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We prove that the category of cocommutative bialgebras in any locally presentable
symmetric monoidal category is an S-protomodular category with respect to a particu-
lar class of split extensions of cocommutative bialgebras. We also obtain the “partial”
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centralize each other as soon as the normal subobjects associated with them commute
in the sense of Hug.
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0. Introduction

The notion of protomodular category was introduced by Bourn in [4]. The cate-
gories of groups, Lie algebras, crossed modules, rings, the dual of the category of
sets are examples of protomodular categories. In the pointed case, a category C is
protomodular if and only if the Split Short Five Lemma holds. This means that for
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any diagram of the form

0 X3 = Ay e<:>l By ——0
ai
v[ P[ [9 (0.1)
0 Xs = As e<:>2 By —— 0
az

where k; is the kernel of «; and «; - ¢; = 1p, for any ¢ € {1,2}, then p is an
isomorphism whenever v and g are.

It is well known that the category of internal groups in a finitely complete cat-
egory is protomodular [4]. In particular, this result implies that the category of
cocommutative Hopf algebras in a symmetric monoidal category, that has equal-
izers, is protomodular, seen as internal groups in the category of cocommutative
coalgebras. The category of cocommutative Hopf algebras over a field is even semi-
abelian [I5].

In this paper, we are interested in cocommutative bialgebras in any locally
presentable symmetric monoidal category. As a matter of fact, it was proven in [13]
that the category of cocommutative K-bialgebras is not a protomodular category.
Similarly, the category of monoids is not a protomodular category. However, a class
of split epimorphisms of monoids, called Schreier split epimorphisms, turned out to
have some very interesting properties, similar to the ones of split epimorphisms of
groups. For example, Schreier split epimorphisms are equivalent to the actions of
monoids, the Split Short Five Lemma holds, etc. [7,[8]. The authors in [7] introduced
the notion of S-protomodularity, that is the protomodularity with respect to a class
S of split epimorphisms. It implies that we have the Split Short Five Lemma as
in (OI)) whenever (aq,e1) and (a2, e2) are in the class S. The main example is the
category of monoids with the class of Schreier split epimorphisms.

In [22], we defined a notion of split extensions for (non-associative) bialgebras
(and non-associative Hopf algebras) such that they have “group-like” properties.
More precisely, we showed that this definition of split extension of (non-associative)
bialgebras is equivalent to the notion of action of (non-associative) bialgebras. More-
over, we proved the validity of the Split Short Five Lemma for these kinds of split
extensions. In particular, these results restrict to the case of cocommutative bial-
gebras.

Hence, it is natural to hope that the category of cocommutative bialgebras
in any symmetric monoidal category is S-protomodular with respect to the class
introduced in [22].

In a finitely complete and pointed category, we can define two types of centrality:
the centrality of equivalence relations in the sense of Smith and the centrality of
normal monomorphisms in the sense of Huq. Note that these notions of centrality
are not independent. If two effective equivalence relations centralize each other
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(in the sense of Smith) then the corresponding normal monomorphisms necessarily
centralize in the sense of Huq [6].

The converse is not true in general. If C is a category such that any two effective
equivalence relations always centralize each other as soon as their normalizations
centralize in the sense of Huq, one says that C satisfies the so-called Smith is Hugq
property [6] 20].

In [I8], the authors introduced the notion of Smith is Huq for pointed S-
protomodular categories. In that context, the Smith is Huq property can be ex-
pressed as follows: two effective S-equivalence relations centralize each other if and
only if their associated normal subobjects commute (in the sense of Huq).

In this paper, we prove that the category of cocommutative bialgebras in any
locally presentable symmetric monoidal category is S-protomodular with respect
to the class of split extensions introduced in [22], we give a description of the
centrality in the sense of Huq for two subbialgebras of a cocommutative bialge-
bra and we examine the Smith is Huq condition for cocommutative bialgebras.
The results obtained in this paper generalize results in [8] [I8] on the category of
monoids.

The layout of this paper is as follows: Sec. [Il contains some preliminaries on
cocommutative bialgebras in a symmetric monoidal category.

In Sec.[2] we prove that the category of cocommutative bialgebras in any locally
presentable symmetric monoidal category is Scoc-protomodular with respect to the
class Scoc of split extensions of cocommutative bialgebras defined in [22].

In Sec. Bl we describe the Huq commutator of two subbialgebras of a cocommu-
tative bialgebra.

In the last section, we investigate the Smith is Huq condition for cocommutative
bialgebras by using the results of [I§].

1. Preliminaries
1.1. Btialgebras in a symmetric monoidal category

We recall that a monoidal category is given by a triple (C, ®, I) where C is a category,
®:C x C — C a bifunctor and I is the identity element (we omit to explicit the
three natural isomorphisms, the associator, the right unit and the left unit).

A braided monoidal category is a 4-tuple (C, ®, I, o) where (C,®, I) is a monoidal
category and o is a braiding. A braiding consists of a family of natural isomorphisms
oxy: X®Y =Y ® X satisfying

oxgv,z = (0x,z®1ly)  (1x ®oy,z),
oxyez =(ly ®oxz) (oxy ®1z).

A braided monoidal category is called symmetric when
O')_’}X =0X,Y- (11)
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In this paper, we omit the indexes of the braiding when this does not bring any
confusion.

