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Foreword

Before giving a brief survey of the results, we expose, quite informally, the
general plan of the dissertation.

A natural context for working with objects of dimension 0 6 m 6 n in the
Euclidean space Rn is that of currents.

Inspired by the natural duality between manifolds and differential forms,
an m-dimensional current is simply a linear form acting on compactly sup-
ported smooth m-differential forms in Rn, continuous for a topology on the
space of compactly supported smooth m-differential forms in Rn, recalling
Laurent Schwartz [Sch66] distributions. We get a boundary operator acting
on m-currents as dual to the exterior differentiation of m-differential forms:
〈∂T, ω〉 = 〈T, dω〉. The mass of any m-dimensional current T is a (possibly
infinite) number M(T ) coinciding with the Hausdorffm-dimensional measure
of M whenever TM is the current naturally associated to the m-dimensional
compact, smooth, orientable submanifoldM of Rn by integrating onM the ac-
tion of ω on the tangent vectorfield ~TM to M : 〈TM , ω〉 =

∫
M 〈~TM , ω〉 dH

m.
According to Stokes’ theorem, we get ∂TM = T∂M for each smooth, compact,
orientable m-dimensional submanifdold M of Rn.

We also define the flat norm of T as the greater lower bound for M(R) +
M(S) whenever R+ ∂S is a decomposition of T .

Amongm-dimensional currents, we distinguish the so calledm-dimensio-
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Foreword

nal normal currents, having compact support and such that M(T ) and M(∂T )
are finite. We denote by Nm(Rn) the space of all such currents. One interest
of working with normal currents is the compactness of the set

A(K, c) = {T ∈ Nm(Rn) : T is supported in K,M(T ) + M(∂T ) 6 c}

under the flat norm1, wheneverK ⊆ Rn is compact and c > 0 is a real number.
In particular (see [Pfe01, Proposition 1.2.2]) the strongest topology T for

which all inclusions

(A(K, c),F) ↪→ (Nm(Rn),T)

are continuous, turns Nm(Rn) into a locally convex, sequential topological
vector space. Any element of the (topological) dual

CHm(Rn) = (Nm(Rn),T)∗

is an m-charge in Rn.
An equivalent condition for a linear functional F : Nm(Rn) → R to be

an m-charge is the following: for each ε > 0 and each compact set K ⊆ Rn,
there exists θ > 0 such that

F (T ) 6 θF(T ) + εN(T )

holds for each T ∈ Nm(Rn) supported in K.
Typical examples of m-charges are the linear functionals T 7→ 〈T, ω〉 and

T 7→ 〈∂T, ζ〉 where ω and ζ are continuous differential forms of order m and
m− 1 respectively, the duality between normal currents and continuous forms
being defined using a straightforward regularization process.

To each couple (ω, ζ) whose first component is a continuousm-differential
form and whose second component is a continuous (m− 1)-differential form,

1Observe H. Federer localizes the flat norm. Given an m-current T and a compact set
K ⊆ Rn the flat seminorm FK(T ) is the greatest lower bound for M(T −∂S)+M(S) where
S ranges over the class of (m + 1)-currents supported in K. In particular the F-compactness
of A(K, c) follows not from the classical compactness theorem [Fed69, Section 4.2.17].
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we thus associate an m-charge Θ(ω, ζ) defined by

Θ(ω, ζ)(T ) = 〈T, ω〉+ 〈∂T, ζ〉.

Using the Banach-Grothendieck theorem we show that Θ has a dense image in
the space CHm(Rn). Indeed, we show that the mapping Φ : CHm(Rn)∗ →
Nm(Rn) defined by

〈Φ(α), ω〉 = α(Θ(ω, 0))

is a linear bijection. In particular each α ∈ CHm(Rn)∗ vanishing on the
space im Θ(·, 0) is zero, and im Θ is dense in CHm(Rn). On the other hand,
an application of the closed range theorem guarantees that Θ has a closed range
in CHm(Rn). Consequently each m-charge in Rn is of the form

T 7→ 〈T, ω〉+ 〈∂T, ζ〉

for some continuous m- and (m− 1)-forms ω and ζ respectively.
In case F is anm-charge vanishing on boundaries, i.e. satisfying F (∂T ) =

0 for each T ∈ Nm(Rn), we obtain that F is of the form

T 7→ 〈∂T, ζ〉

for some continuous (m− 1)-form ζ.
In [Whi57], H. Whitney introduces m-flat cochains. For our purposes, an

m-flat cochain in Rn is a linear functional F : Nm(Rn) → R such that there
exists c > 0 for which F (T ) 6 cF(T ) holds for each T ∈ Nm(Rn). In
particular, any m-flat cochain F in Rn is an m-charge in Rn. Wolfe’s theo-
rem [Whi57, Theorem 7C] states that there exists a flat m-form ω (merely an
m-differential form having essentially bounded coefficients and an essentially
bounded exterior derivative, which need not to be continuous) for which

F (TM ) =
∫
M
〈~TM (x), ω(x)〉 dH m(x)

holds for each m-dimensional, compact, smooth, orientable submanifold M
of Rn. The aforementioned representation theorem for m-charges hence fur-
nishes a new representation theorem for m-flat cochains by a pair of continu-
ous forms.
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Following J. Kurzweil [Kur57] and R. Henstock [Hen61] which provided a
constructive generalized Riemann integral integrating each derivative, J. Maw-
hin (see [Maw81]) (working with multidimensional intervals and using a dif-
ferent ratio) and W.F. Pfeffer [Pfe91] showed the necessity of controlling uni-
formly from below the isoperimetric ratios

H n(Bj)
H n−1(∂Bj) diam({xj} ∪Bj)

, 1 6 j 6 m

of the sets B1, B2, . . . , Bm used to partition a smooth volume B so that a
limiting process on the Riemann sums

m∑
j=1

div v(xj) H n(Bj)

yields the attended value
∫
∂B v ·νext dH n−1 (the flux of v through ∂B) in case

v : Rn → Rn is a differentiable vectorfield.
Following W.F. Pfeffer, define the regularity of an m-dimensional normal

current T at x ∈ Rn as the isoperimetric ratio

reg(T, x) =
M(T )

M(∂T ) diam(suppT ∪ {x})
.

We can define the derivative DF (x, ξ) of an m-charge F at x ∈ Rn in the
m-direction ξ as the limit (in case it exists)

lim
k

F (Tk)
M(Tk)

where T0, T1, T2, . . . is any sequence of currents “tending to x along ξ” and
satisfying infk reg(Tk, x) > 0.

We could hope that given an m-charge F , the derivative ξ 7→ DF (x, ξ)
defines at each x ∈ Rn a m-differential form ωF for which

F (T ) = 〈T, ωF 〉

holds for each m-dimensional normal current T ; unfortunately charges are in
general not sufficiently regular for the previous relation to hold.
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Yet, following N. Luzin [Lus12], we showed with W.F. Pfeffer [MP08]
that given 1 6 m 6 n, any measurable m-differential form ω in Rn is almost
everywhere the derivative of an m-charge F : for almost every x ∈ Rn and
each m-direction ξ

〈ξ, ω(x)〉 = DF (x, ξ).
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A brief survey

Let D(Rn) denote the space of all infinitely differentiable functions on Rn

vanishing outside a compact set and callC(Rn,Rn) the space of all continuous
vectorfields in Rn.

A fluxing charge is a linear functional F : D(Rn) → R for which there
exists v ∈ C(Rn,Rn) such that

F (ϕ) = −
∫

R
v · ∇ϕ (1)

holds for each ϕ ∈ D(Rn).

In particular, the formula Fv(ϕ) =
∫

Rn ϕ div v defines a fluxing charge
for each v ∈ C1(Rn,Rn).

A strong charge (see [DP04]) is a linear map F : D(Rn) → R such that
to each ε > 0 and each compact setK ⊆ Rn we can associate θ > 0 for which

F (ϕ) 6 θ

∫
Rn

|ϕ|+ ε

∫
Rn

|∇ϕ|

holds for each ϕ ∈ D(Rn) satisfying ϕ(x) = 0 for x ∈ Rn \K. Each fluxing
charge is a strong charge, as we can show easily.
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A brief survey

The intermediate dimensional case

Fix integers 0 6 m 6 n. Call Cm(Rn) the set of all continuous m-differential
forms in Rn and let C−1(Rn) = {0} by convention.

An m-dimensional normal current in Rn is the data of two Radon mea-
sures with compact support T : Cm(Rn) → R and ∂T : Cm−1(Rn) → R, the
second one vanishing in case m = 0, or satisfying

〈T, dω〉 = 〈∂T, ω〉

for each infinitely differentiable (m − 1)-differential form ω having compact
support, in case m > 1. In particular, each normal current is determined by
the first Radon measure T and we will use it to specify any normal current.

Let Nm(Rn) be the set of all m-dimensional normal currents in Rn and
define the normal mass of T ∈ Nm(Rn) as the sum of the variations of T and
∂T : N(T ) = ‖T‖(Rn) + ‖∂T‖(Rn). The flat norm of T ∈ Nm(Rn) is the
number

F(T ) = inf{‖T − ∂S‖(Rn) + ‖S‖(Rn) : S ∈ Nm+1(Rn)}

in case m 6 n− 1 and F(T ) = ‖T‖(Rn) in case m = n.

An m-fluxing charge in Rn is a linear map F : Nm(Rn) → R such that
there exists ζ ∈ Cm−1(Rn) for which F (T ) = 〈∂T, ζ〉 holds for each T ∈
Nm(Rn).

Given any m-fluxing charge F : Nm(Rn) → R, choose ζ ∈ Cm−1(Rn)
associated to F in such a way that F (T ) = 〈∂T, ζ〉 holds for each T ∈
Nm(Rn), fix ε > 0, a compact set K ⊆ Rn and ψ an infinitely differ-
entiable (m − 1)-differentiable form with compact support in Rn satisfying
|ζ(x) − ψ(x)| 6 ε for each x ∈ K. In case m 6 n − 1 compute for any

x



A brief survey

S ∈ Nm+1(Rn)

〈∂T, ζ〉 = 〈∂T, ζ − ψ〉+ 〈∂(T − ∂S), ψ〉,

= 〈∂T, ζ − ψ〉+ 〈T − ∂S, dψ〉,

6 ε‖∂T‖(Rn) + sup
Rn

|dψ(x)|‖T − ∂S‖(Rn),

6 ε‖∂T‖(Rn) + sup
Rn

|dψ(x)|[‖T − ∂S‖(Rn) + ‖S‖(Rn)].

In particular we get

F (T ) 6 sup
Rn

|dψ(x)|F(T ) + εN(T ), (2)

this inequality being also verified in case m = n.
An m-charge in Rn is a linear map F : Nm(Rn) → R such that to each

ε > 0 and each compact set K ⊆ Rn corresponds a θ > 0 for which

F (T ) 6 θF(T ) + εN(T )

holds whenever T ∈ Nm(Rn) is supported in K. In particular (2) guarantees
each m-fluxing charge is an m-charge.

Remark. An n-differential form in Rn corresponds bijectively to a function
u : Rn → R, whereas to any (n − 1)-differential form in Rn corresponds
bijectively a vectorfield v : Rn → Rn. Using these identifications, each ϕ ∈
D(Rn) defines a normal current Tϕ ∈ Nn(Rn) by the formula

〈Tϕ, u〉 =
∫

Rn

uϕ,

for u ∈ C(Rn) while its boundary ∂Tϕ acts on any continuous vectorfield
v ∈ C(Rn,Rn) by the formula

〈∂Tϕ, v〉 = −
∫

Rn

ṽ · ∇ϕ,

if we let ṽi = (−1)i−1vi, 1 6 i 6 n. In particular, we get F(Tϕ) = M(Tϕ) =∫
Rn |ϕ| and ∫

Rn

|∇ϕ| 6 N(Tϕ) 6
√
n

∫
Rn

|∇ϕ|.
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A brief survey

Given an n-charge F : Nn(Rn) → R we define a linear functional F :
D(Rn) → R by the formula F (ϕ) = F (Tϕ). In particular we get for each
ε > 0 and each compact set K ⊆ Rn, a real number θ > 0 for which

F (ϕ) 6 θF(Tϕ) + εN(Tϕ)

holds whenever ϕ ∈ D(Rn) is supported in K. Consequently F is a strong
charge, using the above estimations for F(Tϕ) and N(Tϕ). Conversely, one
can show that each strong charge induces an n-charge in Rn.

On the other hand, given an n-fluxing charge F : Nn(Rn) → R, there
exists a continuous vectorfield v ∈ C(Rn,Rn) for which

F (ϕ) = F (Tϕ) = 〈∂Tϕ, v〉 = −
∫

Rn

ṽ · ∇ϕ

holds for each ϕ ∈ D(Rn) where ṽ is defined as above. Hence F is a fluxing
charge. Conversely, one also shows that each fluxing charge induces an n-
fluxing charge in Rn.

A representation theorem for m-charges

The objective of our work was to find conditions under which an m-charge in
Rn is a m-fluxing charge.

In fact, we first obtain (Theorem 5.15) a representation theorem for m-
charges: given any m-charge F : Nm(Rn) → R we can find ω ∈ Cm(Rn)
and ζ ∈ Cm−1(Rn) for which

F (T ) = 〈T, ω〉+ 〈∂T, ζ〉

holds for every T ∈ Nm(Rn).
Unfortunately, we think there is no hope to obtain an (even weaker) repre-

sentation theorem using derivating strategies, as we explain in Chapter 6.
Instead, we use functional analysis tools to prove the map associating to

(ω, ζ) ∈ Cm(Rn) × Cm−1(Rn) the m-charge F in Rn defined by F (T ) =
〈T, ω〉+ 〈∂T, ζ〉 is onto. For that purpose we use a closed range theorem.

xii



A brief survey

In casem > 1, we can define the exterior derivative of am-charge F by the
formula dF (T ) = F (∂T ). One readily verifies that dF is a (m+ 1)-charge.

Using a construction based on the homotopy formula for currents (or using
Theorem 5.15 and a regularizing argument), we show that given m > 1 and an
m-charge F in Rn for which dF = 0, there exists a (m − 1)-charge G in Rn

satisfying dG = F (see Theorem 3.13 or Lemma 5.18 for that Poincaré-like
lemma).

Combining the representation theorem for m-charges to the Poincaré-like
lemma yields the desired result: an m-charge F in Rn is an m-fluxing charge
in Rn if and only if dF = 0. As each n-charge F in Rn satisfies dF = 0, we
get that each strong charge in Rn is a fluxing charge in Rn, a result previously
obtained by T. De Pauw and W. F. Pfeffer in [DP04].

A Luzin’s type theorem for m-charges

In [Alb91], G. Alberti shows that given a measurable vectorfield v in an open
set U ⊆ Rn of finite Lebesgue measure, there exists an arbitrary close to U
(in measure) compact set K ⊆ U and a function u of class C1 in U for which
∇u = v on K.

Luzin’s theorem [Lus12] states that each measurable function on the real
line is, almost everywhere, the derivative of an almost everywhere differen-
tiable continuous function. In a joint work with W.F. Pfeffer [MP08] we start
from Alberti’s result and show, following the original Luzin’s argument, that
each measurable vectorfield on Rn is, almost everywhere, the gradient of an
almost everywhere differentiable function.

Given 0 6 m 6 n− 1 and an (m+ 1)-differential form

ω =
∑

16i1<i2<···<im+16n

ωi1,i2,...,im+1dxi1 ∧ dxi2 ∧ · · · ∧ dxim+1

with measurable coefficients ωi1,i2,...,im+1 , 1 6 i1 < i2 < · · · < im+1 6 n,
we thus know that for each sequence 1 6 i1 < i2 < · · · < im 6 n there exists
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a continuous function Ωi1,i2,...,im satisfying

∂iΩi1,i2,...,im(x) =

{
ωi,i1,i2,...,im if i < i1,

0 if i > i1

for each 1 6 i 6 n. In particular we get a continuous m-differential form

Ω =
∑

16i1<i2<···<im6n

Ωi1,i2,...,imdxi1 ∧ dxi2 ∧ · · · ∧ dxim

satisfying dΩ = ω a.e. on Rn.
We are then able to prove that given an (m + 1)-differential form ω with

measurable coefficients, its action on any m-direction ξ is, for almost ev-
ery x ∈ Rn, the derivative at x in the direction of ξ of the m-charge FΩ :
Nm(Rn) → R defined by

FΩ(T ) = 〈T,Ω〉,

where Ω is constructed from ω as above; this derivative being obtained by
taking limits of quotients FΩ(T )/‖T‖(Rn) whenever T “tends to x along ξ”.

In particular, each measurable function on Rn is almost everywhere the
derivative of a strong charge, and we thereby generalize the result [HP04] by
E.J. Howard and W.F. Pfeffer.

Removable singularities for div v = 0

The problem of removing singularities for the equation div v = 0 is the fol-
lowing: given a class B of locally bounded measurable vectorfields, give con-
ditions on the compact set S ⊆ Rn for the following to hold: for all v ∈ B,
if ∫

Rn

v · ∇ϕ = 0 (3)

is satisfied for each ϕ ∈ D(Rn) supported outside S, then (3) holds for each
ϕ ∈ D(Rn). In such a case we say that S is removable for the equation
div v = 0 with respect to B.
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Fix B any collection of locally bounded measurable functions on Rn for
n > 2. Let us illustrate the previous definition by showing that S = {0} is
removable for div v = 0 with respect to B.

Define for each integer k > 1 an infinitely differentiable function βk ∈
D(Rn) by the formula

βk(x) =


1 for |x| 6 1/k,

exp
(
1 + 1

k2|x|2−2k|x|

)
for 1/k < |x| < 2/k,

0 for |x| > 2/k.

Pointwise on Rn, we get

βk → χ{0}, k →∞,

while a simple computation yields

lim
k→∞

∫
Rn

|∇βk| = 0.

For v ∈ B, ϕ ∈ D (Rn) and an integer k > 1, write∫
Rn

v · ∇ϕdx =
∫

Rn

v · ∇(βkϕ) dx+
∫

Rn

v · ∇[(1− βk)ϕ] dx.

Assuming
∫

Rn v · ∇ψ dx = 0 for each ψ ∈ D(Rn) vanishing in a neighbour-
hood of 0, we see the second term vanishes. On the other hand, Lebesgue’s
dominated convergence theorem guarantees that

lim
k→∞

∫
Rn

v · ∇(βkϕ) dx = lim
k→∞

∫
Rn

βkv · ∇ϕdx+ lim
k→∞

∫
Rn

ϕv · ∇βk = 0,

and we get
∫

Rn v · ∇ϕdx = 0. Hence {0} is removable for the equation
div v = 0 with respect to B.

Refining this procedure, we show that a compact set S ⊆ Rn whose
(n−1)-dimensional Hausdorff measure vanishes, is removable for the equation
div v = 0 with respect to any class of locally bounded measurable functions.

Moreover, we prove that a compact set S ⊆ Rn is removable for the equa-
tion div v = 0 with respect to the class L∞(Rn,Rn) of bounded measurable
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vectorfields if and only if the (n − 1)-dimensional Hausdorff measure of S
vanishes. This result appeared first in [Moo06] but the simpler proof presented
in this text is new and due to M. Torres and P.C. Phuc [PT07].

We also observe with a simple regularizing argument that compact sets
with zero (n − 1)-Hausdorff dimensional measure are also characterized by
the following property: for all bounded measurable vectorfields v : Rn → Rn,
of class C∞ outside S, if ∫

Rn

v · ∇ϕ = 0

is satisfied for each ϕ ∈ D(Rn) supported outside S, then it holds for each
ϕ ∈ D(Rn).

After that, we show that each compact set S ⊆ Rn with finite (n − 1)-
dimensional Hausdorff measure is removable for the equation div v = 0 with
respect to the class C(Rn,Rn) of continuous vectorfields on Rn.

Furthermore, following the ideas of M. Torres and P.C. Phuc [PT07], we
use the representation theorem for n-charges together with Frostman’s lemma
to prove that each compact set S ⊆ Rn removable for the equation div v =
0 with respect to the class C(Rn,Rn) of continuous vectorfields on Rn, has
Hausdorff dimension at most n− 1.

xvi
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Chapter 1
Preliminaries and notations

Euclidean space

Given (extended) real numbers −∞ 6 a 6 b 6 ∞, we give the notations
(a, b), (a, b], [a, b) and [a, b] their usual meanings.

Given an integer n > 1, the Euclidean space Rn endowed by the usual
inner product x · y, and we let |x| =

√
x · x. For x ∈ Rn and r > 0 we let

B(x, r) = {y ∈ Rn : |x− y| < r}, B[x, r] = {y ∈ Rn : |x− y| 6 r} and we
often write B(r) and B[r] instead of B(0, r) and B[0, r] respectively.

Sometimes, we also employ the maximum norm defined by

|x|∞ = max{|xi| : 1 6 i 6 n}

for x = (x1, x2, . . . , xn) ∈ Rn. Given x ∈ Rn and r > 0 we let B∞(x, r) =
{y ∈ Rn : |x − y|∞ < r} and B∞[x, r] = {y ∈ Rn : |x − y|∞ 6 r}; while
B∞(r) and B∞[r] will abbreviate B∞(0, r) and B∞[0, r] respectively.

Given E ⊆ Rn, we let Ē and clE denote the closure of E, while E̊ and
intE stand for the interior of E. One also let ∂E = Ē \ E̊. Moreover the
distance from x ∈ Rn to E is the number

dist(x,E) = inf{|x− y| : y ∈ E}.

1



1. Preliminaries and notations

For F ⊆ Rn we let

dist(F,E) = inf{dist(y,E) : y ∈ F}.

Given E ⊆ Rn, we let K(E) denote the set of all compact subsets of E.
The indicator of E ⊆ Rn will be denoted by χE . The outer Lebesgue

measure of E ⊆ Rn is denoted |E|, while we let H m(E) stand for the m-
dimensional Hausdorff outer measure of E (0 6 m 6 n).

For x ∈ Rn and E ⊆ Rn we will write E − x = {h ∈ Rn : x+ h ∈ E}.

Regular functions

Given f : E ⊆ Rn → Rm and F ⊆ E we denote by supp f = cl{x ∈
Rn : f(x) 6= 0} the support of f and by f � F = {(x, f(x)) : x ∈ F} the
restriction of f to F . The Lipschitz constant of f , denoted Lip(f), is defined
by

Lip(f) = inf{L > 0 : |f(x)− f(y)| 6 L|x− y| for all x, y ∈ E}.

For 1 6 i 6 n and x ∈ Rn we let ∂if(x) denote the i-th partial derivative
of f at x. In case m = 1 we let ∇f(x) = (∂1f(x), ∂2f(x), . . . , ∂nf(x)). In
case m = n we let div f(x) =

∑n
i=1 ∂ifi(x).

FixE ⊆ Rn. For an (extended) integer 0 6 k 6 ∞, we letCk(E,Rm) de-
note the space of all functions of classCk mappingE to Rm whileCkc (E,Rm)
denotes the subspace of Ck(E,Rm) consisting of functions having compact
support in E. We abbreviate C(E,Rm) and C(E) for C0(E,Rm) and C0(E,-
R) respectively; while Ck(E) and Ckc (E) stands for Ck(E,R) and Ckc (E,R)
respectively. Finally we let D(E,Rm) = C∞

c (E,Rm) and D(E) = C∞
c (E).

Regularization

Fix a radial function ρ ∈ D(Rn) satisfying 0 6 ρ 6 1, supp ρ = B[1] and∫
Rn ρ dx = 1. For each integer k > 1 define ρk ∈ D(Rn) by the formula
ρk(x) = knρ(kx).
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Given an open set U ⊆ Rn and a map f defined and locally integrable on
U we let for each integer k > 1 and each x ∈ Rn satisfying dist(x, {U) 6 1

k

ρk ∗ f(x) =
∫

Rn

ρk(y)f(x− y) dy.

Lebesgue spaces

When there is no explicit mention of a particular measure, the expressions
‘measurable’, ‘almost everywhere’, ‘negligible’ etc. refer to the Lebesgue
measure. Moreover all integrals are Lebesgue integrals whenever there is no
explicit reference to another measure.

We denote by M(Rn,Rm) the space of all measurable functions mapping
Rn to Rm, in which we identify two functions equal almost everywhere.

Given 1 6 p <∞, let

Lp(Rn,Rm) =
{
u ∈M(Rn,Rm) :

∫
Rn

|u|p dx <∞
}

and define a norm |·|p on Lp(Rn,Rm) by the formula |u|p =
(∫

Rn |u|p dx
)1/p.

The regularization theorem ensures

lim
k→∞

|ρk ∗ u− u|p = 0

for each u ∈ Lp(Rn,Rm).
We also define

L∞(Rn,Rm) = {u ∈M(Rn,Rm) : there exists c > 0 such that

|u(x)| 6 c for almost every x ∈ Rn} ,

and we define a norm | · |∞ on L∞(Rn,Rm) by the formula

|u|∞ = inf {c > 0 : |u(x)| 6 c for almost every x ∈ Rn} .

For 1 6 p 6 ∞, we use Lp(Rn) to abbreviate Lp(Rn,R) and we let

Lploc(R
n,Rm) = {u ∈M(Rn,Rm) : uχK ∈ Lp(Rn,Rm) for K ∈ K(Rn)};

and we use the abbreviation Lploc(R
n) for Lploc(R

n,R).
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A generalized integration by parts formula

The following result follows (for example) from [Pfe05, Corollary 2.10].

Theorem 1.1. Assume S ∈ K(Rn) has σ-finite (n − 1)-dimensional Haus-
dorff measure and v ∈ C(Rn,Rn) is bounded and differentiable outside S. If
div v ∈ L1

loc(Rn), then for ϕ ∈ D(Rn)∫
Rn

ϕ div v(x) dx = −
∫

Rn

v(x) · ∇ϕ(x) dx.

Vitali’s covering theorem

We will use Vitali’s covering theorem.

Theorem 1.2 (Vitali). Assume B ⊆ Rn × (0,∞) is such that

sup
(x,r)∈B

r <∞.

Then there exists a sequence ((xk, rk)) ⊆ B for which the following are satis-
fied:

1. B[xk, rk] ∩B[xl, rl] = ∅ for k 6= l;

2.
⋃

(x,r)∈B

B[x, r] ⊆
⋃
k∈N

B[xk, 5rk].

Frostman’s lemma

Recall Frostman’s lemma, characterizing Borel sets with positive Hausdorff
measure.

Lemma 1.3 (Frostman). Let B ⊆ Rn be a Borel set and 0 6 m 6 n be a
real number. Then H m(B) > 0 if and only if there exists a nonzero Radon
measure with compact support in B satisfying µ(B[x, r]) 6 rm for x ∈ Rn

and r > 0.
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Vector-valued Radon measures

A Rm-valued Radon measure in Rn is a map

µ : B(Rn) → Rm,

defined on the class B(Rn) of Borel subsets of Rn satisfying µ(∅) = 0 and
µ
(⋃

k∈NBk
)

=
∑∞

k=0 µ(Bk) whenever (Bk) ⊆ B(Rn) is a sequence of
pairwise disjoint Borel subsets of Rn. In such a case the formula

‖µ‖(B) = sup

{ ∞∑
k=0

|µ(Bk)| : (Bk) pairwise disjoint, B =
⋃
k∈N

Bk

}

defines a finite, nonnegative Radon measure in Rn. We call ‖µ‖ the variation
of µ.

