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i



ii

nal, un compilateur ou encore un cluster. Je souhaiterais aussi adresser
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pour celui ou celle qui l’entreprend, mais peut-être encore plus pour
celui ou celle qui l’accompagne. Le mot merci n’est sans doute pas assez
fort pour lui dire toute la gratitude que j’éprouve envers elle. Ce qui
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INTRODUCTION

1.1 Context

Supersonic ejectors are passive flow devices which have been exploited
for a long time in several applications, notably to serve as vacuum gen-
erators in power stations, in the food industry or in aerospace engi-
neering [13]. Their use is also considered in the field of propulsion
[4, 5, 65, 80]. Nowadays, considerable attention is being paid to the
enhancement of the performance of processes in a wide range of appli-
cations. In the areas of refrigeration and air-conditioning, heat-driven
ejectors systems appear to be a promising solution [16, 78]. In such
cycles, supersonic ejectors are used to compress a fluid by using low-
grade heat release which would be wasted otherwise, or renewable en-
ergy sources such as solar energy [25, 44].

The concept of a solar air-conditioning cycle is shown in Fig. 1.1. As
in common refrigeration systems, heat is absorbed at a certain temper-
ature in an evaporator and released at a higher temperature level in a
condenser. However, the compressor that is normally placed between
both heat exchangers in vapor-compression systems has been removed
and replaced by an ejector. While a compressor requires electricity as
energy input, the ejector cycle offers the advantage of primarily con-
suming thermal energy. Indeed, as may be seen in Fig. 1.1, heat must
be provided to a boiler (or generator) in order to achieve the evapo-
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2 CHAPTER 1. INTRODUCTION

ration of a certain fraction of the refrigerant load. Logically, this ad-
ditional evaporation process must take place at a temperature higher
than the temperature prevailing in the condenser. Hence, ejector refrig-
eration cycles are sometimes referred to as three-thermal systems. Note
that electrical energy is still needed in these installations as liquid fluid
must be pumped at the exit of the condenser to feed the boiler. For
off-grid configurations, electricity may, for example, be provided by a
photovoltaic system (see Fig. 1.1), because liquids requires much less
energy than gases to be compressed.

Figure 1.1: A supersonic ejector in a solar air-conditioning cycle [44].

The main advantages of ejector refrigeration systems lie in their
mechanical simplicity, the limited maintenance needs, the low initial
and operational costs and their ability to work with environmentally
friendly refrigerants [16, 39]. Nevertheless, the low performance coeffi-
cient of ejector refrigeration cycles as well as the considerable deteriora-
tion of their performance for operating conditions departing from their
design values have prevented ejector refrigerators to penetrate the mar-
ket [16]. Due to its importance on the whole system, the ejector in itself
is actually the main responsible for these shortcomings [25, 42, 77]. The
fundamentals of ejector operation are presented below.
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1.2 Ejector phenomena

1.2.1 Ejector operation and performance

Within a supersonic ejector, two fluids with different stagnation pres-
sures are mixed to obtain a fluid with an intermediate stagnation pres-
sure at the discharge. The stream with high stagnation pressure is
known as the primary (or motive) stream while the entrained fluid
with low stagnation pressure is referred to as the secondary (or suc-
tion) stream. In the present work, they are identified with the indices 1
and 2, respectively.

The typical layout of an ejector is shown in Fig. 1.2. It essentially
consists in a primary nozzle placed in a secondary nozzle whose throat
is extended, thereby forming a mixing duct, also termed mixing chamber.
Depending on whether the exit section of the primary nozzle lies in the
converging part or in the constant-area section of the secondary nozzle,
one generally refers to constant-pressure or constant-area mixing ejectors,
respectively [25].

mixing duct di↵userprimary nozzle

ṁ1

ṁ2

p01

p02

pout

secondary nozzle

}
Figure 1.2: Typical layout of a supersonic ejector.

Although the geometrical structure of a supersonic ejector is rela-
tively simple, the compressible turbulent mixing occurring within is
rather complex [16, 42, 68]. In a similar way to a single nozzle flow, the
primary stream reaches sonic conditions in the vicinity of the throat of
the primary nozzle and the primary mass flow rate, ṁ1, is therefore not
sensitive to downstream conditions and depends only on the primary
reservoir conditions. This limitation of the mass flow rate in a noz-
zle is generally referred to as the choking condition [73]. The primary
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stream further accelerates in the diverging part of the primary nozzle
and thus comes out as a supersonic jet with high velocity and low static
pressure. The secondary stream accelerates towards this low pressure
region and is entrained within the ejector through a turbulent transonic
mixing layer.

Depending on the geometry of the ejector and on the operating
conditions, the flow may also be choked within the secondary noz-
zle. As a consequence, for fixed reservoir conditions, the secondary
mass flow rate, ṁ2, may also reach a certain limit below a critical back-
pressure, indicated as p∗out. Under these circumstances, the ejector is
said to operate in on-design (or critical) conditions. One also refers
to double-choking operation since both flows are choked within the
ejector. Above the critical pressure, the flow within the ejector is single-
choked and the secondary mass flow rate is therefore sensitive to down-
stream conditions. It rapidly decreases with increasing back-pressures
until it reaches zero when the back-pressure equals a breakdown value.
Between the critical and the breakdown back-pressures, the ejector is
said to operate in off-design (or sub-critical) conditions. This regime is
logically also known as single-choking operation as solely the primary
stream is choked for this mode of operation.

A convenient way to depict the different operating modes of a su-
personic ejector for fixed reservoir conditions is to show the charac-
teristic curve of the ejector which represents the evolution of the en-
trainment ratio, ER = ṁ2/ṁ1, versus the compression ratio pout/p02. A
typical characteristic curve is shown in Fig. 1.3 where one may easily
identify the different operating regimes outlined above. Considering
the shape of the performance curve, it is logically preferable to oper-
ate the ejector in the vicinity of the critical back-pressure which corre-
sponds to the highest compression ratio achievable with the on-design
entrainment ratio [25].

Even though the limitation of the entrainment ratio for fixed reser-
voir conditions is a well-known phenomenon, there is still a lack of un-
derstanding of the complex flow phenomena at play within supersonic
ejectors [42]. Hence, there is no generally accepted methodology for
their design to this day [36]. This issue mainly stems from the difficulty
of predicting the choked flow condition that exists in the ejector [24, 69].
Indeed, as pointed out in [24], the performance of supersonic ejectors is
limited by this choking condition which is consequently critical in their
design and operation. Therefore, further detailed knowledge and mod-
eling of the choking process of the secondary flow is necessary [16, 59].

An additional limitation on the performance of supersonic ejectors
can be traced to the mixing phenomena at play, as transfers and irre-
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o↵-designon-design malfunction

critical point

breakdown pressure

ER

pout/p02p⇤out/p02

Figure 1.3: Typical characteristic curve of a supersonic ejector showing the en-
trainment ratio as a function of the compression ratio.

versibilities have a strong impact on the critical back-pressure [26, 81].
Hence, a better understanding of the mixing process is essential for im-
proving the efficiency of supersonic ejectors [17, 32, 77].

From a general point of view, there are two main categories of mod-
els regarding the complex flow phenomena taking place within su-
personic ejectors: one-dimensional models (1D) and models based on
Computational Fluid Dynamics (CFD). A brief state-of-the-art is pre-
sented below for the two approaches, with a special emphasis on chok-
ing and mixing phenomena.

1.2.2 Simplified models

Studies resorting to simplified models are plentiful, some of which date
back to the early 1950’s when a control volume analysis was applied to
the mixing of two streams using mass, momentum and energy con-
servation equations [50]. In order to derive analytical expressions, the
mixing was assumed to occur either at constant pressure or in a duct
of constant area. As mentioned by He et al. [42], the initial model of
Keenan et al. [50] could, however, not give detailed information on the
choking phenomena.
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A few years later, based on shadowgrams of the flow within a rect-
angular ejector, two phenomenologies concerning the choking of the
secondary stream were proposed by Fabri and Siestrunck [33]. Accord-
ing to the authors, when the stagnation pressure of the secondary fluid
is sufficiently high, the maximum induced mass flow rate may be lim-
ited by the secondary section at the primary nozzle exit plane. In other
words, in such cases, the secondary stream reaches sonic conditions at
the location where it comes into contact with the primary stream. The
authors named this phenomenology of choking the saturated supersonic
flow pattern, which is also referred to as choke I in [24]. Obviously, the
choking of the secondary flow in the saturated supersonic flow pattern
does not require any model of the flow within the ejector to determine
the maximum secondary mass flow rate as the latter may be easily com-
puted using the classical 1D theory for nozzle flows.

More importantly, a second phenomenology of choking for the en-
trained flow was also introduced in Fabri and Siestrunck [33], describ-
ing the so-called supersonic flow pattern. In this regime, the induced
secondary stream is assumed to accelerate as it flows along the pri-
mary jet and reaches unity Mach number at the section of maximum
expansion of the primary flow, i.e. in a sort of aerodynamic throat lo-
cated some distance downstream of the exit of the primary nozzle (see
Fig. 1.4). Although this choking model has received the appellation
choke II in [24], it will be referred to as the Fabri-choking in the present
study, in accordance with other works in the literature [1, 54, 55, 56].

Based on their assumption of a sonic section in the secondary stream,
so-called aerodynamic theories were proposed by Fabri and Siestrunck
[33], in which the on-design entrainment ratio is determined by the
compatibility conditions of two air streams flowing in the same duct
using mass, momentum and energy conservation equations for both
flows.

The idea of the Fabri-choking was taken up by many researchers
developing theoretical models of the flow phenomena occurring in su-
personic ejectors in on-design operation. It should be noted that the sec-
tion where the secondary stream is assumed to reach sonic conditions
within the ejector has received different names as hypothetical throat
[42, 48, 51], critical section [30] or effective area [24, 26, 63, 88]. Neverthe-
less, all these different denominations actually refer to the same theo-
retical phenomenology regarding the choking of the secondary stream.

Despite the widespread use of the Fabri-choking model, the only
experimental evidence of a sonic section in the secondary stream, to
this day, consists in wall pressure distributions reported by Fabri and
Siestrunck [33]. Indeed, the static pressure was found to fall to approxi-
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ṁ1

mixing duct

primary nozzle

aerodynamic throat
ṁ2/2

ṁ2/2 M2 = 1

Figure 1.4: Schematic diagram for the model of the Fabri-choking.

mately 50% of the stagnation pressure of the secondary stream at reser-
voir conditions, which roughly corresponds to the pressure at sonic
conditions under the assumptions of a 1D isentropic flow (p/pt = 0.528
for γ = 1.4) [73]. Since then, this is actually the sole argument that has
been proposed to attest the validity of the model of the Fabri-choking
[26, 63].

At about the same time as Fabri and Siestrunck [33], another theory
emerged in the propulsion field for the explanation of the entrainment
limitation in supersonic boosters. Based on a wave velocity argument,
a choked flow condition was derived in Pearson et al. [65] in the case of
two perfect gases with different stagnation pressures flowing through a
constant-area ejector. The obtained condition is such that the flow with
the greater total pressure is supersonic while the other is subsonic. An
equivalent result has been subsequently reported in Hoge and Segars
[47]. In both studies, the measurement of the static pressure at the wall
is used to corroborate the fact that the secondary stream remains sub-
sonic as the pressure drop that it experiences is not sufficient for the gas
to reach sonic velocities.

A few years later, based on the same assumptions as Pearson et al.
[65], a so-called one-dimensional compound-compressible nozzle flow
theory was developed by Bernstein et al. [14] for analyzing the behav-
ior of one or more gas streams flowing through a single nozzle. The
general conclusions of Bernstein et al. [14] were consistent with the re-
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sults of Pearson et al. [65]. Note that the term compound-choking was
introduced by Bernstein et al. [14] and is adopted in this study to des-
ignate the choking theory presented in their work.

Even though references to the works of Pearson et al. or Bernstein
et al. are reported in some articles of the following decade related to
ejectors [43, 53], the author of the present manuscript did not find re-
cent studies referring to the compound-choking theory. Indeed, for an
unknown reason, the Fabri-choking model is used as the foundation
of almost all state-of-the-art simplified models of supersonic ejectors
[20, 21, 30, 48, 57, 87, 88, 89].

An in-depth analysis of these models shows that they still have dif-
ficulty in predicting the entrainment ratio for on-design operating con-
ditions. The average deviation is still close to 8 % in [88] when real
gas effects are taken into account, even by using a fitting coefficient,
whereas a maximum error of 17% is reported in del Valle et al. [30],
who further models 2D features with a perturbation procedure.

Regarding the mixing process, it is generally assumed to occur down-
stream of the hypothetical throat, at constant pressure and/or in a duct
of constant area, according to the early contribution of Keenan et al.
[50]. In general, irreversibilities are accounted for using loss coefficients
determined by experiments [42]. These coefficients are usually taken as
constant values. As emphasized by Besagni et al. [16], this assumption
probably limits the performance of current simplified models.

1.2.3 Computational Fluid Dynamics

The current limitations of 1D models and the development of computa-
tional power has lead many research groups since the mid-2000s to use
Computational Fluid Dynamics (CFD) to simulate the flow in super-
sonic ejectors [9, 10, 11, 66, 70]. Even though first attempts at perform-
ing Large Eddy Simulations (LES) of supersonic ejectors may be found
[18], numerical studies available in the literature are mainly confined
to Reynolds-averaged Navier-Stokes (RANS) simulations [44, 74, 76].
As the RANS approach essentially relies on closure models, different
turbulence models are compared in many papers and the comparison
is generally based on the prediction of the entrainment ratio [9, 27, 31,
44, 59]. More recently, the suitability of several turbulence models for
capturing local flow phenomena has been assessed through a qualita-
tive comparison of the flow structure at the exit of the primary nozzle
[35, 91].

Since the first attempts at performing numerical simulations of su-
personic ejectors, CFD has been recognized as an interesting means
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of gaining insights into the complex phenomena taking place in such
devices [10, 28, 77]. However, in most cases, this technique is used
to predict the global performance of the ejector under varying oper-
ating conditions and/or geometries [19, 23, 44, 49, 66, 69, 76, 81, 84,
85, 86, 90]. Recently, information concerning local flow features have
been displayed through the analysis of iso-contours of Mach number
[29, 45, 49, 51, 69] and/or pressure profiles [7, 15, 22, 28, 31, 60, 67, 86].

With regard to choking phenomena, a qualitative study of the chok-
ing process within a supersonic ejector was proposed by Bartosiewicz
et al. [10] through the visualization of the iso-contour of Mach number
unity, named the sonic line. It has been emphasized by Hemidi et al.
[45] that looking at the sonic line along the ejector could help to find
the location of the critical section. However, in their study, the local
flow structure and the related phenomenology of the choking were not
investigated as the analysis was limited to a qualitative comparison of
the sonic line predicted by two different turbulence models. The idea of
using the sonic line for the investigation of choking phenomena within
the ejector was subsequently taken up by some authors but no special
attention was paid to the phenomenology of the choking strictly speak-
ing [22, 28, 49].

More interestingly, the Fabri-choking has actually never been ob-
served in numerical studies. Indeed, in several works where the iso-
contour of Mach number unity is shown for on-design operating con-
ditions, the latter is found to progressively expand from the exit of
the primary nozzle towards the wall of the ejector, with no apparent
sonic section in the core of the secondary stream [28, 29, 45, 49, 60, 69].
Hence, based on many numerical simulations of the flow in supersonic
ejectors, it seems that the choking process does not necessarily corre-
spond to the Fabri-choking phenomenology, on which state-of-the-art
simplified models are based. This issue has never been addressed in
the literature. In fact, a thorough investigation regarding the choking
mechanism within supersonic ejectors has not yet been proposed in the
literature, neither numerically nor experimentally.

Regarding transport phenomena, the mixing process is analyzed in
del Valle et al. [31] by introducing a scalar tracer for the mass fraction at
the entrance of the secondary stream, but no information is given con-
cerning the coefficient of diffusion that is used for the tracer. Further-
more, the authors indicate that the distinction between the primary and
the secondary streams no longer makes sense once the mixing shear
layer reaches the wall. Hence this method is not suitable for the quan-
tification of the local transfers between both streams.
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In addition to the analysis of the transfers, special attention should
also be paid to the role played by irreversibilities within supersonic
ejectors [39]. Although it is investigated in recent contributions [7, 28,
75], no distinction is made between the primary and the secondary
streams and/or no information is given concerning the relative impor-
tance of the different sources of entropy generation. There is actually
no study that really addresses in-depth the open question related to the
quantification and the location of the transfers and the irreversibilities
within the ejector, and their connection with the entrainment.

1.3 Research questions and objectives

As evidenced by the literature review, two fundamental issues are still
unresolved regarding the flow physics in supersonic ejectors, namely :

• how to characterize local transport phenomena responsible for
the mixing and losses in supersonic ejectors?

• what is the fundamental choking mechanism at the basis of the
entrainment limitation in supersonic ejectors?

According to the author, the potential of the RANS approach has
been, to this day, underexploited. Indeed, it is believed that a thorough
analysis of the results of such simulations may contribute to a better
understanding of both the mixing and the choking phenomena taking
place in supersonic ejectors.

Therefore, this thesis aims at gaining insights into the complex flow
physics in supersonic ejectors through numerical investigations with
special emphasis on mixing and choking processes that are crucial for
the limitation of their performance. More precisely, the main approach
consists in exploiting the vast potential of 2D RANS numerical simu-
lations to analyze the mixing and the choking phenomena in the post-
processing phase of the CFD calculations. Experimental investigations
are performed in order to validate these calculations both at the global
and at the local scales.

As shown above, new methodologies to study the mixing process
in supersonic ejectors are needed. Hence, the first objective of this work
consists in developing original post-processing methods for the quan-
titative analysis of the transport phenomena in such devices. Two dif-
ferent and complementary approaches are presented and applied to the
numerical results for fixed reservoir conditions in order to highlight the
sole effects of the back-pressure on the transfers and the irreversibilities
within the ejector.
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The second goal of this thesis is to provide a better understanding
of choking phenomena in supersonic ejectors. Hence, numerical re-
sults are thoroughly processed in order to shed light on the choking
mechanism at play when the ejector operates in the on-design regime.
The impact of the reservoir conditions and of the back-pressure on the
choking are carefully examined. Throughout these investigations, the-
oretical considerations are used to give physical explanations of the ob-
served phenomena. To the author’s knowledge, such a detailed study
of the choking process within supersonic ejectors has never been pro-
posed before.

The last purpose of this work lies in the development of an up-
graded experimental test rig for the investigation of mixing and chok-
ing phenomena in supersonic ejectors. The new installation aims at
correcting the shortcomings of the initial setup referred to in the rest of
the manuscript.

1.4 Structure of the manuscript

• Chapter 2

This chapter is devoted to a thorough description of both the ex-
perimental setup and the numerical methods used throughout
the manuscript. First, the focus is put on the experimental instal-
lation, the visualization system and the ejector geometry. Then,
the numerical tools are described in details, starting with the com-
pressible RANS equations and their closure. The properties of
the flow solver are subsequently presented as well as the struc-
ture of the computational domain. The verification and the val-
idation of the 2D numerical results are also included in Chapter
2. As mentioned above, the validation is performed both glob-
ally and locally. At the global scale, two characteristic curves
obtained by numerical simulations are compared to entrainment
ratios measured experimentally. At the local level, an experimen-
tal schlieren image and a numerical pseudo-schlieren are juxta-
posed in order to compare the flow structure at the exit of the
primary nozzle. Finally, the numerical results which are effec-
tively exploited in the following analyses are reported at the end
of Chapter 2 in order to ease the reference to the different cases
throughout the manuscript.
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• Chapter 3

New post-processing methods aiming at characterizing transport
phenomena in supersonic ejectors are presented in Chapter 3. Con-
sidering that the purpose of the ejector is to give compression
work to the secondary stream, particular consideration should be
given to exergy. Hence, the chapter starts by recalling the concept
of exergy, as well as the different exergy efficiencies defined in
supersonic ejectors. Then, two quantitative approaches are con-
secutively described and applied to the numerical results. First of
all, recent analysis tools based on momentum and energy tubes
[62] are extended to the present compressible flow context and
applied to the mean-flow structure of turbulent flow within the
ejector. Furthermore, the transport equation for the mean-flow
total exergy is derived and exergy transport tubes are proposed
as a tool for the investigation of transport phenomena within the
ejector. In addition to this topological approach, a control vol-
ume analysis is performed for the region occupied on average by
the secondary stream in order to quantitatively investigate trans-
fers between the primary and the secondary streams all along the
ejector. Finally, Chapter 3 also identifies the location of exergy
losses as well as their origins. Throughout the chapter, new local
and cumulative parameters related to transfers and irreversibili-
ties are introduced. This chapter is based on the following paper:

O. Lamberts, P. Chatelain, Y. Bartosiewicz, New methods for analyz-
ing transport phenomena in supersonic ejectors, International Journal
of Heat and Fluid Flow 64 (2017) 23-40.

• Chapter 4

In Chapter 4, the numerical results are thoroughly processed in
order to highlight the existence of a sonic section in the core of
the secondary stream for fixed reservoir conditions. The adopted
methodology essentially consists in bringing out the region of
the ejector where the secondary stream reaches sonic velocities
by constructing two fundamental lines in the ejector: the sonic
line and the dividing streamline. The analysis reveals that, for
the ejector geometry and the reservoir conditions under consid-
eration, the secondary stream reaches sonic velocities in a sort of
aerodynamic throat, as early postulated by Fabri and Siestrunck
[33]. The similarities and the differences between the observed
results and the established literature are highlighted. In addi-
tion, the complex flow signature brought to light by means of the
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numerical simulations is evidenced through experimental shad-
owgraphy. The exergy analysis introduced in Chapter 3 is then
applied to the secondary stream between the inlet and the sonic
section in order to quantify the transfers and the irreversibilities
upstream of this specific location. Finally, the impact of the back-
pressure on this particular flow feature is investigated. This chap-
ter is based on the following paper:

O. Lamberts, P. Chatelain, Y. Bartosiewicz, Numerical and experimen-
tal evidence of the Fabri-choking in a supersonic ejector, International
Journal of Heat and Fluid Flow 69 (2018) 194-209.

• Chapter 5

In Chapter 5, the focus is put on the choking mechanism respon-
sible for the entrainment limitation in supersonic ejectors. The
baseline configuration corresponds to the same geometry as in
Chapter 4 but with different reservoir conditions. As the observed
choking phenomenology is found to be properly described by the
compound-choking theory, the fundamentals of this theory are
recalled at the beginning of the chapter. The numerical results
are then thoroughly post-processed with the same approach as in
Chapter 4, namely by constructing the sonic line and the dividing
streamline. Subsequently, the ability of the compound-choking
theory to predict the on-design entrainment ratio is evaluated
against extensive experimental data available in the literature.
The performances of this theory are further assessed through a
comparison with state-of-the-art 1D models based on the Fabri-
choking assumption. Finally, the limitations of the compound-
choking theory are investigated numerically, with special empha-
sis on the impacts of the operating conditions and the geometrical
configuration on the ability of the compound-choking theory to
predict the entrainment ratio in the on-design regime. This chap-
ter is based on the following paper:

O. Lamberts, P. Chatelain, N. Bourgeois, Y. Bartosiewicz, The compound-
choking theory as an explanation of the entrainment limitation in super-
sonic ejectors, Energy 158 (2018) 524-536.

• Chapter 6

Chapter 6 is devoted to the development of an upgraded exper-
imental installation. The design of the new ejector is presented
and the main differences with the initial setup are emphasized.
Experimental results obtained with this second ejector facility are
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compared to 2D numerical simulations. The comparison is per-
formed both at the global and at the local scales and for differ-
ent operating conditions. The potential sources of disagreement
between the CFD and the experiment are discussed, including
3D effects which are investigated numerically for one operating
point.
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MATERIALS AND METHODS

2.1 Introduction

In this chapter, the experimental methods and the numerical tools used
in this work are presented in details. Section 2.2 is devoted to the de-
scription of the experimental installation, the visualization system and
the ejector geometry. The focus is then put on the numerical methods
in Section 2.3, including the compressible RANS equations, the flow
solver and the computational domain. The verification and the valida-
tion of the numerical results are also included in the present chapter
and are presented in Section 2.4. Finally, the numerical results effec-
tively exploited in the other chapters are reported in Section 2.5 in order
to ease the reference to the different cases throughout the manuscript.

2.2 Experimental installation

2.2.1 Experimental setup

The experimental setup used in the present work is shown schemat-
ically in Fig. 2.1. The working fluid is air for both the primary and
the secondary streams. An industrial compressor (model CE46B - Ate-
liers François) continuously fills a 2 [m3] reservoir with chilled air at 16
[bar] from which the primary stream is taken, whereas the secondary
stream is directly sucked from the atmosphere. The mixed stream is

15
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discharged into the ambient air beyond a butterfly valve serving for
the regulation of the back-pressure. The regulation of the primary stag-
nation pressure to the desired set point is ensured with a pneumatic
valve (model Bellofram T-2000) not shown in Fig. 2.1.

The locations of pressure, temperature, and mass flow measure-
ments are also shown in Fig. 2.1. Endress Hauser and Kistler pressure
transducers (uncertainty < ±300 [Pa]) are used for pressure measure-
ments and temperature measurements are taken using PT100 RTD tem-
perature probes (uncertainty < ± 0.5 [oC]). Mass flow rates are mea-
sured by means of the pressure drop across an orifice plate of known
dimensions. The values and uncertainties for these measurements are
determined according to ISO standard 5167 (uncertainty generally <
±0.9%). As the pressure losses induced by the orifice plates slightly
modify the reservoir conditions at both inlets of the ejector, additional
pressure transducers are positioned downstream of each plate to yield
the correct boundary conditions for the numerical simulations. The
measurement of the mass flow rate at the outlet of the ejector is actually
redundant but serves as an additional verification. For the experimen-
tal results reported here, the mass imbalance between both inflows and
the outflow was always found to be less than 1%.

2.2.2 Schlieren system

At the local scale, the shock reflection pattern within the supersonic
ejector is investigated through schlieren visualizations with a slightly
modified Z-type schlieren setup. Figure 2.2 shows the spatial arrange-
ment of the visualization system. Like for lens-type systems, the Z-type
mirror schlieren system takes advantage of having a parallel light beam
in the test region, but offers a larger field-of-a-view for a given cost [72].

A halogen light source of 150 [W] is used in combination with an
optical fiber and an iris diaphragm to achieve a point source of high
intensity light. The diameter of the mirrors is 200 [mm] and 300 [mm]
for the parabolic and the plane mirrors, respectively. Both types of mir-
rors are characterized by a λ/4 surface flatness. The focal length of the
parabolic mirrors is 1200 [mm].

Two different cameras are used in the present study. A Nikon D5000
camera is used at a pixel resolution of 4288x2848 with a focal length of
180 [mm] providing a spatial resolution close to 25 [pixel/mm]. With
this camera, the aperture and the exposure time is set to f/5.6 and
1/1000 [s], respectively. For the visualization of oscillating flow struc-
tures, a HighSpeedStar 3G from LaVision is used at a pixel resolution
of 1024x1024 with an exposure time of 1/15000 [s]. A spatial resolution
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Figure 2.2: Layout of the visualization setup (top view).

of approximately 5.5 [pixel/mm] is obtained with a ZEISS 85mm f/1.4
lens.

2.2.3 Ejector geometry

The ejector used in the present work has a rectangular cross-section to
avoid optical distortion with front and back surfaces made of Plexiglas
windows. The primary nozzle has a converging-diverging geometry,
as may be seen in Fig. 2.3 showing the definition of the different geo-
metrical parameters that are used throughout the document.

