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Abstract

For single node flow sets with fixed costs and constant capacities on the inflow and
outflow arcs, a family of constant capacity flow covers are known to provide the
convex hull in different special cases and are conjectured to provide it in the general
case. Here we study more general mixed integer sets for which such single node flow
cover inequalities suffice to give the convex hull. In particular we consider the case
of a path in which each node has one (or several) incoming and outgoing arcs with
constant capacities and fixed costs. This can be seen as a lot-sizing set with production
and sales decisions driven by costs and prices and by the lower and upper bounds
on stocks instead of being driven by demands as in the standard lot-sizing model.
The approach we take is classical: we characterize the extreme points, derive tight
extended formulations and project out the additional variables. Specifically we show
that Fourier—Motzkin elimination, though far from elegant, can be used to carry out
the non-trivial projections. The validity of the conjecture for the single node flow set
follows from our results.

Keywords Single node flow set - Flow cover inequalities - Lot-sizing with sales -
Convex hull - Extended formulation - Fourier—Motzkin elimination

Mathematics Subject Classification 90C11 - 90B30

1 Introduction

Here we study generalizations of single node flow sets with constant capacities for
which a simple class of flow cover inequalities provide the convex hull. Alternatively
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we are considering special cases of the constant capacity single-item lot-sizing problem
with sales, lower and upper bounds on stocks and possibly also constant capacities
and fixed costs on the sales.

The starting point is the single node flow set

(x,2): Z Xj— Z xj§b,0§xj§cjzjjeN,ze{0,1}|N| ,
JENT JEN—

with N = NT UN~, where N and N~ are disjoint sets.
A basic flow cover inequality for this set is the inequality

DG+ = A=) <b+AY i+ D x;
jer jev jENT\V

where 7 C N¥ suchthatA =3 7cj —b>0andV C N™.
In the constant capacity case when ¢j = c for all j € N and b is not a multiple of
¢, the constant capacity flow cover inequality

Z(xj—(C—A)Zj))SEJ/\+AZZJ-+ Z Xj, )

jerT jev JEN—\V

is valid for T € N*,V € N~ and » = [27c — b.
It is known that the addition of the constant capacity flow cover inequalities gives

the convex hull when N~ = ¢ [17] and it is conjectured/assumed to be true when
N~ #£ 0.

To simplify the notation, for two integers n; and ny, > ny, we let [ny,n3] =
{ni,...,nz}.Foravectora € R" andfor T C [1,n], weleta(T) = ZjeT aj. When

T = [k, t], we use ay; instead of «([k, t]), to denote Z;zk aj.

We generalize the single node flow set by considering the set of flows with constant
capacities and fixed costs along a directed path. Suppose that we have a digraph with
n nodes. Let sets N,+ and N, for t € [1,n] be such that Nl+ cC ... C N,f and
Ny C...C N, .Wedefine N, = N, UN; fort=1,...,n,N* =N, N~ =N,
and N = NFUN . Let ST Cc Nt, ST Cc N,S=STUS,ay,...,a, and
by, ..., b, bereals sothata, < b; forallt € [1, n].

We define set X to be the set of solutions to the system

ar <5y <b; tell, n],
si =x(NH) —x(N;) t €[l,n],
X < CjZj j S S,

xeRM zeqo, ).

Here variable x; for j € N;“\Ntt1 denotes an inflow at node ¢ with fixed cost variable
zjif j € 8%, xj for j € N, \N,_, is an outflow variable at node ¢ with fixed cost
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Fig.1 Flows on a Dipath

variable z; if j € S~ and s, is the flow (positive or negative) from node ¢ to node
t + 1, see Fig. 1.

Set X is also the feasible set of a lot-sizing problem with lower and upper bounds
on stocks as well as multiple production and sales modes, possibly with capacities
and setup costs (note that the constraints s, = x(N,"') — x(N;) fort € [1,n] can
equivalently be written as s;_1 +x(N,+\Ntt1) = x(N; \N,_|)+s; fort € [1, n] with
so = Oand NS' = N, = ¥).Inparticular, x; for j € N,"’\N:r_1 is the amount produced
using mode j in period 7, with a setup variable z; if j € S*, x; for j € N7 \N,_ is
the amount sold using mode ; in period ¢, again with an associated setup variable z;
if j € S™ and s, is the stock at the end of period ¢.

Such sets also arise in the constant capacity fixed charge network flow problem.
A digraph G = (V, A) is given with node-arc incidence matrix D, lower and upper
bounds a;, b; on the net flow entering at node ¢ € V and constraints a < Dx < b,
0 <x <cz,z € {0, 1}"“| where x; is the flow on arc j and z; = 1 if capacity is
installed on arc j. Aggregating the constraints over a subset of nodes V/ C V gives

a(Vh) =x(V', VAV'D) = x((V\V', V') < b(V"),

where [V/, V\V'] is the set of arcs that start in set V' and end in set V\V’ and
[V\V’, V'] is the set of arcs in the opposite direction. That, along with the variable
upper bound and integrality constraints produces a single node flow set with both
lower and upper bounds on the net flow.

Some special cases and restrictions of set X have been studied previously:

1. The single node flow set is the special case of X withn = 1,ST = NT,§~ = N~
and a; = —o0o. The first results on this set can be found in Padberg et al. [17]. They
describe the flow cover inequality when the capacities are varying for the case
with N~ = {. The case with outflows is examined in Van Roy and Wolsey [22].
Further generalizations can be found in Gu et al. [13] and Louveaux and Wolsey
[15]. Stallaert [20] introduced a complementary class of flow cover inequalities
and Atamtiirk [2] developed the class of flow pack facets. Recently Atamtiirk et al.
[6] present path inequalities for fixed charge network flow problems significantly
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generalizing flow cover inequalities.
In the constant capacity case, it was shown in [17] that the addition of the flow
cover inequalities suffices to give the convex hull when N™ = (. For N~ # (,
Atamtiirk [3] showed that adding the inequalities (1) suffices when the z variables
are nonnegative integers. The same result with z variables in {0, 1}" is reported
to hold in Atamtiirk et al. [4], but we have not found any proof in the literature.
2. The capacitated lot-sizing set is the restriction obtained by setting z; = 1 and
xj = cj (i.e., sales is equal to demand) for j € N~ in the case where N;" and
N, are singletons for ¢ € [1,n], ST = NT, S~ = N7, a4, = 0 and b; = oo
for t € [1,n]. Single-item lot-sizing was first treated in the seminal paper of
Wagner and Whitin [23]. Valid inequalities that are sufficient to describe the con-
vex hull for single item lot-sizing sets are given for the uncapacitated case (c;
arbitrarily large for j € N*) in Barany et al. [7] and the constant capacity case
in Pochet and Wolsey [18] (c; = ¢ for j € NT). Optimizing over this set with
time dependent capacities is NP-hard (see [8,11]). Lot-sizing with stock upper
bounds was first treated in Love [16]. Valid inequalities are presented in Atamtiirk
and Kiiciikyavuz [3] both with and without fixed charges on the stock variables.
See Wolsey [24,25] for a tight extended formulation and the equivalence to lot-
sizing with production time windows. Other equivalent problems are presented in
van den Heuvel and Wagelmans [21].

3. The lot-sizing set with sales is the restriction obtained by setting z; = 1 for
Jj € N7 in the special case where N,Jr and N, are singletons for ¢t € [1, n],
StT=NT,5 =N",a =0and b, = oo fort € [1, n]. In this setting the fixed
demands are zero. If nonzero fixed demands exist, then this can be handled by
defining a;, = dy; for ¢t € [1, n], where dy; is the camulative fixed demand for
periods 1 to 7. Valid inequalities and convex hull results for the uncapacitated case
where the fixed demands are zero but stock lower bounds are possibly nonzero
(representing safety stocks, or equivalently stock lower bounds are zero and fixed
demands are possibly nonzero) are given in Loparic et al. [14]. Note that lot sizing
with sales models are equivalent to lot sizing with lost sales, studied among others
in Aksen et al. [1]. Most of the above lot-sizing results are collected together in
Pochet and Wolsey [19].