Functions with bounded variation

Call BV (Rn) the space of (Lebesgue) integrable functions with bounded vari-
ation in Rn (see [EG92, Chapter 5]). Each function having bounded variation
in Rn induces a Rn-valued Radon measure Du in Rn for which∫

Rn

u div v dx = −
∫

Rn

v · d[Du]

holds for each v ∈ D(Rn,Rn). We let ‖u‖ = ‖Du‖(Rn).
The regularization theorem for BV functions ensures that given a function

u ∈ BV (Rn)
‖u‖ = lim

k→∞
‖ρk ∗ u‖.

A vectorfield v ∈ L1(Rn,Rn) is the weak gradient of u ∈ L1(Rn) when-
ever ∫

Rn

u∇ϕdx = −
∫

Rn

ϕv dx

holds for each ϕ ∈ D(Rn,Rn). In such a case we write v = ∇u.
In case u ∈ L1(Rn) has a weak gradient ∇u ∈ L1(Rn,Rn), we have

u ∈ BV (Rn) and ‖u‖ =
∫

Rn |∇u|dx = |∇u|1.

5
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A set E ⊆ Rn has finite perimeter in case χE ∈ BV (Rn). We then let
‖∂E‖ = ‖DχE‖ and call ‖E‖ = ‖χE‖ the perimeter of E.

The coarea formula for BV functions ensures

‖u‖ =
∫

R
‖{u > t}‖ dt

holds for each u ∈ BV (Rn), if we let {u > t} = {x ∈ Rn : u(x) > t}. In
particular the level set {u > t} has finite perimeter for a.e. t ∈ R.

The relative isoperimetric inequality states that there exists a constant c =
c(n) such that for each set E ⊆ Rn having finite perimeter and each r > 0

min{|B(x, r) \ E|, |B(x, r) ∩ E|} 6 cr‖∂E‖[B(x, r)].

Newtonian potential

Define for z ∈ Rn \ {0}

Γ(z) =

{
1

n(n−2)|B(0,1)|
1

|z|n−2 if n > 2,

− 1
2π ln |z| if n = 2.

Given p > n and a function u ∈ Lp(Rn) having compact support, the Newto-
nian potential Ku of u defined by

Ku(x) =
∫

Rn

Γ(x− y)u(y) dy

has a continuous weak gradient ∇Ku satisfying∫
Rn

∇Ku · ∇ϕdx = −
∫

Rn

uϕdx

for each ϕ ∈ D(Rn) (see [LL01, Theorems 6.21 and 10.2]).
If moreover u is of class C∞ on B[x, r] for some x ∈ Rn and r > 0,

choose ũ ∈ D(Rn) satisfying u = ũ on B[x, r] and observe∫
Rn

∇(Ku −Kũ) · ∇ϕdx = 0

holds for each ϕ ∈ D(Rn) supported inB(x, r). In particular h = Ku−Kũ is
harmonic inB(x, r) (see [LL01, Theorem 9.3]) and soKu = Kũ+h is of class
C∞ on B(x, r) (see [LL01, Theorem 10.3]), and we get div∇Ku(x) = u(x).
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Directed systems

In a topological space (X,T), we denote by VT(x),VX(x) or V(x) the filter
of all neighbourhoods of x in X . Given A ⊆ X , we let clA, intA, ∂A have
the usual meanings.

Let (I,6) be an ordered set such that for every i, j ∈ I there exists k ∈ A
for which i 6 k and j 6 k, and letX be a topological space. A directed system
indexed by I in A ⊆ X is a map x : I → A; we shall write (xi)i∈I ⊆ A. A
sequence is a directed system indexed by N. The directed system (xi)i∈I is
said to converge to x ∈ X whenever to each V ∈ V(x) corresponds one
i ∈ I such that xj ∈ V holds for every j ∈ I satisfying j > i. One says
that x ∈ X is a cluster point for the directed system (xi)i∈I if and only if to
every V ∈ V(x) and i ∈ I corresponds j ∈ I satisfying j > i and for which
xj ∈ V . In a Hausdorff space, each directed system converges to at most one
point. Given a sequence (xk) ⊆ X and an increasing sequence of integers
(kj), one calls (xkj

) a subsequence of (xk), and one writes (xkj
) ⊆ (xk).

Fix A ⊆ X . One has x ∈ clA if and only there exists a directed system
(xi)i∈I ⊆ A converging to x.

A map f : X → Y between two topological spaces is continuous if and
only if for each x ∈ X , the directed system (f(xi))i∈I converges to f(x)
whenever (xi)i∈I is a directed system converging to x.

Sequential spaces

In a topological space (X,T), a setA ⊆ X is called sequentially closed when-
ever for each sequence (xk) ⊆ A converging to x ∈ X , we get x ∈ A.

A topological space X is called sequential whenever it is necessary and
sufficient for A ⊆ X to be closed that A be sequentially closed.

Given two topological spaces X,Y , a map f : X → Y is called sequen-
tially continuous whenever for each x ∈ X , the sequence (f(xk)) converges
to f(x) whenever (xk) is a sequence converging to X . If we assume X to be
sequential, for a map f : X → Y to be continuous it is necessary and sufficient

7
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that f be sequentially continuous.

Metric spaces

A metric on a set X is a map d : X × X → [0,∞) satisfying the following
properties for each x, y, z ∈ X:

1. d(x, y) = 0 if and only if x = y,

2. d(x, y) = d(y, x),

3. d(x, y) 6 d(x, z) + d(z, y).

The metric d on X is called complete whenever to each sequence (xk) ⊆
X satisfying limj,k→∞ d(xj , xk) = 0 corresponds x ∈ X for which

lim
k
d(xk, x) = 0.

Topological vector spaces

In the sequel, X is a (real) a vector space. We let X ′ denote the algebraic dual
of X .

For A,B ⊆ X , x ∈ X and λ ∈ R we shall use the following notations:

x+A = {x+ a : a ∈ A},

x−A = {x− a : a ∈ A},

A+B = {a+ b : a ∈ A, b ∈ B},

αA = {αa : a ∈ A}.

A set B ⊆ X is called balanced whenever αB ⊆ B holds for each α ∈ R
veryfing |α| 6 1.

A set C ⊆ X is called convex whenever tC+(1− t)C ⊆ C holds for each
0 6 t 6 1.

Given a vector space X and a topology T on X , we say that T is a vector
topology on X whenever the following conditions hold:

8
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1. for each x ∈ X , {x} is closed,

2. the map X ×X → X, (x, y) 7→ x+ y is continuous,

3. the map R×X 7→ X, (α, x) 7→ αx is continuous.

Whenever T is a vector topology onX we shall say that (X,T) is a topological
vector space (or shortly, a t.v.s.).

Given a t.v.s. X , we denote by X∗ the vector space whose elements are
continuous linear functionals on X . We call X∗ the topological dual of X .

A subset B ⊆ X of the t.v.s. X is called bounded whenever for each
V ∈ V(0) one can find s > 0 such that B ⊆ tV holds for every t > s.

The directed system (xi)i∈I is called a Cauchy system whenever to each
V ∈ V(0) corresponds one i ∈ I such that xj−xk ∈ V hold for every j, k ∈ I
satisfying j > i and k > i.

A t.v.s. X is said to be complete if each Cauchy system in X converges
to some x ∈ X . A t.v.s. X is called sequentially complete whenever each
Cauchy sequence in X converges to some x ∈ X .

The metric d on the vector space X is called invariant if d(x, y) = d(x +
z, y + z) holds for every x, y ∈ X .

In case a t.v.s. X has its topology induced by an invariant metric d, X is
complete if and only if d is complete.

A t.v.s. X is called locally convex whenever there exists a local base at 0
consisting of convex sets. The abreviation l.c.t.v.s. will mean ‘locally convex
topological vector space’ in the sequel.

A Fréchet space is a l.c.t.v.s. whose topology is induced by a complete
invariant metric. Equivalently, a Fréchet space is a complete l.c.t.v.s. whose
topology is induced by an invariant metric.

Topology induced by a sequence of seminorms

A seminorm on a vector space X is a function p : X → [0,∞) satisfying the
following conditions for every x, y ∈ X and α ∈ R:

9
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1. p(x+ y) 6 p(x) + p(y),

2. p(αx) = |α|p(x).

Remark 1.4. A norm on a vector space X is a seminorm ‖ · ‖ on X satisfying
‖x‖ = 0 if and only if x = 0. Given a norm ‖ · ‖ on a vector space X , we call
the pair (X, ‖ · ‖) a normed space.

A family P of seminorms on X is said to be separating if to each x ∈
X \ {0} corresponds at least one p ∈ P for which p(x) 6= 0.

Theorem 1.5. Assume P = (pk)k∈N is a separating sequence of seminorms
on the vector space X . Then the formula

d(x, y) = max
k

pk(x− y)
2k[1 + pk(x− y)]

defines an invariant metric on X inducing a locally convex vector topology
TP on X .

We report to the next section the study of further properties of the topology
TP . All the same, we illustrate the previous construction by an example.

Example 1.6 (The Fréchet space C(Rn, E)). Let (E, ‖ · ‖) be a finite-dimen-
sional normed space. Given K ∈ K(Rn), we define a seminorm ν0

K on the
space C(Rn, E) of continuous functions mapping Rn to E by the formula

ν0
K(f) = sup{‖f(x)‖ : x ∈ K}.

It is clear that P = {ν0
B[k] : k ∈ N} is a separating family of seminorms.

Let d be the metric induced on C(Rn, E) by P according to (1.5). To show
d is complete, fix a sequence (fj) ⊆ C(Rn, E) satisfying d(fi, fj) → 0;
i, j →∞. In particular, we obtain for each k ∈ N

sup
x∈B[k]

‖fj(x)− fi(x)‖ → 0; i, j →∞,

and we find f ∈ C(Rn, E) such that fj → f ,j → ∞ uniformly on each
compact set K ∈ K(Rn). Fix ε > 0 and choose l ∈ N such that d(fj , fi) 6 ε

10
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holds for j > i > l, and fix j > i > l. Let k0 denote the first nonnegative
integer for which 2−k0 < ε. Compute for every k ∈ N,k < k0 and every
x ∈ B[k]:

‖fj(x)− fi(x)‖ 6
2kε

1− 2kε
so that we get

ν0
B[k](fi − f) = sup{‖fi(x)− f(x)‖ : x ∈ B[k]} 6

2kε
1− 2kε

for i > l. On the other hand we get

ν0
B[k](fi − f)

2k[1 + ν0
B[k](fi − f)]

6 2−k 6 ε

in case k > k0. Consequently we have for i > l:

d(fi, f) = max
k∈N

ν0
B[k](fi − f)

2k[1 + ν0
B[k](fi − f)]

6 ε,

and d is complete.

Another example will be useful in the context of currents.

Example 1.7 (The Fréchet spaces C∞(Rn, E) and DK(Rn, E)). Let (E, ‖·‖)
be a finite dimensional normed space. A multi-index is a n-tuple α ∈ Nn,
and we shall write |α| =

∑n
i=1 |αi|. To each multi-index α is associated a

differential operator of order |α|

∂α = ∂α1
1 ∂α2

2 . . . ∂αn
n

defined on C∞(Rn, E) (with the convention that ∂0
i is the identity operator on

C(Rn, E)). For K ∈ K(Rn), we let

DK(Rn, E) = {f ∈ C∞(Rn, E) : supp f ⊆ K}.

For each k ∈ N and each compact set K ∈ K(Rn), define a seminorm νkK on
C∞(Rn, E) by the formula

νkK(f) = sup{‖∂αf(x)‖ : x ∈ K,α ∈ Nn, |α| 6 k}.

11
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Let d be the metric associated to P = (νkB[k])k∈N according to Theorem 1.5
and assume (fj) ⊆ C∞(Rn, E) is such that d(fj , fi) → 0; i, j → ∞. For
each α ∈ Nn and each k ∈ N, we obtain

sup
B[k]

‖∂αfj − ∂αfi‖ → 0; i, j →∞,

and consequently for each α ∈ Nn we get a function gα ∈ C(Rn, E) such that
∂αfj → gα, j →∞ uniformly on each compact setK ∈ K(Rn). In particular
gα = ∂αg0 holds for each α ∈ Nn, so that g0 ∈ C∞(Rn, E). We conclude
that C∞(Rn, E) is a Fréchet space by showing d(fi, g0) → 0;i → ∞ as in
Example 1.6.

As DK(Rn, E) is a closed subspace of C∞(Rn, E), it is a Fréchet space.

Topology induced by a family of seminorms

We can generalize the construction of the previous section to an arbitrary sep-
arating family of seminorms.

Theorem 1.8. Let P be a separating family of seminorms on a vector space
X . Associate to each p ∈ P and each k ∈ N the set

V (p, k) =
{
x ∈ X : p(x) < 2−k

}
,

and let B be the collection of all finite intersections
⋂m
i=1 V (pi, ki) where

pi ∈ P , ki ∈ N, 1 6 i 6 m. Then B is a convex balanced local base for a
topology TP on X , which turns X into a locally convex space for which:

1. every p ∈ P is continuous,

2. a set B ⊆ X is bounded if and only if each p ∈ P is bounded on B,

3. a directed system (xi)i∈I converges to x ∈ X for the toplogy TP if and
only if the directed system of real numbers (p(xi − x))i∈I converges to
0 for each p ∈ P ,

12
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4. for a seminorm q on X to be TP -continuous on X , it is necessary and
sufficient that there exists pj ∈ P , 1 6 j 6 m and C > 0 such that
q(x) 6 Cmax16j6m pj(x) be satisfied for each x ∈ X ,

5. for linear map u ∈ X ′ to be TP -continuous on X , it is necessary and
sufficient that there exists pj ∈ P , 1 6 j 6 m and C > 0 such that
|〈u, x〉| 6 Cmax16j6m pj(x) be satisfied for each x ∈ X .

Moreover, the topology T is induced by the metric d defined in Theorem 1.5 if
furthermore P is countable.

The following example will be of importance in the context of currents.

Example 1.9. Let (E, ‖ · ‖) be a finite dimensional normed space and let
D(Rn, E) be the vector space of all infinitely differentiable functions f :
Rn → E having compact support. Denote M the set of all increasing se-
quences of integers and D the set of all sequences of real numbers decreasing
to 0. For µ = (µk) ∈ M and ε = (εk) ∈ D define a seminorm N(µ, ε) on
D(Rn, E) by the formula

N(µ, ε)(ϕ) = sup
k

(
sup

{
‖∂αϕ(x)‖

εk
: |x| > k, |α| 6 µk

})
.

The collection P = {N(µ, ε) : µ ∈ M, ε ∈ D} is a separating family
of seminorms on D(Rn, E). According to Theorem 1.8 it endows D(Rn, E)
with a locally convex vector topology TP .

Given K ∈ K(Rn), observe that TP turns the closed subspace DK(Rn,-
E) of D(Rn, E) into a l.c.t.v.s. Moreover, the subspace topology TP,K is
compatible with the distance defined on DK(Rn, E) in Example 1.7. Indeed,
given a compact set K ∈ K(Rn) there is one m ∈ N such that K ⊆ B[m] and
for µ ∈ M, ε ∈ D and ϕ ∈ DK(Rn, E) we get m 6 µm and

N(µ, ε)(ϕ) 6
1
εm

sup{‖∂αϕ(x)‖ : x ∈ K, |α| 6 µm} 6
1
εm

νµm

B[µm](ϕ).
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Conversely, given k ∈ N and ϕ ∈ DK(Rn, E), choose µ ∈ M and ε ∈ D

satisfying µ0 = k, ε0 = 1 and observe

νkB[k](ϕ) 6 sup
{
‖∂αϕ(x)‖

ε0
: x > 0, |α| 6 µ0

}
6 N(µ, ε)(ϕ).

In any l.c.t.v.s., a continuous linear functional is identically zero provided
it vanishes on a dense subspace.

Theorem 1.10. Let X be a l.c.t.v.s., Y ⊆ X be a vector space endowed by
the subspace topology and x0 ∈ X \ clY . There exists a linear continuous
functional u on X satisfying 〈u, x0〉 6= 0 yet u � Y = 0.

The following result is an easy corollary of Theorem 1.10.

Corollary 1.11. Let X be a l.c.t.v.s. and fix x 6= y in X . There exists u ∈ X∗

satisfying 〈u, x〉 6= 〈u, y〉.

Locally convex topology induced by a sequence of compact convex
sets

Assume (X,S) is a l.c.t.v.s. and K0 ⊆ K1 ⊆ K2 ⊆ . . . are compact convex
subsets of X satisfying the following conditions:

1. 0 ∈ K0 and X =
⋃
k∈NKk;

2. for each k ∈ N, each x ∈ X and each t ∈ R there exists l ∈ N for which
x+Kk ⊆ Kl and tKk ⊆ Kl.

Call T the strongest topology on X such that for each k ∈ N the inclusion

(Kk,S) ↪→ (X,T)

is continuous. The topology T is locally convex, sequential in case S is se-
quential, and satisfies the following conditions according to [Pfe01, Proposi-
tion 1.2.2]:
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1. a set A ⊆ X is T-closed if and only if A ∩ Kk is S-closed for each
k ∈ N;

2. given a topological space Y , it is necessary and sufficient for a map
f : (X,T) → Y to be continuous that f � Kk : (Kk,S) → Y be
continuous for each k ∈ N;

3. a sequence (xj) ⊆ X T-converges to an x ∈ X if and only if there
exists k ∈ N for which (xj) ⊆ Kk and (xj) S-converges to x.

The weak∗ topology on a dual space

In the sequel, X stands for a t.v.s. and Fin∗X denotes the collection of
nonempty finite subsets of X .

For every F ∈ Fin∗X , we define a seminorm on X∗ by the formula

pF (u) = sup{|〈u, x〉| : x ∈ F}.

Let σ(X∗, X) be the topology induced by the separating family of seminorms
P = {pF : F ∈ Fin∗X}.

When working in (a subspace of) a dual space X∗, the adverb ‘weakly∗’
will mean ‘relatively to the (topolgy induced on that subspace by the) σ(X∗,-
X)-topology’ in the sequel.

The following result characterizes the weakly∗-continuous linear function-
als on X∗. For x ∈ X , define j(x) ∈ (X∗)′ by the fomula 〈j(x), u〉 = 〈u, x〉.

Theorem 1.12. A linear functional α onX∗ is weakly∗-continuous if and only
if there exists x ∈ X for which α = j(x).

Given A ⊆ X , define the polar set A◦ of A by

A◦ = {u ∈ X∗ : |〈u, x〉| 6 1 for each x ∈ A}.

In a locally convex, complete topological vector space, the Banach-Grothen-
dieck theorem ensures weak continuity is implied by weak continuity on every
polar set.
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Theorem 1.13 (Banach-Grothendieck). Let X be a complete l.c.t.v.s. A lin-
ear functional α on X∗ is weakly∗-continuous if and only if α is weakly∗-
continuous on V ◦ for each V ∈ V(0).

We state the important Banach-Alaoglu theorem.

Theorem 1.14 (Banach-Alaoglu). If V is a neighbourhood of 0 in X , then V ◦

is weakly∗-compact.

The strong topology associated to a t.v.s.

In the sequel, B stands for the collection of bounded subsets of the t.v.s. X .
For S ∈ B define a seminorm pS on X∗ by the formula

pS(u) = sup{|〈u, x〉| : x ∈ S},

and note that PS = {pS : S ∈ B} is a separating family of seminorms. Ac-
cording to Theorem 1.8 it generates on X∗ a locally convex topology B(X∗,-
X) called the strong topology on X∗.

When working in a dual space X∗, the adverb ‘strongly’ will mean ‘rela-
tively to the B(X∗, X)-topology’ in the sequel.

Adjoint maps

Let X,Y be l.c.t.v.s. and fix a linear continuous map T : X → Y . The adjoint
map T ∗ : Y ∗ → X∗ (exists and) is defined by the formula

〈T ∗(u), x〉 = 〈u, T (x)〉.

The following fact about adjoint maps is classical (see [Edw95, Section
8.6]).

Proposition 1.15. Assume X and Y are l.c.t.v.s. and T : X → Y is continu-
ous. Then imT is dense if and only if T ∗ is one-to-one.

In [Edw95, Theorem 8.6.13] we find the following version of the closed
range theorem.

16



1. Preliminaries and notations

Theorem 1.16 (Closed Range). Let X,Y be Fréchet spaces and assume T :
X → Y is linear and continuous. The following are equivalent:

1. imT is closed in Y ;

2. imT ∗ is weakly∗-closed in X∗;

3. imT ∗ is strongly closed in X∗.

Remark 1.17. Looking to the proof of Theorem 8.6.13 in [Edw95] we see that
condition 3 in Theorem 1.16 can be replaced by the following:

4. imT ∗ is strongly sequentially closed in X∗.

Combining Proposition 1.15 and Theorem 1.16 we get the following.

Theorem 1.18. Assume X , Y are Fréchet spaces and T : X → Y is linear,
continuous and one-to-one. If moreover imT is closed, then imT ∗ = X∗.

17
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Chapter 2
Currents

We introduce the geometrical objects we will use.

2.1 Differential forms and currents

2.1.1 Differential forms in Rn

In the sequel, integers 0 6 m 6 n are given. Let ΛmRn and ΛmRn denote the
sets of all m-vectors and m-forms in Rn respectively (with the usual conven-
tion that Λ0Rn = Λ0Rn = R). We have

dim ΛmRn = dim ΛmRn = Cmn =
n!

m!(n−m)!
.

The duality between ΛmRn and ΛmRn is denoted by 〈·, ·〉. In particular, for

η =
∑

16i1<i2<···<im6n

ηi1,...,imei1 ∧ ei2 ∧ · · · ∧ eim and

φ =
∑

16i1<i2<···<im6n

φi1,...,imdxi1 ∧ dxi2 ∧ · · · ∧ dxim

we get
〈η, φ〉 =

∑
16i1<i2<···<im6n

ηi1,...,imφi1,...,im .
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2. Currents

The Euclidean norm of the m-vector

η =
∑

16i1<i2<···<im6n

ηi1,...,imei1 ∧ ei2 ∧ · · · ∧ eim

is defined by

|η| =

 ∑
16i1<i2<···<im6n

η2
i1,i2,...,im

1/2

.

Call anm-vector η ∈ ΛmRn simple whenever there exists v1, v2, . . . , vm ∈
Rn for which η = v1 ∧ v2 ∧ · · · ∧ vm. We will denote by G0(n,m) the set of
all simple m-vectors η ∈ ΛmRn satisfying |η| = 1. Given η ∈ G0(n,m) we
define a linear subspace

span〈η〉 = {v ∈ Rn : η ∧ v = 0},

and one checks dim span〈η〉 = m.
The comass of φ ∈ ΛmRn is the number

‖φ‖ = sup{〈η, φ〉 : η ∈ ΛmRn is simple, |η| 6 1}.

One easily verifies |φ| > ‖φ‖ > (Cmn )−1/2|φ|. For ψ ∈ ΛlRn we have
‖φ ∧ ψ‖ 6 C ll+m‖ψ‖‖ψ‖. The mass of η ∈ ΛmRn is the number

‖η‖ = sup{〈η, φ〉 : φ ∈ ΛmRn, ‖φ‖ 6 1}.

One easily verifies |η| 6 ‖η‖ 6 (Cmn )1/2|η|. For ξ ∈ ΛlRn we have ‖η∧ξ‖ 6

‖ξ‖‖η‖. One also checks the comass (resp. the mass) defines a norm on ΛmRn

(resp. ΛmRn). See [Fed69, Section 1.8] for more detail.
An m-differential form on Rn is a map ω : Rn → ΛmRn. Its comass

M(ω) is the extended real number M(ω) defined by the formula

M(ω) = sup{‖ω(x)‖ : x ∈ Rn}.

Dually, an m-vectorfield on Rn is a map ξ : Rn → ΛmRn. The mass of ξ is
the extended real number M(ξ) defined by the formula

M(ξ) = sup{‖ξ(x)‖ : x ∈ Rn}.
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2.1. Differential forms and currents

For 0 6 m 6 m and a differentiablem-differential form ω : Rn → ΛmRn

with

ω(x) =
∑

16i1<i2<···<im6n

ωi1,i2,...,im(x)dxi1 ∧ dxi2 ∧ · · · ∧ dxim

for x ∈ Rn, define the (m+ 1)-differential form dω : Rn → Λm+1Rn by the
formula

dω(x) =
n∑
j=1

∑
16i1<i2<···<im6n

∂jωi1,i2,...,im(x) dxj ∧dxi1 ∧dxi2 ∧· · ·∧dxim .

If ω : Rn → ΛnRn is a differentiable n-differential form, we get in particular
dω(x) = 0 for each x ∈ Rn. For a differentiable 0-differential form (i.e. a
differentiable function) ω : Rn → R, we define the 1-differential form dω :
Rn → Λ1Rn by

dω(x) =
m∑
j=1

∂jω(x) dxj .

Given a differentiable map f : Rp → Rn and an m-differential form ω in
Rn, we define the m-differential form f#ω in Rp by the formula ω ◦ f in case
m = 0 and by

f#ω(y) =
∑

16i1<i2<···<im6n

ωi1,i2,...,im [f(y)] dfi1(y)∧ dfi2(y)∧ · · · ∧ dfim(y)

in case m > 1 and

ω(x) =
∑

16i1<i2<···<im6n

ωi1,i2,...,im(x) dxi1 ∧ dxi2 ∧ · · · ∧ dxim .

In case f is twice differentiable and ω is differentiable, we get d(f#ω) =
f#(dω).

2.1.2 Currents in Rn

We abbreviate Cm(Rn) = C(Rn,ΛmRn) the space of all continuous m-
differential forms in Rn and define by convention C−1(Rn) = {0}. For
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2. Currents

K ∈ K(Rn) define a seminorm ν0
K on Cm(Rn) by the formula

ν0
K(ω) = sup{‖ω(x)‖ : x ∈ K}.

According to Example 1.6, these seminorms induce on Cm(Rn) a structure of
Fréchet space.

Given K ∈ K(Rn) and k ∈ N, we define on C∞(Rn,ΛmRn) a seminorm
νkK by the formula

νkK(ω) = sup{‖∂αω(x)‖ : x ∈ K,α ∈ Nn, |α| 6 k}.

When K and k range over K(Rn) and N respectively, the seminorms νkK
induce on C∞(Rn,ΛmRn) a metrizable, locally convex, complete topology.
Hence given K ∈ K(Rn), the subspace Dm

K (Rn) ⊆ C∞(Rn,ΛmRn) whose
elements are those of C∞(Rn,ΛmRn) supported in K, is endowed with a
structure of Fréchet space (see Example 1.7 for more detail).

Finally, let Dm(Rn) be the subspace of C∞(Rn,ΛmRn) whose elements
have compact support, and define by convention D−1(Rn) = {0}. For ζ ∈
D−1(Rn) write dζ = 0.