An algebra in a symmetric monoidal category (C,®, I, o) is given by an object
A € C endowed with a morphism my: A ® A — A, called the multiplication. An
algebra is associative and unital when there is a morphism u4: I — A called the
unit, such that the following equalities are satisfied

ma - (ua®1a)=1a=ma-(1a®@ua), (1.2)
mA-(mA®1A):mA-(1A®mA) (1.3)
AuA®1A A®A1A®UAA Ao A® A ma®1la Ao A

~NoS e B

1
A ARA ———— A

All the algebras that we will consider in this paper are associative and unital.
A morphism of algebras f: A — B is a morphism in C such that the following
diagrams commute

| | N |
ma mpB uB f
I ; I Nl
A— B B.

A coalgebra is the dual notion of the notion of an algebra. In other words, a coal-
gebra over (C,®,I,0) is an object C' € C with a comultiplication A¢: C — C® C.
From now on, the coalgebras will always be coassociative, i.e. the following equality
holds

(Ac®1c) Ac = (le ® Ac) - Ac (1.4)
Ac
C ———CC
\ \
Ac le ® Ac
+ +

A
coc 2% cocwce

We will also assume that the coalgebras are counital, meaning that there exists a
morphism ec: C' — I, called counit, satisfying the condition:

(ec®1e) - Ac=1c = (lc®ec) - Ac, (1.5)
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as expressed by the commutativity of the following diagram:

ec ® lc le ® ec

c cecC C

~o S

C

Similarly, a morphism of coalgebras g: C' — D is a morphism in C such that the
following two diagrams commute:

pep+ %" cec [+«—=—D
T T N T
Ap Ac €C g
| , | |
D<——C C.

Let notice that, if A and B are algebras, then the monoidal product A ® B is
also an algebra. The unit of A ® B is given by the application us ® up and the
multiplication is given by

(ma®@mp) - 1la®o®1lp): (A®B)® (A® B) - A® B.

Dually, if C' and D are coalgebras, then the object C'® D has a coalgebra structure:
the counit is the morphism ec ® ep and the comultiplication is given by (1¢ ® o ®
1p) - (Ac ® Ap).

We also recall that a bialgebra is a 5-tuple (B,mp,up,Ap,eg) where
(B,mp,up) is an algebra, (B,Ap,ep) is a coalgebra and Ap,ep are alge-
bra morphisms (which is equivalent of asking that mp, up are coalgebra
morphisms) i.e.

Ap-mp=(mp®mp)-(lp®oc®1p) - (Ap ® Ap),
Ap-up =up @ ug,

€Ep-mp = €p Ve€pg,

eg-up = 1j.

Moreover, a morphism in C is a morphism of bialgebras if it is a morphism of
algebras and coalgebras.

A bialgebra is called cocommutative when its underlying coalgebra structure is
cocommutative, it means that

U-AB:AB. (1.10)

The category of cocommutative bialgebras in a symmetric monoidal category C
is denoted by Bial¢ coc.
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Example 1.1. (1) In the symmetric monoidal category (Set, X, {x}) of sets where
o is the twist morphism (where o(z,y) = (y,z) for any element x of a set
X and any element y of a set Y), every object X has a unique coalgebra
structure with Ax being the diagonal and ex the morphism sending every
element to the singleton. Hence, a (cocommutative) bialgebra (or algebra) is a
monoid.

(2) In the symmetric monoidal category (Vectk,®, K) of vector spaces over a field
K where o is the twist morphism (defined by o(z ® y) =y ® x for any x @y €
X ®Y), we recover the notion of K-algebra, K-coalgebra and K-bialgebra.

(3) In [I0], a symmetric monoidal category was introduced such that Hom-algebras,
Hom-coalgebras and Hom-bialgebras (see [17]) coincide with the algebras, coal-
gebras and bialgebras in this symmetric monoidal category.

We recall the definition of a locally presentable category introduced in [IJ.

Definition 1.1. A category is called locally A-presentable (X a regular cardinal)
provided that it is cocomplete, and has a set A of presentable objects such that
every object is a A-direct colimit of objects from A.

A category is locally presentable if it is locally A-presentable for some regular
cardinal A.

The categories of sets Set, vector spaces Vect, K-algebras Algk and K-coalgebras
CoAlgy are examples of locally presentable categories. A locally presentable category
is complete [I]. We refer to [I] for a more complete explanation of the basis of locally
presentable categories.

1.2. Adjunction between cocommutative bialgebras and
cocommutative coalgebras

It is well known that we have an adjunction between K-coalgebras and K-
bialgebras [12]. We recall a result of [2I], Sec. 4.2]. Let C be a locally presentable
symmetric monoidal category, we have the following adjunction between (cocom-
mutative) bialgebras and (cocommutative) coalgebras;

F
. —
BiAlge coc JU_ CoAlge coc (1.11)
where U is the forgetful functor and F is the free algebra functor.
In particular, this adjunction implies that U preserves the limits and that a
monomorphism of bialgebras is in particular also a monomorphism of coalgebras.
This observation will be useful several times in this paper.

1.3. Limits in the category of cocommutative bialgebras

We recall the constructions of products, equalizers and pullbacks in the category of
cocommutative bialgebras in a symmetric monoidal category that has equalizers.
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It is interesting to recall that the categorical product of cocommutative bialgebras
is given by the monoidal product.

