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Abstract

The current coarse-grained picture to represent polymer chain dynamics under uniaxial extensional flow (based on the Doi–Edwards model)
fails to predict some scaling dependencies of material properties on deformation rate observed experimentally, specifically the monotonic
thinning behavior of polymer melts. Recently, new mechanisms based on the concept of monomeric friction reduction have been proposed to
explain this peculiar behavior; however, it is difficult to include them in the framework of the standard tube model. Therefore, in this work,
we propose an alternative treatment which does not rule out friction reduction but uses a different approach. It considers that the chain can
stretch up to a certain level that we determine based on the Pincus blob picture, in place of determining to which extend the chain stretch is
reduced compared to its finite extensibility. To this end, we revisit the extensional rheological data of polystyrene melts and see how the spe-
cificities of chains under strong elongational flow can be integrated into a tube model. This requires accounting for possible flow-induced
chain orientation, stretching, and disentanglement. In particular, we extend the picture of Pincus blobs and define different levels of stretch
that a chain can reach as a function of the extensional rate by invoking a rate-dependent blob picture. While this approach requires introducing
an additional parameter to describe the stretch relaxation time, the results are in good agreement with the experimental observations. This
alternative but sound approach should contribute to the on-going discussion on the elongation of entangled polymers. © 2021 The Society
of Rheology. https://doi.org/10.1122/8.0000182

I. INTRODUCTION

Today, the linear viscoelastic (LVE) properties of mono-
disperse linear polymers are well understood and have been
successfully described by mesoscopic models, such as tube
models [1–8] or slip-link models [9–13], which allow to
account for the effect of entanglements between chains. On
the contrary, our present understanding of the dynamics of
polymer melts under large deformation and, in particular,
under uniaxial extension, has not reached the same level, and
many fundamental questions still need to be addressed in
order to be able to satisfactorily describe their nonlinear vis-
coelastic response [14–17]. More specifically, in the case of
well-entangled monodisperse polymer melts (Z > 10), experi-
mental steady viscosity data have shown a monotonic exten-
sional thinning behavior [18] with no sign of an upturn even
at strain rates larger than the reciprocal Rouse time of the
chain [19]. This behavior was unexpected: As explained by
Marrucci and Ianniruberto in [20,21], it was believed that at
strain rates larger than the inverse Rouse time of the chain,

i.e., at a Rouse–Weissenberg number WiR larger than 1, the
chains stretch up to their finite extensibility, leading to a
large and rapid increase of their steady elongation viscosity
with strain rate, i.e., leading to a significant extension-rate
thickening. In fact, such behavior was in good agreement
with previously reported experimental steady viscosity data
for entangled polymer solutions [22].

In recent years, the difference in behavior between
polymer melts and solutions has been confirmed. It is now
well-established from experimental studies [15,16,18,23–28]
that, under strong elongational flow, the tensile stress growth
coefficient of polymer melts exhibits transient strain harden-
ing accompanied by an elongation thinning of the extensional
viscosity ηE, which is well described by the scaling law
ηE � _ε�1/2, while an upturn of the extensional viscosity
with increasing rate has been observed for polymer solutions
containing the same number of entanglement segments
[14–16,29–31]. The present tube models are unable to
explain these qualitatively different behaviors within a single
framework, and the microscopic picture that was previously
proposed to describe the extensional viscosity needs to be
revisited.

Recently, different new models have emerged that are
based on novel mechanisms, in order to address the failure of
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the initial tube model approach to describe the observed
extensional thinning. The first proposed mechanism that
could successfully explain this reduced steady viscosity in
polymer melts was the interchain tube pressure (ICP) concept
proposed by Marrucci and Ianniruberto [21]. According to
this concept, a strong elongational deformation causes the
tube to contract, thus decreasing the tube diameter with respect
to its equilibrium value. As the tube diameter decreases, pres-
sure starts to build up against the tube wall and after a while
this growing pressure is sufficiently large to stop the contrac-
tion process, giving rise to a steady state. This concept, which
ensures that the extensional viscosity scales with _ε�1/2 at high
rates, is still used today by the group of Wagner [32–37], who
studied the elongation properties of polymer melts and solu-
tions. Based on ICP as well as a new definition of the Rouse
time of the chain under elongation, these authors could suc-
cessfully describe the extensional viscosity of polymer chains
in solution and in the melt state. However, this approach
requires the tube diameter relaxation time to depend on the
sample composition [32,33], which should not be the case
since this time should only scale as the Rouse time of the
chain [21,38]. Furthermore, since the tube-pressure concept
cannot differentiate between polymer melts and solutions, two
different Rouse times (for polymer melt and solution) must be
used in order to describe the data [33–35].

Alternatively, several works have been proposed that are
based on the idea that extensional thinning observed in the
melt state originates from a reduction of the monomeric fric-
tion under fast extensional flow (Stretch/Orientation-induced
Reduction of Friction, SORF concept) [39–41,44]. According
to this approach, when the extensional flow is faster than the
stretch relaxation rate, the local environment of the polymer
deviates from its equilibrium state and becomes strongly aniso-
tropic. This local anisotropy then leads to a decrease in mono-
meric friction and the corresponding stretch saturates at a
lower level. Thus, this mechanism mainly affects the long
chains and should be predominant for polymer melts, as the
small solvent molecules in a solution do not align with the
flow and remain isotropic. This concept has been successfully
implemented for both polystyrene (PS) melts [17,39] and solu-
tions [41–43]. However, in order to quantitatively describe the
data, an additional parameter related to a possible nematic
effect between the chains under elongation [45] must be taken
into account [44], which raises new questions about the ability
of this approach to predict the elongational viscosity over a
large range of strain rates. Elongational properties of polymer
melts have also been studied by bead-spring models. For
example, O’Connor et al. [46] used Molecular Dynamics sim-
ulations based on a Kremer–Grest bead-spring model to model
the viscoelastic response of linear chains under uniaxial elon-
gation and succeeded in reproducing the experimental results
very well. Bobbili and Milner [47] recently confirmed the fric-
tion reduction in flow by simulating polymer melts under elon-
gational flow with bead-spring chains and purely repulsive
interactions. They observed that the mean-squared bead dis-
placement in the x-direction (i.e., the flow direction) increases
for a chain submitted to a larger tension, i.e., its diffusion coef-
ficient increases and thus its friction coefficient decreases.
Since stretching the chains in the x-direction leads to an

increase in the distance along the x-axis that a chain has to
cover in order to renew its position, one could therefore
explain the observed decrease in monomeric friction in the x-
direction by a smaller number of “detours” the chain can make
in the y- and z-directions.

By looking at the chain conformation as a function of the
elongation rate, the work of O’Connor et al. [46] also
showed that for WiR > 1 chain stretching depends on two
factors, (1) the actual value of WiR and (2) the equilibrium
number of Kuhn segments in an entanglement Ne, i.e., the
chain flexibility, and consequently on the polymer chemistry
[39]. This observation has been later confirmed experimentally
by Matsumiya et al. [43,48], who found different stretching
levels for unentangled PS and poly(ter-butylstyrene) (PtBS)
melts. In that work, extension thickening followed by exten-
sion thinning was found for both samples. The authors
explained the results by an effect of finite extensibility of the
chain during the extension-thickening region and the suppres-
sion of this finite extensibility effect by monomeric friction
reduction during the extension-thinning regime. The same data
were recently modeled by Narimissa and Wagner [37] based
on a phenomenological approach. They concluded that elonga-
tional thinning of these unentangled polymers at high WiR
numbers was rather caused by a finite stretch in combination
with strand orientation. By considering the maximum stretch
as an adjustable parameter, the latter approach leads to a very
good agreement with the experimental data. However, this
approach still needs to be validated for entangled polymers.
The role of the physico-chemical properties of the polymer on
the elongation properties has also been shown by Morelly
et al. [49], who studied the finite extensibility and stretching
ability of PS, PtBS, and PMMA polymers.

A different approach was used by Schweizer and
Sussman [50] who proposed that, similarly to rodlike poly-
mers, polymer chains that are aligned in the flow direction
can lead to an enlargement of the tube in which they are
confined. These two conjectures have been tested by Desai
and Larson [51], in combination with the Doi–Edwards–
Marrucci–Grizzuti (DEMG) model [52], and compared with
the experimental data. They concluded that both extension
thinning in the melt state and extension thickening in solu-
tion can be captured by such an approach, under the condi-
tion that the chain friction varies with the stretch/orientation
of the chains under flow. However, as suggested by the
authors, the way the friction depends on the chain stretch is
probably not universal.

From the above, it is evident that the origin of elonga-
tional thinning in polymer melts is still under discussion. In
the present work, we would like to further contribute to the
ongoing debate by analyzing the available experimental data
for the tensile stress growth coefficient and the extensional
viscosity of monodisperse polymer melts with the help of
our tube-based Time-Marching Algorithm (TMA) [53–55].
Our objective is to start from our model and see how mecha-
nisms such as reptation, contour length fluctuations (CLFs),
or constraint release (CR), which are present in the linear
regime, are affected by the nonlinear elongational flow. We
also propose a new description of the chain stretch, which
saturates before reaching a finite extensibility limit based on
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a rate-dependent blob picture. In this approach, considering
the friction reduction is therefore not necessary as the main
consequence of this process is to limit the chain stretch,
which is achieved here based on the Pincus blobs picture
[56,57]. Furthermore, elongational thickening, which takes
place at intermediate rates, can be thought of as a transition
regime, where the CLF and CR mechanisms are gradually
suppressed before the chains start to stretch. The microscopic
picture that we propose in Sec. IV is based on three observa-
tions drawn from literature results:

(1) In the thinning regime, polymer chains are stretched at
the level of the entanglement segments.

Following [58] and as usually done in the tube model, we
assume that the stress can be calculated from the orientation
distribution of occupied tube segments [8]. If the tube seg-
ments are not stretched beyond their equilibrium length, the
stress tensor can be written as

σ ¼ 15
4
G0

Nhuui, (1)

where u represents the normalized vector connecting neigh-
boring entanglement segments and the brackets represent the
average over the orientation distribution. This equation does
not hold if the tube segments are stretched by a factor λ
beyond their equilibrium length, i.e., λ = l/l0 = L/Leq> 1, with
l and l0 being the length and the equilibrium length of an
entanglement segment, while L and Leq are the length and
the equilibrium length of the chain primitive path. In such a
case, the number of occupied and oriented tube segments
that contribute to the stress increases with λ, and the thermo-
dynamic tension carried by the chain also grows with λ.
Therefore, the stress is found to quadratically increase with λ,

σ ¼ 15
4
G0

NSλ
2, (2)

where S is the tube segments orientation tensor and λ is the
stretch of an entanglement segment.

In case the entanglement segments are fully oriented in
the flow direction but are not stretched beyond their equilib-
rium length (i.e., λ = 1), the tensile stress growth coefficient
ηþE , which is equal to (σzz � σrr)/ _ε, where σzz and σrr are the
axial and the radial stress component and _ε is the Hencky
strain rate, reaches a steady value which is well approximated
as ηE ¼ (15/4)G0

N _ε
�1. This scaling exponent of −1 should be

observed at strain rates larger than the inverse disentangle-
ment time of the polymer melt, τd, but lower than its inverse
Rouse time, τR [21]. Thus, a scaling exponent of −1/2 experi-
mentally found at larger strain rates as discussed above
(rather than an exponent of −1) suggests that in this case the
chains are not only oriented but also stretched at the level of
entanglement segments. A scaling exponent of −1/2 has
been observed experimentally with different polymer chemis-
tries and architectures [18,26,27], taking sometimes slightly
different values in specific cases [49]. At very high rates,
when the chains are approaching their finite extensibility
limit, this scaling law should not be valid anymore [51].

