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Devwudfw

Wklv sdshu dqdo|}hv d frpshwlwlrq jdph ehwzhhq wzr xqlyhuvlwlhv wkdw

whdfk dqg uhvhdufk lq wkh vdph mxulvglfwlrq1 Wkh uhvxowlqj htxloleulxp lv

xqltxh dqg v|pphwulf exw gl�huv dffruglqj wr suhihuhqfhv/ whfkqrorjlhv

dqg sxeolf srolf|1 Wkh exgjhw iru xqlyhuvlw| �qdqfh lv h{rjhqrxvo| jlyhq

dqg frqvlvwv ri d oxps0vxp dprxqw dqg d shu0vwxghqw doorfdwlrq1 Xqghu

wklv �qdqfh vwuxfwxuh/ zh duh deoh wr lghqwli| irxu w|shv ri htxloleuld fkdu0

dfwhul}hg/ uhvshfwlyho|/ e| ixoo0wlph whdfklqj/ ixoo0wlph uhvhdufk/ vhohfwlyh

whdfklqj soxv uhvhdufk dqg pdvv whdfklqj soxv uhvhdufk1 Frqglwlrqv iru

hdfk ri wkhp wr wdnh sodfh duh ghulyhg1 E| pdqlsxodwlqj wkh sdudphwhuv

ri wkh �qdqfh vfkhph wkh jryhuqphqw fdq/ lq vrph fdvhv/ ghwhuplqh �qdo

ohyhov ri uhvhdufk dqg hgxfdwlrq txdolw|1

Nh|zrugv= hgxfdwlrq/ uhvhdufk/ xqlyhuvlw| frpshwlwlrq1

MHO Fodvvl�fdwlrq= K;/ L5/ O61
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Sxeolf surylvlrq ri kljkhu hgxfdwlrq lq Hxursh kdv wudglwlrqdoo| pdgh ri wklv

vhfwru d kljko| lppreloh dqg xqfrpshwlwlyh rqh1 Vrph sdshuv rq xqlyhuvlw|

ehkdylru +Jduylq+;3,/ ru Erurdk +<7,, uh�hfw wklv ylhz1 Wkh| ylhz wkh xql0

yhuvlw| dv dq lvrodwhg xwlolw| pd{lpl}lqj hqwlw| wkdw xqghujrhv whdfklqj dqg

uhvhdufk dfwlylwlhv/ vxemhfw wr d exgjhw frqvwudlqw lpsrvhg e| wkh jryhuqphqw1

Lq idfw/ xqlyhuvlwlhv dqg jryhuqphqwv lq wkhvh prghov fdq eh wkrxjkw ri dv

wkh vdph lqvwlwxwlrq/ vlqfh wkh xwlolw| pd{lpl}lqj ehkdylru ri wkh xqlyhuvlw|

lv dqdorjrxv wr wkdw ri d jryhuqphqw zlwk d vrfldo zhoiduh ixqfwlrq1 Jdu|0

Erer dqg Wudqqr| +4<<;d, �uvw glvvrfldwhv wkhvh wzr hohphqwv/ e| prghoolqj

d sulqflsdo0djhqw uhodwlrqvkls ehwzhhq wkh jryhuqphqw dqg wkh xqlyhuvlw| wkdw

kdv wkh orfdo prqrsro| ri kljkhu hgxfdwlrq surylvlrq1

Lqfuhdvlqj prelolw| ri vwxghqwv/ krzhyhu/ kdv pdgh wkdw/ hyhq lq Hxursh/ zkhuh

wkh kljkhu hgxfdwlrq v|vwhp lv vwloo fkdudfwhul}hg e| d surplqhqw uroh ri wkh

jryhuqphqw/ xqlyhuvlwlhv kdyh ehfrph pruh frpshwlwlyh1 Lq sduwlfxodu/ vrph

xqlyhuvlwlhv kdyh vwduwhg frpshwlqj iru vwxghqwv lq erwk wkh qdwlrqdo dqg lq0

whuqdwlrqdo pdunhwv1

Dv srlqwhg rxw e| Urwkvfklog dqg Zklwh +4<<8,/ vwxghqwv duh erwk lqsxwv

dqg folhqwv iru wkh vhuylfhv surylghg e| d xqlyhuvlw|1 Khqfh/ wkhuh duh wzr

edvlf uhdvrqv zk| xqlyhuvlwlhv pd| frpshwh iru vwxghqwv1 Dv lqsxwv/ wkh| duh

vfdufh uhvrxufhv uhtxluhg iru wkh surgxfwlrq surfhvv ri xqlyhuvlwlhv1 Dv folhqwv

vwxghqwv surylgh/ hlwkhu gluhfwo|/ wkurxjk ihhv +XVD, ru lqgluhfwo|/ yld wkh jry0

huqphqw +Hxursh, wkh ixqgv d xqlyhuvlw| qhhgv wr rshudwh1

Ri frxuvh/ wkh olqn ehwzhhq ixqgv dqg hqurophqwv qhhg qrw h{lvw dw doo zkhq/

olnh lq Hxursh/ kljkhu hgxfdwlrq lv �qdqfhg e| jhqhudo wd{dwlrq1 Exw wkhuh

lv hylghqfh wkdw prvw Hxurshdq frxqwulhv doorfdwh wkh joredo ixqgv wr rqh

xqlyhuvlw| lq wkh irup ri d oxps0vxp wudqvihu rq rqh vlgh dqg d shu0vwxghqw
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doorfdwlrq rq wkh rwkhu1� Wkhuh lv d vlpsoh uhdvrq zk| wklv lv vr1 Wkh exgjhw

wr kljkhu hgxfdwlrq qhhgv wr eh doorfdwhg dprqj doo wkh rshudwlqj lqvwlwxwlrqv1

Vlqfh wkh xqlyhuvlwlhv lq rqh frxqwu| duh qrw doo dolnh/ lw grhv qrw vhhp vhqvleoh

wr htxdoo| glylgh wkh joredo ixqgv dprqj wkhp1 Wkh vrfldo rswlpxp zrxog

uhtxluh wkdw hdfk xqlyhuvlw| eh hqgrzhg zlwk wkh ixqgv uhtxluhg wr fryhu lwv

frvwv1 Krzhyhu/ wkh fdofxodwlrq ri wkh frvwv +ru wkh rxwsxw, ri rqh xqlyhuvlw| lv

qrw dq hdv| wdvn1 Wkh qxpehu ri hquroohg vwxghqwv wxuqv rxw wr eh wkh hdvlhvw

zd| wr phdvxuh wkh uhodwlyh dfwlylw|/ ru vl}h/ ri rqh xqlyhuvlw|1

Wkh lqfuhdvlqj uroh ri frpshwlwlrq lq kljkhu hgxfdwlrq kdv ehhq wkh remhfw ri

vrph dfdghplf lqwhuhvw1 Jdu|0Erer dqg Wudqqr| +4<<;e, lv frqfhuqhg e| wkh

zhoiduh h�hfwv ri lqfuhdvhg frpshwlwlrq dqg frqfoxghv wkdw zkhwkhu frpshwl0

wlrq fdq ohdg wr rswlpdo rxwfrphv ru qrw ghshqgv rq wkh lqfhqwlyhv jlyhq e|

wkh jryhuqphqw wkurxjk wkh �qdqfh vfkhph1 Lq d pruh srvlwlyh dssurdfk Gh0

edqgh dqg Ghphxohphhvwhu +4<<;, ghyhorsv d ulfk prgho ri wzr0glphqvlrqdo

frpshwlwlrq ehwzhhq xqlyhuvlwlhv1 Iru vlpsolflw|/ erwk wkhvh sdshuv frqfhq0

wudwh rq wkh hgxfdwlrq surylvlrq uroh ri xqlyhuvlwlhv/ ohdylqj uhvhdufk rxw ri

wkh vfrsh ri wkhlu dqdo|vlv1

Lq wklv sdshu/ zh frqvlghu wzr xqlyhuvlwlhv wkdw whdfk dqg uhvhdufk1 Wkh|

rshudwh lq wkh vdph mxulvglfwlrq dqg duh �qdqfhg e| wkh vdph jryhuqphqw1

Iroorzlqj wkh hylghqfh iru Hxursh/ ixqgv duh doorfdwhg wr wkh xqlyhuvlwlhv lq

wkh irup ri d oxps0vxp dqg d shu0vwxghqw dprxqw1 Zh duh xowlpdwho| lqwhu0

hvwhg lq wkh lpsolfdwlrqv ri wklv �qdqfh vfkhph1 Lq sduwlfxodu/ zh lqyhvwljdwh

wkh uroh ri wkh jryhuqphqw lq uhvxowlqj ohyhov ri uhvhdufk dqg txdqwlw|2txdolw|

ri hgxfdwlrq zkhq lw fdq frqwuro iru wkh uhodwlyh zhljkw ehwzhhq wkhvh wzr

lqvwuxphqwv ri �qdqfh1

Zh frqvlghu d frqwlqxxp ri vwxghqwv +ri pdvv 4, wkdw gl�hu lq orfdwlrq dv zhoo
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dv lq delolw| +ru h{0dqwh surgxfwlylw|,1 Xqlyhuvlw| dwwhqgdqfh udlvhv wklv lqlwldo

surgxfwlylw| lq dq dprxqw wkdw ghshqgv rq wkh dyhudjh lqlwldo surgxfwlylw| ri

wkh fodvv dqg wkh dprxqw ri uhvrxufhv ghyrwhg wr whdfklqj1 Dw wkh ehjlqqlqj

ri wkh shulrg xqlyhuvlwlhv dqqrxqfh e| krz pxfk wkh| sodq wr lqfuhdvh lqlwldo

vwxghqw surgxfwlylw|1 Lq rwkhu zrugv/ wkh| dqqrxqfh wkh txdolw| ru whdfklqj

wkh| zloo surylgh1 Jlyhq wklv lqirupdwlrq/ vwxghqwv fkrrvh wkh xqlyhuvlw| wkh|

suhihu wr dwwhqg1 Ixqgv +ru wlph, qrw vshqw lq whdfklqj duh ghyrwhg wr uh0

vhdufk1

Xqlyhuvlwlhv fduh iru hgxfdwlrq txdolw| exw wkh| dovr fduh iru uhvhdufk1 Zh

�qg wkdw/ dv h{shfwhg/ li wkh pdujlqdo surgxfwlylw| ri whdfklqj lv kljk hqrxjk

wkh| zloo rqo| whdfk1 Lq wklv fdvh/ zkhwkhu ixqgv duh uhfhlyhg lq wkh irup ri

oxps0vxp ru shu vwxghqw doorfdwlrqv kdv qr lpsdfw= joredo ixqgv duh ghyrwhg

wr ixoo0wlph whdfklqj1 Li/ rq wkh rwkhu kdqg/ wkh pdujlqdo xwlolw| ri uhvhdufk lv

