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Abstract: This paper deals with the contact formulation of the contact geometry of irreversible
thermodynamics. Firstly, a family of parameterized contact Hamiltonian functions, defined on
the complete Thermodynamic Phase Space, generating non-strict contact vector fields which are
equivalent on the associated Legendre submanifold, is proposed using both the Gibbs relation
and the Gibbs-Duhem relation. Secondly, the parameterized lifts of the CSTR dynamics to the
complete Thermodynamic Phase Space are performed, while guaranteeing the global attractivity
of the Legendre submanifold on which the dynamics of the system is living.
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1. INTRODUCTION

First-principles modelling of chemical reaction systems
leads to a basic dynamic model that allows describing
the evolution of temperature and concentrations by means
of balance equations combined with constitutive relations
(Luyben, 1990; Rasmuson et al., 2014; Hoang et al., 2020).
Actually, this basic model can be extended to represent,
among other things, the irreversibility through the entropy
balance (De Groot and Mazur, 2011; Garćıa-Sandoval
et al., 2016; Kjelstrup, 2017) with that the irreversible
transformations due to heat exchange, mass transport or
chemical reactions are taken into account in modelling,
analysis and control (see e.g. Favache et al. (2009, 2010);
Hudon et al. (2016); Gromov and Caines (2015); Ramı́rez
et al. (2013a,b, 2016, 2017); Bravetti and Padilla (2019)).

From a differential-geometric point of view, this nice exten-
sion is expressed in terms of dynamical systems on contact
manifold 1 , called conservative contact systems, defined as
contact vector fields generated by some contact Hamilto-
nian function leaving invariant some Legendre submanifold
of the Thermodynamic Phase Plane (TPS) describing the
thermodynamic properties of the system (Eberard, 2006;
Eberard et al., 2007) 2 . Hence the contact Hamiltonian
functions are crucial for this extension that corresponds to
lift the basic dynamic model to the complete TPS, thereby

1 The contact manifold corresponds to the Thermodynamic Phase
Plane endowed with a contact one-form associated with Gibbs’
relation (Mruga�la, 2000). We also refer the reader to Grmela (2015);
Bravetti (2019); Van Der Schaft (2021) for more details on this
concept and related formulations.
2 Contact vector fields on contact manifolds are the analogue of
Hamiltonian vector fields on symplectic manifolds for mechanical
systems (Libermann and Marle, 1987; Arnold, 1989).

resulting in a full dynamic model of the system in terms
of the dynamic equations of all extensive and intensive
variables. Remarkable progress in constructing possible
contact Hamiltonian functions has been made over the
past few decades (see Favache et al. (2007); Maschke
(2016) and references therein). Nevertheless, the topic is
still of utmost importance and is the main focus of this
work.

This paper is organized as follows. Starting from a CSTR
description within a thermodynamic framework in Sec-
tion 2, we shall briefly recall the main definition of the
conservative contact systems arising from the lift of the
basic dynamic model and identify the research problem.
In Section 3, we emphasize the role of both the Gibbs
relation and the Gibbs-Duhem relation in developing a
novel first-order invariance condition with that any con-
tact Hamiltonian function must satisfy on the Legendre
submanifold. A family of parameterized contact Hamilto-
nian functions, defined on the complete TPS, generating
non-strict contact vector fields which in turn render the
Legendre submanifold globally attractive, is proposed. Sec-
tion 4 ends the paper with some concluding remarks and
perspectives.

2. BRIEF OVERVIEW AND MOTIVATION

In this work, we shall choose the entropy form of Gibbs’
relation which leads in the case of a reacting system to
the identification of all extensive and intensive quantities
which will be used further for developing the main results.
From a modelling point of view of chemical engineering,
this choice is well suited because the system dynamics is
typically given by the balance equations on the remaining
extensive quantities (i.e. the internal energy, the volume
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∗∗∗ ICTEAM, Université Catholique de Louvain, 1348
Louvain-la-Neuve, Belgium (e-mail: denis.dochain@uclouvain.be)

Abstract: This paper deals with the contact formulation of the contact geometry of irreversible
thermodynamics. Firstly, a family of parameterized contact Hamiltonian functions, defined on
the complete Thermodynamic Phase Space, generating non-strict contact vector fields which are
equivalent on the associated Legendre submanifold, is proposed using both the Gibbs relation
and the Gibbs-Duhem relation. Secondly, the parameterized lifts of the CSTR dynamics to the
complete Thermodynamic Phase Space are performed, while guaranteeing the global attractivity
of the Legendre submanifold on which the dynamics of the system is living.