Chain stretching at the level of entanglement segments can
also be observed in the transient elongation response of mono-
disperse polymer melts: as illustrated in Fig. 1, the correspond-
ing tensile stress growth coefficient plotted as a function of
time clearly starts to depart from the linear envelop at high
extensional rates, exhibiting transient strain hardening. At high
rates, this transient strain hardening exceeds the predicted
linear envelop of a hypothetical ultrahigh molecular weight PS
(hereafter called UHMwPS), characterized by a relaxation time
much longer than the experimental time window [so that its
LVE envelop (see the red line in Fig. 1) is well described by
jη*(t)j ¼ 3G0

Nt, with the plateau modulus G0
N ¼ 230 kPa (see

Sec. III B)]. The larger value of the tensile stress growth coef-
ficient of the examined samples, compared to the linear
response of this UHMwPS, can only be explained by consider-
ing that the chains are stretched at the level of entanglement
segments, despite the elongational thinning observed as a func-
tion of the stretch rate.

(2) In the thinning regime, polymer chains reach a steady
state but do not reach their finite extensibility.

While in some models [14,37], it is assumed that any
chain that is elongated faster than its inverse Rouse time
reaches its finite extensibility, recent works have shown that
this is not the case. In particular, by comparing rheometric
data on tensile stress growth coefficient and scattering data
on chain orientation, Wingstrand et al. [59] showed that in
strong flows the former can reach a steady state while the
chains are not fully extended. They also showed that the
maximum stretch state (i.e., the conformation of the stretched
chains) reached by the chains depends on the imposed stretch
rate. This result again suggests that in strong flows the chains
do not fully stretch up to their finite extensibility, as if inter-
mediate levels of stretch could exist. Similar results were
also reported by Watanabe et al. [60] in the case of unen-
tangled chains. Qin and Milner [61] based on Monte Carlo
simulations. These authors demonstrated that the average

FIG. 1. Tensile stress growth coefficient versus time for the monodisperse
polymer melts PS133 (light blue, ▴), PS200 (green, □), and PS390 (black,
○) at different extensional rates (in s−1, indicated by the numbers). The red
line corresponds to the theoretical linear envelop of a hypothetical
UHMwPS, for which the relaxation time is assumed to be too long to be
observed within the experimental time window. LVE data are given for com-
parison (indicated by “LVE”), data are taken from [16,18,24].
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end-to-end distance in the direction of the elongation does not
vary linearly with the tension anymore and is smaller than
expected and below the finite extensibility limit. In this work,
the chains are seen as a sequence of tension or Pincus [62]
blobs aligned within the direction of the flow. Each of these
tension blobs has Gaussian properties, while the trajectories of
longer subchains were considered biased random walks since
they are extended in the flow direction. The recent MD simu-
lations of O’Connor et al. [46] also support this view. Indeed,
the authors showed that by increasing the elongational rate,
the chains are becoming straightened, but on progressively
smaller length scales, leading to a saturation of the stretch
before its finite extensibility limit.

(3) At large elongational rates, the steady-state regime of
monodisperse linear entangled polymer melts of the
same chemistry is fully governed by their Rouse time.

As also shown by O’Connor et al. [46] and earlier by
Marrucci and Ianniruberto [21] and Bach et al. [23], in the
steady regime, the stretch level of polymer chains of the
same chemistry is only a function of WiR (based on their
Rouse time) and increases with increasing WiR. This means
that if finite extensibility is not reached at the same elonga-
tional rate and steady state, the entanglement segments of a
long chain are more stretched than the entanglement seg-
ments of a shorter chain.

This is also observed in the experimental data of the tensile
stress growth coefficient [16,18]. For example, Fig. 1 depicts
tensile stress growth coefficient data of PS melts with different
molar masses, but deformed at the same strain rates. These
samples display a similar transient behavior; however, the
respective data saturate at different levels, i.e., the stretch ratio
λ of an entanglement segment in the steady-state regime
increases with the length (molar mass) of the chains. In order
to reach the same stretch level, different stretch rates should be
used to ensure that the samples are deformed at the same WiR.

Furthermore, the work of Shahid et al. [63] showed that,
based on their experimental results, the steady-state stretch
state reached by entangled long chains blended with different
shorter polymer matrices is independent of the molar mass of
the matrix, thus independent of the orientation state of the
latter. A similar conclusion was also drawn in [38], based on
the PS blends proposed in [24]. Hence, these results are in
agreement with the findings of O’Connor and co-workers,
which suggest that, in the steady-state regime, the stretch
state of a chain is only a function of WiR [46].

Inspired by these three observations, we further examine
how the orientation and stretch state of the chains in the
steady-state regime depend on their molar mass and on the
extensional rate, and how the different thermal relaxation
mechanisms such as reptation, CLFs, or CR are affected by a
strong flow. Based on our analysis, we develop a simple
model that is able to predict the extensional viscosity of
linear polymer melts, without invoking additional relaxation
mechanisms or finite extensibility criteria.

The paper is structured as follows: after the introduction,
the linear polymers used in this work are briefly presented in
Sec. II. Then, Sec. III introduces the LVE properties of these
samples and their description with our tube model. In

Sec. IV, the elongational properties of the samples are ana-
lyzed, and based on our observations a simple model is pro-
posed to predict the steady and transient elongation properties
of the samples. Finally, conclusions are presented in Sec. V.

II. MONODISPERSE PS MELTS

In this study, we investigate the viscoelastic properties of
a range of entangled monodisperse linear PS melts, which
vary in molar mass. These samples have been studied in pre-
vious works [15,16,18,33], and their linear and nonlinear vis-
coelastic data have already been presented in the literature.
They are listed in Table I, together with some basic physical
characteristics. Their Rouse time, τR, has been determined
from the TMA model (see Sec. IV A).

Due to the high activation energy of PS, it is essential to
work under iso-Tg condition [65], to ensure that the storage
and loss moduli of the samples superimpose well at high fre-
quencies. While the viscoelastic data of the different samples
measured at 130 °C showed a good superposition in this
regime, a large shift of the data was found for the lowest Mw
sample, PS27, which has a glass transition temperature lower
than the Tg ¼ 106:6 �C measured for the high Mw samples
[64]. Consequently, both linear and nonlinear data of PS27
were shifted to ensure that the data are plotted at a constant
(T−Tg) value, equal to 23.4 °C. Since the glass transition tem-
perature of sample PS27 is not known, a shift factor aT= 35
(which corresponds to Tg = 102 °C for PS27—this sample was
measured at 115 °C) was chosen in order to ensure a good
superposition of the relaxation moduli at high frequency. To
confirm this factor, the theoretical Tg of PS27 was calculated
using the Fox–Flory equation: Tg ¼ Tg,1 � (C/M), where
Tg,1 is the glass temperature of a high molar mass polymer
(for PS, Tg,1 ¼ 106:6 �C) and C is a constant depending on
the polymer chemistry (for PS, C ¼ 1:1� 105 gK/mol). For
PS27, this would correspond to Tg ¼ 102:5 �C, which is very
close to the value obtained by manually fitting the data.

III. LVE PROPERTIES

A. Modeling

1. Original model

First, the LVE data are modeled, based on our TMA
model. Details of the model can be found in [53–55] for the

TABLE I. Main characteristics of the pS melts used in this work.

Sample code
Mw

(g/mol)
Mn

(g/mol) τR (at T−Tg= 23.4 °C) Ref.

PS27 27 100 26 500 1.8 50
PS50 51 700 50 380 6.5 24
PS100 102 800 100 600 25.8 24
PS133 133 000 131 600 43.2 16
PS185 185 000 179 600 83.7 6
PS200 200 000 192 000 97.8 18
PS285 285 000 261 500 198.6 15,29
PS390 390 000 367 000 371.8 18
PS545 545 000 486 600 726.1 15,29
PS820 820 000 803 900 1643 59

200 HANNECART et al.



case of linear chains. This model is based on three different
material parameters: the plateau modulus G0

N , the molecular
weight between two entanglements Me,0, and the Rouse
relaxation time of an entanglement segment τe, where the
plateau modulus G0

N is defined as

G0
N ¼ 4

5
ρRT

Me,0
, (3)

with parameter ρ being the monomeric density, R being the
gas constant, and T being the temperature.

In this model, the relaxation modulus G(t) accounts for
both the high frequency Rouse process, GR(t), and the disen-
tanglement modulus Gd(t),

G(t) ¼ GR(t)þ Gd(t): (4)

These moduli are expressed as

GR(t) ¼ ρRT

M

1
5

XZ
p¼1

exp � p2t

τR

� �
þ

XN
p¼Zþ1

exp � 2p2t
τR

� �( )
,

(5)

Gd(t) ¼ G0
Nw(t){Φ}

α: (6)

In Eq. (5), τR represents the Rouse time of a chain with
the weight-average molar mass M and containing Z entangle-
ment segments, and N is the number of Kuhn segments in
the chain. In Eq. (6), w(t) is the unrelaxed fraction of initial
tube segments and, therefore, represents the fraction of tube
segments, which are still oriented at time t. The exponent α
is the dynamic dilution exponent, which is here fixed to 1,
based on [64,66,67], where it was shown that for bidisperse
polymer melts, the experimentally observed Φ4/3 scaling of
the low-frequency plateau modulus was due to the loss of
entanglements between two long chains induced by their
monomeric tension equilibration. By accounting for this
process, a good agreement was found between experimental
and theoretical data, with α= 1. In the case of monodisperse
samples, the influence of tension equilibration is negligible.
The function w(t) can be determined by looking at all molec-
ular segments x, from x = 0 at the chain extremity to x = 1 in
the middle, and by determining if these segments are still
moving in their initial tube, i.e., by determining the probabil-
ity that they have not yet relaxed through reptation or CLF
mechanisms,

w(t) ¼
ð1
0
exp

�t

τ(x)

� �
dx, (7)

with

τ(x) ¼ 1
τrept

þ 1
τfluc(x)

� ��1

: (8)

The reptation time, τrept, is equal to 3τe(M/Me,0)3, while

the fluctuation times are determined by taking into account
both early fluctuations of the chain ends and the deeper, acti-
vated, retraction of the arms (considering it as a limiting
two-arm star),

τfluc(x) ¼ τearly(x) ¼ 9π3

16
τe

(M/2)
Me,0

� �4

x4, for x � xtr, (9)

ln (τfluc(x)) ¼ ln (τfluc(x� δx))þ 3
(M/2)
Me,0

x Φ(x)α δx,

for x . xtr:

(10)

The position xtr represents the position of the segment at
which the retraction potential is equal to kT, i.e., at which the
transition between early fluctuations and deep retraction is
taking place. In order to calculate this retraction potential, it
is considered in Eq. (10) that the molecular segment is
located just before the segment x is positioned at (x-δx). The
function Φ(x) represents the polymer fraction that has not yet
relaxed at the time the segment x of the arm is relaxing. This
function is well approximated by (1− x) since the samples
are effectively monodisperse.