kljk dqg shu vwxghqw doorfdwlrqv vpdoo/ xqlyhuvlwlhv zloo ghyrwh doo ixqgv wr uh0

vhdufk1 Krzhyhu/ li shu vwxghqw doorfdwlrqv duh odujh dv frpsduhg wr oxps0vxp

doorfdwlrqv xqlyhuvlwlhv pd| eh irufhg wr whdfk d pd{lpxp qxpehu ri vwxghqwv

li wkh| zdqw wr jhw wkh ixqgv uhtxluhg wr gr +pruh uhzduglqj, uhvhdufk1 Wkh|

pd| wkxv hqjdjh lq frpshwlwlrq iru txdqwlw| ri vwxghqwv1 Doo wkh pdunhw zloo

wkhq eh fryhuhg exw wkh uhvxowlqj ohyhov ri uhvhdufk dqg whdfklqj txdolw| pd|

eh lqgluhfwo| ghwhuplqhg e| wkh jryhuqphqw wkurxjk wkh fkrlfh ri wkh �qdqfh

vfkhph1

Ilqdoo|/ wkh hgxfdwlrq whfkqrorj| pd| eh vxfk wkdw deoh vwxghqwv uhtxluh ihz

lqyhvwphqw wr rewdlq odujh ohyhov ri dgglwlrqdo surgxfwlylw|1 Wkhq/ zlwk kljk

suhihuhqfhv iru uhvhdufk/ lw pd| vwloo eh zruwk whdfklqj d ihz jrrg vwxghqwv

hyhq wkrxjk wkh hfrqrplf vxssruw wkh| surylgh wr wkh lqvwlwxwlrq lv qrw odujh1

Wkh htxloleulxp dgplvvlrqv ohyho/ lqihulru wr wkh vl}h ri wkh pdunhw/ fdqqrw eh

d�hfwhg e| wkh �qdqfh vfkhph1 Krzhyhu/ wkh uhvxowlqj ohyhov ri uhvhdufk dqg

whdfklqj txdolw| xowlpdwho| ghshqg rqfh djdlq rq wkh jryhuqphqw*v zloo1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho1 Vhfwlrq 6
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dqdo|}hv lq ghwdlo wkh vhfrqg vwdjh ri wkh jdph ehwzhhq wkh xqlyhuvlwlhv1 Vhf0

wlrq 7 ghdov zlwk wkh �uvw vwdjh ri wkh jdph dqg suhvhqwv wkh vxejdph shuihfw

Qdvk htxloleuld wrjhwkhu zlwk wkh uroh ri wkh jryhuqphqw1 Ilqdoo|/ Vhfwlrq 8

zloo frqfoxgh1

2 A�i �L_i*

Frqvlghu wzr xqlyhuvlwlhv rshudwlqj lq d vdph mxulvglfwlrq1 Hdfk ri wkhp %sur0

gxfhv% Q� judgxdwhv ri oderu surgxfwlylw| +ru txdolw|, t� dqg gr dv zhoo vrph

uhvhdufk/ U�1

Wkh ixqgv dydlodeoh wr wkh xqlyhuvlwlhv duh surylghg e| wkh jryhuqphqw dqg

pd| eh wlhg wr wkh qxpehu ri hquroohg vwxghqwv1 Zlwk wkhvh ixqgv/ wkh xqlyhu0

vlwlhv fdq kluh whdfkhuv wkdw lqfuhdvh wkh surgxfwlylw| ri wkh vwxghqwv dqg2ru

uhvhdufkhuv zklfk surylgh wkh lqvwlwxwlrq zlwk kljkhu xwlolw| ohyhov1 Wkh pruh

deoh wkh dgplwwhg vwxghqwv/ wkh orzhu wkh qxpehu ri whdfkhuv uhtxluhg wr sur0

ylgh wkh ghvluhg t> dqg wkh odujhu wkh dydlodeoh ixqgv iru uhvhdufk1 Wklv lv wkh

uhdvrq zk| iurp wkh srro ri srwhqwldo vwxghqwv +ghpdqg,/ rqo| wkh ehvw zloo

eh dgplwwhg1 Idloxuh lv dvvxphg dzd| vr wkdw hqurophqwv htxdo �qdo judgxdwh

vxsso|1

Wkh wlplqj ri wkh jdph lv wkh iroorzlqj= Lq Shulrg 4 hdfk xqlyhuvlw| fkrrvhv wkh

ohyho ri txdolw| wkdw lw zdqwv wr surylgh1 Wkhq/ dw Shulrg 5/ dsso|lqj vwxghqwv

vruw rxw ehwzhhq wkh wzr xqlyhuvlwlhv dffruglqj wr wkhvh dqqrxqfhg txdolwlhv1

Ilqdoo|/ lq Shulrg 6/ wkh xqlyhuvlwlhv zloo fkrrvh wkh qxpehu ri dgplvvlrqv iurp

wkhlu uhvshfwlyh srro ri dssolfdqwv dqg wkh sursruwlrq ri wkh ixqgv ghyrwhg wr

whdfklqj wkdw zloo doorz wkhp wr surylgh wkh txdolw| dqqrxqfhg lq Shulrg 41

Zh vroyh wklv jdph e| edfnzdug lqgxfwlrq1 Rqfh t� dqg t2 duh nqrzq/ vwx0

ghqw*v ghpdqg dqg xqlyhuvlwlhv* dgplvvlrqv wrjhwkhu zlwk uhodwlyh ixqg doorfd0

wlrq ehwzhhq whdfklqj dqg uhvhdufk duh ghwhuplqhg1
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Dw wkh ehjlqqlqj ri wkh vhfrqg shulrg wkh xqlyhuvlwlhv kdyh douhdg| ghflghg

rq wkhlu ghvluhg ohyhov ri txdolw| t� +l @ 4> 5,= Vwxghqw*v ghpdqgv iru wkh xql0

yhuvlwlhv duh wkhq vruwhg1

Vwxghqwv duh glvwulexwhg lq d wzr0glphqvlrqdo vsdfh= hdfk vwxghqw lv fkdudf0

whul}hg rq wkh rqh kdqg e| {> khu orfdwlrq dorqj wkh olqh +3/4, wkdw vhsdudwhv

wkh wzr xqlyhuvlwlhv/ dqg/ rq wkh rwkhu/ e| d> khu lqlwldo delolw| ru surgxf0

wlylw| +hlwkhu ghwhuplqhg dw eluwk ru e| wkh idplo| edfnjurxqg,1 Zh dvvxph

iru vlpsolflw| wkdw d dqg { duh xqlirupo| dqg lqghshqghqwo| glvwulexwhg rq

^3> 4`� ^3> 4`=

Ohw Xqlyhuvlw| 4 eh sodfhg dw 3 dqg Xqlyhuvlw| 5 dw 4= Hgxfdwlrq udlvhv wklv

lqglylgxdo lqlwldo surgxfwlylw| d e| t�> wkh txdolw| ri hgxfdwlrq surylghg dw

wkh xqlyhuvlw| kh dwwhqgv1 D vwxghqw orfdwhg dw { idfhv d prelolw| frvw f{ li

dwwhqglqj Xqlyhuvlw| 4 dqg f+4� {, li dwwhqglqj Xqlyhuvlw| 51 Wkhuhiruh/ wkh

lqgluhfw xwlolw| ixqfwlrq ri rqh vwxghqw orfdwhg dw { zlwk lqlwldo delolw| d zkhq

dwwhqglqj Xqlyhuvlw| 4 dqg Xqlyhuvlw| 5 lv/ uhvshfwlyho|

x� @ d. t� � f{ / ru

x2 @ d. t2 � f+4� {,=

Vwxghqwv �uvw dsso| wr wkh xqlyhuvlw| wkdw surylghv wkhp zlwk wkh kljkhvw

xwlolw| ohyho1 Li qrw dgplwwhg lq wkhlu �uvw fkrlfh xqlyhuvlw| wkh| dsso| wr wkh

rwkhu rqh1 Wkh wrwdo srsxodwlrq ri vwxghqwv lv qrupdol}hg wr rqh1 Ohw {W eh

wkh orfdwlrq ri wkh vwxghqw wkdw lv lqgl�huhqw ehwzhhq dwwhqglqj xqlyhuvlw| 4

ru 5=

t� � f{W @ t2 � f+4� {W, +4,
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Hyhu| vwxghqw orfdwhg wr wkh ohiw ri {W zloo �uvw dsso| wr Xqlyhuvlw| 41 Wkh

ghpdqg +dssolfdwlrqv, iru wkh vhuylfhv surylghg dw wklv xqlyhuvlw| zloo eh wkhq

jlyhq e|=

{W @
f. t� � t2

5f
� G�+t�> t2, +5,

zklfk lv lqghshqghqw ri d= Olnhzlvh/ Xqlyhuvlw|*v 5 ghpdqg lv jlyhq e|

4� {W @
f� t� . t2

5f
� G2+t�> t2,= +6,

Qrwh wkdw wkh rqo| ghwhuplqdqw ri ghpdqg lv orfdwlrq/ {1 Wklv lv gxh wr wkh

idfw wkdw delolw| grhv qrw d�hfw vwxghqwv* suhihuhqfhv iru xqlyhuvlwlhv/ vlqfh lw

lv jlyhq dqg fdqqrw eh lq�xhqfhg e| hgxfdwlrq1 Dowkrxjk lw grhv qrw d�hfw

ghpdqg/ delolw| sod|v dq lpsruwdqw uroh dw wkh dgplvvlrq ohyho1 Dv zh zloo

vkruwo| vhh/ e| vhohfwlqj rqo| wkh ehvw vwxghqwv dprqj wkh srro ri dssolfdqwv/

xqlyhuvlwlhv duh deoh wr dwwdlq d jlyhq txdolw| dqqrxqfhphqw dw d orzhu frvw lq

whupv ri whdfklqj1 Wklv zd| delolw| hqgrzv wkh xqlyhuvlwlhv zlwk dq dgglwlrqdo

ghjuhh ri iuhhgrp lq wkhlu sd|r� pd{lpl}dwlrq1

Vwxghqwv uhmhfwhg iurp wkhlu �uvw fkrlfh xqlyhuvlw| dxwrpdwlfdoo| dsso| wr wkh

rwkhu rqh1 Li uhmhfwhg dovr iurp wkh odwwhu/ wkh| zloo nhhs wkhlu lqlwldo delolw|