Proposition 1.1. In the category BiAlge coc, the categorical product of two cocom-
mutative bialgebras A and B is given by the monoidal product (AQ B, wa, ) where
the projections ma: ARQ B — A and ng: A® B — B are defined by ma :== 14 Qe€p
and T == €4 ® 1.

A—2 AgB—" B (1.12)
\>\\ﬁfmﬂc g

C.
The equalizers are defined as in [2]. Let f,g: A — B be two morphisms of

bialgebras, then the following construction in C is the equalizer of f and g.

. (9®1a)-Aa
E—— A B®A. (1.13)
(f®1la) -Aa

where ¢ is the equalizer of (f ®14)-A4 and (g®14)- A4 in C. We can easily check
that this construction is the equalizer of f and g in BiAlge coc-

Via the definitions of products and equalizers in BiAlge coc, we define the pull-
back in BiAlg¢ coc of two morphisms of bialgebras f: A -+ B and g: C' — B as
follows:

A B
!

where A ®p C' is the object in the following equalizer:

. 1la®g®1c) - (1a®Ac)
A@pC —— A®C A@B®C
(Ia®f®1lc) - (Aa®1c)

and the two projections are defined as p4 := (14 ® €¢) - € and pe := (€4 @ 1¢) - €.

1.4. Special split extensions of cocommutative bialgebras

In [22], we introduced a notion of split extensions of (non-associative) bialgebras
and we showed several properties. Here, we recall this notion and some results in
the case of cocommutative bialgebras that will be useful later on. In the context of
cocommutative bialgebras, we denote by Scoc the class of the “good” split extensions
of cocommutative bialgebras.
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Definition 1.2. A split extension of cocommutative bialgebras in Scoc is given by
a diagram

A e
X4 A B, (1.14)

where X, A, B are cocommutative bialgebras, k, «, e are morphisms of bialgebras,
such that

) A k=1lx,a-e=1p,

) Are=ux - €, a-Kk=upg-e€x,
3) ma-((k-A)®@(e-a)) Ay =1a,
) A-ma-(k®e)=1x Qep.

We recall that the conditions A-x = 1x, A\-e = ux - eg and the preservation of
the unit by A are consequences of the axiom (4).

Notice that the diagram (LI4) defined above is an exact sequence (see [22]
Proposition 3.15]). The terminology of split extensions follows the recent paper
of [14].

Definition 1.3. A morphism of split extensions in Scoe from the split exten-

A e e
sion X £----¢ At B to the split extension X/~ ~~-¢ Al B’

K o K’ o
is given by three morphisms of bialgebras g: B — B’, v: X — X’ and p: A — A’
such that the four squares in the following diagram commute:

A e
X¢----3 AS——B

K «

v p g9
A e

X/ {----¢ AS— < B
fi/ O/

Let us remark that the commutativity of all the squares is not required. Notice
that if p-x = k' -v and p-e = €' - g hold, then the identities A’ - p = v - A and
o - p=g-afollow, and conversely (see [22, Corollary 3.8]).

The two definitions above give rise to the category SplitExt(BiAlge coc) of split
extensions of cocommutative bialgebras in Scoc.

We recall a convenient equality.

A e
Lemma 1.1. Let X - -------°¢ At B be a split extension of

K [e3
cocommutative bialgebras in Scoc, then the following identity holds:

Ama=mx-(A@AN)-(1a®@ma) (1a®(e-a)@ (k@A) (As®14).
(1.15)

2350252-8
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Even if the category of cocommutative bialgebras is not protomodular (see [13]),
we have an interesting result for the split extensions defined above: a relative form
of the Split Short Five Lemma holds in BiAlge coc.

Theorem 1.1. Let (g,v,p) be a morphism of split extensions of cocommutative

bialgebras Scoc

€
,,,,,,,,, <—

X3 A B
K «

v p g
N e’

X! - A’ — B’
K/, Q,

then p is an isomorphism whenever v and g are.

In [22], it was proved that there is an equivalence between the categories of
actions and split extensions of (cocommutative) bialgebras in a symmetric monoidal
category. We recall this equivalence and the definition of the objects and morphisms
of the category of actions of cocommutative bialgebras.

Definition 1.4. Let X and B be cocommutative bialgebras in a symmetric
monoidal category (C,®,I,0). An action of bialgebras is a morphism in C,
>: B® X — X, such that

I>(UB®]_X X

)=1
>-(lp®p)=>-(mp®1lyx),
>-(lp®ux) =ux - €p,
p-(lp@mx)=mx->3>) - (1pR®c®1lx) (Ap®1x ®1x),
€x > =€ Qex,
Ax ->=0Pop>) - (Ip®o®1lx)-  (Ap® Ax).
In other words, an action of bialgebras of B on X is a cocommutative bialgebra
in the symmetric monoidal category of B-modules, where B is a cocommutative

bialgebra.

Definition 1.5. Let >: B® X — X and »’': B’ ® X’ — X' be two actions of
cocommutative bialgebras. A morphism of actions of cocommutative bialgebras is

2350252-9
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defined as a pair of morphisms of bialgebras g: B — B’ and v: X — X’ such
that

v->=>"-(g®v).