The height of the primary nozzle throat, the height of the primary
nozzle exit and the height of the mixing duct are noted Ht, H1 and
Hm, respectively. The cross-section at the corresponding location are
indicated as At, A1 and Am, respectively. For the present ejector geom-
etry, A1/At ' 1.33 and Am/At ' 4.53. Regarding the aspect ratio of the
cross-section, it is close to 8 at the throat of the primary nozzle, whereas
the nozzle exit is characterized by an aspect ratio slightly higher than 6.
The aspect ratio of the cross-section of the mixing duct is approximately
equal to 1.8 and diminishes towards the exit of the diffuser where it is
only 0.4.

The Cartesian coordinate system used in this work is also shown
in Fig. 2.3, as well as its origin, located on the ejector centerline at
the entry of the mixing duct. Hence, the mixing duct extends from
x/Hm = 0 to x/Hm ' 20.75. The primary nozzle exit plane is located at
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êxHt H1

Hm
êy

✓

mixing duct

primary nozzle

Figure 2.3: Definition of the geometrical parameters used throughout the
manuscript.

x/Hm ' −1.37, characterizing the so-called NXP value in the literature.
The inlet converging angle of the secondary nozzle, θ, is 15o. The de-
tailed dimensioned drawing of the ejector used in this work is shown
in Fig. 2.4.
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2.3 Numerical methods

2.3.1 Compressible RANS equations

Navier-Stokes equations

Before describing the Reynolds-averaged Navier-Stokes (RANS) equa-
tions for turbulent compressible flows, the instantaneous Navier-Stokes
equations are briefly recalled. In the absence of body forces, the conser-
vative form of these equations may be written in a Cartesian frame of
reference as

∂ρ

∂t
+

∂

∂xj
(ujρ) = 0 (mass), (2.1)

∂

∂t
(ρui) +

∂

∂xj
(ujρui) = − ∂p

∂xi
+
∂τji
∂xj

(momentum), (2.2)

∂

∂t
(ρet) +

∂

∂xj
(ujρht) = − ∂qj

∂xj
+

∂

∂xj
(τijui) (energy), (2.3)

with et and ht the specific total energy and total enthalpy of the fluid,
defined as

et = e+
ujuj

2
, (2.4)

ht = e+ p/ρ+
ujuj

2
, (2.5)

respectively. In the Navier-Stokes equations, τij represents the viscous
stress tensor, defined for a Newtonian fluid (under Stokes’ hypothesis)
as

τij = µ

(
∂uj
∂xi

+
∂ui
∂xj
− 2

3

∂uk
∂xk

δij

)
. (2.6)

Regarding, the diffusive flux of heat, qj , it is generally represented by
Fourier’s law

qj = −κ ∂T
∂xj

, (2.7)

with κ the thermal conductivity of the fluid.

Reynolds and Favre average

When dealing with turbulent compressible flows, the RANS approach
generally resorts to two different methods of averaging: the conven-
tional time-average and the density-weighted (or Favre) average. Us-
ing the Favre averaging for non-constant density flows leads to much
simpler expression.
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For any quantity φ, the conventional time-average is defined by

φ(x, t) =
1

T

∫ T/2

−T/2
φ(x, t+ τ)dτ . (2.8)

The corresponding fluctuating quantity is indicated with φ′ such that

φ = φ+ φ′ . (2.9)

Based on these definitions, it directly follows that φ′ = 0.
The density-weighted average of the instantaneous quantity ϕ is

indicated with ϕ̂ and defined by

ϕ̂ = ρϕ/ρ . (2.10)

The fluctuating quantity with regard to the density-weighted average ,
ϕ′′, is directly related to ϕ and ϕ̂ through

ϕ = ϕ̂+ ϕ′′ , (2.11)

such that ρϕ′′ = 0. When averaging the convective terms of the Navier-
Stokes equations, the mean of triple and quadruple products emerge,
where one of the factor is the density. After computation, these prod-
ucts may be written in a general form as

ρAB = ρÂB̂ + ρA′′B′′ , (2.12)
ρABC = ρÂB̂Ĉ + ρB′′C ′′Â+ ρA′′C ′′B̂ + ρA′′B′′Ĉ + ρA′′B′′C ′′ .

(2.13)

Averaged equations

The compressible Reynolds-Averaged Navier-Stokes (RANS) equations
are obtained by averaging the instantaneous Navier-Stokes equations
given in Eqs. (2.1), (2.2) and (2.3). The resulting equations are

∂ρ

∂t
+

∂

∂xj
(ûjρ) = 0 , (2.14)

∂ (ρûi)

∂t
+

∂

∂xj
(ûjρûi) = − ∂p

∂xi
+

∂

∂xj

(
τ ji + τ tji

)
, (2.15)

∂ (ρêt)

∂t
+

∂

∂xj

(
ûjρĥt

)
= − ∂

∂xj

(
qj + qtj

)
+

∂

∂xj

(
τ ij ûi + τ tij ûi

)

+
∂

∂xj

(
τiju′′i −

1

2
ρu′′i u

′′
i u
′′
j

)
. (2.16)
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In Eq. (2.16), êt represents the Favre-averaged specific total energy of
the fluid, given by

êt = ê+
ûj ûj

2︸ ︷︷ ︸
, K

+
ρu′′ju

′′
j

2ρ︸ ︷︷ ︸
, k

, (2.17)

where the specific mean-flow kinetic energy, K, and the specific kinetic
energy of the fluctuating turbulent field, k, are defined as well. The
Favre-averaged specific total enthalpy, ĥt, is

ĥt = ê+
p

ρ
+K + k . (2.18)

2.3.2 Closure of the RANS equations

Most commonly, the following approximations are made for the time-
averages of the viscous stress tensor and of the heat flux

τ ij ' µ(T̂ )

(
∂ûi
∂xj

+
∂ûj
∂xi
− 2

3

∂ûk
∂xk

δij

)
, (2.19)

qj ' −κ(T̂ )
∂T̂

∂xj
. (2.20)

In Eqs. (2.15) and (2.16), τ tij represents the Reynolds stress tensor,
whose elements are given by−ρu′′i u′′j , whereas qtj corresponds to the jth

component of the turbulent heat flux, i.e. qtj = cpρu′′jT
′′. The common

Boussinesq approximation states that the Reynolds stress tensor may
be written as

τ tij ' µt
(
∂ûi
∂xj

+
∂ûj
∂xi
− 2

3

∂ûk
∂xk

δij

)
− 2

3
ρkδij , (2.21)

with µt the eddy viscosity provided by a turbulence model. Concern-
ing the turbulent heat flux, it is usually modeled through a Reynolds
analogy, i.e.

qtj ' −
cpµt
Prt

∂T̂

∂xj
, (2.22)

where Prt is the turbulent Prandtl number, often taken to be constant
[6, 8, 46, 64, 83]. Although there exist RANS models which are not based
on the Reynolds analogy (i.e. Prt concept) such as the k− ε, kθ− εθ [58],
the Prt concept has been shown to be valid for fluid having a Pr ∼ 1
such as air. With regard to the value of Prt, the most commonly used
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value is 0.9 which gives a quasi-perfect mapping between momentum
and energy diffusion [83].

In general, additional simplifications are made. The contributions
of the molecular diffusion, τiju′′i , and of the turbulent transport of tur-
bulence kinetic energy, 1

2ρu
′′
i u
′′
i u
′′
j , are usually ignored in the energy

equation (see Eq. (2.16)). This is usually a good approximation for
flows with Mach numbers up to the supersonic range, which follows
from the fact that k � ĥ in most flows of engineering interest [83]. Fur-
thermore, the 2

3ρkδij term is generally neglected in the expression of τ tij
given in Eq. (2.21) and the turbulence kinetic energy is often ignored in
the calculation of êt and ĥt (Eqs. (2.17) and (2.18)) [83]. In the present
work, these terms were implemented and their influence was found to
be negligible.

2.3.3 Fluid properties

Regarding the equation of state of the fluid, air is modeled with the
ideal gas law

p = ρRT , (2.23)

where R represents the specific gas constant, defined as R = R/Mm,
with R the universal gas constant equal to 8.314 [J/(K·mol)]. The spe-
cific gas constant of air is taken as R = 287.05 [J/(kg·K)]. It should be
noted that the ideal gas law also holds for averaged quantities

p = ρRT̂ . (2.24)

With regard to the thermodynamic properties of air, its specific heat
ratio, i.e. γ = cp/cv, is assumed to be constant and equal to 1.4, which
is a good approximation in view of the temperatures and the pressures
prevailing within the ejector. In contrast, the temperature-dependence
of its molecular viscosity, µ, and of its thermal conductivity, κ, is taken
into account and approximated by Sutherland’s law [79]

µ(T ) ' As

√
T

1 + Ts/T
,

κ(T ) ' µ (1.32cv + 1.77R) ,

where As and Ts are input parameters that depend on the considered
fluid. For air, they are equal to 1.458 10−6 [Pa·s/K1/2] and 110.4 [K],
respectively.
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2.3.4 Flow solver

The present numerical simulations were produced by means of the
open-source software for CFD, OpenFOAM 2.3 [82]. OpenFOAM relies
on a Finite Volume method working with an unstructured discretiza-
tion. Regardless of the solver, variables are colocated and defined at
cell centres, and the governing equations are solved through a segre-
gated approach.

In this work, the compressible RANS equations are solved by means
of an unsteady density-based compressible flow solver, named rhoCen-
tralFoam. The solver, described in details in the original paper of Green-
shields et al. [41], uses an alternative approach to Riemann solvers
based on the central-upwind schemes of Kurganov, Noelle and Petrova
[52]. These schemes do not involve processes of reconstruction, evo-
lution and projection and may actually be described as simple inter-
polation procedures [41]. As in most codes relying on a finite volume
approach, solving the governing equations requires to evaluate fluxes
at cell faces. These are generally calculated by interpolating the cell
centre values onto the faces. Due to the inherent structure of Open-
FOAM, the interpolation to a given face may only use the variables de-
fined at the center of the two neighbouring cells. The specificity of the
central-upwind schemes used in rhoCentralFoam lies in the treatment
of the convective terms present in the governing equations, given in
Eqs. (2.14-2.16). Indeed, for these terms, the flux at a given cell face is
interpolated twice, using flux limiters computed for each neighbouring
cell. The value that is ultimately retained for the flux at the cell face
is obtained by combining the two interpolations with a weighting bi-
ased in the upwind direction based on local speeds of propagation [41].
With regard to the diffusive terms, they are discretized with central dif-
ference schemes.

Concerning the time discretization, the continuity equation that pro-
vides the density field (Eq. (2.14)) is solved explicitly while the resolu-
tion of the momentum and the energy equations (Eqs. 2.15 and 2.16, re-
spectively) uses an operator-splitting approach: firstly, an explicit pre-
dictor equation is solved for the convection of conserved variables (ρûi
and ρêt), then the diffusion of primitive variables (ûi and T̂ ) is taken
into account through the resolution of an implicit corrector equation.
For both explicit and implicit time integrations, the first order Euler
method is used. Finally, the equation of state is used to obtain the pres-
sure field. As the selected solver is unsteady, the solution is assumed
to achieve a steady state as soon as the relative difference in mass flow
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rates between the inlet and outlet boundaries remains below 5.10−4.
The value of the CFL number is set to 0.5 for all operating conditions.

For the present numerical results, the effects of turbulence are ac-
counted for using the wall-resolved k-ω-SST turbulence model. This
model has been found to yield the best agreement with the experimen-
tal measurements concerning both global and local flow quantities in
many studies [9, 15, 27, 31, 59].

2.3.5 Computational Domain

The rectangular ejector is modeled as a two-dimensional geometry. Al-
though Mazzelli et al. showed that, for the ejector under considera-
tion, 3D simulations perform better than 2D simulations in off-design
conditions, the errors for the prediction of the entrainment ratio are
comparable in the on-design regime [59]. The investigation of the dis-
crepancies between 2D and 3D numerical results is beyond the scope of
this work, which rather aims at introducing novel post-processing ap-
proaches in order to shed light on the mixing phenomena as well as in-
vestigating the phenomenology of the choking of the secondary stream
in on-design operating conditions. Hence, the analysis is almost exclu-
sively confined to 2D simulations in this thesis. A preliminary inves-
tigation of 3D effects on an upgraded experimental setup is proposed
at the end of Chapter 6 for a single operating point. It should be noted
that the flow is also modeled as symmetrical with respect to the ejector
centerline, which allows the simulation to be performed for only half
of the ejector.

The grid structure of the numerical domain is shown in Fig. 2.5. The
mesh has been generated via GMSH [37] and is essentially structured.
The region extending from the exit of the primary nozzle up to the first
quarter of the mixing duct is the only part of the mesh that is unstruc-
tured. The mesh is refined in the vertical direction in order to ensure
that the centre of the cell adjacent to the wall is always at y+ ' 1. In the
unstructured zone, a structured layer is used close to the wall to ensure
a uniform near-wall refinement. In the axial direction, the mesh is re-
fined in the unstructured zone since it is precisely where both streams
come into contact that gradients are expected to be important and that
supersonic structures will appear in the core of the primary flow. The
smallest cell of the mesh is located in the vicinity of the tip of the pri-
mary nozzle and has a characteristic length of nearly 3 [µm]. The axial
refinement decreases smoothly from the entry of the mixing duct to the
diffuser in the entire mixing section. In total, the mesh is composed of
approximately 350,000 hexahedra.
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The grid independence has been checked through the comparison
of the profile of the Mach number on the axis of the ejector for the mesh
described here above and a refined mesh. The finer mesh was obtained
by further refinement only in the axial direction and solely in the struc-
tured zones, yielding a mesh of approximately 535,000 cells. Results are
shown in Fig. 2.6. To simplify the comparison, profiles are shown only
from the nozzle exit position. Note that for the operating conditions
under consideration, the ejector operates in the on-design regime as the
back-pressure is relatively low. In this case, the primary stream is still
supersonic at the exit of the mixing duct and the flow is slowed down
to subsonic velocities through a succession of oblique shock waves. The
latter are evidenced by the wiggles at the entry of the diffuser in Fig. 2.6.

x/Hm

0 10 20 30 40 50 60 70

M

0

0.5

1

1.5

2

mixing duct diffuser

normal mesh

finer mesh

Figure 2.6: Mach Number profile along the axis of the ejector for grid inde-
pendance verification.

2.3.6 Boundary conditions

The flow being subsonic at both inlets, the pressure and the tempera-
ture are specified as stagnation conditions, i.e. p01 and T01 for the pri-
mary stream and p02 and T02 for the secondary stream. At the outlet
boundary, the sole variable that is specified is the static pressure, pout.
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For k and ω at both inlets, the value of the turbulence intensity
(5%) and a specific mixing length are prescribed. This length is ob-
tained for each inlet by l = 0.07dh with dh the hydraulic diameter
of the corresponding intake pipe, and then used to obtain ω through
ω =

√
k/(C

1/4
µ l) with Cµ a model coefficient set to 0.09 [34]. Walls are

all assumed adiabatic.

2.4 Verification and validation

2.4.1 At global scale

In a first approach, the numerical results are validated at the global
scale by comparing two characteristic curves obtained by means of
CFD with the experimental data of Mazzelli et al. [59]. Hence, the
boundary conditions at both inlets and at the outlet of the computa-
tional domain are based on experimental measurements.

As mentioned in the introduction, a characteristic curve shows the
entrainment ratio, ER, as a function of the compression ratio, pout/p02,
for fixed reservoir conditions. In the present work, two different values
of the primary stagnation pressure are considered: p01 = 3.50 [bar] and
p01 = 5.00 [bar]. The pneumatic valve used in the experiment for the
regulation of the primary stagnation pressure ensures that it remains
almost constant for all the operating points of the related characteris-
tic curve. For the experimental results considered here, the maximum
deviation was found to be less than 0.15% [59].

As the secondary stream is sucked from the atmosphere in the ex-
periment, its stagnation pressure is close to the atmospheric pressure
for all cases. However, the lack of regulation does not allow to en-
sure a constant secondary stagnation pressure for an entire character-
istic curve. In particular, the orifice plate used for the measurement of
the mass flow rate in the secondary intake (cfr. Section 2.2.1) induces
a pressure drop which increase with the mass flow rate. As a conse-
quence, the pressure measured in the experiment downstream of the
orifice plate slightly varies with the entrained mass flow rate. For a
given characteristic curve, as the primary and secondary reservoir con-
ditions are fixed, the entrained mass flow rate and the resultant pres-
sure drop in the secondary intake are only affected by the back-pressure
once the latter exceeds the critical back-pressure. Hence, the stagnation
pressure at the position coinciding with the secondary inlet in the nu-
merical domain (downstream of the orifice plate) is constant in the ex-
periment for on-design operation and slightly varies in the off-design
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regime. The variation of p02 with the back-pressure has been taken into
account for the validation of the numerical results presented below.

The comparison between the numerical and the experimental char-
acteristic curves is shown in Fig. 2.7. In addition, the 2D simulations
performed by Mazzelli et al. [59] with the same turbulence model but
with a different solver are also shown in the figure. With regard to the
entrainment ratio, the present numerical results are very close to those
reported in [59] all over the range of the back-pressure.

For both values of p01 considered here, the predicted value of the
entrainment ratio seems to be in good agreement with the experimen-
tal data in on-design conditions. The slight overestimation of the on-
design entrainment ratio by the CFD model for the characteristic curve
corresponding to p01 = 5.00 [bar] is close to 5.5% and may be nearly
halved by performing 3D simulations [59]. As mentioned in the intro-
duction, 3D effects on an upgraded ejector geometry will be investi-
gated for one operating point in Chapter 6.

Regarding the critical back-pressure, the numerical simulations tend
to overpredict it, thereby leading to some discrepancies in the off-design
regime. Here again, 3D simulations lead to better results [59]. Note that
the small bump noticeable in the vicinity of the critical back-pressure in
the numerical characteristic curves is related to the increase of the stag-
nation pressure at the secondary inlet as outlined above.

2.4.2 At local scale

As demonstrated by Hemidi et al. [44], the link between a good vali-
dation in terms of a global performance parameter such as the entrain-
ment ratio and a correct prediction of the local flow physics is not guar-
anteed. Therefore, the present numerical results are also validated with
the experiment at the local scale for both primary stagnation pressures.
More precisely, the shock reflection pattern at the exit of the primary
nozzle has been visualized through schlieren techniques and compared
to a numerical pseudo-schlieren. This validation at the local scale is
performed for the operating point corresponding to the lowest value of
the back-pressure of each characteristic curve. Hence, for both selected
cases, the ejector operates in the on-design regime and the flow struc-
ture at the exit of the primary nozzle is relatively stable. The validation
in the off-design regime is less straightforward because of flow insta-
bilities with a jet flapping phenomenon and is beyond the scope of the
present work.

In the experiment, some scratches on the plexiglas were found to
soil the picture. In order to reduce their impact on the final images,
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Figure 2.7: Comparison of experimental and numerical characteristic curves.

a no-flow picture has been subtracted from each raw image obtained
in the presence of the flow before it was compared to the numerical
pseudo-schlieren. Note that the latter was generated by computing the
vertical gradient of the density field, as the knife-edge was held hori-
zontally in the experiment. The comparison between the numerical and
the experimental images is shown in Fig. 2.8. The reservoir conditions
corresponding to p01 = 3.50 [bar] give rise to an overexpanded motive
flow, as indicated by the oblique shock wave emanating from the lip of
the primary nozzle in Fig. 2.8(a). For the operating point obtained with
a higher primary stagnation pressure (p01 = 5.00 [bar]) the expansion
waves in the core of the primary stream visible in Fig. 2.8(b) indicate
that the motive flow is underexpanded at the nozzle exit plane.

Numerical results are found to be in fairly good agreement with the
experiment for both operating points. Nevertheless, some subtle dif-
ferences are apparent between the numerical and the experimental im-
ages. For the case corresponding to p01/p02 = 3.61, shown in Fig. 2.8(a),
the typical diamond pattern formed by the oblique shock waves within
the core of the primary stream seems to extend further into the mix-
ing duct in the numerical schlieren compared to the experiment. This
discrepancy could be due to the sensitivity of the experimental picture
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(a) p01 = 3.50 [bar] – pout/p02 = 1.238.

(b) p01 = 5.00 [bar] – pout/p02 = 1.232.

Figure 2.8: Comparison of experimental (top half of each image) and numer-
ical (bottom half of each image) schlieren images for different pri-
mary stagnation pressures (horizontal knife-edge).

which is different than that of the numerical image. Indeed, the numer-
ical colormap was chosen in order to highlight the structure of the flow
at the exit of the primary nozzle. By doing so, some details in the flow
may be either highlighted or masked compared to the experimental im-
age.

Furthermore, it seems that the numerical simulation does not cap-
ture some features that may be observed in the zone occupied by the
secondary stream in the experiment. These features may consist in
shock-boundary layer interactions with the wall of the mixing duct
and/or with the lateral windows. Note that the exposure time of the
camera could also have an influence on the experimental image since
the impact of the turbulence may be more or less smoothed in the pic-
ture. Finally, the instantaneous experimental image results from the ‘in-
tegration’ of flow features over the span-wise direction thus including
eventual 3D effects, whereas the numerical schlieren is a time average
of a 2D slice.
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2.5 Numerical results exploited in the manuscript

As mentioned in the introduction, this work primarily aims at inves-
tigating mixing and choking mechanisms. In order to highlight the
sole effect of the back-pressure on these complex phenomena, the reser-
voir conditions should be fixed for a given characteristic curve. Hence,
the analyses presented in the following chapters are based on numeri-
cal characteristic curves obtained with a constant secondary stagnation
pressure. The slight changes in the stagnation pressure at the secondary
inlet observed in the experiment for off-design cases are thus neglected.
For the experimental data under consideration [59], p02 is thus equal to
0.969 [bar] for the cases corresponding to p01 = 3.50 [bar] while p02 is
set to 0.974 [bar] for the curve obtained with p01 = 5.00 [bar]. The re-
sulting characteristic curves are shown in Fig. 2.9. Logically, the bumps
that were noticeable in the numerical characteristic curves reported in
Fig. 2.7 have disappeared. For the numerical results shown in Fig. 2.9
and exploited in the manuscript, since p02 is constant for a given char-
acteristic curve, each curve is designated by the corresponding ratio of
stagnation pressures, p01/p02, rather than p01 only. In addition, a cer-
tain letter has been associated to each operating point in order to ease
the reference to the different cases throughout the manuscript.
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Figure 2.9: Numerical characteristic curves exploited in the manuscript.
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3
NEW METHODS FOR ANALYZING

TRANSPORT PHENOMENA IN
SUPERSONIC EJECTORS

This chapter is based on the following paper:
O. Lamberts, P. Chatelain, Y. Bartosiewicz, New methods for analyzing trans-
port phenomena in supersonic ejectors, International Journal of Heat and Fluid
Flow 64 (2017) 23-40.

3.1 Introduction

As evidenced by the literature review, there is no study that really ad-
dresses in-depth the open question related to the quantification and the
location of the transfers and the irreversibilities within the ejector, and
their connection with the entrainment. It is therefore necessary to de-
velop new post-processing methods for analyzing transport phenom-
ena in supersonic ejectors. In this chapter, a methodology is proposed
to tackle this issue. The adopted perspective is based on the funda-
mental purpose of the ejector which consists in acting as a mechanical

35



36 CHAPTER 3. ANALYSIS OF TRANSPORT PHENOMENA

compressor. Hence the main focus is put on the work done by the pri-
mary stream on the secondary stream.

Two different and complementary approaches are proposed. First
of all, recent analysis tools based on momentum and energy tubes [62]
are extended to the present compressible flow context and applied to
the mean-flow structure of turbulent flow within the ejector. Since the
ejector aims to give to the secondary stream the capacity to produce
some work, particular consideration should be given to exergy. Hence
the transport equation for the mean-flow total exergy is derived and
exergy transport tubes are proposed as a tool for the investigation of
transport phenomena within the ejector. In addition to this topological
approach, an analysis based on classical stream tubes is performed in
order to quantitatively investigate transfers between the primary and
the secondary streams all along the ejector. The present work also iden-
tifies the location of exergy losses and their origins. Throughout this
analysis, new local and cumulative parameters related to transfers and
irreversibilities are introduced.

The chapter is structured as follows: as a preamble to the rest of the
chapter, the concept of exergy and the definition of exergy efficiencies
in supersonic ejectors are presented in Section 3.2. Subsequently, the
post-processing methodology for the construction of momentum, en-
ergy and exergy tubes is described in Section 3.3. Section 3.4 is devoted
to the application and the visualization of these transport tubes in the
ejector for several operating points. The transfers between the primary
and the secondary streams, the irreversibilities and the global exergy
balance for the secondary stream are then investigated in Sections 3.5,
3.6 and 3.7, respectively. Finally, some conclusions and perspectives are
drawn in Section 3.8.

3.2 Definition of exergy efficiencies in supersonic
ejectors

3.2.1 The concept of exergy

The exergy is generally defined as the maximum theoretical work that
can be obtained from an amount of energy [12]. The total specific ex-
ergy, ξt, is a state variable that may be defined as

ξt = (ht − href)− Tref (s− sref) , (3.1)

where ht and s are the specific total enthalpy and the specific entropy,
respectively. In Eq. (3.1), the subscript ‘ref’ refers to the reference state
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(or dead state), generally defined by Tref = 300 [K] and pref = 1 [bar].
In the present study, it is proposed to consider instead the reservoir
conditions of the secondary stream as the reference state, namely Tref =
T02 and pref = p02. For refrigeration applications, it would correspond
to the temperature at the evaporator and the corresponding saturation
pressure. By doing so, the exergy of the secondary stream at reservoir
conditions, noted ξ02, is equal to zero.

Note that the stagnation value of the enthalpy is considered in the
definition of exergy given in Eq. (3.1) to account for the exergy content
of the kinetic energy, which is often omitted in exergy analysis [28, 38].
When the kinetic energy is not included in the definition of the exergy,
the latter is impacted by local acceleration or deceleration of the fluid,
although these changes in velocity could simply be due to a changing
cross-sectional flow area. By contrast, considering the kinetic energy as
part of the exergy allows to highlight the variations in exergy due to
transfer and/or destruction phenomena only, avoiding potential mis-
interpretation.

3.2.2 Global exergy balance in supersonic ejectors

If the flow within the supersonic ejector is steady and adiabatic, the first
law of thermodynamics may be written for the entire process as follows

(ṁ1 + ṁ2)hout = ṁ1h01 + ṁ2h02 , (3.2)

where h01 and h02 represent the enthalpy at reservoir conditions of the
primary and the secondary streams, respectively, while hout is the total
enthalpy of the mixed stream at the outlet of the ejector. Regarding the
second law of thermodynamics, it may be expressed as

(ṁ1 + ṁ2) sout ≥ ṁ1s01 + ṁ2s02 . (3.3)

Multiplying Eq. (3.3) by Tref and subtracting it from Eq. (3.2) yields the
global exergy balance of the process taking place within the ejector

(ṁ1 + ṁ2) ξout ≤ ṁ1ξ01 + ṁ2ξ02 , (3.4)

where ξout is the total exergy of the mixed stream at the outlet of the
ejector.