d= Lq zkdw iroorzv/ f lv �{hg wr 4 iru vlpsolflw|1

2�2 A�i N?��iht�|�it

Frpshwlwlrq iru vwxghqwv Frqvlghu �uvw d vlqjoh xqlyhuvlw|/ vd| Xqlyhuvlw|

41 Jlyhq wkh qxpehu ri dssolfdqwv/ wklv xqlyhuvlw| fdq frqwuro iru wkh dyhudjh

delolw| ri lwv vwxghqwv e| olplwlqj wkh dgplvvlrqv1 Lw fdq iru h{dpsoh jlyh dq

h{dp wr doo lwv dssolfdqwv dqg dgplw rqo| wkh vwxghqwv zlwk wkh ehvw uhvxowv21
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E| olplwlqj dgplvvlrqv/ Xqlyhuvlw| 4 fdq surylgh wkh dqqrxqfhg txdolw| dw d

orzhu frvw lq whupv ri whdfklqj +wklv srlqw zloo eh pdgh fohdu odwhu,1

Irupdoo|/ li lqglylgxdo delolw| ydulhv ehwzhhq }hur dqg rqh/ lqglylgxdov ri delo0

lw| rqh zloo eh dgplwwhg �uvw1 Dv wkh qxpehu ri dgplvvlrqv lqfuhdvhv/ wkh

delolw| ohyho ri wkh odvw hqwudqw zloo jr grzq1 Li delolw| lv xqlirupo| glvwulexwhg

ehwzhhq }hur dqg rqh dqg d� 5 ^3> 4` lv wkh delolw| ri wkh odvw vwxghqw hquroohg

dw Xqlyhuvlw| 4/ +4� d�, zloo uhsuhvhqw wkh udqjh ri delolwlhv fruuhvsrqglqj wr

vwxghqwv dgplwwhg wr wklv xqlyhuvlw|1 Zh fdq dovr vd| wkdw d� lv wkh judgh

rewdlqhg lq wkh hqwudqfh h{dp e| wkh odvw vwxghqw hquroohg1 Jlyhq wkh qxp0

ehu ri dssolfdwlrqv/ G�+l1h1/ jlyhq t�> t2,> wkh olplwlqj judgh d� ghwhuplqhv wkh

qxpehu ri dgplvvlrqv/ Q� 5 ^3>G�` =

Q� @ +4� d�,G� +7,

Khqfh/ wkh plqlpxp judgh wkdw dq dssolfdqw vkdoo jhw lq wkh hqwudqfh h{dp

lq rughu wr eh dgplwwhg dw Xqlyhuvlw| 4+ru plqlpxp delolw| ri wkh dssolfdqw,

lv=

d� @ 4� Q�

G�

+8,

dqg dyhudjh delolw| ri vwxghqwv hquroohg dw Xqlyhuvlw| 4 zloo eh

d� @
4 . d�

5
= +9,

Zkhq zh kdyh wzr xqlyhuvlwlhv/ vwxghqwv uhmhfwhg iurp wkhlu �uvw fkrlfh xql0

yhuvlw| fdq vwloo dsso| wr wkh rwkhu1 Lq idfw/ zh dvvxph wkdw vwxghqwv suhihu wr

dwwhqg wkhlu vhfrqg fkrlfh xqlyhuvlw| udwkhu wkdq wr eh ohiw rxw ri wkh kljkhu

hgxfdwlrq v|vwhp1 Li uhmhfwhg iurp rqh ri wkh xqlyhuvlwlhv wkh| zloo wu| wr dw0

whqg wkh rwkhu1

:



Li Xqlyhuvlw| 4 lv wkh pruh ghpdqglqj xqlyhuvlw| +lq whupv ri uhtxluhg delolw|,

lwv olplwlqj dgplvvlrq judgh lv kljkhu dqg hquroophqwv duh ghwhuplqhg dffrug0

lqj wr +7,1 Lq wklv fdvh Xqlyhuvlw| 5 grhv qrw d�hfw dyhudjh delolw| ri vwxghqwv

dw 41 Li/ krzhyhu/ Xqlyhuvlw| 4 lv wkh ohvv ghpdqglqj ri wkh wzr xqlyhuvlwlhv lw

zloo dwwudfw doo wkh vwxghqwv uhmhfwhg iurp 5 zkr vdwlvi| lwv rzq orzhu uhtxluh0

phqwv1 Wkh h�hfwlyh qxpehu ri dgplvvlrqv wr Xqlyhuvlw| 4 zkhq lw lv wkh ohvv

ghpdqglqj xqlyhuvlw| iru jlyhq t�> t2 zloo wkxv eh

Q� @ +4� d�,G� . +d2 � d�,G2> +:,

zkhuh d� 5 ^3> 4`> d2 5 ^3> 4`> Q� 5 ^3> G�` dqg d2 A d�= Wkh dyhudjh delolw| ri

vwxghqwv dw wkh ohvv ghpdqglqj xqlyhuvlw| zloo wkxv ghshqg rq krz vhohfwlyh

wkh wrxjk xqlyhuvlw| lv1 Iljxuh 4 surylghv wzr judsklfdo h{dpsohv foduli|lqj

wklv srlqw1 Lw uhsuhvhqwv wkh qxpehu ri vwxghqwv hquroohg dw hdfk xqlyhuvlw|

zkhq d� ? d2 +zlwk G2 A G�, dqg d� A d2 +iru G� A G2,= Lq wkh vhtxho/ zh

lghqwli| Uhjlphv D dqg E zlwk wkh fdvhv d� ? d2 dqg d� A d2 uhvshfwlyho|1

[

D

�

� �

�D

�D

�
1

�
1

�
'

�
'

Iljxuh 41d Uhjlph D= d� ? d2

;



[

D

�

� �

�D

�
'

�
'

�D
�1

�1

Iljxuh 41e Uhjlph E= d� A d2

Dyhudjh delolw| ri vwxghqwv dw Xqlyhuvlw| 4 zkhq lw lv wkh ohvv ghpdqglqj

xqlyhuvlw| lv wkhq=

d� @
4

Q�

�
G�+4� d�,

4 . d�

5
.G2+d2 � d�,

d� . d2

5

�
+;,

ru/ vxevwlwxwlqj e| wkh ydoxhv iru d�c d2 rewdlqhg iurp +8, dqg +:, dqg vlpsoli|lqj=

d� @
4

5

#
Q2
2

Q�

G�

G2

�Q� . 5� 5Q2

$
= +<,

Qrwh wkdw wkhuh lv d xqlyrfdo uhodwlrqvkls ehwzhhq d dqg Q wkdw pdnhv wkhvh

wzr yduldeohv lqwhufkdqjhdeoh dv ghflvlrq yduldeohv1 Lq sduwlfxodu/ iurp +7,

dqg +:,/ d� ? +�,d2 l�
Q�

G�

A +�,
Q2

G2

=

Vxppdul}lqj/ dyhudjh delolw| ri vwxghqwv dw Xqlyhuvlw| 4 zloo eh=

d� @

;AAA?AAA=
4� Q�

5G�+t�> t2,
li Q2 �

G2+=,

G�+=,
Q�

�

2

#
Q2
2

Q�

G�+t�> t2,

G2+t�> t2,
�Q� . 5� 5Q2

$
li Q2 ?

G2+=,

G�+=,
Q�

+43,

<



Vlploduo|/ dyhudjh delolw| ri vwxghqwv dw Xqlyhuvlw| 5 lv=

d2 @

;AAA?AAA=
�

2

#
Q2
�

Q2

G2+t�> t2,

G�+t�> t2,
�Q2 . 5� 5Q�

$
li Q� ?

G�+=,

G2+=,
Q2

4� Q2

5G2+t�> t2,
li Q� �

G�+=,

G2+=,
Q2

+44,

Surgxfwlrq ri hgxfdwlrq1 Q� judgxdwhv ri htxdo surgxfwlylw| t� duh sur0

gxfhg e| Xqlyhuvlw| l dffruglqj wr d yhu| vlpsoh surgxfwlrq ixqfwlrq ri wkh

irup�=

t� � �d� . � w� +45,

zkhuh d� lv wkh dyhudjh delolw| ri dgplwwhg vwxghqwv mxvw ghvfulehg dqg w @ A
�

duh ixqgv ghyrwhg wr whdfklqj shu vwxghqw e1 Wkh sdudphwhuv � dqg � wkxv

uhsuhvhqw wkh surgxfwlylw| ri dyhudjh delolw| ri hquroohg vwxghqwv dqg whdfklqj

shu vwxghqw uhvshfwlyho|1

Wkh ixqgv qrw doorfdwhg wr whdfklqj �qdqfh uhvhdufk/ U1 Rqh ri wkh dlpv ri

wkh xqlyhuvlw| lv wr lpsuryh wkh surgxfwlylw| ri lwv vwxghqwv wkurxjk whdfklqj1

Wkh odujhu wkh dyhudjh delolw| ri vwxghqwv d�> wkh ohvv whdfklqj lv uhtxluhg wr

dffrpsolvk wklv jrdo dqg wkh pruh ixqgv fdq eh ghyrwhg wr uhvhdufk1

Qrwh wkdw/ hyhq lq wkh fdvh lq zklfk xqlyhuvlwlhv ghyrwh qr ixqgv wr whdfklqj/

phuh hqurophqw fdq jhqhudwh dq lqfuhdvh lq vwxghqw*v h{0dqwh surgxfwlylwlhv1

Wklv fdq eh lqwhusuhwhg hlwkhu dv d vfuhhqlqj ru d qhwzrun h�hfw wkdw pdnhv

xqlyhuvlw| dwwhqgdqfh dozd|v ehqh�fldo iru rxu vwxghqwv1 Lq rwkhu zrugv t kdv

d srvlwlyh orzhu erxqg �d=

Wkh xqlyhuvlw| uhfhlyhv ixqgv iurp d fhqwudo jryhuqphqw lq wkh irup ri d �{hg

dprxqw I dqg d srvlwlyh shu vwxghqw doorfdwlrq v wkdw lw ghyrwhv hqwluho| wr

sd|lqj wkh whdfkhuv d vdodu| lq h{fkdqjh ri zklfk wkh| whdfk dqg2ru uhvhdufk1

�A��t *�?i@h tTiU��U@|�L? �t ML�?_ |L )�i*_ i |hi4i tL*�|�L?t� +it�*|t t�@** |�i? Mi

�?|ihThi|i_ �? |��t 4@??ih�
eWu u�?_t _i�L|i_ |L |i@U��?} @hi �ti_ |L ��hi |i@U�iht @| @ �@}i � ?Lh4@*�3i_ |L �c |��t