There is then the category of actions of cocommutative bialgebras that will be
denoted by Act(BiAlge coc)-

We recall the theorem obtained in [22] and the construction of the functor in
the equivalence of categories between Act(BiAlge coc) and SplitExt(BiAlge,coc)-

Theorem 1.2. There is an equivalence between the category SplitExt(BiAlge coc) of

split extensions of cocommutative bialgebras in Scoc and the category Act(BiAlge coc)
of actions of cocommutative bialgebras.

Proof. The functor F': SplitExt(BiAlge coc) — Act(BiAlge coc) is defined as

A e
X 4m--Sm--- A——— B BoX —— X
K « ‘
Fl . P g = g®v v
/\/ e/ l D/
X' & AS————— B B ®X —— X/,

where > := X -m4 - (e ® k). The functor G: Act(BiAlgc coc) — SplitExt(BiAlge coc)
is defined as

™1 iz
BoX —— X Xt--¢ XxBf———B
‘ i1 T2
G g v - v vR g g
BoX —2 X/ X't X' wB A B,
1/1 T(é

where i1 = 1x Qup, s =ux ® 1, m =1x Qep, My =€ex ®1p and X x B is the
object X ® B where the bialgebra structure is given by the following morphisms
of C

mxxg = (Mmx@mp) - Ix@>R1pR1p) - (IxR1lpRo®1p)
(Ix @ Ap®1x ®1p)

2350252-10
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UxxB = UX @ UB,

Axup=(lx®0c®1p)  (Ax ® Ap),

€EXxB = €X D €R. |
Let B and X be two cocommutative bialgebras; since the trivial action ep ®

1x: B® X — X is an action of bialgebras as defined in Definition [[.4] we obtain
the following corollary.

Corollary 1.1. Let B and X be two cocommutative bialgebras, the pair (ma,i2) in
the following product

1 i2
X XeB_—_B

71 2
where i1 = 1lx Qup, 1a =ux ®1p, m = 1lx Qep and m2 = ex ® 1, belongs to
SCOC'

2. Scoc-Protomodularity

It is known that the category of cocommutative bialgebras is not protomodular.
However, we have interesting results with respect to the class S¢o. of split extensions
of cocommutative bialgebras, as the Split Short Five Lemma (Theorem [I1]) and
the equivalence with the actions (Theorem [I.2]).

These results are the motivation to prove that the category is Scoc-
protomodular, which means protomodular with respect to Scoc-

Let C be a pointed category, and S be a class of split epimorphisms with a
chosen section, to recall the definition of an S-protomodular category we give the
definition of a strongly split epimorphism.

Definition 2.1. Two morphisms v: X — A and w: B — A are jointly strongly

epimorphic if, whenever they factor through a common monomorphism p: M — A,
(4 is an isomorphism.

X A B

2350252-11
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e
Definition 2.2. A split epimorphism with a chosen section A * . B is called
«@

strongly split epimorphism whenever the kernel k: X — A of a and the section e
are jointly strongly epimorphic.

For now on, split epimorphisms will mean split epimorphisms with a chosen
section.

Definition 2.3 ([7]). Let C be a pointed finitely complete category and S a class
of split epimorphisms stable under pullbacks. C is said to be S-protomodular when
the class S is closed under finite limits in the category of split epimorphisms in C,
Pt(C), and any split epimorphism in S is a strongly split epimorphism.

2.1. Pullback stability

We prove that the class S¢oc of split extensions of cocommutative bialgebras in any
locally presentable symmetric monoidal category is pullback stable.

A e
We consider the pullback of X £-~~-¢ A B along the morphism of
bialgebras g: C — B.
A-pa (e g:1c)
X$--"77""""¢ AxpC
(K,uc - €x) pc
1x pa g (2 1)
A e
D A B

where (k,uc-€ex) and (e-g, 1¢) are the morphisms induced by the universal property
of the pullback.

A e
Proposition 2.1. Let 21) be the pullback of X $~~~~73 A B along a

K [e3

morphism of bialgebras g: C — B, then the upper row of (ZI)):

A-pa (e g,1c)
XS T ApC <~ (C
(kyuc - €x) pc

belongs to Scoc.

Proof. The conditions (0), (1), (2) and (4) of Definition [[.2 are easily checked. We
give the details of the condition (3). To show that

Mmagpc - ((K,uc-ex) - A-pa®(e-g,1c) pc) Aagpc = lagsos

2350252-12
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we compose the two sides of the equality with p4 and pc.

Asgpc (kyuc - ex)-A-pa®(e-g,1¢c) pc MAQEC
(A@p C) — (Aep O)? (Ao C)? — (A®p C)

\ T \

P4 K-A-pa®e-g-pc P4
pA | \ !
o pA
~

AZ
_— wAge 3) ma l

e
A
A 1a \
A A

Asgpc (kyuc -ex) A pa® (e g.1¢)  pe MAREC
(A®p C) — (A®p C)? (A®p 0)? — (A®p 0)

T ;

pe uc -€x - A-paA®lo-po pf
(1.2) + (1.5) T A e,
~
1 mo
le] \
C C

Since p4 and pc are jointly monic in BiAlge coc (and then also jointly monic in
CoAlgc coc thanks to the adjunction (III))) and the cocommutativity implies that
Magzc- ((K,uc-€x) Apa®(e-g,1c) pc) Aagyc is a morphism of coalgebras, we
can conclude that the condition (3) holds. Hence, the class Scoc of split extensions
of cocommutative bialgebras is stable under pullbacks. O

2.2. Closure under finite limits

To prove that the split extensions in Sco. are closed under finite limits in the
category of split epimorphisms of cocommutative bialgebras Pt(Bialge,coc), we prove
that they are closed under products and equalizers.