Keywords: Conservative contact systems, nonlinear dynamical systems, stability, CSTR.

1. INTRODUCTION

First-principles modelling of chemical reaction systems
leads to a basic dynamic model that allows describing
the evolution of temperature and concentrations by means
of balance equations combined with constitutive relations
(Luyben, 1990; Rasmuson et al., 2014; Hoang et al., 2020).
Actually, this basic model can be extended to represent,
among other things, the irreversibility through the entropy
balance (De Groot and Mazur, 2011; Garćıa-Sandoval
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Plane endowed with a contact one-form associated with Gibbs’
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(2016) and references therein). Nevertheless, the topic is
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and the mole number of each species) (Luyben, 1990;
Rasmuson et al., 2014; Hoang et al., 2020).

2.1 The CSTR description

Let us consider a liquid phase reactor modelled with the
CSTR in which one first order exothermic chemical re-
action involving 2 chemical species S1 and S2 (of molar
masses M1 and M2, respectively) takes place. The reaction
stoichiometry that represents the (molar) mass conserva-
tion is then given as follows (Hoang and Dochain (2013b)):

ν1 M1 + ν2 M2 = 0 (1)

where ν1 and ν2 are the suitable signed stoichiometric
coefficients (Ramı́rez et al., 2013a).

Let us consider the following assumptions:

(A1) The fluid mixture is ideal, incompressible and under
isobaric conditions.

(A2) The reactor is fed by one inlet stream containing S1
and S2 at a fixed inlet temperature TI .

(A3) The heat flowrate Q̇J from the jacket to the reaction
mixture is given by the following expression

Q̇J = λ(TJ − T ) (2)

with λ > 0 the heat exchange coefficient and TJ being the
jacket temperature.

(A4) The reaction rate is described by the law of mass
action so that (Luyben (1990))

rV = k(T )N
|ν1|
1 (3)

where the temperature-dependent function k(T ) is the
reaction kinetics 3 .

2.2 Thermodynamics-based view for CSTR modeling

In equilibrium thermodynamics, the system variables are
split into the extensive variables (such as the internal
energy U , the entropy S, the volume V and the mole
number Ni) and the intensive variables (such as the
temperature T , the pressure P and the chemical potential
µi). When isobaric conditions are considered, the variation
of internal energy U is equal to that of the enthalpy H,
given by considering the Gibbs’ relation (Callen (1985)):

dH = µ1dN1 + µ2dN2 + TdS (4)

From (4), an equivalent expression can be derived as
follows:

dS =
−µ1

T
dN1 +

−µ2

T
dN2 +

1

T
dH (5)

since the thermodynamic temperature is strictly positive.

Similar to the other macroscopic quantities, the entropy S
is an extensive variable and thus a homogeneous function
of degree 1 with respect to (N1, N2, H). Consequently, one
obtains from (5) by using Euler’s theorem (Callen (1985)):

S(N1, N2, H) =
−µ1

T
N1 +

−µ2

T
N2 +

1

T
H (6)

3 An example of the reaction kinetics is the well-known Arrhenius
law, whereby k(T ) = k0 exp

(−k1
T

)
with k0 and k1 being the kinetic

constant and the activation temperature, respectively.

The entropy form of Gibbs’ relation (5) can then be
rewritten as follows:

dS = p�dx ⇒ p =
∂S(x)

∂x

(
= p(x)

)
(7)

where

p =

(
−µ1

T
,
−µ2

T
,
1

T

)�

, x =
(
N1, N2, H

)�
, (8)

with � being the matrix transpose. Equations (5)-(7)
constitute an equilibrium manifold (also called Legendre
submanifold in the sequel) defining the thermodynamic
properties of the system (Maschke, 2016; Ydstie, 2016).