An important observation concerning the results on lot-sizing sets is that the valid
inequalities depend explicitly on the demands in each period. Here in contrast we
suppose throughout that fixed demands are zero and sales may possibly be capacitated.
Thus feasibility in X is entirely determined by the inflow (production) and outflow
(sales) capacities and the bounds on the stocks.

A similar set arises in the warehouse problem in which the aim is, given an initial
stock and a capacitated warehouse, to decide when to sell and purchase a product to
maximize profit. This problem does not impose capacities on production and sales;
instead it includes an initial stock, a stock capacity and a constraint imposing that
the sales amount in a given period cannot exceed the stock amount from the previous
period. Wolsey and Yaman [26] present convex hull results for variants of this problem
and show that the nontrivial facet defining inequalities are flow cover inequalities
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based on single node set relaxations. The approach taken there is to present tight
extended formulations based on properties of the extreme points and then project out
the additional variables using Fourier—-Motzkin elimination. The same approach will
be used here.

Throughout the paper, we consider constant capacities, i.e.,c; = c forall j € N.
We provide the following results:

1. adescriptionofconv(X)when St = NT,§™ = N~,a; = —oco andb; mod ¢ =
bforallt € [1, n] (this proves the conjecture about the convex hull of the constant
capacity single node flow set),

2. a description of conv(X) whenn =1, ST =N, S™ =N"anda; <0 < by,
(this provides a stronger result than that of the conjecture about the convex hull
of the constant capacity single node flow set),

3. adescription of conv(X) when ST = N*, S~ = 0, N,Jr and N, are singletons,
a; =0and by mod c = b forallt € [1,n],

4. a tight extended formulation for conv(X) in the “discrete lot-sizing case” when

St = N*+,5" =@, N and N, are singletons, x, = cz, for all ¢ € [1,n] and
the bounds a; < b, are arbitrary,
5. adescription of conv(X) in the “discrete lot-sizing case” when ST = N1, S~ = 0,

Nt+ and N, are singletons, x; = cz; forallt € [1, n], a; = a and b; = b for all
t € [1,n]witha mod ¢ < b mod c.

Most of our results are based on the assumption that by, mod ¢ = bora, mod ¢ =
aora; = aandb; = bforallt € [1, n]. This is the case, for instance, for the lot sizing
problem with sales and no fixed demands where the parameters a; and b;’s represent
lower and upper bounds on the stocks that are typically constant over the time horizon.
However our assumption may be restrictive if these parameters are determined by time
varying demands.

2 The extreme points of conv(X)

A standard approach for solving lot-sizing problems and optimizing over the set X
is through the use of regeneration intervals. These results follow immediately from
the work of Love [16] treating stock upper bounds and Florian and Klein [10] dealing
with constant production capacities. We present briefly the main ideas.

— With stock bounds, the interval [k, £] is a regeneration interval if sp_; €
{ax—1,br_1}, s¢ € {ag,be} and a; < s; < b, fort € [k, £ — 1].

— Any extreme point solution can be decomposed into a series of regeneration inter-
vals plus a (possibly empty) final interval [k, n] with sx_; € {ax—1, br—1} and
a; < sy < by fort € [k, n]. Note the net inflow in the interval is s, — s;_1. We
also assume so = ap = bg throughout.

— When the setup variables z ;’s are given, optimizing over set X becomes a minimum
cost network flow problem for which the basic variables do not form a cycle in an
extreme point. This implies that there can be at most one inflow or outflow arc x,
whose flow is not at one of its bounds in each regeneration interval.
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— Consider aregeneration interval [k, £]. Set 8x o = s¢ —sxk—1 mod c. When 8§; ; >
0, all x; are at their bounds with one exception x, for some g € [k, £]. Due to the
constant capacities, either x, is an inflow variable with g € ST and Xg = Ok, Or
it is an outflow variable with ¢ € S~ and x; = ¢ — ¢ ¢. If §y = O or it is a final
interval, all x variables are at their bounds.

— A minimum cost solution for each regeneration interval can be found in polynomial
time using dynamic programming. Finally optimizing over X is polynomial using
a shortest path algorithm to find the optimal partition of the interval [1, n] into
regeneration intervals.

We now specialize to the cases treated below.

Proposition 1 Suppose that by mod ¢ = b forallt € [1,n] and let A = c — b.

(i) Whena; = —oo forallt € [1, n], at an extreme point of conv(X), there is at most
one j € SwithO < x; <c Ifj e ST, then x; = ¢ — Aandif j € S~, then
Xj=A

(ii) When S™ =@, ST = NT and a, = O for all t € [1,n], at an extreme point,

xj € {0,c—A,c}forj e Nt and s, mod c € {0,c — A} fort € [1,n]. In
addition, if x; = ¢ — A for some j € NtJr\N:il then s;—1 mod ¢ = 0 and s;
mod ¢ =c¢ — A.

Proof (i) The regeneration intervals with so = 0 and sy = 0, or sx_; = by_ and
s¢ = bghave 8y = 0,s0x; € {0, c}forall j € NZ“\N,:F_I.The only other regener-
ation intervals have s = 0 and sy = by. Then §1¢ = ¢ — A and the claim follows. If
sp # by thenx; € {0, c}forall j € (N\Ny—1)NS where [k, n] is the last interval.

(i) The regeneration intervals with s;_; = 0 and s, = 0, or sx—1 = by_; and
s¢ = by have 8¢ = 0,50 x; € {0,c} for all j € (N¢\N¢—1) N S. The other
possibilities are sy = 0 and s, = by or sp—1 = br—1 and sy = 0. In the first case
xj =c— A forsome j € N[+\N:1 provides a jump from s,_; mod ¢ = 0 to s;
mod ¢ = ¢ — A. The second transition is only possible if x; mod ¢ = ¢ — A for
some j € N, \N,_; and x; € {0, c} for j € N/ \N;" . Finally, if 5, ¢ {0, b, },
thenx; € {0, c} forall j € NJF\N,:F_l where [k, n] is the last interval.

O
3 Convex hull results for the case of setups both for inflows and
outflows
In this section, we consider the case with ST = N1 and S~ = N~. We are first
interested in the convex hull of the mixed integer set X < defined as
X(NS) =x(N7) < bt €[1,n], ©)
0<x;<cz; jEN, 3)
z; €{0,1} jeN. 4)
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Set X< is a special case of set X with ST = NT, S~ = N~ and @, = —o0 for
t € [1, n] and variables s; projected out.

In the sequel, we prove that when b, mod ¢ = bfort € [1,n]Jandb > 0,conv(X <)
is described by the constraints (2), (3), z; < 1 for j € N and inequalities

x(T) = (c—Mz(T) < \fj J A+x(NA\V) +Az(V) 5)

t
C

for c T € N;5,V € N, andt € [1,n] where A = ¢ —b. If b = 0, then inequalities
(5) are implied and conv(X<) is described by (2), (3)and z; < 1for j € N.

3.1 An extended formulation

We use the property of the extreme points derived in Proposition 1 (i). For j € N7,
we define variable z}. to be 1 if x; = ¢ and 0 otherwise and variable z? to be 1 if

x; = ¢ — A and O otherwise. Similarly, for j € N, we define variable z} to be I if

xj = c and 0 otherwise and variable z2 to be 1 if x; = A and 0 otherwise. We provide
an extended formulation using these additional variables.

