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Abstract

This paper analyzes a competition game between two universities that
teach and research in the same jurisdiction. The resulting equilibrium is
unique and symmetric but differs according to preferences, technologies
and public policy. The budget for university finance is exogenously given
and consists of a lump-sum amount and a per-student allocation. Under
this finance structure, we are able to identify four types of equilibria char-
acterized, respectively, by full-time teaching, full-time research, selective
teaching plus research and mass teaching plus research. Conditions for
each of them to take place are derived. By manipulating the parameters
of the finance scheme the government can, in some cases, determine final
levels of research and education quality.
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1 Introduction

Public provision of higher education in Europe has traditionally made of this
sector a highly immobile and uncompetitive one. Some papers on university
behavior (Garvin(80), or Boroah (94)) reflect this view. They view the uni-
versity as an isolated utility maximizing entity that undergoes teaching and
research activities, subject to a budget constraint imposed by the government.
In fact, universities and governments in these models can be thought of as
the same institution, since the utility maximizing behavior of the university
is analogous to that of a government with a social welfare function. Gary-
Bobo and Trannoy (1998a) first dissociates these two elements, by modelling
a principal-agent relationship between the government and the university that

has the local monopoly of higher education provision.

Increasing mobility of students, however, has made that, even in Europe, where
the higher education system is still characterized by a prominent role of the
government, universities have become more competitive. In particular, some
universities have started competing for students in both the national and in-

ternational markets.

As pointed out by Rothschild and White (1995), students are both inputs
and clients for the services provided by a university. Hence, there are two
basic reasons why universities may compete for students. As inputs, they are
scarce resources required for the production process of universities. As clients
students provide, either directly, through fees (USA) or indirectly, via the gov-

ernment (Europe) the funds a university needs to operate.

Of course, the link between funds and enrolments need not exist at all when,
like in Europe, higher education is financed by general taxation. But there
is evidence that most European countries allocate the global funds to one

university in the form of a lump-sum transfer on one side and a per-student



allocation on the other.! There is a simple reason why this is so. The budget
to higher education needs to be allocated among all the operating institutions.
Since the universities in one country are not all alike, it does not seem sensible
to equally divide the global funds among them. The social optimum would
require that each university be endowed with the funds required to cover its
costs. However, the calculation of the costs (or the output) of one university is
not an easy task. The number of enrolled students turns out to be the easiest

way to measure the relative activity, or size, of one university.

The increasing role of competition in higher education has been the object of
some academic interest. Gary-Bobo and Trannoy (1998b) is concerned by the
welfare effects of increased competition and concludes that whether competi-
tion can lead to optimal outcomes or not depends on the incentives given by
the government through the finance scheme. In a more positive approach De-
bande and Demeulemeester (1998) develops a rich model of two-dimensional
competition between universities. For simplicity, both these papers concen-
trate on the education provision role of universities, leaving research out of

the scope of their analysis.

In this paper, we consider two universities that teach and research. They
operate in the same jurisdiction and are financed by the same government.
Following the evidence for Europe, funds are allocated to the universities in
the form of a lump-sum and a per-student amount. We are ultimately inter-
ested in the implications of this finance scheme. In particular, we investigate
the role of the government in resulting levels of research and quantity/quality
of education when it can control for the relative weight between these two

instruments of finance.

We consider a continuum of students (of mass 1) that differ in location as well

1The calculation of the allocations to universities is actually way more complicated than
this. But most of the complicated ratios developed to evaluate the cost of a university are

based on the number of students. See Kaiser et al.(1992).



as in ability (or ex-ante productivity). University attendance raises this initial
productivity in an amount that depends on the average initial productivity of
the class and the amount of resources devoted to teaching. At the beginning
of the period universities announce by how much they plan to increase initial
student productivity. In other words, they announce the quality or teaching
they will provide. Given this information, students choose the university they
prefer to attend. Funds (or time) not spent in teaching are devoted to re-

search.

Universities care for education quality but they also care for research. We
find that, as expected, if the marginal productivity of teaching is high enough
they will only teach. In this case, whether funds are received in the form of
lump-sum or per student allocations has no impact: global funds are devoted
to full-time teaching. If, on the other hand, the marginal utility of research is
high and per student allocations small, universities will devote all funds to re-
search. However, if per student allocations are large as compared to lump-sum
allocations universities may be forced to teach a maximum number of students
if they want to get the funds required to do (more rewarding) research. They
may thus engage in competition for quantity of students. All the market will
then be covered but the resulting levels of research and teaching quality may
be indirectly determined by the government through the choice of the finance

scheme.