The reaction system dynamics is then given using the
material and energy balance equations considered for the
extensive variables gathered in x (8). Because the vector
p of the intensive variables (including the temperature
T = ( 1

T )
−1 occurred in (2) or (3) and all other relevant

places) is the gradient of the entropy S with respect to x
(7), the system dynamics can generally be expressed as 4

dx

dt
= fdyn (9)

with

fdyn(x
�,

∂S

∂x

�
) =




F1,I − F1 + ν1 rV
F2,I − F2 + ν2 rV

2∑
i=1

(
Fi,Ihi,I − Fihi

)
+ Q̇J


 (10)

where Fi,I (Fi) and hi,I (hi) are the inlet (outlet) molar
flowrate and the inlet (inner) molar enthalpy of species i,
respectively.

2.3 Contact formulation using the entropy

Thermodynamic Phase Space As mentioned previously,
the thermodynamic properties of the system are defined on
the equilibrium manifold, based on a fundamental equa-
tion, called Gibbs’ relation involving the extensive and
intensive variables. These variables are then assumed to
be situated in the Thermodynamic Phase Space T that
is a (2× 3 + 1)-dimensional manifold. It may be endowed
with a geometric structure, called contact structure, de-
scribed by a contact one-form θ (Arnold, 1989; Mruga£la
et al., 1991) which in a set of canonical coordinates(
x0,x

�,p�) ∈ T is given by

θ = dx0 − p�dx. (11)

All physically admissible states (the states fulfilling Gibbs’
relation (5)) of the system correspond to the Pfaffian
equation θ = 0 (Favache et al., 2009, 2010). In other words,
the state of the system takes values on an equilibrium
manifold and can be expressed in terms of a Legendre
submanifold L ⊂ T that is defined using the entropy S
as the generating function F (Eberard, 2006; Eberard et
al., 2007)

L =

{
x0 = F, F = S,x� = (N1, N2, H),p =

∂S

∂x

}
. (12)

4 For simplicity, we assume in this work that the jacket temperature
TJ is kept constant. The case of using TJ as an external variable (i.e.
a control input u in the context of systems theory) can be adapted

similarly by considering dx
dt

= fdyn(x
�, ∂S

∂x

�
) + gdyn(x

�, ∂S
∂x

�
)u.

Conservative contact systems We are now interested
in the formulation of the so-called conservative contact
systems as suggested in Eberard (2006); Eberard et al.
(2007) (see also Favache et al. (2009, 2010) and references
therein). It can be summarized as follows.
A conservative contact formulation of the thermodynamic
system (9) is defined as a quadruple composed of

(i) a TPS T endowed with the contact form θ;
(ii) a Legendre submanifold L ⊂ T characterizing the
thermodynamic properties of the system;

(iii) a contact Hamiltonian function f ∈ C∞ (T , θ) satis-
fying the (zero-order) invariance condition

f
(
x0,x

�,p�|(x0,x
�,p�) ∈ L

)
= 0 (i.e. L ⊂ f−1(0));

(13)
(iv) dynamics defined by the contact vector field Xf , i.e.

d

dt

(
x0

x
p

)
= Xf , (14)

where Xf is given as

Xf

(
x0,x

�,p�) =
(
f
0
0

)
+


 0 0� −p�

0 03 −I3
p I3 03







∂f

∂x0
∂f

∂x
∂f

∂p




,

(15)

with ∂f
∂p satisfying

∂f

∂p

(
x0,x

�,p�|(x0,x
�,p�) ∈ L

)
= −fdyn(x

�,
∂S

∂x

�
);

(16)
and 03 and I3 being the null and identity matrices of
dimension 3, respectively.

From Eqs. (14) and (15), the generated conservative con-
tact system can explicitly be represented as

dx0

dt
= f − p� ∂f

∂p
, (17a)

dx

dt
= −∂f

∂p
, (17b)

dp

dt
= p

∂f

∂x0
+

∂f

∂x
. (17c)

It may be noted that the conservative contact formulation
preserves the contact distribution associated with the
contact one-form θ on the TPS of the thermodynamic
system (Maschke, 2016).