CR mechanisms are taken into account by the dilution
factor Φ(t), which defines the effective diameter a(t) of the
dilating tube as a(t) = a0⋅ Φ(t)−α/2, with a0 being the initial
tube diameter. Equivalently, Φ(t) represents the number of
Gaussian blobs per segment of mass Me. As long as the
polymer relaxation takes place gradually, the dilution factor
Φ(t) is equal to the unrelaxed fraction of initial tube seg-
ments, w(t) and evolves from 1 to 0 with the sample relaxa-
tion. However, this function cannot decrease faster than a
Rouse process. Therefore,

Φ(t þ δt) ¼ max w(t þ δt), Φ(t)

ffiffiffiffiffiffiffiffiffiffiffiffi
t

t þ δt

r� �
: (11)

In the case of the low molecular weight sample PS27,
the relaxation modulus is determined by considering that the
sample is unentangled. As shown in Sec. III B, its viscoelas-
tic properties are well-described by considering that the
chains relax by a full Rouse process. While the latter relaxa-
tion process is well-described by a discrete Rouse eigenval-
ues approach [68], we approximate it as

G(t) ¼ ρRT

M

Xn
p¼1

exp � 2p2t
τR

� �
: (12)

2. Simplified model

Despite the accuracy of the TMA model, it cannot be
easily extended to the nonlinear regime because it considers
an additive contribution of both Rouse and entanglement
moduli in Eq. (4). Indeed, as further discussed in Sec. IV,
since in the nonlinear regime entanglement segments can
stretch, the continuity between the suppression of the CR
process and the stretch region must be ensured. Therefore,
Gd(t) and GR(t) must be combined into a single equation
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valid in the entire time domain. We propose here a simplified
approach, which allows us to avoid adding the two contribu-
tions. In this model, the dilution factor Φ(t) is replaced by an
effective “blob factor” Φeff(t), which corresponds to the
diameter of the tube effectively explored by the chains. Thus,
this factor has to account for the fact that, at short times, the
chains need time to locally relax by a Rouse process.
Consequently, at these short times, Φeff(t), which represents
how many blobs with an orientation uncorrelated to their
initial orientation an entanglement segment contains, can
take values much larger than 1,

Φeff (t) ¼ max w(t),
5
4

ffiffiffiffi
τe
2t

r� �
: (13)

With such a dilution factor, instead of Eq. (4), the relaxa-
tion modulus G(t) is now defined as

G(t) ¼ G0
N w(t)Φeff (t): (14)

The storage modulus G0(ω) and loss modulus G00(ω) are
then determined from G(t) by using the Schwarzl approxima-
tions [69], while the magnitude of the complex viscosity is
determined from G0 and G00,

jη*(ω)j ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G0(ω)2 þ G00(ω)2

p
ω

: (15)

A similar approach is followed for the unentangled PS27,
in order to be able to include the stretch in this model, by
simplifying Eq. (12) as

G(t) ¼ 5
4
G0

N exp
�2t
τR

� � ffiffiffiffi
τe
2t

r
, for t . 0: (16)

B. Comparison between theoretical and
experimental data

The initial and simplified models presented in Sec. III A
are used to predict the LVE response of the different mono-
disperse linear PS samples listed in Table I. This requires
first to select the material parameters, which, referring to our
previous works on PS samples [64,70,71], are set to 230 kPa
and 15 kg mol−1 for G0

N and Me,0, respectively, while τe has
been set to 0.55 s at a reference temperature T such that
T−Tg = 23.4 °C. As shown in Fig. 2, a good agreement is
found between experimental and predicted data. The fact that
the predicted curves for PS50 are less accurate is attributed to
the weakly entangled state of the sample, at the limit of the
validity of the tube picture. In this context, the experimental
data with unentangled PS27 are not analyzed. We also
observe that the storage and loss moduli predicted with the
simplified model (dashed curves) are very close to those of
the original (standard) model (shown by continuous curves).
The main difference appears at relatively high frequencies
and is due to the longitudinal Rouse modes, which are not
accounted for in the simplified approach. In Fig. 3, the exper-
imental complex viscosities are compared to the curves

predicted with the initial model (continuous curves) and the
simplified model (dashed curves).

In the case of PS27, the use of the Rouse model
[Eq. (12)] leads to a good agreement between the model
and experimental data, while larger discrepancies appear
with the simplified version. Nevertheless, even in this case,
the predictions are accurate enough to be used for describ-
ing the extensional stress growth coefficient.

The good agreement found with the model gives a good
starting point to analyze the extensional viscosity in the

FIG. 3. Comparison between experimental (symbols) and theoretical (lines)
magnitude of the complex viscosity of the different PS samples at
T−Tg = 23.4 °C (from top to bottom: PS545, PS390, PS285, PS200, PS185,
PS133, PS100, PS50, and PS27). For consistency with the other relevant
figures, the complex viscosity jη*j has been multiplied by the Trouton ratio
(equal to 3 for Newtonian liquids but also validated for polymers), which is
a consequence of the assumption of incompressibility. Experimental data are
taken from the literature (see Table I). The continuous curves correspond to
the standard TMA model, while the dashed curves correspond to the simpli-
fied approach (see the text).

FIG. 2. Comparison between experimental (symbols) and theoretical (lines)
storage and loss moduli of the different PS samples at T−Tg = 23.4 °C (from
left to right: PS820, PS545, PS390, PS285, PS200, PS185, PS133, PS100,
PS50, and PS27). Experimental data are taken from the literature (see
Table I). The continuous curves correspond to the original (standard) TMA
model, while the dashed curves correspond to the simplified approach (see
the text).
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nonlinear regime. Furthermore, it validates the values chosen
for the material parameters, which will be used to predict the
nonlinear viscoelastic properties in Secs. IV A–IV C.

IV. NONLINEAR ELONGATIONAL PROPERTIES

Following an approach inspired by the Cox–Merz rule
used with nonlinear shear flows [72], the extensional vis-
cosities ηE( _ε) of the different polymers are first compared
to their theoretical and experimental complex shear viscos-
ities in the LVE regime, which have been multiplied by the
Trouton ratio for uniaxial extension, 3jη*(ω)j [33]. We see
in Fig. 4 that at low elongational rates the zero-rate viscosity
follows the complex viscosity satisfactorily, while at higher
strain rates the extensional viscosity is well above the linear
response 3jη*(ω)j, which represents (within a numerical
factor) the extensional viscosity predicted by the Doi–
Edwards model [8]. As discussed in Sec. I, this deviation
appears as soon as strain hardening kicks-in during the tran-
sient response of the polymer melt under elongation.

As already mentioned, a scaling law [ηE( _ε)/ _ε�1/2] is
found for most of the samples at large elongation rates (see
also Fig. 7). This −1/2 dependence appears once the steady
tensile stress growth coefficient exceeds the limit set by the
black line determined by considering jG*(ω)j ¼ G0

N , i.e., cor-
responding to the case of polymer chains with fully oriented
(albeit not stretched) entanglement segments. jG*(ω)j ¼ G0

N
also corresponds to the linear response of the hypothetical
UHMwPS (introduced in Fig. 1) after the Rouse relaxation of
its entanglement segments τe and before its relaxation by repta-
tion or CLF. Thus, as soon as the extensional viscosity values
of the polymer melts exceed this limit, the entanglement seg-
ments of the polymer chains are necessarily stretched. It
should be noted here that the complex viscosity curve of the
hypothetical UHMwPS is comparable (within a numerical
factor of 5/4) to the response of the Doi–Edwards model
without independent alignment for an entangled polymer
melts at large strain rates [see Eq. (1)] [8].

In Sec. IV A, we first discuss the evolution of the stretch
at the level of the entanglement segments. In Sec. IV B, we
modify our tube model to predict that steady response first at
high strain rates, i.e., _ε . 1/τR, and then in the transition
regime, which takes place between the linear and the large
strain rate regimes. In Sec. IV C, we apply the modifications
proposed in Sec. IV B to the approximate differential model
of McLeish and Larson [58] to model the transient elonga-
tion response of the PS melts.

A. Stretch state of the entanglement segments
under large strain rates ( _ε . 1/τR)

At large elongational rates ( _ε . 1/τR), the chains are
stretched at the level of the entanglement segments
[18,24,25]. This latter (or equivalently, the primitive path of
the chain) should thus be nearly fully oriented. Assuming
they are fully oriented, the stretch evolution of an entangle-
ment segment belonging to a chain with a Rouse time τR (or
equivalently, the stretch evolution of its primitive path
length) can be described as [25,32,38,58]

dλ

dt
¼ λ _ε� λ� 1

τR
, (17)

where the stretch evolution is balanced by the stretch relaxa-
tion following a Rouse process. According to this equation,
the stretch of an entanglement segment can only relax by the
longest Rouse mode of the chain. Therefore, as soon as the
strain rate is slightly faster than 1/τR, this leads to an
unbounded increase in the stretch, which is then only limited
by the finite extensibility of the entanglement segment
defined as λmax ¼ Neb/

ffiffiffiffiffi
Ne

p
b ¼ ffiffiffiffiffi

Ne
p

(where Ne is the
number of Kuhn segments in an entanglement segment and b
is the length of a Kuhn segment). Consequently, the tension
in the chain is increasing fast. However, the experimental
steady tensile stress growth coefficient does not show this
large increase at rates above 1/τR (see Fig. 1) and exhibits a
steady-state (extensional viscosity) value decreasing with
_ε�1/2 (see Fig. 4). This suggests that in the steady-state
regime at strain rates larger than 1/τR, but not large enough
to approach the finite extensibility, the chains can partially
relax their stretch. This situation can be compared to the
stretch relaxation of polymer chain to which a large step
deformation (such that the chain is fully stretched) is
imposed and which can relax during a time period t ¼ 1/ _ε:
the deformed chain needs a time of the order of τR to fully
recover their initial equilibrium length; however, after a
shorter time period, part of its stretch is relaxed and the
contour length of the chain reaches a length L > Leq, which
depends on the time elapsed after the deformation step
[8,73]. This relaxation scales with t1/2 (i.e., with 1/

ffiffiffi
_ε

p
since

we look at the stretch state of a chain relaxing during a time
period t ¼ 1/ _ε) as it involves the relaxation of all Rouse
modes. This approach was already discussed by Colby et al.
[56] for unentangled flexible polymer liquids under shear,
for which it was shown that the Rouse model naturally leads
to shear thinning upon a change in conformation. In their
approach, they considered that only the Rouse modes

FIG. 4. Extensional viscosity versus elongational rate. Comparison between
experimental data of PS545 (■), PS390 (▾), PS285 (*), PS200 (●), PS185
(+), PS133 (●), PS100 (▴), PS50 (◄), and PS27(*) at T−Tg = 23.4 °C, with
theoretical predictions assuming that the chains are not stretched. The thick
black line represents 3jη*j of a hypothetical UHMwPS.
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corresponding to sections of chain relaxing faster than the
inverse deformation rate are not stretched, and are able to
relax and dissipate energy: Thus, the stretched polymer chain
can be seen as a linear array of internally equilibrated Pincus
blobs whose size is determined by the longest mode able to
dissipate energy, and which corresponds to the largest scale
for which chain conformation remains unperturbed. A more
detailed discussion of the blob picture for entangled chains
in strong shear flow is presented in [74].