3.2.3 The reversible ejector

It may be interesting to investigate the hypothetical case of a reversible
ejector in order to determine the theoretical limit of its performance. If
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the process taking place within the ejector is reversible, there will be
no generation of entropy and thus no exergy losses. In this situation,
the equality sign must hold in Eq. (3.4). The resulting equation may be
used to determine the maximum exergy that could be reached at the
outlet of the ejector through a reversible mixing, noted ξrev

out, for known
reservoir conditions and a given entrainment ratio

ξrev
out =

ξ01 + ERξ02

1 + ER
. (3.5)

By imposing that there is no exergy losses within the ejector, one
may also determine the entrainment ratio corresponding to a reversible
process, ERrev, for specified operating conditions, including the total
exergy of the mixed stream at the outlet of the ejector, ξout. Indeed,
enforcing the equality in Eq. (3.4) leads to the following expression for
the reversible entrainment ratio

ERrev =
ξ01 − ξout

ξout − ξ02
. (3.6)

3.2.4 Exergy efficiencies

Based on the global exergy balance expressed in Eq. (3.4), several ex-
ergy efficiencies may be defined for supersonic ejectors. Indeed, as
pointed out in [61], the identification of the exergy inputs and outputs
in such devices is somewhat subjective. The two main perspectives are
illustrated in Fig. 3.1.

Supersonic ejectorSupersonic ejector

(a) (b)

ṁ2 (⇠out � ⇠02)

ṁ1 (⇠01 � ⇠out)ṁ1 ⇠01

ṁ2 ⇠02

(ṁ1 + ṁ2) ⇠out

exergy losses exergy losses

(a)

Supersonic ejectorSupersonic ejector

(a) (b)

ṁ2 (⇠out � ⇠02)

ṁ1 (⇠01 � ⇠out)ṁ1 ⇠01

ṁ2 ⇠02

(ṁ1 + ṁ2) ⇠out

exergy losses exergy losses

(b)

Figure 3.1: The two main perspectives for the exergy balance in a supersonic
ejector.

In the first option, shown in Fig. 3.1(a), the flow within the ejector
is essentially seen as a mixing process. Hence, the exergy fluxes are
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associated with the inputs and outputs in terms of mass, leading to the
following definition of the exergy efficiency

ηm =
(ṁ1 + ṁ2)ξout

ṁ1ξ01 + ṁ2ξ02
=

(1 + ER)ξout

ξ01 + ERξ02
. (3.7)

This definition is often adopted in the literature, for example in [28,
71]. It may easily be shown that ηm actually represents the ratio of the
exergy at the outlet of the ejector in the real application, ξout, to the
maximum theoretical value, ξrev

out, defined in Eq. (3.5), i.e.

ηm =
ξout

ξrev
out

. (3.8)

The second definition of the exergy efficiency that is used for su-
personic ejectors consists in identifying such a device as a compressor,
whose purpose is to transfer exergy to a fluid [3, 61]. Seen from this
perspective, illustrated in Fig. 3.1(b), the change in exergy of the sec-
ondary stream is considered as the exergy output of the process taking
place within the ejector, while the exergy input is the change in exergy
of the primary stream. This approach leads to the following expression
of the ejector efficiency

ηc =
ṁ2 (ξout − ξ02)

ṁ1 (ξ01 − ξout)
= ER

(ξout − ξ02)

(ξ01 − ξout)
. (3.9)

From the definition of ERrev given in Eq. (3.6), it directly follows that ηc
also reflects the ratio of the actual entrainment ratio to the theoretical
entrainment ratio corresponding to a reversible process, i.e.

ηc =
ER

ERrev . (3.10)

Even though this relation is said to be valid for ideal gas only in [61], it
is shown here that it must hold whatever the nature of the fluid.

3.2.5 Application to a calorically perfect gas

For a calorically perfect gas, the total specific exergy of the fluid, de-
fined in Eq. (3.1), takes the following expression

ξt = cp(Tt − Tref)− Tref

[
cp ln

(
T

Tref

)
−R ln

(
p

pref

)]
. (3.11)

Considering that, by definition, entropy remains unchanged between
the static and the total states, ξt is also equal to

ξt = cp(Tt − Tref)− Tref

[
cp ln

(
Tt
Tref

)
−R ln

(
pt
pref

)]
. (3.12)
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Hence, for a calorically perfect gas, Eq. (3.5) may be used to yield an
expression for the total pressure at the outlet of the ejector correspond-
ing to a reversible process, noted prev

out

prev
out
pref

= exp

{
1

TrefR

(
ξ01 + ERξ02

1 + ER

)
− γ

γ − 1

[(
Tout

Tref
− 1

)
− ln

(
Tout

Tref

)]}
,

(3.13)
where Tout is the total temperature at the outlet of the ejector, fixed by
the first law of thermodynamics given in Eq. (3.2). For a calorically
perfect gas, this equation leads to

Tout =
T01 + ERT02

1 + ER
. (3.14)

Regarding the reversible entrainment ratio, ERrev, it may be calcu-
lated with the following expression in the case of a calorically perfect
gas [61]

ERrev =

γ
γ−1 ln

(
T01
Tout

)
− ln

(
p01
pout

)

γ
γ−1 ln

(
Tout
T02

)
− ln

(
pout
p02

) . (3.15)

3.2.6 Impact of the back-pressure on the exergy efficiencies

Both exergy efficiencies defined in Section 3.2.4 are calculated for the
numerical characteristic curve corresponding to p01/p02 = 3.61 shown
in Fig. 2.9. As proposed in Section 3.2.1, the reference state for the
definition of the exergy is taken as the reservoir conditions of the sec-
ondary stream. Hence, ξ02 is equal to zero for all the operating points of
the characteristic curve. The total exergy corresponding to the primary
reservoir conditions, ξ01, and the total exergy of the mixed stream at the
outlet of the ejector, ξout, are calculated with Eq. (3.12). The total pres-
sure of the mixed stream at the outlet of the ejector is approximated by
the value used as boundary condition in the numerical simulations as
the difference between static and total pressures is negligible at the exit
of the diffuser. Regarding the outlet total temperature, Tout, it may be
determined with Eq. (3.14) since walls are assumed adiabatic in the nu-
merical model. The exergy efficiencies ηm and ηc are finally computed
with Eqs. (3.7) and (3.9), respectively, for all the operating points of the
characteristic curve. Results are shown in Fig. 3.2.

Both efficiencies have essentially the same pattern, with an opti-
mum (case E) corresponding to a value of the back-pressure slightly
higher than the critical back-pressure. This trend could have been ex-
pected since ξout increases with the back-pressure, while ER starts de-
creasing with pout once it exceeds the critical back-pressure. Hence, the
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best performance of the ejector should be reached near the critical op-
erating point. For the ejector geometry and reservoir conditions under
consideration, the maximum value of ηm and ηc is 35.70% and 56.05%,
respectively. The following analysis will shed light on the local flow
phenomena related to the global exergy balance of the supersonic ejec-
tor and its variation with the back-pressure.

pout/p02
1.2 1.3 1.4 1.5 1.6 1.7
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

A B C D
E

F

G

H

ER

ηm

ηc

Figure 3.2: Impact of the back-pressure on the exergy efficiencies – p01/p02 =
3.61.

3.3 Transport tubes

3.3.1 Momentum and mean-flow kinetic energy tubes

In Meyers and Meneveau [62], the concept of momentum and energy
transport tubes is introduced as a transport visualization tool. These
tubes are a generalization of the mass-flux based classical stream tubes.
Just as there is, by construction, no average mass flux through the bound-
ary of a stream tube, momentum and energy transport tubes are con-
structed as surfaces with zero fluxes of the corresponding quantities.
The construction of these tubes is therefore not based on the velocity
vector field, but rather by considering the vector fields formed by the
total fluxes of momentum or energy.
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Figure 3.3 illustrates the concept of a transport tube. The construc-
tion of the tube is based on transport lines that are at any point tangent
to the local total flux of the considered physical quantity, F . In the
present study, this quantity may be mass (classical stream tube), mo-
mentum, mean-flow kinetic energy or exergy. Having defined a closed
curve, C, which is nowhere tangent to this vector field, the transport
tube originating from this curve is simply constructed by considering
the bundle of all transport lines passing through that curve. By doing
this, there is no net flux of the corresponding quantity through the tube
surface. Hence the difference between the flux of the considered quan-
tity on the tube’s cross-sections Ain and Aout is only due to the integral
effects of sources and sinks in the tube.

⌦Ain

Aout

C

F

F

Figure 3.3: Illustration of the concept of a transport tube.

Since linear momentum is a vector quantity, it is proposed to first
choose a direction, characterised by a constant unit vector ζ (and com-
ponents ζi), and then to solely consider the linear momentum in the ζ
direction, i.e. ρûiζi. The analysis developed by Meyers and Meneveau
[62] for incompressible flows is here extended to compressible flows
and in the absence of body forces. For statistically steady flows, the
transport equation of the momentum in the ζ direction is given by

∂

∂xj


ûjρ(ûiζi)− τ ijζi − τ tijζi︸ ︷︷ ︸

Fm,j


 = − ∂p

∂xi
ζi . (3.16)
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The left-hand side of the equation is the divergence of the vector field
formed by the total flux of linear momentum in the ζ direction, Fm,
consisting of advective, viscous and turbulent fluxes, respectively. For
the flow within the ejector, the linear momentum is nearly aligned with
the axis of the ejector, hence ζ is chosen as êx. For a 2D flow, the to-
tal flux of linear momentum aligned with the horizontal direction will
have the following expression

Fm,x =
(
ûρû− τxx − τ txx

)
, (3.17)

Fm,y =
(
v̂ρû− τxy − τ txy

)
. (3.18)

Considering the flow topology within the ejector, one may expect that
the horizontal component of this vector field, Fm,x, will be mainly de-
termined by the contribution of the advective flux (i.e. ûρû). By con-
trast, for the vertical component, Fm,y, it is likely that the viscous and
the turbulent fluxes (i.e. −τxy−τ txy) prevail. In what follows, the reader
should bear in mind that the term momentum will refer to the linear mo-
mentum aligned with the axis of the ejector.

For the determination of energy tubes, the transport equation for
the mean-flow kinetic energy, K = ρûiûi/2, is used. The latter is ob-
tained by the projection of the averaged momentum equation given in
Eq. (2.15) onto the mean velocity vector, û, and may be written as

∂

∂xj

(
FK,j

)
= −ûj

∂p

∂xj
− τ ij

∂ûi
∂xj
− τ tij

∂ûi
∂xj

, (3.19)

where FK,j is the jth component of the vector field formed by the total
flux of mean-flow kinetic energy, consisting of

FK,j = Kûj − τ ij ûi − τ tij ûi . (3.20)

As pointed out in [62], such transport tubes are an interesting means
of visualizing where the momentum and the energy in the flow are
transported to, especially when transport processes are dominated by
turbulence instead of mean-flow convection. Hence it may be very use-
ful for the complex flow within a supersonic ejector. However, since
the fundamental purpose of the ejector, as a mechanical compressor,
consists in conferring to the secondary stream the capacity to produce
some work, it is also interesting to define and investigate exergy trans-
port tubes.
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3.3.2 Mean-flow exergy tubes

In order to perform an analysis in the post-processing phase of a CFD
calculation, the mean-flow total exergy, ξ̃t, is defined by

ξ̃t = (h̃t − href)− Tref(s̃− sref) , (3.21)

where the symbol ˜ indicates that the variable is calculated with its in-
stantaneous definition but from the averaged flow quantities obtained
by numerical simulations. Hence the mean-flow total enthalpy, h̃t, is
defined according to Eq. (2.5) as follows

h̃t = ê+
p

ρ
+
ûj ûj

2
. (3.22)

In the present study, the turbulence kinetic energy, k, is assumed to
be not recoverable any more as mean-flow kinetic energy but not yet
recoverable as heat. Hence, it is not taken into account in the definition
of exergy.

Before constructing mean-flow total exergy transport tubes, a trans-
port equation for ξ̃t must be obtained. Since, for the solver used in the
present study, k is neglected in the calculation of ĥt in Eq. (2.18), no dis-
tinction is made between the Favre-averaged total enthalpy, ĥt, and the
mean-flow total enthalpy, h̃t. Hence, in this case, the transport equation
of the mean-flow total enthalpy may be obtained easily from Eq. (2.16),
neglecting the last term of this equation in accordance with the above

∂
(
ρh̃t

)

∂t
+

∂

∂xj

(
ûjρh̃t

)
=
∂p

∂t
− ∂

∂xj

(
qj + qtj

)
+

∂

∂xj

(
τ ij ûi + τ tij ûi

)
.

(3.23)
The transport equation of the mean-flow specific entropy, s̃, defined
with the classical definition of the entropy but with the averaged flow
quantities, i.e.

T̂ ds̃ = dê− p

ρ2dρ ,

may be written

ρT̂

(
∂s̃

∂t
+ ûj

∂s̃

∂xj

)
= ρ

(
∂ê

∂t
+ ûj

∂ê

∂xj
− p

ρ2

(
∂ρ

∂t
+ ûj

∂ρ

∂xj

))
.

Using mass conservation (see Eq. (2.14)), this equation may be rewritten
as

T̂

(
∂(ρs̃)

∂t
+

∂

∂xj
[ûj(ρs̃)]

)
=
∂(ρê)

∂t
+

∂

∂xj
[ûj(ρê)] + p

∂ûj
∂xj

.
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The underlying transport equation of ê may be obtained by substract-
ing Eq. (3.19) from Eq. (3.23) and reads

∂(ρê)

∂t
+

∂

∂xj
[ûj(ρê)] = −p∂ûj

∂xj
− ∂

∂xj

[
qj + qtj

]
+
(
τ ij + τ tij

) ∂ûi
∂xj

. (3.24)

Hence the transport equation of s̃ may be written as

T̂

(
∂(ρs̃)

∂t
+

∂

∂xj
[ûj(ρs̃)]

)
= − ∂

∂xj

[
qj + qtj

]
+
(
τ ij + τ tij

) ∂ûi
∂xj

. (3.25)

By using Eqs. (3.23) and (3.25), the transport equation for the mean-
flow total specific exergy, ξ̃t, can be obtained

∂(ρξ̃t)

∂t
+

∂

∂xj

[
ûj(ρξ̃t)

]
=

∂p

∂t
− ∂

∂xj

[
qj + qtj

]
+

∂

∂xj

[
τ ij ûi + τ tij ûi

]
(3.26)

+
Tref

T̂

∂

∂xj

[
qj + qtj

]
− Tref

T̂

[
τ ij

∂ûi
∂xj

+ τ tij
∂ûi
∂xj

]
.

Rearranging the terms that involve the mean and the turbulent heat
fluxes, this equation may finally be written as

∂(ρξ̃t)

∂t
+

∂

∂xj

[
ûj(ρξ̃t)

]
=

∂p

∂t
− ∂

∂xj

[(
qj + qtj

)(
1− Tref

T̂

)]

+
∂

∂xj

[
τ ij ûi + τ tij ûi

]
+
Tref

T̂ 2

(
qj + qtj

)
(
∂T̂

∂xj

)

−Tref

T̂

[
τ ij

∂ûi
∂xj

+ τ tij
∂ûi
∂xj

]
(3.27)

For statistically steady flows, the transport equation of ξ̃t simply reads

∂

∂xj



ûj(ρξ̃t) +

(
qj + qtj

)(
1− Tref

T̂

)
− τ ij ûi − τ tij ûi

︸ ︷︷ ︸
F ξ,j




= −Tref

(
Φ

T̂
+

ΦΘ

T̂ 2

)
,

(3.28)
where F ξ,j is the jth component of the vector field formed by the total
flux of mean-flow total exergy, and

Φ = τ ij
∂ûi
∂xj

+ τ tij
∂ûi
∂xj

, (3.29)

ΦΘ = −
(
qj + qtj

)
(
∂T̂

∂xj

)
, (3.30)
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are positive terms related to entropy generation by viscous dissipation
and by heat transfer, respectively. Actually it appears that the expres-
sions of Φ and ΦΘ correspond exactly to models mentioned in the lit-
erature for the calculation of mean entropy production [2]. Note that
the terms in the RHS of Eq. (3.29) may be identified as the mean-flow
viscous dissipation and the production of turbulence kinetic energy,
respectively. The latter may not be considered as entropy generation
itself, but this kinetic energy will ultimately be dissipated, hence gen-
erating entropy.

Applying Eq. (3.28) to a mean-flow total exergy transport tube (see
Fig. 3.3 with F = F ξ) leads to the following equation
∫∫

Ain

F ξ,jnjds+

∫∫

Aout

F ξ,jnjds = −Tref

∫∫∫

Ω

(
Φ

T̂
+

ΦΘ

T̂ 2

)
dV ,

(3.31)
where n is the outward directed normal to the control volume, Ω. Note
that there is no average transport of mean-flow total exergy over the
tube surface, since by construction F ξ,jnj = 0 there. Hence the dif-
ference between the flux of mean-flow total exergy on the tube cross-
sections Ain and Aout is only due to the integral effects of sinks of total
exergy in the tube. Compared to momentum and kinetic energy trans-
port tubes, the distinctive feature of total exergy transport tubes is that
there is no positive source term. In other words, the flux of mean-flow
total exergy going out of a transport tube may not exceed the flux that
enters the tube. This is a real advantage because it allows unambigous
interpretation of an exergy transport tube compared to momentum and
mean-flow kinetic energy tubes whose interpretation may be difficult
due to the fact that the pressure gradient acts as a source term [62].

3.4 Visualization of transport processes within the
ejector

3.4.1 Transport of mass, momentum and mean-flow kinetic
energy

Figure 3.4 illustrates the visualization of the transport of mass, momen-
tum and energy within the ejector. For all the figures presented in this
section, the ejector is depicted with a twofold stretching in the vertical
direction for improved readability. For 2D flows, a transport tube may
be fully pictured by two transport lines: the tube surface simply con-
sisting in the extrusion of these lines. For the visualization of a trans-
port line, the corresponding vector field is first computed in each cell
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of the computational domain and the line is then build up with an in-
tegrator using a Runge-Kutta method of the fourth order.

As a first step, for each operating condition, the mass flux based
classical stream tube surrounding the primary stream is shown in order
to evaluate which part of the ejector is occupied by the primary stream
and which part is occupied by the secondary stream. The boundary of
this stream tube, named the dividing surface, may be represented by the
dividing streamline, defined as the streamline passing through the point
located in the nozzle exit plane at y = H1+εwith ε� H1, i.e. just above
the tip of the primary nozzle, in order to avoid problems that would be
caused by a potential separation of the flow within the primary nozzle.
Since, by construction, there is no average mass flux passing through
the dividing surface, the dividing streamline may be interpreted as a
virtual separation between the primary and the secondary streams all
along the ejector.

Superimposed on these streamlines, a momentum and a mean-flow
kinetic energy transport tube are illustrated. For the flow within the
ejector, a question that may arise is ‘where is the momentum and the
kinetic energy of the primary stream transported to?’. Looking for an
answer to this question, the corresponding transport tube surrounding
the primary stream in the nozzle exit plane should be highlighted, since
transport processes between the primary and the secondary streams
start there. Hence, the transport line originating from the point located
in the nozzle exit plane at y = H1 + ε is considered, both for the mo-
mentum and the kinetic energy, and is depicted on both halves of the
ejector.

As expected, the transport lines are directed from the dividing stream-
line towards the wall as the momentum and the kinetic energy are
transported from the primary stream to the secondary stream. The
slope of the line is the image of the relative importance of viscous and
turbulent fluxes (nearly aligned with êy) compared to the advective flux
(nearly aligned with êx).

Concerning the momentum, note that a momentum flux is absorbed
at the wall due to the wall shear stress. Actually, the value of the local
flux of horizontal momentum crossing the wall is equal to the horizon-
tal component of the wall shear stress. Hence, the position at which the
momentum transport line reaches the wall may be interpreted as the
location from where all the remaining momentum within the ejector
originates from the primary stream. As a consequence, at that point,
all the momentum contained in the secondary stream at the nozzle exit
position has been removed from the ejector. This momentum is either
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absorbed at the wall or removed from the secondary stream by the pres-
sure gradient.

The situation is the same for the mean-flow kinetic energy. Indeed,
the position at which the kinetic energy transport line reaches the wall
may be interpreted as the location from where all the remaining mean-
flow kinetic energy within the ejector originates from the primary stream.
As a consequence, at that point, all the mean-flow kinetic energy con-
tained in the secondary stream at the nozzle exit position has been re-
moved from the ejector. This kinetic energy is either dissipated or re-
moved from the secondary stream by the work done by the pressure
gradient. At the wall, FK,j = 0, since the magnitude of the velocity is
zero. Hence there is no kinetic energy flux crossing the wall as no work
is being done on the wall.

Figure 3.5 shows the momentum and mean-flow kinetic energy trans-
port tubes for five different operating conditions. The considered cases
correspond to cases A, C, D, E and G of the characteristic curve ob-
tained with p01/p02 = 3.61 (see Fig. 2.9, p.33). The first two cases lie
in the on-design region, the third one corresponds to a back-pressure
that is close to the critical back-pressure, and the ejector operates in off-
design conditions in the last two illustrations.

Two remarks may be made. Firstly, it clearly appears that, depend-
ing on the back-pressure, the transport of momentum and kinetic en-
ergy from the primary stream towards the secondary stream takes place
in a different location within the ejector. The global trend is that when
the back-pressure is higher, the transport lines start to deviate from the
dividing streamline at a location closer to the nozzle exit position. This
trend is logically related to the flow structure within the ejector, in par-
ticular the position of the second shock train that moves towards the
nozzle exit position as the back-pressure increases [28, 77], as evidenced
by the slight oscillations of the dividing streamlines. The fact that the
kinetic energy transport line does not reach the wall in Fig. 3.5 for cases
A and G reveals the presence of a flow detachment and an associated
zone of recirculation, at the entrance of the diffuser for case A and at the
entrance of the mixing duct for case G, as shown in Fig. 3.6. A closer
inspection (not shown here) reveals that the stagnation locus of mean-
flow kinetic energy transport lines actually consists in a line within the
zone of recirculation and thus, does not correspond to specific points of
attraction. Secondly, the slope of the transport lines seems to be more
important for these extreme cases, and more gentle for a value of the
back-pressure that is close to the critical back-pressure (case D). In other
words, the transfers seem to be smoother for the latter case. These two
observations will be analyzed further.
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(a) pout/p02 = 1.238 (case A) - on-design

(b) pout/p02 = 1.424 (case C) - on-design

(c) pout/p02 = 1.465 (case D) - near critical

(d) pout/p02 = 1.502 (case E) - off-design

(e) pout/p02 = 1.600 (case G) - off-design

Figure 3.5: Stream tubes (in red), momentum (in light grey) and mean-flow
kinetic energy (in dark grey) tubes for different values of the back-
pressure – p01/p02 = 3.61.
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Figure 3.6: Streamlines in the secondary stream for case A (top half) and for
case G (bottom half). The corresponding dividing streamline is
shown in red.

3.4.2 Transport of mean-flow total exergy

The transport of exergy within the ejector is now investigated through
the visualization of mean-flow total exergy transport tubes. Note that,
unlike the advective fluxes of momentum and kinetic energy that are
supposed to decrease near the outlet of the ejector as both streams are
decelerated, the advective flux of total exergy that leaves the diffuser is
obviously still important. Hence, by constructing backwards the exergy
tube surrounding the secondary stream at the outlet, it is possible to
answer the fundamental question “where does the exergy contained in
the secondary stream at the exit of the ejector come from?”. This tube
will be depicted in the top half of the ejector as illustrated in Fig. 3.7.

It should be noted that the reference state (i.e. Tref and pref) will
have an influence on the geometry of the tube. In order to observe the
provenance of the gain in exergy of the secondary stream within the
ejector, the reservoir conditions of the secondary stream are taken as
the reference state, namely Tref = T02 and pref = p02. For refrigeration
applications, it would correspond to the temperature at the evaporator
and the corresponding saturation pressure.

The mean-flow total exergy transport tube constructed in this way
reveals the transport of the exergy that is ultimately useful for the sec-
ondary stream. It should be noted that there is a transfer of exergy
from the primary stream to the secondary stream upstream of the lo-
cation where the transport tube enters the secondary stream. But this
exergy does not flow out of the ejector. In fact, it is dissipated within the
secondary stream and used to overcome the head losses. Furthermore,
the transport tube also shows the portion of the exergy contained in the
primary stream that is not transferred to the secondary stream. This ex-
ergy either remains in the primary stream at the outlet, or is dissipated
within the ejector.
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In addition, in order to illustrate the increase in the stagnation pres-
sure of the secondary stream, iso-contours of mean-flow stagnation
pressure, p̃t, are shown in the bottom half of the ejector. The latter is
defined as

p̃t = p

(
1 +

(γ − 1)

2
M̃2

) γ
γ−1

, (3.32)

where M̃ represents the mean-flow Mach number

M̃ =
|û|√
γRT̂

. (3.33)

Five iso-contours of the mean-flow stagnation pressure are repre-
sented here, equally distributed from p̃t = p02 to p̃t = pout. This last
iso-contour should logically reach the wall at the outlet of the ejector
as the static pressure is pout and the velocity is zero at that point. This
methodology is applied to the ejector for the same operating conditions
as those used in Fig. 3.5.

The results are shown in Fig. 3.8. The mean-flow exergy transport
tubes and iso-contours of stagnation pressure are consistent with the
observations made above, both with regard to the location of the trans-
fers and the slope of the transport lines. In particular, for some cases,
the transfer of mean-flow total exergy may be not completely finished
at the entrance of the diffuser. This is especially true for case A: iso-
contours of stagnation pressure then indicate that a certain fraction
of the secondary stream enters the diffuser with a stagnation pressure
lower than its reservoir condition, since the iso-contour p̃t = p02 reaches
the wall in the diffuser. In other words, at the entry of the diffuser,
the compression has not even begun for this fraction of the secondary
stream. Hence, for low values of the back-pressure, a substantial part
of the exergy transfer occurs in the diffuser.

Note that the sensitivity of the integration of the exergy transport
line emanating from the wall at the outlet of the ejector is assessed in
Fig. 3.9 for case A and case G: the five lines seeded in the five first cells
near the wall are essentially superimposed.

In order to provide a more detailed understanding of the interpre-
tation of the exergy transport tube shown above, it could be interesting
to focus on the form of the tube at the nozzle exit position, for differ-
ent values of the back-pressure. Hence the exergy footprint of the sec-
ondary stream within the primary stream is defined as the projected
surface of the exergy tube issued from the secondary stream outlet at
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(a) pout/p02 = 1.238 (case A) - on-design

(b) pout/p02 = 1.424 (case C) - on-design

(c) pout/p02 = 1.465 (case D) - near critical

(d) pout/p02 = 1.502 (case E) - off-design

(e) pout/p02 = 1.600 (case G) - off-design

Figure 3.8: Mean-flow total exergy tubes (in dark grey - top half) and iso-
contours of stagnation pressure (in light grey - bottom half) for dif-
ferent values of the back-pressure – p01/p02 = 3.61. The dividing
streamlines are shown in red.
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Figure 3.9: Sensitivity analysis of the integration of the exergy transport line
emanating from the wall at the outlet for case A (top half) and for
case G (bottom half). The corresponding dividing streamline is
shown in red.

the nozzle exit position. The concept is illustrated in Fig. 3.10(a) for a
particular value of the back-pressure. As the ejector considered in this
study is rectangular and symmetrical, the pattern is the same for the
bottom half of the ejector and is thus not shown here. The interpretation
of this figure is the following: for a given operating point, the exergy
that passes through the exergy footprint corresponds to the maximum
amount of exergy that may be contained in the secondary stream at the
outlet. Obviously, the exergy contained in the secondary stream at the
exit of the ejector is lower due to the integral effects of sinks of total
exergy in the tube. With regard to the exergy that passes above the ex-
ergy footprint, it does not go out of the ejector since there is no average
flux of mean-flow total exergy through the tube surface. Hence, this
flux of exergy corresponds to a loss of exergy and is dissipated within
the ejector, either in the primary or in the secondary stream. Finally,
the exergy flowing out of the primary nozzle below the exergy footprint
will be partially dissipated within the primary stream, and the remain-
ing exergy at the outlet of the diffuser will be contained in the primary
stream.