2.4 Problem statement

From a thermodynamical point of view, and in the case
of the considered system, once the contact Hamiltonian
function f is made available it follows that equations (17a)-
(17c) defined on L (12) represents simultaneously the
entropy balance (Eq. (17a)), the base dynamics (Eq. (17b))
and the dynamics of three intensive variables of the ther-
modynamic system (Eq. (17c)). Following Eberard (2006);
Eberard et al. (2007), Favache et al. (2007) suggested a
family of contact Hamiltonian functions being invariant of
the Reeb vector field of the contact form θ (Ramı́rez et al.,
2013b, 2017) that does not depend on the x0 coordinate
(see also Favache et al. (2009, 2010)), thereby generating

strict contact vector fields 5 which in turn give rise to stan-
dard Hamiltonian equations (17b)(17c) (Maschke et al.,

1992) because ∂f
∂x0

= 0 while equation (17a) considers x0

as an action (i.e. it is no longer an independent quantity)
(Bravetti and Padilla, 2019). To solve this problem while
yielding non-strict contact vector fields, Maschke (2016)
defined a particular set of contact Hamiltonian functions
originating from the x0-independent Hamiltonians modu-
lated by some smooth x0-dependent function subject to
some invariance condition on L. In this instance, L is not
the unique invariant submanifold for the resulting contact
Hamiltonians defined on T . Nevertheless, this is very de-
sirable for generated conservative non-strict contact vector
fields which are equivalent on L but would have different
properties on the complete TPS. Actually this will be
discussed in the next section.

3. NON-STRICT CONTACT VECTOR FIELDS

3.1 Contact Hamiltonian functions

Taking the differential of S (6), combined with (7), yields
Gibbs-Duhem relation (Callen, 1985). For simplicity, equa-
tion (6) and Gibbs-Duhem relation can respectively be
expressed in more compact form as follows:

x0
L
= p�x, (18a)

x�dp
L
= 0. (18b)

where L is given in (12). The notation
L
= means that both

sides of the equations are equal on L.
Using Eq. (18a) and the chain rule we can now write
dx0

dt

L
= p� dx

dt +x� dp
dt and ∂x0

∂x

L
= p+ ∂p

∂x

�
x. As dx0

dt

L
= p� dx

dt

(De Groot and Mazur, 2011) and ∂x0

∂x (
L
= ∂S

∂x )
L
= p (see (7)),

we obtain the following two equalities

x� dp

dt

L
= 0, (19a)

x� ∂p

∂x

L
= 0�. (19b)

Note, however, that because p
L
= ∂S

∂x ,
dp
dt

L
= ∂p

∂x
dx
dt

6 and

dx
dt

L
�= 0 7 , (19a) is different from, yet equivalent to (19b).

Both equalities reflect the thermodynamic properties of
the system fulfilling the Gibbs’ relation and Gibbs-Duhem
relation.

The following example illustrates the validity of (19b) (and
thus of (19a)) independently of any evolution.

5 We refer the reader to Libermann and Marle (1987); Maschke
(2016) for the detailed definition of a contact vector field which is
said to be strict. Note that any equilibrium point of a strict contact
vector field cannot be asymptotically stable (Ramı́rez et al., 2017).
6 Form a thermodynamics-based viewpoint, ∂p

∂x
is equal to ∂2S

∂x2 that
is precisely the (symmetric and negative semi-definite) Hessian ma-
trix H(S) of the entropy function. Its negative semi-definite property
results from the second law of thermodynamics applied to open
homogeneous reaction systems because the entropy function S(x)
(6) is necessarily concave with respect to x (8), while its symmetry
represents the Maxwell relations of thermodynamics (Callen (1985)).
7 It is equal to zero only at steady state or when time becomes very
large, i.e. goes to infinity.
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Example 1. Under (A1), the partial molar enthalpy and
entropy of species i of the considered binary mixture are
given by the following expressions (Sandler (1999)):

hi(T, xi) = cp,i(T − Tref ) + hi,ref , (20)

si(T, xi) = cp,i ln
( T

Tref

)
+ si,ref −R lnxi, (21)

where R is the (ideal) gas constant; cp,i is the component
molar heat capacity; Tref , hi,ref and si,ref are the refer-
ence values. Note that the molar fraction of species xi is
defined by

xi =
Ni

Nt
, (22)

with Nt being the total molar number (i.e. Nt = N1+N2).
The Hessian matrix of the entropy function can then be
computed as (Hoang and Dochain (2013b, 2016))

H(S) =




− RN2

N1Nt
− h2

1

T 2Cp

R

Nt
− h1h2

T 2Cp

h1

T 2Cp

R

Nt
− h2h1

T 2Cp
− RN1

N2Nt
− h2

2

T 2Cp

h2

T 2Cp
h1

T 2Cp

h2

T 2Cp
− 1

T 2Cp




,

(23)

where Cp =
2∑

i=1

cp,iNi is the total heat capacity. It is shown

from (23) that x�H(S)
L
= 0�, i.e. the equality (19b) holds.