Denote M the set of all increasing sequences of integers and D the set
of all sequences of real numbers decreasing to 0. For µ = (µk) ∈ M and
ε = (εk) ∈ D define a seminorm N(µ, ε) on Dm(Rn) by the formula

N(µ, ε)(ω) = sup
k

(
sup

{
‖∂αω(x)‖

εk
: |x| > k, |α| 6 µk

})
.

When µ and ε range over M and D respectively, the seminorms N(µ, ε) en-
dow Dm(Rn) with a structure of complete, sequential, locally convex topo-
logical vector space according to Example 1.9. An element of the topological
dual Dm(Rn) = [Dm(Rn)]∗ is called an m-current.

The support suppT of T ∈ Dm(Rn) is defined in the usual way by

suppT = Rn \ ∪{U ⊆ Rn : U is open, 〈T, ω〉 = 0

for each ω ∈ Dm(Rn) satisfying suppω ⊆ U}.
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2.1. Differential forms and currents

For m > 1, the boundary ∂T of T ∈ Dm(Rn) is the (m− 1)-dimensional
current ∂T ∈ Dm−1(Rn) defined by the formula 〈∂T, ω〉 = 〈T, dω〉. For
T ∈ D0(Rn) we let ∂T = 0.

The mass of T ∈ Dm(Rn) is the extended real number

M(T ) = sup{〈T, ω〉 : ω ∈ Dm(Rn),M(ω) 6 1},

and its flat norm is the extended real number

F(T ) = sup{〈T, ω〉 : ω ∈ Dm(Rn),M(ω) 6 1,M(dω) 6 1}. (2.1)

The following result gives another expression for the flat norm F(T ) of
T ∈ Dm(Rn).

Proposition 2.1. For T ∈ Dm(Rn), we have

F(T ) =

{
M(T ) in case m = n;
inf{M(T − ∂S) + M(S) : S ∈ Dm+1(Rn)} otherwise.

(2.2)

Proof. Assume m 6 n − 1, fix T ∈ Nm(Rn) and compute for any ω ∈
Dm(Rn) satisfying ‖ω‖ 6 1, ‖dω‖ 6 1 and any S ∈ Dm+1(Rn)

〈T, ω〉 = 〈T − ∂S, ω〉+ 〈S, dω〉 6 M(T − ∂S) + M(S).

Consequently we get F(T ) 6 inf{M(T − ∂S) + M(S) : S ∈ Dm+1(Rn)}.

To prove the converse inequality, assume F(T ) < ∞. On the space
Dm(Rn)×Dm+1(Rn), define a seminorm p by the formula

p(ω, φ) = max {M(ω),M(φ)} ,

introduce the linear injection

u : Dm(Rn) → Dm(Rn)×Dm+1(Rn), ω 7→ (ω, dω)

and observe that p[u(ω)] = max{M(ω),M(dω)}. In particular, we get

T ◦ u−1 � imu 6 F(T ) p � imu.
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2. Currents

Using Hahn-Banach’ theorem, we find a linear map

L : Dm(Rn)×Dm+1(Rn) → R

satisfying L � imu = T ◦ u−1 and L 6 F(T )p on Dm(Rn) × Dm(Rn).
Define R : Dm(Rn) → R and S : Dm+1(Rn) → R by the formulas 〈R,ω〉 =
L(ω, 0) and 〈S, φ〉 = L(0, φ). For ω ∈ Dm(Rn) and φ ∈ Dm+1(Rn) we
get 〈R,ω〉 = L(ω, 0) 6 F(T )M(ω) and 〈S, φ〉 = L(0, φ) 6 F(T )M(φ). In
particular we get R ∈ Dm(Rn), S ∈ Dm+1(Rn) as well as M(R) 6 F(T )
and M(S) 6 F(T ). On the other hand, compute for ω ∈ Dm(Rn),

〈T, ω〉 = L(ω, dω) = 〈R,ω〉+ 〈S, dω〉 = 〈R+ ∂S, ω〉.

Moreover we get M(∂S) 6 M(T ) + M(R). Finally, for ω ∈ Dm(Rn) and
φ ∈ Dm+1(Rn) satisfying M(ω) 6 1 and M(φ) 6 1 we compute

〈T − ∂S, ω〉+ 〈S, φ〉 = 〈R,ω〉+ 〈S, φ〉 = L(ω, φ) 6 F(T ),

so that M(T − ∂S) + M(S) 6 F(T ).

Given u, v ∈ Rn we define [[u, v]] ∈ D1(Rn) by the formula

[[u, v]](ω) =
∫ 1

0
〈v − u, ω[(1− t)u+ tv]〉 dt.

A function f mapping a subset of Rn to Rp is called proper whenever
f−1(K) ∈ K(Rn) holds for all K ∈ K(Rp).

Assume f ∈ C∞(Rn,Rp) and T ∈ Dm(Rn) are such that f � suppT is
proper. Then we define f#T ∈ Dm(Rp) by the formula

〈f#T, ω〉 = 〈T, f#ω〉,

for each ω ∈ Dm(Rp). We obtain supp(f#T ) ⊆ f(suppT ), ∂(f#T ) =
f#(∂T ) as well as

M(f#T ) 6 [Lip(f � suppT )]mM(T ) (2.3)

24



2.1. Differential forms and currents

and

F(f#T ) 6 max{[Lip(f � suppT )]m, [Lip(f � suppT )]m+1}F(T ). (2.4)

If moreover g ∈ C∞(Rp,Rq) is given, we get (g ◦ f)#T = g#(f#T ).

Given S ∈ Dl(Rn) and T ∈ Dm(Rp), there exists a unique S × T ∈
Dl+m(Rn+p) satisfying the following conditions:

1. 〈S × T, ω1 ∧ ω2〉 = 〈S, ω1〉 · 〈T, ω2〉 for every ω1 ∈ D l(Rn) and ω2 ∈
Dm(Rp);

2. 〈S × T, ω1 ∧ ω2〉 = 0 for every ω1 ∈ D l′(Rn) and ω2 ∈ D l+m−l′(Rp)
such that l′ 6= l.

We have supp(S × T ) = suppS × suppT as well as

∂(S × T ) =


(∂S)× T + (−1)lS × (∂T ) if l > 0,m > 0;
(∂S)× T if l > m = 0;
S × (∂T ) if m > l = 0.

Assume f, g map Rn to Rp. We call homotopy mapping f to g each map
h ∈ C∞(R× Rn,Rp) satisfying the following conditions:

1. h(0, x) = f(x) for each x ∈ Rn;

2. h(1, x) = g(x) for each x ∈ Rn.

Recall the homotopy formula for currents.

Proposition 2.2 (Homotopy formula for currents). Let T ∈ Dm(Rn) and
assume f, g map Rn to Rp and h is a homotopy mapping f to g such that
h � [0, 1]× suppT is proper. Then,

g#T − f#T =

{
∂[h#([[0, 1]]× T )] + h#([[0, 1]]× ∂T ) if m > 0;
∂[h#([[0, 1]]× T )] if m = 0.
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2.1.3 Normal currents in Rn

In case m > 0, an m-dimensional current T ∈ Dm(Rn) is called a locally
normal m-dimensional current in Rn if there exist Radon measures ‖T‖ and
‖∂T‖ in Rn together with a ‖T‖-measurable map ~T : Rn → ΛmRn and a
‖∂T‖-measurable map ~∂T : Rn → Λm−1Rn for which one has

〈T, ω〉 =
∫

Rn

〈~T , ω〉 d‖T‖ and 〈∂T, ζ〉 =
∫

Rn

〈 ~∂T , ζ〉 d‖∂T‖ (2.5)

whenever ω ∈ Dm(Rn) and ζ ∈ Dm−1(Rn) are given, ‖~T‖ = 1 ‖T‖-a.e. in
Rn and ‖ ~∂T‖ = 1 ‖∂T‖-a.e. in Rn. If moreover suppT is compact, then T is
called an m-dimensional normal current in Rn.

Still in case m > 1 we can, using a smoothing argument, extend in a
unique way any locally normal m-dimensional current in Rn and its boundary
∂T as linear maps T : Cm(Rn) → R and ∂T : Cm−1(Rn) → R satisfying
the previous conditions (2.5) for ω ∈ Cm(Rn) and ζ ∈ Cm−1(Rn).

If T is a locally normal m-dimensional current for m > 1 one let N(T ) =
M(T )+M(∂T ), and one observes M(T ) = ‖T‖(Rn),M(∂T ) = ‖∂T‖(Rn).

A 0-current T ∈ D0(Rn) is called a locally normal 0-dimensional cur-
rent in Rn if there exists a Radon measure ‖T‖ in Rn together with a ‖T‖-
measurable function ~T : Rn → R for which one has

〈T, ω〉 =
∫

Rn

〈~T , ω〉 d‖T‖, (2.6)

for each ω ∈ D(Rn) and ‖~T‖ = 1 a.e. in Rn. If moreover suppT is compact,
then T is called a 0-dimensional normal current in Rn.

Any locally normal 0-dimensional current T in Rn can be extended in
a unique way to a linear map T : C 0(Rn) → R satisfying (2.6) for each
ω ∈ C 0(Rn).

If T is a locally normal 0-dimensional current, one lets N(T ) = M(T )
and one observes M(T ) = ‖T‖(Rn).

If K ∈ K(Rn) is compact we let Nm,K(Rn) be the set of all m-dimensio-
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nal normal currents in Rn supported in K and we let

Nm(Rn) = ∪{Nm,K(Rn) : K ∈ K(Rn)}.

The notation Nloc
m (Rn) stands for the set of all locally normal m-dimensional

currents in Rn. For T ∈ Nm(Rn) we obviously have N(T ) <∞. Conversely,
if T ∈ Dm(Rn) verifies M(T ) + N(T ) < ∞, then T is locally normal. In
particular, one can reformulate (2.2) in the following way:

F(T ) = inf{M(T − ∂S) + M(S) : S ∈ Nloc
m+1(Rn)}. (2.7)

Given S ∈ Nl(Rn) and T ∈ Nm(Rp), a simple application of (2.7) yields

F(S × T ) 6 N(S)F(T ).

Given a normal current T ∈ Nm(Rn) and k > 1 an integer, the formula

〈Tk, ω〉 = 〈T, ρk ∗ ω〉 (2.8)

defines a normal current Tk ∈ Nm(Rn) (see [Fed69, Section 4.1.2]) for which
there exists ξk ∈ D(Rn,ΛmRn) satisfying

〈Tk, ω〉 =
∫

Rn

〈ξk, ω〉 dx

for each ω ∈ Dm(Rn). Moreover, using the smoothing homotopy formula
[Fed69, Section 4.1.18] we get

N(Tk) 6 N(T ) and F(Tk − T ) 6
1
k
N(T ).

Remark 2.3. Using an approximation by smooth functions [Fed69, Section
4.1.14], given a locally lipschitz map f : Rn → Rp and a normal current T ∈
Nm(Rn) we can define f#T ∈ Nm(Rp). The usual properties are conserved,
for example supp(f#T ) ⊆ f(suppT ) and ∂(f#T ) = f#(∂T ). Given g :
Rp → Rq we also have (g ◦ f)#T = g#(f#T ). Moreover, the homotopy
formula (Proposition 2.2) generalizes to any locally lipschitz homotopy in case
T is normal.
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We will need the following restriction lemma.

Lemma 2.4. For χ ∈ D(Rn) and T ∈ Nm(Rn), define T χ : Dm(Rn) →
R by the formula 〈T χ, ω〉 = 〈T, χω〉. Then the following conditions hold:

1. T = T χ+ T (1− χ),

2. T χ ∈ Nm(Rn),

3. suppT χ ⊆ suppT ∩ suppχ,

4. N(T χ) 6 2mmax[M(χ),M(dχ)]N(T ),

5. F(T χ) 6 2(m+ 1) max[M(χ),M(dχ)]F(T ).

Proof. We can of course assume χ 6= 0. It is obvious that suppT χ ⊆
suppT ∩ suppχ. Moreover, compute for ω ∈ Dm(Rn) satisfying M(ω) 6 1

〈T χ, ω〉 6 M(χ)M(T ).

On the other hand, for ζ ∈ Dm−1(Rn) satisfying M(ζ) 6 1 we get

〈T χ, dζ〉 = 〈∂T, χζ〉 − 〈T, dχ ∧ ζ〉 6 mmax[M(χ),M(dχ)]N(T ),

so that N(T χ) 6 2mmax[M(χ),M(dζ)]N(T ). On the other hand fix
ω ∈ Dm(Rn) satisfying max[M(ω),M(dω)] 6 1, observe M(χω) 6 M(χ)
and compute

M[d(χω)] 6 M(χdω) + M(dχ ∧ ω)

6 M(χ) + (m+ 1)M(dχ) 6 2(m+ 1) max[M(χ),M(dχ)].

So we get max{M(χω),M[d(χω)]} 6 2(m+ 1) max[M(χ),M(dχ)] and

〈T χ, ω〉 6 F(T ) max{M(χω),M[d(χω)]}

6 2(m+ 1) max[M(χ),M(dχ)]F(T ).

The proof is complete.
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2.2 A compactness theorem

Let C = [0, 1]n be the unit-cube in Rn and call m-face of C each set of the
form

F = [0, 1]ε1 × [0, 1]ε2 × · · · × [0, 1]εn

for (ε1, ε2, . . . , εn) ∈ {+,−, 1}n satisfying #{1 6 i 6 n : εi = 1} = m, if
we let

[0, 1]+ = {1}, [0, 1]− = {0} and [0, 1]1 = [0, 1];

moreover we define ~TF = ei1 ∧ ei2 ∧ · · · ∧ eim if 1 6 i1 < i2 < · · · < im 6 n

denote the elements of {1 6 i 6 n : εi = 1}. We also define for ρ > 0

Lm(ρ) = {ρ(z + F ) : z ∈ Zn, F is a m− face of C};

and for F ′ = ρ(z + F ) ∈ Lm(ρ) we define ~TF ′ = ~TF . To each F ∈ Lm(ρ)
we associate [[F ]] ∈ Dm(Rn) by defining

[[F ]](ω) =
∫

Rn

〈~TF , ω(x)〉 dH m F (x)

for ω ∈ Dm(Rn).

Recall the deformation theorem ([Sim83, Theorem 29.1]).

Theorem 2.5 (Deformation theorem). There exists a constant γ = γ(n,m)
such that given T ∈ Nm(Rn) and ρ > 0 we can write T − P = ∂S + R

where:

1. P =
∑

F∈Lm(ρ) αF [[F ]] for some real numbers αF ∈ R, F ∈ Lm(ρ);

2. M(P ) 6 γM(T ), M(∂P ) 6 γM(∂T );

3. M(S) 6 γρM(T ), M(R) 6 γρM(∂T );

4. suppP ∪ suppS ⊆ {x : dist(x, suppT ) < 2ρ
√
n};

5. supp ∂P ∪ suppR ⊆ {x : dist(x, supp ∂T ) < 2ρ
√
n}.
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As a corollary of the deformation theorem, we get the following.

Proposition 2.6. Fix K ∈ K(Rn). For any c > 0, the set

A(K, c) = {T ∈ Nm,K(Rn) : N(T ) 6 c} (2.9)

is totally bounded under the flat norm F.

Proof. Fix ε > 0, define ρ = ε/4cγ (where γ is the constant appearing in The-
orem 2.5) and consider the set Φ ⊆ Nm(Rn) whose elements are all currents

P =
∑

F∈Lm(ρ),F∩{x∈Rn:dist(x,K)6ρ
√

2n}6=∅

αF [[F ]].

for which N(T ) 6 2cγ. Call F j ,1 6 j 6 p the elements of Lm(ρ) meeting
the set {x ∈ Rn : dist(x,K) 6 ρ

√
2n} and observe one can write

P =
p∑
j=1

αj(P )[[F j]]

for each P ∈ Φ. Of course, we get for P ∈ Φ

ρm max
16j6p

|αj(P )| 6 M(P ) 6 2cγ (2.10)

and

M(P ) 6 ρm
p∑
j=1

|αj(P )|. (2.11)

Given a sequence (Pk) ⊆ Φ, choose a subsequence (Pkl
) ⊆ (Pk) for which

(αj(Pkl
)) converges to α∗j ∈ R for each 1 6 j 6 p. Defining P ∗ ∈ Φ by

P ∗ =
∑p

i=1 α
∗
j [[F

j]] we get

F(Pkl
− P ) 6 M(Pkl

− P ) 6 ρm
p∑
j=1

|αj(Pkl
)− α∗j |

from which it follows that (Pkl
) F-converges to T . Consequently Φ is F-

compact. In particular there exists Pi ∈ Φ, 1 6 i 6 r for which

Φ ⊆
r⋃
i=1

{
T ∈ Nm(Rn) : F(T − Pi) 6

ε

2

}
.
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On the other hand given T ∈ A(K, c), Theorem 2.5 ensures the existence
of P ∈ Φ and of R,S satisfying the conclusions 1.-5. of Theorem 2.5. In
particular

F(T − P ) 6 M(T − P − ∂S) + M(S) = M(R) + M(S) 6 2cγρ =
ε

2
and we obtain

A(K, c) ⊆
r⋃
i=1

{T ∈ Nm(Rn) : F(T − Pi) 6 ε} .

The proof is complete.

Each Cauchy sequence in A(K, c) converges to a current in A(K, c).

Proposition 2.7. Fix K ∈ K(Rn). For each c > 0, any F-Cauchy sequence
(Tk) ⊆ A(K, c), F-converges to T ∈ A(K, c).

Proof. Fix a F-Cauchy sequence (Tk) ⊆ A(K, c). In particular (〈Tk, ω〉) is
a Cauchy sequence of real numbers for each ω ∈ D(Rn), and the formula
〈T, ω〉 = limk→∞〈Tk, ω〉 defines a normal current T ∈ Nm,K(Rn) satisfying

N(T ) 6 lim
k→∞

N(Tk) 6 c.

Moreover given ε > 0 there exists m ∈ N such that F(Tk − Tl) 6 ε holds for
k, l > m. Fix ω ∈ Dm(Rn) satisfying M(ω) 6 1 and M(dω) 6 1. We get
for k > m

〈Tk − T, ω〉 = lim
l→∞

〈Tk − Tl, ω〉 6 lim
l→∞

F(Tk − Tl) 6 ε;

and we obtain F(Tk − T ) 6 ε for k > m. So (Tk) F-converges to T .

It is now easy to conclude the set in (2.9) is F-compact.

Theorem 2.8. Fix K ∈ K(Rn). For any c > 0, the set

A(K, c) = {T ∈ Nm,K(Rn) : N(T ) 6 c}

is F-compact.

Proof. According to Fréchet’s theorem, A(K, c) being complete and totally
bounded under the flat norm F, is also F-compact.
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Chapter 3
Charges in Euclidean spaces

Using Theorem 2.8, we define a topology on Nm(X) which will be our interest
in the sequel.

3.1 The m-charges in Rn

First, observe the flat norm F endows Nm(Rn) with a locally convex topology
S.

For K ∈ K(Rn) and c > 0, observe

A(K, c) = {T ∈ Nm,K(Rn) : N(T ) 6 c} ⊆ Nm(Rn)

is a compact, convex subset of (Nm(Rn),S) following Theorem 2.8.
Call T the strongest topology on Nm(Rn) such that for each K ∈ K(Rn)

and each c > 0 the inclusion

[A(K, c),S] ↪→ [Nm(Rn),T]

is continuous. Then T is locally convex, sequential and the following condi-
tions hold:

1. a set A ⊆ Nm(Rn) is T-closed if and only if A(K, c) ∩ A is S-closed
for every K ∈ K(Rn) and c > 0;
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3. Charges in Euclidean spaces

2. given any topological space Y and a map f : (Nm(Rn),T) → Y , it is
necessary and sufficient for f to be continuous that

f � A(K, c) : [A(K, c),S] → Y

be continuous for every K ∈ K(Rn) and c > 0;

3. a sequence (Tk) ⊆ Nm(Rn) T-converges to an T ∈ Nm(Rn) if and
only if there exists K ∈ K(Rn) and c > 0 for which (Tk) ⊆ A(K, c)
and (Tk) S-converges to T .

We introduce m-charges in Rn.

Definition 3.1. A linear functional F : Nm(Rn) → R is called an m-charge
in case it is T-continuous.

The following conditions give characterizations of m-charges.

Proposition 3.2. Given a linear functional F : Nm(Rn) → R, the following
conditions are equivalent:

1. F is an m-charge in Rn;

2. for each ε > 0 and any K ∈ K(Rn), there exists δ > 0 such that
one has F (T ) 6 ε whenever T ∈ Nm,K(Rn) satisfies F(T ) 6 δ and
N(T ) 6 1

ε ;

3. for each ε > 0 and any K ∈ K(Rn), there exists θ > 0 such that one
has F (T ) 6 θF(T ) + εN(T ) for every T ∈ Nm,K(Rn);

4. one has limk F (Tk) = 0 whenever (Tk) ⊆ Nm(Rn) satisfies suppTk ⊆
K for some K ∈ K(Rn), supk N(Tk) <∞ and F(Tk) → 0, k →∞.

Proof. To infer 2. from 1. assume F is an m-charge, fix K ∈ K(Rn) and
ε > 0. As F � A

(
K, 1

ε

)
is S-continuous we find δ > 0 such that F (T ) 6 ε

holds for each T ∈ Nm,K(Rn) satisfying N(T ) 6 1
ε and F(T ) 6 δ.
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3.1. The m-charges in Rn

We prove condition 2. implies condition 3. Given 0 < ε < 1 and a
compact set K ∈ K(Rn), fix T ∈ Nm,K(Rn). Find δ > 0 given by condition
2. Assume first that N(T ) = 1. If moreover F(T ) 6 δ then one gets F (T ) 6

ε. In case F(T ) > δ observe F (δT/F(T )) 6 ε that is F (T ) 6 (ε/δ)F(T ).
In either case writing θ = ε/δ one gets

F (T ) 6 θF(T ) + ε. (3.1)

In case N(T ) 6= 1 either T = 0 or T 6= 0, in which case applying (3.1) to
T/N(T ) yields

F (T ) 6 θF(T ) + εN(T ).

Is is obvious that condition 3. implies condition 4.
To prove that any linear functional F : Nm(Rn) → R satisfying 4. is

an m-charge, recall F is T-continuous if and only if F is S-continuous on
A(K, c) for each K ∈ K(Rn) and each c > 0. So fix K ∈ K(Rn), c > 0
and let (Tk) ⊆ A(K, c) S-converge to T ∈ A(K, c) as k → ∞. In particular
F(Tk − T ) → 0,k → ∞. Using 4., we obtain F (Tk) → F (T ),k → ∞ so
that F is sequentially continuous on (A(K, c),S). As S is sequential, F is
continuous on (A(K, c),S) as was to be proved.

We give an interesting property of m-charges.

Proposition 3.3. Assume the directed system (Ti)i∈I ⊆ Nm(Rn) satisfies the
following conditions:

1. supi∈I N(Ti) 6 c <∞;

2. there exists K ∈ K(Rn) such that one has suppTi ⊆ K, i ∈ I;

3. for each ω ∈ Dm(Rn), (〈Ti, ω〉)i∈I converges to 0.

Then the directed system (F(Ti))i∈I converges to 0.

Proof. Proceed by contradiction and assume that one can find an ε > 0 such
that given i ∈ I , there exists j ∈ I satisfying j > i for which F(Tj) > ε. Let
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3. Charges in Euclidean spaces

C = {j ∈ I : F(Tj) > ε} and notice that for any j1, j2 ∈ C one can find
j3 ∈ C so that j1 6 j3 and j2 6 j3. The directed system

(Tj)j∈C ⊆ {T ∈ Nm,K(Rn) : N(T ) 6 c} (3.2)

has a cluster point in the flat norm topology, using Theorem 2.8. So there exist
T ∈ Nm,K(Rn) and j ∈ C for which N(T ) 6 c and F(Tj−T ) 6 ε

2 . It yields

F(T ) > F(Tj)− F(Tj − T ) >
ε

2
> 0.

Yet (Tj)j∈C weakly∗-converges to 0 so that 0 is the only cluster point of
(Tj)j∈C in the weak∗-topology. As T is also a weak∗-cluster point of (Tj)j∈C ,
(3.2) yields a contradiction.

The following result follows readily from Propositions 3.2 and 3.3.

Proposition 3.4. Suppose F is anm-charge and the directed system (Ti)i∈I ⊆
Nm(Rn) satisfies the following conditions:

1. supi∈I N(Ti) 6 c <∞;

2. there exists K ∈ K(Rn) such that one has suppTi ⊆ K, i ∈ I;

3. for each ω ∈ Dm(Rn), (〈Ti, ω〉)i∈I converges to 0.

Then the directed system (F (Ti))i∈I converges to 0.

We give an important class of m-charges in Rn.

Example 3.5. Let ω ∈ Cm(Rn) and ζ ∈ Cm−1(Rn). The linear map

Θ(ω, ζ) : Nm(Rn) → R

is defined by the formula

Θ(ω, ζ)(T ) = 〈T, ω〉+ 〈∂T, ζ〉.

We show that Θ(ω, ζ) is an m-charge in Rn. To that purpose, fix ε > 0,
K ∈ K(Rn) and choose φ ∈ Dm(Rn) and ψ ∈ Dm−1(Rn) for which the
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3.2. Charges vanishing on boundaries

inequalities ‖ω(x) − φ(x)‖ 6 ε and ‖ζ(x) − ψ(x)‖ 6 ε hold for x ∈ K

and let θ = max[M(φ),M(dφ)] + M(dψ). For T ∈ Nm,K(Rn) and S ∈
Nloc
m+1(Rn), compute

〈T, ω〉 = 〈T, ω − φ〉+ 〈T, φ〉,

= 〈T, ω − φ〉+ 〈T − ∂S, φ〉+ 〈∂S, φ〉,

= 〈T, ω − φ〉+ 〈T − ∂S, φ〉+ 〈S, dφ〉,

6 εM(T ) + M(T − ∂S)M(φ) + M(S)M(dφ),

6 εM(T ) + max[M(φ),M(dφ)][M(T − ∂S) + M(S)],

and

〈∂T, ζ〉 = 〈∂T, ζ − ψ〉+ 〈∂(T − ∂S), ψ〉,

= 〈∂T, ζ − ψ〉+ 〈T − ∂S, dψ〉,

6 εM(∂T ) + M(T − ∂S)M(dψ),

6 εM(∂T ) + M(dψ)[M(T − ∂S) + M(S)],

Adding the two previous estimates yields

Θ(ω, ζ) 6 θ[M(T − ∂S) + M(S)] + εN(T ).

As S is arbitrary, formula (2.7) allows us to conclude Θ(ω, ζ) is an m-charge.

We will show in chapter 5 that the m-charges given in example 3.5 are
generic. More precisely, calling CHm(Rn) the space of all m-charges in Rn,
we will show that the map

Θ : Cm(Rn)× Cm−1(Rn), (ω, ζ) 7→ Θ(ω, ζ)

is surjective.