The exergy footprint is shown in Fig. 3.10(b) for different values
of the back-pressure. In view of the above, it seems logical that the
region below the exergy footprint increases with the back-pressure, as
the constant primary mass flow rate flows out of the ejector with more
exergy when the back-pressure is higher. By contrast, the upper edge of
the exergy footprint is the highest for case D, suggesting that the exergy
dissipated within the secondary stream or used for its entrainment is
lower for these operating conditions. As a consequence, the exergy
footprint is maximum in the vicinity of the critical back-pressure. It
indicates that the gain in exergy of the secondary stream should reach a
maximum close to this operating point, unless the exergy losses within
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Figure 3.10: Exergy footprint of the secondary stream within the primary
stream at the nozzle exit position: (a) illustration and (b) appli-
cation to different values of the back-pressure – p01/p02 = 3.61.

the tube are significantly higher in this situation. This maximum could
be expected since, at the critical back-pressure, the compression ratio
has the highest possible value before the ejector enters the off-design
regime, which leads to a decrease of the secondary mass flow rate.

Finally, in order to illustrate the impact of the sink terms, the pro-
file of the cross-sectional flux of mean-flow total exergy in the tube is
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shown in Fig. 3.11 (solid line) for case D. This flux is normalized by
the flux entering the tube at the nozzle exit position, i.e. by the exergy
flowing through the exergy footprint. The integral effects of sink terms
(see Eq. (3.31)) are also normalized and shown in the figure. The posi-
tion where the exergy tube enters the secondary stream - i.e. the upper
transport line crosses the dividing streamline - is highlighted. In light
of Eq. (3.31), it should be clear that the cross-sectional flux of mean-flow
total exergy in the tube can not increase with x. For the set of operating
conditions under consideration, this flux has approximately decreased
by a factor two between the nozzle exit position and the exit of the ejec-
tor. As may be seen in Fig. 3.11, this is mainly due to the exergy losses
related to viscous dissipation (dashed line), i.e. the first term of the RHS
in Eq. (3.31).
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0.6
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1
mixing duct diffuser

the exergy tube enters the secondary stream

Figure 3.11: Normalized exergy flux and losses in the mean-flow total exergy
transport tube for pout/p02 = 1.465 (case D). Solid line = cross-
sectional flux of mean-flow total exergy, dashed line = cumula-
tive exergy losses due to viscous dissipation, dashed-dotted line
= cumulative exergy losses due to heat transfer.

This kind of analysis actually opens a new path for the investigation
of transfers within supersonic ejectors and could bring new perspec-
tive: geometry optimization, understanding the effect of local geomet-
rical/flow features on the overall operation, defining new performance
criteria,... However, as mentioned in the introduction of this chapter,
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the objective of the present study is to address one of the main issues
regarding supersonic ejectors, namely the characterization of the trans-
fers between both streams all along the ejector. This requires the use
of classical stream tubes as a way to identify each stream within the
ejector and is performed in the next section.

3.5 Transfers between the primary and the
secondary streams

3.5.1 Local transfers

Basically, the primary and the secondary streams exchange on average
three fundamental physical quantities: momentum (mainly in the hor-
izontal direction), kinetic energy and heat. These transfers essentially
occur through the shear layer. In the present investigation, a control
volume analysis focusing on the secondary stream is performed, as il-
lustrated in Fig. 3.12. The transfers between the primary and the sec-
ondary streams are thus quantified through the dividing surface.

By noting n the normal vector to the dividing surface and pointing
towards the secondary stream (see Fig. 3.12), the local flux of momen-
tum that crosses the dividing surface per unit area is simply given by
Fm,jnj and is positive if the momentum is transported from the pri-
mary towards the secondary stream. Naturally, by construction of the
dividing surface, the contribution of the advective flux is null, and only
the viscous and turbulent fluxes are taken into account when calculat-
ing Fm,jnj .

For the quantification of the transfers within the ejector, new indi-
cators are proposed. The dimensionless local flux of momentum across
the dividing surface, fm, is defined as follows

fm =
Am

ṁ1
√

2ξ01
Fm,jnj , (3.34)

where ξ01 is the exergy of the primary stream at reservoir conditions.
Therefore, the value given by

√
2ξ01 represents the maximum speed

that the primary stream could reach by converting all its exergy into ki-
netic energy. The corresponding quantities for the local fluxes of mean-
flow kinetic energy and mean-flow total exergy are, respectively,

fK =
Am
ṁ1ξ01

FK,jnj , (3.35)

and
f ξ =

Am
ṁ1ξ01

F ξ,jnj . (3.36)
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Regarding the heat transfer between the primary and the secondary
stream, the focus should be put on its exergy content. Hence the flux of
exergy associated with the mean heat flux and the turbulent transport
of heat is defined as

F q,j =
(
qj + qtj

)(
1− Tref

T̂

)
, (3.37)

such that the flux of exergy related to the exergy content of heat cross-
ing the dividing surface per unit area is given by F q,jnj . In accordance
with the above, the dimensionless version of F q,jnj is given by

f q =
Am
ṁ1ξ01

F q,jnj . (3.38)

It should be noted that, based on Eq. (3.28), it follows that

f ξ = fK + f q . (3.39)

The profile of the local dimensionless transfers across the dividing
surface are shown in Figs. 3.13 and 3.14 for different operating condi-
tions. A first remark to be made on these figures is that, for a given op-
erating point, transfers of momentum, mean-flow kinetic energy and
exergy have essentially the same spatial pattern. Obviously this pat-
tern is related to the complex flow structure within the ejector. By con-
trast, the profile of the flux of exergy related to the exergy content of
heat is different. This is due to the temperature-correction factor (see
Eq. (3.37)) whose magnitude is more important at low temperature,
thus at high speed. This is why this transfer is relatively more impor-
tant at the exit of the primary nozzle compared to the other fluxes. Note
that the magnitude of f q is relatively low yet non negligible compared
to the flux of mean-flow kinetic energy, fK . Hence the transfer of ex-
ergy between the primary and the secondary streams is mainly due to
a transfer of kinetic energy.

Moreover, one may directly observe that when the ejector is operat-
ing in the on-design regime, the peak of the local transfer of momentum
and mean-flow kinetic energy is located in the diffuser. This means that
the flow is not uniform at the exit of the mixing duct. In these cases, the
mixing between both streams is thus not yet completed when they en-
ter the diffuser. On the other hand, as it could be seen with transport
tubes, it appears that, in off-design operations, transfers take place al-
most entirely in the mixing duct. Finally, for a value of pout close to the
critical back-pressure (case D), it seems that the peak of the local trans-
fers is the lowest, hence transfers are more evenly distributed all along
the mixing duct.
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Figure 3.13: Dimensionless local flux of (a) momentum and (b) mean-flow ki-
netic energy crossing the dividing surface for different values of
the back-pressure – p01/p02 = 3.61.
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Figure 3.14: Dimensionless local flux of (a) heat (exergy content) and (b) mean-
flow total exergy crossing the dividing surface for different values
of the back-pressure – p01/p02 = 3.61.
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3.5.2 Cumulative transfers

The dimensionless cumulative transfer of momentum between the pri-
mary and the secondary stream, Im(x), is simply defined as

Im(x) =
1

Am

∫∫

S(x)
fmds , (3.40)

where S(x) represents the portion of the dividing surface between the
nozzle exit position, xxnp, and x, taking into account both halves of the
ejector, as illustrated in Fig. 3.12 (p. 59). The corresponding quantity for
the mean-flow kinetic energy may be expressed as

IK(x) =
1

Am

∫∫

S(x)
fKds , (3.41)

and for the exergy content of heat

Iq(x) =
1

Am

∫∫

S(x)
f qds . (3.42)

The dimensionless cumulative transfer of mean-flow total exergy be-
tween the primary and the secondary stream is simply given by

Iξ(x) =
1

Am

∫∫

S(x)
f ξds = IK(x) + Iq(x) . (3.43)

The profiles of Im(x), IK(x), Iq(x) and Iξ(x) are shown in Figs. 3.15
and 3.16 for different operating conditions. As mentioned above, for
on-design operations, it clearly appears that transfers may be not com-
pleted at the entry of the diffuser. Furthermore, apart from case G, the
value of Im(xb) is very close to the value of IK(xb) for a given operating
point, although both profiles are different.

Finally, as may be observed in Figs. 3.15 and 3.16, the global trans-
fers increase when the back-pressure decreases. It should be noted that
the value of Iξ(xb) may exceed 50% in cases A and C, meaning that
more than half of the exergy available in the primary stream is trans-
ferred to the secondary stream. It should be emphasized that the max-
imization of Iξ(xb) does not imply the maximization of the net gain in
exergy of the secondary stream as the exergy losses occurring within
the secondary stream vary with the operating conditions, as shown in
the next section.
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Figure 3.15: Dimensionless cumulative flux of (a) momentum and (b) mean-
flow kinetic energy crossing the dividing surface for different val-
ues of the back-pressure – p01/p02 = 3.61.
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Figure 3.16: Dimensionless cumulative flux of (a) heat (exergetic content) and
(b) mean-flow total exergy crossing the dividing surface for dif-
ferent values of the back-pressure – p01/p02 = 3.61.
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3.6 Exergy losses within the secondary stream

As mentioned above, Eq. (3.28) implies that the mean-flow total ex-
ergy may be dissipated by phenomena related to viscous dissipation
(through the term Tref Φ/T̂ ) or related to heat transfer (through the term
Tref ΦΘ/T̂

2). In order to assess the spatial distribution of these sink
terms, their integrals over the secondary stream cross-section, A2(x),
are first computed in a dimensionless form, as follows

π2(x) =
HmTref

ṁ1ξ01

∫∫

A2(x)

Φ

T̂
ds , (3.44)

πΘ,2(x) =
HmTref

ṁ1ξ01

∫∫

A2(x)

ΦΘ

T̂ 2
ds . (3.45)

Note that A2(x) is calculated as the cross-section delimited by the di-
viding surface and through which the secondary stream virtually flows
(see Fig. 3.12). The profiles of π2(x) and πΘ,2(x) are shown in Fig. 3.17.
The irreversibilities related to viscous dissipation are more important
than exergy losses related to heat transfer. Moreover, these profiles are
closely related to the profiles of the local transfers. This could have been
expected as the viscous and turbulent fluxes of momentum or kinetic
energy are intimately connected with the dissipation of total exergy.
The large peak in the profile of π2(x) for case A and case G is related to
the flow detachment and the corresponding zone of recirculation high-
lighted above (see Fig. 3.6, p.51).

With regard to the exergy losses related to shock waves, it should
be noted that, for weak shocks, the entropy increase scales with the
third power of the shock strength (see for example [73]), the latter be-
ing defined as the ratio of the static pressure increase to the initial static
pressure. Hence the irreversibility related to shock waves will often
be negligible within supersonic ejectors. To illustrate this point, it is
possible to analytically derive the exergy losses through the oblique
shock wave emanating from the lip of the primary nozzle by assum-
ing that both streams are flowing isentropically between their respec-
tive reservoir and the primary nozzle exit plane (not shown here). By
doing so, the theoretical flow properties upstream and downstream of
the first oblique shock wave and hence the entropy increase can be
found. When the ejector is operating at on-design conditions, the ex-
ergy losses through this weak shock, Tref∆s, are found to represent less
than 0.05% of the exergy at primary reservoir conditions, ξ01. Hence,
the irreversibility due to this shock wave is negligible. Moreover, when
focusing on the secondary stream, exergy losses due to shock waves
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Figure 3.17: Dimensionless local mean-flow total exergy destruction related
to (a) viscous dissipation and (b) heat transfer in the secondary
stream for different values of the back-pressure – p01/p02 = 3.61.
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are even more limited as the flow does not reach high supersonic Mach
number, even when the ejector operates at on-design conditions.

In order to compare quantitatively these losses of mean-flow total
exergy with the transfer of exergy between the primary and the sec-
ondary streams, the dimensionless cumulative exergy destruction re-
lated to viscous dissipation in the secondary stream is defined as

Π2(x) =
Tref

ṁ1ξ01

∫∫∫

V2(x)

Φ

T̂
dV , (3.46)

where V2(x) is the volume occupied by the secondary stream between
the secondary inlet and x, taking into account both halves of the ejector,
as illustrated in Fig. 3.12 (p. 59). The dimensionless cumulative exergy
destruction related to heat transfer in the secondary stream is simply
given by

ΠΘ,2(x) =
Tref

ṁ1ξ01

∫∫∫

V2(x)

ΦΘ

T̂ 2
dV . (3.47)

The profiles of Π2(x) and ΠΘ,2(x) are shown in Fig. 3.18, starting
from the nozzle exit position. Firstly, as expected for the flow within the
ejector, the global exergy losses due to the mean heat flux and the turbu-
lent transport of heat, corresponding to ΠΘ,2(xb), are much lower than
those related to mean-flow viscous dissipation and the production of
turbulence kinetic energy, reflected by Π2(xb). Furthermore, although
ΠΘ,2(xb) seems to increase with decreasing back-pressure, this is not
the case for Π2(xb). Indeed, Π2(xb) has a minimum which corresponds
approximately to case E. So far, the transfer of exergy between the pri-
mary and the secondary streams as well as the exergy losses have been
investigated. The following analysis will focus on the global exergy
balance for the secondary stream.

3.7 Global exergy balance for the secondary
stream

The dimensionless net gain in exergy of the secondary stream at a cer-
tain position x is noted ∆2(x) and is defined as

∆2(x) =
ṁ2 (ξt2(x)− ξ02)

ṁ1ξ01
, (3.48)
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Figure 3.18: Dimensionless cumulative mean-flow total exergy destruction
related to (a) viscous dissipation and (b) heat transfer in the
secondary stream for different values of the back-pressure –
p01/p02 = 3.61.



70 CHAPTER 3. ANALYSIS OF TRANSPORT PHENOMENA

where ξt2(x) is the mass flow-averaged total exergy flux associated with
the secondary stream, i.e.

ξt2(x) =

∫∫

A2(x)
ρξ̃tûjnjds

ṁ2
. (3.49)

It should be noted that, considering the definition of the different di-
mensionless parameters given above, the following fundamental equa-
tion must be verified

∆2(x) = IK(x) + Iq(x)−Π2(x)−ΠΘ,2(x) . (3.50)

Actually, it simply consists in Eq. (3.28) integrated in the control volume
V2(x). The profile of ∆2(x) is shown in Fig. 3.19 for several operating
conditions. It clearly appears that, unless the ejector is run at a off-
design regime, the net gain in exergy of the secondary stream is not
completed at the entry of the diffuser. This fact confirms that a certain
part of the transfers between both streams takes place in the diffuser.
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Figure 3.19: Gain in exergy of the secondary stream for different values of the
back-pressure – p01/p02 = 3.61.

Moreover, this exergy analysis reveals additional information about
the quality of the mixing. Although the global exergy transfer, Iξ(xb), is
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maximum for case A (see Fig. 3.16(b)), it appears that the correspond-
ing net gain in exergy is relatively low due to the large exergy losses
related to viscous dissipation, Π2(xb) (see Fig. 3.18(a)). As may be seen
in Fig. 3.19, the net gain in exergy of the secondary stream is actually
maximum for a value of the back-pressure slightly higher than the crit-
ical back-pressure (case E), although the global transfer of exergy is not
maximum in this situation (see Fig. 3.16(b)). As mentioned above, this
optimum could be expected since, at the critical back-pressure, the com-
pression ratio has the highest possible value before the ejector enters
the off-design regime, which leads to a decrease of the secondary mass
flow rate. Hence ∆2(xb) should reach a maximum close to the critical
back-pressure. In light of the analysis of the exergy losses, one may
state that the net gain in exergy of the secondary stream is maximum
for a value of the back-pressure close to the critical pressure not because
the transfers of exergy are maximum but because the exergy losses re-
lated to viscous dissipation are significantly lowered. Based on these
observations, one may conclude that the sole analysis of the transfers
of momentum, kinetic energy and exergy is not sufficient to capture
the net gain in exergy of the secondary stream. The reason behind this
surprising result lies in the large contributions of irreversibilities.

To summarise the achieved results, Fig. 3.20 shows the evolution
with the back-pressure of the different cumulative dimensionless quan-
tities that have been introduced in the present study. As the purpose
of this study is to draw a global picture of the ejector, only the final
value of these parameters is considered in this figure. In this way, it is
possible to analyze the entrainment, the global transfers and the cu-
mulative losses in a single image. Note that Iq(xb) is not shown to
avoid overloading the figure. Of course, it may be represented as the
difference between Iξ(xb) and IK(xb). It clearly appears in Fig. 3.20
that the global transfer of mean-flow total exergy decreases with in-
creasing back-pressure. Hence, as mentioned above, the maximum net
gain in exergy of the secondary stream, ∆2(xb), is related to a signif-
icant decrease of exergy losses related to viscous dissipation, Π2(xb).
Concerning the global transfer of momentum, it is consistent with the
global transfer of kinetic energy and both parameters give the same in-
formation for on-design operations. However, as may be observed in
Fig. 3.20, it seems that, from a certain value of the back-pressure in the
off-design regime, Im(xb) and IK(xb) start to differ. The global transfer
of momentum is approximately constant for a certain range of back-
pressures in off-design operations, while the global transfer of mean-
flow kinetic energy decreases.
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Figure 3.20: Global value of the different indicators – p01/p02 = 3.61.

Finally, a Sankey diagram illustrating the fluxes of mean-flow total
exergy in the secondary stream is presented in Fig. 3.21, for three differ-
ent values of the back-pressure. Concerning the flux of exergy coming
from the primary stream, the distinction is made between the transfer
of exergy due to the transfer of mean-flow kinetic energy, IK(xb), and
due to the exergy content of the heat transfer, Iq(xb). In addition, the
contributions of Π2(xb) and ΠΘ,2(xb) to the destruction of mean-flow to-
tal exergy within the secondary stream are also highlighted separately.
Of course, the net gain in exergy of the secondary stream within the
ejector is assessed through the parameter ∆2(xb), with the following
balance ∆2(xb) = IK(xb) + Iq(xb)−Π2(xb)−ΠΘ,2(xb).

When the ejector operates in the on-design regime (Fig. 3.21(a)),
the transfer of exergy is very important but a significant part of this
transfer is dissipated through phenomena related to viscous dissipa-
tion. Hence, for pout/p02 = 1.238 (case A), the latter represent more than
40% of the flux of exergy coming from the primary reservoir. Close to
the critical pressure (case D), although the transfers of exergy between
both streams are lower, the exergy losses are also reduced, hence the
net gain in exergy of the secondary stream is higher and may reach
24.2% of the flux of exergy originating from the primary reservoir (see
Fig. 3.21(b)). Note that for this set of operating conditions close to the
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(a) pout/p02 = 1.238 (case A) - on-design

(b) pout/p02 = 1.465 (case D) - near critical

(c) pout/p02 = 1.600 (case G) - off-design

Figure 3.21: Sankey diagrams of the fluxes of mean-flow total exergy within
the secondary stream for different values of the back-pressure –
p01/p02 = 3.61.
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critical point, more than half of the exergy that is given by the primary
stream remains in the secondary stream at the outlet of the ejector. Fi-
nally, ∆2(xb) is only 13.7% for pout/p02 = 1.600 (case G) which cor-
responds to off-design operations, as the global transfer of exergy is
relatively low and represents less than one third of the flux of exergy
flowing out of the primary reservoir (see Fig. 3.21(c)).

3.8 Conclusions

In this chapter, two different and complementary approaches have been
proposed to provide novel insights into the quantification and the loca-
tion of the transfers and the irreversibilities within supersonic ejectors,
and their connection with the entrainment. First of all, the momentum
and energy tube analysis tools introduced by Meyers and Meneveau
[62] have been applied to investigate the key transport phenomena oc-
curring along a supersonic ejector. This framework has also been ex-
tended to the concept of exergy to construct the corresponding trans-
port tubes. These exergy tubes allow to unequivocally identify the
topology of the exergy transfers.

Subsequently, an analysis based on classical stream tubes has been
performed in order to quantitatively investigate transfers between the
primary and the secondary streams all along the ejector, as well as iso-
late the exergy losses by heat transfer and viscous dissipation within
the secondary stream. This approach offers some novel phenomeno-
logical insights but also leads to the definition of new quantitative in-
dicators to assess these transfers and losses.

The application of these tools to the present ejector geometry and
reservoir conditions has shown that the mixing between both streams is
not yet completed at the entry of the diffuser for some cases lying in the
on-design regime. Moreover, the operating point resulting in the high-
est global gain in exergy of the secondary stream actually corresponds
to the optimization of two effects: minimized losses and maximized ex-
ergy transfer. Hence, this does not correspond to the point where the
net transfers through the dividing streamline are the highest. Logically,
it appears that this point nearly matches with the critical point of the
characteristic curve.
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4
NUMERICAL AND EXPERIMENTAL

EVIDENCE OF THE FABRI-PATTERN
IN A SUPERSONIC EJECTOR

This chapter is based on the following paper:
O. Lamberts, P. Chatelain, Y. Bartosiewicz, Numerical and experimental ev-
idence of the Fabri-choking in a supersonic ejector, International Journal of
Heat and Fluid Flow 69 (2018) 194-209.

4.1 Introduction

Besides mixing processes, a better understanding of choking phenom-
ena in supersonic ejectors is also necessary to improve their perfor-
mances. In this chapter, the existence of a sonic section in the core of the
secondary stream caused by an aerodynamic throat is evidenced both
numerically and experimentally. It will be shown in Chapter 5 that
this flow feature is not responsible for the entrainment limitation, but
rather a particular flow pattern. Therefore, the acceleration of the sec-
ondary stream to supersonic velocities through an aerodynamic throat
is referred to as the Fabri-pattern instead of the Fabri-choking. The nu-
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merical results exploited in this chapter correspond to the characteristic
curve obtained with p01/p02 = 3.61 (see Fig. 2.9, p. 33).

The structure of this chapter is the following: in Section 4.2, the nu-
merical results are thoroughly processed for a fixed value of the back-
pressure corresponding to on-design operation in order to gain insights
into the phenomenology of the Fabri-pattern. In Section 4.3, after hav-
ing defined a quantitative criterion for the location of the Fabri-pattern,
the exergy analysis introduced in Chapter 3 is performed in order to
confirm the validity of the assumption that mixing may be neglected
between the nozzle exit position and this particular location. Finally,
the impact of the back-pressure on the Fabri-pattern is investigated in
Section 4.4.

4.2 Phenomenology of the Fabri-pattern

4.2.1 Sonic line and dividing streamline

As this study mainly aims at investigating the Fabri-pattern in the post-
processing phase of a CFD calculation, usual physical quantities such
as the Mach number or the stagnation pressure are calculated for the
mean-flow with their instantaneous definitions but from the averaged
flow quantities obtained by numerical simulations, and are indicated
with the symbol ˜. The mean-flow stagnation pressure, p̃t and the
mean-flow Mach number, M̃ , have already been defined in Eqs. (3.32)
and (3.33), respectively (see p.53). Although in most numerical stud-
ies reported in the literature, the mathematical definition of the Mach
number obtained after post-processing of the results is not explicitly
stated, it is highly likely that it corresponds to the mean-flow Mach
number. Of course, the mean-flow Mach number defined in Eq. (3.33)
is different from the time-averaged Mach number, M , but it is the sole
definition of the Mach number that is directly calculable with results
of classical CFD calculations. Furthermore, M̃ is a good approximation
of M if the density and temperature fluctuations are limited. In the
following analysis, the reader should bear in mind that the term Mach
number will refer to the mean-flow Mach number, defined in Eq. (3.33).

Figure 4.1 shows the Mach number field (supersonic region only, i.e.
M̃ ≥ 1) for operating conditions in the on-design regime (pout/p02 =
1.238, case A in Fig. 2.9). It should be emphasized that for improved
readability, the ejector is depicted with a twofold stretching in the ver-
tical direction for all the figures presented in this chapter.
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As the value of the back-pressure is relatively low, two distinct shock
trains are logically discernible in the core of the flow: the first one at
the exit of the primary nozzle and the second one at the entry of the
diffuser. This observation corresponds to previous results reported in
several numerical studies [28, 45, 77]. In contrast, to the knowledge of
the author, the surprising aspect of the Mach number field at the en-
try of the mixing duct, brought to the forefront in Fig. 4.1, has never
been highlighted before. Actually, this alternation of supersonic and
subsonic regions observed in Fig. 4.1 is related to a complex flow phe-
nomenology that is thoroughly analyzed below.

To investigate the transition from subsonic to supersonic velocities,
the following analysis will focus on the sonic line, illustrated in Fig. 4.2,
rather than the entire Mach number field. The sonic line is defined as
the iso-contour of mean-flow Mach number unity (i.e. M̃ = 1) and
is the most straightforward way to distinguish between subsonic and
supersonic regions of the flow based on CFD results. As mentioned in
the introduction, Hemidi et al. [45] already introduced the idea that
looking at the sonic line could help to find the location of the critical
cross-section.

Then, in order to isolate the region of the ejector occupied on aver-
age by the secondary stream, a classical stream tube based on the veloc-
ity vector field û and surrounding the primary stream is constructed,
according to the methodology proposed in Chapter 3. The boundary of
this stream tube, named the dividing surface, may be represented by the
dividing streamline, illustrated in Fig. 4.2.

In the light of both lines, it appears that the primary stream remains
entirely supersonic at the entry of the mixing duct. Indeed, the alter-
nation of sub-/supersonic regions is exclusively located in the core of
the secondary stream. A physical explanation of this particular flow
feature is provided in the next section.

4.2.2 Flow topology related to the Fabri-pattern

In comparison with a common overexpanded nozzle (see for example
[92]), the two types of boundary conditions that must be met by the su-
personic jet at the exit of the primary nozzle are the same. On one hand,
from symmetry aspects, a central streamline must exist. On the other
hand, pressure equilibrium must exist across the jet boundary. How-
ever, in contrast with the exhaust of a classical nozzle, in a supersonic
ejector, the outer pressure is not constant along the jet. Indeed, as the
primary jet is confined by the walls of the secondary nozzle, the shape
of the supersonic jet influences the outer pressure acting on it. There-
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dividing streamlinesonic line

ṁ1

ṁ2/2

ṁ2/2
A2(x)/2

A2(x)/2

subsonic flowsupersonic flow

Figure 4.2: Interpretation of the sonic line and the dividing streamline. For im-
proved readability, the ejector is depicted with a twofold stretching
in the vertical direction.

fore, there is a coupling — intrinsic to supersonic ejectors — between
the shape of the motive stream at the exit of the primary nozzle and the
outer static pressure, and thereby with the entrained mass flow rate.

Figure 4.3 represents schematically the flow topology in the vicin-
ity of the nozzle exit. Up to the region indicated by the number 4, the
supersonic structures in the core of the primary stream are very close
to the overexpanded nozzle described in a common textbook [92]. As
the region 4 is close to the entry of the mixing duct where the total flow
passage reaches its minimum value, the coupling between the primary
and the secondary streams becomes more important. More precisely,
the Prandtl-Meyer expansion fan in the primary jet between regions 4
and 5 implies an increase of the primary flow section. Therefore, the
section available for the secondary mass flow rate decreases. As a con-
sequence, the secondary stream, that is still subsonic, accelerates and
its static pressure falls. This causes the primary jet to further expand,
which in turn amplifies the constriction of the secondary stream. Due to
this interaction, the drop in the static pressure in the secondary stream
and hence acting on the jet boundary in region 6 may be significant.