�t |�i |i@U�ih�|L�t|�_i?| h@|�Lc | ' �

�

A

�
�
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Zh fdq qrupdol}h wkh h{rjhqrxv zdjh z wr 4 wr rewdlq wkh vlpsoh exgjhw

frqvwudlqw=

I . vQ� � W� .U�=

Wkh remhfwlyh ri wkh xqlyhuvlwlhv1 Ilqdoo|/ wkh remhfwlyh ri wkh xqlyhuvlw|

lv wr pd{lpl}h wkh lqfuhdvh lq wrwdo surgxfwlylw| ri lwv vwxghqwv Q�t� soxv wrwdo

xwlolw| ghulyhg iurp uhvhdufk/ �U�1 � zloo wkxv uhsuhvhqw wkh uhodwlyh zhljkw ri

uhvhdufk lq wkh sd|r� ri wkh xqlyhuvlw|1 Wklv lv doo vxppdul}hg lq wkh iroorzlqj

pd{lpl}dwlrq surjudp=

Pd{ X� @ Q�t� . �U�

vxemhfw wr �d� . � A�

��
� t� +46,

dqg wr I . vQ� � W� .U�

Erwk frqvwudlqwv duh dozd|v elqglqj +li wkh| zhuh qrw/ zh frxog dozd|v lqfuhdvh

uhvhdufk dqg wkxv wkh uhvxowlqj sd|r�, vr wkdw zh fdq �uvw vxevwlwxwh W� iurp

wkh exgjhw frqvwudlqw lqwr wkh surgxfwlrq ixqfwlrq zklfk |lhogv

U� @ I . vQ� .
�

�
Q� d�+Q�> Q2> t�> t2,�

t�

�
Q�= +47,

Wkhq/ vxevwlwxwlqj U� lq wkh sd|r� ixqfwlrq jlyhv

X� @ Q�

�
+4� �

�
,t� . �

�

�
d�

�
. �+I . vQ�, +48,

zkhuh d� @ d�+Q�> Q2> t�> t2,= Zh duh dzduh wkdw qrqqhjdwlylw| frqvwudlqwv

vkrxog eh wdnhq lqwr dffrxqw1 Krzhyhu/ dqg iru wkh vdnh ri vlpsolflw| ri

h{srvlwlrq/ doo wkhvh frqvwudlqwv zloo eh fkhfnhg h{0srvw1

Wkh jdph ehwzhhq wkh xqlyhuvlwlhv Wkh sd|r�v ri wkh xqlyhuvlwlhv duh

jlyhq e| +48,1 Wkh jdph kdv wzr vwdjhv1 Lq wkh �uvw vwdjh hdfk xqlyhuvlw|

44



vlpxowdqhrxvo| fkrrvhv wkh txdolw| ri hgxfdwlrq wkdw lw zlvkhv wr surylgh t�1

Wkhq/ lq wkh vhfrqg vwdjh/ wkh| vhohfw iurp wkh srro ri dssolfdqwv wkh qxpehu

ri dgplvvlrqv Q�= Zh vroyh wkh jdph edfnzdugv1

� �_4�tt�L?t @?_ u�?_ @**LU@|�L?

Gxh wr wkh qdwxuh ri wkh lqwhudfwlrq ri wkh xqlyhuvlwlhv wkurxjk wkh dyhudjh

delolw| ri wkh dgplwwhg vwxghqwv> wkh zd| d�+l @ 4> 5, lv ghwhuplqhg gl�huv

dffruglqj wr zkhwkhu d� ? d2 ru d� � d2 dv lw kdv ehhq hvwdeolvkhg deryh=

Zh fdq frqvlghu wkhq wkh sureohp xqghu wzr gl�huhqw uhjlphv= Uhjlph D

fruuhvsrqglqj wr Xqlyhuvlw| 5 ehlqj wkh prvw ghpdqglqj +d2 � d�, dqg Uhjlph

E/ xqghu zklfk Xqlyhuvlw| 4 lv wkh prvw ghpdqglqj= Lw lv lpsruwdqw wr qrwh

wkdw/ d sulrul/ wkhuh lv qr uhdvrq zk| wkh prvw ghpdqglqj xqlyhuvlw| vkrxog

eh wkh kljk txdolw| rqh1

��� N?��iht�|) �

61414 Uhjlph D= Q2 ? Q�

G2+t�> t2,

G�+t�> t2,
htxlydohqw wr d� ? d2=

Xqlyhuvlw| 4 wdnhv Q2 dv jlyhq dqg lwv pd{lpl}dwlrq sureohp lv lq wklv fdvh=

Pd{
��

�
+4� �

�
,t� . �

�

�
d��

�
Q� . �+I . vQ�,

zkhuh iurp +43,

d�� @
4

5
�+

Q2
2

Q�

G�+t�> t2,

G2+t�> t2,
�Q� . 5� 5Q2,=

Vroylqj wklv pd{lpl}dwlrq sureohp jlyhv wkh rswlpdo qxpehu ri dgplvvlrqv

Q�
� +Q2> t�> t2,=

Q�
� +Q2> t�> t2, @

+�. v�,� . +� � �,t�
��

�Q2 +49,

45



zklfk lv ydolg li

Q�
� +Q2> t�> t2, A

G�+t�> t2,

G2+t�> t2,
Q2=

Wklv uhtxluhv wkdw Q2 eh qrw wrr kljk/ l1h1/

Q2 ?
+�. v�,� . +� � �,t�

��
G2+t�> t2, � Q2=

Iurp +49, wkh uhdfwlrq ixqfwlrq Q�
� +Q2> t�> t2, lv ghfuhdvlqj zlwk vorsh �4

zkhqhyhu Q2 ? Q2=

61415 Uhjlph E1 Q� �
G�+t�> t2,

G2+t�> t2,
Q2 +d� � d2,=

Dyhudjh delolw| ri vwxghqwv dw Xqlyhuvlw| 4 zkhq wklv lv wkh prvw ghpdqglqj

lqvwlwxwlrq lv=

d�� @ 4� Q�

5G�+t�> t2,

Vr wkdw wkh pd{lpl}dwlrq sureohp lv qrz=

Pd{
��

Q�

�
+4� �

�
,t� . �+

�

�
+4� Q�

5G�+t�> t2,
, . v,

�
. �I=

Wkh vroxwlrq ri wklv sureohp |lhogv wkh rswlpdo qxpehu ri dgplvvlrqv iru

Xqlyhuvlw| 4 xqghu Uhjlph E

Q�
� +t�> t2, @

+�. v�,� . +� � �,t�
��

G�+t�> t2, +4:,

wkdw lv lqghshqghqw ri Q2= Uhfdoo Iljxuh 4= vlqfh dw Uhjlph E Xqlyhuvlw| 4 lv

wkh prvw ghpdqglqj lqvwlwxwlrq lwv fkrlfh ri d +dqg khqfh ri Q, lv xqd�hfwhg

e| wkdw ri Xqlyhuvlw| 51

Wkh uhdfwlrq ixqfwlrq Q�
� +t�> t2, lv/ krzhyhu/ rqo| ydolg li

Q�
� +t�> t2, � Q2

G�+t�> t2,

G2+t�> t2,
+, +�. v�,� . +� � �,t�

��
G2+t�> t2, � Q2 � Q2=

46



Dv d uhvxow/ wkh ehvw uhvsrqvh ixqfwlrq Q�+Q2> t�> t2, lv frqwlqxrxv lq Q21

Q�+Q2> t�> t2, @

;?= Q�
� +Q2> t�> t2, li Q2 ? Q2

Q�
� +t�> t2, li Q2 � Q2

+4;,

Wkh wkuhvkrog ydoxh Q2 fruuhvsrqgv wr wkh ohyho ri Q2 dw zklfk xqlyhuvlwlhv*v

pdujlqdo delolwlhv htxdol}h +d� @ d2,= Zkhq Q2 lv vpdoohu wkdq Q2> d2 A d�=

Dv Q2 lqfuhdvhv iurp }hur/ wkh delolw| ri wkh odvw vwxghqw dgplwwhg wr 5 lv

ghfuhdvlqj dqg/ iurp +:,/ vr lv wkdw ri Xqlyhuvlw| 4 iru d jlyhq Q�
D1 Xqlyhuvlw|

4 lv wkhq irufhg wr ghfuhdvh lwv dgplvvlrqv +lqfuhdvh wkh dgplvvlrq judgh d�, lq

rughu wr pdlqwdlq d fhuwdlq dyhudjh delolw|1 Wkh pdujlqdo delolw| dw xqlyhuvlw|

4 wkxv lqfuhdvhv dv wkdw ri 5 ghfuhdvhv iurp lwv pd{lpxp ydoxh1 Rqfh Q2

lqfuhdvhv ryhu Q2 +d� ehfrphv odujhu wkdq d2, pdujlqdo delolw| dw Xqlyhuvlw| 5

grhv qr orqjhu d�hfw wkdw ri 4+vhh +7,,1 Nqrzlqj wklv/ Xqlyhuvlw| 4 wkhq fkrrvhv

wkh qxpehu ri vwxghqwv wkdw pd{lpl}hv lwv sd|r� xqghu wkhvh flufxpvwdqfhv

dqg vwd|v wkhuh/ xqd�hfwhg e| ixuwkhu fkdqjhv lq Q2= Wkh ehvw uhso| ixqfwlrq

lv looxvwudwhg lq Iljxuh 5 ehorz1

D^� @?_ ^2 @hi }��i? @| |��t t|@}ic �i?Ui _i4@?_ �t � i_�
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1

�
1

��
��

1%5

�

�

�

�
1

'

'
1  

Iljxuh 5

��2 N?��iht�|) 2

Vlqfh wkh wzr xqlyhuvlwlhv duh v|pphwulf/ wkh ehvw uhvsrqvh ri Xqlyhuvlw| 5

fdq eh rewdlqhg e| vlpso| shupxwlqj wkh vxevfulswv 4 dqg 51 Khqfh/ xqghu

Uhjlph D +d� � d2,> zkloh

Q� �
+�. v�,� . +� � �,t2

��
G�+t�> t2, � Q�=

wkh ehvw uhvsrqvh wr Q� jlyhq t�> t2 lv

Q�
2 +t�> t2, @

+�. v�,� . +� � �,t2
��

G2+t�> t2,=

Xqghu Uhjlph E/ zkhq Q� � Q�> wkh ehvw uhvsrqvh lv

Q�
2 +Q�> t�> t2, @

+�. v�,� . +� � �,t2
��

�Q�=

Vxppdul}lqj=

Q2+Q�> t�> t2, @

;?= Q�
2 +t�> t2, li Q� � Q�

Q�
2 +Q�> t�> t2, li Q� � Q�

+4<,
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Iljxuh 6 ehorz looxvwudwhv wkh uhso| ixqfwlrq Q2+Q�> t�> t2, nhhslqj wkh vdph

d{hv dv lq Iljxuh 51

�
1

�
1

��
��

1%5

�

�

�

�
1

'

