the following
properties for each x,y, 2 € X:

1. d(z,y) = 0if and only if z = y,

2. d(z,y) = d(y, ),
3. d(z,y) < d(z,z) +d(z,y).

The metric d on X is called complete whenever to each sequence (zj) C
X satisfying lim; ;.o d(2, 2;) = 0 corresponds & € X for which

lil?l d(x,x) = 0.

Topological vector spaces

In the sequel, X is a (real) a vector space. We let X’ denote the algebraic dual
of X.
For A, B C X,z € X and XA € R we shall use the following notations:

r+A = {z+a:ae€ A}

r—A = {x—a:a€ A},

A+B = {a+b:acAbe B},
aAd = {aa:ac A}

A set B C X is called balanced whenever B C B holds for each o € R
veryfing |a| < 1.

Aset C C X is called convex whenever tC' + (1 —t)C' C C holds for each
0<tg L

Given a vector space X and a topology J on X, we say that J is a vector

topology on X whenever the following conditions hold:

8
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1. foreach x € X, {z} is closed,
2. themap X x X — X, (x,y) — x + y is continuous,
3. themap R x X — X, (a, ) — au is continuous.

Whenever J is a vector topology on X we shall say that (X, J) is a topological
vector space (or shortly, a t.v.s.).

Given a t.v.s. X, we denote by X™* the vector space whose elements are
continuous linear functionals on X. We call X™ the ropological dual of X .

A subset B C X of the t.v.s. X is called bounded whenever for each
V € V(0) one can find s > 0 such that B C ¢tV holds for every ¢ > s.

The directed system (z;);c is called a Cauchy system whenever to each
V € V(0) corresponds one i € I such that z; —x, € V hold for every j, k € I
satisfying 7 > ¢ and k > .

A tv.s. X is said to be complete if each Cauchy system in X converges
tosome x € X. A tvs. X is called sequentially complete whenever each
Cauchy sequence in X converges to some z € X.

The metric d on the vector space X is called invariant if d(x,y) = d(z +
z,y + z) holds for every x,y € X.

In case a t.v.s. X has its topology induced by an invariant metric d, X is
complete if and only if d is complete.

A t.v.s. X is called locally convex whenever there exists a local base at 0
consisting of convex sets. The abreviation l.c.t.v.s. will mean ‘locally convex
topological vector space’ in the sequel.

A Fréchet space is a l.c.t.v.s. whose topology is induced by a complete
invariant metric. Equivalently, a Fréchet space is a complete l.c.t.v.s. whose

topology is induced by an invariant metric.

Topology induced by a sequence of seminorms

A seminorm on a vector space X is a function p : X — [0, 00) satisfying the

following conditions for every z,y € X and a € R:
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L. p(z +y) < p(z) + p(y),

2. plaz) = |a|p(z).

Remark 1.4. A norm on a vector space X is a seminorm || - || on X satisfying
|z|| = 0 if and only if x = 0. Given a norm || - || on a vector space X, we call
the pair (X, || - ||) a normed space.

A family & of seminorms on X is said to be separating if to each = €
X \ {0} corresponds at least one p € &2 for which p(x) # 0.

Theorem 1.5. Assume & = (py)ren is a separating sequence of seminorms

on the vector space X. Then the formula

B pr(x —y)
d(z,y) = max 2k[1 —kirpk(iﬁ —y)]

defines an invariant metric on X inducing a locally convex vector topology
T on X.

We report to the next section the study of further properties of the topology

T ». All the same, we illustrate the previous construction by an example.

Example 1.6 (The Fréchet space C(R", E')). Let (E, || - ||) be a finite-dimen-
sional normed space. Given K € K(R"), we define a seminorm »% on the

space C(R"™, F) of continuous functions mapping R" to E by the formula

vi(f) = sup{||f(2)] : = € K}.

It is clear that & = {V%[k] : k € N} is a separating family of seminorms.
Let d be the metric induced on C(R", E') by & according to (1.5). To show
d is complete, fix a sequence (f;) C C(R", E) satistying d(f;, f;) — 0;
1,J — oo. In particular, we obtain for each k € N
sup || fj(z) — fi()[| = 05,5 — o0,
z€Blk]
and we find f € C(R", E) such that f; — f,j — oo uniformly on each
compact set K € K(R™). Fix € > 0 and choose [ € N such that d(f;, f;) < €

10
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holds for 5 > ¢ > [, and fix 5 > ¢ > [. Let ky denote the first nonnegative
integer for which 27%0 < ¢. Compute for every k € N,k < kg and every
x € Bk]:
2ke
1fj(z) = fi(@)[| < 1= ok

so that we get
0 2ke
vpp (fi — f) = sup{|| fi(z) — f(2)[| : = € B[k]} < 1= ok
for i > [. On the other hand we get
y%[k](fi - f)
P[0+ 0 (Fi — )
in case k > kg. Consequently we have for ¢ > [:

W) = W s G ] S

—k
<27 <e

and d is complete.
Another example will be useful in the context of currents.

Example 1.7 (The Fréchet spaces C*°(R", E) and Zx (R", E)). Let (E, ||-||)
be a finite dimensional normed space. A multi-index is a n-tuple « € N7,
and we shall write || = Y " | |o;]. To each multi-index « is associated a

differential operator of order |«
0% =001 05% ... 05"
defined on C*°(R™, E) (with the convention that d? is the identity operator on
C(R™, E)). For K € K(R"™), we let
Ik (R", E) ={f € C*(R",E) : supp f € K}.

For each k& € N and each compact set K € K(R"), define a seminorm Vf( on

C*°(R"™, F) by the formula

vic(f) = sup{[|0°f(2)|| : « € K, € N",|a| < k}.

11
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Let d be the metric associated to & = (V]’_g[k]) keN according to Theorem 1.5
and assume (f;) € C*°(R"™, E) is such that d(f;, fi) — 0; 4,5 — oo. For
each a € N and each k € N, we obtain

sup [|0% f; — 0% fil| — 054,75 — oo,
Blk]

and consequently for each « € N" we get a function g, € C(R", E') such that
0“fj — ga» j — oo uniformly on each compact set X' € IC(R™). In particular
Jgo = 0%gp holds for each @ € N, so that gg € C*°(R", E). We conclude
that C>°(R", F) is a Fréchet space by showing d(fi, go) — 0;i — oo as in
Example 1.6.

As Pk (R™, E) is a closed subspace of C*°(R™, E), it is a Fréchet space.

Topology induced by a family of seminorms

We can generalize the construction of the previous section to an arbitrary sep-

arating family of seminorms.

Theorem 1.8. Let & be a separating family of seminorms on a vector space
X. Associate to each p € & and each k € N the set

V(p, k) = {:): eX :pl)< 2_k},

and let B be the collection of all finite intersections (\;~, V(pi, ki) where
pi € P ki € N, 1< i< m. Then B is a convex balanced local base for a

topology T o on X, which turns X into a locally convex space for which:
1. everyp € & is continuous,
2. aset B C X is bounded if and only if each p € & is bounded on B,

3. adirected system (x;);cy converges to x € X for the toplogy T o if and
only if the directed system of real numbers (p(x; — x));c1 converges to
0 for eachp € &,

12
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4. for a seminorm q on X to be J p-continuous on X, it is necessary and
sufficient that there exists p; € &, 1 < j < mand C > 0 such that
q(x) < Cmaxigjgm pj(x) be satisfied for each x € X,

5. for linear map u € X' to be T p»-continuous on X, it is necessary and
sufficient that there exists p; € P, 1< j<mandC > 0 such that
|(u, z)| < Cmaxigj<m pj(x) be satisfied for each v € X.

Moreover, the topology T is induced by the metric d defined in Theorem 1.5 if

furthermore &2 is countable.
The following example will be of importance in the context of currents.

Example 1.9. Let (£, || - ||) be a finite dimensional normed space and let
Z(R™, E) be the vector space of all infinitely differentiable functions f :
R™ — FE having compact support. Denote 91 the set of all increasing se-
quences of integers and ® the set of all sequences of real numbers decreasing
to 0. For g = (pi;) € Mand € = (1) € D define a seminorm N (p,€) on
2(R™, E) by the formula

N(ase)(e) = sup (s { AL o > ol < }).

The collection & = {N(u,e) : p € M, e € D} is a separating family
of seminorms on Z(R", E'). According to Theorem 1.8 it endows Z(R", E)
with a locally convex vector topology J .

Given K € K(R"), observe that J 5 turns the closed subspace Zk (R",-
E) of 2(R", E) into a l.c.t.v.s. Moreover, the subspace topology T 5  is
compatible with the distance defined on Zk (R"™, E') in Example 1.7. Indeed,
given a compact set K € JC(R") there is one m € N such that K C B[m] and
forp e M, e € ®and p € I (R", F) we get m < p,, and

]. o4 1 m
N(,e)() < —sup{[0°0(@)] : 7 € K, la] < i} < =07, ().

13
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Conversely, given k£ € N and ¢ € Zx(R", F), choose p € M ande € D
satisfying ug = k, g = 1 and observe

1@l

2O 0.Jal < o f < NG e)o).

Vg[k;}(@) < SUP{

In any l.c.t.v.s., a continuous linear functional is identically zero provided

it vanishes on a dense subspace.

Theorem 1.10. Let X be a Lc.tvs., Y C X be a vector space endowed by
the subspace topology and xo € X \ clY. There exists a linear continuous
functional u on X satisfying (u,xo) # 0yetu [ Y = 0.

The following result is an easy corollary of Theorem 1.10.
Corollary 1.11. Let X be a l.c.t.v.s. and fix x # y in X. There exists u € X*
satisfying (u, x) # (u,y).
Locally convex topology induced by a sequence of compact convex
sets

Assume (X, 8) is al.c.t.vs. and Ky C K1 C Ko C ... are compact convex

subsets of X satisfying the following conditions:
1. 0 € Kpand X = Upery Krs

2. foreach k € N, each z € X and each t € R there exists [ € N for which
x + Kk - Kl andth - Kl.

Call J the strongest topology on X such that for each £ € N the inclusion
(Kk7 S) — (X7 fT)

is continuous. The topology T is locally convex, sequential in case 8 is se-
quential, and satisfies the following conditions according to [Pfe01, Proposi-
tion 1.2.2]:

14
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1. aset A C X is J-closed if and only if A N K}, is S-closed for each
keN;

2. given a topological space Y, it is necessary and sufficient for a map
f : (X,T) — Y to be continuous that f [ Ky : (K;,8) — Y be

continuous for each k € N;

3. a sequence (z;) € X J-converges to an z € X if and only if there

exists £ € N for which (z;) C K}, and (z;) 8-converges to .

The weak™ topology on a dual space

In the sequel, X stands for a t.v.s. and Fin, X denotes the collection of
nonempty finite subsets of X.
For every F' € Fin, X, we define a seminorm on X * by the formula

pr(u) = sup{|(u,z)| : x € F'}.

Let o(X™*, X) be the topology induced by the separating family of seminorms
P ={pr: F € Fin, X}.

When working in (a subspace of) a dual space X*, the adverb ‘weakly*’
will mean ‘relatively to the (topolgy induced on that subspace by the) o (X*,-
X)-topology’ in the sequel.

The following result characterizes the weakly*-continuous linear function-
als on X*. For z € X, define j(z) € (X*)' by the fomula (j(x),u) = (u, x).

Theorem 1.12. A linear functional o on X* is weakly*-continuous if and only
if there exists © € X for which a = j(x).

Given A C X, define the polar set A° of A by
A° ={ue X*: [(u,x)| <1foreachz € A}.

In a locally convex, complete topological vector space, the Banach-Grothen-
dieck theorem ensures weak continuity is implied by weak continuity on every

polar set.

15
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Theorem 1.13 (Banach-Grothendieck). Let X be a complete l.c.t.v.s. A lin-
ear functional o on X* is weakly*-continuous if and only if o is weakly*-
continuous on V° for each V€ V(0).

We state the important Banach-Alaoglu theorem.

Theorem 1.14 (Banach-Alaoglu). IfV is a neighbourhood of 0 in X, then V°

is weakly*-compact.

The strong topology associated to a t.v.s.

In the sequel, B stands for the collection of bounded subsets of the t.v.s. X.
For S € B define a seminorm pg on X ™ by the formula

ps(u) = sup{|(u, z)| : x € S},

and note that g = {ps : S € B} is a separating family of seminorms. Ac-
cording to Theorem 1.8 it generates on X * a locally convex topology B (X*,-
X)) called the strong topology on X *.

When working in a dual space X*, the adverb ‘strongly’ will mean ‘rela-
tively to the B(X™*, X)-topology’ in the sequel.

Adjoint maps

Let X, Y be l.c.t.v.s. and fix a linear continuous map 7" : X — Y. The adjoint
map 7% : Y* — X* (exists and) is defined by the formula

(T (u), ) = (u, T()).

The following fact about adjoint maps is classical (see [Edw95, Section
8.6]).

Proposition 1.15. Assume X and 'Y are l.c.t.v.s. andT : X — Y is continu-

ous. Then im T is dense if and only if T* is one-to-one.

In [Edw95, Theorem 8.6.13] we find the following version of the closed

range theorem.

16
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Theorem 1.16 (Closed Range). Ler X,Y be Fréchet spaces and assume T' :

X — Y is linear and continuous. The following are equivalent:
1. im T is closedinY ;
2. im T* is weakly*-closed in X*;
3. im T is strongly closed in X™.

Remark 1.17. Looking to the proof of Theorem 8.6.13 in [Edw95] we see that

condition 3 in Theorem 1.16 can be replaced by the following:
4. im T™ is strongly sequentially closed in X ™.
Combining Proposition 1.15 and Theorem 1.16 we get the following.

Theorem 1.18. Assume X, Y are Fréchet spaces and T : X — Y is linear,

continuous and one-to-one. If moreover im T is closed, then im T* = X*,

17
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Chapter

Currents

We introduce the geometrical objects we will use.

2.1 Differential forms and currents

2.1.1 Differential forms in R"

In the sequel, integers 0 < m < n are given. Let A,,,R™ and A"*R" denote the
sets of all m-vectors and m-forms in R” respectively (with the usual conven-
tion that AgR™ = A’R"™ = RR). We have
dim A, R" =dim A"R" =C)' = ———.
m!(n —m)!

The duality between A,,,R™ and A™R" is denoted by (-, -). In particular, for

n= E Nit,yeryim€in N €ig N oo NG, and
1< << <im<n

¢= Z Gy i QTiy N dxig N -+ Ndzy,,

1< <ig < <im<n

we get

(n,¢) = Z it yeeesio Pt ooy

1<y <ig<-<im<n
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The Euclidean norm of the m-vector

= Z Nityrim €in N\ €ig N N €,
1<i1<i2<"‘<im<’n
is defined by
1/2
= 2
| = > My o i
1<i1<io < <im<n
Call an m-vector n € A,,R™ simple whenever there exists vy, v, ..., Uy €

R™ for which n = vy Ava A - -+ A vy,. We will denote by Go(n, m) the set of
all simple m-vectors n € A,,R" satisfying |n| = 1. Given n € Gg(n, m) we

define a linear subspace
span(n) = {v € R" : n Av = 0},

and one checks dim span(n) = m.
The comass of ¢ € A"™R™ is the number

6]l = sup{(n, ¢) : n € AmR™ is simple, [n| < 1}.

One easily verifies |¢| > [|¢|| = (C7)"Y2|¢|. For ¢y € A'R"™ we have
llo A < Czl+m”¢”||¢|| The mass of n € A, R™ is the number

[nll = sup{(n, ) : o € A"R", [[¢] < 1}.

One easily verifies || < ||7]] < (C™)'/2|n|. For £ € AjR™ we have ||n A& <
I€]llIn]|- One also checks the comass (resp. the mass) defines a norm on A™R"
(resp. A, R™). See [Fed69, Section 1.8] for more detail.

An m-differential form on R™ is a map w : R” — A™R"™. Tts comass
M(w) is the extended real number M (w) defined by the formula

M(w) = sup{lw(z)[| : = € R"}.

Dually, an m-vectorfield on R™ is a map £ : R” — A,,,R™. The mass of £ is
the extended real number M(&) defined by the formula

M(§) = sup{[[{(z)]| : 2 € R"}.
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For 0 < m < m and a differentiable m-differential form w : R™ — A™R"

with

w(z) = > Wit igysivg (2)dTiy A dTig A -+ - N diy,,
1< <ig < <im<n
for x € R™, define the (m + 1)-differential form dw : R* — A™1R" by the

formula

n

dw(z) = Z Z OjWiy ig,....im () dxj Ndxiy Ndxiy N-- - Ndxj,, .
§=11<i1<ig<-<im<n

If w: R™ — A"R™ is a differentiable n-differential form, we get in particular

dw(z) = 0 for each € R". For a differentiable 0-differential form (i.e. a

differentiable function) w : R™ — R, we define the 1-differential form dw :

R" — A'R"™ by

m

dw(z) = Z Ojw(z) dx;.
j=1

Given a differentiable map f : R? — R"™ and an m-differential form w in
R”", we define the m-differential form f#w in RP by the formula w o f in case
m = 0 and by

ffoly) = > Wit iz, L (W) dfis () N fin (Y) A - - - N, ()

1< << <im<n

in case m > 1 and

w(z) = g Wiy ig,im (T) dTiy ANdig A -+ Adxy,,.
1< <ig < <im<n

In case f is twice differentiable and w is differentiable, we get d(f7w) =
f#(dw).
2.1.2 Currents in R”

We abbreviate " (R") = C(R", A™R") the space of all continuous m-
differential forms in R™ and define by convention ¥~ *(R") = {0}. For
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K € K(R") define a seminorm 1%, on ¢ (R") by the formula
vi(w) = sup{w(@)] : = € K}.

According to Example 1.6, these seminorms induce on " (R"™) a structure of
Fréchet space.

Given K € K(R") and k € N, we define on C*°(R", AR") a seminorm
% by the formula

yf((w) = sup{||0%w(z)| : x € K, € N |a| < k}.

When K and k range over IC(R™) and N respectively, the seminorms u}‘:{

induce on C*°(R™, A™R™) a metrizable, locally convex, complete topology.
Hence given K € JC(R™), the subspace Z}'(R™) C C*°(R™, AR"™) whose
elements are those of C°°(R™, A" R"™) supported in K, is endowed with a
structure of Fréchet space (see Example 1.7 for more detail).

Finally, let 2" (R™) be the subspace of C°°(R", A™R"™) whose elements
have compact support, and define by convention 2~!(R") = {0}. For ¢ €
2~H(R") write d¢ = 0.