Proposition2 When by mod ¢ = b for all t € [1, n], the following is an extended
Sformulation for set X <:

N =N =N < {%J tell,nl, (6)
2N +ANT) =1, @
j+25-2,<0 jeN, ®)
2}.55=0 jeN, ©)
zj<1 jeN, (10)
2, 25.2,€{0,1} jEN, (11)
xj=czj+ (=N jeNT, (12)
xj=czh+1z3 jeN. (13)

Proof Suppose that b, mod ¢ = b for all t € [1, n]. It is easy to see that for any
extreme point (x, z) of conv(X <), there exist z!, 72 such that (x, 7,2, zz) satisfies the
system (7)—(13). Point (x, z, z!, %) also satisfies (6) since this inequality is obtained
by rewriting constraint (2) using the additional variables, dividing it by ¢ and applying
rounding. Now for any (x, z, z!, z2) that satisfies the system (6)—(13), (x, z) clearly
satisfies (3)—(4). Fort € [1, n],
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x(NF) = x(N7) = 2" (ND) + (¢ — W22 (N — ez (NT) — a22(N))
= c(z' (V) = 2" (N]) = Z2(N)) + (€ = M2 (N + 22 (N)))

b
§c{lJ+c—A=bt.
c

So (x, z) also satisfies (2) and is in X<. This proves that (6)—(13) is an extended
formulation for set X <. O

Next we prove that the extended formulation is tight. For this purpose, we first give
a very simple lemma.

Lemma 1 Let

{6 O () ()]

If 81, 8% € A, then either 8' + 8> € Aors' — 8% € A.
Proof 1Tt suffices to check case by case. O

Proposition 3 At the extreme points of the polytope defined by (6)—(10), z}, z?, zj are
0-1forall j € N.

Proof To prove this, we show that the matrix associated with constraints (6)—(8) is
totally unimodular (TU).

Given an expression Y ;cc+ wj — Y ;- wj thatis partofa0, + 1, — 1 constraint
and a partition (J*, J7) of a subset J of the variables where we associate weights
+ 1 and — 1 to the members of J* and J~ respectively, the weight associated to the
expressionis [JTNCY|+|J-NCT|—|JTNCT|—|J-NCT.

We use the characterization of Ghouila-Houri [12]: Given a 0, + 1, — 1 matrix, the
matrix is totally unimodular if, for any subset J of the columns, there exists a partition
(J*, J7) of J such that the weight associated to each row is 0, + 1 or — 1.

We observe that each variable z; only occurs once with other variables, and can be
ignored. Thus we only need to consider the z }., z? variables. In addition if both z} and

z? lie in J, the two variables cannot be assigned the same weight due to constraints
(8).

Given a subset J of the variables, we order them selecting first from Njp, then
N>\ Ny, etc.

Let xj (¢) be the weight assigned to the left hand side of constraint (6) for ¢ by taking
just the variables 1, ..., j that are in J. If j € Ni, we observe that x;(t) = x;(k)
fort > k and x;(t) = x(¢) for j' > jandt < k. In addition, if j + 1 € Ny, then
Xj+1() = x; (@) for t < £. Similarly let n; be the weight assigned to the left hand
side of constraint (7) by taking the variables with indices 1, ..., j that are in J.

As induction hypothesis, suppose that there exists an assignment of the pairs of
variables for 1, ..., j with j € Nj such that x;(t) € {0,+1, -1} fort < k and
(xj(k),n;) € A. Consider the pair of variables (z}H, z%H) with j + 1 € Ny. Since
Xj+1() = x;@) fort < £, x;j(t) = xjk) fort > k and x;(t) € {0, +1, —1} for
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t <k, we have x;41(t) € {0,+1, -1} fort < £. Now to show that the induction
hypothesis holds for j + 1, it is sufficient to show that we can assign weights to z} 1
and Z?H’ whichever are in J, such that (x;j4+1(€),nj4+1) € A. If Z}+l isin J, we
assign it weight 4+ 1 and if zz._H isin J, we assign it weight — 1. It is easily checked
that (x+1(€) — x;(€), nj+1 —nj) € A.

Since x;j(€) = x;(k) and (x;(k),n;) € A, (xj+1(£), nj41) is the sum of two
vectors in A and thus by the lemma their sum or difference is also in A. So by possibly
switching the assignment of the variables (z} e z% 41) lying in J, we have extended
the assignment to j + 1. Finally observe that when j = 0, (0,0) € A, so the result
holds for j = 0. The claim follows by induction. O

3.2 Projection

Next we project out the additional variables to obtain a linear description in the original
space.

Theorem 1 When by mod ¢ = b for all t € [1,n], conv(X<) is described by the
constraints (2), 3), z; < 1 for j € N, plus the inequalities (5) for T < NtV C N
andt € [1, n].

Proof Substituting (¢ — A)z% =Xx;— cz} for j € Nt and Az? =Xxj— cz} forje N~
in (6)—(10) and setting o ; = z} for j € NT and Bj = z} for j € N—, we obtain

A (N 4+ (¢ — MB(N) < V%JA+)C(N,‘) t€[l,nl, (14)
Ax(NT) —ca(NH) + (c =M (NT) —cB(NT))) < Ac—n),  (15)
rj>x;—(c—MNzj jeENT, (16)
(c—MBj>xj—hrz; jeN~, (17)
Xj>caj jE NT, (18)
xj>cBj jeEN, (19)
;>0 jenNt (20)
Bi =0 jeN~, 21
zj<1 jeN, (22)

where (14) and (15) come from (6) and (7), (16) and (17) come from (8), and (18) and
(19) come from the non-negativity of z?.

We prove the theorem by projecting out the variables « and g from the system (14)—
(22). We first show that after projecting out the variables «; and f; for j € N\Ng,
the resulting polytope is given by

t
C

A (N;T) + (¢ = MB(N,) < \fj J A+x(N7) tell k], (23)
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M (ND + (= DBIND + Y j—e—nzpt+ Y (o —azpt

JENIANS JENT\N,

< {%J A+ x(N7) telk+1,n], (24)
AX(N) + (¢ = Mx(N;) — hea(N;) — (¢ = MeB(N) < Ac — 1), (25)
Xj>caj jE€ N;T, (26)
xj>cBj jEN,, (27)
A > (xj—(c—Mz)T je N, (28)
(c—=MBj > (xj—Arzj)T jeN,, (29)
x(N7)y —x(N7) <b, telk+1,n], (30)
Xj <czj J € N\Ng, 3D
xj >0 jeN\Ng, (32)
z; <1 jeN. (33)

We prove this result by induction. When k = n, we obtain the system (14)—(22). Now
we first project out o, for some u € N ,j \N, ,:1 using Fourier—Motzkin elimination.

Combining inequality (26) with (28) give x, > 0 and x, < cz,. Combining
inequality (26) with (25) gives

A (NI + (¢ = Mx(Np) = kea(NE\{ud) — (€ = WeB(N) < (e = ).

We treat (23) for + = k and (24) for ¢ € [k + 1, n] together. Combining them with
(28) gives

e (NAu) + = DBINO + > (= =1zt
JENFANFUu)
+ Z (xj — )sz')+ < {%J A+x(N;7) telk n]
JEN;\N,

Combining (23) for t = k and (24) for ¢ € [k + 1, n] with (25) gives

MIND + e =x(ND+e Y. ==zt +e D =zt
JENSANS JEN\N,
<Ab; +cx(N) 1€ [k, n). (34)

For t = k, inequality (34) gives x(N,:r) — x(N, ) < br. Now we prove that (34) is
dominated when ¢ > k. Inequality (34) is equivalent to the family of inequalities:
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AN+ (= Wx(ND +e Y (xj = (e = M)z))
jeT

+c Z(xj —Azj) < Aby +cx(N;)
jev

(35)

forall T C Nﬁ'\Nk+ and V C N, \N, . For given T and V, this inequality can
be obtained by taking x(N,") — x(N,") < b, with weight A, —x; < Oforj €
NP\(N U T) with weight A, x; — cz; < 0for j € T with weightc — 1, —x; <0
for j € N, \(N, UV) with weightc — A and x; — cz; < Ofor j € V with weight A.