We develop next an additional invariance condition for the
contact Hamiltonian f , that in conjunction with x0 and x�

leaves L invariant as stated by the following proposition.

Proposition 1. The contact Hamiltonian function f of the
conservative contact system (17a)(17b)(17c) fulfils the
following first-order invariance condition:

[
x0

∂f

∂x0
+ x� ∂f

∂x

]∣∣∣∣∣
L

= 0. (24)

where
∣∣
L indicates the restriction to L.

Proof. The proof immediately follows by multiplying
both sides of Eq. (17c) with x� and restricting the
resulting expression given by

x� dp

dt
= x�p

∂f

∂x0
+ x� ∂f

∂x
(25)

to L where equations (18a) and (19a) have been used. �

The following proposition proposes a family of parameter-
ized contact Hamiltonian functions.

Proposition 2. A C∞ real function f of (x0,x
�,p�) ∈

(T , θ) given by

f =
(∂F
∂x

− p
)�

fdyn(x
�,p�) + c (F − x0), (26)

with c > 0, is a contact Hamiltonian function. Further-
more, all the non-strict contact vector fields generated
from f are equivalent on the invariant Legendre submani-
fold L ⊂ f−1(0) that is globally attractive.

Proof. With (26), the gradient of f , denoted by ∇f =

( ∂f
∂x0

, ∂f
∂x

�
, ∂f
∂p

�
)�, reads

∂f

∂x0
=− c, (27)

∂f

∂x
= c

∂F

∂x
+

∂2F

∂x2
fdyn(x

�,p�) + J�
fdyn,x

(∂F
∂x

− p
)
, (28)

∂f

∂p
=− fdyn(x

�,p�) + J�
fdyn,p

(∂F
∂x

− p
)
, (29)

where Jfdyn,x and Jfdyn,p are respectively the Jacobian

submatrices of the vector-valued function fdyn(x
�,p�)

with respect to x� and p�. From this, it can be easily
checked that conditions (13), (16) and (24) are met on L
while all the contact vector fields Xf generated from f ,
defined on L, are equal.

Finally, let us prove that L is globally attractive by
considering the following Lyapunov function

V =
1

2
f2 (30)

Obviously, the Lyapunov function vanishes on f−1(0) and
its time derivative is strictly negative outside f−1(0) be-

cause dV
dt = f LXf

f = ∂f
∂x0

f2 = −2 c V with LXf
f being

the Lie derivative of f along the (contact) vector field Xf .
Hence f−1(0) is globally attractive by invoking LaSalle’s
theorem. The latter completes the proof because L ⊂
f−1(0). �
Remark 1. Let us denote Φ(x0, F ) := c (F − x0) and
consider

fr := f − Φ. (31)
It is shown from (26) that 8

fr =
(∂F
∂x

− p
)�

fdyn(x
�,p�) (32)

does not depend on x0. As the conditions (13)(16)(24) are
met with using fr instead, fr is also a contact Hamiltonian
function. In this case, the generated contact vector field
Xfr is strict. Otherwise, Φ is called a reinforcing function
of fr to generate the non-strict contact vector field Xf .

Remark 2. The results proposed in Propositions 1 and 2
can also be adapted to the energy contact form given
by Gibbs’ relation (Eberard, 2006; Eberard et al., 2007;
Ramı́rez et al., 2013a; Maschke, 2016) where the ther-
modynamic potential such as the internal energy or the
enthalpy is chosen as the generating function F . This
relies on the fact that in this energy contact formalism
and for the considered CSTR case, the Legendre subman-

ifold is L =
{
x0 = F, F = H,x� = (N1, N2, S),p =

∂H
∂x

}
while the base dynamics now takes the form dx

dt =

fdyn(x
�, ∂H

∂x

�
). A similar argument shows that equalities

(18a)(18b)(19a)(19b) hold in this consideration. In addi-
tion, the Hessian matrix of the enthalpy function with
respect to x given by

H(H) = T




RN2

N1Nt
+

s21
Cp

s1s2
Cp

− R

Nt
− s1
Cp

s2s1
Cp

− R

Nt

RN1

N2Nt
+

s22
Cp

− s2
Cp

− s1
Cp

− s2
Cp

1

Cp




(33)

8 The contact Hamiltonian fr was first suggested in Favache et al.
(2007), used later in Favache et al. (2009, 2010); Ramı́rez et al.
(2013a); Bravetti and Padilla (2019).

satisfies x�H(H)
L
= 0�.