Therefore, we propose to take into account the contribu-
tion of all Rouse modes to the stretch relaxation: instead of a
single mode acting against the chain stretch induced by the
flow, we consider the action of all Rouse modes, which leads
to a partial stretch relaxation under a constant Hencky strain
rate. To this end, we first define the main stretch relaxation
time τλ,ent of an entanglement segment in a chain of molar
mass M. In the stretch evolution of Eq. (17), this time should
be proportional to the Rouse time of the chain [58], consis-
tently with [46–49]

τλ,ent ¼ θτR, (18)

with θ being a constant that should only depend on the
sample chemistry and flexibility. While θ is expected to be
equal to 1, a value of 3.1 is found here (see Sec. IV B). This
constant probably depends on the different friction coeffi-
cients of the polymer chains of different chemistry, but it
should not depend on the sample molar mass distribution. As
discussed in Sec. I, the way θ depends on the sample chemis-
try is not clear and should be further investigated; however,
this parameter should be related to Ne, the number of Kuhn
segments in an entanglement segment [30]. The fact that
under uniaxial extension, the relaxation time of an entangle-
ment segment rather depends on τRouse and not on τe as in
the linear regime has been already addressed (see Sec. I).
This suggests that the equilibration of an entanglement
segment requires monomer movement along the entire chain
backbone and cannot take place locally anymore.

In order to account for possible partial stretch relaxation,
we consider that the Rouse mode pent (with τλ,p ¼ τλ,ent/p2ent)
also contributes to the relaxation of the stretched entanglement

segments, but only down to the length lp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pentNeb2

p
.

Accounting for these different modes in Eq. (17) leads to
a new differential equation describing the stretch evolution of
a fully oriented entanglement segment (see Appendix A),

dλ

dt
¼ λ _ε� λ�

ffiffiffiffiffiffiffiffiffi
bλ2c

p
τλ,ent/bλ2c2

�
Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
τλ,ent/p2

, (19)

with bλ2c being the largest integer below λ2. The main differ-
ence between Eqs. (19) and (17) is the way they converge at
long times. Indeed, at high rates of deformation, Eq. (19)
tends to a finite limit that reduces to (see Appendix B)

λst( _ε)
2 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5τλ,ent _ε

p
, (20)

where λst( _ε) is the stretch level of an entanglement segment

reached in the steady regime of deformation. As evidenced
from Eq. (19), at larger values of the stretch rate in the steady-
state regime, the stretch state of an entanglement segment
increases with the number of those Rouse modes that are too
slow to relax. The longest mode peq,ent that can contribute to
its stretch relaxation is tl,p ¼ 1/ _ε or, equivalently,

peq,ent ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
τλ,ent _ε

p
¼

ffiffiffiffiffiffiffiffiffiffi
θτR _ε

p
: (21)

The above expression is in good agreement with
Eq. (20) since λ2st is the average of peq,ent for the whole
sample over the time period from t = 0 to t ¼ 1/ _ε; thus,
λst( _ε)

2 ¼ _ε
Ð 1/ _ε
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(τλ,ent/t)

p
dt ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
τλ,ent _ε

p
, i.e., a factor 1.1

lower than in Eq. (20). While Eq. (21) is used to determine
the value of the steady-state elongational viscosity (see
Sec. IV B), the extensional stress growth coefficient is
determined based on the model of McLeish and Larson
and, therefore, their steady stretch value rather corresponds
to Eq. (20) (see Sec. IV C).

B. Predicting the extensional steady viscosity ηE( _ε)
by means of tube-based modeling

1. ηE( _ε) under large strain rates ( _ε . 1/τR)

In order to predict the steady-state elongational viscosity
with our tube-based model, we have to modify it to account
for the possible stretch of the entanglement segments. To this
end, we consider the chains deformed in the steady-state
regime and determine what are their disentanglement and
stretch states under these specific conditions. This allows us
to determine the corresponding relaxation modulus, G _ε(t),
which is then used to calculate the steady-state elongational
viscosity. It must be noted that this approach, which has been
used under shear flow in [75], is only valid in the steady-state
regime and cannot be used to describe the time evolution of
the extensional viscosity, since at shorter times, the apparent
relaxation modulus is not equal to our “model-specific” G _ε(t).

As described in Sec. IV A and illustrated in the cartoon
of Fig. 5, if the modes 1, 2,…, peq,ent are too slow to
equilibrate under a strong elongational flow [i.e.,
(τλ,ent/p2) � (1/ _ε) with p ¼ 1, 2, . . . , peq,ent], the corre-
sponding terms in Eq. (19) are not decreasing fast enough
to compensate the flow-induced stretch of the entangle-
ment segments. Consequently, the stretch is increasing
with time, up to a level equal to λst( _ε) [see Eq. (20)], corre-
sponding to a situation at which an entanglement segment
is composed of peq,ent Pincus blobs of mass Mλ,eff ¼
Me,0/peq,ent aligned in the flow direction [62]. This implies
that the entanglement segments are not described by a
random walk of Kuhn segments anymore, but rather
contain peq,ent “internally equilibrated” but not “mutually
equilibrated” small tension blobs. On the other hand, the
larger relaxation modes (p . peq,ent) are relaxing faster
than the stretch evolution induced by the flow, therefore
ensuring that the stretch does not increase above λst( _ε).

Therefore, in order to include this effect in our tube
model, we consider that the effective blob factor Φeff, _ε(t)
[previously described by Eq. (13)] must also account for the
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reduction of the size of the internally equilibrated blobs
due to the stretch of the entanglement segments. While in
the linear regime, the size of these blobs only depends on the
time the segments have to explore their surrounding by the
Rouse process and then, at longer times, by the CR process,
we now impose a condition that in the nonlinear regime the
blob factor must be at least equal to Φλ( _ε) (¼ λst( _ε)

2

� peq,ent), which represents the number of internally equili-
brated blobs within an entanglement segment. In the stretch
regime, Φλ( _ε) is larger than 1; therefore, this extra condition
on the size of the internally equilibrated blobs can be seen as
a “compression” of the effective tube within which the chain
is moving. Indeed, the distance aλ that the stretched chain
can explore laterally is aλ ¼ a0 � λst( _ε)�1 ¼ a0 � Φ�1/2

l .
Considering the CR mechanism (which leads to a dilution

of the effective tube diameter), the Rouse limitations at short
time (which make the effective tube diameter increase from
the length of a Kuhn segment b at time τ0 to the length of an
entanglement segment

ffiffiffiffiffi
Ne

p
b at time τe), and the possible

stretch of the entanglements, we then consider that the effec-
tive blob factor Φeff, _ε(t), which represents the number of
internally equilibrated blobs that a chain can explore during a
time period t and under a strain rate _ε, is

Φeff, _ε(t) ¼ max w(t),
5
4

ffiffiffiffi
τe
2t

r
, Φλ( _ε)

� �
: (22)

It is noted here that, in the large strain rate regime
( _ε . 1/τR) at steady state, the latter expression could be sim-
plified since the entanglement segments are fully oriented,
i.e., reptation and CLF processes are not taking place, and
thus, w should be equal to 1. This is not the case here since
the expression of w(t) is determined by assuming that the
flow does not influence the reptation and CLF times.
Nevertheless, this approximation, which is further discussed
and corrected in Sec. IV B 2, has a negligible effect on the
steady viscosity in the large strain rate regime since in this
regime, Φeff, _ε(t) is governed by Φλ( _ε), while the lifetime of
an entanglement is governed by the convective CR process
[see Eq. (24)]. As discussed below, Eq. (22) has the advan-
tage of being applicable in the steady regime at any strain
rate, from the linear regime toward the regime where the
chains are stretched.

Based on Eq. (22), the corresponding steady-state exten-
sional viscosity can be determined,

ηE( _ε) ¼
ð1
0
G _ε(t)dt ¼

ð1
0
3 G0

N w(t)ΦC(t) Φeff, _ε(t) dt: (23)

In this equation, G _ε(t) represents the steady-state relaxa-
tion modulus determined by the tube model, while account-
ing for the influence of stretch on the tube diameter [through
the function Φeff, _ε(t)] and for the possible convective CR,
described by the function ΦC(t). As described in [21], this
term accounts for obstacles being continuously removed in
proportion to _ε [76,77]. Therefore, the disentanglement time
of a chain cannot exceed 1/ _ε,

ΦC(t) ¼ exp
�t
1
_ε

0
B@

1
CA: (24)

Similarly, instead of using the convection term, the upper
limit of the time integral can be set to t ¼ 1/ _ε rather than
infinite.

The steady-state extensional viscosities determined based
on Eqs. (22)–(24) are shown in Fig. 6, and compared to the
experimental data, for all samples apart from PS27, which
will be discussed later. The constant θ in Eq. (18) was set to

FIG. 5. Cartoon illustrating the stretch state of an entanglement segment at the steady-state regime (for a cartoon of the chain at equilibrium, see Fig. 10). In
this specific case, Φλ( _ε) ¼ peq,ent ¼ 6 (and λ ¼ ffiffiffi

6
p

) since the stretch relaxation modes 1, 2,…, 6 are too slow to relax. The thin continuous and dashed curves
in black represent modes 2 and 3, respectively.

FIG. 6. Extensional viscosity versus elongational rate. Comparison between
experimental data (o) of PS545 (■), PS390 (▾), PS285 (*), PS200 (●),
PS185 (+), PS133 (●), PS100 (▴), PS50 (◄), and PS27 (*) at
T−Tg = 23.4 °C, and theoretical predictions based on Eqs. (20)–(23), i.e., by
assuming that the chains are fully oriented and that the stretch level of an
entanglement blob saturated to λst( _ε). The parameter θ has been fixed to 3.1.
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3.1 by a best-fit procedure, which is very close to the value
of 3 found by Wagner and Rolon-Garrido [78]. As already
mentioned, this constant is expected to depend on the chain
flexibility and thus on the nature of the chain, but does not
depend on the chain molar mass or the stretch rate [46,49].
However, since only one chemistry has been investigated in
this work, no conclusion can be drawn on the value of this
constant or its variance. A very good agreement is found for
the different samples at large elongational rates. This result
suggests that accounting for partial stretch relaxation pro-
vides a physically meaningful ingredient to capture the
experimental data in the steady-state regime at a large
stretch rate.

In the large deformation rate regime (WiR> 1, but below
the finite extensibility limit), the chains can be considered
fully oriented, which allows to approximate Eq. (23) as

ηE( _ε) ¼
ð1
0
G _ε(t)dt � 3G0

N

ð1
0
ΦC(t)Φλ( _ε)dt

¼ 3G0
N

1
_ε
2

ffiffiffiffiffiffiffiffiffiffi
θτR _ε

p
: (25)

This expression is very similar to the result of Marrucci
and Ianniruberto, based on their interchain pressure
concept [21], despite the different approach used in the
present work and the different description of the stretch
evolution [Eq. (19)]. In particular, while their approach
considers that under large strain rates, the chain stretch
does not reach finite extensibility in the steady regime
because it is limited by the flow-induced pressure exerted
by the chain against the tube wall, the present approach
considers that the steady stretch saturates before reaching
the FENE limit due to the internal equilibration of the
monomer tension, which can take place up to a certain
level depending on _ε. The difference between the two
approaches is expected to be more pronounced by looking
at the viscoelastic response of binary blends, for which the
influence of the dynamic tube dilution (DTD) process is
more important [38].