The elimination for all o, ’s withu € N;"\N," , is the same. After eliminating these

variables, we obtain the polytope given by

A (N) 4 (c = WB(NT) < V J A+x(N7) tellk—1],

t
c

(36)

MNZDHC=MBNO+ Y ==t + Y g —azpt

JENI\NZ, JENT\N
by -
C

)Lx(N,:r_l) + (c = Mx(N, ) — Acot(N,j_l) —(c—=WMcB(N;) < Alc—A),
Xj>caj jE€ N,:r_l,

xj>cBj jEN,,

A > (xj—(c— Mzt je N,

(c=MBj = (xj—rz))" jeN,

x(N;7) —x(N7) < b telk,n],

xj <cz; je(N\N)UN/,

xj =0 je(N\No)UN,

z; <1 jeN.

(37)

(38)
(39)
(40)
(41)
(42)
(43)
(44)
(45)
(46)

The next step is to eliminate 8, with u € N, \N,_,. Combining (42) and (40) gives

X, > 0and x, < cz,.Combining (38) and (40) gives

AX(NE D)+ (e = WX (N \{ud) — rea (N ) — (¢ — WeBIN \{u}) < A(c—4).

Combining (42) with (37) for t € [k, n] gives

Mt (N )+ (e = BN ) + X jeprnr | (@ = (e = M)z T

X enrwp o (55 = A2t = | B a0 e kol
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Finally, we combine (38) with (37) for ¢ € [k, n] to obtain
MNE D+ = Dx(NO+e - Y0 ==zt +e D0 g —2azpT
JeN\N | JENT\N;
< Ab;+cx(N;) t €]k, n].

It can be proved as above that these inequalities are redundant. All variables g, with
u € N, \N,_, are projected out in the same way.

We obtain the result of the theorem for k = 0 with NO+ = N, = Nop = ¢. In this
case, inequalities (24), which are the only nontrivial inequalities, become

b
Z (xj — (c— A)Zj)+ + Z (xj —Azj)+ < \\?’J A+x(N7) te[l,n],
jent jeN,
which are equivalent to the flow cover inequalities (5). O

With n = 1, observe that the single node flow set conjecture from the Introduction
is now proven.

3.3 Extensions

As we did not assume that b;’s are positive, there is an immediate corollary:
Corollary 1 Let X be the set of solutions to the system
X(N) = x(N7) za t €[l nl,

Oijfczj jEN,
z; €{0,1} jeN.

If a; modc = a fort = 1,...,n, then conv(X>) is described by the original
constraints and the inequalities

+ 4
XNT) +az(D) = a [ 2|+ x(V) = € = @)2(V) “7)

forallt € [1,n], T C N;r andV C N; .

Again if a = 0, then the inequalities (47) are implied and the original constraints are
sufficient to describe the convex hull.

Set X is the intersection of sets X> and X<. As shown by an example in Sect. 6,
conv(X) # conv(X>) N conv(X<) in general. However, this holds in some special
cases, in particular when n = 1.
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Theorem2 [fn =1, a; <0 < by, then conv(X) = conv(Xs) Nconv(X<).

Proof Suppose thatn = 1, a1 < 0 < by and we are minimizing } ;. y(fjz; + &;x;)
over sets X, X< and X with (f, g) not equal to zero. Let X(f, g), X<(f, g) and
X~ (f, g) be the respective sets of all optimal solutions. We would like to show that
X(f,g) € X=(f,g) or X(f,8) € X<(f,g) and hence all optimal solutions lie on
a face defined by one of the facet defining inequalities of conv(X>) or conv(X<).

Suppose to the contrary that X(f, g) ¢ X>(f,g) and X(f,g) € X<(f, 8.
There exists (x',z) € X(f, g9)\X>(f,g). Since (x',7') ¢ X->(f,g), we have
min gex X jen (fj2j+85%j) > ming nex. Y jen(fjzj+8jx;). Then X(f, g)N
X>(f,g) = ¥ and consequently X(NT) —x(N7) > by for all (x,2) € X=(f, 8).
In this case, at extreme points of conv(X>) that are in X>(f, g), x; € {0, c} for all
jeN.

Let NI ={j e NT: fj+cgj >0, NI ={j e Nt : fj+cgj < 0}and
Ny =1{j e NT: fj +cg; = O} Similarly, N = {j € N~ : f; +cg; > O},
NZ ={jeN : fj+cgj <0and Ny ={j € N~ : fj +cg;j = 0L If
(x,z) € X>(f,g) and it is an extreme point of conv(X>), then we should have
xj=cforall j e NYUNZ andx; = 0forall j € NI UNLZ since if there exists
j € NI UNCZ with x; = 0 (respectively, j € NI U NZ with x; = c¢) then setting
zj = 1 and x; = c (respectively, setting z; = 0 and x; = 0 (this produces a feasible

solution since x(NT) —x(N~) > Pl—‘ ¢ and PL—]—‘ c¢—c > 0> aj))gives a feasible

¢
solution with a better objective function value. Hence |[NX| — [NZ| > P’L—l—‘
There exists also (x', 7') € X(f, g)\X<(f, g)- Following the same arguments, we
get that [NT| — |[NZ| < [ % |. We obtain IV%—‘ < [ % |, which is a contradiction. So
X(f.8) S X=(f,8) or X(f,8) S X<(f,8). o

4 Convex hull results for constant capacity lot-sizing with sales and
stock upper bounds

Here we consider the case where ST = N1, S~ = ¢, NlJr and N; ’s are singletons,
a; =0and by mod c =b > 0fort € [1, n]. To simplify the presentation, we use x;
to represent the inflow (production) at node ¢ and y; to represent the outflow (sales)
at node . We define set Y to be the feasible set of the system:

st =sSi—1+x —y t €[l n] (48)
so =0, (49)
0<s, <b tell,n], (50)
0<x <cz tell,n] (51)
v >0 tell,n], (52)
7z, €{0,1} te[l,n]. (53)
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This is the feasible set of the constant capacity lot-sizing problem with sales and
stock upper bounds. Again we define A = ¢ — b.

4.1 An extended formulation

Using the property of the extreme points derived in Proposition 1 (ii), we introduce
the following variables to obtain an extended formulation for set Y

al =1 if x, = ¢ and 0 otherwise,

af = if x;, = ¢ — A and O otherwise,

ol = u—’ . the integer multiples of ¢ of s,

0,2 = if s; mod ¢ = ¢ — A and O otherwise.

With these new variables, we have x, = ca! + (¢ — M)a? and s, = co,! + (c — A)o?
fort € [1, n].

Proposition 4 The following is an extended formulation for set Y when b, mod ¢ = b
forallt € [1,n]:

x; = ca) + (c—Na? 1 e[l,n], (54)
S = CO’tl + (¢ — )»)6,2 t €[1,n], (55)
Vi =S8—1+x —s5¢ t€l[l,n], (56)
so = od = 002 =0, (57)
ol +al—o! =0 rell,n], (58)
ol 4ol +al vaP—ol —6r =0 re[l,n], (59)
al +a? —z, <0 tell,nl, (60)
a} —02 <0 tell,n], (61)
ol < L%J t €[l,nl, (62)
ol >0 te(l,nl, (63)
0<a,0?,0f,2 <1 tell,n], (64)
a,l,atz,otl,otz,z, integer t € [1,n]. (65)

In addition the polytope defined by (57)—(64) is integral.

Proof Suppose that by mod ¢ = b for all # € [1,n]. Let (x, s, y, z) be an extreme
point of conv(Y). From Proposition 1 (ii), we have that there exist !, &?, ! and o2
such that x, = cozt1 +(c— )L)oel2 and s, = ca,1 +(c— )»)o*,2 with atl > 0 and integer and
al,a?, 0% € {0, 1} for ¢ € [1, n]. The fact that if x, = ¢ — A thens;, mod ¢ =c¢ — A
implies oztz < atz fort € [1, n].