Remark 3. In Maschke (2016), the author proposed in a
coordinate free way a contact Hamiltonian function of the
form

f̄ = ε fr (34)

with fr similar to (32) and ε = −x0 fr + 1. As x0
∂f̄
∂x0

+

x� ∂f̄
∂x =

(
x0

∂ε
∂x0

+ x� ∂ε
∂x

)
fr +

(
x0

∂fr
∂x0

+ x� ∂fr
∂x

)
ε, it

follows that x0
∂f̄
∂x0

+ x� ∂f̄
∂x

L
= 0, i.e. fr also satisfies (24).

This function is of interest, yet for instance paid for the
local attractivity of L for Xf̄ generated by f̄ . The global
attractivity of L can only be achieved if an additional
restriction on x0 is imposed, that is, x0 is an invariant
of the strict contact vector field Xfr generated by fr.

Remark 4. For the case when the contact Hamiltonian
function f (26) is modified to be of the form

f =
(∂F
∂x

− p
)�

fdyn(x
�,p�) + c (F − x0) 1

�
3 p, (35)

with 13 being the 3-dimensional vector filled with ones,
the attractivity of L for Xf generated by f (35) is thus

unobvious because the sign of 1�
3 p is undefined outside L.

3.2 Lift of the CSTR dynamics to the TPS

According to Eq. (15), the contact Hamiltonian function
f (26) generates the non-strict contact vector field

Xf =




f − p�
(
− fdyn + J�

fdyn,p

(∂F
∂x

− p
))

fdyn − J�
fdyn,p

(∂F
∂x

− p
)

−c
(
p− ∂F

∂x

)
+

∂2F

∂x2
fdyn + J�

fdyn,x

(∂F
∂x

− p
)




.

As shown, f (26) vanishes on the invariant Legendre
submanifold L (12) that is globally attractive for Xf

because ∂f
∂x0

= −c < 0. The lifted dynamics generated
by Xf defined on L reads

dx0

dt

L
=

∂S

∂x

�
fdyn

(
x,

∂S

∂x

�)
, (36a)

dx

dt

L
= fdyn

(
x,

∂S

∂x

�)
, (36b)

dp

dt

L
=

∂2S

∂x2
fdyn

(
x,

∂S

∂x

�)
. (36c)

We recall that ∂2S
∂x2 in Eq. (36c) is the Hessian matrix of

the entropy function (see (23)). Consequently, the lifted
dynamics defined on L are explicitly given in terms of
all the extensive and intensive variables. This may be
interpreted as follows.

• The first line (Eq. (36a)) expresses the entropy bal-
ance equation that can also be re-expressed thanks to
the second law of thermodynamics:

dS

dt
= Φs + σs and σs ≥ 0, (37)

with Φs and σs being the entropy flow rate exchanged
with the surroundings and the irreversible entropy
production rate, respectively. These two terms are
given as follows (see also Ramı́rez et al. (2013a);
Hoang and Dochain (2013b)):

Φs =

2∑
i=1

(
Fi,Isi,I − Fisi

)
+

Q̇J

TJ
, (38)

σs =

2∑
i=1

Fi,I

T
(hi,I − Tsi,I − µi)

+

(
Q̇J

T
− Q̇J

TJ

)
+

2∑
i=1

νi
−µi

T
rV ≥ 0. (39)

• The second line (Eq. (36b)) represents exactly the
base dynamics (9)(10), thus the conservative contact
system indeed embeds the balance equations defining
the thermodynamic system.