It is also similar to the prediction of Nielsen et al. [24],
who used the model of Wiest. The key point of these similar,
albeit differently derived expressions for the extensional vis-
cosity is the same scaling at large rates, i.e., the power-law
dependence with an exponent of −1/2.

This scaling [Eq. (25)] is validated in Fig. 7, where the
extensional viscosities of the different samples are normalized
by their respective molar masses. It is observed that indeed all
data collapse on the same line, which corresponds to Eq. (25).
Only sample PS50 does not appear to be deformed fast
enough to reach this limit. This result highlights the experi-
mental observation that at high rates the extensional viscosity
should scale with M _ε�(1/2), as first described for PS in [23].

Therefore, despite the fact that some data exhibit low-rate
elongational thickening [24] (see Fig. 11), it is possible to
rationalize their high-stretch rate behavior as soon as the
entanglement segments are fully oriented and stretched at a
steady state.

2. ηE( _ε) in the transition regime of stretch rates
(1/τd , _ε , 1/τR)

As observed in Fig. 4, the extensional viscosity data in
the quasi-linear regime are well-described with the TMA
LVE model [Eqs. (7)–(14)], and the same model applied to
high elongational rates in Fig. 6 describes satisfyingly the
data as well, by assuming that the entanglement segments are
fully oriented and reach a steady-state stretch level, which
depends on the number of Rouse modes that cannot relax
fast enough. However, this approach fails to describe the
transitional regime between the linear ( _ε , 1/τd) and the
stretched ( _ε . 1/τR) regimes. This can be readily understood
as follows: in the transitional regime, the molecules start to
orient in the flow direction and the degree of orientation
should increase with the elongational rate. Therefore, our
initial assumption, according to which the tube representing
the entanglement state of the chain is fully oriented, is not
yet valid and must be corrected.

The importance of accounting for chain orientation is con-
firmed by looking at the tensile stress growth coefficient, as
illustrated in Fig. 8. The transient hardening is already
observed in this intermediate regime, despite the fact that the
entanglement segments are not stretched ( _ε , 1/τR). In fact, in
this regime, the strain hardening (see the orange diamonds in
Fig. 8) occurs below the LVE envelop jη*UHMwPS(t)j ¼ 3G0

Nt,
which corresponds to a hypothetical UHMwPS with a relax-
ation modulus G(t) ¼ G0

N within the experimental time
window. This situation differs from the high stretch rate
regime, where the transient strain hardening occurs above
the 3G0

Nt line (see the brown squares in Fig. 8). This sug-
gests that the transient hardening at intermediate strain rates
(1/τd , _ε , 1/τR) appears at a time t = tonset, at which the
chains had already the time to partially relax by CLF and,
consequently, by a CR process. In other words, at tonset, the
chains had time to partially disorient and the fraction of sur-
vival tube segments w(tonset) as well as the effective dilution
factor Φeff, _ε(tonset) are lower than 1. At time t > tonset, while
in the linear regime of deformation, the chains response

FIG. 7. Extensional viscosity normalized by the molar mass M of each
sample versus uniaxial extensional rate. The symbols are the experimental
data of PS545 (o), PS390 (▾), PS285 (*), PS200 (x), PS185 (+), PS133 (●),
PS100 (▴), PS50 (◄), and PS27(*) at T−Tg = 23.4 °C. The dashed line cor-
responds to the expression of Eq. (25), i.e., 3G0

N [(2
ffiffiffiffiffiffiffiffiffiffi
θτR _ε

p
)/(M _ε)].
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further deviates from the 3G0
Nt line due to the relaxation by

CLF of the deeper chain segments before reaching their
steady state, in the nonlinear regime, the relaxation by CLF
stops and strain hardening is observed, which suggests that
the relaxation by CLF of these deeper segments cannot take
place. Therefore, the observed strain hardening, which does
not come from the stretch of the entanglement segments, is
attributed to a reduced effect of CLF and CR in comparison
to the linear regime. This is linked to flow-induced orienta-
tion (or to be more exact, to a flow-induced reduced disori-
entation) of the entanglement segments rather than to their
stretch. In the context of the tube model, it is therefore impor-
tant to account for the influence of the elongational flow on
the tube relaxation/disorientation [i.e., on w(t)] in addition to
its influence on the DTD process [79] [i.e., on Φeff, _ε(t)], as
detailed below.

a. Flow-induced orientation of the entanglement
segments. It is observed in Fig. 8 that at low strain rates
(black data points) in the quasi-linear regime, the tensile
stress growth coefficient first follows the LVE envelop of the

unrelaxed UHMwPS (black line), but rapidly deviates from
this curve to attain lower values well before reaching steady
state. This deviation can be attributed to a partial relaxation
of the chain by CLFs. At intermediate rates (orange data
points in Fig. 8) the situation is different: while at short times
the viscosity curve deviates from the LVE envelop of the
unrelaxed UHMwPS sample in a similar way, CLF seems to
be less efficient, leading to a lower decrease in the viscosity.
We attribute this effect to the applied elongational rate,
which does not allow the tube to relax by CLFs as much as
in the linear regime: as illustrated in Fig. 9, at a given time
period, random motions of the free chain ends can only take
place if their corresponding fluctuation times are shorter than
1/ _ε; furthermore, these fast fluctuations will cover a shorter
distance along the curvilinear tube axis if the latter is oriented.
Hence, the flow-induced orientation of the tube segments
reduces the contribution of CLFs, and the corresponding
tensile stress growth coefficients are above the linear envelop.
This leads to an “orientation-induced elongational-rate thicken-
ing”: at intermediate strain rates (1/τd , _ε , 1/τR), the tube is
not stretched, yet it cannot relax as easily as in the linear
regime.

With increasing elongational rate, we expect that the tube
becomes more and more oriented, yielding a gradual suppres-
sion of the relaxation of the tube segments by CLFs, thus a
reduction of energy dissipation. Furthermore, since the
importance of the CLF process increases with decreasing
molar mass of the polymer chains, we expect that this
“orientation-induced elongational rate thickening” becomes
more significant with weakly entangled chains. This is
indeed the case, as the experimental data indicate elonga-
tional thickening with low molar mass samples (especially
for PS50 and PS100 samples in the present work).

In order to account for this gradual suppression of
CLFs, we modify the corresponding early fluctuation times
[see Eq. (9)], which is the main relaxation process of the
linear chains at short times. This process is a Rouse process:
the chain end fluctuates and needs a certain time τearly(x) to
cover a normalized distance dx from its initial position and
relax a fraction x of the tube, as described by Eq. (9).
However, these relaxation times have been determined based
on the assumption that the tube around the chain is a
sequence of N/Ne segments, each being a random walk of Ne

FIG. 8. Tensile stress growth coefficient (symbols) of PS100 with corre-
sponding LVE envelop (black curve) and the linear envelop of a hypothetical
UHMwPS sample (blue line) at _ε ¼ 0:3, 0:1, 0:03, 0:01, 0:003 s�1 (from
left to right). The data are taken from [24]. Note that 1/τR � 0:04 s�1 and
τrept = 534 s (at T−Tg= 23.4 °C).

FIG. 9. Illustration of a polymer chain relaxing at the extremities by CLF, in the linear regime (left) or in the intermediate regime where chain blobs are ori-
ented (right). In the latter regime, only fluctuations faster than 1/ _ε can take place. Furthermore, at a given time, the area explored by the chain extremities
through these fast fluctuations (τfluc , 1/ _ε) does not depend on tube orientation; however, the area of the curvilinear tube explored and thus the fraction of the
initial tube, which is relaxed by these early fluctuations, is more important in the linear regime.
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monomers, which is not valid anymore if the tube is ori-
ented: while in the linear regime, the chain end of an unen-
tangled linear chain needs to diffuse a distance R ¼ ffiffiffiffi

N
p

b in
order to fully relax by a Rouse process (thus leading to a
Rouse time τR � R2/ D, where D is the diffusion coeffi-
cient), it has to diffuse a distance L ¼ Zl ¼ Z

ffiffiffiffiffi
Ne

p
b λst if

the tube is fully oriented and possibly stretched as well. In
the steady-state regime, we therefore expect a delay in the
fluctuation time of the tube segments, equal to L2/R2 ¼ Zλ2st
if the tube is fully oriented. At high stretch rates, this delay is
large enough to justify the assumption that the chains cannot
relax by CLF. However, at intermediate rates, the tube is
only partially oriented and we can no longer neglect the CLF
process, as it was proposed in Sec. IV B. Assuming that a
fraction w _ε of the tube is oriented, we therefore determine a
delay factor in the CLF process, such that it ranges from 1 in
the linear regime to Zλ2st if the tube is fully oriented,

τ _εfluc(x) ¼ {w _ε Zλ
2
st þ (1� w _ε)} τfluc(x): (26)

In the above equation, the average tube orientation w _ε is
determined by considering that the flow can only orient the
tube segments that are not relaxed in the steady-state regime

[see Eq. (9)],

w _ε ¼ _ε

ð1
0
w(t)dt ¼ _ε

ð1
0

X
x

e
�t
τx dxdt ¼

X
x

_ετxdx,

with w _ε � 1:

(27)

Therefore, in order to capture the transitional regime,
Eq. (26) must be used instead of Eq. (9), to determine the
relaxation time of a tube segment and, consequently, to deter-
mine the unrelaxed fraction of the initial tube segments, w(t)
[see Eq. (7)]. Thus, w(t) is now a function of the deformation
rate and includes the effect, on the relaxation time spectrum,
of the average deformation state the chain is expected to
reach given a certain flow rate.

b. Influence of the elongational flow strength on the CR
process. The evolution of the number of effective blobs per
entanglement segment (blob factor), Φeff, _ε(t), is defined as
proposed in Eq. (22), i.e., accounting for (1) the entangle-
ments, which constrain the motion of a test chain within a
tube (w), (2) the time necessary for a chain segment at equi-
librium to explore its surroundings by a Rouse process
[5/4

ffiffiffiffiffiffiffiffiffiffi
τe/2t

p
, see Eq. (13)], and (iii) the reduction of the size

FIG. 10. Illustration of the blob picture representing the effective blob factor Φeff, _ε(t) evolving with time (on the left side) or with elongation rate (on the right
side). Φeff, _ε(t) defines the molar mass Me,0/Φeff, _ε(t) of the smallest subchains elastically active at time t and at an elongation rate _ε [see Eq. (22)] and is equal to
the number of Gaussian blobs per entanglement segment of mass Me,0. In the linear regime, the mass of these subchains, Me,eff (t) (represented by the orange
blobs), increases with the chain relaxation: at short times, it is first constrained by the size of the blobs that a chain can explore by Rouse process,
Φeff, _ε(t) ¼ (5/4)

ffiffiffiffiffiffiffiffiffiffi
τe/2t

p
. Then, at time t > τe, it is constrained by the entanglements and Φeff, _ε(t) ¼ 1. At longer times, the chains (partially) relax and can

explore a larger tube through DTD, Φeff, _ε(t) ¼ w(t). In the nonlinear regime, the same picture holds; however, the flow-induced alignment or stretch imposes
an additional limit on the size of the smallest subchains, which are internally but not mutually equilibrated, Φeff, _ε(t) . Φλ( _ε) or equivalently, Me,eff , Mλ,eff

(with Mλ,eff ¼ Me,0/peq,ent), as represented by the green blobs. As soon as Mλ,eff becomes smaller than Me,eff (t), transient strain hardening is observed.
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of the internally equilibrated chain segments due to the
stretch (Φλ( _ε)). As illustrated in Fig. 10, Eq. (22) considers
that these three mechanisms are inter-related since they all
define the molar mass Me,eff ¼ Me,0/Φeff, _ε of the largest
chain segment, which is Gaussian. Therefore, they cannot be
considered independently. While at rates smaller than 1/τrept
the elongational flow has no effect on Me,eff, it does control
Me,eff at rates larger than 1/τR (see Sec. IV B). At intermedi-
ate rates, since the (equilibrium) entanglement segments are
not stretched (λ � 1), Φλ( _ε) (¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffi
τλ,ent _ε

p
) never exceeds 1.