Finally, the education technology may be such that able students require few
investment to obtain large levels of additional productivity. Then, with high
preferences for research, it may still be worth teaching a few good students
even though the economic support they provide to the institution is not large.
The equilibrium admissions level, inferior to the size of the market, cannot be
affected by the finance scheme. However, the resulting levels of research and

teaching quality ultimately depend once again on the government’s will.

The paper is organized as follows. Section 2 introduces the model. Section 3



analyzes in detail the second stage of the game between the universities. Sec-
tion 4 deals with the first stage of the game and presents the subgame perfect
Nash equilibria together with the role of the government. Finally, Section 5

will conclude.

2 The Model

Consider two universities operating in a same jurisdiction. Each of them ”pro-
duces” N; graduates of labor productivity (or quality) ¢; and do as well some

research, R;.

The funds available to the universities are provided by the government and
may be tied to the number of enrolled students. With these funds, the univer-
sities can hire teachers that increase the productivity of the students and/or
researchers which provide the institution with higher utility levels. The more
able the admitted students, the lower the number of teachers required to pro-
vide the desired ¢, and the larger the available funds for research. This is the
reason why from the pool of potential students (demand), only the best will

be admitted. Failure is assumed away so that enrolments equal final graduate
supply.

The timing of the game is the following: In Period 1 each university chooses the
level of quality that it wants to provide. Then, at Period 2, applying students
sort out between the two universities according to these announced qualities.
Finally, in Period 3, the universities will choose the number of admissions from
their respective pool of applicants and the proportion of the funds devoted to

teaching that will allow them to provide the quality announced in Period 1.

We solve this game by backward induction. Once ¢; and g2 are known, stu-
dent’s demand and universities’ admissions together with relative fund alloca-

tion between teaching and research are determined.



2.1 The Students

At the beginning of the second period the universities have already decided
on their desired levels of quality ¢; (i = 1,2). Student’s demands for the uni-

versities are then sorted.

Students are distributed in a two-dimensional space: each student is charac-
terized on the one hand by x, her location along the line (0,1) that separates
the two universities, and, on the other, by a, her initial ability or produc-
tivity (either determined at birth or by the family background). We assume
for simplicity that a and x are uniformly and independently distributed on
[0,1] x [0,1].

Let University 1 be placed at 0 and University 2 at 1. Education raises this
individual initial productivity a by ¢;, the quality of education provided at
the university he attends. A student located at x faces a mobility cost cz if
attending University 1 and ¢(1 — z) if attending University 2. Therefore, the
indirect utility function of one student located at = with initial ability a when

attending University 1 and University 2 is, respectively

Uy = a-+q —cxr,or

uz = a+gq—c(l—2x).

Students first apply to the university that provides them with the highest
utility level. If not admitted in their first choice university they apply to the
other one. The total population of students is normalized to one. Let z* be
the location of the student that is indifferent between attending university 1

or 2:

@ —cxrt =g —c(1—2x%) (1)



Every student located to the left of z* will first apply to University 1. The
demand (applications) for the services provided at this university will be then
given by:

* ct+q

—q2
— -4 12 _pD 2
x 2% = 1(6117612) ( )

which is independent of a. Likewise, University’s 2 demand is given by

* C— +
1—o2" = % = Dg(ql,QQ). (3)

Note that the only determinant of demand is location, x. This is due to the
fact that ability does not affect students’ preferences for universities, since it
is given and cannot be influenced by education. Although it does not affect
demand, ability plays an important role at the admission level. As we will
shortly see, by selecting only the best students among the pool of applicants,
universities are able to attain a given quality announcement at a lower cost in
terms of teaching. This way ability endows the universities with an additional

degree of freedom in their payoff maximization.

Students rejected from their first choice university automatically apply to the
other one. If rejected also from the latter, they will keep their initial ability

a. In what follows, ¢ is fixed to 1 for simplicity.

2.2 The Universities

Competition for students Consider first a single university, say University
1. Given the number of applicants, this university can control for the average
ability of its students by limiting the admissions. It can for example give an

exam to all its applicants and admit only the students with the best results?.

2 Alternatively, universities can admit all students and select by failure at the end of the

first year.



By limiting admissions, University 1 can provide the announced quality at a

lower cost in terms of teaching (this point will be made clear later).

Formally, if individual ability varies between zero and one, individuals of abil-
ity one will be admitted first. As the number of admissions increases, the
ability level of the last entrant will go down. If ability is uniformly distributed
between zero and one and a1 € [0, 1] is the ability of the last student enrolled
at University 1, (1 — a;) will represent the range of abilities corresponding to
students admitted to this university. We can also say that a; is the grade
obtained in the entrance exam by the last student enrolled. Given the num-
ber of applications, D (i.e., given qi, g2), the limiting grade a; determines the

number of admissions, N € [0, D1] :

N1 = (1 — al)Dl (4)

Hence, the minimum grade that an applicant shall get in the entrance exam
in order to be admitted at University 1(or minimum ability of the applicant)

is:

a1:1—— (5)

and average ability of students enrolled at University 1 will be

. 14 a1

: (6)

ax

When we have two universities, students rejected from their first choice uni-
versity can still apply to the other. In fact, we assume that students prefer to
attend their second choice university rather than to be left out of the higher
education system. If rejected from one of the universities they will try to at-

tend the other.