• Finally, the third line (Eq. (36c)) proposes the equiv-
alent expression of the dynamics in the conjugate
intensive variables. It can be written down using (23)

d−µ1

T

dt
=−

( RN2

N1Nt
+

h2
1

T 2Cp

)dN1

dt

+
( R

Nt
− h1h2

T 2Cp

)dN2

dt
+

h1

T 2Cp

dH

dt
, (40)

d−µ2

T

dt
=

( R

Nt
− h2h1

T 2Cp

)dN1

dt

−
( RN1

N2Nt
+

h2
2

T 2Cp

)dN2

dt
+

h2

T 2Cp

dH

dt
, (41)

d 1
T

dt
=

h1

T 2Cp

dN1

dt
+

h2

T 2Cp

dN2

dt
− 1

T 2Cp

dH

dt
. (42)

On the other hand, because equation (42) is equiva-

lent to 1
T 2Cp

dH
dt = h1

T 2Cp

dN1

dt + h2

T 2Cp

dN2

dt − d 1
T

dt , (40)(41)

can then be re-expressed as

d−µ1

T

dt
=− RN2

N1Nt

dN1

dt
+

R

Nt

dN2

dt
− h1

d 1
T

dt
, (43)

d−µ2

T

dt
=

R

Nt

dN1

dt
− RN1

N2Nt

dN2

dt
− h2

d 1
T

dt
. (44)

With (43)(44), it follows that N1
d

−µ1
T

dt + N2
d

−µ1
T

dt +

H
d 1

T

dt = 0 according to (19a).

Remark 5. It can be shown from (42) using the balance

equations (9)(10) that Cp
dT
dt =

(∑
i

Fi,I

(
hi,I − hi

)
+

(
−

∑
i

νihi

)
rV + Q̇J

)
. The latter is precisely the energy

balance expressed in terms of the temperature (see Hoang
et al. (2013a); Hoang and Dochain (2019)).

4. CONCLUSION

In the first part of this work, we gave a brief overview of
thermodynamic concepts through a typical CSTR exam-
ple. Intensive variables and extensive variables are defined
while their involvement in Gibbs’ relation leads to the
contact manifolds when viewed from the Thermodynamic
Phase Space (TPS) that is endowed with a contact one-
form. The CSTR dynamics is then lifted to the complete
TPS as a conservative contact system defined by a contact
vector field generated from a contact Hamiltonian func-
tion. The main contribution of this work is two-fold:
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satisfies x�H(H)
L
= 0�.

Remark 3. In Maschke (2016), the author proposed in a
coordinate free way a contact Hamiltonian function of the
form

f̄ = ε fr (34)

with fr similar to (32) and ε = −x0 fr + 1. As x0
∂f̄
∂x0

+

x� ∂f̄
∂x =

(
x0

∂ε
∂x0

+ x� ∂ε
∂x

)
fr +

(
x0

∂fr
∂x0

+ x� ∂fr
∂x

)
ε, it

follows that x0
∂f̄
∂x0

+ x� ∂f̄
∂x

L
= 0, i.e. fr also satisfies (24).

This function is of interest, yet for instance paid for the
local attractivity of L for Xf̄ generated by f̄ . The global
attractivity of L can only be achieved if an additional
restriction on x0 is imposed, that is, x0 is an invariant
of the strict contact vector field Xfr generated by fr.

Remark 4. For the case when the contact Hamiltonian
function f (26) is modified to be of the form

f =
(∂F
∂x

− p
)�

fdyn(x
�,p�) + c (F − x0) 1

�
3 p, (35)

with 13 being the 3-dimensional vector filled with ones,
the attractivity of L for Xf generated by f (35) is thus

unobvious because the sign of 1�
3 p is undefined outside L.

3.2 Lift of the CSTR dynamics to the TPS

According to Eq. (15), the contact Hamiltonian function
f (26) generates the non-strict contact vector field

Xf =




f − p�
(
− fdyn + J�

fdyn,p

(∂F
∂x

− p
))

fdyn − J�
fdyn,p

(∂F
∂x

− p
)

−c
(
p− ∂F

∂x

)
+

∂2F

∂x2
fdyn + J�

fdyn,x

(∂F
∂x

− p
)




.