Denote 1 the set of all increasing sequences of integers and © the set
of all sequences of real numbers decreasing to 0. For g = () € 9t and
€ = (e;) € D define a seminorm N (u, €) on 2™ (R™) by the formula

[0%w(z)|]
o

N (p.8)w) =sup (sup § ol > kol <} ).

When g and € range over 2T and © respectively, the seminorms N (u, €) en-
dow 2" (R"™) with a structure of complete, sequential, locally convex topo-
logical vector space according to Example 1.9. An element of the topological
dual Z,,(R™) = [2™(R™)]* is called an m-current.

The support supp T of T' € Z,,,(R™) is defined in the usual way by

suppT =R" \ U{U C R" : U is open, (T,w) =0
for each w € 2™ (R") satisfying suppw C U}.
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2.1. Differential forms and currents

For m > 1, the boundary 0T of T € Z,,,(R") is the (m — 1)-dimensional
current 0T € Pp,—1(R"™) defined by the formula (07T,w) = (T, dw). For
T € 29(R™) we let 0T = 0.

The mass of T € Z,,(R") is the extended real number

M(T) = sup{{T,w) : w € 2™ (R"),M(w) < 1},
and its flat norm is the extended real number
F(T) =sup{{T\w) : w € Z™(R"),M(w) < 1, M(dw) < 1}. (2.1)

The following result gives another expression for the flat norm F(T") of
T € Dp(R™).

Proposition 2.1. For T € 2,,(R"), we have

inf{M(T" — 0S) + M(S) : S € Zrn11(R™)} otherwise.
2.2)

F(T :{M(T) in case m = n;

Proof. Assume m < n — 1, fix T' € N,,(R") and compute for any w €
2™ (R") satisfying ||w|| < 1, ||dw|| < 1 and any S € P, +1(R")

(T ,w)y = (T — S, w) + (S, dw) < M(T — 95) + M(S).
Consequently we get F(T') < inf{M(T — 95) + M(5) : S € Zpp+1(R™)}.

To prove the converse inequality, assume F(7') < oo. On the space
2™(R™) x 2™+ (R™), define a seminorm p by the formula

p(w, ¢) = max {M(w), M(9)},
introduce the linear injection
uw: ™R — ™R x PR, w — (w, dw)
and observe that p[u(w)] = max{M(w), M(dw)}. In particular, we get

Tou ' imu<F(T)p|imu.
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2. Currents

Using Hahn-Banach’ theorem, we find a linear map
L:2™R") x 2™"HR") - R

satisfying L | imu = T ou~! and L < F(T)p on 2™(R") x Z™(R").
Define R : 2™(R") — Rand S : 2"1(R") — R by the formulas (R, w) =
L(w,0) and (S, ¢) = L(0,¢). Forw € 2™(R") and ¢ € 2™ (R") we
get (R,w) = L(w,0) < F(T)M(w) and (S, ¢) = L(0,¢) < F(T)M(¢). In
particular we get R € 2,,(R"), S € Zp,+1(R") as well as M(R) < F(T)
and M(S) < F(T'). On the other hand, compute for w € Z™(R"),

(Thw) = L(w, dw) = (R,w) + (S, dw) = (R+ 05, w).

Moreover we get M(0S) < M(T') + M(R). Finally, forw € 2™(R") and
¢ € 2™ (R") satisfying M(w) < 1 and M(¢) < 1 we compute

(T'=95,w) +(5,0) = (R,w) + (5,9) = L(w, ¢) < F(T),
so that M[(T" — 05) + M(S) < F(T). O

Given u, v € R™ we define [u,v] € 2:(R") by the formula

1
[w, v](w) = /0 (v —u,w[(1 —t)u+ tv]) dt.

A function f mapping a subset of R" to RP is called proper whenever
fYHK) € K(R™) holds for all K € K(RP).

Assume f € C°(R",RP) and T' € Z,,(R"™) are such that f | supp T is
proper. Then we define f4T € Z,,(RP) by the formula

(feT,w) = (T, fFw),

for each w € 2™ (RP). We obtain supp(fxT) C f(suppT), O(fxT) =
J4(0T) as well as

M(fxT) < [Lip(f [ suppT')]""M(T) (2.3)
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2.1. Differential forms and currents

and
F(f4T) < max{[Lip(f | suppT)]™, [Lip(f | supp )] }F(T). (2.4)

If moreover g € C*°(IRP,RY) is given, we get (g o f)xT = g4 (f4T).
Given S € Z;(R") and T' € 2,,,(RP), there exists a unique S x T' €
Do (R™1P) satisfying the following conditions:

1. (S x T,wi Aws) = (S,w1) - (T,ws) for every w1 € Z2'(R"™) and wy €
7™ (RP);

2. (S x T,w; Aws) = 0 forevery wy € 2" (R") and wy € 2=V (RP)
such that I # 1.

We have supp(S x T') = supp S x supp T as well as

(0S) x T + (=1)!'S x (oT) if 1>0,m > 0;
oS xT)=4 (0S)xT if 1>m=0;
S x (0T) if m>1=0.

Assume f, g map R" to RP. We call homotopy mapping f to g each map
h € C*(R x R™, RP) satisfying the following conditions:

1. h(0,z) = f(x) for each z € R™;
2. h(1,z) = g(x) for each z € R™.
Recall the homotopy formula for currents.

Proposition 2.2 (Homotopy formula for currents). Let T € %,,(R"™) and
assume f,g map R™ to RP and h is a homotopy mapping f to g such that
h [ ]0,1] x supp T is proper. Then,

O[hu([0,1] x T)] + hau([0,1] x T) if m > 0

Q#T_f#T:{ Ah([0,1] x T)] if m=0.
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2. Currents

2.1.3 Normal currents in R"

In case m > 0, an m-dimensional current 7' € Z,,(R") is called a locally
normal m-dimensional current in R™ if there exist Radon measures ||7’|| and
|6T|| in R™ together with a ||T'||-measurable map T : R® — A,,,R" and a
|07 ||-measurable map 9T : R™ — A,,,_1R™ for which one has

Te) = [ Ewydir) wa @10~ [ @r.oder) @9

whenever w € 2™ (R") and ¢ € 2™ 1(R") are given, |T|| = 1 ||T||-a.e. in
R™ and ||8T|| = 1 ||0T ||-a.e. in R™. If moreover supp T is compact, then T is
called an m-dimensional normal current in R".

Still in case m > 1 we can, using a smoothing argument, extend in a
unique way any locally normal m-dimensional current in R™ and its boundary
OT as linear maps T : €™(R") — R and 9T : €™ (R") — R satisfying
the previous conditions (2.5) for w € €™(R") and ¢ € €™ (R").

If T is a locally normal m-dimensional current for m > 1 one let N(7") =
M(T)+M(0T), and one observes M(T") = || T||[(R™), M(9T) = ||0T||(R™).

A O-current ' € Zy(R"™) is called a locally normal O-dimensional cur-
rent in R if there exists a Radon measure ||7'|| in R™ together with a ||7||-

measurable function 7' : R” — R for which one has
Tw) = [ ({Lw)d, (2.6)

for each w € Z(R™) and ||| = 1 a.e. in R™. If moreover supp 7' is compact,
then T’ is called a 0-dimensional normal current in R".

Any locally normal 0-dimensional current 7" in R™ can be extended in
a unique way to a linear map 7' : ¥°(R") — R satisfying (2.6) for each
w € €O(RM).

If T is a locally normal O-dimensional current, one lets N(7") = M(T)
and one observes M(T') = || T||(R"™).

If K € IC(R™) is compact we let N, i (R™) be the set of all m-dimensio-
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2.1. Differential forms and currents

nal normal currents in R™ supported in K and we let
N, (R") = U{N,, k(R") : K € X(R")}.

The notation IN'9¢(IR™) stands for the set of all locally normal m-dimensional
currents in R". For T' € N, (R™) we obviously have N(T") < co. Conversely,
if T € P, (R") verifies M(T) + N(T) < oo, then T is locally normal. In

particular, one can reformulate (2.2) in the following way:
F(T) = inf{M(T — 9S) + M(S) : S € N, (R™)}. (2.7)
Given S € N;(R"™) and T' € N,,,(RP), a simple application of (2.7) yields
F(SxT)<N(S)F(T).
Given a normal current 7' € N,,,(R™) and k£ > 1 an integer, the formula
(T, w) = (T, pr xw) (2.8)

defines a normal current T, € N,,,(R"™) (see [Fed69, Section 4.1.2]) for which
there exists & € Z(R", A,,R™) satisfying

(Ty,w) = /Rn<fk>w> dx

for each w € 2™ (R™). Moreover, using the smoothing homotopy formula
[Fed69, Section 4.1.18] we get

N(Ti) <N(T) and F(T; ~T) < -N(T).

Remark 2.3. Using an approximation by smooth functions [Fed69, Section
4.1.14], given a locally lipschitz map f : R®™ — RP and a normal current 1" €
N,,,(R™) we can define f4T € N,,,(RP). The usual properties are conserved,
for example supp(fxT) C f(suppT) and O(fuT) = fu(OT). Given g :
R? — R? we also have (g o f)4T = g4(f4+7T). Moreover, the homotopy
formula (Proposition 2.2) generalizes to any locally lipschitz homotopy in case

T is normal.
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We will need the following restriction lemma.

Lemma 2.4. For x € 2(R") and T € N,,,(R"), define T'L_x : 2™(R") —
R by the formula (T'L_x,w) = (T, xw). Then the following conditions hold:

1. T=TLx+TL(1-x),

2. TLx € N,,(R™),

3. suppT'L_x C suppT Nsupp X,

4. N(T'Ly) < 2mmax[M(x), M(dx)|N(T),

5. F(TLx) < 2(m + 1) max[M(x), M(dx)|F (T).

Proof. We can of course assume xy # 0. It is obvious that suppT Ly C
supp 7" N supp x. Moreover, compute for w € 2™ (R") satisfying M(w) < 1

(TLx,w) < M(x)M(T).
On the other hand, for ¢ € 2™~ 1(R") satisfying M(¢) < 1 we get
(T'Lx,d¢) = (0T, x¢) — (T’ dx A ¢) < mmax[M(x), M(dx)|N(T),

so that N(T'L_x) < 2mmax[M(x), M(d¢)]N(T'). On the other hand fix
w € 2™(R") satisfying max[M(w), M(dw)] < 1, observe M(xw) < M(x)

and compute

< M(xdw) + M(dx A w)
< M(x) + (m + )M(dx) < 2(m + 1) max[M(x), M(dy)].

So we get max{M(xw), M[d(xw)]} < 2(m + 1) max[M(x), M(dx)] and

(T'Lx,w) < F(T) max{M(xw), M[d(xw)]}
< 2(m + 1) max[M(x), M(dx)|F(T).

The proof is complete. 0
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2.2. A compactness theorem

2.2 A compactness theorem

Let C' = [0, 1]™ be the unit-cube in R™ and call m-face of C' each set of the
form
F=1[0,1]"* x [0,1]* x --- x [0, 1]*"

for (e1,€9,...,en) € {+,—,1}" satisfying #{1 < i < n:g =1} =m,if
we let
[0,1]F = {1}, [0,1]~ = {0} and [0,1]" = [0, 1];

moreoverwedeﬁnefp =ej Negp N Ne i1 <ip <idpg <o <ty <1
denote the elements of {1 < ¢ < n:eg; = 1}. We also define for p > 0

Ly (p) ={p(z+ F):z€Z", Fisam — face of C};

and for F' = p(z + F) € Ly (p) we define Tpr = Tp. To each F € Ly, (p)
we associate [F] € Z,,,(R"™) by defining

[F1@) = [ (T (@) ™ L F(z)

forw € 2™(R").

Recall the deformation theorem ([Sim83, Theorem 29.1]).

Theorem 2.5 (Deformation theorem). There exists a constant v = ~y(n,m)
such that given T € N, (R™) and p > 0 we can write T — P = 0S + R

where:
L P =3 rer, (p @F [F] for some real numbers ap € R, ' € Ly (p);
2. M(P) < yM(T), M(8P) < yM(3T);
3. M(S) < vpM(T), M(R) < vpM(9T);
4. supp PUsupp S C {x : dist(z,suppT) < 2p\/n};

5. supp 9P Usupp R C {x : dist(z,supp 9T") < 2p\/n}.
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As a corollary of the deformation theorem, we get the following.
Proposition 2.6. Fix K € K(R"). For any ¢ > 0, the set
A(K,c) ={T € N,,, k(R") : N(T') < ¢} 2.9
is totally bounded under the flat norm F.

Proof. Fixe > 0, define p = £/4¢y (where 7 is the constant appearing in The-
orem 2.5) and consider the set ® C N,,,(R™) whose elements are all currents

P = > ar[F].

FELm(p),Fn{zeRn:dist(z,K)<pv2n}#£0

for which N(T') < 2¢y. Call FV,1 < j < p the elements of L,,(p) meeting
the set {z € R™ : dist(x, K) < pv2n} and observe one can write

P =7 oj(P)[F]
j=1

for each P € . Of course, we get for P € ¢

p™ max |aj(P)| < M(P) < 2¢y (2.10)
1<<p
and
p
M(P) < p™ > |a;(P)|. (2.11)
j=1

Given a sequence (FP;) C @, choose a subsequence (Py,) C (Py) for which
(aj(Pg,)) converges to a € R for each 1 < j < p. Defining P* € @ by
P* =3 | ai[F7] we get

p
F(Py, — P) <M(Py, — P) < p™ Y loy(Py) — o]
j=1

from which it follows that (P,) F-converges to 7. Consequently ® is F-
compact. In particular there exists P; € ®, 1 < ¢ < r for which

r . c
@gi:UI{TeNm(R ).F(T—Pi)gg}.
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On the other hand given 7" € A(K,c), Theorem 2.5 ensures the existence
of P € ® and of R, S satisfying the conclusions 1.-5. of Theorem 2.5. In

particular
F(T — P) < M(T — P — 8S) + M(S) = M(R) + M(S) < 2¢yp = %
and we obtain
A(K,c) C | J{T eN,(R") :F(T - P) < e}
i=1
The proof is complete. 0

Each Cauchy sequence in A (K, ¢) converges to a current in A (K ¢).

Proposition 2.7. Fix K € K(R"™). For each ¢ > 0, any F-Cauchy sequence
(T) € A(K,c), F-convergestoT € A(K,c).

Proof. Fix a F-Cauchy sequence (7;,) C A(K,c). In particular ((T},w)) is
a Cauchy sequence of real numbers for each w € Z(R"), and the formula

(T, w) = limy_, 00 (T}, w) defines a normal current 7' € N, i (R™) satisfying

N(T) < lim N(Ty) < c.

k—oo
Moreover given € > 0 there exists m € N such that F(T}, — 7}) < ¢ holds for
k,l = m. Fix w € 2™(R") satisfying M(w) < 1 and M(dw) < 1. We get
fork >m

(T, — T,w) = lim (T, — Tj,w) < lim F(T, — T;) < ¢;
l—00 l—o0
and we obtain F (T, — T') < e for k > m. So (T}) F-converges to T'. O

It is now easy to conclude the set in (2.9) is F-compact.
Theorem 2.8. Fix K € K(R"). For any ¢ > 0, the set
A(K,c) ={T € N, k(R") : N(T') < ¢}
is F-compact.

Proof. According to Fréchet’s theorem, A (K, c¢) being complete and totally
bounded under the flat norm F, is also F-compact. O
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Chapter

Charges 1n Euclidean spaces

Using Theorem 2.8, we define a topology on N, (X') which will be our interest
in the sequel.

3.1 The m-chargesin R"

First, observe the flat norm F endows IN,,, (R™) with a locally convex topology
S.
For K € IC(R"™) and ¢ > 0, observe

A(K,c) = {T € Ny g (R") : N(T) < ¢} € Ny (R?)

is a compact, convex subset of (N,,,(R"), 8) following Theorem 2.8.
Call J the strongest topology on N,,, (R™) such that for each K € K(R")

and each ¢ > 0 the inclusion

(A (K, 0), 8] = [Nyn(R"), 7]
is continuous. Then J is locally convex, sequential and the following condi-
tions hold:

1. aset A C N,,,(R") is T-closed if and only if A(K,c) N A is 8-closed
for every K € K(R™) and ¢ > 0;
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2. given any topological space Y and a map f : (N,,(R"),T) — Y, itis
necessary and sufficient for f to be continuous that

fTA(K ) : [A(K,c),8] =Y
be continuous for every K € JC(R™) and ¢ > 0;

3. a sequence (T) € N,,,(R™) T-converges to an T' € N,,(R") if and

only if there exists & € IC(R™) and ¢ > 0 for which (T,) € A(K,c)
and (T}) 8-converges to 7.

We introduce m-charges in R".

Definition 3.1. A linear functional F' : N,,,(R™) — R is called an m-charge

in case it is J-continuous.
The following conditions give characterizations of m-charges.

Proposition 3.2. Given a linear functional F : N,,(R™) — R, the following

conditions are equivalent:
1. Fis an m-charge in R"™;

2. for each ¢ > 0 and any K € K(R"™), there exists 6 > 0 such that
one has F(T) < ¢ whenever T € Ny, (R") satisfies F(T) < § and
N(T) <

3. for eache > 0 and any K € K(R™), there exists 0 > 0 such that one
has F(T) < OF(T') + eN(T) for every T' € Ny, x(R™);

4. one haslimy, F(T}) = 0 whenever (T},) C N,,(R"™) satisfies supp T, C
K for some K € IX(R"™), sup;, N(T}) < oo and F(1},) — 0,k — oc.

Proof. To infer 2. from 1. assume F' is an m-charge, fix K € K(R") and
e>0.As F | A(K,1) is 8-continuous we find § > 0 such that F(T) < ¢
holds for each T' € N, i (R") satisfying N(7') < X and F(T) < 6.
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We prove condition 2. implies condition 3. Given 0 < ¢ < 1 and a
compact set K € K(R"), fix T' € N,,, g (R™). Find § > 0 given by condition
2. Assume first that N(7") = 1. If moreover F(7') < § then one gets F'(T") <
e. In case F(T') > 0 observe F(0T/F(T)) < e thatis F'(T) < (¢/0)F(T).

In either case writing # = £/ one gets
F(T) <0F(T) +e. (3.1)

In case N(T') # 1either T = 0 or T # 0, in which case applying (3.1) to
T/N(T) yields
F(T) < 0F(T) + eN(T).

Is is obvious that condition 3. implies condition 4.

To prove that any linear functional F' : N,,(R") — R satisfying 4. is
an m-charge, recall F' is J-continuous if and only if F' is 8-continuous on
A(K,c) for each K € IC(R™) and each ¢ > 0. So fix K € K(R"), ¢ > 0
and let (7},) € A(K, c) 8-converge to T' € A(K,c) as k — oo. In particular
F(Ty, — T) — 0,k — oo. Using 4., we obtain F(T},) — F(T),k — oo so
that F' is sequentially continuous on (A(K,c),8). As 8 is sequential, F is

continuous on (A (K, c),8) as was to be proved. O
We give an interesting property of m-charges.