'
1  

�
1

�

�

'

'

Iljxuh 6

��� �@t� i^��*�Mh�@ Lu |�i @_4�tt�L?t }@4i

Wkh odvw vhfwlrq kdv pdgh fohdu wkdw wkh Ehvw Uhvsrqvh Ixqfwlrqv zloo eh

frqwlqxrxv lq vslwh ri wkh fkdqjhv ri uhjlph1 Wkhuh duh wzr fdqglgdwh htxloleuld

uhsuhvhqwhg lq Iljxuh 71

�1

�1

���� ���� TT11

�

�

�

� 1
'

'
1  

���  � 11

�

�

%

1�
a

%

1�
a

���� ���� TT11

Iljxuh 71d +t� A t2,
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Iljxuh 71e +t� ? t2,

Xqghu Uhjlph E + d� A d2, wkh fdqglgdwh Qdvk htxloleulxp lv/ iurp +4;,

dqg +4<,

hQ�
� @

+�. v�,� . +� � �,t�
��

G�> dqg +53,

hQ�
2 @

+�. v�,� . +� � �,t2
��

� +�. v�,� . +� � �,t�
��

G�= +54,

Vlploduo|/ xqghu Uhjlph D +d� � d2, wkh fdqglgdwh htxloleulxp lv=

hQ�
� @

+�. v�,� . +� � �,t�
��

� +�. v�,� . +� � �,t2
��

G2 +55,

hQ�
2 @

+�. v�,� . +� � �,t2
��

G2= +56,

Krzhyhu/ wkhvh fdqglgdwh htxloleuld pd| qrw eh ihdvleoh/ dv wkh fkrlfhv ri wkh

dgplvvlrq ohyhov e| wkh xqlyhuvlwlhv lv olplwhg e| wkh frqvwudlqw Q� .Q2 � 4=

E| dgglqj xs erwk hQ�
� . hQ�

2 dqg hQ�
� . hQ�

2 zh fdq vhh wkdw wklv frqvwudlqw

zloo rqo| eh vdwlv�hg li

v�� . +� � �,t� � 3 dqg v�� . +� � �,t2 � 3 +57,

4:



uhvshfwlyho|1 Li +57, lv qrw vdwlv�hg/ htxloleulxp zloo uhvxow dw d fruqhu vrox0

wlrq1 Qrwh wkdw/ li �� � � 3> wkhq/ v��.+�� �,t� A 3 dqg +57, fdq qhyhu eh

vdwlv�hg iru dq| srvlwlyh t= Rqo| d fruqhu vroxwlrq lv srvvleoh zkhq � A �=

Lqghhg/ lw lv hdv| wr vhh/ iurp +53, dqg +56,/ wkdw zkhq � A � ghvluhg dgplv0

vlrqv zloo eh odujhu wkdq dydlodeoh ghpdqg iru hdfk xqlyhuvlw| xqghu dq| ri wkh

wzr srvvleoh uhjlphv1 Iru wklv uhdvrq/ wkh| zloo eh frqvwudlqhg lq wkhlu fkrlfhv

ri Q e| ghpdqgv G� dqg G21 Dw wkh vdph wlph/ uhvhdufk zloo dozd|v sd| ohvv

wkdq whdfklqj vr wkdw lw zloo eh }hur dw htxloleulxp1

Ixuwkhupruh/ dv lw lv vkrzq lq Dsshqgl{ 4/ wklv fruqhu vroxwlrq lv xqd�hfwhg e|

jryhuqphqw ghflvlrqv frqfhuqlqj �qdqflqj vfkhphv1 Vlqfh zh duh xowlpdwho|

lqwhuhvwhg e| wkh h�hfw ri jryhuqphqwdo ghflvlrqv rq wkh xqlyhuvlw|/ � zloo eh

dvvxphg odujhu wkdq � lq wkh uhvw ri wkh sdshu1

Frplqj edfn wr wkh frqglwlrqv xqghu zklfk wkh fdqglgdwh Qdvk htxloleuld ri

wkh vxejdph duh ihdvleoh/ dqg xvlqj � � � A 3> +57, fdq eh h{suhvvhg dv

t� �
v��

� � �
dqg t2 �

v��

� � �
=

Dq lqwhulru vroxwlrq zloo uhvxow li wkh jlyhq ydoxhv ri t> fkrvhq dw wkh �uvw

vwdjh ri wkh jdph ehwzhhq wkh xqlyhuvlwlhv/ duh odujh hqrxjk1 Lq wklv fdvh wkh

xqlyhuvlwlhv zloo eh vhohfwlyh dqg zloo qrw dffhsw doo dssolfdwlrqv1 Krzhyhu/ li

wkh txdolw| ohyhov fkrvhq dw vwdjh 4 duh wrr orz/ wkh xqlyhuvlwlhv zloo wu| wr

hquroo dv pdq| vwxghqwv dv srvvleoh dqg zloo djdlq eh frqvwudlqhg e| wkh wrwdo

vl}h ri wkh pdunhw/ dw d fruqhu vroxwlrq1

Zh nqrz/ rq wkh rwkhu kdqg/ wkdw/ xqghu Uhjlph D/ lw pxvw eh wkh fdvh wkdwhQ�
� A hQ�

2

G�+t�> t2,

G2+t�> t2,
= Khqfh/

+�. v�,

�
G� .

� � �

��
+t� � t2G2, A

+�. v�,

�
G� .

+� � �,

��
t2G�

zklfk lv htxlydohqw wr t� ? t2 vlqfh G� .G2 @ 4=

4;



Vlploduo|/ iru Uhjlph E/ hQ�
� � G�

G2

hQ�
2 lpsolhv

+�. v�,� . +� � �,t�
��

G2 �
+�. v�,� . +� � �,t2

��
�+�. v�,� . +� � �,t�

��
G�

qrz htxlydohqw wr t� � t2> vr wkdw htxloleulxp zloo uhvxow dw Uhjlph D +d� ? d2,

zkhq t� ? t2 dqg dw Uhjlph E +d� � d2, zkhq t� � t2=

Wklv phdqv wkdw/ dw htxloleulxp zlwk � A �/ wkh kljk txdolw| xqlyhuvlw| kdv

wkh kljkhvw dyhudjh delolw| ri vwxghqwv= Jlyhq t>wkh kljk delolw| ri dgplwwhg

vwxghqwv doorzv iru ohvv whdfklqj/ vr wkdw pruh ixqgv zloo eh ghyrwhg wr uhvhdufk1

Ohw xv qrz gh�qh wkh frqvwudlqhg ehvw uhvsrqvh ixqfwlrqv eQ�+Q2, dqg eQ2+Q�,

dqg wkh fruuhvsrqglqj frqvwudlqhg htxloleuld ru fruqhu vroxwlrqv ydolg zkhq

+57, lv qrw vdwlv�hg1 Zkhq t� ?
v��

+� � �,
> Xqlyhuvlw| l zrxog olnh wr hquroo d

orw ri vwxghqwv/ exw lv lq idfw frqvwudlqhg hlwkhu e| lwv rzq ghpdqg ru e| wkh

qxpehu ri vwxghqwv ohiw lq wkh pdunhw e| wkh rwkhu xqlyhuvlw|

eQ�+Q2, @ 4�Q2 li t� ?
v��

+� � �,
+58,

eQ2+Q�, @ 4�Q� li t2 ?
v��

+� � �,
+59,

Qrwh wkdw zkhq erwk t� ?
v��

+� � �,
dqg t2 ?

v��

+� � �,
wkh frqvwudlqhg htxlole0

ulxp ehfrphv eQ�+Q2, @ G� dqg eQ2+Q�, @ G2=

Sursrvlwlrq 4 vxppdul}hv rxu �qglqjv frqfhuqlqj wkh Vhfrqg Vwdjh ri wkh

jdph1 Zlwkrxw orvv ri jhqhudolw|/ t� � t2=

Sursrvlwlrq 4 Jlyhq t� � t2> +dqg xqghu wkh dvvxpswlrq � A �, wkh xqltxh

Qdvk htxloleulxp ri wkh vxejdph lv=

4<



4= + hQ�
� > hQ�

2 , li t� � t2 �
v��

� � �

5= + hQ�
� > 4� hQ�

� , li t� �
v��

� � �
A t2

6= +G�>G2, li
v��

� � �
A t� A t2

Iljxuh 8 ehorz uhsuhvhqwv wkh srvvleoh Qdvk htxloleuld ri wkh vxejdph dw

wkh vhfrqg vwdjh dv ixqfwlrqv ri txdolwlhv=

�
1

�
1

����
����

TT11

�

�

�

�
1

'

'
1  

�
��
 � 11

�

�

%
1

�

a

%
1

�

a

����
����

TT11

Iljxuh 8

Vxppdul}lqj/ li wkh dqqrxqfhg ydoxhv ri t� e| rqh xqlyhuvlw| lv odujh hqrxjk

lw zloo kdyh wr eh vhohfwlyh lq lwv dgplvvlrqv srolf| li lw zdqwv wr eh deoh wr

surylgh vxfk dq dqqrxqfhg ohyho ri txdolw| zlwkrxw vdful�flqj pxfk uhvhdufk1

Li dqqrxqfhg txdolw| lv orz/ vr wkdw lw fdq eh surylghg zlwk orz xvh ri uhvrxufhv/

wkhuh lv qr qhhg wr eh vhohfwlyh dqg wkh xqlyhuvlw| zloo dgplw hyhu| vwxghqw ohiw

lq wkh pdunhw diwhu wkh rwkhu xqlyhuvlw|*v fkrlfh ri dgplvvlrqv1 Li wkh rwkhu

xqlyhuvlw| kdv dqqrxqfhg d orz txdolw| dv zhoo/ wkhq hdfk ri wkhp zloo eh

frqvwudlqhg e| lwv rzq ghpdqg1
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e "�@*�|) ��L�Ui