3.2 Charges vanishing on boundaries

One defines on CHm(Rn) a differential operator by duality.
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3. Charges in Euclidean spaces

Definition 3.6. Assume F is an m-charge in Rn. For m < n, the exterior
derivative of F denoted dF is the (m + 1)-charge defined by the formula
dF (T ) = F (∂T ) for T ∈ Nm+1(Rn). In case m = n one let dF = 0.

Remark 3.7. To justify dF is a m-charge in case m 6 n, fix ε > 0, a compact
set K ∈ K(Rn) and choose θ > 0 such that the inequality F (S) 6 θF(S) +
εN(S) holds for each S ∈ Nm,K(Rn). As one easily observes F(∂T ) 6

F(T ) and N(∂T ) 6 N(T ) we obtain for T ∈ Nm+1,K(Rn)

dF (T ) = F (∂T ) 6 θF(∂T ) + εN(∂T ) 6 θF(T ) + εN(T ),

and dF is an m-charge.

We get an easy description of the exterior derivative of Θ(ω, ζ).

Proposition 3.8. Let ω ∈ Cm(Rn) and ζ ∈ Cm−1(Rn). Then dΛ(ω) =
Γ(ω), dΓ(ζ) = 0 and dΘ(ω, ζ) = Γ(ω). In particular,

Θ(ω, ζ) = Λ(ω) + dΛ(ζ).

Given m > 1 and F ∈ CHm(Rn), we construct P (F ) : Nm−1(Rn) → R
in the following way. Define h : R × Rn → Rn by the formula h(t, x) = tx

and let for T ∈ Nm−1(Rn)

P (F )(T ) = F (δ0 ×× T )

where δ0 ×× T = h#([[0, 1]]× T ).

Proposition 3.9. For each F ∈ CHm(Rn), P (F ) is an (m− 1)-charge.

Claim 3.10. Given a compact set K ∈ K(Rn) there exists c1 > 0 such that
for every T ∈ Nm−1,K(Rn) one has F(δ0 ×× T ) 6 c1F(T ).

Proof of the claim. Using (2.3) and (2.4) compute for T ∈ Nm−1,K(Rn)

F(δ0 ×× T ) = F(h#([[0, 1]]× T )) 6 max{[Lip(h � [0, 1]×K)]m,

[Lip(h � [0, 1]×K)]m+1}F([[0, 1]]× T ),
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3.2. Charges vanishing on boundaries

and

F([[0, 1]]× T ) 6 N([[0, 1]])F(T ) 6 3F(T ).

The claim is proved.

Claim 3.11. Given a compact set K ∈ K(Rn) there exists c2 > 0 such that
for every T ∈ Nm−1,K(Rn) one has N(δ0 ×× T ) 6 c2N(T ).

Proof of the claim. We get for T ∈ Nm−1,K(Rn)

M(h#([[0, 1]]× T )) 6 [Lip(h � [0, 1]×K)]mM([[0, 1]]× T )

while M([[0, 1]]× T ) 6 M(T ). On the other hand the homotopy formula for
currents (Proposition 2.2) provides

∂h#([[0, 1]]× T ) = T − h#([[0, 1]]× ∂T )

so that

M(∂h#([[0, 1]]× T )) 6 M(T ) + [Lip(h � [0, 1]×K)]mM(∂T ).

The claim is proved.

Proof of Proposition 3.9. Fix ε > 0, a compact set K ∈ K(Rn) and let η > 0
satisfy

F (S) 6 ηF(S) + εc−1
2 N(S)

for each S ∈ Nm,K(Rn) and let θ = c1η. For T ∈ Nm−1(Rn) we get

P (F )(T ) = F (δ0 ×× T ) 6 θF(T ) + εN(T )

and P (F ) is an (m− 1)-charge.

Proposition 3.12. Assume that F ∈ CHm(Rn) is such that dF = 0. Then
F = dP (F ).
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Proof. Compute for T ∈ Nm(Rn), using the homotopy formula (Proposition
2.2)

P (F )(∂T ) = F (h#([[0, 1]]× ∂T )) = F (T )− F (∂h#([[0, 1]]× T ))

which equals F (T ) as dF = 0.

We state now a Poincaré-like lemma in the context of m-charges.

Theorem 3.13. Let F ∈ CHm(Rn) satisfy dF = 0. There exists Φ ∈
CHm−1(Rn) satisfying dΦ = F .

Proof. Theorem 3.13 follows readily from Proposition 3.12.

Using the representation theorem (Theorem 5.15) we can prove Theorem
3.13 in a way interesting for itself.

3.3 Top-dimensional charges in Rn

To ϕ ∈ D(Rn) we associate the current Tϕ ∈ Nn(Rn) defined by the formula

〈Tϕ, ψ dx1 ∧ dx2 ∧ · · · ∧ dxn〉 =
∫

Rn

ϕψ dx,

in such a way that F(Tϕ) = M(Tϕ) = |ϕ|1. Moreover the integration by parts
formula yields the equality

−
∫

Rn

w · ∇ϕdx =〈
∂Tϕ,

n∑
i=1

(−1)i−1widx1 ∧ dx2 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn

〉
(3.3)

for w = (w1, . . . , wn) ∈ D(Rn,Rn). In particular we have

|∇ϕ|1 6 M(∂Tϕ) 6
√
n|∇ϕ|1.
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Each n-charge F ∈ CHn(Rn) induces on D(Rn) a linear functional F :
D(Rn) → R by defining F (ϕ) = F (Tϕ). Given ε > 0 and K ∈ K(Rn),
there exists θ > 0 such that

F (ϕ) 6 θF(Tϕ) + εN(Tϕ) 6 (θ + ε)|ϕ|1 + ε
√
n|∇ϕ|1

holds for ϕ ∈ D(Rn) satisfying suppϕ ⊆ K. In particular F is a distribution.

Conversely, fix a linear functional F : D(Rn) → R for which to every
ε > 0 and K ∈ K(Rn) corresponds θ > 0 so that

F (ϕ) 6 θ|ϕ|1 + ε|∇ϕ|1 (3.4)

holds for each ϕ ∈ D(Rn) satisfying suppϕ ⊆ K.

In particular, letting D(Rn) = {Tϕ : ϕ ∈ D(Rn)} we define a functional
F̃ : D(Rn) → R by the formula F̃ (Tϕ) = F (ϕ). Hence to every ε > 0 and
K ∈ K(Rn) corresponds θ > 0 so that

F̃ (T ) 6 θF(T ) + εN(T ) (3.5)

holds for each T ∈ D(Rn) satisfying suppT ⊆ K.

Given any T ∈ Nn(Rn), the current Tk defined for any integer k > 1 by
smoothing T as in (2.8), belongs to D(Rn) as there exists ξk ∈ D(Rn,ΛnRn)
together with ϕk ∈ D(Rn) satisfying ξk = ϕke1 ∧ e2 ∧ · · · ∧ en and

〈Tk, ψdx1 ∧ dx2 ∧ . . . dxn〉 =∫
Rn

〈ξk, ψdx1 ∧ dx2 ∧ . . . dxn〉 dx =
∫

Rn

ϕkψ dx

for each ψ ∈ D(Rn); that is Tk ∈ D(Rn).

Claim 3.14. The formula F (T ) = limk→∞ F̃ (Tk) defines an n-charge in Rn.

Proof of the claim. Fix T ∈ Nn(Rn) and ε > 0. Let

K = {x ∈ Rn : dist(x, suppT ) 6 1}
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and choose θ > 0 for which

F̃ (S) 6 θF(S) +
ε

4[N(T ) + 1]
N(S)

holds whenever S ∈ Dn(Rn) satisfy suppS ⊆ K. Let j > 4θN(T )
ε be an

integer. For integers k, l > j, compute

F̃ (Tk − Tl) 6 θF(Tk − Tl) +
ε[N(Tk) + N(Tl)]

4[N(T ) + 1]

6 θ[F(Tk − T ) + F(Tl − T )] +
ε

2
6

2θN(T )
j

+
ε

2
6 ε.

Consequently the formula F (T ) = limk→∞ F̃ (Tk) defines a linear functional
F on Nn(Rn).

To show F is an n-charge in Rn, fix ε > 0, K ∈ K(Rn), choose T ∈
Nn(Rn) satisfying suppT ⊆ K and let

K ′ = {x ∈ Rn : dist(x, suppT ) 6 1}.

Choose θ > 0 for which F̃ (T ) 6 θF(T )+ ε
3N(T ) holds for each T ∈ D(Rn)

satisfying suppT ⊆ K ′. Assume first T 6= 0 and choose an integer k > 1 for
which

|F (T )− F̃ (Tk)| 6
ε

3
N(T ) and

θ

k
6
ε

3
.

Compute then

F (T ) = [F (T )− F̃ (Tk)] + F̃ (Tk) 6
ε

3
N(T ) + θF(Tk) +

ε

3
N(Tk)

6 θF(T ) + θF(Tk − T ) +
2ε
3

N(T ) 6 θF(T ) + εN(T ).

The proof is complete as the last inequality is clear in case T = 0.

We have associated to each linear function F on D(Rn) satisfying (3.4)
an n-charge F in Rn. Moreover, we compute for ψ ∈ D(Rn)

〈(Tϕ)k, ψdx1 ∧ dx2 ∧ . . . dxn〉 = 〈Tϕ, ρk ∗ ψ dx1 ∧ dx2 ∧ . . . dxn〉 =∫
Rn

ϕ(ρk ∗ ψ) dx =
∫

Rn

(ρk ∗ ϕ)ψ dx = 〈Tρk∗ϕ, ψdx1 ∧ dx2 ∧ . . . dxn〉,
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3.3. Top-dimensional charges in Rn

so that we get

F (Tϕ) = lim
k→∞

F̃ [(Tϕ)k] = lim
k→∞

F (ρk ∗ ϕ) = F (ϕ), (3.6)

using (3.4).
In [DP04], Thierry De Pauw and Washek F. Pfeffer call strong charges the

linear functionals on D(Rn) satisfying (3.4).

Definition 3.15. A linear functional F on D(Rn) is called a strong charge
whenever to every ε > 0 and K ∈ K(Rn) corresponds θ > 0 such that
F (ϕ) 6 θ|ϕ|1 + ε|∇ϕ|1 holds for each ϕ ∈ D(Rn) satisfying suppϕ ⊆ K.

Equation (3.6) leads us to call strong extension of F the n-charge F as-
sociated to the strong charge F by the previous procedure, as it yields an
n-charge F “extending” F in a natural way.
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Chapter 4
The charge-cohomology of Sn−1

Fix X ⊆ Rn a closed set in the whole chapter.

4.1 Charges in a closed set

Fix 0 6 m 6 n an integer in the whole section.

An m-dimensional normal current in X is an element of the space

Nm(X) = {T ∈ Nm(Rn) : suppT ⊆ X}.

For K ∈ K(X) we also define

Nm,K(X) = {T ∈ Nm(X) : suppT ⊆ K}.

The space Nm(X) (and all its subspaces) is endowed by the flat norm topology
S.

Call TX the strongest topology on Nm(X) such that for each K ∈ K(X)
and each c > 0 the inclusion

[A(K, c),S] ↪→ [Nm(X),TX ]

is continuous. Then TX is locally convex, sequential and the following condi-
tions hold:
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4. The charge-cohomology of Sn−1

1. a set A ⊆ Nm(X) is TX -closed if and only if A(K, c) ∩ A is S-closed
for every K ∈ K(X) and c > 0;

2. given any topological space Y and a map f : (Nm(X),T) → Y , it is
necessary and sufficient for f to be continuous that

f � A(K, c) : [A(K, c),S] → Y

be continuous for every K ∈ K(X) and c > 0;

3. a sequence (Tk) ⊆ Nm(X) TX -converges to an T ∈ Nm(X) if and
only if there exists K ∈ K(X) and c > 0 for which (Tk) ⊆ A(K, c)
and (Tk) S-converges to T .

An m-charge in X is a TX -continuous linear functional on Nm(X).

Definition 4.1. An m-charge in X is an element of the set CHm(X) =
[Nm(X),TX ]∗.

The following conditions give characterizations of m-charges in X .

Proposition 4.2. Given a linear functional F : Nm(X) → R, the following
conditions are equivalent:

1. F is an m-charge in X;

2. for each ε > 0 and anyK ∈ K(X), there exists δ > 0 such that one has
F (T ) 6 ε whenever T ∈ Nm,K(X) satisfies F(T ) 6 δ and N(T ) 6 1

ε ;

3. for each ε > 0 and any K ∈ K(X), there exists θ > 0 such that one
has F (T ) 6 θF(T ) + εN(T ) for every T ∈ Nm,K(X);

4. one has limk F (Tk) = 0 whenever (Tk) ⊆ Nm(X) satisfies suppTk ⊆
K for some K ∈ K(X), supk N(Tk) <∞ and F(Tk) → 0, k →∞.

Proof. The proof is virtually indentical to that of Proposition 3.2.

Any m-charge in X extends to an m-charge in Rn.
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Proposition 4.3. Given F ∈ CHm(X), there exists F̄ ∈ CHm(Rn) satisfy-
ing F̄ � Nm(X) = F .

Proof. Fix F ∈ CHm(X) and call T′
X the locally convex topology induced

on Nm(X) by the locally convex topology T defined on Nm(Rn) in Section
3.1. Observe T′

X is sequential as Nm(X) is T-closed in Nm(Rn). Fix (Tk) ⊆
Nm(X) and assume its T′

X -converges to T ∈ Nm(X). In particular there
exist K ∈ K(Rn) and c > 0 such that (Tk) ⊆ A(K, c) and (Tk) S-converges
to T . Hence we have (Tk) ⊆ A(K ∩ X, c), (Tk) S-converges to T and it
follows that (Tk) TX -converges to T . In particular F (T ) = limk F (Tk) and
F is T′

X -sequentially continuous on Nm(X). As T′
X is sequential, F is T′

X -
continuous on Nm(X). On the other hand T is locally convex and so there
exists an m-charge F̄ in Rn extending F to Nm(Rn).

Conversely, any m-charge in Rn induces an m-charge in X .

Proposition 4.4. Given F ∈ CHm(Rn), we have F � Nm(X) ∈ CHm(X).

Proof. Given ε > 0 andK ∈ K(X) we get θ > 0 for which F (T ) 6 θF(T )+
εN(T ) and Proposition 4.2 allows us to conclude.

4.2 A poincaré-like lemma

Fix an m-charge F ∈ Nm(X). In case m = n we let dF = 0. In case 0 6

m 6 n − 1 we define the exterior derivative dF of F as the linear functional
dF : Nm+1(X) → R defined by dF (T ) = F (∂T ) for each T ∈ Nm+1(X).
One checks dF is an (m+ 1)-charge in X as in Remark 3.7.

Definition 4.5. We say that X is L-contractible if there exists a Lipschitz map
h : R× Rn → Rn satisfying the following conditions:

1. there exists x0 ∈ X such that h(0, x) = x0 for each x ∈ Rn;

2. h(1, x) = x for each x ∈ Rn;
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4. The charge-cohomology of Sn−1

3. for every x ∈ X and 0 6 t 6 1, h(t, x) ∈ X .

Given 1 6 m 6 n, the following construction associates to each m-charge
in X an (m− 1)-charge in X .

Proposition 4.6. Given 1 6 m 6 n and a Lipschitz map h : R × Rn → Rn

satisfying h(t, x) ∈ X for each x ∈ X and 0 6 t 6 1, the formula

PhF (T ) = F [h#([[0, 1]]× T )]

defines an (m− 1)-charge in X .

Proof. Follow the proof of Proposition 3.9, use Remark 2.3 and observe that
h#([[0, 1]]× T ) ∈ Nm(X) for T ∈ Nm−1(X).

Given 1 6 m 6 n, any m-charge in the L-contractible closed set X is the
exterior derivative of an (m− 1)-charge in X .

Theorem 4.7. AssumeX isL-contractible and h : R×Rn → Rn is a Lipschitz
map associated to X according to Definition 4.5. For an integer 1 6 m 6 n

and F ∈ CHm(X), we construct P (F ) : Nm−1(X) → R in the following
way:

P (F )(T ) = F [h#([[0, 1]]× T )].

Then, P (F ) is an (m− 1)-charge in X satisfying dP (F ) = F .

Proof. Use Proposition 4.6 and observe that h(0, ·)#T = 0, h(1, ·)#T = T .
The homotopy formula (see Remark 2.3) yields for T ∈ Nm(X)

P (F )(∂T ) = F (h#([[0, 1]]× ∂T )) = F (T )− F (∂h#([[0, 1]]× T ))

which equals F (T ) as dF = 0.

4.3 Computing the charge-cohomology of Sn−1

We naturally get a cochain complex as follows:

0 // CH0(X) d // CH1(X) d // · · · d // CHn(X) d // 0.
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We define for 0 6 m 6 n

Zmch(X) = {F ∈ CHm(X) : dF = 0}

and

Bm
ch(X) =

{
0 in case m = 0,
{dF : F ∈ CHm−1(X)} in case 1 6 m 6 n.

For 0 6 m 6 n we naturally define the charge-cohomology vector space

Hm
ch(X) = Zmch(X)/Bm

ch(X).

In case X is L-contractible, Theorem 4.7 ensures Hm
ch(X) = {0} for each

0 6 m 6 n.
Our objective is to describe the vector spaces Hm

ch(Sn−1) associated to the
unit-sphere Sn−1 = {x ∈ Rn : |x| = 1}.

The case n = 1

We describe
H0

ch(S
0) = {F ∈ CH0(S0) : dF = 0}.

For that purpose, we will need a description of the space N0(S0).
Given x ∈ X , we let δx ∈ N0(X) be defined by 〈δx, ϕ〉 = ϕ(x) for each

ϕ ∈ D(Rn).

Claim 4.8. Assume x ∈ Rn and T ∈ N0(Rn) satisfy suppT ⊆ {x}. Then
there exists α ∈ R such that T = αδx.

Proof. First, observe that the equality ϕ(x) = 0 implies 〈T, ϕ〉 = 0. Indeed,
choose a sequence (χk) ⊆ D(Rn) so that

χ[x−2−k−1,x+2−k−1] 6 χk 6 χ[x−2−k,x+2−k]

holds for each k ∈ N and observe

〈T, ϕ〉 = lim
k→∞

〈T, (1− χk)ϕ〉 = 0.
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4. The charge-cohomology of Sn−1

Fix ϕ0 ∈ D(Rn) satisfying ϕ0(x) = 1 and let α = 〈T, ϕ0〉. We get for
ϕ ∈ D(Rn)

〈T, ϕ〉 = 〈T, ϕ(x)ϕ0〉 = αϕ(x).

Claim 4.9. Given T ∈ N0(S0), there exist real numbers α−, α+ so that T =
α−δ−1 + α+δ1.

Proof. Fix χ0 ∈ C∞(R) satisfying χ(∞,−1/2] 6 χ0 6 χ(−∞,1/2) and choose
χ ∈ D(R) satisfying χ = χ0 on a neighbourhood of suppT . Define T± ∈
N0(Rn) by T− = T χ and T+ = T (1−χ). As we get suppT− ⊆ {−1},
suppT+ ⊆ {1} and T = T− + T+, we conclude using Claim 4.8.

Claim 4.10. We have N1(S0) = {0}.

Proof. Fix T ∈ N1(S0). Proceeding as in the proof of Claim 4.9, we find
real numbers β−, β+ such that 〈T, ϕ dx〉 = β−ϕ(−1) + β+ϕ(1) for each ϕ ∈
D(Rn). For ϕ ∈ D(R) we get

〈∂T, ϕ〉 = 〈T, ϕ′dx〉 = β−ϕ
′(−1) + β+ϕ

′(1)

which is a Radon measure if and only if β− = β+ = 0, that is T = 0.

Proposition 4.11. We have H0
ch(S

0) = R⊕ R and H1
ch(S

0) = {0}.

Proof. Observe H0
ch(S

0) = {F ∈ CH0(S0) : dF = 0}. As N1(S0) = {0}
we get dF = 0 for each F ∈ CH1(S0). Given real numbers F−, F+, the
formula

F (α−δ−1 + α+δ1) = α−F− + α+F+

defines an 0-charge in S0. Conversely, given F ∈ CH0(S0) we get

F (α−δ−1 + α+δ1) = α−F (δ−1) + α+F (δ1).

As a consequence, we have H0
ch(S

0) = CH0(S0) ' R ⊕ R. On the other
hand it is obvious that H1

ch(S
0) = {0}.
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The case n > 1: a Mayer-Vietoris exact sequence

Let

Dn−1
+ =

{
x ∈ Sn−1 : xn > −1

2

}
, Dn−1

− =
{
x ∈ Sn−1 : xn 6

1
2

}
and

Cn−1 =
{
x ∈ Sn−1 : −1

2
6 xn 6

1
2

}
.

Observe Dn−1
+ ∪Dn−1

− = Sn−1 and Dn−1
+ ∩Dn−1

− = Cn−1.
For 0 6 m 6 n, we construct mappings

CHm(Sn−1)
Φm // CHm(Dn−1

+ )⊕CHm(Dn−1
− )

Ψm // CHm(Cn−1)

in the following way: let

Φm(F ) = F � Nm(Dn−1
+ )⊕ F � Nm(Dn−1

− )

and

Ψm(F ⊕G) = F � Nm(Cn−1)−G � Nm(Cn−1).

Claim 4.12. The map Φm : CHm(Sn−1) → CHm(Dn−1
+ ) ⊕ CHm(Dn−1

− )
is injective.

Proof. Fix χ0 ∈ C∞(R) satisfying χ(−∞,−1/3] 6 χ0 6 χ(−∞,1/3] and choose
χ ∈ D(Rn) satisfying χ(x) = χ0(xn) in a neighbourhood of Sn−1. Assuming
F ∈ CHm(Sn−1) is nonzero, there exists T ∈ Nm(X) for which

0 6= F (T ) = F (T χ) + F (T (1− χ)).

In particular one of the two real numbers F (T χ) and F (T (1 − χ)) is
nonzero. Observing T χ ∈ Nm(Dn−1

− ) and T (1− χ) ∈ Nm(Dn−1
+ ) we

see that F � Nm(Dn−1
− ) and F � Nm(Dn−1

− ) cannot both vanish.

Claim 4.13. We have im Φm = kerΨm.
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4. The charge-cohomology of Sn−1

Proof. It is obvious that im Φm ⊆ ker Ψm. On the other hand, fix F+ ⊕ F− ∈
CHm(Dn−1

+ ) ⊕ CHm(Dn−1
− ) such that F+ � Cn−1 = F− � Cn−1. Fix

χ ∈ D(Rn) as in the proof of Claim 4.12 and define a linear functional F
on Nm(Sn−1) by the formula F (T ) = F+(T (1 − χ)) + F−(T χ). Use
Lemma 2.4 to infer F is an m-charge in Sn−1. For T ∈ Nm(Dn−1

+ ) observe
supp(T χ) ⊆ Cn−1. Consequently F−(T χ) = F+(T χ) and

F (T ) = F+(T (1− χ)) + F−(T χ)

= F+(T (1− χ)) + F+(T χ) = F+(T ).

Similarly, we get F (T ) = F−(T ) for each T ∈ Nm(Dn−1
− ). Shortly,

Φm(F ) = F � Nm(Dn−1
+ )⊕ F � Nm(Dn−1

− ) = F+ ⊕ F−.

The proof is complete.

Claim 4.14. The map Ψm : CHm(Dn−1
+ ) ⊕CHm(Dn−1

− ) → CHm(Cn−1)
is surjective.

Proof. Fix F ∈ CHm(Cn−1) and choose G ∈ CHm(Rn) satisfying G �

Nm(Cn−1) = F according to Proposition 4.3. Let G+ = G � Nm(Dn−1
+ ),

observe G+ ∈ CHm(Dn−1
+ ) according to Proposition 4.4 and compute

Ψm(G+ ⊕ 0) = F.

The proof is complete.

We can summarize the previous informations by saying the following se-
quence is exact:

0 // CHm(Sn−1)
Φm // CHm(Dn−1

+ )⊕CHm(Dn−1
− )

Ψm //

CHm(Cn−1) // 0.
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Moreover, observe the following diagram is commutative:

...
...

...

CHm+1(Sn−1)

d

OO

Φm+1 // CHm+1(Dn−1
− )⊕CHm+1(Dn−1

+ )

d⊕d

OO

Ψm+1 // CHm+1(Cn−1)

d

OO

CHm(Sn−1)

d

OO

Φm // CHm(Dn−1
− )⊕CHm(Dn−1

+ )

d⊕d

OO

Ψm // CHm(Cn−1)

d

OO

CHm−1(Sn−1)

d

OO

Φm−1 // CHm−1(Dn−1
− )⊕CHm−1(Dn−1

+ )

d⊕d

OO

Ψm−1 // CHm−1(Cn−1)

d

OO

...

d

OO

...

d

OO

....

d

OO

Consequently we get a long exact sequence in cohomology

· · · ∆m−1
// Hm

ch(Sn−1)
Hm(Ψ)// Hm

ch(Dn−1
+ )⊕Hm

ch(Dn−1
− )

Hm(Ψ)//

Hm
ch(Cn−1) ∆m

// Hm+1
ch (Sn−1) // · · · (4.1)

Computing H∗
ch(D

n−1
± ) Choose a map q ∈ C∞(Rn,Rn−1) defined in a

neighbourhood of Dn−1
− by the formula

qi(x) =
2xi

1 + xn
.

Conversely, define a map p ∈ C∞(Rn−1,Rn) by

pi(y) =

{
4yi

|y|2+4
for 1 6 i 6 n− 1,

|y|2−4
|y|2+4

for i = n.

Define a map h ∈ C∞(R× Rn,Rn) using p and q by the formula

h(t, x) = p(tq(x)).
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We get h(1, x) = x and h(0, x) = (0, . . . , 0,−1) ∈ Dn−1
− for x ∈ Dn−1

− . For
0 6 t 6 1 and x ∈ Dn−1

− one readily checks h(t, x) ∈ Dn−1
− . According to

Theorem 4.7 we get Hm(Dn−1
− ) = {0} for each 1 6 m 6 n.

To computeH0(Dn−1
− ) fix F ∈ CH0(Dn−1

− ), assume dF = 0 and choose
ϕ ∈ C(X) such that F (T ) = 〈T, ϕ〉 holds for each T ∈ N0(Dn−1

− ). Given
x 6= y in Dn−1

− , let T = p#[[q(x), q(y)]] and observe ∂T = δy−δx. Compute

0 = F (∂T ) = 〈δy, ϕ〉 − 〈δx, ϕ〉 = ϕ(y)− ϕ(x),

and observe ϕ is constant on Dn−1
− . Conversely, each constant function ϕ on

Dn−1
− defines a 0-charge in Dn−1

− with zero exterior derivative. Consequently,
H0

ch(D
n−1
− ) ' R.

Similarly, we compute H0(Dn−1
+ ) ' R and Hm(Dn−1

+ ) = {0} for 1 6

m 6 n.