Proposition 2.2. The class Scoc of split extensions of bialgebras in any locally
presentable symmetric monoidal category is closed under finite limits.

/ /

A e e
Proof. Let X ";’; A ‘T B and X' - Al = B’ be two split ex-
K (03
tensions of bialgebras in S.... We prove that
AN e® e
XX/ ' $&s---===-"-¢ ARQA' S B®B (2.2)
K Kk’ a® %

belongs to Scoc. Since the construction is made component-wise it is clear that (2:2])
belongs to Scoc : we can explicitly see the proof of condition (3) via the commuta-
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tivity of the following diagram

ApQ@Au 1a®o®1a EAQK N@e a®e - o
AQA —— A% g A (A® A)? (Ao A"?
|

lpg®o® 1

1.1
k-AQe-a®k - Nee - o (1.1)

(3) T

1A®1Al A2®A/2
I
mp @mayr
1A®1A/ {
A®A/ A®A/

The other conditions hold via similar computations.
The class Scoc is also closed under equalizers. We construct the equalizer of two
morphisms of split extensions of bialgebras in Scoc (g,v,p) and (¢’, v, p'):

é
E f--- === ES—— F'
R a
5 € e
N e
X/ AN
K’ o’
v v’ 9 g p P’
A e
,,,,,,,,,, .<—
X3 A B
K a

where €, ¢/ and € are the equalizers in Bialge coc of the pairs of morphisms (g, ¢'),
(p,p’) and (v, v"), respectively. The morphisms &, €, % and \ are induced by the uni-
versal properties of the equalizers. Note that X is induced by the universal property
of € seen as a coequalizer in CoAlge ¢oc via (LII)). By using the fact that e,¢’ and
¢ are monomorphisms of bialgebras (and hence also of coalgebras) we can conclude
that

>
™

x
o}

2350252-14



200 Reading

September 2, 2022 11:41 WSPC/S0219-4988 171-JAA 2350252

S-protomodularity of the category of cocommutative bialgebras

belongs to Scoc. We prove that the condition (3) in Definition is satisfied
for (23). Let us first observe that the following diagram commutes:

Apg A® G ree mg
E E? EQE E? E
€ g2 E®e g2 €

l A/ ® a/ l K/l ® e/ l
AA, A/Q X/ ® B/ AIQ moa
e 3) T
A’ A’
14/

Since ¢ is a monomorphism and mg - (K - A®é- &) - Ag is a morphism of coalgebras,
we can conclude that condition (3) holds thanks to the adjunction (L.II]). We give
also an explicit proof of the condition (4) via the commutativity of this diagram:

) E®e mg A A

E®QF E? E E
\ | |
ER¢e e2 €

\/ , K/@e/ i mA i/ é
X'®B A" A

1E®€ \ )\/

lx' Qepr (4)

Since ¢ is a monomorphism of coalgebras and A - mp - (k ® €) is a coalgebra mor-
phism, we can conclude that (23] satisfies condition (4). The other conditions are
straightforward to check. O

2.3. Strongly split epimorphisms

It was proven in [22] that for a split extension of (cocommutative) bialgebras in
SCOC

A e
X4 A———B

% and e are jointly epimorphic. Now we prove that for cocommutative biagebras
in a locally presentable symmetric monoidal category, x and e are jointly strongly
epimorphic and hence any split extension of cocommutative bialgebras in Sce. is a
strongly split epimorphism.

2350252-15
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Proposition 2.3. Any split extension of cocommutative bialgebras in Scoc, in a
locally presentable symmetric monoidal category, is a strongly split epimorphism.

A e
Proof. Let X~ ~~~----¢ AS B be a split extension of cocommu-
K (a3

tative bialgebras in S¢o. and pu: M — A be a monomorphism of bialgebras. Let x
and e factor through pu:

Ap ¥
X MS———B
s o
1xh H 1p
A e
X4t A B
K a

We prove that the upper row is in the class S¢oc by checking all the conditions of
Definition In particular, via the commutativity of the following diagram

A G- A pu®y-a-p mpg
M M? M? M
N2 K- A p®e-a-p /ﬂ
LA A%
Ay K- A®e-« (3) ma l
e 1a ~
A A
A-p v
we conclude that X "~~~ -----<¢ M ¢ B satisfies condition (3)
§ o p

since p is a monomorphism of bialgebras (and then also a monomorphism of coal-
gebras (LII) and mar - (0 - A - pp® v -« - p) - Aps is a coalgebra morphism thanks
to the cocommutativity. The other conditions of Definition can be proven by
direct computation: for example, condition (4) holds via the commutativity of the

2350252-16
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following diagram

O ® 7y map

X®B M? M

K®e u? n

\ i mA l

lx®1p A2 A

(4) |

A

lX X ep i«

X®B X.