Letr € [1,n]. Ifoz,1 = 1, then we have s; | + ¢ > s; implying that otl_l +1> a,l.
If o:tl = 0 and x, = 0, then s,_1 + 0 > s, implying that 0,1_1 > atl. If a,l = 0 and

Xx; = c— A, thens; 1 mod ¢ = 0. Therefore s;_| = col s < co'tl_1 + (¢ —A) and

-1
thus o; < 0;_1. Thus in every case athl + oz,l > o,l.
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The inequality cotl_l + (¢ — k)otz_l + ca} + (¢ — )\)a? — catl —(c— )»)a,2 > O can
be rewritten as (c — A) (0, | +02 |+l +a?—o! —oP) + A0} | +a —al) > 0.
We know that atl_l +al —o! >0.1f atl_l + a! — ol = 0, the above inequality
implies Utlfl + atal + oz,l + atz > 0,1 + otz. On the other hand if O'tlfl + oetl — atl >1,
thenas o’ | +a? —o7 > —1, weagainhave 0! | +02 | +a! +a? > 0! +02.

Fort € [1, n], constraint s; < b; is the same as co*,1 +(c —)L)o*,2 < b; which implies

0,1 < L%J Also constraint x; < cz;, which is the same as coz,1 + (c — )»)atz < czg,

gives ! +a? < z,.

Hence for each extreme point (x, s, y, z) of conv(Y), there exist al,o?, ol and o2
such that (x, s, y, z, al,a?, ol 02) is feasible in the extended formulation.

Next, we show that for any (x, s, v, z, al, a?, o', o2) thatis feasible in the extended
formulation, (x, s, y,z) € Y. Itis easy to see that (x, s, y, z) satisfies (48)—(51) and
(53). To show that y; > 0, observe that y; = (¢ — ) (otl_l + 0,2_1 + atl + af — o,l —
0,2) + )L(atl1 —l—atl — otl). As both O'tlfl + 01271 —|—a,1 —l—atz — atl — 0,2 and 0117] —l—oztl — 6,1
are nonnegative, the result follows.

To prove that the polytope defined by (57)—(64) is integral, we show that the
constraint matrix associated with (58)—(61) is totally unimodular. We again use the
characterization of Ghouila-Houri [12]. Let A* be the same as the set A of Lemma 1,
except that the last two vectors are replaced by (1 1 )T (—=1-1 )T . Lemma 1 also
holds for A*.

First we observe that the variables z; just occur once and can thus be ignored.

Consider a subset J of the remaining variables and let J;_; be those variables in J
with subscript at most k£ — 1. The induction hypothesis is that there exists a partition
(J,j_l, Ji_ ) of Ji— with associated weights (4 1, — 1) such that

2

(i) the weights associated to the constraints (58)—(61) fort < k—1liein {0, +1, —1}
(i) the weights 8! associated to the terms (akl_l , akl_l + okz_]) from (58)—(59) for
t = k are such that 8! € A*.

Now we show that we can associate weights to Ji such that the induction hypothesis
holds for k. If present in Ji \ Jx—1, we assign the variables with okz and a,f to the same
set so that the weight associated to (61) lies in {0, 1, —1}. Also oe,l and a,% are assigned
to different sets of the partition so that the weight associated to (60) lies in {0, 1, — 1}.
Now let 52 be the weight associated to the terms (oz,i — akl, oz,l + a,% — akl — okz) from
(58)—(59) for t = k. First we observe that if less than two of the subscript k variables
lie in Ji, then 8% € A*. Below we propose 11 possible assignments when two or more
of the subscript k variables lie in Jg.

We have thus verified case by case that 8> € A*. Now 8! and 82 can be combined
to give a vector in A* showing that there is a partition of J; in which the weight
assigned to rows (58)—(59) for t = k lies in {0, 1, — 1}. Also none of the assignments
assign 0’k1 and 0k2 to the same set, and thus the weight 8! associated to (akl, akl + akz)
lies in A*.

Finally the induction hypothesis holds for £ = 1 taking aol = 002 = 0 and thus the
claim follows by induction. O
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0‘11 oz]% O’kl ok2 8% 3%
JT J~ JT J~ 0 0
Jt J~ Jt . 0 -1
J- Jt . Jt -1 -1
Jt . Jt J~ 0 +1
. Jt J~ Jt +1 +1
Jt J~ . . +1 0
Jt Jt . 0 0
Jt . . Jt +1 0
Jt Jt . -1 0
Jt . Jt 0 0
Jt J- -1 0

4.2 Projection

Theorem3 If b, mod ¢ = b forall t € [1, n], conv(Y) is described by constraints
(48)—(51), z; < 1 fort € [1, n], plus the inequalities

t

b
sp—5; <A L—IJ + E min{x,, (c —M)z,} j €[l,nl,t €[j+1,n],
C
u=j+1

t
5 < A L%J + Zmin{xu, (c =Mz} t €[1,n).

u=1

Proof We start with the extended formulation (54)—(64) and we project out the vari-

ables oe,l , oz,z, atl, atz variables working down fromt =n,n —1,..., 1.

Consider the sets R¥

xr <cz telk+1,n], (66)
x;>0telk+1,n], (67)
s >0 1elk+1,n], (68)
st <bs telk+1,n], (69)
St < S§—1+xr t€lk+1,n], (70)

b t
s,—s,»g)\L—’JJr > min{x,, (c =Mz} jelk+Lnltelj+1.n] (71
C

u=j+1
b t
5 < A L—’J + > minf{x,. (€ — Dz} + (¢ = Moy +07) t € lk+1,n],
¢ u=k+1
(72)
and Qk
X =ca) +(c—Na? tell, k], (73)
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s =cal +(c —Mo? tell,kl, (74)
S0 = 0’01 = 0’02 = 0, (75)
ol [ 4+al —al =0 rell, k], (76)
o+l talvat—0! —6r >0 e[l k], (77)
o +of —z, <0 t e[l k] (78)
a? —02 <0 1e[l,kl, (79)
1 _| b
C
ol <1 tellkl, (81)
o’ 0l >0 1ell k], (82)
al >0 tell k], (83)
<1 tell,n] (84)

Note that Q" N R" is the original system and Q° N RO is the final system with
variables y; projected out.

We prove by induction that after eliminating the variables with subscripts t =
n,n—1, ..., k+1,theresulting projectionis Q¥ N R*. The proof is given in “Appendix
1. O

5 Convex hull results for constant capacity discrete lot-sizing with
sales and stock bounds

Here we consider the discrete lot-sizing version in which x; = cz; for all ¢ € [1, n].
Let set Z be the set of solutions to

Si—1+cz =5 t €[1,n], (85)
so =0, (86)
st <b; t €[l,n], 87)
st >a; t €[1,n], (88)
7z € {0, 1} t € [1,n]. (89)

We assume that a; < b;, by = min{b;, b;—1 + ¢} and a; = max{a;, a;+1 — c} for
all t € [1, n] with by = 0 and a,,+1 = —0o0.

5.1 Extreme points and extended formulation

Let FF = {a1,..., a4, B1, ..., Bu, 0}, where «j = a; mod c and B; = b; mod ¢
for all j € [1,n].

Observation 1 In an extreme point of conv(Z), s; mod ¢ € F forallt € [1,n].
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Observation 2 With the change of variable {; = —z1; and oy = s, — cz1; = 8¢ + &y,
we obtain the equivalent model:

or—oi—1 <0 tell,n], (90)
or—ct < b t e[l n], 91)
or—c& >a; t e[l n], (92)
G —G-1=01efln] (93)
G —CG-1=—11elln], (94)
o0 = ¢o =0, (95)

G eZtelln]

This is a dual network MIP, see [9]. From Observation 1, o; /c can only take at most
the K + 1 distinct fractional values in F' with K < 2n and thus from Section 4 in [9]
one obtains the tight polynomial size extended formulation of the convex hull that we
now describe.

We order the elements of F'\{0} in decreasing order, i.e., fo =c > f1 > -+ fx >
fx+1 = 0 Let £; and k; be the positions of «; and S, respectively, in this ordering.