Proposition 3.3. Assume the directed system (T;)icr C N,,,(R™) satisfies the

following conditions:
1. sup;c; N(T;) < ¢ < ooy
2. there exists K € IC(R™) such that one has suppT; C K, i € I;
3. foreachw € 2™(R"), ((T;,w));cr converges to 0.

Then the directed system (F(T;));cr converges to 0.

Proof. Proceed by contradiction and assume that one can find an € > 0 such

that given i € I, there exists j € I satisfying j > ¢ for which F(T}) > €. Let
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C ={j € I:F(T;) > ¢} and notice that for any j;,j> € C one can find
j3 € C'sothat j; < j3 and jo < j3. The directed system

(Tj)jec €T € Np x(R") : N(T') < ¢} (3.2)

has a cluster point in the flat norm topology, using Theorem 2.8. So there exist
T € Ny, (R") and j € C for which N(T') < cand F(7T; —T') < §. It yields
F(T) > F(T;) = F([; = T) > 5 > 0.

Yet (T;);cc weakly*-converges to 0 so that O is the only cluster point of
(Tj)jec in the weak*-topology. As T is also a weak™*-cluster point of (7})jec,
(3.2) yields a contradiction. ]

The following result follows readily from Propositions 3.2 and 3.3.

Proposition 3.4. Suppose F is an m-charge and the directed system (T;)icr C
N, (R™) satisfies the following conditions:

1. sup;c; N(T;) < ¢ < ooy
2. there exists K € IC(R™) such that one has suppT; C K, i € I;
3. foreachw € 2™(R"), ((T;,w))cr converges to 0.
Then the directed system (F'(1};))icr converges to 0.
We give an important class of m-charges in R".
Example 3.5. Letw € €™(R") and ¢ € €™ ' (R"). The linear map
O(w,() : Np,(R") - R
is defined by the formula
O(w, Q)(T) = (T,w) + (0T ().

We show that ©(w, ) is an m-charge in R". To that purpose, fix ¢ > 0,
K € X(R") and choose ¢ € 2™(R") and ¢ € 2™ 1(R") for which the
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inequalities ||w(z) — ¢(z)|| < € and ||¢(z) — ¢¥(z)|| < € hold for z € K
and let § = max[M(¢), M(d¢)] + M(dy). For T € N,,, x(R") and S €
Nloc | (R™), compute

(T'w =) + (T, ),

(T'w—=¢) +(TI' = 95, ) + (95, ¢),

(T'w—=¢) +(T' = 95, ) + (S, d¢),

eM(T) + M(T — 0S)M(¢) + M(S)M(do),

eM(T) + max[M(¢), M(do)][M(T — 95) + M(S)],

<Ta w> =

NN

and

0T,¢) = (9T, ¢ =)+
(0T, ¢ =) +
eM(0T)+M
eM(0T)+M

(O(T — 05), ),

(T — 08, dv),

T — 0S)M(dy),

dy)[M(T — 9S5) + M(S)],

NN

(
(
Adding the two previous estimates yields

O(w, () < OM(T — 9S) + M(S)] + eN(T).

As S is arbitrary, formula (2.7) allows us to conclude ©(w, ) is an m-charge.

We will show in chapter 5 that the m-charges given in example 3.5 are
generic. More precisely, calling CH,,,(R™) the space of all m-charges in R",
we will show that the map

0 : €™(R") x €™ HR"), (w,¢) — O(w, ()

is surjective.

3.2 Charges vanishing on boundaries

One defines on CH,,, (R™) a differential operator by duality.
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Definition 3.6. Assume F' is an m-charge in R"”. For m < n, the exterior
derivative of F' denoted dF' is the (m + 1)-charge defined by the formula
dF(T) = F(9T) for T € Ny,+1(R™). In case m = n one let dF' = 0.

Remark 3.7. To justify dF' is a m-charge in case m < n, fix € > 0, a compact
set K € JC(R™) and choose € > 0 such that the inequality F'(S) < 6F(S) +
eN(S) holds for each S € N,, x(R"™). As one easily observes F(07") <
F(T) and N(0T') < N(T') we obtain for " € N,,, 1 g (R")

dF(T) = F(T) < OF(9T) + eN(9T) < OF(T) + eN(T),

and d F' is an m-charge.

We get an easy description of the exterior derivative of O (w, ().

Proposition 3.8. Let w € €™(R") and ( € €™ Y(R"). Then dA(w) =
I'w), dT'(¢) = 0 and dO(w, ¢) = I'(w). In particular,

O(w,¢) = A(w) + dA(Q).

Givenm > 1 and F € CH,,,(R"), we construct P(F) : N,,,_1(R") — R
in the following way. Define i : R x R™ — R™ by the formula h(t,z) = tz
and let for 7' € N, (R™)

P(F)(T) = F(6o x T)
where §g x T' = hy([0,1] x T').
Proposition 3.9. For each F' € CH,,,(R"), P(F) is an (m — 1)-charge.

Claim 3.10. Given a compact set K € JC(R™) there exists ¢; > 0 such that
forevery T' € N,,_1 x(R™) one has F(dp x T') < 1 F(T).

Proof of the claim. Using (2.3) and (2.4) compute for " € N,,,_1 g (R")

F(8o % T) = F(hy([0,1] x T)) < max{[Lip(h | [0,1] x K)]™,
[Lip(h 1 [0, 1] x K)™ 1} F([0,1] x T),
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and
F([0,1] x T) < N([0,1])F(T) < 3F(T).

The claim is proved. O

Claim 3.11. Given a compact set K € I(R") there exists ca > 0 such that
forevery T' € N1 x(R™) one has N(dg x T') < coN(T).

Proof of the claim. We get for T' € Ny,,_1 g (R")
M(h([0,1] x T)) < [Lip(h [ [0,1] x K)]"M([[0,1] x T))

while M([0,1] x T') < M(T). On the other hand the homotopy formula for

currents (Proposition 2.2) provides
Oh4([0,1] x T) =T — h4([[0,1] x OT')
so that
M (0hy([0,1] x T)) < M(T) + [Lip(h | [0,1] x K)]™M(9T).
The claim is proved. O

Proof of Proposition 3.9. Fix e > 0, a compact set K € IC(R") and letn > 0
satisfy

F(S) < nF(S) + ec; 'N(S)

foreach S € Ny, x(R") and let § = ¢1n. For T' € N,,,_1(R") we get
P(F)(T)=F(6oxT) < OF(T)+eN(T)
and P(F')is an (m — 1)-charge. O

Proposition 3.12. Assume that F € CH,,,(R") is such that dF = 0. Then
F =dP(F).
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3. Charges in Euclidean spaces

Proof. Compute for ' € N,,,(R™), using the homotopy formula (Proposition
2.2)

P(F)(OT) = P(hy([0,1] x OT)) = F(T) — F(Ohy([0,1] x T))
which equals F(T') as dF = 0. O

We state now a Poincaré-like lemma in the context of m-charges.

Theorem 3.13. Let I € CH,,(R") satisfy dFF = 0. There exists & €
CH,,,_1(R") satisfying d® = F.

Proof. Theorem 3.13 follows readily from Proposition 3.12. O
Using the representation theorem (Theorem 5.15) we can prove Theorem

3.13 in a way interesting for itself.

3.3 Top-dimensional charges in R"

To ¢ € Z(R™) we associate the current 7, € N,,(R") defined by the formula

(Ty, v dxy Ndxa A -+ N dxy,) :/ oY dr,

in such a way that F(T;,) = M(T,,) = |¢|1. Moreover the integration by parts
formula yields the equality

—/ w-Veodr =

<8T¢, Z(—l)iflwidxl Adzog A~ ANdi A~ A dxn> (3.3)
=1

forw = (wy,...,w,) € Z(R",R™). In particular we have

Vil < M(IT,) < V|Vl
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3.3. Top-dimensional charges in R"

Each n-charge F' € CH,,(R") induces on Z(R") a linear functional .# :
Z2(R") — R by defining .# (¢) = F(T,). Givene > 0 and K € K(R"),
there exists & > 0 such that

F(p) <OF(T,) +eN(T,) < (0 +¢)|eli +evn|Velr

holds for ¢ € Z(R™) satisfying supp ¢ C K. In particular .% is a distribution.
Conversely, fix a linear functional .# : Z(R"™) — R for which to every
e > 0and K € K(R"™) corresponds 6 > 0 so that

F () < Olpl1 + €[Vl (3.4)

holds for each ¢ € Z(R"™) satisfying supp ¢ C K.

In particular, letting D(R") = {T,, : ¢ € Z(R™)} we define a functional
F : D(R") — R by the formula F'(T,,) = .Z(y). Hence to every ¢ > 0 and
K € IC(R"™) corresponds 6 > 0 so that

F(T) < 6F(T) + eN(T) (3.5)

holds for each 7" € D(R") satisfying supp T C K.

Given any T' € N, (R"™), the current T}, defined for any integer k£ > 1 by
smoothing 7" as in (2.8), belongs to D(R™) as there exists & € Z(R"™, A"R™)
together with ¢, € Z(R") satisfying & = prer Aea A--- A ey and

/ (&kypdzy Ndzg A .. dxy) de = / o) d

n

for each ¢ € 2(R™); that is Ty, € D(R™).

Claim 3.14. The formula F(T") = limg_,~, F'(T},) defines an n-charge in R™.
Proof of the claim. Fix T € N, (R™) and € > 0. Let

K = {x € R" : dist(z,suppT) < 1}
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3. Charges in Euclidean spaces

and choose 6§ > 0 for which

~ 9

F(S) < 0F(S) + WN(S)

holds whenever S € D, (R") satisty suppS C K. Letj > %(T) be an
integer. For integers k,[ > j, compute

F(Ty = Th) < 0F(Tp = Th) + E[ljlifrk()Tj)Lfﬁm]

20N(T
<OF@-T) +FI -1+ < PR S
J
Consequently the formula F/(T) = limy_., F(T}) defines a linear functional
F on N, (R").
To show F' is an n-charge in R”, fix ¢ > 0, K € K(R"), choose T €

N,,(R") satisfying supp T C K and let
K' = {x € R" : dist(z,suppT) < 1}.

Choose 6 > 0 for which F'(T') < 0F(T) + SN(T') holds for each T' € D(R")
satisfying supp 7' C K’. Assume first 7' # 0 and choose an integer & > 1 for
which

|F(T) — F(Ty)| <

N(T) and <

wlm
IS~
wlm

Compute then

. . € €
F(T) = [F(T) = F(To)] + F(Ti) < SN(T) + 6F(Ty) + =N(T})
2
< OF(T) + 0F(T), — T) + gN(T) < OF(T) + eN(T).
The proof is complete as the last inequality is clear in case T = 0. O

We have associated to each linear function .# on Z(R") satisfying (3.4)

an n-charge F' in R"™. Moreover, we compute for 1) € Z(R")
(Typ)k, Ydxy Ndxo A .. dxy) = (T, pp x Y dxy Ndxg A .. dxy) =

/ o(p *x ) de = / (pr * ) dx = (Tpysp, Ydx1 Adxa A ... dxy),
R7 R
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3.3. Top-dimensional charges in R"

so that we get

F(T,) = lim F[(T,)i] = lim F(py * ) = F(p), (3.6)

k—o0 k—o0

using (3.4).
In [DP04], Thierry De Pauw and Washek F. Pfeffer call strong charges the
linear functionals on Z(R") satisfying (3.4).

Definition 3.15. A linear functional F' on Z(R") is called a strong charge
whenever to every ¢ > 0 and K € I(R") corresponds 6 > 0 such that
F(p) < 0lp|1 + | V|1 holds for each ¢ € Z(R™) satisfying supp ¢ C K.

Equation (3.6) leads us to call strong extension of .% the n-charge F' as-
sociated to the strong charge .% by the previous procedure, as it yields an
n-charge I “extending” .% in a natural way.
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Chapter

The charge-cohomology of S7 !

Fix X C R™ a closed set in the whole chapter.

4.1 Charges in a closed set

Fix 0 < m < n an integer in the whole section.

An m-dimensional normal current in X is an element of the space
N (X)={T € N,,(R") : suppT C X}.
For K € K(X) we also define
Ny g (X) ={T € N, (X) : suppT C K}.

The space N,,,(X) (and all its subspaces) is endowed by the flat norm topology
S.
Call T x the strongest topology on N,,,(X) such that for each K € K(X)

and each ¢ > 0 the inclusion

is continuous. Then T x is locally convex, sequential and the following condi-
tions hold:
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4. The charge-cohomology of S~ !

1. aset A C N,,,(X) is T x-closed if and only if A(K,c) N A is 8-closed
forevery K € K(X) and ¢ > 0;

2. given any topological space Y and a map f : (N,,(X),T) — Y, itis

necessary and sufficient for f to be continuous that
be continuous for every K € K(X) and ¢ > 0;

3. asequence (7)) € N,,(X) T x-converges to an T € N,,(X) if and
only if there exists K € K(X) and ¢ > 0 for which (7}) C A(K,c)
and (7};) 8-converges to 7.

An m-charge in X is a J x-continuous linear functional on N, (X).

Definition 4.1. An m-charge in X is an element of the set CH,,(X) =
[N (X), Tx]".

The following conditions give characterizations of m-charges in X.

Proposition 4.2. Given a linear functional F' : N,,(X) — R, the following

conditions are equivalent:
1. Fis an m-charge in X;

2. foreach e > 0 and any K € K(X), there exists 6 > 0 such that one has
F(T) < e whenever T € Ny, i (X) satisfies F(T) < §and N(T) < 1;

3. for each e > 0 and any K € K(X), there exists 0 > 0 such that one
has F(T) < OF(T') + eN(T)) for every T € Ny, i (X);

4. one has limy F(Ty) = 0 whenever (T};) C N,,,(X) satisfies supp Ty, C
K for some K € K(X), sup;, N(T}) < oo and F(T},) — 0,k — oc.

Proof. The proof is virtually indentical to that of Proposition 3.2. 0

Any m-charge in X extends to an m-charge in R™.
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4.2. A poincaré-like lemma

Proposition 4.3. Given F' € CH,,,(X), there exists ' € CH,,,(R") satisfy-
ing F | N, (X) =F.

Proof. Fix F € CH,,(X) and call I’y the locally convex topology induced
on N,,(X) by the locally convex topology J defined on IN,,,(R™) in Section
3.1. Observe T’y is sequential as N, (X) is T-closed in N,,,(R™). Fix (T}) C
N,,(X) and assume its T’y -converges to T € N,,,(X). In particular there
exist K € K(R™) and ¢ > 0 such that (T};) C A(K,c) and (T},) 8-converges
to 7. Hence we have (1) € A(K N X, c¢), (T}) S-converges to T" and it
follows that (T}) J x-converges to 7. In particular F(T') = limy F'(T}) and
F is T’ -sequentially continuous on N,,,(X). As T is sequential, F'is T’ -
continuous on N,,(X). On the other hand J is locally convex and so there
exists an m-charge F' in R™ extending F to N, (R"). O

Conversely, any m-charge in R™ induces an m-charge in X.
Proposition 4.4. Given F' € CH,,(R"), we have F' | N,,(X) € CH,,(X).

Proof. Givene > 0and K € (X)) we get § > 0 for which F/(T') < 0F(T)+
eN(T') and Proposition 4.2 allows us to conclude. ]

4.2 A poincaré-like lemma

Fix an m-charge ' € N,,,(X). In case m = n we let dF' = 0. In case 0 <
m < n — 1 we define the exterior derivative dF' of F' as the linear functional
dF : Np41(X) — Rdefined by dF(T) = F(0T) for each T € N,,,11(X).
One checks dF is an (m + 1)-charge in X as in Remark 3.7.

Definition 4.5. We say that X is L-contractible if there exists a Lipschitz map
h: R x R®™ — R" satisfying the following conditions:

1. there exists xy € X such that h(0,x) = z for each x € R™;

2. h(1l,z) = x for each z € R™;
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4. The charge-cohomology of S~ !

3. foreveryz € X and 0 <t < 1, h(t,z) € X.

Given 1 < m < n, the following construction associates to each m-charge
in X an (m — 1)-charge in X.

Proposition 4.6. Given 1 < m < n and a Lipschitz map h : R x R — R"
satisfying h(t,z) € X foreach x € X and 0 < t < 1, the formula

BuF(T) = Flhy([0,1] x T)]
defines an (m — 1)-charge in X.

Proof. Follow the proof of Proposition 3.9, use Remark 2.3 and observe that
hy([0,1] x T') € N (X) for T € N, (X). O

Given 1 < m < n, any m-charge in the L-contractible closed set X is the

exterior derivative of an (m — 1)-charge in X.

Theorem 4.7. Assume X is L-contractible and h : RxR"™ — R"™ is a Lipschitz
map associated to X according to Definition 4.5. For an integer 1 < m < n
and F € CH,,(X), we construct P(F') : Np,_1(X) — R in the following
way:

P(F)(T) = Flhy([0,1] x T)].
Then, P(F) is an (m — 1)-charge in X satisfying dP(F) = F.

Proof. Use Proposition 4.6 and observe that ~(0,-)4T = 0, h(1,-) 4T = T.
The homotopy formula (see Remark 2.3) yields for 7' € N, (X)

P(F)(T) = F(hy([0,1] x 9T)) = F(T) — F(9h([0,1] x T)

which equals F(T") as dF = 0. O

4.3 Computing the charge-cohomology of S"!

We naturally get a cochain complex as follows:

0 —> CHy(X) —%~CH, (X) —%>..- —4. CH,,(X) —%>0.
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4.3. Computing the charge-cohomology of S !

We define for0 <m < n
w(X)={F e CH,(X):dF =0}

and

mix) = 0 in case m = 0,
T {dF: F e CH,_i(X)} incasel <m < n.

For 0 < m < n we naturally define the charge-cohomology vector space

h(X) = Zep (X)/ B (X).

ch

In case X is L-contractible, Theorem 4.7 ensures H['(X) = {0} for each
0<m«<n.

Our objective is to describe the vector spaces H77'(S™~1) associated to the
unit-sphere S" ! = {x € R" : |z| = 1}.

The case n = 1

We describe
HY,(S°) = {F € CHy(S") : dF = 0}.

For that purpose, we will need a description of the space Ng(SY).

Given z € X, we let §, € No(X) be defined by (d., ) = ¢(x) for each
v e 2(R").
Claim 4.8. Assume x € R" and T' € No(R") satisfy suppT C {z}. Then
there exists o € R such that T' = ad,.