Ap ¥
To conclude, X = ~""=---7¢ M * B belongs to S¢oc and then the
5 a-p

thesis follows from the Split Short Five Lemma (Theorem [LT]). m|

Thanks to the previous results we obtain the following theorem:

Theorem 2.1. The category of cocommutative bialgebras in any locally presentable
symmetric monoidal category is an Scoc-protomodular category with respect to the
class Scoc of split extensions of cocommutative bialgebras defined in Definition [[L2]

Proof. This theorem holds thanks to Propositions 2.1 and 23] O

Remark 2.1. This theorem generalizes the result of [7] saying that the category of
monoids is S-protomodular with respect to the class of Schreier split epimorphisms.
Indeed, if C is the locally presentable symmetric monoidal category (Set, x, {x}),
then Scoc becomes the class of the Schreier split epimorphisms and BiAlgset, coc the
category of monoids.

3. Huq Commutator

In this section, we recall the notion of centrality in the sense of Huq in a pointed
category with binary products. Moreover, we give an explicit description of this
centrality for two subbialgebras of a cocommutative bialgebra.

Let C be a pointed category with binary products; we say that two subobjects
xz: X - Aand y: Y — A commute (or centralize) in the sense of Huq [16] if there
exists a morphism p: X x Y — A such that the following diagram commutes

X (1,0) Xy (0,1)

Y

Then we denote by [X,Y] = 0 the fact that the subobjects X and Y commute.

2350252-17
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Note that in BiAlge coc, if it exists, p is unique thanks to Corollary [[I] and
Proposition 231

Proposition 3.1. In BiAlgc coc, the following are equivalent for x: X — A and
y: Y — A two subobjects of a cocommutative bialgebra A:

(i) ma-o-(x@y)=ma-(zy)
(i) [X,Y] =0, i.e. there exists a (unique) morphism of bialgebras p: X @ Y — A
such that the following diagram commutes

Iy ®u ux ®1
2 %7 (]
v
A (3.1)

Proof. (i) = (ii), we definep : X ® Y — A by p:=m - (z ® y). It is easy to see
that this map makes the diagram (B commute. Moreover, thanks to (i) we can
prove that p is a morphism of algebras (and hence a morphism of bialgebras) as
proved in the following diagram;

mxgy p

/\

(XY — > xX29y2 ——> XQY A2 A
\ lx®oely . mx ®my J:®y/ ma
N -
(z® y)>2 2 ®y° m%
N Lwooly ~
A* A*
(z®@y)? 0 | (1.3)
9 l 1la®@mya®1yh 1a
p 1a@ma®1y \
A% A3
| (1.3) T
m? ’ ma - (mg ®1,)
\ Y ma
A2 \A

2350252-18
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On the other way around, since p is a morphism of bialgebras which makes ([B3.1])
commute, we can make the following diagram commute:

TRy
XY 2/A2

\ (1.2) i
/

Iy Quy Qux ® 1y (m@y)z

~N s

N
(X®Y)? —
1x®0'®1y
—
1x ® 1y X2 gY? mA

]

Iy Quxy Quy ® ly myx & my

- (1.2) Ix®ly | P

X®Y XYy —— A

\ (1.2) 1

ux ly @ 1x Q@ uy mxi@ﬂly
o X2oYv? ma
1x®0'®1y -
) —
Koy ——
el N p

ux ly @ 1x Q@ uy ($®y)2

/ (1.2) T

mA\
Y®X A2
y®x

and conclude that (i) holds. m|

Note that we obtained a similar result in the case of cocommutative Hopf alge-
bras in the paper [I5].

4. Smith is Huq

Now we would like to compare the notions of centrality in the sense of Huq and in
the sense of Smith.

We first recall the notion of centrality of two equivalence relations in the sense
of Smith in any category with pullbacks [6].
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Definition 4.1. Let (R, rg,71) and (S, sg, s1) be two equivalence relations over the
same object X. We denote the pullback of sg along r1 by

RxxyS—2 g

T1

R——mm X,

A connector between R and S is an arrow p: R X x S — X such that

e vSp(x,y,2) and zRp(x,y, 2),
o p(z,z,y) =y and p(z,y,y) = =,
L4 ﬁ(x7y7ﬁ(y7u7v)) :ﬁ(x7u7v) and ﬁ(ﬁ(:r7y7u)7u7v) :ﬁ(x7y7v)7

where the above expressions are defined. When such an arrow exists, we say that
the relations R and S centralize (in the sense of Smith).

By the same powerful technique as in [3] (Metatheorem 0.1.3), it is enough to
give this definition in set-theoretical terms.

Note that this notion of centrality of equivalence relations is not independent
of the centrality in the sense of Huq. If two effective equivalence relations central-
ize each other (in the sense of Smith) then it is true that the normal subobjects
associated with them, called normalizations [4], centralize in the sense of Huq [6].

The converse is not true in general. If C is a category such that any two effec-
tive equivalence relations always centralize each other as soon as their normaliza-
tions centralize in the sense of Huq, we will say that C satisfies the Smith is Hugq
property [6].

For example, the categories of groups and cocommutative Hopf algebras over a
field satisfy this condition [15].

In the paper [I8], the authors studied this condition in the context of S-
protomodular categories.

They considered pointed S-protomodular categories with respect to a class of
split epimorphisms S that are stable under composition and such that any product
projection, i.e. any such diagram

T Z-2
X XxBif— B,
71 2

where i1 := (1x,0) and i3 := (0, 15), belongs to the class S.