However, as discussed in [63], it can still influence Φeff, _ε(t)
if its value is larger than the dilution factor Φ = w, since in
such a case the DTD process is limited to a tube diameter
compatible with the one imposed by the flow, aλ ¼ a0Φ�1/2

λ .
In other words, it is possible that the diluted tube segments
(of mass Me,0/w) stretch under flow, while the equilibrium
tube segments (of mass Me,0) do not. This flow-induced
reduction of the effective tube diameter also leads to transient
hardening, observed as soon as Φλ( _ε) is becoming larger
than w(t) [see Eq. (22)].

In addition to the limitation of the effective tube diameter,
the stretch relaxation time of an entanglement segment τλ,ent
is expected to be shorter compared to a fully oriented tube
[see Eq. (18)] in case the tubes are not fully oriented or
stretched, which is the case in this intermediate regime
(1/τd , _ε , 1/τR). In particular, in the limit of low elonga-
tional rates, this time should tend toward τR. We, therefore,
approximate it as

τλ, ent( _ε) ¼ max(1, w _ε θ) τR: (28)

In Fig. 11, predictions are obtained based on Eqs. (26)
and (28) in the modified model and compared against experi-
mental data. Using θ = 3.1, a very good agreement is found
for all molar masses examined. In particular, the viscosity
upturn observed with low molar mass samples, PS100 and
PS50, is well captured, which suggests that limiting the influ-
ence of CLF and CR processes in function of the orientation
and stretch state of the chains leads to an alternative way to
explain their elongational properties, without having to
invoke any additional process.

In the case of the unentangled PS27, the chains are unen-
tangled and only relax by a Rouse process. Therefore,
accounting for the stretch of the chain, the corresponding
relaxation modulus [Eq. (16)] is reformulated as

G(t) ¼ G0
N exp

�2t
τR

� �
ΦC(t) max

5
4

ffiffiffiffi
τe
2t

r
, 2

ffiffiffiffiffiffiffiffiffiffiffiffi
τλ,ent _ε

p� �
:

(29)

Furthermore, the average chain orientation, w
_ε
, used to deter-

mine τλ, ent should here only depend on the main Rouse time
of the chain so that in this case Eq. (28) utilizes a modified
w _ε,R,

w _ε, R ¼ τR
2
_ε, withw _ε,R � 1: (30)

The curve predicted for PS27 with Eq. (29) is also shown in
Fig. 11, and a good agreement with the experimental data is
found.

It should be noted that the two approaches used for deter-
mining the extensional viscosity of either entangled or unen-
tangled chains can be combined into a single approach if we
consider that the behavior of the last entanglement segment
is governed by a Rouse relaxation, hence it does not depend
on the tube [52]. This modification does not affect the relaxa-
tion of the long chains since their two end-segments repre-
sent a negligible fraction of the chain; however, it ensures
that a polymer chain of molar mass lower than 2Me fully
relaxes by Rouse. In the model, this requires to consider the
contribution from the chain extremities as separated term in
the calculation of the average chain orientation, w _ε,

w _ε ¼
2
Z
w _ε, R þ 1� 2

Z

� �
max (w _ε, inner, w _ε, R), (31)

with w _ε, inner being the average orientation of the chain if the
two outer segments are not accounted for

w _ε,inner ¼ _ε

ð1
0
w(t)dt

¼ _ε

ð1
0

P1
x0

e
�t

τ _ε (x)dx

1� x0
dt ¼

P1
x0

_ετ _ε(x)dx

1� x0
,

with x0 ¼ 1
Z
andw _ε,inner � 1, (32)

where w(t) represents the fraction of the original tube

FIG. 11. Extensional viscosity versus elongational rate. Comparison
between experimental data and predictions. Data are shown for PS545 (■),
PS390 (▾), PS285 (*), PS200 (●), PS185 (+), PS133 (●), PS100 (▴), PS50
(◄), and PS27 (*) at T−Tg = 23.4 °C. Apart from PS27, the continuous
curves data are predicted by assuming polymer chains partially oriented in
the intermediate regime of elongational rates [based on Eqs. (22)–(24), (26),
and (28)]. For PS27, the continuous curve has been determined from
Eqs. (29) and (30). The dashed curves have been predicted by considering
that the chain extremities relax by a Rouse mechanism [see Eq. (31)].
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segments that still exists at time t and τ _ε(x) is the relaxation
time of the tube segment x [see Eq. (26)].

This implies that only (Z-2) entanglement segments are
oriented by w _ε, inner, while the two outer entanglement blobs
are oriented by a free Rouse process, w _ε,R.

Results found by using this combined approach are also
shown in Fig. 11 as dashed curves. These predictions are
only shown for the lower molar mass samples since no dif-
ference with the previous curves is observed for larger molar
masses. A very good agreement between the experimental
data and the model for both entangled and unentangled
samples is obtained.

According to the microscopic picture proposed here, the
elongational viscosity upturn observed for low molar mass
samples (PS50 and PS100) can be seen as a transition
between the linear regime of deformation and the regime
where the chain is stretched at the scale of an entanglement
segment. In fact, this result appears to be rather meaningful
in retrospect if we simply consider the scaling of the steady
viscosity with ηE � M3:4 in the linear regime, while ηE � M
in the high strain rate regime (see Fig. 7) [46]. Therefore, a
transition zone must exist between these two regimes if the
direct intersect of the two scaling regimes appears at rates
larger than the inverse Rouse time.

C. Nonlinear elongational properties in the transient
regime

In order to describe the tensile stress growth coefficient,
we start from the differential approximation of the McLeish
and Larson model [58], which was initially derived for
pom-pom polymers, and is the basis of a wide range of
models describing the tensile stress growth coefficient data
of polymer melts [21,26,38,80]. In this model, the polymeric
stress tensor σ is defined by Eq. (2), and the orientation
tensor S is obtained from the normalization of the deforma-
tion tensor A, which accounts for both the flow-induced ori-
entation of the entanglement segments and their possible
relaxation,

S(t) ¼ A(t)
trace(A(t))

, (33)

dA
dt

¼ κ:Aþ A:Tκ � 1
τd

A� I
3

� �
, A(t ¼ 0) ¼ I

3
, (34)

where τd is the terminal relaxation time of the chain and κ is
the velocity gradient tensor. In the case of an uniaxial exten-
sional flow of a strain rate _ε, it is equal to

κ ¼
_ε 0 0
0 � _ε/2 0
0 0 � _ε/2

0
@

1
A: (35)

The stretch of an entanglement segment is given by the
differential Eq. (17), while accounting for the average

orientation of the entanglement segments,

dλ

dt
¼ λκ:S� λ� 1

τR
, λ(t ¼ 0) ¼ 1: (36)

It should be noted that according to this model, the stretch
along the chain backbone is approximated to be constant,
which is a rather strong assumption. A similar assumption was
used in previous works for linear chains [21,32,34,36,38],
while in the case of branched polymers, its value is usually
considered constant along a specific branch or backbone but
differs for each generation [26,27,58,80].

The tensile stress growth coefficient is finally obtained
from the stress of Eq. (2) and the extensional flow field
described by Eq. (35),

ηþE (t) ¼
3
_ε
G0

N(Szz � Srr)λ
2, (37)

where Szz and Srr are the axial and the radial orientation com-
ponent. In order to account for CLF and the reptation time of
each segment x along the tube, we use here the modification
proposed by Blackwell et al. [80], which considers an indi-
vidual orientation tensor S(x,t) and deformation tensor A(x,t)
for each segment x,

S(x, t) ¼ A(x, t)
trace(A(x, t))

, (38)

dA(x, t)
dt

¼ κ:A(x, t)þ A(x, t):Tκ

� 2
τ(x)

A(x, t)� I
3

� �
,

A(x, t ¼ 0) ¼ I
3
,

(39)

FIG. 12. Comparison between tensile stress growth coefficient data
(symbols) of PS185 at _ε indicated by the numbers, and the original McLeish
and Larson model (red curves) without considering early Rouse relaxation.
The data are taken from [16].
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σ ¼ 3G0
Nλ

2
ð1
x¼0

S(x, t)
dw(x)Φ(x)

dx
dx, (40)

where τ(x) is the relaxation time of the segment x in the
linear regime of deformation [see Eq. (8)]. The factor 2 in
Eq. (39) accounts for DTD, which effectively speeds up the
chain relaxation. In Eq. (40), Φ(x) accounts for CR influence
and w(x) is equal to the fraction of initial tube segments

which have not yet relaxed when the segment x is relaxing.
For a monodisperse linear sample, this function can be approx-
imated by w(x) ¼ Φ(x) ¼ 1� x, considering all segments
before x are already relaxed when x is relaxing. In Eq. (40),
the stretch of an entanglement segment, λ(t), is also considered
constant along the chain backbone, being a function of the
average orientation of the primitive path [see Eq. (36)].

In Fig. 12, Eqs. (36)–(40) are tested on a representative
sample, PS185. In addition to the unsatisfactory agreement

FIG. 13. Tensile stress growth coefficient as a function of time for monodisperse melts. Comparison between experimental data and predictions of the modified
McLeish and Larson model. Data are shown for (a) PS27, (b) PS50, (c) PS100, (d) PS133, (e) PS185, (f ) PS200, (g) PS285, (h) PS390, and (i) PS545 at differ-
ent extension rates indicated by the numbers, for T−Tg = 23.4 °C.
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found for predicting the linear envelop, the stretch evolution
shows an unbounded increase, as discussed in Sec. IV A. In
order to limit the stretch, a finite extensibility criterion
should be added. However, as discussed in Sec. I, finite
extensibility is not reached in this case.

We, therefore, modify these equations according to the
discussions in Secs. III and IV: first to correct the LVE
envelop, and then to include the contribution of all Rouse
modes to stretch relaxation. First, since the early Rouse relax-
ation is not accounted for in the original model, we use a
similar approach as in Sec. III A to include its effect, consid-
ering Φeff (x) [see Eq. (13)] in place of the dilution factor
Φ(x) in Eq. (40): for _ε , 1/τR,

Φeff (x) ¼ min Ne, max w(x),

ffiffiffiffiffiffiffiffiffiffi
τe

2τ(x)

r� �� �
, (41)

where Ne ensures that the fastest Rouse mode is the mode N
that corresponds to the relaxation of a Kuhn segment.
Furthermore, w(x) also needs to be modified in order to
account for the fact that the tube does not exist up to
x0 ¼ 1/Z. Therefore, w(x) in Eq. (40) needs to be rescaled as

w(x) ¼ min 1,
1� x

1� x0

� �
: (42)

Using Eqs. (41) and (42) in Eq. (40) allows to accurately
describe the LVE properties of the samples (see Fig. 13).