Kdylqj ixoo| fkdudfwhul}hg wkh jdph dw wkh vhfrqg vwdjh/ zh qrz frqvlghu wkh

fkrlfh ri t e| wkh xqlyhuvlwlhv zkhq � A �1 Dw wkh �uvw vwdjh/ wkh wzr xql0

yhuvlwlhv vlpxowdqhrxvo| fkrrvh wkh ydoxhv ri t�> t2 wkdw wkh| zlvk wr surylgh1

Wkh fkrvhq txdolwlhv zloo ghwhuplqh wkh htxloleulxp dw wkh vhfrqg vwdjh1 Zh

nqrz wkdw dffruglqj wr wkh fkrvhq t dqg wkh sduwlfxodu vshfl�fdwlrq ri wkh

sdudphwhuv �> �> � gl�huhqw Qdvk htxloleuld ri wkh vxejdph dw wkh vhfrqg vwdjh

pd| uhvxow1 Lq sduwlfxodu/ dqg dv zh zloo vkruwo| vhh/ wkh xqltxh htxloleulxp

lv v|pphwulfS dqg pd| lqyroyh vhohfwlyh whdfklqj dqg srvlwlyh dprxqwv ri uh0

vhdufk +Vhfwlrq 714,/ pdvv whdfklqj dqg uhvhdufk +Vhfwlrq 715, ru rqo| uhvhdufk

+Vhfwlrq 716,1

e�� 5i*iU|��i Ai@U��?} @?_ �Lt�|��i +iti@hU�

Dffruglqj wr Sursrvlwlrq 4/ li t� � t2 � v��

� � �
wkh lqwhulru Qdvk htxloleulxp

ri wkh vxejdph dw wkh vhfrqg vwdjh lv ghwhuplqhg e| + hQ�
� > hQ�

2 ,= Wkh sd|r� ri

Xqlyhuvlw| 4 dw wkh �uvw vwdjh lv wkhq

X7
� +

hQ�
� > hQ�

2 , @ hQ�
� +t�> t2, t� . �U+ hQ�

� +t�> t2,,=

Vxevwlwxwlqj wkh htxloleulxp ydoxhv ri Q�dqg Q2 dw wkh vhfrqg vwdjh/ +53, dqg

+54, lqwr wklv sd|r� dqg uhduudqjlqj zh rewdlq=

X7
� +t�> t2, @ �I .

+�. v�,2�

5��
G�+t�> t2, .

+� � �,+�. v�,�

���
t�G�+t�> t2,

.
+� � �,2

5���
t2� G�+t�> t2,=

Vlploduo|/ xqlyhuvlw| 5 fkrrvhv t2 wkdw pd{lpl}hv

X7
2 +

hQ�
� > hQ�

2 , @ hQ�
2 +t�> t2, t2 . �U+ hQ�

2 +t�> t2,,=

S�TTi?_� � t�L�t |�@| ?L @t)44i|h�U i^��*�Mh��4 U@? |@!i T*@Ui
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Vxevwlwxwlqj iru hQ�
� > hQ�

2 dqg uhduudqjlqj zh rewdlq wkh sd|r� ixqfwlrq=

X7
2 +t2> t�, @ �I .

+�. v�,2�

5��
G2+t�> t2, .

+� � �,+�. v�,�

���
G2+t�> t2, t2

.
+� � �,2

5���
+t2�G�+t�> t2, . t22 � 5t�t2G�+t�> t2,,

Wkh htxloleulxp txdolwlhv duh wkrvh wkdw vlpxowdqhrxvo| pd{lpl}h wkh iroorzlqj

sd|r�v1 Wkh �uvw rughu frqglwlrqv duh=

IRF+t�, =

+�. v�,2�

7��
.

+� � �,+�. v�,

��
+G�+=, .

t�

5
, .

+� � �,2

7���
t�+7G�+=, . t�, @ 3

IRF+t2, =

+�. v�,2�

7��
.

+� � �,+�. v�,

��
+G2+=, .

t2

5
,.

+� � �,2

7���
+7t2 . 5t�+t2 � t� � 7G�+=,,, @ 3

Wklv v|vwhp kdv wkuhh vroxwlrqv ri zklfk rqo| wkh iroorzlqj vdwlv�hv wkh vhw

ri vhfrqg rughu frqglwlrqv=

t� @ t2 @ t7 @
+�. v�,�

� � �
� 5 +5:,

zklfk soxjjhg lqwr +53, dqg +54, jlyh

Q� @ Q2 @ Q7 @
� � �

��
=

Qrwlfh wkdw t7 pxvw eh odujhu wkdq ru htxdo wr
v��

� � �
iru wklv lqwhulru htxlole0

ulxp wr h{lvw +Srlqw 4 lq Sursrvlwlrq 4 ,1 D qhfhvvdu| frqglwlrq lv wkxv

�� � 5+� � �,= +5;,
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Wklv phdqv wkdw
5+� � �,

��
? 4 dqg khqfh Q7 @

+� � �,

��
?

4

5
= wkh pdunhw

lv qrw fryhuhg dw htxloleulxp.1 Lq rwkhu zrugv/ wkh xqlyhuvlwlhv duh vhohfwlyh

dqg dgplw rqo| vrph ri wkh dssolfdqwv1 Wklv ohdgv wr wkh iroorzlqj Sursrvlwlrq1

Sursrvlwlrq 5 Jlyhq wkh dvvxpswlrq � A �> dqg li � � 5+4 � �

�
,> d vlqjoh

v|pphwulfdo vxejdph shuihfw Qdvk htxloleulxp h{lvwv dw

+t>Q, @

�
+�. v�,�

� � �
� 5>

� � �

��

�
= Wklv htxloleulxp lqyroyhv vhohfwlyh whdfklqj

dqg srvlwlyh uhvhdufk1

Zh duh qrz lq wkh srvlwlrq wr jlyh wkh fruuhvsrqglqj htxloleulxp ohyhov ri

uhvhdufk dqg whdfklqj dw wklv lqwhulru htxloleulxp1 Vxevwlwxwlqj + 53 , dqg +5:,

lqwr +47, zh rewdlq=

U7 @ I .
�2 � �2

�� �2
� 4

�
� v

�

��
= +5<,

Zklfk soxjjhg lqwr wkh exgjhw frqvwudlqw jlyhv wkh htxloleulxp ohyho ri whdfk0

lqj=

W7 @
4

�
.

v

�
� �2 � �2

�� �2
= +63,

Sursrvlwlrq 6 Dw wkh Vhohfwlyh Whdfklqj dqg Uhvhdufk Htxloleulxp wkh �0

qdqfh vfkhph lv wkh �qdo uhvsrqvleoh iru wkh ohyhov ri uhvhdufk dqg hgxfdwlrq

txdolw|= uhyhqxh qhxwudo lqfuhdvhv lq v> wkh shu0vwxghqw doorfdwlrq/ uhgxfh uh0

vhdufk ohyhov dqg lqfuhdvh whdfklqj dqg hgxfdwlrq txdolw|1 Wkh dgplvvlrqv

srolf| lv krzhyhu lqghshqghqw iurp wkh �qdqfh vfkhph dqg zloo uhpdlq vhohf0

wlyh1

Surri1 Iurp +5<, dqg +63, zh ohduq wkdw shu vwxghqw doorfdwlrq v kdv d

srvlwlyh h�hfw rq whdfklqj +zklfk grhv qrw ghshqg rq oxps0vxp �qdqfh, dqg

.W? |ih4t Lu 4@h}�?@* @M�*�|) @ |��t UL?_�|�L? �4T*�it |�@| @� ' �3�� : f�
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d qhjdwlyh rqh rq uhvhdufk ohyhov1 Lq sduwlfxodu/ dq lqfuhdvh lq wkh shu0vwxghqw

doorfdwlrq v sdluhg zlwk d uhgxfwlrq lq I uhtxluhg wr nhhs wkh exgjhw edodqfhgH

kdv wkh iroorzlqj h�hfwv rq wkh duelwudjh ehwzhhq whdfklqj dqg uhvhdufk=

gU7

gv
�Q7 gU

7

gI
@ � 4

�
? 3

gW7

gv
@

4

�
A 3=

Wkh qxpehu ri dgplvvlrqv lv krzhyhu xqd�hfwhg e| wkh �qdqfh vfkhph1 Wklv

lv gxh wr wkh idfw wkdw/ iurp wkh surgxfwlrq ixqfwlrq +45,/ zkhq � lv odujh

vrph whdfklqj wr jrrg vwxghqwv +zlwk kljk dyhudjh delolw|, lv sur�wdeoh hyhq

wkrxjk � A � vlqfh lw hqdeohv wr surgxfh d kljk t zlwk d vpdoo sduw ri wkh

ixqgv dqg vwloo ghyrwh d odujh sduw wr wkh prvw uhzduglqj dfwlylw| lq wklv fdvh=

uhvhdufk1 Wkh rswlpdo dgplvvlrqv ohyho lv wkxv d ixqfwlrq ri wkh uhodwlyh ydoxhv

ri �> � dqg � dqg lqghshqghqw iurp wkh �qdqfh vfkhph1

Vlqfh wkh dgplvvlrqv ohyho lv xqd�hfwhg/ wkh h�hfw ri frpshqvdwhg fkdqjhv lq

v rq wkh uhvxowlqj txdolw| lv

gt7

gv
@

��

� � �
A 3=

Qrwlfh dovr wkdw
gt7

gv
@

�

Q7

gW7

gv
= wkh gluhfw h�hfw rq t� ri wkh fkdqjh lq

whdfklqj lqgxfhg e| v=

Wkhuhiruh/ dw wkh Vhohfwlyh Whdfklqj dqg Srvlwlyh Uhvhdufk Htxloleulxp/ oxps0

vxp xqlyhuvlw| �qdqfh idyruv uhvhdufk zkhuhdv shu0vwxghqw doorfdwlrqv hqkdqfh

whdfklqj dfwlylwlhv dqg khqfh uhvxowlqj hgxfdwlrq txdolw|1

e�2 �@tt Ai@U��?} @?_ �Lt�|��i +iti@hU�

Zh kdyh vhhq lq wkh suhylrxv Vhfwlrq wkdw hdfk Xqlyhuvlw| zloo wu| wr hquroo

dv pdq| vwxghqwv dv srvvleoh li wkhlu fkrlfh ri txdolw| olhv ehorz
v��

� � �
= Li

HB*LM@* u�?_t @hi i L}i?L�t*) }��i?�
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v��

� � �
A t� � t2 wkh sd|r� ixqfwlrqv dw wkh �uvw vwdjh duh

X�
� @ G�+=,t� . �U�+G�+=,> t�> t2,

@ G�+t�> t2, t�+4�
�

�
, . �+I .G�+t�> t2, +v.

�

5�
,,

dqg

X�
2 @ G2+=,t2 . �U2+G2+=,> t�> t2,

@ G2+t�> t2, t�+4�
�

�
, . �+I .G2+t�> t2,+v.