At a point of maximum expansion of the primary stream, the sec-
ondary stream reaches sonic conditions in a sort of aerodynamic throat,
as postulated by Fabri and Siestrunck [33]. The location of this throat
is highlighted in the top half of Fig. 4.3 at the first sonic section in the
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aerodynamic throat

Y-shock wave pattern

subsonic flowsupersonic flow

1
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3
4

5
6

7
8

Figure 4.3: Flow topology related to the Fabri-pattern. For improved readabil-
ity, the ejector is depicted with a twofold stretching in the vertical
direction.

core of the secondary stream, which implies a passage from subsonic to
supersonic velocities. Throughout the rest of the document, the terms
sonic section, aerodynamic throat and Fabri-pattern are used as syn-
onyms to designate this particular flow feature.

In the study of Fabri and Siestrunck [33], nothing is said regarding
the downstream flow topology. Actually, the secondary stream further
accelerates to supersonic velocities in a virtual diverging flow section.
This causes the flow structure in the primary stream to deviate from the
free jet configuration [92]. Indeed, the oblique shock wave in the core
of the primary stream between regions 6 and 7 that would reflect on the
jet boundary as a Prandtl-Meyer expansion fan in the case of a free jet,
propagates here into the supersonic secondary stream and turns into a
normal shock wave in its core, thereby decelerating the flow to subsonic
velocities, as attested by the sonic line in Fig. 4.3. But this normal shock
wave in the core of the secondary stream also results in an increase of
the outer static pressure acting on the jet boundary. Hence, another
oblique shock wave is required in the core of the primary stream to
ensure pressure equilibrium with the secondary stream, thereby form-
ing a particular shock wave pattern highlighted in the bottom half of
Fig. 4.3. Due to its structure, it is proposed to name this pattern a
Y-shock wave (pattern). To the knowledge of the authors, this Y-shock
wave pattern has never been reported in the literature. It should not be



4.2. PHENOMENOLOGY OF THE FABRI-PATTERN 81

confused with the lambda foot observed in interactions between shock
waves and turbulent boundary layers [40] that may appear in the pri-
mary nozzle of a supersonic ejector [59]. In region 8, the situation is
approximately the same as in region 6. The primary stream forms an-
other aerodynamic throat in the core of the secondary stream resulting
in a second Y-shock wave pattern. Ideally, this pattern would continue
infinitely but the turbulent shear layer progressively dissipates it.

4.2.3 Aerodynamic throat in the secondary stream

Through the post-processing of the numerical results, it may be shown
that the first sonic section in the core of the secondary stream essentially
corresponds to an aerodynamic throat, although it is not very clear
when observing the dividing streamline or other secondary stream-
lines in the bottom half of Fig. 4.4. Actually, it is more clearly high-
lighted with the iso-contours of zero vertical velocity, shown in the
top half of the same figure. Indeed, these lines are useful to bring out
changes in the vertical orientation of the flow, as illustrated with ar-
rows in Fig. 4.4. Based on these iso-contours, it clearly appears that the
secondary stream changes its direction from upwards to downwards
as it passes for the first time through the sonic line, due to a simi-
lar behavior of the dividing streamline. Hence, even though it is not
very pronounced, the cross-section delimited by the dividing stream-
line through which the secondary stream virtually flows, noted A2(x)
in Fig. 4.2, exhibits a local minimum close to the first sonic section oc-
curring in the secondary stream.

4.2.4 Y-shock wave pattern

As explained above, most of the secondary mass flow rate reverts to
a subsonic regime a short distance downstream of the first sonic sec-
tion through a normal shock wave that forms, with two oblique shock
waves in the core of the primary stream, a Y-shock wave pattern (see
Fig. 4.3, p. 80). The latter may be observed in Fig. 4.5 showing the
overlay of the sonic line with the horizontal gradient of the density
field (pseudo-schlieren) within the ejector. The vertical portion of the
sonic line outlined in the top half of the figure is clearly related to a
sharp increase of the density, typical of a shock wave. Compared to
the pseudo-schlieren shown in the bottom half of Fig. 2.8(a) (p. 32), the
numerical results shown in Fig. 4.5 reveal more flow features, although
both images refer to the same operating conditions. This is mainly due
to the fact that these two figures illustrate a different component of the
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dividing streamlinesonic line

v̂ = 0

aerodynamic throat

Figure 4.4: Direction of the flow (top half) and streamlines (bottom half) in
the secondary stream – p01/p02 = 3.61 – pout/p02 = 1.238 (case
A). For improved readability, the ejector is depicted with a twofold
stretching in the vertical direction.

gradient of the density field. While its vertical component is shown
in Fig. 2.8(a) to bring to light the shear layer, the horizontal gradient
of the density field is shown in Fig. 4.5 in order to highlight a nor-
mal shock wave in the secondary stream. Regarding the oblique shock
waves in the primary stream, they are more visible in Fig. 4.5 because
of the saturation settings (saturation amplified by a factor 4 compared
to Fig. 2.8(a)).

4.2.5 Experimental evidence of the Y-shock wave pattern

Experimentally, this Y-shock wave pattern has been investigated with
shadowgraphy, with the high-speed camera described in Section 2.2.1.
An instantaneous image of the flow at the entry of the mixing duct is
shown in Fig. 4.6 for pout/p02 = 1.238 (case A). The first Y-shock wave
pattern may be clearly observed, in particular in the bottom half of the
figure where it is highlighted by a white dashed line.

It should be emphasized that the experimental visualization shown
in Fig. 4.6 essentially serves as a qualitative validation of the Fabri-
pattern as it primarily aims to evidence the existence of a normal shock
wave in the secondary stream and the related Y-shock wave pattern.
A quantitative validation of the entire sonic line pattern is beyond the
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oblique shock wave

Y-shock wave pattern

@⇢

@x

⇥
kg/m4

⇤

normal shock wave

dividing streamline

sonic line

Figure 4.5: Horizontal gradient of the density field highlighting the Y-shock
wave pattern – p01/p02 = 3.61 – pout/p02 = 1.238 (case A). For im-
proved readability, the ejector is depicted with a twofold stretching
in the vertical direction.

Figure 4.6: Experimental observation of the Y-shock wave pattern through
shadowgraphy – p01/p02 = 3.61 – pout/p02 = 1.238 (case A). For im-
proved readability, the ejector is depicted with a twofold stretching
in the vertical direction.
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scope of the present work and is experimentally very challenging due
to the oscillating behavior of this complex flow signature as well as its
dissipation induced by turbulence and mixing effects.

Nevertheless, the agreement between the CFD and the experimen-
tal results is actually fairly good. Indeed, the axial position of the first
normal shock wave in the secondary stream is roughly the same in the
pseudo-schlieren as in the experimental image. Moreover, the num-
ber of shock cells in the core of the primary stream that may be dis-
tinguished upstream of the first Y-shock wave pattern in the CFD is
also consistent with the experimental visualization. This agreement in
terms of topology thus also brings confidence about the Mach numbers
achieved between the discontinuities. The Y-shock wave pattern may
be considered as the signature of the Fabri-pattern and its observation
based both on numerical (see Fig. 4.5) and experimental (see Fig. 4.6)
results evidences the existence of this particular flow feature.

4.3 Transfers and irreversibilities in the secondary
stream upstream of the Fabri-pattern

This section checks the validity of the assumption that transfers be-
tween the primary and the secondary streams are negligible upstream
of the Fabri-pattern. This hypothesis is often used in the literature and
was already postulated by Fabri and Siestrunck [33]. To this end, the
static pressure and the thickness of the shear layer in the vicinity of
the aerodynamic throat are first investigated. Then, the location of the
Fabri-pattern is defined by a new quantitative criterion and the trans-
fers of exergy between the nozzle exit position and this particular point
are finally quantified by an exergy analysis using the methodology pro-
posed in Chapter 3.

4.3.1 Static pressure and thickness of the shear layer at the
aerodynamic throat

Regarding the static pressure in the vicinity of the aerodynamic throat,
it could be expected to be close to the sonic state reached with the sec-
ondary reservoir conditions through a 1D isentropic nozzle flow. This
particular value of the static pressure is generally referred to as the crit-
ical pressure (to not be confused with the critical back-pressure) and
noted p∗ in common textbooks [73, 92]. For an ideal gas, the critical
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pressure is given by

p∗

p02
=

(
1 +

(γ − 1)

2

)− γ
(γ−1)

. (4.1)

This expression takes a value close to 0.528 for γ = 1.4. Hence the iso-
contour of the static pressure corresponding to this particular value is
shown in the top half of Fig. 4.7. It appears indeed that the mean static
pressure prevailing at the first sonic section corresponds nearly to the
above-mentioned value as its iso-contour almost overlaps that of the
sonic line.

dividing streamlinesonic line

vorticity [1/s]

p = p⇤

Figure 4.7: Static pressure (top half) and vorticity (bottom half) – p01/p02 =
3.61 – pout/p02 = 1.238 (case A). For improved readability, the ejec-
tor is depicted with a twofold stretching in the vertical direction.

The small part of the secondary stream that is confined between
the sonic line and the dividing streamline just upstream of the Fabri-
pattern (highlighted with an arrow in the bottom half of Fig. 4.7) has
already accelerated to supersonic velocities before reaching the aero-
dynamic throat. Actually, when looking at the span-wise vorticity field
in the bottom half of Fig. 4.7, it appears clearly that this fraction of the
secondary stream is located in the shear layer. It has therefore already
received some exergy from the primary stream, resulting in higher ve-
locities in this part of the secondary stream. These transfers are quanti-
fied below, after having defined the location of the Fabri-pattern.



86 CHAPTER 4. FABRI-PATTERN

4.3.2 Definition of the location of the Fabri-pattern

A new parameter,M2(x), corresponding to a 1D-equivalent Mach num-
ber for the secondary stream, is proposed for a quantitative investiga-
tion of the Fabri-pattern. The parameterM2(x) is calculated in the post-
processing phase of the CFD calculation as the ratio of a mean velocity
to a mean speed of sound in the secondary stream. Hence, for a perfect
gas, it may be defined as

M2(x) =
U2(x)√
γRT2(x)

, (4.2)

with U2(x) a mean velocity

U2(x) =
ṁ2∫∫

A2(x)
ρ ds

, (4.3)

and T2(x) a mean temperature over the secondary cross-section

T2(x) =
1

A2(x)

∫∫

A2(x)
T̂ ds . (4.4)

Readers are reminded that A2(x) is the virtual cross-section through
which the secondary stream flows, i.e. the section between the ejector
boundary and the dividing surface (see Fig. 4.2, p. 79). The profile of
M2(x) in the first half of the mixing duct is illustrated in Fig. 4.8(a)
for pout/p02 = 1.238 (case A). Logically, M2(x) increases at the entry of
the mixing duct as the secondary stream accelerates in a reducing flow
passage, and reaches the value of approximately 1.05 before oscillating
just above unity. These oscillations in the profile of M2(x) in Fig. 4.8(a)
correspond to the alternation of sub-/supersonic regions in the core of
the secondary stream observed above (see Fig. 4.2).

It is proposed to define the location of the Fabri-pattern, xf , as the
first position where M2(x) reaches unity. For the present geometry and
operating conditions, this axial position corresponds to xf/Hm ' 1.02
and is in very good agreement with the first sonic section in the core of
the secondary stream, as shown in Fig. 4.8(b).

Having defined the location of the Fabri-pattern, it is interesting to
assess the consistency of this position with the profile of the virtual
cross-section through which the secondary stream flows, A2(x). The
latter is shown in Fig. 4.9 in the vicinity of x = xf . It may be observed
that the position of the Fabri-pattern defined above nearly corresponds
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Figure 4.8: Definition of the location of the Fabri-pattern: (a) profile of M2(x)
in the first half of the mixing duct and (b) corresponding location –
p01/p02 = 3.61 – pout/p02 = 1.238 (case A).
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to a local minimum for A2(x). It is logically located at a small dis-
tance upstream of this minimum as the definition of M2(x) includes
the contribution of the fraction of the secondary mass flow rate that is
accelerated to supersonic velocities through the shear layer.

x/Hm

0.8 0.9 1 1.1 1.2 1.3

A
2
/A

m

0.63

0.631

0.632

0.633

0.634

0.635

0.636

0.637

0.638

0.639

0.64

x = xf

Figure 4.9: Profile of A2(x) in the vicinity of the choking position (Am is the
cross-section of the mixing duct) – p01/p02 = 3.61 – pout/p02 = 1.238
(case A).

Furthermore, Fig. 4.9 further confirms that the local minimum in
the profile of A2(x) is not very pronounced, as mentioned earlier (see
Section 4.2). As a consequence, the Fabri-pattern will be very elusive
and highly sensitive to operating conditions and 3D effects.

At the aerodynamic throat, the secondary stream occupies the larger
portion of the cross-section of the mixing duct (approximately 63%) al-
though the entrainment ratio is lower than unity. This is due to the fact
that both the velocity and the density are still higher in the primary
stream at this location.

The profile of the mean-flow Mach number at the Fabri-pattern po-
sition is shown in Fig. 4.10, showing the larger velocities in the core of
the primary stream compared to the secondary stream. It consistently
appears that the flow in the core of the secondary stream is essentially
uniform at the aerodynamic throat, with M̃ ' 1. Nevertheless, at both
edges of the secondary stream, the flow differs from the core. First of
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all, there is logically a region of low velocities in the boundary layer, in
the vicinity of the wall. Then, close to the dividing streamline (i.e. near
the primary stream), a small but significant fraction of the secondary
mass flow rate (' 20%) has already reached supersonic velocities at the
choking position. As mentioned above, the acceleration of this small
part of the secondary stream is due to a transfer of exergy with the pri-
mary stream occurring through the shear layer.

M̃
0 0.5 1 1.5 2 2.5

y
/H

m

0
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0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

dividing streamline

Figure 4.10: Profile of the mean-flow Mach number at the location of the Fabri-
pattern in the top half of the ejector (The center and the top wall
of the mixing duct correspond to y/Hm = 0 and y/Hm = 1, re-
spectively) – p01/p02 = 3.61 – pout/p02 = 1.238 (case A).

4.3.3 Exergy transfers and losses in the secondary stream

The quantitative exergy analysis introduced in Chapter 3 may be ap-
plied to the secondary stream between the secondary inlet and the lo-
cation of the Fabri-pattern, xf . The value of the different dimensionless
parameters evaluated at x = xf is shown in Table 4.1. In order to put
these results in perspective, the value achieved at the outlet of the ejec-
tor (x = xb) is also reported for each parameter. As may be observed
in Table 4.1, the cumulative transfer of mean-flow total exergy between
the primary and the secondary stream, Iξ(x), is relatively low at the
first sonic section as it represents only 3.9% of the flux of exergy com-
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ing from the primary reservoir. By comparison, Iξ(x) reaches 60.5%
at the outlet of the ejector for the operating point under consideration.
Due to exergy losses in the secondary stream reaching 2.7% (Π2(xf ) and
ΠΘ,2(xf )), the dimensionless net gain in exergy of the secondary stream
at x = xf , ∆2(xf ), is even lower, and barely reaches 1.3%. As men-
tioned above, this increase of exergy is not evenly distributed within
the secondary stream but is rather concentrated in the region of the sec-
ondary stream lying in the shear layer. Nevertheless, in view of the
small value of ∆2(xf ), it appears that the secondary stream arrives at
the aerodynamic throat with almost its reservoir conditions in terms of
mean-flow total exergy.

x = xf x = xb
Iξ [%] 3.9 60.5
Π2 [%] 2.4 41.4

ΠΘ,2 [%] 0.3 5.2
∆2 [%] 1.3 13.9

Table 4.1: Value of the exergy dimensionless parameters at the location of the
Fabri-pattern (x = xf ) and at the outlet of the ejector (x = xb) –
p01/p02 = 3.61 – pout/p02 = 1.238 (case A).

In view of the above, it appears that an important part of the sec-
ondary stream reaches sonic conditions at nearly the same axial po-
sition, in a sort of aerodynamic throat and with almost its reservoir
conditions. This flow feature is proposed to be referred to as the Fabri-
pattern since it was early postulated by Fabri and Siestrunck [33]. Even
though the assumption of a sonic section in the secondary stream was
made for an underexpanded primary nozzle in [33], it is observed for
an overexpanded nozzle in the present work. Of course, this observa-
tion remains consistent with the model of Fabri and Siestrunck as the
sonic section is located in the vicinity of an expansion zone in the pri-
mary jet.

Thus far, only one operating point corresponding to the lowest value
of the back-pressure, i.e. case A, has been considered for the analysis.
In the following section, the impact of the back-pressure on the Fabri-
pattern is investigated.
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4.4 Impact of the back-pressure on the
Fabri-pattern

The values of the back-pressure considered in this analysis correspond
to the five lowest values of the numerical characteristic curve shown in
Fig. 2.9 (p. 33), i.e. cases A to E. The cases A and B clearly correspond to
on-design operation. As may be observed in Fig. 4.11 showing a zoom
on the numerical results for the three cases located close to the critical
back-pressure, the ejector still operates in the on-design regime for case
C while the case D seems slightly higher than the critical back-pressure.
The case E evidently lies in the off-design region.

pout/p02
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Figure 4.11: Zoom on the numerical characteristic curve corresponding to
p01/p02 = 3.61 (shown in Fig. 2.9, p. 33) close to the critical back-
pressure.

First of all, the sonic line at the entry of the mixing duct is shown
in Fig. 4.12 for the selected values of the back-pressure. Note that the
same information is depicted in both halves of the ejector for easier
readability. As a first observation in Fig. 4.12, it logically appears that
the primary stream leaves the primary nozzle as a supersonic jet for all
operating conditions. Actually, for the cases under study, all the sonic
lines are almost superimposed from the throat of the primary nozzle to
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the entry of the mixing duct. Further downstream, each sonic line be-
gins to deviate from the sonic line corresponding to case A at a different
axial position. Logically, the overlap is the largest for the closest value
of the back-pressure (i.e. case B) and then decreases with increasing
back-pressure.

case A

case B

case C

case D

case E

Figure 4.12: Sonic line at the entry of the mixing duct for p01/p02 = 3.61 and
different values of the back-pressure. For improved readability,
the ejector is depicted with a twofold stretching in the vertical
direction.

More importantly, for the three cases corresponding to on-design
operation (cases A, B and C), the sonic lines are superimposed beyond
the aerodynamic throat. Hence the secondary stream reaches sonic ve-
locities in the ejector for these three operating points and the flow struc-
ture is logically the same. In contrast, above the critical back-pressure,
the sonic line does not penetrate deep into the secondary stream and
there is consequently no sonic section, thus no Fabri-pattern.

Figure 4.13 shows the profile of the parameter M2(x) in the first
half of the mixing duct for the five values of the back-pressure under
consideration. The profiles of the three cases in the on-design regime
are logically superimposed beyond the Fabri-pattern position defined
above. For the case D, the profile of M2(x) is almost common with the
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aforementioned values of the back-pressure but starts deviating at a
small distance upstream of x = xf and reaches a maximum value close
to 0.9. Note that the entrainment ratio for this case is very close to the
plateau attained in the on-design regime (see Fig. 4.11). The profile of
M2(x) is logically different and oscillates around a lower value (close
to 0.65) for case E.
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Figure 4.13: Profile of M2(x) in the first half of the mixing duct for different
values of the back-pressure – p01/p02 = 3.61 (the mixing duct ex-
tends from x/Hm = 0 to x/Hm ' 20.75).

Finally, for the five cases under study, the profile of the static pres-
sure at the wall, pwall, is shown in Fig. 4.14, in the first half of the mixing
duct only. Once again, in on-design operation, the flow is the same at
least until the first sonic section. Furthermore, it appears that, once the
ejector enters the off-design regime, the static pressure at the wall does
not fall below the critical pressure, p∗, as the secondary stream does not
reach sonic velocities.

4.5 Conclusions

In this chapter, the existence of a sonic section in the core of the sec-
ondary stream has been evidenced numerically and experimentally.
The first analysis consisted in the visualization of two fundamental
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Figure 4.14: Static pressure profile in the first half of the mixing duct for differ-
ent values of the back-pressure – p01/p02 = 3.61 (the mixing duct
extends from x/Hm = 0 to x/Hm ' 20.75).

lines that are constructed in the post-processing phase of a CFD calcu-
lation: the dividing streamline which is a virtual separation between the
primary and the secondary stream and the sonic line that corresponds to
the iso-contour of mean-flow Mach number unity. A detailed physical
explanation of the observed flow structure has then been provided.

The subsequent analysis has confirmed that a significant fraction
of the secondary mass flow rate reaches sonic conditions through a re-
striction of its streamlines. This is effectively an aerodynamic throat for
the secondary stream where the static pressure is roughly equal to the
sonic state reached with the secondary reservoir conditions through a
1D isentropic flow. In addition to this, a flow signature, never identified
within a supersonic ejector until now, forming a so-called Y-shock wave
pattern and being repeated axially, has been numerically highlighted
with a pseudo-schlieren and corroborated by means of experimental
visualization. This is the first work which brings a clear evidence both
numerically and experimentally of the existence of a sonic section in
the secondary stream, postulated almost 60 years ago by Fabri and
Siestrunck [33]. However, it will be shown in the next chapter that this
flow feature is not responsible for the entrainment limitation. There-



4.5. CONCLUSIONS 95

fore, it is proposed to name it the Fabri-pattern rather than the Fabri-
choking. The reason why the Fabri-pattern has never been highlighted
in the literature is because it requires very peculiar conditions (having
an aerodynamic throat and pressure mismatch between both streams)
that are not generally met in supersonic ejectors. Furthermore, the vi-
sualization methodology (experimental or numerical) requires a very
fine resolution as it basically consists in shock waves produced in con-
ditions very close to M = 1.

Then, a new parameter corresponding to a 1D-equivalent Mach num-
ber for the secondary stream has been proposed for the definition of
the location of the Fabri-pattern, and an exergy analysis based on the
methodology proposed in Chapter 3 has been applied to the secondary
stream. It appears that the entrained mass flow rate reaches sonic ve-
locities with practically the exergy corresponding to its reservoir condi-
tions. Indeed, both the transfer of mean-flow total exergy with the pri-
mary stream and the irreversibilities within the secondary stream were
found to be negligible between the inlet and the first sonic section.

Finally, the impact of the back-pressure on the Fabri-pattern has
been investigated through the visualization of the sonic lines for five
different values of the back-pressure. For the ejector geometry and
reservoir conditions under consideration, it seems that the Fabri-pattern
exists for all the on-design operating points and disappears when the
ejector operates in the off-design regime. Nevertheless, as mentioned
above, it will be shown in the next chapter that the choking mechanism
at the basis of the entrainment limitation is not related to this specific
flow feature.
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5
THE COMPOUND-CHOKING

THEORY AS AN EXPLANATION OF
THE ENTRAINMENT LIMITATION IN

SUPERSONIC EJECTORS

This chapter is based on the following paper:
O. Lamberts, P. Chatelain, N. Bourgeois, Y. Bartosiewicz, The compound-
choking theory as an explanation of the entrainment limitation in supersonic
ejectors, Energy 158 (2018) 524-536.

5.1 Introduction

In the present chapter, it is shown that the compound-choking theory
proposed by Bernstein et al. [14] yields an explanation for both the
absence of the Fabri-pattern in most numerical results and the difficul-
ties of state-of-the-art 1D models to predict the on-design entrainment
ratio.

Its structure is the following: the fundamentals of the compound-
choking theory are briefly exposed in Section 5.2. In Section 5.3, the
post-processing methodology introduced in the previous chapter to in-
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vestigate the acceleration of the secondary stream to supersonic veloc-
ities is applied to the same ejector geometry but with other reservoir
conditions. The operating points that are considered here correspond to
the characteristic curve obtained with p01/p02 = 5.13 (see Fig. 2.9, p. 33).
Section 5.4 is devoted to the application of the compound-choking the-
ory to predict the on-design entrainment ratio of published experimen-
tal ejector configurations, as well as a comparison with state-of-the-art
1D models. The main conclusions and perspectives of the present in-
vestigation are summarized at the end of the chapter.

5.2 Compound-choking theory

5.2.1 Assumptions

The compound-choking theory of Bernstein et al. [14] has been derived
from the concept of a one-dimensional compound-compressible noz-
zle flow, illustrated in Fig. 5.1. This theory is based on the following

Inlet
plane

Throat
(minimum area)

Exit
plane

stream 2

stream 1

stream n

...

interfaces

A(x)

êx

Figure 5.1: Schematic drawing of the compound-compressible nozzle flow
(adapted from [14]).

assumptions:

1. the flow in each stream is one-dimensional, steady and isentropic;
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2. the static pressure can vary only along the nozzle, implying that
it cannot change from stream-to-stream across the nozzle;

3. each fluid is a perfect gas with constant thermodynamic proper-
ties.

Note that mixing and real gas effects are thus ignored in the compound-
choking theory of Bernstein et al. [14]. Although less explicitly stated,
the pioneering contribution of Pearson et al. [65] essentially relied on
the aforementioned assumptions. In what follows, in addition to these
assumptions, all the streams are assumed to have identical thermody-
namic properties, namely equal specific heat ratios and specific gas con-
stants, noted γ and R, respectively. As a consequence, in the present
analysis, the streams differ from each other only with regard to their
reservoir conditions. The general case of perfect gases with different
thermodynamic properties is presented in [14].

5.2.2 Compound-choking condition

By deriving the velocity of a weak pressure disturbance – a so-called
compound wave – Bernstein et al. arrived at the conclusion that the
compound-flow indicator, β(x), defined as

β(x) =
n∑

i=1

Ai(x)

γ

(
1

M2
i (x)

− 1

)
, (5.1)

is the key indicator to determine the compound-flow regime, i.e. the na-
ture of the flow [14]. In Eq. (5.1), Ai(x) and Mi(x) represent the lo-
cal flow area and the local Mach number of the ith stream, respec-
tively. More precisely, it is shown in [14] that the velocity in the up-
stream direction of a compound wave must always have the same sign
as the compound flow indicator, β. Hence, β > 0, β = 0 and β <
0 corresponds to the so-called compound-subsonic, compound-sonic and
compound-supersonic regime, respectively. The demonstration of this re-
sult may be found in Appendix A.

Actually, the compound-choking theory of Bernstein et al. [14] con-
siders an aerodynamic-based choking just as Fabri and Siestrunck [33],
but based on another criterion for the blockage of the pressure waves.
While, in the Fabri-choking theory, the focus is put on the secondary
stream only, the compound-choking theory takes both streams under
consideration to analyze the choking process, as the combination of
both streams may behave like a sonic stream [47].
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In addition, Bernstein et al. also demonstrated that the compound-
choking of the flow can only occur at the nozzle minimum area, i.e. at
the location where A(x) is minimum and equal to Athroat, for it is there
only that β can equal zero [14]. The interested reader is referred to the
original publication for more details in deriving these results.

A closer inspection of Eq. (5.1) leads to the conclusion that, when a
compound flow is choked (β = 0), the individual stream Mach num-
bers at the throat will not necessarily be equal to one [14]. More im-
portantly, for flows involving two streams at different stagnation pres-
sures, one stream must be supersonic, yielding 1/M2

i < 1 in Eq. (5.1),
while the other must be subsonic, i.e. 1/M2

i > 1, to have β = 0. As the
static pressure is assumed to be the same in both streams, the super-
sonic stream will correspond to the fluid with the greater total pressure.

As proposed by Hedges et al. [43], when all the streams have the
same thermodynamic properties, it is convenient to define an equiva-
lent Mach number, Meq(x), such that

Meq(x) =

(
γ
β(x)

A(x)
+ 1

)−1/2

, (5.2)

where A is the local total flow area (see Fig. 5.1). This equivalent Mach
number offers the advantage of being analogous with the Mach num-
ber in single-stream flows with regard to its interpretation. Indeed,
Meq will be unity for compound-sonic flow (β = 0), less than unity for
compound-subsonic flow (β > 0) and greater than unity for compound-
supersonic flow (β < 0) [43].