In that context, the condition Smith is Huq means that two effective S-
equivalence relations centralize each other (in the sense of Smith) if and only if
their normalizations commute in the sense of Huq. The category of monoids (but
also the categories of monoids with operations [19]) satisfies this property, with
respect to the class of Schreier split epimorphisms.

First, we prove that the class Scoc is stable under composition.
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Proposition 4.1. The class Scoc of split extensions of cocommutative bialgebras in
any locally presentable symmetric monoidal category is closed under composition.

A e N e’
Proof. Let X ";’; AS — B and Y "’/’; Bt — C be two composable
K (o3

split extensions in Scoc. We can build the following diagram

A e-e
,,,,,,,,, %
Z A C
R o -«

where #: Z — A is the kernel of o - a and \ is the factorization through & of the
morphism of coalgebras ma - (k- A®e -k - N -a)-Au. In particular, we have the
following equality:

E-d=ma- (k- A@e -k N ) Ay, (4.1)

We prove that this construction belongs to Scoc. The condition (3) is proven via
the commutativity of the following diagram:

Ay R-A®1 1yQe-e o« ma
A A2 K ® A A2 A A2 A
(1.4) 41 7
\AA AygR1py (4.1) ma®1yg ma @14
21A®AA E-A®@e-k N -a®ly /
A A3 A32 T A3 1.3
1 (1.3)
| A®e e -a-a
lu®a lgy®mgy
! N/
1y ® Ap la®@mp
A9 B— A®B? ———— A® B? A®B A?
®/§~A®n/l>\’®e/~a' © ly®e
1a
(3) (3)
H-)\(X)lA
1a
A A

The condition (4) holds thanks to the commutativity of the two diagrams in
Fig. Il where « - & is the factorization of « - 4 through the kernel «’ of o/

K -a-k=a-k, (4.2)

and the fact that A\ -ma - (A ®e-¢’) and (1 ® ) are coalgebras morphisms and
% is a monomorphism of coalgebras. O

Thanks to this proposition and Corollary [T} BiAlge coc is a category in which
we can apply the results obtained in [I8]. To apply the results of [I8], we recall the
notions of S-equivalence relation and reflexive-multiplicative graph.
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ke e ma R\
Z®C A2 A A
\Az®Ac >A (16)  |ag (4.1) ma
2 2 A 4
z°eC A‘ k-A®e-k - N -«
2 2
Az ®le ‘ 1p®@o®1yh A A
lz®d®1c m‘% A\ , )\//'/
| (h@e-e)? l 1% ® o? " ®/e.ﬁ‘
(Z®0)? Al A2@B>—> A®B
2 ‘ \ 1) ma ®@mp / K-A®e-K
®
z°eC FRe-d@a-khede mame / KoA® e
(1Z®1C)2 (4_2) T / ARY
/A2®B2 1
AQe-e @K -a-khee ma®ly
) Ao B
1 - \
z@o %@e-e’@aw&@ec T
(Z®C)? /A2®Y
ma®1lp
1.5 A e Tk
(1.5) Kr®e-€ Qa-k ke ®a-k ‘
ZoC®Z A’® B
Az®1c lz®0 ke d@a-k maA®lp
720C ——> 72090 — Z0CQZ A’@ B A®B
\ \
‘A>®EC ARecRa-k ApR1,R1p
N A®a-Rk i i Aol
72 A®B @) A ®B B
Aa®lg 1ly®Re-a®k-AR®1p
lag®e-a®uaR1p i
A’® B A3g@B  (1.15)
1z ®ec ~ (1.2) \
(1.5) Iag®e-a®lp 1@3maR1p
~a v
2
A®ea®1p (2) A® B
>‘2®1B
AR« lx Qux ®1p mx ®1p
Z A? X®B X2®B X®B
\
(1.2) K®e
! A4 v
3 (3) 42
Ix ®1p
1a mAl
A A
Fig. 1.

Condition (4) of the composition of two split extensions in Scoc.
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Definition 4.2. An equivalence relation

e
Ac—e
B

B

is an S-equivalence relation if the split epimorphism («,e) is in S.

Definition 4.3 ([11]). In a category C with pullbacks, a reflexive graph, denoted
§
by Al —— ¢
Y
reflexive-multiplicative graph

Ap , together with a morphism c: Ay x4, A1 — A; is called a

Al X Ao Al < Al ¢ AO ) (43)

where Ay X 4, A; is the (object part of the) following pullback

p2
Ay Xpy At —— Ay

A ——F—4
and c is a multiplication that is required to satisfy the identities

c-(lay,e-0)=1a, =c-(t-7,14,), (4.4)

where (14,,¢-8): Ay — Ay X4, A1 and (¢-7,14,): A1 — Ay x4, A1 are induced
by the universal property of the pullback A; x 4, A;.

To apply [I8, Theorem 4.2], we need the following result.