If University 1 is the more demanding university (in terms of required ability)
its limiting admission grade is higher and enrollments are determined accord-
ing to (4). In this case University 2 does not affect average ability of students
at 1. If, however, University 1 is the less demanding of the two universities it
will attract all the students rejected from 2 who satisfy its own lower require-
ments. The effective number of admissions to University 1 when it is the less

demanding university for given ¢1, g2 will thus be
N1 = (1 —a1)D; + (a2 — a1) Do, (7)

where a; € [0,1], az € [0,1], N1 € [0, D1] and a2 > a;. The average ability of
students at the less demanding university will thus depend on how selective
the tough university is. Figure 1 provides two graphical examples clarifying
this point. It represents the number of students enrolled at each university
when a1 < ag (with D2 > D1) and a1 > ag (for D1 > Ds). In the sequel, we

identify Regimes A and B with the cases a1 < as and a; > ao respectively.

Figure 1.a Regime A: a1 < ag



Figure 1.b Regime B: a; > a2

Average ability of students at University 1 when it is the less demanding

university is then:

1

a1 = — | D1(1 —
ap N1< 1(1—a1)

14+ a1

+ DQ(CLQ — (11)

(8)

ai —I—a2>
2

or, substituting by the values for a; as obtained from (5) and (7) and simplifying:

_ 1 (N3D;
a1—2<N1D2—N1+2—2N2>. (9)

Note that there is a univocal relationship between a and N that makes these

two variables interchangeable as decision variables. In particular, from (4)

e IV N
and (7), a1 < (>)ay iff D—i > (S)Fz '

Summarizing, average ability of students at University 1 will be:

N- .
[ if J\@ZDQ()N1
- N D . D ()
1 2 141, G2 2
s | === —N; +2-2N. if Np< N
2 (Nl Dalq.q2) 2) 2D



Similarly, average ability of students at University 2 is:

1 (N Da(a1,42)
2\ N2 Di(q1, q2)

~No+2—2N; | if N1<D1(‘)N2

. 20"

1——2 it N, > =22
2D5(q1, q2) L= Dy()

Production of education. N; graduates of equal productivity ¢; are pro-
duced by University i according to a very simple production function of the
form?:

g < aa; + Bt (12)

where @; is the average ability of admitted students just described and t = %
are funds devoted to teaching per student 4. The parameters o and 3 thus
represent the productivity of average ability of enrolled students and teaching

per student respectively.

The funds not allocated to teaching finance research, R. One of the aims of
the university is to improve the productivity of its students through teaching.
The larger the average ability of students @;, the less teaching is required to

accomplish this goal and the more funds can be devoted to research.

Note that, even in the case in which universities devote no funds to teaching,
mere enrolment can generate an increase in student’s ex-ante productivities.
This can be interpreted either as a screening or a network effect that makes
university attendance always beneficial for our students. In other words ¢ has

a positive lower bound «aa.

The university receives funds from a central government in the form of a fixed
amount F' and a positive per student allocation s that it devotes entirely to

paying the teachers a salary in exchange of which they teach and/or research.

3This linear specification is bound to yield extreme solutions. Results shall then be

interpreted in this manner.
4If funds devoted to teaching are used to hire teachers at a wage w normalized to 1, this

is the teacher-to-student ratio, t = i%.
w

10



We can normalize the exogenous wage w to 1 to obtain the simple budget
constraint:

F+SNiZE+Ri.

The objective of the universities. Finally, the objective of the university
is to maximize the increase in total productivity of its students IV;q; plus total
utility derived from research, yR;. v will thus represent the relative weight of
research in the payoff of the university. This is all summarized in the following

maximization program:

Mazx U; = Njg; +vR;
subject to aa; + 3 % > q; (13)
andto F +sN;>T;+ R;

Both constraints are always binding (if they were not, we could always increase
research and thus the resulting payoff) so that we can first substitute 7T; from

the budget constraint into the production function which yields

Ri=F +sNi+ %Nmm, Na,q1.q2) - %Ni. (14)
Then, substituting R; in the payoff function gives
Y a_
U= i (1= D475 3) +1(F +5N) (15)

where @; = @;(N1, No,q1,q2). We are aware that nonnegativity constraints
should be taken into account. However, and for the sake of simplicity of

exposition, all these constraints will be checked ex-post.