As shown, f (26) vanishes on the invariant Legendre
submanifold L (12) that is globally attractive for Xf

because ∂f
∂x0

= −c < 0. The lifted dynamics generated
by Xf defined on L reads

dx0

dt

L
=

∂S

∂x

�
fdyn

(
x,

∂S

∂x

�)
, (36a)

dx

dt

L
= fdyn

(
x,

∂S

∂x

�)
, (36b)

dp

dt

L
=

∂2S

∂x2
fdyn

(
x,

∂S

∂x

�)
. (36c)

We recall that ∂2S
∂x2 in Eq. (36c) is the Hessian matrix of

the entropy function (see (23)). Consequently, the lifted
dynamics defined on L are explicitly given in terms of
all the extensive and intensive variables. This may be
interpreted as follows.

• The first line (Eq. (36a)) expresses the entropy bal-
ance equation that can also be re-expressed thanks to
the second law of thermodynamics:

dS

dt
= Φs + σs and σs ≥ 0, (37)

with Φs and σs being the entropy flow rate exchanged
with the surroundings and the irreversible entropy
production rate, respectively. These two terms are
given as follows (see also Ramı́rez et al. (2013a);
Hoang and Dochain (2013b)):

Φs =

2∑
i=1

(
Fi,Isi,I − Fisi

)
+

Q̇J

TJ
, (38)

σs =

2∑
i=1

Fi,I

T
(hi,I − Tsi,I − µi)

+

(
Q̇J

T
− Q̇J

TJ

)
+

2∑
i=1

νi
−µi

T
rV ≥ 0. (39)

• The second line (Eq. (36b)) represents exactly the
base dynamics (9)(10), thus the conservative contact
system indeed embeds the balance equations defining
the thermodynamic system.

• Finally, the third line (Eq. (36c)) proposes the equiv-
alent expression of the dynamics in the conjugate
intensive variables. It can be written down using (23)

d−µ1

T

dt
=−

( RN2

N1Nt
+

h2
1

T 2Cp

)dN1

dt

+
( R

Nt
− h1h2

T 2Cp

)dN2

dt
+

h1

T 2Cp

dH

dt
, (40)

d−µ2

T

dt
=

( R

Nt
− h2h1

T 2Cp

)dN1

dt

−
( RN1

N2Nt
+

h2
2

T 2Cp

)dN2

dt
+

h2

T 2Cp

dH

dt
, (41)

d 1
T

dt
=

h1

T 2Cp

dN1

dt
+

h2

T 2Cp

dN2

dt
− 1

T 2Cp

dH

dt
. (42)

On the other hand, because equation (42) is equiva-

lent to 1
T 2Cp

dH
dt = h1

T 2Cp

dN1

dt + h2

T 2Cp

dN2

dt − d 1
T

dt , (40)(41)

can then be re-expressed as

d−µ1

T

dt
=− RN2

N1Nt

dN1

dt
+

R

Nt

dN2

dt
− h1

d 1
T

dt
, (43)

d−µ2

T

dt
=

R

Nt

dN1

dt
− RN1

N2Nt

dN2

dt
− h2

d 1
T

dt
. (44)

With (43)(44), it follows that N1
d

−µ1
T

dt + N2
d

−µ1
T

dt +

H
d 1

T

dt = 0 according to (19a).

Remark 5. It can be shown from (42) using the balance

equations (9)(10) that Cp
dT
dt =

(∑
i

Fi,I

(
hi,I − hi

)
+

(
−

∑
i

νihi

)
rV + Q̇J

)
. The latter is precisely the energy

balance expressed in terms of the temperature (see Hoang
et al. (2013a); Hoang and Dochain (2019)).

4. CONCLUSION

In the first part of this work, we gave a brief overview of
thermodynamic concepts through a typical CSTR exam-
ple. Intensive variables and extensive variables are defined
while their involvement in Gibbs’ relation leads to the
contact manifolds when viewed from the Thermodynamic
Phase Space (TPS) that is endowed with a contact one-
form. The CSTR dynamics is then lifted to the complete
TPS as a conservative contact system defined by a contact
vector field generated from a contact Hamiltonian func-
tion. The main contribution of this work is two-fold:
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• An additional invariance condition for the contact
Hamiltonian function has been developed based on
both the Gibbs relation and Gibbs-Duhem relation.

• A novel simple contact Hamiltonian function has
been proposed for guaranteeing that the Legendre
submanifold is globally attractive for the generated
contact vector field.

It remains now to look for various solutions (of different
properties on the complete TPS) to the contact Hamilto-
nian function and extend the outcomes to multiple chem-
ical reaction systems.
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