Computing H∗
ch(C

n−1) For x ∈ Rn, let x̂ = (x1, x2, . . . , xn−1) ∈ Rn−1.
Choose f ∈ C∞(Rn,Rn−1) satisfying f(x) = x̂

|x̂| in a neighbourhood of
Cn−1 and define g ∈ C∞(Rn−1,Rn) by the formula g(y) = (y, 0). There
exists a map h ∈ C∞(R× Rn,Rn) satisfying

h(t, x) =
(√

1− t2x2
n ·

x̂

|x̂|
, txn

)
(4.2)

in a neighbourhood of [0, 1]× Cn−1. In particular we get for x ∈ Cn−1

h(0, x) = g(f(x)) and h(1, x) = x.

On the other hand we get f(g(y)) = y for y ∈ Sn−2.

Given F ∈ CHm(Cn−1) we define g#F ∈ CHm(Sn−2) by g#F (T ) =
F (g#T ) for each T ∈ Nm(Sn−2). Given G ∈ CHm(Sn−2) we define
f#G ∈ CHm(Cn−1) in the same way. Observe

g#(f#G) = (f ◦ g)#G and f#(g#F ) = (g ◦ f)#F.
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Observe the following diagram is commutative:

...
...

...

CHm+1(Cn−1)

d

OO

g#
// CHm+1(Sn−2)

d

OO

f#
// CHm+1(Cn−1)

d

OO

CHm(Cn−1)

d

OO

g#
// CHm(Sn−2)

d

OO

f#
// CHm(Cn−1)

d

OO

CHm−1(Cn−1)

d

OO

g#
// CHm−1(Sn−2)

d

OO

f#
// CHm−1(Cn−1)

d

OO

...

d

OO

...

d

OO

....

d

OO

As a consequence we get linear maps

H∗
ch(Cn−1)

H(g#) // H∗
ch(Sn−2)

H(f#)// H∗
ch(Cn−1).

Let 0 6 m 6 n, fix F ∈ CHm(Cn−1) satisfying dF = 0 and compute

Hm(f#)[Hm(g#)([F ])] = Hm((g ◦ f)#)([F ]) = [(g ◦ f)#F ].

The homotopy formula (Proposition 2.2) applied to h defined in (4.2) yields
for T ∈ Nm(Cn−1)

(g ◦ f)#T − T = ∂h#([[0, 1]]× T ) + h#([[0, 1]]× ∂T )

in case 1 6 m 6 n and

(g ◦ f)#T − T = ∂h#([[0, 1]]× T )

in case m = 0. As dF = 0 we get for T ∈ Nm(Cn−1) and 1 6 m 6 n

F ((g ◦ f)#T )− F (T ) = F (h#([[0, 1]]× ∂T )) = PhF (∂T ) = dPhF (T ),
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that is [(g ◦ f)#F ] = [F ]. In case m = 0 we obtain F ((g ◦ f)#T ) = F (T )
for T ∈ N0(Cn−1) that is [(g ◦ f)#F ] = [F ]. In Both cases we conclude
Hm(f#) ◦Hm(g#) = idHm

ch(Cn−1).
On the other hand we get for 0 6 m 6 n andG ∈ CHm(Sn−2) satisfying

dF = 0
Hm(g#)[Hm(f#)([G])] = [(f ◦ g)#G] = [G],

as f(g(y)) = y for y ∈ Sn−2.
Finally, we conclude H∗

ch(C
n−1) ' H∗

ch(S
n−2).

Computing H∗
ch(S

n−1) Using the long exact sequence (4.1) and the previ-
ous computations we obtain, proceeding as for the singular cohomology

Hm
ch(S0) =

{
R⊕ R in case m = 0,
0 otherwise;

and for n > 1

Hm
ch(Sn−1) =

{
R in case m ∈ {0, n− 1},
0 otherwise.
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Chapter 5
Representing m-charges

5.1 The space of m-charges

Denote by CHm(Rn) the set of all m-charges in Rn. One defines a seminorm
on CHm(Rn) for each K ∈ K(Rn) by the formula

‖F‖K = sup{F (T ) : T ∈ Nm,K(Rn),N(T ) 6 1}.

As the seminorms ‖ · ‖B[k] form a separating family when k ranges over N,
they turn CHm(Rn) into a metrizable l.c.t.v.s. according to Theorem 1.5.

Proposition 5.1. The topology defined above on the space CHm(Rn) turns
CHm(Rn) into a Fréchet space.

Proof. Call d the invariant metric induced on CHm(Rn) by the family {‖ ·
‖B[k] : k ∈ N} according to Theorem 1.5. It remains to be shown that
d is complete. For, assume (Fk) ⊆ CHm(Rn) is a Cauchy sequence, i.e.
d(Fj , Fk) → 0; j, k → ∞. In particular, ‖Fj − Fk‖B[l] → 0;j, k → ∞,
for each l ∈ N large enough for suppT ⊆ B[l] to hold. For T ∈ Nm(Rn)
one obtains |Fj(T ) − Fk(T )| 6 N(T )‖Fj − Fk‖B[l] for each l ∈ N, so that
(Fk(T )) is a Cauchy sequence. Define a linear functional F on Nm(Rn) by
F (T ) = limk Fk(T ). To show F is an m-charge, fix ε > 0, K ∈ K(Rn) and
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choose l ∈ N for which K ⊆ B[l]. Let k ∈ N be such that ‖F − Fk‖B[l] 6 ε
2 .

For T ∈ Nm,K(Rn) compute

F (T ) 6 Fk(T ) + N(T )‖F − Fk‖B[l] 6 Fk(T ) +
ε

2
N(T ). (5.1)

As Fk is an m-charge, there is a θ > 0 such that Fk(S) 6 θF(S) + ε
2N(S)

occurs for S ∈ Nm,K(Rn). Combining this to (5.1) we get

F (T ) 6 θF(T ) +
ε

2
N(T ) +

ε

2
N(T ) = θF(T ) + εN(T ),

and F ∈ CHm(Rn). We conclude (Fk) d-converges to F as in Example
1.6.

5.2 A continuous map

Recall that Example 3.5 yields a map

Θ : Cm(Rn)× Cm−1(Rn) → CHm(Rn).

The product topology turns the space Cm(Rn)×Cm−1(Rn) into a Fréchet
space whose topology is induced by the seminorms ‖ · ‖K defined by

‖(ω, ζ)‖K = max[ν0
K(ω), ν0

K(ζ)]

where K ranges over K(Rn) and ν0
K is defined as in Example 1.6.

Fix K ∈ K(Rn) and let T ∈ Nm,K(Rn) satisfy N(T ) 6 1. Compute

Θ(ω, ζ)(T ) = 〈T, ω〉+ 〈∂T, ζ〉,

6 M(T )ν0
K(ω) + M(∂T )ν0

K(ζ),

6 max[ν0
K(ω), ν0

K(ζ)].

In particular this yields ‖Θ(ω, ζ)‖K 6 max[ν0
K(ω), ν0

K(ζ)], and Θ is contin-
uous.

Define Λ : Cm(Rn) → CHm(Rn) and Γ : Cm−1(Rn) → CHm(Rn) by
the formulas

Λ(ω)(T ) = 〈T, ω〉 and Γ(ζ)(T ) = 〈∂T, ζ〉,
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so that Θ(ω, ζ) = Λ(ω)+Γ(ζ) for ω ∈ Cm(Rn), ζ ∈ Cm−1(Rn). Obviously,
Λ and Γ are continuous.

Remark 5.2. For ω ∈ Dm(Rn) and K ∈ K(Rn) compute

‖Λ(ω)‖K = sup{〈T, ω〉 : T ∈ Nm,K(Rn),N(T ) 6 1} 6 M(ω) (5.2)

and, for ζ ∈ Dm−1(Rn) and K ∈ K(Rn) notice that

‖Γ(ζ)‖K = sup{〈∂T, ζ〉 : T ∈ Nm,K(Rn),N(T ) 6 1} 6 M(ζ). (5.3)

Our goal is to show the continuous map

Θ : Cm(Rn)× Cm−1(Rn) → CHm(Rn)

is onto. For that purpose, we will show that im Θ is a dense, closed subset of
CHm(Rn).

5.3 The dual space CHm(Rn)∗

We describe the dual space CHm(Rn)∗.

Proposition 5.3. The map

Φ : CHm(Rn)∗ → Nm(Rn)

defined by Φ(α)(ω) = α(Λ(ω)) for ω ∈ Dm(Rn), is a linear bijection.

Claim 5.4. Assume ω ∈ Dm(Rn) andK ∈ K(Rn) are such thatK∩suppω =
∅. Then, ‖Λ(ω)‖K = 0.

Proof. For T ∈ Nm,K(Rn) one gets 〈T, ω〉 = 0 and thus ‖Λ(ω)‖K = 0.

Claim 5.5. For α ∈ CHm(Rn)∗ one has Φ(α) ∈ Nm(Rn).

59



5. Representing m-charges

Proof. As α is continuous on CHm(Rn), there exist c > 0 and a compact set
K ∈ K(Rn) such that for F ∈ CHm(Rn) we can write

α(F ) 6 c‖F‖K .

In particular, it yields for ω ∈ Dm(Rn)

〈Φ(α), ω〉 = α[Λ(ω)] 6 c‖Λ(ω)‖K 6 cM(ω),

and for ζ ∈ Dm−1(Rn),

〈∂Φ(α), ζ〉 = α[Γ(ζ)] 6 c‖Γ(ζ)‖K 6 cM(ζ).

It follows immediately that Φ(α) is a normal current.

Define a linear map

Υ : Nm(Rn) → CHm(Rn)′

by the formula Υ(T )(F ) = F (T ).

Claim 5.6. For each T ∈ Nm(Rn) we have Υ(T ) ∈ CHm(Rn)∗.

Proof. Fix T ∈ Nm(Rn) and choose a compact set K ∈ K(Rn) for which
suppT ⊆ K. As

|Υ(T )(F )| = |F (T )| 6 N(T )‖F‖K ,

we conclude that Υ(T ) is continuous on CHm(Rn).

So we have a linear map

Υ : Nm(Rn) → CHm(Rn)∗

satisfying Υ(T )(F ) = F (T ) for each F ∈ CHm(Rn).

Claim 5.7. For each T ∈ Nm(Rn), we have Φ[Υ(T )] = T .
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Proof. For ω ∈ Dm(Rn) compute

〈Φ[Υ(T )], ω〉 = Υ(T )[Λ(ω)] = Λ(ω)(T ) = 〈T, ω〉.

The proof is complete since ω is arbitrary.

For K ∈ K(Rn) and ε > 0 we will use the notation

V (K, ε) = {F ∈ CHm(Rn) : ‖F‖K 6 ε}.

The sets V (K, ε) constitue a neighbourhood base at 0 in CHm(Rn) for ε and
K ranging over (0,∞) and K(Rn) respectively.

The following claims will help us to prove Φ maps bijectively CHm(Rn)
onto Nm(Rn).

Claim 5.8. One has suppΦ(α) ⊆ K for α ∈ V (K, ε)◦.

Proof. Indeed, fix ω ∈ Dm(Rn) and suppose K ∩ suppω = ∅. For each
λ > 0 one computes then ‖λΛ(ω)‖K = 0. This yields λΛ(ω) ∈ V (K, ε) for
each λ > 0. In particular, one has λα[Λ(ω)] = α[λΛ(ω)] 6 1 for every λ > 0
so that Φ(α)(ω) = α[Λ(ω)] = 0.

Claim 5.9. The equation N[Φ(α)] 6 2
ε holds for α ∈ V (K, ε)◦.

Proof. Indeed, fix ω ∈ Dm(Rn) satisfying M(ω) 6 1 and note that

‖εΛ(ω)‖K = ε‖Λ(ω)‖K 6 εM(ω) 6 ε.

So one has α[εΛ(ω)] 6 1, that is

〈Φ(α), ω〉 = α[Λ(ω)] 6
1
ε
.

On the other hand for ζ ∈ Dm−1(Rn) satisfying M(ζ) 6 1 one computes

‖εΓ(ζ)‖K = ε‖Γ(ζ)‖K 6 εM(ζ) 6 ε.

It yields α[εΓ(ζ)] 6 1 or

〈∂Φ(α), ζ〉 = α[Γ(ζ)] 6
1
ε
.

Finally we obtain M[∂Φ(α)] 6 1
ε , so that N(T ) 6 2

ε .
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The map Υ is a left-inverse for Φ.

Claim 5.10. For each each α ∈ CH∗
m(Rn) one has Υ[Φ(α)] = α.

Proof. We have to show that for F ∈ CHm(Rn), Υ[Φ(α)](F ) = α(F ), that
is F [Φ(α)] = α(F ). Fix F ∈ CHm(Rn) and let

∆F : CHm(Rn)∗ → R, α 7→ F [Φ(α)].

We show that the map ∆F is weakly∗ continuous on the set

V (K, ε)◦ = {α ∈ CH∗
m : |α(F )| 6 1 for each F ∈ V (K, ε)},

given K ∈ K(Rn) and ε > 0.
Let (αi)i∈I ⊆ V (K, ε)◦ be a directed system weakly∗-converging to 0. In

particular:

1. supp[Φ(αi)] ⊆ K for each i ∈ I according to Claim 5.8;

2. supi∈I N[Φ(αi)] 6 2
ε <∞ according to Claim 5.9;

3. (Φ(αi)(ω))i∈I = (αi(Λ(ω)))i∈I converge to 0 for each ω ∈ Dm(Rn) as
Λ(ω) is an m-charge and (αi(F ))i∈I converges to 0 for each m-charge
F .

As ∆F (αi) = F [Φ(αi)] holds for each i ∈ I , Proposition 3.4 implies that
(∆F (αi))i∈I converges to 0, and ∆F is weakly∗-continuous on V (K, ε)◦.

According to the Banach-Grothendieck theorem (Theorem 1.13) we find
F ∗ ∈ CHm(Rn) such that ∆F (α) = α(F ∗) for all α ∈ CHm(Rn)∗. For
T ∈ Nm(Rn) we have, according to Claim 5.7,

F (T ) = F (Φ(Υ(T ))) = Υ(T )(F ∗) = F ∗(T ),

so that F = F ∗. The result follows as ∆F (α) = α(F ) holds for every α ∈
CHm(Rn)∗.

We can now conclude this section with the following corollaries.
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Corollary 5.11. The map Φ : CHm(Rn)∗ → Nm(Rn) defined by Φ(α)(ω) =
α[Λ(ω)] is a linear isomorphism, whose inverse Φ−1 satisfies Φ−1(T )(F ) =
F (T ) for each T ∈ Nm(Rn).

Call smooth m-charges the elements of

CHs
m(Rn) = {Λ(ω) : ω ∈ Dm(Rn)} ⊆ CHm(Rn)

Corollary 5.12. The space CHs
m(Rn) is dense in CHm(Rn).

Proof. Assume the continuous linear functional α on CHm(Rn) is such that
α[Λ(ω)] = 0 for each ω ∈ Dm(Rn). Then one has Φ(α) = 0 and α =
Υ(Φ(α)) = 0. If CHs

m(Rn) weren’t dense in CHm(Rn) there would exist
F ∈ CHm(Rn) \ cl(CHs

m(Rn)). Theorem 1.10 would then imply the exis-
tence of α∗ ∈ CHm(Rn)∗ such that α∗ � CHs

m(Rn) = 0 yet α∗(F ) 6= 0,
which is a contradiction.

To show that the image of Θ is closed in CHm(Rn), one will use the
closed range theorem.

5.4 An adjoint map with closed range

The adjoint map Θ∗ : CHm(Rn)∗ → [Cm(Rn) × Cm−1(Rn)]∗ is defined in
such a way that

Θ∗(α)(ω, ζ) = α[Θ(ω, ζ)].

Observe that L ∈ [Cm(Rn) × Cm−1(Rn)]∗ belongs to im Θ∗ if and only
if L belongs to the image of the map

Ξ∗ : Nm(Rn) → [Cm(Rn)× Cm−1(Rn)]∗

defined by the formula

Ξ∗(T )(ω, ζ) = Θ(ω, ζ)(T ).
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To see this, fix L ∈ [Cm(Rn)×Cm−1(Rn)]∗ and note that if α ∈ CHm(Rn)∗

is such that Θ∗(α) = L, we obtain

Ξ∗[Φ(α)](ω, ζ) = Θ(ω, ζ)[Φ(α)] = {Φ−1[Φ(α)]}[Θ(ω, ζ)]

= α[Θ(ω, ζ)] = Θ∗(α)(ω, ζ) = L(ω, ζ).

Conversely, fixL ∈ [Cm(Rn)×Cm−1(Rn)]∗. Assuming T ∈ Nm(Rn) satisfy
Ξ(T ) = L, we compute

Θ∗[Φ−1(T )](ω, ζ) = Φ−1(T )[Θ(ω, ζ)] = Θ(ω, ζ)(T )

= Ξ∗(T )(ω, ζ) = L(ω, ζ).

We show that im Ξ∗ is strongly sequentially closed in [Cm(Rn)×Cm−1(Rn)]∗.

Proposition 5.13. The map Ξ∗ : Nm(Rn) → [Cm(Rn) × Cm−1(Rn)]∗

is injective. Moreover im Ξ∗ is strongly sequentially closed in [Cm(Rn) ×
Cm−1(Rn)]∗.

Proof. Note first that the map Ξ∗ is injective. Indeed, suppose Ξ∗(T ) = 0 for
T ∈ Nm(Rn) and compute for ω ∈ Dm(Rn)

〈T, ω〉 = Θ(ω, 0)(T ) = Ξ∗(T )(ω, 0) = 0.

For a set A ⊆ Cm(Rn), compute

sup
(ω,ζ)∈A×{0}

|Ξ∗(T )(ω, ζ)|

= sup{|Θ(ω, 0)(T )| : ω ∈ A} = sup{|〈T, ω〉| : ω ∈ A},

and, similarly for A′ ⊆ Cm−1(Rn)

sup
(ω,ζ)∈{0}×A′

|Ξ∗(T )(ω, ζ)|

= sup{|Θ(0, ζ)(T )| : ζ ∈ A′} = sup{|〈∂T, ζ〉| : ω ∈ A′}.
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Define sets

B = {(ω, 0) ∈ Dm(Rn)×Dm−1(Rn) : M(ω) 6 1},

C = {(0, ζ) ∈ Dm(Rn)×Dm−1(Rn) : M(ζ) 6 1},

and observe B and C are bounded since given K ∈ K(Rn)

sup
(ω,ζ)∈B

max[ν0
K(ω), ν0

K(ζ)] 6 1 and sup
(ω,ζ)∈C

max[ν0
K(ω), ν0

K(ζ)] 6 1.

In particular the seminorm q : im Ξ∗ → [0,∞) defined by

q(L) = sup
(ω,ζ)∈B

|L(ω, ζ)|+ sup
(ω,ζ)∈C

|L(ω, ζ)|

is strongly continuous on im Ξ∗. On the other hand, compute for T ∈ Nm(Rn)

sup
(ω,ζ)∈B

|Ξ∗(T )(ω, ζ)| = sup{|〈T, ω〉| : ω ∈ Dm(Rn),M(ω) 6 1} = M(T ).

Similarly, one obtains for T ∈ Nm(Rn)

sup
(ω,ζ)∈C

|Ξ∗(T )(ω, ζ)| = M(∂T )

and in particular q(Ξ∗(T )) = N(T ).
To show that im Ξ∗ is strongly sequentially closed, assume that the se-

quence (Ξ∗(Tk)) ⊆ im Ξ∗ strongly converges toL ∈ [Cm(Rn)×Cm−1(Rn)]∗

for some (Tk) ⊆ Nm(Rn).
As q is strongly continuous and because of the previous computations, one

obtains
sup
k

N(Tk) = sup
k
q(Ξ∗(Tk)) = c <∞.

Claim 5.14. There exists K ∈ K(Rn) containing suppTk for each k ∈ N.

Proof of the claim. Proceding toward a contradiction, assume there exists a
sequence of open sets (Uk) satisfying the following conditions:

1. Ūk ⊆ Uk+1 for each k ∈ N,

65



5. Representing m-charges

2. for each k ∈ N, suppTk ∩ U ′
k 6= ∅ if we let U ′

k = Uk \ Ūk−1 for k > 1
and U ′

0 = U0.

In view of this, choose ωk ∈ Dm(Rn) satisfying suppωk ⊆ U ′
k, M(ωk) = 1

and ak = 〈Tk, ωk〉 > 0. Define for k ∈ N, bk = max16l6k a
−1
l . Define a

bounded subset D ⊆ Cm(Rn)× Cm−1(Rn) by

D = {(ω, 0) ∈ Cm(Rn)× Cm−1(Rn) : ν0
Ūk

(ω) 6 kbk for every k ∈ N}

and observe (ω′k, 0) ∈ D for each k ∈ N, where ω′k = kbkωk. Let qD be
the seminorm defined on im Ξ∗ by the formula qD(L) = sup(ω,ζ)∈D |L(ω, ζ)|.
We have a contradiction since

k 6 kbkak = kbk〈Tk, ωk〉 = 〈Tk, ω′k〉

would imply supk∈N qD[Ξ∗(Tk)] = +∞.

To conclude the proof, observe that

(Tk) ⊆ {T ∈ Nm,K(Rn) : N(T ) 6 c} (5.4)

and use the compactness of the right side of (5.4) in the flat norm topology to
find a subsequence (Tkl

) ⊆ (Tk) and T ∈ {T ∈ Nm,K(Rn) : N(T ) 6 c} for
which Tkl

→ T , l → ∞ in the flat norm topology S. In particular, we obtain
for (ω, ζ) ∈ Cm(Rn)× Cm−1(Rn),

L(ω, ζ) = lim
l→∞

Ξ∗(Tkl
)(ω, ζ) = lim

l→∞
Θ(ω, ζ)(Tkl

)

= Θ(ω, ζ)(T ) = Ξ∗(T )(ω, ζ),

that is L ∈ im Ξ∗.

So we can prove our fundamental result.

Theorem 5.15. Let F ∈ CHm(Rn). There exist ω ∈ Cm(Rn) and ζ ∈
Cm−1(Rn) for which the equality

F (T ) = 〈T, ω〉+ 〈∂T, ζ〉

holds whenever T ∈ Nm(Rn) is given.
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Proof. As Θ has a dense image in CHm(Rn), and because im Θ∗ is strongly
sequentially closed in [Cm(Rn) × Cm−1(Rn)]∗, the closed range theorem
(Theorem 1.16) and Remark 1.17 guarantee that im Θ = CHm(Rn).

Theorem 5.15 yields without effort a representation for m-charges in a
closed set.

Fix X ⊆ Rn a closed set. In case m > 0 is an integer, define Cm(X) the
linear space of all continuous m-forms in X , and let C−1(X) = {0}.

We get the following using Theorem 5.15, Proposition 4.3 and Proposition
4.4.

Corollary 5.16. A linear functional F : Nm(X) → R is an m-charge in X if
and only if there exists ω ∈ Cm(X) and ζ ∈ Cm−1(X) such that

F (T ) = Θ(ω, ζ)(T )

holds for each T ∈ Nm(X), where Θ : Cm(X)×Cm−1(X) → CHm(X) is
defined by Θ(ω, ζ)(T ) = 〈T, ω〉+ 〈∂T, ζ〉.

5.5 A representation theorem for strong charges

As a corollary of Theorem 5.15, we obtain the following result, due to T. De
Pauw and W.F. Pfeffer [DP04].

Theorem 5.17 (De Pauw-Pfeffer). Given a strong charge F : D(Rn) → R
there exists v ∈ C(Rn,Rn) satisfying

F (ϕ) = −
∫

Rn

v · ∇ϕdx

for each ϕ ∈ D(Rn).

Proof. Call F : Nn(Rn) → R the strong extension of F . Observing dF = 0,
we get ζ ∈ C n−1(Rn) satisfying F = dζ using Theorem 5.19. Write

ζ =
n∑
i=1

ζi dx1 ∧ dx2 ∧ · · · ∧ d̂xi ∧ · · · ∧ dxn,
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define v = (v1, v2, . . . , vn) ∈ C(Rn,Rn) by vi = (−1)i−1ζi, 1 6 i 6 n and
use 3.3 to obtain

F (ϕ) = dζ(Tϕ) =
∫

Rn

v · ∇ϕdx

for each ϕ ∈ D(Rn).

5.6 Another proof of Theorem 3.13

Proposition 3.8 allows us to use the notation ω for Λ(ω). In particular, one
will write ω + dζ for Θ(ω, ζ) and the Poincaré formula

d2ω = 0

holds for each ω ∈ Cm(Rn). We state and prove our version of Poincaré’s
lemma.

Lemma 5.18. Assume m > 1 and ω ∈ Cm(Rn) is such that dω = 0. There
exists λ ∈ Cm−1(Rn) such that dλ = ω.

Proof. If φ =
∑

16i1<i2<···<im6n ϕi1,i2,...,imdxi1∧dxi2∧· · ·∧dxim we define
Prim(φ) ∈ Cm−1(Rn) by

Prim(φ)(x) =
∑

16i1<i2<···<im6n

m∑
j=1

(−1)j−1

∫ 1

0
tm−1ϕi1,...,im(tx) dt

xijdxi1 ∧ dxi2 ∧ · · · ∧ d̂xij ∧ · · · ∧ dxim ,

where a hat above an expression means it is omitted. It follows from a simple
computation (see [Maw97, Théorème, pp. 630-632]) that d[Prim(φ)] = φ

holds whenever φ is C1. For k > 1, define ωk = ρk ∗ ω, λk = Prim(ωk) and
λ = Prim(ω). In case m 6 n− 1 compute for T ∈ Nm+1(Rn)

〈T, dωk〉 = 〈∂T, ωk〉,

=
∫

Rn

∫
Rn

ρk(y)〈 ~∂T (x), ω(x− y)〉 dy d‖∂T‖(x),

=
∫

Rn

ρk(y)
∫

Rn

〈 ~∂Sy(x), ω(x)〉 d‖∂Sy‖(x) dy, (5.5)

= 0,
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where we used Fubini’s theorem to justify (5.5) and defined a current Sy ∈
Nm(Rn) by the formula 〈Sy, ψ〉 = 〈T, ψ(· − y)〉 for ψ ∈ Dm+1(Rn). The
previous computations ensure dωk = 0 (the case m = n is obvious), so that
dλk = ωk for k > 1. Of course (ωk) converges uniformly to ω on each
K ∈ K(Rn) and an easy computation reveals (λk) converges uniformly to
λ on each K ∈ K(Rn). Fixing T ∈ Nm(Rn) and observing suppT and
supp ∂T are compact subsets of Rn, one computes

dλ(T ) = 〈∂T, λ〉 = lim
k
〈∂T, λk〉 = lim

k
〈T, ωk〉 = 〈T, ω〉 = ω(T ),

and the proof is complete.

We deduce the following result from Theorem 5.15 and Lemma 5.18.

Theorem 5.19. Given m > 1 and F ∈ CHm(Rn) such that dF = 0, there
exists ζ ∈ Cm−1(Rn) such that F = dζ.
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Chapter 6
Why an abstract proof?

First, let us study how the fundamental theorem of calculus can be improved
on curves.