Proof. First, observe that the equality ¢(z) = 0 implies (T, ) = 0. Indeed,
choose a sequence (xx) C Z(R") so that

X[z—2—F=1 g42-k—1] <Xk S X[z—2—F z+2-k]

holds for each &k € N and observe

(T, ) = lim (T, (1 — xx)¢) = 0.

k—o0
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4. The charge-cohomology of S~ !

Fix @9 € Z(R") satisfying ¢o(z) = 1 and let « = (T, o). We get for
v € 7(R")
(T, ¢) = (T, p(2)p0) = ap(x).
O

Claim 4.9. Given T € Ng(S?), there exist real numbers o, v so that 7' =
a_0_1+ O[+51.

Proof. Fix xo € C°°(R) satisfying X (s0,—1/2] < X0 < X(—o0,1/2) and choose
X € 2(R) satisfying x = xo on a neighbourhood of supp T". Define T* ¢
No(R") by T~ =T yand T+ =T L (1—x). Aswe getsuppT~ C {—1},
suppT*™ C {1} and T =T~ + T, we conclude using Claim 4.8. O

Claim 4.10. We have N1(S%) = {0}.

Proof. Fix T € N1(S°). Proceeding as in the proof of Claim 4.9, we find
real numbers G_, B4 such that (T, o dx) = f_¢(—1) + G1¢(1) for each ¢ €
Z2(R™). For ¢ € 2(R) we get

(0T, ) = (T, ¢'dx) = B¢ (—1) + B+¢'(1)
which is a Radon measure if and only if 5_ = S = 0, thatis T" = 0. U
Proposition 4.11. We have HY, (S°) = R ® R and H}, (S°) = {0}.

Proof. Observe HY (S°) = {F € CH(SY) : dF = 0}. As N{(S°) = {0}
we get dF = 0 for each F € CH;(S°). Given real numbers F_, F,, the
formula

Fla_éd_1+a10)=a_F_ +aFy

defines an O-charge in S°. Conversely, given F' € CHg(S?) we get
Fla_d_14+ ay1d1) =a_F(d_1) + arF(d1).

As a consequence, we have H} (S°) = CH(S%) ~ R @ R. On the other
hand it is obvious that H}, (S°) = {0}. O
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The case n > 1: a Mayer-Vietoris exact sequence

Let

1
Dﬁfl = {x eS" g, > —2}, Dl = {3} eSS g, <

N =
——

and

N

1 1
ol = Sl <, <oy
{:v € 5 S Tn 2}

Observe D’};l uD" ! =871 and fol npv 1t =cn 1,
For 0 < m < n, we construct mappings

CH,,(5""!) —> CH,,(D""') & CH,,(D""') —> CH,,(C"~1)
in the following way: let
O (F) =F [ Npp(D" ) & F [ Ny (D™ )

and
U (F®G)=F [ N,L(C" 1) =G| N, (C").
Claim 4.12. The map ®,, : CH,,(S""!) — CH,,(D") ® CH,,(D™™)

is injective.

Proof. Fix xo € C°°(R) satisfying X (—oo,—1/3] < X0 < X(—o0,1/3] and choose
X € 2(R") satisfying x(z) = xo(z,) in a neighbourhood of S"~!. Assuming
F € CH,,,(S™ 1) is nonzero, there exists 7' € N,,(X) for which

0# F(T) = F(TLy)+ F(TL(1—Y)).

In particular one of the two real numbers F(T'L_x) and F(T'L_ (1 — x)) is
nonzero. Observing T'L_x € N,,,(D™ ') and TL_ (1 — x) € N,,,(D" ") we
see that F' | N,,,(D™ 1) and F' | N,,,(D™!) cannot both vanish. O

Claim 4.13. We have im ®,,, = ker ¥,,.
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4. The charge-cohomology of S~ !

Proof. 1tis obvious that im ®,, C ker ¥,,. On the other hand, fix F,y & F_ €
CH,,(D7™') @ CH,,(D™") such that F. | C"' = F_ | C"'. Fix
X € Z2(R™) as in the proof of Claim 4.12 and define a linear functional F'
on N,,,(8"~1) by the formula F(T) = F, (T (1 —x)) + F_(T'L x). Use
Lemma 2.4 to infer F is an m-charge in S"~!. For T € N,, (Dﬁ_l) observe
supp(T'L_x) € C"~ L. Consequently F_(T'L_x) = F, (T L) and

F(T) = Fr(TL (1 = X)) + F_(TLy)
— FL(TL(1- X)) + P4 (TLx) = Fy(T).

Similarly, we get F(T') = F_(T) for each T € N,,,(D" ). Shortly,
P, (F)=F [Ny(DV Y@ F [N, (D" Y =F o F_.
The proof is complete. O

Claim 4.14. The map ¥,, : CH,,,(D"/" ') ® CH,,(D""!) — CH,,(C")

is surjective.

Proof. Fix F € CH,,,(C"!) and choose G € CH,,(R") satisfying G |
N,,,(C"~1) = F according to Proposition 4.3. Let G4 = G | Ny, (D 1),
observe G € CHm(Dﬁfl) according to Proposition 4.4 and compute

The proof is complete. O

We can summarize the previous informations by saying the following se-
quence is exact:

0 —= CH,,(5"1) —= CH,,,(D""") & CH,, (D""}) —~

CH,,(C"1) —0.
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Moreover, observe the following diagram is commutative:

d

CH,,;1(S" 1) —> CH,, 11 (D) © CH,, 41 (D7)

Dot

ded

d

Wont1

2 CH (071

d dad d
CH,,(§""!) —" > CH,,(D"') & CH,,(D""') — "> CH,,(C"~1)
d ded d
CH,,_; (5" 1) ~““+ CH,,_,(D""") ® CH,,_,(D""") 22" CH,,_, (C" 1)
d d d

Consequently we get a long exact sequence in cohomology

Am—l

AT

H™ (¥
Snfl) # Hgﬁ(

Hm(Cn—l) A™ Hcmh+1(Sn—1) -

ch

DI @ Hy (D)

H™ (‘I’)
—_—

4.1

Computing H ;‘h(D:’,‘;l) Choose a map ¢ € C°(R",R" 1) defined in a
neighbourhood of D™~ ! by the formula

. 2.%‘
14z,

qi(z)

Conversely, define a map p € C*°(R"~1 R") by

pi(y)

4y;
_ y?+4
= vty

y|?+4

fori = n.

forl<i<n—1,

Define a map h € C*°(R x R™,R"™) using p and ¢ by the formula

h(t, z) = p(tq(x)).
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4. The charge-cohomology of S~ !

We get h(1,2) = x and h(0,z) = (0,...,0,—1) € D" ! forz € D", For
0 <t<1landz € D" ! one readily checks h(t,z) € D" . According to
Theorem 4.7 we get H™ (D™ 1) = {0} foreach 1 < m < n.

To compute H(D" 1) fix F € CHo(D"™!), assume dF = 0 and choose
¢ € C(X) such that F(T) = (T, ¢) holds for each ' € No(D"1). Given
x #yin D" ! let T = py[q(x), ¢(y)] and observe OT = &, — J,.. Compute

0=F(T) = (6y, ) — (0z,) = ¢(y) — ¢(x),

and observe ¢ is constant on D" !. Conversely, each constant function ¢ on
D™ defines a 0-charge in D™ ! with zero exterior derivative. Consequently,
HS (D™ 1) ~R.

Similarly, we compute H%(D"™!) ~ R and H™(D""') = {0} for 1 <

m < n.

Computing H* (C"1) Forz € R, let # = (z1,22,...,2p—1) € R
Choose f € C*®(R",R""1) satisfying f(x) = ﬁ in a neighbourhood of

C™! and define g € C°(R""1,R") by the formula g(y) = (y,0). There
exists amap h € C°(R x R", R") satisfying

h(t,z) = <\/ 1—t222 - %, t:nn> 4.2)
z
in a neighbourhood of [0, 1] x C™~!. In particular we get for z € C" 1
h0,2) = g(f(x)) and h(1,2) = a.

On the other hand we get f(g(y)) = y fory € S" 2.

Given F € CH,,,(C™!) we define g F € CH,,,(S"~2) by ¢ F(T) =
F(g4T) for each T € N,,(S"2). Given G € CH,,(5"2) we define
f#G € CH,,(C™!) in the same way. Observe

9" (f*G) = (fog)*G and f#(g#*F) = (g0 f)*F.
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Observe the following diagram is commutative:

d

d

d

# #
CH,p11(C7 1) —2 > CHypyy (572) ——> CH,pyy (C7Y)

d
CH,,(

d

Cn—l)

g#

d
CH,,(5"2)

d

f#

d
CH,,(

d

Cn—l)

# #
CH,,_1(C" ')~~~ CH,,_,(5"2) /> CH,,_,(C")

d

d

As a consequence we get linear maps

H;,(C")

H(g%)
— s

HE, (572)

H #
) bz (ome.

d

Let0 < m < n, fix F € CH,,(C™ 1) satisfying dF' = 0 and compute

H™(fF)[H™(g")([FD] = H™ (g0 /) )([F]) = [(g o /) F].

The homotopy formula (Proposition 2.2) applied to & defined in (4.2) yields

forT € N,,,(C"™

Y

(go f)#T T = 8}1#([[0, 1 xT) + h#([[o, 1] x oT)

incase 1l <m <

n and

(9o /4T =T = 0hy([0,1] x T)

incase m = 0. AsdF =0 we getfor T € N,,,(C* 1 and1 <m < n

F((go f)4T)— F(T) = F(hg([0,1] x 0T)) = P, F(0T) = dP,F(T),
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4. The charge-cohomology of S~ !

thatis [(g o f)# F] = [F]. In case m = 0 we obtain F'((g o f)4T) = F(T)
for T € No(C™ 1) that is [(g o f)#* F] = [F]. In Both cases we conclude
H™(f#) o H™(g%) = idgm on-1)-

On the other hand we get for 0 < m < nand G € CH,,, (5" ?) satisfying
dFF =0

H™(g")[H™(fF)(G)] = [(f 0 9)"C] = [G],

as f(g(y)) =y fory € S" 2.

Finally, we conclude H} (C"~1) ~ H} (S™72).

Computing H, é‘h(S"_l) Using the long exact sequence (4.1) and the previ-

ous computations we obtain, proceeding as for the singular cohomology

miaoy ) ROR incasem =0,
Ch(S )_ .
0 otherwise;

and forn > 1

m(gn-1y R incasem € {0,n — 1},
ch .
0 otherwise.
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Chapter

Representing m-charges

5.1 The space of m-charges

Denote by CH,,, (R"™) the set of all m-charges in R™. One defines a seminorm
on CH,,,(R") for each K € K(R") by the formula

IF ||k = sup{F(T) : T € Ny, x(R"),N(T) < 1}

As the seminorms || - || g form a separating family when k ranges over N,
they turn CH,,,(R") into a metrizable l.c.t.v.s. according to Theorem 1.5.

Proposition 5.1. The topology defined above on the space CH,,(R™) turns
CH,,,(R"™) into a Fréchet space.

Proof. Call d the invariant metric induced on CH,,,(R") by the family {|| -
B : k € N} according to Theorem 1.5. It remains to be shown that
d is complete. For, assume (Fj,) € CH,,(R") is a Cauchy sequence, i.e.
d(Fj, Fy) — 0; j,k — oo. In particular, ||[F; — Fy|lgy — 05,k — oo,
for each [ € N large enough for supp7 C B[] to hold. For T' € N,,,(R")
one obtains |F;(T') — Fy(T)| < N(T)[|F; — Fl| gy for each | € N, so that
(F(T)) is a Cauchy sequence. Define a linear functional F' on N,,,(R") by
F(T) = limy, Fi,(T). To show F'is an m-charge, fix ¢ > 0, K € IC(R") and
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5. Representing m-charges

choose I € N for which K’ C BJl]. Let k € N be such that || ' — Fi[| gy < §.
For T' € Ny, k(R™) compute

F(T) < F(T) + N(D||F = Fillpyy < Fu(T) + 5N(T). 6D

As F}, is an m-charge, there is a @ > 0 such that F}(S) < 0F(S) + 5N(S5)
occurs for S € N, g (R"™). Combining this to (5.1) we get

F(T) < 0F(T) + %N(T) + %N(T) — OF(T) + eN(T),

and F € CH,,(R™). We conclude (F}) d-converges to F' as in Example
1.6. O

5.2 A continuous map

Recall that Example 3.5 yields a map
0:¢™R") x €™ (R") — CH,,(R").

The product topology turns the space €™ (R") x €™~ !(R") into a Fréchet

space whose topology is induced by the seminorms || - || x defined by

l(w, Ol = max[vi (w), v (¢)]

where K ranges over K(R™) and 1% is defined as in Example 1.6.
Fix K € K(R") and let T' € N, x(R"™) satisfy N(7T") < 1. Compute

O(w, O)(T)

(T, w
< M(T
<

+ (0T, 0),
i (@) +M(OT ) (€),

v

~— ~

max[vi (w), Vi (¢)].

In particular this yields ||©(w, ¢)||x < max[t%(w),v%(¢)], and © is contin-
uous.

Define A : ™ (R") — CH,,(R") and T : €™} (R") — CH,,(R") by
the formulas

AW)(T) =(T,w) and T()(T) = (9T’ (),
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5.3. The dual space CH,,,(R™)*

so that ©(w, ¢) = A(w) +T(¢) forw € €™(R"™), ¢ € €™ *(R"). Obviously,

A and T" are continuous.

Remark 5.2. Forw € 2™(R"™) and K € K(R™) compute

IA@)]lK = sup{(T,w) : T € Nop e (R"),N(T) < 1} < M(w)  (5.2)
and, for ¢ € 2™ H(R") and K € K(R") notice that

ID(O)lxc = sup{(9T,C) : T € N xc(R"),N(T) < 1} < M(C).  (5.3)

Our goal is to show the continuous map

0 : ¢™(R") x €™ 1 (R") — CH,,(R")
is onto. For that purpose, we will show that im © is a dense, closed subset of
CH,,(R").
5.3 The dual space CH,,(R")*
We describe the dual space CH,,, (R™)*.
Proposition 5.3. The map
¢ : CH,,(R")* — N,,,(R")

defined by (o) (w) = a(A(w)) forw € 2™ (R™), is a linear bijection.

Claim5.4. Assumew € 2™ (R™) and K € K (R") are such that K Nsuppw =
(). Then, ||A(w)|x = 0.

Proof. ForT € N, g(R"™) one gets (T',w) = 0 and thus ||[A(w)||x =0. O

Claim 5.5. For o € CH,,,(R™)* one has ®(«a) € N,,,(R").
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5. Representing m-charges

Proof. As « is continuous on CH,,,(R"), there exist ¢ > 0 and a compact set
K € IC(R™) such that for F' € CH,,,(R™) we can write

a(F) < ol Fllx.
In particular, it yields for w € 2" (R")

(@(e),w) = a[A(w)] < c[[Aw)[[x < cM(w),
and for ¢ € 2™ Y(R"),

(0®(a), ) = aL()] < Tl < MC).
It follows immediately that ®(«) is a normal current. O

Define a linear map
T : N,,(R") — CH,,(R™)

by the formula Y(T')(F) = F(T).
Claim 5.6. ForeachT' € N,,,(R™) we have Y(T') € CH,,,(R™)*.

Proof. Fix T € N,,(R™) and choose a compact set K € IC(R"™) for which
suppT C K. As

IT(T)(F)| = [F(T)| < N(D) | F[|
we conclude that Y (7") is continuous on CH,,,(R"™). O
So we have a linear map
T :N,,(R") - CH,,(R")*

satisfying Y (T')(F') = F(T) for each F' € CH,,,(R").
Claim 5.7. Foreach T' € N,,,(R"™), we have ®[Y(T)] =T.
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5.3. The dual space CH,,,(R™)*

Proof. Forw € 2™(R™) compute
(@[(T)],w) = T(T)[Aw)] = AMw)(T) = (T, w).
The proof is complete since w is arbitrary. 0
For K € X(R") and € > 0 we will use the notation
V(K,e) = {F € CH,(R") : |[Fllx <e}.

The sets V(K €) constitue a neighbourhood base at 0 in CH,,,(R"™) for £ and
K ranging over (0, co) and IK(R") respectively.

The following claims will help us to prove ® maps bijectively CH,,,(R"™)
onto N, (R™).

Claim 5.8. One has supp ®(a) C K fora € V(K,¢)°.
Proof. Indeed, fix w € 2™(R") and suppose K N suppw = (). For each
A > 0 one computes then ||AA(w)||x = 0. This yields AA(w) € V(K ¢) for

each A > 0. In particular, one has Aa[A(w)] = a[AA(w)] < 1 forevery A > 0
so that ¢(«)(w) = a[A(w)] = 0. O

Claim 5.9. The equation N[®(a)] < 2 holds for o« € V(K ¢)°.
Proof. Indeed, fix w € 2™ (R") satisfying M(w) < 1 and note that
leA(W)llx = el Aw)][x < eM(w) <e.

So one has a[eA(w)] < 1, that is
(B(0),) = alAW)] < -

On the other hand for ¢ € 2™~ (R") satisfying M(¢) < 1 one computes

[eT(O)llx = elT(Q)llx < eM(¢) <e.
It yields a[eI'(¢)] < 1 or
(99(0), ) = o[ (Q)] <

Finally we obtain M[0® ()] < 1, so that N(T') < 2. O
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5. Representing m-charges

The map 7 is a left-inverse for &.

Claim 5.10. For each each o € CH, (R™) one has T[®(a)] = a.

Proof. We have to show that for F' € CH,,,(R"), Y[®(«)](F) = «(F), that
is F[®(«)] = a(F). Fix F € CH,,,(R™) and let

Ap: CH,(R")" - R,a+— F[®(a)].
We show that the map A is weakly* continuous on the set
V(K,e)°={a € CH;, : |a(F)| < 1foreach F' € V(K,¢)},

given K € (R") and € > 0.
Let (a)ier C V(K,¢)° be a directed system weakly*-converging to 0. In
particular:

1. supp|[®(«;)] C K for each i € I according to Claim 5.8;
2. sup;e; N[®(ay)] < 2 < 00 according to Claim 5.9;

3. (P()(w))ier = (ai(A(w)))ier converge to 0 foreachw € 2™ (R™) as
A(w) is an m-charge and (o (F'));er converges to 0 for each m-charge
F.

As Ap(a;) = F[®(c;)] holds for each i € I, Proposition 3.4 implies that
(Ap(ai))ier converges to 0, and A is weakly*-continuous on V (K, ¢)°.