The game between the universities The payoffs of the universities are

given by (15). The game has two stages. In the first stage each university

11



simultaneously chooses the quality of education that it wishes to provide g;.
Then, in the second stage, they select from the pool of applicants the number

of admissions N;. We solve the game backwards.

3 Admissions and fund allocation

Due to the nature of the interaction of the universities through the average
ability of the admitted students, the way @;(i = 1,2) is determined differs
according to whether a1 < ag or a; > as as it has been established above.
We can consider then the problem under two different regimes: Regime A
corresponding to University 2 being the most demanding (a2 > a1) and Regime
B, under which University 1 is the most demanding. It is important to note
that, a priori, there is no reason why the most demanding university should

be the high quality one.

3.1 University 1

Da(q1,q2)

3.1.1 Regime A: Ny < NlD (0. 0)
1\41, 42

equivalent to a; < ao.

University 1 takes No as given and its maximization problem is in this case:
g @ _A
Max ((1— =) +v5@ >N + y(E + sV
ar (1= Do +15a) Mt o(F o+ M)

where from (10)

—A 2 1(q1, 942
! 2 (l”l DQ(Q17q2) ! 2)

Solving this maximization problem gives the optimal number of admissions

N{(Na,y q1, g2):

(a+sB)r+(B-—va Ny

N (Noyq1,q2) = o

(16)

12



which is valid if

Di(q1,
N (Noyq1,q2) > %Nz-

This requires that N2 be not too high, i.e.,

Ny < (@+sBy+(B-7a
oy

2(q1,92) = Noa.

From (16) the reaction function N{*(Na,qi,qs) is decreasing with slope —1
whenever Ny < No.

D
3.1.2 Regime B. N; < 1(q—1’(12)
Ds(q1,q2)

Average ability of students at University 1 when this is the most demanding

Ny (a1 > ag).

institution is:
Ny

ab=1-—1
! 2D1(q1,g2)

So that the maximization problem is now:

N

_x T
%?ZE Ny <(1 )a1 +/( 2D1(q1, q2)

5 (-

% ) + s)) ++F.

The solution of this problem yields the optimal number of admissions for

University 1 under Regime B

(a+sB)y+(B—va
a”y

that is independent of Ny. Recall Figure 1: since at Regime B University 1 is

NE(q1,q2) = Di(q1,q2) (17)

the most demanding institution its choice of a (and hence of N) is unaffected

by that of University 2.

The reaction function N{(qy,q2) is, however, only valid if

Di(q1,q2) PN (a+sB)y+ (B —7)q D

NB(q1,q2) < N
v @) < *Da(q1, 02) ay

2(q1,¢2) = N2 < Ns.

13



As a result, the best response function Ny(Na, g1, ¢2) is continuous in Ns.

N{A(Noyqr,q2) if Na < N
Nl(N2>Q1>Q2) = 1(B ) —_— (18)
NP (q1,q2) if Ny > No

The threshold value Ny corresponds to the level of Ny at which universities’s
marginal abilities equalize (a; = az). When N is smaller than Na, as > a1.
As Ny increases from zero, the ability of the last student admitted to 2 is
decreasing and, from (7), so is that of University 1 for a given N;°. University
1 is then forced to decrease its admissions (increase the admission grade a;) in
order to maintain a certain average ability. The marginal ability at university
1 thus increases as that of 2 decreases from its maximum value. Once Ng
increases over Na (a1 becomes larger than ag) marginal ability at University 2
does no longer affect that of 1(see (4)). Knowing this, University 1 then chooses
the number of students that maximizes its payoff under these circumstances
and stays there, unaffected by further changes in Na. The best reply function

is illustrated in Figure 2 below.

5¢1 and ¢2 are given at this stage, hence demand is fixed.

14



BR\(N,)

Figure 2
3.2 University 2

Since the two universities are symmetric, the best response of University 2
can be obtained by simply permuting the subscripts 1 and 2. Hence, under
Regime A (a1 < ag), while

Ny < Lot sBr+ (B —va

Di(q1,¢2) = N
ay

the best response to N given ¢, g is

(a4 sB)y + (B — v)qu
ay

N3 q1,q0) =

2(q1, g2).

Under Regime B, when N7 > Ny, the best response is

(a+s8)7+(B=De

NE(N1,q1,q2) = o

Summarizing:

N (q1,q2) if Ny <N,

L (19)
N2B(N17(I1aQ2) if NlZNl

No(N1,q1,q2) = {

15



Figure 3 below illustrates the reply function Ny(N1,q1,q2) keeping the same

axes as in Figure 2.

BR,(N))

7
RS
v

N,

Figure 3

3.3 Nash equilibria of the admissions game

The last section has made clear that the Best Response Functions will be

continuous in spite of the changes of regime. There are two candidate equilibria

represented in Figure 4.