6.1 Derivating continuous functions along curves

Let f ∈ C1([0, 1],Rn) be injective, regular (i.e. f ′(t) 6= 0 whenever 0 6 t 6

1) and let U be an open set containing im f .

Definition 6.1. For φ : U → R and 0 6 t 6 1, the upper directional derivative
of φ at f(t) along f is the extended real number

Dfφ[f(t)] =
1

|f ′(t)|
lim
h→0

φ[f(t) + hf ′(t)]− φ[f(t)]
h

whereas the lower directional derivative of φ at f(t) along f is defined by

Dfφ[f(t)] =
1

|f ′(t)|
lim
h→0

φ[f(t) + hf ′(t)]− φ[f(t)]
h

.

In case Dfφ[f(t)] = Dfφ[f(t)] is a real number we call its value the direc-
tional derivative of φ at f(t) along f .
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6.1.1 An intriguing example

Let f ∈ C∞([0, 1],R3) be the injective and regular function defined by f(t) =
(cos t, sin t, t). For t ∈ [0, 1] define Λ(t) = {f(t) + λf ′(t) : λ ∈ R} the
tangent line to f at t.

Claim 6.2. Given s 6= t in [0, 1], we have Λ(s) ∩ Λ(t) = ∅.

Proof. Fix s 6= t in [0, 1]. We have to show that the system

cos s− λ sin s = cos t− µ sin t ,

sin s+ λ cos s = sin t+ µ cos t ,

s+ λ = t+ µ ;

doesn’t admit any solution (λ, µ) ∈ R2. Proceeding toward a contradiction,
and assuming (λ, µ) is a solution of our system, we obtain from the two first
equations

µ− λ =
2− 2 cos(s− t)

sin(s− t)
,

which, combined to the third one, leads to the equality

2− 2 cos(s− t)
sin(s− t)

= s− t .

Writing ϑ = s− t 6= 0, we obtain

2− 2 cosϑ = ϑ sinϑ ,

that is
tan

ϑ

2
=
ϑ

2
.

We obtain a contradiction because ϑ 7→ tanϑ doesn’t have any nonzero fixed
point in the interval [−1/2, 1/2].

Let F =
⋃
t∈[0,1] Λ(t) and p : F → [0, 1] the map which associates to

x ∈ F the unique t ∈ [0, 1] for which x ∈ Λ(t).

Claim 6.3. The map p is continuous in a neighbourhood of each point x0 ∈ F .
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Proof of the claim. Let x0 ∈ F and choose (xk) ⊆ F be such that xk →
x0, k → ∞. For each k ∈ N, let tk ∈ [0, 1] and λk ∈ R be such that one
has xk = f(tk) + λkf

′(tk) and let t0 ∈ [0, 1] and λ0 ∈ R satisfy x0 =
f(t0) + λ0f

′(t0). We have to show tk → t0, k → ∞. Proceeding toward
a contradiction, assume (working if necessary with a subsequence) one has
tk → t,k →∞ with t ∈ [0, 1], t 6= t0, and λk → λ, k →∞ for some λ ∈ R.
We write, for k ∈ N,

xk = (cos tk − λk sin tk, sin tk + λk cos tk, tk + λk).

This yields in particular cos t− λ sin t
sin t+ λ cos t

t+ λ

 = lim
k→∞

xk =

 cos t0 − λ sin t0
sin t0 + λ0 cos t0

t0 + λ0

 .

As before, these equations imply t = t0. We get a contradiction.

Claim 6.4. The set F is closed.

Proof of the claim. Let (xk) ⊆ F be such that xk → x0, k → ∞ for some
x0 ∈ R3. For each k ∈ N, choose tk ∈ [0, 1] and λk ∈ R for which xk =
f(tk)+λkf ′(tk). As (λk) is bounded, choose (tkl

, λkl
) ⊆ (tk, λk), t0 ∈ [0, 1],

λ0 ∈ R for which tkl
→ t0,l→∞ and λkl

→ λ0,l→∞. We get

x0 = lim
l→∞

[f(tkl
) + λkl

f ′(tkl
)] = f(t0) + λ0f

′(t0) ∈ F .

The claim is proved.

For x ∈ F define φ(x) = p(x) and extend φ to R3 in a continuous way
using the Tietze extension theorem. As φ is constant on Λ[f−1(x)] for each
x ∈ im f , one has Dfφ(x) = 0 for each x ∈ im f . Yet

φ[f(1)]− φ[f(0)] = 1− 0 = 1 > 0.

So we get the following.
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Example 6.5. There exists f ∈ C∞([0, 1],R3) injective and regular together
with φ ∈ C(R3,R) for which the following conditions are satisfied:

1. for each x ∈ im f , Dfφ(x) = 0;

2. φ[f(t)] = t for each 0 6 t 6 1.

The oscillation osc(φ, r) of φ : U → R at scale r > 0 is the extended real
number

osc(φ, r) = sup{|φ(x)− φ(y)| : x, y ∈ U, |x− y| 6 r}.

The oscillation of a function φ provided by Example 6.5 satisfies

lim
r→0

r−1/2 osc(φ, r) > 0,

it follows from the following result.

Proposition 6.6. Assume that

1. f : [0, 1] → U is of class C1,1, injective and regular;

2. φ ∈ C(U,R) is such that for every x ∈ im f , Dfφ(x) = 0;

3. φ[f(t)] = t for 0 6 t 6 1;

then limr→0 r
−1/2 osc(φ, r) > 0.

Proof. Let L = Lip(f ′) > 0. Given t ∈ [0, 1] compute

|h|−2
∣∣f(t+ h)− f(t)− hf ′(t)

∣∣ =
|h|−2

∣∣∣∣∫ t+h

t
[f ′(s)− f ′(t)] ds

∣∣∣∣ 6 L

for each h ∈ [0, 1]− t. Moreover, for t ∈ [0, 1] choose δ(t) > 0 so that

|φ[f(t) + hf ′(t)]− φ[f(t)]| 6 1
2
|h|

holds for h ∈ [0, 1] − t satisfying f(t) + hf ′(t) ∈ U and |h| 6 δ(t). For
h ∈ [0, 1]− t with |h| 6 δ(t), compute

|φ[f(t+ h)]− φ[f(t) + hf ′(t)]|√
|f(t+ h)− f(t)− hf ′(t)|

>
|h| − |φ[f(t) + hf ′(t)]− φ[f(t)]|√

|f(t+ h)− f(t)− hf ′(t)|
>

1
2L

and observe the result follows since h can be choosen as small as we want.
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6.1.2 Some sufficient conditions for a mean value formula

We can avoid the situation appearing in Example 6.5 by imposing some Lips-
chitz condition on φ.

Theorem 6.7. Assume that

1. f : [0, 1] → U is of class C1, injective and regular;

2. φ ∈ C(U,R) is such that for every x ∈ im f , Dfφ(x) > 0;

3. φ is Lipschitz;

then φ[f(1)]− φ[f(0)] > 0.

Proof. Write L = Lip(f) and introduce M = max06t61 |f ′(t)| > 0. Fix
ε > 0. For each t ∈ [0, 1], choose δ1(t) > 0 be such that one has

φ[f(t) + hf ′(t)]− φ[f(t)] > − ε

2M
|f ′(t)|h > −ε

2
h, (6.1)

φ[f(t)− hf ′(t)]− φ[f(t)] 6
ε

2M
|f ′(t)|h 6

ε

2
h (6.2)

whenever h > 0 is such that f(t)±hf ′(t) ∈ U and satisfies h 6 δ1(t). Choose
also a real number δ2(t) > 0 for which one has

|f(t+ η)− f(t)− ηf ′(t)| 6 ε

2L+ 1
|η|, (6.3)

whenever η ∈ [0, 1] − t satisfy 0 6 |η| 6 δ2(t). For 0 6 t 6 1 define δ(t) =
min[δ1(t), δ2(t)] and find 0 = α0 < α1 < α2 < · · · < αm = 1 together with
tags tj ∈ [αj−1, αj ], 1 6 j 6 m for which [αj−1, αj ] ⊆ [tj−δ(tj), tj+δ(tj)]
holds for each 1 6 j 6 m. As φ is Lipschitz we compute for 1 6 j 6 m

φ[f(αj)]− φ[f(tj) + (αj − tj)f ′(tj)]

> − εL

2L+ 1
(αj − tj) > −1

2
ε(αj − tj), (6.4)

and similarly

φ[f(tj)− (tj − αj−1)f ′(tj)]− φ[f(αj−1)] > −1
2
ε(tj − αj). (6.5)
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Moreover (6.1) and (6.2) yield

φ[f(tj)+(αj−tj)f ′(tj)]−φ[f(tj)] > −εM
2M

(αj−tj) = −1
2
ε(αj−tj), (6.6)

and similarly

φ[f(tj)]− φ[f(tj)− (tj − αj−1)f ′(tj)] > −1
2
ε(tj − αj−1). (6.7)

Fitting (6.4), (6.5), (6.6) and (6.7) together we get

φ[f(αj)]− φ[f(αj−1)] > −ε(αj − αj−1)

and the proof is complete.

Whenever f ′ is Lipschitz, one can weaken the last condition in Theorem
6.7.

Theorem 6.8. Assume that

1. f : [0, 1] → U is of class C1,1, injective and regular;

2. φ ∈ C(U,R) is such that for every x ∈ im f , Dfφ(x) > 0;

3. limr→0

[
r−1/2 osc(φ, r)

]
= 0;

then φ[f(1)]− φ[f(0)] > 0.

Proof. Let L = Lip(f ′) > 0. As is the proof of Proposition 6.6, one observes

|h|−2|f(t+ h)− f(t)− hf ′(t)| 6 L

holds for each h ∈ [0, 1] − t. Let M = max06t61 |f ′(t)| > 0, fix 0 < ε 6 1
and choose r > 0 such that

|φ(x)− φ(y)| 6 ε

2
√
L
|x− y|1/2, (6.8)

holds whenever x, y ∈ U satisfy |x − y| 6 r. For each 0 6 t 6 1, let
δ1(t) > 0 be such that (6.1) and (6.2) hold whenever h > 0 is such that
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f(t) ± hf ′(t) ∈ U and satisfies h 6 δ1(t). For 0 6 t 6 1 define δ(t) =
min[r1/2L−1/2, δ1(t), δ2(t)] and find points αj ,0 6 j 6 m and tags tj as
in the proof of Theorem 6.7. Decomposing φ[f(αj)] − φ[f(αj−1)] as in the
above proof, one gets the estimates (6.6) and (6.7) in the same way. On the
other hand, observe that

|f(αj)− f(tj)− (αj − tj)f ′(tj)| 6 L(αj − tj)2 6 r,

so that we have the estimate

φ[f(αj)]− φ[f(tj) + (αj − tj)f ′(tj)] > − ε

2
√
L

[L(αj − tj)2]1/2

= −1
2
ε(αj − tj). (6.9)

Similarly one shows

φ[f(tj)− (tj − αj−1)f ′(tj)]− φ[f(αj−1)] > −1
2
ε(tj − αj). (6.10)

One concludes as in the proof of Theorem 6.7.

6.1.3 The case n = 2

In the plane, the situation appearing in Example 6.5 cannot hold.

Given f : [0, 1] → R2 of class 2 one says that f has nonzero curvature at
0 6 t 6 1, if |f ′′(t) · f ′(t)| < |f ′(t)||f ′′(t)|.

We will use the following geometrical fact.

Lemma 6.9. Suppose U ⊆ R2 is an open set and f : [0, 1] → U is of class
C2, injective and regular with nonzero curvature everywhere. For t ∈ [0, 1],

lim
h→0

|xf (t, t+ h)− f(t)|
|hf ′(t)|

= lim
h→0

|xf (t, t+ h)− f(t+ h)|
|hf ′(t)|

=
1
2
,

where xf (t, t + h) denotes the intersection of the tangent lines to f at t and
t+ h respectively.

77



6. Why an abstract proof?

Proof. Without loss of generality, assume f(t) = (0, 0), f ′(t) = (f ′1(t), 0) 6=
0 and f ′′2 (t) 6= 0. Choose η > 0 such that

min
h∈[0,1]−t
|h|6η

|f ′′2 (t+ h)| > 0,

and assume h ∈ [0, 1] − t satisfies |h| 6 η. The coordinates of the point
xf (t, t+ h) = (x1(t, t+ h), x2(t, t+ h)) are given by

x1(t, t+ h) = f1(t+ h)− f ′1(t+ h)
f2(t+ h)
f ′2(t+ h)

and x2(t, t+ h) = 0.

Choose also δ > 0 such that such that for each h ∈ [0, 1]− t verifying |h| 6 δ

one can find points θh and ϑh in [0, 1] for which

f ′2(t+ h) = hf ′′2 (t+ θhh) and f2(t+ h) =
1
2
h2f ′′2 (t+ ϑhh).

For h ∈ [0, 1]− t satisfying |h| 6 min{η, δ}, compute

x1(t, t+ h) = f1(t+ h)− 1
2
hf ′1(t+ h)

f ′′2 (t+ ϑhh)
f ′′2 (t+ θhh)

, x2(s, t) = 0

and

x1(t, t+ h)− f1(t)
hf ′1(t)

=
1

f ′1(t)
f1(t+ h)− f1(t)

h
− 1

2
f ′1(t+ h)
f ′1(t)

f ′′2 (t+ ϑhh)
f ′′2 (t+ θhh)

.

We thus get

lim
h→0

|xf (t, t+ h)− f(t)|
|hf ′(t)|

=
∣∣∣∣ limh→0

x1(t, t+ h)− f1(t)
hf ′1(t)

∣∣∣∣ = 1
2
.

On the other hand, compute for h ∈ [0, 1]− t satisfying |h| 6 min{η, δ}

lim
h→0

x1(t, t+ h)− f1(t+ h)
h

= − lim
h→0

1
2
f ′1(t+ h)

f ′′2 (t+ ϑhh)
f ′′2 (t+ θhh)

= −1
2
f ′1(t),

and from f2(t) = 0 we get

lim
h→0

x2(t, t+ h)− f2(t+ h)
h

= − lim
h→0

f2(t+ h)− f2(t)
h

= −f ′2(t) = 0.
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Consequently we obtain

lim
h→0

|xf (t, t+ h)− f(t+ h)|
|hf ′(t)|

=
1
2

and the proof is complete.

Using the previous lemma, we get the following.

Proposition 6.10. Assume that U ⊆ R2 is an open set and

1. f : [0, 1] → U is of class C2, injective and regular with nonzero curva-
ture at each t ∈ [0, 1],

2. φ : U → R is such that for every 0 6 t 6 1

lim
h→0

sup
06t61

φ[f(t+ h)]− φ[xf (t, t+ h)]
|f(t+ h)− xf (t, t+ h)|

= 0,

using the same notations as in Lemma 6.9.

Then φ[f(1)] = φ[f(0)].

Proof. Fix t ∈ [0, 1] and h ∈ [0, 1] − t sufficiently small and compute, using
the same notations as in Lemma 6.9,

φ[f(t+ h)]− φ[f(t)]
h

=

φ[f(t+ h)]− φ[xf (t, t+ h)]
|f(t+ h)− xf (t, t+ h)|

·
|f(t+ h)− xf (t, t+ h)|

h

+
φ[xf (t, t+ h)]− φ[f(t)]
|f(t)− xf (t, t+ h)|

·
|f(t)− xf (t, t+ h)|

h
.

In particular we get, using Lemma 6.9,

(φ ◦ f)′(t) = lim
h→0

φ[f(t+ h)]− φ[f(t)]
h

= 0

and φ is constant on im f .

Hence the situation appearing in Example 6.5 cannot happen in the plane.
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Theorem 6.11. Assume that U ⊆ R2 is an open set and

1. f : [0, 1] → U is of class C2, injective and regular with nonzero curva-
ture at each t ∈ [0, 1],

2. φ : U → R is constant on f(t) + span〈f ′(t)〉 for each 0 6 t 6 1.

Then φ[f(1)] = φ[f(0)].

6.2 No Wolfe-like representation theorem

Throughout this section, 1 6 m 6 n will denote an integer.

For x ∈ Rn and T ∈ Nm(Rn) we let diam(T, x) = diam({x} ∪ suppT )
and define the regularity reg(T, x) of T at x by

reg(T, x) =

{
M(T )

M(∂T ) diam(T,x) if T 6= 0 and ∂T 6= 0,

0 otherwise.

Given x ∈ Rn and ξ ∈ G0(n,m) we can define the derivate of an m-
charge F in the direction of ξ as follows.

Definition 6.12. Let F ∈ CHm(Rn), x ∈ Rn and fix ξ ∈ G0(n,m). For
η > 0, we let

DηF (x, ξ) = sup
δ>0

inf
F (T )
M(T )

and DηF (x, ξ) = inf
δ>0

sup
F (T )
M(T )

,

where the infimum and the supremum are taken over all T ∈ Nm(Rn) satisfy-
ing the following conditions:

1. diam(T, x) 6 δ;

2. suppT ⊆ x+ span〈ξ〉;

3. reg T > η.
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One defines in the same way the lower and upper derivates of F along ξ by
the formulas

DF (x, ξ) = inf
η>0

DηF (x, ξ) and DF (x, ξ) = sup
η>0

DηF (x, ξ) .

In case the lower and upper directional derivates of F at (x, ξ) coincide and
are real we denote by DF (x, ξ) their common value, and call it the derivate of
F at x along ξ.

Remark 6.13. In some sense, the previous definition of the derivate DF (x, ξ)
is the weakest we can think of. It gives a priori some hope to obtain the exis-
tence of DF (x, ξ) for “a lot of” x ∈ Rn so that the mapping ξ 7→ DF (x, ξ)
could be extended to φ(x) ∈ (ΛmRn)∗ ' ΛmRn. We would then obtain a
Wolfe-like representation theorem if we can show

F (T ) =
∫

Rn

〈~T (x), φ(x)〉 d‖T‖(x) =
∫

Rn

DF (x, ~T (x)) d‖T‖(x). (6.11)

Unfortunately, (6.11) doesn’t hold in general.

Example 6.14. Let f and φ be as in Example 6.5 and define Tf ∈ N1(R3) by
the formula

〈Tf , ω〉 =
3∑
i=1

∫ 1

0
f ′i(t)ωi[f(t)] dt,

for ω =
∑3

i=1 ωidxi ∈ D1(R3). Observe for ζ ∈ D(R3) that

〈∂Tf , ζ〉 =
∫ 1

0

3∑
i=1

f ′i(t)∂iζ[f(t)] dt =
∫ 1

0
(ζ ◦ f)′(t) dt = ζ[f(1)]− ζ[f(0)].

Furthermore we have suppTf ⊆ im f . Notice that

Γ(φ)(Tf ) = φ[f(1)]− φ[f(0)] = 1 > 0. (6.12)

Yet if T ∈ N1(R3) satisfies suppT ⊆ f(t) + span〈f ′(t)〉 for some 0 6

t 6 1 we get

Γ(φ)(T ) = t

∫
R3

~∂T (x) d‖∂T‖(x) = 〈∂T, ζ〉 = 〈T, dζ〉 = 0
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where ζ ∈ D(R3) is any 0-differential form satisfying ζ = 1 on a neighbour-
hood of suppT . In particular we get

DΓ(φ)(f(t), ~Tf [f(t)]) = 0,

hence (6.11) cannot hold without contradicting (6.12).

As a consequence, there is no hope to obtain a representation theorem
(even weaker than Theorem 5.15) using a derivation process as in the proof
of Wolfe’s theorem (see [Whi57]).

6.3 Derivating m-charges

In this section, 1 6 m 6 n is an integer.
We introduce another way of derivating m-charges, that we will use in the

sequel.

Definition 6.15. Let F ∈ CHm(Rn), x ∈ Rn and fix ξ ∈ G0(n,m). For
η > 0, we let

DηF (x, ξ) = sup
δ>0

inf
F (T )
M(T )

and DηF (x, ξ) = inf
δ>0

sup
F (T )
M(T )

,

where the infimum and the supremum are taken over all T ∈ Nm(Rn) satisfy-
ing the following conditions:

1. diam(T, x) 6 δ;

2.
∫

Rn ‖~T (y)− ξ‖ d‖T‖(y) 6 δM(T );

3. reg T > η.

One defines in the same way the lower and upper derivatives of F along ξ by
the formulas

DF (x, ξ) = inf
η>0

DηF (x, ξ) and DF (x, ξ) = sup
η>0

DηF (x, ξ) .
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In case the lower and upper directional derivatives of F at (x, ξ) coincide and
are real we denote by DF (x, ξ) their common value, call it the derivative of
F at x along ξ and we say that F is differentiable at x along ξ.

We will prove that Γ(ζ) is differentiable at x ∈ Rn along all directions
whenever ζ is differentiable at x.

Proposition 6.16. Assume ζ ∈ Cm−1(Rn) is differentiable at x ∈ Rn. Then
for each ξ ∈ G0(n,m), Γ(ζ) is differentiable at x along ξ and

DΓ(ζ)(x, ξ) = 〈ξ, dζ(x)〉.

Proof. Fix ξ ∈ G0(n,m), ε > 0 and η > 0. There exists a linear map
λ : Rn → Λm−1Rn and 0 < δ 6 ε for which

‖ζ(x+ h)− ζ(x)− λ(h)‖ 6 εη|h|

for each h ∈ Rn satisfying |h| 6 δ. Define for y ∈ Rn, φ(y) = ζ(x)+λ(y−x)
and observe dφ(y) = dζ(x) for all y ∈ Rn. Let T ∈ Nm(Rn) satisfy

1. diam(T, x) 6 δ;

2.
∫

Rn ‖~T (y)− ξ‖ d‖T‖(y) 6 δM(T );

3. reg T > η.

and compute

|Γ(ζ)(T )−〈ξ, dζ(x)〉M(T )| 6 |〈∂T, ζ −φ〉|+ |〈∂T, φ〉− 〈ξ, dζ(x)〉M(T )|.

Yet

|〈∂T, ζ − φ〉| 6
∫

Rn

‖ζ(y)− φ(y)‖ d‖∂T‖(y)

6 εη

∫
suppT

|y − x| d‖∂T‖(y) 6 εη diam(T, x)M(∂T ) 6 εM(T )
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and

|〈∂T, φ〉 − 〈ξ, dζ(x)〉M(T )| =
∣∣∣∣〈T, dφ〉 − ∫

Rn

〈ξ, dζ(x)〉 d‖T‖(y)
∣∣∣∣ ,

6
∫

Rn

|〈~T (x)− ξ, dζ(x)〉| d‖T‖(y),

6 ε‖dζ(x)‖
∫

Rn

‖~T (x)− ξ‖ d‖T‖(y),

6 ε‖dζ(x)‖M(T ). (6.13)

We get finally

|Γ(ζ)(T )− 〈ξ, dζ(x)〉M(T )| 6 ε(1 + ‖dζ(x)‖)M(T )

and DΓ(ζ)(x, ξ) = 〈ξ, dζ(x)〉.

Remark 6.17. The equality 〈∂T, φ〉 = 〈T, dφ〉 used to justify the first line in
(6.13) holds as there exists ψ ∈ Dm−1(Rn) coinciding with φ on a neighbour-
hood of suppT .
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Chapter 7
Luzin’s theorem for m-charges

First, recall a result of G. Alberti in [Alb91].

7.1 A Luzin’s theorem for gradients

The following lemma will be useful in the sequel.

Lemma 7.1. Suppose U ⊆ Rn is a nonempty open set satisfying |U | < ∞.
Given 0 < ε 6 1, η > 0 and v ∈ C(U,Rn), there exists K ∈ K(U) and a
function u ∈ C1

c (U) for which the following hold:

1. |U \K| 6 ε|U |;

2. for each x ∈ K, |v(x)−∇u(x)| 6 η;

3. |∇u|∞ 6 C1ε
−1|v|∞;

where C1 = C1(n) > 0 is a constant depending only on n.

Proof. Choose K ′ ∈ K(U) for which |U \K ′| < ε|U |/2. There exists δ > 0
such that B∞[x, 2δ] ⊆ U holds for each x ∈ K ′, and for which given y ∈ U

satisfying |y − x|∞ 6 δ we have |v(x)− v(y)| 6 η.
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Enumerate x1, x2, . . . , xm the elements of the set{
x ∈ Rn : x ∈ δZn, B∞

[
x,
δ

2

]
∩K ′ 6= ∅

}
and let Qj = B∞[xj , δ/2] ⊆ U , 1 6 j 6 m. For 1 6 j 6 m, define

aj =
1
|Qj |

∫
Qj

v dx and Q′
j = B∞

[
xj ,
(
1− ε

2n

) δ
2

]
.

Fix any 1 6 j 6 m and from dist(Q′
j ,Rn \ Qj) = εδ

4n > 0 deduce the
existence of ψj ∈ D(Rn) satisfying the following conditions:

1. χQ′
j

6 ψj 6 χQj ,

2. |∇ψj |∞ 6 2 · 4n
εδ .

Define u ∈ C1
c (Rn) by the formula

u(x) =
m∑
j=1

ψj(x) aj · (x− xj).

Obviously suppu ⊆
⋃m
j=1Qj and for x ∈ Q′

j we get

∇u(x) =
m∑
j=1

[∇ψj(x) aj · (x− xj) + ψj(x)aj ] = aj .

Fix 1 6 j 6 m. By the choice of Q′
j we obtain

|Qj \Q′
j | 6

[
1−

(
1− ε

2n

)n]
|Qj |.

Yet

1−
(
1− ε

2n

)n
=
[
1−

(
1− ε

2n

)] [
1 +

(
1− ε

2n

)
+ · · ·+

(
1− ε

2n

)n−1
]

6
ε

2n
· n =

ε

2
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and we get |Qj \ Q′
j | 6 ε

2 |Qj | from which it follows that the compact set
K =

⋃m
j=1Q

′
j satisfies

|U \K| 6 |U \K ′|+
m∑
j=1

|Qj \Q′
j | 6

ε

2
|U |+ ε

2
|U | = ε|U |,

as it is obvious that x ∈ U \ K belongs to
⋃m
j=1Qj \ Q′

j whenever it also
belongs to K ′.

On the other hand, choose for each 1 6 j 6 m a x′j ∈ Qj for which
aj = f(x′j) and observe for x ∈ Q′

j that

|x− x′j |∞ 6 |x− xj |∞ + |xj − x′j |∞ 6
δ

2
+
δ

2
= δ.

In particular given x ∈ K we get a 1 6 j 6 m for which x ∈ Q′
j so that

|v(x)−∇u(x)| = |v(x)− v(x′j)| 6 η.

Finally, compute for x ∈ U

∇u(x) =
m∑
j=1

[∇ψj(x) aj · (x− xj) + ψj(x)aj ]

and observe that given x ∈ U for all but one 1 6 j 6 m the numbers ∇ψj(x)
and ψj(x) are zero; in case one of those two numbers is nonzero, we get x ∈
Qj . In particular

|∇u|∞ 6
8n
δε
|v|∞

δ
√
n

2
+ |v|∞ 6 (4n3/2 + 1)ε−1|v|∞

as 0 < ε 6 1.