According to the Banach-Grothendieck theorem (Theorem 1.13) we find
F* € CH,,,(R") such that Ap(a) = «(F*) for all « € CH,,(R™)*. For
T € N,,(R™) we have, according to Claim 5.7,

F(T) = F(®(Y(T))) = T(T)(F*) = F*(T),

so that F' = F™*. The result follows as Ap(a) = «(F') holds for every o €
CH,,(R™)*. O

We can now conclude this section with the following corollaries.
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Corollary 5.11. The map ® : CH,,,(R")* — N,,,(R") defined by ®(a)(w) =
a[A(w)] is a linear isomorphism, whose inverse ®~1 satisfies ®~1(T)(F) =
F(T) foreach T € N,,,(R™).

Call smooth m-charges the elements of
CH;, (R") = {A(w) : w € 2™(R")} C CH,,(R")
Corollary 5.12. The space CH; (R") is dense in CH,, (R"™).

Proof. Assume the continuous linear functional &« on CH,,,(R"™) is such that
alA(w)] = 0 for each w € 2™(R™). Then one has ®(«) = 0 and o =
T(P(a)) = 0. If CH;,(R") weren’t dense in CH,,,(R™) there would exist
F € CH,,(R") \ cI(CH;,(R™)). Theorem 1.10 would then imply the exis-
tence of o, € CH,,(R™)* such that o, | CH;,(R") = 0 yet o (F) # 0,
which is a contradiction. O

To show that the image of © is closed in CH,,,(R"™), one will use the
closed range theorem.

5.4 An adjoint map with closed range

The adjoint map ©* : CH,,,(R")* — [¢™(R") x €™ }(R")]* is defined in
such a way that

0™ () (w, () = a[O(w, ()].

Observe that L € [¢™(R") x €™ }(R")]* belongs to im ©* if and only
if L belongs to the image of the map

Z* : N, (R") — [€™(R") x €™ H(R™)]*
defined by the formula

E(T)(w,¢) = O(w, ()(T).
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To see this, fix L € [¢™(R") x €™~ }(R")]* and note that if « € CH,,,(R™)*
is such that ©*(«) = L, we obtain

=@ (a)](w, Q) = O(w, Q) [@(e)] = {27 [()]}[O(w, ¢)]
= a[0(w, )] = 0%(a)(w, () = L(w, ().

Conversely, fix L € [¢™(R")x€™ 1(R")]*. Assuming T’ € N,,,(R") satisfy

—_

=(T) = L, we compute

O*[@H(T)](w,¢) = 2~ H(T)[O(w, ()] = O(w, )(T)
= E(1)(w, () = L(w, Q).

We show that im =* is strongly sequentially closed in [ (R") x €™ 1 (R™)]*.

Proposition 5.13. The map =* : N,,(R") — [¢™(R") x €™ }(R")]*

*

is injective. Moreover im Z* is strongly sequentially closed in [€™(R™) x

%m_l(R")]*.

Proof. Note first that the map =* is injective. Indeed, suppose Z*(7") = 0 for
T € N,,(R™) and compute for w € 2™ (R")

Foraset A C ¢™(R"), compute

sup |E%(T)(w, ¢)|
(@,0)eAX{0}

= sup{|0(w,0)(T)] : w € A} = sup{|[{T,w)| : w € A},

and, similarly for A’ C €™ 1(R")

sup  [EY(T)(w, Q)]
(w,Q)e{0} x4

— sup{[6(0,)(T)| : ¢ € A’} = sup{ (9T, ¢)] : w € A'}.
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Define sets

B = {(w,0) € 2™(R") x 2™ HR") : M(w) <
C = {(0,¢) e 2™R") x 2" HR") : M(¢) < 1},

and observe B and C' are bounded since given K € K(R")

sup max[v)(w),v%(¢)] <1 and  sup max[t%(w), % ()] < 1.
(w,)eB (w,Q)eC

In particular the seminorm ¢ : im Z* — [0, co) defined by
q(L) = sup |L(w,Q)|+ sup [L(w,()
(w,0)eB (w,0)eC
is strongly continuous on im =*. On the other hand, compute for 7" € N,,, (R")

o, = (T)(w, O = sup{[(T, )| : w € Z™(R"), M(w) < 1} = M(T).

Similarly, one obtains for 7" € N, (R")

sup [E%(T)(w, ()| = M(IT)
(w,$)eC

and in particular ¢(Z*(7")) = N(T).

To show that im Z* is strongly sequentially closed, assume that the se-
quence (Z*(T})) C im =* strongly converges to L € [¢(R")x €™ *(R")]*
for some (T%) C N,,,(R™).

As q is strongly continuous and because of the previous computations, one
obtains

sup N(T%) = sup ¢(E*(T})) = ¢ < 0.
k k
Claim 5.14. There exists K € I(R"™) containing supp 7}, for each k € N.

Proof of the claim. Proceding toward a contradiction, assume there exists a

sequence of open sets (Uy,) satisfying the following conditions:

1. U, C Uy41 foreach k € N,
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2. foreach k € N, supp T, N U}, # 0 if we let U}, = Uy, \ Up_ifork > 1
and Uj) = Uy.

In view of this, choose wy, € 2™ (R") satisfying supp wy, € U, M(wy) = 1
and a = (Tj,wr) > 0. Define for k € N, by, = maxjg<k al_l. Define a
bounded subset D C €™ (R"™) x €™~ 1(R") by

D = {(w,0) € €™(R") x €™ (R") : V%k (w) < kby, for every k € N}

and observe (w;,0) € D for each k € N, where w) = kbywy. Let gp be
the seminorm defined on im =* by the formula gp (L) = sup(,, ¢)ep | L(w, €)]-

We have a contradiction since
k < kbgay = kb (T, wy) = <Tk,w;€>
would imply supycy ¢p[E*(Tk)] = +oo. O
To conclude the proof, observe that
(Ti) € {T € Np k (R") : N(T) < ¢} (54

and use the compactness of the right side of (5.4) in the flat norm topology to
find a subsequence (T},) C (T}) and T € {T € N,,, x(R"™) : N(T) < ¢} for
which T}, — T', 1 — oo in the flat norm topology 8. In particular, we obtain
for (w,() € €™ (R") x €™ 1(R"),

L(w, () = lim =*(Ty,)(w, () = lim O(w, ()(Tk,)
l—o0 l—o0
= O(w, O)(T) = E(T)(w; 0),
thatis L € im=*. O
So we can prove our fundamental result.

Theorem 5.15. Let F' € CH,,,(R"). There exist w € €™ (R") and ( €
€™~ L(R™) for which the equality

F(T) = (T,w) + (0T, )

holds whenever T' € N,,, (R") is given.
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Proof. As O has a dense image in CH,,,(R"), and because im ©* is strongly
sequentially closed in [¢™(R™) x €™ 1(R")]*, the closed range theorem
(Theorem 1.16) and Remark 1.17 guarantee that im © = CH,,,(R"™). O

Theorem 5.15 yields without effort a representation for m-charges in a
closed set.

Fix X C R"™ a closed set. In case m > 0 is an integer, define € (X) the
linear space of all continuous m-forms in X, and let € ~1(X) = {0}.

We get the following using Theorem 5.15, Proposition 4.3 and Proposition
4.4,

Corollary 5.16. A linear functional F' : N,,,(X) — R is an m-charge in X if
and only if there exists w € €™(X) and ( € €™ 1 (X) such that

F(T) = ©(w, )(T)

holds for each T € N,,,(X), where © : €™(X) x €™ 1(X) — CH,,,(X) is
defined by ©(w,C)(T) = (T,w) + (9T, C).

5.5 A representation theorem for strong charges

As a corollary of Theorem 5.15, we obtain the following result, due to T. De
Pauw and W.F. Pfeffer [DP04].

Theorem 5.17 (De Pauw-Pfeffer). Given a strong charge # : Z(R") — R
there exists v € C(R™, R"™) satisfying
F(p) = —/ v-Vedr
for each ¢ € Z(R™).
Proof. Call F': N,,(R™) — R the strong extension of .%. Observing dF' = 0,

we get ( € €1 (R") satisfying F' = d¢ using Theorem 5.19. Write

¢= Cdry Adua A Adwi A+ A day,
=1
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define v = (v1,ve,...,v,) € C(R",R?) by v; = (—1)71¢;, 1 < i < nand
use 3.3 to obtain

F(p) =d¢(T,) = / v-Vepdx
for each ¢ € Z(R"). O

5.6 Another proof of Theorem 3.13

Proposition 3.8 allows us to use the notation w for A(w). In particular, one

will write w + d¢ for ©(w, ) and the Poincaré formula

d’w =0
holds for each w € € (R"™). We state and prove our version of Poincaré’s
lemma.

Lemma 5.18. Assume m > 1 and w € €™ (R") is such that dw = 0. There
exists \ € €™ H(R") such that A\ = w.

Proof. If ¢ = Zl<i1<z‘2<~-<z‘m<n iy igserim ATiy ATy A+ - - Ndx;,, we define
Prim(¢) € €™ 1(R") by

Pim@)@ = Y S (-1 / o (t) dt

1<i1 <in < <im<n j=1

.T}Z'jdl}il ANdxi, A--- /\d/l"l\'j A Ndxg,,

where a hat above an expression means it is omitted. It follows from a simple
computation (see [Maw97, Théoréme, pp. 630-632]) that d[Prim(¢)] = ¢
holds whenever ¢ is C1. For k > 1, define wy, = pj, * w, A, = Prim(wy) and
A = Prim(w). In case m < n — 1 compute for 7" € N,,, 11 (R™)

<T,dwk> = aT wk
_ / /npk WOT (x), w(x — y)) dy d| 0T (x),

= [ o) [ @3 @w@)dlos, @y 65)
= 0,
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where we used Fubini’s theorem to justify (5.5) and defined a current S, €
N,,(R™) by the formula (S,,¢) = (T, (- — y)) for ¢y € 2™ (R"). The
previous computations ensure dwy = 0 (the case m = n is obvious), so that
d\, = wy for k > 1. Of course (wy) converges uniformly to w on each
K € XK(R") and an easy computation reveals (\;) converges uniformly to
A on each K € K(R"). Fixing T' € N,,,(R") and observing supp 7" and

supp 0T are compact subsets of R™, one computes
dX(T) = (0T, \) = h}gn(@T, i) = li’£n<T, wi) = (T w) = w(T),
and the proof is complete. 0

We deduce the following result from Theorem 5.15 and Lemma 5.18.

Theorem 5.19. Given m > 1 and F € CH,,,(R") such that dF = 0, there
exists ¢ € €™ 1(R"™) such that F = d(.
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Chapter

Why an abstract proof?

First, let us study how the fundamental theorem of calculus can be improved

on curves.

6.1 Derivating continuous functions along curves

Let f € C([0,1],R™) be injective, regular (i.e. f'(t) # 0 whenever 0 < t <

1) and let U be an open set containing im f.

Definition 6.1. For ¢ : U — Rand 0 < t < 1, the upper directional derivative
of ¢ at f(t) along f is the extended real number
w— oLf(t) + hf ()] — o[f ()]

= 1
THOI= h

Dyolf(t)]

whereas the lower directional derivative of ¢ at f(t) along f is defined by

L G + R ()] - S 0)]

RO h

Dyolf(t)]

In case D[ f(t)] = D;@[f(t)] is a real number we call its value the direc-
tional derivative of ¢ at f(t) along f.
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6.1.1 An intriguing example

Let f € C°°(]0, 1], R?) be the injective and regular function defined by f(t) =
(cost,sint,t). Fort € [0,1] define A(t) = {f(t) + A\f'(t) : X € R} the

tangent line to f at ¢.

Claim 6.2. Given s # t in [0, 1], we have A(s) N A(t) = 0.
Proof. Fix s # tin [0, 1]. We have to show that the system

coss — Asins = cost — ysint
sins + Acoss =sint + pcost

S+HA=t+p ;

doesn’t admit any solution (A, i) € R2. Proceeding toward a contradiction,
and assuming (A, i) is a solution of our system, we obtain from the two first

equations
2 —2cos(s —t)

sin(s — t)

which, combined to the third one, leads to the equality

p—A=

)

Writing 9 = s — t # 0, we obtain

2 —2cosy =9sind

that is
tan g = Q
2 2
We obtain a contradiction because ¥} — tan 1) doesn’t have any nonzero fixed
point in the interval [—1/2,1/2]. O

Let # = Ute[o 1] A(t) and p : F — [0,1] the map which associates to
x € Z the unique t € [0, 1] for which x € A(¢).

Claim 6.3. The map p is continuous in a neighbourhood of each point zg € .Z.
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Proof of the claim. Let x¢ € # and choose (z;) C .# be such that z;, —
xo,k — oo. Foreach k € N, let t;, € [0,1] and Ay € R be such that one
has 2, = f(tx) + Aef'(tx) and let tg € [0,1] and Ny € R satisfy zp =
f(to) + Nof'(to). We have to show ¢, — to,k — oo. Proceeding toward
a contradiction, assume (working if necessary with a subsequence) one has
ty — t,k — oo with t € [0, 1], t # to, and Ay — A\, kK — oo for some \ € R.
We write, for k € N,

xp = (costy — A sinty,sinty + A\ costy, tp + Ag).

This yields in particular

cost — Asint costyg — Asintg
sint + Acost = klim T = sintg + Ag costg
—00
t+ A to + Ao
As before, these equations imply ¢ = ¢o. We get a contradiction. 0

Claim 6.4. The set % is closed.

Proof of the claim. Let (x) C % be such that x, — x¢,k — oo for some
ro € R3. For each k € N, choose t, € [0,1] and )\ € R for which x;, =
J(te)+ e f'(tr). As (Ag) is bounded, choose (tx,, Ak,) C (tx, Ak), to € [0, 1],
Ao € R for which ¢, — tg,l — oo and A\, — Ag,l — oco. We get

wo = lim [f(ty,) + A ()] = f(to) + Mo f' (o) € 7.
The claim is proved. O

For z € .Z define ¢(z) = p(z) and extend ¢ to R? in a continuous way
using the Tietze extension theorem. As ¢ is constant on A[f~!(z)] for each
x € im f, one has Dy¢p(x) = 0 for each z € im f. Yet

olf(1)] - o[f(0)]=1-0=1>0.

So we get the following.
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Example 6.5. There exists f € C*°([0, 1], R?) injective and regular together
with ¢ € C(R3,R) for which the following conditions are satisfied:

1. foreach z € im f, Dyo(x) = 0;
2. ¢[f(t)) =tforeach 0 < ¢t < 1.

The oscillation osc(¢,r) of ¢ : U — R at scale r > 0 is the extended real

number
osc(¢,r) =sup{|¢(z) — d(y)| : z,y € U, [z —y| < r}.
The oscillation of a function ¢ provided by Example 6.5 satisfies
7@ Y2 0sc(g, ) > 0,
it follows from the following result.
Proposition 6.6. Assume that
1. f:[0,1] — U is of class C*', injective and regular;
2. ¢ € C(U,R) is such that for every x € im f, Dy¢(x) = 0;
3. o[f(t) =tfor0<t<1;
then Tim,_o /2 osc(¢, ) > 0.

Proof. Let L = Lip(f’") > 0. Given ¢ € [0, 1] compute
(1172 £+ B) = () = R (8)] =

t+h
) [ - ol < L

for each h € [0, 1] — ¢. Moreover, for ¢ € [0, 1] choose d(¢) > 0 so that

L/ () + hf' (B)] = SLF ()] < %Ihl
holds for h € [0,1] — ¢ satisfying f(¢) + hf'(t) € U and |h| < 6(t). For
h € [0,1] — t with |h| < 6(¢), compute
[SLF+ W] — AL + IO [h— [6f®) + RSO - OIS 1
VIFE+h) = f(t) = hf'(t)] VIFt+n) —f@) —nfr) 2L

and observe the result follows since h can be choosen as small as we want. [
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6.1.2 Some sufficient conditions for a mean value formula

We can avoid the situation appearing in Example 6.5 by imposing some Lips-

chitz condition on ¢.
Theorem 6.7. Assume that

1. f:10,1] — U is of class C*, injective and regular;

2. ¢ € C(U,R) is such that for every x € im f, D ¢(x) = 0;

3. ¢ is Lipschitz;
then ¢[f(1)] — ¢[f(0)]

Proof. Write L = Lip(f) and introduce M = maxoi<1 |f/(t)] > 0. Fix
e > 0. Foreach t € [0, 1], choose 01 (t) > 0 be such that one has

0.

WV

O +hf O] = lfWO] > 5 OB = SR 6D

/ € , €
SO IO - o 0] < SIS WIh< Sh 62
whenever h > 0 is such that f(¢)+hf’(t) € U and satisfies h < d1(¢). Choose

also a real number 62(t) > 0 for which one has

€
2L+1
whenever 1 € [0, 1] — ¢ satisfy 0 < |n| < d2(t). For 0 < t < 1 define 6(t) =
min[6;(t),82(¢)] and find 0 = o < ! < a? < -+ < @™ = 1 together with
tags t € [a/1 al], 1 < j < m for which [0/ 71, ad] C [t/ —§(t7), 7 +5(¢7)]
holds for each 1 < 5 < m. As ¢ is Lipschitz we compute for 1 < 7 < m

|f(t+m) = f(t) —nf )] < I, (6.3)

O[f ()] = S[f(#) + (o =) f'(#)]
el
2L +1

=

. . 1 A .
(o =) > —is(oﬂ —t'), (6.4)
and similarly

S — (o)~ olf(@ )] 2 =t~ o). (69)
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Moreover (6.1) and (6.2) yield

B+ (0 ) /()] 61 (9)] 2 — 3 (09 —) = — Le(d~), (66)

and similarly

S = BLF() = (F = ()] > 5o i) 67)
Fitting (6.4), (6.5), (6.6) and (6.7) together we get
LT ()] = ol (@ )] > —eld — )
and the proof is complete. O

Whenever f’ is Lipschitz, one can weaken the last condition in Theorem
6.7.