�

5�
,,=

Iurp wkhvh sd|r� ixqfwlrqv zh rewdlq wkh �uvw rughu frqglwlrqv=

IRF+t�, =
4

5
t�+4�

�

�
, .G�+t�> t2,+4�

�

�
, . �

4

5
+v.

�

5�
, @ 3

IRF+t2, =
4

5
t2+4�

�

�
, .G2+t�> t2,+4�

�

�
, . �

4

5
+v.

�

5�
, @ 3

Wkh vroxwlrq ri wklv v|vwhp uhyhdov wkdw d vlqjoh vxejdph shuihfw Qdvk htxl0

oleulxp uhvxowv dw wkh v|pphwulf ydoxhv

t� @ t2 @ t� @
+�. 5v�,�

5+� � �,
� 4 +64,

zlwk wkh wzr xqlyhuvlwlhv htxdoo| vkdulqj wkh pdunhw/ wkdw lv ixoo| vhuyhg1

Wkh vhfrqg rughu frqglwlrqv duh vdwlv�hg=

C2X�

Ct2
�

@
C2X2

Ct2
2

@ 4� �

�
? 3 zkhq � A �

Wkxv/ wklv vlqjoh vroxwlrq lv d pd{lpxp1

Dw wklv htxloleulxp/ iurp Sursrvlwlrq 4/ doo ghpdqg lv vdwlv�hg1 Sursrvlwlrq 4

dovr vkrzv wkdw iru lw wr eh ihdvleoh zh qhhg wkdw t� ?
v��

� � �
= Wklv lpsolhv

�� ? 5+� � �,= +65,

58



Rq wkh rwkhu kdqg/ t lv olplwhg dw wkh erwwrp e| wkh plqlpxp ohyhov ri txdolw|

jhqhudwhg dw xqlyhuvlw| zklfk duh odujhu wkdq }hur +vhh Vhfwlrq 515,= Vlqfh t

lv plqlpxp zkhq W @ 3> wkhq t @ � d= Dyhudjh delolw| ri vwxghqwv zkhq doo

dssolfdqwv duh dffhswhg lv
4

5
= Khqfh t6�? @

�

5
= Qrwh wkdw

�

5
� t� +, v � 5+� � �,� ��

5��
= +66,

Sursrvlwlrq 7 Jlyhq wkh dvvxpswlrq � A � dqg li erwk � ? 5+4 � �

�
, dqg

v � 5+� � �,� ��

5��
> d vlqjoh v|pphwulfdo vxejdph shuihfw Qdvk htxloleulxp

h{lvwv dw +t>Q, @

�
+�. 5v�,�

5+� � �,
� 4>

4

5

�
= Lq rwkhu zrugv/ htxloleulxp lqyroyhv

pdvv whdfklqj +doo wkh pdunhw lv vhuyhg, dqg srvlwlyh dprxqwv ri uhvhdufk1

Ohw xv qrz ghwhuplqh wkh fruuhvsrqglqj ohyhov ri uhvhdufk dqg whdfklqj dw

wklv fruqhu vroxwlrq1 Wkh iroorzlqj ydoxhv duh rewdlqhg iurp vxevwlwxwlrq ri

+64, dqg Q� @
4

5
lq +47, dqg wkh exgjhw frqvwudlqw1

U� @ I .
4

5�
� �. 5v�

7+� � �,
+67,

W� @
�. 5v�

7+� � �,
� 4

5�
+68,

Sursrvlwlrq 8 Dw wkh Pdvv Whdfklqj dqg Uhvhdufk Htxloleulxp wkh �qdqfh

vfkhph lv rqfh djdlq uhvsrqvleoh iru wkh uhvxowlqj ohyhov ri uhvhdufk dqg hgx0

fdwlrq txdolw|= uhyhqxh qhxwudo lqfuhdvhv lq v> wkh shu0vwxghqw doorfdwlrq/ zloo

uhgxfh uhvhdufk ohyhov dqg lqfuhdvh whdfklqj dqg hgxfdwlrq txdolw|1 Doo dssol0

fdwlrqv duh dgplwwhg lqghshqghqwo| iurp v> wkh shu vwxghqw doorfdwlrq1
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Surri1 Iurp +67,/ +68, wkh h�hfw ri frpshqvdwhg lqfuhdvhv ri v rq uhvhdufk

dqg whdfklqj lv=

gU�

gv
�Q� gU�

gI
@ � �

5+� � �,
? 3

gW�

gv
@

�

5+� � �,
A 3=

Dv iru txdolw|/ wkh h�hfw ri frpshqvdwhg gv A 3 htxdov djdlq wkh gluhfw h�hfw

rq t� ri wkh lqgxfhg fkdqjh lq whdfklqj
�

Q7

gW7

gv
@ q�

�3q =

Vxppdul}lqj wkh �qglqjv lq wklv vhfwlrq= vlqfh � lv orz dqg � A � d srv0

lwlyh t uholhv hqwluho| rq wkh delolw| ri v wr pdnh whdfklqj dfwlylwlhv sur�wdeoh

hqrxjk1 Wkhq/ li v lv odujh/ doo vwxghqwv zloo eh dgplwwhg +vhohfwlrq ri wkh

ehvw zrxog qrw sd| pxfk vlqfh � lv vpdoo, dqg surylghg zlwk h{wud surgxfwly0

lw| t= Uhvhdufk/ rq wkh frqwudu|/ ehfrphv ohvv dqg ohvv uhzduglqj dv v lqfuhdvhv1

e�� 6�**�|�4i +iti@hU�

Zkdw kdsshqv wkhq li v lv orz ++66, qrw vdwlv�hg,B Lq wklv fdvh/ t zloo eh

sxvkhg wr wkh fruqhu vroxwlrq t @
�

5
wkdw/ uhfdoo/ lqyroyhv qr doorfdwlrq wr

whdfklqj= Doo wkh ixqgv duh wkhq ghyrwhg wr uhvhdufk1 Dv lq wkh suhylrxv fdvh/

fruuhvsrqglqj wr Srlqw 6 lq Sursrvlwlrq 4/ hqurophqwv htxdo joredo ghpdqg

dqg duh htxdoo| vkduhg e| wkh xqlyhuvlwlhv1

Sursrvlwlrq 9 Jlyhq wkh dvvxpswlrq � A � dqg li � ? 5

�
4� �

�

�
dqg v ?

5+� � �,� ��

5��
/ dw wkh vlqjoh v|pphwulfdo vxejdph shuihfw Qdvk htxloleulxp doo

ixqgv duh ghyrwhg wr uhvhdufk1

Pdujlqdo frpshqvdwhg fkdqjhv lq v zloo qrw eh deoh wr fkdqjh wklv rxw0

frph= doo ixqgv duh ghyrwhg wr uhvhdufk dqg rqo| wkh joredo dprxqw/ dqg qrw

5:



krz lw lv doorfdwhg/ zloo pdwwhu1

Krzhyhu/ e| uho|lqj pruh rq v> wkh jryhuqphqw fdq lqgxfh wkh xqlyhuvlwlhv wr

whdfk doo vwxghqwv lq wkh pdunhw/ wudqviruplqj wklv htxloleulxp lqwr wkh suhyl0

rxv rqh +pdvv whdfklqj dqg vrph uhvhdufk,1

D �L?U*�_�?} UL44i?|t

Lq wklv sdshu/ zh kdyh dqdo|}hg d wzr vwdjh jdph ehwzhhq wzr frpshwlqj xql0

yhuvlwlhv wkdw doorfdwh wkhlu ixqgv wr uhvhdufk dqg whdfklqj dfwlylwlhv1 Wkh fkdo0

ohqjh zdv lpsruwdqw dv suhylrxv olwhudwxuh kdg qhyhu frqvlghuhg erwk sureohpv

dw wkh vdph wlph1 Lqghhg/ wkh dprxqw ri yduldeohv dqg lqwhuuhodwlrqv pdgh wkh

dqdo|wlfdo vroxwlrq ri d jhqhudo prgho lpsrvvleoh1 Vlpsol�fdwlrq zdv uhtxluhg

wr uhsurgxfh lq d v|vwhpdwlf zd| vrph vhqvleoh olplwlqj fdvhv1 Ohw xv eulh�|

vxppdul}h wkhvh �qglqjv1

Li wkh surgxfwlylw| ri whdfklqj lv odujhu wkdq wkh suhihuhqfhv iru uhvhdufk/ hdfk

xqlyhuvlw| zloo vhuyh lwv rzq ghpdqg dqg ghyrwh doo ixqgv wr whdfklqj zlwk

frpsohwh lqghshqghqfh ri wkh �qdqfh vfkhph +rqo| wrwdo ixqgv pdwwhu,1

Li/ rq wkh rwkhu kdqg/ suhihuhqfhv iru uhvhdufk duh kljk dqg wkh dyhudjh delolw|

ri vwxghqwv lv d surgxfwlyh lqsxw wr wkh hgxfdwlrq surfhvv/ lw pd| eh rswlpdo

iru wkh xqlyhuvlwlhv wr vhohfw d ihz jrrg vwxghqwv zkr zloo qrw uhtxluh pxfk

whdfklqj +wkxv ohdylqj hqrxjk uhvrxufhv wr uhvhdufk, lqghshqghqwo| ri wkh vl}h

ri shu0vwxghqw doorfdwlrqv1 Wkh frvw lq whupv ri irujrqh uhvhdufk zloo eh orzhu

wkdq wkh lqfuhdvh lq wkh sd|r� wkurxjk dgplvvlrqv dqg hgxfdwlrq surgxfwlrq

vlqfh wkh surgxfwlylw| ri vwxghqwv lv odujh1

Frqyhuvho|/ li vwxghqw surgxfwlylw| lv vpdoo exw shu0vwxghqw doorfdwlrqv duh

odujh zkhq suhihuhqfhv iru uhvhdufk duh kljk/ doo dssolfdqwv zloo eh dgplwwhg dv

d zd| wr hqvxuh wkh ixqgv uhtxluhg wr uhvhdufk1 Dw htxloleulxp wkh v|pphwulf

5;



xqlyhuvlwlhv zloo htxdoo| vkduh wkh pdunhw dqg xqghuwdnh srvlwlyh ohyhov ri uh0

vhdufk1

Ilqdoo|/ li erwk vwxghqw txdolw| dqg shu0vwxghqw doorfdwlrqv duh orz zkhq suhi0

huhqfhv iru uhvhdufk duh kljk/ xqlyhuvlwlhv zloo ghyrwh doo ixqgv wr uhvhdufk1

Wr frqfoxgh/ zh vkdoo qrw irujhw wkh vshfl�fdwlrq ri wkh hgxfdwlrq surgxfwlrq

ixqfwlrq wkdw kdv jhqhudwhg rxu uhvxowv1 Lwv vhsdudelolw| dqg h{fhvv ri olqhdulw|