We get the following as a corollary.

Corollary 7.2. Assume U ⊆ Rn is a nonempty open set, |U | < ∞ and v :
U → Rn is a continuous, bounded vectorfield. For every 0 < ε 6 1 there
exists an open set U0 ⊆ U and a function u ∈ C1

0 (U) satisfying the following
conditions:
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1. |U0| 6 ε|U |;

2. for each x ∈ U \ U0, v(x) = ∇u(x);

3. |∇u|∞ 6 C2(n)ε−1|v|∞ where C2(n) is a constant depending only on
n.

Proof. Let (ηk) ⊆ (0,∞) be a sequence satisfying

∞∑
k=0

2kηk 6 |v|∞,

and construct inductively (uk) ⊆ C1
c (U), (Kk) ⊆ K(U) and (vk) ⊆ C(U) as

follows. According to Lemma 7.1, choose u0 ∈ C1
c (U) and K0 ∈ K(U) such

that

1. |U \K0| 6 ε
2 |U |;

2. for each x ∈ K0, |∇u0(x)− v(x)| 6 η0;

3. |∇u0|∞ 6 2C1ε
−1|v|∞.

Assuming uk,Kk and vk have been constructed for k > 0, choose uk+1 ∈
C1
c (U) and Kk+1 ∈ K(U) satisfying

1. |U \Kk+1| 6 ε
2k+2 |U |;

2. for each x ∈ Kk+1, |∇uk+1(x)− vk(x)| 6 ηk+1;

3. |∇uk+1|∞ 6 2k+2C1ε
−1|vk|∞;

according to Lemma 7.1; choose vk+1 ∈ C(U,Rn) an extension of (∇uk+1 −
vk) � Kk+1 to U satisfying

|vk+1|∞ = sup
x∈Kk+1

|∇uk+1(x)− vk(x)| 6 ηk+1,

according to Tietze’s extension theorem.
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Observe

∞∑
k=0

|∇uk|∞ 6 2C1ε
−1

[
|v|∞ +

∞∑
k=0

2k|vk|∞

]

6 2C1ε
−1

[
|v|∞ +

∞∑
k=0

2kηk

]
6 4C1ε

−1|v|∞. (7.1)

As uk together with its gradient can be extended in a contiuous way to Ū by 0,
the series

∑
k∈N uk(x0) converges to 0 for any x0 ∈ ∂U . On the other hand,

(7.1) ensures the existence of u ∈ C1
0 (U) for which

1.
∑

k∈N uk uniformly converges to u on U ;

2.
∑

k∈N∇uk uniformly converges to ∇u on U .

Moreover we infer from (7.1)

|∇u|∞ 6 C2ε
−1|v|∞

if we let C2(n) = 4C1(n).
Let U0 = U \

⋂
k∈NKk and observe

|U0| 6
∞∑
k=0

|U \Kk| 6
∞∑
k=0

ε|U |
2k+1

= ε|U |.

For each x ∈ U \ U0 =
⋂
k∈NKk and m ∈ N we get vm(x) = v(x) −∑m

k=0∇uk(x) and

|∇u(x)− v(x)| =

∣∣∣∣∣
∞∑
k=0

∇uk(x)− v(x)

∣∣∣∣∣
6 |vm(x)|+

∞∑
k=m+1

|∇uk(x)| 6 ηm +
∞∑

k=m+1

|∇uk|∞.

As limm→∞ ηm = limm→∞
∑∞

k=m+1 |∇uk|∞ = 0 the result follows imme-
diately.
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Finally, we obtain the following result, due to G. Alberti [Alb91].

Theorem 7.3 (Alberti). Assume U ⊆ Rn is a nonempty open set satisfying
|U | <∞ and v : U → Rn is a measurable vectorfield. Assume v is not a.e. 0
as the result is trivial otherwise. For every 0 < ε 6 1 there exists an open set
U0 ⊆ U and a function u ∈ C1

0 (U) satisfying the following conditions:

1. |U0| 6 ε|U |;

2. for each x ∈ U \ U0, v(x) = ∇u(x);

3. |∇u|∞ 6 C(n)ε−1|v|∞ where C(n) is a constant depending only on n.

Proof. Fix 0 < ε 6 1. There exists r > 0 such that the set B = {x ∈ U :
|v(x)| > r} satisfy 0 < |B| < ε|U |

4 . According to Luzin’s theorem there
exists v1 ∈ C(U,Rn) satisfying v1 = v outside a Borel set C ⊆ U satisfying
|C| 6 |B|. Define v2 ∈ C(U,Rn) by the formula

v2(x) =

{
v1(x) if |v1(x)| 6 r,
rv1(x)
|v1(x)| if |v1(x)| > r.

The vectorfield v2 is bounded, continuous and agrees with v outside C ∪ B,
moreover |C∪B| < ε|U |

2 and so there exists an open set U1 ⊇ C∪B satisfying
|U1| < ε|U |

2 and for which v2 = v outside U1. We distinguish two cases of
figure:

1. if |B| = 0, then we get |C ∪B| = 0 and so

|v2|∞ = |v2 � [U \ (C ∪B)]|∞ 6 |v|∞

as v2 and v agree outside C ∪B;

2. if |B| > 0 then notice that |v2|∞ 6 r 6 |v|∞.

As a consequence, |v2|∞ 6 |v|∞.
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As v2 is bounded and continuous, Corollary 7.2 yields an open set U2 ⊆ U

satisfying |U2| 6 ε|U |
2 and a function u ∈ C1

0 (U) satisfying ∇u = v2 outside
U2 as well as

|∇u|∞ 6 C2

(ε
2

)−1
|v2|∞,

where C2 = C2(n) is the constant appearing in Corollary 7.2. Consequently
we obtain ∇u = v outside U0 = U1 ∩ U2 and we get

|∇u|∞ 6 2C2ε
−1|v|∞.

The proof is complete if we let C(n) = 2C2(n).

A simple corollary is the following.

Theorem 7.4. AssumeU ⊆ Rn is a nonempty open set, |U | <∞ and v : U →
Rn is a measurable vectorfield. For every 0 < ε 6 1 there exists K ∈ K(U)
and a function u ∈ C1

0 (U) satisfying the following conditions:

1. |U \K| 6 ε;

2. for each x ∈ K, v(x) = ∇u(x);

3. |∇u|∞ 6 β(n)ε−1|v|∞ where β(n) is a constant depending only on n.

Proof. Fix ε > 0 and let u and U0 be associated to U , v and ε/(2|U |) ac-
cording to Theorem 7.3. Choose K ∈ K(U0) satisfying |U0 \ K| 6 ε

2|U | .
Observe

|U \K| 6 |U \ U0|+ |U0 \K| 6
ε

2|U |
|U |+ ε

2|U0|
|U | 6 ε.

Defining β = 2C where C = C(n) is the constant appearing in Theorem 7.3,
we get condition 3.

We will make use of the following consequence of Theorem 7.4.

Proposition 7.5 (M.-Pfeffer (2007)). Assume U ⊆ Rn is a nonempty open set
satisfying |U | < ∞ and v : U → Rn is a measurable vectorfield. For every
0 < ε 6 1 there exists K ∈ K(U) and a function u ∈ C1

c (Rn) supported in
U and satisfying the following conditions:
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1. |U \K| 6 ε;

2. for each x ∈ K, v(x) = ∇u(x);

3. for every x ∈ Rn, |u(x)| 6 εmin{1,dist2(x,Rn \ U)}.

Proof. Choose an open set ∅ 6= V ⊆ U for which V̄ ∈ K(U) and |U \V | 6 ε
2 .

Choose C ∈ K(V ) satisfying |V \ C| 6 ε
4 and such that u � C is bounded.

The formula

w(x) =

{
v(x) if x ∈ C,
0 if x ∈ V \ C,

defines a bounded measurable vectorfield w : V → Rn. Define

δ = min{1,dist2(V,Rn \ U)} and d =
ε2δ

1 + 8β|V ||w|∞

where β is the constant appearing in Theorem 7.4, and find nonoverlapping
closed cubes Q1, Q2, . . . , Qm satisfying diamQj 6 d and Qj ⊆ V for each
1 6 j 6 m, as well as ∣∣∣∣∣∣V \

m⋃
j=1

Qj

∣∣∣∣∣∣ 6 ε

8
.

Fix 1 6 j 6 m and apply Theorem 7.4 to the vectorfield wj = w � Q̊j on
the open set Q̊j and find a compact set Kj ⊆ Q̊j and a function uj ∈ C1

c (Rn)
supported in Qj satisfying the following conditions:

1. |Qj \Kj | 6 ε
8|V | |Qj |;

2. for each x ∈ Kj , ∇uj(x) = w(x);

3. |∇uj |∞ 6 8β|V |
ε |wj |∞;

so that the mean value theorem implies

|uj |∞ 6 diam(Qj)|∇uj |∞ 6 d · 8β|V ||wj |∞
ε

6
ε2δ

1 + 8β|V ||w|∞
8β|V ||w|∞

ε
6 εδ.
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Let K0 =
⋃m
j=1Kj and observe K0 is a compact subset of V with

|V \K0| 6

∣∣∣∣∣∣V \
m⋃
j=1

Qj

∣∣∣∣∣∣+
m∑
j=1

|Qj \Kj | 6
ε

8
+

ε

8|V |

m∑
j=1

|Qj | 6
ε

4
.

Moreover u =
∑m

j=1 uj belongs to C1
c (Rn), is supported in V ⊆ U and

satisfies |u|∞ 6 εδ and for x ∈ K0 we get ∇u(x) = w(x). In particular
we have ∇u(x) = v(x) for each x ∈ K if we let K = K0 ∩ C. Clearly,
K ∈ K(U) and

|U \K| 6 |U \ V |+ |V \K0|+ |V \ C| 6 ε.

Moreover u(x) = 0 for each x ∈ Rn \ V , on the other hand for x ∈ V we get

|u(x)| 6 |u|∞ 6 εδ 6 εmin{1,dist2(x,Rn \ U)}.

The proof is complete.

We are now able to give the following generalization of Luzin’s theorem.

Theorem 7.6 (M.-Pfeffer (2007)). Assume U ⊆ Rn is an open set and v :
U → Rn is a measurable vectorfield. Given 0 < ε 6 1 there exists u ∈ C(Rn)
differentiable almost everywhere in Rn and satisfying the following conditions:

1. |u|∞ 6 ε and suppu ⊆ U ;

2. for almost all x ∈ U , v(x) = ∇u(x);

3. for every x ∈ Rn \ U , ∇u(x) = 0.

Proof. For k ∈ N write Bk = B(0, 2k). Let U0 = U ∩ B0 and choose u0 ∈
C1
c (Rn) supported in U0 and satisfying the following conditions, according to

Proposition 7.5:

1. |U0 \K0| 6 1/2;

2. for each x ∈ K0, v(x) = ∇u0(x);
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3. for every x ∈ Rn, |u0(x)| 6 ε
2 min{1,dist2(x,Rn \ U0)}.

Assuming U0, U1, . . . , Uk and u0, u1, . . . uk have been constructed for some
k ∈ N, we define Uk+1 = U ∩ Bk+1 \

⋃k
j=0Kj and choose uk+1 ∈ C1

c (Rn)
supported in Uk+1 satisfying the following conditions, according to Proposi-
tion 7.5:

1. |Uk+1 \Kk+1| 6 1
2k+2 ;

2. for each x ∈ Kk+1, ∇uk+1(x) = v(x)−
∑k

j=0∇uj(x);

3. for every x ∈ Rn, |uk+1(x)| 6 ε
2k+2 min{1,dist2(x,Rn \ Uk+1)}.

Let K =
⋃
k∈NKk, define u =

∑∞
k=0 uk and observe

∞∑
k=0

|uk|∞ 6 ε
∞∑
k=0

1
2k+1

= ε.

As a consequence the Weierstrass convergence criterion guarantees u is con-
tinuous in Rn and |u|∞ 6 ε. It is clear that suppu ⊆ U . For k ∈ N compute
for any l > k

|U ∩Bk \K| 6

∣∣∣∣∣∣
U ∩Bl \

l−1⋃
j=0

Kj

 \Kl

∣∣∣∣∣∣ = |Ul \Kl| 6
1

2l+1

and conclude |U ∩Bk \K| = 0 for each k ∈ N. Consequently

|U \K| =

∣∣∣∣∣⋃
k∈N

U ∩Bk \K

∣∣∣∣∣ = 0.

For x ∈ K, choose k ∈ N for which x ∈ Kk and observe ul is supported
in Ul for l > k while Kk ∩ Ul = ∅. In particular ul(x) = 0 for l > k. If
h ∈ Rn is such that x+h ∈ Rn \Ul we get ul(x+h) = 0, in case x+h ∈ Ul
we obtain

|ul(x+ h)| 6 1
2l+1

min{1,dist2(x+ h,Rn \ Ul)} 6
|h|2

2l+1
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In either case we get |ul(x+ h)| 6 |h|2
2l+1 for l > k and∣∣∣∣∣

∞∑
l=k+1

ul(x+ h)−
∞∑

l=k+1

ul(x)

∣∣∣∣∣ 6
∞∑

l=k+1

|ul(x+ h)| 6 |h|2
∞∑

l=k+1

1
2l+1

.

Consequently ∇ul(x) = 0 for l > k and ∇
[∑∞

l=k+1 ul
]
(x) = 0 so that

∇u(x) =
k∑
j=0

∇uj(x) = v(x)−∇uk+1(x) = v(x).

Finally for x ∈ Rn \ U we get uk(x) = 0. In case h ∈ Rn is such that
x+ h /∈ Uk we get uk(x+ h), while we obtain

|uk(x+ h)| 6 1
2k+1

min{1,dist2(x+ h,Rn \ Uk)} 6
|h|2

2k+1

in case x+ h ∈ Uk. In either case

|u(x+ h)− u(x)| 6
∞∑
k=0

|uk(x+ h)| 6 |h|2

from which it follows that ∇u(x) = 0.

7.2 A Luzin’s theorem for differential forms

Let 0 6 m 6 n denote an integer. An m-differential form

ω =
∑

16i1<i2<···<im6n

ωi1,i2,...,imdxi1 ∧ dxi2 ∧ · · · ∧ dxim

is called measurable (resp. a.e. differentiable) whenever ωi1,i2,...,im is a mea-
surable (resp. a.e. differentiable) function for each m-tuple 1 6 i1 < i2 <

· · · < im 6 n.

Theorem 7.7 (M.-Pfeffer (2007)). Let 0 6 m 6 n − 1 be an integer and let
ω be a measurable (m + 1)-differential form in Rn. For each ε > 0, there
is an almost everywhere differentiable Ω ∈ Cm(Rn) satisfying the following
conditions:
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1. M(Ω) 6 ε;

2. dΩ(x) = ω(x) for a.e. x ∈ Rn.

Proof. Write ω =
∑

16i1<i2<···<im+16n ωi1,i2,...,im+1dxi1∧dxi2∧· · ·∧dxim+1

where ωi1,i2,...,im+1 is measurable for each 1 6 i1 < i2 < · · · < im+1 6

n. Using Theorem 7.6 find for every 1 6 i1 < i2 < · · · < im 6 n an
almost everywhere differentiable function Ωi1,i2,...,im ∈ C(Rn) satisfying the
following condition:

1. |Ωi1,i2,...,im |∞ 6 ε(Cmn )−1;

2. for almost every x ∈ Rn and each 1 6 i 6 n,

∂iΩi1,i2,...,im(x) =

{
ωi,i1,i2,...,im if i < i1,

0 if i > i1.

Let Ω =
∑

16i1<i2<···<im6n Ωi1,i2,...,imdxi1 ∧ dxi2 ∧ · · · ∧ dxim and observe
a.e. on Rn

dΩ =
∑

16i1<i2<···<im6n
16i6n

∂iΩi1,i2,...,imdxi ∧ dxi1 ∧ dxi2 ∧ · · · ∧ dxim ,

=
∑

16i<i1<i2<···<im6n

ωi,i1,i2,...,imdxi ∧ dxi1 ∧ dxi2 ∧ · · · ∧ dxim ,

= ω.

The proof is complete.

7.3 A Luzin’s theorem for m-charges

Given an integer 0 6 m 6 n, the oscillation of F ∈ CHm(Rn) is the number

osc(F ) = inf {ε > 0 : F (T ) 6 ε for T ∈ Nm(T ) satisfying N(T ) 6 1} .

We estimate the oscillation of a flux.
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Proposition 7.8. For ζ ∈ Cm−1(Rn), we have osc[Γ(ζ)] 6 M(ζ).

Proof. Without loss of generality we can assume 0 < M(ζ) < ∞. For T ∈
Nm(Rn) satisfying N(T ) 6 1 we get

Γ(ζ)(T ) = 〈∂T, ζ〉 6 M(∂T )M(ζ) 6 M(ζ)N(T ) 6 M(ζ),

so that osc[Γ(ζ)] 6
√

M(ζ).

We conclude this chapter by a Luzin’s theorem for m-charges.

Theorem 7.9 (M.-Pfeffer (2007)). Let 1 6 m 6 n be an integer and assume
ω is a measurable m-differential form in Rn. Given ε > 0 there is an almost
everywhere differentiable m-charge F ∈ CHm(Rn) satisfying the following
conditions:

1. osc(F ) 6 ε;

2. for a.e. x ∈ Rn, we have DF (x, ξ) = 〈ξ, ω(x)〉 for each ξ ∈ G0(n,m).

Proof. Let Ω be the (m− 1)-differential form associated to ω and ε according
to Theorem 7.7 and define F = Γ(Ω). Proposition 7.8 allows us to conclude
F is a desired m-charge.
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Chapter 8
Removability for div v = 0

In this chapter we assume n > 2 and we present a new proof, due to N.C.
Phuc and M. Torres [PT07], of our result about removable singularities for the
equation div v = 0 in Rn [Moo06].

8.1 Removability for bounded vectorfields

The flux of a vectorfield v ∈ L∞loc(Rn,Rn) is the distributional divergence of
v,

div v : D(Rn) → R, ϕ 7→ −
∫

Rn

v · ∇ϕdx. (8.1)

Introduce removable sets.

Definition 8.1. Fix B ⊆ L∞loc(Rn,Rn) a class of locally bounded measurable
vectorfields and let S ∈ K(Rn). We say that S is removable for the equa-
tion div v = 0 with respect to B (or simply B-removable) if the following
condition holds: for every v ∈ B,

supp(div v) ⊆ S implies div v ≡ 0.

We will say that S is removable (for the equation div v = 0) if it is removable
with respect to L∞(Rn,Rn).
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In other words there is no vectorfield v ∈ B whose nonzero distributional
divergence vanishes outside a B-removable set.

8.1.1 A sufficient condition for a compact set to be removable

Following Th. De Pauw [De 03] we get the following.

Lemma 8.2. Let S ∈ K(Rn) satisfy 0 6 H n−1(S) < ∞. There exists a
sequence (χ̃k) ⊆ BV (Rn) satisfying the following conditions:

1. χ̃k = 1 in a neighbourhood of S, for each integer k;

2. |supp χ̃k| → 0 as k →∞;

3. ‖Dχ̃k‖ 6 C(n)H n−1(S) + 1
2k for k ∈ N,

where C(n) is a constant depending only on n.

Proof. Call cn−1 the volume of the unit-ball in Rn−1. Let k be a nonnegative
integer. Choose a finite collection of open cubesQk1, . . . , Q

k
m with diamQkj 6

2−k, 1 6 j 6 m, for which the following are satisfied:

S ⊆
m⋃
j=1

Qkj and
m∑
j=1

cn−1

(
diamQkj

2

)n−1

6 H n−1(S) +
cn−1

n2k+n
.

Let Uk =
⋃m
j=1Q

k
j and χ̃k = χUk

. One computes

‖Dχ̃k‖ = H n−1(∂Uk) 6
m∑
j=1

H n−1(∂Qkj ),

and

m∑
j=1

H n−1(∂Qkj ) 6 2n
m∑
j=1

(diamQkj )
n−1 6

n2nH n−1(S)
cn−1

+
1
2k
.

On the other hand, one has | supp χ̃k| = |Uk| → 0 as k → ∞. The result
follows.
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A smoothing argument yields the following result.

Corollary 8.3. Suppose S ∈ K(Rn) satisfies 0 6 H n−1(S) < ∞. There
exists a sequence (χk) ⊆ D (Rn) satisfying the following conditions:

1. χk = 1 in a neighbourhood of S, for each k;

2. |suppχk| → 0 as k →∞;

3.
∫

Rn |∇χk| dx 6 C(n)H n−1(S) + 1
2k−1 for each k ∈ N,

where C(n) is a constant depending only on n.

Proof. We use the same notations as in the proof of Lemma 8.2, define

δk = dist(S, ∂Uk) > 0,

choose an integer j(k) > 1 satisfying j(k) > 1
δk

and for which∣∣∣∣∫
Rn

|∇(ρj(k) ∗ χ̃k)| dx− ‖Dχ̃k‖
∣∣∣∣ 6 1

2k
. (8.2)

We can assume j(k+1) > j(k) for each k ∈ N. For k ∈ N, let χk = ρj(k)∗χ̃k.
We find χk = 1 on the open set

Vk =
{
x ∈ Uk : dist(x, ∂Uk) <

1
j(k)

}
containing S. On the other hand for k ∈ N we have

suppχk =
{
x ∈ Rn : dist(x, Uk) 6

1
j(k)

}
.

Observe S =
⋂
k∈N Uk and |S| = 0 to infer | suppχk| → 0,k → ∞ using

Lebesgue’s dominated convergence theorem. From Lemma 8.2 and (8.2) we
get conclusion 3.

The following result follows readily.

Proposition 8.4. Let v ∈ L∞loc(Rn,Rn) and assume S ∈ K(Rn) satisfies
H n−1(S) = 0. Then supp(div v) ⊆ S implies div v ≡ 0.
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Proof. Assume that v ∈ L∞loc(Rn,Rn) satisfies supp(div v) ⊆ S. We have to
show that div v is the zero distribution. For that purpose let (χn) ⊆ D (Rn) be
a sequence associated to S by Corollary 8.3. For ϕ ∈ D (Rn), write

〈div v, ϕ〉 = 〈div v, χkϕ〉+ 〈div v, (1− χk)ϕ〉 ,

whenever k is a nonnegative integer. It is clear that one has

〈div v, (1− χk)ϕ〉 = 0

using the fact that (1 − χk)ϕ is supported outside S. On the other hand,
Lebesgue’s dominated convergence theorem guarantees that

lim
k→∞

〈div v, χkϕ〉 = − lim
k→∞

∫
Rn

χkv · ∇ϕdx− lim
k→∞

∫
Rn

ϕv · ∇χk = 0,

and we get 〈div v, ϕ〉 = 0 as was to be proved.

It is now easy to infer the removability of compact sets whose (n − 1)-
dimensional Hausdorff measure vanishes.

Corollary 8.5. Let B ⊆ L∞loc(Rn,Rn) and assume S ∈ K(Rn) satisfies
H n−1(S) = 0. Then, S is B-removable for the equation div v = 0.

8.1.2 A necessary condition for a set to be removable

We will use the following boxing inequality (we use the techniques developed
in [KKST07]).

Proposition 8.6 (Boxing inequality). There exists a constant C = C(n) > 0
such that given a nonempty open set U ⊆ Rn satisfying |U | < ∞ and having
finite perimeter, one can find xk ∈ U and Rk > 0, k ∈ N for which the
following conditions are satisfied:

1. U ⊆
⋃
k∈NB(xk, 6Rk),

2.
∑∞

k=0R
n−1
k 6 C‖U‖,
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3. for each k ∈ N,

1
2n+1

6
|U ∩B(xk, Rk)|
|B(xk, Rk)|

6
1
2
. (8.3)

Proof. Fix x ∈ U . Since U is open, there exists rx > 0 such that

|U ∩B(x, rx)|
|B(x, rx)|

= 1.

As limr→∞ |B(x, r)| = ∞ and |U | <∞ we get

lim
r→∞

|U ∩B(x, r)|
|B(x, r)|

= 0.

Let kx be the least integer for which

|U ∩B(x, 2kxrx)|
|B(x, 2kxrx)|

6
1
2
. (8.4)

By construction

|U ∩B(x, 2kxrx)|
|B(x, 2kxrx)|

>
|U ∩B(x, 2kx−1rx)|
2n|B(x, 2kx−1rx)|

>
1

2n+1
. (8.5)

Define Rx = 2kxrx and observe, since U is measurable,

|B(x,Rx) \ U | = |B(x,Rx)| − |B(x,Rx) ∩ U | > |B(x,Rx) ∩ U |

according to (8.5). Using (8.5) we get

min{|B(x,Rx)\U |, |B(x,Rx)∩U |} = |B(x,Rx)∩U | >
|B(x,Rx)|

2n+1
. (8.6)

Using the relative isoperimetric inequality for BV sets, we know there exists
a constant c = c(n) for which

min{|B(x,Rx) \ U |, |B(x,Rx) ∩ U |} 6 cRx‖∂U‖[B(x,Rx)].

Combining this to (8.6) we get

Rn−1
x |B(0, 1)| = |B(x,Rx)|

Rx
6 2n+1c‖∂U‖(B(x,Rx)). (8.7)
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In particular we get sup{Rx : x ∈ U} < ∞ and the Vitali covering theorem
yields a sequence of disjoint balls {B(xk, Rxk

) : k ∈ N} for which

U ⊆
⋃
x∈U

B[x,Rx] ⊆
⋃
k∈N

B[xk, 5Rxk
] ⊆

⋃
k∈N

B(xk, 6Rxk
).

Let Rk = Rxk
for k ∈ N and compute

∞∑
k=0

Rn−1
xk

=
1

|B(0, 1)|

∞∑
k=0

|B(xk, Rxk
)|

Rxk

,

6 C

∞∑
k=0

‖∂U‖[B(xk, Rxk
)],

= C‖∂U‖

(⋃
k∈N

B(xk, Rxk
)

)
6 C‖U‖.

if we let C = C(n) = 2n+1c(n)|B(0, 1)|−1. The proof is complete.

The following lemma can be proved using the Boxing inequality.

Lemma 8.7. Let µ be a nonnegative Radon measure in Rn and assume there
exists M > 0 such that µ(B(x, r)) 6 Mrn−1 for each x ∈ Rn and each
r > 0. Then ∣∣∣∣∫

Rn

ϕdµ

∣∣∣∣ 6 C ′M

∫
Rn

|∇ϕ| dx,

holds for each ϕ ∈ D(Rn) where C ′ = C ′(n) is a constant depending only on
n.