Theorem 6.8. Assume that
1. f:10,1] — U is of class C', injective and regular;
2. ¢ € C(U,R) is such that for every x € im f, D ¢(x) = 0;
3. lim, g [r‘l/Q osc(op,r)] =0;
then ¢[f(1)] — o[£ (0)] = 0.
Proof. Let L = Lip(f’) > 0. As is the proof of Proposition 6.6, one observes
B2\ (¢ +h) = f() =R ()] < L

holds for each h € [0,1] — ¢t. Let M = maxo<i<1 |f/(8)] > 0,fix0 <e < 1
and choose r > 0 such that

\a@—¢@n<§§fx—m”% (6.8)

holds whenever x,y € U satisfy |t — y| < r. Foreach 0 < ¢t < 1, let
01(t) > 0 be such that (6.1) and (6.2) hold whenever h > 0 is such that
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6.1. Derivating continuous functions along curves

f(t) £ hf'(t) € U and satisfies h < §1(t). For 0 < t < 1 define §(¢) =
min[r/2L=1/2 5, (t),52(t)] and find points o/,0 < j < m and tags ¢/ as
in the proof of Theorem 6.7. Decomposing ¢[f(a’)] — ¢[f(a/~1)] as in the
above proof, one gets the estimates (6.6) and (6.7) in the same way. On the

other hand, observe that
[f(@?) = f(t)) = (o/ =) f'(t)] < L(a? —¥/)* <,

so that we have the estimate

o) — Yo (od — ) F (1 _C L(ad — $)21/2
f (D] = elf () + (o =) F )] > —Zmll(e? — )]
= —%5(aj—tj). (6.9)

Similarly one shows

SLA(H) — (= ()] = ol f (/)] = —%E(tj —a’).  (6.10)

One concludes as in the proof of Theorem 6.7. 0

6.1.3 Thecasen =2

In the plane, the situation appearing in Example 6.5 cannot hold.
Given f : [0,1] — R? of class 2 one says that f has nonzero curvature at
0 <t < LAf[f7(t) - f/(O) <[ OIS (@)

We will use the following geometrical fact.

Lemma 6.9. Suppose U C R? is an open set and f : [0,1] — U is of class
C?, injective and regular with nonzero curvature everywhere. Fort € [0, 1],
. ’fl?f(t,t—i—h)—f(t)’_ . ’fl?f(t,t—l—h)—f(t—l—h)‘_l

lim lim = —

o RPOL e B (e 2

where x¢(t,t + h) denotes the intersection of the tangent lines to f at t and

t + h respectively.
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Proof. Without loss of generality, assume f(t) = (0,0), f'(t) = (f1(t),0) #
0 and f4/(t) # 0. Choose 1 > 0 such that
min |f5(t+ h)| > 0,

he(0,1]—t
|R|<n

and assume h € [0,1] — ¢ satisfies |h| < n. The coordinates of the point
xy(t,t +h) = (x1(t,t + h),x2(t,t + h)) are given by

fa(t +h)
f3t+h)

Choose also § > 0 such that such that for each h € [0, 1] — ¢ verifying |h| < 0

x1(t,t +h) = fi(t+h) — fi(t +h) and x3(t,t+h) =0.

one can find points 65, and ¥}, in [0, 1] for which
1
Fot+h) = hf5(t+0uh) and  fo(t+h) = Sh*f5(t+ Onh).

For h € [0, 1] — ¢ satisfying || < min{», J}, compute

. 1 , ”(t—l—l?hh) .
z1(t,t+h) = fi(t +h) — 5hfl(tJrh)W, To(s,t) =0

and
zi(t,t+h) = AE) 1 flE+R) = AE)  LAE+R) f(E+Inh)

hfi(t) f1(@) h 2 fit)  fF(t+6ph)
We thus get

gttt h) = O [ alh )~ )| 1

Y1 I Ve R Y () )

On the other hand, compute for 4 € [0, 1] — ¢ satisfying |h| < min{n, J}

lim $1(t7t+h) _f1<t+h') = — lim lf{(t%—h)M — —lf{(t),

h—0 h h—0 2 J(t+ 0ph) 2

and from fy(t) = 0 we get

lim L2BEEN = BEED) g — —fh(t) = 0.
h—0 h h—0
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6.1. Derivating continuous functions along curves

Consequently we obtain

_zp@t+h) = fE+R)] 1
o I f (0] 2

and the proof is complete. O
Using the previous lemma, we get the following.
Proposition 6.10. Assume that U C R? is an open set and

1. f:[0,1] — U is of class C?, injective and regular with nonzero curva-

ture at each t € [0, 1],
2. ¢ : U — Ris such that for every 0 <t < 1

lim sup O ET M=ot 1+ )]
h=0o<<t  [f(E+h) —zp(t,t+ h)

:07

using the same notations as in Lemma 6.9.

Then ¢[f(1)] = ¢[£(0)].

Proof. Fixt € [0,1] and h € [0, 1] — ¢ sufficiently small and compute, using

the same notations as in Lemma 6.9,

oL+ 1] —olf(B)] _

h
PUI(E+ D) — play(t,t+R)] [f(E+h) —ap(t,t+ h)
|f(t+h) —xp(t,t+h) h
N Plep(t,t+h)] = olf ()] [f(E) —zp(t,t+ h)|
[F(8) —p(t, ¢+ h) h '

In particular we get, using Lemma 6.9,

(60 F)(t) = lim ZFEE] = )]

h—0 h

=0
and ¢ is constant on im f. O

Hence the situation appearing in Example 6.5 cannot happen in the plane.
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Theorem 6.11. Assume that U C R? is an open set and

1. f:[0,1] — U is of class C?, injective and regular with nonzero curva-
ture at each t € [0, 1],

2. ¢ : U — Ris constant on f(t) + span(f’(t)) for each 0 <t < 1.

Then ¢[f(1)] = ¢[f(0)].

6.2 No Wolfe-like representation theorem

Throughout this section, 1 < m < n will denote an integer.

Forz € R" and T € N,,,(R") we let diam(7, z) = diam({z} UsuppT)
and define the regularity reg(T, z) of T at x by

_Mm
reg(T,z) = { M(0T) diam(T',z) if T'# 0 and 0T # O,

0 otherwise.

Given z € R” and £ € Go(n,m) we can define the derivate of an m-

charge F' in the direction of ¢ as follows.
Definition 6.12. Let ' € CH,,,(R"), x € R" and fix £ € Go(n,m). For

n > 0, we let

F(T)
M(T)’

F(T —
D, F(z,§) = ?51;10) inf M((T)) and D,F(z,§) = g_r>1f(’) sup

where the infimum and the supremum are taken over all 7' € N,,, (R"™) satisfy-

ing the following conditions:
1. diam(T,z) < ¢;
2. suppT C x + span(¢);

3. regT > n.
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6.2. No Wolfe-like representation theorem

One defines in the same way the lower and upper derivates of F' along & by

the formulas

DF(z,&) = inf D, F(z,§) and DF(x,§) = sup D, F(x,¢)
n>0 1n>0

In case the lower and upper directional derivates of F at (z, &) coincide and
are real we denote by DF'(z, £) their common value, and call it the derivate of
F at x along €.

Remark 6.13. In some sense, the previous definition of the derivate DF'(z, &)
is the weakest we can think of. It gives a priori some hope to obtain the exis-
tence of DF(x,&) for “alot of” z € R™ so that the mapping £ — DF(z,€)
could be extended to ¢(z) € (A,,R™)* ~ A™R™. We would then obtain a

Wolfe-like representation theorem if we can show

T = | (T@.o@)dTl@ = [ D@ T@)dIT@). 611
Unfortunately, (6.11) doesn’t hold in general.

Example 6.14. Let f and ¢ be as in Example 6.5 and define Ty € N1 (R?) by
the formula

3 1
1.0 =3 [ Aouire)a
forw = 32 | widx; € Z*(R3). Observe for ¢ € Z(R?) that

1
0

1 3
(0Ty,¢) = / > H®CIF ()] dt = / (Co f)'(t)dt = C[f(1)] = C[£(0)].
0 =1
Furthermore we have supp 7 C im f. Notice that

L(9)(Ty) = ¢lf(1)] = o[f(0)] = 1 > 0. (6.12)

Yet if T € N1 (R3) satisfies supp T C f(t) + span(f’(t)) for some 0 <
t < 1weget

[(o)(T) = t/R3 T (x) d||OT | () = (9T, ¢) = (T,d¢) = 0
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where ¢ € 2(R3) is any O-differential form satisfying ¢ = 1 on a neighbour-
hood of supp 7'. In particular we get

hence (6.11) cannot hold without contradicting (6.12).

As a consequence, there is no hope to obtain a representation theorem
(even weaker than Theorem 5.15) using a derivation process as in the proof
of Wolfe’s theorem (see [Whi57]).

6.3 Derivating m-charges

In this section, 1 < m < n is an integer.
We introduce another way of derivating m-charges, that we will use in the

sequel.

Definition 6.15. Let /' € CH,,,(R"), x € R" and fix £ € Go(n,m). For
n > 0, we let

F(T)
M(T)’

F(T —
D, F(z,8) = §1>110) inf M((T>) and D, F(z,§) = ggg sup

where the infimum and the supremum are taken over all 7' € IN,,, (R"™) satisfy-

ing the following conditions:
1. diam(T,z) < 6;
2. fun ITy) — €Nl dIT I (y) < SM(T);
3. regT = n.

One defines in the same way the lower and upper derivatives of F' along £ by

the formulas

DF(z,§) = inf D,F(2,§) and DF(,§) = sup D, F(x,)
n

n>0
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In case the lower and upper directional derivatives of F' at (z, &) coincide and
are real we denote by DF'(z, ) their common value, call it the derivative of

F at x along & and we say that F' is differentiable at x along .

We will prove that I'({) is differentiable at € R™ along all directions
whenever ( is differentiable at x.

Proposition 6.16. Assume ¢ € €™ 1(R") is differentiable at v € R™. Then
foreach & € Go(n, m), T'(C) is differentiable at = along § and

DL(¢)(x, &) = (&, d(x)).

Proof. Fix £ € Go(n,m), ¢ > 0 and n > 0. There exists a linear map
A:R" — A™ 1R and 0 < 6 < & for which

I€(z + h) = C(x) = Ah)|| < enlhl

for each h € R” satisfying |h| < 4. Define fory € R™, ¢(y) = ((x)+A(y—=x)
and observe d¢(y) = d((x) forall y € R™. Let T' € N,,,(R") satisfy

1. diam(T, z) < 6;
2. fan IT(y) = €1 dIIT | (y) < SM(T);
3. regT > 1.
and compute
ID(O(T) = (&, d¢(x))M(T)| < [(OT,¢ = ¢)| + {OT' ¢) — (&, d¢(x))M(T)].

Yet

OT.C= ol < [ o - el dloT(

<en / ly — 2| d|OT|(y) < endiam(T, 2)M(OT) < eM(T)
supp T’
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and

(0T, ¢) — (€, dC(x))M(T)]

\<T,d¢>— [ (e dcnairio)|.

< / (F(x) — &,dC(@))| dIT(3),
< elldc(@)] / HT € d|T] (v),
< elld¢(z)|M(T (6.13)

We get finally
IT(O(T) = (€, dC(2))M(T)| < (1 + [|d¢ () [[)M(T)
and DI(C)(, &) = (€, d¢(x)). O

Remark 6.17. The equality (90T, ¢) = (T, d¢) used to justify the first line in
(6.13) holds as there exists ¢ € 2™ 1(R") coinciding with ¢ on a neighbour-
hood of supp T'.
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Chapter

Luzin’s theorem for m-charges

First, recall a result of G. Alberti in [Alb91].

7.1 A Luzin’s theorem for gradients

The following lemma will be useful in the sequel.

Lemma 7.1. Suppose U C R™ is a nonempty open set satisfying |U| < oc.
Given0) < e <1, 1n>0andv € C(U,R"), there exists K € K(U) and a
function u € CH(U) for which the following hold:

)

1 |[U\K|<elU

2. foreachx € K,

v(z) — Vu(z)| < n;
3. |Vu|so < Cre Hvlsos
where Cy = C1(n) > 0 is a constant depending only on n.

Proof. Choose K’ € K(U) for which |U \ K'| < e|U|/2. There exists § > 0
such that Boo[z,2d] C U holds for each z € K’, and for which given y € U
satisfying |y — x|oo < 0 we have |v(x) — v(y)| < 0.
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Enumerate z1, xo, . .., ., the elements of the set
n n (5 !/
r€eR": 2z € 07", B z 5 NK' #(
and let Q; = B[x,0/2] CU,1 < j < m. Forl < j < m,define

1 e\ 0
— [ wdz and Q =By |z, (1- )2
IR, N @ [%( 2n) 2]

Fix any 1 < j < m and from dist(Q},R" \ Q;) = % > 0 deduce the
existence of ¢; € Z(R") satisfying the following conditions:

L Xq, < 95 < xq;
4
2. |Vijloe <2 22

Define u € C}(R") by the formula
u(w) = (@) a; - (z — ).
=1

Obviously suppu C UT:I Qj and for z € Q; we get
Vu(x) =Y (V) aj - (v — 5) + ¥j(x)aj] = a;.

j=1

Fix 1 < j < m. By the choice of Q) we obtain

@< [1-(1- )] 1@l

Yet
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and we get |Q; \ Q)| < 5|Q;| from which it follows that the compact set
K =L, Q] satisfies

m
€ €
UNK] < UK+ 3010\ @ < 51Ul + S10] = U,

j=1
as it is obvious that 2 € U \ K belongs to |Jj~; Q; \ @’ whenever it also
belongs to K.

On the other hand, choose foreach 1 < 57 < m a x; € @; for which

a;j = f(x);) and observe for z € Q’ that

o 0
’x_mﬂoog’x_$j|oo+‘xj_l’;‘|oo<§+§:5.

In particular given z € K we geta 1l < j < m for which z € Q;- so that

v(z) = Vu(z)| = Jv(z) — v(@))] < n.

Finally, compute for z € U
m
Vu(z) = [Vib(x) aj - (& — z5) + () ay]
j=1
and observe that given z € U for all but one 1 < j < m the numbers V);(x)
and ¢;(x) are zero; in case one of those two numbers is nonzero, we get « €

(;. In particular

8n o\/n

|Vuloo < EMO@T

as0<e <. O

+ Joloo < (4772 + 1) ol

We get the following as a corollary.

Corollary 7.2. Assume U C R" is a nonempty open set,

Ul < coand v :
U — R" is a continuous, bounded vectorfield. For every 0 < € < 1 there
exists an open set Uy C U and a function u € C’& (U) satisfying the following

conditions:
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1. |Us| < elU

2. foreachz € U \ Uy, v(z) = Vu(x);

3. |Vu|s < Cz(n)e | where Cy(n) is a constant depending only on

n.

Proof. Let (nx) C (0, 00) be a sequence satisfying

oo
Z ank < |’U‘007
k=0

and construct inductively (u;) € CH(U), (K}) C K(U) and (vx) € C(U) as
follows. According to Lemma 7.1, choose ug € C}(U) and Ky € K(U) such
that

L U\ Kol < 51U
2. foreach z € Ky, |Vuo(z) — v(z)| < no;
3. |Vuoloo < 20167 0] 0o

Assuming uy, K and vy have been constructed for k£ > 0, choose ug1 €
CHU) and K1 € K(U) satisfying

LU\ Kyl < 552 |U;
2. foreach x € K1, |Vugy1(z) — vp(z)| < s
3. | Vgst]oo < 2FF2C1e koo

according to Lemma 7.1; choose vi+1 € C(U,R™) an extension of (Vuy; —
vg) | Kg41 to U satisfying

[Vkt1loo = sup  [Vugi1(2) — o (@) < mpga,
T€EK 11

according to Tietze’s extension theorem.
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Observe

o0
D [Vuploo < 2C1e7!

o0

oo + zzk|vk|oo]
k=0
[0 @]

|v]oo + Z 25,
k=0

As uy, together with its gradient can be extended in a contiuous way to U by 0,

< 207! < 4C1e Moo, (7.1)

the series ), . ux(20) converges to 0 for any 2o € OU. On the other hand,
(7.1) ensures the existence of u € C§(U) for which

1. > 4en Uk uniformly converges to u on U’
2. Y pen Vuy uniformly converges to Vu on U.

Moreover we infer from (7.1)
IVtr|oo < Coe™Hv]oo

if we let Ca(n) = 4C1(n).
Let Up = U \ (e K and observe

o0

> €|U]
Uol < YU\ Ki| < Zz— = e|U].
k=0

k=0

For each z € U \ Uy = ey Kk and m € N we get v, (z) = v(x) —
> ko Vug(x) and

|Vu(z) !— (z)
<@+ S V@] <+ S Vgl
k=m+1 k=m+1

As Iy, o0 My = iMoo D ey, 11 |Vug|so = 0 the result follows imme-
diately. O
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Finally, we obtain the following result, due to G. Alberti [AIb91].

Theorem 7.3 (Alberti). Assume U C R" is a nonempty open set satisfying
|U| < oo and v : U — R™ is a measurable vectorfield. Assume v is not a.e.
as the result is trivial otherwise. For every 0 < € < 1 there exists an open set
Uy C U and a function u € C(} (U) satisfying the following conditions:

>

1. U] < elU

2. foreachz € U \ Uy, v(z) = Vu(x);
3. |Vu|s < C(n)etv|oo where C(n) is a constant depending only on n.

Proof. Fix 0 < ¢ < 1. There exists 7 > 0 such that the set B = {2 € U :
lv(x)| > r} satisfy 0 < |B| < #. According to Luzin’s theorem there
exists v1 € C(U,R™) satisfying v; = v outside a Borel set C' C U satisfying

|C| < |B|. Define vo € C(U,R™) by the formula

(2) = vi(x) if |ui(x)] <7y
v = r;l(%ﬂ if |ui(x)] > r

The vectorfield v is bounded, continuous and agrees with v outside C' U B,

moreover |[CUB| < # and so there exists an open set U; 2 C'U B satisfying

|U| < # and for which vo = v outside U;. We distinguish two cases of
figure:

1. if |B| = 0, then we get |C' U B| = 0 and so
[V2]o0 = [v2 [ [U\ (C'U B)lloc < [v]oo
as vg and v agree outside C' U B;
2. if |B| > 0 then notice that |v2|s < 7 < |V]0o-

As a consequence, 12|00 < |V]oco-
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As vy is bounded and continuous, Corollary 7.2 yields an open set Uy C U

EIU\

satisfying |Usa| < and a function u € C}(U) satisfying Vu = vy outside

U, as well as .

Vuloo <Ca (5)  lealee,
where Co = Cs(n) is the constant appearing in Corollary 7.2. Consequently
we obtain Vu = v outside Uy = U; N Uy and we get

|Vtt|oo < 202 |0] o0
The proof is complete if we let C'(n) = 2Cs(n). O

A simple corollary is the following.

Theorem 7.4. Assume U C R" is a nonempty open set,
R"™ is a measurable vectorfield. For every 0 < ¢ < 1 there exists K € fK(U )
and a function u € C’O (U) satisfying the following conditions:

1. U\K|<e

2. foreachz € K, v(x) = Vu(z);

3. V| < B(n)e™t|v|oo where 3(n) is a constant depending only on n.
Proof. Fix € > 0 and let u and Uy be associated to U, v and £/(2|U]) ac-

cording to Theorem 7.3. Choose K € XK(Up) satisfying |Uy \ K| < LU‘

Observe

U\ K| < |U\Uol +|Un \ K| < U

Ul <
ol I<e

2!U |
Defining 3 = 2C where C' = C'(n) is the constant appearing in Theorem 7.3,

we get condition 3. O

We will make use of the following consequence of Theorem 7.4.