5.2.3 Computational procedure for two-stream
compound-compressible nozzle flows

Another achievement of the work of Bernstein et al. consists in propos-
ing a computational procedure in the case of two-stream convergent-
divergent nozzles [14]. First, under the assumptions reported in Section
5.2.1, the mass flow rate of the ith stream may be written as a function
of the local pressure p(x) and the local flow area Ai(x) only

ṁi =
Ai(x)p0i√

T0i

(
p(x)

p0i

) 1
γ

√√√√ 2

R

(
γ

γ − 1

)[
1−

(
p(x)

p0i

) γ−1
γ

]
(i = 1, 2).

(5.3)
The derivation of this equality may be found in classical textbooks like
[73] or [92]. Hence, the geometrical compatibility condition, i.e. A1(x)+
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A2(x) = A(x), may be written at any point in the nozzle as1

ṁ2

ṁ1

√
T02

T01
=




A(x)

A∗1

[(
2

γ − 1

)(
γ + 1

2

) γ+1
γ−1

]1/2

−
(
p01

p(x)

)1/γ
[

1−
(
p(x)

p01

) γ−1
γ

]−1/2




×
[

1−
(
p(x)

p02

) γ−1
γ

]1/2(
p02

p01

)(
p(x)

p02

)1/γ

, (5.4)

where

A∗1 =
ṁ1

√
T01

p01

√
R

γ

(
γ + 1

2

) γ+1
γ−1

. (5.5)

Under choked flow conditions, a second equation arises from the
fact that β, defined in Eq. (5.1), must fall to zero at the nozzle geometric
throat (compound-sonic condition). By using the relation between the
Mach number and the ratio of total to static pressures of the ith stream
for an isentropic flow, i.e.

M2
i (x) =

2

γ − 1

[(
p0i

p(x)

) γ−1
γ

− 1

]
(i = 1, 2), (5.6)

the condition β = 0 may be rewritten as

ṁ2

ṁ1

√
T02

T01
=

(
p02

p01

) γ−1
γ

{
γ−1

2

[(
p∗eq
p01

) 1−γ
γ − 1

]−1

− 1
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p02

) γ−1
γ

]1/2
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2
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p∗eq
p02

) 1−γ
γ − 1

]−1
}[

1−
(
p∗eq
p01

) γ−1
γ

]1/2
,

(5.7)
where p∗eq represents the static pressure corresponding to the compound-
sonic regime (β = 0). The four dimensionless ratios ṁ2

√
T02/ṁ1

√
T01,

p01/p02, Athroat/A
∗
1 and p∗eq/p02 are thus the fundamental dimensionless

quantities in the compound-choking theory. As explained in [14], if
two of these ratios are known, solving Eqs. 5.4 and 5.7 will provide the
value of the two others under choked flow conditions, for any value of
γ.

1Please note that the minus sign in the ‘-1/2’ exponent of the first line in Eq. (5.4)
is missing in the original paper of [14], which is probably a mere oversight.
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5.2.4 Prediction of the entrainment ratio in supersonic
ejectors with the compound-choking theory

By identifying the flow in supersonic ejectors as a two-stream com-
pound compressible nozzle flow, the computational procedure described
above may be used to predict the on-design entrainment ratio for known
reservoir conditions and a given geometrical configuration. Indeed, if
the flow is assumed to be isentropic in the primary nozzle, A∗1 will be
equal to the area of the throat of the primary nozzle, At. In addition,
the cross-section of the mixing duct of a supersonic ejector, Am, may
be identified as the geometrical throat of the compound-compressible
nozzle flow considered in [14]. Hence, for specified Am/At, p01/p02,
T01/T02 and γ, the simultaneous resolution of Eqs. (5.4) and (5.7) pro-
vides a certain entrainment ratio for choked conditions according to the
compound-choking theory. The value of p∗eq/p02 is the second output of
the procedure.

5.3 Numerical evidence of the compound-choking

5.3.1 Sonic line and dividing streamline

In order to highlight the choking process, the analysis of the numeri-
cal results is based on the method proposed in Chapter 4. It essentially
consists in bringing out the region of the ejector where the secondary
stream reaches sonic velocities by constructing two fundamental lines
in the ejector: the sonic line and the dividing streamline. The interpre-
tation of both lines is reminded in Fig. 5.2. The sonic line, defined as
the iso-contour of Mach number unity, allows to make a distinction
between the subsonic and the supersonic regions of the flow [10, 45],
whereas the dividing streamline aims at separating the primary and
the secondary streams. This line is defined in Chapter 3 as the stream-
line constructed from the velocity vector field and passing through the
point located just above the tip of the primary nozzle. For 2D flows, this
streamline actually represents the surface of a stream tube surrounding
the primary stream. Since, by construction, there is no average mass
flux passing through the surface of a stream tube, the dividing stream-
line may be interpreted as a virtual separation between the primary
and the secondary streams all along the ejector.

Figure 5.3 shows the sonic line and the dividing streamline for dif-
ferent values of the back-pressure. The reader is reminded that all
these results have been obtained with the same reservoir conditions
(cfr. Section 2.3.6). For improved readability, the ejector is depicted
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dividing streamline sonic line
ṁ1

ṁ2/2

ṁ2/2

subsonic flowsupersonic flow

A2(x)/2

A2(x)/2

A1(x)

Figure 5.2: Interpretation of the sonic line and the dividing streamline. For im-
proved readability, the ejector is depicted with a twofold stretching
in the vertical direction.

with a twofold stretching in the vertical direction in Fig. 5.3. As may
be observed in this figure, for on-design operating conditions, there
is no sudden transition from subsonic to supersonic velocities in the
secondary stream as the sonic line does not abruptly penetrate it. For
cases a and b, the sonic line progressively deviates from the dividing
streamline starting from the exit of the primary nozzle and gets very
close to the wall near the entry of the diffuser. Hence, for these cases,
the secondary stream gradually reaches supersonic velocities by being
accelerated through the shear layer. For case e, the ejector operates in
the off-design regime and the main portion of the secondary stream
logically does not reach supersonic velocities (see Fig. 5.3(e)).

More interestingly, for cases c and d, a significant part of the sec-
ondary stream remains subsonic within the entire ejector, even though
these operating conditions lie in the on-design regime as indicated by
the characteristic curve corresponding to p01/p02 = 5.13 shown in Fig. 2.9
(p. 33). The following analysis will give more insights into the choking
process at play.
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(a) pout/p02 = 1.232 (case a) - on-design

(b) pout/p02 = 1.643 (case b) - on-design

(c) pout/p02 = 1.745 (case c) - on-design

(d) pout/p02 = 1.848 (case d) - on-design

(e) pout/p02 = 1.900 (case e) - off-design

Figure 5.3: Sonic line (in green) and dividing streamline (in red) for different
values of the back-pressure – p01/p02 = 5.13. The supersonic re-
gion is coloured in grey.
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5.3.2 Wall static pressure

The profile of the static pressure at the wall, pwall, between the noz-
zle exit plane and the end of the mixing duct is shown in Fig. 5.4, for
the five values of the back-pressure considered above. The significant
drop in the static pressure between the nozzle exit and the entry of the
mixing duct reflects the contraction and the related acceleration of the
secondary stream due to the expansion of the primary stream. Never-
theless, apart from case a, the static pressure does not fall low enough
for the secondary stream to reach sonic velocities, at least through an
isentropic process, for which it should fall below the critical pressure,
p∗, defined in Eq. (4.1). This particular value is highlighted by a dashed
horizontal line in Fig. 5.4. In contrast, for all the on-design cases, the
pressure drop experienced by the secondary stream is consistent with
the compound-choking theory as pwall reaches the theoretical value cor-
responding to the compound-sonic regime, p∗eq, calculated through the
procedure described in Section 5.2.4 (see the dash-dotted horizontal
line in Fig. 5.4).

It clearly appears in Fig. 5.4 that the flow in the ejector is identi-
cal up to a certain axial location for the four on-design configurations
(cases a-d), although not easily detected in Fig. 5.3. Indeed, the four
curves corresponding to the cases a-d are actually superimposed up-
stream of the mixing duct entry, and start deviating from each other at
different positions downstream in the mixing duct. This is consistent
with the fact that the flow is choked for all these operating points. For
case d, which corresponds to a back-pressure near the critical value, the
pressure profile starts deviating from the three other curves shortly af-
ter the entry of the mixing duct. Results shown in Fig. 5.4 thus imply
that the choking process, i.e. the blockage of the secondary mass flow
rate, takes place in the vicinity of the entry of the mixing duct, where
the secondary stream is almost entirely subsonic (see Fig. 5.3 (a) to (d)).
Hence, in the present situation, the sonic line is not a good criterion to
assess if the flow is choked within the ejector.

These observations are consistent with the compound-choking the-
ory which states that the flow may be choked with a subsonic sec-
ondary stream if the primary stream is supersonic. To further confirm
that the choking phenomenology is well described by this theory, an
equivalent Mach number is calculated all along the ejector by post-
processing the numerical results in the next section.
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Figure 5.4: Static pressure profile for different values of the back-pressure
– p01/p02 = 5.13 (the mixing duct extends from x/Hm = 0 to
x/Hm ' 20.75).

5.3.3 Equivalent Mach number

The equivalent Mach number is obtained through Eq. (5.2) by post-
processing the numerical results. For the calculation of β(x), Eq. (5.1)
is used, where the local Mach number of the ith stream is computed
according to the definition given in Eq. (4.2) (p. 86), i.e.

Mi(x) =
Ui(x)√
γRTi(x)

(i = 1, 2), (5.8)

with Ui(x) a mean velocity

Ui(x) =
ṁi∫∫

Ai(x)
ρ ds

(i = 1, 2), (5.9)

and Ti(x) a mean temperature

Ti(x) =
1

Ai(x)

∫∫

Ai(x)
T̂ ds (i = 1, 2). (5.10)

In these equations, Ai(x) represents the cross-section of the ith stream,
delimited by the dividing streamline (see Fig. 5.2, p. 103).
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The profile of Meq(x) is shown in Fig. 5.5 for the five cases con-
sidered above, from the exit of the primary nozzle to the entry of the
diffuser. For all the on-design cases (cases a-d), the equivalent Mach
number reaches unity. In addition, the first location where Meq = 1
consistently lies close to the entry of the mixing duct, in the region of
the flow that is common to the four operating points. In contrast, the
equivalent Mach number logically remains lower than one for the case
e which is off-design. Hence, the profiles of the equivalent Mach num-
ber are consistent with the compound-choking theory.
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Figure 5.5: Equivalent Mach number obtained in the post-processing phase
of the CFD calculations for different values of the back-pressure
– p01/p02 = 5.13 (the mixing duct extends from x/Hm = 0 to
x/Hm ' 20.75).

Note that the position where the equivalent Mach number reaches
unity for on-design cases, noted xc, corresponds to xc/Hm ' −0.27. It
is thus not exactly located at the geometrical throat of the ejector but
rather a small distance upstream of the mixing duct entry. Yet the to-
tal flow area at x = xc is very close to the mixing duct cross-section.
The fact that Meq = 1 before the entry of the mixing duct is proba-
bly due to non-isentropic effects which are not taken into account in
the compound-choking theory, as well as the assumption of a uniform
pressure profile in the entire cross-section.
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For the present ejector geometry and operating conditions, the phe-
nomenology of the choking thus closely corresponds to the compound-
choking theory introduced by Bernstein et al. [14]. Even though a sonic
section in the core of the secondary stream (Fabri-pattern) has been ev-
idenced in Chapter 4 for other reservoir conditions, these two observa-
tions are compatible. Indeed, even when the Fabri-pattern is present,
the compound-choking may be responsible for the entrainment limi-
tation. As mentioned in the introduction, a sonic line pattern similar
to the one obtained here for case (a) may be found in several numer-
ical studies [28, 29, 45, 49, 60, 69], while the Fabri-pattern has never
been reported in the literature. This fact corroborates the idea that the
compound-choking theory is well suited to model the choking mech-
anism in supersonic ejectors and that the Fabri-pattern is unusual in
common ejector configurations. The following analysis brings a second
argument in favour of the compound-choking theory as the explana-
tion of the entrainment limitation in supersonic ejectors.

5.4 Comparison of the compound-choking theory
with experimental data

5.4.1 Prediction of the entrainment ratio for various ejector
configurations

The experimental data of Huang et al. [48] using R-141b as refriger-
ant often serve for the validation of simplified models [21, 30, 89]. In
their experiment, eleven axisymmetric ejectors were tested by combin-
ing two distinct primary nozzles with eight different secondary noz-
zles. The two primary nozzles differed from each other with regard to
their throat and exit diameters, whereas the geometrical differences be-
tween the secondary nozzles lied in the diameter of the constant area
region and the inlet converging angle. Considering all the configura-
tions reported in [48],Am/At ranges from 6.44 to 10.64. In what follows,
the ejector geometry is characterized by two capital letters, referring to
the primary nozzle (A or E) and the secondary nozzle (A to H), respec-
tively, in line with Huang et al. [48]. The interested reader is referred to
the original article for more information regarding the geometry of the
different ejectors.

The reservoir conditions were also varied in the experimental in-
vestigation of Huang et al. [48]: the primary stagnation pressure was
set to four different values, ranging from 4 to 6.04 [bar], combined with
two distinct secondary stagnation pressures: 0.4 and 0.47 [bar]. The ra-



5.4. COMPOUND-CHOKING THEORY VS. EXPERIMENT 109

tio of stagnation pressures at reservoir conditions, p01/p02, thus varies
between 8.51 and 15.1. At both inlets, the stagnation temperature corre-
sponded to the saturated temperature of the respective stagnation pres-
sure since the refrigerant was in a saturated vapor state.

In total, 39 different configurations were reported in [48], specify-
ing for each case the on-design entrainment ratio as well as the critical
back-pressure. Here, only the information regarding the entrainment
ratio is used in order to assess the ability of the compound-choking
theory to predict the entrainment ratio in on-design conditions, accord-
ing to the method described in Section 5.2.4. As a reminder, the four
dimensionless quantities Am/At, p01/p02, T01/T02 and γ are the inputs
of the procedure which yields ER and p∗eq as outputs. The specific heat
ratio of R-141b is taken as γ = 1.135, in accordance with Zhu et al. [89]
who used this value to test their simplified model on the experimental
data reported in [48].

The prediction of the entrainment ratio with the compound-choking
theory is reported in Table 5.1 (p. 111) for the 39 cases of Huang et al.
[48] and compared to the experimental results. As may be noted from
Table 5.1, the maximum relative deviation of the model with respect to
the experimental data regarding the entrainment ratio is less than 15%.
In addition, considering the 39 cases, the arithmetic mean of the relative
error is positive and close to 4%, implying that the compound-choking
theory tends to slightly overestimate the experimental entrainment ra-
tio. This may be partially due to real gas effects which are neglected
by the model as the compound-choking theory is currently limited to
ideal gas. Accounting for real gas effects when the working fluid is
R141b generally tends to lower the predicted entrainment ratio [30] and
could thus further enhance the performance of the compound-choking
theory.

To ease the comparison between the model and the experiment, the
entrainment ratio predicted by the compound-choking theory is plot-
ted against the experimental data in Fig. 5.6. As can be seen, most
predictions are in the ±10% range when compared to the experimen-
tal data. As mentioned in Section 5.2.1, the hypothesis of an isentropic
process implies that the compound-choking theory neglects the mix-
ing. Of course, in real applications, transfers between the primary and
the secondary streams occur through the shear layer, starting from the
nozzle exit plane. These transfers probably slightly enhance the en-
trainment ratio of the ejector. This may cause the compound-choking
theory to underestimate the entrainment ratio, in particular when the
latter is low. As may be observed in Fig. 5.6, all cases in which the
theory underestimates the entrainment ratio (i.e. negative error) cor-
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respond indeed to relatively low values of the entrainment ratio. The
no-mixing assumption is thus the most likely explanation as to why the
theoretical prediction of the entrainment ratio may underestimate the
experimental value.
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Figure 5.6: Comparison of the compound-choking theory with the experimen-
tal data reported in [48].

5.4.2 Comparison with state-of-the-art simplified models

The good performances of the compound-choking theory for the pre-
diction of the entrainment ratio in on-design conditions may be fur-
ther assessed through a comparison with state-of-the-art 1D models
based on the Fabri-choking assumption. In order to make the com-
parison possible, four models validated against the experimental data
of Huang et al. [48] have been considered here: [21, 30, 48, 89]. Note
that these models are more sophisticated than the procedure consid-
ered here. More precisely, the model of del Valle et al. [30] uses a per-
turbation procedure of linearized and axisymmetric supersonic flow to
model 2D effects, whereas the models of Chen et al. [21], Huang et al.
[48] and Zhu et al. [89] rely on fitting coefficients. Furthermore, real
gas effects are taken into account in Chen et al. [21] and del Valle et al.
[30]. The comparison, based on the error distribution of the different
models, is shown in Fig. 5.7.
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Case Ejector Am/At p01 [bar] p02 [bar] ER (exp) ER (model) Error [%]
(Tsat[oC]) (Tsat [oC])

1 EH 10.64 6.04 (95) 0.4 (8) 0.4377 0.4691 7.16
2 EF 9.83 6.04 (95) 0.4 (8) 0.3937 0.4103 4.21
3 AD 9.41 6.04 (95) 0.4 (8) 0.3457 0.3800 9.92
4 EE 9.17 6.04 (95) 0.4 (8) 0.3505 0.3628 3.50
5 AC 8.28 6.04 (95) 0.4 (8) 0.2814 0.2994 6.38
6 ED 8.25 6.04 (95) 0.4 (8) 0.2902 0.2972 2.43
7 EC 7.26 6.04 (95) 0.4 (8) 0.2273 0.2280 0.32
8 AG 7.73 6.04 (95) 0.4 (8) 0.2552 0.2607 2.15
9 EG 6.77 6.04 (95) 0.4 (8) 0.2043 0.1945 -4.80

10 AA 6.44 6.04 (95) 0.4 (8) 0.1859 0.1722 -7.35
11 AD 9.41 5.38 (90) 0.4 (8) 0.4446 0.4513 1.50
12 AC 8.28 5.38 (90) 0.4 (8) 0.3488 0.3604 3.32
13 AG 7.73 5.38 (90) 0.4 (8) 0.3040 0.3166 4.16
14 AB 6.99 5.38 (90) 0.4 (8) 0.2718 0.2586 -4.86
15 AA 6.44 5.38 (90) 0.4 (8) 0.2246 0.2162 -3.76
16 AD 9.41 4.65 (84) 0.4 (8) 0.5387 0.5545 2.93
17 AC 8.28 4.65 (84) 0.4 (8) 0.4241 0.4491 5.88
18 AG 7.73 4.65 (84) 0.4 (8) 0.3883 0.3982 2.55
19 AB 6.99 4.65 (84) 0.4 (8) 0.3117 0.3305 6.02
20 AA 6.44 4.65 (84) 0.4 (8) 0.2880 0.2808 -2.52
21 AD 9.41 4.00 (78) 0.4 (8) 0.6227 0.6788 9.01
22 AC 8.28 4.00 (78) 0.4 (8) 0.4889 0.5562 13.77
23 AG 7.73 4.00 (78) 0.4 (8) 0.4393 0.4970 13.13
24 AB 6.99 4.00 (78) 0.4 (8) 0.3922 0.4179 6.54
25 AA 6.44 4.00 (78) 0.4 (8) 0.3257 0.3596 10.42
26 EF 9.83 6.04 (95) 0.47 (12) 0.4989 0.5187 3.98
27 EE 9.17 6.04 (95) 0.47 (12) 0.4048 0.4626 14.28
28 AD 9.41 6.04 (95) 0.47 (12) 0.4541 0.4830 6.36
29 AG 7.73 6.04 (95) 0.47 (12) 0.3503 0.3416 -2.50
30 EC 7.26 6.04 (95) 0.47 (12) 0.3040 0.3026 -0.45
31 AA 6.44 6.04 (95) 0.47 (12) 0.2350 0.2357 0.32
32 AD 9.41 5.38 (90) 0.47 (12) 0.5422 0.5676 4.68
33 AG 7.73 5.38 (90) 0.47 (12) 0.4034 0.4085 1.26
34 AA 6.44 5.38 (90) 0.47 (12) 0.2946 0.2889 -1.95
35 AD 9.41 4.65 (84) 0.47 (12) 0.6350 0.6898 8.63
36 AG 7.73 4.65 (84) 0.47 (12) 0.4790 0.5056 5.56
37 AA 6.44 4.65 (84) 0.47 (12) 0.3398 0.3665 7.85
38 AD 9.41 4.00 (78) 0.47 (12) 0.7412 0.8366 12.87
39 AG 7.73 4.00 (78) 0.47 (12) 0.6132 0.6228 1.57

Table 5.1: Prediction of the entrainment ratio with the compound-choking the-
ory for the 39 experimental ejector configurations of Huang et al.
[48]. Error=(model-exp)/exp.
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Figure 5.7: Comparison of the error distribution of the compound-choking
theory with state-of-the-art 1D models for the prediction of the en-
trainment ratio based on the experimental data of Huang et al. [48].

The model based on the compound-choking theory is found to yield
the largest number of cases with an error lower than 5% (22 cases out of
39). Furthermore, with the model of Zhu et al. [89], the present proce-
dure is the sole whose maximum error is lower than 15%; the other
models obtaining errors in the range of 15-20% or more. However,
compared to the model developed by Zhu et al. [89], the compound-
choking theory is based on more robust physical arguments. Indeed,
in [89], the secondary stream is assumed to reach sonic velocities with
a static pressure equal to its inlet pressure, which is not consistent with
the fact that the secondary stream is significantly accelerated in the suc-
tion chamber. Based on Fig. 5.7, it may be concluded that the com-
pound choking theory in its simplest form generally performs better
than more sophisticated 1D models (based on the Fabri-choking as-
sumption) to predict the entrainment ratio in the on-design regime.
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5.5 Numerical assessment of the limitations of the
compound-choking theory

As shown in Section 5.4, most predictions of the compound-choking
theory for the on-design entrainment ratio are in the±10% range when
compared to the experimental data of Huang et al. [48]. The following
analysis aims at shedding light on the main sources of disagreement
between the compound-choking theory and the experiment through a
numerical investigation, assuming that CFD satisfactorily models the
real flow. However, this study is not performed for the ejector config-
urations reported in [48]. Indeed, in order to benefit from the numer-
ical setup used throughout this work, the ejector geometry described
in Section 2.2.3 serves as the basis for assessing the limitations of the
compound-choking theory by means of CFD.

In what follows, the focus is put on the impacts of the operating
conditions and of the geometry on the ability of the compound-choking
theory to predict the on-design entrainment ratio. Regarding the reser-
voir conditions, only changes in the primary stagnation pressure, p01,
are considered. In addition, the effects of two different geometrical pa-
rameters are analyzed, in line with the experimental investigation of
Huang et al. [48]: the mixing duct cross-section, Am, and the inlet
converging angle of the secondary nozzle, θ (see Fig. 2.3, p.19). Note
that the present analysis essentially serves as a preliminary examina-
tion and does not pretend to be an exhaustive parametric study. Hence,
when examining the impact of one of the three quantities mentioned
above, namely p01, Am and θ, the two other parameters are fixed and
correspond to the configuration of reference, characterized by p01/p02 =
5.13, Am/At = 4.53 and θ = 15o.

5.5.1 Impact of the primary stagnation pressure

First of all, the impact of the primary stagnation pressure, p01, on the
capacity of the compound-choking theory to predict the on-design en-
trainment ratio is investigated. Five cases are considered here, charac-
terized by p01/p02 = 4.11, 5.13 (reference case), 6.66, 10.0 and 20.0.

The comparison between the compound-choking theory and the
CFD regarding the prediction of the entrainment ratio in the on-design
regime is shown in Fig. 5.8 as a function of p01/p02. It appears that, for
the geometry considered here, the agreement between the compound-
choking theory and the numerical simulations varies with the reservoir
conditions. The relative difference between both predictions is very
small for the lowest values of the primary stagnation pressure, corre-
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sponding to p01/p02 = 4.11 and 5.13. As p01 increases, the entrain-
ment ratio diminishes, and the gap between the theory and the CFD
increases.
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Figure 5.8: Comparison of the compound-choking theory with CFD for the
prediction of the on-design entrainment ratio for different values
of p01/p02 – Am/At = 4.53 – θ = 15o.

In order to understand what causes the compound-choking the-
ory to overestimate the entrainment ratio obtained by means of CFD
for certain reservoir conditions, one should consider the differences
between both approaches regarding the assumptions that are made.
Compared to the numerical methods, the compound-choking theory
neglects both the two-dimensional and the non-isentropic aspects of
the flow (cfr. Section 5.2.1). Although viscous effects are unavoidable in
real applications, it is likely that they do not play a significant role in the
choking phenomenon. In other words, it is believed that the entrain-
ment limitation is essentially an isentropic process in common ejector
configurations. In that case, the main source of disagreement between
the compound-choking theory and the numerical simulations regard-
ing the prediction of the entrainment ratio should lie in the hypothesis
of a one-dimensional flow made by the simplified theory. In partic-
ular, the compound-choking theory stipulates that the static pressure
can vary only along the nozzle and that it cannot change from stream-
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to-stream across the nozzle. In order to check this assumption, the pro-
file of the mean static pressure, p, is examined at the choking position,
i.e. at x = xc, by post-processing the numerical results. The reader is
reminded that xc is defined for an on-design operating point as the first
axial position where the equivalent Mach number, Meq, reaches unity
(cfr. Section 5.3.3).

The profile of the mean static pressure at the choking position is
shown in Fig. 5.9 for the different values of the primary stagnation
pressures calculated by CFD. The black dot on each curve shows the
location of the corresponding dividing streamline at the choking po-
sition. Note that, for improved readability, the case corresponding to
p01/p02 = 20.0 is not depicted in the figure. Indeed, as the entrainment
ratio obtained by CFD for these reservoir conditions is very close to
zero, the pressure profile is significantly different from the other oper-
ating points considered here and not really meaningful.
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Figure 5.9: Static pressure profile at the choking position for different values
of p01/p02 – Am/At = 4.53 – θ = 15o. The black dot on each curve
shows the location of the corresponding dividing streamline. The
centerline and the wall of the mixing duct correspond to y/Hm = 0
and y/Hm = 1, respectively.

Based on the results shown in Fig. 5.9, it seems that the gap between
the compound-choking theory and the numerical simulations regard-
ing the entrainment ratio is closely related to the assumption of a uni-
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form static pressure profile made by the compound-choking theory. In-
deed, the profile of p is far from being flat for the reservoir conditions
that yield larger discrepancies regarding the entrainment ratio, namely
p01/p02 = 6.66 and 10.0.

A close inspection of the curves shown in Fig. 5.9 reveals that de-
partures from a uniform pressure are mainly located below the divid-
ing streamline, thus in the region occupied on average by the primary
stream. In contrast, the static pressure is nearly uniform in the sec-
ondary stream (region above the dividing streamline). This observation
is consistent with the fact that the primary stream is supersonic at the
choking position whereas the secondary stream is almost entirely sub-
sonic. To further assess the fact that the pressure may be not uniform for
a given axial position, the static pressure field at the entry of the mixing
duct is shown in Fig. 5.10 for the case corresponding to p01/p02 = 10.0.
The two-dimensional aspect of the flow in the primary stream due to
its supersonic nature is clearly visible. As may be observed, the chok-
ing position logically corresponds to an expansion zone in the primary
stream, explaining why there is no discontinuity in the pressure profile
shown in Fig. 5.9.

choking position

p/p02

x = xc

dividing streamline

Figure 5.10: Static pressure field in the vicinity of the entry of the mixing duct
for p01/p02 = 10.0.