The extended formulation is

K
o=y (fj = fi+0n tell,nl,
=0

w_y—ul =0 jel0,K]telln]
Wl =it <0jer0, kK —11, reflnl,
uK =)0 <treqtn,

_ b
Mgkt D _ & < \\?IJ tell,n], B = fkt’

uf’—szL%J+1te[1,n]:ar=fe,>0»

0 ar
u,—;vzbj telln]:a =0,

G —6-1<01ell n]
G—&-1>—1rell,n]
S0 =0,
ph=0iel0, K],

where the interpretation of the p variables is as follows: u? = I_‘Z—’J w = p.? if

o —c|%] < fjand ul = n? + 1 otherwise.
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5.2 Projection

We provide the description of conv(Z) whena; = a and b, = bforallt € [1, n]. Here
B =>b mod cand @ = a mod c. We present the case in which 8 > o > 0. One has
K =2, (fo, f1, f2, f3) = (c, B, «, 0) and the extended formulation becomes:

o1 = (c— By + (B — ) +au; t €[1,n], (96)
iy —ul>0iel0,2],¢e[l,n], 97)
pwh— it <0ie[0,1], re[l,n], (98)

ui—pu) <1, rell,n], (99)

w =& < EJ tell.nl, (100)

wi-az ||+ 1 el (101)
C

& =461 =0 tell,n], (102)

G —&G-1=—11ell,n] (103)

%o =0, (104)

wh=0ielo,2]. (105)

We will now show that the projection on the o, { space gives just the inequalities:

b
or < Ap \;J +Apg t €[1,n]
C

and

b —
01 — Ok < Ap—a {TaJ +Ap—a(& —G) kell,n]t elk+1,n],

where A, = ¢ — f and Ap—, = ¢ — B + «. In other words,

Theorem4 Ifa; = aand by = b forallt € [I,nland B = b modc > o = a
mod ¢ > 0, then conv(Z) is described by the constraints (85)—(88), z € [0, 1]" and
inequalities

b
s < Ap {—J + (c —Ap)zi t €[1,n], and
C

b—a
St — Sk—1 < Ap—q {TJ +(c—Ap—a)zke k €12,n],t €[k, n].

Proof We suppose that 8 > « > 0. For k € [1, n], let P be the set of vectors that
satisfy (96)—(105) for ¢ € [1, k] and Ry be the set of vectors that satisfy (90)—(95) for
t € [k+1,n]and
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b—a

Gz—aqE(C—ﬂ+a){TJ+(C—ﬂ+ot)(§z—§q) g.telk+1,n]:q <t.

After elimination of variables for ¢ € [k + 1, n], we obtain P N Ry plus

b
—(B— )} —aui +o,—(c— P& < (c — B) M telk+1,n], (106)

_(ﬂ—a)ui+o,—(c—,3+a)§,g(c—ﬂ—i—a) {éJ—i—a telk+1,n].
(107)

For k = n, we have P,, which is the original system. When k = 0, we obtain Ry and
inequalities (106) and (107). We now show that the inequalities (107) are redundant.
For k = 0 and ¢ € [1, n], inequality (107) is

or—(c—B+a) <(c—B+a) EJ +a.

This can be obtained by taking o, — (¢ — 8)¢{; < L%J (c — B) with weight (8 — )/
and o; — c¢; < b with weight o/ 8. We give the induction proof for the intermediate
iterations in Appendix 2. O

The other cases in which« = 0 or « > 8 > 0 lead to the same result. However oy,
k; and ¢; are modified in the extended formulation and thus the projection also needs
to be modified.

Observation 3 If one modifies the set Z by replacing the single entering arc by mul-
tiple entering arcs with associated 0-1 variables th and sets z; = ZJJZ 1 z,j , the new
variables again give rise to dual network constraints, so that to obtain the projection
of this new set, it suffices to remove the bounds on z;, substitute for z; and add the
bound constraints 0 < le <lforjell,J],te[l,T]

6 Final remarks

Most mixed integer programming solvers are nowadays very good at generating flow
cover inequalities so it is doubtful whether the inequalities and extended formulations
presented here can have much computational impact. In particular it turns out that
the lot-sizing problem with constraint set Y that is not demand driven is easily solved
computationally. We see this work rather as part of a continuing attempt to analyze
and understand simple mixed integer programs. It also confirms that, for certain tight
extended formulations, Fourier—-Motzkin elimination, though tedious and far from
elegant, can be used to carry out non-trivial projections.

It is of interest to develop other valid inequalities for the case in which the constant
capacity flow cover inequalities do not suffice to give the convex hull.
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For example, consider an instance of the set X:

—4<x1—x4 =7,
—4=xi+x+x3—x4—x5—x5 =7,
Oij' < IOZj,Zj e{0,1} jell,6].

A facet-defining inequality for conv(X) is
—Xx3+ x5 +x6 —621 — 920 — 25 — 26 < 3.

This inequality is not a flow cover inequality. However it can be obtained by lifting a
flow cover inequality as follows. Combining inequalities —4 < x1 + x2 + x3 — x4 —
x5 — x¢ and x; — x4 < 7 gives x5 + x¢ — x2 — x3 < 11. A flow cover inequality
based on this relaxation is —x3 + x5 + x6 — 922 — 25 — z¢ < 9. This inequality is
valid when z; = 1. We can lift it with z; by computing an « for which the inequality
—x3+ x5 +x6 —920 — 25 — 26 < 9 — a(l — z7) is valid for X. The best « =
ming Hex:;;=0(9 + x3 — x5 — x¢ + 922 + 25 + z6). One optimal solution to this
minimization problem is x5 = 4, z5 = 1 and other components are zero. Then ¢ = 6
and we obtain the above facet-defining inequality. conv(X) also has more complicated
facet-defining inequalities such as

9x1 4+ 7xp + 9x3 — 6x5 — 6xX6 — 6321 — 720 — 2123 — 2724 — 925 — 9z6 < 42.

Finally, based on computational tests and an examination of small instances with
PORTA, we think that the following more general result holds:
Conjecture: If a; = a < 0 < by, = b forall ¢ € [1, n], conv(Y) is described by the
constraints (48)—(52), z; < 1 for ¢ € [1, n] plus inequalities

St —8j < Ap—q V%aJ +x(T) + (c — rp—a)z([j + 1,t\T)

forall j € [1,n—1],r € [j+1,nland T C [j+1,¢]where hp_q = [254] c—(b—a),
and

5t = Ap EJ +x(T) + (¢ = Ap)z([1, 1\T)

forallt € [1,n]and T C [1, t] where A;, = |_}Z’-| c—b.
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Appendix 1: Proof of Theorem 3
The proof is by induction. The result holds for k = n. We show that if it holds for &,

then it holds for k — 1.
For ease of presentation, we introduce ,, = min{x,, (¢ — X)z,} foru € [1, n].

Elimination of ai and olz(

The first step is to use the equations (73) and (74) for t = k to eliminate a,% and okz by
substitution.
Inequality (77) for t = k becomes
sk < (¢ — Mo + 02 ) + xx — Aaf + Aa. (108)
Inequality (78) for t = k becomes
xx < (¢ — Mzk + ra). (109)
Inequality (79) for t = k becomes
xk—call §sk—cak]. (110)
Inequality (81) for = k becomes
sk < col 4 (c — 1), (111)
Inequality (82) for ¢+ = k becomes
Xk > cay. (112)

Inequalities (72) for t € [k + 1, n] become

b
st <A {;’J + Tt 1, — A0 + Sk (113)

Elimination of a}(

Now we use Fourier—-Motzkin to eliminate o ,1 We have to combine the inequalities
(108) and (112) with the inequalities (76), (83), (109) and (110).
Inequality (76) with (108) gives
Sk < Xk + Sk—1-
Inequality (76) with (112) gives

xx = clol —al ). (114)
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Inequality (83) with (112) gives

x>0
Inequality (83) with (108) gives
sk < (¢ — Mo +0f_)) + xx + ra). (115)
Inequality (109) with (108) gives
sk < (€ =Mz + (€ = Mo + 07 ) +2rap. (116)

These inequalities (115) and (116) together give
sk < 7+ (¢ — W) (o) + 07 ) +2ra). (117)

Inequality (109) with (112) gives

Xk < CZk.
Inequality (110) with (108) gives
sk < xx + (o +op ). (118)
Inequality (110) with (112) gives
sk > cop. (119)

Note that inequality (118) is redundant as it is dominated by (114).