In order to account for the possible stretch of the entangle-
ment segments, we consider the influence of all the Rouse
modes to describe the evolution of the stretch (Sec. IV A).
To this end, Eq. (19) is used, but including now the evolution
of the tube orientation w _ε,t with time (in the steady regime, at
high elongation rates, w _ε,t ¼ 1),

dλ

dt
¼ λ _εw _ε,t �

λ�
ffiffiffiffiffiffiffiffiffi
bλ2c

p
τλ,ent/bλ2c2

�
Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
τλ,ent/p2

, (43)

where the tube orientation w _ε,t is expressed in a similar way
as in Eq. (31),

w _ε,t ¼
2
Z
SR(t)þ 1� 2

Z

� �

� max
ð1
x¼x0

(Szz(x, t)� Srr(x, t))
dx

1� x0
, SR(t)

� �
:

(44)

In this equation, SR(t) ¼ (SR,zz(t)� SR,rr(t)) corresponds to
the orientation of a chain segment at time t relaxing at time
τR/2 and calculated using Eqs. (38) and (39).

Furthermore, the CR mechanisms induced by tube dilu-
tion are limited by the tube stretch, which limits the increase
in the tube diameter or equivalently limits the decrease in
Φeff (x). As these two terms are linked, Eqs. (40) and (41) are
modified to account for both the limitation of CR mecha-
nisms and tube stretch within a single term, the effective

blob factor,

Φeff, _ε(x) ¼ min Ne, max λ2 max (w(x), w( _ε),t,

ffiffiffiffiffiffiffiffiffiffi
τe

2τ(x)

r� �� �
:

(45)

Thus,

σ ¼ 3G0
N

ð1
x¼0

S(x, t)
dw(x)Φeff, _ε(x)

dx
dx: (46)

Finally, to take into account CLF hindrance, τ(x) in
Eq. (39) is replaced by τ _ε(x) calculated from Eq. (26), while
considering w _ε,t.

The results obtained with this new set of Eqs. (26),
(37)–(39), and (42)–(46) are compared to experimental data
in Fig. 13. There is a relatively good agreement over a wide
range of molar masses, and, more importantly, with the
steady-state model (see Fig. 16). As detailed in Appendix C,
the similarity between the TMA and the modified ML models
is not surprising since both account for the different relaxation
processes and for the influence of the chain stretch in a similar
way. Their main difference is the fact that the TMA model
describes the dilution factor as a function of time, Φ(t), while
in the modified ML model, it must be expressed as a function
of the tube segment x, Φ(x). However, as long as the same
coarse-grained microscopic picture is used, the results should
not be model-dependent, as it is shown in Fig. 15. Basically, x
and t are related since the chain relaxation of a specific
segment x takes place at a specific time t.

It must also be noted that the modified ML model does
not directly apply to the prediction of the tensile stress
growth coefficient of the unentangled sample PS27 and, as
expected, a larger discrepancy is obtained for this sample, in
particular, when describing its LVE envelop.

V. CONCLUSIONS

In this work, we have addressed the elongational viscosity
of linear entangled polymers and, in particular, we have pre-
sented an analysis framework which is an alternative to the
current one. We have presented two approaches. First, we have
proposed a simple approach, based on the extended use of the
blob picture of Pincus, to predict the nonlinear extensional
steady-state viscosity of monodisperse PS melts without con-
sidering any additional mechanism or criterion to explain the
different scaling observed experimentally. There is, however,
one parameter, θ, which controls the stretch relaxation time of
chain entanglements and needs to be adjusted. This parameter
should not depend on the composition of the polymer melts,
as it has been observed experimentally and based on simula-
tions, as discussed in Sec. I. However, it most probably
depends on the sample chemistry and chain flexibility
[46,48,60]. This first approach starts from the idea that the evo-
lution of the chain stretch depends on the different Rouse
relaxation modes [56,57] and considers that the modes with a
relaxation time shorter than the inverse extensional rate do not
contribute to the stretch. Consequently, at strain rates larger
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than 1/τR but shorter than the inverse relaxation time of a
Kuhn segment, 1/τ0, the chains stretch saturates in the steady
regime at a value below the finite extensibility limit, in agree-
ment with the experimental observations discussed in Sec. I.
Furthermore, it was considered that the flow-induced chain
stretching limits the chain motions in the lateral direction to
the primitive path, which leads to an increase in the number of
internally but not mutually equilibrated blobs within an entan-
glement segment and to a reduced influence of CLF and DTD
processes. By accounting for this gradual suppression of CLF
and CR processes with increasing the elongation rate, we
therefore ensure that the relaxation state of the chains is com-
patible with the flow-induced orientation of the entanglement
segments and, at higher strain rate, with their stretch. In partic-
ular, this allows to define an effective tube diameter,
aλ ¼ a0Φ�1/2

eff, _ε , which represents the tube diameter that an
entanglement segment has time to explore, and which
includes, in addition to the CR process, the limitations
imposed by local Rouse relaxation of the chains at short times
as well as by the chain stretch at high rates.

Compared to the friction reduction model, our approach
starts from another—yet not necessarily incompatible—point
of view. Indeed, the friction reduction model is based on the
assumption that for elongational rates above the inverse
Rouse time, the chains should reach their finite extensibility;
however, the FENE effect competes with the friction reduc-
tion, which limits the steady viscosity. Thus, the higher the
strain rate, the more important the friction reduction is, and
the more the steady viscosity reduction is, compared to the
steady viscosity predicted by the FENE limit. On the other
hand, our approach starts from the assumption that the FENE
limit is not reached because of the existence of the fast equil-
ibration modes, which enable a partial equilibration of the
chains and therefore limit their final stretch. Here, the larger
strain rate leads to a larger number of internally equilibrated
blobs in an entanglement segment; larger stretch and larger
value of the steady-state viscosity compared to its value
determined without accounting for chain stretch (which
scales with _ε�1). Because of these different starting points,
the comparison between the two approaches is not straight-
forward and goes beyond the scope of this work. For
example, larger differences may appear in the viscoelastic
responses of binary blends of linear chains, since according
to our approach, the steady stretch of a chain should not
depend on its environment, while according to the friction
reduction model, it does.

In a second approach, we modified the nonlinear
pom-pom model of McLeish and Larson in order to predict
the transient extensional response of the linear polymers,
while keeping the same microscopic picture proposed in the
first approach. The similarity between the results obtained,
which is discussed in Appendix C, allows us to conclude that
the modifications proposed in the present paper to describe
the steady-state stretch and the influence of the latter on the
relaxation processes are general and similar results could
have been obtained with an equivalent modification of any
other tube model.

The satisfactory agreement found with the experimental
data is encouraging. In a recent work, we show that the same

blob picture can also be used to describe the response of
linear chains under shear flow [75]. As prospective future
research, we shall investigate the elongation behavior of
entangled polymer solutions in order to explore if and how
the viscosity upturn can also in this case be seen as a transi-
tion zone between the linear regime and the large strain rate
regime in which the chains are stretched. In a recent experi-
mental study on the elongational properties of polymer
blends and solutions [81], it was shown that for bidisperse
blends with both components stretched, a linear scaling law
can be used to describe the elongational viscosity; however,
this scaling does not hold if one of the components is too
short to be stretched, in agreement with the results of
[15,29]. More precisely, it was shown in [81] that the tensile
stress growth coefficient of a chain does not depend on
sample composition, but its steady-state value does in case
the blend contains a short component. Therefore, the model
proposed here is expected to correctly describe the steady-
state elongational viscosity of polymer melts but not that of
solutions, as the solvent cannot stretch/orient. This will be
further explored in future work.
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APPENDIX A: DERIVATION OF EQ. (19).

At equilibrium, the length of the primitive path of a linear

chain is Leq ¼
ffiffiffiffiffiffiffiffiffiffiffi
ZNb2

p
, which corresponds to a stretch factor

λ ¼ L/Leq ¼ 1 .
In order to determine the stretch factor in the nonlinear

regime of deformation, we consider that the Rouse mode p
allows the relaxation of a stretched chain down to a length

Lp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pZNb2

p
, within a time τλ,p ¼ τλ,ent/p2 ¼ θτR(M)/p2,

where τλ,ent is the stretch relaxation time of a stretched tube
segment.

However, considering that the chain always relaxes
according to the faster possible mode, the Rouse mode p
with time τλ,p will be effective in relaxing a stretched chain

segments with length between Lpþ1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
( pþ 1)ZNb2

p
and

Lp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pZNb2

p
. Therefore, the contribution of each

mode p to the relaxation of a stretched tube can be written

as ½(Lpþ1 � Lp)/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
(ZNb2)

p
	*1/τλ,p ¼ (

ffiffiffiffiffiffiffiffiffiffiffiffiffi
(pþ 1

p
)� ffiffiffiffiffiffi

(p)
p

)/τλ,p,

where (Lpþ1 � Lp)/
ffiffiffiffiffiffiffiffiffiffiffi
ZNb2

p
is the fraction of the stretch

relaxed between τλ,pþ1 and τλ,p.
Summing up the contribution from each mode, starting

from mode p = 1 up to mode p ¼ λ2 (since the length of the

stretched tube is L ¼ λLeq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ2ZNb2

p
) leads to a differential

equation describing the stretch relaxation of a fully oriented
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tube,

dL

dt
¼ L _ε� L�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bλ2cZNb2

p
τλ,bλ2c

�
Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
( pþ 1)ZNb2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pZNb2

p
τλ,p

, (A1)

or equivalently,

dλ
ffiffiffiffiffiffiffiffiffiffiffi
ZNb2

p

dt
¼ λ

ffiffiffiffiffiffiffiffiffiffiffi
ZNb2

p
_ε� λ

ffiffiffiffiffiffiffiffiffiffiffi
ZNb2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bλ2cZNb2

p
τλ,bλ2c

�
Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
( pþ 1)ZNb2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pZNb2

p
τλ,p

, (A2)

i.e.,

dλ

dt
¼ λ _ε� λ�

ffiffiffiffiffiffiffiffiffi
bλ2c

p
τλ,bλ2c

�
Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
τλ,p

¼ λ _ε� λ�
ffiffiffiffiffiffiffiffiffi
bλ2c

p
τλ,ent/bλ2c2

�
Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
τλ,ent/p2

: (A3)

Hence,

dλ

dt
¼ λ _ε� λ�

ffiffiffiffiffiffiffi
bλ2

p
c

τλ,ent/bλ2c2
�

Xbλ2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
τλ,ent/p2

: (A4)

When λ2 < 2, the upper limit of the sum, bλ2c � 1, is
equal to zero. In this specific case, this term has to be disre-
garded and Eq. (19) reduces to dλ/dt ¼ λ _ε� (λ� 1)/τλ,ent.