zhuh erxqg wr ohdg wr h{wuhph vroxwlrqv1 Lq wklv vhqvh zh vkrxog lqwhusuhw

wkh uhvxowv dv pdjql�hg whqghqflhv1 Dq h{whqvlrq wr wklv slhfh ri zrun pd|

hyhqwxdoo| doorz iru d odujhu ghjuhh ri frqfdylw| ri wkh surgxfwlrq ixqfwlrq1

Dqrwkhu lqwhuhvwlqj h{whqvlrq frxog frqvlghu vhyhudo shulrgv ri xqlyhuvlw| hg0

xfdwlrq1 Wklv zd|/ wkh vwxghqw vhohfwlrq surfhvv frxog wdnh sodfh dw wkh hqg

ri hdfk |hdu1 Hdfk shulrg vhyhudo fodvvhv zrxog frh{lvw/ zklfk zrxog dgg dq

dgglwlrqdo glphqvlrq wr wkh xqlyhuvlw| �qdqfh sureohp1

+iuihi?Uit

^4` Erurdk/ Y1 +4<<7,= Prghoolqj lqvwlwxwlrqdo ehkdylru= d plfurhfrqrplf

dqdo|vlv ri xqlyhuvlw| pdqdjhphqw1 Sxeolf Fkrlfh ;4= 43404571

^5` Fdqwrq/ H1 dqg Yhqqlnhu/ U1 +4<<<,= Wkh pdunhw iru Kljkhu Hgxfdwlrq1

Txduwhuo| Uhylhz ri FSE Qhwkhuodqgv Exuhdx ri Hfrqrplf Srolf| Dqdo0

|vlv1 4<<<+6,1

^6` Fuhhg|/ M1 +4<<8,= Wkh Hfrqrplfv ri Kljkhu Hgxfdwlrq1 Hgzdug Hojdu

Sxeolvklqj Olplwhg1

^7` Ghedqgh/ R1 dqg Ghphxohphhvwhu/ M0O +4<<;,= Wzr0glphqvlrqdo frp0

shwlwlrq ehwzhhq lqvwlwxwlrqv= dq dssolfdwlrq wr kljkhu hgxfdwlrq1 Plphr

+Xqlyhuvlw�h Oleuh gh Eux{hoohv/ Ehojlxp,1

5<



^8` Hkuhqehuj/ U1 J1 +4<<<,= Dgdp Vplwk Jrhv wr Froohjh= dq Hfrqrplvw

Ehfrphv dq Dfdghplf Dgplqlvwudwru1 Mrxuqdo ri Hfrqrplf Shuvshfwlyhv1

Yro 46/ Qxpehu 41 Sdjhv 460691

^9` Jdu|0Erer/ U1 dqg Wudqqr|/ D1 +4<<;,+d,= O*Hfrqrplh Srolwltxh vlp0

sol��hh gx %Pdpprxwk%= V�hohfwlrq sdu o*hfkhf hw �qdqfhphqw ghv Xqlyhu0

vlw�hv1 Uhyxh Iudqfdlvh g*Hfrqrplh/ 46= ;804591

^:` Jdu|0Erer/ U1 dqg Wudqqr|/ D1 +4<<;,+e,= O*Hfrqrplh Srolwltxh vlp0

sol��hh gx %Pdpprxwk% LL= H�fdflw�h vrfldoh hw frqfxuuhqfh hqwuh xqlyhu0

vlw�hv1 Zrunlqj Sdshu WKHPD/ Xqlyhuvlw�h Fhuj|0Srqwrlvh1

^;` Jduylq/ Gdylg +4<;3,= Wkh Hfrqrplfv ri Xqlyhuvlw| Ehkdylru1 Qhz |run/

Q\= Dfdghplf Suhvv1

^<` Ndlvhu/ I1/ Ud|prqg/ I1/ Nrhopdq/ M1 dqg ydq Yxjkw/ I1 +4<<5,= Sxeolf

H{shqglwxuh rq Kljkhu Hgxfdwlrq1 D frpsdudwlyh Vwxg| lq wkh Phpehu

Vwdwhv ri wkh Hxurshdq Frppxqlw|1 Kljkhu Hgxfdwlrq Srolf| Vhulhv/ 4;1

M1 Nlqjvoh| Sxeolvkhuv/ Orqgrq> Sklodghoskld1

^43` Urwkvfklog/ P1 dqg Zklwh/ O1 M1 +4<<8,= Wkh Dqdo|wlfv ri sulflqj Kljkhu

Hgxfdwlrq dqg Rwkhu Vhuylfhv lq Zklfk wkh Fxvwrphuv Duh Lqsxwv1 Mrxu0

qdo ri Srolwlfdo Hfrqrp|/ yro 436/ qr 61 Sdjhv 8:608;91

^44` Zlqvwrq/ J1 F1 +4<<<,= Vxevlglhv/ Klhudufk| dqg Shhuv= Wkh Dznzdug

Hfrqrplfv ri Kljkhu Hgxfdwlrq1 Mrxuqdo ri Hfrqrplf Shuvshfwlyhv1 Yro

46/ Qxpehu 41 Sdjhv 460691

� �TTi?_� G 6�**�|�4i |i@U��?}

Frqvlghu wkh sd|r� ri Xqlyhuvlw| 4 dw wkh �uvw vwdjh zkhq wkh htxloleulxp ri

wkh vxejdph dw wkh vhfrqg vwdjh lqyroyhv wkh dgplvvlrq ri doo dssolfdqwv +dv
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lv lqghhg wkh fdvh li � A �,=

X� @ G�+t�> t2, t�+4�
�

�
, . �+I .G�+t�> t2,+v.

�

5�
,,=

Wkh h�hfw ri udlvlqj t� rq wkh sd|r� ri Xqlyhuvlw| 4/

CX�

Ct�
@ +4� �

�
,+
t�

5
.G�+t�> t2,, .

�

5
+v.

�

5�
,>

fdq rqo| eh qhjdwlyh li zh doorz iru qhjdwlyh ghpdqgv1 Dvvxplqj wklv srvvl0

elolw| dzd| zh fdq frqfoxgh wkdw wkh sd|r� lv lqfuhdvlqj dqg frqyh{=

C2X�

Ct2
�

@ +4� �

�
, A 3=

Wkh ohyho ri txdolw| wkdw zloo xqghu wkhvh flufxpvwdqfhv pd{lpl}h wkh sd|r�

lv wkh pd{lpxp txdolw| dydlodeoh wr wklv xqlyhuvlw|= doo ixqgv zloo eh ghyrwhg

wr whdfklqj dqg qr uhvhdufk zloo wdnh sodfh dw htxloleulxp1 Zh nqrz/ rq wkh

rwkhu kdqg/ wkdw doo dssolfdqwv duh dgplwwhg/ vr wkdw dyhudjh delolw| ri hquroohg

vwxghqwv lv �

2
= Ilqdo txdolw| lv wkhq=

t4@ @
�

5
. �+

I . v�
2

�

2

,

Vlqfh txdolw| lv ghwhuplqhg e| joredo ixqgv/ frpshqvdwhg fkdqjhv lq wkh �0

qdqfh vfkhph lpsrvhg e| wkh jryhuqphqw gr qrw d�hfw uhvxowlqj ohyhov ri

txdolw| +qru uhvhdufk/ wkdw uhpdlqv }hur lqghshqghqwo| ri wkh �qdqfh vfkhph,1

� �TTi?_� G �t)44i|h�U ,^��*�Mh�@

Frqvlghu qrz wkh fruqhu vroxwlrq t� � rq�
�3q

A t2= Zh nqrz wkdw lq wklv fdvh

wkh htxloleulxp ri wkh vxejdph dw wkh vhfrqg vwdjh lv +Q�
� > 4�Q�

� ,= Xqlyhuvlw|

4 fkrrvhv wkh qxpehu ri dgplvvlrqv wkdw pd{lpl}hv lwv sd|r� lqghshqghqwo|

ri Xqlyhuvlw| 5 dqg wkh odwwhu hquroov wkh uhvw ri wkh vwxghqwv1

Wkh fruuhvsrqglqj sd|r�v duh=
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X�+t�> t2, @ �I .
+�. v�,2�

5��
G�+=, .

+� � �,+�. v�,�

���
G�+=, t�

.
+� � �,2

5���
G�+=, t

2

�=

X2+t�> t2, @ �I . +�v. t2+4�
�

�
,,+4� +�. v�,� . +� � �,t�

���
G�+=, , .

.
��

5�
+G2+=, .

+v�� . +� � �,t�,
2

�2�2
G�+=,,

Wkh �uvw rughu frqglwlrqv duh=

Irf+t�, =

+�. v�,2�

7��
.

+� � �,+�. v�,�

���
+G�+t�> t2, .

t�

5
,

.
+� � �,2

7���
t�+7G�+t�> t2, . t�, @ 3

Irf+t2, =

+4� �

�
,+4� +�. v�,� . +� � �,t�

��
G�+=,,�

+v�� . +� � �,t�,
2

7���

.
�

�

�

7
.

4

5
+v� . t2+4�

�

�
,,
+�. v�,� . +� � �,t�

��
@ 3

Wkh vroxwlrq ri wklv v|vwhp |lhogv wzr vroxwlrqv ri zklfk wkh iroorzlqj lv d

pd{lpxp=

t�� @
�+� � �, . 6�+�. v�,� 2

s
� � � 2

s
� � � . 45��

6+� � �,

t�2 @
+� � �, . 5�+�. v�,� 2

s
� � � 2

s
� � � . 45��

5+� � �,
=

Vlqfh t� � rq�
�3q A t2 wkh iroorzlqj frqglwlrqv kdyh wr eh vdwlv�hg iru ihdvlelolw|

ri wklv htxloleulxp=

�+� � �, . 6�+�. v�,� 2
s
� � � 2

s
� � � . 45��

6+� � �,
� v��

� � �
A 3
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dqg

+� � �, . 5�+�. v�,� 2
s
� � � 2

s
� � � . 45��

5+� � �,
� v��

� � �
? 3=

Vroylqj iru � zh �qg wkdw wkhvh wzr frqglwlrqv duh htxlydohqw wr

�� A 5+� � �,

�� ? 5+� � �,

uhvshfwlyho|/ zklfk fdq fohduo| qrw eh vdwlv�hg vlpxowdqhrxvo|1

Wkhuhiruh/ wkh dv|pphwulf fruqhu vroxwlrq lv qrq0ihdvleoh1
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