Elimination of O'}(

okl occurs in the inequalities (80), (113), (114), (119) and with the opposite sign in

(82), (111), (117). We treat inequalities (80) and (113) together as (80) is the same as
(113) fort = k.

Combining (82) with (119) gives
sp > 0.
Combining (111) with (113) for ¢ € [k, n] gives
csg — (¢ — A)sg < Aby + cmpy1 .
For t = k, we obtain

Sk < bg.
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For t € [k + 1, n], these inequalities are redundant. To see this, we take inequality
Sy — Su—1 < xy for [u € k 4 1, ¢t] with weight (¢ — A) and s; < b; with weight A. We
obtain cs; — (¢ — A)sk < Ab; + (¢ — A)xg+1,.. Now (¢ — A)x, < cx, and as x, < czy,
(c —M)xy <clc—A)zy. Thus (¢ — XM)x, < cm, foru € [k + 1, t] and the inequality

is dominated. Combining (117) with (113) for ¢ € [k, n] gives
by 1 2
sp <A - + e + (¢ = A (op_y +o0i_y) t €[k, n]

Note that these are inequalities (72) of RF=T\ Rk,
Combining (82) with (113) for ¢ € [k, n] gives

by
St — S < - A+ Tyl

The inequality is redundant for ¢+ = k. For ¢t € [k + 1, n], we obtain the inequalities
(71) for j = k of R¥—1\ R¥.
Note that we have obtained all the inequalities describing R*~!.

It now suffices to show that the remaining inequalities are redundant for Q=1 N
R
Combining (82) with (80) and (114) give {%J > 0and x; +co)_| > 0, respectively.
These are both redundant.

Combining (111) with (119) gives ¢ — A > 0, which is redundant.

Combining (111) with (114) gives

S < xp + cakl_l + (c — A).

Combining (117) with (119) gives

(c = A)sp < cmp +c(c— )L)(akl_l + crkz_l).
Combining (117) with (114) gives

csy < (¢ + AM)mp + cSk—1.

The last three inequalities are all dominated using (114), s < xx + sx—1 and (118),

. _ . _ 1 2
Xx < czj together with 7 = min{xg, (c — A)zx} and sy = co_| + (c — Mo ,.

Now the result follows by induction as R® N QY is as claimed in the Theorem. O

Appendix 2: Proof of Theorem 4
Suppose that after the elimination of variables for t € [k + 1, n], we obtain Py N Ry
plus inequalities (106) and (107) for ¢ € [k+ 1, n]. We will show that after eliminating

ug, u,i and u,%, we obtain Pi_1 N Ry_1 plus inequalities (106) and (107) for ¢t € [k, n].
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Elimination of 1)

The first step is the elimination of ,ug by substitution. The inequalities /Lg < :“24 ,
w < phopd — g < | 2] and u2 — ud <1 give

ok < (¢ — BIUY_; + (B — ) + aug, (120)

or < (c — )y +aug, (121)
b

ok — (¢ = Bk < (c — B) M + (B — )y +aui, (122)

—ok 4+ (B—ph +(c—B+a)ul < (c—p), (123)

respectively.
Elimination of ]

Now we eliminate u}( using Fourier—Motzkin elimination. Overall, after eliminating
u,((), we are left with Py_; N Ry plus (97), (98), (101), (106), (107), (120), (121), (122)
and (123).

The constraints involving ;1,,1 are all these inequalities except (97) for i = 2 and
(101).
As (122) is the same as (106) for t = k, we treat them together.

The resulting inequalities are: (97) and (106) for ¢ € [k, n] give

(B—a)p_; =01 —(c—p) (a + H) —aui telknl.  (124)
(97) and (107) for ¢ € [k + 1, n] give
B—a)y_y = 01— (c—B+a) <§, + EJ) —a telk+1,nl] (125)
(97) and (120) give

(B =)y = 0% — o — (¢ — By, (126)

(97) and (121) give (c — a)u}c_l > o) — oeu,%. This is redundant since adding (126)
and (c — B) times :“1171 > ugfl gives this inequality.
(98) and (106) for r € [k, n] give

b
Bui = o1 — (c— B) QZJ + é“z) t € [k, n]. 127
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(98) and (107) give (B —a)u? > 01 — (c — B+ ) (& + L%J) —a t €[k+1,n]. This
is redundant as it can be obtained by taking b > o; — c¢; with weight % and (127) for

t with weight £2¢.
(98) and (120) give
Bui = o — (c — Png_,. (128)
(98) and (121) give

cu? > oy. (129)

(123) and (106) for ¢ € [k, n] give

Gk—(C—ﬂ)M%Jr(C—ﬁ)(VJ+1+Cr>szz t € [k, n].

c

Fort € [k+1, n], the inequality is redundant since adding Cf;ﬁa times (131) (obtained

from (123) and (107) below) and L,_/;++a times o > oy gives this inequality. Fort = k,
we obtain

b
mi — o < 1+ M (130)

(123) and (107) give

ok—(c—ﬂ—l—a)u,%—l—(c—ﬂ—i-a)(\fﬂ—i—l—l—{,) >0 tek+1,n]. (131)

c

(123) and (120) give u? < p? | + 1. Thisis redundant since u? < p? | < u?  +1.
(123) and (121) give

—oy + C/L]% <c-—o. (132)
The resulting formulation is Py_1 N Ry plus inequalities
(125) 0y —(c=B+a)g —(B—a)u) | <(c—B+a)|2|+a telk+1n]

that do not involve y,% and the following families of inequalities that involve ,u%: 97)
fori = 2, (130), (132), (131), (129), (101), (128), (126), (127) and (124).

Elimination of ll,z(

Here we need to combine the four inequalities (97) for i = 2, (130), (132) and (131)
with the six inequalities (129), (101), (128), (126), (127) and (124) to eliminate u,%
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Combining (97) and (126) gives (90) for t = k:
o —ox—1 < 0.

Combining (97) and (124) gives for ¢ € [k, n]:

1 2 b
or— (=B —(B—a)up_ —apj_; < (C—ﬂ)L J

¢
These are inequalities (106) for ¢ € [k, n].
Combining (130)and (127) for t = k gives:

ok — ¢l < b,

which is (91) for t = k.
Combining (130) and (124) for r = k gives

b
ok —(c—B+a) —(B—a)uj_ <(c—B+a) M +a.

This is (107) for t = k. Together with (125), we have (107) for ¢ € [k, n].
Combining (132) and (101) gives (92) for t = k:

—0) + clk < —a.

Combining (131) and (101) gives fort € [k + 1, n]

b a
at—ak—(c—ﬂw)(r:,—zk)s@—ﬂw)(M - H)

Cc

These are inequalities (106) since L}%J = LIE’J — L%J .
The remaining combinations are redundant:
Combining (97) and (129) gives

ox — C“l%—l <0.
It is redundant taking o1 — (c — )l | — (B —a)u} | —apu?_, = 0 with weight
Ll | —pi | <0with weight (c — B), 1 — 17, < 0 with weight (c — ) and

—0k—1 + o < 0 with weight 1.
Combining (97) and (101) gives

2 a
Mg+ &k = — LzJ -1

It is redundant taking —¢x— + ¢ < O with weight 1 and g — pf_; < —[ 4| — 1
with weight 1.
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Combining (97) and (128) gives
0 2
or — (¢ — Big_y — Buj_1 < 0.

It is redundant taking ox—1 — (c — B)ul_| — (B — )i, —api | = 0 with weight
1, ,u,lcf] — /L%71 < 0 with weight (8 — «) and —o}_1 4 ox < 0 with weight 1.
Combining (97) and (127) for ¢ € [k, n] gives

b
—(c= P& —Buri_, < —B) M :

It is redundant taking (106) o; — (¢ — B)& — (B — 0‘)“1171 — 0‘“1%71 <(c—pB) L%J
with weight 1 and ] | — p? | < 0 with weight (8 — a).
Combining (130) and (129) gives

S———)

This is redundant taking oy — cgx < b.
Combining (130) and (101) gives

b a
o<|]-14].
c c
This is redundant as a < b.