Proposition 4.2. Every reflexive graph

X/
FARPY
A | o
Xioommrmm i As——e B
" 5
such
that X $----=-=---7¢ A B and X' -~~~ ---: Q———— B
K o H/ IB

belong to Scoc and [X, X'] =0, is a reflexive-multiplicative graph.
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Proof. Let consider the following pullback
A®p A — A
p1 B
A——B
where A ® g A is the object in the following equalizer:

R (1Aa®B®1c) - (1a®AA)
ARQpA—— AR A ARB®A
(la®a®1a) - (Aa®1a)

By defining ¢: A®p A — A by

c=ma-(K-A®1y)-¢€

(4.5)

we can verify that this reflexive graph is multiplicative thanks to Figs. 2] and Bl

Indeed, these diagrams imply the following equality:

mA'(H'A®1A)'5'mA®BA:mA'm?q'(“')\®1A)2'52

7”/\@511 €
(Aop A)? Aep A / A2
L | TA®o®1a |
Y (4.5) 3 3
) A @13 Ay @1y
I\ :5 /ja K-A®1a
14®AA®14 \la®AL® 1%
A A®¢AX A LA 1a®e-a®@la®K-AD 14 1a@ec-a@r-A01%
A®e BRI, ®k-AR1
45 _ la®e-folLi@x A l5 ! (1.15)
| o 4 g
t 1Zeool '
1L eA01% \ 3) ) ) 4 A Iy@ma 13
' 12 9A, 013 13 @my @13 ) o )
o AB2AE A | 13Q042 4914 a@mi®ly l(n-)\)‘@)lg m?
1w A5 A5 A8 at At A2
‘ ’ ‘ Ia®e-BRK N@e BRK- A 14 /
B eooly 13@ma®@1s
140424 ®14 / m,
1 1a®@my®1% (r-N)2 @13 (1.3)
y®c?®14  AS A8 AP AP
1y®e BRk-ARK N ®e B®1y ) my
/ ‘ A 8 € A A@my®1%
A5 (L) oy ’ .
\ la®e for- A0 - N@e fR14 X, X'1=0 At
120k - Ne@e- B 'LG - - 2/
n-ABo. 88 1x Al AD AD la®@ma®1%
: / Lomaely | (k- N ®1% N\ (1.3)
1a®o 4013 ) 14e0e15
1a@o®1%
/ 13 @ma®13 | (k- A®14)2 @14 \ 13 @ma®1a ma-m}
A8 AP A5 At A

Fig. 2. The morphism c is a morphism of bialgebras (part 1).
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eE®e (k- A®14)* m}
(Aep A)? At A4 A2
| | +
2 2
E¢®E 1A®AL @15 (3) la®ma @1y (1.3) mﬁ/
A4 (1.5) l kARK N ®e BRK-AD 1y, ‘ 12 @ma®ly 15 /
! A° A® At At
1a®As®13% I I
| 13 0A3 @1, oAy ®l, (3) [
5 | | 16
A\ AT AT (16 131®mA®1A
1124®AA®13‘ s | , . | , 1A2A®AA®1A
i Beool} Beool} l
A8 lH-A@H/-)\/(X(e-ﬂ@rc-)\)Z@lA l 1Zeomi ela 3@k A@c-a®ly
o~ 'y AT A A
15 ®0®1y ‘ ‘ /'
, 15 ®ea®1a @ a)?ela TR T vIT)
1ATU®1A | M+ ! 1?4@7?1%4@1,\ e
A8 AT AP
A n»)\gnh‘ﬂ@n-/\@e»ﬁ@l rT
‘ A 15 ®us®1y
\
4 (1.2)
1la@r - Ne@e fRK ARe fR14 |
j (A @rAe1d) 04 oms®13)
! ma-md
A6 - 45 ‘ A5 e A
13 @oma @14 (k- A®14)2 @14 12 @ma @1y

Fig. 3. The morphism c is a morphism of bialgebras (part 2).

which by definition of ¢ means that ¢ is a morphism of algebras (and then also a
morphism of bialgebras). O

This result and [I8, Theorem 4.2] imply the following result.

Theorem 4.1. In BiAlge coc, let Scoc be the class of split extensions of cocommu-
tative bialgebras in any locally presentable symmetric monoidal category as defined
in Definition [[2 two effective Scoc-equivalence relations centralize each other (in
the sense of Smith) if and only if their normalization commute in the sense of Hug.

By restricting the above theorem to the locally presentable symmetric monoidal
category (Set, X, {x}), we obtain the result on monoids of [18]. Note that, in [18],
they also prove this result for every category of monoids with operations.

5. Conclusion

In [22], we introduced a class of split extensions of (cocommutative) bialgebras,
called Scoc, such that their category is equivalent to the category of actions of
(cocommutative) bialgebras and we proved the Split Short Five Lemma when we
restrict it to the split extensions of (cocommutative) bialgebras. In this paper, we
use this class Scoc to prove that BiAlge coc iS Scoc-protomodular, where C is a locally
presentable symmetric monoidal category. It implies that we can now apply the the-
ory and results of [9, 5] to obtain new results for cocommutative bialgebras. For
example, it follows that BiAlge coc 18 Scoc-Mal’tsev [9, [5], hence any Scoc-reflexive

2350252-25



200 Reading

September 2, 2022 11:41 WSPC/S0219-4988 171-JAA 2350252

F. Sterck

relation is transitive. Another result of this paper is the description of the notion
of centrality in the sense of Huq for cocommutative bialgebras. Moreover, we prove
that BiAlge coc satisfies the “partial” Smith is Huq condition, meaning that two
effective Scoc-equivalence relations centralize each other as soon as their normal-
ization commute in the sense of Huq. Note that Theorems [£1] and 2.1 generalize
results in [7, [I8] in the category of monoids.
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