& N2(N1,q1,92)
M : M —ﬁNz
D2
1
i Ni(N.q1.q2)
N+ N2 =1
NZH 1 N2

Figure 4.a (q1 > ¢2)
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N,(Ny.q1,9,)

=

________________ H N(N3,91,95)

N+ N, =1

v

Figure 4.b (1 < ¢2)

Under Regime B ( a; > ag) the candidate Nash equilibrium is, from (18)
and (19)

(a+sf)y+(B=7)a

NE = = D1, and (20)
NP = (a+ Sﬂ)vav; (B-—7e (ot Sﬂ)vav; B=Aap 21)

Similarly, under Regime A (a; < a2) the candidate equilibrium is:

NA = (at+sBy+B-va _(atsBr+B-ep, (22)
ay ay
Np = (a+ Sﬁ)’YOj; (B =7 Dy, (23)

However, these candidate equilibria may not be feasible, as the choices of the

admission levels by the universities is limited by the constraint N; + Ny < 1.

By adding up both N{* + N3' and NP + NF we can see that this constraint
will only be satisfied if

sBy+ (B—7)q1 <0 and sBy+ (B—7)g2 <0 (24)

17



respectively. If (24) is not satisfied, equilibrium will result at a corner solu-
tion. Note that, if 3 —~ > 0, then, s87+ (8 —v)g; > 0 and (24) can never be

satisfied for any positive ¢g. Only a corner solution is possible when 3 > ~.

Indeed, it is easy to see, from (20) and (23), that when § > v desired admis-
sions will be larger than available demand for each university under any of the
two possible regimes. For this reason, they will be constrained in their choices
of N by demands Dy and Ds. At the same time, research will always pay less

than teaching so that it will be zero at equilibrium.

Furthermore, as it is shown in Appendix 1, this corner solution is unaffected by
government decisions concerning financing schemes. Since we are ultimately
interested by the effect of governmental decisions on the university, v will be

assumed larger than (8 in the rest of the paper.

Coming back to the conditions under which the candidate Nash equilibria of

the subgame are feasible, and using v — 3 > 0, (24) can be expressed as

Q= 78_75 and g2 > poyct
An interior solution will result if the given values of ¢, chosen at the first
stage of the game between the universities, are large enough. In this case the
universities will be selective and will not accept all applications. However, if
the quality levels chosen at stage 1 are too low, the universities will try to
enroll as many students as possible and will again be constrained by the total

size of the market, at a corner solution.

We know, on the other hand, that, under Regime A, it must be the case that

~ ~ Di(q1,¢2)
NA > NA——""/ Hence,
! % Da(q1,q2)
a—+ s — a—+ s —
o) ary o) o

which is equivalent to g1 < g2 since D1 + Dy = 1.

18



Similarly, for Regime B, NlB < %]%B implies
2

(@t+sfy+B—Na, (at+tsBhy+E-vae (at+sBy+(B-va,
oy 2= ay ay !
now equivalent to g1 > ¢o, so that equilibrium will result at Regime A (a1 < a2)

when q1 < q2 and at Regime B (a1 > a2) when q1 > qo.

This means that, at equilibrium with v > 3, the high quality university has
the highest average ability of students. Given g¢,the high ability of admitted

students allows for less teaching, so that more funds will be devoted to research.

Let us now define the constrained best response functions Ni(Na) and No(N7)
and the corresponding constrained equilibria or corner solutions valid when

(24) is not satisfied. When ¢; < 509

, University ¢ would like to enroll a
lot of students, but is in fact constrained either by its own demand or by the

number of students left in the market by the other university

~ . S

—~ . S

NQ(Nl) = 1-N; if qo < (ﬁ /f’):y) (26)
Note that when both ¢; < 56y and ¢ < Sﬂ—7 the constrained equilib-

R (B=2) (B=7)
rium becomes N1(N2) = Dy and No(Nj) = Ds.

Proposition 1 summarizes our findings concerning the Second Stage of the

game. Without loss of generality, g1 > ¢o.

Proposition 1 Given q1 > q2, (and under the assumption v > 3) the unique

Nash equilibrium of the subgame is:

19



~ ~ . 5
L (NPNP) i 2> f

%7 B
2. (NB,1-NP) if q > >
67—6
. S
3. (Dl,Dg) if z,@ >q1 > q2

Figure 5 below represents the possible Nash equilibria of the subgame at

the second stage as functions of qualities.

Ny (Ny»41593)

N] A

Ni(N2,41,95)

N +N, =1

Figure 5

Summarizing, if the announced values of ¢; by one university is large enough
it will have to be selective in its admissions policy if it wants to be able to
provide such an announced level of quality without sacrificing much research.
If announced quality is low, so that it can be provided with low use of resources,
there is no need to be selective and the university will admit every student left
in the market after the other university’s choice of admissions. If the other
university has announced a low quality as well, then each of them will be

constrained by its own demand.