For the cases corresponding to p01/p02 = 5.13 and 6.66, the slight
variation of the static pressure in the vertical direction above the di-
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viding streamline attests that the secondary stream still experiences a
deviation at the choking position. Indeed, for these reservoir condi-
tions, Meq reaches unity a small distance upstream of the entry of the
mixing duct (i.e. xc/Hm < 0) and a pressure gradient is still required to
deflect the secondary stream.

5.5.2 Impact of the mixing duct cross-section

The focus is now put on the ability of the compound-choking theory to
predict the on-design entrainment ratio for different mixing duct cross-
sections. For this analysis, Am is modified by changing the height of
the mixing duct, Hm, only. The geometry of the primary nozzle is thus
fixed and corresponds to the ejector described in Section 2.2.3 (p.18).
Regarding the reservoir conditions and the inlet converging angle, they
are identical for all the cases considered here and correspond to the con-
figuration of reference, i.e. p01/p02 = 5.13 and θ = 15o. Besides the ref-
erence geometry for which Am/At = 4.53, four additional mixing duct
geometries are investigated below, characterized by Am/At = 3.33,
5.71, 6.69 and 9.05. Figure 5.11 shows a zoom on the mesh close to the
exit of the primary nozzle for the different geometrical configurations.

(a) Am/At = 3.33 (b) Am/At = 5.71

(c) Am/At = 6.69 (d) Am/At = 9.05

Figure 5.11: Zoom on the mesh close to the exit of the primary nozzle for the
additional mixing duct geometries calculated by CFD. The refer-
ence case corresponds to Am/At = 4.53 (not shown).

The predictions of the on-design entrainment ratio with the compound-
choking theory and by means of CFD are shown in Fig. 5.12 as a func-
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tion of Am/At. The compound-choking theory is in very good agree-
ment with the numerical simulations for the five geometrical configu-
rations. Hence, for the reservoir conditions considered here, it seems
that the mixing duct cross-section does not have a significant impact
on the ability of the compound-choking theory to predict the on-design
entrainment ratio.
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Figure 5.12: Comparison of the compound-choking theory with CFD for dif-
ferent values of Am/At – p01/p02 = 5.13 – θ = 15o.

5.5.3 Impact of the inlet converging angle

Finally, the impact of the inlet converging angle, θ, on the agreement be-
tween the compound-choking theory and the numerical simulations re-
garding the on-design entrainment ratio is investigated. For the present
analysis, the reservoir conditions and the mixing duct cross-section are
kept constant and correspond to the configuration of reference charac-
terized by p01/p02 = 5.13 and Am/At = 4.53. Besides the initial ge-
ometry for which θ = 15o, four additional inlet converging angles are
simulated by means of CFD : θ = 20o, 8o, 4o and 0o. The corresponding
meshes are shown in Fig. 5.13 with a zoom on the exit of the primary
nozzle. The inner wall of the primary nozzle was preferably not im-
pacted by θ in order to keep the primary flow unchanged between the
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different simulations. Nevertheless, for the lowest values of θ, the com-
putational domain in the converging part of the primary nozzle had
to be shortened. The impact of this modification on the primary mass
flow rate has been checked and was found to be negligible.

(a) θ = 20o (b) θ = 8o

(c) θ = 4o (d) θ = 0o

Figure 5.13: Zoom on the mesh close to the exit of the primary nozzle for the
additional secondary inlet geometries calculated by CFD. The ref-
erence case corresponds to θ = 15o (not shown).

The comparison between the compound-choking theory and the
numerical simulations for the prediction of the on-design entrainment
ratio is shown in Fig. 5.14 as a function of θ. As the inlet converging
angle is not an input of the simplified model, it has logically no effect
on the related prediction of the entrainment ratio. However, as may be
seen in Fig. 5.14, θ impacts the entrainment ratio obtained by CFD. The
agreement between the compound-choking theory and the numerical
simulations is very good for large values of θ but the gap between the
theory and the CFD significantly increases as θ decreases. The relative
difference between both predictions is maximum for a secondary inlet
aligned with the mixing duct, i.e. θ = 0, and reaches almost 13%.

Here again, the assumption of a uniform pressure profile made by
the compound-choking theory is the main reason for the disagreement
with the CFD. This may be assessed in Fig. 5.15 showing, for the differ-
ent configurations, the profile of the mean static pressure, p, extracted
from the numerical results at the related choking position, i.e. at x = xc
(Meq = 1). The location of the corresponding dividing streamline is
indicated by a black dot on each curve. Assuming a uniform pressure
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Figure 5.14: Comparison of the compound-choking theory with CFD for dif-
ferent values of θ – p01/p02 = 5.13 – Am/At = 4.52.

profile in the entire cross-section becomes less and less valid as θ de-
creases, at least at the axial position corresponding to Meq = 1. As it
was the case when varying the primary stagnation pressure (cfr. Sec-
tion 5.5.1), the profile of p is nearly uniform in the secondary stream,
lying on average above the black dot, and its two-dimensional aspects
are mainly located in the primary stream (region below the dividing
streamline).

5.6 Conclusions

In this chapter, an in-depth analysis of the choking mechanism at the
basis of the entrainment limitation in supersonic ejectors has been per-
formed. First, for the same ejector geometry than in Chapter 4 but
with other reservoir conditions, it was shown that the secondary stream
does not reach sonic velocities in a aerodynamic throat as postulated by
Fabri and Siestrunck [33]. Moreover, a significant part of the secondary
stream remains subsonic within the entire ejector for some operating
conditions lying in the on-design regime. Actually, for the ejector ge-
ometry and reservoir conditions under consideration, the choking pro-
cess, i.e. the blockage of the secondary mass flow rate, takes place close
to the entry of the mixing duct, at a position that is common to all on-



5.6. CONCLUSIONS 121

p/p02
0.4 0.45 0.5 0.55 0.6 0.65 0.7

y
/H

m

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

θ = 20o (xc/Hm = −0.24)
θ = 15o (xc/Hm = −0.27)
θ = 8o (xc/Hm = −0.30)
θ = 4o (xc/Hm = −0.32)
θ = 0o (xc/Hm = −0.47)

Figure 5.15: Static pressure profile at the choking position for different values
of θ – p01/p02 = 5.13 –Am/At = 4.53. The black dot on each curve
shows the location of the corresponding dividing streamline. The
centerline and the wall of the mixing duct correspond to y/Hm =
0 and y/Hm = 1, respectively.

design cases and where the secondary stream is almost entirely sub-
sonic. The observed choking phenomenology was found to be properly
described by a theory developed by Bernstein et al. in the 1960’s and
known as the compound-choking theory [14]. This theory states that a
two-stream compound-compressible nozzle flow may be choked with
a subsonic stream if the other one is supersonic, as the combination of
the two streams may behave like a sonic stream [47]. The profile of
the equivalent Mach number further corroborated the adequacy of the
compound-choking theory to yield a physical explanation of the chok-
ing phenomenology highlighted with the numerical results. Hence, the
sonic line is not a good criterion to assess if the flow is choked within a
supersonic ejector.

Then, the ability of the compound-choking theory to predict the
on-design entrainment ratio has been assessed against the extensive
experimental data of Huang et al. [48]. This theory has been used
in its simplest form, for known reservoir conditions and geometrical
parameters, according to a methodology proposed by Bernstein et al.
[14]. The computational procedure simply consists in simultaneously
solving two algebraic equations. Most predictions of the compound-
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choking theory are in the ±10% range when compared to the experi-
mental data reported in [48]. Moreover, based on these experimental
results, the compound-choking theory is shown to generally perform
better than state-of-the-art 1D models relying on the Fabri-choking as-
sumption for the prediction of the on-design entrainment ratio.

Finally, a numerical investigation aiming at shedding light on the
limitations of the compound-choking theory has been performed by
successively varying the primary stagnation pressure, the mixing duct
cross-section and the inlet converging angle. Based on all the con-
sidered cases, the main cause of disagreement between the simplified
model and the CFD regarding the on-design entrainment ratio seems to
be the assumption of a uniform pressure profile made by the compound-
choking theory. In general, departures from a uniform pressure profile
were found to be mainly located in the supersonic primary stream.
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6
DEVELOPMENT OF AN UPGRADED

EXPERIMENTAL SETUP AND
COMPARISON WITH 2D AND 3D

NUMERICAL SIMULATIONS

6.1 Introduction

As evidenced in the preceding chapters, numerical simulations are a
valuable resource to gain insights into the local flow phenomena tak-
ing place in supersonic ejectors. In order to pave the way to further
numerical and experimental investigations, an upgraded experimental
installation aiming at improving the current facility has been designed.
This chapter is devoted to a thorough comparison of 2D numerical re-
sults with the experimental data obtained with this novel experimental
setup and to a preliminary investigation of 3D effects.

This chapter is structured as follows: first, the design of the new
ejector is presented in Section 6.2, with special emphasis on the main
differences with the current geometry. Experimental results obtained
on this upgraded facility are then compared to 2D numerical simula-
tions in Section 6.3. The comparison is performed both at the global
and at the local scales and for different operating conditions. The po-
tential sources of disagreement between the CFD and the experiment
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are discussed, including 3D effects which are investigated numerically
for one operating point in Section 6.4.

6.2 Upgraded experimental setup

The main difference between the upgraded experimental installation
and the initial one lies in the primary nozzle geometry. Indeed, in the
previous setup (described in Section 2.2.3, p. 18), the primary nozzle
had two main disadvantages. The first shortcoming of the primary noz-
zle geometry in the existing installation is the shape of its converging
and diverging sections as they simply consisted in two inclined planes.
The resulting throat was sharp, thereby generating compression waves
of significant amplitude that propagated downstream and ultimately
lead to a non-uniform flow at the exit of the primary nozzle. This
was evidenced by the schlieren images shown at the end of Chapter
2 (cfr. Fig. 2.8, p. 32). In the new ejector geometry, the shape of the
primary nozzle has been designed by the method of characteristics to
avoid these strong compression waves and to ensure a uniform flow at
the nozzle exit plane. As may be seen in Fig. 6.1, the adopted geometry
for the converging and the diverging parts of the nozzle is a continu-
ous circular arc with a unique radius of curvature. This simple design
provides a smooth throat and offers the additional advantage of being
easily described. Note that the height of the throat and the height of
the exit of the primary nozzle are kept the same as in the initial ejec-
tor geometry. However, the length of the diverging part as well as the
opening angle at the exit of the primary nozzle are logically different.

The second disadvantage of the primary nozzle used in the initial
installation is that it was not fully two-dimensional. Indeed, for seal-
ing purposes, the primary nozzle was made of one single piece with
front and back parts progressively vanishing. Hence, in the updated
setup, shown in Fig. 6.2, the primary nozzle is made of two symmetri-
cal pieces that are completely independent such that the novel ejector
geometry is purely two-dimensional. In this configuration, the sealing
of the primary nozzle is ensured with flat seals clamped between the
nozzle pieces and the front and back plates. Taking the thickness of
these flat seals into account, the width of the ejector in the span-wise
direction is 50.0 [mm] (not shown in Fig. 6.2).

Regarding the secondary nozzle of the novel ejector, it has essen-
tially the same geometry as the existing one. In particular, the length
and the height of the mixing duct are unchanged, together with the
converging angle and the height of the secondary inlet. The distance
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Figure 6.1: Dimensioned drawing of the new primary nozzle geometry. All
dimensions are in mm.

between the exit of the primary nozzle and the entry of the mixing duct,
the so-called NXP in the literature, is conserved as well. Compared to
the initial geometry, the main difference concerning the secondary noz-
zle is actually the length of the diffuser that is shortened in the new
facility for manufacturing purposes. Hence, the piece serving for the
connection of the exit of the rectangular ejector to the circular tube lo-
cated downstream of the diffuser has been replaced.

Aside from this connector, the entire peripheral equipment of the
existing facility has been reused in the new experimental installation,
including the piping and the measurement systems (described in Sec-
tion 2.2.1), as well as the visualization setup (presented in Section 2.2.2).
The only additional measuring instrument used in the novel test rig is
a pressure transducer serving for the measurement of the static pres-
sure at different locations along the wall of the ejector. Indeed, in the
new geometry, several holes have been drilled in the top wall of the
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secondary nozzle all along the mixing duct and at the entry of the dif-
fuser (see Fig. 6.2). In the other parts of the ejector, the thickness of the
wall made the hole drilling process too complicated. For this reason,
the holes serving for the measurement of the pressure in the inlets and
in the rest of the diffuser have been drilled in the front and back plates
of the ejector. The position of these holes is visible in Fig. 6.2. Note that,
even though the static pressure can be measured at many locations, a
single transducer is used and the pressure to be measured is selected
through a multiplexer.

6.3 Comparison of 2D numerical simulations with
the experimental data

The numerical results presented in this section have been obtained with
the same numerical tools as those used to generate the CFD calculations
processed in the previous chapters. As they are thoroughly described
in Section 2.3, the numerical methods are not recalled here. These es-
sentially consist in 2D RANS simulations performed with OpenFOAM,
an open-source software for CFD which relies on a finite volume ap-
proach. The governing equations are solved using an unsteady density-
based compressible flow solver together with the wall-resolved k-ω-
SST turbulence model. For each CFD calculation, the values used as
boundary conditions are based on the experimental measurements.

Of course, since the primary nozzle geometry of the upgraded ex-
perimental setup has been slightly modified compared to the initial
installation, the computational domain has been adjusted accordingly
(not shown here). It has basically the same structure as the grid pre-
sented in Section 2.3.5 and the mesh refinement is also kept unchanged.
Note that the geometry that is considered in the CFD model corre-
sponds to the as-designed geometry. The as-built geometry should be
very close to the latter, even though there could be small discrepancies.

6.3.1 Selection of the operating conditions

Six characteristic curves obtained with the upgraded ejector geometry
are shown in Fig. 6.3. In this section, the performances of the CFD
model will first be assessed by comparing a numerical characteristic
curve with the experimental data for a certain value of the primary
stagnation pressure. The selected curve corresponds to p01 = 3.50 [bar].

Then, the focus will be put on the ability of the numerical simula-
tions to model the flow in the on-design regime for different reservoir
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Figure 6.3: Experimental characteristic curves for the upgraded geometry.

conditions. Hence, a single on-design operating point for each char-
acteristic curve will be considered for the following discussion. The
selected cases are highlighted with a circle in Fig. 6.3. At the global
level, the experimental entrainment ratio is compared to the numeri-
cal prediction for the different reservoir conditions. The ability of the
compound-choking theory to predict the entrainment ratio when the
ejector operates in the on-design regime is also examined for the dif-
ferent operating points. Then, at the local scale, a picture of the flow
structure at the exit of the primary nozzle obtained by shadowgraphy is
juxtaposed to the corresponding numerical image for the six on-design
cases under consideration. Finally, the profile of the static pressure
along the wall of the mixing duct is extracted from the numerical re-
sults and compared to the experimental measurements.

6.3.2 Characteristic curve

The comparison between the numerical characteristic curve and the ex-
perimental data obtained with p01 = 3.50 [bar] is shown in Fig. 6.4. Log-
ically, as the geometry of the novel ejector is very close to the previous
one and since the numerical tools are the same, the performances of the
CFD model are essentially unaltered. As it was the case for the initial
ejector geometry (cfr. Section 2.4), the numerical simulations slightly



6.3. COMPARISON OF 2D NUMERICAL SIMULATIONS WITH THE
EXPERIMENTAL DATA 129

overestimate the on-design entrainment ratio (by approximately 6.5%)
as well as the critical back-pressure. As shown by Mazzelli et al. [59],
these discrepancies are mainly due to 3D effetcs.
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Figure 6.4: Comparison of a numerical characteristic curve with the experi-
mental data obtained on the upgraded setup for p01 = 3.50 [bar].

6.3.3 On-design entrainment ratio

The performances of the numerical simulations and of the compound-
choking theory regarding the prediction of the on-design entrainment
ratio for different reservoir conditions may be assessed in Fig. 6.5. The
results obtained with both approaches slightly overestimate the exper-
imental entrainment ratios. The error made by the CFD model is ap-
proximately the same for the different reservoir conditions and is com-
prised between 5.6 and 7.2 %. By contrast, the relative gap between
the compound-choking theory and the experiment decreases when the
primary stagnation pressure, p01, increases. The error of the simpli-
fied model is close to 10.2 % for p01/p02 = 2.59 and falls to 6.8 % for
p01/p02 = 5.21. For the two largest values of the primary stagnation
pressure, the simplified model yields almost the same prediction of the
entrainment ratio as the 2D RANS simulations.

In order to shed light on the potential sources of error, the predic-
tion of the primary and of the secondary mass flow rates are examined
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Figure 6.5: Comparison of the on-design entrainment ratio predicted by the
CFD model and by the compound-choking theory with the experi-
mental data obtained on the upgraded setup for different reservoir
conditions.

separately. As may be seen in Fig. 6.6(a), the primary mass flow rate ob-
tained by CFD is in very good agreement with the experiment for the
six operating points. The maximum relative error is less than 2%. The
isentropic 1D nozzle flow theory also slightly overestimates ṁ1, with
an error ranging from 2 to 4 %.

Actually, the disagreement between both models and the experi-
mental data regarding the entrainment ratio is mainly related to the
prediction of the secondary mass flow rate, ṁ2. This is evidenced in
Fig. 6.6(b). The error made by the numerical simulations is comprised
between 7 and 9 % for the six cases under consideration. The gap be-
tween the CFD and the experiment regarding the secondary mass flow
rate is likely to originate from 3D effects that are neglected in the nu-
merical simulations as well as from potential discrepancies between the
geometry used in the CFD model and the real ejector. Even though
the main geometrical dimensions of the upgraded experimental setup
have been checked, slight imponderable differences are unavoidable.
Regarding 3D effects, it has been shown by Mazzelli et al. [59] for the
previous experimental setup and with certain reservoir conditions, that
3D simulations lead to better predictions of the on-design entrainment
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Figure 6.6: Comparison of the mass flow rates predicted by the CFD model
and by the compound-choking theory with the experimental data
obtained on the upgraded setup for different reservoir conditions.
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ratio. The differences between 3D and 2D simulations on the novel
geometry will be investigated in Section 6.4 for the operating point cor-
responding to p01/p02 = 3.63.

Finally, based on Fig. 6.6(b) it also appears that the performances
of the compound-choking theory are actually lower than the numerical
simulations for all the cases as it overestimates ṁ2 by 10 to 15 %. As
shown in Chapter 5, this is due to the numerous assumptions of the
simplified model, notably the one stating that the pressure can only
vary along the flow and not across it.

6.3.4 Flow structure at the exit of the primary nozzle

In this section, the focus is put on the flow structure at the exit of the pri-
mary nozzle for the six on-design operating points considered above.
Experimentally, a Nikon D5000 camera is used at a pixel resolution of
4288x2848 with a focal length of 300 [mm] providing a spatial resolu-
tion of approximately 45 [pixel/mm]. The aperture and the exposure
time is set to f/4.0 and 1/4000 [s], respectively. In order to reduce the
impact of inhomogeneities in the Plexiglas windows, a no-flow picture
has been subtracted from the raw images obtained in the presence of
the flow. Considering that no knife-edge was used in the experiment
(shadowgraphy), the resulting picture is an image of the laplacian of
the density field. Hence, the numerical simulations have been pro-
cessed accordingly. Results are shown in Figs. 6.7 and 6.8 for the differ-
ent operating conditions under consideration. The reader is reminded
that theses cases mainly differ from each other with regard to the pri-
mary stagnation pressure, p01. The primary nozzle is overexpanded
for p01/p02 = 2.59, p01/p02 = 3.14 and p01/p02 = 3.63 (Figs. 6.7(a),
(b) and (c), respectively), whereas it seems nearly adapted for the case
p01/p02 = 4.14 (Fig. 6.8(a)). For the two larger values of p01 character-
ized by p01/p02 = 4.63 and p01/p02 = 5.21 (Figs. 6.8(b) and (c), respec-
tively), the nozzle is clearly underexpanded.

The saturation settings used in the numerical images are the same
for all the cases. The grainy aspect of the shear layer in the numerical
images shown in Figs. 6.7 and 6.8 does not reveal small turbulent struc-
tures as the CFD calculations consists in RANS simulations. Actually, it
is simply related to the computation of the Laplacian of the density on
an unstructured mesh. Indeed, as this operator requires the assessment
of second order derivatives, the resulting field may look a bit noisy. Re-
garding the blurry aspect of the experimental image corresponding to
p01/p02 = 4.63, shown in Fig. 6.8(b), it is due to an unintended offset
between the no-flow picture and the image taken during operation.
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(a) p01/p02 = 2.59 - pout/p02 = 1.08.

(b) p01/p02 = 3.14 - pout/p02 = 1.17.

(c) p01/p02 = 3.63 - pout/p02 = 1.24.

Figure 6.7: Comparison of experimental images (top half) obtained by shad-
owgraphy (no knife-edge) and numerical images (bottom half)
showing the Laplacian of the density field for different values of
the primary stagnation pressure.
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(a) p01/p02 = 4.14 - pout/p02 = 1.21.

(b) p01/p02 = 4.63 - pout/p02 = 1.23.

(c) p01/p02 = 5.21 - pout/p02 = 1.37.

Figure 6.8: Comparison of experimental images (top half) obtained by shad-
owgraphy (no knife-edge) and numerical images (bottom half)
showing the Laplacian of the density field for different values of
the primary stagnation pressure.
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As may be seen in Figs. 6.7 and 6.8, the flow structure predicted by
the CFD model is in fairly good agreement with the experimental im-
age for the six operating conditions. In each case, the first shock cells
in the core of the primary stream are properly captured by the numer-
ical simulations, together with the shear layer pattern. Nevertheless,
small discrepancies may be observed between the CFD model and the
experiment. More precisely, in Fig. 6.7(b), the numerical simulation
predicts a normal shock wave in the core of the secondary stream, at-
testing the presence of the Y-shock wave pattern highlighted in Chapter
4. However, this normal shock wave is not visible in the experimental
image. This may be due to the exposure time used in the experiment as
the picture has been obtained with a common DSLR and not with the
high-speed camera that served to evidence the Y-shock wave pattern in
Chapter 4. But, as will be shown below, it is more likely that the nor-
mal shock wave in the secondary stream is missing in the experiment
because of 3D effects. Actually, these are likely to be the main source of
discrepancies between the numerical and the experimental results re-
garding the flow structure downstream of the entry of the mixing duct,
observable for different reservoir conditions in Figs. 6.7 and 6.8.

The fact that the shear layer generally fades more rapidly in the
experimental pictures compared to the CFD may be due to 3D effects
but it may also be impacted by the saturation settings of the numerical
images that have been chosen in order to emphasize the supersonic
structures in the core of the primary stream for the different operating
conditions.

6.3.5 Static pressure profile

As mentioned at the beginning of this section, a second approach – that
was not available in the initial experimental setup – is used to com-
pare the CFD model and the experiment at the local scale. It consists
in extracting from the numerical results the profile of the static pres-
sure at the wall of the mixing duct and to compare it to experimental
measurements. Results are shown in Figs. 6.9, 6.10 and 6.11 for the six
cases considered above. As these cases correspond to on-design condi-
tions, the theoretical value of the static pressure corresponding to the
compound-choking regime (Meq = 1), noted p∗eq and introduced in Sec-
tion 5.2.3, is also indicated for each operating point.

Although the 2D numerical simulations are in fairly good agree-
ment with the experiment regarding the entrainment ratio (cfr. Section
6.3.3) and the flow structure at the exit of the primary nozzle (cfr. Sec-
tion 6.3.4), they fail to predict the value of the static pressure acting on
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Figure 6.9: Comparison of the pressure profile extracted from the numerical
results at the wall of the secondary nozzle with the experimen-
tal measurements (the mixing duct extends from x/Hm = 0 to
x/Hm ' 20.75).
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(b) p01/p02 = 4.14 - pout/p02 = 1.21.

Figure 6.10: Comparison of the pressure profile extracted from the numerical
results at the wall of the secondary nozzle with the experimen-
tal measurements (the mixing duct extends from x/Hm = 0 to
x/Hm ' 20.75).
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Figure 6.11: Comparison of the pressure profile extracted from the numerical
results at the wall of the secondary nozzle with the experimen-
tal measurements (the mixing duct extends from x/Hm = 0 to
x/Hm ' 20.75).
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the wall of the mixing duct. Indeed, for the six operating conditions
shown in Figs. 6.9, 6.10 and 6.11, the CFD model underestimates – to a
greater or a lesser extent – the static pressure on the wall of the ejector
all along the mixing duct. The reader is warned that the error bar of
each measurement shown in Figs. 6.9, 6.10 and 6.11 only takes into ac-
count the uncertainty related to the calibration of the sensor as well as
the variability of the signal for a given experiment. Hence, it does not
include the variation of the measurement between several reproduc-
tions of the same experimental conditions. The reproducibility of these
experimental results is thus not guaranteed. Note that the experiment
corresponding to p01/p02 = 4.63 was run at a different moment in the
year than the others. It is therefore possible that the experimental setup
slightly changed for this operating point in comparison with the other
conditions.

Another finding that may be drawn from Figs. 6.9, 6.10 and 6.11
concerns the compound-choking theory. Indeed, the numerical pres-
sure profile falls below the value of the static pressure corresponding
to the compound-choking regime, p∗eq, for the six on-design operating
points under consideration. In addition, for all the cases, the location
where p reaches p∗eq is logically close to the entry of the mixing duct
(−0.25 < x/Hm < 1.25). However, in the experiment, the static pres-
sure was always found to be higher than peq for all the measuring points
located at the wall of the mixing duct, regardless of the reservoir con-
ditions. The origin of this discrepancy will be the subject of future in-
vestigations.

In the next section, 3D effects will be shown to be at least partially
responsible for the discrepancies between the 2D numerical simula-
tions and the experiment regarding the static pressure profile.

6.4 Numerical investigation of three-dimensional
effects

In this section, 3D effects are investigated by means of numerical sim-
ulations for an on-design operating point. The selected case is charac-
terized by p01/p02 = 3.63 and pout/p02 = 1.24. Compared to the 2D
calculations, the CFD model is exactly the same, except, logically, for
the computational domain. The latter is shown in Fig. 6.12. As may
be seen, the computational domain used for the 3D simulations only
covers a quarter of the entire geometry in order to reduce the compu-
tational cost. Symmetry conditions are used on both median planes.
Note that the 3D mesh has simply been obtained by extruding the grid



140
CHAPTER 6. DEVELOPMENT OF AN UPGRADED

EXPERIMENTAL SETUP

used for 2D simulations in the span-wise direction (60 layers), resulting
in a computational domain of approximately 20 million cells. As may
be seen in Fig. 6.12, the mesh is refined in the span-wise direction near
the side wall in order to properly capture the boundary layer as the nu-
merical simulations rely on the wall-resolved version of the k-ω-SST
turbulence model.

The numerical results obtained with the 3D CFD model are com-
pared to the experimental data in the same way as for the 2D calcu-
lations. The focus is thus successively put on the prediction of (i) the
mass flow rates, (ii) the flow structure at the exit of the primary nozzle,
and (iii) the pressure profile along the wall of the mixing duct.

The mass flow rates predicted by the 3D numerical simulation are
given in Table 6.1, as well as the corresponding experimental data. For
comparison purposes, the performances of the compound-choking the-
ory (referred to as ’1D’ in Table 6.1) and of the 2D calculation are also
included in the table. The agreement between the numerical results and
the experiment is slightly better when 3D effects are taken into account
in the CFD model. Logically, the improvement mainly concerns ṁ2 as
ṁ1 was already well predicted by the 2D simulation. Nevertheless, the
enhancement is limited as the relative gap between the 3D calculation
and the experimental measurement regarding the secondary mass flow
rate is still 6.10%. This observation tends to corroborate the fact that
the choked flow condition is not strongly impacted by 3D effects for
the present ejector geometry. The remaining error on ṁ2 may proba-
bly be attributed to small differences between the real and the modeled
geometry as well as to slight discrepancies between the boundary con-
ditions used in the simulation and the experimental conditions.