APPENDIX B: DERIVATION OF Eq. (20)

In the steady regime, Eq. (19) converges and we have

dλ

dt
¼ 0 ¼ λst( _ε) _ε�

λst( _ε)�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bλst( _ε)2c

q
τλ,ent/bλst( _ε)2c2

�
Xbλst( _ε)2c�1

p¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
τλ,ent/p2

, (B1)

where λst( _ε) is the stretch reached in the steady regime.
In order to solve this equation, we first approximatePbλ2c�1
p¼1 ((

ffiffiffiffiffiffiffiffiffiffiffiffi
pþ 1

p � ffiffiffi
p

p
)/(τλ,ent/p2)) as

Pbλ2c�1
p¼1 p3/2/(2τλ,ent)

[because d
ffiffiffi
x

p ¼ dx/(2
ffiffiffiffiffiffi
(x)

p
), and since dx = 1, we haveffiffiffiffiffiffiffiffiffiffiffiffi

pþ 1
p � ffiffiffi

p
p � ffiffiffiffiffiffiffiffiffiffi

(p)/2
p

].
We can approximate the latter expression as

[(λ2 � 1)
5/2 � 1]/(5τλ, ent) [since

Ð bλ2c�1
x¼1 x3/2/(2τλ,ent)dx

¼ (bλ2c � 1)
5/2 � 1

h i
=(5τλ,ent) to finally obtain

λst( _ε) _ε ¼
λst( _ε)�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
bλst( _ε)2c

q
τλ,ent/bλst( _ε)2c2

þ 1
5τλ,ent

[(bλst( _ε)2c � 1)
5/2 � 1]: (B2)

For a stretched chain with bλ2c 
 1, this expression is
equivalent to λst( _ε) _ε ¼ λst( _ε)

5=(5τλ,ent) and therefore
λst( _ε)

2 � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
5τλ, ent _ε

p
[Eq. (20)].

APPENDIX C: COMPARISON OF THE TMA AND THE
MODIFIED MCLEISH AND LARSON MODELS

We first compare the tube model (TMA) and the modified
McLeish and Larson model (ML model) in the linear regime
of deformation. Based on Eqs. (13) and (14), the simplified
version of the TMA expresses the tensile stress growth coef-
ficient in the linear regime of deformation as

ηþE,t(t) ¼ 3G0
N

ðt
0
[w(t0)Φeff (t

0)]dt0

¼ 3G0
N

ðt
0

ð
x
e�

t0
τ(x)dx*max

ð
x
e�

t0
τ(x)dx,

5
4

ffiffiffiffiffi
τe
2t0

r� �� �
dt0:

(C1)

In this expression, the unrelaxed fraction of initial tube
segments w(t) and the dilution factor Φeff (t) are expressed as
functions of time and the viscosity is calculated as an integral
over time of the unrelaxed fraction of initial tube segments.
Alternatively, it is possible to express the tensile stress
growth coefficient in the linear regime of deformation as a
pondered sum over x of the average orientation of each
segment x at time t,

ηþE,x(t) ¼
1
_ε
3G0

N

ðx
0
μ(x, t)d[w(x)Φeff (x)], (C2)

where μ(x, t) is the average orientation of the segment x
induced by the flow at time t,

μ(x, t) ¼ _ε

ðt
0
e�

2t0
τ(x)dt0: (C3)

In such a case, the unrelaxed fraction of initial tube seg-
ments w and the dilution factor Φeff must also be expressed
as functions of x. They correspond to w(t) and Φeff (t) at the
time t ¼ τ(x)/2, at which the segment x is relaxing [note that
τ(x) is divided by 2 to account for the effect of tube dilution].
Thus, w(x) ¼ w(t ¼ τ(x)/2) and Φeff (x) ¼ Φeff (t ¼ τ(x)/2).

These latter expressions can be simplified, based on the
assumption that when the segment x is relaxing, all segments
before x are already relaxed, leading to w(x) ¼ 1� x and
Φeff (x) ¼ max 1� x, (5/4)

ffiffiffiffiffiffiffiffiffiffiffiffiffi
τe/τ(x)

p� �
. By combining these
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expressions with Eqs. (C2) and (C3), we obtain

ηþE,x(t) ¼ 3G0
N

ðx
0

ðt
0
e�

2t0
τ(x)dt0d (1� x) max 1� x,

5
4

ffiffiffiffiffiffiffiffi
τe
τ(x)

r� �� �
:

(C4)

Equations (C1) and (C4) are first compared in the linear
regime of deformation. To this end, the corresponding
relaxation moduli are calculated from the derivative of
ηþE,t(t) and ηþE,x(t), as G(t) ¼ dηþE /dt, and the respective
complex moduli are determined from G(t) by using the
Schwarzl approximations [69]. The results obtained with
both approaches are compared in Fig. (14). It is observed
that both Eqs. (C1) and (C4) lead to similar results.
Nevertheless, using Eq. (C4) leads to a slight and systematic
underestimation of the final relaxation time of the chain,
due to the fact that the tube dilution effect is taken into
account by dividing τ(x) by 2, which does not account for
the extra-term coming from w(t)Φeff (t) � w(t)2 ¼ P

xP
y (exp

(�t/τ(x))*exp(�t/τ(y)))
	 


dy*dx .
P

x e
�( 2t/τ(x))dx.

In the modified ML model, the tensile stress growth coef-
ficient is expressed by Eq. (C2); however, the expression
μ(x, t) is replaced by the subtraction of the zz and rr compo-
nents of the individual orientation tensor S, calculated by the
differential equation [see Eq. (39)]. In Fig. 15, the results
obtained based on Eqs. (38)–(42) with λ= 1 and considering
a very slow rate of deformation are compared to the complex
modulus obtained from the TMA. It is observed that the final
relaxation time of both models is nearly identical; however,
the plateau level is increasingly higher with the ML approach
for smaller molar masses. This is due to the chain end correc-
tion applied in Eq. (42), w(x) ¼ min (1, (1� x)/1� x0)
instead of w(x) ¼ 1� x. To obtain similar results with the
TMA, w(t) should also be rescaled starting from x0:

w(t) ¼ (
Ð 1
x0
e� (t0/τ(x))dx/1� x0).

This can be easily demonstrated: in the case of an
unstretched chain, the ML model predicts

ηE( _ε) ¼ lim
t!1 (3G0

N / _ε)
ð1
x¼0

(Szz(x, t)� Srr(x, t))

� [(dw(x)Φ(x)/(dx))]dx

� 3G0
N

_ε

ð1
x¼0

2 lim
t!1 Szz(x, t)� Srr(x, t)
h i

(1� x)dx,

(C5)

with

lim
t!1 Szz(x, t) ¼

lim
t!1Azz(x, t)

trace lim
t!1A(x, t)

	 


¼ 1
3

2
τx

þ 2 _ε

2
τx

¼ 1þ τx _ε

3
, (C6)

lim
t!1 Srr(x, t) ¼

lim
t!1Arr(x, t)

trace lim
t!1A(x, t)

	 


¼ 1
3

2
τx

� _ε

2
τx

¼
1� τx _ε

2
3

, (C7)

lim
t!1 Szz(x, t)� Srr(x, t) ¼ τx _ε

2
: (C8)

Therefore, the ML model predicts the extensional viscos-
ity to be

ηE( _ε) �
3G0

N

_ε

ð1
x¼0

τx _ε (1� x)dx: (C9)

Equivalently, in this case, the TMA predicts the exten-
sional viscosity in Eq. (23) to be

ηE( _ε) ¼
ð1
0
3 G0

N w(t)ΦC(t) Φeff , _ε(t) dt

�
ð1
0
3 G0

N w(t)e�t _εw(t)dt

¼ 3
_ε
G0

N

X
x

X
y

_ετx

1þ τx
τy

þ τx _ε
dxdy: (C10)

FIG. 14. Comparison between storage and loss moduli obtained from
Eqs. C1 (thick colored curves) and C4 (thin black curves) for various PS
molar masses (from left to right: PS820, PS545, PS390, PS285, PS200,
PS185, PS133, PS100, PS50, and PS27).

STEADY ELONGATIONAL VISCOSITY OF LINEAR POLYMERS 215



This sum can be rewritten as

X
x

X
y

_ετx

1þ τx
τy
þ τx _ε

dxdy

¼
X
x

_ετx
2þ τx _ε

(dx)2þ 2
X
x

X
y.x

_ετx

1þ τx
τy
þ τx _ε

dxdy

[ 2
X
x

X
y�x

_ετx
2þ τx _ε

dxdy, 2
X
x

X
y�x

_ετx
1þ τx _ε

dxdy

" #

¼ 2
X
x

_ετx
2þ τx _ε

(1� x)dx, 2
X
x

_ετx
1þ τx _ε

(1� x)dx

" #
: (C11)

Therefore, the TMA estimates the extensional viscosity
to be

3
_ε
G0
N*2

X
x

_ετx
2þ τx _ε

(1� x)dx � ηE( _ε) �
3
_ε
G0
N*2

X
x

_ετx
1þ τx _ε

(1� x)dx:

(C12)

In the limit of linear deformation (ηE( _ε ! 0)),

Eq. (C9) leads to ηE( _ε ! 0) ¼ (3G0
N / _ε)

Ð 1
x¼0 τx _ε (1� x)dx

and Eq. (C12) to (3G0
N / _ε)

Ð 1
x¼0 τx _ε (1� x)dx

� ηE( _ε ! 0) � 2[(3G0
N)/( _ε)]

Ð 1
x¼0 τx _ε (1� x)dx, which con-

firms the similar results obtained in Fig. 15. However, for
intermediate rates, these Eqs. (C9) and (C12) differ
slightly, 2

P
x [( _ετx)/(2þ τx _ε)](1� x)dx�P

x τx _ε (1� x)dx
� 2

P
x [( _ετx)/(1þ τx _ε)](1� x)dx, leading to a different pre-

dicted extensional viscosity as confirmed in Fig. 16 at
intermediate rates.

The same considerations apply in the nonlinear regime of
deformation: for a stretched chain, the ML model predicts

ηE( _ε)¼ lim
t!1

3G0
N
_ε

ð1
x¼0

(Szz(x, t)� Srr(x, t))
dw(x)Φ(x)

dx
dx,

� 3G0
N
_ε

λ2
ð1
x¼0

lim
t!1Szz(x, t)� Srr(x, t)

� �
dx

¼ 3G0
N
_ε

λ2
ð1
x¼0

τx _ε

2
dx, (C13)

which gives in the limit of τx _ε/2
 1,

ηE( _ε)!τx _ε
2 
1

3
_ε
G0
Nλ

2: (C14)

Likewise, Eq. (23) of the TMA expressed in the limit of a
stretched chain leads to

ηE( _ε)¼
ð1
0
3G0

N w(t)ΦC(t)Φeff, _ε(t) dt

�
ð1
0
3G0

N w(t)e�t _ελ2dt¼ 3
_ε
G0
Nλ

2
X
x

_ετx
1þ τx _ε

dx, (C15)

which gives in the limit of τx _ε
 1,

ηE( _ε)!τx _ε
1
3
_ε
G0
Nλ

2: (C16)

This explains why in Fig. 16 both the simplified TMA
and the modified ML model give similar results for the
extensional viscosity ηE( _ε), apart for low molar masses
samples. As already mentioned, this is due to the chain end
correction taken into account in Eq. (42), in the modified ML
model.
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