20



4 Quality Choice

Having fully characterized the game at the second stage, we now consider the
choice of ¢ by the universities when v > (. At the first stage, the two uni-
versities simultaneously choose the values of g1, ¢o that they wish to provide.
The chosen qualities will determine the equilibrium at the second stage. We
know that according to the chosen ¢ and the particular specification of the
parameters «, 3, v different Nash equilibria of the subgame at the second stage
may result. In particular, and as we will shortly see, the unique equilibrium
is symmetric® and may involve selective teaching and positive amounts of re-
search (Section 4.1), mass teaching and research (Section 4.2) or only research
(Section 4.3).

4.1 Selective Teaching and Positive Research

According to Proposition 1, if ¢1 > ¢o > ﬂ the interior Nash equilibrium
v —

of the subgame at the second stage is determined by (N, N&). The payoff of
University 1 at the first stage is then

UP (NP, NY) = NP (a1, 40) a1 + YR(NE (a1, ¢2))-
Substituting the equilibrium values of Njand Nz at the second stage, (20) and

(21) into this payoff and rearranging we obtain:

2 _
Uf(q1.q2) = ~F+ %Dl(%fm) + 8 ’Yl(gj 85)7611 Di(q1,92)
2
+%(ﬁ Di(q1, q2).

Similarly, university 2 chooses g2 that maximizes

US(NE NP) = NP (q1,42) @2 + YR(NP (q1, ¢2)).

S Appendix B shows that no asymmetric equilibrium can take place
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Substituting for N, NF and rearranging we obtain the payoff function:

2 _
U (@2,q) = ~+F+ %—Sgw%(%@) + & VL(;; Sﬂ)ng(%@)@
B=7)? 5 2 _
+ (@1 D1(q1,92) + @3 — 2q192D1(q1, 42))

2a0y

The equilibrium qualities are those that simultaneously maximize the following

payoffs. The first order conditions are:

FOC(q1) :
(a Z(jg)?v N (B - WL(;‘ + Sﬂ)(pl(,) 4 %) + %ql(ﬁwl(-) +q)=0
FOC(qo) :
(a Z;g)% LB v)a(g + 58) (Ds() + %)Jr
(8 —)?

W("t% +2qi1(g2 —q1 —4D1(.))) =0

This system has three solutions of which only the following satisfies the set

of second order conditions:

q1:q2=qS=(a;+?7—2 (27)

which plugged into (20) and (21) give

Ny =N, = NS =125
ary
Notice that ¢° must be larger than or equal to Sﬂyﬂ for this interior equilib-
v —

rium to exist (Point 1 in Proposition 1). A necessary condition is thus
ay = 2(y = B). (28)
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2(y — - 1
This means that M < 1 and hence NS = M < = : the market
ary ay 2

is not covered at equilibrium?. In other words, the universities are selective

and admit only some of the applicants. This leads to the following Proposition.

Proposition 2 Given the assumption v > (3, and if a > 2(1 — é), a single
Y
symmetrical subgame perfect Nash equilibrium exists at
o+ sB)y 7—8

\ 7-8 ay
and positive research.

> . This equilibrium involves selective teaching

We are now in the position to give the corresponding equilibrium levels of
research and teaching at this interior equilibrium. Substituting ( 20 ) and (27)
into (14) we obtain:

Y-p 18

_—— 5. 29
afy? v o (29)

Which plugged into the budget constraint gives the equilibrium level of teach-

RS =F+

ng:
1 s 2_ 32
1,s_2»-P

T = .
Yoo afBy?

(30)

Proposition 3 At the Selective Teaching and Research Equilibrium the fi-
nance scheme is the final responsible for the levels of research and education
quality: revenue neutral increases in s, the per-student allocation, reduce re-
search levels and increase teaching and education quality. The admissions
policy is however independent from the finance scheme and will remain selec-

tive.

Proof. From (29) and (30) we learn that per student allocation s has a

positive effect on teaching (which does not depend on lump-sum finance) and

"In terms of marginal ability a this condition implies that a; =1 — N; > 0.
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a negative one on research levels. In particular, an increase in the per-student
allocation s paired with a reduction in F required to keep the budget balanced®

has the following effects on the arbitrage between teaching and research:

dRS dR*S 1
_ NS - __
ds dF Q <0
dTs 1
s oY

The number of admissions is however unaffected by the finance scheme. This
is due to the fact that, from the production function (12), when « is large
some teaching to good students (with high average ability) is profitable even
though ~+ > ( since it enables to produce a high ¢ with a small part of the
funds and still devote a large part to the most rewarding activity in this case:
research. The optimal admissions level is thus a function of the relative values

of a;, B and ~ and independent from the finance scheme.