Combining (130) and (128) gives

0 b
o —(c—Bug_1 — B < B <1 + {ZJ) .

This is redundant taking ox_1 — (¢ — ﬂ),ug_l - (B - Ol)li}(_l — au,%_l = 0 with

L -w),

1y —u <1 with weight £ (c — B) and —ox_1 + op < 0 with weight <£.
Combining (130) and (126) gives

weight #, ox — ¢ty < b with weight é, puho —ui o <

b
ok —(c—Puy_ — (B—auj_ —af <« (1 + LEJ) )

This is redundant taking —(8 — &)} | +ox — (¢ — B+ )& < (c— B +a) LIEJJ +o
with weight =g, ok—1 — (¢ — Bl | — (B—a)ui | —api | =0 with weight

Lcﬂix, /Lk 1~ //“271 < 1 with weight “(‘ﬁJra and —oy_1 4+ or < 0 with weight
c—p
c—B+a

Combining (130) and (127) for ¢t € [k + 1, n] gives
—(c—=B)& — B&k < b.
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This is redundant taking oy — c¢¢ < b with weight £, o, — ¢, < b with weight <2
and —o;_1 +o; < 0 with weight £ for j € [k +1,17].

Combining (130) and (124) for ¢ € [k + 1, n] gives

or— (=B — (- — el < (c—f+a) EJ +a.
This is redundant taking ((107) for k) —(8 —oz),u,ifl 4or—(c—B+a) < (c—B+
a) LIE’J + « with weight C_;ﬁ, ((107) for t) —(B — O‘)M/Ll 4o —(c—B+a) <
(c—B+a) L%J + o with weight 1 — C_;ﬁ and —o;_1 +0; < 0 with weightc_gﬁ
for j € [k +1,¢].
Combining (132) and (129) gives

c—a>0

which is redundant.
Combining (132) and (128) gives

(c = Bk — (¢ — B)eud_; < (c —a)p.

This is redundant taking ox_1 — (¢ — ,B),u&1 - (B - ot)/L,Ll — 01111%,1 = 0 with
weight (¢ — B), iy — i, < 0 with weight (¢ — B)(B — &), ug_| — iy <1
with weight (c — B)B, —ox_1 + 0% < 0 with weight (¢ — B)and (c — B)B < (c —a)B
with weight 1.

Combining (132) and (126) gives

(c —a)ox —clc = Pug_y — (B — )y < alc—a).

This is redundant taking ox_1 — (¢ — ,B),ug_l - (B - Ol)/i}(_l — au,%_] = 0 with
weight (c — &), uf | — u}_; < 0 with weight a(B — &), u7_; — pu{ | < 1 with
weight a(c — o) and —oy—1 + or < 0 with weight (¢ — «).

Combining (132) and (127) for ¢ € [k, n] gives

b
cor —c(c — B)g — Box < Blc —a) + (c — B)c {;J .
This is redundant taking o; — c&; < b with weight (¢ — B), —oj_1 + o; < 0 with
weight g for j € [k + 1,11, b(c — B) = B(c — B) + (c — B)c | 2| with weight 1 and
B(c — B) < B(c — o) with weight 1.
Combining (132) and (124) for ¢ € [k, n] gives

b
cor — (e — )& — aop — c(B — a)puy_y < clc — B) L J + (¢ —a)a.

c
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This is redundant taking ((107) for #) oy — (c — B + )& — (B — a)u}(_l <

(c—B+a) | 2 ]+a withweight L5E op 1 —(c—p)pf_ | —(B—e)p}_j—aui | =0
(=)

with weight ug_l — ,u,l(_l < 0 with weight o (8 — o), /L]%_l — “2—1 < 1 with

c—p+a’
2
weight ac_(%;_‘;), —0—1 + ox < 0 with weight (Z‘[(—ﬁﬁfa) and —oj_1 + 0j < 0 with
weight C_"/‘S"Jra for j e [k+1,1].

Combining (131) for t € [k + 1, n] and (129) gives

b
cop—clc—=p+a)l—(B—a)op =clc—p+a) Q;J + 1)-
This is redundant taking —oj_1 + o; < 0 with weight (8 — «) for j € [k + 1,1],
oy — ¢ < b with weight (c — 8 4+ «) and 8 < ¢ with weight ¢ — 8 + «.
Combining (131) for ¢ € [k + 1, n] and (128) gives

Bor — B(c — B+ )+ (c = 2B+ a)ox — (c — B+ a)(c — Bu]_

sﬂ(c—ﬂw)(HH).

Casel.c—2B84+a >0
This is redundant taking ((107) fort) oy — (c — B+ )¢ — (B — oz),u,l(_1 <(c—B+
@) | 2] +a withweight B, 041 —(c =Bl | —(B—)u}_—au?_, = 0with weight
c—2B+a, /L,lc_l - ,u,%_l < 0 with weight (8 — a)(c — 8 + @), _“2—1 + ,u,%_l <1
with weight B(c — B) and —oy—1 + ox < 0 with weight c — 28 + «.
Case2.c—28+a <0
This is redundant taking o; — c¢; < b with weight W#, ot —(c— B+
a){,—(ﬁ—a),u}c_l < (c—pB+a) L%J—i—a withweight(c_ﬂ;a#,u}c_l—uf_l <0
with weight (c — ) (c — B+ ), —/Lgil +,4,sz1 < 1 with weight (c — 8)(c— B +«)and
—0j-1+0j <0forj € [k+1,t] with weight 28 — ¢ — a.

Combining (131) for ¢t € [k + 1, n] and (126) gives

a0+ (c = Bow — (e = B+ ) (b + (c = Pl + (B —uf_,)

foz(c—ﬁ+oz)<EJ+l>.

This is redundant taking ((107) for ) —(8 — oc),u,lcf1 +or—(c—B+a) <(c—
B+a)| 2|+ a with weight a, ox—1 — (c = P)ud_| — (B —a)u} | —apu? =0
with weight (¢ — ), /,L]%_l — “2—1 < 1 with weight a(c — ) and —o}_1 +0r <0
with weight (¢ — B).

Combining (131) for ¢t € [k + 1, n] and (127) for g € [k, n] gives

Bloy — (c =B+ a)5 ]+ (c = B+ a)log — (c — B)gy] — Bok < (c — B+ )b.
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Case 1.1t > g

This is redundant taking o, — c&; < b with weight (c — B +a)B/c, 04 — ¢ty < b with
weight (c — B +a)(c — B)/c, —0j—1 + 0; < 0 with weight 8 for j € [k + 1, g] and
—0j-1 +0; <0 with weight 8(8 — ) /c for j € [q + 1, 1].

Case2.t <gq

This is redundant taking o, — c&; < b with weight (c — B +a)B/c, 04 — ¢ty < b with

weight (¢ — B +a)(c — B)/c, —0j_1 + 0 < 0 with weight B for j € [k + 1, t] and
—0j_1 +0; <0 with weight 8(c — B +a)/cfor j € [t +1,¢].

Combining (131) for ¢t € [k + 1, n] and (124) for q € [k, n] gives

alo; — (c = B+ a)i ]+ (c — B+ a)log — (c — B¢yl
b
—ao —(c—B+a)(B—auj_, < (c—ﬁ+a)[(c—ﬂ+0t){ J+a].

c

This is redundant taking ((107) for ) —(8 — oz),u,l_l +o,—(c—B+a) < (c—

B+a) L%J + o with weight «, ((107) for g) —(8 — ot)pc,l_l +o;—(c—B+a); <

(c—B+a) L%J + o with weight (¢ — B) and —o;_; + 0; < 0 with weight o for
jelk+1,q]

The iteration is complete and we obtain the formulation with k replaced by k — 1.

m}
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