Proposition 7.5 (M.-Pfeffer (2007)). Assume U C R" is a nonempty open set
satisfying |U| < oo and v : U — R™ is a measurable vectorfield. For every
0 < & < 1 there exists K € K(U) and a function v € C}(R™) supported in
U and satisfying the following conditions:
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7. Luzin’s theorem for m-charges

1. [U\K|<e;
2. foreachz € K, v(z) = Vu(z);

3. forevery x € R", |u(z)| < e min{1, dist*(z, R"\ U)}.

Proof. Choose an openset () # V C U for which V € K(U) and [U\ V| < 5.
Choose C' € X(V) satisfying |V \ C| < § and such that v | C' is bounded.

The formula
w(z) = v(x) %f x e C,
0 if xeV\C,
defines a bounded measurable vectorfield w : V' — R". Define
d = min{1 dist2(V R*"\U)} and d= 62—5
- ’ ’ - 14+ 85|V|w|so

where (3 is the constant appearing in Theorem 7.4, and find nonoverlapping
closed cubes Q1,Q2, ..., @y, satisfying diam (); < d and ); C V for each

1 <j<m,aswell as

V\UQj <

j=1

| M

Fix 1 < j < m and apply Theorem 7.4 to the vectorfield w; = w | Qj on
the open set C°2j and find a compact set K; C COQJ- and a function u; € CH(R™)

supported in (); satisfying the following conditions:
L 1Q; \ Kj| < g71Qs1:
2. foreach x € Kj, Vu;(z) = w(x);

3. | Vigloo < W ] oo

so that the mean value theorem implies

8BVl

‘uj|oo < diam(Qj”vuj’oo <d -

o P sVl
S 14+ 88|V||w|so €

N
™
<,
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7.1. A Luzin’s theorem for gradients

Let Ky = U;"Zl K and observe Ky is a compact subset of V' with

=] m

VAK| < [V [y +Z|Qj\Kj‘<§+WZ|Qj|<
j=1 j=1 j=1

Moreover u = > u; belongs to C1(R™), is supported in V' C U and
satisfies |u|o < €0 and for x € Ky we get Vu(x) = w(z). In particular
we have Vu(z) = v(z) for each z € K if we let K = Ky N C. Clearly,
K € K(U) and

UNK[<|[U\NV[+[V\EKo|+[V\C|<e.
Moreover u(x) = 0 for each x € R™ \ V, on the other hand for z € V' we get
lu(x)] < |ufoo < €6 < emin{l, dist?(z, R™\ U)}.
The proof is complete. O

We are now able to give the following generalization of Luzin’s theorem.

Theorem 7.6 (M.-Pfeffer (2007)). Assume U C R™ is an open set and v :
U — R™ is a measurable vectorfield. Given 0 < € < 1 there exists u € C(R")

differentiable almost everywhere in R™ and satisfying the following conditions:
1. |u]oo < € andsuppu C U;
2. foralmost all x € U, v(xz) = Vu(z);
3. foreveryx € R"\ U, Vu(z) = 0.

Proof. For k € N write B, = B(0,2%). Let Uy = U N By and choose ug €
C1(R™) supported in Uy and satisfying the following conditions, according to
Proposition 7.5:

1. ‘UO\KQ| < 1/2;

2. foreach z € Ky, v(x) = Vug(z);

93



7. Luzin’s theorem for m-charges

3. forevery z € R™, |ug(z)| < § min{1, dist*(z,R" \ Up)}.

Assuming Uy, Uy, ..., U and ug, u1,...u; have been constructed for some
k € N, we define Uxy1 = U N B4 \ U?:o K ; and choose uj11 € CHR")
supported in Uy satisfying the following conditions, according to Proposi-
tion 7.5:

L U1 \ Kpgt| < 372

2. foreachz € Kiy1, Vugi1(z) = v(w) — Z?:o Vu,;(z);
3. forevery x € R™, |up11(7)| < 55z min{1, dist?(z, R™ \ Ug41)}-

Let K = [y Kk define u = > 772 uy, and observe

o o0 1
D lunlee <€) oy =
k=0 k=0

As a consequence the Weierstrass convergence criterion guarantees v is con-
tinuous in R™ and |u|s < €. It is clear that suppu C U. For k € N compute
forany [ > k

-1
UNB\ K| < || UNBN\|J K, | \Ki| = U\ K| <

2l+1
7=0

and conclude |U N By, \ K| = 0 for each k& € N. Consequently

U\ K| =

U vnBi K| = 0.
keN

For x € K, choose k € N for which z € K}, and observe v; is supported
in U; for | > k while K;; N U; = (). In particular w;(z) = 0 forl > k. If
h € R"issuchthatx +h € R"\ U, we get u;(z+h) =0,incase z +h € U
we obtain

|2

1 i L
lug(z + h)| < len{l,dlStQ(l‘ +h,R*"\U))} < ot
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7.2. A Luzin’s theorem for differential forms

In either case we get |u;(x + h)| < 2|?—+|21 forl > k and
[e.0] oo o0 o0 1
Z w(z+h) — Z w(z)] < Z lug(x + h)| < |h)? Z ST
I=k+1 I=k+1 I=k+1 I=k+1

Consequently Vu(z) = 0forl > kand V [>°7°, | w] (z) = 0 so that

k
Vu(z) = Z Vuj(z) = v(z) — Vugg (x) = v(x).
j=0

Finally for x € R" \ U we get ug(z) = 0. In case h € R" is such that
x + h ¢ Uy, we get ug(x + h), while we obtain

1 |2
lug(z + h)| < sy min{1, dist?(z 4+ h,R" \ Up)} < ohFT
in case x + h € Uy. In either case
(o)
u(@ +h) —u(@)] <D fup(z+ h)| < [A?
k=0
from which it follows that Vu(x) = 0. O
7.2 A Luzin’s theorem for differential forms
Let 0 < m < n denote an integer. An m-differential form
w = Z Wit in,im ATiy N dTiy N+ Ndx;,,

1< <ig < <im<n
surable (resp. a.e. differentiable) function for each m-tuple 1 < 41 < 99 <

s <y SN

Theorem 7.7 (M.-Pfeffer (2007)). Let 0 < m < n — 1 be an integer and let
w be a measurable (m + 1)-differential form in R"™. For each € > 0, there
is an almost everywhere differentiable Q2 € €™ (R™) satisfying the following

conditions:
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7. Luzin’s theorem for m-charges

1. M(Q) <e;
2. dQ(z) = w(x) for a.e. x € R™.

Proof. Write w = Zl§i1<i2<~--<im+1<n Wiy igyesimyr ATiy NATi A= - Ndy,,
where Wi, j,....i,,,, 1S measurable for each 1 < i3 < 72 < -+ < dpq1 <
n. Using Theorem 7.6 find for every 1 < i1 < 49 < -+ < 4y, < M an
almost everywhere differentiable function €;, ;, ;. € C(R") satisfying the
following condition:

1. ‘Qil,i27~-'7im|00 < E(C;n)_l;
2. for almost every z € R" andeach 1 < ¢ < n,

5.0 ) Wiknig,im 1<,
i Qi g (T) = .
0 if ©>14.

Let Q = Zl<il<i2<._,<im<n Qi ig,imdxiy, Adxiy A - Adx;,, and observe
a.e. on R™

dQy = Z 8¢Qi1,i2wimd:ci A dl’il AN dZL‘i2 VANERRIVAN d:l?im,

1< <ig < <im<n
1<i<n

= E wi,il,ig,..‘,ideCi VAN dl‘il VAN d$i2 VANV dl‘im,
1<i<i1 <ig <+ <im<n
= W.

The proof is complete. O

7.3 A Luzin’s theorem for m-charges
Given an integer 0 < m < n, the oscillation of F € CH,,,(R") is the number
osc(F) =inf{e > 0: F(T) < eforT € N,,,(T) satisfying N(T") < 1}.

We estimate the oscillation of a flux.
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7.3. A Luzin’s theorem for m-charges

Proposition 7.8. For ( € €™ Y(R"), we have osc[T'(¢)] < M(().

Proof. Without loss of generality we can assume 0 < M(() < oco. For T' €
N, (R™) satisfying N(7") < 1 we get

L(O(T) = (9T, ¢) < M(IT)M(¢) < M(¢)N(T) < M(¢),
so that osc[I'(¢)] < vvM((). O
We conclude this chapter by a Luzin’s theorem for m-charges.

Theorem 7.9 (M.-Pfeffer (2007)). Let 1 < m < n be an integer and assume
w is a measurable m-differential form in R". Given € > ( there is an almost
everywhere differentiable m-charge F € CH,,,(R™) satisfying the following

conditions:
1. osc(F) < e
2. fora.e. x € R", we have DF (x,&) = ({,w(x)) for each & € Go(n, m).

Proof. Let Q2 be the (m — 1)-differential form associated to w and ¢ according
to Theorem 7.7 and define F' = I'(2). Proposition 7.8 allows us to conclude

F'is a desired m-charge. O
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Chapter

Removability for dive = 0

In this chapter we assume n > 2 and we present a new proof, due to N.C.
Phuc and M. Torres [PT07], of our result about removable singularities for the
equation divv = 0 in R” [Moo06].

8.1 Removability for bounded vectorfields

The flux of a vectorfield v € L% (R, R") is the distributional divergence of
v,

divv: Z2(R") - R, p+— — v-Vedz. (8.1)
RTL

Introduce removable sets.

Definition 8.1. Fix # C L{¥ (R™,R") a class of locally bounded measurable
vectorfields and let S € I(R™). We say that S is removable for the equa-
tion dive = 0 with respect to % (or simply Z-removable) if the following

condition holds: for every v € 4,
supp(divw) € S implies div v = 0.

We will say that S is removable (for the equation div v = 0) if it is removable
with respect to L>° (R, R™).
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8. Removability for dive =0

In other words there is no vectorfield v € % whose nonzero distributional

divergence vanishes outside a Z8-removable set.

8.1.1 A sufficient condition for a compact set to be removable

Following Th. De Pauw [De 03] we get the following.

Lemma 8.2. Let S € K(R") satisfy 0 < #"1(S) < oo. There exists a
sequence (xr) C BV (R™) satisfying the following conditions:

1. xx = 1 in a neighbourhood of S, for each integer k;
2. |supp Xx| — 0 as k — oo;
3. |Dxkll € C(n) " (S) 4 55 for k €N,

where C(n) is a constant depending only on n.

Proof. Call c,,_1 the volume of the unit-ball in R™ 1. Letk bea nonnegative
integer. Choose a finite collection of open cubes Q’f, R an with diam Q? <
27k 1 < j < m, for which the following are satisfied:

n—1
j n—1 Cn—1
) <H"TH(S) + ok

Let Uy = UL, Q? and X = xv,. One computes

m

1Dkl = 271 (0U) <> 2" 0Q),
7j=1

and

m m

_ . __n2nmi(S) 1

D AT OQ)) <2y (diam Q)" < ————+ o

j=1 j=1 Cn—1
On the other hand, one has |supp xx| = |Ux| — 0 as k& — oo. The result
follows. O

100



8.1. Removability for bounded vectorfields

A smoothing argument yields the following result.

Corollary 8.3. Suppose S € K(R") satisfies 0 < A" 1(S) < oco. There
exists a sequence (x ) C 2 (R"™) satisfying the following conditions:

1. xx = 1 in a neighbourhood of S, for each k;
2. |supp xx| — 0 as k — oo;

3. Jgu IVxk|d2 < C(n) A 1(S) + g for each | € N,

where C(n) is a constant depending only on n.

Proof. We use the same notations as in the proof of Lemma 8.2, define
0 = dist (S, 9U) > 0,

choose an integer j(k) > 1 satisfying j(k) > i and for which

1
< 5 (8.2)

' [ ¥+ w0l D]

We can assume j(k+1) > j(k) foreach k € N. For k € N, let xx = pj()*X&-
We find x; = 1 on the open set

Vi = {ZL‘ € Uy : dist(z, 9Uy) < 1}

7 (k)
containing S. On the other hand for k¥ € N we have
SUpp Xk = {x e R" : dist(x, Uy) < 1} .
j(k)

Observe S = [\cn Ur and |S| = 0 to infer |supp x| — 0,k — oo using
Lebesgue’s dominated convergence theorem. From Lemma 8.2 and (8.2) we

get conclusion 3. O

The following result follows readily.

Proposition 8.4. Let v € LS (R™,R") and assume S € K(R") satisfies

loc

HA"1(S) = 0. Then supp(divv) C S implies divv = 0.
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8. Removability for dive =0

Proof. Assume that v € L7 (R™,R™) satisfies supp(div v) € S. We have to

loc

show that div v is the zero distribution. For that purpose let (x,,) C Z (R") be
a sequence associated to S by Corollary 8.3. For ¢ € Z (R"), write

<DiU v, 90> = <01U v, Xk90> + <DlU v, (1 - Xk)@) )

whenever k is a nonnegative integer. It is clear that one has

(oiv v, (1 = xk)p) =0

using the fact that (1 — ) is supported outside S. On the other hand,
Lebesgue’s dominated convergence theorem guarantees that

klim (v v, xkp) = — kl m XkV - Vodr — lim wv - Vxi =0,
—00

i
— JRn k—oo Rn
and we get (div v, ) = 0 as was to be proved. O

It is now easy to infer the removability of compact sets whose (n — 1)-

dimensional Hausdorff measure vanishes.

Corollary 8.5. Let # C L (R™,R™) and assume S € K(R™) satisfies

loc
H"Y(S) = 0. Then, S is B-removable for the equation div v = 0.
8.1.2 A necessary condition for a set to be removable

We will use the following boxing inequality (we use the techniques developed
in [KKSTO07]).

Proposition 8.6 (Boxing inequality). There exists a constant C = C(n) > 0
such that given a nonempty open set U C R" satisfying |U| < oo and having
finite perimeter, one can find x, € U and Ry, > 0, k € N for which the

following conditions are satisfied:

2. Yl Ryt < Clu

>
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8.1. Removability for bounded vectorfields

3. foreach k € N,

< < - 8.3
2ntl |B(xk, Ry,)| 2 (8-

Proof. Fix x € U. Since U is open, there exists 7, > 0 such that

U N B(x,ry)|

=1
| B(, 72)]

As lim, .o |B(x,r)| = o0 and |U| < oo we get

B
Lo U0 B )

=0.
r—oo  |B(z,7)]

Let k; be the least integer for which

U O B, 2ry)| 1
<= 4
Bz, 26r)| S 2 &4

By construction

|U N B(x,2%r,)| _ |UNB(z, 2% 1r,)| 1
> .
| B(x, 2k, 2| B(x, 2k, )| 2nHd

(8.5)

Define R, = 2F=r, and observe, since U is measurable,
|B(z,R;)\U| = |B(z,R;)| — |B(xz,Ry) NU| > |B(z, Ry) N U|

according to (8.5). Using (8.5) we get

| B(z, Ry )|

min{|B(z, Ro)\U|, | B(z, Be)NU |} = [B(z, Be)NU| 2 — 1

. (8.6)

Using the relative isoperimetric inequality for BV sets, we know there exists

a constant ¢ = ¢(n) for which
min{|B(z, Rz) \ U|,|B(z, Rz) NU[} < R ||0U||[B(x, Ry)].

Combining this to (8.6) we get

| B(z, Ry )|

R YB(0,1)] =
x| B(0,1)] R,

< 2"Me|oU|(B(x, Ry)). (8.7)
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8. Removability for dive =0

In particular we get sup{R, : © € U} < oo and the Vitali covering theorem
yields a sequence of disjoint balls { B(xy, Ry, ) : k € N} for which

U C | J Bla,Rs] € | Blak, 5Re, ) € | B(ak, 6Ra).
zelU keN keN

Let Ry, = R, for k € N and compute

= - LN B R,
n—1 __ ’ k
kz—oRm’“ ~1B(0,1)] Z R,

cz 10U N[B @k, B ),

= clav] (U B(a:k,Rm)

keN
< Ul

/A

if we let C' = C(n) = 2""1¢(n)|B(0,1)| 7. The proof is complete. O
The following lemma can be proved using the Boxing inequality.

Lemma 8.7. Let i1 be a nonnegative Radon measure in R"™ and assume there
exists M > 0 such that p(B(z,7)) < Mr"~! for each x € R™ and each

r > 0. Then
/ wdu‘ <o [ velas
n Rn

holds for each o € 2(R™) where C' = C'(n) is a constant depending only on

n.

Proof. Fix ¢ € 2(R™). Recall that the weak gradient V|| satisfies |V|p|| =
V| a.e. on R™. The open set {|¢| > ¢t} = R™ has empty boundary for
t < 0. For a.e. t > 0, the coarea formula guarantees the open set {|¢| > t}
has finite perimeter, in which case we can choose r, € R" and Ry, > 0,k € N

according to Proposition 8.6 and compute

n{lel > 1) <Y n(Blak, 6R) < C'M Y Ry~ < C'M|{l¢l > t}]]
k=0 k=0
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8.1. Removability for bounded vectorfields

if we let ¢’ = C’(n) = 6"~1C(n) where C(n) is the constant appearing in
Proposition 8.6. Using the Cavalieri principle and the coarea formula for BV

functions, we get

Lt [ uttiel > e < car [ el > oy a
= C'M/ IV|e|| de = C'M/ V| da.
R™ R™
The proof is complete. O
Introduce the space
P (R™) = {u € Li1(R") : Vu € L'(R",R")}

which, endowed by the norm |u|; ;1 = |Vu|;, becomes a Banach space (see
[Wil08]). Observe Z(R") is dense in 211 (R™).

Theorem 8.8 (Phuc-Torres). Let 1w be a nonnegative Radon measure in R™ and
assume there exists M > 0 such that (B(x,r)) < Mr"~! for each x € R™
and each r > 0. Then there exists v € L (R™,R") satisfying

(div v, p) = / pdp
for each p € Z(R™).

Proof. Define an operator 7' : 2%1(R?) — LY(R",R") by T'(u) = —Vu.
Obviously |[T'(u)|1 = |u
tive. Moreover given (u;) C 2%1(R") and v € L'(R™, R"), the assumption

11 for u € 2VY(R™). In particular T is injec-

T'(ug) — v, k — oo implies
uj — wkl1,r = [T(uz) = T(ug)y — 054,k — oc.

The completeness of Z1(R™, R™) then ensures the existence of a function
u € 2Y1(R™) for which |ug — ul11 — 0,k — oo. In particular we get

T(u) = lim T(ug) = v,

k—o0
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8. Removability for dive =0

and im 7" is closed. Theorem 1.18 implies the adjoint operator
T* : L®(R",R") — 21 (R™)*
is surjective. On the other hand compute for ¢ € Z(R")
(T (v), @) = — /n v-Vodr = (divw, p).