Since the admissions level is unaffected, the effect of compensated changes in

s on the resulting quality is

da®
L = ﬂ > 0.
ds y—=p
dg® d1rs
Notice also that - = B 417 : the direct effect on ¢; of the change in
ds NS ds

teaching induced by s.

Therefore, at the Selective Teaching and Positive Research Equilibrium, lump-
sum university finance favors research whereas per-student allocations enhance

teaching activities and hence resulting education quality. W

4.2 Mass Teaching and Positive Research

We have seen in the previous Section that each University will try to enroll

as many students as possible if their choice of quality lies belo S’l If

oy

8Global funds are exogenously given.

24



ﬂ > q1 > @2 the payoff functions at the first stage are
v

-
UM = Di()g1 +YRi(D1(.), 1, 2)

= Dilg,q) qi(l — %) +(F + D1(q1, g2) (s + ﬁ))

and

UM = Dsy()g2 +vRa(Da(.), q1,¢2)

= Do(q1,q2) 1 (1 — %) +7(F + D2(q1,92) (s + %))

From these payoff functions we obtain the first order conditions:

FOC(@) : ga(1=3)+ Dilana)(1- ) +5(s+ 55) =0
FOC(@) + 50(l—2)+ Dalana)(1 = 3) +95(s+ 35) =0

The solution of this system reveals that a single subgame perfect Nash equi-

librium results at the symmetric values

o u . (a42sP)y
i =92=49 ——2(7_5)

with the two universities equally sharing the market, that is fully served.

—1 (31)

The second order conditions are satisfied:

82U1 62U2 Y
—:—:1——<0When >
o7 Od 5 1>

Thus, this single solution is a maximum.

At this equilibrium, from Proposition 1, all demand is satisfied. Proposition 1

By
v=08

ay < 2(y - B). (32)

also shows that for it to be feasible we need that ¢™ < —=_. This implies
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On the other hand, ¢ is limited at the bottom by the minimum levels of quality

generated at university which are larger than zero (see Section 2.2). Since ¢

is minimum when 7' = 0, then ¢ = « @. Average ability of students when all
. 1 «

applicants are accepted is 5 Hence ¢nin = 3 Note that

20— 0)—ab

<M e=s> 25

oo

(33)

Proposition 4 Given the assumption v > 3 and if both o < 2(1 — E) and
Y

U~y — B) —
> W, a single symmetrical subgame perfect Nash equilibrium
Y
2
exists at (q, N) = (% -1, 5) . In other words, equilibrium involves
fy —

mass teaching (all the market is served) and positive amounts of research.

Let us now determine the corresponding levels of research and teaching at
this corner solution. The following values are obtained from substitution of
1
(31) and NM = = in (14) and the budget constraint.

2
Mo 1 a+2sp
B = Fros 155 (34
Mo_ oat2sy 1
S e R T: (35)

Proposition 5 At the Mass Teaching and Research Equilibrium the finance
scheme is once again responsible for the resulting levels of research and edu-
cation quality: revenue neutral increases in s, the per-student allocation, will
reduce research levels and increase teaching and education quality. All appli-

cations are admitted independently from s, the per student allocation.
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Proof. From (34), (35) the effect of compensated increases of s on research

and teaching is:

M M
i wmdi 7
ds dF 2(y = PB)
arM
= - 1 _>o
ds 2(y—0)
As for quality, the effect of compensated ds > 0 equals again the direct effect
dTs
on ¢; of the induced change in teaching %E = %

[ |

Summarizing the findings in this section: since « is low and v > 3 a pos-
itive ¢ relies entirely on the ability of s to make teaching activities profitable
enough. Then, if s is large, all students will be admitted (selection of the
best would not pay much since « is small) and provided with extra productiv-

ity q. Research, on the contrary, becomes less and less rewarding as s increases.

4.3 Full-time Research

What happens then if s is low ((33) not satisfied)? In this case, ¢ will be
. « . .
pushed to the corner solution ¢ = ) that, recall, involves no allocation to
teaching. All the funds are then devoted to research. As in the previous case,
corresponding to Point 3 in Proposition 1, enrolments equal global demand

and are equally shared by the universities.

Proposition 6 Given the assumption v > 3 and if a < 2 (1 — E) and s <
Y

20— B)—aB
20y
funds are devoted to research.

, at the single symmetrical subgame perfect Nash equilibrium all

Marginal compensated changes in s will not be able to change this out-

come: all funds are devoted to research and only the global amount, and not
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how it is allocated, will matter.

However, by relying more on s, the government can induce the universities to
teach all students in the market, transforming this equilibrium into the previ-

ous one (mass teaching and some research).