ṁ1 [g/s] error [%] ṁ2 [g/s] error [%] ER [%] error [%]
1D 247.72 3.43 205.14 13.10 82.81 9.34

CFD 2D 242.69 1.33 195.76 7.93 80.66 6.50
CFD 3D 241.95 1.02 192.44 6.10 79.54 5.02

EXP 239.50 - 181.39 - 75.74 -

Table 6.1: Comparison of the different models regarding the prediction of the
mass flow rates for the operating point characterized by p01/p02 =
3.63 and pout/p02 = 1.24. The 1D approach refers to the compound-
choking theory. Error=(model-exp)/exp.

The focus is now put on the ability of the 3D numerical simulation
to predict the flow structure at the exit of the primary nozzle. The com-
parison between the numerical results and the experiment is shown in
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Fig. 6.13. The experimental picture is logically the same as the one used
in Fig. 6.7(c) for the validation of the 2D calculation. As mentioned
above, it has been obtained by shadowgraphy and it is thus an image
of the Laplacian of the density field. Hence, the latter has been calcu-
lated in each cell of the computational domain in the post-processing
phase of the CFD calculation. Even though the numerical image to be
compared with the experimental picture should ideally be the average
in the span-wise direction of the Laplacian of the density, the one that
is shown in Fig. 6.13 corresponds to the median plane of the ejector
(z = 0). Nevertheless, the variation of the density field in the span-wise
direction has been checked and is relatively small for the region of the
flow under consideration (not shown here). Hence, the numerical im-
age resulting from the average process would be essentially the same
as the one extracted from the median plane and shown in the bottom
half of Fig. 6.13.

Although the ability of the 2D and the 3D simulations to predict the
experimental mass flow rates is almost equivalent, the 3D CFD model
performs much better regarding the prediction of the flow structure.
Indeed, as may be seen in Fig. 6.13, the different supersonic structures
visible in the 3D calculation are in very good agreement with the exper-
iment, including those located further downstream in the mixing duct.
As a reminder, the 2D numerical simulation properly captures the first
shock cells only.

The discrepancies between the 2D and the 3D CFD calculations re-
garding the structure of the flow at the exit of the primary nozzle are
evidenced in Fig. 6.14 where both numerical images are juxtaposed. It
appears that the flow on the median plane of the ejector starts being
impacted by 3D effects at a small distance downstream of the entry of
the mixing duct. Compared to the 2D simulation, the 3D model pre-
dicts stronger oblique shock waves in the mixing duct. The analysis of
the pressure profile along the wall of the ejector will shed light on this
difference.

Figure 6.15 shows the profile of the static pressure along the top
wall of the mixing duct obtained with the 2D and the 3D simulations,
together with the experimental measurements. In the experiment, the
holes for measuring the pressure are located in the median plane of the
ejector (z = 0). Hence, the pressure profile of the 3D simulation shown
in Fig. 6.15 has been extracted from the numerical results accordingly.
The inability of the 2D calculation to predict the pressure acting on the
wall of the mixing duct is mainly due to the role played by 3D effects
since the pressure profile obtained with the 3D model is in much better
agreement with the experimental data.
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Figure 6.13: Comparison of experimental (top half) and numerical (bottom
half) shadowgraph images for p01/p02 = 3.63 and pout/p02 = 1.24.
The numerical results correspond to the median plane (z=0) of the
3D simulation.

r2⇢ [kg/m5]

Figure 6.14: Comparison of the Laplacian of the density field extracted from
the 2D (top half) and from the median plane (z=0) of the 3D (bot-
tom half) numerical simulations for p01/p02 = 3.63 and pout/p02 =
1.24.

As previously observed, the 3D simulation starts to differ from the
2D calculation at a small distance downstream of the entry of the mix-
ing duct. Actually, this position nearly corresponds to the location
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Figure 6.15: Comparison of the pressure profile extracted from the numerical
results at the wall of the secondary nozzle (median plane) with
the experimental measurements for p01/p02 = 3.63 and pout/p02 =
1.24 (the mixing duct extends from x/Hm = 0 to x/Hm ' 20.75).

where pwall reaches p∗eq. While the static pressure keeps falling down
to the critical pressure, p∗, in the 2D numerical results, pwall/p02 goes
up and oscillates around 0.7 in the 3D calculation. Therefore, it is likely
that the 2D simulation predicts a sonic section in the core of the sec-
ondary stream, whereas the 3D model should not. This is effectively
the case, as evidenced in Fig. 6.16 showing the supersonic region of the
flow at the exit of the primary nozzle obtained with the 2D (top half)
and the 3D (bottom half) simulations. Consistently with the analysis of
the pressure profile, the Mach number field illustrating the 3D results is
taken on the median plane of the ejector (z = 0). A sonic section in the
core of the secondary stream clearly exists in the 2D numerical simula-
tion shown in the top half of Fig. 6.16, but this flow feature is eradicated
by taking 3D effects into account (bottom half). Thus, for the present
ejector geometry and operating conditions, 3D effects seem to prevent
the formation of a sonic section in the core of the secondary stream and
the subsequent Y-shock wave pattern. However, as shown above, the
mass flow rates predicted by the 3D simulation are very close to those
obtained with the 2D CFD model. These observations thus give an ad-
ditional argument in favor of the compound-choking theory to model
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the choking mechanism at the basis of the entrainment limitation in
supersonic ejectors, even when a Fabri-pattern is present.

Figure 6.16: Comparison of the supersonic region in the 2D (top half) and in
the median plane of the 3D (bottom half) numerical results for
p01/p02 = 3.63 and pout/p02 = 1.24. The corresponding dividing
streamline is shown in red.

So, discrepancies between 2D and 3D simulations are relatively small
with regard to the mass flow rates but may however seem significant
when considering the flow structure in the mixing duct. In order to
gain insights into the differences observed between the 2D and the 3D
numerical results, some theoretical considerations may be helpful. In-
deed, for a 1D isentropic flow of a calorically perfect gas, the static pres-
sure is actually highly sensitive to the variations of the flow area when
the latter is close to the critical section, noted A∗ in common textbooks
[73, 92], and given by

A∗ =
ṁ
√
T0

p0

√
R

γ

(
γ + 1

2

) γ+1
γ−1

. (6.1)

Figure 6.17 shows the variation of the static pressure with the flow area
for a 1D isentropic flow in the subsonic regime when the fluid is a calor-
ically perfect gas characterized by γ = 1.4. As may be seen, p/p0 goes
from 0.528, corresponding to the critical pressure ratio p∗/p0, to more
than 0.7 when A/A∗ only moves from 1 to 1.1. This means that the
relatively large gap between the 2D and the 3D simulations regarding
the static pressure acting on the top wall of the mixing duct could be
related to rather small variations of the secondary flow area.
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Figure 6.17: Variation of the static pressure with the flow area for a 1D isen-
tropic subsonic flow of a calorically perfect gas with γ = 1.4.

In order to confirm this, both simulations are further compared on
the basis of the dividing surfaces. The concept of the dividing surface
was introduced in Section 3.4.1 (p. 46). In brief, dividing streamlines are
constructed from points located in the nozzle exit plane, just above the
tip of the primary nozzle. The resulting dividing surface may be inter-
preted as a virtual separation between the primary and the secondary
streams all along the ejector.

The dividing surfaces obtained with the 3D CFD model are shown
in Fig. 6.18. Even though the simulation has been performed on a quar-
ter of the real geometry, the entire ejector is depicted in this figure for
improved readability. As illustrated in Fig. 6.18, the dividing surface
allows to define the cross-sections through which the primary and the
secondary stream virtually flow, noted A1(x) and A2(x), respectively.

The comparison between the secondary flow area, A2(x), obtained
by processing the 2D and the 3D numerical results is shown in Fig. 6.19,
through the ratio A2/A

∗
2. Note that A∗2 has been calculated with Eq. 6.1

for each simulation, using the corresponding secondary mass flow rate,
ṁ2. The order of magnitude of the difference between both simulations
in terms ofA2/A

∗
2 is consistent with the gap between both pressure pro-

files observed in Fig. 6.15. Hence, the latter is mainly due to discrepan-
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Figure 6.18: Dividing surfaces predicted by the 3D CFD model for p01/p02 =
3.63 and pout/p02 = 1.24.

cies in terms of the secondary flow area, at least close to the entry of the
mixing duct.
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Figure 6.19: Comparison of the 2D and the 3D numerical simulations based
on A2(x)/A∗

2 for p01/p02 = 3.63 and pout/p02 = 1.24 (the mixing
duct extends from x/Hm = 0 to x/Hm ' 20.75).
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The fact that A2(x) is larger in the 3D simulation than in the 2D cal-
culation means that the primary mass flow rate, which is almost the
same in both models, leaves more space for the secondary mass flow
rate when 3D effects are taken into account. Figure 6.20 shows the static
pressure profile on the ejector centerline (core of the primary stream)
predicted by the 2D and the 3D simulations. It clearly appears that the
3D simulation starts departing from the 2D model from the first shock
wave located in the mixing duct (x/Hm ' 1). Hence, discrepancies be-
tween 2D and 3D simulations regarding the structure of the flow could
be related to shock wave boundary layer interactions (SWBLI) on the
side wall of the ejector. The investigation of such interactions would
require additional analyses that fall beyond the scope of the present
thesis.
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Figure 6.20: Comparison of the pressure profile on the ejector centerline
predicted by 2D and 3D simulations for p01/p02 = 3.63 and
pout/p02 = 1.24 (the mixing duct extends from x/Hm = 0 to
x/Hm ' 20.75).

6.5 Conclusions

In this chapter, the focus was put on the development of an upgraded
experimental setup which primarily aims at validating numerical sim-
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ulations. The main improvement of the novel installation concerns the
geometry of the primary nozzle but the height at its throat and at its
exit were unchanged compared to the previous geometry. In addition,
the static pressure may be measured at several locations along the walls
of the ejector in the new facility, which was not the case before.

The experimental data acquired on this upgraded setup have been
compared to the results of 2D numerical simulations obtained with the
same numerical tools as those used to model the flow in the previous
geometry. The first comparison dealt with the prediction of a charac-
teristic curve. The performances of the 2D CFD model are essentially
unaltered compared to the initial installation. More precisely, the nu-
merical results slightly overestimate both the entrainment ratio in the
on-design regime as well as the critical back-pressure.

Then, a special emphasis was put on the ability of the 2D numer-
ical simulations to model the flow in on-design conditions for differ-
ent primary stagnation pressures. Hence, the CFD model has been run
for one on-design operating point of each six different characteristic
curves. The focus was successively put on the prediction of (i) the mass
flow rates, (ii) the flow structure at the exit of the primary nozzle and
(iii) the top wall static pressure profile.

The mass flow rates obtained in the 2D numerical simulations are
in good agreement with the experiment. For the six cases under con-
sideration, the error made by the CFD model regarding the primary
mass flow rate is always found to be less than 2%, while it is comprised
between 7 and 9 % for the secondary mass flow rate. The slight over-
estimation of ṁ2 may be related to 3D effects and to imponderable dis-
crepancies between the real and the modeled geometries. The use of
the RANS approach may also play a role in the remaining error.

The agreement between the 2D results and the experimental visu-
alizations regarding the structure of the flow at the exit of the primary
nozzle is also fairly good for the different reservoir conditions. In par-
ticular, the first shock cells seem to be properly captured by the CFD
model. However, further downstream, slight differences are noticeable
between the numerical and the experimental images for the six operat-
ing points.

In addition, the 2D numerical simulations deeply underestimate the
static pressure acting on the top wall of the mixing duct, regardless of
the reservoir conditions. A 3D calculation has shown that it was mainly
related to 3D effects. Although the secondary mass flow rates predicted
by the 2D and the 3D simulations are almost the same, the secondary
flow passage in the mixing duct is comparatively larger in the CFD
model that incorporates 3D effects. As the static pressure is very sen-
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sitive to the flow area when the latter is close to its critical value, the
small discrepancies regarding the secondary flow passage result in sig-
nificant differences in terms of static pressure.
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7
CONCLUSIONS AND PERSPECTIVES

The limitation on the performance of supersonic ejectors can be princi-
pally traced to the choking and the mixing mechanisms at play in such
devices. Hence, a better understanding of these complex flow phenom-
ena is necessary in order to identify potential improvements of the per-
formances of ejector systems.

In this context, this work has aimed at gaining insights into the flow
physics taking place in supersonic ejectors, with special emphasis on
choking and mixing phenomena. The adopted approach has mainly
consisted in thoroughly processing the results of 2D RANS simulations
of the flow in a rectangular ejector using air as working fluid. The cal-
culations have been performed with OpenFOAM, an open source soft-
ware for CFD relying on a finite volume method. Experimental inves-
tigations have also been carried out in order to validate the numerical
results both at the global and at the local scales. Finally, theoretical con-
siderations have been referred to throughout this thesis to support the
different analyses.

Even though the number of studies related to supersonic ejectors
and resorting to the RANS approach was already considerable when
this thesis started, the potential of such calculations was thought to be
underexploited. As a matter of fact, the present work has shown that
processing the results of such simulations could effectively lead to a
better understanding of the choking and the mixing phenomena taking
place in supersonic ejectors. In the following section, the main con-
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tributions of this thesis are exposed. The limitations of the proposed
analyses are outlined in Section 7.2, together with some research per-
spectives.

7.1 Main achievements

The present work distinguishes itself by considering the ejector from
the perspectives of thermodynamic cycles and of compressible flow
phenomena; this combined approach and the novel post-processing
tools have allowed to highlight the relations between local flow phe-
nomena and device-scale performance. In particular, the following achieve-
ments are believed to constitute significant contributions for the ejector
community:

• To gain insights into the mixing processes occurring within su-
personic ejectors, new post-processing methods have been devel-
oped in Chapter 3. First, the momentum and energy tube analysis
tools of Meyers and Meneveau has been extended to the concept
of exergy in order to construct exergy transport tubes. These ex-
ergy tubes constitute powerful visualization tools that are partic-
ularly suited to supersonic ejectors to identify the region of the
flow where transfers are important. For the present ejector con-
figuration, the mixing between both streams is not yet completed
at the entry of the diffuser for some cases lying in the on-design
regime.

In addition to this, a post-processing method aiming at quantify-
ing the local transfers and losses of exergy within the ejector has
been proposed. This approach offers some novel phenomenolog-
ical insights but also leads to the definition of new quantitative
indicators to assess these transfers and losses. The operating con-
ditions resulting in the highest global gain in exergy of the sec-
ondary stream actually corresponds to the optimization of two
effects: minimized losses and maximized exergy transfer. Logi-
cally, this operating point nearly matches with the critical point
of the characteristic curve.

• The analyses performed in Chapters 4 and 5 have undoubtedly
contributed to a better understanding of the choking phenomena
in supersonic ejectors. In state-of-the art simplified models, the
secondary stream is generally assumed to reach sonic conditions
in a sort of aerodynamic throat when the ejector operates in the
on-design regime. This choking mechanism is often referred to as
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the Fabri-choking, named after the scientist who first proposed it
in the late 1950’s. Even though the presence of a sonic section
in the core of the secondary stream was postulated more than
seventy years ago, to the author’s knowledge, it had never been
observed numerically nor experimentally. This work is the first
one that brings numerical and experimental evidences attesting
the acceleration of the secondary stream to supersonic velocities
through an aerodynamic throat in a supersonic ejector. However,
contrary to the idea of Fabri and Siestrunck, it seems that this
flow feature is not the reason for the entrainment limitation, but
rather a specific flow pattern. Hence, the sonic section in the core
of the secondary stream is proposed to be referred to as the Fabri-
pattern rather than the Fabri-choking.

The choking mechanism, at the basis of the entrainment limita-
tion, has been highlighted by processing the numerical results
obtained on the same ejector geometry but with a different pri-
mary stagnation pressure. The flow in the ejector appears to be
choked at a location where the secondary stream is almost en-
tirely subsonic. Hence, the sonic line, defined as the iso-contour
of Mach number unity, is not a good criterion to assess if the flow
is choked within a supersonic ejector. Interestingly, the observed
choking process has been found to be properly described by a the-
ory developed in the 1960’s and known as the compound-choking
theory. For an unknown reason, recent studies referring to this
particular theory could not be found.

Yet, the compound-choking theory seems to be more adequate
than the Fabri-choking model to describe the choking process oc-
curring in supersonic ejectors. More precisely, three arguments
have been presented in favor of the compound-choking theory as
the explanation of the entrainment limitation in most ejector con-
figurations. Firstly, in many numerical studies where the sonic
line is shown for on-design operating conditions, the latter is found
to progressively expand from the exit of the primary nozzle to-
wards the wall of the ejector, with no apparent sonic section in the
core of the secondary stream. Secondly, based on a comparison
with comprehensive experimental data, the compound-choking
theory has been shown to generally perform better than state-of-
the-art 1D models – relying on the Fabri-choking assumption –
for the prediction of the on-design entrainment ratio. Finally, as
shown in Chapter 6, 3D effects may prevent the formation of a
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sonic section in the core of the secondary stream without signifi-
cantly impacting the secondary mass flow rate.

• In order to pave the way to further numerical and experimental
investigations, an upgraded experimental setup has been devel-
oped. The main purpose of this novel installation is to improve
the shortcomings of the previous geometry. The experimental
data obtained on this facility have been compared to numerical
simulations. The 2D CFD model used in this work allowed the
prediction of the on-design entrainment ratio measured in the ex-
periment with a relative error ranging from 5.6 to 7.2 %. These
discrepancies are mainly related to the secondary mass flow rate
as the error made on the primary mass flow rate is less than 2 %
for all the cases that have been considered. The numerical results
were also found to be in fairly good agreement with the experi-
ment regarding the flow structure at the exit of the primary noz-
zle. However, the 2D simulations failed to predict the supersonic
structures in the mixing duct. Consequently, large discrepancies
have been found between the 2D CFD model and the experimen-
tal measurements regarding the static pressure profile on the top
wall of the ejector.

An additional numerical investigation has demonstrated that this
gap was essentially due to 3D effects. Indeed, even though the
2D and the 3D simulations essentially predict the same mass flow
rates for on-design operating conditions, 3D effects lead to small
differences regarding the secondary flow passage in the mixing
duct. The pressure being highly sensitive to the flow area for a
transonic stream, these discrepancies are associated to relatively
large variations of the static pressure. The numerical simulation
that incorporates 3D effects also properly captures the flow struc-
ture in the mixing duct, unlike the 2D CFD model. The compari-
son between the experimental picture obtained by shadowgraphy
and the corresponding numerical image extracted from the 3D
numerical results, shown in Chapter 6 (cfr. Fig. 6.13), is repeated
below. To the author’s knowledge, such a comparison at the lo-
cal level between experimental and numerical investigations has
never been presented in the literature.
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Figure 7.1: Comparison of an experimental picture obtained by shadowgra-
phy (top half) with the corresponding image extracted from the
3D numerical results (bottom half).

7.2 Limitations and research perspectives

The final discussion of this document is devoted to the presentation of
the limitations and the research perspectives of this thesis.

• Regarding the understanding of the mixing processes in super-
sonic ejectors, the main contribution of this work consists in the
development of quantitative post-processing methods, which were
clearly lacking in the literature. However, it should be kept in
mind that the ultimate goal of gaining insights into the flow physics
at play in supersonic ejectors is to enhance their performances,
primarily by improving their design. Hence, it would be interest-
ing to apply the proposed methodology to a large number of ejec-
tor configurations in order to highlight the influence of the differ-
ent geometrical parameters on the local and cumulative transfers
and losses of exergy.

• Even though the numerical tools used in this work have been
shown to be well suited to model the turbulent compressible flow
in a supersonic ejector, the present numerical setup is not adapted
for large parametric studies. Indeed, the selected solver is un-
steady and relies on the first order Euler explicit time integration
method. Hence, the CFL condition requires very low time steps
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to ensure the stability of the calculations. For the present simu-
lations, the time step used in the CFD model was close to 5.10−9

[s]. Combined with a relatively large computational domain, the
resulting computational cost of a 2D simulation was quite high,
typically ranging from 5000 to 6000 [CPU.hours]. Hence, in or-
der to facilitate future numerical investigations, it could be useful
to spend some time developing a steady-state version of the com-
pressible flow solver rhoCentralFoam available in OpenFOAM and
used in this work.

• Another limitation of the analysis proposed in this thesis to in-
vestigate the mixing phenomena stems from the fact that it was
applied to the results of RANS simulations. Yet, these tools may
be easily transposed to the context of 3D Large Eddy Simulation.
Within this framework, the proposed methodology could be ap-
plied on the averaged fields but also on the fluctuating parts of
the corresponding quantities, thereby providing a more accurate
insight into the phenomenology of the transfers and the losses of
exergy in supersonic ejectors.

• With regard to the development of simplified models of super-
sonic ejectors, this thesis offers some interesting perspectives. As
mentioned above, the compound-choking theory seems to be more
suited than the Fabri-choking assumption to model the choking
mechanism in such devices. However, almost all state-of-the-art
1D models are based on the Fabri-choking theory. Hence, an ap-
pealing research perspective consists in modifying the choking
condition used in simplified models. In particular, if real gas
effects and 2D features in the primary stream are taken into ac-
count, the resulting model should outperform all of its competi-
tors regarding the prediction of the entrainment ratio in the on-
design regime. Moreover, the use of the compound-choking the-
ory – even in its simplest form – in existing 1D models should
also improve their ability to predict the critical back-pressure.

• Finally, with regard to the experimental installation, some fur-
ther improvements of the setup could be made. As mentioned
in Chapter 6, in the upgraded facility, the primary nozzle is made
of two symmetrical pieces that are completely independent. Even
though this design offers the advantage of yielding a purely two-
dimensional geometry, it may raise a problem regarding the re-
producibility of the experimental conditions. Indeed, the relative
position of both pieces may slightly vary when disassembling and
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reassembling the experimental installation because of some play
in the fixings. This results in slight modifications of the primary
nozzle geometry. As the latter has a significant impact on the flow
within the ejector, this may lead to relatively large variations in
the experimental measurements between two assembling phases.
Hence, it could be interesting to enhance the experimental setup
in order to fix this issue. Regarding research perspectives for ex-
perimental investigations, performing Particle Image Velocime-
try (PIV) in the ejector would provide valuable information at the
local scale, notably for the validation of the numerical results of
LES.
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COMPOUND WAVES

A.1 Compound Waves

In this appendix, an analytical expression for the velocity of a weak
pressure disturbance in a compound-compressible nozzle flow is de-
rived. This analysis may be found in the work of Bernstein et al. [14]
for the case of perfect gases with different thermodynamic properties.
In what follows, all the streams are assumed to have identical thermo-
dynamic properties.

According to Bernstein et al., the compound-choking phenomena
can be explained by examining the effects of small pressure distur-
bances on the flow [14]. Figure A.1 shows the diagram of such a dis-
turbance. Consistently with one-dimensional theory, the flow area is
taken as constant in wave calculations. To respect the condition of
equal static pressures at the stream interfaces, this pressure disturbance
cannot propagate at different absolute velocities in each stream. As a
consequence, the wave must be continuous and must travel as a sin-
gle compound wave. As mentioned in [14], the pressure rise across
the wave cannot vary from stream to stream, although the wave is not
necessarily plane.

The absolute terminal velocity in the upstream direction of the com-
pound wave is designated byα. Hence, α > 0 corresponds to compound-
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Figure A.1: Upstream moving compound wave in terminal state (adapted
from [14]).

subsonic flow; α = 0 corresponds to compound-sonic flow and α < 0
corresponds to compound-supersonic flow.

A way of deriving an analytical expression for the compound wave
velocity, α, consists in treating each stream separately as a flexible tube
and to write the conservation of mass, momentum and entropy across
the compound wave. In what follows, it is proposed to write these
equations in the frame of reference of the compound wave. If Vi is the
absolute velocity of the ith stream, its relative velocity in the frame of
reference of the compound wave, noted V ′i , will be given by V ′i = α+Vi.
Note that the Mach number of the ith stream, Mi, is still based on the
absolute velocity, i.e.

Mi =
Vi√
γRTi

. (A.1)

such that
V ′i = α+Mi

√
γRTi . (A.2)

The conservation of mass may be written, for the ith stream and in
the frame of reference of the compound wave, as

ρiV
′
iAi = (ρi + dρi)(V

′
i − dVi)(Ai + dAi) , (A.3)

where the variation of the velocity across the wave is taken as −dVi,
consistently with wave calculation of common textbooks (see for ex-
ample [73]). This leads to

dVi
V ′i

=
dAi
Ai

+
dρi
ρi

. (A.4)
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The conservation of momentum of the ith stream may be expressed,
in the frame of reference of the compound wave, as

pAi − (p+ dp)(Ai + dAi) + pdAi = ρiV
′
iAi

[
(V ′i − dVi)− V ′i

]
. (A.5)

Note that one must no forget the contribution, in the x-direction, of the
pressure force acting on the side surface, and which is obtained as pdAi.
This equation may be simplified as follows

dpAi = ρiV
′
iAidVi , (A.6)

and finally
dp

p
=
ρiV

′2
i

p

dVi
V ′i

. (A.7)

For a perfect gas, the following equation must also hold in each
stream

p = ρiRTi , (A.8)

which leads to
dρi
ρi

=
dp

p
− dTi

Ti
. (A.9)

Finally, the conservation of entropy in the ith stream may be writ-
ten, under the perfect gas assumption, as

dsi = cp
dTi
Ti
−Rdp

p
= 0 , (A.10)

resulting in the following equation

dp

p
=

γ

γ − 1

dTi
Ti

. (A.11)

By combining Eqs. (A.9) and (A.11), one may obtain

dρi
ρi

=
1

γ

dp

p
. (A.12)

Inserting this equation into the mass equation, Eq. (A.4), leads to

dVi
V ′i

=
dAi
Ai

+
1

γ

dp

p
. (A.13)

This equation may be inserted into the momentum equation, Eq. (A.7)
to give

ρiV
′2
i

p

(
dAi
Ai

+
1

γ

dp

p

)
=
dp

p
. (A.14)
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Noting that
ρi
p

=
1

RTi
, (A.15)

and inserting the expression of the relative velocity, V ′i , given in Eq. (A.2),
one finally obtains the following equation

γ

(
α√
γRTi

+Mi

)2(dAi
Ai

+
1

γ

dp

p

)
=
dp

p
, (A.16)

which is valid for each stream. By regrouping the terms involving the
ratio dp/p, this equation may be rewritten as follows

γ

(
α√
γRTi

+Mi

)2 dAi
Ai

=
dp

p

[
1−

(
α√
γRTi

+Mi

)2
]
, (A.17)

or

dAi =
Ai
γ

dp

p


 1
(

α√
γRTi

+Mi

)2 − 1


 (A.18)

By summing over all streams, one obtains (since
n∑

i=1

dAi = 0)

0 =
n∑

i=1

Ai
γ


 1
(

α√
γRTi

+Mi

)2 − 1


 . (A.19)

This last equation may be combined with the definition of the compound-
flow indicator, β, given in Eq. (5.1), to yield

β =

n∑

i=1

Ai
γ


 1

M2
i

− 1
(

α√
γRTi

+Mi

)2


 . (A.20)

As mentioned by Bernstein et al., examination of this equation shows
that the compound wave velocity, α, and the compound flow indicator,
β, must always have the same sign [14].
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