So the result is proved as Lemma 8.7 ensures i | 211 (R™) belongs to the dual
space 211 (R™)*. O

We conclude this section by showing any removable set has zero (n — 1)-
dimensional Hausdorff measure. The result appeared in [Moo06] for the first
time, while the proof was completely different in spirit. This new proof is due
to N.C. Phuc and M. Torres in [PTO07].

Theorem 8.9 (M. (2006) — Phuc & Torres (2007)). Suppose S € I(R"™) is
removable for the equation div v = 0. Then #"~1(S) = 0.

Proof. Fix S € K(R") satisfying 77"~ 1(S) > 0 and use Frostman’s lemma
to find a nonzero Radon measure 1 supported in a subset S’ C S satisfying 0 <
A#"1(S") < oo and for which there exists M > 0 such that u(B(z,7)) <
Mr™~1 holds for every x € R™, r > 0. According to Theorem 8.8 there exists
v € L>®(R", R") satisfying div v = p on R, in the distributional sense. As p
is nonzero, .S is not removable for the equation divv = 0. O

8.2 A better removability result

We follow the smoothing argument of T. De Pauw [De 03] to obtain the fol-

lowing lemma.

Lemma 8.10. Assume S € K(R") satisfies 0 < #"1(S) < oo and fix real
numbers 7 > 0, 1 < p < oo. There exists w € L (R"™,R"™) satisfying the

following conditions:
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1. w [ R™\ S is infinitely differentiable;
2. the function x — div w(z) belongs to LP(R™) and | divw|, < n;

3. there exists ¢ € Z(R™) for which

/ pdivwdr # — w - Vedx. (8.8)
n R”

Proof. As in the proof of Theorem 8.9, use Frostman’s lemma to find a nonzero

Radon measure 1 supported in S and for which there exists M > 0 such that
u(B(z,r)) < Mr"™!

holds for every x € R™, » > 0. According to Theorem 8.8 there exists v €
L>(R™ R") satisfying

/ U-Vgpdac:/ pdpu.

for each ¢ € Z(R™). As p is supported in S, we get in particular (div v, ) >
0 for each ¢ € Z(R") satisfying ¢ > xs.
Fix p. € 2(R") satisfying . > xs and chosse 0 < £ < 7 so that

€ (|@0*‘p’ + ’vSO*’oo) < pu(S) (8.9)

holds, where we called p’ the conjugate exponent to p defined by zl) + ]% =1
From the open covering

e o (5 B9 o)

of R™\ S, extract a locally finite, countable open covering Uy = (Uy)xen of
R™ \ S subordinate to W (with Uy, C B(xy,dist(xg,S)/2), k € N); on the
other hand choose (¢;;) € Z(R") a partition of unity subordinate to U, so that
0 <tp < xvpo k€ Nand Y707 ) Y = Xrn\ -
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8. Removability for dive =0

Observe foreach k € N
1/p
lim (/ |V |Plpr * v — v|P da:)
l—>OO Rn

< | Vok| o hm/ lpr v —vPdz =0,
l—o0 Us

and
hm/ Yrlprxv —v|dr < wk|oohm/ lpr % v — v|dx = 0.

dist(Uy,9)

5 as well as

So for k € N choose [;, € N* satisfying + i <

1/p
maxd ([ 1ol s o= op )
Rn

WVrlp, * v — vl dx} <27% el (8.10)
Rn

Define then w : R” — R" by w(z) = 0if x € S and

§£:¢k z)py,, * v(x)

for z € R™\ S. Conclusion 1. follows readily.
Claim 8.11. For each p € 2(R") satisfying supp p N S = 0,

/ pdivwdz

< 5‘80|p’-

Proof of the claim. Let ¢ € P(R™) satisfy supp ¢ N S = () and observe

—/ U~Vg0da::/ pdu = 0.

On the other hand observe the integration by parts formula yields

/ pdivwdr = —/ w - Vpdz,

= —/ (w—v) - Veydz,
R

= _/ quk(plk*v—v)-Vgod:r.
" k=0
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8.2. A better removability result

On the other hand, compute for N € N

N N
D erlpy, * v =) - Vool < 200]oo| Vel D 1 < 2[v]o| Vol
k=0 k=0

and notice that the Lebesgue dominated convergence theorem yields

/ Z¢k(plk xv—v)-Vpdr = Z/ (p1, v —v) - (Y V) dx.
" k=0 k=0 R"

For k € N note supp(¢xp) NS = 0 and infer
/n v-V(Ype)de = - Yrpdp = 0.
As p is radial, compute
/}Rn Pk, ¥V - V(Ypyp) de = /Rn v [pr, * V()] do
= [ oVl s nplde = [ = (i) =0

as the choice of [;, ensures that py, * (¢1¢) is supported outside .S. Hence

/Rn(pkl v —0) - V(¢Yrp)dr = 0. (8.11)

Continue by observing that (8.10) and the Holder inequality give

9
L s v=v)- Vi) dal < [ Jpuso—ellTilleldo < seplely

from which we infer

(e 9]

D

k=0
Finally (8.11) and (8.12) and the equality ¥,V = V(ptr) — Vi
provide

/ pdivwdr| < Z
" k=0

as we wanted to prove. O

<elgly- (8.12)

[ (oo =v) oV do
Rn

< €|§0‘p’7

[ o =0)- Vi) do
.
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8. Removability for dive =0

Claim 8.12. The map x +— divw(z) belongs to LP(R"™) and | div w|, < 7.

Proof of the claim. Let X = {p € 2(R"™) : suppp NS = 0}. Accord-
ing to the Hahn-Banach theorem we see that the linear functional f : X C
LY (R") — R defined by (f,¢) = [p. pdivwdz extends to f € LV (R")*
satisfying |(f, u)| < e|ul, for eachu € L' (R™). So there exists g € LP(R™)
satisfying |g|, < € and such that (f,u) = [p, gudz holds for each u €
LY (R™). Since |S| = 0 we get

/ (9 —divw)pdr =0

for each ¢ € Z(R"™), so divw = g a.e. Consequently divw € LP(R™) and
|divwl, = [g], <e <. O

As a consequence of Holder’s inequality, we get

/ s divw dx

where ¢, € Z(R") is the function introduced at the beginning of the proof.
On the other hand observe using (8.10) that

/R S ilpy, +v —v) - Vi, da

" k=0

< €lsly, (8.13)

/n(w—v)-V@*d:c

o
<ol Y [ dnlox v vlds < e[
k=0 " R"
As a consequence, we obtain
—/ w-V«p*dm:—/ U-Vgo*da:+/ (v—w) - Vp.dx

:/ w*du+/ (0 —w) - Ve dz > u(S) — £ Vpuloo.

Yet (8.9) and (8.13) imply

9

u(S) = eV > el > | [ divwds
Rn
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8.2. A better removability result

and we conclude

—/ i divw da # w- Vo, dz.
Rn R’I’L

The Lemma is proved. O
Remark 8.13. Multiplying if necessary the vectorfield w obtained in Lemma
8.10 by x € Z(R"™) verifying 0 < x < 1 on R” and satisfying x = 1 on
a neighbourhood of supp ¢, we get a vectorfield w € L*°(R™ R™) having

compact support and satisfying the following conditions:
1. w [ R™\ S is infinitely differentiable;
2. the function x — div w(x) belongs to LP(R");

3. there exists ¢ € Z(R"™) for which

/ p divwdr # — w - Vpdz. (8.14)
n Rn”

of Lemma 8.10.

We can improve Theorem 8.9 following the ideas developed in [Moo06,

Section 5].

Definition 8.14. A compact set S C R” is said to be s-removable for the equa-
tion div v = 0 if the following condition holds: for every v € L>(R",R") of

class C'** outside S
supp(divw) C S implies divv =0

Theorem 8.15 (M. (2006)). A set K € K(R"™) is s-removable for the equation
divv = 0 if and only if " 1(S) = 0.

Proof. The sufficient part follows readily from Proposition 8.4. To prove it
is also necessary, assume 0 < 7"~ 1(S) < oo, choose a real number n <
p < oo and let w and ¢ be associated with S and p by Remark 8.13. Choose
X € Z(R") satisfying x = 1 on a neighbourhood of supp ¢ and let w =
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8. Removability for dive =0

XV K giv w» Where K giy 4, is the Newtonian potential of div w. Observe w is a
bounded vectorfield of class C'*° outside S and continuous in R™. As S is a set
with finite (n — 1)-dimensional Hausdorff measure, the generalised integration

by parts formula guarantees the equalities

/cpdivwdx:/ cpdivzbdl‘:—/ w-Veodr |

are satisfied. Defining v = w — w and using (8.8) we get

/ v-Veodr#0

and so div v is not the zero distribution. But using the integration by parts
formula one sees (div v, 1)) = 0 for each ¢p € Z(R"™) supported in R™\ S. [

8.3 Charging measures

We first examine when a measure defines a strong charge.

Theorem 8.16 (Phuc-Torres). Let i be a Radon measure in R", and assume
for each K € K(R™) that

lim sup sup {/ wdup:p e P2(R"),suppp C B(x,9),|Veli < 1} =0.
6—0t reEK n

Then the formula % () = fR" p du defines a strong charge in R™.

Proof. Fixe > 0, K € KX(R") and ¢ € Z(R") satisfying supp p C K. Let
K, = {x € R" : dist(x, K) < 1}. By hypothesis, there exists 0 < § < 1
such that for every z € K and ¢ € 2(R") satisfying supp ) C B(z, ), we
have

W dp < | V1. (8.15)

R”
Choose n € Z(R") satisfying xp(o,1/2) < 7 < XB(0,1) and let C' =
|V1|so. For each n-tuple I = (i1,12,...,i,) € N" let x; = ﬁél and

observe for each z € R"™ the number

1<#{I€N“:w€B<x1,g>}
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8.3. Charging measures

is less than

0
N = max {max#{féN":xEB(ﬂSL)}y
zeR" 2

#{IGN”:KlﬁB(a:I,

For I € N" let; € Z(R™) be defined by () = 1 (*5). Note that
<&
5

XB(z1,6/2) SN < XB(zy,5) and  [Vr] <

Choose I, Io, ..., I,, € N” for which

and define ¢ € Z(R") by the formula ¢(x) = > ", ny, (). In particular we
get 1 < (x) < N foreach z € K. Furthermore we get for z € R"

S < ON
V() < D [V, (2)] < ==
7j=1
For 1 < j < m define {;(z) = m(i)) in case ¥(z) # 0. Otherwise let

¢j(x) = 0 and observe Y 7" | {; = 1 on K;. Moreover we find {;¢o € Z(R")
and supp(§;) C B(wy,,0).
Compute using (8.15)

[etn=[ S gedized [ Vigolin

and

m

> [ 9ld < /R; Véille da:+/w;fj\wrdx

j=1
</ §j|vsj||so|dw+/ V| de.
an:l Rn
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8. Removability for dive =0

Yetforl < j<mandzx € K

Y@ ) (V)
V&I =@ T@ e
_ V@)l | [Ve@)] _ ¢ OoN

< + S <+ —
() Plx) 6 9
as ¢ (z) > 1. Hence
m
CN(N+1
3 ivgyl < LD
j=1
and we get
/ pdp < 9/ <p|d:v+€/ V| dz.
R R" R
if we choose 6 = %. The proof is complete. O

We give a simple sufficient condition for a Radon measure to be a strong

charge.

Theorem 8.17 (Phuc-Torres). Let p be a Radon measure in R™ and assume
for each K € K(R™) that
w(B(z,r))

rn—l

lim sup sup =0.

=0T zeK 0<r<s

Then the formula .F (p) = fR" p dy defines a strong charge in R".

Proof. Fix K € K(R™), ¢ > 0 and define K as in the proof of Theorem
8.16. By hypothesis there exists 0 < &; < 1 such that u(B(z,r)) < er™!
holds for each x € Kj and every 0 < r < §;. Let ¢ € Z(R") satisfy
supp ¢ C B(xg,d) for some 0 < § < % and some o € K. Forae. t > 0,
the open set {|p| > ¢} has finite perimeter, in which case call (z1) C {|¢| > t}
and (Ry) C (0, 00) two sequences associated to {|p| > t} according to Propo-
sition 8.6. Observe (8.3) combined to the inclusion {|p| > ¢t} C B(xg,J)
yields Ry < 26 and 6Ry < 120 < 67 for each k£ € N. In particular we get
xp € K and
p(B(zy, 6Rg)) < 6" teR}T
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8.4. Removability for continuous vectorfields

for each & € N. We get

u(flel > 1)) <Y pu(Blax, 6Ry)) < 6" 'e Y R~ < Clell{lo] > 1]
k=0 =

and hence

/sodué/ Isoduz/ p{le| >t} dt
R'Il Rn 0

<C' [ TIlel > 0l = ' | Vigldr=C'e [ Vplde

As it yields the vanishing of

lim sup sup {/ edp:p € P(R"),suppp C B(xo,9), V|1 < 1} :
0—0t Z'OGK n

Theorem 8.16 allows us to conclude. OJ

8.4 Removability for continuous vectorfields

First, we state a sufficient condition for a compact set to be C(R", R™)-removable.

Lemma 8.18. Suppose S € K(R") satisfy " 1(S) < oo. Then S is
C(R"™,R™)-removable for the equation div v = 0.

Proof. Assume v € C(R™, R™) is such that supp(divv) C S. Let p € Z(R")
be nonzero and define K = supp ¢. Our goal is to show (div v, ) = 0.

To that purpose fix € > 0. As div v is a strong charge, choose § > 0 such
that

(v o, ) < Ol +€min{1, M} Vs

holds for each ¢p € Z(R") satistying supp ¢ C K, where C'(n) is the constant
appearing in Corollary 8.3, and choose () a sequence associated to S by
Corollary 8.3. In particular we get for any k € N

<01U v, Q0> = <DiU’U, (1 - Xk)<)0> + <DIU v, Xk90>
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8. Removability for dive =0

As (1 — xx)¢ is supported outside S, we get (div v, (1 — xx)p) = 0. On the
other hand,

€

(iv v, xip) < (0]l + €[ Veploo) IXkl1 +
Using Corollary 8.3 and taking the limit when k& — oo in the previous inequal-
ity we obtain (div v, ) < " 1(S). O

An interesting application of Theorem 5.15 yields a necessary condition
foraset S € K(R") to be C(R™, R™)-removable for the equation div v = 0.

Theorem 8.19 (Phuc-Torres). Assume S € IC(R™) is C(R™, R"™)-removable
for the equation divv = 0. Then 5"~ 17¢(S) = 0 for each e > 0.

Proof. Fix £ > 0 and suppose S € K(R") is C(R", R™)-removable for the
equation dive = 0 yet satisfies " 17¢(S) > 0. According to Frostman’s

lemma there exists a nontrivial Radon measure p supported in .S and satisfying
p(B(z,r)) < 7"
for all z € R™, r > 0. In particular we find for K € K(R")

B(x,r .
0 < lim sup sup u_l))g lim 6°=0
§—0t geK o<r<s T §—0t

and the formula . (p) = fRn o dp defines a strong charge in R™ according to
Theorem 8.17. Theorem 5.15 yields a vectorfield v € C'(R™, R"™) satisfying

/’U'VQDdIE:/ pdu
n Rn

for every p € Z(R™). In particular div v is nonzero yet supp(divv) N S = 0,
hence S is not C'(R"™, R"™)-removable. O
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A perspective
Charges 1n Banach spaces

With Marie Snipes [MS07], we proposed a definition of m-charges in a Banach

space.

Charges in Banach spaces

Let X be a Banach space and for any integer m € N let A,, X denote the space
of all m-vectors in X (see [Fed69, Chapter 1]).

For each k € N, G(X, k) will stand for the collection of all k-dimensional
linear subspaces of X.

Let us introduce continuous partial forms on X, following M. Snipes [Sni].
Definition 8.20. A continuous m-partial form on X is a map
w: X xA,X—R
satisfying the following condition:

1. forall Kk € Nand each Y € G(X,k), the map w | X x A,,Y is

continuous;

2. for each x € X, the map w, : A, X — R is linear.
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The notation " (X)) stands for the set of all continuous partial differential

forms in X.

To each m-dimensional oriented, convex polyhedron P in X we associate
a tangent m-vector Tp.

T. Adams [Ada04] introduces a space F,,, (X) of m-dimensional flat chains
in a Banach space X by completing the space P,,, (X)) of formal linear combi-
nations of m-dimensional polyhedra under a flat norm. That flat norm extends
to a flat norm on the space F,,,(X ), and we also have a (lower semicontinuous
in the flat norm topology) mass functional M on F,,,(X). We let

N (X) = {T € Fpu(X) : M(T) + M(3T) < oo}

Definition 8.21. A linear functional F' : IN,,,(X) — R is called an m-charge
in X (or simply an m-charge) if for each ¢ > 0, each k € N, each Y €
G(X,k) and each K € K(Y) there exists § > 0 such that for each T' €
N,,,(X) satisfying supp T’ C K one has

F(T) < OF(T) +eN(T).
The space of all m-charges in X will be denoted by CH,,,(X).

Remark 8.22. When X = R" the previous definition is equivalent to Definition
3.1 according to Proposition 3.2.

For each w € ¥ (X), one defines a map
Aw) : Pp(X)—R

by the formula A(w)(P) = Zé:l o fPi w(x, Tp,)dA™(z), where

for m-dimensional convex polyhedra P;in X and a; € R, 1 <7 < L.
Using an approximation property by Lipschitz continuous m-forms (the

use of such a generalization of the Stone-Weierstrass approximation theorem

118



Perspectives

indicating the necessity of working with finite dimensional subspaces of X in

the definition of m-charge), one should be able to prove A(w) satisfies
A(w)(P) < OF(P) +eN(P)

whenever P € P,,,(X) satisfies supp P C K.
For T' € N,,(X) choose a sequence (P;) C P,,(X) satisfying the fol-
lowing conditions (see [Ada04]):

1. limg0o N(Pg) = N(T)),
2. limy_oo F(T — P) = 0.
Writing F' = A(w) it yields

lim [F(Py) = F(P)| = 0.

k,l—o0

If (P;) C P,,(X) is another sequence satisfying 1. and 2. then
lim |F(P;) — F(P)| =0
k—o0

so that we can let
F(T) = lim F(Ty).

k—o0

From the inequalities

one would infer
F(T) < 0F(T) +N(T)

and F' = A(w) would be an m-charge in X.
With M. Snipes, we would like to investigate which type of representation

theorem we can get for m-charges in Banach spaces.
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