5 Concluding comments

In this paper, we have analyzed a two stage game between two competing uni-
versities that allocate their funds to research and teaching activities. The chal-
lenge was important as previous literature had never considered both problems
at the same time. Indeed, the amount of variables and interrelations made the
analytical solution of a general model impossible. Simplification was required
to reproduce in a systematic way some sensible limiting cases. Let us briefly

summarize these findings.

If the productivity of teaching is larger than the preferences for research, each
university will serve its own demand and devote all funds to teaching with

complete independence of the finance scheme (only total funds matter).

If, on the other hand, preferences for research are high and the average ability
of students is a productive input to the education process, it may be optimal
for the universities to select a few good students who will not require much
teaching (thus leaving enough resources to research) independently of the size
of per-student allocations. The cost in terms of forgone research will be lower
than the increase in the payoff through admissions and education production

since the productivity of students is large.

Conversely, if student productivity is small but per-student allocations are
large when preferences for research are high, all applicants will be admitted as

a way to ensure the funds required to research. At equilibrium the symmetric
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universities will equally share the market and undertake positive levels of re-

search.

Finally, if both student quality and per-student allocations are low when pref-

erences for research are high, universities will devote all funds to research.

To conclude, we shall not forget the specification of the education production
function that has generated our results. Its separability and excess of linearity
were bound to lead to extreme solutions. In this sense we should interpret
the results as magnified tendencies. An extension to this piece of work may
eventually allow for a larger degree of concavity of the production function.
Another interesting extension could consider several periods of university ed-
ucation. This way, the student selection process could take place at the end
of each year. Each period several classes would coexist, which would add an

additional dimension to the university finance problem.
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Appendix: Full-time teaching

Consider the payoff of University 1 at the first stage when the equilibrium of

the subgame at the second stage involves the admission of all applicants (as

30



is indeed the case if § > 7):

Q@
Ur = Dalas, @) ar(1 = 5) +3(F + Da(an, 2)(s + 55).
The effect of raising ¢; on the payoff of University 1,
oUy

= (1= D) + Dalan, @) + 505+ 55)

can only be negative if we allow for negative demands. Assuming this possi-

g1

bility away we can conclude that the payoff is increasing and convex:

@ =(1- 1) > 0.

9qi ¢
The level of quality that will under these circumstances maximize the payoff
is the maximum quality available to this university: all funds will be devoted
to teaching and no research will take place at equilibrium. We know, on the
other hand, that all applicants are admitted, so that average ability of enrolled
students is % Final quality is then:

« F+si
qmaX:§+/6( 1 2)

2

Since quality is determined by global funds, compensated changes in the fi-
nance scheme imposed by the government do not affect resulting levels of

quality (nor research, that remains zero independently of the finance scheme).

B Appendix: Asymmetric Equilibria

Consider now the corner solution ¢; > % > qo. We know that in this case
the equilibrium of the subgame at the second stage is (N, 1—N{?). University
1 chooses the number of admissions that maximizes its payoff independently

of University 2 and the latter enrolls the rest of the students.

The corresponding payoffs are:

31



(a+ 86)%y
203

~——=D1(.) .

0Ly 4+ L= )

Uilqr,q2) = yF+—F+~—

(ﬁ v)?
2a57

(0 toB 0l ),

Unp(qr,q2) = YF+ (vs+qa(1 — 2))(1 — +

g

Lo (s8y+ (B —7)q)?
5 (Da() + A T Dy )
The first order conditions are:
Foc(qq) :
2 _
la Z;g) L 5 WL(Z; Sﬂ)v(Dl(qu) + %)
N2
+(iaﬂ77) @(4D1(q1,¢2) +q1) = 0
Foc(go) :
v (a+s8)y+ (B—7a (sB8y + (B —7)q)?
(1—5)(1— = Di(.)) - o
1 (a+sB8)y+(B—va
+EZ+ (87+Q2(1—E)) - =0
The solution of this system yields two solutions of which the following is a
maximuin:
A _ —(r=0)+3v(a+sB) = Vv —BYr—B+12ay
oo 3(v— )
4 _ =P +n(a+s6) - Vv - BVy—B+12ay
a =
2(y - B)

Since ¢ > ;S% > @2 the following conditions have to be satisfied for feasibility

of this equilibrium:

—(v=B)+3(a+sB) — Vv — BV —B+12ay  spy
3(v—B) v—8
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and

(v =B) +2y(a+sB) — Vv —BY7 —B+12ay  sBy
2(y—8) Y-8

Solving for o we find that these two conditions are equivalent to

< 0.

ay > 2(y-p)
ay < 2(y—p)

respectively, which can clearly not be satisfied simultaneously.

Therefore, the asymmetric corner solution is non-feasible.
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