Proof. Fix ϕ ∈ D(Rn). Recall that the weak gradient ∇|ϕ| satisfies |∇|ϕ|| =
|∇ϕ| a.e. on Rn. The open set {|ϕ| > t} = Rn has empty boundary for
t < 0. For a.e. t > 0, the coarea formula guarantees the open set {|ϕ| > t}
has finite perimeter, in which case we can choose xk ∈ Rn and Rk > 0, k ∈ N
according to Proposition 8.6 and compute

µ({|ϕ| > t}) 6
∞∑
k=0

µ(B(xk, 6Rk)) 6 C ′M
∞∑
k=0

Rn−1
k 6 C ′M‖{|ϕ| > t}‖
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if we let C ′ = C ′(n) = 6n−1C(n) where C(n) is the constant appearing in
Proposition 8.6. Using the Cavalieri principle and the coarea formula for BV
functions, we get∫

Rn

|ϕ| dµ =
∫ ∞

0
µ({|ϕ| > t}) dt 6 C ′M

∫ ∞

0
‖{|ϕ| > t}‖ dt

= C ′M

∫
Rn

|∇|ϕ|| dx = C ′M

∫
Rn

|∇ϕ| dx.

The proof is complete.

Introduce the space

D1,1(Rn) = {u ∈ L
n

n−1 (Rn) : ∇u ∈ L1(Rn,Rn)}

which, endowed by the norm |u|1,1 = |∇u|1, becomes a Banach space (see
[Wil08]). Observe D(Rn) is dense in D1,1(Rn).

Theorem 8.8 (Phuc-Torres). Let µ be a nonnegative Radon measure in Rn and
assume there exists M > 0 such that µ(B(x, r)) 6 Mrn−1 for each x ∈ Rn

and each r > 0. Then there exists v ∈ L∞(Rn,Rn) satisfying

〈div v, ϕ〉 =
∫

Rn

ϕdµ

for each ϕ ∈ D(Rn).

Proof. Define an operator T : D1,1(Rn) → L1(Rn,Rn) by T (u) = −∇u.
Obviously |T (u)|1 = |u|1,1 for u ∈ D1,1(Rn). In particular T is injec-
tive. Moreover given (uk) ⊆ D1,1(Rn) and v ∈ L1(Rn,Rn), the assumption
T (uk) → v, k →∞ implies

|uj − uk|1,1 = |T (uj)− T (uk)|1 → 0; j, k →∞.

The completeness of D1,1(Rn,Rn) then ensures the existence of a function
u ∈ D1,1(Rn) for which |uk − u|1,1 → 0, k →∞. In particular we get

T (u) = lim
k→∞

T (uk) = v,
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8. Removability for div v = 0

and imT is closed. Theorem 1.18 implies the adjoint operator

T ∗ : L∞(Rn,Rn) → D1,1(Rn)∗

is surjective. On the other hand compute for ϕ ∈ D(Rn)

〈T ∗(v), ϕ〉 = −
∫

Rn

v · ∇ϕdx = 〈div v, ϕ〉.

So the result is proved as Lemma 8.7 ensures µ � D1,1(Rn) belongs to the dual
space D1,1(Rn)∗.

We conclude this section by showing any removable set has zero (n− 1)-
dimensional Hausdorff measure. The result appeared in [Moo06] for the first
time, while the proof was completely different in spirit. This new proof is due
to N.C. Phuc and M. Torres in [PT07].

Theorem 8.9 (M. (2006) — Phuc & Torres (2007)). Suppose S ∈ K(Rn) is
removable for the equation div v = 0. Then H n−1(S) = 0.

Proof. Fix S ∈ K(Rn) satisfying H n−1(S) > 0 and use Frostman’s lemma
to find a nonzero Radon measure µ supported in a subset S′ ⊆ S satisfying 0 <
H n−1(S′) < ∞ and for which there exists M > 0 such that µ(B(x, r)) 6

Mrn−1 holds for every x ∈ Rn, r > 0. According to Theorem 8.8 there exists
v ∈ L∞(Rn,Rn) satisfying div v = µ on Rn, in the distributional sense. As µ
is nonzero, S is not removable for the equation div v = 0.

8.2 A better removability result

We follow the smoothing argument of T. De Pauw [De 03] to obtain the fol-
lowing lemma.

Lemma 8.10. Assume S ∈ K(Rn) satisfies 0 < H n−1(S) < ∞ and fix real
numbers η > 0, 1 6 p < ∞. There exists w ∈ L∞(Rn,Rn) satisfying the
following conditions:
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8.2. A better removability result

1. w � Rn \ S is infinitely differentiable;

2. the function x 7→ divw(x) belongs to Lp(Rn) and |divw|p 6 η;

3. there exists ϕ ∈ D(Rn) for which∫
Rn

ϕ divw dx 6= −
∫

Rn

w · ∇ϕdx. (8.8)

Proof. As in the proof of Theorem 8.9, use Frostman’s lemma to find a nonzero
Radon measure µ supported in S and for which there exists M > 0 such that

µ(B(x, r)) 6 Mrn−1

holds for every x ∈ Rn, r > 0. According to Theorem 8.8 there exists v ∈
L∞(Rn,Rn) satisfying

−
∫

Rn

v · ∇ϕdx =
∫

Rn

ϕdµ.

for each ϕ ∈ D(Rn). As µ is supported in S, we get in particular 〈div v, ϕ〉 >
0 for each ϕ ∈ D(Rn) satisfying ϕ > χS .

Fix ϕ∗ ∈ D(Rn) satisfying ϕ∗ > χS and chosse 0 < ε < η so that

ε
(
|ϕ∗|p′ + |∇ϕ∗|∞

)
< µ(S) (8.9)

holds, where we called p′ the conjugate exponent to p defined by 1
p + 1

p′ = 1.
From the open covering

U =
{
B

(
x,

dist(x, S)
2

)
: x ∈ Rn \ S

}
of Rn \ S, extract a locally finite, countable open covering U0 = (Uk)k∈N of
Rn \ S subordinate to U (with Uk ⊆ B(xk,dist(xk, S)/2), k ∈ N); on the
other hand choose (ψk) ⊆ D(Rn) a partition of unity subordinate to U, so that
0 6 ψk 6 χUk

, k ∈ N and
∑∞

k=0 ψk = χRn\S .
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8. Removability for div v = 0

Observe for each k ∈ N

lim
l→∞

(∫
Rn

|∇ψk|p|ρl ∗ v − v|p dx
)1/p

6 |∇ψk|∞ lim
l→∞

∫
Uk

|ρl ∗ v − v|p dx = 0,

and

0 6 lim
l→∞

∫
Rn

ψk|ρl ∗ v − v| dx 6 |ψk|∞ lim
l→∞

∫
Uk

|ρl ∗ v − v| dx = 0.

So for k ∈ N choose lk ∈ N∗ satisfying 1
lk
< dist(Ūk,S)

2 as well as

max

{(∫
Rn

|∇ψk|p|ρlk ∗ v − v|p dx
)1/p

,∫
Rn

ψk|ρlk ∗ v − v| dx
}

6 2−k−1ε. (8.10)

Define then w : Rn → Rn by w(x) = 0 if x ∈ S and

w(x) =
∞∑
k=0

ψk(x)ρlk ∗ v(x)

for x ∈ Rn \ S. Conclusion 1. follows readily.

Claim 8.11. For each ϕ ∈ D(Rn) satisfying suppϕ ∩ S = ∅,∣∣∣∣∫
Rn

ϕdivw dx
∣∣∣∣ 6 ε|ϕ|p′ .

Proof of the claim. Let ϕ ∈ D(Rn) satisfy suppϕ ∩ S = ∅ and observe

−
∫

Rn

v · ∇ϕdx =
∫

Rn

ϕdµ = 0.

On the other hand observe the integration by parts formula yields∫
Rn

ϕdivw dx = −
∫

Rn

w · ∇ϕdx,

= −
∫

Rn

(w − v) · ∇ϕdx,

= −
∫

Rn

∞∑
k=0

ψk(ρlk ∗ v − v) · ∇ϕdx.
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8.2. A better removability result

On the other hand, compute for N ∈ N
N∑
k=0

|ψk(ρlk ∗ v − v) · ∇ϕ| 6 2|v|∞|∇ϕ|
N∑
k=0

ψk 6 2|v|∞|∇ϕ|

and notice that the Lebesgue dominated convergence theorem yields∫
Rn

∞∑
k=0

ψk(ρlk ∗ v − v) · ∇ϕdx =
∞∑
k=0

∫
Rn

(ρlk ∗ v − v) · (ψk∇ϕ) dx.

For k ∈ N note supp(ψkϕ) ∩ S = ∅ and infer∫
Rn

v · ∇(ψkϕ) dx =
∫

Rn

ψkϕdµ = 0.

As ρ is radial, compute∫
Rn

ρkl
∗ v · ∇(ψkϕ) dx =

∫
Rn

v · [ρkl
∗ ∇(ψkϕ)] dx

=
∫

Rn

v · ∇[ρkl
∗ (ψkϕ)] dx =

∫
Rn

ρkl
∗ (ψkϕ) dµ = 0,

as the choice of lk ensures that ρkl
∗ (ψkϕ) is supported outside S. Hence∫

Rn

(ρkl
∗ v − v) · ∇(ψkϕ) dx = 0. (8.11)

Continue by observing that (8.10) and the Hölder inequality give∣∣∣∣∫
Rn

(ρkl
∗ v − v) · (ϕ∇ψk) dx

∣∣∣∣ 6 ∫
Rn

|ρkl
∗v−v||∇ψk||ϕ| dx 6

ε

2k+1
|ϕ|p′ ,

from which we infer
∞∑
k=0

∣∣∣∣∫
Rn

(ρkl
∗ v − v) · (ϕ∇ψk) dx

∣∣∣∣ 6 ε|ϕ|p′ . (8.12)

Finally (8.11) and (8.12) and the equality ψk∇ϕ = ∇(ϕψk) − ϕ∇ψk
provide∣∣∣∣∫

Rn

ϕdivw dx
∣∣∣∣ 6 ∞∑

k=0

∣∣∣∣∫
Rn

(ρlk ∗ v − v) · (ψk∇ϕ) dx
∣∣∣∣ 6 ε|ϕ|p′ ,

as we wanted to prove.
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8. Removability for div v = 0

Claim 8.12. The map x 7→ divw(x) belongs to Lp(Rn) and |divw|p 6 η.

Proof of the claim. Let X = {ϕ ∈ D(Rn) : suppϕ ∩ S = ∅}. Accord-
ing to the Hahn-Banach theorem we see that the linear functional f : X ⊆
Lp

′
(Rn) → R defined by 〈f, ϕ〉 =

∫
Rn ϕ divw dx extends to f̄ ∈ Lp

′
(Rn)∗

satisfying |〈f̄ , u〉| 6 ε|u|p′ for each u ∈ Lp′(Rn). So there exists g ∈ Lp(Rn)
satisfying |g|p 6 ε and such that 〈f̄ , u〉 =

∫
Rn gu dx holds for each u ∈

Lp
′
(Rn). Since |S| = 0 we get∫

Rn

(g − divw)ϕdx = 0

for each ϕ ∈ D(Rn), so divw = g a.e. Consequently divw ∈ Lp(Rn) and
|divw|p = |g|p 6 ε 6 η.

As a consequence of Hölder’s inequality, we get∣∣∣∣∫
Rn

ϕ∗ divw dx
∣∣∣∣ 6 ε|ϕ∗|p′ , (8.13)

where ϕ∗ ∈ D(Rn) is the function introduced at the beginning of the proof.
On the other hand observe using (8.10) that∣∣∣∣∫

Rn

(w − v) · ∇ϕ∗ dx
∣∣∣∣ =

∣∣∣∣∣
∫

Rn

∞∑
k=0

ψk(ρlk ∗ v − v) · ∇ϕ∗ dx

∣∣∣∣∣
6 |∇ϕ∗|∞

∞∑
k=0

∫
Rn

ψk|ρlk ∗ v − v| dx 6 ε|∇ϕ∗|∞.

As a consequence, we obtain

−
∫

Rn

w · ∇ϕ∗ dx = −
∫

Rn

v · ∇ϕ∗ dx+
∫

Rn

(v − w) · ∇ϕ∗ dx

=
∫

Rn

ϕ∗ dµ+
∫

Rn

(v − w) · ∇ϕ∗ dx > µ(S)− ε|∇ϕ∗|∞.

Yet (8.9) and (8.13) imply

µ(S)− ε|∇ϕ∗|∞ > ε|ϕ∗|p′ >

∣∣∣∣∫
Rn

ϕ∗ divw dx
∣∣∣∣ ,
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8.2. A better removability result

and we conclude

−
∫

Rn

ϕ∗ divw dx 6=
∫

Rn

w · ∇ϕ∗ dx.

The Lemma is proved.

Remark 8.13. Multiplying if necessary the vectorfield w obtained in Lemma
8.10 by χ ∈ D(Rn) verifying 0 6 χ 6 1 on Rn and satisfying χ = 1 on
a neighbourhood of suppϕ, we get a vectorfield w ∈ L∞(Rn,Rn) having
compact support and satisfying the following conditions:

1. w � Rn \ S is infinitely differentiable;

2. the function x 7→ divw(x) belongs to Lp(Rn);

3. there exists ϕ ∈ D(Rn) for which∫
Rn

ϕ divw dx 6= −
∫

Rn

w · ∇ϕdx. (8.14)

of Lemma 8.10.

We can improve Theorem 8.9 following the ideas developed in [Moo06,
Section 5].

Definition 8.14. A compact set S ⊆ Rn is said to be s-removable for the equa-
tion div v = 0 if the following condition holds: for every v ∈ L∞(Rn,Rn) of
class C∞ outside S:

supp(div v) ⊆ S implies div v ≡ 0 .

Theorem 8.15 (M. (2006)). A setK ∈ K(Rn) is s-removable for the equation
div v = 0 if and only if H n−1(S) = 0.

Proof. The sufficient part follows readily from Proposition 8.4. To prove it
is also necessary, assume 0 < H n−1(S) < ∞, choose a real number n <

p < ∞ and let w and ϕ be associated with S and p by Remark 8.13. Choose
χ ∈ D(Rn) satisfying χ = 1 on a neighbourhood of suppϕ and let w̃ =
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8. Removability for div v = 0

χ∇Kdivw, where Kdivw is the Newtonian potential of divw. Observe w̃ is a
bounded vectorfield of class C∞ outside S and continuous in Rn. As S is a set
with finite (n−1)-dimensional Hausdorff measure, the generalised integration
by parts formula guarantees the equalities∫

Rn

ϕdivw dx =
∫

Rn

ϕ div w̃ dx = −
∫

Rn

w̃ · ∇ϕdx ,

are satisfied. Defining v = w − w̃ and using (8.8) we get∫
Rn

v · ∇ϕdx 6= 0 ,

and so div v is not the zero distribution. But using the integration by parts
formula one sees 〈div v, ψ〉 = 0 for each ψ ∈ D(Rn) supported in Rn \S.

8.3 Charging measures

We first examine when a measure defines a strong charge.

Theorem 8.16 (Phuc-Torres). Let µ be a Radon measure in Rn, and assume
for each K ∈ K(Rn) that

lim
δ→0+

sup
x∈K

sup
{∫

Rn

ϕdµ : ϕ ∈ D(Rn), suppϕ ⊆ B(x, δ), |∇ϕ|1 6 1
}

= 0.

Then the formula F (ϕ) =
∫

Rn ϕdµ defines a strong charge in Rn.

Proof. Fix ε > 0, K ∈ K(Rn) and ϕ ∈ D(Rn) satisfying suppϕ ⊆ K. Let
K1 = {x ∈ Rn : dist(x,K) 6 1}. By hypothesis, there exists 0 < δ < 1
such that for every x ∈ K1 and ψ ∈ D(Rn) satisfying suppψ ⊆ B(x, δ), we
have ∫

Rn

ψ dµ 6 ε|∇ψ|1. (8.15)

Choose η ∈ D(Rn) satisfying χB(0,1/2) 6 η 6 χB(0,1) and let C =
|∇η|∞. For each n-tuple I = (i1, i2, . . . , in) ∈ Nn let xI = 1

3
√
n
δI and

observe for each x ∈ Rn the number

1 6 #
{
I ∈ Nn : x ∈ B

(
xI ,

δ

2

)}
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is less than

N = max
[
max
x∈Rn

#
{
I ∈ Nn : x ∈ B

(
xI ,

δ

2

)}
,

#
{
I ∈ Nn : K1 ∩B

(
xI ,

δ

2

)
6= ∅
}]

<∞.

For I ∈ Nn let ηI ∈ D(Rn) be defined by ηI(x) = η
(
x−xI
δ

)
. Note that

χB(xI ,δ/2) 6 η 6 χB(xI ,δ) and |∇ηI | 6
C

δ
.

Choose I1, I2, . . . , Im ∈ Nn for which

K1 ⊆
m⋃
j=1

B

(
xIj ,

δ

2

)
and define ψ ∈ D(Rn) by the formula ψ(x) =

∑m
j=1 ηIj (x). In particular we

get 1 6 ψ(x) 6 N for each x ∈ K1. Furthermore we get for x ∈ Rn

|∇ψ(x)| 6
m∑
j=1

|∇ηIj (x)| 6
CN

δ
.

For 1 6 j 6 m define ξj(x) =
ηIj

(x)

ψ(x) in case ψ(x) 6= 0. Otherwise let
ξj(x) = 0 and observe

∑m
j=1 ξj = 1 on K1. Moreover we find ξjϕ ∈ D(Rn)

and supp(ξjϕ) ⊆ B(xIj , δ).
Compute using (8.15)∫

Rn

ϕdµ =
∫

Rn

m∑
j=1

ξjϕdµ 6 ε
m∑
j=1

∫
Rn

|∇(ξjϕ)| dx,

and

m∑
j=1

∫
Rn

|∇(ξjϕ)| dx 6
∫

Rn

m∑
j=1

|∇ξj ||ϕ| dx+
∫

Rn

m∑
j=1

ξj |∇ϕ| dx

6
∫

Rn

m∑
j=1

|∇ξj ||ϕ| dx+
∫

Rn

|∇ϕ| dx.
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8. Removability for div v = 0

Yet for 1 6 j 6 m and x ∈ K

|∇ξj(x)| 6
|∇ηIj (x)|
ψ(x)

+
ηIj (x)
ψ(x)

· |∇ψ(x)|
ψ(x)

6
|∇ηIj (x)|
ψ(x)

+
|∇ψ(x)|
ψ(x)

6
C

δ
+
CN

δ

as ψ(x) > 1. Hence
m∑
j=1

|∇ξj | 6
CN(N + 1)

δ

and we get ∫
Rn

ϕdµ 6 θ

∫
Rn

|ϕ| dx+ ε

∫
Rn

|∇ϕ| dx.

if we choose θ = CN(N+1)ε
δ . The proof is complete.

We give a simple sufficient condition for a Radon measure to be a strong
charge.

Theorem 8.17 (Phuc-Torres). Let µ be a Radon measure in Rn and assume
for each K ∈ K(Rn) that

lim
δ→0+

sup
x∈K

sup
0<r<δ

µ(B(x, r))
rn−1

= 0.

Then the formula F (ϕ) =
∫

Rn ϕdµ defines a strong charge in Rn.

Proof. Fix K ∈ K(Rn), ε > 0 and define K1 as in the proof of Theorem
8.16. By hypothesis there exists 0 < δ1 < 1 such that µ(B(x, r)) 6 εrn−1

holds for each x ∈ K1 and every 0 < r < δ1. Let ϕ ∈ D(Rn) satisfy
suppϕ ⊆ B(x0, δ) for some 0 < δ < δ1

12 and some x0 ∈ K. For a.e. t > 0,
the open set {|ϕ| > t} has finite perimeter, in which case call (xk) ⊆ {|ϕ| > t}
and (Rk) ⊆ (0,∞) two sequences associated to {|ϕ| > t} according to Propo-
sition 8.6. Observe (8.3) combined to the inclusion {|ϕ| > t} ⊆ B(x0, δ)
yields Rk 6 2δ and 6Rk 6 12δ < δ1 for each k ∈ N. In particular we get
xk ∈ K1 and

µ(B(xk, 6Rk)) 6 6n−1εRn−1
k
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8.4. Removability for continuous vectorfields

for each k ∈ N. We get

µ({|ϕ| > t}) 6
∞∑
k=0

µ(B(xk, 6Rk)) 6 6n−1ε

∞∑
k=0

Rn−1
k 6 C ′ε‖{|ϕ| > t}‖

and hence∫
Rn

ϕdµ 6
∫

Rn

|ϕ| dµ =
∫ ∞

0
µ{|ϕ| > t} dt

6 C ′ε

∫ ∞

0
‖{|ϕ‖ > t}‖ = C ′ε

∫
Rn

|∇|ϕ|| dx = C ′ε

∫
Rn

|∇ϕ| dx.

As it yields the vanishing of

lim
δ→0+

sup
x0∈K

sup
{∫

Rn

ϕdµ : ϕ ∈ D(Rn), suppϕ ⊆ B(x0, δ), |∇ϕ|1 6 1
}
,

Theorem 8.16 allows us to conclude.

8.4 Removability for continuous vectorfields

First, we state a sufficient condition for a compact set to beC(Rn,Rn)-removable.

Lemma 8.18. Suppose S ∈ K(Rn) satisfy H n−1(S) < ∞. Then S is
C(Rn,Rn)-removable for the equation div v = 0.

Proof. Assume v ∈ C(Rn,Rn) is such that supp(div v) ⊆ S. Let ϕ ∈ D(Rn)
be nonzero and define K = suppϕ. Our goal is to show 〈div v, ϕ〉 = 0.

To that purpose fix ε > 0. As div v is a strong charge, choose θ > 0 such
that

〈div v, ψ〉 6 θ|ψ|1 + εmin
{

1,
1

C(n)|ϕ|∞

}
|∇ψ|1

holds for each ψ ∈ D(Rn) satisfying suppψ ⊆ K, whereC(n) is the constant
appearing in Corollary 8.3, and choose (χk) a sequence associated to S by
Corollary 8.3. In particular we get for any k ∈ N

〈div v, ϕ〉 = 〈div v, (1− χk)ϕ〉+ 〈div v, χkϕ〉.
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8. Removability for div v = 0

As (1 − χk)ϕ is supported outside S, we get 〈div v, (1 − χk)ϕ〉 = 0. On the
other hand,

〈div v, χkϕ〉 6 (θ|ϕ|∞ + ε|∇ϕ|∞)|χk|1 +
ε

C(n)
|∇χk|1.

Using Corollary 8.3 and taking the limit when k →∞ in the previous inequal-
ity we obtain 〈div v, ϕ〉 6 εH n−1(S).

An interesting application of Theorem 5.15 yields a necessary condition
for a set S ∈ K(Rn) to be C(Rn,Rn)-removable for the equation div v = 0.

Theorem 8.19 (Phuc-Torres). Assume S ∈ K(Rn) is C(Rn,Rn)-removable
for the equation div v = 0. Then H n−1+ε(S) = 0 for each ε > 0.

Proof. Fix ε > 0 and suppose S ∈ K(Rn) is C(Rn,Rn)-removable for the
equation div v = 0 yet satisfies H n−1+ε(S) > 0. According to Frostman’s
lemma there exists a nontrivial Radon measure µ supported in S and satisfying

µ(B(x, r)) 6 rn−1+ε

for all x ∈ Rn, r > 0. In particular we find for K ∈ K(Rn)

0 6 lim
δ→0+

sup
x∈K

sup
0<r<δ

µ(B(x, r))
rn−1

6 lim
δ→0+

δε = 0

and the formula F (ϕ) =
∫

Rn ϕdµ defines a strong charge in Rn according to
Theorem 8.17. Theorem 5.15 yields a vectorfield v ∈ C(Rn,Rn) satisfying∫

Rn

v · ∇ϕdx =
∫

Rn

ϕdµ

for every ϕ ∈ D(Rn). In particular div v is nonzero yet supp(div v) ∩ S = ∅,
hence S is not C(Rn,Rn)-removable.
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A perspective
Charges in Banach spaces

With Marie Snipes [MS07], we proposed a definition ofm-charges in a Banach
space.

Charges in Banach spaces

LetX be a Banach space and for any integerm ∈ N let ΛmX denote the space
of all m-vectors in X (see [Fed69, Chapter 1]).

For each k ∈ N, G(X, k) will stand for the collection of all k-dimensional
linear subspaces of X .

Let us introduce continuous partial forms onX , following M. Snipes [Sni].

Definition 8.20. A continuous m-partial form on X is a map

ω : X × ΛmX → R

satisfying the following condition:

1. for all k ∈ N and each Y ∈ G(X, k), the map ω � X × ΛmY is
continuous;

2. for each x ∈ X , the map ωx : ΛmX → R is linear.
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Perspectives

The notation Cm(X) stands for the set of all continuous partial differential
forms in X .

To each m-dimensional oriented, convex polyhedron P in X we associate
a tangent m-vector ~TP .

T. Adams [Ada04] introduces a space Fm(X) ofm-dimensional flat chains
in a Banach space X by completing the space Pm(X) of formal linear combi-
nations of m-dimensional polyhedra under a flat norm. That flat norm extends
to a flat norm on the space Fm(X), and we also have a (lower semicontinuous
in the flat norm topology) mass functional M on Fm(X). We let

Nm(X) = {T ∈ Fm(X) : M(T ) + M(∂T ) <∞}.

Definition 8.21. A linear functional F : Nm(X) → R is called an m-charge
in X (or simply an m-charge) if for each ε > 0, each k ∈ N, each Y ∈
G(X, k) and each K ∈ K(Y ) there exists θ > 0 such that for each T ∈
Nm(X) satisfying suppT ⊆ K one has

F (T ) 6 θF(T ) + εN(T ).

The space of all m-charges in X will be denoted by CHm(X).

Remark 8.22. WhenX = Rn the previous definition is equivalent to Definition
3.1 according to Proposition 3.2.

For each ω ∈ Cm(X), one defines a map

Λ(ω) : Pm(X) → R

by the formula Λ(ω)(P ) =
∑l

i=1 αi
∫
Pi
ω(x, ~TPi)dH

m(x), where

P =
l∑

i=1

αi[Pi]

for m-dimensional convex polyhedra Pi in X and αi ∈ R, 1 6 i 6 l.
Using an approximation property by Lipschitz continuous m-forms (the

use of such a generalization of the Stone-Weierstrass approximation theorem
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indicating the necessity of working with finite dimensional subspaces of X in
the definition of m-charge), one should be able to prove Λ(ω) satisfies

Λ(ω)(P ) 6 θF(P ) + εN(P )

whenever P ∈ Pm(X) satisfies suppP ⊆ K.
For T ∈ Nm(X) choose a sequence (Pk) ⊆ Pm(X) satisfying the fol-

lowing conditions (see [Ada04]):

1. limk→∞N(Pk) = N(T ),

2. limk→∞F(T − Pk) = 0.

Writing F = Λ(ω) it yields

lim
k,l→∞

|F (Pk)− F (Pl)| = 0.

If (P̃k) ⊆ Pm(X) is another sequence satisfying 1. and 2. then

lim
k→∞

|F (Pk)− F (P̃k)| = 0

so that we can let
F (T ) = lim

k→∞
F (Tk).

From the inequalities

F (Pk) 6 θF(Pk) + εN(Pk)

one would infer
F (T ) 6 θF(T ) + εN(T )

and F = Λ(ω) would be an m-charge in X .
With M. Snipes, we would like to investigate which type of representation

theorem we can get for m-charges in Banach spaces.
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